Four characterizations of scalar-type operators with spectrum in a half-line

by Peter VIETEN

February 5, 1997

Abstract

C^0-scalar-type spectrality criterions for operators A, whose resolvent set contains the negative reals, are provided. The criterions are given in terms of growth conditions on the resolvent of A and the semigroup generated by A. These criterions characterize scalar-type operators on the Banach space X, if and only if X has no subspace isomorphic to the space of complex null-sequences.

AMS Mathematics Subject Classification: Primary 47B40; Secondary 47A60.

0 Introduction

This paper is written in the spirit of Kantorovitz’ [14] work on the characterization of scalar-type spectral operators with spectrum in [0, ∞), and the reader is refered to this article for a brief introduction into the history and the importance of this subject.

A possibly unbounded linear operator A on a Banach space X is called a scalar-type spectral operator on [0, ∞) if there exists a strongly countably additive spectral measure E on the Borel subsets of [0, ∞) so that D(A) = {x ∈ X : lim_{n→∞} ∫ n 0 tE(dt)x exists} and Ax = lim_{n→∞} ∫ n 0 t E(dt)x for x ∈ D(A). 1

Let us denote by C_0[0, ∞) the space of complex-valued continuous functions on [0, ∞) which vanish at infinity. By X we always mean a complex Banach space, X^∗ stands for the dual space of X and U_X denotes the unit ball of X. The space of bounded linear operators on X is denoted by L(X). The main result of this paper is the following characterization of scalar-type spectral operators on [0, ∞).

Theorem 1. Let X be a Banach space which has no subspace isomorphic to the space c_0 of complex-valued null-sequences. Let A be a linear operator on X, whose resolvent set contains the half-line (−∞, 0). Then A is spectral of scalar-type on [0, ∞) if and only if one of the following conditions is fulfilled:

(i) A is of C^0-scalar-type on [0, ∞); that means there exists a continuous algebra homomorphism Φ : C_0[0, ∞) → L(X) with Φ(ρ_s) = (s + A)^{−1} for s > 0, where ρ_s(t) = 1/(s + t).

(ii) There exists M_1 > 0 so that for all x ∈ U_X and x^∗ ∈ U_X� sup k=1,2,... c_k ∫_∞ 0 t^{k−1}|x^∗A^k(t + A)^{−2k}x| dt ≤ M_1, where c_k =^{(2k−1)!}_{k!(k−2)!} if k ≥ 2 and c_1 = 1.

(iii) There exists M_2 > 0 so that for all x ∈ U_X and x^∗ ∈ U_X� sup k=0,1,... k∑ m=0 ( k m )| | |x^∗A^m(1 + A)^{−k}x | | | ≤ M_2.

(iv) −A generates a strongly continuous semigroup (U(t))_{t≥0} with U(t)X ⊆ D(A) for every t > 0, and there exists M_3 > 0 so that for all x ∈ U_X and x^∗ ∈ U_X� sup k=1,2,... 1 (k − 1)! ∫_∞ 0 t^{k−1}|x^∗A^kU(t)x| dt ≤ M_3. Note that the assumption U(t)X ⊆ D(A) for all t > 0 implies U(t)X ⊆ D(A^n) for every natural number n (see e.g. [1], Proposition 1.1.10).

Dowson [10] showed that bounded scalar-type spectral operators in weakly complete Banach spaces can be characterized by criterion (i), and Kantorovitz and deLaubenfels [7] were the first who recognized that this equivalence,for possibly unbounded operators, is true in any Banach space not containing c_0. That (ii) is equivalent to A being of scalar-type on [0, ∞), provided the underlying Banach space is reflexive, is due to Kantorovitz [14]. The proof of Kantorovitz’ criterion is based on Widders [18] characterization of Stieltjes transforms. Widders characterization of Stieltjes transforms was also used by Ricker [15] to derive a description of scalar-type operators in quasi-complete locally convex spaces. Criterions (iii) and (iv) are related to deLaubenfels work on scalar-type spectral operators on Banach lattices [2] and on cyclic spaces [3]. The proof of these criterions uses respectively characterizations of complex-valued moment sequences and Laplace transforms. Some other characterizations of possibly unbounded operators on reflexive spaces being of scalar-type on [0, ∞) may be found in [3], [6] and [13].

In the first section of this paper we study C^0-scalar-type operators. Especially, it is shown that A is of C^0-scalar-type on [0, ∞) if and only if A fulfills condition (ii) or (iii) of Theorem 1, and if, in addition, A generates a strongly continuous semigroup then also condition (iv) is equivalent to A being of C^0-scalar-type. In the second section we show that the class of scalar-type operators on X and C^0-scalar-type operators on X coincide in exactly those Banach spaces X which have no subspace isomorphic to c_0.

Before we start with our study of C^0-scalar-type operators let us present the following results of Widders’s which are the main tools for our investigations.

Let k be a natural number. If f : (0, ∞) → C is infinitely often differentiable let S_k[f](t) = d_k(−t)^{k−1} d^{2k−1} dt^{2k−1} ( t^kf(t) ) for 0 < t < ∞,

where d_k =^1_{k!(k−2)!} if k ≥ 2 and d_1 = 1, and let

L_k[f](t) =

(−1)^k k! f^{(k)} ( k t ) ( k t )k_{+1} for 0 < t < ∞.

The formal operators S_k and L_k are respectively called the Widder inversion operators for the Stieltjes and the Laplace transform.

If μ = (μ_n)_{n=0,1,...} is a complex-valued sequence then

Λ_k[μ]_m = ( k m ) (−1)^{k−m}Δ^{k−m}[μ]_m for k, m = 0, 1, . . . with m ≤ k,

where Δ denotes the difference operator Δ[μ]_n = μ_{n+1} − μ_n.

Let I be a closed interval which is bounded from below by b = inf I. A complex-valued function ϕ of bounded variation on I is said to be normalized if ϕ(t) = (ϕ(t^−) + ϕ(t^+))/2 for all t in the interior of I and if ϕ(b) = 0. The total variation of ϕ is denoted by Var(ϕ).

Theorem 2. Let f : (0, ∞) → C be an infinitely often differentiable function and μ a complex-valued sequence.

(i) (Widder inversion of the Stieltjes transform) There exists a unique complex-valued normalized function ϕ of bounded variation on [0, ∞) with f(s) = ∫_∞ 0 1 s+t dϕ(t) for 0 < s < ∞ if and only if M = sup_{k=1,2,...} ∫_∞ 0 |S_k[f](t)| dt < ∞. (1) In this case M ≤ Var(ϕ) ≤ M + |A|, where A = lim_{t→0}+ tf(t).

(ii) (Widder inversion of the Laplace transform) There exists a unique complex-valued normalized function ϕ of bounded variation on [0, ∞) with f(s) = ∫_∞ 0 e^{−st} dϕ(t) for 0 < s < ∞ if and only if M = sup_{k=1,2,...} ∫_∞ 0 |L_k[f](t)| dt < ∞. (2) In this case M ≤ Var(ϕ) ≤ M + |B| where B = lim_{t→∞} f(t).

(iii) (Widder characterization of moment sequences) There exists a unique complex-valued normalized function ϕ of bounded variation on [0, 1] with μ_n =

∫_1

0 t^n dϕ(t) for n = 0, 1, . . . if and only if M = sup_{k=0,1,...} k∑ m=0 |Λ_k[μ]_m| < ∞. In this case M ≤ 2Var(ϕ) ≤ 2M.

For proofs of these statements we refer to Widder [18], Theorem VIII.16, Theorem VII.12a, and Theorem III.2b, respectively. Widder stated the results for real-valued functions and sequences , but the complex case is a trivial consequence. The estimates follow easily from the proofs in the cited reference. Note that the existence of the limits A in (i) and B in (ii) follows from the condition (1) and (2), respectively.

1 Characterization of C^0-scalar-type operators

with spectrum in [0;1)

In the sequel linear mappings between (complex) vector spaces are called operators. Let A be a bounded operator on X and D a bounded set of complex numbers. Following deLaubenfels [2] we say that A is of C^0-scalartype on D if there exists a continuous algebra homomorphism Φ defined on the space of continuous complex-valued functions C(D) into L(X) with Φ(τ_0) = Id and Φ(τ_1) = A, where τ_n(z) = z^n for n = 0, 1, . . . and z ∈ D. We want to extend this definition to possibly unbounded operators with spectrum in the half-line [0, ∞). For this reason we make the following observation.

Lemma 3. If A is a bounded operator on X and if D ⊆ C is closed and bounded then A is of C^0-scalar-type on D if and only if σ(A) ⊆ D and there exists a continuous algebra homomorphism Φ : C(D) → L(X) with Φρ_z = (z + A)^{−1} for all z /∈ −D.

Proof. If A is of C^0-scalar-type on D with corresponding algebra homomorphism Φ then, since D is closed, ρ_z ∈ C(D) for all z /∈ −D, and

(z + A)Φ(ρ_z) = Φ((zτ_0 + τ_1)ρ_z) = Φ(τ_0) = Id,

and similarly Φ(ρ_z )(z + A) = Id. Hence −z is contained in the resolvent set of A and (z + A)^{−1} = Φ(ρ_z). Conversely, if Φ : C(D) → L(X) is a continuous algebra homomorphism with Φ(ρ_z) = (z + A)^{−1} for all z /∈ −D then Φ(τ_0)(z + A)^{−1} = Φ(ρ_z ) = (z + A)^{−1} whence Φ(τ_0) = Id. Moreover,

(z + A)^{−1}(z + Φ(τ_1)) = Φ(ρ_z(zτ_0 + τ_1)) = Φ(τ_0) = Id whence Φ(τ_1) = A. ≡

Motivated by this lemma we define C^0-scalar-type operators on [0, ∞) as follows:

Definition 4. A possibly unbounded operator A on X is of C^0-scalar-type on [0, ∞) if σ(A) ⊆ [0, ∞) and there exists a continuous algebra homomorphism Φ : C_0[0, ∞) → L(X) with Φ(ρ_z) = (z + A)^{−1} for all z ∈ C \ (−∞, 0].

The next Lemma shows that A is of C^0-scalar-type on [0, ∞) if and only if A admits a C_0[0, ∞) functional calculus in the sense of deLaubenfels [4]. Moreover, if A is densely defined, then A is of C^0-scalar-type in the sense of Definition 4 if and only if A is C^0-scalar in the sense of deLaubenfels [2] (see Remark 7 below).

Lemma 5. An operator A on X is of C^0-scalar-type on [0, ∞) if and only if its resolvent set contains the half-line (−∞, 0) and there exists a continuous algebra homomorphism Φ : C_0[0, ∞) → L(X) with Φρ_s = (s + A)^{−1} for all 0 < s < ∞. Proof. That the first assertion implies the second is trivial. So let Φ : C_0[0, ∞) → L(X) be a continuous algebra homomorphism with Φ(ρ_s) = (s + A)^{−1} for all 0 < s < ∞. Let z ∈ C \ (−∞, 0]. If x ∈ D(A) then

(1 + A)^{−1}Φ(ρ_z)(z + A)x = Φ(ρ_z)(1 + A)^{−1} ((z − 1) + (1 + A)) x = Φ (ρ_z((z − 1)ρ_1 + 1)) x = Φ(ρ_1)x = (1 + A)^{−1}x,

whence Φ(ρ_z )(z + A)x = x. If x ∈ X then

Φ(ρ_z)x = Φ(ρ_z ) ((1 − z) + (z + A)) (1 + A)^{−1}x = (1 + A)^{−1} ((1 − z)Φ(ρ_z)x + x) ∈ D(A).

Applying z + A = (z − 1) + (1 + A) to both sides of the last equation yields

(z + A)Φ(ρ_z)x = (z − 1)Φ(ρ_z ) + (1 − z)Φ(ρ_z) + x = x.

Consequently, z is contained in the resolvent set of A and Φ(ρ_z) = (z +A)^{−1}. ≡

If I is a closed interval with inf I = 0 and if ϕ is a complex-valued function of bounded variation on I, then, for t ≥ 0, let Var_ϕ(t) be the variation of ϕ in the interval [0, t), provided t is not a right end point of I. If I = [0, a], then Var_ϕ(a) is the variation of ϕ on the whole interval [0, a]. The function Var_ϕ : I → R is of bounded variation on I, the variation of ϕ and Var_ϕ are equal, and for every f ∈ C_0(I) ∫ I f(t) dϕ(t) ≤ ∫ I |f(t)| dVar_ϕ(t). This is proven for example in [17].

Theorem 6. Let A be an operator on X whose resolvent set contains the half-line (−∞, 0). Then A is of C^0-scalar-type on [0, ∞) if and only if one of the following conditions (i) or (ii) is fulfilled:

(i) There exists M_1 > 0 so that for all x ∈ U_X and x^∗ ∈ U_X� sup k=1,2,... c_k ∫_∞ 0 t^{k−1}|x^∗A^k(t + A)^{−2k}x| dt ≤ M_1, where c_k =^{(2k−1)!}_{k!(k−2)!} if k ≥ 2 and c_1 = 1.

(ii) There exists M_2 > 0 so that for all x ∈ U_X and x^∗ ∈ U_X� sup k=0,1,... k∑ m=0 ( k m )| | |x^∗A^m(1 + A)^{−k}x | | | ≤ M_2.

If, in addition, A is densely defined then A is of C^0-scalar-type on [0, ∞) if and only if:

(iii) −A generates a C_0-semigroup (U(t))_{t≥0} such that U(t)X ⊆ D(A) for every t > 0, and there exists M_3 > 0 so that for all x ∈ U_X and x^∗ ∈ U_X� sup k=1,2,... 1 (k − 1)! ∫_∞ 0 t^{k−1}|x^∗A^kU(t)x| dt ≤ M_3.

Proof. (i) Let A be of C^0-scalar-type on [0, ∞) with corresponding algebra homomorphism Φ. Given x ∈ X, x^∗ ∈ X^∗ and f ∈ C_0[0, ∞) we put l[x, x^∗]f = x^∗Φ(f)x. Then l[x, x^∗] is a continuous linear functional on C_0[0, ∞) with ‖l[x, x^∗]‖ ≤ ‖Φ‖ · ‖x‖ · ‖x^∗‖. So we may apply the Riesz representation theorem which says that there exists a complex-valued function ϕ[x, x^∗] of bounded variation on [0, ∞) with Var (ϕ[x, x^∗]) ≤ M ‖x‖ · ‖x^∗‖, and so that l[x, x^∗](f) =

∫_1

0 f(u) dϕ[x, x^∗](u) for all f ∈ C_0[0, ∞). We then have t^{k−1}x^∗A^k(t + A)^{−2k}x = t^{k−1} ∫_∞ 0 u^k(t + u)^{−2k} dϕ[x, x^∗](u). Hence, by changing the order of integration and integrating by parts we get c_k ∫_∞ 0 t^{k−1}|x^∗A^k(t + A)^{−2k}x| dt ≤ c_k ∫_∞ 0 ∫_∞ 0 t^{k−1}u^k(t + u)^{−2k} dVar_{ϕ[x,x}�_](u) dt = c_k ∫_∞ 0 ∫_∞ 0 s^{k−1}(s + 1)^{−2k} ds dVar_{ϕ[x,x}�_](u) = k − 1 k Var(ϕ[x, x^∗]) ≤ ‖Φ‖ · ‖x‖ · ‖x^∗‖ . Conversely, assume that (i) holds. For the proof that A is of C^0-scalartype on [0, ∞), we need Widders inversion theorem for the Stieltjes transform. Therefore, given x ∈ X and x^∗ ∈ X^∗ we calculate S_k[x^∗Rx] where R(t) = (t + A)^{−1}. We have for every k = 1, 2, . . . d^{2k−1} dt^{2k−1} ( t^k(t + A)^{−1} )

= 2k−1∑ l=0 ( 2k − 1 l ) d^l dt^l ( t^k ) d^{2k−1−l} dt^{2k−1−l} ( (t + A)^{−1} )

= k∑ l=0 ( 2k − 1 l ) k!(2k − 1 − l)! (k − l)! t^{k−l}(−1)^{2k−1−l}(t + A)^{−(2k−l)} = (2k − 1)!(−1)^{k−1} k∑ l=0 ( k l ) (−t)^{k−l}(t + A)^l (t + A)^{−2k} = (2k − 1)!(−1)^{k−1}A^k(t + A)^{−2k}

whence S_k[x^∗Rx](t) = c_kt^{k−1}x^∗A^k(t + A)^{−2k}x.

Hence by Widders theorem x^∗Rx is the Stieltjes transform of a unique normalized function ϕ[x, x^∗] of bounded variation on [0, ∞) with Var(ϕ[x, x^∗]) ≤ M ‖x‖ · ‖x^∗‖ + |A[x, x^∗]| where A[x, x^∗] = lim_{t→0}+ tx^∗R(t)x. For every t > 0 the operator tR(t) is bounded and |x^∗tR(t)x| = | | | ∫_∞ 0 t t + u dϕ[x, x^∗](u) | | | ≤ Var(ϕ[x, x^∗]) for every x ∈ X and x^∗ ∈ X^∗. Hence A = sup_{0<t<∞} ‖tR(t)‖ < ∞ by the uniform boundedness principle. Consequently, Var(ϕ[x, x^∗]) ≤ M ‖x‖ · ‖x^∗‖ , where M = M + A. Now let Φ(f)x be the linear functional on X^∗ which assigns to every x^∗ ∈ X^∗ the complex number ∫_∞ 0 f(t) dϕ[x, x^∗](t). Then Φ : C_0[0, ∞) → L(X, X^{∗∗}) is linear and we have the estimate |⟨Φ(f)x, x^∗⟩| ≤ ‖f‖ Var(ϕ[x, x^∗]) ≤ M ‖f‖ · ‖x‖ · ‖x^∗‖ . So we infer ‖Φ‖ ≤ M. Moreover, we know Φ(ρ_s) = (s + A)^{−1} ∈ L(X) because ⟨Φ(ρ_s)x, x^∗⟩ = ∫_∞ 0 1 s + t dϕ[x, x^∗](t) = x^∗(s + A)^{−1}x. Since the set {ρ_s : 0 < s < ∞} is a total subset of C_0[0, ∞) we infer Φ(f) ∈ L(X) for every f ∈ C_0[0, ∞), that means Φ : C_0[0, ∞) → L(X). We now claim that Φ is an algebra homomorphism. By the resolvent equality we have for all 0 < r, s < ∞ with r ≠ s

Φ(ρ_rρ_s) = (r − s)^{−1}Φ(ρ_s − ρ_r) = (r − s)^{−1} ( (s + A)^{−1} − (r + A)^{−1} ) = (r + A)^{−1}(s + A)^{−1}, and Φ ( ρ^2_s ) = lim_{h→0} Φ ( h^{−1}(ρ_s − ρ_{s+h}) ) = lim_{h→0} h^{−1} ( (s + A)^{−1} − (s + h + A)^{−1} ) = (s + A)^{−2}.

So we may conclude Φ(fg) = Φ(f)Φ(g) for all f, g ∈ C_0[0, ∞) because the set {ρ_s : 0 < s < ∞} is total in C_0[0, ∞).

(ii) Let again Φ be the continuous algebra homomorphism corresponding to A. Given x ∈ X, x^∗ ∈ X^∗ and f ∈ C[0, 1] put l[x, x^∗]f = x^∗Φ(f)x. Then l[x, x^∗] is a continuous linear functional on C[0, 1] with ‖l[x, x^∗]‖ ≤ ‖Φ‖ · ‖x‖ · ‖x^∗‖. So we may apply the Riesz representation theorem in order to get a complex-valued function ϕ[x, x^∗] of bounded variation on [0, 1] which represents l[x, x^∗], and with Var(ϕ[x, x^∗]) = ‖l[x, x^∗]‖. Consequently, k∑ m=0 ( k m )| | |x^∗A^m(1 + A)^{−k}x | | | = k∑ m=0 ( k m )| | | ∫_∞ 0 t^m(1 + t)^{−k} dϕ[x, x^∗](t) | | | ≤ ∫_∞ 0 k∑ m=0 ( k m ) t^m(1 + t)^{−k} dVar_{ϕ[x,x}�_](t) = Var(ϕ[x, x^∗]) ≤ ‖Φ‖ · ‖x‖ · ‖x^∗‖ . Thus, if A is of C^0-scalar-type on [0, ∞), then (ii) follows.

Assume now that (ii) is fulfilled. We show first that this assumption implies that (1 + A)^{−1} is of C-scalar-type on [0, 1]. To this end put μ_n = (1 + A)^{−n}. Then by induction it follows that Δ^kμ_n = (−1)^kA^k(1 + A)^{−(k+n)} for k, n = 0, 1, . . ., whence

Λ_k[μ]_m = ( k m ) A^{k−m}(1 + A)^{−k} for k, m = 0, 1, . . . with k ≥ m.

Hence (ii) implies for every x ∈ X and x^∗ ∈ X^∗ sup k=0,1,... k∑ m=0 |Λ_k[x^∗μx]_m| ≤ M ‖x‖ · ‖x^∗‖ . So we may conclude from Widders Theorem 2 (iii) that there exists a unique complex-valued normalized function ϕ[x, x^∗] of bounded variation on [0, 1] with Var(ϕ[x, x^∗]) ≤ M ‖x‖ · ‖x^∗‖ and so that x^∗μ_nx = ∫_1 0 t^n dϕ[x, x^∗](t). Since | | | ∫_1 0 f(t) dϕ[x, x^∗](t) | | | ≤ ‖f‖_∞ Var(ϕ[x, x^∗]) ≤ M ‖f‖_∞ ‖x‖ · ‖x^∗‖ , and since ϕ[x, x^∗] depends linearly on x and x^∗, we can define a continuous linear operator Ψ : C[0, 1] → L(X, X^{∗∗}) by ⟨Ψ(f)x, x^∗⟩ = ∫_∞ 0 f(t) dϕ[x, x^∗](t). We then have for every n = 0, 1, . . . ⟨Ψ(τ_n)x, x^∗⟩ = ∫_1 0 t^n dϕ[x, x^∗](t) = x^∗(1 + A)^{−n}x, whence Ψ(τ_n) = (1 + A)^{−n} ∈ L(X). Since the set {τ_n : n = 0, 1, . . .} is total in C[0, 1] we conclude that Ψ is an operator from C[0, 1] into L(X). Moreover, for every l, n = 0, 1, . . . there holds

Ψ(τ_lτ_n) = Ψ(τ_{l+n}) = (1 + A)^{−(l+n)} = (1 + A)^{−l}(1 + A)^{−n} = Ψ(τ_l)Ψ(τ_n).

This equation shows that the bounded operator Ψ, in addition, is an algebra homomorphism, because the set {τ_n : n = 0, 1, . . .} is total in C[0, 1]. Note that Ψ(τ_0) = (1 + A)^{−0} = Id and Ψ(τ_1) = (1 + A)^{−1}, so that (1 + A)^{−1} is of C^0-scalar-type on [0, 1].

To show that A is of C^0-scalar-type on [0, ∞) put Γf(t) = f(1/t − 1) for 0 < t ≤ 1 and Γf(0) = 0. Then Γ : C_0[0, ∞) → C[0, 1] is a continuous algebra homomorphism. Hence Φ = Ψ ∘ Γ : C_0[0, ∞) → L(X) also is a continuous algebra homomorphism, and we have for every 0 < s < ∞

Φ(ρ_s) = Ψ(Γ(ρ_s)) = Ψ(τ_1(1 + (s − 1)τ_1)^{−1})

= (1 + A)^{−1} ( 1 + (s − 1)(1 + A)^{−1} )_{−1} = (s + A)^{−1}.

It follows, by Lemma 5, that A is of C^0-scalar-type on [0, ∞).

(iii) Let A be of C^0-scalar-type on [0, ∞) with corresponding algebra homomorphism Φ and assume A to be densely defined. Since ‖ ‖ ‖λ(λ + A)^{−1} ‖ ‖ ‖ = ‖Φ(λρ_λ)‖ ≤ ‖Φ‖ ‖λρ_λ‖_∞ ≤ ‖Φ‖ for all λ ∈ C with | arg(λ)| ≤ 3π/4, Theorem 5.3 in [12] tells us that −A generates an analytic semigroup. Especially, D(A^n) ⊆ U(t)X for all t > 0 and U^{(n)}(t) = (−1)^nA^nU(t).

By ε_t ∈ C_0[0, ∞), t > 0, we denote the function ε_t(u) = e^{−ut}. Put V (t) = Φ(ε_t) for t > 0 and let V (0) = Id. We show next that U = V .

Given x ∈ X and x^∗ ∈ X^∗ let ϕ[x, x^∗] be the complex-valued normalized function of bounded variation on [0, ∞) which represents the linear functional x^∗Φx on C_0[0, ∞). Then we have for s > 0 ∫_∞ 0 e^{−st}x^∗V (t)x dt = ∫_∞ 0 e^{−st}x^∗Φ(ε_t)x dt = ∫_∞ 0 e^{−st} ∫_∞ 0 e^{−tu} dϕ[x, x^∗](u) dt = ∫_∞ 0 ∫_∞ 0 e^{−t(s+u)} dt dϕ[x, x^∗](u) = ∫_∞ 0 1 s + u dϕ[x, x^∗](u) = x^∗Φ(ρ_s)x = x^∗(s + A)^{−1}x.

Hence the function s → (s + A)^{−1} is the Laplace transform of V . Since −A generates the C_0-semigroup U we know, by [12] p. 17, that s → (s + A)^{−1} is the Laplace transform of U, too. By the injectivity of the Laplace transform, V (t) = U(t) follows for all t > 0, since U and V are strongly continuous in (0, ∞). Especially, U^{(n)}(t) = (−1)^nΦ(τ^nε_t) for all t > 0.

Now, by Widders Theorem 2 (ii) the inequality sup k=1,2,... 1 (k − 1)! ∫_∞ 0 t^{k−1}|x^∗A^kU(t)x| dt ≤ ‖Φ‖ · ‖x‖ · ‖x^∗‖ follows, because L_k[U](t) =^1_{k!} A^kU(k/t)(k/t)^{k+1}. Up to this point we proved that (iii) follows, if A is a densely defined operator of C^0-scalar-type on [0, ∞).

Conversely, assume that A is densely defined and (iii) holds. Since T (t)X is contained in D(A) for every t > 0 it follows, by [1] Proposition 1.1.10, that U is infinitely often differentiable in t > 0, U(t)X ⊆ D(A^n), and there holds U^{(n)}(t) = (−1)^nA^nU(t). Hence condition (iii) is equivalent to sup k=1,2,... ∫_∞ 0 |x^∗L_k[U](t)x| dt ≤ M ‖x‖ · ‖x^∗‖ . So Widders theorem implies that there exists for every x ∈ X and x^∗ ∈ X^∗ a unique complex valued normalized function ϕ[x, x^∗] on [0, ∞) with

Var(ϕ[x, x^∗]) ≤ M ‖x‖ · ‖x^∗‖ + |B[x, x^∗]|, where B[x, x^∗] = lim_{t→∞} x^∗U(t)x, and so that x^∗U(t)x = ∫_∞ 0 e^{−tu} dϕ[x, x^∗](u) for all 0 < t < ∞. We deduce from this equation sup_{t>0} |x^∗U(t)x| ≤ Var(ϕ[x, x^∗]). Thus the uniform boundedness principle implies B = sup_{t>0} ‖U(t)‖ < ∞ and we infer Var(ϕ[x, x^∗]) ≤ M ‖x‖ · ‖x^∗‖ where M = M + B. It follows that Φ : C_0[0, ∞) → L(X, X^{∗∗}) defined by ⟨Φ(f)x, x^∗⟩ = ∫_∞ 0 f(t) dϕ[x, x^∗](t) is a continuous linear operator with Φ(ε_t) = U(t) ∈ L(X). Since the set {ε_t : 0 < t < ∞} is total in C_0[0, ∞) we infer Φf ∈ L(X) for all f ∈ C_0[0, ∞).

From Φ(ε_s) = U(s), and from the fact that U is generated by −A, we deduce

x^∗(s + A)^{−1}x = ∫_∞ 0 e^{−st}x^∗U(t)x dt = ∫_∞ 0 e^{−st} ∫_∞ 0 e^{−tu} dϕ[x, x^∗](u) dt = ∫_∞ 0 1 s + u dϕ[x, x^∗](u) = x^∗Φ(ρ_s)x. Hence Φ(ρ_s) = (s + A)^{−1}. That Φ is an algebra homomorphism follows as in the proof of (i). Consequently, A is of C^0-scalar-type on [0, ∞). ≡

Remark 7. (i) If A is a bounded operator with spectrum contained in some interval [m, M] then A is of C^0-scalar-type on [m, M] if and only sup ‖p(A)‖ < ∞ where the supremum is taken over all polynomials p on [m, M] with sup_{m≤t≤M} |p(t)| ≤ 1. This follows immediately from the observation that the polynomials are dense in C[m, M].

Following an idea of Schäfer [16] we can give a second characterization of bounded operators being of C^0-scalar-type on [m, M], which uses Widders characterization of moment sequences. It is clear that A is of C^0-scalar-type on [m, M] if and only if B = (M − m)^{−1}(m − A) is of C^0-scalar-type on [0, 1]. Now consider the operator-valued sequence μ_n = B^n, n = 0, 1, 2, . . .. Then Λ_k[μ]_m = ( k m ) B^m(1 − B)^{k−m} for m, k = 0, 1, 2, . . . with m ≤ k. Now applying Widders characterization of moment sequences it can be seen as in the proof of Theorem 6 (ii) that B is of C^0-scalar-type on [0, 1] if and only if there exists M > 0 such that sup k=0,1,... k∑ m=0 ( k m ) |x^∗B^m(1−B)^{k−m}x| ≤ M ‖x‖·‖x^∗‖ for all x ∈ X, x^∗ ∈ X^∗.

(ii) deLaubenfels [2] defined an operator A to be C^0-scalar on [0, ∞) if −A generates a uniformly bounded semigroup and (1 + A)^{−1} is of C^0-scalartype on [0, 1]. From the proof of Theorem 6 (iii) we see that a densely defined operator A with (−∞, 0) ⊆ ρ(A) is of C^0-scalar-type on [0, ∞) in our sense if and only if A is C^0-scalar on [0, ∞) in the sense of deLaubenfels.

We note that not every operator of C^0-scalar-type on [0, ∞) generates a C_0-semigroup. Consider the operator A on C_0[0, ∞) with D(A) = {v ∈ C_0[0, ∞) : lim_{t→0}+ v(t)/t exists} and Av(t) = v(t)/t for t > 0 and Av(0) = lim_{t→0}+ v(t)/t. Since (z + A)^{−1}v(t) = t/(tz + 1)v(t) we see that every z ∈ C \ [0, ∞) is contained in the resolvent set of A. Indeed, σ(A) = [0, ∞). Moreover, A is of C^0-scalar-type on [0, ∞), because the operator Φ : C_0[0, ∞) → L(X) defined by Φ(f)v(t) = f(1/t)v(t) if t > 0, and Φ(f)v(0) = 0, is a continuous algebra homomorphism with Φ(ρ_s)v(t) = t/(ts + 1)v(t). But A does not generate a C_0-semigroup, because A is not densely defined.

(iii) The proof of Theorem 6 shows, that for densely defined operators the condition (iii) in this theorem is equivalent to

(iv) −A generates an analytic semigroup U, and there exists M_4 > 0 so that for all x ∈ U_x and x^∗ ∈ U_X� sup k=1,2,... 1 (k − 1)! ∫_∞ 0 t^{k−1}|x^∗A^kU(t)x| dt ≤ M_4. 2 Characterization of scalar-type operators

In this section we prove the main theorem. The key for the proof is the relationship between vector measures and operators on spaces of continuous functions. For a deeper discussion of this relationship we refer the reader to the monograph of Diestel and Uhl [8]. Here we only recall some basic facts concerning the representation of operators on spaces of continuous functions.

If Σ is a σ-algebra and F : Σ → X has the property F (_∞ ⋃ k=1 B_k ) = ∞∑ k=1 F (B_k)

whenever (B_k) is a sequence of pairwise disjoint members of Σ, then F is called a countably additive vector measure on Σ. If Σ is the Borel σ-algebra on a locally compact Hausdorff space then we call F weakly regular if x^∗ ∘ F is a regular complex Borel measure for every x^∗ ∈ X^∗.

The following theorem would be a combination of results presented in [8] if we considered operators on C(K), where K is a compact Hausdorff space. But for our investigation of scalar-type operators we have to study operators on C_0[0, ∞).

Theorem 8. If T : C_0[0, ∞) → X is a bounded operator, then T is weakly compact if and only if T can be represented by a unique weakly regular countably additive vector measure F on [0, ∞); that means T f = ∫_∞ 0 f(t) F (dt) for f ∈ C_0[0, ∞).

Especially, if X has no subspace isomorphic to c_0, then every bounded operator from C_0[0, ∞) into X can be represented by a unique weakly regular countably additive vector-measure F .

Proof. In this proof we identify the dual space of C_0[0, ∞) with the space of regular Borel measures on [0, ∞) endowed with the variation norm. This is possible by the Riesz representation theorem. Thus every Borel function g on [0, ∞) can be identified with a member in the second dual of C_0[0, ∞) by putting ⟨g, ν⟩ = ∫_∞ 0 g(t) ν(dt) for all regular Borel measures ν. Especially, this identification is possible for characteristic functions χ_E of Borel sets E.

If T : C_0[0, ∞) → X is weakly compact then the second dual T^{∗∗} of T takes all its values in X. Given a Borel set B let F (B) = T^{∗∗}(χ_B). Then we have for every x^∗ ∈ X^∗ x^∗F (B) = ⟨χ_B, T^∗x^∗⟩ = T^∗x^∗(B). Here we identify T^∗x^∗ ∈ C_0[0, ∞)^∗ with a regular Borel measure on [0, ∞). Hence F is weakly regular. Moreover, it follows that F is weakly countably additive, and by the Orlicz-Pettis theorem [8], Corollary I.4.4, we infer that F is countably additive. Since for all x^∗ ∈ X^∗

x^∗T f = T^∗x^∗(f) = ∫_∞ 0 f(t) x^∗F (dt) we see that T is represented by F .

Conversely, if there exists a countably additive vector measure F on [0, ∞) which represents T , then define T_nf = ∫ n 0 f(t) F (dt) for every natural number n. The operators T_n from C_0[0, ∞) into X are weakly compact, by the Bartle-Dunford-Schwartz Theorem [8], Theorem VI.2.5., and they are converging in norm to the operator T . Since the operator ideal of weakly compact operators is closed with respect to the operator norm, the weak compactness of T is established.

Now assume that c_0 is not contained in X and let T be a bounded operator from C_0[0, ∞) into X. To prove the second part of the theorem, by the first part it is sufficient to establish the weak compactness of T . We extend T continuously to an operator T_l : C_l[0, ∞) → X by T_l(f) = T (f − f_∞) where f_∞(t) = lim_{s→∞} f(s) for all 0 ≤ t < ∞. Define Γ : C[0, 1] → C_l[0, ∞) by Γf(t) = f(1/(1 + t)) and let S = T_l ∘ Γ : C[0, 1] → X. Since c_0 is not contained in X the operator S is weakly compact by [8], Theorem VI.2.15. Hence T_l is also weakly compact because Γ is continuously invertible. Now the weak compactness of T follows from the equality of the ranges of T and T_l. ≡ If Φ : C_0[0, ∞) → L(X) is a bounded operator, let Φ[x]f = Φ(f)x for x ∈ X and f ∈ C_0[0, ∞). We call the operators Φ[x] : C_0[0, ∞) → X the components of Φ.

Theorem 9. Let A be a linear operator on X with (−∞, 0) ⊆ ρ(A). Then A is of scalar-type on [0, ∞) if and only if A is of C^0-scalar-type on [0, ∞) and the components Φ[x] of the corresponding algebra homomorphism Φ are weakly compact for every x ∈ X.

Especially, if X has no subspace isomorphic to c_0 then A is of scalar-type on [0, ∞) if and only if A is of C^0-scalar-type on [0, ∞).

Remark 10 For bounded A, the first half of this theorem is shown in [10], Theorem 4.6.24 , and the second half first appeared in [9]. For possibly unbounded A the second half of Theorem 9 is an immediate consequence of [6], Theorem 3.3 and Corollary 3.5.

Proof. (of Theorem 9.) If A is a scalar-type operator with spectral measure E on [0, ∞) then it is well known that Φf = ∫_∞ 0 f(t) E(dt) defines a continuous algebra homomorphism Φ : C_0[0, ∞) → L(X) with Φ(ρ_s) = (s + A)^{−1}. This is proven for example in [11]. Moreover, for every x ∈ X the X-valued measure E[x] with E[x](B) = E(B)x is countably additive by assumption. Since Φ[x]f = ∫_∞ 0 f(t) E[x](dt) it follows, by Theorem 8, that Φ[x] is weakly compact.

Conversely, assume A is of C^0-scalar-type on [0, ∞) with corresponding algebra homomorphism Φ. If Φ has weakly compact components or if X has no subspace isomorphic to c_0 then, by Theorem 8, for every x ∈ X there exists a countably additive X-valued measure E[x] on [0, ∞) with Φ[x]f = ∫_∞ 0 f(t) E[x](dt). Given a Borel measurable set B in [0, ∞) we now define E(B) : X → X by E(B)x = E[x](B). Then E(B) is linear and, by [8], Proposition I.1.11 and Theorem I.1.13, ‖E(B)‖ = sup_{‖x‖≤1} ‖E[x](B)‖ ≤ sup_{‖x‖≤1} ‖Φ[x]‖ ≤ ‖Φ‖ . (3) Hence E is an operator-valued, strongly countably additive bounded measure defined on the Borel subsets of [0, ∞) with

(s + A)^{−1}x = ∫_∞ 0 1 s + t E(dt)x. Moreover, we have ‖t(t + A)^{−1}‖ = ‖Φ(tρ_t)‖ ≤ ‖Φ‖.

Now proceed as in Kantorovitz’ proof of Theorem 1.1. in [14] to show that E is a spectral measure for A with D(A) = {x ∈ X : lim_{n→∞} ∫ n 0 tE(dt)x exists} and Ax = lim_{n→∞} ∫ n 0 tE(dt)x for x ∈ D(A). ≡ The proof of the main theorem now follows from Theorem 6 combined with Theorem 9.

Proof. (of Theorem 1.) Let A be of scalar-type on [0, ∞). Then A is of C^0-scalar-type on [0, ∞); that means assertion (i) of Theorem 1 holds. Moreover, −A, by deLaubenfels [2], generates a C_0-semigroup, whence A has to be densely defined. Hence the assertions (ii), (iii) and (iv) of Theorem 1 follow from Theorem 6 and Theorem 9.

If, conversely, one of the assertions Theorem 1 (i), (ii), (iii) or (iv) holds then, by Theorem 6, A is of C^0-scalar-type on [0, ∞). Since X has no subspace isomorphic to c_0, the operator A is of scalar-type on [0, ∞), by Theorem 9. ≡

We finally note, that the condition c_0 ⊈ X in Theorem 1 cannot be omitted; more precisely:

Theorem 11. If X contains an isomorphic copy of c_0, then there exists a bounded operator A on X which is of C^0-scalar-type, but not of scalartype. Especially, this operator A fulfills each of the conditions of Theorem 1 (i)-(iv), but it is not a scalar-type operator.

The first part of this theorem is proved in [9] (see also [5]) and the second part is an immediate consequence of Theorem 6.

Acknowledgement. The author would like to express his thanks to the referee for several helpful comments.

References

[1] P. L. Butzer, H. Behrens, Semi-Groups of Operators and Approximation. Springer-Verlag, Berlin Heidelberg New York, 1967.

[2] R. deLaubenfels, Unbounded scalar operators on Banach lattices.

Honam Math. J. 8 (1986), 1-19.

[3] R. deLaubenfels, C^0-scalar operators on cyclic spaces. Studia Math. 92 (1989), 49-58.

[4] R. deLaubenfels, Automatic extension of functional calculi. Studia Math. 114 (1995), 238-259.

[5] R. deLaubenfels, I. Doust, Functional calculus, integral representations, and Banach space geometry, Quaestiones Math. 17 (1994), 161-171.

[6] R. deLaubenfels, S. Kantorovitz, Laplace and Laplace-Stieltjes space. J.

Func. An. 116 (1993), 1-61.

[7] R. deLaubenfels, S. Kantorovitz, The semi-simplicity manifold for arbitrary Banach spaces, J. Funct. An. 113 (1995), 138-167.

[8] J. Diestel J., J. J. Uhl, Vector Measures. American Mathematical Society, Providence, 1977.

[9] I. Doust, Well-bounded and scalar-type spectral operators on spaces not containing c_0, Proc. Amer. Math. Soc. 105 (1989), 376-370.

[10] H. R. Dowson, Spectral Theory of Linear Operators. Academic Press, London, 1978.

[11] N. Dunford, J. T. Schwartz, Linear operators. Part III, Wiley-Inter-science, New York, 1971.

[12] J. Goldstein, Semigroups of Linear Operators and Applications. Oxford University Press, Oxford, 1985.

[13] R. Hughes, S. Kantorovitz, Spectral analysis of certain operator functions, J. Operator Theory 22 (1989), 243-265.

[14] S. Kantorovitz, Characterization of unbounded spectral operators with spectrum in a half-line. Comment. Math. Helvetici 56 (1981), 163-178.

[15] W. Ricker, Characterization of Stieltjes transforms of vector measures and an application to spectral theory. Hokkaido Math. J. 13 (1984), 299-309.

[16] H. H. Schäfer, A generalized moment problem. Math. Ann. 146 (1962), 326-330.

[17] P. Vieten, Holomorphie und Laplace Transformation banachraumwertiger Funktionen. Shaker, Aachen, 1995.

[18] D. V. Widder, The Laplace transform. Princeton University Press, Princeton, 1941.

Peter Vieten, Fachbereich Mathematik, Universität Kaiserslautern, Erwin Schrödinger Straße, 67663 Kaiserslautern, Germany e-mail: vieten@mathematik.uni-kl.de Fax: 0631/ 205 3052