Journal of Combinatorial Optimization (2022) 44:1459-1494
https://doi.org/10.1007/s10878-022-00902-w

®

Check for
updates

An approximation algorithm for a general class of
multi-parametric optimization problems

Stephan Helfrich'® - Arne Herzel'2 . Stefan Ruzika' - Clemens Thielen?3

Accepted: 20 August 2022 / Published online: 30 August 2022
© The Author(s) 2022

Abstract

In a widely-studied class of multi-parametric optimization problems, the objective
value of each solution is an affine function of real-valued parameters. Then, the goal is
to provide an optimal solution set, i.e., a set containing an optimal solution for each non-
parametric problem obtained by fixing a parameter vector. For many multi-parametric
optimization problems, however, an optimal solution set of minimum cardinality can
contain super-polynomially many solutions. Consequently, no polynomial-time exact
algorithms can exist for these problems even if P = NP. We propose an approximation
method that is applicable to a general class of multi-parametric optimization problems
and outputs a set of solutions with cardinality polynomial in the instance size and the
inverse of the approximation guarantee. This method lifts approximation algorithms
for non-parametric optimization problems to their parametric version and provides an
approximation guarantee that is arbitrarily close to the approximation guarantee of
the approximation algorithm for the non-parametric problem. If the non-parametric
problem can be solved exactly in polynomial time or if an FPTAS is available, our
algorithm is an FPTAS. Further, we show that, for any given approximation guarantee,
the minimum cardinality of an approximation set is, in general, not £-approximable

B Stephan Helfrich
helfrich@mathematik.uni-kl.de

Arne Herzel
herzel @mathematik.uni-kl.de

Stefan Ruzika
ruzika@mathematik.uni-kl.de

Clemens Thielen

clemens.thielen@hswt.de

Department of Mathematics, University of Kaiserslautern, Paul-Ehrlich-Str. 14, 67663
Kaiserslautern, Germany

TUM Campus Straubing for Biotechnology and Sustainability, Weihenstephan-Triesdorf
University of Applied Sciences, Am Essigberg 3, 94315 Straubing, Germany

Department of Mathematics, Technical University of Munich, Boltzmannstr. 3, 85748 Garching,
Germany

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s10878-022-00902-w&domain=pdf
http://orcid.org/0000-0001-6588-5266

1460 Journal of Combinatorial Optimization (2022) 44:1459-1494

for any natural number ¢ less or equal to the number of parameters, and we discuss
applications of our results to classical multi-parametric combinatorial optimizations
problems. In particular, we obtain an FPTAS for the multi-parametric minimum s-¢-cut
problem, an FPTAS for the multi-parametric knapsack problem, as well as an approx-
imation algorithm for the multi-parametric maximization of independence systems
problem.

Keywords Multi-parametric optimization - Approximation algorithm -
Multi-parametric minimum s-¢-cut problem - Multi-parametric knapsack problem -
Multi-parametric maximization of independence systems

Mathematics Subject Classification Primary 90C31; Secondary 90C27 - 68W25

1 Introduction

Many optimization problems depend on parameters whose values are unknown or can
only be estimated. Changes in the parameters may alter the set of optimal solutions
or even affect feasibility of solutions. Multi-parametric optimization models describe
the dependencies of the objective function and/or the constraints on the values of
the parameters. That is, for any possible combination of parameter values, multi-
parametric optimization problems ask for an optimal solution and its objective value.

In this article, we consider linear multi-parametric optimization problems in which
the objective depends affine-linearly on each parameter. For simplicity, we focus on
minimization problems, but all our reasoning and results can be applied to maximiza-
tion problems as well. Formally, for K € N\ {0}, (aninstance of) a linear K -parametric
optimization problem I1 is given by a nonempty (finite or infinite) set X of feasible
solutions, functions a, by : X — R, k = 1,..., K, and a parameter set A C RK.
Then, the optimization problem is typically formulated [cf. Oberdieck et al. (2016)
and Pistikopoulos et al. (2012)] as

K
inf f(x,3) = a() + > ke bk(x)} .
rEA

k=1

Fixing a parameter vector A € A yields (an instance of) the non-parametric ver-
sion T1(A) of the linear K -parametric optimization problem. Moreover, the function
f:A— RU{—00}, A — f(A) :=inf cx f(x,A) that assigns the optimal objective
value of IT()) to each parameter vector A € A, is called the optimal cost curve. The
goal is to find a set S’ € X of feasible solutions that contains an optimal solution
for TT(1) for each A € A for which inf,cx f(x, A) is attained. Such a set S’ is called
an optimal solution set of the multi-parametric problem and induces a decomposition
of the parameter set A: For each solution x € §’, the associated critical region A(x)
subsumes all parameter vectors A € A such that x is optimal for IT(}).

For many linear multi-parametric optimization problems, however, the cardinality
of any optimal solution set can be super-polynomially large, even if K = 1 [see,
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for example, Allman et al. (2022), Carstensen (1983a), Gassner and Klinz (2010),
Nikolova et al. (2006) and Ruhe (1988)]. In general, this rules out per se the existence of
polynomial-time exact algorithms even if P = NP. Approximation provides a concept
to substantially reduce the number of required solutions while still obtaining provable
solution quality. For the non-parametric version I1(A), approximation is defined as
follows [cf. Williamson and Shmoys (2011)]:

Definition 1.1 For 8 > 1 and a parameter vector A € A such that f (1) > 0, a feasible
solution x € X is called B-approximate (or a B-approximation) for the non-parametric
version TT(A) if f(x,A) < B- f(x', ) forall x’ € X.

This concept can be adapted to linear multi-parametric optimization problems. There,
the task is then to find a set of solutions that contains a S-approximate solution for each
non-parametric problem IT(A). Formally, this is captured in the following definition
[cf. Bazgan et al. (2022) and Giudici et al. (2017)]:

Definition 1.2 For 8 > 1, a finite set S C X is called a 8-approximation set for IT if it
contains a S-approximate solution x € S for I[T(A) for any A € A for which f(1) > 0.
An algorithm A that computes a B-approximation set for any instance IT in time
polynomially bounded in the instance size is called a S-approximation algorithm.!
A polynomial-time approximation scheme (PTAS) is a family (Ag).~¢ of algorithms
such that, for every ¢ > 0, algorithm A is a (1 4¢)-approximation algorithm. A PTAS
(Ag)e=0 18 afully polynomial-time approximation scheme (FPTAS) if the running time
of A, is in addition polynomial in %

Next, we discuss some assumptions that are necessary in order to ensure a
well-defined notion of approximation and to allow for the existence of efficient approx-
imation algorithms. Note that the outlined (technical) assumptions are rather mild and
they are satisfied for multi-parametric formulations of a large variety of well-known
optimization problems. This includes well-known problems such as the knapsack
problem, the minimum s-¢-cut problem, and the maximization of independence sys-
tems problem (see Sect. 6), as well as the assignment problem, the minimum cost flow
problem, the shortest path problem, and the metric traveling salesman problem [see
Section 5 in Bazgan et al. (2022)].

Similar to the case of non-parametric problems, where non-negativity of the optimal
objective value is usually required in order to define approximation [cf. Williamson
and Shmoys (2011) and Definition 1.1 above], we require that the optimal objective
value f(A) is non-negative for any A € A. To ensure this, assumptions on the param-
eter set and the functions a, by, k = 1, ..., K, are necessary. An initial approach
would be to assume nonnegativity of the parameter vectors as well as nonnegativity of
the functions a, by, k = 1, ..., K. A natural generalization also allows for negative
parameter vectors. To this end, we consider a lower bound aAmin = RK on the parame-
ter set,i.e., A := szl[kkmi“, 00) (Assumption 1.3.1). Then, assuming f (x, A™") and

! Note that any B-approximation algorithm returns a S-approximation set of polynomial cardinality. Under
the assumptions discussed next, given such a polynomial-size B-approximation set S and some parameter
vector A € A, it is possible to compute a S-approximate solution for IT(A) in time polynomial in the
instance size and the encoding length of A by iterating over S and choosing a solution x € § with minimum
value f(x, ).
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br(x),k=1,..., K, to be nonnegative for all x € X (Assumption 1.3.3) guarantees
nonnegativity of the optimal objective value for any A € A.

Moreover, solutions must be polynomially encodable’ and the values a(x)
and bi(x), k = 1,..., K, must be efficiently computable for any x € X in order
for the problem to admit any polynomial-time approximation algorithm. Hence, we
assume that any solution x € X is of polynomial encoding length and the values a(x)

and br(x),k =1, ..., K, can be computed in time polynomial in the instance size and
the encoding length of x (Assumption 1.3.2). This implies that the values a(x) and
br(x), k=1, ..., K, are rationals of polynomial encoding length. Consequently, the

assumptions made so far imply the existence of positive rational bounds LB and UB
such that by (x), f(x, A™") € {0} U[LB, UB]forallx € X andallk = 1,..., K.
It is further assumed that LB and UB can be computed polynomially in the instance
size (Assumption 1.3.3). Note that the numerical values of LB and UB may still be
exponential in the instance size.

Extending the results for 1-parametric optimization problems from Bazgan et al.
(2022), we study how an exact or approximate algorithm ALG for the non-parametric
version can be used in order to approximate the multi-parametric problem and which
approximation guarantee can be achieved when relying on polynomially many calls
to ALG. Hence, the last assumption is the existence of an exact algorithm or an approx-
imation algorithm for the non-parametric version (Assumption 1.3.4). In summary, the
following assumptions are made:

Assumption 1.3 1. For some given A™" = (Arlni“, ey )JIT(““‘)T € RX, the parameter
set is of the form A = le:l [)\,Ti“, 00).

2. Any x € X can be encoded by a number of bits polynomial in the instance size and
the values a(x) and by (x), k = 1, ..., K, can be computed in time polynomial in
the instance size and the encoding length of x.

3. Positive rational bounds LB and UB such that b (x), f(x, A™") e {0} U[LB, UB]
forall x € X andall k = 1, ..., K can be computed in time polynomial in the
instance size.

4. For some « > 1, there exists an algorithm ALG, that returns, for any parameter
vector A € A, a solution x’ such that f(x’, 1) < - f(x, ) for all x € X.3 The
running time is denoted by 71, -

2 Thisisa typical assumption in approximation [see, e.g., Papadimitriou and Yannakakis (2000)]. Never-
theless, our method can also be applied to problems where only the ‘relevant solutions’ can be encoded
polynomially in the instance size. For example, not all feasible solutions of linear programs can be encoded
polynomially in the instance size since they are implicitly determined by finitely many inequalities. How-
ever, it is sufficient to restrict to basic feasible solutions, which have encoding length polynomially bounded
in the instance size (Grotschel et al. 1993).

3 The approximation guarantee o is assumed to be independent of A. However, it is allowed that o depends
on the instance (such that the encoding length of « is polynomially bounded in the encoding length of the
instance).
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2 Related literature

Linear 1-parametric problems are widely-studied in the literature. Under the assump-
tion that there exists an optimal solution for any non-parametric version, the parameter
set can be decomposed into critical regions consisting of finitely many inter-
vals (—oo0, Al], [Al, k2], o AR, oo) with the property that, for each interval, one
feasible solution is optimal for all parameters within the interval. Assuming that L is
chosen as small as possible, the parameter values AU AL are exactly the points of
slope change (the breakpoints) of the piecewise-linear optimal cost curve. A general
solution approach for obtaining the optimal cost curve is presented by Eisner and
Severance (1976). Exact solution methods for specific optimization problems exist
for the linear 1-parametric shortest path problem (Karp and Orlin 1981), the linear 1-
parametric assignment problem (Gassner and Klinz 2010), and the linear 1-parametric
knapsack problem (Eben-Chaime 1996). Note that linear 1-parametric optimization
problems also appear in the context of some well-known combinatorial problems. For
example, Karp and Orlin (1981) observe that the minimum mean cycle problem can be
reduced to a linear 1-parametric shortest path problem (Carstensen 1983a; Mulmuley
and Shah 2001), and Young et al. (2006) note that linear 1-parametric programming
problems arise in the process of solving the minimum balance problem, the minimum
concave-cost dynamic network flow problem (Graves and Orlin 1985), and matrix
scaling (Orlin and Rothblum 1985; Schneider and Schneider 1991).

These and many other problems share an inherent difficulty [see, e.g., Carstensen
(1983a)]: The optimal cost curve may have super-polynomially many breakpoints
in general. This precludes the existence of polynomial-time exact algorithms even
if P = NP. Nevertheless, there exist 1-parametric optimization problems for which
the number of breakpoints is polynomial in the instance size. For example, this is
known for linear 1-parametric minimum spanning tree problems (Ferndndez-Baca
et al. 1996) as well as for special cases of (1) linear 1-parametric binary integer pro-
grams (Carstensen 1983a,b), (2) linear 1-parametric maximum flow problems (Gallo
et al. 1989; McCormick 1999), and (3) linear 1-parametric shortest path prob-
lems (Erickson 2010; Karp and Orlin 1981; Young et al. 2006).

Exact solution methods for general linear multi-parametric optimization problems
are studied by Gass and Saaty (Gass and Saaty 1955; Saaty and Gass 1954) and Gal
and Nedoma (Gal and Nedoma 1972). The minimum number of solutions needed to
decompose the parameter set into critical regions, called the parametric complexity,*
is a natural criterion to measure the complexity. As for the 1-parametric case, the
parametric complexity of a variety of problems is super-polynomial in the instance
size. This even holds true for the special cases of minimum s-¢-cut problems whose
1-parametric versions are tractable (Allman et al. 2022). Known exceptions are cer-
tain linear K -parametric binary integer programs (Carstensen 1983a), various linear
K -parametric multiple alignment problems (Ferndndez-Baca et al. 2000), linear K-
parametric global minimum cut problems (Aissi et al. 2015; Karger 2016), and the
linear K -parametric minimum spanning tree problem (Seipp 2013).

4 Also referred to as combinatorial facet complexity or facet complexity (Aissi et al. 2015).
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As outlined above, many linear K -parametric optimization problems do not admit
polynomial-time algorithms in general, even if P = NP and K = 1. This fact strongly
motivates the design of approximation algorithms for K -parametric optimization prob-
lems. So far, approximation schemes exist only for linear 1-parametric optimization
problems. A general algorithm, which can be interpreted as an approximate version of
the method of Eisner and Severance, is presented in Bazgan et al. (2022). The approxi-
mation of the linear 1-parametric 0-1-knapsack problem is considered in Giudici et al.
(2017), Halman et al. (2018) and Holzhauser and Krumke (2017).

We conclude this section by expounding the relationship between multi-parametric
optimization and multi-objective optimization. We first mention similarities and then
discuss differences between (the approximation concepts for) both types of prob-
lems. In a multi-objective optimization problem, the K + 1 objective functions a, by,
k =1,..., K, are to be optimized over the feasible set X simultaneously, and a -
approximation set is a set S’ C X of feasible solutions such that, for each solution
x € X, there exists a solution x” € S’ that is at most a factor of 8 worse than x in each
objective functiona, by, k = 1, ..., K. We refer to the seminal work of Papadimitriou
and Yannakakis (2000) for further details.

When restricting to nonnegative parameter sets A, linear multi-parametric problems
can be solved exactly by methods that compute so-called (extreme) supported solu-
tions of multi-objective problems. Moreover, since the functions a, by, k =1, ..., K,
are linearly combined by a nonnegative parameter vector, multi-objective approx-
imation sets are also multi-parametric approximation sets in this case. Surveys on
exact methods and on the approximation of multi-objective optimization problems
are provided by Ehrgott et al. (2016) and Herzel et al. (2021), respectively. Using
techniques from multi-objective optimization with the restriction that the functions
a, by are assumed to be strictly positive, multi-parametric optimization problems with
nonnegative parameter sets are approximated in Daskalakis et al. (2016), Diakonikolas
(2011) and Diakonikolas and Yannakakis (2008). We note that the proposed concepts
heavily rely on scaling of the objectives such that, for each solution x € X, all the
pair-wise ratios of a(x), by (x),k = 1, ..., K, are bounded by two. This clearly cannot
be done if (strict subsets of) the function values of solutions x € X are equal to zero.

Despite these connections, there are significant differences between the approxi-
mation of multi-parametric and multi-objective problems: (1) As already pointed out
in Diakonikolas (2011), the class of problems admitting an efficient multi-parametric
approximation algorithm is larger than the class of problems admitting an effi-
cient multi-objective approximation algorithm. For example, the multi-parametric
minimum s-f-cut problem with positive parameter set can be approximated effi-
ciently (Diakonikolas 2011), whereas it is shown in Papadimitriou and Yannakakis
(2000) that there is no FPTAS for constructing a multi-objective approximation set for
the bi-objective minimum s-7-cut problem unless P = NP. This is also highlighted by
the simple fact that (2) multi-objective approximation is not well-defined for negative
objectives, whereas multi-parametric approximation allows the functions a, by to be
negative as long as the parameter set A is restricted such that f(x, 1) > 0 for all
solutions x € X and all parameter vectors A € A. (3) For nonnegative parameter
sets, Helfrich et al. (2021) show that, in the case of minimization, a multi-parametric
B-approximation set is only a multi-objective ((K + 1) - 8)-approximation set. In the
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case of maximization, they even show that no multi-objective approximation guaran-
tee can be achieved by a multi-parametric approximation in general. (4) There also
exist substantial differences with respect to the minimum cardinality of approximation
sets: For some M € N, consider a 2-parametric maximization problem with feasible
solutions xo, ..., xM such that a(xi) = ﬂ2i, bl(xl) = ﬂz(M_i) fori =0,..., M.
Then, any multi-objective S-approximation set must contain all solutions, whereas
{(x9, xM} is a multi-parametric S-approximation set.

Consequently, existing approximation algorithms for 1-parametric and/or multi-
objective optimization problems are not sufficient for obtaining efficient and
broadly-applicable approximation methods for general multi-parametric optimization
problems. This motivates the article at hand, in which we establish a theory of and
provide an efficient method for the approximation of general linear multi-parametric
problems.

3 Our contribution

We provide a general approximation method for a large class of multi-parametric
optimization problems by extending the ideas of both the approximation algorithm of
Diakonikolas (2011) and Diakonikolas and Yannakakis (2008) and the 1-parametric
approximation algorithm of Bazgan et al. (2022) to linear multi-parametric problems.
Note that, in Bazgan et al. (2022), only 1-parametric problems are considered, which
leads to an easier structure of the optimal cost curve due to the one-dimensional
parameter set, which allows for a bisection-based approximation algorithm. This
bisection-based approach cannot be generalized to multi-dimensional parameter sets
as considered here.

For any 0 < ¢ < 1, we show that, if the non-parametric version can be appro-
ximated within a factor of @ > 1, then the linear multi-parametric problem can be
approximated within a factor of (14-¢) -« in running time polynomially bounded by the
size of the instance and % That is, the algorithm outputs a set of solutions that, for any
feasible vector of parameter values, contains a solution that ((1 4 ¢) - &)-approximates
all feasible solutions in the corresponding non-parametric problem. Consequently, the
availability of a polynomial-time exact algorithm or an (F)PTAS for the non-parametric
problem implies the existence of an (F)PTAS for the multi-parametric problem.

In Sect. 4, we show basic properties of the parameter set with respect to approx-
imation. These results allow a decomposition of the parameter set by means of
assigning each vector of parameter values to the approximating solution. We state
our polynomial-time (multi-parametric) approximation method for the general class
of linear multi-parametric optimization problems.

Furthermore, we discuss the task of finding a set of solutions with minimum cardi-
nality that approximates the linear K -parametric optimization problem in Section 5.
We adapt the impossibility result of Diakonikolas (2011) and Diakonikolas and Yan-
nakakis (2008), which states that there does not exist an efficient approximation
algorithm that provides any constant approximation factor on the minimum cardi-
nality if the non-parametric problem can be approximated within a factor of 1 + §
for some § > 0. We extend this to the case that an exact non-parametric algorithm is

@ Springer



1466 Journal of Combinatorial Optimization (2022) 44:1459-1494

available. Here, we show that there cannot exist an efficient approximation algorithm
that yields an approximation set with cardinality less than or equal to K times the
minimum cardinality.

Section 6 discusses applications of our general approximation algorithm to multi-
parametric versions of several well-known optimization problems. In particular, we
obtain fully polynomial-time approximation schemes for the linear multi-parametric
minimum s-¢-cut problem and the multi-parametric knapsack problem [where approx-
imation schemes for the linear 1-parametric version have been presented in Giudici
et al. (2017) and Holzhauser and Krumke (2017)]. We also obtain an approximation
algorithm for the multi-parametric maximization problem of independence systems, a
class of problems where the well-known greedy method is an approximation algorithm
for the non-parametric version.

4 A general approximation algorithm

We now present our approximation method for linear multi-parametric optimization
problems satisfying Assumption 1.3. We first sketch the general idea and then dis-
cuss the details. In the following, given some § > 1, we simply say that x is a
B-approximation for A instead of x is a B-approximation for IT(A) if this does not
cause any confusion. Clearly, for each solution x € X, there is a (possibly empty)
subset of parameter vectors A’ C A such that x is a B-approximation for all parame-
ter vectors A’ € A’. Hence, the notion of S-approximation (sets) is relaxed as follows:
A solution x is a B-approximation for A’ C A if it is a S-approximation for every
A" € A’. Analogously, a set S € X is a B-approximation set for A’ C A if, for any
A € A, there exists a solution x € S that is a -approximation for 1.

Let 0 < ¢ < 1 be given and let @ > 1 be the approximation guarantee obtained by
the algorithm ALG,, for the non-parametric version as in Assumption 1.3.4. The general
idea of our multi-parametric approximation method can be described as follows: We
show that there exists a compact subset A€Mt C A with A; > )\;“in forany A €
ACOmPact and all i = 1, ..., K that satisfies the following property:

A. For each parameter vector A € A \ AS°MPA there exists a parameter vector A €
ACOMPACt gych that any ((1 + %) - a)-approximation for A" is also a ((1 + 5) -
« + 5)-approximation for A (see Proposition 4.7 and Corollary 4.8). Thus, since
((I+5)-a+5) <(1+2-5)-a) = (1+e)-a,any (1 + 5) - «)-approximation
for A/ is, in particular, a ((1 + ) - «)-approximation for A.

Then, a grid AS™ C A is constructed, where each A’ € AS™ is computed as A, =
k;{“i“ + (1 4+ %)lk forsome ly € Zandk = 1,..., K, such that the following holds:

B. The cardinality of A" is polynomially bounded in the encoding length of the
instance and % (but exponential in K),> see Proposition 4.12.

5 Note that compactness of A®™Pat and that 4; > )\?‘i" for any A € AC“MPACt apd all i = 1,..., K is

necessary to achieve a finite cardinality of AGrid,
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C. For each parameter vector A’ € A®™P there exits a grid vector » € A% such
that

J — ADN < 3/ amin o (1+§) G — A fork=1,.... K.

Then, any a-approximation for A is a ((1 + £) - a)-approximation for A" (see
Proposition 4.13).

It follows that, for each parameter vector A € A \ APt there exist a parameter
vector A € A™PA and a grid vector A’ € A% such that any a-approximation
for A isa ((1 + %) - )-approximation for 2 and, thus, a ((1 + ¢) - o)-approximation
for A. Hence, algorithm ALG, can be applied for the polynomially many parameter
vectors in A914, and collecting all solutions results in a ((1 + €) - «)-approximation
set S for A. This method yields a multi-parametric (F)PTAS if either a polynomial-
time exact algorithm ALG or an (F)PTAS for the non-parametric version is available.
Moreover, this approximation algorithm allows to easily assign the corresponding
approximate solution x € § to each parameter vector A € A.

We now present the details of the algorithm and start with Property A. To this end, it
is helpful to also allow parameter dependencies in the constant term. Hence, we define
Fo(x) := f(x, A™") and Fy(x) := bg(x), k = 1, ..., K, for all x € X. Further, we
let Rg“ ={w € RE+L .y, >0,i =0,..., K} denote the (K + 1)-dimensional
nonnegative orthant. Using this notation, the augmented multi-parametric problem
reads

{ir;i}r{lwoF()(x)+w1F1(X)+"'+wKFK(X)} (1)

K+1
ER;

and the goal is to provide an optimal solution for any w € R’;H. The vectors w €

Rg“ are called weights, and the set of all weights is called the weight set in order
to distinguish it from the parameter set of the non-augmented problem. The terms -
approximate solution and B-approximation set for the augmented problem are defined
analogously to Definitions 1.1 and 1.2, respectively. Note that the non-parametric
version IT(A) of IT for some A = (A1, ..., Ax) € A coincides with the non-parametric
version of the augmented problem for the weight w = (1, Ay =A™, ..., Ax — AR™).

A solution x* is optimal for some weight w € REH if and only if x* is optimal
for ¢ - w for any positive scalar r > 0. An analogous result holds in the approximate
sense:

Observation 4.1 Let x, x* € X be two feasible solutions. Then, for any positive scalar
t > 0and B > 1, it holds that Y5 w; F;(x*) < B - 1o w; Fi(x) if and only if
r K wiFa) <1 B YK g wiFi ().

The conclusion of this observation is twofold: On the one hand, any pB-

approximation set for the augmented multi-parametric problem (1) is also a -
approximation set for I1. On the other hand, restricting the weight set to the bounded
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K -dimensional simplex W := {w € Rg“ : Zle o Wi = 1} again yields an equiva-
lent problem. B

The compact set A°°™Pa°t C A satisfying Property A can now be derived as follows:
For B > 1and 0 < ¢ < 1, a closed cone W C Rﬁ“ is constructed such

. . . ’ . . K+1
that any S-approximation set for W"¢ is a (8 + ¢’)-approximation set for R2 ,
W1, and II1. Then, by Observation 4.1, a B-approximation set for the intersection
yeompact . yycone N W, s also a (8 + &’)-approximation set for R’;H, Wi, and IT.

Since W is compact, any closed subset of W, is also compact. Thus, denoting the
Minkowski sum of two sets A, B C A of parameter vectors by A+ B, the (continuous)
function

w : w :
¢ Win{w:wy>0} —=A, (wy, wy, ..., wg) = <—1+AT‘“,...,—K+A%‘“>
wo wo

can be defined to obtain a compact subset ACOMPACt :— g (Weompacty of A By choosing
¢ = 5and B = (1 +¢'), a compact subset A™P* that satisfies Property A is

obtained.°

The next results formalize this outline. Initially, an auxiliary result about convexity
and approximation is given: For y > 1, if a solution x is a y-approximation for
several weights w!, ..., w! e IRI;‘H, the same solution x is a y-approximation for

any weight in their convex hull.

Lemma4.2 Let y > 1 and a subset W' C Rg“ be given. Then, any y-
approximation x € X for W' is also a y -approximation for the convex hull conv(W').
Proof Let w be some weight in the convex hull of W’. Then, w = ZIL:I 6yw' for some

LeNw' ...,wleW,and6y,...,6; € [0,1] with Y/, 6, = 1. Thus, for any
x' e X,

K K L L K
SwiF) =) >0 wFx) =) 6 wFx)
i=0 i=0 I=1 =1 =0
L K K
<oy Y wFREE) =y Yy wkE),
=1 i=0 i=0
which implies that x is a y -approximation for w. O

The next results establish the compact set A°™MPat C A of parameter vectors such
that any B-approximation set for A°MPat j5 3 (8 + ¢’)-approximation set for A.

Let w be a strictly positive weight whose components w; for i in some index set
B #1<C{0,..., K}sumup to asmall threshold. The next lemma states that, instead

6 Note that A®™MP2t ¢oyld also be defined by means of the intersection W N {w € RIZ< + wo = 1}.

However, structural insights into the geometry of AS°MPact would then be missed. Moreover, the presented
construction allows to easily derive lower and upper bounds on A°™P4°t which are necessary for proving
the polynomial bound on the cardinality of the grid ACTd,
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of computing an approximate solution for w, one can compute an approximate solution
for the weight obtained by projecting all components w;,i € I, to zero, and still obtain
a ‘sufficiently good’ approximation guarantee for w.

To this end, for aset I C {0, ..., K} of parameter indices, the projection proj’ :
RE+! — RE+1 that maps all components w; of a vector w € RX*! with indicesi € 1
to zero is defined by

0, ifi el,

w;, else.

projil(w) = {

Lemma4.3 Let0 < ¢’ < land B > 1. Further, let ® # 1 C {0, ..., K} be an index
set and let w € Rg“ be a weight for which

¢ LB .
Zwi= -minw;.
B-UB j¢rI

iel
Then, any B-approximation for w is a (B + &')-approximation for proj’ (w).

Proof Let x € X be a B-approximate solution for w. We have to show that, for
any x’ € X,

Y wiFix) < (B+e) Y wiF(),

Jjé¢! Jj¢l
Since x is a B-approximation for w, we know that, for any solution x’ € X,
S wiF) + Y wiFie) < B [ Y wi i)+ Y wiFie) |
iel i3 iel j¢l

which implies that

Yo wiFi) = BY wiFj) =Y wi- (B Fi(x) = Fi(x))

¢l i¢l iel
< w;-B-UB=¢ LB -minw;.
; ’ gl !

Note that, for any solution x” € X, it holds that

ijFj(x”) € {0}uU | LB .minwj,zwj . UB
gl S
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If> g wjFj(x) =0and 3., w; > 0, we obtain
ijFj(x)fs’-LB-minwj <LB-minw;
x J¢l J¢l
Jel

and, therefore, 3o, w; Fj(x) = 0.1f 3, w; F;(x") = Oand 3, w; = 0, it

follows that w; = O for all j ¢ I and, therefore, Zj¢, w; Fj(x) = 0 as well. Hence,
in these cases, the claim holds since

Y wiFjx)=0=(B+e) Y wiFjK).

Jgl J¢l

If Z/g[ w;Fj(x") = LB - min;¢; wj, it holds that

D wiFj() <€ LB minw; +f 3 w;Fy()

j¢l j¢l
<& Y wiFi)+BY wiFi(x)=(B+e) Y wiFiK),
J¢l J¢l J¢l
which proves the claim. O

Let w € R’;H and ¥ # I € {0,..., K} be given as in Lemma 4.3. By the

convexity property from Lemma 4.2, every B-approximation for w is not only a (8 +
¢')-approximation for proj’ (w), but also a (8 + &’)-approximation for all weights in
conv({w, projl (w)}). This suggests the following definition:

Definition 4.4 Given 0 < &’ < 1 and B > 1, the factor used in Lemma 4.3 is denoted
by

¢ LB
¢ =
B -UB

€ (0, 1). (2)

Additionally, for any index set @ #= I C {0, ..., K}, we define
P_(I) := weR§+1:Zwi<c~wjforallj¢l . 3)
= icl

The set P<(I) is defined analogously by replacing “<” by “<” in (3). Note that P<(/)
is a polyhedron. Moreover, we define

P_(I) = P<(I)\ P-(I)
and, finally,
weone . _ RI;—H \ U P_(I)
N G#1CH0,.... K}
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| Poay | | Petorn

P_({2}) "+

wo
w2
P<({0,1}) o
L P<({0

P<U1)
P<({0,2})

Po({12}) o,

wo T 2

Fig. 1 Tllustration of the sets P—=(1), P<(I), and W°°" for a linear multi-parametric problem with K = 2.
Top left: Visualization of P—({0, 1}) and P—({2}). Top right: Visualization of the corresponding full-
dimensional sets P<({0, 1}) and P<({2}). Bottom: Visualization of all sets P<(I). The set W°"® is the

complement of the union of the sets P (/) = P<(/)\ P=(I) for@ # 1 C {0, ..., K}. Note that none of
the visualized sets are bounded from above

Figure 1 provides a visualization of the sets defined in Definition 4.4.

Let w € W®" be such that w € P—([) for some index set ¥ = I C {0, ..., K}.
Lemma 4.3 implies that a B-approximation for w is a (8 + &’)-approximation for
conv(w, proj’ (w)). However, the reverse statement is needed: For w € Rg“ \ weone,

does there exist a weight w € W™ such that a S-approximation for w is a (8 +
&¢’)-approximation for w? Proposition 4.7 will show that this holds true. In fact, the
corresponding proof is constructive and relies on the lifting procedure described in
the following.

Consider some weight w € Rg“ \ W€ ie, w € P<(I) for some index

set § # I C {0,...,K)}. Instead of computing an approximate solution for
w, a B-approximation for the corresponding lifted weight w € P—(I) (satisfying
w € conv({w, proj’ (w)})) can be computed, which is then a (8 + &’)-approximation
for w. The next lemma formalizes the lifting.
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Lemmad4.5 Let ¥ # 1 C {0, ..., K} be an index set and let w € P_(I). Define

w;

-c-minj¢; wj, ifi €I and Zje] w; >0,

B Zjel wj
Wi = - e minjgg wj, ifi e landw; =0forall j €1,
wi, ifi ¢ 1.

Then, w € P_(I) and w € conv({w, projl(zi))}). In particular, w; > w; foralli € I.
Proof First consider the case that w; = 0 for all j € I. Then it holds that

_ 1 . . L
E w; = —oc~m1nwj=c~m1nwj=c~m1nwj,
1] j¢l j¢l jél

iel iel
which yields that w € P—(I). Moreover, w = projl(ﬁ)) € conv({w, projl(zi))}). Now
consider the case that w; # O for some j € /. Here, it holds that

_ Wi . . .-
Zu)iz Z—‘C'mlnw]‘=C'm1nwj=C'man)j,
2 W ¢l gl ¢l
icl iel ~jel i i# i¢ i#

which again yields that w € P—(I). Note that, since w € P-(I), we must have

c-minw; > Z w; > 0. Thus, the weight w can be written as a convex combination
il jel

of w and proj’ () by

ws W
W= Z{GI J . II) + (1 _ Z{GI J > . prOjI(lI)),
C-MNj¢gr W;j C-Mminj¢r W;j
which concludes the proof. O

When given a weight w € P_ (/) for some index set /, a lifted weight w € P—(I)
can be constructed using Lemma 4.5. A B-approximation for w is then a (8 + ¢&’)-
approximation for w due to Lemmas 4.2 and 4.3. Next, it is shown that this idea
generalizes to the set W™ in the following way: For each weight w ¢ W™, a
weight w € W™ can be found such that any B-approximation for w is a (8 + &')-
approximation for w. The remaining task is to prove that this holds true for weights
contained in P (I)N P~ (1) for two (or more) different index sets I and I’, since using
the previous construction for / might result in a lifted weight that is still contained
in P_(I') and vice versa. Notwithstanding, such weights can inductively be lifted
with respect to different index sets and, if this is done in a particular order, a weight
is obtained that is contained in W after at most K lifting steps.

The following lemma states that, for a weight w that is not contained in P (/) for
some index set I, increasing any of its components w; with indices i € I preserves
the fact that the weight is not contained in P (1).
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Lemma4.6 Let w € ]RI;H \ P-(I) for some index set  # I C {0,...,K}. Let

w e R§+1 be a weight such that w; > w; foralli € I and w; = w; forall j ¢ I.
Then, w ¢ P-(I).

Proof Since w € P_([I), it holds that

E w; > E w; = C- mlnwj_c mlnwj,
J&l

iel iel
which proves the claim. O

Now, we can prove the central result for Property A. Note that the proof is constructive.

Proposition4.7 Let 0 < ¢ < 1 and B > 1 be given. Then, for any weight w €
Rg“ \ W there exists a weight w € W such that any B-approximation for w

isa (B + &)-approximation for w.

Proof Let w € R'><+l. Without loss of generality, assume that wo < w; < --- < wg

holds (otherwise, the ordering of the indices can be changed due to symmetry of
Weone) First, it is shown that, in this case, all index sets 7 such that w € P_([) are of
the form 7 = {0, ..., k} forsome k € {0,..., K — 1}: Leti € I and j ¢ I for some
index set@ = I C {0, ..., K} for which w € P_(I). Then,

w; < E wir < C- mmwj/<wj,

I
i'el i'#

which implies that i < j and, thus, I = {0, ..., k} for some k € {0,..., K — 1}.
To shorten the notation, we use the abbreviations [K] = {0,..., K} and (k] :=
{0, ..., k) for k € [K] in the remainder of this proof.

Since w ¢ W, we have w € P-(I) for at least one index set ¥ # I C [K].
Hence, we choose k™** € [K — 1] to be the largest index such that w € P_([k™¥*])

holds. Similarly, choose k9 € [K — 1] to be the smallest index such that w € P_([k°])
holds. This means that w ¢ P_([k]) for all k € [K — 1] with 0 < k < k9 and

k™M < k < K.Further, set w? ;= wand construct a (finite) sequence wO, wl, ... wk
of weights and a corresponding sequence k° < k! < --. < kL~ of indices such that,
foreach £ € {1, ..., L}, the following statements hold:
wl > wfz_l fori =0,..., k¢! andwli = wl“}._1 for j =k-1'4+1,... K.
0<we<wf< _.<w‘Z

wt=1¢ P ([k])forke[K—l]w1th0<k<ke Vor kM < k < K.
w eP_([kZ])forE/—O 0= 1.
5 w € conv({w'} U {pI'O][k (w’z) ..,proj[kH](w[)}).

As».w =

The construction, which is illustrated in Fig. 2, is as follows: Given a weight wt e
Rg“ \ W with wé < wf <...< w‘;}(, we set k¢ to be the smallest index such
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that w! € P<([ke]) and, analogously to Lemma 4.5, define

WLyt - 0 Kkt ¢
ST C Wy fori =0,...,k 1fzj=0wj>0,
wit == ¢
i 1€ Wy fori =0, ..., k" otherwise,
wt fori =kt+1,...,K

We repeat this construction until, for some L € N, the weight wl is not contained
in P_([k]) for any k € [K — 1]. Note that Statement 2 implies that, for any £ € N,
the weight w’ cannot be contained in P_(I) for any index set I that is not of the form
I = [k] for some k € [K — 1]. Moreover, Statement 3 implies that k™ > k¢ and
that, for ¢ > 1 and k € [k*~! — 1], it holds that }"}_ w!~' > ¢ - w_ |. Therefore, if

Y kg w!™! > 0, it holds that

k k Wi c.owll

¢ _ i -1 k+1 =1 _ ¢
E wi—g ST g W = i g O W =Cc Wi
i=0 i=0 2_j=0 w; 2i=0 w;

Similarly, if w’™" = 0 forall j € [k*~'], it holds that

k k

¢ _ Kl ¢ ¢
Sl =Y el = kDl ey,
i=0 i=0

Thus, in both cases, we obtain that w* ¢ P_([k]) fork =0,..., k=1 — 1. Since
Statement 4 implies that w® ¢ P_([k*~!]), this yields that k¢ > k*~! (for £ > 1)
and, hence, the construction indeed terminates after at most k™% — k0 < K steps
with wl e weone,

Furthermore, Statement 4 and Lemma 4.3 imply that any B-approximation for w’

isa (B + ¢’)-approximation for proj[kz ](u)L) foreach!’ € 0, ..., L —1 and, thus, also
for w using Statement 5 and the convexity Lemma 4.2.
It remains to show that Statements 1-5 hold for each £ € {1, ..., L}. Statement 1

holds due Lemma 4.5. Statements 2—5 are proven by induction over £:

For ¢ = 1, in order to prove Statement 2, first consider the case that wg > 0. In
this case, u)(l) > (0 by Statement 1. Next, consider the case that u)8 = ..., w,? =0
and w,(() > 0 for some k € [K — 1] (note that w cannot be the zero vector since
w ¢ W), In this case, we must have k = k¥ by definition of k°, and, therefore,

1
wp=——-c-ud,, = ~c-w,9+1>0.

KO 41 K™ k41

The inequality wllo < w!

04 Even holds with strict inequality since, in both cases, it

holds that wllo <c- wgo 41 < w,?o 41 = wko e All other inequalities of Statement 2
follow from the corresponding inequalities for £ = 0 (or trivially hold fori = 1, ..., k!

@ Springer



Journal of Combinatorial Optimization (2022) 44:1459-1494 1475

if w8 =... = wgo = 0). Statement 3 is a direct consequence of our choice of k°
and k™®*, and Statements 4 and 5 immediately follow from Lemma 4.5.
Now assume that Statements 2-5 hold for some ¢ € {1, ..., L — 1}. Then, State-

ments 2-5 hold for £ 4 1: The inequality w€+1 > 0 holds since wg‘H > wS > 0 due to

+1 L+1

Statements 1 and 2. Again, the inequality w, ;" < w,/ 1 holds with strict inequality
since
wt,
41 _ k R R ¢ _ e+l
Wee = T g O When S Wy < Wiy = Widy s
> j=0W;

and all other inequalities of Statement 2 immediately follow from the corresponding
inequalities for £. In order to prove Statement 3, note that, for k € [ke — 1], it holds that
w® ¢ P_([k]) by the choice of k. For k = k™ 41, ..., K, we have w® ¢ P_([k])
by Statement 1 and Lemma 4.6. For Statement 4, we have wt e P:([kfl]), ie.,

K
0 _ ¢
Dowp=cw,,
=
for¢/ =0,...,¢£ —1. Thus,
ki’ ki/ ¢ l
w! c-w,
ZH_Z i P _ KO+l N
Zwi = T W = T C W =€ W,
i=0

i=0 Zj:Owj Zj:()wj

for¢’ =0, ..., £¢— 1. Moreover, by Lemma 4.5, it holds that w‘*! € P_([k*]), which
concludes the proof of Statement 4. Finally, Statement 5 holds for £+ 1 since, by induc-

tion hypothesis, we know that w € conv ({wi} U {proj[kol(wz), R proj[szl](w‘z)}),
which means that there exist coefficients 6y, ..., 08¢ € [0, 1] such that
-1 . ¢
w =6, w+ Z@gr -proj[k l(w*) and Z Oy = 1.
=0 =0

Lemma 4.5 implies that w® € conv ({w“‘l, proj[kl](w“l)}), i.e., there exists some
u € [0, 1] such that

il
wh = - w™ 4+ (1= ) - prof* T wt*h.
Note that, since [k*'] € [k¢] for €/ =0, ..., ¢ — 1, it holds that

1l Tl it
proj*] (PFOJ[k ](w“l)) = proji* T(w*)

@ Springer



1476 Journal of Combinatorial Optimization (2022) 44:1459-1494

and, thus,
-1 g
w = 6[ . we + Z@e/ . proj[k ](wE)
/=0
il
=0 (M w4 (1= ) - projtt ](w”l))
-1 ” ,
+ > 0 - projl* ! (u w4 (1= ) - projt ](w”l))
=0

-1
k¢ ot
=0 w40 (1= ) prof™ T w ™ + "y - projt Tt
=0

-1

+ 300 (1= ) - proj(proj* w+)
=0
-1 p )
— 6@ - wZ-H + Z 0{/ e proj[k ](wf-H) + (1 _ M) . proj[kf](wl-l—l)
=0
with
-1
Ot ) bropt(-—pw=p+td-p=1
=0
ie., w e conv ({w*!} U {proj T (w1, . .., proj[k(](weﬂ)}),which completes the
induction and the proof. O

The following corollary states that the same result holds true for the K -dimensional
simplex Wi = {w € RI;A : Z,'K=o w; = 1}, see Figure 3 for an illustration.

Corollary 4.8 For0 < &’ < 1 and B > 1, define
Wcompact — Wcone ) Wl-

For each weight w € Wi \ WMPA there exists a weight w' € WP sych that
any B-approximation for w' is a (B + €')-approximation for w.

Proof Note that W™ is a cone, i.e., w € W if and only if 7 - w € W™ for each

t > 0. In particular, for each weight w € Rg“ \ {0}, it holds that

1
w e Wcone Lw € Wcompact'

K
D im0 Wi

Thus, the claim follows immediately from Observation 4.1 and Lemma 4.3. O
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w2

wy

— P=({0})

proj ot (w?) X w?

proj 01 (?) 2
Wo
wa
Fig. 2 Tllustration of the sequence of (lifted) weights constructed in the proof of Proposition 4.7 for a
weight w ¢ WP with wg < wy < wy = 1. Left: Embedding of {w € R; twy = 1} into R;. Right:
Cross-section at wy = 1. Note that w? € W< and w = w” € conv ({wz, proj (% (w?), proj{o*”(wz)})

w2

wo (0,1,0)7

Fig. 3 Illustration of the set WCOMPACt for a linear multi-parametric optimization problem (K = 2). Left:
Weompact a4 3 subset of ]R3>. Right: Schematic view of We°™MPact The dashed lines indicate the boundary

of WeOmpaCt Gefined in Lemma 4.9

The following lemma provides a lower bound on the components of weights w €
WEOmPAt This allows us to derive lower and upper bounds on A “°™P4t, which will be
useful when proving the polynomial cardinality of the grid A4,

Lemma4.9 Let0 < ¢’ < 1 and B > 1. Define

yycompact . _ {wewl -chorallie{O,...,K}}-

W >
(K +1)!
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Then, W compact C Wcompact c W

Proof Letw € WmPat By symmetry of Wy, WEOmPACt and WEOMPACt we can assume
without loss of generality that wg < w; < --- < wg holds. Since w € WO, w
satisfies w ¢ P_([) forall @ # I C {0,..., K}. In particular, this holds for all
I=1{0,...,k}withO <k < K — 1. Hence,

K—1
wo >c-wy, 2w > wo+w)>=c-w, ... ,K-wK_lzzwizc-wK.
i=0

With (K + 1) - wg > Zi[(zowi = 1, it follows that w; > ﬁ-cK foralli €
{0,...,K}. O

Next, Weempact i transformed to APt see Fig. 4 for an illustration. Recall that

w ; w :
¢ Wi N{w:wy >0} — A, (wg, wy, ..., wK)H(w—l—l—)Jlmn """ wik_k)\ll‘r(lm).
0 0

Corollary 410 For 0 < &’ < 1 and B > 1, define AC™PAt .= ¢ (WEOMPY) Then, for
each parameter vector . € A\ AP there exists a parameter vector X' € APt
such that any B-approximation for X' is a (B + &')-approximation for A.

Proof Let A € A\ A®™P3 Define w = (wp, ..., wg) by

1 A; — Amin
and w; = e —=
1 + Zk:] )\.k _ )\.k

wo = P
1+ Y4 (g — Afnimy

Then, w € W, and, thus, there exists a weight w’ € W€MPl gych that any
B-approximation for w’ is a (8 + ¢’)-approximation for w by Corollary 4.8. Observa-
tion 4.1 implies that any B-approximation for ¢ (w’) € A°™MPat jg 3 B-approximation
for w’, which in turn is a (8 + &’)-approximation for w. Applying Observation 4.6
again yields that any (8 + &’)-approximation for w is also a (8 + &)-approximation
for A = ¢ (w). O
With ¢’ = § and B = (1 + ¢&’), Corollary 4.10 states that the set A°™P*" indeed
satisfies Property A.

Now, to prove Property B, the following lemma provides useful upper and lower
bounds on A¢°mpact,

Lemma4.11 For0 < &' < 1, B > 1, and c defined as in (2), it holds that

cK (K—%IM]K

Acompact — )Lmin ,
= }+LK+D! K

A compact

In particular, is compact.
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Ao |
)\glin +1 ,,' Acompact

N 1

N I

[N I

1 S N 1

! N i

|I N '

N l
I N . , i
N min e LB

.' N A+ 5TE R

! % :

I N I e ===ETTT

I \\ oo =0 ==

I N

compact - — - B X
e X ) , .
N\ xmin - min | £LB - xmin 4

Fig.4 Tllustration of the set A°™PA°t (white region). Left: Full schematic view. Right: Focus on {aminy 4
[0, 11X . The dashed lines indicate the boundary of the set AOMPACt — ¢ (W COMPaCt) considered in the proof

of Lemma 4.11

Proof Let W™t C W, be defined as in Corollary 4.8. Then, since Wmpact c

weompact e haye
Acompact _ ¢ (Wcompact) C ¢ (Wcompact)

, wX}), where, fori, k € {0,..., K},

Also, note that W™t = conv ({w?, ...
K K C_
'J)kz l—mc s forl—k,
! ﬁ K, otherwise.

Thus, for any parameter A € AP there exist scalars 6, 0 ..., 0k € [0, 1] with
Zf:o Or = 1 suchthat L = ¢ (Zlf:() Ok 12)"). Consequently, fori =1, ..., K, both

K -k
—k
2 k=0 Ok g
1 K K
FD € k=0 Ok
- K K
(1 T ®+D! 'CK> * D=0 Ok

CK
T K+ —K-cK

CK

B
~ (K + D!

and
K —k
i i T K . -
2_ie—o Ok g
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K
(1- ) Tt

= 1 K
&+D! K3 o Ok
(K +1)!
=—x K
!
_ K+ D)

= K

hold, which shows the claim. 0O

Next, we construct a grid A9"d C A possessing Properties B and C. That is, the
cardinality is polynomially bounded in the encoding length of the instance and %,
and computing a ((1 4 §) - a)-approximation for any 1 € A®™P*! is possible by
computing an a-approximation for each grid point A’ € AS19,

Letc = % be defined as in (2) with e’ = § and B = (1 +¢') - . We
employ the bounds on A°™Pa°t gjven by Lemma 4.11, and define a lower bound as
well as an upper bound by

b= |1 < dub = [log,, . E U 4
= Og1+%m and uo = 0g1+%c—K . ()

We then set

. . . N T
AGrid . AeA:k:(A‘l“"‘—i-(l+%)”,...,)\%m—l—(l—i—%)”{) A (s
ire€Z,lb<ip<ubk=1,...,K

Now, Property B can be shown using the construction of ASrd:

Proposition 4.12 Let AS" be defined as in (5). Then,

. 1 11 UB 1 K
IACY e O (= 1log=+ = log— + — - log .
& & & LB £

Proof We have |A®1d| = (ub — 1b 4+ 1)X, where

(K + 1! cX
ub—1Ib+1= 10g1+%c—1( — logH_%m +1

(K + 1)
Tk 3

1

eO(logHg E)
2-(14+%) -« -UB
4.a-UB

=0 (toees 75

< 2-10g1+%
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1 1 1 UB 1

=0(--log—+—--log— + —-1 ,
(5 Og8+£ 0gLB—i_& ogot)

since 0 < & < 1. Here, note thata? = q¢(1=2)0+3°1 < (11— %)-ao—i—%al = l—l—%by

convexity of exponential functions with base a > 0, which implies § < log(1+ 5). O

It remains to prove that AS"d indeed satisfies Property C, for which the main
idea is motivated by the approximation of multi-objective optimization problems, cf.
Papadimitriou and Yannakakis (2000).

Proposition 4.13 Let A € A such that k; > AM fori = 1,..., K. Ifx € X is an
a-approximation for X, then x is a ((1 + 5) - a)-approximation for all parameter
vectors

Ae{x’:ik—kaingx;—xginf(1+§)-(1k—,\;{mn),k=1,...,K}.

Proof First let A € RX such that Ay — A" < — AN < (14 £) - (A — AD) for
k=1,..., K. Then, for any x’ € X, it holds that

K
FOLR) = £ M) Y O = AP - by (x)
k=1

K
< O 4 3+ D) o= AP i)
k=1

K
=+ (foa, A 43 O = 2 bk<x’>)

k=1
=(1+§>-f<x’,i> < (1+§)-a~f(x,i)

K
=1+ §> o (f(x, A 37 G — ARy - bk(X>)

k=1

K
<1+ %) a- (f(x, Aminy 4 Z(Ak — Aginy . bk(x))

k=1
:(1+§)-a~f(x,k).

]

Note that AS" is constructed in a way such that, for any parameter vector A’ €
AP there exists a parameter vector A € A9 satisfying Az — Ag‘in <A — )L}Cni“ <
1+ é)()_»k — )»}(ni“) for k = 1, ..., K. Hence, Property C follows immediately by
Proposition 4.13. This concludes the discussion of the details.

Our general approximation method for multi-parametric optimization problems is
now obtained as follows: Given an instance I1, an o-approximation algorithm ALG,,
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for the non-parametric version, and ¢ > 0, we construct the grid AS1d defined in 5),
apply ALG, for each parameter vector A € A%"4, and collect all solutions in a set S.
Since, as shown before, Properties A—C hold true, the set S is indeed a ((1 + &) - «)-
approximation set. Algorithm 1 summarizes the method.

Algorithm 1 Grid approach for the approximation of multi-parametric optimization
problems.

Require: An instance I1 of a multi-parametric optimization problem, ¢ > 0, an o-approximation algo-
rithm ALG for the non-parametric version of IT.

Ensure: A ((1 + ¢) - a)-approximation set for IT.

: Compute LB and UB.

: Compute LB and UB.

g« 5.

B~ (1+é) a.

: Set ¢ asin (2).

: Set Ib, ub as in (4).

: Set ACTd a5 in (5).

- for 1 € ACTid go

X < ALGg(A)

10: S <« SU{x}

11: end for

12: return S.

b

Theorem 4.14 Algorithm 1 returns a ((1 + ¢€) - a)-approximation set S in time

1 11 UB 1 K
O\ TiBuB + Targ, - | — -log—+ — -log — + — - log ,
€ e ¢ LB e

where T g/up denotes the time needed for computing the bounds LB and UB,
and Tarc, denotes the running time of ALGy.

Proof By Lemma4.12, the number of iterations and, thus, the number of calls to ALG,
is asymptotically bounded by

1 1 1 UB 1 K
Ofl--log—+ - -log— + — - log« .
e e ¢ LB e

Now, it remains to show that the set S returned by the algorithm is a ((1 + ¢) - «)-
approximation set, i.e., that, for each parameter vector A € A, there exists a parameter
vector A € AYM such that any a-approximation for 1 is a ((1 4 &) - «)-approximation
for A. Let . € A be a parameter vector. By Corollary 4.10, there exists a parameter
vector A € A°™P*such that any ((14-5)-«)-approximation for A" isa ((14-5)-a+5)-
approximation, and thus a ((1 4 ¢) - «)-approximation for 1. We set

A= A (1 4 &)™ with m; = |log) 1o (A} — A?‘in)J.
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Then, by Lemma 4.11, we have Ib < m; <ubfori =1, ..., K and, thus, ) e AGrd,
Moreover, A; — )L}“i“ < A - )»;“i“ <= (1+%- i — A;“i“) and, hence, any o-
approximation for A is a ((1 + %) - a)-approximation for A" by Proposition 4.13. This
concludes the proof. O

In particular, Theorem 4.14 yields:

Corollary 4.15 Algorithm 1 yields a FPTAS if either an exact algorithm ALG| or an
FPTAS is available for the non-parametric version of T1. If a PTAS is available for
the non-parametric version, Algorithm 1 yields a PTAS.

Proof If an exact algorithm ALG is available, the statement directly follows from
Theorem 4.14. Otherwise, for any ¢ > 0,set§ := 4/1 + ¢ — 1. Then, by Theorem 4.14,
we can compute a (1 + &)-approximation set in time

1 11 UB\ X
O | Tig/uB + Tarcyys - 3 -log 5 + 3 -log B .

5 Minimum-cardinality approximation sets

In this section, the task of finding a B-approximation set S* with minimum car-
dinality is investigated. It is stated in Vassilvitskii and Yannakakis (2005) that no
constant approximation factor on the cardinality of S$* can be achieved in general
for multi-parametric optimization problems with positive parameter set and positive,
polynomial-time computable functions a, by if only (1 + §)-approximation algorithms
for § > 0 are available for the non-parametric problem. Thus, the negative result also
holds in the more general case considered here.

Theorem 5.1 Forany > 1 and any integer L € N, there does not exist an algorithm
that computes a B-approximation set S such that |S| < L -|S*| for every 3-parametric
minimization problem and generates feasible solutions only by calling ALG14s for
values of 8§ > 0 such that % is polynomially bounded in the encoding length of the
input.

We remark that the corresponding proof (published in Diakonikolas (2011), Theo-
rem 5.4.12) is imprecise, but the idea remains valid with a more careful construction.
We provide a counterexample and a correction of the proof in the appendix.

Note that this result does not rule out the existence of a method that achieves a
constant factor if a polynomial-time exact algorithm ALG is available. We now show
that, in this case, there cannot exist a method that yields an approximation factor
smaller than K + 1 on the cardinality of S*.

Theorem 5.2 For any B > 1 and K € N, there does not exist an algorithm that
computes a -approximation set S with |S| < (K + 1) - |S*| for every K -parametric
minimization problem and generates feasible solutions only by calling ALG;.
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Proof Let § > 1. In the following, an instance of the augmented multi-parametric
optimization problem with parameter set given by the bounded K -dimensional sim-
plex W is constructed such that the minimum-cardinality S-approximation set S*
has cardinality one, but the unique solution x € S* cannot be obtained by ALG;, and
any other S-approximation set must have cardinality greater than or equal to K + 1.
Consider an instance with X = {x, x°, ..., xX} such that

Fix)=(K+1)-fori =0,...,K,
and, fori =0, ..., K,
Fi(x") =K+ 1land Fj(x") = (K +2)-p—1forj #i.

We show that the solution x cannot be obtained via ALG1, the set {x} a -approximation
set, and the only S-approximation set that does not contain x is {xo, .. xK } with
cardinality K + 1.

First, we show that x cannot be obtained via ALG;. For any w € Wi, there exists
anindex i € {0, ..., K} such that w; > K+r1 and, thus,

w FH)=((K+1)-wi+(K+2)-B—1) (1 —w)
=(K+2)-B—-1+K+1—-(K+2)-8+1)- w;
=(K+2)-B—1+K+2—(K+2)-p)-w,

<(K+2)-ﬁ—1+K—+2~(l—/3)
- K+1

1
=(K+2)-,3—1+1—/3+K—+1-(1—ﬂ)

1

=K+ D ft g (=P
<(K+1)-8
=w'F(x).

Hence, the solution x cannot be obtained via ALG;. Next, we show that the set {x} is
a B-approximation set. Forany w € Wy andanyi =0, ..., K, it holds that

w F) =B (K+1D-wi+ (K +1D-(1—w))
=p-(K+D-wi+(K+2-1)-(1—w))
=B-(K+D-wi+((K+2)-B—-1-(1—w))
=B-w' F(x').

Hence, the solution x is a B-approximation for any w € Wj. Finally, we show that the

only B-approximation set that does not contain x is {x°, ..., xX}. Let e’ € W] be the
ith unit vector. Then, for any j € {0, ..., K} \ {i}, we have

B-() Fx')=(K+1)-8
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<(K+D-p+p-1
=(K+2)-B—1=() Fx').

Note that, by continuity of wlF (x)inw; fori = 0_, ..., K, there ¢xists asmallr > 0
such that, for each i € {0, ..., K}, the weight w' defined by w§ =1 If—Jr’l and

w' = gy, J # i, satisfies B - (w)TF(x) < (w')TF(x/) forall j # i. Hence,
the above arguments also hold for weights w € W; N RX+1, Therefore, the above
instance shows that no B-approximation set with cardinality less than K + 1 times
the size of the smallest S-approximation set can be obtained using ALG; for linear
multi-parametric optimization problems in general.

O

6 Applications

In this section, the established results are applied to linear multi-parametric versions
of important optimization problems. The 1-parametric versions of the shortest path
problem, the assignment problem, linear mixed-integer programs, the minimum cost
flow problem, and the metric traveling salesman problem have previously been cov-
ered in Bazgan et al. (2022). By employing Theorem 4.14, it is easy to see that the
stated results generalize to the multi-parametric case in a straightforward manner. We
now apply Theorem 4.14 to several other well-known problems. Note that, for a max-
imization problem and some 8 > 1, a f-approximate solution for the non-parametric
version IT(}) is a feasible solution x € X such that f(x, 1) > % - f(x', A) for all
x' e X.

Multi-parametric minimum s-7-cut problem Given a directed graph G = (V, R)
with |V| = n and |R| = m, a multi-parametric cost function a, + Zle by, for each
r € R,wherea,, by, € No,and two vertices s, t € V withs # ¢, the multi-parametric
minimum s-t-cut problem asks to compute an s-t-cut (S, 7;), s € Sy and ¢ € Ty, of
minimum total cost } ..., yes; w(rer, 4 + S K | Akb, for each A € A (where a(r)
denotes the start vertex and w (r) the end vertex of an arc r € R). Here, AMIN can be
defined by setting A,r("in = max,¢ R{—#’M : b # 0} such that, for each parameter

vector greater than or equal to A™", the cost of each s-7-cut is nonnegative.

A positive rational upper bound UB as in Assumption 1.3 can be obtained by
summing up the m cost components a, and summing up the m cost components by
for each k, and taking the maximum of these K + 1 sums. The lower bound LB can
be chosen as LB := 1. The non-parametric problem can be solved in O (n - m) for
any fixed A [cf. Orlin (2013)]. Hence, an FPTAS for the multi-parametric minimum
s-t-cut problem with running time O ((n . m)(% log% + %log(mC))K) is obtained,
where C denotes the maximum value among all a,, by ,.

The number of required solutions in an optimal solution set can be super-polynomial
even for K = 1 (Carstensen 1983b). Remarkably, a recent result shows that the number
of required solutions in an optimal solution set of the K -parametric minimum s-¢-cut
problem with K > 1 can be exponential even for instances that satisfy the so-called
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source-sink-monotonicity (Allman et al. 2022), whereas instances of the 1-parametric
minimum s-7-cut problem satisfying source-sink-monotonicity can be solved exactly
in polynomial time (Gallo et al. 1989; McCormick 1999). Consequently, in the multi-
parametric case, an FPTAS is the best-possible approximation result even for instances
satisfying source-sink-monotonicity.

Multi-parametric maximization of independence systems Let a finite set £ =
{1,...,n} of elements and a nonempty family F C 2F be given. The pair (E, F) is
called an independence system if § € F and, for each set x € F, it follows that all its
subsets x” C x are also contained in F. The elements of F are then called independent
sets. The lower rank [(F) and the upper rank r(F) of a subset F C E of elements
are defined by [(F) :=min{|B| : BC E,B € Fand BU{e} ¢ Fforalle € E\ F}
and r(F) := max{|B| : B C E, B € F}, respectively. The rank quotient q(E, F) of
the independence system (E, F) is then defined as g (E, F) := mingcg (F)-£0 %

Moreover, let a multi-parametric cost of the form a, + Z,{;l Akbi o, Wwhere a,, by, €
No, k = 1,..., K, be given for each element ¢ € E. Then, with 2min defined by
Amin— maxeeE{—ﬁfke S bre # 04, k = 1,..., K, the multi-parametric max-
imization of independeﬂce systems problem asks to compute, for each parameter
vector A greater than or equal to A™", an independent set x; € F of maximum
COSt ), cp de + Zle by e.

Here, a positive rational upper bound UB as in Assumption 1.3 can be obtained by
summing up the n profit components a, and summing up the n profit components by ,
for each k, and taking the maximum of these K 4+ 1 sums. The lower bound LB
can again be chosen as LB := 1. For independence systems (E, F) with rank quo-
tient ¢g(E, F), it is known that the greedy algorithm is a g(E, F)-approximation
algorithm for the non-parametric problem obtained by fixing any parameter vec-
tor A (Korte and Hausmann 1978). Hence, for any € > 0, the maximization version
of Theorem 4.14 yields a ((1 + €) - g(E, F))-approximation algorithm with run-
ning time O (TGreedy - % log % + % log(nC))X), where C denotes the maximum profit
component among all a., by ., and TGreedy denotes the running time of the greedy
algorithm (which can often be seen to be in O(nlog(n)) times the running time of
deciding whether F € F holds for any set F* C E of elements). Since the maximum
matching problem (with the assignment problem as a special case) in an undirected
graph G = (V, E) constitutes a special case of the maximization of independence
systems problem (Korte and Hausmann 1978), the number of required solutions in an
optimal solution set for the multi-parametric maximization of independence systems
problem can be super-polynomial in n even for K = 1 (Carstensen 1983a,b).

For example, our result yields a ((1 + €) - 2)-approximation algorithm for the
multi-parametric b-matching problem and a ((1 + ¢) - 3)-approximation algorithm
for the multi-parametric maximum asymmetric TSP [cf. Mestre (2006)]. Note that
the knapsack problem can also be formulated using independence systems. Here, an
approximation scheme for the non-parametric version is known:

Multi-parametric knapsack problem Let a set E = {1, ..., n} of items and a
budget W € Ny be given. Each item e € E has a multi-parametric profit of the form
ae —i—Z,f:] Ak bk, where a,, b . € No, k = 1,...,K,are nqnnegative integers, and
a weight w, € No. The parameter vector A™" is chosen by A;"" := maXx,cg —ﬁ"k,g :

@ Springer



Journal of Combinatorial Optimization (2022) 44:1459-1494 1487

bre. # 0}, K =1,..., K, such that, for each set x C {1, ..., n} of items, the profit
components y ., acand ), br ..k =1,..., K,are nonnegative. Then, the multi-
parametric knapsack problem asks to compute a subset x C E satisfying Zea We <
W of maximum profit for each parameter vector A greater than or equal to A™".

For this problem, a positive rational upper bound UB as in Assumption 1.3 can
again be obtained by summing up the n profit components a, and summing up the
n profit components by . for each k, and taking the maximum of these K + 1 sums.
The lower bound LB can again be chosen as LB := 1. The currently best approx-
imation scheme for the non-parametric problem is given in Kellerer and Pferschy
(1999, 2004), which computes, for any ¢’ > 0, a feasible solution whose profit
is no worse than (1 — ¢’) times the profit of any other feasible solution in time
O (n - min {logn, log %} + L log & - min {n, L log 1'}). Assuming that n is much
larger than é [cf. Kellerer et al. (2004)], choosing &’ = %~8 and applying the maximiza-
tion version of Theorem 4.14 with % -¢ yields an FPTAS for the multi-parametric knap-
sack problem with running time O ((n logé + 8% log? %)(é log% + élog(nC))K>,
where C denotes the maximum profit component among all a., by .

Again, the number of required solutions in an optimal solution set can be super-
polynomial in n even for K = 1 (Carstensen 1983a).

7 Conclusion

Exact solution methods, complexity results, and approximation methods for multi-
parametric optimization problems are of major interest in recent research. In this
paper, we establish that approximation algorithms for many important non-parametric
optimization problems can be lifted to approximation algorithms for the multi-
parametric version of such problems. The provided approximation guarantee is
arbitrarily close to the approximation guarantee of the non-parametric approximation
algorithm. This implies the existence of a multi-parametric FPTAS for many impor-
tant multi-parametric optimization problems for which optimal solution sets require
super-polynomially many solutions in general.

Moreover, our results show that computing an approximation set containing the
smallest-possible number of solutions is not possible in general. However, practical
routines to reduce the number of solutions in the approximation set, based for exam-
ple on the convexity property of Lemma 4.2 and the approximation method in Bazgan
et al. (2022), might be of interest. Another direction of future research could be the
approximation of multi-parametric MILPs with parameter dependencies in the con-
straints. Here, relaxation methods or a multi-objective multi-parametric formulation
of the problems may provide a suitable approach.
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Appendix A Proof of Theorem 5.1

The proof of Theorem 5.1 stated in Diakonikolas (2011), Theorem 5.4.12, is imprecise,
as the following example shows.

Example A.1 We define two instances A' and A? of the augmented multi-parametric
problem of a multi-parametric optimization problem with parameter set A = R2>

following the construction presented in the proof of Theorem 5.4.12 in Diakonikolas

(2011). Instance A! has feasible set X! = {x, x!, x2, x3} and instance A? has feasible

set x2 = {x, xb x2 %3, %t %2, )‘c3}. Both instances have the same objective function
w! F(x) =wo - Fo(x) + wy - Fi(x) + wy - F(x).

For given 8 > 1 and zp > 1, we construct a set Q = {x1, x2, x3} such that Fo(x1) =
Fo(x%) = Fy(x3) = z0, and for which the smallest B-approximation set for an instance
with feasible set Q is Q itself. Then, we construct a solution x such that Fy(x) = B-zo,
B - Fi(x) < Fi(x%, and B - F>(x) < F>(x%) for £ = 1,2, 3. Thus, {x} is a smallest
B-approximation set for Al Finally, we choose %% suchthat Fy(x!) = z0—1, F1 (&) =
Fi(x"), and F>(x') = Fo(x!) for £ = 1,2, 3. We have to show that, for large zo, the
set {x, x!, ¥} isa B-approximation set for AZ. Then, {x, ', ¥2, %3} is not a smallest
B-approximation set as claimed in Diakonikolas (2011).

Let B > 1 and zp > 1 and define

Fo(x) := B - 20, Fi(x) =1, F(x) =1,
Fo(x") := zo, Fi(x") = 2, Fy(x") := 2% — g2,
Fy(x?) = z0. Fi(x?) = g%, Fr(x?) = gt
Fo(x®) := zo, Fi(x?) := 2% — g2, Fr(x?) = p.

Then, B8 - Fi(x) < F,~(xz) fori = 1,2 and ¢ = 1, 2, 3. Further, define
Fo(x%) =120 — 1, Fi(x%) == Fi(x"), Fy(x%) := R (Y,
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for £ = 1, 2, 3. In the following, we show that:

1. Theset {x', x2, x3} is a smallest S-approximation set for the instance with solution

set {x1, x2, x3} and objective w " F(x). That is, there exists weights wh, w2, w e

R% such that

BwH TFi" < whHTFaHand - (wh) T Fxh) < whTF(d),
BwH T F(x?) < whHTFx'and g- (wh) F(x?) < ) F@x?),
BwHTF?) < ) TF&Yand - (w)TFP) < (w?)TF(?).

2
2. Forzg > % + 1, the set {x, xl )23} is a B-approximation set for the instance with

solution set {x, xb x2, %3, il )E2, )?3} and objective wTF(x). More precisely, for
w e RSE,
5
o ifwo < B - (wi+wn), thenw  F(x) < p-w! F(&?),
5
o if wy > ﬂﬂ‘l (w1 4+ w») and wy > wo, then w! F(F!) < B - w' F(¥2),

o ifwo = 20wy + wo) and wy < wy, then w F(G3) < f-w F(E).

Note that these three statements suffice since F; ()Ee) < Fi(x% fori = 1,2,3 and
£=1,2,3.
In order to show Statement 1, choose w! := 287 — 8> —g*+1, * —3,0)". Then,

B-wH F(xh)=2p" — g7+ 67— p
<28 _ g7 4 gt g
= HTF&?)
and the inequality g - (w") T F(x!) < (w")T F(x?) is equivalent to
4[313 _21311 _2/310 _4ﬁ9 +2ﬁ7 _|_4,36 _’33 _’32 >0,

which is satisfied for all 8 > 1.

Next, choose w? := (B* — 3,287 — B3 — p* +1,0)". Then, the inequalities B -
(w3)TF(x3) < (w3)TF(x1) and B - (w3)TF(x3) < (w3)TF(x2) can be shown
analogously.

Finally, choose w? = (1,1, O)T. Then,

B-whH T F(x?) =28 <28°=28°- 2+ > = (w?) F(xh).

Since (wz)TF(xl) = (wz)TF(xS), this proves Statement 1.

5_
In order to prove Statement 2, let w := (wop, wi, w2, ) € R; with wg < it (w1 +

B
w>). Then,
w F(x) =B -wo-z0+wi +ws
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=B -wy-(zo—D+w;+wr+B-wp
5

Sﬁ-wo~(zo—1)+w1+w2+,3~ﬂﬁ

(w1 + wy)
=B -wo-(zo— )+ B (wi +wn)
=B-w' F(?).

5
Next, let w := (wp, wy, wz)T € ]RSZ with wg > ﬂﬁ_l - (w; + wy) and w; > wy. The

latter inequality implies that

(1—BY w ==Y w
= (1-BYH w =B +1-28" wy
= w; +2(8* — 1) wy < B*- (w1 +w2)
= B2 wi + 2% — %) - wo

< B%- (w1 + w).
Hence, for zg > ﬂﬁ—_zl +1,

w FEY =wo-(zo— 1)+ B> wi + 2% — Y - wn
<wo-(z0— 1)+ B%- (wi +w)
=B wo-o—D+B (wi+w)—(B—D-wy-(zo— 1D

g5 -1
<B-wo-o— D+ (wi+w)—(B-1) 3
2

- (wg +w2)'13'3_1

=B -wo-(zo— 1) +w +w

<B-w' F(x?).
The remaining statement for wg > i Sﬂ_ L. (w1 + wy) and wy > wi now follows by
symmetry. |

Nevertheless, as we now show, the idea of Diakonikolas (2011) remains valid with
a more careful construction.

Proof Given L € N and 8 > 1, two instances AL, A? for an augmented multi-
parametric optimization problem of a multi-parametric optimization problem IT are
constructed such that a smallest S-approximation set for A% is L + 1 times as large as
a smallest B-approximation set for A' and an algorithm has to call ALG 5 for some &
with % exponentially large in the input size in order to distinguish between the two
1nstances.
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Let W = R3> and zo > B > 1. Define solutions x*, xt, ¢ =1,..., L such that
Fo(x*) = B-zoand Fy(x*) = zofor€ =1,..., L,and 8- F1(x*) < F1(x%) < 1 and
B Fr(x*) < Fr(xY) < 1for¢ =1,..., L, and such that, for each x*, there exists a

weight w! € W with
(B=1-z20+B) - WFIGH +wiFR(h) < wiF(x™) +wSBHE™) (A1)

forall £,m € {1,..., L} with £ # m.” Further, define solutions x*, ¢ = 1,..., L
with Fo(x%) = z9 — 1, F1(G% = Fi(x%) and F> (%) = Fo(x%) for¢ =1,..., L. Set
X :={x!,...,xL}and X := {x', ..., ¥L}.
Let instance A! have feasible set X U {x*}, and instance A2 have feasible set X U
X U {x*}. In order to distinguish between the two instances for some weight w, an
algorithm must be guaranteed to obtain different results when calling ALG; s on A!
and on A2, Therefore,8 and w have to be chosen such that neither x* nor any x* are
a (1 + §)-approximation for w in AZ. That is, for some £ € {1, ..., L}, we must have
w F(x)> (148)-w!' FGEY forallx € XU X U {x*}\ {x¢}.In particular, we need
w F(x > (1+&w' F(@hH.
This implies that zg > (1 +8) - (zo — 1), 508 < ZO+1 ie,t >z — 1.
Since zo might be exponentially large in the instance size, § might have to be chosen
such that % is exponential in the instance size in order to distinguish between A! and A2.
In remains to show that {x*} is a S-approximation set of minimum cardinality

for A', whereas X U {x*} is a B-approximation set of minimum cardinality for A2
Since

w' F(x*) = woFo(x*) + w1 Fi (x*) + wy Fr(x*)
=B - woFo(x") + w1 F1(x*) + wa F>(x*)
< B-(woFo(x) + w1 Fi(x") + wa B (xY)) = p - w' F(xh)

forall¢ =1,..., L and w € W, the set {x*} is a S-approximation set with minimum
cardinality for instance A'.

The set X U {x*} is also the S-approximation set with minimal cardinality for
instance A2
Clearly,

X U {x*} is a B-approximation set for A% since {x*} is a -approximation set for
Al.Letd > Osuchthat 8- F;(x*) +d < Fj(x*) fori = 1,2and ¢ =1,...,L.

Choose wy < ﬁzizo and w; = wy = % Then

B-wl F(x*) = B%-wo - 20+ wiB - Fi(x*) + B - waFa(x*)

1 1
<d+§'ﬁ~F1(x*)+§-ﬁ-F2(x*)

7 For example F| (x*) := F>(x*) 1= (2z0-B) "2 " and Fi (x%) := 2z0- B¢ L, Fr(x?) := (229 - p)!1 ¢
with weights u/f = (270 - ﬂ)L_‘Z and w% = (2z0 - ,B)l_l.
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L rah+L may
<= Fi(x — - F(x
2 ! 2 "2
<w! F@EYH

for ¢ = 1,..., L. Therefore, the solution x* must be contained in every B-

i
approximation set. Set w’ = (ZOZEI S(WEF (3 + WS Fa(xY), wi, wﬁ) € W for
¢=1,...,L. Then,

woFo(&) = z0 - (] Fi (&) + @b Fa(E) ).
On the one hand, it holds that

B @Y FE) =B (1 —z0) - (] L)+ biFa(F)
< 20+ (DRI + DY) + 0 E7) + 05 Fa (2"
= WHFo(¥") + Wi F1(F™) + W5 F(F™)
= WhFo(X") + ! Fy (F") + wh Fo (F")
= @"" FE")
<@")F(&™)

forall¢,m =1, ..., L with £ # m, where the last inequality holds by (A.1). On the
other hand, it holds that

B (@) TFE) = - (BfFoG) + i FI () + 0§ (R

=B ot D (A + D5 Fa(E)
2

—_B8. ZOZE 5 (w‘fFl @+ wﬁFz(#))

20 _ - _ —
= Fox?) - - (WAL + S Fa(E)
= WG Fo(x™)

< @Y T F(x*)

for¢ =1, ..., L. Hence, any B-approximation set for A> must contain either x* or x*
foreach £ =1, ..., L, which proves the claim. O
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