New asymptotics in the geometry of equisingular families of curves

Gert-Martin Greuel Universität Kaiserslautern Fachbereich Mathematik Erwin-Schrödinger-Straße D – 67663 Kaiserslautern

Christoph Lossen Universität Kaiserslautern Fachbereich Mathematik Erwin-Schrödinger-Straße D – 67663 Kaiserslautern

Eugenii Shustin Tel Aviv University School of Mathematical Sciences Ramat Aviv ISR – Tel Aviv 69978

February 3, 1998

Introduction

Let D be a divisor on the smooth projective surface Σ and denote by V = V_{|D|}(S_1, . . . , S_r) the variety of irreducible curves C ∈ |D| having exactly r singularities of (topological or analytic) types S_1, . . . , S_r. We say that V has the T-property at C ∈ V , if the conditions imposed by the individual singularities of C are independent (or transversal), that is, if V is smooth of the expected codimension.

For Σ = P^2 it is well-known that the T-property holds for families of nodal curves (cf. [S]). But for more complicated singularities (beginning with cusps) there are examples, where the T-property fails ([Wa1, Lu, Lu1, Sh5]). On the other hand, various sufficient conditions for the T-property were found. The classical result is that the family V_d(n · A_1, k · A_2) of irreducible plane curves of degree d with n nodes and k cusps has the T-property if

k < 3d. (0.1)

For arbitrary singularities several generalizations and extensions of (0.1) were found (cf. [GK, GL, Sh, Sh1, V]). They are all of such a form that the sum of certain invariants of the singularities is bounded from above by a linear function in d, whereas the number of singularities might be of order d^2. In [Sh3, Sh4] the T-property was shown when the total Milnor number was bounded by a quadratic function in d. These bounds have been improved in [Sh5] stating that V_d(S_1, . . . , S_r) has the T-property if r∑ i=1 (τ^′(S_i) + 2)^4 ≤ (d + 6)^2, (0.2)

where τ^′ = τ (the Tjurina number) for an analytic type and τ^′ = τ − mod for a topological type (mod denotes the modality in the sense of [AGV]). In particular, for curves with n nodes and k cusps the T-property holds if 72 5 n + 36k ≤ (d + 6)^2. (0.3)

Moreover, in [Sh5] E. Shustin constructs a series of irreducible curves with r A_μ-singularities where the T-property fails and

rμ^2 = r∑ i=1 τ^′(A_μ)^2 ∼ 9d^2, (0.4)

which shows that we can expect T-property only if the sum of the squares of the Milnor number is bounded by a quadratic function in d.

For general surfaces Σ, basically only one sufficient condition for the T-property of V_{|D|}(S_1, . . . , S_r) at C is known: r∑ i=1 τ^′(S_i) − ε^′(S_i) < −K_Σ · C (0.5)

where ε^′(S_i) ≥ 0 is the “isomorphism defect” (cf. [GK, GL]). Only for families of nodal curves there are improvements of (0.5). In the case of a K3-surface Σ the canonical divisor K_Σ is trivial, but A. Tannenbaum ([T]) shows that V_{|D|}(n · A_1) always has the T-property. For Σ = P^2_m, the projective plane blown up in m ≥ 10 generic points, we give in [GLS] an asymptotically improved sufficient condition for the T-property. Finally, L. Chiantini and E. Sernesi ([CS]) consider families of nodal curves on surfaces Σ with ample canonical divisor K_Σ. They study a rank 2 bundle on Σ associated to the nodes of C and use an inequality for the Bogomolov instability of this bundle in order to obtain a sufficient criterion for the T-property. Namely, if C is numerically equivalent to p · K_Σ, p ∈ Q , p > 2 then V_{|C|}(n · A_1) has the T-property provided 4n < p(p − 2)K^2_Σ.

In the present article we generalize this approach in two directions: firstly, we allow arbitrary singularities and secondly, we weaken the assumption of K_Σ being ample, such that Σ = P^2 is included. We obtain a numerical criterion for the T-property in Theorem 1, which in the case of plane curves improves conditions (0.2) and (0.3):

• V_d(S_1, . . . , S_r) has the T-property if r∑ i=1 (τ^′(S_i) + 1)^2 < d^2 (0.6) and r∑ i=1 κ(S_i)^2 κ(S_i) − τ^′(S_i)

< d^2 (0.7)

where κ denotes the intersection multiplicity of the curve germ with a generic polar.

• For curves with only simple singularities S_1, . . . , S_r condition (0.7) is already implied by (0.6). In particular, for curves with n nodes and k cusps we obtain the sufficient condition 4n + 9k < d^2.

In addition, in Section 3 we apply our criterion to families of curves on K3-surfaces and on smooth hypersurfaces in P^3.

Finally, we use the method introduced in [Sh5] to construct a series of irreducible plane curves with precisely r D_μ-singularities, where the variety V is locally irreducible (even normal) of the expected dimension, but not smooth (in particular, there is no T-property), and again the analogue of (0.4) holds. This shows that in the case of plane curves with only simple singularities the new condition is optimal with respect to the occurring exponents of μ, d (cf. [Sh5], section 3.2).

Our methods of proof are based on the Chiantini-Sernesi idea, involving Bogomolov’s theory of unstable vector bundles on surfaces, and on our previous local analysis of singularities and h^1-vanishing criteria (cf. [GLS1, Sh5]).

Notations and basic definitions

Let Σ be a smooth projective surface and C ⊂ Σ be an irreducible curve with exactly r singularities of topological (resp. analytic) types S_1, . . . , S_r (cf. [Sh4] for the definitions). All curves are assumed to be reduced.

Let I^{ea}(C, z) = (f, f_x, f_y) · O_{Σ,z} (where f is a local equation for the germ (C, z)) denote the Tjurina ideal of (C, z) and I^{es}(C, z) := { g ∈ O_{Σ,z} | f + εg is equisingular over Spec(C [ε]/ε^2 ) } denote the equisingularity ideal of (C, z) (cf. [Wa]). We introduce the schemes X^{es}(C) (resp. X^{ea}(C)), concentrated at the singular points z_1, . . . , z_r of C, and defined by the ideals I^{es}(C, z_i) (resp. I^{ea}(C, z_i)). The corresponding ideal sheaves on Σ will be denoted by J_X es_{(C)} (resp. J_X ea_{(C)}).

We shall often treat, simultaneously, the case of fixed topological types (the “es”-case) and the case of fixed analytic types (“ea”-case). Then we shall use the notation X^′(C) to denote X^{es}(C) and X^{ea}(C), respectively. Moreover, for a singularity type S_i we denote by τ^′(S_i) the codimension of the corresponding equisingularity (resp. Tjurina) ideal, that is

• τ^′(S_i) = τ(S_i) − mod(S_i) for a topological type S_i. (Here mod denotes the modality in the sense of [AGV].)

• τ^′(S_i) = τ(S_i), the Tjurina number, for an analytic type S_i.

Finally, by κ(S_i) we denote the intersection multiplicity of a singularity of type S_i with a corresponding generic polar. Note that κ(S_i) = μ(S_i) + mt(S_i) − 1, where μ denotes the Milnor number and mt the multiplicity.

1 Curves on arbitrary surfaces

Let Σ be a smooth projective surface and C ⊂ Σ be an irreducible curve with exactly r singularities of topological (resp. analytic) types S_1, . . . , S_r. By [GK, GL], we know that the variety V_{|C|}(S_1, . . . , S_r) has the T-property at C if and only if

h^1 ( Σ, J_X es_{(C)}(C) ) = 0 (resp. h^1 ( Σ, J_X ea_{(C)}(C) ) = 0).

We introduce the number A(Σ, C) :=

(CK_Σ)^2 − K^2_ΣC^2 4C^2 . By the Hodge Index Theorem this is a non-negative number if C is ample.

Theorem 1 Let Σ be a smooth projective surface and let C ⊂ Σ be an irreducible curve with precisely r singularities at z_1, . . . , z_r of topological (resp. analytic) types S_1, . . . , S_r, such that C, C − K_Σ are ample and C^2 ≥ K^2_Σ. If r∑ i=1 τ^′(S_i) <

(C − K_Σ)^2 4 , r∑ i=1 κ(S_i) < C(C − K_Σ) 2 (1.1)

and the following inequalities hold ( ∑_r i=1(τ^′(S_i) + 1))^2 C^2 < r∑ i=1 ( 1 − CK_Σ C^2

(τ^′(S_i) + 1) ) − A(Σ, C) (1.2) ( ∑_r i=1 κ(S_i))^2

C^2 < r∑ i=1 ( κ(S_i) ( 1 − CK_Σ C^2 ) − τ^′(S_i) ) − A(Σ, C), (1.3) then V_{|C|}(S_1, . . . , S_r) has the T-property, that is, is a smooth variety of codimension ∑_r i=1 τ^′(S_i).

Remark. As will follow from the proof, in the conditions (1.1)–(1.3), we can replace τ^′(S_i) by the maximum codimension of a complete intersection ideal containing I^{es}(C, z_i) (respectively I^{ea}(C, z_i)). Proof. Most parts of the proof are identical for topological types and analytic types. There we use the notation X^′(C) introduced above to denote X^{es}(C) and X^{ea}(C), respectively.

Assume that V_{|C|}(S_1, . . . , S_r) has no T-property at C, that is, h^1 ( Σ, J_X 0_{(C)}(C) ) > 0. Let ∅ ≠ X_0 ⊂ X^′(C) be minimal with non-vanishing h^1 ( Σ, J_{X0} (C) ) (that is, for each proper subscheme ∅ ≠ ~X_0 ⇐ X_0 h^1 ( Σ, J e_{X0} (C) ) vanishes). Then, by Serre-Grothendieck duality Ext^1 ( J_{X0} (C), O_Σ(K_Σ) ) ≠ 0 and a generic element defines an extension

0 −→ O_Σ −→ E −→ J_{X0} (C − K_Σ) −→ 0, (1.4)

where E is a rank 2 vector bundle on Σ with Chern classes

c_1(E) = C − K_Σ , c_2(E) = deg(X_0) (1.5)

(cf., e.g., [L]). In particular, it follows that X_0|_{zi} is a complete intersection and we have

1 ≤ deg(X_0) =: r∑ i=1 τ^0_i ≤ r∑ i=1 (τ^′(S_i) − ε(S_i)) (1.6)

with ε(S_i) ≥ 0 and ε(S_i) = 0 implies that X^′(C)|_{zi} is a complete intersection, too. By (1.1) we obtain c_1(E)^2 − 4c_2(E) = (C − K_Σ)^2 − 4 deg(X_0) > 0,

hence E is Bogomolov-unstable ([B, R, L]), that is, there is a finite subscheme Z ⊂ Σ (possibly empty) plus a divisor M and an exact sequence

0 −→ O_Σ(M) −→ E −→ J_Z (C − K_Σ − M) −→ 0 (1.7)

such that (2M − C + K_Σ)^2 > 0 and for each ample divisor H on Σ we have

(2M − C + K_Σ)H > 0.

Tensoring (1.7) by O_Σ(−M) we obtain the existence of a section s ∈ H^0 ( Σ, E(−M) ) and deg(X_0) − M(C − K_Σ − M) = c_2(E) + M^2 − Mc_1(E) = c_2(E(−M)) ≥ 0. (1.8)

On the other hand, the complete linear system | − M| is empty, since for each ample divisor H we have (−2M)H < (K_Σ − C)H ≤ 0. The exact sequence (1.4) induces an injection

∅ ≠ H^0 ( Σ, E(−M) ) → H^0 ( Σ, J_{X0} (C − K_Σ − M) ) , that is, the existence of a curve Δ ∈ |C − K_Σ − M| vanishing at X_0. Δ cannot contain C as a component since for the ample divisor C − K_Σ the above inequality gives

−2(K_Σ + M)(C − K_Σ) < −2K_Σ(C − K_Σ) − (C − K_Σ)^2 = K^2_Σ − C^2 ≤ 0.

Thus, applying Bézout’s Theorem, we obtain C(C − K_Σ − M) = CΔ ≥ r∑ i=1 dim O_{Σ,zi} /(f_i, g_i) =: r∑ i=1 κ^0_i , (1.9)

where f_i denotes a local equation of (C, z_i) and g_i denotes a generic element in the ideal of X_0|_{zi} . Note that by Lemma 4.1 in [Sh5], κ^0_i ≥ τ^0_i + 1.

Since C is ample, we can apply the Hodge Index Theorem and obtain by (1.1) and (1.9)

C^2(2M − C + K_Σ)^2 ≤ ( C(C − K_Σ) + 2C(M − C + K_Σ)

)_2

≤ ( C(C − K_Σ) − 2 r∑ i=1 κ^0_i

)_2 . On the other hand, by (1.6) and (1.8), we have

(2M − C + K_Σ)^2 = 4 ( M − C − K_Σ 2 )_2

≥ (C − K_Σ)^2 − 4 r∑ i=1 τ^0_i .

Finally,

(C − K_Σ)^2 − 4 r∑ i=1 τ^0_i − ( C(C − K_Σ) − 2 ∑_r i=1 κ^0_i

)_2

C^2 =

− (CK_Σ)^2 − K^2_ΣC^2

C^2 + 4 r∑ i=1 ( κ^0_i ( 1 − CK_Σ C^2 ) − τ^0_i ) − 4 (∑_r i=1 κ^0_i

)_2

C^2

is a concave function in ∑_r i=1 κ^0_i (for fixed ∑_r i=1 τ^0_i ), hence it takes its minimum either at ∑_r i=1 κ^0_i = ∑_r i=1(τ^0_i + 1) or at ∑_r i=1 κ^0_i = ∑_r i=1 κ(S_i). In both cases the minimum is not smaller than the value for ∑_r i=1 τ^0_i = ∑_r i=1 τ^′(S_i), which is positive by (1.2) and (1.3) in contradiction to the latter inequalities. 2

2 Curves in P^2

As an immediate consequence of Theorem 1 we obtain

Theorem 2 Let C ⊂ P^2 be an irreducible curve of degree d with r singularities of topological (resp. analytic) types S_1, . . . , S_r as its only singularities. If r∑ i=1 (τ^′(S_i) + 1)^2 < d^2 and r∑ i=1 κ(S_i)^2 κ(S_i) − τ^′(S_i)

< d^2, (2.1)

then V_d(S_1, . . . , S_r) has the T-property.

Proof. First note that A(P^2, C) = 0 and −CKP2/C^2 = 3/d, hence condition (1.3) in Theorem 1 is satisfied, since applying the Cauchy inequality to the left-hand side of the second inequality in (2.1) gives (∑_r i=1 κ(S_i)

)_2 ∑_r i=1(κ(S_i) − τ^′(S_i)) ≤ r∑ i=1 κ(S_i)^2 κ(S_i) − τ^′(S_i) . The inequality (1.2) follows in an analogous way from the first inequality in (2.1), whereas the two inequalities in (1.1) are induced by (2.1), since we have (τ^′(S_i) + 1)^2 ≥ 2τ^′(S_i) respectively τ^′(S_i) ≥ κ(S_i)/2 by the following lemma. 2

Lemma 2.2 Let (C, z) be a plane curve singularity, then κ(C, z) ≤ 2 ( τ(C, z) − mod (C, z) ) . Proof. As is well-known (cf. [DH]), I^{es}(C, z) is contained in the equiclassical ideal I^{ec}(C, z), which is contained in the equigeneric ideal I^{eg} (C, z). Moreover, dim C {x, y}/I^{ec} (C, z) = δ(C, z) and dim C {x, y}/I^{eg} (C, z) = κ(C, z) − δ(C, z). Hence τ(C, z) − mod(C, z) ≥ κ(C, z) − δ(C, z) ≥ κ(C, z) − ( τ(C, z) − mod(C, z) ) . 2 Note that for an arbitrary reduced plane curve singularity (C, z) we have κ(C, z) = μ(C, z)+ mt(C, z) − 1, where μ is the Milnor number and mt the multiplicity. Hence the contribution of an A_μ-singularity to the left-hand side of the conditions in (2.1) is just (μ + 1)^2 and the contribution of a D_μ- (resp. E_μ-) singularity is at most (μ + 1)^2. We obtain the following

Corollary 2.3 Let S_1, . . . , S_r be simple singularities. Then V_d(S_1, . . . , S_r) has the T-pro-perty if_r ∑ i=1 (μ(S_i) + 1)^2 < d^2.

In particular, the variety V_d(n · A_1, k · A_2) of irreducible plane curves of degree d having n nodes and k cusps as its only singularities is a smooth variety of the expected dimension d(d + 3)/2 − n − 2k if 4n + 9k < d^2.

3 Curves on special surfaces

In the following we consider further examples of surfaces Σ satisfying

(CK_Σ)^2 = C^2K^2_Σ, (3.1)

for each curve C ⊂ Σ, that is A(Σ, C) = 0 in the conditions of Theorem 1. As a first example, we consider surfaces Σ with a trivial canonical divisor (e.g., K3-surfaces). In an analogous way to the case of plane curves, we obtain

Theorem 3 Let Σ be a surface with K_Σ = 0 and let C ⊂ Σ be an irreducible curve with precisely r singularities of topological (resp. analytic) types S_1, . . . , S_r, such that C is ample. Then V_{|C|}(S_1, . . . , S_r) has the T-property, if r∑ i=1 (τ^′(S_i) + 1)^2 < C^2 and r∑ i=1 κ(S_i)^2 κ(S_i) − τ^′(S_i) < C^2.

The condition (3.1) is also satisfied in case C ≡ pK_Σ, p ∈ Q . As an example we mention the case of curves on a smooth hypersurface Σ ⊂ P^3:

Theorem 4 Let Σ ⊂ P^3 be a smooth hypersurface of degree d ≥ 5 and let C ⊂ Σ be an irreducible curve with precisely r singularities of topological (resp. analytic) types S_1, . . . , S_r, such that C ≡ p(d − 4)H (H being a hyperplane section), p ∈ Q , p > 1. Suppose, moreover, that for each 1 ≤ i ≤ r there exists N_i > 0 with

p ≥ max { κ(S_i) κ(S_i) − τ^′(S_i)

+ N_i , τ^′(S_i) + 2 } . Then V_{|C|}(S_1, . . . , S_r) has the T-property, if r∑ i=1 τ^′(S_i) <

(p − 1)^2 4 and max {_r ∑ i=1 (κ(S_i))^2 (_{1+Ni} N_i κ(Si) − τ ′(S_i) ) (κ(S_i) − τ^′(S_i))^2 , r∑ i=1 (τ^′(S_i) + 1)^2 } < p^2(d − 4)^2. (3.2)

Proof. Note that K_Σ ≡ (d − 4)H. Since p(d − 4) > 0 and (p − 1)(d − 4) > 0, then C, C−K_Σ are ample and p > 1 implies C^2 ≥ K^2_Σ.

Moreover, as in the case of plane curves, condition (1.1) is induced by (3.2). Finally, CK_Σ/C^2 = 1/p, whence κ(S_i) ( 1 − CK_Σ C^2 ) − τ^′(S_i) = (κ(S_i) − τ^′(S_i)) − κ(S_i) p ≥ (κ(S_i) − τ^′(S_i)) · ( 1 − κ(S_i) (1 + N_i)κ(S_i) − N_iτ^′(S_i) )

= (κ(S_i) − τ^′(S_i))^2 1+N_i N_i κ(Si) − τ ′(S_i) . In addition, applying the Cauchy inequality to the left-hand side of (3.2) gives (∑_r i=1 κ(S_i)

)_2 ∑_r i=1 ( (1 −^{CKΣ}_{C2} )κ(S_i) − τ^′(S_i) ) ≤ r∑ i=1 (κ(S_i))^2 (_{1+Ni} N_i κ(Si) − τ ′(S_i) ) (κ(S_i) − τ^′(S_i))^2 . Condition (1.3) follows in the same manner, whence the statement of Theorem 4 holds. 2

Corollary 3.3 Let Σ ⊂ P^3 be a smooth hypersurface of degree d ≥ 5, C be an irreducible curve with precisely n nodes and k cusps, such that C ≡ p(d − 4)H, p > 5. Then V_{|C|}(n · A_1, k · A_2) has the T-property, if 20 3 n + 45 2 k < p^2(d − 4)^2.

4 Non-smooth equisingular families

E. Shustin constructs in [Sh5] a series of irreducible plane curves C of degree 2pq (p ≥ 4, q ≥ 3) with precisely q^2 singularities of type A_{6p−1}, such that the variety V_{2pq} (q^2 · A_{6p−1}) has no T-property at C. In this example, r∑ i=1 (μ + 1)^2 = 36p^2q^2 = 9d^2,

which implies that the condition in Corollary 2.3 is optimal with respect to the occurring exponents of d, μ. In the following theorem, we extend Shustin’s construction to the case of D_μ-singularities to prove the optimality of our condition in the case of simple singularities. Moreover, we shall prove that, in both examples, the variety V_{2pq} (q^2 · A_{6p−1}) (resp. V_{2pq} (q^2 · D_{6p+1})) is locally irreducible at C (for p ≥ 9).

Theorem 5 Let p ≥ 4 and q ≥ 3, then there are irreducible curves C_{2pq} of degree 2pq having precisely q^2 A_{6p−1}-singularities (given by a local equation y^2 − x^{6p}), respectively q^2 D_{6p+1}- singularities (given by a local equation x(y^2 − x^{6p−1})), such that the variety V = V_{2pq} (q^2 · A_{6p−1}) (resp. V_{2pq} (q^2 · D_{6p+1})) has no T-property at C_{2pq} . Moreover, if p ≥ 5 and q ≥ 3, V has a component of the expected dimension but is singular at C_{2pq} .

Theorem 6 Using the notation of Theorem 5, let p ≥ 8 (resp. p ≥ 9) and q ≥ 3. Then the variety V is locally a complete intersection, which is normal (hence analytically irreducible), but not smooth, at C_{2pq} .

Proof of Theorem 5. The main idea of the proof is as follows. We are going to construct a curve C_{2pq} ∈ V such that h^1 (_{P2} , J_X es_{(C2pq )}(2pq) ) > 0 and, in a neighbourhood of C_{2pq} there is a one-parameter family of curves C ∈ V with h^1 (_{P2} , J_X es_{(C)}(2pq) ) = 0.

Firstly, this gives the failure of the T -property at C_{2pq} ∈ V . Secondly, this says that V has a singularity at C_{2pq} , because V has a component, which locally is a complete analytic intersection, generically smooth and transversal, but not transversal at C_{2pq} , which follows from the representation of V as an intersection of a (smooth) equisingular family of curves of large degree with the space corresponding to curves of degree 2pq. The case of A_μ-singularities is completely treated in [Sh5]. For D_μ-singularities in the first part of the proof, in particular the construction of the curve C_{2pq} , we proceed as in the case of A_μ-singularities. Hence we give only a sketch of it and refer to [Sh5], Section 4.5, for details.

For generic λ ≠ 0, the projective closure C_{2p} of the curve

F (x, y) = x(y^3 + y − x^3)^2(1 + λx^{2p−7}) − y^{2p} = 0

is an irreducible curve of degree 2p having exactly one singular point of type D_{6p+1} at the origin. Its polar curve

F_y(x, y) = 2x(y^3 + y − x^3)(3y^2 + 1)(1 + λx^{2p−7}) − 2py^{2p−1} = 0

intersects the non-singular cubic C_3 given by y^3 + y − x^3 = 0 with multiplicity 6p − 3 at the origin.

After choosing generic projective coordinates x_0, x_1, x_2 we consider the curves

C_{2pq} (x_0, x_1, x_2) = C_{2p}(x^q_0, x^q_1, x^q_2) and C_{3q} (x_0, x_1, x_2) = C_3(x^q_0, x^q_1, x^q_2).

C_{2pq} is an irreducible curve having q^2 singularities of type D_{6p+1} as its only singularities, whereas C_{3q} is non-singular. Since the polar F_x vanishes along C_3, the degree of X^{es}(C_{2pq} , z) ∩ C_{3q} , z ∈ Sing(C_{2pq} ), can be calculated as the intersection multiplicity of C_3 with the polar F_y at the origin (which is 6p − 3 by the above). We obtain J_X es_{(C2pq )∩C3q /C3q} (2pq) = O_{C3q} (D), where D is a divisor of degree

2pq · 3q − deg(X^{es}(C_{2pq} ) ∩ C_{3q} ) = 3q^2 <

(3q − 1)(3q − 2) 2 = g(C_{3q} ),

if q ≥ 3. Hence h^1 ( C_{3q} , J_X es_{(C2pq )∩C3q /C3q} (2pq) ) ≠ 0, which implies the non-vanishing of h^1 (_{P2} , J_X es_{(C2pq )}(2pq) ) , that is, V has no T-property at C_{2pq} .

Now assume that p ≥ 5, q ≥ 3. As in the A_μ-case, we shall construct a one-parameter family of curves C^{(α)}_{2pq} in V with C_{2pq} = C^{(0)}_{2pq} , such that for a generic choice of α

h^1 (_{P2} , J_{X es (C}(α)_{2pq )}(2pq) ) = 0. (4.1)

The following deformation of F

F^{(α)}(x, y) = x(y^3 + y − x^3) ( (y^3 + y − x^3)(1 + λx^{2p−7}) + αy^{p+1} ) − y^{2p} = 0

is easily seen to preserve the D_{6p+1}-singularity at the origin. Moreover, for generic α, the polar curve

F^{(α)}_y (x, y) = x(y^3 + y − x^3) ( (6y^2 + 2)(1 + λx^{2p−7}) + α(p + 1)y^p ) +αx(3y^2 + 1)y^{p+1} − 2py^{2p−1} = 0

intersects C_3 with multiplicity 3p + 4 at the origin. As before, after choosing generic projective coordinates x_0, x_1, x_2, we obtain

C^{(α)}_{2pq} (x_0, x_1, x_2) = C^{(α)}_{2p} (x^q_0, x^q_1, x^q_2) ∈ V_{2pq} (q^2 · D_{6k+1}).

Finally, we apply again the reduction procedure introduced in [Sh5] to deduce the vanishing of h^1 (_{P2} , J_{X es(C}(α)_{2pq )}(2pq) ) . But, different to the A_μ-case, we have to reduce three times, since we cannot assume C^2_3 ⊃ X^{es}(C^{(α)}_{2pq} ). By Noether’s Criterion (cf. [W], p. 215), we have C^3_3 ⊃ X^{es}(C^{(α)}_{2pq} ), since the (smooth) local branches P_1, P_2 of F^{(α)}y satisfy

(C^3_3 , P_1) = 3 = 1 + (F^{(α)}_x , P_1) , (C^3_3 , P_2) = 3(3p + 3) ≥ 6p = 1 + (F^{(α)}_x , P_2),

thus we can find A, B with C^3_3 = A · F^{(α)}_y + B · F^{(α)}_x .

Note that, in the same manner, it follows that m_z · C^2_{3q} is contained in I^{es}(C^{(α)}_{2pq} , z) for each z ∈ Sing(C^{(α)}_{2pq} ), whence deg(X^{es}(C^{(α)}_{2pq} ) : C^2_{3q} ) ≤ q^2. To save space, let X^{es} := X^{es}(C^{(α)}_{2pq} ). We have the exact sequences 0 → J_X es_{:C3q} (2pq−3q) → J_X es (2pq) → J_X es_{∩C3q /C3q} (2pq) → 0, 0 → J_X es_{:C}2_{3q} (2pq−6q) → J_X es_{:C3q} (2pq−3q) → J_{(X} es_{:C3q )∩C3q /C3q} (2pq−3q) → 0, 0 → OP2(2pq−9q) → J_X es_{:C}2_{3q} (2pq−6q) → J_X es_{:C}2_{3q /C3q} (2pq−6q) → 0. Since 2g(C_{3q}) − 2 = 9q^2 − 9q, we obtain (4.1) from the following (obvious) inequalities

6pq^2 − deg(X^{es} ∩ C_{3q} ) = 6pq^2 − q^2(3p + 4) ≥ 11q^2, 6pq^2 − 9q^2 − deg((X^{es} : C_{3q} ) ∩ C_{3q} ) ≥ 6pq^2 − 9q^2 − q^2(3p − 3) ≥ 9q^2, 6pq^2 − 18q^2 − deg(X^{es} : C^2_{3q} ) ≥ 6pq^2 − 18q^2 − q^2 ≥ 11q^2.

The statement of the theorem follows from the considerations in [Sh5]. 2

Proof of Theorem 6. Firstly, consider the case of A_μ-singularities (with μ = 6p − 1). Assume that V decomposes locally at C_{2pq} into (at least) two components V_1, V_2. Then we would have at C_{2pq}

dim(Sing V ) ≥ dim(V_1 ∩ V_2) ≥ dim(V_1) + dim(V_2) − dim(V ) ≥ pq(2pq + 3) − q^2μ − h^1 (_{P2} , J_X es_{(C2pq )}(2pq) ) , (4.2)

since V_1, V_2 have at least the expected dimension.

On the other hand, since h^1 (_{P2} , J_X es_{(C2pq )}(2pq) ) > 0, the proof of Theorem 1 shows the existence of a subscheme X_0 ⊂ X^{es}(C_{2pq} ), such that h^1 (_{P2} , J_{X0} (2pq) ) > 0, and of a curve Δ vanishing at X_0 of degree δ ≤ (2pq + 3)/2 satisfying (cf. (1.8))

(2pq − δ + 3) · δ ≤ deg(X_0) ≤ q^2μ,

that is,

δ ≤ pq +^3_2 − √ (pq)^2 + 3pq +^9_4 − q^2μ < pq +^3_2 − √( (p − 4)q +^3_2

)_2

= 4q (4.3)

as p ≥ 8.

Moreover, in the construction of C_{2pq} , we have seen the existence of a smooth curve C_{3q} of degree 3q satisfying C^2_{3q} ⊃ X_0. The exact sequences appearing in the reduction process imply that, due to the non-vanishing of h^1 (_{P2} , J_{X0} (2pq) ) , h^1 ( C_{3q} , J_{X0∩C3q /C3q} (2pq) ) > 0 or h^1 ( C_{3q} , J_{X0:C3q /C3q} (2pq − 3q) ) > 0. But deg(X_0 : C_{3q} ) ≤ deg(X^{es}(C_{2pq} ) : C_{3q} ) = q^2(μ − 6p + 3) < 3q(2pq − 6q + 3),

whence (by [Sh5], Lemma 4.2) h^1 ( C_{3q} , J_{X0:C3q /C3q} (2pq − 3q) ) vanishes. It follows that h^1 ( C_{3q} , J_{X0∩C3q /C3q} (2pq) ) does not vanish, especially we have C_{3q} ⊃ X_0 (due to the minimality of X_0) and

deg(X_0) ≥ deg(X_0 ∩ C_{3q} ) ≥ 3q(2pq − 3q + 3). (4.4)

Now, let ~C be a curve in V close to C_{2pq} with

h^1 (_{P2} , J_{X es (} e_{C)}(2pq) ) > 0. Then we can assume that for the corresponding scheme ~X_0 and curve ~Δ of degree ~δ we have

~δ < 4q and deg( ~X_0) ≥ deg(X_0)

(due to the semicontinuity of cohomology).

Let us show that the curve ^Δ of the minimal degree containing ~X_0 is (reduced) irreducible and its degree satisfies 3q ≤ ^δ < 4q . Note that for the scheme X_0 such a curve is just C_{3q} , because by Bézout’s Theorem and the construction of C_{3q} we have for any curve C of degree < 4q, which does not contain C_{3q} as a component, deg ( X^{es}(C_{2pq} ) ∩ C ) ≤ μ 6p−3 C · C_{3q} < 6p − 1 6p − 3 · 12q^2

< 3q(2pq − 3q + 3) ≤ deg(X_0) (4.5)

as p ≥ 8. It follows, that if ~C tends to C_{2pq} along V , then ^Δ tends to a curve (of degree < 4q) containing C_{3q} as a component. In particular, ^Δ has to contain a component ^Δ^′ of degree ^δ^′ ≥ 3q, and deg ( X^{es}( ~C) ∩ ^Δ^′ ) > deg(X_0) − μ 6p − 3 · 3q^2 ≥ 3q(2pq − 5q + 3) ≥ q^2μ 2 . (4.6)

Hence ( ^Δ^′)^2 ⊃ X^{es}( ~C), and by (4.6)

deg(X^{es}( ~C) : ^Δ^′) < q^2μ − 3q(2pq − 5q + 3) = 14q^2 − 9q ≤ 3q(2pq − 6q + 3) ≤ ^δ^′(2pq − 2^δ^′ + 3), which as above means

h^1 (_{P2} , J_{X es(} e_{C)}(2pq) ) > 0 =⇒ h^1 ( ^ Δ^′, J_{X es(} e_{C)∩} b_{Δ0/} b_{Δ0} (2pq) ) > 0 . In other words, we can assume ^Δ^′ ⊃ ~X_0, hence ^Δ = ^Δ^′. In addition, note that the nonvanishing of h^1 (_{P2} , J e_{X0} (2pq) ) = h^1 ( ^ Δ, J e_{X0} (2pq) ) implies

deg( ~X_0) ≥ ^δ(2pq − ^δ + 3) . (4.7)

Moreover, since ^Δ tends to a curve containing C_{3q} as a component, the geometric genus g( ^Δ) is greater or equal to g(C_{3q} ) =

(3q − 1)(3q − 2) 2 , which gives, in particular, ∑ z∈ b_Δ

(mt( ^Δ, z) − 1) ≤ ∑ z∈ b_Δ mt( ^Δ, z)(mt( ^Δ, z) − 1) 2 ≤ (^δ − 1)(^δ − 2) − (3q − 1)(3q − 2) 2 = (^δ − 3q)(^δ + 3q − 3) 2 , (4.8)

where mt is the multiplicity.

We can estimate the dimension of the space ~V of all such curves ~C near C_{2pq} by the degree of freedom N_1 in the choice of ~X_0, plus the degree of freedom N_2 (for fixed ~X_0) in the choice of Sing( ~C) and the singular infinitely near points, plus the dimension N_3 of the space of curves ~C ∈ V with fixed Sing( ~C) and fixed singular infinitely near points.

Given a point z ∈ ^Δ, a subideal in OP2_{,z} containing ( ^Δ) and being generated by two nonsingular germs, depends on no more than mt( ^Δ, z) − 1 parameters; hence by (4.8)

N_1 ≤ ^δ(^δ + 3) 2 + q^2 + ∑ z∈ b_Δ

(mt( ^Δ, z) − 1) ≤ ^δ^2 −

7q^2 − 9q 2 .

Given a curve germ σ with singularity A_{6p−1}, there are exactly 3p singular infinitely near points in its resolution tree, and they all belong to X^{es}(σ); hence by (4.7)

N_2 ≤ q^2μ − deg ~X_0 ≤ (6p − 1)q^2 − ^δ(2pq − ^δ + 3) .

Finally, given a curve ~C ∈ V and the scheme Y ( ~C) of all its double infinitely near points, then

N_3 ≤ h^0 (_{P2} , J_{Y (} e_{C)}(2pq) ) − 1 = 2pq(2pq + 3) 2 − deg(Y ( ~C)) + h^1 (_{P2} , J_{Y (} e_{C)}(2pq) )

≤ 2pq(2pq + 3) 2 − 9pq^2 + h^1 (_{P2} , J_{Y (C2pq )}(2pq) ) . Combining the estimates for N_1, N_2, N_3 with (4.2), one obtains

pq(2pq + 3) − q^2(6p − 1) − h^1 (_{P2} , J_X es_{(C2pq )}(2pq) ) ≤ N_1 + N_2 + N_3 ≤ ^δ^2 − 7q^2 − 9q 2 + (6p − 1)q^2 − ^δ(2pq − ^δ + 3) + 2pq(2pq + 3) 2 − 9pq^2 + h^1 (_{P2} , J_{Y (C2pq )}(2pq) ) . The right-hand side contains the expression 2^δ^2 − 2pq^δ, which takes its maximum in the interval [3q, 4q] at ^δ = 3q, since pq/2 ≥ 4q as p ≥ 8. Therefore, the latter inequality implies

h^1 (_{P2} , J_X es (2pq) ) + h^1 (_{P2} , J_Y (2pq) ) ≥ ( 3p −^{25}_2 ) q^2 +^9_2 q , (4.9)

with the shortened notation X^{es} = X^{es}(C_{2pq} ), Y = Y (C_{2pq} ).

On the other hand, we can again reduce by C_{3q} and consider the corresponding exact sequences. Since C^2_{3q} ⊃ Y ⊃ X^{es}, we obtain

h^1 (_{P2} , J_X es (2pq) ) ≤ h^1 ( C_{3q} , J_X es_{∩C3q /C3q} (2pq) ) + h^1 ( C_{3q} , J_X es_{:C3q /C3q} (2pq − 3q) ) , h^1 (_{P2} , J_Y (2pq) ) ≤ h^1 ( C_{3q} , J_{Y ∩C3q /C3q} (2pq) ) + h^1 ( C_{3q} , J_{Y :C3q /C3q} (2pq − 3q) ) .

Now, we know that J_X es_{∩C3q /C3q} (2pq) = O_{C3q} (D) , J_{Y ∩C3q /C3q} (2pq) = O_{C3q} ( ~D), for some effective divisors D, ~D, and

deg(X^{es} : C_{3q} ) = q^2(μ − 6p + 3) ≤ 3q(2pq − 6q + 3), deg(Y : C_{3q} ) ≤ q^2(μ + 1 + 3p − 6p + 3) ≤ 3q(2pq − 6q + 3),

whence both h^1 ( C_{3q} , J_X es_{:C3q /C3q} (2pq − 3q) ) and h^1 ( C_{3q} , J_{Y :C3q /C3q} (2pq − 3q) ) vanish (cf.

[Sh5], Lemma 4.2). Using the Riemann-Roch formula, we can estimate

h^1 (_{P2} , J_X es (2pq) ) + h^1 (_{P2} , J_Y (2pq) ) = h^1 ( C_{3q} , O_{C3q} (D) ) + h^1 ( C_{3q} , O_{C3q} ( ~D) ) ≤ 2g(C_{3q}) = (3q − 1)(3q − 2),

which contradicts the choice of p, q. Moreover, we have at C_{2pq}

dim(Sing V ) ≤ N_1 + N_2 + N_3 < dim(V ) − 2,

showing that V , being locally a complete intersection, is normal at C_{2pq} . In the case of D_μ-singularities (with μ = 6p + 1) we proceed similarly. The inequality (4.2) remains the same. The inequality (4.3) holds as p ≥ 9. Further, by construction of C_{2pq} , C_{3q} , we have C^3_{3q} ⊃ X_0. Since

deg(X_0 : C_{3q} ) ≤ deg(X^{es} : C_{3q} ) = q^2(6p + 1 − (6p − 3)) < 3q(2pq − 6q + 3), deg(X_0 : C^2_{3q} ) ≤ q^2 < 3q(2pq − 9q + 3),

as p ≥ 9, then (4.4) holds true. Again, we deduce that for a generic curve ~C ∈ Sing(V ) in a neighbourhood of C_{2pq} there exists a reduced irreducible curve ^Δ ⊃ ~X_0 of degree 3q ≤ ^δ < 4q, that in a similar manner implies

N_1 ≤ ^δ^2 −

7q^2 − 9q 2 , N_2 ≤ (6p + 1)q^2 − ^δ(2pq − ^δ + 3) and N_3 ≤ 2pq(2pq + 3) 2 − deg(Y ( ~C)) + h^1 (_{P2} , J_{Y (} e_{C)}(2pq) )

≤ 2pq(2pq + 3) 2 − (9p + 2)q^2 + h^1 (_{P2} , J_{Y (C2pq )}(2pq) ) , Thus we come to the same inequality (4.9) and the same contradiction, saying that V is locally irreducible and normal at C_{2pq} . 2

Acknowledgements

We should like to thank L. Chiantini and E. Sernesi for providing a preprint of their paper before publication.

The authors were supported by Grant No. G 039-304.01/95 from the German Israeli Foundation for Research and Development.

References

[AGV] Arnol’d, V.I.; Gusein-Zade, S.M.; Varchenko, A.N.: Singularities of differentiable maps. Vol. I. Birkhäuser (1985).

[B] Bogomolov, F.A.: Holomorphic tensors and vector bundles on projective varieties.

Math. USSR Isvestija 13, 499–555 (1979).

[CS] Chiantini, L.; Sernesi, E.: Nodal curves on surfaces of general type. Math. Ann.

307, 41–56 (1997).

[DH] Diaz, S.; Harris, J.: Ideals associated to deformations of singular plane curves.

Trans. Amer. Math. Soc. 309, 433–468 (1988).

[GK] Greuel, G.-M.; Karras, U.: Families of varieties with prescribed singularities. Compos. math. 69, 83–110 (1989).

[GL] Greuel, G.-M.; Lossen, C.: Equianalytic and equisingular families of curves on surfaces. Manuscr. math. 91, 323–342 (1996).

[GLS] Greuel, G.-M.; Lossen, C.; Shustin, E.: Geometry of families of nodal curves on the blown-up projective plane. To appear in Trans. Amer. Math. Soc. (1997).

[GLS1] Greuel, G.-M.; Lossen, C.; Shustin, E.: Plane curves of minimal degree with prescribed singularities. To appear in Invent. Math. (1997).

[L] Lazarsfeld, R.: Lectures on linear series. Duke preprint server, no. alg-geom/9408011 (1994).

[Lu] Luengo, I.: The μ-constant stratum is not smooth. Invent. Math. 90, 139-152 (1987). [Lu1] Luengo, I.: On the existence of complete families of projective plane curves, which are obstructed. J. London Math. Soc. (2) 36, 33–43 (1987).

[R] Reid, M.: Bogomolov’s theorem c^2_1 < 4c_2. Int. Symp. Kyoto, 623–642 (1977). [S] Severi, F.: Vorlesungen über algebraische Geometrie. Teubner (1921) resp. Johnson (1968).

[Sh] Shustin, E.: Versal deformation in the space of plane curves of fixed degree. Function. Anal. Appl. 21, 82–84 (1987).

[Sh1] Shustin, E.: On manifolds of singular algebraic curves. Selecta Math. Sov. 10, 27–37 (1991).

[Sh2] Shustin, E.: Real plane algebraic curves with prescribed singularities. Topology 32, 845–856 (1993).

[Sh3] Shustin, E.: Smoothness and irreducibility of varieties of algebraic curves with nodes and cusps. Bull. SMF 122, 235–253 (1994).

[Sh4] Shustin, E.: Geometry of equisingular families of plane algebraic curves. J. Algebraic Geom. 5, 209–234 (1996).

[Sh5] Shustin, E.: Smoothness of equisingular families of plane algebraic curves. Int. Math.

Res. Not. 2, 67–82 (1997).

[T] Tannenbaum, A.: Families of curves with nodes on K3-surfaces. Math. Ann. 260, 239–253 (1982).

[V] Vassiliev, V.A.: Stable cohomology of complements to the discriminants of deformations of singularities of smooth functions. J. Soviet Math. 52, 3217–3230 (1990).

[W] van der Waerden, B.L.: Einführung in die algebraische Geometrie. 2nd edition, Springer (1973).

[Wa] Wahl, J.: Equisingular deformations of plane algebroid curves. Trans. Amer. Math.

Soc. 193, 143-170 (1974).

[Wa1] Wahl, J.: Deformations of plane curves with nodes and cusps. Amer. J. Math. 96, 529–577 (1974).