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Introduction

In this thesis, we are concerned with the long-term behavior of solutions to stochastic differential
equations on R? with a variable degenerate diffusion matrix. As a starting point, consider the
motion of a single particle in R¢ and denote its position and velocity at any given time ¢ by
X; and V;, respectively. Then the evolution of the particle is described by the following Itd
stochastic differential equation

{2 (0.1)
dVvt = _g‘/t dt - V@(Xt) dt + ?{ dBt,

where (B;)> is a standard Brownian motion, { is the friction coefficient, —V® is an outer force
1

field given by a potential ® acting on the particle depending on its position, and § = 7, with T
denoting the temperature of the system and k being the Boltzmann constant. This is known as
the Langevin equation, and has been studied in this form analytically in [ ], which serves
as a reference for this thesis in terms of how to obtain solutions to the considered equations.
The approach consists of applying the It6 formula to obtain the corresponding Kolmogorov
backwards operator, proving that said operator generates a semigroup of contractions on an
appropriate LP-space, and then using potential theoretic tools similar to the theory of Dirichlet

forms to obtain an associated stochastic process, which is shown to solve the Langevin equation.

It is easy enough to modify the above equation such that the diffusion depends on a constant
positive-definite symmetric R¥*¢-matrix instead of a real constant. The main change we consider
here, however, is when said matrix is not constant, but instead depends on the velocity V;. In
order to be able to apply the semigroup approach as described above, an additional drift term
has to be introduced. In particular, the modified equation has the form

d (0.2)
AV, = —S(V)V, dt — VO(X) dt + Y. 8;a;;(V,) dt + v20(V;) dB;,
i,j=1

where a;; denotes the entry of X at position ij, and o denotes the square root of 2, i.e. X = ool

In the case of a constant X, we can interpret this as a stochastic perturbation of a damped
Hamiltonian system: Define H(x,v) := %lv|2 + ®(x), then (0.2) can be written as

dX, = V,H(X;,V;) dt

(0.3)
dV; = -V, (H(X;, V) dt — Z(Vi)V,H(X;, Vi) dt + v25(V;) dB:.
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We can make this even more general without substantially changing the structure of the resulting
operator in the following way: First, we can replace z[v[? in the definition of H(x,v) by ¥(v)
for some suitably differentiable ¥ : RY — R. Additionally, we can give up the physical
interpretation as position and velocity, and instead just consider a two-component process
(X;,Y;)r>0. Since in that case, the dimensions need not match, we let X; be in R% and Y; be in
R% for possibly different d;, d, € IN. To transform between the two spaces, we introduce a
constant real matrix Q € R¥*% with transpose Q*. The resulting generalized equation is of the
form

. & (0.4)
dY, = ~SOVE(Y,) df — Q*VO(X,) dt + ), 9ja;;(Y) dt + V20 (Y,) dB;,
i,j=1
and is the main focus of this thesis. As mentioned above, we treat it analytically by applying the
It6 formula to obtain a second-order differential operator L. For sufficiently smooth functions
f on R% x R%, for example f € Cé"’(lR"l1 x R%), the space of compactly supported smooth
real-valued functions, Lf is given by

dy
Lf(x,y) = t[S(y) Hy f(x, )] = COIVEG). V, fG, ) + Y, 35a1i(1)dy, f(x, 9) ©5)
ij=1 .

+{(QV¥ (), Vi f(x, y)) = (Q"V(x), Vy f(x, y)).

Here, x denotes the first component in ]Rdl, y refers to the second component in leZ, ;%)
denotes the Euclidean inner product on R?, and the differential operators Vy, Vy and H,, are
to be understood as the gradients in the first and second component, respectively, as well as
the Hessian in the second component. We refer to solutions of (0.4) as generalized Langevin
dynamics, as opposed to the special case of the second-order SDE (0.2), the solutions of which
we call Langevin dynamics. The same naming convention will be used for the corresponding
differential operators L as well.

Essential m-dissipativity

One major result of this thesis is that under relatively weak assumptions on %, ® and ¥, the
operator (L, C;° (R% xR%)) is essentially m-dissipative on L?(y), where the measure y is defined
as e"®~¥) d(x, y). This means that it is closable and its closure (L, D(L)) generates a strongly
continuous contraction semigroup of linear operators on L?(y). In other words, C°(R% x R%)
is a core for the generator (L, D(L)).

While often just stated as an assumption in literature, it usually requires a substantial amount
of work to prove that a given subspace is indeed a generator core, even if it is known that some
closed extension of the operator generates a strongly continuous semigroup. The approach
we use is based on a perturbation argument, as it has been used for Langevin operators in
[ ]. First, essential self-adjointness is shown for the symmetric second-order differential



operator on R% induced by the first line of (0.5), which is lifted to an operator on the entire
space. Then the remaining terms are added as perturbations, where the L?-space has to be
temporarily transformed in order to be able to consider each term separately as a dissipative
operator. The main challenge there is that one of the terms includes a derivative along the first
component, which is absent in the symmetric operator, thereby making the resulting operator
non-sectorial. This is solved using a complete orthonormal family decomposing the Hilbert
space into a countable family of subspaces, on which perturbation is possible. However, we
require boundedness of the derivatives of both ® and X for this approach to work, and relax
these assumptions at the end via an involved approximation argument.

We can then reduce analytical treatment of the semigroup to considerations of the operator L
on the deduced core, where one has the concrete representation from (0.5). In particular, we
gain long-term convergence rate estimates for the semigroup via hypocoercivity methods.

Hypocoercivity

The concept of hypocoercivity was developed by Villany as a method to derive concrete rates
for the convergence of degenerate dissipative operators to an equilibrium state. The systematic
study of this method is collected in [ ] and was further developed by Dolbeault, Mouhot and

Schmeiser in [ ] (inspired by an approach used by Hérau in [ ]) into the framework
used in this thesis. This was further formalized including domain issues by Grothaus and
Stilgenbauer in [ ; ], the latter of which serves as a reference for the application of said

framework to Langevin equations as considered above. The main idea is to split the generator
into a symmetric and an antisymmetric part, and to introduce an orthogonal projection into
the kernel of the symmetric part, which decomposes the considered Hilbert space into two
subspaces. Then, under the assumption that each operator part has a spectral gap at least in
the corresponding subspace, and that there is a suitably nice auxiliary operator such that the
composition with any of the operators results in a bounded operator, the time derivative of an
energy functional can be relatively bounded by the functional itself, resulting in convergence of
the semigroup by Gronwall’s Lemma. In the context of differential operators, the spectral gap
condition usually requires a Poincaré inequality to hold for each measure y;, where pf = p; ® .
While sufficient conditions for this are known, it still restricts the possible choices for potentials.
In [ ], Grothaus and Wang therefore developed a weaker version of the above method,
which instead relies on weak Poincaré inequalities, which have been proven in [ ] to hold
under very weak assumptions. In consequence, the resulting convergence is in general no longer
exponential, but concrete rates can still be computed explicitly.

The hypocoercivity method described above has been recently applied to compute convergence
rate of Langevin dynamics on abstract smooth manifolds ([ ]) and on infinite-dimensional
Hilbert spaces in [ ]. The findings in this thesis have been partially published by the
author in [ ] and [ ]. Other approaches to derive exponential convergence include
hypercontractivity as in [ ], where the semigroup is proven to be contractive as a mapping
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from L? to L*, or directly using Lyapunov functions, as seen in [ Jor [ ; ] and the
references therein. However, while for example [ ] theoretically allows for variable diffusion
coefficients, exponential convergence for generalized Langevin dynamics with multiplicative
noise as described by the equation (0.4) seems to be new independently of the method used.
We emphasize again that in order to apply the hypocoercivity framework as we do here, it is
absolutely necessary to have knowledge of a suitable generator core which admits a concrete
representation of the operator L. So essential m-dissipativity of L is not only a separate new
result, but instrumental for the estimation of the convergence rate.

The connection between the semigroup considered and solutions to the stochastic differential
equation is given via generalized Dirichlet forms as developed by Stannat in [ ], which
shows existence of a Markov process such that its transition semigroup coincides with the given
contraction semigroup. This association is a special case of the more abstract result gained by
Beznea, Boboc and Rockner in [ ] using potential theoretic methods. The resulting process
is then identified as a weak solution by first proving that it solves the martingale problem
corresponding to L, and then characterizing the martingales via their quadratic covariation
processes. The necessary properties of the process can be inferred from the generalized Dirichlet
form structure, using results by Trutnau, as seen in [ ] and [ ].

Infinite-dimensional Langevin dynamics with multiplicative noise

In the final part of this thesis, we study hypocoercivity for semigroups generated by operators
similar to the definition (0.5), but for functions that are defined on a product W = U x V of
two infinite-dimensional separable Hilbert spaces instead of R?. While the existence of an
orthonormal basis allows for componentwise consideration, the first challenge is presented by
the lack of a Lebesgue measure on U and V. Instead, Gaussian measures with corresponding
covariance operators Q1 and Q, are used as reference measures, which means that even the
“potential-less” base case already includes gradient terms as an antisymmetric part of the
operator. Consequently, that remains the only case we consider, as we focus instead on including
suitably non-trivial variable second-order coefficients. As a motivation, we present the infinite-
dimensional stochastic differential equation

dX; = KnQ; 'Y, dt

> _ 3 (0.6)
dY, = ) 0iKpa(er — Koo (Y)Q; 'Ys dt — KipQ; ' X, dt + \[2Kp(Y;) dBy

i=1

for (X;,Y:);>0 on W, where K : U — V is a bounded linear operator with K; = K75,
Kz : V. — L(V) is the Fréchet-differentiable operator-valued second-order coefficient map,
(éi)ien is an orthonormal basis of V consisting of eigenvalues of Q,, and (B;);>o is a cylindrical
Brownian motion. In a finite-dimensional setting, this would be a special case of (0.4), and
so we introduce assumptions on K3, and Kj; that allow us to reduce the question of essential
m-dissipativity to finite-dimensional subspaces, where we can make use of our previous results.



We then prove hypocoercivity of the generated semigroup by combining the method which
we use in Section 4.2 with the hypocoercivity proof from [ ], which we can apply to the
symmetric part without change. For this, we introduce further conditions to make sure that K3,
and K, are well-behaved relative to Q, ' and Q; . Finally, we are able to prove the existence of
an associated Hunt process (X;,Y;) on W, for which /2K5,(Y;) dB; is well-defined as a stochastic
integral with respect to a cylindrical Brownian motion derived from Y;, and that provides a weak
solution to the equation (0.6), at least when evaluated componentwisely. Finally, we present a
concrete example that satisfies all required conditions, to show that they are feasibly verifiable
and not unreasonable to assume.

Structure of the thesis

The structure is as follows: First, we introduce some necessary functional analytic and prob-
abilistic background in Chapter 2. This includes the theory of operator semigroups and their
generators, useful tools like smooth cutoff functions, as well as some condensed background on
generalized Dirichlet forms and how they can be used to connect sub-Markovian semigroups
with associated stochastic processes. No new results are stated, with the exception of Section 1.6,
which at least does not seem to be well-known. In Chapter 3, we give a brief overview of
the strong and weak hypocoercivity methods applied later, along with some comparisons and
sufficient conditions to verify in practice. Again, no substantially new results are obtained, and
we only include it to keep the thesis moderately self-contained. Chapter 4 sees us proving the
aforementioned result on essential m-dissipativity for the operator L as defined in (0.5) on the
space L?(y1). We first provide a useful essential self-adjointness result for symmetric operators
resulting from a gradient form, then we use a perturbation argument as seen in [ ] and
[ ] to extend essential m-dissipativity progressively to the entire operator. Once the core
property of smooth compactly supported functions has been shown, we can apply the two
hypocoercivity methods discussed earlier to the semigroup generated by L. This happens in
Chapter 5, where we impose additional assumptions on the occurring coefficients depending on
the framework used, and give concrete convergence rate estimates based on those assumptions.
We also discuss how this can be applied to solutions of second-order partial differential equations,
as well as to weak solutions of stochastic differential equations of the form seen in (0.4). In the
final Chapter, we extend the previous results to infinite-dimensional state spaces.

Notation

Although most notation used should be fairly standard, we give a brief overview here. Let
IN = {1,2,...} denote the set of natural numbers and R, C be the sets of real and complex
numbers. For elements x, y of R%, we write {x, y) and |x| for the Euclidean inner product and
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norm, respectively. For a matrix A € R4*%_|A| denotes the Frobenius norm of A, which is
consistent with the Euclidean vector norm.

Let E C R? and k € N, then C*(E), Cllf(E) and C¥(E) denote the spaces of k-times continuously
differentiable functions from E to R, the subset of those functions which are bounded with
bounded derivatives, and the subset of those functions with compact support, respectively. For
1 < i,j < d and a suitably differentiable f : E — R, the notation 9; f denotes the partial
derivatives of f in the i-th component, d;;f = 9;0,f and d?f = 9;;f. The symbols Vf and
H f are used to denote the gradient and the Hessian of f. Higher order partial derivatives are
sometimes abbreviated by a multi-index notation, i.e. 9 f = 95" ... 9" f for a € IN?. For such a
multi-index @, we write || = Y%, oy, a! = []%, ;! with corresponding binomial coefficient
definition, and use the partial order & < fiff @; < fB; foreach 1 <i <d.

If E = E; xE,, then we sometimes stress that fact by writing f(x,y) := f(z) foreachz = (x,y) €
E. In that case, all derivatives gain an additional index referring to the specific component,
e.g. dy, for the partial derivative in the component y; of (x,y), as well as V,, Vy, Hy, etc. If 5y,
S, are function spaces over E; and E,, then each pair f; € Sy, f, € S; admits a tensor product
f=fi® fo : E - Rdefined by f(x,y) = fi(x)fa(y). We call such an f a pure tensor and

denote the space of all finite linear combinations of pure tensors by 5; ® Ss.

For a topological space E, let B(E) denote the Borel-o-algebra on E. If S is a function space
over E, 0(S) denotes the o-algebra generated by pre-images of open sets in R under functions
from S. Let (E, F, i) be a measure space, then LP(E; ) for 1 < p < oo denotes the space of
equivalence classes of F — B(R)-measurable functions such that fE | fIP dp < oo (or such that f
is p-almost everywhere bounded if p = o) under the equivalence relation of coincidence y-a.e.
These spaces are equipped with the norms | - |1 defined by ||f||€p = fE [flPdufor1 < p<oo
and || f|r~ = esssup|f| for p = oo, where the essential supremum is to be understood with
respect to p. If f : E — R is p-integrable, then we sometimes write p(f) for fE fdp.



1 Functional analytic and probabilistic
background

1.1 Linear operators on Hilbert spaces

We collect some basic facts about linear operators on Hilbert spaces that we need during the
elaborations on the abstract hypocoercivity method below. While everything here is standard,
we include it for the sake of completeness.

Let H be an arbitrary Hilbert space and (T, D(T)) be a linear operator on H.

Definition 1.1.1.

(i) Let H be another Hilbert space and let L € L(H; H ). Then the unique operator L* €
L(H; H) such that

(x,L*y)g = (Lx,y)5 forallxe H, y e H
is called the (Hilbert space-)adjoint operator to L.
(ii) Let (T, D(T)) be densely defined. Then the operator (T, D(T*)) on H defined by
D(T*)={ye€H|3z,€ H : (Tx,y)u = (x,z,)n forall x € D(T)}
Ty =z, for all y € D(T™)
is called the adjoint operator of (T, D(T)).

Lemma 1.1.2. Let (T, D(T)) be a densely defined linear operator on a Hilbert space H and let L be
a bounded linear operator with domain H.

(i) The adjoint operator (T*, D(T™)) exists and is closed. If D(T*) is dense in H, then (T, D(T))
is closable and for the closure (T, D(T)) it holds T = T**.

(ii) L* is bounded and |L*| = |L|.
(iii) If (T, D(T)) is closed, then D(T*) is automatically dense in H. Consequently by (i), T = T**.
(iv) Let (T, D(T)) be closed. Then the operator TL with domain

D(TL)={f e H|Lf € D(T)}

is also closed.
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(v) LT with domain D(T) is not necessarily closed, however
(LT)" =T*L".
Proof:
(1) See [ , Theorem VIIL1].
(ii) Follows directly from definition: Let x € H, then
Il = (LL*x, )i < Ll 2oy 1L e,
hence |L*x|y < |L| cqeIxlar-
(iii) See again [ , Theorem VIIL1].
(iv) Follows directly from continuity of L and closedness of T.

(v) Note that D(T*L*) is defined as in point (iv). Then the statement is clear since (LTx, y)y =
(Tx,L*y)y for all x € D(T) = D(LT) and y € H. O

Proposition 1.1.3. Let (T, D(T)) be densely defined and either symmetric or antisymmetric. Then
(T, D(1)) is closable.

Proof:
Let (x,)nen be a sequence in H such that x, — 0 and Tx,, — y for some y € H. If T is symmetric,
then

(y,2)g = lim (Txy,, z2)g = lim (x,, Tz)g = 0
n—o0 n—o0

for all z € D(T), which is dense in H. This implies y = 0, so T is closable. The antisymmetric
case follows analogously. O

Lemma 1.1.4. Let (T,D(T)) be symmetric or antisymmetric and let P : H — H be an orthogonal
projection with P(D) C D(T) for some dense subspace D C D(T) of H. Then

(i) D(T) € D((TP)*) with (TP)* = PT on D for symmetric T and (TP)* = —PT on D(T) for
antisymmetric T,
(ii)) P(TP)* = (TP)* on D((TP)*).
Proof:
See [ , Lemma 2.2]. o

1.2 Operator semigroups and their generators

Here we give an overview of the theory of one-parameter operator semigroups. The contents
here are standard and can be found for example in [ , Chapters IL, IIT] or [ , Chapters 1,
3], the latter of which is to be assumed as reference unless stated otherwise.

Throughout this section, let X be a Banach space over K € {R, C} and let X’ denote its topological
dual space.



1.2 Operator semigroups and their generators

1.2.1 Basics on operator semigroups

Definition 1.2.1. A family (T;);>o in £(X) satisfying the conditions
(S1) T =1,
(S2) Ty = T,T; for s,t > 0 and
(S3) 1x > xin X ast > Oforallx € X
is called a strongly continuous semigroup (CyS) of bounded linear operators on X.

If additionally |T;| < 1 for all¢ > 0, then it is called a strongly continuous contraction semigroup
(sces).

The time-derivative at zero of such a semigroup is of great importance and defined as follows:

Definition 1.2.2. Let (T;);>0 be a CoS on X. The operator

Tox —
Lx = lim i

lim — feD(L) (1.2.1)

with corresponding domain
D(L) = {x € X | the limit (1.2.1) exists in X}
is called the generator of (T;);>o, which in turn is said to be generated by (L, D(L)).
Remark 1.2.3. Let (T;);>o be a CyS with generator (L, D(L)). Then
(i) T;x € D(L) for all x € D(L) and

dT;x
dt

= LT;x = T;Lx.

(ii) For all x € D(L) and s,t > 0, it holds that

t t
Tix —Tx = / T,Lxdu = / LT,x du.
S S

(ii)) (L, D(L)) is closed and densely defined.

(iv) Let (S¢)i>0 be a CoS which is also generated by (L, D(L)). Then T; = S; for allt > 0. In
particular, Cy-semigroups are characterized by their generators.

Theorem 1.2.4. Let (T;);>0 be a Cy-semigroup on a Hilbert space H with generator (L, D(L)).
Then (T, )1>o is a Co-semigroup generated by the adjoint (L*, D(L*)) of (L,D(L)) and satisfies
171 = 1T:] for all t > 0.
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Co-semigroups are often used to provide solutions to the following problem:

Definition 1.2.5. Given a closed operator (L, D(L)) on X and some x, € X. Then the abstract
Cauchy problem corresponding to (L, D(L)) with initial condition x; consists of finding a function
u : [0,00) » X satisfying

d
u(0) =x; and Eu(t) =Lu(t) forallt>0. (1.2.2)
A continuously differentiable function u is called a classical solution, if u(t) € D(L) for all t > 0

and (1.2.2) holds in the strong sense.

A continuous function u is called a mild solution, if
t t
/ u(s)ds € D(L) and L/ u(s)ds = u(t) — xo.
0 0

Clearly every classical solution is also a mild solution. The connection to Cy-semigroups is
given by the following equivalence.

Theorem 1.2.6. Let (L, D(L)) be a closed operator on the Banach space X. Then the following are
equivalent:

(i) For all x € X, there is a unique mild solution to the abstract Cauchy problem associated
with (L, D(L)) with initial condition x,

(ii) The resolvent set of (L, D(L)) is nonempty and for all x € D(L), there is a unique classical
solution to the abstract Cauchy problem associated with (L, D(L)) with initial condition x,

(iii) (L, D(L)) generates a CoS (T;)r>0 on X.
In that case, the solution is given by u(t) = T;x.

Proof:
See [ , Theorem 3.1.12]. O

Thus, it is an important question whether a given closed linear operator generates a Co-
semigroup. Since we only consider sccs in our applications later, we will focus on results
for that special case, although analogous statements for general Cy-semigroups exist as well.
The characterization of generators is given by the following famous theorem:

Theorem 1.2.7 (Hille-Yosida). A linear operator (L, D(L)) on X is the generator of an sccs (T; )s>o
on X if and only if

(i) (L,D(L)) is closed,
(ii) (L, D(L)) is densely defined, i.e. D(L) is dense in X, and
(iii) (0,00) € p(L) and |A(AI — L) M zx) < 1 forall A > 0.

10
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In that case, for any A > 0, x € X, we obtain the following representation of the inverse operators:
A -L)'x = / e MTx ds.
0

Remark 1.2.8. Note that from point (iii), it already follows that (L, D(L)) is closed due to the
closed graph theorem. So we could leave (i) out of the equivalence without changing the result.

Now we introduce a third object after the generator and the semigroup, which will later be the
main connection between semigroup theory and stochastic processes associated by generalized
Dirichlet forms. The following are taken from the first chapter of [ ], which is recommended
as reading material on Dirichlet forms.

Definition 1.2.9. A family (G,)s>0 of bounded linear operators on X is called a strongly contin-
uous contraction resolvent (sccr), if

(1) limy e aGyx = x for all x € H.
(i) |aGelzy < 1foralla > 0.
(iii) Go — Gg = (B — a)GaGg for all a, B > 0.

Lemma 1.2.10. Let (G,)g>0 be an sccr on H, then there is exactly one linear operator (L, D(L))
such that (0,00) C p(L) and G, = (al — L)™' for all @ > 0. This operator is closed, densely defined,
and is called the generator of (Gy)g>0-

On the other hand, let (L, D(L)) be a densely defined operator with (0,00) C p(L) and set G, =
(af — L) for each a > 0. If |aGelpgry < 1 for all a > 0, then (Gg)aso is an sccr:

Proof:
See [ , Proposition 1.5, Proposition 1.3]. i
Immediately from this Lemma and Theorem 1.2.7, we get

Corollary 1.2.11. A densely defined linear operator (L, D(L)) on H generates an sccs (T;);>o on H
if and only if it generates an sccr (Gy)g>0 on H, and in that case it holds that G, = fow e 5T, ds.

1.2.2 (Essential) m-dissipativity

In practice, we rarely use Hille-Yosida to prove that a concrete operator (L, D(L)) generates an
sccs. Instead, the approach developed by Lumer and Phillips is used, which uses the notions of
(maximal) dissipativity.

Definition 1.2.12. Let x € X. Then its duality set F(x) is defined by

F(x)={x" € X" | x'(x) = |x[* = Ix'|*} € X".

11



1 Functional analytic and probabilistic background

Note that this set is nonempty by the Hahn-Banach theorem.

Definition 1.2.13. A linear operator (L, D(L)) is called dissipative if for each x € D(L), there is
some element x” € F(x) such that Re(x’(Lx)) < 0.

Remark 1.2.14. Let X be a Hilbert space with inner product (-, -)x.

(i) A linear operator (L, D(L)) is dissipative if and only if Re((Lx, x)x) < 0 for all x € D(L).
In particular, sums of dissipative operators with the same domain are again dissipative.

(ii) Let (A, D(A)) be antisymmetric. Then
Re((Ax, x)x) = Re(—(x, Ax)x) = —Re((Ax, x)x) = —Re((Ax, x)x),
hence Re((Ax, x)x) = 0 and (A, D(A)) is dissipative.
(iii) Let (S, D(S)) be symmetric and negative semi-definite. Then
Re((Sx,x)x) = (Sx,x)x <0

and therefore (S, D(S)) is dissipative.

A useful characterization of dissipativity is given by

Theorem 1.2.15. A linear operator (L, D(L)) is dissipative iff

[(AI — L)x| > Alx|  forallx € D(L),A > 0.

We collect some useful properties of dissipative operators:

Lemma 1.2.16. Let (L, D(L)) be a dissipative linear operator on the Banach space X.

(i) If (L, D(L)) is densely defined, then it is closable and the closure (L, D(L)) is again dissipative.
Moreover, R(AI — L) = R(AI — L) forall A > 0.

(ii) If R(Apl — L) = X for some Ay > 0, then (L, D(L)) does not possess a proper dissipative
extension. Moreover, (0,0) € p(L) and |(AI — L) | zcxy < A7 for all A > 0. In particular,
(L, D(L)) is closed and R(AI — L) = X for all A > 0.

(iii) If X is reflexive and R(I —L) = X, then D(L) is dense in X, i.e. (L, D(L)) is densely defined.

This motivates the following definitions:
Definition 1.2.17. Let (L, D(L)) be a densely defined linear operator on X.

(i) (L,D(L)) is called m-dissipative, if it is dissipative and R(AI — L) = X for one (hence all)
A>0.

12



1.2 Operator semigroups and their generators

(ii) (L,D(L)) is called essentially m-dissipative, if it is dissipative and R(AI — L) is dense in X
for one (hence all) A > 0.

Remark 1.2.18. The above Lemma yields the following observations:

(i) An essentially m-dissipative operator is closable and its closure is m-dissipative. This
explains why that property carries over to all A > 0.

(ii) An m-dissipative operator is dissipative and maximal with that property. As a consequence,
any dissipative extension of an essentially m-dissipative operator is again essentially m-
dissipative.

With these concepts defined, we can give an alternate characterization for generators of sccs:

Theorem 1.2.19 (Lumer-Phillips). Let (L, D(L)) be a linear operator on the Banach space X. Then
it is the generator of an sccs on X if and only if it is densely defined and m-dissipative. In that case,
it follows that Re(x’(Lx)) < 0 for all x € D(L) and all x” € F(x).

As an immediate consequence, we gain the primary tool to find generators of sccs:

Corollary 1.2.20. Let (L,D(L)) be an essentially m-dissipative operator on X, then its closure
generates an sccs on X.

1.2.3 Perturbation theory

Often enough, it is rather inconvenient to check essential m-dissipativity of a given operator by
hand. Instead, one may find that the operator is in a way “close enough” to a different one, for
which such a property is already known. This motivates the following perturbation arguments,
which give sufficient conditions for the perturbed operator to retain essential m-dissipativity.
For the sake of convenience, we only consider operators on a Hilbert space H here.

Definition 1.2.21. Let (A, D(A)) and (B, D(B)) be linear operators on H. Then B is said to
be A-bounded if D(A) C D(B) and there exist constants a, b € (0, o) such that

IBfler < alAflu + bl fla (1.2.3)

holds for all f € D(A). The number inf{a € R | (1.2.3) holds for some b € (0, )} is called
the A-bound of B.

Theorem 1.2.22. Let D C H be a dense linear subspace. Let (A, D) be an essentially m-dissipative

linear operator on H and let (B, D) be dissipative and A-bounded with A-bound strictly less than 1.
Then (A + B, D) is essentially m-dissipative and its closure is given by (A + B, D(A)).

13



1 Functional analytic and probabilistic background

Proof:

Let (A, D(A)) and (B, D(B)) denote the closures of (A, D) and (B, D), respectively. Due to (1.2.3),
it follows that D(B) 2 D(A), (B, D(B)) is (A, D(A))-bounded with relative bound strictly less
than 1, and (A, D(A)) is m-dissipative. By [ , Corollary 3.3], (A + B, D(A)) is m-dissipative
and in particular a closed extension of (A + B,D). Let x € D(A), then there is a sequence
(%2)new in D such that x,, - x, Ax, — Ax and Bx, — Bx in H due to (1.2.3), as n — 0. So

(A + B,D(A)) is indeed the closure of (A + B, D). O

Although we don’t need it in the following, the proof of the above theorem shows that under
stronger restrictions, the dense range condition of a perturbed operator can be satisfied even if
the perturbation isn’t dissipative itself:

Lemma 1.2.23. Let D C H be a dense linear subspace and let (A, D) be essentially m-dissipative.
Assume that (B, D) is closable and A-bounded with some relative bound a < % and b € (0, ).
Then (A + B, D) is closable with closure (A + B, D(A)), which has a resolvent set which includes
(Ao, ), where Ay := b2a. In particular, (AI — (A + B))(D) is dense in H for all A € (A¢, ).

1_
Proof:

Denote by (A, D(A)) and (B, D(B)) the closures of (A, D) and (B, D), respectively. As above,
(A, D(A)) is m-dissipative, D(A) € D(B), and (1.2.3) holds for a < % and b € (0, ) for all
x € D(A).

First, we show that (A + B, D(A)) is closed: Let (x;)nen be a sequence in D(A) such that x, — x
and (A + B)x, — y for some x,y € H asn — oo. For n,m € IN, we have

| A%y — Axim|er < [(A + B)(xn — X1 + [B(xn — x|
1
< ICA +B)(x = xi)llr + S 1A% — Az + blin — 1,

SO
|Axn — Axllr < 2|(A + B)(xtn = xm)ll1 + 2blxn — ximll11-

Since the right hand side describes a Cauchy sequence, Ax, converges to some limit y4, so
x € D(A) by closedness of (A, D(A)), hence (A + B,D(A)) is closed. As in the proof of
Theorem 1.2.22, it follows that it is the closure of (A + B, D).

For any A9 < A € R, it holds that (AI — A)(D(A)) = H by m-dissipativity of (A, D(A)), which
implies

(AL = (A + B)(D(A)) = (I = B = A)™)(A = AYD(A)) = (I - B(AI - A)")(H).
For any x € H, (AI — A)"!x is in D(A), so that we can use (1.2.3) to obtain

IBQAL = A)'xlli < al AL = A)'xlr + BIAL = A) ' xl
< a (Jxla + AL = A xlr) + BIAL — A) 7 x|

< 2a+2 Ix|
< p Hs

14



1.2 Operator semigroups and their generators

where the last inequality is due to Theorem 1.2.15. Therefore, B(AI — A)~! is a bounded operator
and by definition of A, we have |B(AI — A)™"|zzy < 1. This means that the inverse of I — B(AI —
A)7! exists by the Neumann series, so that

(Al = (A+ B))(D(A)) = (I = B(AI - A)')(H) = H

Hence A € p(A + B) since (A + B, D(A)) is closed, and the claim follows. O

This result can be useful if the space changes during perturbation, so that the added operator
isn’t dissipative at the time of perturbation. As long as the final operator is dissipative in the final
space considered, and one can transfer denseness in one space to the last one, this is sufficient
to ensure essential m-dissipativity of the end result.

A useful criterion for verifying A-boundedness is given by:

Lemma 1.2.24. Let D C H be a dense linear subspace, (A, D) be an essentially m-dissipative
operator, and (B, D) be dissipative on H. Assume that there exist constants c,d € (0, 00) such that

IBx[% < c(Ax, x)pr + d|x|%

holds for all x € D. Then B is A-bounded with A-bound 0.

Proof:
Let € > 0 be arbitrary and x € H. Then by Cauchy-Bunyakovsky-Schwarz and the Young
inequality,

2
3
(Ax,0)n < [Axlalxle = elAxlm) (G lxla) < EIIAXII?-I + Il

2¢?

which implies

CEZ
1Bl < oAl + (d + 5 ) Il < (f N ||x||H>.

Taking the square root of both sides proves the claim, since ¢ can be chosen arbitrarily small.o

We also require the following generalization of the perturbation method:

Lemma 1.2.25. Let D C H be a dense linear subspace, (A, D) be an essentially m-dissipative
operator, and (B, D) be dissipative on H. Assume that there exists a complete orthogonal family
(Pp)nen, i-e. each Py is an orthogonal projection, P,Py, = 0 foralln # m and Y. ,c Pn = I strongly,
such that

P,(D) C D, P,A=AP,, and P,B=BP,

foralln € N. Set A, = AP,, B, := BP,, both with domain D, := P,(D), as operators on P,(H).
Assume that each B, is A,-bounded with A, -bound strictly less than 1. Then (A+B, D) is essentially
m-dissipative.
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1 Functional analytic and probabilistic background

Proof:
See [ , Lemma 3] o

Finally, we include the complexified setting, since one of the perturbation steps later on will
require complex operators instead of real ones. Luckily, essential m-dissipativity carries over in
both directions, as seen in the following.

Definition 1.2.26. Let (L, D(L)) be a linear operator on the real Hilbert space H. Then the
complexification He of H is defined by

He ={[x,y] | x,y e H} = H xH,
and is equipped with the following operations:

[x,y] + [v,w] =[x+ v,y + W],
(a +ib)[x,y] == [ax — by, ay + bx],
([x, ¥ [o,wDp, = G, 0)n + . w)n — i(x, wu +1(y,v)u

for all a,b € R, x,y,v,w € H. Then Hg is a complex Hilbert space with norm |[x, Y]le‘lc =
IxI + [yl%. The complexification L¢ of L is given by

Lelx, y] = [Lx, Ly] for all [x, y] € D(L¢) := D(L) x D(L).

By definition, we quickly see the following:
Lemma 1.2.27. Let (L, D(L)) be a linear operator on the real Hilbert space H.
(i) (L, D(L)) is dissipative iff (Lc, D(L¢)) is dissipative.
(ii) (L, D(L)) is essentially m-dissipative iff (Lc, D(L¢)) is dissipative.
(iii) (L,D(L)) is closable if and only if (L¢, D(Lc)) is closable, in which case (L)c, D((L)c)) =

(Le. D(Le)).

In practice, this means that we can switch to a complexified setting if needed within a proof
for essential m-dissipativity. In particular, we can allow perturbation of a real essentially
m-dissipative operator by a complex dissipative operator which is relatively bounded by the
complexification of the first one. At the end of such a perturbation process, we can reduce the
final operator back to the real setting, as long as it is a complexification of a real operator.
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1.3 Sub-Markovian semigroups and generalized Dirichlet forms

1.3 Sub-Markovian semigroups and generalized Dirichlet forms

1.3.1 Semigroups on L*-spaces

Throughout this section, let (E, F, ) be a probability space. We consider Cy-semigroups and
their generators on the space L?(E; 1). Most statements here hold more generally for LP-spaces
of o-finite measures, for which we refer to [ , Chapter 1].

Definition 1.3.1. Let (L, D) be a linear operator on L?(E; p). If

/Lfd,ugo or /Lfd,uzo forall f € D,
E E

then i is said to be a subinvariant or invariant measure for (L, D), respectively.

Definition 1.3.2. Let (T;);>0 be a Cy-semigroup on L%(E; p).
(i) If
/thdy = /fdy for all f € L*(E; )
E E
holds for all t > 0, then p is said to be invariant for (T;);>o.

(ii) If ;1 = 1 holds for all ¢ > 0, then (T;)s> is said to be conservative.

The connection between these concepts is given by
Lemma 1.3.3.

(i) ACo-semigroup (T);>o on L2(E; ) is conservative if and only if the adjoint semigroup (T, )0
is p-invariant.

(ii) A Co-semigroup (T;)i>o with generator (L, D(L)) is conservative iff 1 € D(L) with L1 = 0.

(iii) A Co-semigroup (T;);>o with generator (L, D(L)) is p-invariant if (L,C) is u-invariant for
a core C.

Proof:
(i) Let p be invariant for (T;")i>o and let t > 0. Then

/Efdﬂ=/57}*fdu=/5fiftldu

for all f € L%(E; y), which implies T;1 = 1. The other direction follows similarly.

(ii) This is clear by Remark 1.2.3 (ii).
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1 Functional analytic and probabilistic background

(iii) Let p be invariant for (L, C), then it is also invariant for (L, D(L)). Fix some ¢t > 0. Using
Remark 1.2.3 (i) and difference quotients, we obtain

[ rfau= [rnsdu=o
E

dt Jg

for all f € D(L), hence

/Y}fd,uz/fd,u for all f € D(L).
E E

By Remark 1.2.3 (iii), D(L) is dense in L%(E; ;1) and we obtain invariance of y for (T} );>o.
The other direction is clear. o

Next we introduce some concepts which are important in the context of associated stochastic
processes. For this, we assume (T;);>¢ to be an sccs.

Definition 1.3.4.

(i) A linear operator A € L(L%(E; y)) is called sub-Markovian, if 0 < Af < 1forall f €
L(E;p) with0 < f < 1.

(ii) A contraction semigroup (T;);>o is called sub-Markovian, if T; is sub-Markovian for each
t>0.

(iii) A contraction resolvent (G, )40 is called sub-Markovian, if aG, is sub-Markovian for all
a > 0.

(iv) A closed densely defined linear operator (L, D(L)) is said to be a Dirichlet operator, if

/Lf((f— )" dp <0 forall f € D(L).
E

The following Lemma is due to [ , p- L4.3]:

Lemma 1.3.5. Let (L,D(L)) be the generator of an sccs (T;);>0 and an sccr (Gy)g>o. Then the
following are equivalent:

(i) (Gg)a>o is sub-Markovian.
(ii) (T})i>o is sub-Markovian.
(iii) (L, D(L)) is a Dirichlet operator.

For sub-Markovian sccs, we can show conservativity more directly:
Lemma 1.3.6.

(i) If (T})r>o is sub-Markovian, then so is (T, );>o.
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(ii) Let (T;);>0 be a sub-Markovian sccs. Then conservativity and ji-invariance are equivalent.
Proof:

(i) Since |T; flpey < 1T fliz@y for all f € L2(E; p), the semigroup (T});>o is also L!-
contractive. Then for 0 < f < 1andall 0 < g € L?(E; p), we get

o< [T fgdu= [ Tgdn<floliglyen < [ gdn
This implies 0 < T, f < 1, so (T} )s>0 is sub-Markovian.

(ii) Due to Lemma 1.3.3 (i), we only have to show that conservativity of (T;)>o and (T )i>o
are equivalent. Let therefore T;1 = 1 for all t > 0. Then

/(1—T;‘1)d,u=/ldu—/ﬂ}ldy:/(l—Ttl)dy:O,
E E E E

so T;j1 =1 p-a.e. since (1 — T;*1) > 0 due to part (i). O

Now we introduce an interesting class of operators that are more easily verifiable.

Definition 1.3.7. Let (L, D) be a densely defined linear operator on L2(E; y1). The Carré du champ
operator of L is the bilinear operator I' : D x D — L(E; u) given by

I'(u,v) = % (L(uv) — uL(v) — vL(u)) for u,v € D.
Here L(E; u) refers to the space of all u-classes of functions on E.
(L, D) is called an abstract diffusion operator, iff it satisfies the following:

(i) Foranym € N, uy, ..., up € Dand ¢ € C*(R™) with ¢(0) = 0, it holds that ¢(uy, ..., un) €

D and
m a(p m 2
Lo(uy, ..., =), —(u1, ., um)L(ug) + s ees U )T (g, Ug).
P tim) = ) o L)+ D, 55 )T )

(ii) T'(u,u) > 0 for all u € D.

We fix some @ > 0 and assume the following:

Assumption (SI). For all f € D with f > 0 p-ae., both f and Lf are in L'(E; i) and p is

sub-invariant for (L — al, D), i.e.
/Lfd,uSa/fd,u.
E E

Then we obtain the following result to find Dirichlet operators, which can be found in [
Lemma 1.9].

Lemma 1.3.8. Let (SI) hold and assume that the closure (L, D(L)) of the abstract diffusion operator

(L, D) generates an sccs (T )i>o. Then (T)i>o is sub-Markovian, so in particular (L, D(L)) is a
Dirichlet operator.
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1.3.2 Generalized Dirichlet forms and associated Markov processes

Throughout this section, let E be a topological Hausdorff space such that its Borel-o-algebra
o(E) is generated by the continuous real-valued functions on E. Let further y be a probability
measure on (E, B(E)) such that H := L%(E; y) is a real separable Hilbert space.

Definition 1.3.9. Let (A, D(A)) be a densely defined positive semidefinite bilinear form, i.e.
D(A) C H is a dense linear subspace and A is a bilinear map with A(u, u) > 0 for all u € D(A).
The symmetric part (A, D(A)) of (A, D(A)) is given by

A = S(A@D) + AWww),
and the antisymmetric part (A, D(A)) is given by

Aww) = S (A@0) — AW.w)
Further set (Ay, D(A)) for & > 0 as

Al(u,v) = A(u,v) + a(u,v),

and define (A,, D(A)) analogously.

(A, D(A)) is called a symmetric closed form, if (D(A), Ay) is a Hilbert space. (A, D(A)) is called
a coercive closed form, if (A, D(A)) is a symmetric closed form and the following weak sector
condition holds:

Assumption (WSC). There exists a so-called continuity constant K > 0 such that
s, 0)] < KA, )2 As (0, 0)

for all u,v € D(A).

Note that a symmetric closed form satisfies (WSC) with K = 1 due to the Cauchy-Bunyakovsky-
Schwarz inequality. Since A(u, u) = A(u, u) for all u € D(A), the weak sector condition implies
that A is a continuous bilinear form on the Hilbert space (D(A), jll), which we will naturally
consider when referring to the Hilbert space D(A).

Definition 1.3.10. Let (A, D(A)) be a coercive closed form. Define the linear operator (L, D(L))
via

D(L)={ueD(A)|3Lue H : (—Lu,v)y = A(u,v) for allv € D(A)}.

Then (L, D(L)) is negative semidefinite, closed and generates an sccs (T} )1 as well as an scer
(Ga)a>o on H (see [ , Section 1.2]). It is called the generator of (A, D(A)), and all four
objects (L, D(L)), (T;)t>0, (Ga)a>0 and (A, D(A)) are associated with each other.
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1.3 Sub-Markovian semigroups and generalized Dirichlet forms

Definition 1.3.11. A coercive closed form (A, D(A)) on H is called a semi-Dirichlet form, if
ueD(A) = u*'A1eD(A)and A(lu+ W A1), u—(w" A1) >0. (1.3.1)

If additionally
Alw—wr A1), u+ W A1) >0 forallu € D(A), (1.3.2)

then (A, D(A)) is called a Dirichlet form.

Theorem 1.3.12. Let (A, D(A)) be a coercive closed form on H with associated infinitesimal
generator (L, D(L)), sccs (T;)r>0 and scer (Gg)g>o. Then the following are equivalent:

(i) (A, D(A)) is a semi-Dirichlet form.
(ii) (Gg)a>o is sub-Markovian.
(iii) (T;)s>o is sub-Markovian.
(iv) (L, D(L)) is a Dirichlet operator.

Proof:
See [ , Theorem 1.4.4] together with Lemma 1.3.8. o

The theory of Dirichlet forms provides an associated Markov process, so that important prop-
erties of the process can be verified analytically for the Dirichlet form. This correspondence
between probabilistic and analytic concepts has proven very successful, and has been summa-
rized in the book [ ]. However, it is not suitable for our applications, since we do not satisfy
the weak sector condition, due to the degenerate nature of the symmetric part of the bilinear
form associated with our Dirichlet operator. Instead, we turn to the theory of generalized
Dirichlet forms, as developed and summarized in [ ]. Since the complete definition of
such forms would take too much space, we only consider the special case that we use later in
applications, and refer to the mentioned book for intermediary definitions and proofs.

Theorem 1.3.13. Let (L, D(L)) be a Dirichlet operator that generates an sccs (T;);>o on H and
set A = 0 with D(A) = H. Then the bilinear form & associated with (A, D(A)) and (A, D(A)) as
described in [ , Definition 2.9] is a generalized Dirichlet form which is given by

—(Lu,v)  ifueD(L),veH

E(u,v) = { _ .
—(u,L*v) ifue H,veD(L")

Moreover, the Cy-resolvents (Gy)q>0 and (G},)a>0 of contractions on H associated to the bilinear
form & as defined in [. , Section 1.3] correspond exactly to the resolvents generated by (L, D(L))
and (L*, D(L*)), respectively.

Proof:
See [ , Section 1.4, Example 4.9 (ii)]. o
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Now we introduce a few more definitions related to generalized Dirichlet forms, in order to
formulate the main theorem that yields an associated Markov process. In particular, we define
what exactly we refer to as a Markov process within this thesis. We fix some Dirichlet operator
(L, D(L)) generating an sccs (T;);>0 and an scer (G )q>0 on H and the associated generalized
Dirichlet form £ as obtained from Theorem 1.3.13.

Definition 1.3.14. Let a > 0. An element u € H is called a-excessive if fGp,,u < uforall > 0.
The set of all ¢-excessive elements is denoted by P,,.

Definition 1.3.15. For an element h € H let L, :={v € H : v > h} and f;, : H — H be defined
by fi(0) = (0 — ).

For h € H and a > 0, let h, be the unique element of D(L) such that
E1(hg,v) = a(Pp(hy),v)y forallv € H.

Let h satisfy £, N D(L) # @. An element e;, € L N Py is called a 1-reduced function of h, if
(i) limg_e by = ep, in H,
(ii) ey <uforallu € L, NPy,

(iii) &1(en,v) > lenl? for allv € L, n D(L*).

Remark 1.3.16. The existence and uniqueness of h, follows from [ , Prop. 1IL.1.6], and
existence of 1-reduced functions is shown in [ , Proposition IIL.1.7].

Definition 1.3.17. For an opensubsetU C E and an element f € H which satisfies Ly, snD(L) #
@, we define fiy := ey, as the 1-reduced function of 1y f.

Definition 1.3.18.

(i) An increasing sequence (F,)nen of closed subsets of E is called an &£-nest, if for every
element u € D(L) N Py, it holds that lim,_,e tp\p, = 0 in H.

(ii) An E-nest (Fy)nen is called regular, if for alln € IN, U C E open, it holds that y(UNF,) = 0
impliesU C E\ F,.

(iii) A subset N C E is called E-exceptional, if there is an E-nest (F,)nen such that N C
(e E \ Fo.

(iv) A property which is satisfied for all points outside some £-exceptional set is said to
hold £-quasi everywhere.

(v) Afunction f defined outside of some £-exceptional set N C E is called £-quasi-continuous,
if there is some E-nest (F,)new such that | J,epn Fr € E\ N and f|g, is continuous for all
n € IN.
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1.3 Sub-Markovian semigroups and generalized Dirichlet forms

(vi) A sequence (fy)nen of E-quasi-everywhere defined real-valued functions is said to con-
verge &-quasi-uniformly to some £-quasi-everywhere defined real-valued function f, if
there is some £-nest (Fi)kew such that fi, f are defined on | iy Fr and fi converges
uniformly to f on each Fy.

Proposition 1.3.19. Let 0 < ¢ € H be arbitrary and h := Gy¢. Then the map Cap,, from the
subsets of E to R defined by

Cap,(U) = (hu, @) for openU C E,
= 1 i C
Cap,,(A) Agg%)fp . Cap,(U)  for arbitrary ACE,

is a Choquet capacity, i.e.

(i) Cap,,(Unen An) = sup,e Cap,,(An) for any increasing sequence of arbitrary subsets A,
of E.

(ii) Cap,((Vnew Kn) = infren Cap,,(Ky) for any decreasing sequence of compact subsets K
of E.

(iii) Cap,(Unen An) < Ypew Cap,,(An) for any sequence of arbitrary subsets Ay of E.

Moreover, it characterizes £ -nests in the sense that any increasing sequence (F,)eN of closed subsets
of E is an E-nest if and only if limy,_,« Capq)(Fg) =0.

Proof:
This is shown in [ , Propositions 2.8, 2.10]. O

Lemma 1.3.20. Let (Ni)kew be a sequence of &-exceptional sets. Then N := | Jj.epy Nk is also E-
exceptional.

Proof:
For each Ny, there is some £-nest (F,’f)neN such that N, C E \ F,’f for all n € IN. Due to
Proposition 1.3.19, for each n, k € IN, there is some m(n, k) € IN such that Cap(P((F,’;(n’k))C) < ﬁ

Now set F° = [ ren F;ﬁ (nk) for each n € IN. Clearly the F;” are closed and form an increasing
sequence. Since

Cap, (F)) = Cap,,(|_JEE )9 < D Cap, (FE 1)) = =
kelN kelN n

the sequence (F;°)nen is an E-nest due to Proposition 1.3.19. Since clearly N C E \ F;° for all

n € N by construction, this shows that N is £-exceptional. i

The following is due to [ , Corollary 3.8]:
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1 Functional analytic and probabilistic background

Lemma 1.3.21. Let (uy)nen be a sequence in D(L) such that each u, has an £-quasi-continuous Ji-
version il,. Assume that u, — u in D(L) for some u € D(L). Then u has an £-quasi-continuous
p-version it and there is a subsequence (Up, )keN such that i, — 4 E-quasi-uniformly.

Instead of verifying the definition of £-nests by hand, we rely on the following useful criterion,

which is due to [ , Remark II1.2.11]:

Proposition 1.3.22. Let (F,)nen be an increasing sequence of closed sets such that
D={ueD(L)|u =0 p-ae on E\F, forsomen € N}

is dense in D(L), i.e. with respect to the graph norm induced by (L, D(L)). Then (F,)nen is an € -nest.

Definition 1.3.23. The generalized Dirichlet form & is called quasi-regular, if

(i) There exists an £-nest consisting of compact sets.

(ii) There is a dense subset of D C D(L) such that each f € D has an £-quasi-continuous
p-version.

(iii) There is a sequence (U )new in D(L) such that for each n € IN, u, has a £-quasi-continuous
p-version iy, and that {ii, : n € IN} separates the points of E \ N for some £-exceptional
set N CE.

Proposition 1.3.24. Let £ be quasi-regular. Then each f € D(L) has an £-quasi-continuous p-
version.

Proof:
This follows directly from Lemma 1.3.21 and (ii) in the definition of quasi-regularity. i

Now we have defined all the necessary concepts to state the theorem giving the association to a
Markov process. First, we specify how such a process is to be understood in this context.

Definition 1.3.25. The tuple M = (Q, M, (M;)i>0, (X¢)i>0, (Px)xcE, ) is called a time homoge-

neous Markov process with state space E, life time { and corresponding filtration (M;);>o

if

M1) X; : Q — Ep is M; — B(Ep)-measurable for all t > 0 and X;(w) = A if and only if
t > {(w)forall w € Q.

(M2) For all t > 0 there is a map 6; : Q — Q such that X o 6, = X, for all s > 0.

(M3) (Py)xek,, £) is a family of probability measures on (Q, M) such that x — Py(B) is B(Ex)*-
measurable for all B € F and B(Ex)-measurable for all B € o(X; : t > 0). Furthermore,
it holds that PA(Xy = A) = 1.

(M4) For all A € B(Ep), s,t > 0, and x € E,, it holds that

Py(Xiss € A| M) = Px(X; € A)  Py-as.
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1.3 Sub-Markovian semigroups and generalized Dirichlet forms

Here B(Ep)" = (V,ep(r,) B(Es)" is the o-algebra of universally measurable sets, where P(Ex)
denotes the set of all probability measures on Ep and B(Es)" is the v-completion of B(Es).

For a measure y on (E, B(Ep)), we define the measure P, via P,(A) = /EA P..(A) p(dx) for all
AeF.

Definition 1.3.26. A Markov process M = (Q, M, (M;)>0, (Xe)r>0, (Px)xek, ) with life time { is
called a right process if

(M5) Py(Xo =x) = 1forall x € Ex.
(M6) The map t — X;(w) is right-continuous on [0, o) for all w € Q.

(M7) The filtration (M,;);>o is right-continuous. Moreover, for any probability measure y on
(Ep, B(Es)) and any (M, );>o-stopping time 7, it holds that

Py(Xrys € Al M) =Px,(X; €A) Py-as.

for all A € B(Ep) and s > 0.
Asin [ , Definition 2.2.3], we only consider right processes with
Mi=Fo= | FE)MR
veP(Ep)

and
M=7= () CLfe
VE'P(EA)

from now on, where F; := o(X; : s € [0,]), since that change of filtration retains all properties

of an existing right process.

Definition 1.3.27. For a subset A € B(Ep) of E, let 04 := inf{t > 0 : X; € A} be the first hitting
time with respect to M.

Definition 1.3.28. Let M = (Q, F, (F4)r>0, (Xt )r>0, (Px)xeE, ) be a right process with life time ¢
and let y be a finite measure on (Ep, B(Ep)).

(i) M is called p-tight, if there is some increasing sequence (K, )en of compact metrizable
sets in E such that

Pp (r}l_{l;lo OE\K, < g) = 0.
(ii) M is called p-special standard, if
(M8) X;_ = limgy; X; exists in E for all t € (0,{) P,-a.s.

(M9) limye0 X;, = X; Py-as. on{r < {}and X; is \/,on ]-—T};” -measurable for every

increasing sequence (7,)neN Of (]-—tp “)i>0-stopping times with limit 7.
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1 Functional analytic and probabilistic background

(iii) M is called special standard, if it is p-special standard for all probability measures p on

(En, B(En)).

(iv) M is called a Hunt process, if (M8) and (M9) hold with { replaced by oo and E replaced by
En.

Definition 1.3.29. Let M be a right process and define the families (p;);>0 and (Ry)g>0 via

pf) = B fXD]  and R f(x) = /0 T e fx) dt

for all x € E and f € By(E), where E, denotes the expectation with respect to Py, and By(E)
denotes the set of bounded Borel-measurable real-valued functions on E. Then (p;);>0 and
(Ry)as0 are called the transition semigroup and resolvent of M, respectively.

M is called associated with &, if R, f is a u-version of G, f foralla > 0 and f € By(E)n H. M is
called properly associated with £ in the resolvent sense, if additionally R, f is £-quasi-continuous
foralla > 0 and f € By(E) n H.

Remark 1.3.30. For a right process M, the transition semigroup is a sub-Markovian semigroup
of kernels on (E, B(E)) (cf [ , Section I.4]) and the resolvent is a sub-Markovian resolvent of
kernels. If M is properly associated with £ in the resolvent sense, then R, f is a £-q.c. y-version
of G, f for all @ > 0 and even all f € H. Moreover, it holds that p; f is a y-version of T f for all

f € H. This resembles [ , Exercises IV.2.9, IV.2.7] and can be seen for example in [ ,
Lemma 3.38]. Note that as seen in [ , Example IV.1.5], we do not obtain £-quasi-continuity
of p; f in general.

Finally, we state the theorem for existence of associated Markov processes:

Theorem 1.3.31. Let £ be a quasi-regular generalized Dirichlet form associated with A = 0 and a
Dirichlet operator (L, D(L)) generating an sccs (T; )i>o on H. Let further ) C D(L) n L*(E; p1) be
a core for (L, D(L)) which is an algebra, i.e. closed under multiplication. Then there exists a p-tight
special standard process M which is properly associated in the resolvent sense with &.

Proof:
This is a special case of [ , Theorem 2.2]. m]

Lemma 1.3.32. Let £ be properly associated in the resolvent sense with a u-tight special standard
process M. If for every open subset U C E, there exists an increasing sequence (Up)neN of non-
negative continuous elements of D(L) such that

(i) supp(u,) C U foralln € N, sup, o tn < 1y and sup,g tn > 0 onU.

(ii) Lu, = 0 p-a.e. on E \ supp(uy) for alln € N.
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1.3 Sub-Markovian semigroups and generalized Dirichlet forms

Then it holds that
Py (t = X; is continuous on [0,{)) = 1

for E-quasi all x € E.

Proof:
This is a special case of [ , Theorem 3.3]. a

Remark 1.3.33. Let £ be quasi-regular, properly associated to some p-tight special standard
process M, and let a property p hold for (X;);>0 Py-a.s. for £-quasi all x € E, ie. for all
x € EX N with N being £-exceptional. Due to the definition of exceptional sets, there is some
exceptional N, € B(E) such that N, 2 N. Then, by restriction and trivial extension as in
[ , Chapter IV.3], we can obtain a modified u-tight special standard process M’ which is
also properly associated in the resolvent sense with £ such that p holds for (X/);>o Pj-a.s. for

all x € E.

1.3.3 Sub-Markovian semigroups and associated probability measures on path
spaces

In this section, we consider probability measures P on the space D([0, 0); Ep) of cadlag paths
on the state space E. Again, there are no new results here, as we mainly wish to collate useful
results from [ ] in the special case of our L?-setting with respect to a probability measure
1. We refer to Section 2.1 of the named source for more general and detailed results on general
LP-spaces, as well as to [ ] for more details on path spaces. We summarize the setting and
some notation in the following:

Definition 1.3.34. Let E be a Polish space such that B(E) is generated by the continuous real-
valued functions on E, and let Ex be E with the cemetery A adjoined, where every function on
E is extended trivially to Ex. Let p be a probability measure on (E, B(E)). By D([0, 0); Ep), we
denote the space of cadlag paths on Ej, i.e. the set of all maps [0,0) 3 t > Z; € Ep which are
right-continuous and have finite left limits for each t > 0. Let D([0, o); E5) be equipped with
the Skorokhod topology (see [ , Chapter 3.5]), so that it is a Polish space, and denote the
corresponding Borel-o-algebra by Bp. Then the space of continuous paths C([0, o), Ep) is a
closed and hence measurable subset of D([0, 0); E5), with the induced topology corresponding
to uniform convergence on compact sets (see [ , Problem 3.11.25]), and corresponding
Borel-o-algebra denoted by Bc. Moreover, the sets D([0, 0); E) and C([0, c0); E) are measurable
subsets of D([0, ); Ep) and C([0, o0); Ep), respectively.

We call a probability measure IP on (D([0, o); Ep), Bp) or another path space a probability law,
if the set Z of Zombie paths is a subset of a P-null set, i.e. P-a.s. Z; = A for any t > 0 implies
Zs = Afor all s > 0. In particular, this is the case if P is the image measure of a probability
measure P on (Q, F) under a measurable mapping ¢ such that ¢(Q) N Z = @, see [ ,
Remark 2.1.2]. Here and later within this section, (Z;)s>¢ refers to a generic path from the path
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1 Functional analytic and probabilistic background

space considered and Z; refers to the projection 7;((Z)s>0) of the path to its state at time ¢ > 0.
In particular, we use this notation for the expectation E, such that E[ f(Z;)] refers to

/ FOr((Z)550)) PAZ)s50).
D([0,00);Ep)

For a probability law P, we define its initial distribution to be the image measure of P under the
random variable Zy. The life-time { : D([0,0); Ex) — [0, 0] is defined by { = inf{t > 0 :
Zt = A}

Definition 1.3.35. Let P be a probability law on D([0, o0); E5) with initial distribution Ay, where
0 < h € L%(E; p) is a probability density with respect to p. Let (T;);>¢ be a sub-Markovian sccs
on L2(E; p), then it is said to be associated with P if for all non-negative fi, ..., fy € LY(E; p),
0<t, < <t <oo k€N, it holds that

11 r@»

1<i<k

E = (AT (AT, (fo - Ty, (i Tt SOD) (1.3.3)

In order to make this concept relevant for consideration, we state the following Lemma which
connects it to Markov processes associated with semigroups as in the previous section.

Lemma 1.3.36. Let M be a u-special standard process associated with a sub-Markovian sccs (T; )s>o
as in Remark 1.3.30, and let h € L*(E; 1) be a non-negative probability density with respect to Ju.
Define the measure Py, on (Q, F) as in Definition 1.3.25 and let Py, be the image measure of Py,
under the map Q : @  (X;(w))i=0 € D([0,00); Ep). Then Py, is associated with (T;);>o as in
Definition 1.3.35.

Proof:
Consider Qp = {w € Q : (X;(w))i>0 € D([0, ); Ex) and the map

Qp : 0 = (X ()0 € D([0,00); Ep),
which we denote by (Xt)tzo after extending it to Q via
(XDez0(w) = (x0)r>0 ~ for some xo € Ep.

Due to property (M8), the Qp is the complement of a P;,-null set and therefore (X0 is F P —Bp-
measurable, since Bp is generated by the projection maps 75 : (Z;);>0 = Zs. Therefore, we
may define P, as the image measure of Py, under (X))r>0. Now let k € N, f1seees f € L¥(E; p)
be non-negative and 0 < #; < ...t < co. Then for any x € E, it holds that

1T rxo

1<i<k

Ex = pr, (fipt,—t,(fo - Pr—t,_, fi)) (). (1.3.4)
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1.3 Sub-Markovian semigroups and generalized Dirichlet forms

This can be seen since due to the tower property of conditional expectation together with the
Markov property (M4),

Ex[AC6)A06)] = Ex | EACG)RGOIF, 1| = Ex | A6 Bl (X7
= Bx [ A06) Ex, (X)) = ELACE)prs (X))
=Py (flptz—tle)(x)'

Since the right hand side of (1.3.4) is a p-version of Ty, (fiT;,—t, (f2 .. Ty.—t,_, fc)), integration with
respect to hy yields (1.3.3), since

11 r@

1<i<k

Ep,

1T s

1<i<k

IT rex

1<i<k

= Ej, = Ep,

Definition 1.3.37. Let P be a probability law on D([0, o0); Ex) and let (L, D) be a linear operator
on L2(E; ). Then P is said to solve the Martingale problem for (L, D), if

(i) For every f € D and t > 0 it holds /Ot ILf(Z)|ds < oo P-a.s. and the random variables

f(Z;) and /Ot Lf(Zs)ds on D([0, ); Ep) are P-a.s. well-defined, i.e. independent of the
chosen p-version of f and Lf.

(ii) For all f € D andt > 0, the random variable Mt[f M- defined by
L _ _ [ d
M= f(Z) = f(Zo) Lf(Z;)ds
0

is P-integrable and the corresponding process (Mt[f ]’L)tzo is an (F));>o-martingale.

Here 7 = o{Z; : s € [0,t]} and can be replaced by 7}, = (), F¢ and its P-completion
when f is continuous, see [ , Remark 2.1.7].

Lemma 1.3.38. Let P be a probability law on D([0, o); Ex) with initial distribution hy for some
non-negative probability density h € L2(E; ). Assume that P is associated to some sub-Markovian
sces (T )i with generator (L, D(L)). Then P solves the martingale problem for (L, D(L)). Moreover,
if f € D(L) with f?> € D(L) and Lf € L*(E; p), then

N = ey [ L) - CFLAZ) & 120,
0

also defines an (F,);>o-martingale.

Proof:
See [ , Lemma 2.1.8]. o
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1 Functional analytic and probabilistic background

Lemma 1.3.39. Let (L,C) be an abstract diffusion operator on H as defined in Definition 1.3.7.
Assume further that C consists of bounded continuous functions, and that (L,C) has an extension
which generates a sub-Markovian sccs (T;);>o for which y is invariant. Let P be a probability law on
D([0, 00); Ep) associated with (T; )y with initial distribution p1, then (f(Z;))s>o is P-a.s. continuous
for every f €C.

If there is a countable subset C CC that separates the points of E, then (Z;)i>¢ is P-a.s. continuous
on [0, ), and if E is locally compact, it holds that P(C([0, >); Er)) = 1.

Proof:
This is a special case of [ , Lemma 2.1.10, Corollary 2.1.11]. o

We now state some more properties of probability laws on path spaces which can be verified
by their associated sub-Markovian semigroups. As in the source [ ], we only consider
continuous paths from now on.

Definition 1.3.40. Let P be a probability law on C([0, o), Ep) with initial distribution p.
(i) P is said to be conservative, if { = oo holds IP-a.s.

(ii) PP is said to have invariant measure p if P o Z;' = pifor all t > 0.

Lemma 1.3.41. Let P be a probability law on C([0, 00), Ep) with initial distribution pi, which is
associated with a sub-Markovian sccs (T;);>o on L?(E; 1). Then

(i) P is conservative if and only if (T;);>o is conservative.
(ii) p is invariant for P if and only if u is invariant for (T;)i>o.

Definition 1.3.42. Let P be a probability law on C([0, o), Ex) with invariant measure p. For
any A € Be and t > 0, define

(PtA = {(ZS)SZO | (Zt+s)32() € A}

(i) P is said to be ergodic, if for Ay, Ay € B, it holds that

.1 [t
lim — [ P(p:A; N Az) = P(A)P(Ay).
0

t—oo |

(ii) P is said to be weakly mixing, if there is some set I C [0, 00) with relative measure 1, that
is
1 /T
lim — 1;(t)dt =1,
T—o0 T 0

such that for any Ay, A, in B, it holds that
P(p:A; N Ay) > P(A])P(A;) ast — oo, t €.

IP is said to be strongly mixing, if I = [0, o).
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Clearly, strong mixing implies weak mixing, which in turn implies ergodicity.

Lemma 1.3.43. Let IP be a probability law on C([0, ), Ep) with invariant measure ji, which is
associated with a sub-Markovian sccs (T;)y>o on L2(E; ). Then P is weakly mixing if and only if
forall f, g € L*(E; p), there is some set I C [0, 00) of relative measure 1 such that

& Tt Pz = #(Hu(g)  ast —> oo, tel

Proof:

See [ , Remark 2.1.13], where the the statement is proved with f, g € L*(E; y) replaced
by f, g € L?(E; p). Since in our case, all bounded functions are in L2(E; ;1) and the proof only
uses indicator functions and T; applied to indicator functions, which are all bounded due to the
sub-Markov property of (T;)¢>o, our formulation is valid. m

1.4 Mollifiers and cutoffs

Definition 1.4.1. Let ¢ € L'(R?) and f € LP(R?) with p € [1,0]. Then the convolution of ¢
with f is defined as

(¢ * x) = /R , o(x —y)f(y)dy /R , p(¥)f(x —y)dy

and is an element of LP(R?) with

lo * flee < lelpsl flre-

Lemma 1.4.2. Let the same assumptions hold as above.

(i) Let ¢ € CK(R?) for some k € N, then ¢ + f € CK(R?) with 8%(p * f) = (3°p) = f for
all |s| < k.

(ii) It holds that

supp(¢ * f) € {x +y [ x € supp(p), ¥ € supp(f)},
so in particular ¢ * f € C(RY) if ¢ € C°(R?) and f has compact support.

This also works in a way for weak derivatives, which we prove here since finding a reference
proved difficult:

Lemma 1.4.3. Let ¢ € L'(RY), 1 < p < o0 and m € N. Then, for each f € H™P(R?), the
convolution ¢ * f is in H™P(R?) as well, and it holds that 3*(¢ * f) = ¢ = d*f forall |s| < m,
where 9° denotes the weak derivative in both cases.

If ¢ € CK(R?), then the weak derivative 3*(¢ * f) coincides with the strong derivative 3°(¢p *
f)=(°p) * f forall |s| < min{m, k}.
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Proof:

First, let p € [1,p) and f € H™P(RY). For each |s| < m, the convolutions ¢ * 9 f are well-
defined as elements of L?(R?). We can approximate by a sequence (f,)pen in Cr (RY) with
respect to the H™P-norm. In particular, each f, € L'(R?), so that ¢ * f, = f, * ¢. Then the
previous Lemma yields

as(fn * (P) = (asfn) TP =@ asfn-
Since

lp & f =@ =0 fullr =l * (@ f =& flee < l@li1|0° f = & fullLr — 0

as n — oo, it follows that @°(f, * ¢) converges to ¢ * d°f in LP(R?) for each |s| < m, which
implies ¢ * f € H™P(R?) with 8°(¢ * f) = ¢ * 8°f for all |s| < m.

Now consider p = oo and let f € H™*(R?) for some m € N. Let further g € C*(R). Then
application of Fubini-Tonelli and the definition of weak differentiability yields

[0+ pdx= [ o5 [ o= dyds
= [ o) [ #0stx—y)dxdy
=0 [ o) [ 5005 -y axdy
= [ e+ 0w dx
]Rd

for all |s| < m, so indeed ¢ * f € H™ (R?) with 3*(¢ * f) = ¢ % 3°f.

The last statement is immediate, since strong derivatives always coincide with weak ones if they
exist. o

There is one special class of functions for which convolutions are useful:
Definition 1.4.4. A sequence (¢,)nen in L'(R?) is said to be an approximate identity or Dirac

sequence, if ¢, > 0 and |@p[;1 = 1 for all n € IN and

lim on(x)dx =0 forallr > 0.
n—e JRd\B,(0)

Remark 1.4.5. Define ¢ € C2°(R?) via

ex —;) for |x| < 1,
70) = {O P (~roiy)  forl

else,

and set ¢ = ||$||Zf$ For each ¢ > 0 and x € R?, set ¢, (x) = E_dqo(’g—c). Then ¢, > 0, |@:|1 =1
and

lim @:(x)dx = lim p(x)dx =0 forallr > 0.
€20 JRA\B.(0) -0 RI\B (0)

32
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Moreover, since supp(¢) € B1(0), we get supp(¢,) C B:(0). Such a sequence is called standard
approximate identity, and ¢ is called a mollifier.

A useful application of such convolutions are the cutoff functions:

Lemma 1.4.6. Let Q C R? be open and K C Q be compact. Then, for all § € (0,00) with
Bs(K) C Q, there is a smooth cutoff function € C.°(Q) for K with

0<n<1, n=1onK, |9 <Cys6" forallse N,

where Cy s is independent of 6 and K.

Indeed, if (¢;)s>0 is a standard approximate identity, then == @; * lp, (k) has all required
4 z

properties.

Lemma 1.4.7. Let U C R? be open. Then there is a sequence (f,)new in C°(R?) such that 0 <
fo T 1y asn — oo

Proof:

Define the closed sets A, == {x € R? : d(x,U°¢) > %} and K,, = A, N B,(0) for each n € N, as
well as the interior U, of K,,. Then (K}, )en is an exhausting sequence of U consisting of compact
sets. Choose ¢, such that B, (K,) C U,4+1. Then due to Lemma 1.4.6, there exist f,; € C.°(Upt1)
such that 0 < f;, < 1and f, = 1 on K,,. Since f, has support in U,4+; C K41, the sequence
(fi)new is non-negative and increasing. Let x € U with |x| < m € IN, then there is some n € N
such that x € A,, hence x € Kyym, so (f,)new converges from below to 1. o

In the sequel, we often require an exhausting sequence for R? with nice properties, which we
now obtain as an application:

Remark 1.4.8. In the setting of the above Lemma, let Q = RY, choose K, = m and 6, =n
for each n € IN. This results in a sequence (1;)nen in Co° (R?) which satisfies 0 < 5, < 1,1, = 1
on B,,(0), 85, = 0 on B,(0) for all s € N¢, and |9°y,| < %Ms for all n € IN, where M € (0, ) is
a constant depending only on s.

Another nice application of convolutions with approximate identities results in the following
construction:

Lemma 1.4.9. Let 0 < § < ¢ and let [a, b] be a real interval. Then there exists a smooth function
h € C*(R) with the following properties:

(i) h(r) =r forallr € [a,b],
(ii) h(r) =a— 6 forallr € (—oo,a — ¢,
(iii) h(r) =b+ 6 forallr € [b+ ¢, ),
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1 Functional analytic and probabilistic background

(iv) 0 < K < 1.

Proof: )
First, we define a function h € C°(R) via

a—96 forr<a-9,
h(r) = {r forr € [a—6,b+ 6],
b+6 forr>b+6.

Then h is Lipschitz-continuous with constant 1, and has a weak derivative W e L*(R) which
satisfies 7/(r) = 1 on (a,b) and #/(r) = 0 on R \ [a, b]. Let (¢e)e>0 be a standard approximate
identity, let y :== % and define h := ¢, * h € C*(R). Then clearly h satisfies (ii) and (iii). Since
¢y is an even function, we obtain for r € [a, b] that

r—h(r) = /R 0,r = Y)(r— y)dy = / o (Dzdz =0,

Y

so property (i) also holds. Finally, (iv) is also fulfilled, since due to Lemma 1.4.3,

0< /R i G — y)o, () dy = (o, * 1)) = (0, * Y (%)
and ) ) )
Co, * Y| <oy * Wi < oy sl I < 1
for all x € R. O

1.5 Separability

Here we prove separability of the space of compactly supported k times continuously dif-
ferentiable functions on R?, since we require this fact later, see Proposition 4.3.2. Although
well-known, the author was not able to find a satisfactory reference, so we include the proof
here.

Lemma 1.5.1. Let d,k € IN. Then the space Cf(le) equipped with the usual norm is separable.

Proof:
Set K,, .= B,(0) for all n € IN. Due to the Stone-Weierstraf theorem, the space (C°(K,; R), |- lsup)
is separable for any n € IN. Now set

C%(RY) = {f € COR?) : supp(f) C Bn(0)},

again equipped with the supremum norm, which we can consider as a subspace of C°(K,; R).
Since subsets of separable metric spaces are again separable wrt. the induced metric, we obtain
that the countable union CO(R?) = |, o J(R?) is also separable.
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Let m(k) denote the amount of multi-indices & € IN with |a| < k. Consider the product space
Cg’m(k)(]Rd) = Xe(1,....m(k)} C? (R%) with the corresponding product topology, which is generated
by the norm | - e m(x) given by

|(frs s ) Noomey = maxd{ fillsup [ £ € {1, ..., m(k)}}

As a finite product of separable spaces, C?’m(k)(le) is separable, and since its norm is equivalent to

.....

lk)-
Finally, consider C¥(R?) with its norm | f] o« = 2lal<k 107 flsup- Clearly, we can embed CK(RY)

isometrically into (Cg’m(k)(]Rd), | - |x), so that we can consider it as a subspace of a separable
metric space, making it separable as well. i

The proof implies the following:

Corollary 1.5.2. Let d,k € IN. Then there is a dense sequence (fy)nen in Cf(]Rd) such that for
every f € CK(R?), there is a subsequence (fi)ren such that the supports of all f, and f are
contained in some compact set K C RY.

1.6 Weighted Sobolev spaces

Here we consider LP-spaces and more generally Sobolev spaces with respect to a weighted

Lebesgue measure, where the weight function has the form e V.

Let V € C°(R?) and define the measure y == V™ dx on (R%, B(R?)). We assume the measure
U to be finite, and for simplicity, to be a probability measure.

Definition 1.6.1. For m € N, p € [1,00) and Q C R? open, we define the weighted Sobolev space

W™P(Q; ) = {f e H™'(R?) | 8 f € LP(Q; p) for all |s| < m}

loc

with corresponding norm

I

P
| flwme o = <Z lo° f ||fp(9;u)> :

|s|<m
For notational convenience, we set WP () := W™P(RY; ).

Remark 1.6.2. Since V and therefore e™" is locally bounded, y is locally equivalent to the
Lebesgue measure. In particular, M/{;’C’p () = H{gf (R?%) and therefore WP (i) = H"P(R?),
which denotes functions with compact support.
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1 Functional analytic and probabilistic background

Theorem 1.6.3. The space C=°(R?) of smooth compactly supported functions is dense in W™P(y1)
forallm € N, p € [1,00). In particular, with the classical naming conventions, it follows that
W =H, ie. W™P(u) = H™P(p).

We prove this in a similar way as the well-known result that C° (R?) is dense in H™P(RY), by
approximation with compactly supported functions.

Proof:
Let f € W™P (). Choose (1,)ne as in Remark 1.4.8. Then there is some constant M < oo such
that [0°7,| < M(%)lsl < M for all |s| < m. Define f, =1, - f € WP (i) = H"P(R?), then we

obtain
S
Ph<MY () o1l

r<s

so in particular there is some constant C < oo such that | fulwmrq,) < Clflwmr(oy) for all
n € N and Q C R? open. Set Q, = R? \ B,(0), then

|f = falwmeqny = ICF = fdlwme@uyny < (C + DI flwme,m (L6.1)

Now let ¢ > 0. Then we can choose N; € IN such that ”f”wm,p(QNO;y) < m Since fy, €

H"P(RY), there is a sequence (¢p)ken in C°(R?) such that Ifno — eklame — 0 as k — oo.
Without loss of generality, we assume that supp(fy, ), supp(¢x) € U C K for some open U and
compact K C R? Due to local equivalence, there is some constant Cx < oo such that

I fvo = @rlwmoy = 1 fvg = @rlwme @y < Crlfivy — Okl pmpray- (1.6.2)

Choose kg € N such that |fy, — ¢k, |ame < ﬁ, then combining (1.6.1) and (1.6.2) yields
| f = @k, lwme(uy < €, so the denseness result follows. a

Due to this result, we refer to these Sobolev spaces by H™? () in the following. We now state
an integrability result for derivatives of V, provided we satisfy the following condition:

Assumption (A1). V is in C!(R%) n Hli’go(le) and there are constants K < oo and a € [1,2)
such that
V2V (x)| < K(1 + [VV(x)[*) p-ae.,

where V2V denotes the Hessian matrix of V.

Theorem 1.6.4. Let V satisfy (A1) and let k € IN. Then there is some constant Cy < oo such that
for all g € HY* (), the following inequality holds:

/ WV g%e ™ dx < Ci </ g%V dx + / Vgl|*e™V dx) ) (1.6.3)
RY RY RY
This is a generalization of [ , Lemma A.24], which proves the case where « = 1 and k = 1.

In order to facilitate the proof, we first show the following intermediate estimate:
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1.6 Weighted Sobolev spaces

Lemma 1.6.5. Let V satisfy (A1) and let k € N, i € {1,...,d}. Then there is some constant
M € (0, o) such that

[ owrg duSM< [Laaws [ as [ ivieg du)
R4 R4 R4 R4

holds for all g € CX(RY).

Proof:
Let g € CP(RY), k € N and 1 < i < d. Then integration by parts yields

‘/[Rd(aiv)%gﬂc dﬂ - _ /]Rd(aiv)zk—l(x)gzk(x)ai(e—V(x)) dx
(1.6.4)
_ /R d(zng"‘la,- g(@W)* 1 4 (2k — 1)g*(0,V)*252V) eV dx.

Let C € (0, 00) be arbitrary, then due to the Holder and Young inequalities for p = % and

q = 2k, we obtain the following estimate for the first summand:
1
[ kg™ 0@ d < 2k ZlgH @ - Clongls
R
1oy 2k 2k-1pp &
< 2k (S le™ P, + Tl 165)
1
—@k-vg [ v o [ @ d
CP ]Rd ]Rd

where L? denotes LP(y). For the second summand, note that due to (A1) we have [9?V] <
K(1 + |VV|%). This implies that

2k — 1) A @Y du < K2k~ 1) A @V du

(1.6.6)
+K(2k— 1) A VYA dp
Using the same technique as before for p’ = % and ¢’ = k, we get
[ €@V du < Zlg oy - Clelyg
< p,ép, g2 @V)* 2P, + fq—’f/ugz 17, (16.7)

/

_ 1 2k o 12k cr 2k
-~ /]Rd gV dus [ g a
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as well as

- 1, ok -
[ £ @V d < LUgH @y - Clg TVl

_ —oup’ 1 ’
< o8OV, + I, (16.3)

_ 1 2K 5 12k cf 2K gk
= p,Cp/ ,/]Rd 8 (@:iV) d,u + 7 Jri g |VV| dp
Note that for k = 1, these steps are not required, so p’ is well-defined. Choosing C large enough

such that %, K}(jé;,l) < %, we obtain

1
/ (V) kg% dy < = / (@) g% dy + Cq/ (0:9)% dy
R4 2 R4 R4
K(2k — 1) K(2k — 1)
KD / gt au+ KD / g v du
q R¢ q R?

by combining the inequalities in egs. (1.6.5) to (1.6.8) with the original integration by parts result.
By subtracting the first summand from both sides, we obtain the desired claim for

M = max {201 2K(2k — 1)CT nes }
, q . m]
Proof (of Theorem 1.6.4):
First, we assume g € C=°(R?). Since
d k d
v = Y@V ) <d Y ev)F,
i=1 i=1
we have
d
/ VY[ g dy < a5 Z / @) g% dy
d 3 d
8 i=1 /R (1.6.9)

< d'M < A g A IvgPidu+ /R wvfeg d,u>

for some M € (0, c0) due to Lemma 1.6.5 (wlog we assume M > 1). The last summand can be
estimated by

[mviegau= [ leFrovEghavie g

1 -
< EllgkIVVlklleg,) - Clg V1@ 2, (1.6.10)

1 2k 712K Cz/ 2k 7 2k(ar—1)
< — v *dy + — vV | dy,
_zczédgl T dp+ IRdgl | H
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where C € (0, o) is arbitrary. Plugging (1.6.10) into (1.6.9) and choosing C = vdkM, we can
subtract half the left side from both sides and obtain

/ vV g dp < 2d*M ( / g™ du+ / Vgl du>
R4 R4 R4

(1.6.11)
Y / GV IkED ¢y
]Rd

If @ = 1, then [VV[?(@=1) = 1 and the desired inequality (1.6.3) holds for C = 3(d*M?).

k and therefore

FEIVE Ad g2V KD gy < g Ad g% du +d*M? /]Rd gl Vgl dp

If0 < 2(a — 1) < 1, then [VV[*(@D < 1 4 |vV

with
1 D?
d* M / gl vV IFlgl* dp < d¥M? (—2 / g VP dp+ = / gl dﬂ),
Rd 2D% JRa 2 Jrd

where we can choose D = d*M. Then (1.6.11) implies (1.6.3) for Cy = 5d* M?*.

In the remaining case that 2(a — 1) € (1, 2), we obtain instead

/ gV e 4y = / gl vV gl Ve D-D g,
R4 Rd
2
< 1 /g2k|VV|2kdp+D—/ g [y PkCEaD-D g,
2D2 ]Rd 2 ]Rd

where we again choose D = d*M. Using this in (1.6.11) and repeating this procedure iteratively
provides us with estimates of the form

/ |VV|2kg2kdp < 2’"dkM </ g2kd’u+/ |vg|2k dﬂ)
R4 R4 R4

@M [ gV g

where y,,(@) = 2™(a — 2) + 2. Since there is some ¢ > 0 such that @ = 2 — ¢, we can write
Ym(a) = 2 — 2™¢, so there is some my € N such that 0 < y,,,(@) < 1. Then estimate (1.6.3)
follows as above for the case 0 < 2(a — 1) < 1. Thus the claim holds for all g € C*°(R%).

Now it remains to generalize the statement to all g € H“*(y). Let g be such a function. Then
due to Theorem 1.6.3, there is a sequence (g, )neN in Cg"(]Rd) such that g, — g in H“*(y)-norm
as n — oo. Fach g, satisfies (1.6.3) and since

d
[ £ [ s d < [ au > [ o du) = 4 f
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and

d
%k 2% Z 2k ok ok
Wlipav = /IRd ST = Ad afTdus<d (Azd J7 At Ad s dﬂ)

for all f € H“?(y), the right hand side of (1.6.3) converges to

Cr (/ gke™V dx+/ Vgl|*e™V dx)
R? RY

as n — oo, For a subsequence (g,,) N, We get that [VV[2¢ g,ff converges p-almost everywhere to

[VV[?% g%k so Fatou’s Lemma yields the desired claim. O

Remark 1.6.6. Since p is a finite measure, applying Theorem 1.6.4 to g = 1 shows that [VV| €
LP(y) for any p € [1, ). Moreover, due to (A1), the same holds for [V2V|.
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Here we introduce the abstract hypocoercivity frameworks which we later apply to concrete
generators. First, we give some data conditions, i.e. properties of the underlying space and
compatibility with the considered operators. Then we present the hypocoercivity method
developed by Dolbeault, Mouhot and Schmeiser ([ ]), in the rigorous form elaborated by
Grothaus and Stilgenbauer ([ ]) including domain issues. Afterwards, we give the necessary
assumptions and the convergence result of the weak hypocoercivity method, which was worked
out by Grothaus and Wang ([ ]) by reworking the proof and assuming weaker lower bounds
for the operators. In practice, these are verified by assuming weak Poincaré inequalities of the
type seen in [ ]

In order to compare these methods to each other, we refer to the original hypocoercivity as
strong hypocoercivity, and rearrange the individual assumptions so that they can be matched
more easily to their counterparts. In particular, we refrain from imposing a setting of L?-spaces
with invariant measure, since we can modify the considered space later in our application so that
the proofs in [ ] can be applied regardless. For a more detailed explanation, see Remark 2.4.1.

2.1 Data conditions

Let H be a separable Hilbert space with inner product (-, -)y and induced norm | - |z, which
has an orthogonal decomposition H = H; ® H, with corresponding orthogonal projections
P : H— Hy,(I-P) : H— H,. Let further (L, D(L)) be a densely defined linear operator that
generates a strongly continuous contraction semigroup (T;);>o on H. We assume the following
structure on L:

Assumption (D1). L =S — A on D, where S is symmetric, A is antisymmetric, and D C D(L)
is a core for (L, D(L)).

As seen by Proposition 1.1.3, both (S, D) and (A, D) are closable, and we denote their closures
by (S, D(S)) and (A, D(A)), respectively. These two operators are linked to the decomposition
of H in the following way:

Assumption (D2). H; € D(S) and S = 0 on H;.

41
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Assumption (D3). P(D) C D(A), AP(D) C D((AP)*) and PAP = 0 on D. Here (AP)" is the
adjoint of the densely defined closed operator (AP, D(AP)) with

D(AP) ={x € H| Px € D(A)}.
Remark 2.1.1.

(i) Assume (D2), then SP = 0 and (I—P)(D) C D(S), since D C D(S). Similarly, (I-P)(D) C
D(A) if (D3) holds.

(ii) In(D3), the first assumption implies D C D(AP). Let (x,)nen be a sequence in D(AP) such
that x, » x and APx, — y for some x,y € H. Then Px, — Px and Px, € D(A) for all
n € N, so closedness of (A, D(A)) implies Px € D(A) with APx = y. Hence (AP, D(AP))
is indeed densely defined and closed, so that (AP)* is well-defined. Furthermore, it holds
that (AP)* = —PA on D, hence on D(A).

Definition 2.1.2. We define the operator (G, D(G)) by
G = —(AP)*AP,  D(G) = {x € D(AP) | APx € D((AP)")}.

Remark 2.1.3. Due to von Neumann’s theorem ([ , Theorem 5.1.9]), (G, D(G)) is self-adjoint
and I — G : D(G) — H is bijective with bounded inverse. Since G is dissipative, it generates an
sccs on H, which we denote by (e/);so.

Note that due to (D3), we have D C D(G). If additionally, AP(D) C D(A), then G = PA?P on
D.

This allows us to define the following operator, which is bounded with operator norm less than
1 due again to [ , Theorem 5.1.9]:

Definition 2.1.4. Define the operator (B, D(B)) as
B:=(-G)(AP)",  D(B)= D((AP)").

Due to boundedness, it extends uniquely to a bounded operator B : H — H.

For 0 < ¢ < 1, the modified energy functional H, is then defined as
1
H,[x] = §||x||§{ + e(Bx, X))y for x € H,

and satisfies
1—¢

2
due to (D3) and [ , Lemma 2.4].

1+
Ix[? < H.[x] < T‘fnxn2 forall x € H (2.1.1)

Both following hypocoercivity methods provide sufficient conditions such that %Hg [T;x] can be
bounded by a term depending only on H,[T;x] in the strong setting, or additionally depending on
f via a carefully chosen functional in the weak setting, where x € D. This extends to x € D(L),
and Gronwall’s Lemma yields a convergence rate estimate for (T;x);>¢ for all such x. Depending
on the setting, this can then be further extended to a larger subspace of H.
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2.2 Strong hypocoercivity

Additionally to the above stated data conditions, assume the following:

Assumption (H1). Boundedness of auxiliary operators: The operators (BS, D) and (BA(I - P), D)
are bounded and there exist constants ¢y, ¢c; < oo such that

|BSx| < eI = P)x| and  [BAUI — P)x| < c2|(I — P)x|
hold for all x € D.
Assumption (H2). Microscopic coercivity: There exists some A,, > 0 such that
—(Sx, )5 = An| I — P)x]|? for all x € D.
Assumption (H3). Macroscopic coercivity: There is some Ay; > 0 such that

|APx|? > Ap|Px]|? for all x € D(G). (2.2.1)

Then the following hypocoercivity theorem follows, compare also [ , Theorem 2.2]:

Theorem 2.2.1. Assume that (D1)—-(D3) and (H1)—(H3) hold. Then there exist strictly positive
constants K1, k3 < oo which are explicitly computable in terms of Ap,, Ay, ¢1 and cy such that for
all x € H we have

ITixlgr < ke x| forallt > 0.

More specifically, for 6 > 0, ¢ € (0,1) and 0 < k < oo satisfying

ClTiaf s (4= eC1+a ) (14 35 ) )ia = Pyt
(2.2.2)

Ay o) 9
+ —(1+4+c; +c0)= ||PT,
€<1+AM ( (5] Cz)2>|| 1|

forall x € D(L), t > 0, the constants k1 and k3 can be given as

1+¢ K
K1 = > K2 = .
1—c¢ 1+¢

Remark 2.2.2. The estimate (2.2.2) can always be satisfied: First, choose § > 0 such that
Am
1+ Ay

1)
—(1+cl+c2)5>0.

Then, choose ¢ > 0 small enough such that

Nm — (1"‘ ) s >0
& c1 +c¢ |+
m 1 2 28

as well. Since |[T;x|? = |(I — P)T;x|* + |PT;x|?, k can be chosen as

Ap o 1
i —(l4+c+e)=, Am—e(l4c + 1+—|¢t.
mm{1+AM ( 1 02)2 m — &( C1 Cz)( 25)}
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2.3 Weak hypocoercivity

Additionally to the data conditions (D1)-(D3), assume the following:

Assumption (WH1). There is a constant N < oo such that

N
(BSUI = P)x, Px)n < Ell(l — P)x|ulPx|s  and

N
—(BA(I — P)x, Px)y < ?||(I — P)x|g|Px|g forall x € D.

Assumption (WH2). There is a functional © : H — [0, o] with the following properties:
(i) The set {x € H : ©(x) < oo} is dense in H.
(ii) ©(Px) < O(x) for all x € H.
(iii) O(Tyx) < O(x) forall x € H,t > 0.

(iv) ©(e'®x) < O(x) for all x € H, t > 0, where (e'®);>¢ denotes the Cy-semigroup generated
by (G, D(G)).

Assumption (WH3). For any x € D(L) there is some sequence (x;)nen in D such that x, — x
in H and

lim sup(—Lx,, x,)g < (=Lx, x)H, lim sup(©x;,) < ©(x)

n—oo n—oo

asn — oo,

Assumption (WH4). There exist decreasing functions ¢; : (0,00) = [1,00),i = 1, 2, such that
|Px|?* < ay(r)|APx|?* + r®(Px), r >0, x € D(AP) (2.3.1)
and

I(I = P)x|* < aa(r)(=Sx, x)yg +r®(x), r >0, x € D. (2.3.2)

This allows us to state the main weak hypocoercivity result:

Theorem 2.3.1. Let (D1)—(D3) and (WH1)—(WH4) be satisfied. Then there exist constants cy, ¢y >
0 such that

ITxl® < E@xI* + ©(x)), >0, x € D(L) (23.3)
holds for
E(t) = ¢y inf {r >0 cot > ay(r)ay (qur)Z) log(%) } , (2.3.4)

which goes to 0 ast — oo.
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2.4

Remarks and sufficient conditions

Remark 2.4.1 (Difference to cited sources).

(i)

(ii)

In the original source [ ], the hypocoercivity conditions were named to stay consistent
with the corresponding conditions in [ ], and the data conditions were added to
ensure well-definedness by considering domain issues. Since we only repeat the results
for application later, we take the liberty to rearrange and rename the conditions in favor
of a clearer structure. The same applies to the weak hypocoercivity conditions.

Moreover, in [ ], it was assumed that H is an L?-space with respect to a probability
measure which is invariant for (L, D(L)), and that (T;);>¢ is conservative. In return, a
second projection Ps is defined via Psf = Pf + (f, 1)y, which is used instead of P in
(H2). Furthermore, the right hand sides of the inequalities in (H1) allow either projection
each, independently. The proofs carry over to our assumptions without change, and our
formulation corresponds to the generality in which the results in [ ] were stated.

Since the conditions (H2) and (H3) are verified in practice by assuming Poincaré inequali-
ties, the projection Ps appears to be a more natural choice. However, in our applications,
we restrict ourselves to subspaces of L2-spaces where each element f satisfies (f, 1)y = 0,
so that both projections coincide. The convergence result is then lifted to the entire space
afterwards.

Remark 2.4.2 (Comparison).

(i)

(i)

(i)

Condition (H1) is stronger than (WH1). However, since Sx = S(I — P)x for all x € H,
[ , Remark 2.17] shows that Theorem 2.2.1 holds under (WHI1) as well. In applications,
we verify (H1) in any case.

If the «; are constant in (WH4), then (H2) and (H3) are satisfied. In that case, Theorem 2.3.1
also yields exponential convergence, since then

E(t) =exp (—%t) .

In our applications, (H2) and (H3) are verified by assuming Poincaré inequalities, which
translates to additional assumptions on the Lebesgue-density of the considered probability
measure. In contrast, (WH4) only requires the validity of weak Poincaré inequalities,
which do not require additional assumptions.

If (G, D) is already essentially self-adjoint, then we can reduce some of the above conditions to

more easily verifiable ones, which is shown in the two following Lemmas, the first of which

corresponds to [ , Corollary 2.13].

Lemma 2.4.3. If D is a core for (G, D(G)), then (H3) is satisfied if (2.2.1) holds for all x € D.
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Lemma 2.4.4. Let D be a core for (G, D(G)). Let (T, D(T)) be a linear operator with D C D(T)
and assume AP(D) C D(T*). Then

(I -G)(D) C D((BT)*) with (BT)"(I-G)x=T"APx, x¢€D.
If there exists some C < oo such that
IBBT) y| < Clyl forally = (I-G)x, x€D, (2.4.1)

then (BT, D(T)) is bounded and its closure (BT) is a continuous operator on H with |BT| =
IBT)* I <C.

In particular, if (S,D(S)) and (A, D(A)) satisfy these assumptions with constant Cs and Ca,
respectively, then (H1) is satisfied with ¢; = Cs, ¢; = Cga, and (WH1) is satisfied with N =
% max{Cs, C4}.

Proof:
Let z € D((AP)*) and x € D. Set y = (I —G)x. By the representation of B on D((AP)*) together
with self-adjointness of (I — G)™! and D C D(AP), we get

(z,B*'y)y = (Bz,(I = G)x)g = ((AP)*z,x)g = (z, APx)g.

Since D(AP) is dense in H, this implies B*y = APx € D(T*). By Lemma 1.1.2 (v), we obtain
(BT)*y =T*B*y = T*APx.

By essential self-adjointness and hence essential m-dissipativity of G, (I — G)(D) is dense in H.
Therefore by (2.4.1), the closed operator ((BT)*, D((BT)*)) is a bounded operator with domain H.
Since (BT, D(T)) is densely defined, by Lemma 1.1.2 (i) and (ii), it is closable with BT = (BT)**,
which is a bounded operator on H with the stated norm.

The last part follows immediately since Sx = S(I — P)x for all x € D. O
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3 Essential m-dissipativity for generalized
Langevin operators

3.1 Introduction

In this chapter, we concern ourselves with showing essential m-dissipativity for a class of second-
order differential operators on an L?-space, where they are defined on a set C of compactly
supported smooth functions. These operators are of the form L = S — A, where S is a symmetric
negative-semidefinite and A is an antisymmetric operator, and are associated in a natural way via
integration by parts to a bilinear gradient form. This structure already guarantees the existence
of a maximally dissipative extension of (L, C) which generates a strongly continuous contraction
semigroup on the appropriate Hilbert space. However, it is still important to show that C is
suitably large to form a core of this generator, so that we may reduce the analytic treatment of
the operator to that set. In particular, both Hypocoercivity frameworks presented above require
sufficient knowledge of such a core.

The notations introduced in this part will be used for the remainder of the section without
further mention. Let d;,d, € IN and set the state space as E = R4*® with corresponding
Borel-c-algebra F = B(R“*%). For a measurable function V : R% — R, denote by Z(V) the
integral f]Rdi eV dx. In the following, the first d; components of E will be written as x, the
latter d, components as y. We denote the standard Euclidean inner product of two elements
u,v € R% by (u,v). By V, f and V, f, we denote the gradient with respect to the first and second
variable of a sufficiently differentiable function f : E — R, respectively. Analogously, we define
the Hessian matrices H, f and H, f.

The approach here will be as follows: First we introduce the general shape of differential
operators considered, along with the corresponding invariant measures that will fix the L2-
Hilbert space on which the generated semigroups shall act. Note that later on (see Section 4.3.1),
we will transform this setting into the corresponding Fokker-Planck formulation, which might be
more familiar to the reader. Secondly, we specify a set of conditions on the first and second order
coefficients that we require to obtain our result. Then, we prove essential self-adjointness of the
symmetric part (S, C) with Lipschitz-continuous coefficients, and use perturbation theory to
obtain essential m-dissipativity of the entire operator (L, C), albeit still with Lipschitz coefficients.
Lastly, we use the dense range condition together with approximation by Lipschitz coefficients
to obtain the result in full generality.
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3 Essential m-dissipativity for generalized Langevin operators

3.2 The differential operators

We now introduce the differential operators S, A and L as mentioned above.

Definition 3.2.1. Let X = (a;;)1<; j<d, be a variable symmetric matrix with a;; : R% — R being
locally weakly differentiable. Let further ® : R* — R and ¥ : R% — R also be locally weakly
differentiable, and Q be a real d; x dy-matrix with transpose Q™.

We consider operators of the form

dy dy dy
Sf=ulEH,f1+ Y bidyf = Y. aijdy,dyf + 2. bidyf, (3.2.1)
i=1 i,j=1 i=1
da
where bi(y) = ) (9;a;;(y) — a:(»)3,¥(»)), (3.2.2)
j=1
Af =Q'V® -V, f —QVY -V, f, (3.2.3)
Lf=(S—-Af, (3.2.4)
Lf=(S+Af, for f € C, (3.2.5)

where we set C = C° (R") ® > (R%) as the tensor product space of smooth compactly
supported functions on R* and R%.

First, we specify the potentials ® and ¥:

Assumption (®1). The potential ® : R% — R is assumed to be bounded from below and locally
Lipschitz-continuous.

Assumption (¥1). The potential ¥ is a measurable, locally bounded function and satisfies
Z(¥) < oo,
This allows the introduction of the following measures:

Definition 3.2.2. Denote by 1 and j1, the measure e~ *®) dx on (R%, B(R%)) and the probability
measure Z(¥) le ¥ dy on (R%, B(R%)), respectively.

Further define the product measure y = p; ® iz on (E, F) and set X := L?(E; y1), where E is the
state space R“*% and F the Borel-o-algebra B(E).

To ensure well-definedness of the operators on X, we further assume
Assumption (¥2). It holds that ¥ € H,>!(R%) as well as 9, ¥ € leoc(]Rdz) for1<j<d,.

loc

We also assume the following about X = (a;;)1<;, j<d With a;; : R% — R:
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3.2 The differential operators

Assumption (21). ¥ is symmetric and uniformly strictly elliptic, i.e. there is some 0 < ¢5 < 00
such that
(0, 2(yw) > c5' - p*  forallv e R% and j,-almost all y € R%,

Assumption (X2). For each 1 <i, j < dj, a;; is bounded and locally Lipschitz-continuous.

Remark 3.2.3. We remark the following to explain how the above considerations yield well-
definedness of all terms:

(i) Due to local boundedness of ® and ¥, the measures y; and p are locally equivalent to
the Lebesgue measures on R¥ and R%, respectively. Therefore, the notation H{;’f (R%)
does not depend on the specific measure used.

(ii) Since locally Lipschitz functions are locally absolutely continuous, they are almost every-
where differentiable such that the gradient coincides almost everywhere with the weak
derivative and is bounded. In particular, the above assumptions imply that ® € Hll)’zo(Rdl)
and a;; € Hﬁ)’so(]Rdz) forall 1 <i,j<d,.

Proposition 3.2.4. For f, g € C, it holds that
(Sf.8)x=- l (Vyf.2Vyg)du and (Af,8)x = /E (Vyf,Q"Vxg) — (Vs f, QVy8) dp.

In particular, (S, C) is symmetric negative-semidefinite, (A, C) is antisymmetric, and (L, C), (L,0)
are dissipative and induce a gradient form via

(Lf.9)x = —A<Vf, <§§ _2Q> Vg> dy,

(Lf. &x = —/E<Vf, <_0Q g) Vg> dy, for f €C.
Proof:

Let f, g € C. Then integration by parts yields

(3.2.6)

/Eaij(ay,-ay,-f)g e " Vd(x,y) = - Aayif((ajaij —a;j0;¥)g + a;j0y,8) e ¥d(x,y)

for all 1 < i, j < dy, which implies

dy

Sf.0x ==, 2" A a1j(9y,£)(,8)e™ " d(x. y)

ij=1
- [@,1.59,0)d

In particular, using the property (X1), we obtain

(5. P == [(0,.30, frau< 610, <o,
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3 Essential m-dissipativity for generalized Langevin operators

s0 (S,C) is indeed symmetric negative-semidefinite. Using the fact that d,e ®™¥ = 9,0 e %Y,
another set of integration by parts gives

/EQij(ayjf)g(az‘q)) e d(x,y) = - /EQij((ax,-ayjf)g + 9y, fox8) e *"d(x,y)
and
/5 040 g(@;%) Y d(x, y) = A 0,0y, 25 ) + 9 f0r, ) e " d(x. ).

forall1 <i<dj, 1< j<d,. Adding these equalities yields after summation over i and j:
(4.9 = 20 [(Q V0.7, )~ Q7. T.fNge ™" dlx.)
= /E (Vy [, Q") — (Vs f, QVy8) dp.

In particular,

(Af, P)x = /E (O, £, Vs f) — (Vs f, OV, f) dpt = 0,

hence (4, C) is antisymmetric. By Remark 1.2.14, both S and A as well as their sum L and
difference L are dissipative operators with domain C, with the representation (3.2.6) following
directly from the above calculations. i

By Lemma 1.2.16 (i), all four operators are closable, and we denote their closures respectively by

(S, D(S)), (A, D(A)), (L, D(L)) and (L, D(L)).

3.3 Preliminary results for symmetric operators

We first prove essential self-adjointness, equivalently essential m-dissipativity, for a wide class
of symmetric differential operators on L-spaces. This is essentially a combination of two results
by Bogachev, Krylov, and Réckner, namely [ , Corollary 2.10] and [ , Theorem 7],
however, the combined statement does not seem to be well known and might hold interest as
the basis for similar m-dissipativity proofs. We use the slightly more general statement from
[ , Theorem 5.1] in order to relax the assumptions.

Theorem 3.3.1. Let d > 2 and consider H = L*(R%, i) where p = pdx, p = ¢* for some
Q€ Hﬁ)"z(]Rd) such that% € LfgC(JRd). Let A = (aij)i<ij<d R? — R be symmetric and
locally strictly elliptic with a;; € L=(R?) for all 1 < i, j < d. Assume there is some p > d such
that a;; € Hl’p(]Rd)for all1 < i, j < d andthat |Vp| € LF (R?). Consider the bilinear form (B, D)

loc loc

given by D = C2(RY) and

B(f,8) = (Vf,AVg)y = A VG, AVEGDeue pr)dx, f. g €D
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3.3 Preliminary results for symmetric operators

Define further the linear operator (S, D) via

d d
Sf = Z a,‘jajaif + Z bia,‘f, f €D,
i=1

ij=1

whereb; = 2?21(8ja,~j+aij%) € Lf;c(]Rd), sothat B(f, g) = (—=Sf, g)u. Then(S, D) is essentially
self-adjoint on H.

Proof:
Analogously to the proof of [ , Theorem 7], it can be shown that p is continuous, hence
locally bounded. Assume that there is some g € H such that

/ S-Df(x) -g(x)-p(x)dx =0 forall f eD. (3.3.1)
R4

Define the locally finite signed Borel measure v via v = gpdx, which is then absolutely
continuous with respect to the Lebesgue measure. By definition it holds that

d d

/ <Za,~jajaif+2biaif—f> dv=0 foralleD,

R\ 2 -
i.j=1 i=1

so by [ , Theorem 5.1], the density g- p of v is in Hltf (R?) and locally Hélder continuous,

hence locally bounded. This implies g = gp - % € L! (RY) n Ly (RY) and Vg = V(gp) - % —

(gp)% € L{;C(Rd). Hence g € Hli)’f(]Rd), is locally bounded, and g-b; € Lf;c(le) forall1 <i<d.

Therefore, we can apply integration by parts to (3.3.1) and get for every f € D:

d d d
0=—Y (a;dif.0;u — Y, @if-bidu + »,@if bigu — (f. Ou
i=1 i=1

i,j=1 (3.3.2)

= - Ad(vf,Avg)euC d,ll - (f’ g)H

Note that this equation can then be extended to all f € H“*(R?) with compact support, since
p > 2 by definition. Now let / € C®(R?) and set = g € H“*(R?), which has compact
support. The same then holds for f :=yne H L2(R?). Elementary application of the product
rule yields

(Vn, AV g))euc = (Vf, AVE)eue — NV, AVE)euc + 8(VN, AV )euc- (33.3)

From now on, for a, b : R? — le, let (a, b) always denote the evaluation of the Euclidean inner
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3 Essential m-dissipativity for generalized Langevin operators

product (a, b)eye. By using (3.3.3) and applying (3.3.2) to f, we get

[owo.avgodur [ Gordn= [ onavgg)dns [ migd
- [[wravpdu- [ o avgan+ [ gmamydu [ fean
- _ / Y g(Vy, AVg) dy + / g(V(yg), AVy)du
R4 R4
- [ @ an)dn

where the last step follows from the product rule and symmetry of A. Since A is locally strictly
elliptic, there is some ¢ > 0 such that

0< / (VG g). Vg)) du < / (V(Wg). AV(Yg)) dy
]Rd ]Rd

and therefore it follows that
Ad('#g)z dp < /Rd g2 (v, Avy) dp. (3.3.4)

Let (7,)nen be as in Remark 1.4.8. Then (3.3.4) holds for all = 1,,. By dominated convergence,
the left part converges to |g|?% as n — co. The integrand of the right hand side term is dominated
by d*C*M - g* € L'(p), where C corresponds to max—; M; from Remark 1.4.8 and M :=
maxi<; j<d |aijl. By definition of the 7,, that integrand converges pointwisely to zero as
n — oo, so again by dominated convergence it follows that g = 0 in H.

This implies that (S — I')(D) is dense in H and therefore that (S, D) is essentially self-adjoint.o

Remark 3.3.2. The above theorem also holds for d = 1, as long as p > 2. Indeed, continuity
of p follows from similar regularity estimates, see [ , Remark 2]. The proof of [ ,
Theorem 5.1] mirrors the proof of [ , Theorem 2.8], where d > 2 is used to apply [ ,
Theorem 2.7]. However, in the cases where it is applied, this distinction is not necessary (since
p’ < q always holds). Finally, the extension of (3.3.2) requires p > 2.

3.4 Essential m-dissipativity for Lipschitz coefficients and
potential

Throughout this section, we assume (®1), (¥1)-(¥2) and (£1)-(22) to be satisfied.

Additionally, we require the following restrictions:
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3.4 Essential m-dissipativity for Lipschitz coefficients and potential

Assumption (¥3). It holds that ¥ € Hli; (R%; j15) and there are constants K < co and « € [1,2)
such that
[V2¥| < K(1 + [V¥]%),

where V2¥ denotes the Hessian matrix of P.

Assumption (X3). There are constants 0 < M < 00,0 < f < 1 such thatforall 1 <i, j,k < d,

|0kaij(y)| < M(1Lg,0)(y) + lyl#)  for pz-almost all y € R%.

For notational simplicity, we define the following constants:

Definition 3.4.1. Let X satisfy (X2). Then we set

Ms = max{laijlo : 1<, j < da} and
By == max{|9;a;;(y)| : y € Bi(0), 1 <1i,j < dp}.

If ¥ additionally satisfies (X3), then we define

Ny = \[M + B + dyM2.

Remark 3.4.2. Using Sobolev embedding and interpolation theory, it can be shown that all three
assumptions on ¥ together imply that ¥ is continuously differentiable and that V¥ is locally
Lipschitz-continuous. The proof is analogous to the proof of [ , Lemma A6.2]. In particular,
this means that all coefficients appearing in the definition of the operator L are locally bounded.

Moreover, due to Remark 1.6.6, both |[V¥| and |[V?¥| are in ﬂlgp@o LP ().

This allows us to formulate

Proposition 3.4.3. The equality (3.2.6) also holds forall f € C, g € Hﬁ)f(E) In particular, this
applies to g = 1, which yields fELf du = 0 forall f € C, so that p is an invariant measure
for (L,C), see Definition 1.3.1.

Proof:

Let feC,ge Hﬁ)g(E) Then there is some m € IN such that supp(f) C B,(0). Let¢,, : E > R
be a cutoff function as defined in Remark 1.4.8 and set § .= ¢y, - g. Then § € HY(E;d(x, y))
and can be approximated in Sobolev norm by functions g, € C;°(E). Due to Remark 3.4.2, the
expression Lf - e"®~¥ is bounded and therefore

(LS, g)x = Z()" A (Lf e Ngd(x.y) = L. D)x = (Lf, Ox

as n — oo via Holder inequality. A similar argument for the right hand side yields

g e = [{onfg )y o

as n — oo, which proves the claim. O

53



3 Essential m-dissipativity for generalized Langevin operators

Under the assumptions so far, we obtain the following essential m-dissipativity result:

Lemma 3.4.4. The differential operator (S, C®(R%)), where

d d d
Sf=D, ad;oif + Y, >3 —a;o;®)aif  for f € CO(R™),

i,j=1 i=1 j=1
is essentially self-adjoint on L*(R%, 115).

Proof:
We apply Theorem 3.3.1 with A = ¥ and p = e” " to show essential self-adjointness. We show
that the assumptions there are satisfied for p = co: Due to (¥1), the function e? = % is locally

bounded. Remark 3.4.2 further yields that V¥ is continuous and therefore [Vp| = [V¥e ™| is
locally bounded. The conditions on A are satisfied due to (X1) and (X2).

This now directly implies the following:

Corollary 3.4.5. The operator (S,C) as in (3.2.1) is essentially self-adjoint, hence essentially m-
dissipative on X.

Proof:

Let g = g1 ® g2 € C be a pure tensor. Then by Lemma 3.4.4, there is a sequence (f;l)nelN in
CP(R%) such that (I — §)f; — g, in LA(R%, y1) as n — oo. Define f, € C for each n € N as
fo =81 ® fu. Then

I = S)f, — glx = lg1 ® (4 =) fo — glx = lgilizqu) - 1T = S)fo — g2lrzus

which converges to zero as n — oo. By taking linear combinations, this shows that (I — S)(C)
is dense in C wrt. the X-norm. Since C is dense in X, (S, C) is essentially m-dissipative and its
closure (S, D(S)) generates a strongly continuous contraction semigroup. O

Since S is dissipative on Dy = L2(1;) ® C;x’(le?) 2 C, the operator (S, Dy) is essentially
m-dissipative as well. We introduce the unitary transformations

U : H — L*(E,d(x,y)), f—JZ(P)! e 2 (@) and (3.4.1)
Up : L2(i) — L2(R%, dy), o JzZ(w)Te2? (3.4.2)

as well as the subspace D; = L2(R%, dx) ® UyC>(R%) of L*(E, d(x, y)). Note that due to (®1),
e~? is strictly positive and locally bounded, which implies that L2(R%, dx) and L2(y;) coincide.
Hence we obtain D; = UD, and essential m-dissipativity of (Lo, D), where Ly = USU . For
f € Dy, we obtain the representation

d dy d
1 1
Lof = ) aijoy,dy f - JVESVDf + 2 > a0 f + Y 0ja(arEf + 0y, 1),
ij=1 ij=1 ij=1
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3.4 Essential m-dissipativity for Lipschitz coefficients and potential

where the differential operators V, 9; and 9; are understood in the distributional sense.

For the next step, we have to move over to the complexified setting, where ((Ly)c, D1 x Dy) is
still essentially m-dissipative by Lemma 1.2.27. Then we can perturb that complexified operator
by the multiplication operator (A;, D1 x D;) given by

Ailf, glCx,y) = il{QVY, x) f(x, ), (QV¥, x)g(x, y)] ~ forall f,g € D.

Clearly (A, D1xDy) is well-defined in LA(E, d(x, y)) and dissipative. For the sake of convenience,
we omit the complexified notation from now on, since Lemma 1.2.27 allows us to retain any
m-dissipativity result obtained by perturbation also for the real case, as long as the operator at
the end of the perturbation process is a complexification of a real operator.

Proposition 3.4.6. The operator (L1, D1) defined by Ly = Ly + A; is essentially m-dissipative
on L*(E,d(x, y)).

Proof:

We apply the perturbation argument Lemma 1.2.25. To this end, we introduce the complete
orthogonal family of projections P, defined via P, f := &, f, where &, is given by &,(x,y) =
1{n—1n)(x[). Each P, leaves D invariant and commutes with both Ly and A;. We have to show
that each P, A; is P,Lo-bounded with relative bound zero. Let f € P,D;. Then it holds that

OV, x) fI2 < n?|QL2 /E VR £ dCx, y).

Hence, it is enough to show that there are finite constants a, b such that

/ VB2 d(x, y) < a(Lof, ) + blfl  forall f € Dy. (3.43)
E

We get

/ V)2 F2d(x, y) < 4es / l<V\If, XVP) f2d(x, y)
E E4

< des ( /E 711<W’ SV £ d(x, y) + /E (U, f.2V, f) dx, y))

dz
= 4cy ((—Lof, f)Lz + /E% Z (a,’ja]’ai‘{’ + ajaijai\l/)fz d(x, y))

ij=1
Let R; := 4cs and recall that due to (X3) with f = 0, it holds that |9a;;| < 2M. Using the Holder
and Young inequalities for p = q = 2, it follows that
IR 20,9 £l

dy d,
/ D 9jai;0,¥ 2 d(x, y) ( 91“1‘1) fRY
Ejj=1 j=1 12
| & d 2
< Z ZA(R%(Z 8jal-j) +(8i‘I’)2>f2 d(X,y)
i=1 j=1

1
< 162 M*d3| 32 + 2 é VPP 2 d(x, ).

dy

Ry
SEZ

R
2 i=1
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3 Essential m-dissipativity for generalized Langevin operators

Now recall (¥3) and set R, = 8csM;5K; then again with Holder and Young, but for p = %,

q= ﬁ,we get

/Z a;j0;0;¥ f d(x, )

i,j=1

R
i B / 5]y - V20 f2 d(x, )

< 2esMsK / (1+ [V¥)R,? f*R f2 d(x, y)
E
R2 _a a
< 2 (U + IV9R, £, - IR £z, )

aR, (2 a)R =

R,
< I||f||%z | £17:

< <Iiz Rza)llf"p*‘ /|vqf| 2 d(x,y).

Combining these three inequalities yields (3.4.3) with

|||V‘P|f Iz +

2
R, R}*
a=-8ys and b=2R*Md; + 242
2

Since C° (R") ® UgC? (R%) is dense in Dy wrt. the graph norm of L;, we obtain essential
m-dissipativity of (L1, C.° (R) ® UgCY® (R%)) and therefore also of its dissipative extension
(L1, Dy) with Dy = S(R*) ® UyCP(R%)), where S(R%) denotes the set of smooth functions
of rapid decrease on R%. Applying Fourier transform in the x-component leaves D, invariant
and shows that (Ly, D;) is essentially m-dissipative, where Ly f = Lo f + (QVY, V, f). At this
point, L, is clearly a complexified real operator again, since the imaginary factor does not occur
anymore, and we can therefore move back to the real setting.

Now we add the part depending on the potential ®.

Proposition 3.4.7. Let X satisfy (£3) with B = 0 and let ® be Lipschitz-continuous. Then the
operator (L', D) with L’ f = Ly f —(Q*V®,V, f) is essentially m-dissipative on L*(E, d(x, )).

Proof:
It holds due to antisymmetry of (QVY, V) that

KQ"v®,, )l < |||Q*vq>|||zocz(<vyf, 5V, fie

(R -ovevp.f) )

which analogously to the proof of Proposition 3.4.6 again implies that the antisymmetric, hence
dissipative operator (V®V,, D;) is Lo-bounded with bound zero. This shows the claim. O
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Now that the perturbation process is completed on L%(E; d(x, y)), we transform the resulting
operator back into an operator on X. This yields:

Theorem 3.4.8. Let X satisfy (X3) with f = 0 and ® be Lipschitz-continuous. Then (L,C) is
essentially m-dissipative on H.

Proof:

Denote by HX®(R%) the space of functions in H*(R%, dx) with compact support and set
D’ = HM(R%) ® UyCP(R%). As (L, D’) is dissipative and its closure extends (L', Dy), it
is itself essentially m-dissipative. The unitary transformation U as defined in (3.4.1) satisfies
U™'D’ = D3 = H*(R") ® C°(R%), and explicit calculation shows that U"'L’U = L on Ds.
Using again the fact that unitary transformations preserve essential m-dissipativity, this means
that (L, D3) is essentially m-dissipative. It remains to approximate the first component: Let
f = g ® h € D3 be a pure tensor. Since g € HX*(R%) € H'*?(R%, dx), there is a sequence
(g)nen in C(R*) such that g, — g in HY2(R%, dx). Setting f, = g, ® h, we obtain

17~ il = 2@ 2007 ([ 007" ay) [ - goye " ax

Since e~? is bounded due to (®1), it follows that f, — f in X. Furthermore, we have the
representation

dz
L(f - f») = (g — gn) ® ([ZV*h] + ) bio;h)
i=1

dy dy
= Y (QVE)(g—g) ®Ih+ Y di(g — g1) ® (QVE)ih.

j=1 i=1

The first part vanishes in X as n — oo with the same argument as before, and the last part
also vanishes since V(g — g,) — 0 in X and (QVY); € Lf(]Rdz) forall1 <i < d;. Since V® is
bounded as @ is Lipschitz-continuous, we also obtain

-0

dz
2, (Q VD) (g — g2) ® 9jh

J=1

X

as n — oo, This together shows that f can be approximated in L-graph norm by functions from
C, which implies essential m-dissipativity of (L, C). O

3.5 Essential m-dissipativity for locally Lipschitz coefficients

The goal of this section is to extend the previous result Theorem 3.4.8 to a more general coefficient
matrix % as well as only locally Lipschitz-continuous potential ®. In our approach, we find that
relaxing assumptions on one of these objects will force slightly more restrictive conditions on
the other up to some boundary cases as a trade-off of sorts. This relationship between > and ®
together with the necessary assumptions on ¥ is summarized in the following condition:
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3 Essential m-dissipativity for generalized Langevin operators

Assumption (C). Let (¥1)—(¥3) be fulfilled, and let 3. satisfy conditions (X1)-(23) with con-
stants M € [0, 00), f € [0, 1). Let ® satisfy (®1). If § > 0, assume additionally the existence of
constants N < oo and y € (0, %) such that

VO(x)| < N(1+|x]')  for py-almost all x € R%.

Under these assumptions, we end up with the following result, which we prove afterwards by
approximation through Lipschitz-continuous coefficients:

Theorem 3.5.1. Let condition (C) be fulfilled. Then the linear operator (L,C) as defined in Defini-
tion 3.2.1 is essentially m-dissipative on X.

Note that this is a strict generalization of Theorem 3.4.8, since Lipschitz-continuity of ® implies
that |V®| is bounded and y = 1 is always admissible independently of the value of S.

From now on, we will assume condition (C) to be satisfied. For the proof, we first need to
find appropriate approximations for 3 and ®. Without loss of generality, we assume & > 0
(otherwise simply consider ® = ® + a, where a < ®(x) for all x € R%).

Definition 3.5.2. For n € IN we define X, via

n
Xp = (aij,n)lﬁi,jédz: aij,n()’) = 4jj ((m A 1) y) .

For each m € IN choose some 7,,, € C;X’(]Rdl) such that 5 = 1 on the ball B,,(0) and set ®,, = 1,,D.
Then set pi1 = e~ dx, X, = L*(E, jty.m ® }12) and define the linear operator (Lym,C) on Xp,
via

d d
Ln,mf = tr[ZnHyf] + Z Z(ajaij,n - aij,naj\y)ayif + <QV\P3 vxf> - <Q*v®m3 vyf)-
i=1 j=1

For these modifications, we obtain

Lemma 3.5.3. Let n,m € IN. Then %, satisfies (X1)—(X3) with constants i, = 0 and M,, =
(Ndz + 1)MnP . @, fulfills (®1) and is Lipschitz-continuous. In particular, the operator (Lym,C) is
essentially m-dissipative on Xy, coincides with (L, C) on Bp,(0)xB,(0), and it holds that |-|x < || x, -

Proof:

By definition, %, coincides with X on B,(0), while for y ¢ B,(0), the value is constant on the
ray starting at 0 and passing through y, i.e. 3,(y) = Z(ﬁ/ﬂ) Clearly, this implies that X, is
symmetric with bounded continuous coefficients and uniformly strictly elliptic with c5, = cs.
For y € B,(0), (23) implies |9a;j | < 2Mn? for all 1 < k < dy. For y € R% \ B,(0), the chain

rule suggests
ny\ ny'\ nyye
okaij | )| — ), 0maij | —
f<|y|> 2,7 f<|y|) P

< (\/d—z + 1)Mn‘8.

|0kaijnl =

58



3.5 Essential m-dissipativity for locally Lipschitz coefficients

Hence, ¥, satisfies (23) with 8, = 0 and M, = (Jd; + 1Mn#, which means the a;j are
Lipschitz-continuous.

Clearly 0 < @, < ® and 9,9, = i ® + 1,0, is bounded for all 1 < i < d; since @ is locally
Lipschitz and 7,, is smooth with compact support. Moreover, e ® < e ¥ implies | - |[x < | - |x,,-
Now by Theorem 3.4.8, (L, m,C) is essentially m-dissipative on X,,, and since %, = ¥ on B,(0)
and ®,, = ® on B,(0), it holds that L, ,, f = Lf for all f € C on B,,(0) x B,(0). O

Next we show that certain occurring terms can be relatively bounded in X, by (I — L, ), where
the bound is independent from the choice of n and m. This allows us to use dissipativity to
perform the necessary estimates to verify the dense range condition for (L,C) on X.

Lemma 3.5.4. There is a constant D, < oo such that for alln,m € IN and %,,, ®,, as defined above,
the following holds for all f € C and 1 < j < dy:

10;% flx,, < DinP|(I = Lym) flx,,
”ay]'f”Xm S Dlnﬁ"(I - Ln,m)f"Xm~

Proof:
Define the unitary transformations U, : X, — L*(E, d(x, v)) analogously to (3.4.1), as well as
the operator L/, ,, = UpnLy Uy, ', and let f € U,,C = C°(R") ® UyCS(R%). Then

d d,
1 1
L;,mf = Z aij,nayjayif - Z(V\I’, va\y)f + 5 Z aij,najai‘l’f

i,j=1 i,j=1

d
+ . 0jaija(Ra¥ f + 9y, ) — (QVE, Vs f) +(Q" VD, V, f).
i,j=1
Analogously to the proof of Proposition 3.4.6 and due to antisymmetry of (QVY¥,V,) and
(Q*V®y,,V,) on L2(d(x, y)), it holds that
_ 1
10,205 £, = 10/ ey < s [ JTEITOF +(9,£,5,7, ) dCx.0)

< a(—L;,)mf, e + bn”f”%z

(3.5.1)

where a = —8c¢s and

2 2
RZ—D{ R RZ—a
2 < 8REM*n*dj + ?2 + Z :

R
b, = 2RA(M,)*d; + ?2 +

Since by the Hélder and Young inequalities, together with dissipativity of (L;, ,,,, U,C), it holds
that

(Linf. Drz + 1B = (= L) f iz < 7 (0= L) fles +171e2)’

< XA -1,)01) = 10 - L)1

~
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3 Essential m-dissipativity for generalized Langevin operators

the estimate (3.5.1) implies the existence of some D; < oo such that

l0;%U," flix,, < Din’II = L7, p)fliz = DanfI(T = L)Uy, £,
For the second part, note that 9, U,' f = U, 'dy, f + 10;%U,, f and that

_ 1
U5 9y, £l = (@, .0y, e < c5 /E Uy .50y f) + (T, 5,79) £ dCx, )

1 1 -
< < (a-Linf. P + bl flE) < D8N0 - LU P

Finally we verify essential m-dissipativity of (L,C) on X by checking the dense range condition.
More specifically, we show that every pure tensor g € C can be approximated in X via (I — L) f,,
where f, € C for all n € IN. This then easily extends to the entirety of C via linear combinations,
and therefore proves that (I — L, C) has dense range in X, since C is dense in X. Since (L,C) is
dissipative, it is thereby essentially m-dissipative.

In order to prove this approximation result, we introduce cutoff functions tailored to our
coeflicients and the specific tensor g that we wish to approximate:

Definition 3.5.5. Assume condition (C) and let g € C be a pure tensor. Denote the support of g
by K, x K, where K, and K, are compact sets in R% and R%, respectively. Fix some « satisfying
f<a< )l/. For any 6 > 0, we define 6, := % and §,, = 4.

By Lemma 1.4.6, for each § > 0, define smooth cutoff functions ¢s € C;”(]Rdl), Us € Cé”(]Rd?)
with 0 < ¢s,9s < 1, supp(¢s) C Bs, (K), supp(¥'s) € Bs,(Ky), s = 1 on Ky and /5 = 1 on
K, which satisfy

[0°Pslleo < Cp6. ™ and  [0™sle < Cy5;

for all multi-indices s € N, w € N% with |s
S.

w| < 2. The constants Cy, Cy are independent of

5

Further define ys € C via

x5, y) = ¢ (x)s(y).
Finally, for any f € C, set fs € Cas fs = ysf.

Without loss of generality, we consider § and hence 6 sufficiently large such that supp(ds) C
Bys«(0), supp(¥s) C Bas(0) and that there are n,m € IN that satisfy

supp(¢s) x supp(¥/s) € Bp(0) x B,(0) € Base(0) x Bys(0). (35.2)

The following then holds:
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3.5 Essential m-dissipativity for locally Lipschitz coefficients

Lemma 3.5.6. Let g € Cg°(]Rd) ® C;"’(]Rd) and ¢, as above. Then there is a constant Dy < oo
and a function p : R — R satisfying p(s) — 0 as s — oo, such that for any &, n and m satisfying
(3.5.2),

”(I - L)f(5 - g"X < ”(I - Ln,m)f - g”Xm + Dy - ,0(5)”(1 - Ln,m)f”Xm

holds for all f € C.

Proof:
By the product rule,

ds
IT=L)f5 = glx < lxs(@ = D)f = ®lx + Y, I$5()aij(3)9;0i05(3) fllx

ij=1

dy d,
+2 ) Ips(®)ai(»ais()ay, flx + Y, lps(x)a1,()os(y)flx

i,j=1 ij=1

dy
+ Y Is()aii ()3, ¥(os(v) flx
i,j=1
d dy

+ 3 31059850 ¥ s flx
i=1 j=1
d sz

+ 3 ) 1010:2()ps(x)as(v) flx.-

i=1 j=1

Due to the choice of n and m, every | - | x on the right hand side can be replaced with | - |x,, a;;
by a;jn, and ® by ®p,, hence L by Ly 5.

Using this, we now give estimates for each summand of the right hand side, in their order of
appearance:

@ Ixs(@ = L)f = lx < I = Lag) f — glx,.,

(2) l¢s(o)aij(»)2;085(0)fx, < MsCyd~?| flx,

(3) l$s(x)aij(¥)oi)s(3)3y, flx, < MsCyd~"10y, flx,.

4) 1$5(x)2;ai ()0 5(¥) fIx,, < max{Bs,2dM - (28)7"°}Cy 5| fIx,,,
(5) I$5(x)aij(»)0,;¥ (s flx, < MsCyd~H9;¥(W)fx,

(6) 10:j0ip5(x)3;¥(¥)s(¥) flx,, <1QijIC6™*10;%(y) f1x,.:

(7) 1Qi;0:2(x)ps()3iys(y) flx,, <104jIN(1L + (26°))Cy 7 flx,,

where the last inequality is due to |9;®(x)| < N(1 + |x|V) for all x € R? and the support of the
cutoff as in (3.5.2).
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3 Essential m-dissipativity for generalized Langevin operators

Note that due to dissipativity of (Lpm,C) on X, | flx, < |(I—Lnm)flx,, holds. By application of
Lemma 3.5.4, the terms |9y, f]x, and [|9;¥ f|x,, can also be bounded by a factor of |(I = Lym) flx,,-
Together, this shows the existence of D, independent of n, m, such that

”(I - L)f(5 - g"X < ”(I - Ln,m)f - g”Xm + D2 . ,0(5)”(1 - Ln,m)f”Xm

where

p(8) =52 +2-2P6P1 4 2PVOSPVOL 4 b sha 571 4 v serL,

Clearly p(§) = 0 as § — oo due to f < 1 and the definition of «. O

Finally, we are able to prove Theorem 3.5.1 completely as stated:
Proof (of Theorem 3.5.1):
Fix some pure tensor 0 # g € C. We show that for each ¢ > 0, we can find some f5 € C such that

I -L)fs — glx <e.

Choose & > 0 large enough such that p(§) < m (where p, D, are provided by Lemma 3.5.6),

and that there exist n, m satisfying (3.5.2), which we fix.

Due to Theorem 3.4.8, there is an f € C such that (I — Ly ) f — glx,, < min{$, |glx}. For this
f and the chosen &, define f; as in Definition 3.5.5. Note that due to the choice of the cutoffs, it
holds that |g|x = |glx,,. therefore application of Lemma 3.5.6 yields

”(I - L)f5 - g”X < ”(I - Ln,m)f - g”Xm + D2P(5)||(I - Ln,m)f”Xm

£ &

L+ (10— L) - glx, +lgl)
2" gl

e, 2elelx _

2" gl

Since C is dense in X, this proves that the dissipative operator (L, C) has dense range on X and
is therefore essentially m-dissipative. i

Corollary 3.5.7. Let(C) hold. Then (L,C) is essentially m-dissipative on X and its closure (L, D(D))
generates the adjoint semigroup (T, )i>o of (T} )r>0-

Proof:

The first statement is immediate since we obtain L from L by considering —Q instead of Q.
By definition, it holds that (Lf, f)x = (f, fg) x for all f, g € C, and since C is dense in D(L)
with respect to L-graph norm, the same holds for all f € D(L), g € C. This means that on
C, I coincides with the adjoint operator (L*, D(L*)) of (L, D(L)), which generates the adjoint
semigroup (T} );>o and is therefore m-dissipative. We therefore obtain that (L*, D(L¥)) is the
closure of (I: C). O
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3.6 Properties of the associated semigroup

3.6 Properties of the associated semigroup

In this section, we consider the semigroup generated by (L, D(L)) in the special case that p; is
also a probability measure, so that X becomes a probability space. First, we show that (L, C) is
an abstract diffusion operator on X (see Definition 1.3.7):

Lemma 3.6.1. Let (C) be satisfied. Then (L,C) is an abstract diffusion operator on X.

Proof:
First, we have to compute the Carré du champ operator I'. Since for u,v € C,

dy
L(uv) = Z a;ij(udy,0y,0 + 9y,ud v + 9,09, u + v9,,9,,u)

ij=1
ds

+ Z bi(udy,v + vay,u) + (QVY, uVyv + vVyu) — (Q"V®, uVyv + vVyu),
i=1

it is clear that
T'(u,v) = (Vyu,ZVyv) for u,v € C.

Due to positive definiteness of %, this implies the second condition in Definition 1.3.7. Now let
me N, uy,...,un € Cand ¢ € C*(R™) with ¢(0) = 0. We set g := ¢ o (uy,...,up) : E > Rand

______ m Supp(uk). Then uy = 0 on K¢ for all k = 1,...,m and therefore g = 0 on K¢, so
g € C. The chain rule implies

m
uy
9y,8 = Z orp(uy, ... um)— and
k=1 9y
m 2
8ug 8uk Uy
0y,0y.8 = 009k p(U, ..., Up O p(Uts vy Upy) ——,
Vi~ Vi
' k,{Zzl Z 9y ;oY
which yields
m m Z
u 8uk
= Zak(p(ul,...,um)L(uk) + Z 00k p(Uy, ..., Um) Z a,]a ! 9
k=1 k,f=1 i,j=1 Yi
m m
= Z ak(P(ul, ) um)L(uk) + Z a{’ak§0(u1, ) um)<vyuk: Zvyu[>'
k=1 k=1
This shows that (L, C) is indeed an abstract diffusion operator on X. O

We now immediately obtain the following:

Theorem 3.6.2. Let (C) hold and y be a probability measure on E. Then the semigroup (T;);>o
generated by the closure (L, D(L)) of (L,C) is contractive, sub-Markovian, u-invariant and conser-
vative.
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3 Essential m-dissipativity for generalized Langevin operators

Proof:

Lumer-Phillips (Theorem 1.2.19) implies that (L, D(L)) generates an sccs (T;);>0 on X. Since
4 is an invariant measure for (L, C) (see Proposition 3.4.3), Lemma 1.3.3 (iii) implies that it is
invariant for (T;);>o. Due to Lemma 3.6.1, we can therefore apply Lemma 1.3.8 to show the
sub-Markov property. By the same argument, (T;");> is also p-invariant, so by Lemma 1.3.3 (i)
we obtain conservativity of (T;);o. o
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4 Hypocoercivity for degenerate diffusion
semigroups

We now embed the differential operator L as defined in Definition 3.2.1 and its associated semi-
group into the abstract hypocoercivity framework. Recall the setting defined in Definition 3.2.2.
We assume the following throughout the remaining considerations:

Assumption (H). Condition (C) holds and 4 is a probability measure. Moreover, QQ* is an
invertible d; x d;-matrix.

Then (L, C) is essentially m-dissipative and we can use the results from Section 3.6.
Definition 4.0.1. We define

H={fecL*E;p) : pu(f)=0}CX,
H, ={f € H : f(x,y) does not depend on y},
H, = Hj',

Pf:= ./IRd f(x,y) uo(dy) forall f € H, and
>
D :={f € C*(E) : Vf has compact support, u(f) = 0} C H.
H is a separable Hilbert space which inherits its inner product and norm from X. We may
consider any f € Hj as an element of L2(p;) with p;(f) = 0.
We have the following properties:
Lemma 4.0.2.
(i) P : H — Hj is an orthogonal projection with range H;.
(ii) Each f € D can be expressed as g — j(g) for some g € C°(E).
(iii) D is dense in H and P(D) C D.

(iv) (L, D) is well-defined and essentially m-dissipative on H.
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4 Hypocoercivity for degenerate diffusion semigroups

Proof:

(i)

(ii)

(i)

It is clear that P2 = P, and Jensen’s inequality implies

2
o= ([ ferm@) dus [ [ e mnan=1sp

forall f € H, so P is an orthogonal projection and therefore so is I — P. Clearly R(P) C Hj,
and for all f € Hy, g € H we get

0= = [ ([ o= mt@n ) mia =

which implies R(I — P) C H, and therefore R(P) = Hj.

Let f € D. Since Vf has compact support, f is constant outside of a compact set with
value ¢ € R. Set g :== f — ¢, then g € C°(E) and p(g) = p(f) — ¢ = —c, which means
f=g-u

Let h € H, then there is a sequence (g, )nen in C such that g, — hin X. Set f, == g,—p(gn),
then f, € D and |h — fulg < |h — gulx + |1(gy)| for each n € IN. Since

(gl = (gn) — ()| < Ign — hlisy < lgn — Rl
(fu)new converges to hin H as n — oo,

Now let f € D. Since integration preserves smoothness, Pf € C®(E), and clearly
u(Pf) = 0. Since f is constant outside of a compact set, the same holds for P f, which
implies that VP f has compact support.

Approximation by cutoff functions as in Remark 1.4.8 shows that 1 is in the domain of
(L, D(L)), (S,D(S)) and (A, D(A)), and that all three operators act trivially on constants.
For f € D, point (ii) then shows Lf = Lg, and the same holds for S and A, which shows
dissipativity of these operators on D. Moreover, as in Proposition 3.4.3, it follows that

u(Sf) = (f,S1)x = (f,0)x = 0 as well as u(Af) = (Af,1)x = (f, A1) = 0, and thus
u(Lf) =0,so0 (L, D) is indeed an operator on H.

Let h € H C X. Then due to Theorem 3.5.1, there is a sequence (g,)nen in C such that
(I - L)g, > hin X as n — oo. Define f,, := g — u(g), then f;, € D for alln € N and

(I=L)fn =g — p(gn) —Lgn > h—p(h)=h asn— oo

This proves essential m-dissipativity of (L, D) on H. O

Definition 4.0.3. From now on, we define the operators (L, D(L)), (S, D(S)) as well as (A, D(A))
on H as the closures of (L, D), (S, D) and (A, D), respectively. If we need to distinguish them
from their counterparts on X, we denote them with superscript H, e.g. (L, D(L)).

For any f € H, we write fp for Pf considered as an element of L?(y1).
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Now we are in the setting described in the start of Section 2.1, and we immediately obtain that
(D1) is satisfied. Also, we get the following without additional constraints:

Proposition 4.0.4. Condition (D2) is satisfied.

Proof:

Let f € H, then fp € L%(y;) with p;(fp) = 0. As in the proof of Lemma 4.0.2, there is a sequence
(hnew in C*®(R%) with h, — fp in L2(y11) such that Vh,, has compact support and pi;(h,) = 0
foralln € IN.

Define g, € D by g,(x,y) = hy(x) for all (x,y) € E. Then Sg, = 0 foralln € N and g, —» Pf
in H as n — o0. Since (S, D(S)) is closed, this proves P f € D(S) with SPf = 0. O

Proposition 4.0.5. Condition (D3) is satisfied. Moreover, even AP(D) C D(A) and therefore
(AP)*AP = —PA?P on D.

Proof:
Let f € D, then Pf C D C D(A) due to Lemma 4.0.2 (iii). Since P f only depends on the first
component, we get

dy dy

APf(x.y) = ~(QV¥O), V:(PHE) = = 3. . 00, ¥oxPHG). (4.0

i=1 j=1

Fix i and j. Since dy,(P f) has compact support, we can apply integration by parts to obtain

P(a]\Paxl(Pf))(x) = ‘/]Rjiz 91‘1’8x,(Pf)(X) d#2 = /]R‘dz axl(Pf)(x)aj(e*‘P(J/)) dy
= ‘/Rdz 3yj3x,»(Pf)(x) d/Jg ~0

for all x € R%, which together with (4.0.1) shows PAP = 0 on D.

Set h = 95,(Pf) ® 9;¥ € H. Due to Remark 3.4.2, 9;¥ is in H“*(R%; j1,). Therefore, due to
Theorem 1.6.3, there is a sequence (¢n)ne in C2°(R%) which converges to 9 ¥ in H'*(3)-norm.

The same holds for the sequence (¢, — p2(¢n))ne, since pz(¢,) converges to p2(9;¥) = 0. Now
define

&n(x, y) = (@n(¥) — p2(@n)) - 9 (P f)(x) for eachn € N,
then (g,)nen is a sequence in D and approximates h in H. Moreover, we can apply A to get
Agn = <Q*vxq), vy(ﬁon)axi(Pf» - <va\P, ((Pn - /12((Pn))vx(ax,-(Pf))>-

Let k € {1,...,d2}. By construction, 9y, ¢, converges to 9xd;¥ in L*(y,), hence also in L*(y5).
Since 9x ¥ is in L*(p2) and (¢n—p2(¢n)) converges to 9;¥ in L*(p5), we obtain that Ag, converges
in H to

<Q*qu), vy(ajlp)ax,-(Pf» - <va‘ll’ (aj‘y)vx(axi(Pf)»-
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4 Hypocoercivity for degenerate diffusion semigroups

Note that this expression is well-defined, since V,® is locally bounded and 9, (P f) has compact
support on R%.

Since (A, D(A)) is closed, this shows that h € D(A), which implies AP f € D(A) due to (4.0.1).
Since A is antisymmetric, Lemma 1.1.4 implies AP f € D((AP)*) with (AP)*APf = —PA%Pf.0

So far, no new assumptions had to be made to ensure compliance with either hypocoercivity
framework. This changes now that we have verified all required data conditions. As seen in the
above proof, the general case can get quite technical, so we split the remaining work into two
parts. In the first part, we fix a popular choice for ¥, which greatly simplifies many expressions
and leads to strong hypocoercivity. In the second part, we keep the setting as general as possible,
and prove weak hypocoercivity.

To finish this preliminary part, we introduce a final condition on ® which is require in either
case:

Assumption ($3). We assume that ® € C2(R%) and that there is a constant C < oo such that
[V20(x)| < C(1 + [VO(x)|) forall x € R%.

Remark 4.0.6. Note that if (®3) holds, then Remark 1.6.6 implies that both [V®| and |V2®| are in
L*(py).

4.1 Weak hypocoercivity for generalized Langevin dynamics
with multiplicative noise

While we don’t assume that ¥ is the standard Gaussian measure, we still require a bit more
structure:

Assumption (¥4). There is some 1y € C*(R) such that ¥(y) = ¥/(|y|?).

Remark 4.1.1. If ¥(y) = ¢/(|JAy — a|?) for some invertible A € R%*® and a € R%, then we
can use transformations to modify ¥ to suffice (¥'4). Indeed, we consider the new potential

Y(y) = ¥(A~Y(y + a)) = ¥(|y?), with 17 and i defined accordingly. Let J : L2(u) — L?(fi) be

given by J f(x,y) = /| det(A)l_1 f(x,A"'(y + a)). Then ] is a unitary transformation which
leaves D invariant, and we define the operator (L, D) by L = JLJ~!. This operator has the same
structure as L, except with Q = QA* and (y) = AX(A™!(y + a))A*. So wlog we can assume

that already ¥(y) = ¢ (|y[*).

We can now summarize the results for the antisymmetric part A proved in [ ]:
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4.1 Weak hypocoercivity for generalized Langevin dynamics with multiplicative noise

Lemma 4.1.2. If (®3) and (V4) are satisfied, then (G, D) = (PA?P, D), which is given for all
fe€Dby

(V1)

4 Z(QQ )ij(9x,9x, — 9, 3x)P,

i,j=1

Gf =

is essentially self-adjoint and its closure (G, D(G)) generates a sub-Markovian strongly continuous
semigroup on H. Moreover, there is a constant c4 only depending on the choice of ® and ¥ such
that

I(BA) glu < calglu forallg € (I —G)D.

This allows us to use Lemma 2.4.4 to prove (WH1). Indeed, the inequality for the antisymmetric
part follows immediately from the previous Lemma, so it remains to show the first inequality.
For this, we introduce the final assumption on ¥:

Assumption (¥5). ¥ is three times weakly differentiable and for any 1 < i, j, k < ds, it holds
that a,&‘jak‘lf € Lz(}lz)

Note that in light of Remark 3.4.2, this holds in particular if the third order partial derivatives
are dominated by a multiple of (1 + [V2¥|f) for any 0 < < co. We also need to assume some
additional integrability on VX

Assumption (24). There is some 1 < py < oo such that [VZ| € L?P>(py).

Lemma 4.1.3. Let (V4), (¥5) and (X4) be satisfied. Then the operator T : D — L*(y) with

d
Tf(x,y) = Z wi(y) - (0P f)(x) forw; : R% - R defined by
dz
wi= Y Oy (9ad9:0,%) + ax(9xded; %) — a(9:9,¥)(9kP))
k=1

is well-defined and there is some R < oo such that ||Tf||iz(y) < R||pr||%2(m) forall f € D.

Proof:
Let f € D. Since

d d 1 /4 2
Tf1< D Iwil - [@x PPl < <Z|wi|2) -<Z|ax,.(Pf>|2> :

i=1 i=1

it follows that

It < [, Z|w,| o [ Zlax,(Pf)Izdul Z||wl||L2(#Z)||pr||p(,,l>
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4 Hypocoercivity for degenerate diffusion semigroups

For each 1 <i < dj, we get

d;

Iwilzegy <101 D" 10kake@ed; ¥z + laxe(@kded ¥l + laxe(0ed 2@k )| 2-
k=1

Let 1 < gz < o0 be such that plz + qlz = 1. Due to Remark 3.4.2, we have |V2¥| € L?®(y,). Then
by (24), it holds that

10kake(@:0, )2 < [(9kake)’ o 1(000 /%) 1o < oo,
Boundedness of ¥ together with (¥5) yields
lak/(0x000¥)| 12 < Ms|0x0¢0 ;¥ 12 < oo,
and by (¥3) and again Remark 3.4.2, we also get
lake(2:0;9) (kP2 < KMs, (10k ¥l 12 + [V ] 12) < oo,
This shows that each w; is in L2(y) and therefore R = Z?;l ”W"”%Z(yz) < oo, O

Proposition 4.1.4. Let (V4), (¥5) and (X4) be satisfied. Then AP(D) C D(S*) and S*APf =Tf
forall f €D.

Proof:

Let f € D. We have to show that T f € H and (Sh, AP )y = (h,T f)y for all h € D(S). Fix one
such h, then by definition of (S, D(S)) there is a sequence (h,)nen in D such that h, — h and
Sh, — Sh in H. For each n € IN, Proposition 3.2.4 generalized as in Proposition 3.4.3 yields

(Shn, AP )i = (Shyp, =QVY - V(P f D) = p((Vyhn, EV,,(QVY - V(P ))))
d  d

- Z Z /E 9y, hn(x, y)are(y)Qij0¢0 ;¥ (1), (P f)(x) dp.

i=1 jkt=1
Now integration by parts in the coordinate yy for each k € {1,...,d,} gives
(Shns APf)H = (hn,Tf)Lz(p)'

Letting n — oo, we obtain (Sh, AP f)i = (h, T f);2(,) In particular, this holds for h = 1, which
implies

H(Tf) = (LT )z = (51, APf) = 0.
SoTf € H and the claim follows. O

Finally, we are able to verify (WH1):

Proposition 4.1.5. Let (®3), (Y4), (¥5) and (X4) hold. Then (WH1) is satisfied.
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4.1 Weak hypocoercivity for generalized Langevin dynamics with multiplicative noise

Proof:

Due to Lemma 4.1.2, D is a core for (G, D(G)) = (—(AP)*AP, D((AP)* AP)). Proposition 4.0.5
shows AP(D) C D(A) € D(A*), and Proposition 4.1.4 proves AP(D) C D(S*). Therefore, we
can apply Lemma 2.4.4 to both (A, D(A)) and (S, D(S)), and obtain boundedness of BA with
IBA| < ca due to Lemma 4.1.2.

Let f € D, then it follows that (BS)*(I - G)f = S"APf =Tf and

dzR H2(|V\P|2)
TfI% < RIVfpl?y, | =
T 1l < RV feliey = ey~ 4

dRI(QQ") QP po(IVEI), oo 12
< (VP & 10 va||L2(u1)'

I(QO") ' QQ™V foll: )

Further, since via integration by parts and Lemma 4.1.2
d
10V follag,,, = - /R Q0 o @0ufe — 0,90, fr) dyn
1

ij=1

dy
T /Rd +d Z (QQij Pf (95,05 Pf — 0,09 P f) dp
1742 1

ij=
d, /
-2 __[pr.Grd
e Je' T
we obtain for g := (I — G)f due to dissipativity of (G, D) that

s BRIQQY QP
Byl =T Il < == S8 r=

*\—1 2
< BRQQ) OF by (11— Gyl +1f1)

[rreora

pa([VE)
2,RIQQ) QP 1 o _ 2RIQON QP

Using the second part of Lemma 2.4.4, this shows that (BS, D(S)) is bounded and hence (WH1)
is fulfilled.

Definition 4.1.6. Let the functional ©® : H — [0, o] be defined by

Of = |flas = (esssup(f) — essinf(f))*

forall f € H.

Proposition 4.1.7. The functional © satisfies Condition (WH2).
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4 Hypocoercivity for degenerate diffusion semigroups

Proof:
Since any bounded function f fulfills © f < oo, the set {f € H | ©(f) < oo} is clearly dense in
H. Moreover, we have

essinf(f) = / essinf(f) pp(dy) < essinf (/ flx,y) ,uz(dy)> = essinf(Pf)
R% R4z

< esssup(Pf) = esssup <Ad2 f(x,y) yz(dy)> < esssup(f),

s0o O(Pf) < O(f)forall f € H.

Let f € H. If f is not bounded, then O(f) = oo and the remaining inequalities are trivial. So
let f be bounded with I := essinf(f), us := esssup(f). If [y = uy, then f is constant and so
are T; f and ell f due to conservativity, which can be seen for (€)1 since 1 € D € D(G) and
G1 = 0, compare Lemma 1.3.3, and for (T;);> due to Theorem 3.6.2.

So we assume [y < uy and define g = ufl—lf (f —If). Then essinf(g) = 0, esssup(g) = 1 and
therefore ©(g) = 1. Moreover, conservativity and sub-Markov property of (T;);>¢ implies

OT:f) = O((uy —I)Tg + 1) = (uy — 1p)*O(Trg) < (us —1p)* = O(f)
for all t > 0, and the same holds for the semigroup generated by (G, D(G)). o

Proposition 4.1.8. © also satisfies Condition (WH3).

Proof:

We use the same construction as in [ ]: Fix some f € D(L) and set y; = essinf f,
Y2 = esssup f. Let (g,)new be a sequence in D such that g, — fand Lg, — Lf in H asn — oo.
Then set fy, = hy, o g,, where h, € C*(R) satisfies 0 < h/, < 1 and

r forr € [y1,y2]
()= - % forr<p—1,

Yo+ forr>y+1
which is possible due to Lemma 1.4.9.

Then fn - f in H asn — oo, lim Sup, ;e ”fn”osc < “f”osc: and

lim sup(—Lfn, fn) = lim sup /1(<vyfn’ 2vyfn>) = lim sup ll((h:l(gn))2<vygns zvygn»

< lim sup p({Vygn, ZVygn)) = lim sup(—Lgy, gx) = (=Lf, f).

Finally, it remains to show the weak Poincaré inequalities are satisfied. For this, we use [ ,
Theorem 3.1], which for our purposes states that, given a probability measure yy = " dx on R%
with locally bounded V, there exists a decreasing function a : (0, 00) — (0, ) such that

(5 = (v (H)? < a@py (VIR +rlflee, 7> 0, f € GERY). (4.1.1)
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4.1 Weak hypocoercivity for generalized Langevin dynamics with multiplicative noise

Without loss of generality, we may assume that @ > 1, which facilitates some estimates regarding
the convergence rate later. This allows us to verify the last necessary assumption:

Proposition 4.1.9. Let (®3), (¥4) and (¥5) be fulfilled. Then Condition (WHA4) is satisfied.

Proof:

The proof of [ , Theorem 1.1], under the assumptions given, implies that there is some
constant 0 < ¢ < oo such that fp € HY2(py) with p;(|Vx(fp)?) < c|APf]? for all f € D(AP).
Inequality (4.1.1) for V = ® shows the existence of some decreasing ag : (0,00) — [1,00) such
that

IPfI% = m(ff) < can(DIAPfIF + rO(P f)

for all f € D(AP). This proves the first inequality in (WH4) for a; = cap, and we can assume
that ay > ag.

That proof also gives a procedure to verify the second inequality: Let f € D and x € R%,
set fo = f(x,”) — Pf(x) € C°(R%). Then Vf, has compact support, so that f, is bounded;
po(fx) = 0 and | filose < |flosc- Therefore, (4.1.1) is applicable and yields the existence of a
decreasing function ay such that

,U2(fxz) < a\P(r)ﬂZ(|vyf(xs )|2) + r”fx"tz)sc
< exay(N)a((Vy f(x, ), ZVy f (6, N) + 7l f 12

forallr >0, fe Dand x € R% . Integrating that expression wrt. y1; gives

Iz - P)fI; = /R p(F2) m(dx) < cxara(r) é<vyf, Sy f) A y)) + il flose
= csay(r)(=Sf, flu +r0(f)

forall f € D,r > 0, so the second inequality in (WH4) is satisfied with a; = csay, and again
we may assume a; > oy without loss of generality. i

Now that we have found sufficient assumptions in order for the weak hypocoercivity conditions
to hold, we are ready to state the final result:

Theorem 4.1.10. Recall the setting as defined in Definition 3.2.2 and Definition 3.2.1. Let QQ™ be
invertible and let 3. satisfy (X1)—(Z4).

Let ® € C*(R%) be bounded from below with 1, being a probability measure, and let there be a
constant C < oo such that
V20| < C(1 + [V)).

If B from (23) is strictly positive, let further N < 00,0 <y < % such that [V®(x)| < N(1 + |x]").

Let y € C3([0,00)), K < 00,1 < a < 2, such that

Y =yUyP), Z(¥) <co, and |[VP¥| < K(1+[V¥).
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4 Hypocoercivity for degenerate diffusion semigroups

Assume further that 9;0;0;¥Y € L*(up) for all 1 < i, j, k < ds.

Then there exist decreasing functions g, oty : (0,00) — [1,00) and constants 0 < ¢y, ¢ < 00 such
that

(5 — () < aoMm(Va fI?) + 7l fle, 7> 0, f € CiRD),
(fS) = ()P < axMp(Vy B +rlf e, >0, f € CHR®),

and
p((Tf)?) = (T f P < EOIf e forallt >0, feL™(p), (4.12)
where (T;)>o is the sccs generated by the closure (L, D(L)) of (L,C)) on X and
E(t) = cy inf {r >0 : cot > ap(r)’ay (L) log <l> } . (4.1.3)
ae(r)? r
Proof:

It is easy to see that the assumptions here imply (H) as well as (24), (®3), (¥4) and (¥5). Then
Theorem 3.5.1 applies to show that (L, D(L)) is essentially m-dissipative on X, and we obtain all
the results from Theorem 3.6.2 for the generated semigroup (7;);>o on X.

Now we restrict our considerations to the subspace H C X. Due to Lemma 4.0.2, the closure
(L, D(L®)) of (L, D) on H is m-dissipative and generates an sccs (T} );>p on H. Then all
data conditions (D1)-(D3) are satisfied, and Propositions 4.1.5 and 4.1.7 to 4.1.9 show that
Theorem 2.3.1 is applicable. This yields the estimate

IT7 £I? < EOASIE + (), >0, f eDET), (4.1.4)
where
g(t) = ¢y inf {r >0 : oot > oq(r)’e (al(rr)2> log(%) } , (4.1.5)

for some constants ¢y, ¢, € (0,00) and a1, @, as in the proof of Proposition 4.1.9. That proof also
provided the decreasing functions ag and ay as required for the claim.

Due to p-invariance of (T;);>¢, the restriction of (T;);>¢ to H is an sccs on H, and its generator
coincides with (L7, D(L)) on D, so T;|g = T} for all t > 0. Moreover, conservativity of (T;);so
further shows

KT f) = p(f) = p(HTQQ) = T(u(f)),

hence

PP = pTf = p (L) = 2T fT(u()) + Tp()?) = (T = p(FN.

Let f € D(L). Since f — u(f) € D(L) n H, a simple approximation argument shows f — u(f) €
D(LM), so (4.1.4) together with

If = 1P = p((f = 1D < If = p(Pe < IfI = O(F)
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4.1 Weak hypocoercivity for generalized Langevin dynamics with multiplicative noise

implies
(T — u(G P < EOIf B 20, f € D) (416)
Let f € L®(u) C L?(y). Then as in the proof of Proposition 4.1.8, we can find a sequence (£, )nen

in C € D(L) such that f, — fin X and limsup,,_, [ fulosc < | fllosc- This shows that (4.1.6)
extends to all f € L®(p).

Finally, define

E(t) = cyinf {r >0 : oot > ag(r)aw ( s > log(%) } . (4.1.7)

ag(r)?

Let r > 0 satisfy the inequality in (4.1.5). If r > 1, then log(r~!) < 0 and r clearly satisfies the
inequality in (4.1.7), so we assume r < 1. Since we assumed a; = cag and ay = csay with
c,cx > 1, we get ¢y > ag, az > ay and

r r

r r
(P = aa(r)? me(mMsz(%MJ,

since ay is decreasing. So r satisfies the inequality in (4.1.7), which shows that 5 (t) < &), so

the claim is proven. i

Concrete examples of possible potentials

Here we give some examples for combinations of potentials ® and ¥ along with the resulting
convergence rate. The examples are taken from [ ], where they were chosen since corre-
sponding weak Poincaré inequalities were shown in [ ]. We use the following notation for
all occurring choices:

Definition 4.1.11. Let ¢ and ¢/ be real-valued function on R% and R%, respectively. We write
® ~ ¢, if there is some h; € C,f(]Rdl) such that ® = ¢ + h;. On the other hand, we write
¥ ~ ¢ if there is some hy € Cj(R%) with ¥ = i/ + hy, where it is assumed that there is some
n € C3([0,00)) with ha(y) = n(ly[*).

This relation is explained by the following:

Lemma 4.1.12. Let ¢ satisfy (P1)—(P3), as well as the inequality from (C). If ® ~ ¢, then the
same holds for ®. Similarly, if  satisfies (¥1)—(¥5), then so does ¥ in the case that ¥ ~ /.

Proof:

We only prove the second statement, as the rest follows analogously. Let / be as stated, and let
hy € Cl?(leZ) with ¥ = ¢/ + hy. Let My, denote the bound of h; and all its derivatives. We show
each of the required conditions:
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4 Hypocoercivity for degenerate diffusion semigroups

(Y1) Clearly V¥ is measurable and locally bounded, and it holds that

/ VO gy < &M / V) dy,
R% R

so that Z(¥) < oo.
(¥2) Since all derivatives of h, are bounded, they are locally L?-integrable for any 1 < p < oo.
(¥3) Due to the previous point, we only need to show the inequality. It holds that
V29| < My, + V2| < My, + K(1 + [Vy|%) < My + K(1 + VP + MfY),
which implies the existence of a suitable constant Ky such that i satisfies (¥3).
(¥4) This is clear due to definition of h,.

(¥5) This is also immediate, since h; is three times continuously differentiable with bounded
derivatives, and by using the same kind of estimate as in point (¥1). i

Now we introduce the considered example functions, along with their weak Poincaré inequali-
ties. The next Lemma follows from the proof of [ , Example 1.4] and is stated in [
Lemma 3.3]:

5

Lemma 4.1.13. Let iy = e~/ dx be a probability measure on R®. Then there exists a decreasing
ay : (0,00) — (0, 00) such that the weak Poincaré inequality (4.1.1) holds. In particular, ay can be
specified for the following examples:

() If V ~klx|® or V ~ k(1 + |x|2)% for some k, 5 € (0,00), then

41-85)*

ay(r) =c (log(l + r_l)) o

for some constant ¢ € (0, 0) is a valid choice.

(ii) If V ~ % log(1 + |x|?) for some p € (0, 00), then
ay(r) = cr 0@

for some constant ¢ € (0, 0) is a valid choice, where

0(p) = min <

d+p+2 4p+4+2d
p(pP—4-2d-2p)*

(iii) If V ~ %log(l + |x2) + plog(log(e + |x|*)) for some p € (1, 00), then

1

ay(r) = e "

for some constants ¢y, c; € (0,00) is a valid choice.
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4.1 Weak hypocoercivity for generalized Langevin dynamics with multiplicative noise

Here it doesn’t matter which definition of ~ is used.

Lemma 4.1.14. Let V and py be any of the options in Lemma 4.1.13. Then both® =V and ¥ =V
satisfy all requirements from Theorem 4.1.10, at least if (X3) holds for f = 0.

Proof:

By definition, the measure uy is a probability measure, and clearly V is locally bounded, bounded
from below, and in C3(R?) for any choice. In order to verify (¥3) and (®3), we need to compute
the gradient and the Hessian. We only do this for the first choice, as it only requires tedious
calculations. So consider g(x) = k(1 + |x|2)% for k,§ € (0,00). We obtain Vg(x) = kdx(1 +
|x|2)g_1, so [Vg(x)]? = k28%|x[>(1 + |x[*)?~2. In particular, the inequality for ® from (C) holds
for g with y = 6 — 1. For the second derivatives, we get

9,0i8(x) = 2k8(2 — Dxixj(1 + [x2)2 7% + 5,;kS(1 + |x[2)2 ™!
for all 1 < i, j < d. This implies

V2g(x)? = k82 (402 — 1)P(1 + [xI?)°*|l* +4(S — D + |23 |x[?
+d(1+x?)°7?).

It is clear that for |x| > 1, this expression can be bounded by a multiple of [Vg(x)|?, so the
inequality from (A1) holds for g. By Lemma 4.1.12, all these properties of g carry over to V,
where we can also apply Remark 1.6.6 to verify (¥5) for V, since the third derivatives can also
be relatively bounded by |[VV|. To summarize, all requirements for Theorem 4.1.10 are met, as
long as (£3) holds for some f < ﬁ

For the other two choices of V, the same can be verified by analogous calculations, and since in
those cases [VV| is even bounded, we don’t need to assume any restriction on f. i

This means that the examples studied in [ , Example 1.1] also fit our assumptions, and
we can therefore carry over the convergence rates that were given in that reference. However,
we note that we are able to choose ¥ ~ V instead of ¥ = V for such a function V, since our
assumption (W¥5) is easier to check in this context than the assumption

sup y/(r) + 2ry"'(1) = 2ry™"(r) 4‘-// E?’rz; 2070

which was required in the given reference, where i/ is to be understood as in (W4). For illustration
purposes, we include two of the considered cases here and give the concrete convergence rate,

but since we don’t add anything new here, we skip the remainder of the cases.

(i) Let ® ~ k(1+ |x|)%/2 and ¥ ~ k(1 + |y[*)?/?, where k, x, 8, ¢ € (0, 00) are constant. Then,
(4.1.2) holds with

¢
Se+8e(1 -8t +46(1 — o)’

&) = eXp(—Cztw(a’g)), where w(5, €) =
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4 Hypocoercivity for degenerate diffusion semigroups

for some constants 0 < ¢j,c; < 0. In particular, if §,¢ > 1, then the decay rate is
exponential.

(ii) Letd :=d; =dp, ® ~ %l log(1 + |x|?) for some ¢ > 0 and ¥ ~ p+d

p > 0. Then, (4.1.2) holds with

log(1 +|y|?) for some

E() = cp(1 + 1) PD(log(e + 1))PD, where
1
P9 = 25+ 0(p) + 200D and
<d+r+2 4r+4+2d )

“(r2—4-2d-2r)*

0(r) = min

for some constants 0 < ¢1, ¢y < o0.

4.2 Strong hypocoercivity for Langevin dynamics with
multiplicative noise

In this part we apply the strong hypocoercivity framework as described in Section 2.2. While we
can reuse some considerations from the weak case above, we require more assumptions on the
potentials. Motivated by the application to the Langevin equation (4.3.5), we fix ¥(y) = 7|y/*
and otherwise assume the conditions (H) and (®3). This immediately implies the following
result:

Proposition 4.2.1. ¥ defined by ¥(y) = %|y|2 satisfies all conditions (W1)—(¥5). Moreover
p(VY?) = ds.

Proof:

Clearly ¥ € C*(R%) with 3, ¥(y) = yx, 9;0k¥Y(y) = Jk; and therefore 9;0;0,¥(y) = 0 for
all 1 < i, j,k < d,. 1t is well-known that ﬁe_w(y) is the probability density function for the
standard normal distribution on R%, so Z(¥) = 2. This implies all wanted conditions.

Moreover, integration by parts yields
a(IV¥P) = Z(2) / et dy = z(w) Z( D [ yor(<F)

=Z(9)” Z / “2F dy = d,Z(9) 1 Z(F) = d.
Proposition 4.2.2. X satisfies (X4) for all ps > 1.
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4.2 Strong hypocoercivity for Langevin dynamics with multiplicative noise

Proof:
The Holder-inequality implies

dy p
2p _ 2
VS, = A ( D |akal,-<y>|> dpy

i,jk=1
dy
< @) Z / [0kai; (1) dpsz
ijk=1-7R%

for all p € IN. Due to (£3), we know that |9xa;;(y)| < M(1+ [y]) = M(1+|V¥]), so |9ka;j| < 2M
on B;(0) and |9a;;| < 2M|y| on R% \ B,(0) for all i, j,k € {1,...,d,}. This means

/ Ora ()PP duz < / @MY dyy + / @MYl dyy
]Rdz ]Rdz ]Rdz

Iterating the integration by parts as above, we can see that u,(|y[*?) < coforany p e N. o
This shows that we can apply all results obtained by the weak hypocoercivity method for our
setting. In particular, as a consequence of Lemma 4.1.2, we obtain
Corollary 4.2.3. The operator (G, D) := (PA*P, D), which is given for all f € D by
d;
Gf(x’ y) = Z (QQ*)ij(anaxi - a]q)(x)axl)Pf(xs y)’
i,j=1

is essentially self-adjoint and its closure generates a sub-Markovian sccs ('©);>o on H. Moreover,
there is a constant cg depending only on the choice of ® such that

IBAU - P)flu < cgl(l =Pl forall f €D.

However, we would like to specify the convergence rate in more detail than before. Recall the
constants set in Definition 3.4.1. Then we get

Lemma 4.2.4. Forallk,j € {1,...,ds}, it holds that
loxajk — ajkyilizqu,) < Ns.

Let the operator (T, D) be defined as in Lemma 4.1.3. Then w; = Zizk:l Q;j(Okajk — ajkyk) and R
can be chosen as (dy)*|Q|*N$

Proof:
Due to integration by parts, it holds that

Adz a?kyi dps = /Rdz a?k + 2akykokajk dps.
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Hence we obtain
(kaj —apy)’ dpy = | (Fkap)® + % dps
R4z R4z
< / (Okaj)® dus + / (Oraji)? dpz + M
B,(0) R%\B;(0)

<B4 / (MIylP)? dpy + M2
R%2\B;(0)

dz
< B+ M+ ZMZ/ VE dy
k=1 RE

The representation of the w; follows directly since ¥ is symmetric, and as in Lemma 4.1.3 we

have
d d d d
R:= Z ||Wi||i2(u2) < dj Z Z 10:(Okajk — ajk)’k)”%zg,z) <d; Z Z Q2 N3
i=1 i=1 jk=1 i=1 j=1
= d3|QI°NZ. o

Proposition 4.2.5. Condition (H1) is satisfied with ¢; = \|2d3Ns|Q| - [(QQ*)1Q| and c; = cg.

Proof:
The statement for ¢, follows directly from Corollary 4.2.3, and the one for c; results by plugging
Proposition 4.2.1 and Lemma 4.2.4 into the proof of Proposition 4.1.5. i

It remains to verify microscopic and macroscopic coercivity. This is done via classical Poincaré
inequalities for the measures p; and p,. Since we don’t know enough about ®, we have to
introduce a new assumption.

Assumption (®4). The probability measure y; on R% satisfies a Poincaré inequality of the form

Aalfl,, < /R Wffdm forall feD,

where Ag € (0, 0).

A sufficient condition for (®4) to hold is given by the following:

Theorem 4.2.6. Let V € C3(R%) be bounded from below, iy = e~ ®) dx be a probability measure,
and let one of the following assumptions hold:

(i) There exist &« > 0 and R > 0 such that

(x,VV(x)) > a|x| forall|x| > R.
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(ii) There exist a € (0,1), ¢ > 0 and R > 0 such that

alVW(x)]> = AV(x) > ¢ forall |x| > R.

Then there is some Cp € (0, 00) such that py satisfies the Poincaré inequality

Varuv(f) = '/]R‘d(f — yV(f))Z d/lV < Cp /]Rd |Vf|2 d/lV (4.2.1)
for all f € C*(R?). In particular, this holds for convex V.
Proof:
See [ , Corollary 1.4]. o

Remark 4.2.7. Note that due to Theorem 1.6.3, this Poincaré inequality extends to all f €
H"(py).

Now we can verify the last two hypocoercivity conditions:

Proposition 4.2.8. Condition (H3) holds for Ay = Ag|(QQ*)™10|™2 and (H2) is satisfied for
Ap =5l

Proof:

Due to [ ], the probability measure p, fulfills (4.2.1) with Cp = 1. Let f € D and set
fe = f(x,-) — Pf(x) for any x € R%. Clearly f, € C*(R%) with Vyfe = Vyf(x,-) and
1o(f) = 0 for all x € R%.

S P = [0 59,z [ 19,0
—it [ AR > 6 [ Ve (@)
=t [ f dme (@0 = 571 - P

for all f € D, so (H2) is indeed satisfied.

Let f € D. Then, as in (4.0.1), we get AP f = —(Qy, Vy fp) and therefore

d dy
apfly = 3 3 [, amosdm [ Qe )Quoro)dpe

Integration by parts shows

/[R . (Qij)’j)(Qka) dp; = Q; ij{’5 J2
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4 Hypocoercivity for degenerate diffusion semigroups

so we obtain
di
IAPF = 3©QQN [, oanfndu = [ 10V dus
ik=1 ! !
Assumption (®4) together with invertibility of QQ* now implies
Aol ol < IV follag,,) = 1007 ' QQV, folla,,,
< QO QPIQ Vi fol 2,y = I(QQ*) ' QPIAP £

Since |APf|4 = ((AP)*APf, f)u = (=G, f)u and D is a core for (G, D(G)) by Lemma 4.1.2,
this inequality extends to all f € D(G). O

Corollary 4.2.9. In the case that dy = dy = d and Q = I, we satisfy (H1) with ¢; = v 2d3Ns, and
(H3) with Ay = Ag.

Proof:
The latter follows from the proof of Proposition 4.2.8, since |V, fp| = [Q*Vy fp|.

For the other part, note that in the proof of Lemma 4.2.4, we get ||wi||%2(ﬂ2) < d®Ng, and hence

R < d*>N§. In the proof of Proposition 4.1.5, we use again |V, fp| = |Q*V, fp| and Proposition 4.2.1
to obtain [(BS)*gl% < 2R|gl%. Application of the second part of Lemma 2.4.4 then yields
¢1 = V2R = v2d3Ns as wanted. o

Now that all necessary conditions are verified with concrete estimates for each required constant,
we can state our strong hypocoercivity result for the case where the second component measure
is standard Gaussian:

Theorem 4.2.10. Recall the setting as defined in Definition 3.2.2 and Definition 3.2.1. Let QQ™ be
invertible, ¥(y) = %|y|2 and let ¥ satisfy (1) —(23).

Let ® € C*(R%) be bounded from below with j1; being a probability measure, and let there be
constants C, Ag € (0, ) such that

V20| < C(1+ V@) and  Aalf — m(lEay < IVF20

forall f € CX(RY). If B from (E3) is strictly positive, let further N < 00,0 < y < % such
that [V®(x)| < N(1 + |x[").

Define N5 as in Definition 3.4.1 and let (T);>o be the sccs generated by the closure (L, D(L))
of (L,C) on X.

Then it holds that for each 01 € (1, 00), there is some 0, € (0, ) such that

ITf = (Pl < 01”1 f = pu(Hlx
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4.2 Strong hypocoercivity for Langevin dynamics with multiplicative noise

forall f € X and allt > 0. In particular, 0, can be specified as

_61—1 Cgl

92 E]
0: ni+nyNs + ngsz

and the coefficients n; € (0, 00) only depend on the choice of ® and Q.

Proof:

Under the given assumptions, we can apply Theorem 3.5.1 due to Proposition 4.2.1, which shows
that (L, C) is essentially m-dissipative, so that its closure (L, D(L)) generates an sccs (T;);>0 on
X. Since p is a probability measure, we also obtain the properties from Theorem 3.6.2.

As in the proof of Theorem 4.1.10, the closure (L¥, D(L®)) of (L, D) generates an sccs (T )5 on
H which coincides with (T} );>o on H. By Propositions 4.2.5 and 4.2.8, we can apply Theorem 2.2.1,
which yields the existence of constants k1, k2 € (0, ) such that

ITF £l < ke fly forallt >0, f € H,

which immediately generalizes to

ITf = u(Plx < kie™|f —p(Hlx  forallt >0, feX,

by conservativity of (T;);>o.

It remains to prove the convergence rate estimate, which follows the idea in Remark 2.2.2
and uses the same technique as the analogue proofin [ ]. Note that in the context of that
Theorem, the mentioned Propositions give us the following constants:

¢ =coNs  withcg = \[2d310| - [(00")'Q

C2 = Co,

5

Am=c5' and
Ant = Ag(®) = Agl(QO™) Q2.
In Equation (2.2.2), set

 Ax 1 Ag(®) 1
1+ Aymltcte 1+Ao(®@)1+coNs +cop

Then the coefficients on the right hand side can be written as c5 _ ErQ@(Nz) and £sp ¢ respec-
tively, where

1+AQ((I))
Ns) = (14 cp + coNs 1+ ———(1 +cp + coN; ,
rQ,cb( ) = ( Cp T CQ 2)( ZAQ(CD)( Cp T CQ z))
1 Ag(®)
S, = -,
P72 14+ Ag(®)
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4 Hypocoercivity for degenerate diffusion semigroups

and ¢ = ¢¢(2) € (0, 1) still needs to be determined. Write g o(Nx) + sg.o as the polynomial
VQ’cp(Nz) + So.» = a1 + asNs, + agsz,

where all g; € (0,),i =1,...,3 depend only on Q and ®. Then define

N Ns Ns
£0.0(N5) = = 5
roo(Ns) +spo a1 + axNs + asNg

Some rough estimates show é¢(N5) € (0,1). Now let v > 0 be arbitrary and set

-1
v oCy

£ = =

14+v Ny

This holds since c5, 1 < Ms < Ns, which follows from (21) for some unit vector. Then EFQ@(Nz) +
€500 = T4;C5 1 < ¢51, hence we get the estimate

éN‘Q)q)(Nz) € (0, 1).

ZCZ .
1+vny+nNs + n3N22 B

cgl —erga(Ns) > espo =

5

where all n; € (0, 00) depend on Q and ®, and are given by

2
n; == —aj, foreachi=1,...,3.
0.9
This means that k is smaller than both coefficients in (2.2.2), so that this inequality holds as
seen in Remark 2.2.2. The convergence rate coefficients k1, k are then given by the second part

of Theorem 2.2.1 as

to
1+¢ 1+v+ 2éo00o(N2)v
/ = Ny 70 <Ji+20+v2=1+v and

k1= 1—¢ 5l o~
1+v-— %ZEQ,CD(Nz)U
K
Ky = > —K
1+¢e 2
—1
Hence, by Choosing 91 = 14vand 92 = %K = 919?1 m, the rate of convergence claimed
b

in the theorem is shown. |

4.3 Application to partial differential equations and stochastic
differential equations

The aim of this section is to apply the previously obtained convergence rate results for operator
semigroups generated by Kolmogorov operators to solutions of different differential equations.
We do this in order of immediacy, so we start with the Cauchy problem associated to the
generator, move on to a different formulation as a Fokker-Planck equation in gradient form,
and finish with stochastic differential equations. The latter then motivate the terms “stochastic
Hamiltonian systems” and “Langevin dynamics” in the titles of Section 4.1 and Section 4.2,
respectively.
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4.3 Application to partial differential equations and stochastic differential equations

4.3.1 Second-order partial differential equations

Assume the context of Theorem 3.5.1. We consider the following partial differential equation for
u : [0,00) > X:

u(0) = uy
dy dy
%u(t} = t[SH, u(t)] — SV, Vyu(®)) + Y. Y 9ja19y,u(t) (43.1)

i=1 j=1

+(QVY, Vu(t)) — (Q*V®, Vyu(t)).

Due to Theorem 1.2.6, the semigroup (T;);>o on X generated by (L, D(L)) solves this Cauchy
problem in the sense that u(t) := T;uy is the unique mild solution for all uy € X and the unique
classical solution for uy € D(L).

If¥(y) = %|y|2 and Q, X as well as ® satisfy the conditions assumed in Theorem 4.2.10, then we
obtain directly that the solution u to (4.3.1) with initial condition u, converges to the integral of
up under u with the given convergence rate.

Similarly, if 4, is bounded and Q, ¥, ® and ¥ satisfy the assumptions of Theorem 4.1.10, then we
also get convergence for the solution of (4.3.1) to p(uy) with the convergence rate described,
depending on the functions given by the weak Poincaré inequalities.

Now consider the following partial differential equation in divergence form:

u(0) = uy
d & . (4.3.2)
Eu(t) = Z 9y, (aij0y,u(t) + a;jo;¥u(t)) — (QVY, Viu(t)) + (Q* VO, Vyu(t)).
ij=1

It is easy to see that on C, the right hand side term corresponds to the formal adjoint L of
(L,D(L)) on L2 (R%*% d(x, y)) applied to u(t). This means that (4.3.2) describes the Fokker-
Planck equation corresponding to the Kolmogorov backwards equation associated with L. We
define the Hilbert space

Y == LA(R4*%; ), where v = Z(¥) ! exp(®(x) + ¥()) d(x, ).
Then the mapping T defined by
T:Y->X, Tf=p'f with p(x,y):=e @D

is a unitary transformation between Y and X. Moreover, for f € C, we see that Lf = T"'L*T{,
where (L*, D(L¥)) is the adjoint of (L, D(L)) on X. As seen in Corollary 3.5.7, (L*,C) results
from (L, C) by using —Q instead of Q, and is therefore essentially m-dissipative on X, which
implies the same for its dissipative extension (L*, C(E)). In both hypocoercivity methods, we
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4 Hypocoercivity for degenerate diffusion semigroups

assume that the potentials are at least C2, so CCZ(E) is a T-invariant domain. This means that
(L, C3(E)) is essentially m-dissipative and generates the sccs (T;);>0 = (T 'T;T);o on Y.

Let ¥(y) = %|y|2 and let Q, %, ® satisfy the assumptions of Theorem 4.2.10. Fix some uy € Y
and set u(t) := T,uo, which is the unique mild or classical solution of (4.3.2). We get

lu(t) — v(wop)ply = IT'T,; Tug — v(uop)T ' (Dly = T Tuo — p(Tuo)lx
< 0179 | Tug — p(Tu)|x = 01e7% |ug — v(uop)ply

forallt > 0, 6; € (1,00) and 0, chosen accordingly. This shows that the solution to (4.3.2)

~02t " Stationary solution

converges to a multiple of the stationary solution p with rate 6;e
here means that u(t) = p solves (4.3.2) with initial condition vy = p, which follows from

conservativity of (T} )>o.

Analogously to the first Cauchy problem, we can also apply Theorem 4.1.10 under its assumptions
to obtain

Up 2
p 0osc

lu(t) — v(op)plls < EG) ‘

for allt > 0 and all ug € Y such that Tu, is bounded.

4.3.2 Generalized stochastic Hamiltonian systems

Consider the operator (L, D(L)) as in Definition 3.2.1 and assume (H). Due to Theorem 3.6.2,
(L, D(L)) is a Dirichlet operator, so we can apply Theorem 1.3.13 to obtain the associated
generalized Dirichlet form £ on X.

Proposition 4.3.1. There is a special standard Hunt process M as in Definition 1.3.28, where M =
(Q, F, (Frz0, (X1 Y)i05 (Px,))(x,y)eE)> Which is properly associated in the resolvent sense with £.
Moreover, M has continuous paths and infinite life time P(y,)-a.s. for all (x, y) € E.

Proof:

In order to assure the existence of an associated right process, we need to find an £-nest first.
Consider the core C of (L, D(L)) consisting of smooth functions with compact support, and set
F, = B,(0), which is compact since E is finite-dimensional. Clearly each f € C satisfies f = 0
outside of some F,, so by Proposition 1.3.22 the sequence (F,)nen is an E-nest of compact sets.

With this, we are left with one property left to show so that £ is quasi-regular, as defined
in Definition 1.3.23. Since C2(E) is separable (see Lemma 1.5.1) and separates the points of E,
property (iii) of Definition 1.3.23 is fulfilled since C2(E) is a subset of D(L), as (L, C3(E)) is a
well-defined dissipative extension of (L, C). Furthermore, C is an algebra of bounded functions,
so we can apply Theorem 1.3.31, which yields the existence of a p-tight special standard process
M which is properly associated in the resolvent sense with £.

Due to being a differential operator without constant part, it holds that L f = 0 on E \ supp(f)
for all f € C. Moreover, due to Lemma 1.4.7, for each open U C E there is a sequence (f,)nen in
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4.3 Application to partial differential equations and stochastic differential equations

C such that 0 < f, 1 1y. Therefore, Lemma 1.3.32 shows that M has P(x,y)-a.s. continuous paths
up to the life time { for £-quasi all (x, y) € E.

Since (T;);>0 is conservative as seen in Theorem 3.6.2, we have that ;1 = 1 for allt > 0
and therefore G;1 = 1. Due to proper association with M, this implies that R11 = 1 £-quasi
everywhere, where (R, )y is the resolvent of M, since R;1 is quasi-continuous. Since

Rll(x> J/) = E(x,y) [/ e_tl(Xt: Yl‘) dt:| 1)
0

this shows that {' = oo P, ,y-a.s. for £-quasi all (x, y) € E. Due to Remark 1.3.33, we may assume
that M has continuous paths and infinite life time P, y)-a.s. for all (x, ) € E, which also implies
that it is a Hunt process, and that we do not need to adjoin the cemetery A to the state space.oc

Proposition 4.3.2. Fix locally bounded pi-versions of X, ® and ¥. For £-quasi-all (x,y) € E, P,y
solves the martingale problem for (L, C2(E)) in the sense that

MM = £ YD) = F(Xo Y0)) / LF((X:, ) ds (433)

is an (F;)es0-martingale with respect to P ) for all f € CA(E).

Proof:
First, for any f € D(L) with quasi-continuous y-version f (which exists due to Proposition 1.3.24),

Mt[f M s an (Ft)ro-martingale with respect to Py, ;) for £-quasi all (x,y) € E, where the
exceptional set depends on f. This follows as in [ , Theorem 3 (iii)] via the Fukushima
decomposition, see [ , Theorem 4.5]. Let (fy)new be a countable dense subset of CZ(E),
such that for any f € C(E), there is a subsequence (fi )xew Which converges to f in C2-norm
and such that the supports of f, , k € IN and f are included in one compact set K C E, see
Corollary 1.5.2. Due to Lemma 1.3.20, the martingale property is satisfied wrt. P, , for all
f, simultaneously, for £-quasi-all (x, y) € E. Let f € C2(E) be arbitrary, then there is some
subsequence (fi)ken such that f,, — f and Lf,, — Lf uniformly on E as k — co. The claim
then follows as in [ , Corollary 1]. i

The first part of this proof implies the following, see also [ , Theorem 3 (iv)].

Corollary 4.3.3. Let0 < h € L2(E; 1) be a probability density with respect to 1, for example h = 1,
and define Py, as in Definition 1.3.25. Then Py, solves the martingale problem for (L, D(L)) in the

sense that Mt[f]’L as in (4.3.3) is an (F;)i>o-martingale with respect to Py, for all f € D(L).

Proposition 4.3.4. The process (X;,Y;)i>o with initial distribution P, is a weak solution of the It6
stochastic differential equation

dX; = QV¥(Y,) dt
dY; = V20(Y,)dB; — (Q*V@(X;) — b(Y;)) dt,

which is the original SDE (0.4) that motivated the definition of L.

(4.3.4)
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4 Hypocoercivity for degenerate diffusion semigroups

Proof:
Using cutoffs as in Remark 1.4.8 and stopping times like OB, (0)) See Definition 1.3.27, it follows

that Mt[f M s a continuous local martingale for all f € C2(E), where L f is interpreted pointwisely.
By setting f(x,y) = z; and f(x,y) = z;zj, where z; is either x; or y;, we get the following:
i) f(x,y) = x; implies X/ — X} — fot(QV‘I’(YS))i ds is a local martingale, denoted by M;".

(ii) If f(x,y) = xx;j, then Lf = 0, and hence [M*,M*]; = 0, as in the proof of [ ,
Proposition 5.4.6]. Together with (i), this means X/ — X = fot(QV‘I’(YS))i ds.

(iii) f(x,y) = y; implies ¥} — Y} — fot bi(Yy)ds + j(;t(Q*VCI)(Xs))i ds is a local martingale, which
we call M}

(iv) If f(x,y) = yiy;, then again as in the proof of [ , Proposition 5.4.6], we obtain that
[MY, MYi], = 2 fot a;j(Ys) ds.

As already mentioned in (ii), we get dX; = QV¥(Y;)dt. Define M, = (M}", . ,Mtydz), b(y) =
(b1(y), ..., bg,(y)) and let () be the positive square root of X(y), which is invertible everywhere
since X is. Set B; = \/i? fot o~ (Y;)dM{, which is a continuous local martingale since o~ is

locally bounded due to uniform strict ellipticity of . Then
dy; = dM) + b(Y,)dt — Q*V(X,)dt = V20 (Y;)dB; + b(Y;)dt — Q*VO(X;)dt.

By basic properties of the It6 integral (e.g. [ , 3.(2.19)]), we see that
t d t da
[B, B']; / Z o gy, YY) d[ MY, MY, / Z Gﬁclo]}lak[(Ys) ds

0 k=1 0 k=1
t d t

- [ X aadeywds = [ @ e ds

0 k=1 0
= dijt,

50 (By);>0 is a Brownian motion on R% due to Lévy’s characterization, which completes the
proof. i

Remark 4.3.5. Alternatively, we can find a weak solution to (4.3.4) by considering the probability
law Py, on D([0, ), Ep) induced by Py, as in Lemma 1.3.36. By Lemma 1.3.39 and Lemma 1.3.41,
it holds that IP,(C([0, ), E)) = 1, so that we can consider P, as a measure on the space
of continuous paths with infinite life time. Application of Lemma 1.3.38 and identifying the

quadratic covariations of Mt[f M via M[f M for cutoffs of f(x,y) = z; as above, it follows
analogously that the canonical coordinate process (Z;);>o of P is a weak solution to (4.3.4).

Now assume the setting of Theorem 4.1.10. Then as a result, we obtain for the transition
semigroup (py)r>o of M, that

Var,(pef) = p((pe )) = (u(pe ) SEOIfIe  forallt >0, f € L%(p),
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4.3 Application to partial differential equations and stochastic differential equations

with & given by the above theorem, since p; f is a y-version of T, f for all f € L*(p) due to
Remark 1.3.30. Moreover, the measure PP, is strongly mixing, hence ergodic, due to Lemma 1.3.43.

Similarly, under the assumptions of Theorem 4.2.10, for any 6; € (1, 0), one can choose 0; as
stated to get

Var,(pif) = Ipef = pCpi /N = Ipef = n(HI < 67e | f — u(HI;

forallt > 0 and f € H, which again yields strong mixing for IP,. In the special case d := d; = d;
and Q = I, the stochastic differential equation (4.3.4) reduces to

dXt = Yt dt

( d > (4.3.5)
dY; = V20(%;)dB, — | VO(X,) + 2V, — ) 9;a;(%) | dt,

ij=1

which in the case of constant % describes a Langevin equation with diffusion coefficient 3. This
justifies our title of Section 4.2, since the dependence of ¥ on Y; introduces multiplicative noise.
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5 Langevin dynamics with multiplicative
noise on infinite-dimensional Hilbert
spaces

In this final chapter, we extend the essential m-dissipativity and hypocoercivity results gained
earlier to infinite-dimensional Hilbert spaces. Due to the lack of a Lebesgue measure, we use a
non-degenerate Gaussian measure as reference measure, which already is a probability measure.
This corresponds to the case where in the definition of L in Definition 3.2.1, the potentials are
both chosen to be Gaussian. For existence and properties of such Gaussian measures, we refer to
[ , Chapter 1]. While we can carry over many of the assumptions worked out to ensure the
existence of a sensible generator core and to satisfy the hypocoercivity conditions, we have to
be careful in how to choose the infinite-dimensional analogues. For example, we cannot assume
the second-order coefficients to be uniformly strictly elliptic as in (X1), since we require them
to be of trace class, which implies that the sequence of eigenvalues converge to 0 due to the
spectral theorem.

5.1 Preliminaries

Let X be a real separable Hilbert space with inner product (-, -)x, B(X) be the corresponding
Borel-o-algebra, and let y be a centered non-degenerate Gaussian measure on (X, B(X)). We
denote the set of all linear bounded operators on X by £(X), the subset of positive semi-definite
symmetric operators by £*(X), and the set of operators additionally being of trace class by
L7 (X). The set of Hilbert-Schmidt operators on X is denoted by £(X).

The covariance operator corresponding to y is denoted by Q and is an element of £7(X), which
is injective and hence positive-definite since y is non-degenerate. Since it is symmetric and of
trace class, there is a complete orthonormal system By = (e, )nen in X consisting of eigenvectors
of Q to the positive eigenvalues (4,)nen, which we can assume to be decreasing to zero. Due

to positivity of Q, there exists an inverse operator defined on Q(X) that satisfies O~ ley = /%kek

and therefore a square root Q_% defined on span{e : k € IN} characterized by Q_%ek = ﬁek.
k

Definition 5.1.1. For each n € N, define X, := span{ey,...,e,} and denote the orthogonal
projection from X to X, by P,, with the corresponding coordinate map p, : X — R". This
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5 Langevin dynamics with multiplicative noise on infinite-dimensional Hilbert spaces

means "
Pu(x) =Y (x.e)xec  and  pa(x) = ((x,e1)x, ... (x,€n)x)
k=1
for all x € X.

Let C;°(R") denote the space of bounded smooth real-valued functions on R" with bounded
derivatives and let y" be the image measure of y under p,, for each n € IN. Then define

FCy(Bx,n) ={f : X > R| f(x) = ¢(pn(x)) for some ¢ € C;°(R")}, (5.1.1)

FCr(Bx) = | Ferx.m), (5.1.2)
nelN

LA(X,p) ={f : X > R| f = go py for some g € L*(R", u")}. (5.1.3)

In order to deal with L2(X, ) in a practical way, we need to accurately know the measure p".
[ , Corollary 1.19] yields the following characterization:

Lemma 5.1.2. Letn € N, and xy, ..., %, € X. The image measure v" of u under the map
X3x - ((,x1)x,.,(6,x)x) €ER"
is the centered n-dimensional Gaussian measure with covariance matrix
O = ((Qxi, xj) x)1<i, j<n-

In particular, the covariance matrix of " is just diag(Ay, ..., Apn).

This directly implies the following:

Corollary 5.1.3. For any x1,x; € X, it holds that

[((X, x)x (%, x2)x p(dx) = (Qx1, x2)x.

This also implies that |x|% and therefore |x|x is u-integrable, since

[tedn= [ Foxedidn= Y Qene = Y an <o

nelN nelN nelN

due to monotone convergence and the fact that Q is trace class.

We require the following:

Lemma 5.1.4. FC;°(Bx) is dense in L*(X, p) and FC;*(Bx, n) is dense in L3(X, p1) for all n € N.

Proof:
See [ , Lemma 2.2]. o
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5.2 Setting and Operators

Definition 5.1.5. Let f : X — R be Fréchet-differentiable, then we denote its derivative
at point x by Df(x) € X’, where X’ denotes the topological dual space of X. If f is twice
Fréchet-differentiable, then its second order Fréchet derivative at point x is denoted by D? f(x) €
L(X; X’). By identifying X with its dual via the Riesz isomorphism, we can interpret D f(x)
as an element of X and D? f(x) as an element of £(X). Then, for i, j € IN, we denote the
partial derivative in direction e; at point x by 9;f(x) = (Df(x),e;), and the second order
partial derivative in directions e; and e; by 9;; f(x) = 9;: f(x) = (D f(x)e;, €;), since D? f(x) is
symmetric, see for example [ ,(8.12.2)].

Remark 5.1.6. By definition, it holds that D f(x) = )¢ 9if(x)e; for all Fréchet-differentiable
f+: X >R If=¢op,forsomen € N, ¢ € C°(R"), then the chain rule implies
Df(x) =YL, 3ip(pn(x))e; € Xy, for all x € X.

With that notation, the following integration by parts formula follows, as seen by using
Lemma 5.1.2 and the classical integration by parts formula:

Lemma 5.1.7. Let f, g € FC}(Bx), which is defined analogously to FC;°(Bx). Then
/)(aifg du = - /X foigdu+ /X(x, QO te)x f(x)g(x) p(dx). (5.1.4)

As can be seen for example in [ , Proposition 4.5], the following Poincaré inequality holds:

Lemma 5.1.8. Let Ay denote the largest eigenvalue of Q, then

/ (QDF.Df)x du > 1y / (f - u(HY? dp
X X

holds for all f € FC,°(Bx).

5.2 Setting and Operators

Now let U and V be Hilbert spaces like X with inner products (-,-)y and (-, -)y and Gaussian
measures [, [is respectively. Let Q; denote the covariance operators of y;, and let By = (dy)nen
and By = (ep)nen be the induced orthonormal bases of U and V, respectively. The respective
projections to induced subspaces are denoted by PV, pU, PY and pY.

Definition 5.2.1. Define the real separable Hilbert space W = U xV with the canonically defined
inner product (-, -)w, Borel-o-algebra B(W) = B(U) ® B(V') and product measure p := p; ® po.

Due to [ , Theorem 1.12], y1 is a centered Gaussian measure with covariance Q defined by
Q(u,v) = (Q1u, Qov).
Set

By =1{(d,,0) | n e N}U{(0,e,) | n e N} CW.
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as well as
FCy(Bw,n) ={f : W > R| f(u,v) = qo(p,(l](u), p,‘l/(v)) for some ¢ € C;°(R" x R™)},

and define FC;°(Bw), LW, p1) analogously, where p" = pf ® pf, with p; being centered
Gaussian measures on R" with covariance matrices Q; .

Note that FC;’(By,n) defined this way coincides with the definition in Definition 5.1.1 for
X = W by trivially extending ¢. In particular, we can use the result of Lemma 5.1.4 for X = W.

Definition 5.2.2. For sufficiently differentiable f : W — R and all w = (u,v) € W, set

Dif(w) = . (Df(w),(dn, 0))w(dn, 0) €U,

nelN

Dyf(w) = Y (Df(w), (0, en))w(0,ex) €V,

nelN
dia f(w) = (D1 f(w),di)u
diaf(w) = (Daf(w), e)y.

The second order derivatives and partial derivatives are named analogously.

Now that all necessary derivatives are defined, we can define differential operators on FC;°(By )
analogously to Definition 3.2.1.

Definition 5.2.3. Let K;» € L(U;V) be a bounded linear operator from U to V and set K1 =
Ki, € L(V;U). Further assume the invariance properties K12(U,) C V,, and K»;(V,,) C U, for all
n € NN.

Let the map K3, : V — L*(V) be Fréchet-differentiable with DK5,(v) € L(V; £L(V)) and partial
derivatives 9;Ky,(v) = (DK3,(v))(e;) € L(V) for each v € V. Assume that for each v € V, it
holds that K5, (v)(V,,) CV,, for all n € IN.

Moreover, assume there is a strictly increasing sequence (my)ren in IN such that for each
n < my, it holds that Ko,(v)|y, = K22,mk(Pn‘2k(U))|Vn for allv € V, where Koz, @ Vi, = LY (Vi)
is bounded and continuously Fréchet-differentiable. Assume that for each k € IN, there is a
constant M. € (0, o) such that

sup ||K22,mk(v)"£(mG) <M and
vEmG

||aiK22,mk(U)"£(mG) < Mi(1 + ||U||mG) forallv € Vi, 1 <i < my,

and set mX(n) = mingen{my : mg > n}k
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Then the differential operators (S, FC;°(Bw)) and (A, FC;°(Bw)) on H == L*(W, p1) are defined
by
Sf(u,v) = tr [Kzz(v) o D3 f(u, U)] + Z (0jKz2(v)ei, ej)v0ia f(u,v)
i,jEN
— (v, Q3 'Kp2(v)D3 f (u, v))v
and
Af(ua U) = (u, Ql_lKZlDZf(us U))U - (U, Q2_1K12D1f(u, U))V;
respectively, for all (u,v) € W. Finally, (L, FC;°(Bw)) is defined via L = § — A.

Remark 5.2.4. The invariance assumptions made on Kj,, K1 and Kj; ensure that S and A are
well-defined on FC;’(Bw ) and still yield finitely based functions. Indeed, let f € FC;°(By,n)
for some n € IN with corresponding ¢ € C;°(R" x R"). By trivially extending ¢ if necessary,
we can assume mX(n) = n. Note that Q7 'Ky D, f(u,v) € Uy, Q;'Ki2D; f(u,v) € Vp, and
Q5 'K22(v)Ds f(u,v) € V, for all (u,v) € W. Therefore, these maps are bounded in (u,v) due to
uniform boundedness of K3, , and the fact that all derivatives of f are bounded. Together with
the observation that all sums appearing in the definition of S are finite, as well as Corollary 5.1.3,

it follows that S f(u,v) = Sf(PYu, PVv) and Af(u,v) = Af(PYu, PY) as well as Sf, Af € H.

Lemma 5.2.5. On H = L*(W; p), the operator (S, FC;°(Bw)) is symmetric and negative semi-
definite; (A, FC;°(Bw)) is antisymmetric, and therefore (L, FC;°(Bw)) is dissipative. For f, g €
FC?(Bw), we have the representation

(Lf, g)H = - A/(sz, K22D2g)v - (le, K21D2g)U + (sz, Klleg)V d,U-

Proof:
Let f, g € FC;°(Bw). As in Remark 5.2.4, we can assume f, g € FC;°(Bw,n) for some n € N
with mX(n) = n. For any (u,v) € W, it holds that

Qi 'Ka1Do f(u,v) = Z k2 f (u,0)Q7 ' Karer = Z k2. f (u, v)(Kzrex, d)Qy ' dy.

k=1 k,t=1

Using Lemma 5.1.7, we obtain

/ (u, 07 do)u o (u, ), )u(d(u, ) = / (20010kaf + Oa foesg)d,
w w

which shows that

((u, Q7' K21D2 fu, g)H = /W (K21D2f, D18)y dp + Z (Ka1ex, de)u(g, 9010k2f)n-

k,t=1

Similarly, it holds that

(v, Qz_lKlZle)V,g)H = /W (K12D1f,D2g)y dp + Z (Ki2de, ex)v(g, Ok2901 -
k.t=1
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Using K7, = K31, this implies that

(Af.&u = /(sz, Ki2D1g)v — (D1f, KaD2g)u dp,
174
so in particular (Af, f)g = 0. Now consider the operator S. As before, we have
n
Q; 'Ky (0)D f(u,0) = Z di2 f (1, )Q; ' Koo (v)e;
i=1
n
= Z 912 f (u,v)(Kz2(v)ei, ey Q; 'e;
i,j=1
for all (u,v) € W. Due to the assumptions on K, the maps
(u,v) = 9i2 f(u,v)(Ka2(v)es, ej)v

are elements of F C;(BW, n) for all 1 < i, j < n, see Remark 5.2.4. Therefore, integration by
parts is possible and yields

/W(U, Q5 'e))diaf(Kozes, e))vg dp = /W 0j20i2f(Kazei, ej)vg du
+/ 9i2f(0jKxei, ej)vg du
w
+ / 9i2f(Kozei,ej)vojog du
w

Summing up over i and j, we get
Z / 9i2f(Kozei,ej)vjo8du = /(K22D2f,ng)V dp = /(DzﬁKzzng)V du
ij=1JW w w

and

> [V 9;20i2f (Kzei, e))yg dp = ; /W (Kzzei, (D3 f)(en))v g dp

ij=1
= / tr [ngDgf] gdu
w
due to pointwise symmetry of Kj;. Therefore, we indeed get
n
(Sf, g)H = - Z / 9i,2f(K22€i,€j)V(9j,2g dll = —/(sz, K22D2g)v d,U,
ij=17W w

which shows that S is symmetric and negative semi-definite since Kj; is positive semi-definite.
By Remark 1.2.14, all three operators are dissipative with domain FC;°(Bw). O
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5.3 Essential m-dissipativity

Now we prove that the operator (L, FC;°(Bw)) on H is essentially m-dissipative. Since dissipa-
tivity was shown in Lemma 5.2.5, it remains to show that (I — L)(FC;°(Bw)) is dense in H, see
Definition 1.2.17. Since FC;°(By ) is dense in H, it suffices to approximate all such functions by
I—L. The main idea here is to fix a finite dimension based on the target function, and to interpret
L as an operator on the finite-dimensional subspace, which is possible due to Remark 5.2.4. Then
we use our finite-dimensional m-dissipativity result from Theorem 3.5.1.

Definition 5.3.1. Fix n € N such that m¥(n) = n. Then we define

Kiopn = ((Kizdisej)v)ij,  Koin = (Kign)®  and

Zn(y) = ((Kzz,n <Z ykek) €, ej> > forall y e R".
k=1 v/ ij

Moreover, define the operators S, A, and L, on H, = Lz(y”) as in Definition 3.2.1 for > = 3,
®(x) = 3(x, Q1 px), ¥() = 5(y. Qz2¥). and Q = Ky1 5, but with the domain C;°(R" x R™).

Lemma 5.3.2. Let f € FC,°(Bw,n) for somen € IN with m&(n) = n, with f(u,v) = (pYu, p\v)
for @ € C°(R" xR"). Then S f(u,v) = Spp(pYu, pyv), and analogue statements hold for A and L.

Proof:
Follows directly from Remark 5.2.4 together with V®(x) = Q7 1x and V¥(y) = Q; 1y O

Next, we fix some assumptions on Ky, such that they imply sufficient conditions on each X, to
ensure that the dense range condition can be verified. In particular, we need infinite-dimensional
analogues to (X1)—(Z3).

Assumption (K1). Assume that there is some positive-definite K3, € £ (V) which leaves each
V., invariant, such that

(v, Koa(W0)y = (v, Kpp)y forallv,y € V.

Assumption (K2). Let (my)ren be the sequence from the definition of K in Definition 5.2.3
and, for each n € N, let k(n) be the k such that my,) = mK(n). Assume that there are sequences
(Br)kew in [0, 1) and (Ni)kew in R such that, for all n € IN,

OiK oz ) (e €)v] < Negy(1 + Il

forallv € Vi, 1<i<mf(n)and1< j<n
For n € N, set N¥(n) := 2max{Ny(j) : 1 < j < n}and fX(n) = max{By,) : 1< j <nb.

Lemma 5.3.3. Let n € N with mX(n) = n and define %, as in Definition 5.3.1. If Ky, satisfies (K1)
and (K2), then X, satisfies (X1)—(X3).
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Proof:

Set =) € R™" analogously to 3, for K3, .. Since K3, is positive-definite, all eigenvalues A9, ..., A3
ofzg are positive, and we define ¢, := mineg; Ai > 0.Forany y € R, sety := 2?:1 yie; € V.
Then

(¥.20)y) = 3, Koz n@)9 2 (7, K3, 3 = (3, Z0y) 2 calyl’

for all y,v € R". Hence, (>1) holds with c5, = ¢, 1. Due to definition of Ky, we already have
that all entries of 3, are bounded and continuously differentiable, hence in particular locally
Lipschitz. Moreover, let g;, denote the entry of %, at position (i, j), where we may assume that
j<i,andletk € {1,...,n}. Then

9kaija(Y)] = 10k (Kaz.n(Peir )| = 101Kz n(Pesr ev] < Ney(1 + 7147
~ K o K n
< 2Ny (1 + 1518 ™) < NE )1 + 116 )

by (K2), so %, satisfies (X3) with constants M = NX(n) and g = fX(n). O

Remark 5.3.4. From the invariance properties of K3, Kz1 and Kj; in Definition 5.2.3, it follows
quickly that they are all diagonal in the sense that Kj2d; = a;e; for some real o; and K, (v)e; =
Az2,i(v)e; for some non-negative continuously differentiable A55; : V' — R. We haven’t used that
fact concretely so far, since it seems natural to allow at least “block-diagonal” operators with
bounded block size, such that they agree with the blocks induced by the sequence (my )xen. How-
ever, this makes some assumptions now and later harder to verify, so we keep the assumptions
in this form. In that case, (K1) just means that each A;;; is bounded from below by a positive

constant A! € R, and (K2) reduces to [9;A22,,(v)| = |8i/122,n(Pn‘;K(n)v)| < Nioy(1 + ||P¥K(n)v||€k(”))
forall1 <i < mX(n)andn e N.

Proposition 5.3.5. Let n € N such that mX(n) = n and let Ky, satisfy (K1) and (K2). Then
(Ln, C°(R" x R™)) is essentially m-dissipative on L*(R" x R", u™).

Proof:

We use Theorem 3.5.1, so we have to verify condition (C). Due to Lemma 5.3.3, the conditions
on %, are satisfied. By definition of ® and ¥, it follows that V®(x) = Q. Ix, V¥(y) = Qs 1
and V2®(x) = 0 = V2¥(y) for all x,y € R". In particular, (¥1)-(¥3) and (®1) are satisfied.
Moreover, for any x € R", it holds that

n

1 1
Vo)P =), inz < /IT|x|2’
i=1 "L 1,n
since Q1, = diag(A1.1, ..., A1,n), where (11,;)ien is the decreasing sequence of eigenvalues of

Q1. Therefore, ® satisfies the last condition of (C) for N = )Ll_}l andy =1 < (BX(n))™. Asa
result of Theorem 3.5.1, it follows that (L,, C°(R" x R™)) is essentially m-dissipative on L%(y").
Since C;°(R" x R") extends that domain, and (L,, C;°(R" x R")) is dissipative on L*(y") due to
Lemma 5.2.5, the claim follows. O
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Now finally, we are able to prove the central result of this section:

Theorem 5.3.6. Let Ky satisfy (K1) and (K2). Then (L, FC,"(Bw)) is essentially m-dissipative
on H = L*(p).

Proof:

As mentioned above, we only need to show that (I — L)(FC,’(Bw)) is dense in H, since
Lemma 5.2.5 provides dissipativity of (L, FC, (Bw)). Let g € FC;°(By ), then there is some
n € N such that g € FC;°(Bw, n). As before, we extend g trivially to FC,° (B, mX(n)), so that
we can assume n = m~X(n). Let @g € C'(R" x R"™) be such that g(u,v) = o(pYu, pYv) for all
(u,v) € W and let ¢ > 0. Then

0~ D)f - gl = [V (1~ L) f(PYu, PYv) — (P, PYv))° ju(d(w.))

= /Rn R ((I - Ln)(Pf(x’ y) - (Pg(x, )/))2 ,u"(d(x, y))
- Lowy

for all f € FC;°(Bw,n) with corresponding ¢ ¢ € C;°(R" x R"). Due to Proposition 5.3.5, there
is some h € C;°(R" x R") such that [(I — Ly)h — @gl2(um) < €. Setting fi,(u,v) = h(pYu, pYv)
yields fi, € FCp’(Bw,n) with |(I = L) fo — gl12¢s) < €. Since FC;’(Bw) is dense in H, this proves
that (I — L)(FCy°(Bw)) is dense in H. m

5.4 Hypocoercivity

Throughout the remainder of this chapter, we assume (K1) and (K2) unless specifically stated
otherwise. In that case, the operator (L, FC;’(By)) as defined in Definition 5.2.3 is dissipative
and therefore closable on H = L?(u) (see Lemma 1.2.16), and its closure (L, D(L)) generates an
sces (T;)>0 on H by Theorem 5.3.6.

As in Chapter 4, we restrict the setting to the Hilbert space H® := {f € H : pu(f) = 0} and
operator domain D := FC;°(Bw) n H’.

Proposition 5.4.1. The operator (L, D) is essentially m-dissipative on H and its closure, denoted
by (Lo, D(Ly)), generates a sub-Markovian sccs (T} );so on H°.

Proof:

Similar to the proof of Lemma 3.6.1, it can be shown that (L, 7C,°(Bw)) is an abstract diffusion
operator, which implies that it is a Dirichlet operator and that (T;);>¢ is sub-Markovian. Due
to Lemma 1.3.3, (T;);>¢ is conservative and p-invariant, since 1 € FC,°(By) and L1 = 0 by
Lemma 5.2.5. The latter further implies that Lf € H® for all ZC;°(By ). All this together means
that (L, D) and the restriction (T?);>o of (T;);>0 to H® are well-defined as operators on H°.
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Dissipativity of (L, D) is inherited from (L, FC;°(Bw)), and the dense range condition can be
verified as follows: Let f € H?, then there is a sequence (f;)new in H such that (I — L) f, — f in

H. In particular, u(f,) = p(f) = 0, so by setting g, = f, — u(f,), it follows that (I — L)g, — f
since L acts trivially on constants. Since g, € D for all n € IN, it follows that (L, D) is essentially
m-dissipative. As in the proof of Theorem 4.1.10, its closure (Ly, D(Lo)) is the generator of
(T?)1>0, which is sub-Markovian since (T} ) is. o

Definition 5.4.2. Let H = H{ & Hy, where H; is provided by the orthogonal projection
PiH S HL fropf= [ fo)m)
w

For any f € H, we can interpret P f as an element of L%(y1;), in which case we denote it by fp.
Further let (Sy, D(S,)) and (A, D(A)) be the closures in H° of (S, D) and (A, D), respectively.

Since we want to use the results from [ ], we also define the following operators analogously
to the cited source:
Definition 5.4.3. The operators (C, D(C)) and (Q;'C, D(Q;!C)) on H? are defined by
C = KnQ; 'Kz, D(C) = {u €U | Kipu € D(Q; )}
Q'C = Q'K Q; 'K, D(Q;'C) = fu € D(C) | Cu € D(Q; )},
respectively. In particular, FC;°(By) is a subset of the domain of both operators.

For all f € FC;°(By), define N f(u) = tr[CD? f(u)] — (u, Q7 'CD f(w))y for allu € U.

In order to gain useful properties of N, we need the following:

Assumption (K3). The operator K, K;; = K{,Kj2 is positive-definite on U.

We collect a few properties of the newly defined operators:
Proposition 5.4.4. Let (C,D(C)) and (Q;'C, D(Q;'C)) be defined as above. Then:
(i) (C,D(C)) is symmetric and positive semi-definite on U.
(ii) (C,D(C)) leaves U, invariant for each n € IN.
(iii) If(K3) holds, then the operator (N, FC;°(By)) is essentially self-adjoint on L*(U; ).

Proof:
(i) Let uy,uy € D(C). Then

(Cuy,u2)y = (Q; 'Kizuy, Kiatiz)y = (Kiur, Q 'Kizuz)v = (ug, Cuz)

due to symmetry of Q,! and definition of Ky;. Since Q,"! is positive-definite, positive
semi-definiteness of C follows immediately.
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(ii) Since Kj, maps U, to V,, K1 maps V;, to Uy, and Q5 ! leaves V,, invariant, the claim follows
directly.

(iii) This can be proven analogously to Theorem 5.3.6, since the matrices in R induced by
C are constant with positive eigenvalues, which allows usage of Theorem 3.3.1 by point
(i). Even though N might be unbounded, it is well-defined on FC;°(By) within L2(U; ),
and dissipativity is implied by the integration by parts formula from Lemma 5.1.7. i

As a consequence, we gain the following estimates, see [ , Theorem 2]:

Lemma 5.4.5. Let (K3) be satisfied, then

/U (CDf,Df)ydy; < /U (I-N)f)?*dyy and (5.4.1)
/U(Q11CDf, CDf)ydp < 4/U((I ~N)H)*dp (5.4.2)
for all f € FC(By).
The following is now a collection of results from [EG21]:

Proposition 5.4.6. Let (K3) be satisfied. Then:

(i) H{) - D(So) with Sg o P = 0.

(ii) P(D) C D(Ay) and AyP f(u,v) = (—v, Q5 'K12D1(Pf)(u,v)) for all f € D, (u,v) € W.
(iii) PAoPf =0 forall f € D.

ASPf =) (0,0 Kiadi)v(v, Oy 'K12d)a11i(Pf) — (u, Q7' CDy(Pf))y
i,jeN
forall f €D.
(v) Gf = PAZPf = tr[CD3 fp] — (u, Q7 'CD; fp)y for all f € D, and (G, D) is essentially

m-dissipative on H.
In particular, the data conditions (D1)—(D3) are satisfied, and D is a core for the operator (G, D(G))
as defined in Definition 2.1.2.

Proof:

(i) Let f € H. Then there is a sequence (f)nen in FC;°(Bw ) such that f, — f, therefore
fu — p(f) = f in H°. For eachn € N, f, — u(f,) is in D, and clearly P(f, — u(f,)) € D
as well. Since D C D(Sy) and SoP(f, — p(f,)) = 0 for all n € N, we can use that
P(f, — p(fn)) — Pf to obtain that Pf € D(S,) with SoP f = 0, since (So, D(Sp)) is closed.

(i) see [ , Lemma 6 (i)].
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(iii) see [ , Lemma 7].
(iv) see [ , Lemma 6 (ii)].
(v) see [ , Lemma 6 (iii), Proposition 3]. i

In particular, we can define the bounded operator B on H? as in Definition 2.1.4, which acts as
(I = G)"'(AgP*) on D(AgP*). Now we can start verifying the hypocoercivity conditions, where
we start with boundedness of the auxiliary operators BAy(I — P) and BS,. For the first part, we
directly obtain from [ , Proposition 6]:

Proposition 5.4.7. The operator (BAo(I — P), D) is bounded, so that the second inequality in (H1)
holds with ¢c; = 8.

Now we introduce two new assumptions, which combine with (K3) to yield boundedness of

BS,.

Assumption (K4). Recall (K1) and let K, : V — L£L¥(V) be such that K,(v) = K3, + K2,(v) for
each v € V. Further, let the following hold:

1 _1
(i) There is some CJ, € (0, 0) such that |Q, *K3,Q, *lzor) < C3,.

(i) There exists some Cy, € (0, o) fulfilling

_1
107 K5, (0)Q, * .oy < Csy
forallveV.

In particular, this implies that

_1 _1
10, * Ka2(0)Q;, 2l vy < Caz = Cy + yJA21Chy
for all v € V, where A3 ; denotes the largest eigenvalue of Q.

Assumption (K5). Let (A2,)new denote the sequence of eigenvalues of Q,, and recall the as-
sumptions on 9;K, from (K2). Assume that the sequence (a2?),en with ¢2? .= NX (n)()tz,n)_%
is an element of £#(R), and set Moy := [(2*)pen| 2

Proposition 5.4.8. Let (K3), (K4) and (K5) hold. Then (BSy, D) is a bounded operator on H, and
the first inequality in (H1) is satisfied for

c1 = ng + ngxltr[Qz] + M22\/8(1 + tI‘[Qz]).
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Proof:

We prove this analogously to Proposition 4.1.5. So let f € D and h € D(Sy) be arbitrary. Then
by definition of D(Sy), there is a sequence (h,)nen in D such that h, — h and Sph, — Sph in
H° as n — oo. Fix some n € N, then

(Sohns AoP f)ypo = [V (Daha(t, ), Koo (0)D3AoP f(u, )y 1(d(u, 0))
. / / (Doha(t,v), Koo ()05 KrzDs fow))y (d(u, ) (5.43)
UuJv
== 3 [ [ oauhalu o) anlode 07 KD fod ().

keN

Here, the first equality follows from the representation of S in Lemma 5.2.5, the second equality
follows from Proposition 5.4.6 (ii), and the last line is due to symmetry of K;,(v) for any v € V.
Note that the sum there is finite due to invariance properties of Ky; and Kj2. Applying integration
by parts (see Lemma 5.1.7), we obtain

(Sohws AP fypo = 3 /U /V M@K (0)er, 05 KuoDy fo(u))y du

keN

- Z /U/V(U, Q; 'ex)vhn(ex, Koo ()Q; ' K12D1 fp(w))y dp

kelN
= (hn: Tf)Ha

where T : D — H is defined by

Tf =Y. (0kKa2()ex, Q5 'K12D1 fo())y — (v, Q5 ' Koo (0)Q; ' K12Ds fp(u))v

keN

Note that T f is indeed in H, since all appearing sums are finite and vy € L%(y,), together
with the properties of Ky3. Moreover, since 1 € FC;°(By), it follows analogously to (5.4.3)
that u(Tf) = (1,Tf)g = (S1,APf)y = 0,s0 Tf € H°. Now letting n — oo, we see that
AP f € D(S) with S{APf =Tf.

This means that we are able to apply Lemma 2.4.4, so we set g := (I — G) f. We need to show
that there is some C < oo such that

I(BSo) gler = 1S5 AP flr = IT fler < Clgl (5.4.4)

holds for any choice of f.

103



5 Langevin dynamics with multiplicative noise on infinite-dimensional Hilbert spaces

Due to Corollary 5.1.3 and (K4), we have that
(v, Q5 K35 Q5 ' KiaD fedv Iy = /J (K207 'Ki2D1 fo(u), Q5 ' K35Q; ' Kia Dy fo(u))y s (du)
- A ((Q; K0, )20, *KiaD: o, O *KizDi frdy dp
< (Ch)? /U (CD1 fo Dy fov djn < (C)? [J (L~ NYfo)? d
— (D /U ( /V 1-G)f dm)z dpn < (ChYlgl,

where we applied the estimate from (5.4.1). On the other hand,
11
(v, Oy ' K3 (@)Q; ' Ki2D1 fr(w)v [y < [V ol 1(Q; ' K32 (0)Q; *)Q, * Kiz2D1 fo(wlyy du
< [ W3 10, KD fwl du

:(ng)z/v‘”l)”‘z/ dpy /U(CDIfP:leP)V duy

< (C3,)” trl Qo] lgly,
again by (K4), Corollary 5.1.3, and (5.4.1).

(5.4.5)

This shows that the second summand of T f can be bounded relatively to g.
For the first summand, note that we can find some ag;)(v) € (0, o) such that
Qz ZakKZZ(U)ek = Uy (U)ek
for all k € IN. Then
_1
(kKoa(0)er, Q' KizD1 fow))y = ) (0)(ex, Q; * KizDs fo)y,

so since &SP (v) < a2(1 + [o]f*®) < 2a22(1 + |o]) by (K5), it follows that

keN keN

2
<Z(akK22(U)ek> Q;lKllefp(u»v) < aMZ,(1+ P)* ) (e Oy  KyaDy fo(w)e.

Note that the right hand side factorizes into the u- and v-dependent components, so integration
over i yields a product of integrals with respect to p; and .

Since (1 + [v])? < 2(1 + |v|?), we obtain

2
/W (Z(akKZZ(U)ekaQz_lKllefP(u))V> du

keN

_1
< 8M(1 + tr[0,]) /U 105 KioDi folfs ds.

104



5.4 Hypocoercivity

As in (5.4.5), this shows that the first summand of T f can also be bounded relative to g. Overall,

Wwe can see
IT flis < (€3, + ChoirlQa] + Moz JB(1 + 21Q2D)) Ll

This means that (5.4.4) holds for C = ¢; as claimed, and Lemma 2.4.4 proves that c; is indeed an
upper bound for the operator BS,. i

Remark 5.4.9. In the proof, we have always used (CD; f,, D1 f,,)u as a bounding term, in order
to apply the first inequality from Lemma 5.4.5. It seems clear that by involving eigenvalues of
Q; into the assumptions (K4) and (K5), we can leverage all the invariance properties across
finite-dimensional subspaces to instead use (Q; !CD fp, CD fp)y as a bound. In either case, the
aforementioned Lemma enables us to the bound all terms relatively to g. However, since this
would make K3, also dependent of Q4, it doesn’t feel natural to assume, and would introduce
more confusing notation, hence we skip it here.

Now that the first hypocoercivity condition is proven, we are left to show (H2) and (H3). For
this, we assume modified Poincaré inequalities based on K3, and Kj.

Assumption (K6). Assume that there is some cg € (0, ) such that

/ (Kos@)Da f. Da v dpiz > cs / (F = ma( ) du
Vv 14

for all f € FC;°(By).

Assumption (K7). Assume that there is some ¢4 € (0, o) such that

/(Qz_lKllef: Ki2D1 f)y dpy > CA/(f —m(f)* d
U U
for all f € FC;°(By).

Remark 5.4.10.

(i) Recall KJ, from (K1), and let A,; denote the i-th eigenvalue of Q,. Then due to Lemma 5.1.8,
we have

/ (0uDsf. D2 f)y dpiy > Aoy / (f = p(F)Y dp
174 174

for all f € FC,°(By). So if there is some w3, € (0,0) such that /12 > wya for each
k € IN, where A{ denotes the eigenvalue of K3, to the eigenvector e, then (K6) holds with

—

€s w22

(ii) Similarly, if there is some w12 € (0, %) such that /1%2),( > w12 kA2 for all k € N, where
A2k denotes the singular value of Kj, to dg, i.e. Ki2dx = A1z ek, then (K7) holds with

- M

CaA o1z
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5 Langevin dynamics with multiplicative noise on infinite-dimensional Hilbert spaces

(iii) In the case of (i), together with (K4), we can see that in the sense of eigenvalues, Ky,
is “equivalent” to Q,. This is not surprising, since in the case Ky;(v) = Q, for allv € V,
the symmetric operator S interpreted on L?(,) is the well-known Ornstein-Uhlenbeck
operator from Malliavin calculus, for which hypercontractivity results are known, see for
example [ ] for an overview. As can be seen in [ ], hypercontractivity of the
semigroup yields exponential convergence to the equilibrium measure.

Under these conditions, we can easily verify macroscopic and microscopic coercivity:

Proposition 5.4.11. Let (K6) hold. Then Sy satisfies (H2) with Ay, = cs.

Proof:
Let f € Dandset f, = f(u,-) — Pf(u) € FC;°(By) for any u € U. Then p,(f,) = 0 and
D, f,(v) = Dy f(u,v) for allu € U, v € V. By (K6) and Lemma 5.2.5, it then holds that

cs /U /V fidpa dp < A A (K22(v)D2 fy, D2 fu)v dptz dpsy
A/(Kzzsz, Dy f)y dp. = =(Sof, o

eslT = P)fI

Proposition 5.4.12. Let (K7) hold. Then A, satisfies (H3) with Apy = ca.

Proof:
Let f € D, then fp € FC;°(By) with p1(fp) = 0. By using (K7), then Corollary 5.1.3, and finally
Proposition 5.4.6 (ii), it follows that

calPflE = ca /Ufzi2 dy < L(Qz_lKllefP,KllefP)V dm
= //(U, Q;'K12D1 fp)s dz iy = |AoP f 0.
vJv

The main result of this section is now immediate:

Theorem 5.4.13. Let the conditions (K1)—(K7) hold. Then the semigroup (T;)>0 on H = L?(p)
generated by the closure (L, D(L)) of (L, FC;°(Bw)) is hypocoercive in the sense that for each
0, € (1,0), there is some 0, € (0,00), which can be explicitly computed from cs, ca, and the
bounds Msy and Cas, such that

IT:f = 1Dl < 017 N f = u(Plly
forall f € H andallt > 0.

Proof:
Follows as in the proof of Theorem 4.2.10 from Theorem 2.2.1. i
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5.5 The associated stochastic process

5.5 The associated stochastic process

As in the finite-dimensional case, we want to find an associated stochastic process by using
generalized Dirichlet forms. However, in order to prove quasi-regularity of the form, we need an
&£-nest of compact sets. In R?, we used the ascending sequence of closed balls around the origin
with radius n € N, the analogue of which are not compact in W by Heine-Borel. So we instead
consider the weak topology 7 on W, i.e. the topology corresponding to weak convergence.
The Banach-Alaoglu theorem then implies that B,(0) C (W, | - |w) are compact with respect
to 7. We need to make sure that this change in topology still satisfies the restrictions on the
considered spaces to apply Theorem 1.3.31.

Definition 5.5.1. Let 7 denote the weak topology on W. Then B(W7) denotes the corresponding
Borel-o-algebra and the space of continuous functions from (W, 7") to R is denoted by C7(W).

Lemma 5.5.2. The topological space (W, T) is a Lusin space, and in particular Hausdorff. Moreover,
BW) = BWr) = o(C7(W)), and f € Cr(W) implies f € C*(W). In particular, H =
LX(W,BW), n) = L*(W, B(W7), 1) is separable.

Proof:

Let w,z € W be distinct points, then (w,v)y # (z,v)w forv = w — z. Let U, U, be open
neighborhoods of (w, v) and (z, v) in R that separate these points. Clearly the map (-,v) : W — R
is continuous with respect to 7, so the pre-images of U,, and U, are open in 7 and disjoint, so

(W, T) is HausdorfT.

LetI : (W,| - |w) — (W, T) denote the identity map. Since a norm-convergent sequence in W
is also weakly convergent, we get that I is continuous, so (W, T) is the image of a Polish space
under a continuous map, hence Lusin.

Clearly the weak topology is a weaker (smaller) topology than the original one, since every
weakly closed set is also strongly closed. This then implies B(W7) C B(W). For the other
direction, we note that as above, the closed e-balls are weakly closed sets, and therefore in

B(W7). Since then B.(w) = |J,en B,_1(w) € BW7T), we get B(W7) 2 B(W) since B(W) is
generated by the open ¢-balls, as (W, | - |w) is separable.

o1

Clearly B(W) = o(C°(W)), since the norm is continuous. Since 7 is weaker than the standard
topology, the notion of continuity for real-valued functions is stronger, so that o(Cr(W)) C
B(W). Since the maps (-, w;)w are continuous with respect to 7 for all w; € By, the same holds
for the compositions

Naw) = Na(u,0) = Y (w,d)f + Y (v, &)} = I(PYu, PYv)lE,  forw = (u,0) €W

i=1 i=1

for all n € IN. This implies that for any w € W, ¢ > 0 and n € N, the set

Ben(w) = {z = (w,0) € W | |(B; u, P, v)[fiy < ¢}
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5 Langevin dynamics with multiplicative noise on infinite-dimensional Hilbert spaces

is in 7, which shows that

B.(w) := ﬂ Ben(w) € B(W) forallwe W, e > 0.
nelN

—_—

One can observe that B,(w) C B.(w) C B.(w) for any ¢ > 0, w € W, which therefore finally
yields

Bi(w)=| ) B,_i(w) S BW)  foralle >0, weW,
nelN "
which proves the claim as above. Lastly, separability of H follows from denseness of FC;°(Bw ),
since that implies denseness of FC:°(By ), so that Lemma 1.5.1 can be applied to FC.°(By, n)
for each n € IN. i

This means that we are in the appropriate setting of Section 1.3.2 while still being able to use
the results obtained earlier about the operator (L, FC;’(Bw)) and the semigroup (T;);>o on H
generated by its closure (L, D(L)). We only need to pay attention to the topology whenever we
refer to continuity of functions defined on W.

Remark 5.5.3. Due to the proof of Proposition 5.4.1, we know that (L, D(L)) is a Dirichlet
operator, so that £ as defined in Theorem 1.3.13 yields a generalized Dirichlet form on H. Since
the generator core 7C;’(By ) consists of finitely based continuous bounded functions, which
are in particular 7 -continuous, we can see that 7C;’(By ) satisfies the conditions on ) in
Theorem 1.3.31 as well as those on D in Definition 1.3.23 (ii). For point (iii) of quasi-regularity,
we can use the fact that C.°(R"” x R") is separable with respect to the supremum norm for
each n € IN, so there is a countable subset A, that separates the points of R” x R". The set
Ay o (pY, p)) of elements from A, composed with the projections then separates points of W,.
Taking the union over all n € IN, we end up with a countable set in FC.°(By ) € D(L) consisting
of T -continuous functions that separates points of W.

Therefore, all that remains to show quasi-regularity of £ is to prove that F, := B,(0) defines an
E-nest. For this, we employ the strategy used in [ , Lemma 3], and consequently assume
the following:

Assumption (K8). There is a function p € L'(W; i) such that for each n € N, p, defined via
pn(u,v) = p(PYu, PVv) is also in L'(E; i) and converges to p there as n — oo, and such that

(Prllju, Qf1K21P,YU)U - (Q51K12Pgu, P,YU)V < pu(u,v)
foralln € N and (u,v) € W.

Remark 5.5.4. In the special case that U = V and Q; = s, this is satisfied for p = 0. Otherwise,
the invariance properties of Kj; imply that

(PYu, Q7 K1 P v)y — (Q5 'Ki2PY u, PV v)y = (PYu, (Q7 'Ka1 — K21Q5 Py v)y.
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5.5 The associated stochastic process

In the notation of Remark 5.4.10, if /112’1((/11,1( — /IE}C) is bounded by a uniform constant C for all

k € N, then p = %ll - |2, satisfies (K8). This holds in particular if A5 5 < % min{A; , A5} for all
k € IN.

Proposition 5.5.5. Let (K1) —(K8) hold. Then the generalized Dirichlet form £ is quasi-regular and
there is a pi-tight special standard process M on (W, T") which is properly associated with £ in the
resolvent sense.

Proof:

Let F, == {w € W : |w|w < n} for each n € IN. We have to prove that (F,)nen is an E-nest.
For notation purposes, we write N(u,v) = (4, 0)[3, and N,(u,v) = N(P{u, P)v) for n € N.
Moreover, we only consider those n € IN that satisfy n = mX (n), which provide an increasing
sequence. Using a sequence of cutoff functions as in Remark 1.4.8, we see that N, € D(L) with

1 - _
LN (w,0) = trl Koo (P 0)] + > (9;Ka()ej, Py v)y — (Py v, Q5 ' Kaa ()P v)y
j=1

— (PYu, Q7 K1 Py v)u + (P v, Q5 ' K12 PY )y
n
> Y (9K ()es, Py v)v — (Py v, Q5 Kao(0)P) 0}y — pu(u,v)
j=1

By (K4), it follows that
[(PY v, Q5 ' K2 (0)P) )y | < Caa| Py 0],

and since 9;Kz2(v)e; = a;(P) v)e; for some suitable a;(Py v) and all 1 < j < n, (K5) implies that

n
> (9K (v)ej, P) v)y
j=1

n
< Yl v)les. Yoy
j=1

< J D |aj<P,¥v>|2J (e 0%
j=1 J=1

< 2(1 + [Py vlv)IPy vl

< 24 A0 1 Mop(1 + ||P,‘1/U||V)2
< 44 Ap 1 Myp(1 + ||PXU||XZ/)

where A;; denotes the first (and largest) eigenvalue of Q,. While being a crude bound, this
means that, when setting

g(u,v) = N(u,v) + 2p(u,v) + 8+ A2 1 Ma2(1 + [0[})) + 2Cz2[0l,
and defining g,(u,v) as g(PYu, PV v), we get

(I — L)N,y(u,v) < gn(u,v) (5.5.1)
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5 Langevin dynamics with multiplicative noise on infinite-dimensional Hilbert spaces

for all (u,v) € W and n € N with n = mX(n). Clearly g € L'(y) and g, converges to g in L!(p).
As seen in [ , Lemma 1.3.11], since p is a probability measure, the operator (L, D(L)) is
essentially m-dissipative in L!(1) and generates a sub-Markovian sccs (T}!);so on L!(¢) with
corresponding sub-Markovian resolvent (G )0, which coincides with the L2-resolvent (G )4>0
on L%(y). Applying this resolvent to both sides of (5.5.1), we obtain N,(u,v) < Gl g,(u,v), and
by convergence as n — oo, we see that N(u,v) < Glg(u,v) for all (u,v) € W.

As in the proof of [ , Proposition 5.5], this implies that

aGaHg% = aGéHg% < g% for all « > 0,

so that g == g% is a 1-excessive function in H as defined in Definition 1.3.14, which dominates N.

In particular, for any n € IN, we see that 1 < %N < %g

In the context of Proposition 1.3.19, choose ¢ = 1 € H and therefore h = Gy¢ = 1. For any open
set U, it follows that hy = ey,. Then for the corresponding capacity, we get

1
Cap(p(F,f) = (hge,©)n < = (&, Dr foralln € N,
n

since g, < 1§ by definition of the 1-reduced function. Clearly, this means that Cap,,(F; ) = Oas
n — oo, so that (F,)qeN is an E-nest of T-compact sets by the last statement of Proposition 1.3.19.

This together with Remark 5.5.3 shows that all requirements to apply Theorem 1.3.31 are satisfied,
which yields the associated process as claimed. o

Next, we verify some properties of the paths.

Proposition 5.5.6. Let M = (Q, F, (F)>0, (Xt, Y0, (Pw)wew,) be the process obtained by
Proposition 5.5.5 with corresponding life time {. As in Definition 1.3.25, we set P, := /WA P,, p(dw).
Then (X;,Y:)i>o has infinite life time and weakly continuous paths P,-a.s. In particular, (X;,Y;)i>o
is a p-invariant Hunt process.

Proof:

Let P, be the probability law on D([0, 0); W, ) obtained as the image measure under the orbit
maps from the process, as seen in Lemma 1.3.36. Then P, is associated with the semigroup
(T})t>0 in the sense of Definition 1.3.35. By Lemma 1.3.39, it follows that the coordinate process
(Z1)1>0 has P,-almost surely T -continuous paths up to its life time. Since (T});>o is conservative
and p-invariant, the same holds for P, via Lemma 1.3.41. Since IP,, describes the distribution of
paths of (X;,Y;)i>o with initial distribution P, the claim follows. o

Remark 5.5.7. As a direct consequence of Lemma 1.3.38 (see also [ , Proposition 1.4]), we
see that for any f € D(L),

Mt[f]’L = (X, Yy) — f(Xo,Yo) — /Ot Lf(X;,Ys)ds
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5.5 The associated stochastic process

is P,-integrable and describes an (F;);>-martingale. Moreover, if f 2 € D(L) with Lf € L*(p),
then

NIV = Py - / LY, - FLAG Y ds, 130,
0

describes a martingale as well.

We use the following functions to evaluate our process:

Lemma 5.5.8. Foranyi € IN, define f;, g; via

W 3 (u,v) = fi(u,v) = (u,d))u €R,
W 3 (u,v) = gi(u,v) = (v,e)v €R.

Then f, gi, £, g* are in D(L), L(f?), L(g?) € L*(1) and we have that

Lﬁ(u, v) = (v, Qz_lKlzdi),
L(f)(w,0) = 2fi(u, )L fi(u,v),
Lgi(u,v) = (0:K2()er, v — (v, Q5 'Kazo(v)e)v — (u, Q7 'Karei)u,
L(gig/)(u,v) = 26;j(e;, Ko2(v)e)v + gi(u, v)Lgi(u,v) + g;Lgi(u,v)

forall (u,v) e W.
Proof:

This follows by using a sequence of cutoff functions for each f; or g, and using that since

(v, Qz_lngei) < Cy2(v, €), all occurring coefficients are bounded, and we can integrate in the
respective finite-dimensional spaces over y, where the identities are in any L?. O

We summarize the implications of the above in the following:

Proposition 5.5.9. Let (K1)—(K8) hold. Then the process (X;,Y; )i>o associated with E solves the
martingale problem for (L, D(L)). Moreover, for any i € IN, we have that the real-valued processes
(X))i> and (Y})i>o defined by X! = (X;,d;)y and Y} = (Y, e;)v have continuous paths P,-almost
surely and satisfy

t
th — X(; = / (YSS Qz_lKlzd[)V dS and
y t (5.5.2)
Y, -Y) = / (0iKa2(Yo)ei, e)v — (Y, Q5 ' Koo (Yo)e )y — (Xs, Q7 'Karen)y ds + Mt[gi]’L
0

with (Mt[gi],L)t20 being a continuous martingale such that for i, j € IN, we have

[MlsME MIBILY, = 26, (i, Koo (Yo)er)y.
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5 Langevin dynamics with multiplicative noise on infinite-dimensional Hilbert spaces

Proof:

The statement about the martingale problem was already mentioned in Remark 5.5.7. From
Proposition 5.5.6, we know that (X;,Y;);>o has P,-a.s. weakly continuous paths, which implies
continuity of the coordinate processes (X/);> and (Y;);> as defined.

With the definitions from Lemma 5.5.8, we see that X! = £(X;,Y;) and Y = gi(X;,Y;). From the
statement of the Lemma itself, we see that

t
Mt[fi]’L = th — X(l) - A (YS> QZ_IKlzdi) ds

and Nt[ﬁ]’L = (Mt[ﬁ]’L)z, which implies [M LA1L], = 0, hence Mt[ﬁ]’L = 0. This proves the first
line in (5.5.2). The second line follows analogously, and the representation of the quadratic
covariations follows by evaluating %(l\lt[gi+gj M l\lt[gi]’L - Nt[gj ]’L). Note that in the definition of

Mt[gi ]’L, it holds that all terms featuring K,2(Y;) can be replaced with Ky, (Py Y;), where n = mX (i),
which ensures continuity of the martingales. i

Next, we want to prove that the process is also a weak solution in some sense of an infinite-

dimensional stochastic differential equation. For this, we need to construct a suitable cylindrical

Brownian motion on V/, such that we can express the process described by M) = ¥, Mt[gi]’Le,-

as a stochastic integral of /K3, similarly to Proposition 4.3.4.

Lemma 5.5.10. For each k € IN, define the real-valued stochastic process ﬁ(k) via

1 b1
0= 5 | A ante
0

Then (B%)ren is an independent sequence of one-dimensional Brownian motions.

Proof:
Let k € N and choose n > k such that n = mX(n). We set Mt(n) = (Mt[gl]’L,...,Mt[g”]’L) and

-1 1
ZE") = diag(Ayy 1 (PY Ys), ..., Ay7n(Py Yy)). As in the proof of Proposition 4.3.4, it follows that
t
B = / =™ dm™
0

is an n-dimensional Brownian motion, since (Ksze;, €;)y = Agz; for all i € IN. Clearly, the k-th
component of Bg") is just ,Bt(k) , independently of n. In particular, {1, ..., f™} is independent
for any n € IN. O

Now we fix some T € (0, ) and define the process (B;);eo.r] on V via

B; = Zﬂfk)ek, l e [0, T]
k=1
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5.5 The associated stochastic process

This is a cylindrical Brownian motion on V as defined in [ , Proposition 2.5.2], as can be

1
seen by choosing | : V. =V, J .= QJ, since then

B =Y e
k=1

defines a Q,-Wiener process on V.

1
Definition 5.5.11. Set V;, := Q;V and equip it with the inner product
1 1
(a,b)y, = (Q,%a,Q, *b)y forall a,b € V,,

1
which makes V; a separable Hilbert space with orthonormal basis (QZ ¢;);en. Define £ =
L5(Vy; V) as the Hilbert space of Hilbert-Schmidt operators from V; to V. Further let

Ar=ofY : [0,T] xQ — R |Y is left-continuous and (F;),e[o]-adapted.}
If a process X : [0,T] x Q — L9 is Ar-B(L)-measurable, it is called predictable.
Lemma 5.5.12. The process /K22 (Y;)J 1, t € [0,T], is £L3-valued and predictable.

Proof:
For each v € V, we have

Z(\/Kzz(v)]_le% €is \/Kzz(v)]_le% ey < Coa tr[Qo]

ieN
due to (K4), which implies that \/Kz,(v)J ! € L3(Vy; V) for any v € V. Moreover,

A= (VK ()] 7 Qf € KoY Q5 )y = (Koa(Pyc Yodeis ey
is continuous and (F;)sc[or]-adapted for any i € IN. Fix some £ > 0 and set
B = {(t’ w) € [03 T] x Q | ” \ KZZ(Yt(w))]_IHLg S 5},
as well as By = {25?21 A; < €} € Ar for each k € N. Then B = (e Br € Ar as well. It is

easily seen that similarly, all pre-images of closed e-balls in £5 under /K2, (Y.)J ! are in Ar, so
that the process is indeed predictable, since L is separable. i

By [ , Section 2.3], this means that | Ky5(Y;)J ! is integrable with respect to the Q;-Wiener
process (B?Z)tE[O,T], which implies that /K2, (Y;) is integrable with respect to (B;);e[o.r] with

I(NK2(Y)) = /0 VK22 (Y) dBg = /0 JK2(Y;)] dB
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forallt € [0,T]. By applying [ , Lemma 2.4.1] for the operators p; : V — R, p;(v) = (v, )y,
we see that

V2UKn), ey = V2 /0 (VK@) " ey dBY: = 2 /0 Ay (V)

1L

due to the invariance properties of K»,(v) for any v € V, which evaluates to Mt[gi by definition

of fD. Together, we obtain

t
M = ZMt[gi]’Lei = A K22(Y;) dBs. (5.53)

i€eN
As a result, we get the following:
Proposition 5.5.13. Let (K1) —-(K8) hold and consider the following It6 stochastic differential equa-
tion for (X, Y;)r>0 on W:
dX; = K1 Q; 'Y, dt

- B _ (5.5.4)
dy; = Z 0iKa2(Yr)e; — Koo (Y1)Q5 'Y: dt — K1207 ' X, dt + [2Kz5(Y;) dBy,

i=1
where (By)i>o is a cylindrical Brownian motion onV.

Then the process (X;,Y;);>0 on (Q, F, P,) associated with £ is a weak solution of (5.5.4) in the
sense that there is a cylindrical Brownian motion (B;);>o on V such that (5.5.4) holds in each
component, i.e. evaluated by any (-,(d;,0))w or (-, (0, e;))w for i € N. Moreover, the transition
semigroup (py)i>o of (Xi, Y)i>o is hypocoercive with the rate computed in Theorem 5.4.13, which
shows exponential convergence of the weak solution to the equilibrium described by the invariant
measure Jl.

Proof:

The componentwise statement follows from Proposition 5.5.9 since for example

t t
(X, di) — (Xo,di) = X; — Xy = / (Ys, Q; 'Ki2di)y ds = / (K210; 'Yy, di)y ds,
0 0

together with the representation of Mt[gi]’L as (M), e;) = ( /Ot \K22(Ys) dBg, €;)y from Equation
(5.5.3). By association, (p)r>¢ is a p-version of (T;);>o, and therefore also satisfies the estimate
from Theorem 5.4.13. m]

Corollary 5.5.14. The componentwise statement above can be extended in the following way: It
holds Py-a.s. for anyt € [0,00), 3 € D(Q;'K13) and 0 € D(Q;'Ky;) that

(X, 9) = (X0, 9) + /[ 5,05 Kiat) s,
0,t

(%, 0) = (Yo,0) + / ( 9iK2(Yy)e;, 9) — (Y5, Q3 'K220) — (X, Q7 'K210) ds
1

[0.t] \ =

+ (V2K22(Y;)B;, 6).
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5.6 A short example

The proof follows analogously to the corresponding proof of [ , Theorem 5], since all occurring
terms are well-defined due to (K4) and (K5). Note that in particular, we need not assume that
0 e D(Qz_lKZZ(U)), since ”QZ_lKgg(l))”L(V) < Cyy fO?‘ allveV.

5.6 A short example

Here we give a quick example for a specific choice of U = V, Q1 = Q», Kj2 and Ky, such that all
conditions (K1) -(K8) are satisfied, so that all previously obtained results can be applied. This
specific choice is motivated by the example used in [ ].

Let U = V = X = L%((0,1);R;dx) and consider the negative Dirichlet Laplacian —A on X,
which is defined by

D(A) = Hy*((0,1)) n H*%((0, 1)), —Af:=—f" forall f € D(A).

Then we choose Q; = Q, = (—A)~! with the corresponding orthonormal eigenvectors dj =
ex = 2 sin(rk-) to the eigenvalues Ay x = Ay = ﬁ Evidently, Q; and Q, are symmetric and
of trace class, so that there exist corresponding Gaussian measures p; and py on (U, B(U)) and
(V,B(V)), respectively.

Now we choose Kj; by specifying its eigenvalue functions Az, @ V — R. Let co, ¢, € (0, ) be
constant. For each k € N, let f € (0,1), g € C;(R; [0, 0)) and ;. € C;(]Rk; [0, )), and define

A2z (V) = codok + Vi (fpk(lgé lprvlPetty + lﬁk@;,;% o v)) ,
where \
B c,,/lzz)k
oo + Wiler

Then we see clearly that coAyx < Appx(v) = )Lzz,k(P]Yv) < (o + JAz16) Ao forallk e N,v € V.
Moreover, for i > k, we have 9;A5x(v) = 0, and for 1 < i < k, it holds for all v € V that

|0iA22 (V)| = A;EYk ‘Pi(Az_JE |P1¥U|ﬁk+1)(ﬁk + 1)|P1‘</U|ﬂk_1(v, e) + 91'1#(/1;,121’13”)

_1
< Ayt B+ Dviloklco + elen)(1 + [pY o)
< 26,2241 + [P olf}).

Y

Now we simply set Kz2(v)e; := A2, (v)e;, which describes a symmetric positive-definite bounded
linear operator on V as required for Definition 5.2.3. Moreover, (K1) holds for K3, = ¢oQ,, (K2)
is satisfied for mi(n) = n and Ni = ¢,Azx, (K4) holds for CY, = ¢y and CY, = ¢, and in (K5) we

get a?? < c,,/lé,n,
in Remark 5.4.10 holds for wg; = ¢ ! which implies that (K6) is satisfied for cs := ¢y ;. Finally,
we note that at least for the choices Kj2 = I or Kj; = Qp = Oy, the remaining assumptions are
satisfied. Indeed, (K3) is obvious, (K7) follows from Remark 5.4.10 (ii) since A; ; decreases to

zero, and (K8) holds for p = 0 due to Remark 5.5.4.

which describes an £2-sequence since Q is of trace class. Finally, the estimate
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5 Langevin dynamics with multiplicative noise on infinite-dimensional Hilbert spaces

5.7 Outlook

While the result attained in this chapter is overall well-rounded, there are still some unsatisfactory
assumptions that were made, as well as potential for generalization.

We start with the statement on essential m-dissipativity: The proof provided above seems
more like a first step as opposed to a fully generalized argument, as we simply use the finite-
dimensional result from Theorem 3.5.1 without having to modify or approximate the operator.
This is due in one part to the invariance properties of Kz,(v) and Kj, for any v € V but also due
to the other invariance, namely the dependence of Kz, only on P} v when considered on V, at
least for n = mX(n). It seems plausible that this could be generalized at least to depending in a
“very small way” on the remaining components as well. As long as the resulting operator L is
dissipative, the dense range condition could be verified via approximation of finitely-dependent
operators L,. Since the difference (L — L,) f would be estimated by scaled-down second-order
partial derivatives of f, we would need a way to estimate those by (I — L,)f again, in order to
choose the appropriate n only depending on the finitely-based function g we wish to approximate.
In the finite-dimensional case, this was done via Lemma 3.5.4, which allowed the approximating
operators to be chosen a priori for each g. A promising approach seems to be to use the LP-
regularity estimates provided in the recent paper [ ], which provide relative bounds of 9;; f
by L, f depending, in particular, on the dimension. If we make the assumption that the influence
of higher-dimensional components is bounded by a suitably small factor of this relative bound,
then at least the second-order terms could be controlled a priori. However, the derivatives of
K3, would also have to be treated, and in order to formulate adequate conditions, it would be
helpful to provide concrete estimates of the relative bounds, which seems even harder noting
the erratum appended to [ ].

Another way to generalize the operator would be to include an additional potential ® : U — R,
which changes the measure yi; by introducing a density e~®. This was treated for constant
Ky in [ ], where L?-regularity estimates (see Theorem 2 of the mentioned reference) were
instrumental for retaining essential m-dissipativity. These regularity estimates do not hold in
our case, as the derivatives of K3, add terms which are not easily bounded by the remaining
ones. However, in the finite-dimensional setting, similar regularity estimates are proven and
used in [ , Proposition 4.2], so there might be potential for a clever Hélder-Young argument.

Finally, as mentioned in Remark 5.3.4, most statements should still be valid when assuming
a “block-diagonal” structure for Kj» and K,(v), as long as the block size is bounded. While
it would certainly be interesting to consider coefficients without such invariance properties,
most arguments regarding well-definedness and boundedness of occurring sums, as well as the
construction of the cylindrical Brownian motion, would have to change fundamentally.
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