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Abstract
Thermo-optic interaction significantly differs from the usual particle-particle interactions in
physics, as it is retarded in time. A prominent platform for realising this kind of interaction are
photon Bose–Einstein condensates, which are created in dye-filled microcavities. The dye solution
continually absorbs and re-emits these photons, causing the photon gas to thermalize and to form
a Bose–Einstein condensate. Because of a non-ideal quantum efficiency, these cycles heat the dye
solution, creating a medium that provides an effective thermo-optic photon–photon interaction.
So far, only a mean-field description of this process exists. This paper goes beyond by working out
a quantum mechanical description of the effective thermo-optic photon–photon interaction. To
this end, the self-consistent modelling of the temperature diffusion builds the backbone of the
modelling. Furthermore, the manyfold experimental timescales allow for deriving an approximate
Hamiltonian. The resulting quantum theory is applied in the perturbative regime to both a
harmonic and a box potential for investigating its prospect for precise measurements of the
effective photon–photon interaction strength.

1. Introduction

Ultracold quantum gases usually deal with a contact particle interaction, since in these systems only s-wave
scattering takes place due to the very low involved energy scales [1, 2]. Thus, two particles have to be at the
same time at the same place for a scattering event to happen. Experiments with dipolar quantum gases
loosen the latter restriction. Here, also particles at different places can interact with each other via the
dipole–dipole interaction, which is both anisotropic and slowly decreasing in space [3]. The scope of this
work, however, lies on thermo-optic interactions, that are both non-local in space and retarded in time [4].
Therefore, two particles can interact with each other even though they are neither in proximity nor meet at
the same time. Examples for thermo-optic non-linearities can be found in various settings. For instance, this
kind of non-linearity plays a crucial role in analogue gravity, where it is used for simulating the
Newton–Schrödinger equation [5, 6]. Moreover, thermo-optic effects are also used for tuning
nanoresonators [7, 8]. However, photon Bose–Einstein condensates (phBECs) provide another well
controllable environment for observing this kind of unusual interaction. The theoretical description of
thermo-optic interaction in phBECs is at the very focus of this work.

phBECs contain many competing timescales, which are schematically summarised in figure 1(a). A
dye-filled microcavity is the main part of the experimental setup [9, 10]. The dye molecules set the fastest
timescale by absorption and re-emission of photons (∼1 ps). Since the vibrations of the dye molecules
thermalize due to surrounding solvent molecules, the photon gas itself thermalizes at the molecular timescale
(∼10 ps). Two more timescales determine the condensate lifetime. On the one hand, light leaks out of the
cavity (∼1 ns), and, on the other hand, the duration of counteracting external pump pulses is limited by dye
bleaching (∼500 ns). Finally, the heating of the whole experimental setup introduces the slowest timescale
(∼0.1 s). This heating stems from electronic excitations of the dye molecules, which are not remitted as
photons, but are converted into vibronic excitations of the dye molecules. The temperature increase∆T,
which the incoherent photon absorption processes produce, changes the refractive index of the dye solution
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Figure 1. Timescales and interaction in typical photon BEC experiments, e.g. [9, 10]. (a) Timescales in a single experimental
cycle. The green line visualises the external pump pulse, the grey line the corresponding temporal evolution of the total photon
population and the red line marks the behaviour of the temperature, which is produced by the photons. (b) Emergence of the
effective photon–photon interaction. Here |ψ|2 stands for the photon density,∆T for the temperature produced by the photons,
and∆n denotes the resulting shift of the refractive index. (c) Temperature steady state after several experimental cycles. The green
bars represent single experiments, like in (a), and the red line indicates the evolution of the temperature between two single
experiments.

by the amount∆n≈−∆T∂n/∂T, ultimately leading to an effective thermo-optic photon–photon
interaction, see figure 1(b) and [9–11] for details. Since this temperature diffuses through the cavity, the
resulting effective photon–photon interaction is non-local in space and retarded in time.

Hitherto, former works have only focused on how the effective photon–photon interaction influences the
phBEC ground state. For instance, the first publication on the experimental realisation of phBECs
investigates, amongst other things, the effective photon–photon interaction by using a Gross–Pitaevskii
equation for the modelling [9]. Introducing a coupled Schrödinger and temperature-diffusion equation
improves the model on physical grounds [12]. Here, the Schrödinger equation describes the fast evolution of
the phBEC ground state, whereas the diffusion equation describes the slow dynamics of the temperature. The
above-mentioned incoherent photon absorption processes steadily produce the latter. This model
successfully describes the photon–photon interaction in the steady state of the temperature diffusion, which
follows after several pump pulses, see figure 1(c). Further, this model allows for calculating the lowest-lying
collective mode frequencies of the condensate [11] as well as its intricate behaviour at the dimensional
crossover from 2D to 1D [13]. Dung et al [12] succeed in describing the thermo-optic interaction emerging
during a single pump pulse by applying a heuristic approximation, which relies on the photon timescales
being much shorter than the temperature diffusion time.

Current measurements of the effective photon–photon interaction bear several disadvantages, as they are
based on determining the condensate width. First, this approach relies on using the spatial data only, whilst
the spectral data is, in principle, available at the same time. Utilising instead all experimentally accessible data
promises to enhance the measurement accuracy for the photon–photon interaction strength. Second, these
methods only consider the ground mode, which necessitates a large condensate fraction. But state-of-the-art
experiments are only capable of achieving condensate fractions of about 50%, so the impact of the thermal
cloud may not be neglected in a theoretical description. Third, the trapping geometry must be known well
enough to obtain reliable information about the interaction-induced condensate broadening. To this end,
the current experimental trend of realising more sophisticated trapping potentials is advantageous. Standard
phBEC experiments use an isotropic harmonic potential [9, 10, 12, 14] or double-well potentials [15].
Walker et al [16] reports the realisation of micro-condensates with only a few photons in such setups.
Recently, experiments have even achieved box potentials for phBECs [17].

The theoretical description presented in this paper paves the way to more precise measurements of the
effective photon–photon interaction strength, which are based on performing a detailed spectrometric
analysis of the photon gas. This demands to extend the previous mean-field modelling by working out the
underlying second-quantised Hamiltonian of the full photon field coupled to the temperature diffusion. A
formal elimination of the temperature by its Green’s function leads to a compact expression for the resulting
phBEC Hamiltonian during a single pump pulse, when taking the respective experimental timescales into
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account. Moreover, abstracting from single absorption/re-emission processes coarse grains the evolution
during a single pump pulse and leads to a thermal photon gas in this description. Therefore, this procedure
treating the thermo-optic interaction includes the thermal cloud self-consistently and corresponds to the
usual Hartree–Fock approximation used, e.g. for atomic BECs in order to describe the impact of a contact
interaction at finite temperature [1, 2].

The paper is structured as follows: In section 2 the underlying second-quantised Hamiltonian describing
the effective thermo-optic photon–photon interaction is introduced and simplified according to the
respective experimental timescales. Finally, section 3 provides a perturbative calculation of the first few
eigenenergies subject to the thermo-optic interaction and elucidates its perspective for precisely measuring
the effective photon–photon interaction strength.

2. Thermo-optic Hamiltonian

This section starts with formulating the basis of the quantum mechanical description of the thermo-optic
interaction. To this end, the modelling considers the dynamics of both the second-quantised photon field
and the temperature, that is produced by the incoherent photon absorption processes. Subsequently, taking
the common experimental timescales into account provides a simplification of this general formulation with
an approximate Hamiltonian.

2.1. Generic formulation
The photon field operators Ψ̂(x, t), Ψ̂†(x, t) describe the electric field inside the cavity and fulfil the standard
bosonic equal-time commutation relations,[

Ψ̂(x, t),Ψ̂(x ′, t)
]
=
[
Ψ̂†(x, t),Ψ̂†(x ′, t)

]
= 0 ,

[
Ψ̂(x, t),Ψ̂†(x ′, t)

]
= δ(x− x ′) . (1)

The corresponding second-quantised Hamiltonian includes the energy shift due to the temperature∆T,
produced by the photons during the experiment, and reads

Ĥ(t) =

ˆ
d2x Ψ̂†(x, t)

{
h(x)+ γ∆T(x, t)

}
Ψ̂(x, t) . (2)

Here,

h(x) =−ℏ2∇2

2m
+V(x) (3)

denotes the first-quantised Hamiltonian containing the effective photon massm and the trapping potential
V(x), whereas the parameter γ =−mc2/n ∂n/∂T quantifies the energy shift due to the thermo-optic effect,
see figure 1(b) and [11].

Conversely, the temperature∆T(x, t) obeys the diffusion equation

∂∆T(x, t)

∂t
=

(
D∇2 − 1

τ

)
∆T(x, t)+Bn(x, t) . (4)

Here,D denotes the diffusion coefficient of the solvent medium, τ the longitudinal relaxation time, and B
the heating coefficient of the dye solution [11]. Furthermore, the photon density

n(x, t) =
⟨
Ψ̂†(x, t)Ψ̂(x, t)

⟩
, (5)

with ⟨•⟩ denoting the quantum mechanical expectation value, represents the source of the temperature
∆T(x, t). Using the Green’s function

G(x, t) = 1

4πDt
e−x

2/4Dt−t/τ (6)

allows solving the diffusion equation (4) according to

∆T(x, t) = τB

ˆ t

0

dt ′

τ

ˆ
d2x ′ G(x− x ′, t− t ′)n(x ′, t ′)+∆T0(x) , (7)
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with the initial temperature distribution∆T0(x), which may stem from prior pump pulses and accumulate
during the experimental cycle, as is shown in figure 1(c) and discussed in A. Inserting equation (7) into the
second-quantised Hamiltonian (2) yields

Ĥ(t) =

ˆ
d2x Ψ̂†(x, t)

{
h(x)+ gT

ˆ t

0

dt ′

τ

ˆ
d2x ′ G(x− x ′, t− t ′)n(x ′, t ′)+ γ∆T0(x)

}
Ψ̂(x, t) , (8)

with the steady-state interaction strength gT = γτB [11]. Note that the integral kernel in the Hamiltonian (8)
also acts on the time, reflecting the temporal retardation of the thermo-optic interaction. This implies the
condensate to not only depend on the current time, but also on its complete history. Stein et al [11]
investigates the impact of this memory effect upon the lowest-lying collective frequencies of a photon BEC
subject to the thermo-optic interaction in the long-time lime. It turns out that the memory effect leads to a
decrease of the collective frequencies, including the centre-of-mass oscillation. Figure 1(a) clearly shows that
the experiment can investigate the long-time limit only after several pump cycles. Therefore, the current
work focuses on the short-time behaviour during a single pump pulse and calculates the appearing energy
shifts, which are equivalent to the lowest-lying collective excitations for the long timescales. Therefore, the
next section shows, how the Hamiltonian (8) can be simplified by considering the experimental timescales of
a single pump pulse.

2.2. Experimental timescales
Rescaling the integration variable t

′
in equation (7) and subsequently in (8) by 1/τ explicitly reveals the t/τ

dependency of the integral. Experimentally, t corresponds to the phBEC lifetime and τ denotes the decay
time of the temperature difference, cf figure 1(a) and appendix A. Since these timescales imply the ratio
t/τ ∼ 10−6, an expansion up to the first order in t/τ yields an accurate approximation for the
temperature (7). In particular, the Gaussian function in (6) goes over into a Dirac-δ distribution and (7)
reduces to

∆T(x, t)≈ τB
t

τ
n(x,0). (9)

As a consequence of this approximation, the details of the Green’s function (6) are irrelevant to the further
experiment, and only the initial photon density n(x,0) defined according to equation (5) determines the
spatial temperature profile. This is a direct outcome of the temporal retardation of the thermo-optic
interaction. Therefore, this type of interaction prevents a back action of the actual photon density.

The same approximation that lead to the temperature distribution (9) yields for the second-quantised
Hamiltonian (8)

Ĥ(t) =

ˆ
d2x Ψ̂†(x, t)

{
h(x)+ g(t)n(x,0)

}
Ψ̂(x, t) , (10)

with the effective time-dependent thermo-optic interaction strength

g(t) = tγB . (11)

Conclusively, the thermo-optic interaction behaves like an effective potential, that increases linearly in time,
rather than like a usual two-particle interaction, which is local in time. This is the immediate consequence of
the interplay between the slow growth of the temperature during a single pump pulse and the fast
thermalization timescale.

2.3. Adiabatic treatment
Since the temperature timescale is by far the slowest, as figure 1(a) illustrates, treating the time dependence of
the interaction strength (11) adiabatically is justified [18]. The aim is to investigate the instantaneous steady
states of the second-quantised Hamiltonian (10). To this end, the eigenvalue problem of the first-quantised
Hamiltonian (3)

h(x)ψn(x) = En(0)ψn(x) (12)

yields a basis of orthonormal eigenmodes ψn(x) with corresponding eigenenergies En(0). Here, n is a
multi-index denoting all the quantum numbers of the corresponding state. This provides an expansion of the
field operators

Ψ̂(x, t) =
∑
n

ân(t)ψn(x) , Ψ̂†(x, t) =
∑
n

â†n(t)ψ
∗
n(x) . (13)
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Here, the annihilation and creation operators ân(t) and â†n(t) fulfil the canonical bosonic commutation
relations: [

ân(t), ân ′(t)
]
=
[
â†n(t), â

†
n ′(t)

]
= 0 ,

[
ân(t), â

†
n ′(t)

]
= δn,n ′ . (14)

As at the beginning of the experiment no interaction is present, the annihilation, and creation operators
ân(0) and â†n(0) belong to the plain eigenmodes ψn(x) of the first-quantised Hamiltonian (3). Moreover,
since the pump laser determines the polarisation of the photon field in the condensed phase [19, 20], only a
single photon polarisation is present, thus, the annihilation and creation operators do not carry a
polarisation index. The expansion (13) allows writing the second-quantised Hamiltonian (10) in the form

Ĥ(t) =
∑
nn ′

Hn,n ′(t)â†n(t)ân ′(t) , (15)

with the Hamiltonian matrix

Hn,n ′(t) = En(0)δn,n ′ + g(t)Fn,n ′ . (16)

The non-diagonal matrix

Fn,n ′ =

ˆ
d2x ψ∗

n(x)n(x,0)ψn ′(x) (17)

contains the overlap of two modes n ,n ′ with the initial density n(x,0) and, thus, describes the influence of
the thermo-optic interaction. Diagonalising the Hamiltonian matrix (16) determines the finite-time
operators ân(t), â

†
n(t), specifying the instantaneous eigenmodes. Thus, the latter take the form of a

superposition of the discrete eigenmodes, determined by the external potential V(x), as time increases.

2.4. Thermal steady state
In the following, this work does not include the actual thermalization dynamics of the photons, but instead
focuses on the long timescales during a single pump pulse, where the influence of the thermo-optic
interaction becomes of interest, cf figure 1(a). Hence, in the following, the photon gas is assumed to be
always in a thermal steady state and the beginning of the experiment refers to right after the thermalization.
This justifies to interpret the quantum mechanical expectation value Nl(t) = ⟨â†l (t)âl(t)⟩ as the
Bose–Einstein distribution

Nl(t) =
{
eβ[El(t)−µ(t)] − 1

}−1
. (18)

Here, El(t) denotes the instantaneous eigenenergies of the Hamiltonian matrix (16), β = 1/(kBT) is the
inverse temperature, and µ(t) stands for the instantaneous chemical potential, which is fixed by the
conserved total particle number N=

∑
lNl(t). Moreover, in the thermal steady state the density (5)

appearing in (10) takes the form

n(x, t) =
∑

l

Nl(t)|ψl(x)|2 , (19)

such that the interaction matrix (17) is finally given by

Fn,n ′ =
∑

l

Nl(0)

ˆ
d2x ψ∗

n(x)|ψl(x)|2ψn ′(x) . (20)

Here only the photon occupation from the beginning of the experiment appears due to the temporal
retardation of the interaction.

Note that this treatment can be seen as a Hartree–Fock analogue for the thermo-optic interaction. Like
the standard Hartree–Fock known from atomic and solid-state physics, our method approximates a
thermalized, interacting system by transforming to a new eigenbasis, such that the interaction effects are
incorporated for calculating physical quantities. Whereas, the standard Hartree–Fock theory for an
instantaneous interaction leads to a self-consistency problem, which needs to be solved iteratively, the
temporal retardation of the thermo-optic interaction, see figure 1(b) and Hamiltonian (10), intrinsically
avoids this problem. The latter bears the main physical difference between our adaption of the Hartree–Fock
method for a retarded interaction and the established Hartree–Fock method for an instantaneous interaction.
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2.5. Potentials
The formulation of the second-quantised Hamiltonian matrix (16) is generally valid for any trapping
potential. For the purpose of illustration the next section focuses in detail on two concrete trapping
potentials. On the one hand, an isotropic harmonic potential of the form

VHo =
ℏΩ
2

x2 + y2

l2
(21)

is considered, with the trapping frequency Ω and the oscillator length l=
√
ℏ/mΩ. On the other hand, also

the box potential

VBox =

{
0, 0⩽ x⩽ L, 0⩽ y⩽ L

∞, elsewhere
, (22)

is analysed, where L denotes the width of the box in both directions.

3. First-order perturbation theory

Since the photon–photon interaction is small, calculating the first-order in Rayleigh–Schrödinger
perturbation theory offers initial insights into the physics contained in the Hamiltonian matrix (16). Note
that first-order perturbation theory neglects the interaction between different energy subspaces in the
interaction matrix (20).

Although reaching a condensate fraction of more than 50% is a hard task in current phBEC experiments,
this section concentrates on the theoretical analysis of the deep condensate limit, where the ground-state
occupation number N0 coincides approximately with the total particle number N, i.e. N0 ≈ N. Hence, the
interaction matrix (20) reduces to

Fα,β ≈ N0(0)

ˆ
d2x ψα(x)|ψ0(x)|2ψ∗

β(x) , (23)

where, the indices α, β belong to the same energy subspace, such that Eα(0) = Eβ(0). Consequently, the
instantaneous eigenenergies En(t) have the approximate form

En(t)≈ En(0)+ g(t)N0E(1)
n , (24)

where E(1)
n denotes the first-order correction of the nth eigenenergy. Appendix B summarises the respective

details of calculating these corrections, and table 1 lists the corresponding results.
The perturbative calculation aims at the energy differences∆En,n ′(t) = En(t)− En ′(t) between two

different modes. In the considered precision they are given by

∆En,n ′(t)≈ En(0)− En ′(0)+ g(t)N0
[
E(1)
n −E(1)

n ′

]
. (25)

Figure 2(a) shows the corresponding eigenenergies up to the second excited states. They are plotted versus
the dimensionless interaction strength g̃(t) =mg(t)/ℏ2 [21], which depends linearly on time t according
to (11). With this choice of the scaling, the results presented here are broadly valid for different experimental
settings and do not depend on the material specific parameters γ and B. In addition, the chosen maximum
value of 1 for N0g̃(t) corresponds to existing measurements [9]. As a consequence of the repulsive
thermo-optic interaction, the eigenenergies are generically shifted to larger values. Depending on the mode
symmetry, the interaction also lifts some degeneracies, for details see table 1. Moreover, the thermo-optic
interaction influences the ground state most, and is less relevant for higher excited states. Since the effective
photon–photon interaction causes these energy shifts, its strength can be extracted from them. Spectroscopic
measurements offer experimental access to the energy differences between these modes, as depicted in
figure 2(b).

A comparison of the results from the different potentials shows that in the case of the box potential the
interaction effects are more dominant, which is due to the much stronger confinement of the photon gas. In
the harmonic potential the width of the excited states increases since for higher excitations the confinement
effectively weakens. This leads to smaller interaction matrix elements (23) and, hence, to a smaller effective
interaction strength. In case of the box potential, however, this is not possible due to the Dirichlet boundary
conditions upon the condensate wave function.

The result (25) of the first-order perturbation theory yields analytical formulas, which allow determining
the effective photon–photon interaction. In the harmonic case, the corresponding energy difference
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Table 1. First-order correction to energy eigenvalues (24) for (a) the harmonic potential (21) and (b) the box potential (22). The
multi-index n takes here the form n = (nx ny) and the square brackets denote the mode hybridisation due to the thermo-optic
interaction.

(a) n l2E(1)
n (b) n L2E(1)

n

(00) 1/(2π) (11) 9/4
(10) 1/(4π) (21) 3/2
(01) 1/(4π) (12) 3/2
2+ = [(20)+ (02)]/

√
2 1/(4π) (22) 1

(11) 1/(8π) 3+ = [(31)+ (13)]/
√
2 7/4

2− = [(20)− (02)]/
√
2 1/(8π) 3− = [(31)− (13)]/

√
2 5/4

Figure 2. First-order perturbative calculation of eigenenergies. (a) Absolute eigenenergies in the form of (24) as a function of the
interaction strength. (b) Corresponding energy differences to the ground-state energies EHo

(00)
and EBox

(11)
, respectively. In both

pictures, the solid lines and the left y-axis refer to the harmonic potential (21), whereas the dashed lines and the right y-axis
correspond to the box potential (22). The different mode indices are summarised in table 1.

∆EHo(10,00) between the first excited and the ground state yields for the effective photon–photon interaction
strength the formula

g̃Ho(t) =
4π

N0

[
1−

∆EHo(10,00)(t)

ℏΩ

]
, (26)

while for the box potential (22) this correspondingly amounts to

g̃Box(t) =
2π2

3N0

[
3−

∆EBox(21,11)(t)

EBox

]
, (27)

with the 1D ground-state energy EBox = π2ℏ2/(2mL2). Similar formulas can be derived for other
combinations of the energy eigenstates.

Thus, equations (26) and (27) offer the prospect for spectroscopically determining the effective
photon–photon interaction strength with a higher precision than in previous measurements, which were
based on detecting the condensate width [9]. For instance, interfering two cavity eigenmodes results in a
beating signal, the frequency of which corresponds to the energy difference (25) of the involved modes.

4. Summary and outlook

The theory presented in this work is crucial for understanding and precisely quantifying the effective
photon–photon interaction strength in current and future phBEC experiments. The second-quantised
Hamiltonian (10) represents the backbone of this theory. It describes the impact of the thermo-optic
photon–photon interaction emerging during a single pump pulse. The experimental timescales allow
treating the thermo-optic photon–photon interaction adiabatically, yielding a matrix formulation (16) of the
Hamiltonian (10). With this, it is possible to predict the shifts of the photon eigenenergies, which allow a
precise spectroscopic measurement of the emerging photon–photon interaction.

The Hamiltonian matrix (16) also contains information about the excited states, which permits
calculating the impact of the thermal cloud on the measurement. However, this impact is only relevant in
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case of an increased effective photon–photon interaction, as it may occur at the dimensional crossover [13].
Due to the increased photon–photon interaction, a perturbative approach like the one used in section 3 is no
longer valid. Therefore, in such a situation, Exact Diagonalization turns out to be a necessary tool for
analysing the Hamiltonian matrix (16) [22].
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Appendix A. Effective steady state of temperature

The thermo-optic photon–photon interaction highly depends on the temperature diffusion inside the
microcavity. In particular, the strength of the thermo-optic interaction is proportional to the temperature
accumulated during a single experiment, as figure 1(a) depicts. This is especially important, as the maximum
condensate lifetime is limited by the dye bleaching, as outlined in the introduction. Therefore, this appendix
deals with the quasi steady-state of the temperature amplitude during a whole experimental sequence, as it is
depicted in figure 1(c). As the temperature decay time τ is much larger than the condensate lifetime texp, a
δ-function peak models the temperature gain∆T during a single experiment. For the detailed timescales,
consider figure 1(a). The temperature gain is connected to the heating rate B, the condensate lifetime texp and
the photon number N in a single pump pulse via

∆T= texpBN . (A.1)

In this appendix,∆T is assumed to be equal throughout an experimental cycle. Hence, the equation

Ṫ=− 1

τ
T+∆T

M∑
n=1

δ(t−∆tn) (A.2)

describes the temperature amplitude during a whole sequence ofM experiments, each separated by the time
∆t. A Dirac comb models the sequence of experiments heating the cavity. The first step for working out the
solution of (A.2) is to consider a single pulse at t=∆t. Integrating equation (A.2) from∆t− ϵ to∆t+ ϵ and
taking the limit ϵ→ 0 yields the temperature gain∆T during this pulse. For t>∆t, equation (A.2) reduces
to a simple decay equation. Hence, for a single pulse at t=∆t the temperature amounts to

T=

{
0 ,0⩽ t<∆t

∆Te−(t−∆t)/τ , t⩾∆t
. (A.3)

Combining now two δ-function peaks leads with the same reasoning to

T=


0 ,0⩽ t<∆t

∆Te−(t−∆t)/τ ,∆t⩽ t< 2∆t

∆T
(
1+ e−∆t/τ

)
e−(t−2∆t)/τ , t⩾ 2∆t

. (A.4)

Therefore, the temperature amplitude TM afterM experiments, i.e. TM = T(∆tM) takes the recursive form

TM =∆T+TM−1e
−∆t/τ , (A.5)

with T1 =∆T and formally defining T0 = 0. Bringing (A.5) into explicit form and solving the resulting
geometric series yields for the total temperature

TM =∆T
1− e−M∆t/τ

1− e−∆t/τ
. (A.6)
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The maximum temperature of (A.6) corresponds to the limitM→∞ and is given by

Tmax =
∆T

1− e−∆t/τ
. (A.7)

Equation (A.7) shows how the maximal temperature depends on∆T and the ratio∆t/τ .
In the case of∆t≫ τ subsequent experiments do not influence each other, as here Tmax =∆T, i.e. the

maximally reached temperature is just the one from a single experiment. On the other hand, realistic
experimental settings [10] amount to τ ∼ 1 s and∆t≈ 8 ms, realising the opposite case τ ≫∆t. With (A.1)
the maximal temperature (A.7) acquires the form

Tmax = στBN , (A.8)

where σ = texp/∆t is the so-called duty cycle of the experiment, which has in most experiments the value
σ = 1/16 000 due to the condensate lifetime texp = 500 ns. Thus, the larger the duty cycle, i.e. the condensate
lifetime, the larger the interaction.

Appendix B. Perturbation theory

This appendix deals with the calculation of perturbative results used in section 3.

B.1. Harmonic oscillator
The eigenenergies of the harmonic potential (21) read

En(0) = ℏΩ
(
nx + ny + 1

)
(B.1)

and the corresponding eigenfunctions are the Gauß–Hermite functions

ψn(x) =

√
1

2nx+nynx!ny!π l2
Hnx

(x
l

)
Hny

(y
l

)
e−(x2+y2)/(2l2) , (B.2)

whereHn(x) denote the Hermite polynomials. The eigenfunctions (B.2) give rise to the simplified interaction
matrix (23) up to the third energy subspace

FHo =
N(00)

π l2



1/2 0 0 −1/(4
√
2) 0 −1/(4

√
2)

0 1/4 0 0 0 0
0 0 1/4 0 0 0

−1/(4
√
2) 0 0 3/16 0 1/16

0 0 0 0 1/8 0
−1/(4

√
2) 0 0 1/16 0 3/16

 , (B.3)

where the modes are ordered with respect to their vectorised mode indices, cf table B1(a). Calculating the
first-order corrections to the energies amounts to neglecting the interaction between different energy
subspaces, i.e. neglecting the coupling between ground state and second excited state in (B.3). The resulting

eigenvalues E(1)
n are shown in table 1.

B.2. Box potential
The eigenenergies of the box potential (22) are given by

En(0) = EBox
(
n2x + n2y

)
, (B.4)

with the 1D ground-state energy EBox = π2ℏ2/(2mL2) and the eigenfunctions read

ψn(x) =
2

L
sin

(nxπ x
L

)
sin

(nyπ y
L

)
. (B.5)

This yields for the simplified interaction matrix (23)

FBox =
N(11)

L2



9/4 0 0 0 −3/4 −3/4
0 3/2 0 0 0 0
0 0 3/2 0 0 0
0 0 0 1 0 0

−3/4 0 0 0 3/2 1/4
−3/4 0 0 0 1/4 3/2

 , (B.6)
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Table B1. Index ordering (a) for harmonic potential (21) and (b) for box potential (22) in the corresponding Hamiltonian matrix.

(a) n Vectorised index (b) n Vectorised index

(00) 1 (11) 1
(10) 2 (21) 2
(01) 3 (12) 3
(20) 4 (22) 4
(11) 5 (31) 5
(02) 6 (13) 6

which is treated as the corresponding one for the harmonic potential (B.3).

ORCID iDs

Enrico Stein https://orcid.org/0000-0003-4820-7126
Axel Pelster https://orcid.org/0000-0002-5215-0348

References

[1] Pethick C J and Smith H 2008 Bose–Einstein Condensation in Dilute Gases (Cambridge: Cambridge University Press)
[2] Pitaevskii L and Stringari S 2016 Bose–Einstein Condensation and Superfluidity (Oxford: Oxford University Press)
[3] Lahaye T, Menotti C, Santos L, Lewenstein M and Pfau T 2009 The physics of dipolar bosonic quantum gases Rep. Prog. Phys.

72 126401
[4] Boyd R W 2020 Nonlinear Optics 4th edn (New York: Academic)
[5] Faccio D 2015 A matter of gravity Nat. Phys. 11 806
[6] Bekenstein R, Schley R, Mutzafi M, Rotschild C and Segev M 2015 Optical simulations of gravitational effects in the

Newton–Schrödinger system Nat. Phys. 11 872
[7] Tsoulos T V and Tagliabue G 2020 Self-induced thermo-optical effects in silicon and germanium dielectric nanoresonators

Nanophotonics 9 3849
[8] Pruessner MW, Stievater T H, Ferraro M S and Rabinovich W S 2007 Thermo-optic tuning and switching in SOI waveguide

Fabry–Perot microcavities Opt. Express 15 7557
[9] Klaers J, Schmitt J, Vewinger F and Weitz M 2010 Bose–Einstein condensation of photons in an optical microcavity Nature 468 545
[10] Klaers J, Schmitt J, Damm T, Vewinger F and Weitz M 2011 Bose–Einstein condensation of paraxial light Appl. Phys. B 105 17
[11] Stein E, Vewinger F and Pelster A 2019 Collective modes of a photon Bose–Einstein condensate with thermo-optic interaction New

J. Phys. 21 103044
[12] Dung D, Kurtscheid C, Damm T, Schmitt J, Vewinger F, Weitz M and Klaers J 2017 Variable potentials for thermalized light and

coupled condensates Nat. Photon. 11 565
[13] Stein E and Pelster A 2022 Photon BEC with thermo-optic interaction at dimensional crossover New J. Phys. 24 023032
[14] Greveling S, Perrier K L and van Oosten D 2018 Density distribution of a Bose–Einstein condensate of photons in a dye-filled

microcavity Phys. Rev. A 98 013810
[15] Kurtscheid C, Dung D, Busley E, Vewinger F, Rosch A and Weitz M 2019 Thermally condensing photons into a coherently split

state of light Science 366 894
[16] Walker B T, Flatten L C, Hesten H J, Mintert F, Hunger D, Trichet A A P, Smith J M and Nyman R A 2018 Driven-dissipative

non-equilibrium Bose–Einstein condensation of less than ten photons Nat. Phys. 14 1173
[17] Busley E, Espert Miranda L, Redmann A, Kurtscheid C, Karkihalli Umesh K, Vewinger F, Weitz M and Schmitt J 2022

Compressibility and the equation of state of an optical quantum gas in a box Science 375 1403
[18] Sakurai J J and Napolitano J 2021Modern Quantum Mechanics (Cambridge: Cambridge University Press)
[19] Moodie R I, Kirton P and Keeling J 2017 Polarization dynamics in a photon Bose–Einstein condensate Phys. Rev. A 96 043844
[20] Greveling S, van der Laan F, Jagers H C and van Oosten D 2017 Polarization of a Bose–Einstein condensate of photons in a

dye-filled microcavity (arXiv:1712.08426)
[21] Bloch I, Dalibard J and Zwerger W 2008 Many-body physics with ultracold gases Rev. Mod. Phys. 80 885
[22] Stein E and Pelster A 2022 Exact diagonalisation of photon Bose–Einstein condensates with thermo-optic interaction New J. Phys.

accepted (https://doi.org/10.1088/1367-2630/acc34b)

10

https://orcid.org/0000-0003-4820-7126
https://orcid.org/0000-0003-4820-7126
https://orcid.org/0000-0002-5215-0348
https://orcid.org/0000-0002-5215-0348
https://doi.org/10.1088/0034-4885/72/12/126401
https://doi.org/10.1088/0034-4885/72/12/126401
https://doi.org/10.1038/nphys3480
https://doi.org/10.1038/nphys3480
https://doi.org/10.1038/nphys3451
https://doi.org/10.1038/nphys3451
https://doi.org/10.1515/nanoph-2019-0534
https://doi.org/10.1515/nanoph-2019-0534
https://doi.org/10.1364/OE.15.007557
https://doi.org/10.1364/OE.15.007557
https://doi.org/10.1038/nature09567
https://doi.org/10.1038/nature09567
https://doi.org/10.1007/s00340-011-4734-6
https://doi.org/10.1007/s00340-011-4734-6
https://doi.org/10.1088/1367-2630/ab4b06
https://doi.org/10.1088/1367-2630/ab4b06
https://doi.org/10.1038/nphoton.2017.139
https://doi.org/10.1038/nphoton.2017.139
https://doi.org/10.1088/1367-2630/ac51ec
https://doi.org/10.1088/1367-2630/ac51ec
https://doi.org/10.1103/PhysRevA.98.013810
https://doi.org/10.1103/PhysRevA.98.013810
https://doi.org/10.1126/science.aay1334
https://doi.org/10.1126/science.aay1334
https://doi.org/10.1038/s41567-018-0270-1
https://doi.org/10.1038/s41567-018-0270-1
https://doi.org/10.1126/science.abm2543
https://doi.org/10.1126/science.abm2543
https://doi.org/10.1103/PhysRevA.96.043844
https://doi.org/10.1103/PhysRevA.96.043844
https://arxiv.org/abs/1712.08426
https://doi.org/10.1103/RevModPhys.80.885
https://doi.org/10.1103/RevModPhys.80.885
https://doi.org/10.1088/1367-2630/acc34b

	Hartree–Fock analogue theory of thermo-optic interaction
	1. Introduction
	2. Thermo-optic Hamiltonian
	2.1. Generic formulation
	2.2. Experimental timescales
	2.3. Adiabatic treatment
	2.4. Thermal steady state
	2.5. Potentials

	3. First-order perturbation theory
	4. Summary and outlook
	Appendix A. Effective steady state of temperature
	Appendix B. Perturbation theory
	B.1.  Harmonic oscillator
	B.2.  Box potential

	References


