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Abstract
This article proposes a new clock-dependent gain-scheduled dynamic output
feedback controller for delayed linear parameter varying systems with piece-
wise constant parameters. The proposed controller guarantees 2-performance.
By employing a clock-dependent Lyapunov–Krasovskii functional, a sufficient
condition for the existence of the controller is provided in terms of clock- and
parameter-dependent linear matrix inequalities. A case study on output feed-
back control of delayed switched systems is also provided. To illustrate the
efficacy of the result, it is applied to a practical VTOL helicopter model.

K E Y W O R D S

clock-dependent L–K functional, delay, dwell-time, LPV systems, output feedback

1 INTRODUCTION

Since the advent of gain-scheduled controllers in the late eighties,1,2 researchers have been showing keen interest in
developing and applying gain-scheduled control. On the other hand, linear parameter varying (LPV) systems offer the
plausibility to synthesize these gain-scheduled controllers in a very systematic way.1,2 LPV systems find their applica-
tions in many real-world processes such as automotive systems,3,4 turbofan engines,5 aperiodic sampled-data systems,6
robotics,7 and so forth. Motivated by these real-world applications, various aspects related to LPV systems have been
extensively studied in the literature; see, for example, References 8-15, and the references therein. In this article, we con-
sider a class of LPV systems with piecewise constant parameters16 that can be considered a generalization of switched
linear systems where the subsystems take values within some interval instead of some finite set. This class of LPV sys-
tems can model large-scale interconnected systems, networked control systems, and multiagent systems where switching
topology is an inevitable phenomenon because the interconnection links may change over time due to various reasons.17

For example, communicating mobile agents may lose an existing connection due to the presence of an obstacle. On the
other hand, a new connection may be established between the agents when they come close to each other in an effective
range of detection.17 LPV systems with piecewise constant parameters also arise naturally in synchronous buck convert-
ers with piecewise constant loads18 and as a simplifying assumption in the control of LPV sampled-data systems.19 In the
stochastic framework, LPV systems with piecewise constant parameters have been discussed in References 16 and 20. As
the class of LPV systems with piecewise constant parameters is closely related to the class of switched systems, it seems
natural to use tools developed for switched systems21,22 to obtain sufficient stability conditions for such LPV systems by
introducing dwell-time constraints.
This is an open access article under the terms of the Creative Commons Attribution License, which permits use, distribution and reproduction in any medium, provided the
original work is properly cited.
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Time delays often affect real-world applications. They can degrade the dynamical systems’ performance, or in the
worst case, they can cause instability.23 Time delays frequently appear in communication networks, milling machines,
aircraft, robotized teleoperation, and many other domains; see, for example, References 22,24. Time delays can also
adversely affect the stability of the LPV systems.8,25-32 This fact motivated us to consider delayed LPV systems with piece-
wise constant parameters. Note that LPV systems can be categorized into two main groups, that is, LPV systems with
arbitrarily fast varying parameters (possibly including discontinuities), and LPV systems with continuously differentiable
parameters. When the parameters vary arbitrarily fast, the quadratic stability notion based on parameter-independent
Lyapunov functions is usually employed. On the other hand, when the parameters have bounded variation rates, the
notion of parameter-dependent Lyapunov functions is preferred because quadratic stability, in this case, yields conserva-
tive results. Since our considered systems’ parameters belong to the class of arbitrarily fast varying parameters, considering
quadratic stability based on (quadratic) parameter-independent Lyapunov functionals seems a natural choice. However,
by doing so, we would fail to take advantage of the fact that the parameters are constant between the jumps. Therefore,
quadratic stability would lead to restrictive results if applied to LPV systems with piecewise constant parameters. This
remark motivated us to consider the concept of minimum dwell time,11 that is, we ensure that the jumps in parame-
ter trajectory should not occur too often. To this aim, we employ the clock-dependent Lyapunov–Krasovskii functional.
These functionals inherit a clock that measures the time elapsed since the last jump in the parameters’ trajectory yield-
ing clock-dependent stability conditions, which are less restrictive compared with quadratic stability conditions. However,
these conditions result in infinite-dimensional semidefinite programs that are intractable. Fortunately, several tech-
niques, such as the gridding method [8, appendix C], robust optimization module of YALMIP,33 and sum-of-squares (SOS)
polynomials,34,35 are available to approximate semiinfinite constraint linear matrix inequality (LMI) by a finite number
of LMIs. Note also that induced 2-gain performance is a vital performance index in control systems because it measures
the disturbance attenuation ability needed in many engineering applications.36 Motivated by this fact, we aim to design
a controller that stabilizes the system and provides disturbance attenuation measured in terms of induced 2-norm of
the system.

This article’s main objective is to provide a sufficient condition for the existence of a full-order clock-dependent
gain-scheduled dynamic output feedback controller for delayed LPV systems with piecewise constant parameters. Con-
sidering a time-varying delay in the dynamics of LPV systems with piecewise constant parameters renders the output
feedback control problem challenging. To the best of authors’ knowledge, dynamic clock-dependent output feedback 2
control of delayed LPV systems with piecewise constant parameters has not been studied before.

Relevant articles on the control of LPV systems with piecewise constant parameters are References 11 and 37. There
are three main differences between our work and Reference 11. First, no delay is present in Reference 11. Here, we
extend the results of Reference 11 to the challenging case where a time-varying delay is present in the dynamics of LPV
systems with piecewise constant parameters. Second, our controller provides disturbance attenuation measured in terms
of induced2-norm of the system, which was not considered in Reference 11. Third, we design a dynamic output feedback
controller where the states’ information is not required as opposed to Reference 11, where states’ information is mandatory
to stabilize the system. Note that our earlier work37 provides a state feedback controller for delayed LPV systems with
piecewise constant parameters, whereas, in the present article, we study output feedback control of these systems. We
wish to emphasize that the main focus of this article is the output feedback control problem, and the output feedback
controller structure proposed in this article is different from the state feedback controller proposed in Reference 37. The
output feedback controller design poses additional challenges to construct tractable convex design conditions than the
state feedback controller design. Therefore, the output feedback control result is entirely new and is not available yet.
Moreover, as opposed to Reference 37, the case study presented in this article to demonstrate how our result applies
to delayed switched systems is an important result for its own sake and can be regarded as one of the contributions of
this article. One additional feature of our work is that the system and the controller matrices can have a polynomial
parameter-dependent representation of an arbitrary degree rather than the particular polytopic one.

This article includes several contributions. First, we solve the output feedback control problem considering a
time-varying delay in the dynamics of the LPV systems with piecewise constant parameters. The study of output feedback
2 problem for LPV systems with piecewise constant parameters in the presence of a time-varying delay in the dynamics
is new. Second, we provide a new clock-dependent synthesis condition for the existence of an output feedback controller
for the considered class of systems. This condition is less conservative than the classical synthesis techniques relying on
(quadratic) parameter-independent Lyapunov functionals developed for LPV systems with arbitrarily fast varying param-
eters. Third, we employ a recent integral based Wirtinger’s inequality38 to bound an integral term in the derivative of
Lyapunov–Krasovskii functional. This inequality is less conservative as compared with Jensen’s inequality.39 To the best
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of our knowledge, Wirtinger’s inequality has not been used before for obtaining synthesis conditions for the existence of
an output feedback controller for delayed LPV systems. Finally, our proposed controller stabilizes the delayed LPV sys-
tem with piecewise constant parameters and provides disturbance attenuation measured in terms of induced 2-norm of
the system.

The article unfolds as follows. The general framework of delayed LPV systems with piecewise constant parame-
ters and some related preliminary stability results are presented in Section 2. The main results on clock-dependent
gain-scheduled dynamic 2 output feedback controller synthesis for our considered class of LPV systems are provided
in Section 3. This section also provides a case study on output feedback stabilization of delayed switched systems.
Section 4 illustrates our approach by applying it to a practical VTOL helicopter model. Finally, Section 5 concludes
the article.

We employ standard notation throughout the article. The notation will be simplified whenever no confusion can
arise from the context. The sets of positive and nonnegative integers are denoted by N and Z≥0 ∶= N ∪ {0}, respec-
tively. The sets of real and nonnegative real numbers are denoted by R and R≥0, respectively. The identity and null
matrices of dimension n are denoted by In and n, respectively. We write M ≻ 0 (resp. M ≼ 0) to indicate that M is a
symmetric positive definite (resp. negative semidefinite) matrix. For some square matrix A, A+AT will be denoted by
Sym[A]. The asterisk symbol (*) denotes the complex conjugate transpose of a matrix. The set of real symmetric posi-
tive definite matrices of dimension n×n is denoted by Sn

≻0 and the and the set of real symmetric positive semidefinite
matrices of dimension n×n is denoted by Sn

≽0. Given any constant h> 0, we let 𝒞 ([−h, 0],Rn) denote the set of all con-
tinuous Rn-valued functions that are defined on [−h, 0]. We call the set 𝒞 ([−h, 0],Rn) as the set of all initial functions.
In addition, for any continuous function x ∶ [−h,∞) → Rn and all t ≥ 0, we define xt by xt(𝜃) ∶= x(t + 𝜃) for all 𝜃 ∈
[−h, 0], that is, xt ∈ 𝒞 ([−h, 0],Rn) is the translation operator. The operator 𝜕x denotes differentiation with respect to the
variable x.

2 SYSTEM DESCRIPTION AND PRELIMINARIES

We consider in this article delayed LPV systems with piecewise constant parameters that can be described as

Σp ∶

⎧⎪⎪⎨⎪⎪⎩

ẋ(t) = A(𝜌)x(t) + Ad(𝜌)x(t − d(t)) + B(𝜌)u(t) + E(𝜌)w(t)
z(t) = C(𝜌)x(t) + Cd(𝜌)x(t − d(t)) + D(𝜌)u(t) + F(𝜌)w(t)
y(t) = Cy(𝜌)x(t) + Cdy(𝜌)x(t − d(t)) + Fy(𝜌)w(t)
x(𝜃) = 𝜙(𝜃), ∀𝜃 ∈ [−h, 0],

where x ∈ Rn is the system state, w ∈ Rnw is the exogenous input, u ∈ Rnu is the control input, z ∈ Rnz is the con-
trolled output, y ∈ R

ny is the measured output, and 𝜙 ∈ 𝒞 ([−h, 0],Rn) is the initial condition. The time-varying delay
d(t) is assumed to belong to the set 𝒟 ∶= {d ∶ R≥0 → [0, h], 0 ≤ ḋ ≤ 𝜇 < 1} with h<+∞. The parameter vector tra-
jectory 𝜌 ∶ R≥0 → 𝒫 ⊂ Rs, 𝒫 compact and connected, is assumed to be piecewise constant and measurable, and
that the matrix-valued functions A(⋅), Ad(⋅), B(⋅), C(⋅), Cd(⋅), D(⋅), E(⋅), F(⋅), Cy(⋅), Cdy(⋅), and Fy(⋅) are bounded
and continuous on 𝒫 . We assume that the matrices in Σp are polynomial functions of 𝜌. We define the sequence
{tk}k∈Z≥0

, t0 = 0, of time instants where the parameters change values. We assume that there exists a constant TD > 0
such that

Tk ∶= tk+1 − tk ≥ TD, ∀k ∈ Z≥0, (1)

where TD is referred to as minimum dwell-time. Since we are interested in induced2-gain performance for the closed-loop
system. Therefore, we define the worst-case 2-gain25 for system Σp from the exogenous input w to the desired controlled
output z (with u≡ 0) as

J = sup
𝜌∈𝒫

sup|w|2≠0

|z|2|w|2 , (2)

where | ⋅ |2 denotes the Euclidean norm.
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2.1 Wirtinger’s inequality

We now provide the following integral based Wirtinger’s inequality to be used in the proof of our preliminary stability
results to bound the derivative of the Lyapunov–Krasovskii functional. The Wirtinger’s inequality is proposed in Reference
38 to analyze the stability of linear time-delay systems.

Lemma 1 (38). For a given matrix R≻ 0, the following inequality holds for all continuously differentiable function x ∈
[a, b] → Rn:

−(b − a) ∫ b
a ẋ(s)TRẋ(s)ds ≤ −(x(b) − x(a))TR(x(b) − x(a)) − 3ΘTRΘ,

where Θ = x(b) + x(a) − 2
b−a

∫ b
a x(s)ds.

2.2 Preliminary stability results

This section provides dwell-time based stability results that are modified versions of the lemmas in our recent work.37 We
will use them to prove our main result. To this aim, we define the set

𝒫≥TD =

{
𝜌 ∶ R≥0 → 𝒫 ∶ 𝜌(t) = 𝛼k ∈ 𝒫,

t ∈ [tk, tk+1), tk+1 ≥ tk + TD, k ∈ N0

}
,

which contains all the possible parameter trajectories.

Lemma 2. For given constants h≥ 0, 𝜇 ∈ [0, 1], 𝜅 > 0, and TD > 0, if there exist matrix-valued functions P ∶ [0, TD] ×
𝒫 → S2n

≻0, Q1 ∶ [0, TD] ×𝒫 → Sn
≻0, Q2 ∶ [0, TD] ×𝒫 → Sn

≻0, R ∶ [0, TD] ×𝒫 → Sn
≻0, M ∶ [0, TD] ×𝒫 → Rn, and Z ∶

[0, TD] ×𝒫 → Rn such that the LMIs

Γ(𝜏, 𝜌) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Γ11(𝜏, 𝜌) M(𝜏, 𝜌)Ad(𝜌) M(𝜏, 𝜌)E(𝜌) CT(𝜌) Γ15(𝜏, 𝜌) Γ16(𝜏, 𝜌) Γ17(𝜏, 𝜌)
∗ Γ22(𝜏, 𝜌) 0 CT

d (𝜌) 0 0 AT
d (𝜌)Z

T(𝜏, 𝜌)
∗ ∗ −𝛾2I FT(𝜌) 0 0 ET(𝜌)ZT(𝜏, 𝜌)
∗ ∗ ∗ −I 0 0 0
∗ ∗ ∗ ∗ Γ55(𝜏, 𝜌) Γ56(𝜏, 𝜌) 0
∗ ∗ ∗ ∗ ∗ Γ66(𝜏, 𝜌) PT

12(𝜏, 𝜌)
∗ ∗ ∗ ∗ ∗ ∗ Γ77(𝜏, 𝜌)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

≺ 0 (3)

Γ(T+
D , 𝜌) ≺ 0 (4)

P(TD, 𝜌) − P(0, 𝜂) ≽ 0 (5)

Q1(TD, 𝜌) − Q1(0, 𝜂) ≽ 0 (6)

Q2(TD, 𝜌) − Q2(0, 𝜂) ≽ 0 (7)

R(TD, 𝜌) − R(0, 𝜂) ≽ 0 (8)

𝜅Q1(TD, 𝜌) − 𝜕𝜏Q1(0, 𝜌) ≽ 0 (9)

𝜅Q2(TD, 𝜌) − 𝜕𝜏Q2(0, 𝜌) ≽ 0 (10)

𝜅R(TD, 𝜌) − 𝜕𝜏R(0, 𝜌) ≽ 0 (11)
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ZAKWAN et al. 1149

hold for all 𝜏 ∈ [0, TD] and all 𝜌, 𝜂 ∈ 𝒫 , where

P(𝜏, 𝜌) =

[
P11(𝜏, 𝜌) P12(𝜏, 𝜌)

∗ P22(𝜏, 𝜌)

]
Γ11(𝜏, 𝜌) = Sym[M(𝜏, 𝜌)A(𝜌) + P12(𝜏, 𝜌)] + 𝜕𝜏P11(𝜏, 𝜌) + Q1(𝜏, 𝜌) + Q2(𝜏, 𝜌) − 4e−𝜅hR(𝜏, 𝜌)
Γ15(𝜏, 𝜌) = −P12(𝜏, 𝜌) − 2e−𝜅hR(𝜏, 𝜌)
Γ16(𝜏, 𝜌) = PT

22(𝜏, 𝜌) + 𝜕𝜏P12(𝜏, 𝜌) + 6h−1e−𝜅hR(𝜏, 𝜌)
Γ17(𝜏, 𝜌) = P11(𝜏, 𝜌) − M(𝜏, 𝜌) + AT(𝜌)MT(𝜏, 𝜌)
Γ22(𝜏, 𝜌) = −(1 − 𝜇)e−𝜅hQ1(𝜏, 𝜌)
Γ55(𝜏, 𝜌) = −4e−𝜅hR(𝜏, 𝜌) − e−𝜅hQ2(𝜏, 𝜌)
Γ56(𝜏, 𝜌) = −PT

22(𝜏, 𝜌) + 6h−1e−𝜅hR(𝜏, 𝜌)
Γ66(𝜏, 𝜌) = −12h−2e−𝜅hR(𝜏, 𝜌) + 𝜕𝜏P22(𝜏, 𝜌)
Γ77(𝜏, 𝜌) = −Sym[Z(𝜏, 𝜌)] + h2R(𝜏, 𝜌)

then the system Σp is uniformly asymptotically stable in the absence of disturbance w with u≡ 0, and 𝜌 ∈ 𝒫≥TD . Moreover,
the 2-gain of the map w → z is at most 𝛾 , that is, J ≤ 𝛾 .

Remark 1. Note that the matrix-valued functions P(𝜏, 𝜌), Q1(𝜏, 𝜌), Q2(𝜏, 𝜌), and R(𝜏, 𝜌) have polynomial dependence on
the clock 𝜏 and the parameter 𝜌 during the holding time t ∈ [tk, tk +TD], and have only polynomial dependence on the
parameter 𝜌 for t > tk +TD.

Proof. Let us define the clock-dependent Lyapunov–Krasovskii functional

V(t, xt, 𝜌) = V1(t, x, 𝜌) + V2(t, xt, 𝜌) + V3(t, xt, 𝜌) + V4(t, xt, 𝜌) (12)

where

V1(t, x, 𝜌) = x̃TP(𝜏, 𝜌)x̃

V2(t, x, 𝜌) = ∫
t

t−d(t)
e𝜅(s−t)xT(s)Q1(𝜏, 𝜌)x(s)ds

V3(t, x, 𝜌) = ∫
t

t−h
e𝜅(s−t)xT(s)Q2(𝜏, 𝜌)x(s)ds

V4(t, x, 𝜌) = h∫
0

−h ∫
t

t+𝜃
e𝜅(s−t)ẋT(s)R(𝜏, 𝜌)ẋ(s)dsd𝜃, (13)

where x̃ = [xT(t) ∫ t
t−h xT(s)ds]T , 𝜌 ∈ 𝒫≥TD is the parameter vector, 𝜏 = min{t − tk,TD} is the clock , tk is the instant where

𝜌 changes its value with a finite jump, and TD is the minimum dwell-time defined in (1).
Taking the time derivative of V along the trajectories of the system Σp and using the Leibniz integral rule give

V̇ 1(t, x, 𝜌) = 2x̃T(t)

[
P11(𝜏, 𝜌) P12(𝜏, 𝜌)

∗ P22(𝜏, 𝜌)

][
ẋ(t)

x(t) − x(t − h)

]
+ x̃T(t)𝜕𝜏P(𝜏, 𝜌)x̃(t)

V̇ 2(t, xt, 𝜌) = xT(t)Q1(𝜏, 𝜌)x(t) − (1 − 𝜇)e−𝜅hxT(t − d(t))Q1(𝜏, 𝜌)x(t − d(t))

+∫
t

t−d(t)
e𝜅(s−t)xT(s) (𝜕𝜏Q1(𝜏, 𝜌) − 𝜅Q1(𝜏, 𝜌)) x(s)ds

V̇ 3(t, xt, 𝜌) = xT(t)Q2(𝜏, 𝜌)x(t) − e−𝜅hxT(t − h)Q2(𝜏, 𝜌)x(t − h) + ∫
t

t−h
e𝜅(s−t)xT(s) (𝜕𝜏Q2(𝜏, 𝜌) − 𝜅Q2(𝜏, 𝜌)) x(s)ds

V̇ 4(t, xt, 𝜌) = h2ẋT(t)R(𝜏, 𝜌)ẋ(t) − h∫
t

t−h
ẋT(s)e−𝜅hR(𝜏, 𝜌)ẋ(s)ds + h∫

0

−h∫
t

t+𝜃
e𝜅(s−t)ẋT(s) (𝜕𝜏R(𝜏, 𝜌) − 𝜅R(𝜏, 𝜌)) ẋ(s)dsd𝜃.

(14)
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1150 ZAKWAN et al.

Collecting all the derivative terms yields

V̇(t, xt, 𝜌) = V̇ 1(t, x, 𝜌) + V̇ 2(t, xt, 𝜌) + V̇ 3(t, xt, 𝜌) + V̇ 4(t, xt, 𝜌)

= 2x̃T(t)

[
P11(𝜏, 𝜌) P12(𝜏, 𝜌)

∗ P22(𝜏, 𝜌)

][
ẋ(t)

x(t) − x(t − h)

]
+ x̃T(t)𝜕𝜏P(𝜏, 𝜌)x̃(t) + xT(t)Q1(𝜏, 𝜌)x(t)

− (1 − 𝜇)e−𝜅hxT(t − d(t))Q1(𝜏, 𝜌)x(t − d(t)) + ∫
t

t−d(t)
e𝜅(s−t)xT(s) (𝜕𝜏Q1(𝜏, 𝜌) − 𝜅Q1(𝜏, 𝜌)) x(s)ds

+ xT(t)Q2(𝜏, 𝜌)x(t) − e−𝜅hxT(t − h)Q2(𝜏, 𝜌)x(t − h) + ∫
t

t−h
e𝜅(s−t)xT(s) (𝜕𝜏Q2(𝜏, 𝜌) − 𝜅Q2(𝜏, 𝜌)) x(s)ds

+ h2ẋT(t)R(𝜏, 𝜌)ẋ(t) − h∫
t

t−h
ẋT(s)e−𝜅hR(𝜏, 𝜌)ẋ(s)ds + h∫

0

−h ∫
t

t+𝜃
e𝜅(s−t)ẋT(s) (𝜕𝜏R(𝜏, 𝜌) − 𝜅R(𝜏, 𝜌)) ẋ(s)dsd𝜃.

(15)

Since (9)–(11) hold, the terms h ∫ 0
−h ∫ t

t+𝜃 e𝜅(s−t)ẋT(s) (𝜕𝜏R(𝜏, 𝜌) − 𝜅R(𝜏, 𝜌)) ẋ(s)dsd𝜃 < 0, ∫ t
t−d(t) e𝜅(s−t)xT(s)

(𝜕𝜏Q1(𝜏, 𝜌) − 𝜅Q1(𝜏, 𝜌)) x(s)ds < 0, and ∫ t
t−h e𝜅(s−t)xT(s) (𝜕𝜏Q2(𝜏, 𝜌) − 𝜅Q2(𝜏, 𝜌)) x(s)ds < 0 can be dropped from inequality

(15) yielding

V̇(t, xt, 𝜌) ≼ 2x̃T(t)

[
P11(𝜏, 𝜌) P12(𝜏, 𝜌)

∗ P22(𝜏, 𝜌)

][
ẋ(t)

x(t) − x(t − h)

]
+ x̃T(t)𝜕𝜏P(𝜏, 𝜌)x̃(t) + xT(t)Q1(𝜏, 𝜌)x(t) + xT(t)Q2(𝜏, 𝜌)x(t)

− (1 − 𝜇)e−𝜅hxT(t − d(t))Q1(𝜏, 𝜌)x(t − d(t)) − e−𝜅hxT(t − h)Q2(𝜏, 𝜌)x(t − h) + h2ẋT(t)R(𝜏, 𝜌)ẋ(t)

− h∫
t

t−h
ẋT(s)e−𝜅hR(𝜏, 𝜌)ẋ(s)ds. (16)

Employing Wirtinger’s inequality from Lemma 1 with Θ = x(t) + x(t − h) − 2
h
∫ t

t−h x(s)ds to upper bound the last term
in (16) yields

V̇(t, xt, 𝜌) ≼ 2x̃T(t)

[
P11(𝜏, 𝜌) P12(𝜏, 𝜌)

∗ P22(𝜏, 𝜌)

][
ẋ(t)

x(t) − x(t − h)

]
+ x̃T(t)𝜕𝜏P(𝜏, 𝜌)x̃(t) + xT(t)Q1(𝜏, 𝜌)x(t) + xT(t)Q2(𝜏, 𝜌)x(t)

+ h2ẋT(t)R(𝜏, 𝜌)ẋ(t) − (1 − 𝜇)e−𝜅hxT(t − d(t))Q1(𝜏, 𝜌)x(t − d(t)) − e−𝜅hxT(t − h)Q2(𝜏, 𝜌)x(t − h)
− [x(t) − x(t − h)]Te−𝜅hR(𝜏, 𝜌)[x(t) − x(t − h)]

− 3e−𝜅h
[

x(t) + x(t − h) − 2
h ∫

t

t−h
x(s)ds

]T

R(𝜏, 𝜌) ×
[

x(t) + x(t − h) − 2
h ∫

t

t−h
x(s)ds

]
. (17)

To ensure the prescribed induced 2-norm performance level of 𝛾 , we further require

V̇(t, xt, 𝜌) − 𝛾2wT(t)w(t) + zT(t)z(t) ≺ 0. (18)

Note that

2[xT(t)M(𝜏, 𝜌) + ẋT(t)Z(𝜏, 𝜌)][−ẋ(t) + A(𝜌)x + Ad(𝜌)x(t − d(t)) + E(𝜌)w(t)] = 0, (19)

where M(𝜏, 𝜌) and Z(𝜏, 𝜌) are arbitrary matrix-valued functions with appropriate dimensions.
Combining (17)–(19), we arrive at

𝜉T(t)

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Φ11 Φ12 Φ13 Φ14 Φ15 Φ16

∗ Φ22 Φ23 0 0 Φ26

∗ ∗ Φ33 0 0 Φ36

∗ ∗ ∗ Φ44 Φ45 Φ46

∗ ∗ ∗ ∗ Φ55 Φ56

∗ ∗ ∗ ∗ ∗ Φ66

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
𝜉(t) ≺ 0, (20)
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ZAKWAN et al. 1151

where

𝜉(t) =
[

xT(t) xT(t − d(t)) wT(t) xT(t − h) ∫ t
t−h xT(s)ds ẋT(t)

]T

Φ11 = Sym[M(𝜏, 𝜌)A(𝜌) + P12(𝜏, 𝜌)] + 𝜕𝜏P11(𝜏, 𝜌) + Q1(𝜏, 𝜌) + Q2(𝜏, 𝜌) − 4e−𝜅hR(𝜏, 𝜌) + CT(𝜌)C(𝜌)
Φ12 = M(𝜏, 𝜌)Ad(𝜌) + CT(𝜌)Cd(𝜌)
Φ13 = M(𝜏, 𝜌)E(𝜌) + CT(𝜌)D(𝜌)
Φ14 = −P12(𝜏, 𝜌) − 2e−𝜅hR(𝜏, 𝜌)
Φ15 = PT

22(𝜏, 𝜌) + 𝜕𝜏P12(𝜏, 𝜌) + 6h−1e−𝜅hR(𝜏, 𝜌)
Φ16 = P11(𝜏, 𝜌) − M(𝜏, 𝜌) + AT(𝜌)MT(𝜏, 𝜌)
Φ22 = −(1 − 𝜇)e−𝜅hQ1(𝜏, 𝜌) + CT

d (𝜌)Cd(𝜌)
Φ23 = CT

d (𝜌)D(𝜌),Φ26 = AT
d (𝜌)Z

T(𝜏, 𝜌)
Φ33 = −𝛾2I + FT(𝜌)F(𝜌),Φ36 = ET(𝜌)ZT(𝜏, 𝜌)
Φ44 = −4e−𝜅hR(𝜏, 𝜌) − e−𝜅hQ2(𝜏, 𝜌)
Φ45 = −PT

22(𝜏, 𝜌) + 6h−1e−𝜅hR(𝜏, 𝜌)
Φ55 = −12h−2e−𝜅hR(𝜏, 𝜌) + 𝜕𝜏P22(𝜏, 𝜌),Φ56 = PT

12(𝜏, 𝜌)
Φ66 = −Sym[Z(𝜏, 𝜌)] + h2R(𝜏, 𝜌).

Taking Schur complement of (20) yields the LMI (3). This condition ensures that
Lyapunov–Krasovskii functional is decreasing between two consecutive jumps of the parameter
vector 𝜌.

We next analyze the change in Lypaunov–Krasovskii functional at the jumping instant tk of the parameters’ trajectory
which is given as

V(t−k , xt, 𝜌) − V(t+k , xt, 𝜂) = x̃T(t)[P(TD, 𝜌) − P(0, 𝜂)]x̃(t) + ∫
tk

tk−d(tk)
e−𝜅(s−tk)xT(s)[Q1(TD, 𝜌) − Q1(0, 𝜂)]x(s)ds

+ ∫
tk

tk−h
e−𝜅(s−tk)xT(s)[Q2(TD, 𝜌) − Q2(0, 𝜂)]x(s)ds

+ h∫
0

−h ∫
tk

tk+𝜃
e−𝜅(s−tk)ẋT(s)[R(TD, 𝜌) − R(0, 𝜂)]ẋ(s)dsd𝜃,

where t+k and t−k are the right-hand limit and left-hand limit of tk, respectively. Since (5)–(8) hold, the Lyapunov–Krasovskii
functional cannot increase at the time instant tk as V(t−k , xt, 𝜌) − V(t+k , xt, 𝜂) ≽ 0. Therefore, Σp is uniformly asymptotically
stable. This concludes the proof. ▪

Remark 2. The parameter- and clock-dependent conditions derived in Lemma 2 ensure that V(t, xt, 𝜌) is decreasing
between the consecutive parameter jumps and the jumps are nonincreasing at the switching instants when they occur
after the dwell time. Hence, uniform asymptotic stability holds.

The LMI characterization in Lemma 2 involves multiple product terms such as M(𝜏, 𝜌)A(𝜌) and
Z(𝜏, 𝜌)A(𝜌), which make it difficult to employ linearizing change of variables to derive the synthesis con-
ditions. Therefore, we use a slack variable approach31 to derive a relaxed stability condition. The following
lemma presents this condition, and it will be used to derive the synthesis conditions in the following
section.

Lemma 3. For given constants h≥ 0,𝜇 ∈ [0, 1], 𝜅 > 0, and TD > 0, if there exist matrix-valued functions P ∶ [0, TD] ×𝒫 →
S2n
≻0, Q1 ∶ [0, TD] ×𝒫 → Sn

≻0, Q2 ∶ [0, TD] ×𝒫 → Sn
≻0, R ∶ [0, TD] ×𝒫 → Sn

≻0, M ∶ [0, TD] ×𝒫 → Rn, Z ∶ [0, TD] ×
𝒫 → Rn, and L ∶ 𝒫 → Rn such that the LMIs
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1152 ZAKWAN et al.

Λ(𝜏, 𝜌) ∶=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−Sym[L(𝜌)] Λ12(𝜏, 𝜌) LT(𝜌)Ad(𝜌) LT(𝜌)E(𝜌) 0 0 0 LT(𝜌) Z(𝜏, 𝜌)
∗ Λ22(𝜏, 𝜌) 0 0 CT(𝜌) Λ26(𝜏, 𝜌) Λ27(𝜏, 𝜌) 0 Λ29(𝜏, 𝜌)
∗ ∗ Λ33(𝜏, 𝜌) 0 CT

d (𝜌) 0 0 0 0
∗ ∗ ∗ −𝛾2I FT(𝜌) 0 0 0 0
∗ ∗ ∗ ∗ −I 0 0 0 0
∗ ∗ ∗ ∗ ∗ Λ66(𝜏, 𝜌) Λ67(𝜏, 𝜌) 0 0
∗ ∗ ∗ ∗ ∗ ∗ Λ77(𝜏, 𝜌) 0 PT

12(𝜏, 𝜌)
∗ ∗ ∗ ∗ ∗ ∗ ∗ −P11(𝜏, 𝜌) Z(𝜏, 𝜌)
∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ Λ99(𝜏, 𝜌)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

≺ 0

(21)

Λ(T+
D , 𝜌) ≺ 0 (22)

P(TD, 𝜌) − P(0, 𝜂) ≽ 0 (23)

Q1(TD, 𝜌) − Q1(0, 𝜂) ≽ 0 (24)

Q2(TD, 𝜌) − Q2(0, 𝜂) ≽ 0 (25)

R(TD, 𝜌) − R(0, 𝜂) ≽ 0 (26)

𝜅Q1(TD, 𝜌) − 𝜕𝜏Q1(0, 𝜌) ≽ 0 (27)

𝜅Q2(TD, 𝜌) − 𝜕𝜏Q2(0, 𝜌) ≽ 0 (28)

𝜅R(TD, 𝜌) − 𝜕𝜏R(0, 𝜌) ≽ 0 (29)

for all 𝜏 ∈ [0,TD] and all 𝜌, 𝜂 ∈ 𝒫 , where

P(𝜏, 𝜌) =

[
P11(𝜏, 𝜌) P12(𝜏, 𝜌)

∗ P22(𝜏, 𝜌)

]
Λ12(𝜏, 𝜌) = M(𝜏, 𝜌) + LT(𝜌)A(𝜌)
Λ22(𝜏, 𝜌) = Sym[P12(𝜏, 𝜌)] − P11(𝜏, 𝜌) + 𝜕𝜏P11(𝜏, 𝜌) + Q1(𝜏, 𝜌) + Q2(𝜏, 𝜌) − 4e−𝜅hR(𝜏, 𝜌)
Λ26(𝜏, 𝜌) = −P12(𝜏, 𝜌) − 2e−𝜅hR(𝜏, 𝜌)
Λ27(𝜏, 𝜌) = PT

22(𝜏, 𝜌) + 𝜕𝜏P12(𝜏, 𝜌) + 6h−1e−𝜅hR(𝜏, 𝜌)
Λ29(𝜏, 𝜌) = P11(𝜏, 𝜌) − M(𝜏, 𝜌)
Λ33(𝜏, 𝜌) = −(1 − 𝜇)Q1(𝜏, 𝜌)e−𝜅h

Λ66(𝜏, 𝜌) = −4e−𝜅hR(𝜏, 𝜌) − Q2(𝜏, 𝜌)e−𝜅h

Λ67(𝜏, 𝜌) = −PT
22(𝜏, 𝜌) + 6h−1e−𝜅hR(𝜏, 𝜌)

Λ77(𝜏, 𝜌) = −12h−2e−𝜅hR(𝜏, 𝜌) + 𝜕𝜏P22(𝜏, 𝜌)
Λ99(𝜏, 𝜌) = −Sym[Z(𝜏, 𝜌)] + h2R(𝜏, 𝜌)

then the system Σp is uniformly asymptotically stable in the absence of disturbance w with u≡ 0, and 𝜌 ∈ 𝒫≥TD . Moreover,
the 2-gain of the map w → z is at most 𝛾 , that is, J ≤ 𝛾 .
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ZAKWAN et al. 1153

Proof. We first prove that the feasibility of (21) guarantees the feasibility of (3). To this end, we decompose Λ(𝜏, 𝜌) in (21)
as follows:

Λ(𝜏, 𝜌) = Λ(𝜏, 𝜌)|L(𝜌)=0 +𝒰T(𝜌)L(𝜌)𝒱 (𝜌) +𝒱 T(𝜌)LT(𝜌)𝒰(𝜌),

where 𝒰(𝜌) = [−In A(𝜌) Ad(𝜌) E(𝜌) 0 0 0 In 0] and 𝒱 (𝜌) = [In 0 0 0 0 0 0 0 0 ]. Then, invoking the projection lemma,40

the feasibility of Λ(𝜏, 𝜌) ≺ 0 implies the feasibility of the LMIs

𝒩 T
𝒰 (𝜌)Λ(𝜏, 𝜌)|L(𝜌)=0𝒩𝒰 (𝜌) ≺ 0 (30a)

𝒩 T
𝒱 (𝜌)Λ(𝜏, 𝜌)|L(𝜌)=0𝒩𝒱 (𝜌) ≺ 0, (30b)

where 𝒩𝒰 (𝜌) and 𝒩𝒱 (𝜌) are basis of the null space of 𝒰(𝜌) and 𝒱 (𝜌). The inequality (30a) yields (3) and the inequality
(30b) yields−Sym[Z(𝜏, 𝜌)] + h2R(𝜏, 𝜌) ≺ 0 for all 𝜌 ∈ 𝒫≥TD and all 𝜏 ∈ [0,TD]. Note that this inequality is a relaxed form of
the right bottom 1× 1 block of the inequality (3) and is always satisfied . Hence, the feasibility of (21) implies the feasibility
of (3). This concludes the proof. ▪

3 MAIN RESULT

In this section, we aim at obtaining synthesis conditions for the clock-dependent gain-scheduled dynamic output feedback
controller Σc of the form:

Σc ∶

⎧⎪⎪⎪⎨⎪⎪⎪⎩

ẋc(t) = (t − tk, 𝜌(tk))xc(t) +d(t − tk, 𝜌(tk))xc(t − d(t)) + (t − tk, 𝜌(tk))y(t)
u(t) = (t − tk, 𝜌(tk))xc(t) + d(t − tk, 𝜌(tk))xc(t − d(t)) +(t − tk, 𝜌(tk))y(t)

for t ∈ [tk, tk + TD)

ẋc(t) = (TD, 𝜌(tk))xc(t) +d(TD, 𝜌(tk))xc(t − d(t)) + (TD, 𝜌(tk))y(t)
u(t) = (TD, 𝜌(tk))xc(t) + d(TD, 𝜌(tk))xc(t − d(t)) +(TD, 𝜌(tk))y(t)

for t ∈ [tk + TD, tk+1)

where xk(𝜃k) = 𝜙(𝜃k) for all 𝜃k ∈ [−h, 0], 𝜌 ∈ 𝒫≥TD , 𝜏 ∈ [0,TD], 𝜏 = min{t − tk,TD},  ∶ [0,TD] ×𝒫 → Rn×n, d ∶
[0,TD] ×𝒫 → Rn×n,  ∶ [0,TD] ×𝒫 → R

n×ny ,  ∶ [0,TD] ×𝒫 → Rnu×n, d ∶ [0,TD] ×𝒫 → Rnu×n, and  ∶ [0,TD] ×
𝒫 → R

nu×ny are clock- and parameter-dependent matrix-valued functions. The controller matrices , d, , , d, and
 are chosen to be clock- and parameter-dependent during the holding time t ∈ [tk, tk +TD). and are chosen to be only
parameter dependent for t ∈ [tk +TD, tk+ 1). The motivation to employ this specific structure of the controllerΣc is twofold.
First, this parameterization of the controller ensures bounded matrix valued functions appearing in Σc. Second, this type
of controller structure is compatible with the clock-dependent stability conditions resulting in nonrestrictive synthesis
conditions.

We augment the controller Σc with the plant Σp to form the closed-loop system

Σcl ∶

{
ẋcl(t) = cl(𝜏, 𝜌)xcl(t) +dcl(𝜏, 𝜌)xcl(t − d(t)) + cl(𝜏, 𝜌)w(t)
z(t) = cl(𝜏, 𝜌)xcl(t) + dcl(𝜏, 𝜌)xcl(t − d(t)) + cl(𝜏, 𝜌)w(t),

where xcl(t)T = [x(t)Txc(t)T]T is the augmented closed-loop state with xcl ∈ R2n. The matrices of the closed-loop system Σcl
for all 𝜌 ∈ 𝒫≥TD and all 𝜏 ∈ [0,TD], are parameterized as

cl(𝜏, 𝜌) =

[
A(𝜌) + B(𝜌)(𝜏, 𝜌)Cy(𝜌) B(𝜌)(𝜏, 𝜌)

(𝜏, 𝜌)Cy(𝜌) (𝜏, 𝜌)

]

dcl(𝜏, 𝜌) =

[
Ad(𝜌) + B(𝜌)(𝜏, 𝜌)Cdy(𝜌) B(𝜌)d(𝜏, 𝜌)

(𝜏, 𝜌)Cdy(𝜌) d(𝜏, 𝜌)

]
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1154 ZAKWAN et al.

cl(𝜏, 𝜌) =

[
E(𝜌) + B(𝜌)(𝜏, 𝜌)Fy(𝜌)

(𝜏, 𝜌)Fy(𝜌)

]
cl(𝜏, 𝜌) =

[
C(𝜌) + D(𝜌)(𝜏, 𝜌)Cy(𝜌) D(𝜌)(𝜏, 𝜌)

]
dcl(𝜏, 𝜌) =

[
Cd(𝜌) + D(𝜌)(𝜏, 𝜌)Cdy(𝜌) D(𝜌)d(𝜏, 𝜌)

]
cl(𝜏, 𝜌) =

[
F(𝜌) + D(𝜌)(𝜏, 𝜌)Fy(𝜌)

]
.

Our objective is to find sufficient synthesis conditions for clock-dependent gain-scheduled dynamic output feedback
controller such that the closed-loop system Σcl is asymptotically stable in the absence of disturbance w and that the map
w → z has a guaranteed 2-gain of at most 𝛾 , that is, J ≤ 𝛾 .

Now we are ready to state and prove the main result of this article.

Theorem 1. For given constants h≥ 0, 0 ≤ 𝜇 < 1, 𝜅 > 0, and TD > 0, if there exist matrix-valued functions ̃ ∶
[0,TD] ×𝒫 → S4n

≻0, ̃1 ∶ [0,TD] ×𝒫 → S2n
≻0, ̃2 ∶ [0,TD] ×𝒫 → S2n

≻0, ̃ ∶ [0,TD] ×𝒫 → S2n
≻0, ̃ ∶ [0, TD] ×𝒫 → R2n,

̃ ∶ [0, TD] ×𝒫 → R2n, X ∶ 𝒫 → Rn, and W ∶ 𝒫 → Rn such that the LMIs

Λ̃(𝜏, 𝜌) ∶=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−Sym[X̃(𝜌)] Λ̃12(𝜏, 𝜌) Λ̃13(𝜏, 𝜌) Λ̃14(𝜏, 𝜌) 0 0 0 X̃T(𝜌) ̃(𝜏, 𝜌)
∗ Λ̃22(𝜏, 𝜌) 0 0 Λ̃25(𝜏, 𝜌) Λ̃26(𝜏, 𝜌) Λ̃27(𝜏, 𝜌) 0 Λ̃29(𝜏, 𝜌)
∗ ∗ Λ̃33(𝜏, 𝜌) 0 Λ̃35(𝜏, 𝜌) 0 0 0 0
∗ ∗ ∗ −𝛾2I Λ̃45(𝜏, 𝜌) 0 0 0 0
∗ ∗ ∗ ∗ −I 0 0 0 0
∗ ∗ ∗ ∗ ∗ Λ̃66(𝜏, 𝜌) Λ̃67(𝜏, 𝜌) 0 0
∗ ∗ ∗ ∗ ∗ ∗ Λ̃77(𝜏, 𝜌) 0 ̃T

12(𝜏, 𝜌)
∗ ∗ ∗ ∗ ∗ ∗ ∗ −̃11(𝜏, 𝜌) ̃(𝜏, 𝜌)
∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ Λ̃99(𝜏, 𝜌)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

≺ 0

(31)

Λ̃(T+
D , 𝜌) ≺ 0 (32)

̃(TD, 𝜌) − ̃(0, 𝜂) ≽ 0 (33)

̃1(TD, 𝜌) − ̃1(0, 𝜂) ≽ 0 (34)

̃2(TD, 𝜌) − ̃2(0, 𝜂) ≽ 0 (35)

̃(TD, 𝜌) − ̃(0, 𝜂) ≽ 0 (36)

𝜅̃1(TD, 𝜌) − 𝜕𝜏̃1(0, 𝜌) ≽ 0 (37)

𝜅̃2(TD, 𝜌) − 𝜕𝜏̃2(0, 𝜌) ≽ 0 (38)

𝜅̃(TD, 𝜌) − 𝜕𝜏̃(0, 𝜌) ≽ 0 (39)

X̃(𝜌) =

[
W(𝜌) In

In X(𝜌)

]
≻ 0 (40)
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ZAKWAN et al. 1155

hold for all 𝜏 ∈ [0,TD] and all 𝜌, 𝜂 ∈ 𝒫 , where

̃(𝜏, 𝜌) =

[ ̃11(𝜏, 𝜌) ̃12(𝜏, 𝜌)
∗ ̃22(𝜏, 𝜌)

]

Λ̃12(𝜏, 𝜌) =

[
A(𝜌)W(𝜌) + B(𝜌)̂(𝜏, 𝜌) A(𝜌) + B(𝜌)̂(𝜏, 𝜌)Cy(𝜌)

̂(𝜏, 𝜌) X(𝜌)A(𝜌) + ̂(𝜏, 𝜌)Cy(𝜌)

]
+ ̃(𝜏, 𝜌)

Λ̃13(𝜏, 𝜌) =

[
Ad(𝜌)W(𝜌) + B(𝜌)̂(𝜏, 𝜌) A(𝜌) + B(𝜌)̂(𝜏, 𝜌)Cdy(𝜌)

̂d(𝜏, 𝜌) X(𝜌)Ad(𝜌) + ̂(𝜏, 𝜌)Cdy(𝜌)

]

Λ̃14(𝜏, 𝜌) =

[
E(𝜌) + B(𝜌)̂(𝜏, 𝜌)Fy(𝜌)
X(𝜌)E(𝜌) + ̂(𝜏, 𝜌)Fy(𝜌)

]
Λ̃22(𝜏, 𝜌) = Sym[̃12(𝜏, 𝜌)] − ̃11(𝜏, 𝜌) + 𝜕𝜏̃11(𝜏, 𝜌) + ̃1(𝜏, 𝜌) + ̃2(𝜏, 𝜌) − 4e−𝜅h̃(𝜏, 𝜌)

Λ̃25(𝜏, 𝜌) =
[

C(𝜌)W(𝜌) + D(𝜌)̂(𝜏, 𝜌) C(𝜌) + D(𝜌)̂(𝜏, 𝜌)Cy(𝜌)
]T

Λ̃26(𝜏, 𝜌) = −̃12(𝜏, 𝜌) − 2e−𝜅h̃(𝜏, 𝜌)

Λ̃27(𝜏, 𝜌) = ̃T
22(𝜏, 𝜌) + 𝜕𝜏̃12(𝜏, 𝜌) + 6h−1e−𝜅h̃(𝜏, 𝜌)

Λ̃29(𝜏, 𝜌) = ̃11(𝜏, 𝜌) − ̃(𝜏, 𝜌)
Λ̃33(𝜏, 𝜌) = −(1 − 𝜇)̃1(𝜏, 𝜌)e−𝜅h

Λ̃35(𝜏, 𝜌) =
[

Cd(𝜌)W(𝜌) + D(𝜌)̂d(𝜏, 𝜌) Cd(𝜌) + D(𝜌)̂(𝜏, 𝜌)Cdy(𝜌)
]T

Λ̃45(𝜏, 𝜌) =
[

F(𝜌) + D(𝜌)̂(𝜏, 𝜌)Fy(𝜌)
]T

Λ̃66(𝜏, 𝜌) = −4e−𝜅h̃(𝜏, 𝜌) − ̃2(𝜏, 𝜌)e−𝜅h

Λ̃67(𝜏, 𝜌) = −̃T
22(𝜏, 𝜌) + 6h−1e−𝜅h̃(𝜏, 𝜌)

Λ̃77(𝜏, 𝜌) = −12h−2e−𝜅h̃(𝜏, 𝜌) + 𝜕𝜏̃22(𝜏, 𝜌)
Λ̃99(𝜏, 𝜌) = −Sym[̃(𝜏, 𝜌)] + h2̃(𝜏, 𝜌),

then the closed-loop system Σcl with 𝜌 ∈ 𝒫≥TD is uniformly asymptotically stable in the absence of disturbance w and the
2-gain of the map w → z is at most 𝛾 , that is, J ≤ 𝛾 .

Moreover, once the unknown matrix-valued functions satisfying the LMIs conditions are obtained, the clock-dependent
output feedback control matrices can be computed by first obtaining two matrices T ∶ 𝒫 → Rn×n and S ∶ 𝒫 → Rn×n from
the factorization problem

In − X(𝜌)W(𝜌) = T(𝜌)ST(𝜌), (41)

and then by reversing the following transformation

̂(𝜏, 𝜌) = X(𝜌)A(𝜌)W(𝜌) + X(𝜌)B(𝜌)(𝜏, 𝜌)Cy(𝜌)W(𝜌) + T(𝜌)(𝜏, 𝜌)Cy(𝜌)W(𝜌)
+ X(𝜌)B(𝜌)(𝜏, 𝜌)ST(𝜌) + T(𝜌)(𝜏, 𝜌)ST(𝜌)

̂d(𝜏, 𝜌) = X(𝜌)Ad(𝜌)W(𝜌) + X(𝜌)B(𝜌)(𝜏, 𝜌)Cdy(𝜌)W(𝜌) + T(𝜌)(𝜏, 𝜌)Cdy(𝜌)W(𝜌)
+ X(𝜌)B(𝜌)d(𝜏, 𝜌)ST(𝜌) + T(𝜌)d(𝜏, 𝜌)ST(𝜌)

̂(𝜏, 𝜌) = X(𝜌)B(𝜌)(𝜏, 𝜌) + T(𝜌)(𝜏, 𝜌)
̂(𝜏, 𝜌) = (𝜏, 𝜌)Cy(𝜌)W(𝜌) + (𝜏, 𝜌)ST(𝜌)

̂d(𝜏, 𝜌) = (𝜏, 𝜌)Cdy(𝜌)W(𝜌) + d(𝜏, 𝜌)ST(𝜌)

̂(𝜏, 𝜌) = (𝜏, 𝜌).
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1156 ZAKWAN et al.

Proof. First, we rewrite the closed-loop system Σcl as[ cl(𝜏, 𝜌) dcl(𝜏, 𝜌) cl(𝜏, 𝜌)
cl(𝜏, 𝜌) Cdcl(𝜏, 𝜌) cl(𝜏, 𝜌)

]
= Π1(𝜌) +

⎡⎢⎢⎢⎣
0 B(𝜌)
In 0
0 D(𝜌)

⎤⎥⎥⎥⎦(𝜏, 𝜌)Π2(𝜌), (42)

where

Π1(𝜌) ∶=
⎡⎢⎢⎢⎣

A(𝜌) 0 Ad(𝜌) 0 E(𝜌)
0 0 0 0 0

C(𝜌) 0 Cd(𝜌) 0 F(𝜌)

⎤⎥⎥⎥⎦ , (𝜏, 𝜌) ∶=

[(𝜏, 𝜌) d(𝜏, 𝜌) (𝜏, 𝜌)
(𝜏, 𝜌) d(𝜏, 𝜌) (𝜏, 𝜌)

]
,

Π2(𝜌) ∶=
⎡⎢⎢⎢⎣

0 In 0 0 0
0 0 0 In 0

Cy(𝜌) 0 Cdy(𝜌) 0 Fy(𝜌)

⎤⎥⎥⎥⎦ .
Restricting the matrix L ∶ 𝒫 → S2n

≻0 in Lemma 3 its inverse as

L(𝜌) =

[
X(𝜌) T(𝜌)

TT(𝜌) ⋆

]
, L−1(𝜌) =

[
W(𝜌) S(𝜌)
ST(𝜌) ⋆

]
,

and substituting the closed-loop matrices (42) in the LMI (21) yields

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−Sym[L(𝜌)] Υ12(𝜏, 𝜌) LT(𝜌)dcl(𝜏, 𝜌) LT(𝜌)cl(𝜏, 𝜌) 0 0 0 LT(𝜌) (𝜏, 𝜌)
∗ Υ22(𝜏, 𝜌) 0 0 T

cl(𝜏, 𝜌) Υ26(𝜏, 𝜌) Υ27(𝜏, 𝜌) 0 Υ29(𝜏, 𝜌)
∗ ∗ Υ33(𝜏, 𝜌) 0 T

dcl(𝜏, 𝜌) 0 0 0 0
∗ ∗ ∗ −𝛾2I T

cl (𝜏, 𝜌) 0 0 0 0
∗ ∗ ∗ ∗ −I 0 0 0 0
∗ ∗ ∗ ∗ ∗ Υ66(𝜏, 𝜌) Υ67(𝜏, 𝜌) 0 0
∗ ∗ ∗ ∗ ∗ ∗ Υ77(𝜏, 𝜌) 0 T

12(𝜏, 𝜌)
∗ ∗ ∗ ∗ ∗ ∗ ∗ −11(𝜏, 𝜌) (𝜏, 𝜌)
∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ Υ99(𝜏, 𝜌)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

≺ 0

(43)

where

(𝜏, 𝜌) =

[ 11(𝜏, 𝜌) 12(𝜏, 𝜌)
∗ 22(𝜏, 𝜌)

]
Υ12(𝜏, 𝜌) = (𝜏, 𝜌) + LT(𝜌)cl(𝜏, 𝜌)
Υ22(𝜏, 𝜌) = Sym[12(𝜏, 𝜌)] − 11(𝜏, 𝜌) + 𝜕𝜏11(𝜏, 𝜌) +1(𝜏, 𝜌) +2(𝜏, 𝜌) − 4e−𝜅h(𝜏, 𝜌)
Υ26(𝜏, 𝜌) = −12(𝜏, 𝜌) − 2e−𝜅h(𝜏, 𝜌)
Υ27(𝜏, 𝜌) = T

22(𝜏, 𝜌) + 𝜕𝜏12(𝜏, 𝜌) + 6h−1e−𝜅h(𝜏, 𝜌)
Υ29(𝜏, 𝜌) = 11(𝜏, 𝜌) −(𝜏, 𝜌)
Υ33(𝜏, 𝜌) = −(1 − 𝜇)1(𝜏, 𝜌)e−𝜅h

Υ66(𝜏, 𝜌) = −4e−𝜅h(𝜏, 𝜌) −2(𝜏, 𝜌)e−𝜅h

Υ67(𝜏, 𝜌) = −T
22(𝜏, 𝜌) + 6h−1e−𝜅h(𝜏, 𝜌)

Υ77(𝜏, 𝜌) = −12h−2e−𝜅h(𝜏, 𝜌) + 𝜕𝜏22(𝜏, 𝜌)
Υ99(𝜏, 𝜌) = −Sym[(𝜏, 𝜌)] + h2(𝜏, 𝜌).
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ZAKWAN et al. 1157

To linearize the inequality (43), a congruence transformation is performed with respect to the matrix
diag(Y (𝜌),Y (𝜌),Y (𝜌), Inw , Inz ,Y (𝜌),Y (𝜌),Y (𝜌),Y (𝜌)), where

Y (𝜌) ∶=

[
W(𝜌) In

ST(𝜌) 0

]
.

This leads to

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Υ̃11(𝜌) Υ̃12(𝜏, 𝜌) Υ̃13(𝜏, 𝜌) Υ̃14(𝜏, 𝜌) 0 0 0 Y T(𝜌)L(𝜌)Y (𝜌) ̃(𝜏, 𝜌)
∗ Υ̃22(𝜏, 𝜌) 0 0 Y T(𝜌)T

cl(𝜏, 𝜌) Υ̃26(𝜏, 𝜌) Υ̃27(𝜏, 𝜌) 0 Υ̃29(𝜏, 𝜌)
∗ ∗ Υ̃33(𝜏, 𝜌) 0 Y T(𝜌)T

dcl(𝜏, 𝜌) 0 0 0 0
∗ ∗ ∗ −𝛾2I T

cl (𝜏, 𝜌) 0 0 0 0
∗ ∗ ∗ ∗ −I 0 0 0 0
∗ ∗ ∗ ∗ ∗ Υ̃66(𝜏, 𝜌) Υ̃67(𝜏, 𝜌) 0 0
∗ ∗ ∗ ∗ ∗ ∗ Υ̃77(𝜏, 𝜌) 0 ̃T

12(𝜏, 𝜌)
∗ ∗ ∗ ∗ ∗ ∗ ∗ −̃11(𝜏, 𝜌) ̃(𝜏, 𝜌)
∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ Υ̃99(𝜏, 𝜌)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

≺ 0 (44)

with

Υ̃11(𝜌) = −2Y T(𝜌)L(𝜌)Y (𝜌)
Υ̃12(𝜏, 𝜌) = ̃(𝜏, 𝜌) + Y (𝜌)LT(𝜌)cl(𝜏, 𝜌)Y (𝜌)
Υ̃13(𝜏, 𝜌) = Y T(𝜌)LT(𝜌)dcl(𝜏, 𝜌)Y (𝜌)
Υ̃14(𝜏, 𝜌) = Y T(𝜌)LT(𝜌)cl(𝜏, 𝜌)
Υ̃22(𝜏, 𝜌) = Sym[̃12(𝜏, 𝜌)] − ̃11(𝜏, 𝜌) + 𝜕𝜏̃11(𝜏, 𝜌) + ̃1(𝜏, 𝜌) + ̃2(𝜏, 𝜌) − 4e−𝜅h̃(𝜏, 𝜌)
Υ̃26(𝜏, 𝜌) = −̃12(𝜏, 𝜌) − 2e−𝜅h̃(𝜏, 𝜌)

Υ̃27(𝜏, 𝜌) = ̃T
22(𝜏, 𝜌) + 𝜕𝜏̃12(𝜏, 𝜌) + 6h−1e−𝜅h̃(𝜏, 𝜌)

Υ̃29(𝜏, 𝜌) = ̃11(𝜏, 𝜌) − ̃(𝜏, 𝜌)
Υ̃33(𝜏, 𝜌) = −(1 − 𝜇)̃1e−𝜅h

Υ̃66(𝜏, 𝜌) = −4e−𝜅h̃(𝜏, 𝜌) − ̃2e−𝜅h

Υ̃67(𝜏, 𝜌) = −̃T
22(𝜏, 𝜌) + 6h−1e−𝜅h̃(𝜏, 𝜌)

Υ̃77(𝜏, 𝜌) = −12h−2e−𝜅h̃(𝜏, 𝜌) + 𝜕𝜏̃22(𝜏, 𝜌)
Υ̃99(𝜏, 𝜌) = −Sym[̃(𝜏, 𝜌)] + h2̃(𝜏, 𝜌)
̃(𝜏, 𝜌) = diag(Y T(𝜌),Y T(𝜌))(𝜏, 𝜌)diag(Y (𝜌),Y (𝜌))
̃1(𝜏, 𝜌) = Y T(𝜌)1(𝜏, 𝜌)Y (𝜌)
̃2(𝜏, 𝜌) = Y T(𝜌)2(𝜏, 𝜌)Y (𝜌)
̃(𝜏, 𝜌) = Y T(𝜌)(𝜏, 𝜌)Y (𝜌)
̃(𝜏, 𝜌) = Y T(𝜌)(𝜏, 𝜌)Y (𝜌)
̃(𝜏, 𝜌) = Y T(𝜌)(𝜏, 𝜌)Y (𝜌) . (45)

Noting that

Y T(𝜌)L(𝜌) =

[
In 0

X(𝜌) T(𝜌)

]
and Y T(𝜌)L(𝜌)Y (𝜌) =

[
W(𝜌) In

In X(𝜌)

]
,
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1158 ZAKWAN et al.

we obtain

𝒵 (𝜏, 𝜌) ∶=

[
Y T(𝜌)L(𝜌)cl(𝜏, 𝜌)Y (𝜌) Y T(𝜌)L(𝜌)dcl(𝜏, 𝜌)Y (𝜌) Y T(𝜌)L(𝜌)cl(𝜏, 𝜌)

cl(𝜏, 𝜌)Y (𝜌) dcl(𝜏, 𝜌)Y (𝜌) cl(𝜏, 𝜌)

]

=
⎡⎢⎢⎢⎣

A(𝜌)W(𝜌) A(𝜌) Ad(𝜌)W(𝜌) A(𝜌) E(𝜌)
0 X(𝜌)A(𝜌) 0 X(𝜌)Ad(𝜌) X(𝜌)E(𝜌)

C(𝜌)W(𝜌) C(𝜌) Cd(𝜌)W(𝜌) Cd(𝜌) F(𝜌)

⎤⎥⎥⎥⎦ + Θ1(𝜌)

[̂(𝜏, 𝜌) ̂d(𝜏, 𝜌) ̂(𝜏, 𝜌)
̂(𝜏, 𝜌) ̂d(𝜏, 𝜌) ̂(𝜏, 𝜌)

]
Θ2(𝜌),

where

Θ1(𝜌) =
⎡⎢⎢⎢⎣

0 B(𝜌)
In 0

0 D(𝜌)

⎤⎥⎥⎥⎦ , Θ2(𝜌) =
⎡⎢⎢⎢⎣

In 0 0 0 0
0 0 In 0 0
0 Cy(𝜌) 0 Cdy(𝜌) Fy(𝜌)

⎤⎥⎥⎥⎦ ,[ ̂(𝜏, 𝜌) ̂d(𝜏, 𝜌) ̂(𝜏, 𝜌)
̂(𝜏, 𝜌) ̂d(𝜏, 𝜌) ̂(𝜏, 𝜌)

]
=

[
X(𝜌)A(𝜌)W(𝜌) X(𝜌)Ad(𝜌)W(𝜌) 0

0 0 0

]
+ Θ3(𝜌)(𝜏, 𝜌)Θ4(𝜌),

Θ3(𝜌) =

[
T(𝜌) X(𝜌)B(𝜌)

0 Inu

]
, and Θ4(𝜌) =

⎡⎢⎢⎢⎣
ST(𝜌) 0 0

0 ST(𝜌) 0
Cy(𝜌)W(𝜌) Cdy(𝜌)W(𝜌) Iny

⎤⎥⎥⎥⎦ .
Finally, we get

cl(𝜏, 𝜌) = F(𝜌) + D(𝜌)̂(𝜏, 𝜌)Fy(𝜌)

Y T(𝜌)L(𝜌)cl(𝜏, 𝜌)Y (𝜌) =

[
A(𝜌)W(𝜌) + B(𝜌)̂(𝜏, 𝜌) A(𝜌) + B(𝜌)̂(𝜏, 𝜌)Cy(𝜌)

̂(𝜏, 𝜌) X(𝜌)A(𝜌) + ̂(𝜏, 𝜌)Cy(𝜌)

]

Y T(𝜌)L(𝜌)dcl(𝜏, 𝜌)Y (𝜌) =

[
Ad(𝜌)W(𝜌) + B(𝜌)̂(𝜏, 𝜌) A(𝜌) + B(𝜌)̂(𝜏, 𝜌)Cdy(𝜌)

̂d(𝜏, 𝜌) X(𝜌)Ad(𝜌) + ̂(𝜏, 𝜌)Cdy(𝜌)

]

Y T(𝜌)L(𝜌)cl(𝜏, 𝜌) =

[
E(𝜌) + B(𝜌)̂(𝜏, 𝜌)Fy(𝜌)
X(𝜌)E(𝜌) + ̂(𝜏, 𝜌)Fy(𝜌)

]
cl(𝜏, 𝜌)Y (𝜌) =

[
C(𝜌)W(𝜌) + D(𝜌)̂(𝜏, 𝜌) C(𝜌) + D(𝜌)̂(𝜏, 𝜌)Cy(𝜌)

]T

dcl(𝜏, 𝜌)Y (𝜌) =
[

Cd(𝜌)W(𝜌) + D(𝜌)̂d(𝜏, 𝜌) Cd(𝜌) + D(𝜌)̂(𝜏, 𝜌)Cdy(𝜌)
]T

(46)

from which it is obvious that the expressions are affine in the variables X(𝜌), W(𝜌), ̂(𝜏, 𝜌), ̂d(𝜏, 𝜌), ̂(𝜏, 𝜌), ̂(𝜏, 𝜌),̂d(𝜏, 𝜌), and ̂(𝜏, 𝜌). Substitution (46) in the inequality (44) yields the LMI (31). This completes the proof. ▪

Remark 3. Theorem 1 presents a new result for output feedback 2 controller design for delayed LPV systems with
piecewise constant parameters. It is essential to mention that the proposed design conditions (31)–(40) result in
infinite-dimensional semidefinite programs that cannot be solved directly via standard LMI solvers. One way to resolve
this issue is first to employ relaxation techniques like the gridding method [8, appendix C], robust optimization mod-
ule of YALMIP,33 or SOS polynomials34,35 to approximate semiinfinite constraint LMI by a finite number of LMIs. This
finite-dimensional approximation of the infinite-dimensional semidefinite program can then be solved via standard
solvers such as SeDuMi.41

3.1 Case study: Delayed switched systems

LPV systems with piecewise constant parameters represent a class of switched linear systems with infinite modes
in a bounded compact set. Here, we provide a case study to demonstrate the application of our main result to a
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ZAKWAN et al. 1159

class of delayed switched systems. This result is important for its own sake and can be regarded as a contribution of
this article.

Let  = {1, ...,} for some  ∈ N, and

A(𝜌) =
∑

i=1
𝛿i,𝜌Ai, Ad(𝜌) =

∑
i=1

𝛿i,𝜌Adi, B(𝜌) =
∑

i=1
𝛿i,𝜌Bi,E(𝜌) =

∑
i=1

𝛿i,𝜌Ei,

C(𝜌) =
∑

i=1
𝛿i,𝜌Ci, Cd(𝜌) =

∑
i=1

𝛿i,𝜌Cdi, D(𝜌) =
∑

i=1
𝛿i,𝜌Di, F(𝜌) =

∑
i=1

𝛿i,𝜌Fi,

Cy(𝜌) =
∑

i=1
𝛿i,𝜌Cyi, Cdy(𝜌) =

∑
i=1

𝛿i,𝜌Cdyi, Fy(𝜌) =
∑

i=1
𝛿i,𝜌Fyi, (47)

where 𝛿i,j is the Kronecker delta, that is, 𝛿i,j = 1 if i= j, and 0 otherwise.
We then have the following corollary.

Corollary 1. For given constants h≥ 0, 0 ≤ 𝜇 < 1, 𝜅 > 0, and TD > 0, if there exist matrix-valued functions ̃ i ∶ [0,TD] →
S4n
≻0, ̃1,i ∶ [0,TD] → S2n

≻0, ̃2,i ∶ [0,TD] → S2n
≻0, ̃i ∶ [0,TD] → S2n

≻0, ̃i ∶ [0, TD] → R2n, ̃i ∶ [0, TD] → R2n, Xi ∈ Rn, and
Wi ∈ Rn such that the LMIs

Λ̃i(𝜏) ∶=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−Sym[X̃ i] Λ̃12,i(𝜏) Λ̃13,i(𝜏) Λ̃14,i(𝜏) 0 0 0 X̃T
i ̃i(𝜏)

∗ Λ̃22,i(𝜏) 0 0 Λ̃25,i(𝜏) Λ̃26,i(𝜏) Λ̃27,i(𝜏) 0 Λ̃29,i(𝜏)
∗ ∗ Λ̃33,i(𝜏) 0 Λ̃35,i(𝜏) 0 0 0 0
∗ ∗ ∗ −𝛾2I Λ̃45,i(𝜏) 0 0 0 0
∗ ∗ ∗ ∗ −I 0 0 0 0
∗ ∗ ∗ ∗ ∗ Λ̃66,i(𝜏) Λ̃67,i(𝜏) 0 0
∗ ∗ ∗ ∗ ∗ ∗ Λ̃77,i(𝜏) 0 ̃T

12,i(𝜏)
∗ ∗ ∗ ∗ ∗ ∗ ∗ −̃11,i(𝜏) ̃i(𝜏)
∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ Λ̃99,i(𝜏)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

≺ 0 (48)

Λ̃i(T+
D) ≺ 0 (49)

̃ i(TD) − ̃ j(0) ≽ 0 (50)

̃1,i(TD) − ̃1,j(0) ≽ 0 (51)

̃2,i(TD) − ̃2,j(0) ≽ 0 (52)

̃i(TD) − ̃j(0) ≽ 0 (53)

𝜅̃1,i(TD) − ̇̃1,i(0) ≽ 0 (54)

𝜅̃2,i(TD) − ̇̃2,i(0) ≽ 0 (55)

𝜅̃i(TD) − ̇̃i(0) ≽ 0 (56)

X̃ i =

[
Wi In

In Xi

]
≻ 0 (57)
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1160 ZAKWAN et al.

hold for all 𝜏 ∈ [0,TD] and all i, j ∈ {1, … ,}, i ≠ j, where

̃ i(𝜏) =

[ ̃11,i(𝜏) ̃12,i(𝜏)
∗ ̃22,i(𝜏)

]

Λ̃12,i(𝜏) =

[
AiWi + Bî i(𝜏) Ai + Bîi(𝜏)Cyi

̂i(𝜏) XiAi + ̂i(𝜏)Cyi

]
+ ̃i(𝜏)

Λ̃13,i(𝜏) =

[
AdiWi + Bî i(𝜏) Ai + Bîi(𝜏)Cdyi

̂di(𝜏) XiAdi + ̂i(𝜏)Cdyi

]

Λ̃14,i(𝜏) =

[
Ei + Bîi(𝜏)Fyi

XiEi + ̂i(𝜏)Fyi

]
Λ̃22,i(𝜏) = Sym[̃12,i(𝜏)] − ̃11,i(𝜏) + 𝜕𝜏̃11,i(𝜏) + ̃1,i(𝜏) + ̃2,i(𝜏) − 4e−𝜅h̃i(𝜏)

Λ̃25,i(𝜏) =
[

CiWi + Dî i(𝜏) Ci + Dîi(𝜏)Cyi

]T

Λ̃26,i(𝜏) = −̃12,i(𝜏) − 2e−𝜅h̃i(𝜏)

Λ̃27,i(𝜏) = ̃T
22,i(𝜏) + 𝜕𝜏̃12,i(𝜏) + 6h−1e−𝜅h̃i(𝜏)

Λ̃29,i(𝜏) = ̃11,i(𝜏) − ̃i(𝜏)
Λ̃33,i(𝜏) = −(1 − 𝜇)̃1,i(𝜏)e−𝜅h

Λ̃35,i(𝜏) =
[

CdiWi + Dîdi(𝜏) Cdi + Dîi(𝜏)Cdyi

]T

Λ̃45,i(𝜏) =
[

Fi + Dîi(𝜏)Fyi

]T

Λ̃66,i(𝜏) = −4e−𝜅h̃i(𝜏) − ̃2,i(𝜏)e−𝜅h

Λ̃67,i(𝜏) = −̃T
22,i(𝜏) + 6h−1e−𝜅h̃i(𝜏)

Λ̃77,i(𝜏) = −12h−2e−𝜅h̃i(𝜏) + 𝜕𝜏̃22,i(𝜏)
Λ̃99,i(𝜏) = −Sym[̃i(𝜏)] + h2̃i(𝜏),

then the system Σp with (47) is uniformly asymptotically stable in the absence of disturbance w with u≡ 0. Moreover, the
2-gain of the map w → z is at most 𝛾 , that is, J ≤ 𝛾 .

Moreover, once the unknown matrices satisfying the LMIs conditions are obtained, the clock-dependent output feedback
control matrices can be computed by first obtaining two matrices Ti ∈ Rn×n and Si ∈ Rn×n from the factorization problem

In − XiWi = TiST
i , (58)

and then by reversing the following transformation

̂i(𝜏) = XiAiWi + XiBii(𝜏)CyiWi + Tii(𝜏)CyiWi + XiBii(𝜏)ST
i + Tii(𝜏)ST

i

̂di(𝜏) = XiAdiWi + XiBii(𝜏)CdyiWi + Tii(𝜏)CdyiWi + XiBidi(𝜏)ST
i + Tidi(𝜏)ST

i

̂i(𝜏) = XiBii(𝜏) + Tii(𝜏)

̂ i(𝜏) = i(𝜏)CyiWi + i(𝜏)ST
i

̂di(𝜏) = i(𝜏)CdyiWi + di(𝜏)ST
i

̂i(𝜏) = i(𝜏).

Proof. Since A(𝜌), Ad(𝜌), B(𝜌), E(𝜌), C(𝜌), Cd(𝜌), D(𝜌), F(𝜌), Cy(𝜌), Cdy(𝜌), and Fy(𝜌) have the form (47), without loss of gen-
erality, we can choose P(𝜏, 𝜂) =

∑
i=1 𝛿i,𝜂Pi(𝜏), Pi(𝜏) ≻ 0, Q1(𝜏, 𝜂) =

∑
i=1 𝛿i,𝜂Q1,i(𝜏), Q1,i(𝜏) ≻ 0, Q2(𝜏, 𝜂) =

∑
i=1 𝛿i,𝜂Q2,i(𝜏),

Q2,i(𝜏) ≻ 0, R(𝜏, 𝜂) =
∑

i=1 𝛿i,𝜂Ri(𝜏), Ri(𝜏) ≻ 0, M(𝜏, 𝜌) =
∑

i=1 𝛿i,𝜌Mi(𝜏), Z(𝜏, 𝜌) =
∑

i=1 𝛿i,𝜌Zi(𝜏), X(𝜌) =
∑

i=1 𝛿i,𝜌Xi, W(𝜌) =∑
i=1 𝛿i,𝜌Wi, T(𝜌) =

∑
i=1 𝛿i,𝜌Ti, and S(𝜌) =

∑
i=1 𝛿i,𝜌Si. The result then follows. ▪
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ZAKWAN et al. 1161

4 ILLUSTRATIONS

In this section, we provide an application and an illustrative example to demonstrate our result’s efficacy.

4.1 Computational aspects

Polynomials functions of an arbitrary order can be used to approximate the continuous matrix-valued functions
appearing in LMIs of Theorem 1 and Corollary 1 with arbitrary precision. To this aim, we employ clock- and
parameter-dependent polynomials of order 1 for the sake of simplicity. Moreover, due to the continuous-time
parameters 𝜏 and 𝜌, the inequalities in Theorem 1 and Corollary 1 yield intractable infinite-dimensional semidef-
inite programs, therefore, we consider robust optimization module33 provided in YALMIP42 that approximates
infinite-dimensional semidefinite programs which can then be solved using standard solvers, for instance, SeDuMi.41

The robust optimization module of YALMIP can robustify semidefinite (SDP) constraints with affine dependence on
the uncertainty, under the restriction that the uncertainty is constrained to a polytopic set. In this case, YALMIP
derives a robust counterpart by enumerating the vertices of the uncertainty set and define an SDP constraint for
every vertex.33

4.2 Application to VTOL helicopter model

In this section, we illustrate the efficacy of our result by applying it to VTOL helicopter model introduced in References
20,25,43 . The dynamics of the system can be given as

ẋ(t) = A(𝜌)x(t) + Adx(t − d(t)) + B(𝜌)u(t) + Ew(t)
z(t) = Cx(t) + Cdx(t − d(t)) + Du(t) + Fw(t)
y(t) = Cyx(t) + Cdyx(t − d(t)) + Fyw(t)

x(𝜃) = 𝜙(𝜃), ∀𝜃 ∈ [−h, 0], (59)

where 𝜌 is a time-varying parameter and the state variables x(t) = [x1 x2 x3 x4]T are horizontal velocity, the vertical veloc-
ity, the pitch rate, and the pitch angle, respectively. The delay is taken as d(t) = 1.5 + 0.5 sin2(0.45t), and the upper bound
on its magnitude and time-derivative are taken as h= 2 and 𝜇 = 0.9, respectively. The matrices in (59) are given as

A(𝜌) =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

−0.0366 0.0271 0.0188 −0.4555
0.0482 −1.01 0.0024 −4.0208
0.1002 a32(𝜌) −0.7071 a34(𝜌)

0 0 1 0

⎤⎥⎥⎥⎥⎥⎥⎥⎦
, B(𝜌) =

⎡⎢⎢⎢⎢⎢⎣

0.4422 0.1761
b21(𝜌) −7.5922
−5.52 4.49

0 0

⎤⎥⎥⎥⎥⎥⎦
,E =

[
I4 04×1

]
, Ad = 4,

C =

[
I4

02×4

]
, Cd = C, D =

[
04×2

I2

]
, F = 06×5, Cy = [ 0 1 0 0 ], Cdy = 01×4, Fy = [ 0 0 0 0 1 ],

where

a32(𝜌) = 0.0670 + 0.4390𝜌, a34(𝜌) = 0.0479 + 2.3440𝜌, b21(𝜌) = 0.9263 + 4.0760𝜌,

and the parameter 𝜌 is defined as 𝜌 = 0.0091(𝜃t − 60), where 𝜃t ∈ [60,170] is airspeed in knots. It is easy to see that the
parameter space = [0, 1] is a bounded closed set. We choose the minimum dwell time TD = 0.01, and the tuning parame-
ter𝜅 = 0.1 to solve the inequalities in Theorem 1. Polynomials of order 1 have been employed to approximate the unknown
matrices in Theorem 1. The controller matrices obtained after solving the LMIs are given in the Appendix A. The stabiliz-
ing state trajectories in Figure 1 (top) for an arbitrary initial condition subject to a piecewise constant parameter trajectory
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1162 ZAKWAN et al.
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F I G U R E 1 Evolution of the states of the
closed-loop with disturbance (top) subject to a typical
parameter trajectory with TD = 0.01s [Colour figure
can be viewed at wileyonlinelibrary.com]

shown in Figure 1 (bottom) under the disturbance w(t)= [v(t) v(t) v(t) v(t) v(t)]T , where v(t)= 0.5(H(t)−H(t − 5)), support
the applicability of the approach.

4.3 Application to delayed switched systems

Consider the following delayed switched system. The system comprising of two subsystems:

A1 =
⎡⎢⎢⎢⎣
−0.9 0.2 −0.2
0.2 −0.6 0.3
−0.3 0.1 −0.1

⎤⎥⎥⎥⎦ , Ad1 =
⎡⎢⎢⎢⎣

0.2 0 0.1
0.1 0.3 0.1
0.3 0.1 0.2

⎤⎥⎥⎥⎦ , B1 =
⎡⎢⎢⎢⎣

1
0.5
2.0

⎤⎥⎥⎥⎦ , E1 =
⎡⎢⎢⎢⎣

0.3
0.5
0.2

⎤⎥⎥⎥⎦ ,
C1 = [ 0.8 1.0 0.5 ], Cd1 = [ 0.2 0.3 0.1 ], Cy1 = [ −1.2 1.5 0.9 ],

Cdy1 = [ 0.3 0.1 0.2 ], Fy1 = 0.2, D1 = F1 = 0. (60)

A2 =
⎡⎢⎢⎢⎣
−0.8 −0.1 −0.2
0.2 −0.7 0.3
0.2 −0.1 0.1

⎤⎥⎥⎥⎦ , Ad2 =
⎡⎢⎢⎢⎣

0.2 0.1 0
0.1 0.2 0.1
0.1 0.1 0.3

⎤⎥⎥⎥⎦ , B2 =
⎡⎢⎢⎢⎣

0.5
0.7
1.5;

⎤⎥⎥⎥⎦ , E2 =
⎡⎢⎢⎢⎣

0.4
0.2
0.3

⎤⎥⎥⎥⎦ ,
C2 = [ −1.0 1.2 0.5 ], Cd2 = [ 0.1 0.3 0.4 ], Cy2 = [ −0.1 1.2 0.5 ],

Cdy2 = [ 0.1 0.3 0.4 ], Fy2 = 0.1, D2 = F2 = 0, (61)

and d(t) = 0.9 + 0.3 sin(t). A straightforward calculation gives h= 1.2 and 𝜇 = 0.3. It can be verified that the switched
system (60) and (61) with u(t)= 0 is unstable for an arbitrary switching signal. To support the latter claim, a typical
open-loop system response is provided in Figure 2 with the initial condition x(t)= [− 1.0 0.5 1.0]T , t ∈ [− 1.2, 0].

We choose TD = 0.1 and 𝜅 = 0.1, and solve the LMIs given in Corollary 1 via robust optimization module of YALMIP.
Once LMIs are feasible, we compute controller matrices and form a closed-loop system. The computed controller matri-
ces are given in Appendix B. To show the effectiveness of the designed controller through simulation, we consider the
exogenous disturbance input as w(t) = exp(−t) sin(t). Figure 3 (top) demonstrates the evolution of the closed-loop states
subject to a typical periodic switching signal with TD = 0.1 provided at the bottom of the same figure (here, 1 and 2
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F I G U R E 2 Unstable behavior of states for the open-loop
system [Colour figure can be viewed at wileyonlinelibrary.com]

F I G U R E 3 Evolution of the states of the
closed-loop with disturbance (top) subject to a
typical switching signal with TD = 0.1s [Colour
figure can be viewed at wileyonlinelibrary.com]

represent the first and the second subsystems, respectively). Since our simulation depicts stability of the closed-loop
system, it helps illustrate our general theory, in the special case of the system (60) and (61).

5 CONCLUDING REMARKS

We provided sufficient conditions for the existence of a full-order clock-dependent gain-scheduled output-feedback
controller for delayed LPV systems with piecewise constant parameters. These systems generalize the framework of
switched systems with finite/infinite countable sets to uncountable bounded sets. We formulated sufficient conditions
as clock-dependent convex infinite-dimensional LMIs and employed standard approximations to relax the semidefinite
program. Incorporating parameter variation during the analysis reduces the conservatism of the existing methods and
makes them more efficient.

One of the future perspectives of this work includes designing a memory-resilient dynamic 2 output-feedback com-
pensator, where the delay will be approximated to be used for the controller.31 Controller synthesis for other dwell-time
notions, such as range, average, and maximum dwell-time, also seems an appealing extension of this work. Another
intriguing future research direction is to employ the decoupling technique proposed in References 44-46 to tackle
nonconvex matrix inequality (nonlinear coupling) conditions. We also plan to employ reciprocally convex inequality38 to
achieve new stability results. Controller synthesis for delayed LPV systems with piecewise constant parameters subject
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to uncertainties also seems an interesting future research direction, which will be a topic for future exploration. These
results will be reported elsewhere.
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APPENDIX A. CONTROLLER MATRICES FOR VTOL HELICOPTER MODEL

The clock- and parameter-dependent controller matrices appearing in the expression of Σc for the specific example of
VTOL aircraft model given in (59) are computed as

(𝜏, 𝜌) =

⎡⎢⎢⎢⎢⎢⎣

1.1693𝜌 + 0.11303𝜏 − 3.0872 3.4396𝜌 + 0.82665𝜏 − 7.8907
−5.8544𝜌 − 3.3759𝜏 − 3.0099 −18.989𝜌 − 24.072𝜏 − 28.81

2.122𝜏 − 8.9525𝜌 + 29.363 14.457𝜏 − 24.358𝜌 + 93.343
−0.44292𝜌 − 6.0309𝜏 − 27.131 −5.1879𝜌 − 41.451𝜏 − 103.04

5.9491 − 0.49595𝜏 − 2.6331𝜌 6.6653 − 0.58384𝜏 − 3.0373𝜌
14.365𝜌 + 14.46𝜏 + 14.928 16.464𝜌 + 17.027𝜏 + 18.075

18.643𝜌 − 8.7041𝜏 − 66.592 21.525𝜌 − 10.254𝜏 − 75.613
3.7461𝜌 + 24.945𝜏 + 67.74 4.1706𝜌 + 29.384𝜏 + 78.001

⎤⎥⎥⎥⎥⎥⎦
, (A1)
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d(𝜏, 𝜌) =

⎡⎢⎢⎢⎢⎢⎣

0.0001177𝜌 − 0.0027107𝜏 − 0.00048673 −0.0017939𝜏 − 0.0002946𝜌 + 0.000047637
0.079411𝜏 − 0.0015755𝜌 + 0.0087851 0.0021794𝜌 + 0.052009𝜏 + 0.01844

0.00014834𝜌 − 0.048915𝜏 − 0.0036706 0.0014933𝜌 − 0.032038𝜏 − 0.017342
0.13951𝜏 − 0.0021222𝜌 + 0.014086 0.0016073𝜌 + 0.091356𝜏 + 0.037035

0.00025001𝜌 + 0.00052855𝜏 − 0.00013593 0.00025598𝜌 + 0.0012053𝜏 − 0.00010276
−0.015099𝜏 − 0.0028309𝜌 − 0.0098077 −0.03492𝜏 − 0.0022891𝜌 − 0.012987
0.0092991𝜏 − 0.00023452𝜌 + 0.010217 0.021511𝜏 − 0.00088194𝜌 + 0.012834
−0.026514𝜏 − 0.0034232𝜌 − 0.020467 −0.061336𝜏 − 0.0022261𝜌 − 0.026564

⎤⎥⎥⎥⎥⎥⎦
,

(𝜏, 𝜌) =
⎡⎢⎢⎢⎢⎢⎣

3.2766𝜏 − 110.78𝜌 + 152.6
517.54𝜌 − 81.865𝜏 + 290.12
820.95𝜌 + 34.104𝜏 − 2255.9
15.23𝜌 − 106.26𝜏 + 2454.3

⎤⎥⎥⎥⎥⎥⎦
, (𝜏) =

⎡⎢⎢⎢⎢⎢⎣

0.015642 0.0059962𝜌 − 0.0023789𝜏 − 0.0039152
0.043709 0.014969𝜌 − 0.016101𝜏 − 0.021909
−0.031731 0.0096972𝜏 − 0.010653𝜌 + 0.012585
−0.035727 0.011425𝜏 − 0.011887𝜌 + 0.01599

⎤⎥⎥⎥⎥⎥⎦

T

,

d(𝜏) = 02×4, (𝜏) =

[
−0.83887

0.59394 − 0.0355𝜏 − 0.24502𝜌

]
,

where 𝜌 ∈ [0, 1], 𝜏 = min{t − tk,TD}, and TD = 0.2.

APPENDIX B. CONTROLLER MATRICES FOR THE DELAYED SWITCHED SYSTEM

The clock-dependent controller matrices for the specific example of the switched systems in Section 4.3 are
given by

1(𝜏) =
⎡⎢⎢⎢⎣

0.078177𝜏 − 1.5148 0.79289𝜏 − 2.4233 −0.12236𝜏 − 1.1054
0.43546𝜏 + 1.1966 0.5442𝜏 − 4.1594 −0.38428𝜏 − 1.2285

0.43787𝜏 + 0.44807 0.98199𝜏 − 4.7281 −0.42109𝜏 − 2.508

⎤⎥⎥⎥⎦ ,

d1(𝜏) =
⎡⎢⎢⎢⎣

0.13762 − 0.032851𝜏 0.085054𝜏 − 0.039768 0.02302𝜏 + 0.15243
−0.0083713𝜏 − 0.10522 0.18785 − 0.036128𝜏 0.00076656 − 0.043791𝜏
0.073338 − 0.021852𝜏 0.014718𝜏 − 0.15337 0.015872 − 0.02795𝜏

⎤⎥⎥⎥⎦ ,

1(𝜏) =
⎡⎢⎢⎢⎣

2.8052 − 0.25627𝜏
−1.0899𝜏 − 0.48908

1.0462 − 1.1022𝜏

⎤⎥⎥⎥⎦ , 1(𝜏) =
⎡⎢⎢⎢⎣

0.0034713𝜏 + 0.073795
0.46754 − 0.16181𝜏

0.16385 − 0.0001203𝜏

⎤⎥⎥⎥⎦
T

, d1(𝜏) =
⎡⎢⎢⎢⎣

0.0018302𝜏 − 0.00041468
0.018746 − 0.010073𝜏

0.0080545 − 0.0048618𝜏

⎤⎥⎥⎥⎦
T

,

1(𝜏) = 0.022468𝜏 − 0.46118. (B1)

2(𝜏) =
⎡⎢⎢⎢⎣

0.40232𝜏 + 2.4086 −0.79151𝜏 − 3.7947 −0.60792𝜏 − 3.8863
1.174𝜏 + 5.9596 −1.8513𝜏 − 8.6271 −1.5819𝜏 − 4.5217

0.84959𝜏 + 5.0248 −1.4384𝜏 − 6.6277 −1.1101𝜏 − 5.0075

⎤⎥⎥⎥⎦ ,

d2(𝜏) =
⎡⎢⎢⎢⎣

0.29368 − 0.28757𝜏 0.57125𝜏 + 0.1688 0.41457𝜏 + 0.01541
0.19985 − 0.23148𝜏 0.36635𝜏 + 0.058319 0.24644𝜏 − 0.082486
0.11925 − 0.28786𝜏 0.5497𝜏 + 0.010571 0.35771𝜏 + 0.1091

⎤⎥⎥⎥⎦ ,
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2(𝜏) =
⎡⎢⎢⎢⎣

0.45203𝜏 + 3.652
0.34862𝜏 + 1.851

0.37272𝜏 + 1.9117

⎤⎥⎥⎥⎦ , 2(𝜏) =
⎡⎢⎢⎢⎣
−0.13512𝜏 − 0.86276

0.22604𝜏 + 1.0378
0.20417𝜏 + 0.90664

⎤⎥⎥⎥⎦
T

, d2(𝜏) =
⎡⎢⎢⎢⎣

0.040237𝜏 − 0.0053372
−0.080743𝜏 − 0.017755
−0.056259𝜏 − 0.014578

⎤⎥⎥⎥⎦
T

,

2(𝜏) = −0.17336𝜏 − 0.87176, (B2)

where 𝜏 = min{t − tk,TD} and TD = 0.1.
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