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Thelowestresonantfrequency of acavity resonatoris usuallyapproximatedby the
classicalHelmholtzformula. However, if theopeningis ratherlargeandthe front
wall is narrow this formula is no longervalid. Herewe presenta correctionwhich
is of third orderin theratio of thediametersof apertureandcavity. In additionto
thehigh accuracy it allows to estimatethedampingdueto radiation.Theresultis
foundby applyingthemethodof matchedasymptoticexpansions.The correction
containsform factorsdescribingtheshapesof openingandcavity. They arecom-
putedfor a numberof standardgeometries.Resultsarecomparedwith numerical
computations.

Acknowledgements

Thepaperis basedonideasusedfirst byL. Ronkel1 deriving theclassicalHelmholtz
formula in a rigorousway from thewave equation[12]. We thankS.W. Rienstra2

for somevaluablecomments.Thiswork wassupportedin theframeof theprogram
WirtschaftsnaheForschungof theMinistry of Economy, RheinlandPfalz,Germany.

1 Introduction

A Helmholtz–resonatorconsistsof a large cavity connectedwith the environmentvia a small
aperture.The lowest resonantfrequency doesnot correspondto wavesstandingbetweenop-
positewalls of the cavity. Rather, it is inducedby an alternatingstreamthroughthe aperture
compressingand decompressingthe air inside the cavity. It is called Helmholtz frequency.
HelmholtzandLord Rayleighpredictedthis frequency alreadyin the last centuryassuminga
potentialflow throughtheopening,auniformpressureinsidethecavity andneglectingradiation
losses[13, 11]. They found the Helmholtzfrequency to be proportionalto the square-rootof
thequotientof apertureradiusandcavity volume. Theopeningof theresonatormaybea long
duct,asin caseof a bottle,or just a holein a narrow wall, asin caseof guitars.TheHelmholtz
frequency of a bottle–shapedresonatoris alreadywell predictabletaking into accountonly the
kineticenergy of theair insidetheduct,whichshows auniformvelocityprofile [3].

Thingsbecomemoreinvolvedwith guitar–like resonators,thesubjectof this paper. In par-
ticular, if the radiusof the apertureis not somuchsmallerthanthe diameterof thecavity the

1Lutz Ronkel, softwaredesign& managementGmbH& Co. KG, Ratingen,Germany
2S.W. Rienstra,IWDE, FaculteitWiskundeenInformatica,TechnischeUniversiteitEindhoven,Netherlands
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classicalHelmholtzformulayieldswrongestimatesof thelowestresonantfrequency. Evenfor
cavities with moderateaspectratio theremayoccurerrorsof morethan10%. Theessentialpa-
rameter� thesmallnessof whichdecidesonthevalidity of theHelmholtzformulais thesquare-
root of the ratio of thediametersof apertureandcavity. Theclassicalformula is of first order
in thisparameter. A morerecentapproximationthatappliesstill to arbitrarilyshapedresonators
is of third order[1]. For sphericalresonatorsthe Helmholtzfrequency hasbeenexpandedto
sixth order[2]. Herewe presentan approximationwhich is alsoof sixth order, but appliesto
quiteageneralclassof resonators.In additionto thehighaccuracy it providesthedampingcon-
stantassociatedwith theresonantfrequency. This is necessaryto estimatethepower radiatedor
absorbedby acavity resonator.

Theresultis foundbyapplyingthemethodof matchedasymptoticexpansionsto theHelmholtz
equation.Solutionsof this equationarerepresentedin a differentway andon differentscales
closeto the opening,insideandoutsidethe cavity. The partial solutionsarematchedby ex-
pandingtheminto thesmallparameter� andcomparingtermsof equalpowersof � on thesame
scale.In someaspectsthemethodis similar to theoneusedin [10] solvingelliptic eigenvalue
problemsonsingularlyperturbedregions.

We stressthat the new proceduredoesnot requireany physicallymotivatedassumptions,
e.g. a potentialflow throughtheapertureor anessentiallyconstantacousticpressureinsidethe
cavity. They ariseautomaticallyfrom themethodat thecorrectorderof accuracy.

Thecoefficientsof theexpansionconsistof form factorsdescribingtheshapeof theaperture
and,respectively, of thecavity. They areindependentof thesize.Thisenablesusto treata large
varietyof resonatorsby only a few parameters.In orderto computethesefactorstherehasto
besolvedanintegralequationontheapertureand,respectively, simplePoissonequationsonthe
closedcavity. Explicit expressionsof thefactorsaregivenfor elliptic andrectangularopenings
andfor hemisphericalandrectangularcavities. Moreover, the influenceof the positionof the
openingis investigatedfor cubes.Wefind thefollowing qualitative result.

TheclassicalHelmholtzformulaunderestimatestheresonantfrequency of cavities closeto
a hemispherewith an openingin the centreof the front wall, i.e. resonatorswherethe other
wallshaveasimilardistanceto theaperture(e.g.ahalf–cube).It overestimatesthefrequency of
cavitieswith largeaspectratiossuchaspipes.Finally, wedemonstratethattheapproximationis
in factvalid alsofor largeaperturesby comparingwith numericalresults.

2 Problem

We investigateHelmholtzresonatorswhich areboundedby a narrow planewall in the neigh-
bourhoodof theaperture.We areinterestedin the lowestresonantfrequency andtheradiation
lossesat this frequency. Lossesdueto viscosityor absorptionat thewalls areneglected.Since
we focuson ratherlargeaperturesassumingnarrow walls andaninviscid mediumseemsto be
justified.Thevalidity of therigid wall assumptiondependson thematerialof thecavity.

The Helmholtz frequency and the dampingconstantareclosely relatedto the eigenvalue�������
of the Helmholtzequationsubjectto homogeneousNeumannconditionson the walls

andtheSommerfeldradiationconditionfar away from theopening.�
	�� � � 	 ��
on � (1)��	��� ��
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Figure1: geometry

	43 '65�7 �68 �:9<;>= -@?BA>C is theacousticpressureat position
'

andtime D . TheHelmholtzfrequency E
andthedampingconstantF arerelatedto thewavenumber

�
viaE � GHJI Re

3 �K5 # F � � G Im
3 �K5 #

(4)

where G denotesthe velocity of sound. The interior of the cavity � �MLON PRQ is a connected
boundeddomainwith smoothboundary, i.e. theGaußTheoremshallbeapplicable.In a neigh-
bourhoodof theorigin theboundarycoincideswith thex-y–plane.�.- � N P �TS N P - is theright
half-space.�.- and � � areconnectedvia theapertureUWV �&X 3 ' #ZY�# [5]\ N P Q�^^^ � � � 3 ' #ZY 5]\ U`_ #

(5)

where
U LaN P � is aconnectedboundeddomainwith area

I
andsmoothboundarywhichcontains

the origin. For instance,if
U

is a circle with unit radiusthen
UWV

is a circle of radius
�
. If the

apertureis nocirclewecall
� �cb �9 area

3 U VW5
theradiusof

U V
. Finally, thedomain� consistsof

thecavity, theaperture,andtheexterior:� � � �ed UfV d �g-$/ (6)

Assuming�.- to betheright half-spacemeansthattheresonatoris mountedin aninfinite wall.
However, resultswill remainvalid aslongastheapertureis considerablysmallerthanthepene-
tratedwall.

3 Result

Thepresentapproximationof Helmholtzfrequency anddampingconstantrequiresfiveparame-
tersdescribingthegeometryof theresonator:
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h theradiusof theactualaperture
� �cb �9 area

3 U Vi5
h thediameterof thecavity j � vol

3 � � 5[klh thecapacitancem of thenormalisedaperture
U

with area
Ih thecompactnessn andanotherform factor o describingtheshapeof thecavity.

Theform factorsm , n , and o remainunchanged,if thecavity is blown up. Hence,we have two
independentkinds of parametersfor both, the apertureandthe cavity, onedescribingthe size
andonedescribingtheshape.Theform factorsm , n , and o aredefinedasfollows:m : Let

U
betheaperturewith area

I
which hasthesameshapeas

UWV
andlet prq U ) N P be

thesolutionof theintegral equations
t p 3vu 5w I % x � u %zy�{ 3zu 5$�c|

for all
x�\ U / (7)

Thenthecapacitanceof
U

reads m � |w I
s
t p 3vu 5 y}{ 3zu 5 / (8)

Note that m doesnot change,if the apertureis blown up, aswe consideralwaysa normalised
opening. The expressioncapacitanceoriginatesfrom electrostatics,where(7) is a standard
problem[8]. Therethechargedensity p on theisolatedconductingplate

U
is soughtproducing

aconstantpotential.For instance,if
U

is adiscof radius1 wehave:p 3vu 5$� wI b | � % u % � # m � HI / (9)

Capacitancesof otheraperturesarelistedbelow.n : Let ~ \�� � 3 � � 5 bethesolutionof thePoissonequation� � ~ � HJI� on � �� ~��� � ���� |% '(% on F<� �`�g� }�~ 3 '65�� � 3 % '(%�5 # % '(%*)� #
(10)

where
�

is thevolumeof � � . Thenthecompactnessis definedasn � |j �
s
�@� |% '(% � ~ 3 '65 y ' / (11)

We call n compactnessasit takeson high positive valuesfor hemispheresor half–cubesand
tendsto � + for cavities with very largeaspectratios,e.g.pipes.o�q Let � \�� � 3 � � 5 bethesolutionof thePoissonequation� � � � HJI��� | � jn � |% '�% � ~ 3 '@5B���� ���� � 

on
� � �� 3 '@5�� � 3 % '(%�5 # % '(%*)�

(12)
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where~ is thesolutionof problem(10). Thenthesecondform factoris definedas

o � � |j �
s
� � � 3 '65 y ' / (13)

Note that n and o remaininvariant, if
'

is rescaled,i.e. the form factorsdependonly on the
shape,but noton theactualsizeof thecavity. Valuesof theform factorswill begivenbelow for
severalshapes.

Now we formulatethe main resultof this paper, an approximationof the wave number
�

associatedwith theHelmholtzfrequency. It is of order
3��*� j 5 Q . This turnsout to bethehighest

orderof accuracy whichcanbeachievedsolelywith thefiveparameters
�
, j , m , n , and o .

j ��������| � nw I � � � | ��� n � w o�JI � � � � � �w I �@¡]�(| � n I � � � � � 3 �£¢W5
���c¤ I m �j # E � GHJI Re

3 �K5 # F � � G Im
3 �K5 / (14)

Thedefiningequationof
�

hasbeenmultiplied by j to emphasisits structure.(14) relatestwo
non–dimensionalquantities,on theonehandtheratio of cavity diameterandwave length ¥�:¦:§ ,
andontheotherhandthequotientof apertureradiusandcavity diameter

V ¥ . Theright–handside
is a power seriesin � �M¨ �©� j . Thecoefficientsof theterms �Wª consistof thenon–dimensional
form factorsof apertureandcavity. They have the form « m ª�¬ �®ii ¬ ª , wherethe factors ¬ ;
describingthe cavity arecomposedof n and o andchangewith � , while the factor m of the
apertureis always the same. Therefore,we have includedit into the quantity

�
to make the

representationmoreconcise.Thefirst non–trivial termis of order � for therealpartandof order� ¡ for theimaginarypart.Takinginto accountonly thesetermswe find theclassicalformulaof
theHelmholtzfrequency andaniceexpressionof thedampingconstant:

E � GHJI ¤ I m �� # F � Gw I 3 I m � 5 �� #
(15)

whereG is thevelocityof soundand
�

is thevolumeof thecavity. A reasonablerelativeaccuracy
is obtainedfor both,frequency anddampingconstant,if werestrictourselvesto abasictermand
acorrectiontermof thenext higherorder. In thiscasethe

�6¯
termmaybeskippedandthesecond

form factor o is not needed.Hencethe crucial termdecidingon the validity of the low order
expressions(15) is ° � mKn �j / (16)

Al leastfor small apertures,i.e. if higherordercomponentsare negligible, we find: if

°
is

positive, Helmholtz frequency and dampingconstantare underestimated,otherwisethey are
overestimated.

4 Matched asymptotic expansions

We arelooking for the lowesteigenvalue
���±� �

of theHelmholtzequation(1) subjectto the
boundaryconditions(2) and(3). This will be doneby matchingthreerepresentationsof the
pressure,onebeingvalid outsidethecavity, oneinsidethecavity closeto theapertureandone
insidethecavity awayfromtheopening.Thelatterrepresentationis developedonamacroscopic
scalewherethevolumeandthediameterof thecavity is one.In contrastto theoriginalproblem
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theopeningis treatedasa point source.Boundaryconditionsdescribingthebehaviour closeto
thispoint sourcehave to befoundby matching.

Outsidethecavity andcloseto theapertureinsidethecavity, therethepressureis represented
by two singlelayerpotentials.Theweight functionsarerestrictedto theaperture.Hence,the
Helmholtzequation,theradiationcondition,andtheNeumannconditionson thetheplanefront
wall areautomaticallysatisfied.Thetwo singlelayerpotentialsarematchedclaimingcontinuity
of pressureandvelocityon theaperture.Thescaleis chosensuchthattheradiusof theaperture
is one. Boundaryconditionsareleft undefinedfor points insidethe cavity far away from the
opening.

Finally, thetwo representationsinsidethecavity arematched.For thatpurposethesolution
definedin thevicinity of theapertureis lifted to themacroscopicscale.Thenthetwo represen-
tationsareexpandedinto � , thesquare-rootof theratio of apertureradiusandcavity diameter.
Finally, termsof equalpower arefitted by balancingtheconstantandweaklysingularcompo-
nents.

Westressthatthesubsequentderivationis only formal,i.e. wedonotprove thatourapprox-
imationis well definedandtendsto thedesiredeigenvalue.However, thenumericaltestsat the
endof thepaperarereassuring.

4.1 Pressure in the vicinity of the aperture
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Figure2: vicinity of aperture

First we introducethe two scalesusedin the vicinity of and away from the opening. Let'�´
,
�}´

, j ´ , � ´ , � ´ thepositionof a point, thewave number, thecavity diameteretc. on anarbitrary
scale. Scalingby j ´ yields the correspondingnon–dimensionalquantitieson the macroscopic
scale: 'µ� '�´j ´ # � � � ´j ´ � � � # j ��| # � � j Q �c| # ��� j ´ � ´ / (17)

Scalingby
� ´

yieldspositionandapertureradiuson themicroscopicscale:x¶� '�´� ´ � '� � # ·�¸ �c| / (18)

Let usassumethattheapertureis smallwith respectto thediameterof thecavity. Hence,if we
focuson thesolutioncloseto theopening,it will resemblethesolutionof thesimplerproblem
that is illustratedin fig. 2. On the microscopicscale, wherethe aperturehasradiusone,this
problemreads:
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¹ ��º�� � ¡ ���W»T¼ 3 � # x[5��� # x�\�½
(19)¾¾ ª ¼ 3 � # x[5$�� # x�\ � ½
(20)� ¾¾i¿ �À� � �W� ! ¼ 3 � # x[5���� 3Á· � � 5 # x�\�½ - #K· �Â% xK%[),+
(21)½(ÃÄ� N P �6S N P Ã # ½Å�Æ½ �ed ½ - d U /

Notethatthisproblemis incompleteasthebehaviour of
¼

is undefinedfor
· ),+

in
½ � , which

correspondsto the interior of thecavity in theoriginal problem.This leadsto freecoefficients
that have to be fitted later on by matching. Lifting

¼
to the macroscopicscaleit will provide

anapproximationof
	
, thesolutionof theoriginal problem(1)–(3), i.e.

	43 � # '@5ÈÇ&¼ ¹ � # ' � � �<»
closeto theopening.

Therestrictionsof
¼

to
½ - and

½ � , respectively, mayberepresentedassinglelayerpoten-
tials: ¼ - 3 � # x[5É� s

tËÊ 3 � #Zu 5 7i;ÍÌBÎ §<8 Ì AvÏ
º �KÐ Ïw I % x � u % y}{ 3�u 5 (22)

¼ � 3 � # x[5É� s
tÒÑ 3 � #Zu 5 7W;ÓÌBÎ §<8 Ì AvÏ

º �KÐ Ïw I % x � u % � G 3 � #Zu 5 7 � ;ÍÌ:Î §<8 Ì AvÏ º �KÐ Ïw I % x � u %Ôy�{ 3vu 5 (23)

Incomingwavesareexcludedin therepresentationof
¼ - . This is necessaryandsufficient to sat-

isfy theSommerfeldcondition(21). Notethat
¼ - solvesautomaticallytheHelmholtzequation

(19)andtheNeumanncondition(20)on
½ - for any weightfunction Ê keeping

¼ - well defined.
Thesameis truefor

¼ �
on

½ � with Ñ and G .
Solutions

¼
which arevalid on thewholeof

½
arefoundby matching

¼ - and
¼ �

in sucha
way thatthetransitionover

U
is continuousandcontinuouslydifferentiable.Differentiabilityis

consideredfirst. Fromthetheoryof singlelayerpotentials[6] wefind by symmetryarguments:¾¾ º l ¼ - 3 � # x©5$� � �� Ê 3 � # x[5 # x�\ U
(24)¾¾ º l ¼ � 3 � # x©50�Õ�� 3 Ñ 3 � # x[5 � G 3 � # x[5Z5 # x�\ U / (25)

Hence,G � � 3 Ê � Ñ 5 and
¼ �

mayberewrittenas¼ � 3 � # x[5�� s
t H � Ñ 3 � #Zu 5KÖZ×>Ø ¹ � �W� 3 � 5£% x � u % » � Ê 3 � #Zu 5�7 � ;ÍÌ Î §�8 Ì AvÏ º �KÐ Ïw I % x � u % y}{ 3vu 5 / (26)

Claimingcontinuityof
¼

thenyieldsfor any
x�\ U

: � ¼ - 3 � # x©5 � ¼ � 3 � # x©5H� s
t Ê 3 � # x[5KÙÛÚ©Ö ¹ � �i� 3 � 5Ü% x � u % » ��� Ñ 3 � # x[5�ÖZ×>Ø ¹ � �W� 3 � 5£% x � u % »w I % x � u % y�{ 3vu 5 /

(27)

Weassumethat Ê , Ñ , and
�

permitthefollowing expansions:� 3 � 5É� � � � � � � � � � � Q � Q � ii (28)Ê 3 � #Zu 5Ý� Ê ¸(3�u 5 � � Ê � 3�u 5 � � � Ê � 3�u 5 ii (29)Ñ 3 � #Zu 5Ý� Ñ � Q 3zu 5 � � Q � Ñ � � 3zu 5 � � � � Ñ � � 3vu 5 � � � � ii / (30)
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�
missinga constantreflectsour aim to find the lowesteigenvalueof the Helmholtzequation���Þ� �

, which tendsto zerowith theradiusof theopening
�µß � � . Theexpansionof Ñ starts

with � � Q sincethelowestpower contributedby sineis 3, whereasthelowestpower contributed
by cosineis 0.

If weplugtheseexpansionsinto thecontinuitycondition(27)andcollectfor equalpowersof� weendupwith aseriesof conditionsonthecoefficientsof Ê , Ñ , and
�
. Thefirst six conditions

maybewritten in aconciseform, if we introducetheconstantsà ª � �HJI
s
t ª - �áâäã � � â Ñ ª � � � â 3zu 5 y�{ 3zu 5 #�� \ N å / (31)

They read: � ª q |w I
s
t Ê ª 3zu 5% x � u % y}{ 3vu 5$� |H à ª # � �� # /i/i/ #çæ / (32)

From �fè ontheright–handsidesalsocontainintegralsincludingpositivepowersof
% x � u %

owing
to theexpansionsof sineandcosine:� è q |w I

s
t Ê è 3vu 5% x � u % y}{ 3vu 5 � |H à è � � ���JI

s
t Ê ¸�3vu 5£% x � u % y}{ 3zu 5

� � Q�H w I
s
t � Ñ � Q 3zu 5£% x � u % � y�{ 3vu 5 (33)� ¢ q /i/i/

Equations(32),(33),. . . areintegralequationsdefiningthefunctionsÊ ª providedtheright–hand
sidesareknown. Here,for thefirst time,thethreeproblemsenterwhichweintroducedto define
the form factorsof apertureandcavity. (32) canbesolved for the Ê ª , if we know thesolutionp of problem(7), which appearsin the definition of the capacitancem . Provided the weight
function p is known thefirst six Ê ª read

Ê ª 3zu 5�� |H à ª p 3vu 5 # � �� # /i/i/ #çæ (34)

Higher Ê ª requiremorecomplicatedintegral equationsto besolved. However, in this paperwe
restrictourselvesonapproximationsthatrequireonly thecapacitanceof theaperture.Thus,the
expansionwill becontinuedonly sofar assolvingfor Ê è canbeavoided.

The expansionof
�

is basedon matchingthe solutionsof two simplified problems,one
characterisingthesituationin thevicinity of theapertureandonetreatingtheopeningasapoint
source.

¼ �
is thesolutionof thefirst problemrestrictedto theleft half-space,whichcorresponds

to the interior of thecavity. To preparethematchingwe will now expand
¼ �

into powersof � ,
which is proportionalto thesquare-rootof theradiusof theaperture.Using(31), (8), and(34)
wefind aftersomelengthybut straightforwardmanipulations:¼é� 3 � # x[5��êë | � |H

s
t p 3vu 5w I % x � u %zy}{ 3zu 5íìî X àT¸$� � à � � ii � � ¯ à ¯ _� ;ðï� X � Q � � àÈ¸$� � ¡ 3 � � à � � � � àT¸ 5 � � ¯ 3 � � à � � ii � � Q àT¸ 5 _
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� �fè ñò ó à è �
s
t Ê è 3zu 5w I % x � u % y�{ 3zu 5 � � mH 3 � � à Q � ii � � ¡ àT¸ 5

� � �� àÈ¸w |w I
s
t p 3�u 5£% x � u % y�{ 3vu 5 � � ��ô �HJI

s
tcÑ � Q 3zu 5£% x � u % � y}{ 3�u 5Jõ ö÷� �Ë� � ¢ ! (35)

Let us summarisethis section. Up to now we have only claimedthat
¼

solvesthe Helmholtz
equationin thevicinity of theaperture.This hasalreadybeensufficient to reducethe freedom
in
¼

to a few constantsanda remainder, which is lessstructured,of order
� ¹ �fè » . In thenext

sectiontheseconstantswill befittedto thespecialgeometryof thecavity, whichwasignoredup
to now.

4.2 Pressure in the cavity away from the opening

We returnto theoriginal scaling
'Å� � �Ûx , wherethediameterandthevolumeof thecavity is

one.We look for anapproximationø to thepressureinsidethecavity away from theaperture.
Weassumeø to allow anexpansionof theformø 3 � # '65�� ø ¸�3 '@5 � � ø � 3 '65 � � � ø 3 '@5 � ii / (36)

For
�

we assumeoncemoretheexpansion(28). Note that ø is anapproximateeigenfunction
of the desiredeigenvalue

� �
, i.e. ø is only determinedup to a factor. To fix one family of

eigenfunctionsø 3 � #  5 , �¶ù 
weintroducethefollowing normalisation:s

�@� ø ¸ y 'µ�c| # s
�@� ø ª y 'ú�� # ��û | #

(37)

where
|

is thevolumeof � � . ø is determinedassolutionof thefollowing problem:� ø � ��� ø ��
on � ����� }� (38)¾iü¾ ª ��
on

� � � ��� }� (39)

This is againanincompleteproblemasweallow asingularbehaviour of ø in thevicinity of the
origin without prescribingboundaryconditionsthere.Matchingwith thepressure

¼ �
found in

the lastsectionwill provide themissinginformation. Insertingtheexpansionsof ø and
�

into
(38),(39)andcollectingequalpowersof � yieldsaseriesof Poissonequationson � �[��� }� :� � ø ¸ � � � ø � � � � ø � � � �� ø ¸ii� � ø ª � ª � �áý ã ¸

êë ª � ý � �áâäã � � â � ª � ý � â ìî ø ª (40)

subjectto theboundaryconditions� ø ª��� ��
on

� � ����� }� # � �� # | # /i/i/T/ (41)

9



Solvability conditionson thecomponentsof ø and
�

arise,if we integratetheseequationsover
thepuncheddomain� �Ì � � �[� X '�\ N PRQ ^^^ % '(%}þ � _ , applytheGaußTheorem,usethenormali-
sation(37),andturn to thelimit � )�

:ÿ>×��Ì�� ¸
s
� ��

� ø ª��� y}{ � ª � �áâäã � � â � ª � â # � �� # | # /i/i/ # (42)

where { �Ì � X '�\ N PRQ ^^^ % '�%©� � # ' Q �  _
is the left hemispherewith radius � . Now ø is

matchedwith the pressure
¼ �

describingthe situationcloseto the opening. For this purpose
welift

¼ �
to themacroscopicscaling,i.e. wesubstitute

x¶� � � � ' in (35)andrecollectfor equal
powersof � . Thenwe claim that ø and

¼ �
coincideexceptfor stronglysingularcomponents

thatappearin
¼ �

by expandingthesurfaceintegralsandthatvanishquickly insidethecavity.
Letusconsiderageneralsurfaceintegralof thekindwefind in (35). Usingtherepresentation

% x � u %[� �� � � | � H � ��	��
 #Zu�£� � ¡� � � u�#Zu��� kÎ # � ��% '(% # 
 � ' � (43)

we find thatthesurfaceintegralsin (35) maybeexpandedinto Laurentseriesin
VÌ Î with coeffi-

cientsthatdependonly on 
 :s
t E 3zu 5Ü% x � u % ª y}{ 3�u 5�� ªáâ"ã ��� E ªâ 3 
 5 � �� � � â / (44)

Now weredistributethesurfaceintegralsin (35)accordingto� ý s
t E 3�u 56% x � u % ª y}{ 3zu 5
� ªáâäã ¸ � ý � � â X E ªâ 3 
 5 � â _ � � ý - � ñò ó E ª� � 3 
 5� � � �áâäã ��� E ªâ 3 
 5 � â� � â - � õ ö÷ #

(45)

i.e. the non–negative powersof
�

arecollectedasusual,whereasall singularcomponentsare
collectedunderthepowerof � correspondingto

� � �
. In particular, wewrites

t p 3vu 5w I % � � � ' � u % y�{ 3vu 5�� m � � � |� ���`3 � # '65 � / (46)

Havea look at (8), thedefinitionof thecapacitancem , to seethat(46) is correct.Fromrepresen-
tation(45)weseethatthestronglysingularpart

�
satisfies:s

� ��
���03 � #Z� 
 5��� y}{ � � 3 � 5 # (47)
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i.e.
�

doesnotinfluencethesolvability condition(42). Reorderingthetermsof
¼ �

finally yields:¼é��� � # � � � ' !� � ¸ � àT¸ � � � � � à � � � � � � à � � m à ¸H � |% '(% � �`3 � # '65 � ~ � 3 '65 � �� � Q � à Q � m à �H � |% '(% � �03 � # '@5 � ~ Q 3 '@5í� ��� mH � � àT¸ �� � ¡ � à ¡ � m à �H � |% '(% � �03 � # '@5 � ~ ¡ 3 '@5 � � � mH 3 � � à � � � � àT¸ 5 �� � ¯ � à ¯ � m à QH � |% '(% � �03 � # '@5 � ~ ¯ 3 '@5 � ��� mH 3 � � à � � ii � � Q àÈ¸ 5 �� � è � à è � m à ¡H � |% '(% � �03 � # '@5 � ~ è 3 '@5 ��� � mH 3 � � à Q � ii � � ¡ à ¸ 5 ��� è �� � ¢0� à ¢ � m à ¯H � |% '(% � �03 � # '@5 � ~ ¢ 3 '@5 � � � mH 3 � � à ¡ � ii � � ¯ àÈ¸ 5 ��� ¢ �� � 3 ��� 5 (48)

The ~ ª consistof theregulartermsthatariseexpandingsurfaceintegralswith positive powers
of

% x � u %
. Theseappearin (35) at level �fè andhigherandhave now, afterchangingthescale,

contributionsto lowerpowersof � . All weneedto know aboutthe~ ª is thefactthatthey contain
merelypositive powersof

�
, i.e.~ ª 3 '65�� � 3 % '(%�5 # � � H # /i/i/ #�� / (49)

Expandingtheoriginal representation(26) of
¼ �

shows thatpositive powersof
�

appearfirst at
level � � , thusthereareno ~ ¸ and~ � . The

� ª consistof theconstantpartsof thesurfaceintegrals
with positive powersof

% x � u %
. Notethat

� è includestheintegral � t Ñ � Q 3vu 5£% u % � y}{ 3�u 5 , i.e. we
needthesecondmomentof Ñ � Q , while weknow merelythethe

 C�� momentby (31). Ignorance
of

� è will limit theorderof our approximation.Thestronglysingularterm
�

vanishesrapidly
insidethe cavity anddoesnot even influencethe solvability condition(42) by virtue of (47).
Hence,ø and

¼ �
maybematchedsimplyby assigningthe �Wª termof (48) to ø ª without

�
:

ø ª 3 '@5�� à ª � m à ª � �H � |% '�% � ~ ª 3 '@5 � �Ò� mH ª � �áâäã � � â à ª � � � â ��� ª # � �� # /i/i/ #���# (50)

wherenon–existing parametershave to besetto zero.Thenormalisationcondition(37)yieldsàT¸ � | # à � �É #
andfor

� � H # /i/i/ #çæ qà ª � m à ª � �H
s
� � |% '(% � ~ ª 3 '65 y ' � � mH ª � �áâ"ã � � â à ª � � � â / (51)

Notethat
à è cannotbedeterminedby thenormalisationcondition,since

� è is unknown. Next
we considerthesolvability condition(42). As thesurfaceof thehemisphere{ �Ì is of order � �
theinfluenceof theregulartermsvanisheswith � )�

. Using � � �� ¾¾ V � �V y}{ � HJI
wefind:

I m à ª � � � ª � �áâäã � � â � ª � â # � � H # /i/i/ #��0# i.e. (52)
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� � � « I m # � � �� # � ª � |H � � êë I m à ª � � � ª � �áâ"ã � � â � ª - �ç� â ìî #$� � � # /i/i/ # ô / (53)

Thesystemof Poissonequations(40),(41)becomesà ª � � ��� ª 3 '@5�� � HJI ª � �áâ"ã ¸ à ª � � � â 	 â 3 '@5 on � � ��� }����� ~ ª 3 '@5�� ���� |% '(% on
� � �[��� }� # � � H # /i/i/ #çæ / (54)

Here we have used(52) and the fact that constantsand
% '�% � �

are harmonicoutside0. For
instance,if

� � H
we find

� ~ � � � HJI , i.e. ~ � is thesolution ~ of problem(10) definingthe
form factor n . (Keepin mindthat

� �c|
and j �c|

onourscale.)Hence,
à � � ï �� ,

� Q � 9 ï�	! Î§ k ,

and ø � 3 '65 � ï � X n � � �Ï "©Ï � ~ 3 '@5 ! _ . It is noteworthy thatthe
à ª ,

��û H
aredirectly related

to thecoefficientsof theeigenvalue� � � � � � � � � � � Q � Q � ii / (55)

As
� ª � ª � �#âäã � � â � ª � â relation(52) induces

� ª � I m à ª � � , �Òû H
. Finally, going iteratively

through(53),(54),and(51) yieldsthedesiredcomponentsof theeigenvalue
� �&���

andof the
approximateeigenmodeø .

n
� ª - � ø ª

0
I m |

1
 

2
I m �� m�n �� m � n � �Ï "©Ï � ~ 3 '65 !

3 � ;�:9 3 I m 5%$Î 
4

I m �� m�n �� m 3 n � o 5 �¡ m � n � n � o � �Ï "©Ï � ~ 3 '@5 � � 3 '65 !
5 � ;�:9 3 I m 5 $Î ¯¡ m�n � ;¡ 9 Î 3 I m 5 $Î � n � �Ï "©Ï � ~ 3 '65 !

Thecapacitancem , theform factorsn ando , andthecorrespondingfunctions~ and � aredefined
in section3. Thesecondform factor o andthecorrespondingfunction � enterwith solvingthe
Poissonequation(54) for ~ ¡ :� � ~ ¡ � HJI � à � ��à � �� ø � 3 '@5 !� HJI � | � | � |n � |% '�% � ~ 3 '65 ��� / (56)

If wecompare(56)with problem(12),whichdefines� and o , weseethat ~ ¡ mayjustbewritten
assumof ~ and � . Thisyieldstherepresentationsof

� è and ø ¡ . We stressoncemorethatthere
is no simpleway to continuetheexpansionsof

�
and ø , sinceconstantsappearthatcannotbe

determined.
Finally we have to deducetheapproximation(14) of thewave number

�
from theapproxi-

mationof theeigenvalue
� � � �e� � � � � � ii � � ¢ � ¢ . Thisis doneby expandingthesquare-root

of
�

with respectto � andby returningto ageneralscale,i.e. � becomes
�©� j and

�
becomesj � .
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5 Comparison with earlier results

Helmholtz resonatorshave beendiscussedby many authorssincethe last century. Here we
presentonly resultsthatarecloseto ours.Of course,thefirst ordercomponentof (14)yieldsthe
classicalformulaby Helmholtz[13] andRayleigh[11]:

E � GHJI ¤ I m �� (57)

The term
I m � is calledconductivityin [11]. Collins [2] considerssphericalresonatorswith a

smallcircularopening.Improving resultsby White [14] andLevine [9] hefinds thefollowing
expressionfor thewavenumber:� � |P � �%&HJI � kÎ(' | � �|i � �%&HJI � � �ô � �%&HJI � l Î

R

θ
r � ) ô é||*| � w * � �%&HJI � � � | ) �| H  � �%&HJI � $Î � � � & Q !+* # (58)

where P denotesthe radiusof the sphereand & theangleof theaperture.Note that for small
angleswehave & Ç V, ß V ¥ , i.e. theapproximationhasthesamestructureandorderof accuracy
asours. However, assphericalresonatorsdo not fit into the framework of this paper— the
apertureis not surroundedby a pieceof planewall — the resultcannotbe reproducedby our
method.In particular, problem(10)hasnosolutionboundedin 0. Ontheotherhand,theworkby
Collins is basedon thefact that innerandoutersolutionmayberepresentedexplicitly in terms
of specialfunctionsandwithin thesamepolarcoordinatesystem.Thispreventsthemethodfrom
beingapplicableto moregeneralcavities.

Bigg andTuck [1] considerresonatorswith both,aperturesin narrow planewalls andaxis
symmetricapertureswith a givenprofile in - –direction.In theformercasetheir approximation
of theHelmholtzwavenumberreads� � � � ¼ �� � |� b ¼ ¡ �ru ¼ � kÎ

¼
� H �e� |. # u � | HJI� #
(59)

wherethe parameters
�

and
.

arerelatedto our parameterscapacitanceandcompactnessvia� � � m and
. � j � n . Expanding

� �
in powersof

�
andcomparingwith (14)weseethat(59) is

a secondorderapproximation.This meansthatthedampingconstantcannotberecoveredfrom
(59),whereasthis is possibleby ourmethodwithout introducingany additionalparameters.The
ideaunderlying(59) is asfollows. Insideandoutsidethe cavity therearefound approximate
solutionsof theHelmholtzequationby treatingtheapertureasapointsource.Abouttheopening
theflow is assumedto beincompressible.Thisyieldsarelationbetweenthepressureawayfrom
the openingand the flux throughthe opening,which may be usedto matchthe threepartial
solutions. Finally, the Helmholtzwavenumberis found by differentiatingthe meanpressure
insidethecavity with respectto

�
atagivenflux. However, asystematicexpansionof thepartial

solutionsandthe wavenumberinto powersof a small parameteris missing,which limits the
orderof accuracy of themethod.

The approachchosenin the presentpaperis closeto that of Mazja [10] andGadyl’schin
[5], whoappliedit to elliptic eigenvalueproblemsin singularlyperturbedregionsandto finding
highereigenmodesof Helmholtz resonators,respectively. It is noteworthy that the formulae
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givenin thelatterpapercannotbeappliedto thefundamentalfrequency, asthewavenumberof
theeigenmodeof theunperturbedproblem,which is zero,appearsin thenominator. In contrast
to [5] we expandthewavenumberinto powersof

3z�©� j 5[kÎ ratherthan
�*� j . This is necessaryto

capturethe imaginarypartsof
�
. Missing this fact might have beenthe reasonto excludethe

Helmholtzfrequency in [5].

6 Parameters of special geometries

6.1 Capacitance

The capacitancewas definedin (7) and (8). Recall that the capacitanceassociatedwith an
aperture

UWV
is in factthecapacitanceof thescaledaperture

U
whichhasthesameshapebut areaI

. Hence,thecapacitancesof ellipsesandrectanglesaremerelyfunctionsof theaspectratio
·
.

Thedatais plottedin figure3. Thecapacitanceof ellipsesmaybeexpressedin a closedform

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0.625

0.65

0.675

0.7

0.725

0.75

0.775

0.8

0.825

0.85

0.875

aspect ratio

κ

ellipse

rectangle

Figure3: capacitancesof ellipsesandrectangles

via completeelliptic integrals[8, 15]:

m � ê/ë « ·10 Îs ¸ � | � �<| � · � ! ÖZ×>Ø �32 ! � kÎ y 2 ì54î � � # (60)

A manageableapproximationis foundby expanding(60) in powersof
ÿ>Ø � ·

. This expansionis
suggestedby thefactthatthecapacitancem is thesamefor

·
and

· � �
.

m � HI � | � || ô ÿ>Ø � · � |�  � H ÿ>Ø ¡ ·R� H �� � � H*�  ÿ Ø è · � H æ | )| � H | H  æ6� ô  ÿ>Ø � · �� � �äÿ>Ø�� ¸ ·�!
(61)

For
·

tendingto


wefind [4]: m Ç � � « · ÿ>Ø · w � � � (62)

If we apply(61) for
· ù  /  � � and(62) for

· �  /  � � therelative erroris alwayssmallerthan| � |i**
.
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Rectanglesare treatednumerically. More precisely, equation(7) is approximatedby the
following system:find p 3 x©5$�7#§ ¥98;: p § ¥9< § ¥ 3 x©5 suchthats

t
s
t p 3vu 5 < ; â 3 x©5w I % x � u % y�{ 3vu 5 y}{ 3 x©5$�

s
t < ; â 3 x[5 y}{ 3 x©5 for all �>= \ N # (63)

where < ; â is the characteristicfunction of square�?= andthe doubleindex �>= runsthroughall
squaresof a uniform partitioningof the rectangle

U
. The matrix of the correspondinglinear

systemhasentriesof thefollowing kind:

Ê ; â § ¥ �
s
t
s
t < ; â 3zu 5 < § ¥ 3 x[5w I % x � u %My}{ 3vu 5 y}{ 3 x[5 / (64)

For distantsquaresÊ ; â § ¥ is approximatedby expanding(64) in negative powersof thedistance
of themidpointsof thesquares.If thesquaresarecloseto eachothersimilarity argumentsare
usedto expressÊ ; â § ¥ in termsof matrixentriescorrespondingto moredistantsquares,e.g.:

Ê ¸B¸�¸B¸ � |H Ê ¸B¸[¸B¸$� Ê ¸B¸ � ¸$� |H Ê ¸B¸ �B� / (65)

The easiestway to understandthe principle is to have a look at the following figure which
illustratesagainthe caseÊ ¸B¸[¸B¸ . Reducedcapacitancesarecomputedfor ten differentaspect

= + + +

ratios. Eachcapacitanceis obtainedby successively refining the grid and extrapolatingthe
correspondingvaluesat grid size zero. Errorsare estimatedby comparingextrapolationsof
differentorder. The grids containup to 2500squares.Interpolatingthe ten capacitancesby
powersof

ÿ>Ø � ·
yields:m � ô / æ é| H S |i � ��� � / w H � ) S |i � � ÿ Ø � ·�� � / H | æ w S |i � ¡ ÿ>Ø ¡ ·� ) / � w ô  S |i � è ÿ Ø è ·�� � � ÿ Ø � · ! (66)

Both, therelative error in computingthe tencapacitancesandtherelative errordueto interpo-
lation areof order � S |i � ¡

for
 / | þ · þÞ|

. Capacitiesof otheraperturessuchasdiamonds,
roundedrectangles,or crossesareplottedin [4]3. However, handyexpansionsin

ÿ>Ø � ·
arenot

included.
Theresultsof this sectionmaybesummarisedasfollows. Thecapacitanceis minimal for a

circle,doesnotchangeverymuchwith theshapeof theopening,if theaspectratio is moderate,
andit startsgrowing for largeaspectratios.

6.2 Form factors of the cavity

We considercavities formedlike hemispheresandcuboids. In [1]4 thereis explainedhow to
computefirst form factorsof cylinders. Hemisphereswith centralaperturesmay be treated
analytically. Rewriting theLaplaceoperatorin polarcoordinatesproblems(10) and(12) prove
to have easysolutionsandwefind:

3In [4] thequantity @BADCFEHG is usedin steadof G .
4Mind thedifferentnotation: IJCLK9M5NPO
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Figure4: hemispherewith centralaperture

Hemispherewith centralaperturej ~ n � oP � �Q I ! kl � V Î� , l S¯ � �Q I ! kl V 3 � ¸ , l � � � , Î V - V l 5� ¡ , $ � � �Q ¯ � �Q I ! kl (66)P is theradiusof thehemisphere.Thequalityof theapproximationis demonstratedin thenext
sectionwhereit is comparedwith numericalmethods.

Next wehave a look atcuboids.Werestrictourselvesto computingthefirst form factor, the
compactnessn . This is enoughto have a basicterm anda correctiontermof two subsequent
powers of

�©� j for both, the frequency and the dampingconstant,cf. (14). Two effects are
investigated.First we changethe aspectratio of the cuboid,while the openingis fixed in the
centreof the front wall. Thenwe considera cubewith theaperturemoving alongonemiddle
axisof thefront wall.

In bothcasesproblem(10) is computednumericallyfor anumberof constellationsusingthe
standardfinite differencemethodonaregulargrid. Thisis sufficientsinceproblem(10)doesnot
producesingularities.Theintegral (11) is computedusinganadaptive algorithmthattakescare
of thesingularterm

� � �
. As in caseof thecapacitancethegrid is successively refinedandthe

correspondingvaluesof n extrapolatedinto T �Â
. Gridsof up to 27000nodesareused.The

error is estimatedby comparingextrapolationsof differentorder. Finally, thecomputedvalues
are interpolatedin sucha way that the interpolationerror is of the sameorderof magnitude.
In caseof a centralopening n dependsonly on the distancesU , V , and W of left, upperand
backwall to the opening. Interchangingthesedistanceshasno influence.For instance,if we
have a lengthybox it makesno differenceplacingtheaperturein thecentreof a shortor a long
wall. Thismaybeseenby reflectingthesolutionof problem(10)at thefront wall. Thisyieldsa
solutionof a problemwhich is symmetricwith respectto thecentreof theopening.Moreover,n staysthe sameif the cuboidis blown up without changingthe aspectratio. Hence, n may
beparametrisedby two arbitraryquotientsof U , V , and W . To restricttheparametersto X  # |ZY
we may choosethe longestdistanceasnominator. In figure 5 this is assumedto be W . The
precedingconsiderationsonhow n dependson U , V , and W suggestthefollowing interpolation
of thenumericaldata:n Ç H / �*� )[) � | /  ) w )  |i � �$3\� � � ii ��� è 5 �ræ / æ � ) |  |i � Q 3�� � � è �]� � � Q ��� ¡ � ¯ 5� | / H*H*H*ô  |i}� Q � � � � � ii �]� �è ! � � / ) ô*H �  |i}� ¡ 3^� � � � ��� Q � ¡ ��� ¯ � è 5� | / w | ) H  |i � ¡ 3�� � � è 3�� � ��� è 5 ��� � � Q 3^� � ��� Q 5 �]� ¡ � ¯ 3�� ¡ ��� ¯ 5ç5
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Figure5: compactnessof acuboidwith centralaperture

� ô / ô � w ô  |i}� è � � Q � � ii �]� Qè !� | / æ w*w �  |i}� è � � � � è � � � � ��� �è !¶��� � � Q � � �� ��� �Q !¶��� ¡ � ¯ � � �¡ ��� �¯ !}! (68)

where
� � �`_a

,
� � �`_b

,
� Q � a b

,
� ¡ � a_ ,

� ¯ � b_ , and
� è � ba

. Theestimatedabsoluteerror
is smallerthan

H  |i � Q for aspectratiosin X  / H æ}# |ZY � .
Notethat n is maximalfor ahalf–cube( U = V = W ). Thecorrespondingvalueis n Ç H / H æ H  ,

which is only slightly smallerthanthatof thehemisphere( n Ç H / �  �  ). For moderateaspect
ratios n is smallerthanthis valueandpositive, cf. figure5. Therearecuboidswith n � 

, e.g.
a box with width = height= 1m,depth= 1.87m,i.e. U,qV�qBW �Ò / H*ô*� q  / H*ô*� q | . Notethat
for suchcuboidstheclassicalHelmholtzformuladescribesalreadyverywell theactualresonant
frequency. For very smallaspectratios n tendsto � + . This is whereour approximationfails
andthetheoryof long ductshasto beapplied(cf. any textbookon acoustics,e.g. [7]). Finally,
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Figure6: compactnessform factorof cubewith eccentricaperture

we investigatethe influenceof moving theopeningfrom thecentreof the front wall. For that
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purposewe restrictourselvesto cubes,i.e X=Y=Z/2. Theinterpolatednumericaldatais shown
in figure6 andtheunderlyingapproximationreads:n Çc| / �  æ �¶� |i / w  H - � � w H / w �  - ¡ # (69)

where - is theexcursionof theopeningalongthemiddleaxisrelative to thewidth of thecube.
Theestimatedrelative accuracy of (69) is betterthan

 / * � for - �  / H æ .
6.3 Other cavities

Althougha completeproof is missingtherearegoodreasonsto believe thatthecompactnessn
is maximalfor ahemisphereamongall possibleshapessatisfyingtheconditionslistedin section

2. Thevalueis n � S¯ � �Q I ! kl Ç H / �  �  . If our observationholdstruepluggingthis valueinto
(14)yieldsanupperboundof theHelmholtzfrequency andthecorrespondingdampingconstant,
provided theareaandthecapacitanceof theapertureandthevolumeof thecavity areknown.
This resultwill bemademorerigorousin a forthcomingpaper.

7 Comparison with numerical results
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The Helmholtzmodeof a hemisphereis computedby switchingto polar coordinatesand
applying the finite elementmethodwith elementsbilinear in

�
and & to equation(1). At

the artificial boundarythe pressureis assumedto behave like an outgoingsphericalwave, i.e.¾dc¾ V � � � � � �V ! 	 . HomogeneousNeumannconditionsareprescribedon the walls. The final

numericalvalueof
�ú�Ë���

, thelowesteigenvalueof theHelmholtzequation,is computedonce
moreby extrapolation. For eachradiusof the aperturethe correspondingeigenvalueproblem
is solvedon threegrids, theoneshown in figure7 andgridswith four timesandninetimesas
many elements.Thefinestgridsconsistof 16200elements.In figure8 thereis presentedacom-
parisonof analyticallyandnumericallycomputedvaluesof thewave number

�
corresponding

to thelowesteigenvalue
���&���

of theHelmholtzequation.Thedottedline correspondsto the
classicalHelmholtzformula (57). The solid anddashedlines refer to the real andimaginary
part,respectively, of thefull analyticalapproximation(14). For largeaperturestheextrapolated
numericalvaluesshouldprovide thebestapproximationandtherelative errorof theanalytical
valuesmaybe interpretedaserrorswith respectto the true solution. For very small apertures
theanalyticalvaluesaremoreprecisethanthenumericalones.This maybeseenfrom thefact
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that theerrorsrelative to theextrapolatedvaluesincreaseagainwith theradiusbecomingvery
small. Theactualerrorsof theanalyticalvalueswill tendto zerofor smallapertures.Notethat
wemayexpecterrorsof lessthan1%for therealpart,if

�©� P �  / æ , andfor theimaginarypart,
if
�©� P �  / | . Theerrorof theclassicalHelmholtzformula,which providesonly therealpart,

is considerablyhigher:about13%for
�*� P �  / æ .

Finally, we presentsomeresultsfor a cubeanda half–cube.Thewidth of thetwo cavities
is
|

andtheradiusof thecircularopeningis
 / | . Thenumericaleigenvalueproblemsaresolved

with the commercialpackageANSYS. On the artificial boundarythe Sommerfeldconditionis
replacedby a homogeneousDirichlet conditionasa

�
–dependentmixedboundaryconditionis

not implemented.This resultsin asystematicerrorandthefull analyticalsolutionwill becloser
to the actualonein figure 9. In particular, the numericaleigenvaluesremainreal. Therefore,
we compareonly therealpartof

�
. Thefinestgridscontain60420nodesandthecomputation

takesmorethanonehour on a HP workstation.The coarsergridsconsistof about18000and
35000nodes,respectively. Thismeansthataconsiderablenumericaleffort is neededto achieve
resultsthatarecomparableto theanalyticalone.In fact,alsotheanalyticalformulais basedon
numericallycomputedform factors.However, thecorrespondingproblemis muchsimplerand
independentof theaperture.

8 Conclusion

Wehavederivedaformulafor theHelmholtzfrequency andthecorrespondingdampingconstant
of a cavity resonatorwith narrow front wall (14). This approximationis of third order in the
ratio of the apertureradiusandthe cavity diameter. It remainsvalid even for relatively large
apertures.Comparingwith numericalresultsshows that in caseof a hemispherethe error is
smallerthan1%aslongasthequotientof theradiiof apertureandcavity is smallerthan0.5.The
coefficientsof theapproximationdependonthecapacitanceandthepositionof theapertureand
on form factorsof thecavity, e.g. thecompactness, but not on thesize.Hence,it is possibleto
describea largevarietyof combinationsof aperturesandcavitiesby afew parameters.Accurate
expansionsof theseparametersaregivenfor elliptic andrectangularaperturesandhemispherical
andrectangularcavities, c.f. (61) and(66)–(69). For generalgeometriestherearegiven the
integral andPoissonequationsthat have to besolved to find the form factors.On thevalidity
of theclassicalHelmholtzformula(15) thereis foundthefollowing qualitative result.Resonant
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frequency anddampingconstantareunderestimatedfor compactcavities with centralaperture,
e.g.hemispheresor half–cubes.Theunderestimationis less,if theopeningis not in thecentreof
thefront wall. Overestimationoccursfor cavities with largeaspectratio,e.g.pipes.Thedegree
of over– or underestimationis minimal for circular openingsandincreasesfor apertureswith
largeaspectratio, if theareaof theopeningis fixed(16). The investigatedgeometriessuggest
thatthehemisphereprovidesanupperboundof resonantfrequency anddampingconstantamong
all cavitieswith agivenvolume.However, thisassertionhasto beproven,yet.
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