Two equivalent norms for vector-valued holomorphic functions

by Peter VIETEN, Kaiserslautern

Abstract

The following two norms for holomorphic functions F , defined on the right complex half-plane {z ∈ C : ℜ(z) > 0} with values in a Banach space X, are equivalent:

‖F ‖_{Hp(}C_{+)} = sup_{a>0} (∫_∞ −∞ ‖F (a + ib)‖^p db )_1/p , and ‖F ‖_{Hp(Σπ/2)} = sup_{|θ|<π/2} (∫_∞ 0 ‖ ‖ ‖F (reiθ) ‖ ‖ ‖ p dr )_1/p . As a consequence, we derive a description of boundary values of sectorial holomorphic functions, and a theorem of Paley-Wiener type for sectorial holomorphic functions.

1 Two equivalent norms for vector-valued

holomorphic functions

In this note we study holomorphic functions F defined on the open right complex half-plane C_+ = {z ∈ C : ℜ(z) > 0} with values in a complex Banach space X. To such functions we assign the following extended real numbers:

‖F ‖_{Hp(}C_{+)} = sup_{a>0} (∫_∞ −∞ ‖F (a + ib)‖^p db )_1/p , and ‖F ‖_{Hp(Σπ/2)} = sup_{|θ|<π/2} (∫_∞ 0 ‖ ‖ ‖F (re^{iθ}) ‖ ‖ ‖ p dr )_1/p .

1

Let H_p(C_+, X) and H_p(Σ_{π/2}, X) be the respective normed spaces of those functions F for which ‖F ‖_{Hp(}C_{+)} and ‖F ‖_{Hp(Σπ/2)} are finite.

Drz̆bas̆jan and Martirosjan [1] proved that, for p = 2, H_p(C_+, C) is isomorphic to H_p(Σ_{π/2}, C), and Sedleckiĭ [10] showed that this result holds for all 0 < p < ∞. Luxemburg [6] gave a new prove of Sedleckiĭ’s result. Our main Theorem 1 states that, for all 1 ≤ p < ∞ and every Banach space X, the norms ‖·‖_{Hp(}C_{+)} and ‖·‖_{Hp(Σπ/2)} are equivalent, and the spaces H_p(C_+, X) and H_p(Σ_{π/2}, X) are isomorphic. As a consequence, we derive in the second section a description of boundary values of sectorial holomorphic functions, and we give in the third section a theorem of Paley-Wiener type for sectorial holomorphic functions.

Throughout this note we use the following notations. The letter X stands for a complex Banach space, and we write X^∗ for its dual. We denote by L_p(R, X) the usual Bochner L_p-space, and L_p(R, C) is abbreviated by L_p(R). For z = a + ib ∈ C_+ the Poisson kernel P_z is given by

P_z(t) = 1 π a (b − t)^2 + a^2 , −∞ < t < ∞. We say that F : C_+ → X is the Poisson integral of some function f ∈ L_p(R, X) if F (z) = ∫_∞ −∞ P_z (t)f(t) dt, z ∈ C_+. Theorem 1 Let 1 ≤ p ≤ ∞ and let F : C_+ → X be holomorphic. Then F ∈ H_p(C_+, X) if and only if F ∈ H_p(Σ_{π/2}, X). Moreover,

2^{−1} ‖F ‖_{Hp(}C_{+)} ≤ ‖F ‖_{Hp(Σπ/2)} ≤ 2^{−1/p} ‖F ‖_{Hp(}C_{+)} .

Proof. There is nothing to prove if p = ∞. Let 1 ≤ p < ∞, take F ∈ H_p(C_+, X), and assume that F is the Poisson integral of some function f ∈ L_p(R, X). Let −π/2 < θ < π/2, r > 0, and take x^∗ ∈ X^∗ with ‖x^∗‖ ≤ 1. From the proof of Theorem (3.3) in [6] it follows that |x^∗F (re^{iθ})|^{p/2} ≤ sin(θ) π ∫_∞ −∞ P (t, θ)|x^∗f(rt)|^{p/2} dt, where P (t, θ) = (1 + t^2 − 2t cos(θ))^{−1}. Hence ‖ ‖ ‖F (re^{iθ}) ‖ ‖ ‖ p/2 ≤ sin(θ) π ∫_∞ −∞ P (t, θ) ‖f(rt)‖^{p/2} dt.

We conclude from this estimate (see the proof of Theorem (3.3) in [6]) ∫_∞ 0 ‖ ‖ ‖F (re^{iθ}) ‖ ‖ ‖ p dr ≤ sin(θ) π ∫_∞ −∞ 1 √ |t| P (t, θ) dt 2 ‖f‖^p_{Lp} ≤ 2 ‖F ‖^p_{Hp(}C_{+)} . If F ∈ H_p(C_+, X) is not the Poisson integral of a function in L_p(R, X) then we proceed as follows. For a > 0 and z ∈ C_+ put F_a(z) = F (a+z). Then F_a belongs to H_p(C_+, X) with ‖F_a‖_{Hp(}C_{+)} ≤ ‖F ‖_{Hp(}C_{+)}, and F_a is the Poisson integral of f_a ∈ L_p(R, X), where f_a(t) = F (a + it). This follows from the corresponding scalar-valued result (see e.g. the proof of Theorem I.3.5. in [2]) by applying linear functionals. Now, the first part of the proof yields for all −π/2 < θ < π/2 ∫_∞ 0 ‖ ‖ ‖F_a(re^{iθ}) ‖ ‖ ‖ p dr ≤ 2 ‖F_a‖^p_{Hp(}C_{+)} ≤ 2 ‖F ‖^p_{Hp(}C_{+)} .

Hence it follows for all 0 < A < B < ∞ ∫ B A ‖ ‖ ‖F (re^{iθ}) ‖ ‖ ‖ p dr = lim_{a→0+} ∫ B A ‖ ‖ ‖F_a(re^{iθ}) ‖ ‖ ‖ p dr ≤ 2 ‖F ‖^p_{Hp(}C_{+)} . Now, letting A → 0 and B → ∞ yields the second inequality.

Conversely, let F ∈ H_p(Σ_{π/2}, X). For π/2 < α < π and z ∈ C_+ put

F_α(z) = ( π 2α )_1/p z^{1p ( π2α −1)}F (z^{π2α} ).

Then F_α ∈ H_p(Σ_{π/2}, X) and ‖F_α‖_{Hp(Σπ/2)} ≤ ‖F ‖_{Hp(Σπ/2)} . On the other hand, we know from [6] that x^∗ ∘ F_α belongs to H_p(C_+) for all x^∗ ∈ X^∗. Hence x^∗ ∘ F_α is the Poisson integral of its boundary function x^∗ ∘ f_α ∈ L_p(R), where f_α(t) = F_α(it) for t ≠ 0. Since f_α is p-integrable we conclude F_α(z) = ∫_∞ −∞ P_z(t)f_α(t) dt. Put g_α(t) = ‖f_α(t)‖. Then ‖g_α‖_{Lp} = ‖f_α‖_{Lp} ≤ 2 ‖F_α‖_{Hp(Σπ/2)} ≤ 2 ‖F ‖_{Hp(Σπ/2)} .

We now distinguish the cases p > 1 and p = 1.

If p > 1 then, by the reflexivity of L_p(R), there exists a sequence (α_n) in (π/2, π) with lim_{n→∞} α_n = π/2 and a function g ∈ L_p(R) so that g is the weak limit of (g_{αn} ) in L_p(R). This implies for all z ∈ C_+ ‖F (z)‖ = lim_{n→∞} ‖F_{αn} (z)‖ ≤ lim sup_{n→∞} ∫_∞ −∞ P_z(t) ‖f_{αn} (t)‖ dt = ∫_∞ −∞ P_z(t)g(t) dt =: G(z). If p = 1 then, by Helly’s theorem, there exists a sequence (α_n) in (π/2, π) with lim_{n→∞} α_n = π/2 and a function ϕ : R → R of bounded variation so that ϕ is the weak^∗ limit of (g_{αn} ) in C_0(R)^∗. Consequently, ‖F (z)‖ = lim_{n→∞} ‖F_{αn} (z)‖ ≤ lim sup_{n→∞} ∫_∞ −∞ P_z(t) ‖f_{αn} (t)‖ dt = ∫_∞ −∞ P_z(t) dϕ(t) =: G(z). It follows e.g. from [2], I.3. that, in either case, G : C_+ → R is a harmonic function with

sup_{a>0} ∫_∞ −∞ |G(a + ib)|^p db ≤ sup_n ‖g_{αn} ‖^p_{Lp} ≤ 2^p ‖F ‖^p_{Hp(Σπ/2)} . We finally conclude

sup_{a>0} ∫_∞ −∞ ‖F (a + ib)‖^p db ≤ sup_{a>0} ∫_∞ −∞ ‖G(a + ib)‖^p db ≤ 2^p ‖F ‖^p_{Hp(Σπ/2)} . ≡ 2 Boundary values of vector-valued holomorphic functions

We investigate now the boundary behavior of vector-valued functions being holomorphic in a sector Σ_α = {re^{iθ} : r > 0, |θ| < α}.

Similar to H_p(Σ_{π/2}, X) we introduce for each 0 < α < π/2 the space H_p(Σ_α, X) which consists of holomorphic functions F : Σ_α → X such that ‖F ‖_{Hp(Σα)} = sup_{|θ|<α} (∫_∞ 0 ‖ ‖ ‖F (re^{iθ}) ‖ ‖ ‖ p dr )_1/p < ∞ if p < ∞, and such that

‖F ‖_H1_{(Σα)} = sup_{z∈Σα} ‖F (z)‖ < ∞

if p = ∞. We start with a study of the boundary behavior of harmonic functions F : C_+ → X, and than use this result for a description of the boundary values of H_p(Σ_α, X)-functions. For this reason, let us introduce the following spaces of functions and classes of operators: The space h_p(C_+, X) consists of harmonic functions F : C_+ → X for which the following norm is finite:

‖F ‖_{hp} := sup_{a>0} (∫_∞ −∞ ‖F (a + it)‖^p dt )_1/p

if p < ∞, and ‖F ‖_h1 := sup_{z∈}C_+ ‖F (z)‖ if p = ∞. We say that F has a boundary function f ∈ L_p(R, X) if F is the Poisson integral of f.

Let 1 ≤ p ≤ ∞ and 1/p + 1/q = 1. Put Y_q(R) := L_q(R) if q < ∞, and let Y_∞(R) be the space of complex-valued continuous functions on R which vanish at infinity. An operator T : Y_q(R) → X is called p-bounded, p > 1, if there exists a function f ∈ L_p(R) such that ‖T g‖ ≤ ∫_∞ −∞ |g(t)|f(t) dt, g ∈ Y_q(R), and T is called 1-bounded if there exists a function ϕ : R → R of bounded variation such that ‖T g‖ ≤ ∫_∞ −∞ |g(t)| dϕ(t), g ∈ Y_∞(R). It follows from [3]. IV.4, Theorem 8, that for p > 1 an operator T is p-bounded if and only if it is order summing, and [9], Proposition 1.3.22 states that an operator T : Y_∞(R) → X is 1-bounded if and only if it is absolutely summing. We say that T is represented by g ∈ L_p(R, X) if T h = ∫_∞ −∞ h(t)g(t) dt, h ∈ Y_q(R).

If p > 1 and if X has the Radon-Nikodym property then it follows from [3], IV.4, Theorem 8, that every p-bounded operator can be represented by an L_p(R, X)-function.

Theorem 2 Let 1 ≤ p ≤ ∞. A harmonic function F : C_+ → X belongs to h_p(C_+, X) if and only if there exists a p-bounded operator T : L_q(R) → X such that

F (z) = T (P_z) = lim_{a→0+} ∫_∞ −∞ P_z(t)F (a + it) dt, z ∈ C_+. If 1 < p ≤ ∞ and if X has the Radon-Nikodym property then F has a boundary function f ∈ L_p(R, X).

Proof. Let F ∈ H_p(C_+, X). Then, for every a > 0, the function F_a : C_+ → X defined by F_a(z) = F (a + z) belongs to h_p(C_+, X), and ‖F_a‖_{hp} ≤ ‖F ‖_{hp} . Since F_a is bounded and continuous in the closed right half-plane C_+ (this follows e.g. from [2], I.3.) F_a is the Poisson integral of its boundary function (see [2], Lemma I.3.4. for the scalar case). It follows that

F (z) = lim_{a→0+} F_a(z) = lim_{a→0+} ∫_∞ −∞ P_z(t)F_a(it) dt. Collecting these informations yields:

1. For all h in the total subset {P_z : z ∈ C_+} of Y_q(R) the limit of T_ah := ∫_∞ −∞ h(t)F_a(t) dt exists, as a → 0^+.

2. The family (T_a) of operators from Y_q(R) into X is uniformly bounded by ‖T_a‖ ≤ ‖F ‖_{Hp(}C_{+)}.

Hence, by the Banach-Steinhaus-Theorem, there exists an operator T : L_q(R) → X with ‖T ‖ ≤ ‖F ‖_{Hp(}C_{+)}, and such that

T h = lim_{a→0+} ∫_∞ −∞ h(t)F_a(t) dt = lim_{a→0+} ∫_∞ −∞ h(t)F (a + it) dt. (1) Moreover, the operator T is p-bounded. To see this, consider the functions g_a ∈ L_p(R) defined by g_a(t) = ‖F_a(it)‖. Then the family {g_a : a > 0} is bounded in L_p(R). Consequently, if p > 1, there exists a positive nullsequence (a_n) so that (g_{an} ) has a weak limit g ∈ L_p(R), if p < ∞, and so that (g_{an} ) has a weak^∗ limit g ∈ L_∞(R), if p = ∞. If p = 1 then, by Helly’s theorem, (a_n) can be chosen so that (g_{an} ) has a weak^∗ limit ψ : R → R of bounded variation. Consequently, ‖T h‖ ≤ lim sup_{n→∞} ∫_∞ −∞ |h(t)| ‖F_{an} (it)‖ dt = lim sup n→∞ ∫_∞ −∞ |h(t)|g_{an}(t) dt = ∫_∞ −∞ |h(t)|g(t) dt if p > 1, and ‖T h‖ ≤ ∫_∞ −∞ |h(t)| dψ(t) if p = 1.

If X has the Radon-Nikodym property, then, according to [3], IV.4, Theorem 8, for 1 < p ≤ ∞ every p-bounded operator can be represented by a function f ∈ L_p(R, X). ≡

The above considerations for h_p(C_+, X)-functions clearly hold also for H_p(C_+, X)-functions. Our next goal is to show that for p > 1 similar assertions are true for functions G ∈ H_p(Σ_α, X). Therefore, we exchange the cartesian coordinates “a + it” by polar coordinates “te^{iη}”, and for each 0 < η < α we introduce the function G_η(t) = G(|t|e^{isgn(t)η}), t ∈ R. We say that G has a boundary function g ∈ L_p(R, X) if

lim_{η→α}� ∫_∞ −∞ h(t)G_η(t) dt = ∫_∞ −∞ h(t)g(t) dt, h ∈ L_q(R). Theorem 3 Let 1 < p ≤ ∞ and 0 < α < π. For every G ∈ H_p(Σ_α, X) there exists a p-bounded operator T : L_q(R) → X such that

T h = lim_{η→α}� ∫_∞ −∞ h(t)G_η(t) dt, h ∈ L_q(R). If 1 < p ≤ ∞ and if X has the Radon-Nikodym property then G has a boundary function g ∈ L_p(R, X).

Proof. The proof is divided into two steps. In the first step we consider the case α = π/2, and in the second step we prove the assertion for general α.

Step 1: Let G ∈ H_p(Σ_{π/2}, X) and for t ∈ R define χ_t = χ_{[0,t)} if t > 0, χ_t = −χ_{[t,0)} if t < 0 and χ_0 = 0. We show first that the limit

T χ_t := lim_{η→α}� ∫ t 0 G_η(u) du (2)

exists for every real number t. We know by Theorem 1 that G belongs to H_p(C_+, X). Hence, by Theorem 2 there exists a bounded operator T : L_q(R) → X with T h = lim_{c→0+} ∫_∞ −∞ h(t)G(c + it) dt. (3) Let z = a + ib ∈ C_+. Then there exists t ∈ R and 0 ≤ η <^π_2 so that z = |t|e^{isgn(t)η}. We define three paths Γ_1(z), Γ_2(z) and Γ_3(z) in the following way:

Γ_1(z) = (se^{isgn(t)η} : 0 ≤ s ≤ |t|), Γ_2(z) = (s : 0 ≤ s ≤ a), Γ_3(z) = (a + isgn(t)s : 0 ≤ s ≤ |b|).

Then (Γ_1(z), Γ_2(z), Γ_3(z)) is a closed path in C_+. Since G is holomorphic in C_+, and since ‖G(z)‖ ≤ KRe(z)^{−1/p} (for the scalar case see [4], Lemma on page 149) we infer from Cauchy’s theorem ∫ t 0 G_η(s) ds = sgn(t)e^{−isgn(t)η} ∫ Γ1(z) G(ν) dν = sgn(t)e^{−isgn(t)η} ( ∫ Γ2(z) G(ν) dν + ∫ Γ3(z) G(ν) dν )

= sgn(t)e^{−isgn(t)η} ( ∫ a 0 G(s) ds + i ∫ b 0 G(a + is) ds ) . (4)

Let t ∈ R and put z(η) = |t|e^{isgn(t)η} = a(η) + ib(η). If η converges towards π/2 then b(η) converges towards t. Consequently, equation (3) yields lim η→π/2 isgn(t)e^{−isgn(t)η} ∫ b_(η_) 0 G(a(η) + is) ds = lim_{η→ π2} ∫ t 0 G(a(η) + is) ds − lim_{η→ π2} ∫ t b(η) G(a(η) + is) ds = T χ_t, because ‖ ‖ ‖ ‖ ‖ ∫ t b(η) G(a(η) + is) ds ‖ ‖ ‖ ‖ ‖ ≤ |t − b(η)|^{1/q} ‖G‖_{Hp} and lim_{η→π/2} |t − b(η)| = 0. The first part

∫ a_(η_)

0 G(s) ds in the sum of equation (4) converges towards zero for η → π/2, because ‖G(s)‖ ≤ Ks^{−1/p}. Hence, equation (2) is proved for α = π/2. Since the set {χ_t : t ∈ R} is total in L_q(R), and since the family {G_η : −π/2 < η < π/2} is bounded in L_p(R, X), there exists, by the Banach-Steinhaus-Theorem, a bounded operator T : L_q(R) → X such that, for all h ∈ L_q(R) T h = lim_{η→π/2}� ∫_∞ −∞ h(t)G_η(t) dt. Step 2: Now let 0 < α < π. Let G ∈ H_p(Σ_α, X) and put

F (z) = ( π 2α )_1/p z^{1p ( π2α −1)}G ( z^{π2α} ) . Then, by straightforward calculations, F belongs to H_p(Σ_{π/2}, X), and for 0 < η < α and t ∈ R it follows that

G_η(t) = ( π 2α )_1/p (|t|e^{isgn(t)η})^{1p ( π2α −1)}F ( (|t|e^{isgn(t)η})^{π2α} )

= ( π 2α )_1/p (|t|e^{isgn(t)η})^{1p ( π2α −1)}F_η^π_{2α} (sgn(t)|t|^{π2α} ).

If h : R → Y , Y a Banach space, is a function then define Bh : R → Y by Bh(t) = ( π 2α )_1/p |t|^{1p ( π2α −1)}h(sgn(t)|t|^{π2α} ), and define Ch : R → Y by Ch(t) = ( 2α π )_1/q |t|^{1q ( 2απ −1)}h(sgn(t)|t|^{2απ} ). It is easy to see that the operators B and C are isometric isomorphisms on L_p(R, Y ). Moreover, put d_η(t) = e^{isgn(t) ηp ( π2α −1)}. Then for h ∈ L_q(R) ∫_∞ −∞ h(t)G_η(t) dt = ∫_∞ −∞ h(t)d_η(t) (BF_η^π_{2α} )(t) dt = ∫_∞ −∞ d_η(u) (Ch)(u)F_η^π_{2α} (u) du.

By Step 1, Sh := lim_{θ→π/2}� ∫_∞ −∞ h(t)F_θ(t) dt defines a bounded operator S : L_q(R) → X. Consequently, since η^π_{2α} converges towards π/2 from below, as η → α^−, the result of the Step 1 implies that the following limit exists:

lim_{η→α}� ∫_∞ −∞ h(t)G_η(t) dt =: T h, h ∈ L_q(R). Clearly, T : L_q(R) → X is a bounded operator. In order to show that T is pbounded, put g_η(t) = ‖G_η(t)‖. Then there exists a sequence (η_n) converging towards α from below, so that (g_{ηn} ) has a weak limit g ∈ L_p(R), if p < ∞, and so that (g_{ηn} ) has a weak^∗ limit g ∈ L_∞(R), if p = ∞. Consequently, for h ∈ L_q(R) ‖T h‖ ≤ lim sup_{n→∞} ∫_∞ −∞ |h(t)| ‖G_{ηn} (it)‖ dt = lim sup n→∞ ∫_∞ −∞ |h(t)|g_{ηn} (t) dt = ∫_∞ −∞ |h(t)|g(t) dt. If X has the Radon-Nikodym property it follows from [3], IV.4, Theorem 8, that T can be represented by a function g ∈ L_p(R, X). ≡

3 A Paley-Wiener-type theorem for H2(Σα, X)

The classical Paley-Wiener-Theorem [7] states that the complex Laplace transform F (z) = ∫_∞ 0 e^{−zt}f(t) dt is an isometric isomorphism between the spaces L_2([0, ∞)) and H_2(C_+, C) (see also [8], Chapter 19). The proof of this theorem uses heavily the Plancherel theorem for the Fourier transform. By Kwapien’s theorem [5] a Banach space valued version of Plancherel’s theorem does not exist, in general, but the Fourier transform maps L_2(R, X) isomorphically onto L_2(R, X) if and only if X is isomorphic to a Hilbert space. Hence, for Hilbert spaces X, the following vector-valued version of the Paley-Wiener-Theorem theorem can be proved (see [9], Proposition 2.2.14).

Theorem 4 If X is isomorphic to a Hilbert space then the X-valued complex Laplace transform

F (z) = ∫_∞ 0 e^{−zt}f(t), z ∈ C_+, is an isomorphism from L_2([0, ∞), X) onto H_2(C_+, X).

The following corollary is an immediate consequence of this vector-valued version of the Paley-Wiener-Theorem together with Theorem 1.

Corollary 5 If X is isomorphic to a Hilbert space then the vector-valued complex Laplace transform

F (z) = ∫_∞ 0 e^{−zt}f(t), z ∈ C_+, is an isomorphism from L_2([0, ∞), X) onto H_2(Σ_{π/2}, X).

We now want give the outline of a proof for a theorem of Paley-Wiener type for the complex Laplace transform of functions belonging to H_2(Σ_α, X); more precise:

Theorem 6 Let 0 < α < π/2, and let X be isomorphic to a Hilbert space Then the complex Laplace transform of any function f ∈ H_2(Σ_α, X) can be extended holomorphically to a unique function F ∈ H_2(Σ_{α+π/2}, X), and every F ∈ H_2(Σ_{α+π/2}, X) is the extension of the complex Laplace transform of a unique f ∈ H_2(Σ_α, X).

Proof. (an outline) If f belongs to H_2(Σ_α, X) then one defines a holomorphic function F : Σ_{π/2} → X in the following way: For −α < θ < α define the path Γ_θ = (re^{iθ} : 0 < r < ∞). Now, given z ∈ e^{−iθ}C_+ put

F_θ(z) = ∫ Γθ e^{−zμ}F (μ) dμ. Then F_θ : e^{−iθ}C_+ → X is a holomorphic function, and by Corollary 5 sup |β|<π/2 ∫_∞ 0 ‖ ‖ ‖F_θ(re^{i(θ+β)}) ‖ ‖ ‖^2 dr ≤ M^2 ‖f‖^2H_{2(Σα},X_) , (5)

where M denotes the norm of the vector-valued complex Laplace transform from L_2([0, ∞), X) into H_2(Σ_{π/2}, X). Moreover, one can show that F_θ(z) = F_η(z) whenever −α < θ, η < α and z ∈ e^{−iθ}C_+ ∩ e^{−iη}C_+. Since ⋃ |θ|<α e −iθC_+ = Σ_{α+π/2} we can define F : Σ_{α+π/2} → X by F (z) = F_θ(z), where θ is chosen so that z belongs e^{−iθ}C_+. Then it follows from (5) that F belongs to H_2(Σ_{α+π/2}, X) with ‖F ‖_{H2(Σα+π/2)} ≤ M ‖f‖_{H2(Σα)}, and F_|C_+ is the complex Laplace transform of f.

Conversely, assume F to belong to H_2(Σ_{α+π/2}, X). Then, by [9], Satz 2.3.7, F is the complex Laplace transform of a holomorphic function f : Σ_α → X, and F (z) can be evaluated by

F (z) = ∫ Γθ e^{−zμ}f(μ) dμ, z ∈ e^{−iθ}C_+. It remains to be shown that f belongs to H_2(Σ_α, X). Let |θ| < α, and, for z ∈ C_+, put F_θ(z) = F (ze^{−iθ}). Then, by Corollary 5, F_θ is the complex Laplace transform of a function f_θ ∈ L_2([0, ∞), X). Hence, for z = re^{−iθ} it follows that e^{iθ} ∫_∞ 0 e^{−rt}f(te^{iθ}) dt = ∫ Γθ e^{−zμ}f(μ) dμ = F (z) = F_θ(r) = ∫_∞ 0 e^{−rt}f_θ(t) dt. By uniqueness of the Laplace transform it follows that e^{iθ}f(te^{iθ}) = f_θ(t) almost everywhere in [0, ∞). Consequently, ∫_∞ 0 ‖ ‖f(re^{iθ}) ‖ ‖^2 dr = ‖fθ‖^2L_2 ≤ L^2 ‖F ‖^2H_{2(Σα+π/2)} ,

where L denotes the norm of the inverse complex Laplace transform from H_2(C_+, X) into L_2([0, ∞), X). ≡

References

[1] M.M. Drz̆bas̆jan, V.M. Martirosjan, Theorems of Paley-Wiener and Müntz-Szász type, Soviet Math. Dokl. 16 (1975), 1559-1563.

[2] J.B. Garnett, “Bounded Analytic Functions”, Academic Press, New York, 1981.

[3] J. Diestel, J.J. Uhl, “Vector measures”, American Mathematical Society, Providence, 1977.

[4] P. Koosis, “Introduction to H_p Spaces”, Cambridge University Press, Cambridge, 1980.

[5] S. Kwapien, Isomorphic characterizations of inner product spaces by orthogonal series with vector valued coefficients, Studia Math. 44 (1972), 583-595.

[6] W.A.J. Luxemburg, On an inequality of Levinson of the Phragmen- Lindelöf type, Indigationes Math. 46, (1984), 421-427.

[7] R.E.A.C. Paley, N. Wiener, “Fourier Transforms in the Complex Domain”, Amer. Math. Soc. Colloquium Publ. 19, New York, 1934.

[8] W. Rudin, “Real and Complex Analysis”, McGraw-Hill Book Company, New York, 1987.

[9] P. Vieten, “Holomorphie und Laplace Transformation banachraumwertiger Funktionen”, Shaker, Achen, 1995.

[10] A.M. Sedleckiĭ, An equivalent definition of H^p spaces in the halfplane and some applications, Math. U.S.S.R. Sbornik 25, (1975), 69-75.

Peter Vieten Fachbereich Mathematik Universität Kaiserslautern Erwin-Schrödinger-Straße 67663 Kaiserslautern Germany

vieten@mathematik.uni-kl.de