Tangent Measure Distributions of Hyperbolic Cantor Sets by Daniela Krieg and Peter Mörters

Abstract: Tangent measure distributions were introduced by Bandt [2] and Graf [8] as a means to describe the local geometry of self-similar sets generated by iteration of contractive similitudes. In this paper we study the tangent measure distributions of hyperbolic Cantor sets generated by certain contractive mappings, which are not necessarily similitudes. We show that the tangent measure distributions of these sets equipped with either Hausdorff- or Gibbs measure are unique almost everywhere and give an explicit formula describing them as probability distributions on the set of limit models of Bedford and Fisher [5].

Mathematics Subject Classification: 28A80, 28A75, 58F12. Key words: Fractals, Cantor sets, tangent measure distributions, limit models.

1 Tangent Measure Distributions: Definition and Properties

Tangent measure distributions were introduced by Bandt in [2] and, in the present form, by Graf in [8]. They provide a measure–theoretic tool to describe and understand the local geometry of sets and measures. To each point in the support of a measure, or in a set equipped with some natural measure, we assign a family of probability distributions on the space of measures, or, equivalently, a family of random measures, which reflects the behaviour of the measure as an observer zooms down towards this point. The concept of a tangent measure distribution is an extension of two ideas: On the one hand this is the idea of introducing tangent measures in the process of characterizing the regularity of measures by means of their local behaviour. This idea was used to very high effect by Preiss in his fundamental paper [16]. Recently, tangent measures have been subject of intensive research, for a survey see [11]. On the other hand this is the idea of using an averaging procedure on the set of scales to define, by means of ergodic theory, local characteristics of self-similar sets. This idea is due to Bedford and Fisher (see [4]). Closely related ideas can be found in the work of U. Zähle on self-similar random measures (see [19]), which is continued in a series of joint work with Patzschke and M. Zähle (see e.g. [18], [17]). Bandt joined these ideas and defined the tangent measure distributions of a measure at a point as limiting distributions of sequences of natural probability distributions on (rescaled) enlargements of the measure about this point. Roughly speaking, the weight that a tangent measure distribution assigns to a given set of (tangent) measures depends on the number of scales (in terms of the Haar measure on the multiplicative group of positive reals) for which the corresponding enlargement of the measure is close (in the vague topology) to the given set of measures. More precisely:

Definition and Remarks:

Denote by M(IR) the set of nonnegative Radon measures on IR equipped with the vague topology. The topology of M(IR) is Polish and can be generated by the metric D defined by D(ν, μ) = ∞∑ i=1 (1/2)^i · min{1, D_i(ν, μ)} .

Here D_r(ν, μ) is defined as the supremum of | ∫ f dν − ∫ f dμ| with f running through the set of all f : IR → [0, ∞) with Lipschitz constant L_f ≤ 1 and supp f ⊆ U(0, r), where U(a, r) denotes the open interval of length 2r centred in a (see [11, Chapter 14]). Let μ ∈ M(IR) and suppose that there is some 0 ≤ s ≤ 1 such that μ has positive lower and finite upper s-densities, i.e.

0 < lim inf_{r↓0} μ(U(a, r)) r^s ≤ lim sup_{r↓0} μ(U(a, r)) r^s < ∞ for μ-almost every a.

Let a ∈ IR. Define the family of measures (μ_{a,t})_{t>0} ⊆ M(IR), the enlargements of μ about a, by μ_{a,t}(A) = μ(a + tA) for all Borel sets A ⊆ IR. It is not hard to check that the vague topology makes the mapping Λ : M(IR) × IR × (0, 1) −→ M(IR) (μ, a, t) → μ_{a,t} continuous. The elements of the set

Tan_s(μ, a) = {ν = lim_{n→∞} μ_{a,tn} t^s_n in the vague topology for some t_n ↓ 0} ⊆ M(IR)

are the (s-dimensional) tangent measures of μ at a. Define probability distributions P^a_ε on M(IR) by

P^a_ε (M) = (| log ε|)^{−1}

∫_1 ε 1_M ( μa,t t^s ) dt t for Borel sets M ⊆ M(IR),

where 1_M is the indicator function of M. The set P(μ, a) of (s-dimensional) tangent measure distributions of μ at a is defined as the set of all limit points of (P^a_ε )_{ε>0} as ε ↓ 0 in the weak topology; if the limit exists, we say that μ has a unique tangent measure distribution at a.

Tangent measure distributions are easily seen to be probability distributions on the set of tangent measures. We now state some general properties of tangent measure distributions for measures μ, ν with positive lower and finite upper s-densities, which will be used in the following investigations. The following properties can be checked easily (for proofs see [12]).

Proposition 1.1 The closure of {μ_{a,t}/t^s : 0 < t < 1} ⊆ M(IR) is compact. Consequently, the sets Tan_s(μ, a) and P(μ, a) are nonempty and P is the unique tangent measure distribution of μ at a if and only if P(μ, a) = {P }.

Proposition 1.2 Suppose μ, ν are equivalent measures and f =^{dμ}_{dν} . Then, for ν-almost every a, the tangent measure distributions P_ν ∈ P(ν, a) are given by P_ν (M) = P_μ({f(a) · ϱ : ϱ ∈ M}), M ⊆ M(IR) Borel, where P_μ runs through P(μ, a).

For every λ > 0 we define the rescaling operator S^s_λ : M(IR) → M(IR) by S^s_λν(A) = (1/λ^s)·ν(λA) and, for every u ∈ IR, we define the shift operator T^u : M(IR) → M(IR) by T^uν(A) = ν(u + A). Tangent measure distributions have the following invariance properties:

Proposition 1.3 Let 0 ≤ s ≤ 1 and suppose that μ ∈ M(IR) has positive lower and finite upper s-densities μ-almost everywhere.

(i) At every a ∈ IR all tangent measure distributions P ∈ P(μ, a) fulfill

P = P ∘ (S^s_λ)^{−1} for all λ > 0.

(ii) At μ-almost every a, all tangent measure distributions P ∈ P(μ, a) fulfill ∫ ∫ G(ν, u) dν(u) dP (ν) = ∫ ∫ G(T^uν, −u) dν(u) dP (ν) , for all Borel functions G : M(IR) × IR −→ [0, ∞). (1)

Whereas the scaling invariance 1.3(i) is easy to check, the shift-invariance 1.3(ii), the so–called Palm formula, is non-trivial. A proof can be found in [13] or the thesis [12]. We can use these invariance properties to see what happens if we iterate the procedure of taking tangent measure distributions.

Proposition 1.4 Let μ ∈ M(IR) be a measure with positive lower and finite upper s-densities μ-almost everywhere. Then, at μ-almost every point, every tangent measure distribution P has the following property: P -almost every measure ν has a unique tangent measure distribution Q^ν_a at ν-almost all points a and at a = 0. Furthermore, let A be the σ-algebra of all Borel sets of M(IR) that are invariant with respect to the action of the rescaling-group (S^s_λ)_{λ>0} and let

P_A : M(IR) −→ Prob (M(IR)) ν → P_A[ν] , a conditional distribution of P given A. Then Q^ν_a = P_A[T^aν] at ν-almost every a and at a = 0, for P -almost every ν. In particular, if P is ergodic with respect to the action of the rescaling group, then for P -almost every ν, we have Q^ν_a = P at ν-almost every a and at a = 0.

Proof. First of all, observe that the existence of the conditional distribution P_A follows from the fact that M(IR) is a Polish space. Now look at the origin and use Birkhoff’s ergodic theorem to calculate, for continuous and bounded F : M(IR) −→ [0, ∞),

lim_{ε↓0} | log ε|^{−1}

∫_1 ε F ( ν_{0,t} t^s ) dt t = lim_{s↑∞}(1/s) ∫ s 0 F ( ν_0 ,e^{−τ} e^{−τs} ) dτ = lim_{s↑∞}(1/s) ∫ s 0 F ∘ S^s_e−τ (ν) dτ = ∫ F dP_A[ν] for P -almost every ν. As the convergence has only to be checked on a countable, dense set of continuous and bounded functions F , this implies lim_{ε↓0} P^0_ε = P_A[ν] for P -almost every ν, which is the statement for the origin. For the other points we define the Borel set

M = {(ν, a) : the unique tangent measure distribution of ν at a equals P_A[T^aν]}.

We use the Palm formula (1) to get 0 = ∫ ∫ 1_M c (ν, 0) dν(a) dP (ν) = ∫ ∫ 1_M c(T^aν, 0) dν(a) dP (ν).

Therefore for ν-almost all a we have (T^aν, 0) ∈ M, for P -almost all ν. But (T^aν, 0) ∈ M is equivalent to (ν, a) ∈ M, which finishes the proof of the main statement. In the ergodic case, finally, the constant kernel P is itself a conditional distribution of P given A.

More about tangent measure distributions for general measures can be found in the thesis [12] and in the papers [13] and [14]. Tangent measure distributions of self-similar sets generated by contractive similitudes are investigated in [2] and [8], the random case is studied in [1]. We now turn to the study of tangent measure distributions of a class of Cantor sets generated by contractive mappings, which are not necessarily similitudes, the hyperbolic Cantor sets, or cookie-cutters.

2 Hyperbolic Cantor Sets and their Limit Models

We first give the definition of a hyperbolic Cantor set (occasionally one encounters slightly different definitions, for a comparison see [6]).

Definition: Take 0 < γ ≤ 1 and an open interval J containing the unit interval I = [0, 1]. Let φ_0, φ_1 : J → J be C^{1+γ}-mappings, i.e. the derivatives φ^′_0, φ^′_1 are γ-Hölder-mappings, such that

• φ_0(0) = 0, φ_1(1) = 1 and φ_0(J) ∩ φ_1(J) = ∅,

• there are 0 < α, β < 1 and c > 0 such that α^n < (φ_{x0} ∘ · · ·∘ φ_{xn−1} )^′(a) < cβ^n for all a ∈ J, (x_0, . . ., x_{n−1}) ∈ {0, 1}^n and n ≥ 1.

Then there is a unique nonempty, compact set C ⊆ J such that C = φ_0(C) ∪ φ_1(C) , which is the hyperbolic (or cookie–cutter) Cantor set associated to φ_0, φ_1.

We denote by Σ^− = ∏_{−∞} i=−1{0, 1} the space of left–sided sequences in {0, 1} equipped with the

topology coming from the metric d defined by d(x, y) = β^m, where m is the largest nonnegative integer such that x_i = y_i whenever |i| < m. In an analogous way we can equip the spaces Σ^+ = ∏_∞ i=0{0, 1} of right–sided sequences and Σ = ∏_∞ i=−∞{0, 1} of two–sided sequences with

a metric structure. As Σ = Σ^− × Σ^+ we shall frequently use the notation x = (y, x) ∈ Σ for y ∈ Σ^− and x ∈ Σ^+. For x ∈ Σ^+ we abbreviate φ_{x0...xn} = φ_{x0} ∘ . . . ∘ φ_{xn} and I^n_x = I_{x0...xn−1} = φ_{x0...xn−1} (I) , J^n_x = J_{x0...xn−1} = φ_{x0...xn−1} (J). It is well–known that there is a homeomorphism, the code–mapping, π : Σ^+ → C such that {π(x)} = ∞⋂ n=1 I^n_x . On the open set J_0 ∪ J_1 we can define a C^{1+γ}–mapping S by S(a) = φ^{−1}_i (a) for a ∈ J_i. Observe that π^{−1} ∘ S ∘ π is the left–shift on Σ^+. C is also the largest invariant set for the expanding map S.

We shall make use of the following well–known facts about hyperbolic Cantor sets (see [3] or [6] and references therein for proofs). First of all there is the bounded distortion property: There is a constant K > 0 such that, for all intervals E ⊆ J_{x0...xn−1} and a, b ∈ E,

exp(−K δ^γ) <

(S^n)^′(a) (S^n)^′(b)

< exp(K δ^γ) , (2)

where δ = |S^n(E)| and S^n denotes the n-th iterate of S. We may also find a constant k > 0 such that, for all n ≥ 1 and x ∈ Σ^+,

k < |I^n_x |(S^n)^′(π(x)) < k^{−1} and |I^{n+1}_x | ≥ k|I^n_x |. (3)

Finally, there is a constant t^∗ > 0 such that, for all n ≥ 1, a ∈ C and all t ∈ IR with 0 < log(S^n)^′(a) ≤ t, we have U(a, e^{−(t+t∗)}) ⊆ J^n_π−1_{(a)} . (4) We shall consider two canonical measures ν and μ ∈ M(IR) supported by the Cantor set C. Details on the construction of the Gibbs measure ν can be found in [7] (see also [3]). There is η > 0, a unique number 0 < s < 1 and a unique shift-invariant and ergodic probability measure ν̂ on Σ such that, for all x ∈ Σ^+ and n ≥ 1, η < ν̂{y ∈ Σ : y_0 = x_0, . . ., y_{n−1} = x_{n−1}} · [ (S^n)^′(π(x)) ]s < η^{−1}. ν̂ is called Gibbs measure. Bowen found that the number s is the Hausdorff dimension of C. We can define a measure ν on C by

ν(A) = ν̂(Σ^− × π^{−1}(A)) for all A ⊆ C Borel.

ν is an S-invariant ergodic probability measure on C and is called the Gibbs measure on C. By μ we shall denote the s–Hausdorff measure restricted to C. For a diffeomorphism Φ : A → B between intervals A, B, a number r > 0 and a Radon measure ϱ on A, the (Φ, r)-conformal transform of ϱ is the measure Φ̌ϱ defined by

Φ̌ϱ(E) = ∫ Φ−1E |Φ^′|^r dϱ for E ⊆ B Borel.

The conformal transform property Φ̌H^s = H^s of s-Hausdorff measure implies that μ(S(E)) = ∫ E |S^′|^s dμ for E ⊆ J_0, J_1 Borel.

Therefore μ is called the conformal measure for (C, S).

It is well–known that the measures μ and ν are equivalent. Moreover there is a constant κ > 0 such that, for all a ∈ C and 0 < t ≤ 1, κ^{−1} · t^s < μ(U(a, t)), ν(U(a, t)) < κ · t^s. (5) In particular, both μ and ν have positive lower and finite upper s-densities.

Following Bedford and Fisher ([6]) we now introduce the ratio Cantor sets, or limit models, of C. We start with the construction of the scaling function of C, which is due to Sullivan (see [15] and [6]). For this purpose define for a positive integer n a mapping R^{(n)} : Σ^− → IR^2 by

R^{(n)}(y) = 1 |I_{y−n...y−1} | · (|I_{y−n...y−10}|, |I_{y−n...y−11}|). For every y ∈ Σ^− there is R(y) = lim_{n→∞} R^{(n)}(y).

The resulting γ-Hölder continuous function R : Σ^− → IR^2 is called the scaling function of C.

For C^{1+γ}-hyperbolic Cantor sets C and C̃ with expanding maps S and S̃ the corresponding dynamical systems (C, S) and (C̃, S̃) are called C^{1+γ}-conjugate (resp. C^1-conjugate) if there is an orientation preserving C^{1+γ} (resp. C^1) diffeomorphism Φ : I → I such that S̃ ∘ Φ = Φ ∘ S.

If (C, S) and (C̃, S̃) are C^1-conjugate, it is easy to see that the corresponding shift-invariant measures ν̂ and the dimensions of C and C̃ coincide. Sullivan showed that for two hyperbolic Cantor sets C and C̃ the dynamical systems (C, S), (C̃, S̃) are C^1-conjugate if and only if their scaling functions coincide, Bedford and Fisher show in [6] that this conjugacy automatically has the same degree of smoothness as the Cantor sets themselves.

For every y = (y_i) ∈ Σ^− we define a sequence (Φ^y_n)^∞_{n=1} of mappings Φ^y_n : I → I as follows. First define an affine mapping A^y_n : I_{y−n...y−1} → I by

A^y_n(a) = a − φ_{y−n...y−1} (0) |I_{y−n...y−1} | , then let Φ^y_n = A^y_n ∘ φ_{y−n...y−1} . The following theorem is due to Bedford and Fisher and proved in [6].

Theorem 2.1 and Definition: For every y ∈ Σ^− the limit Φ^y = lim_{n→∞} Φ^y_n exists in the C^1-norm ‖f‖_C1 = ‖f‖_∞ + ‖f^′‖_∞. More precisely, there is a constant K^′ > 0 such that

‖Φ^y_n − Φ^y‖_C1 ≤ K^′ · β^{nγ} (6) and 1/K^′ < (Φ^y_n)^′(x) < K^′ for all n ≥ 1 and (y, x) ∈ Σ, (7) and ‖Φ^y − Φ^w‖_C1 ≤ K^′ · d(y, w)^γ for all y, w ∈ Σ^−. (8) The mappings Φ^y : I → I are C^{1+γ}–diffeomorphisms. For y ∈ Σ^− denote C^y = Φ^y(C). The family (C^y)_{y∈Σ}− is called the family of ratio Cantor sets or limit models of C. C^1-conjugate Cantor sets have the same limit models. The sets C^y are hyperbolic Cantor sets of the same Hausdorff dimension and (at least) the same degree of smoothness as C and Φ^y defines a C^{1+γ}-conjugacy between C and C^y. We denote by π^y = Φ^y ∘ π the code–mapping, by μ^y = Φ̌^yμ the s-Hausdorff measure and by ν^y the Gibbs measure on C^y.

In the following section we shall give a formula for the tangent measure distributions of both Hausdorff and Gibbs measure on a hyperbolic Cantor set in terms of the scaling function and the limit models defined above.

3 Tangent Measure Distributions of Hyperbolic Cantor Sets

We investigate the s-Hausdorff measure μ on a hyperbolic Cantor set C and start this section with a useful observation.

Lemma 3.1 The family (Λ_a)_{a∈C} defined by Λ_a(t) =^{Λ(μ,a,e−t)}_{e−ts} is uniformly equicontinuous with respect to the metric D.

Proof. Let f be Lipschitz with Lipschitz constant L_f ≤ 1 and supp f ⊆ U(0, r) for some r > 0 and let a ∈ C. For all 0 < τ_1 ≤ τ_2 we thus have | | | | ∫ f (b) d μ_{a,τ2} τ^s_2 (b) − ∫ f (b) d μ_{a,τ1} τ^s_1 (b) | | | | = | | | | 1 τ^s_2 ∫ U (a,rτ_2) f ( b − a τ_2 ) dμ(b) − 1 τ^s_1 ∫ U (a,rτ_1) f ( b − a τ_1 ) dμ(b) | | | | ≤ 1 τ^s_2 | | | | | ∫ U (a,rτ_2) f ( b − a τ_2 ) dμ(b) − ∫ U (a,rτ_1) f ( b − a τ_1 ) dμ(b) | | | | | + | | | 1 τ^s_2 − 1 τ^s_1 | | | | | | | | ∫ U (a,rτ_1) f ( b − a τ_1 ) dμ(b) | | | | | ≤ rτ_2 τ^s_2 | | | τ_1 − τ_2 τ_2τ_1 | | | μ(U(a, rτ^2)) + | | | τ^s_1 − τ^s_2 τ^s_2 τ^s_1 | | | ‖f‖^∞μ(U(a, rτ^1)) ≤ κr^{s+1} · | | | |1 − τ_2 τ_1 | | | | + κ‖f‖^∞r s · | | | |1 − τ^s_1 τ^s_2 | | | | . By definition of the metric D this implies the statement.

For r > 0 we define a mapping Π_r : M(IR) → M(IR), which restricts a measure on the line to the interval U(0, r), by Π_r(ϱ) = 1_{U (0,r)} ϱ. Clearly, a measure ϱ is uniquely determined if Π_{rn} (ϱ) is known for some sequence r_n ↑ ∞.

The following lemma is a major ingredient in the proof of the following statements.

Lemma 3.2 For every r > 0 there is λ_r = ke^{−t∗−log r} > 0 with the property that, whenever x, w ∈ Σ^+ and y ∈ Σ^− are such that, for a strictly increasing sequence (m_n) of positive integers, w_{mn} = y_{−n}, . . ., w_{mn+n−1} = y_{−1}, w_{mn+n} = x_0, . . ., w_{mn+2n−1} = x_{n−1} , then for all 0 < λ ≤ λ_r and t_n = |I^{mn+n}_w |, the sequence ( μπ_(w_),λt_n (λt_n)^s )_∞ n=1 has a subsequence converging to a limit ϱ fulfilling

Π_r(ϱ) = Π_r ( (μ^y)_πy_{(x),λ} λ^s ) .

Proof. Let a = π(w) ∈ C and for each n ≥ 1 choose y^{(n)} ∈ Σ^− and x^{(n)} ∈ Σ^+ such that (y^{(n)}_{−(mn+n)}, . . ., y^{(n)}_{−1} ) = (w_0, . . ., w_{mn+n−1}) (x^{(n)}_0 , x^{(n)}_1 , . . .) = (w_{mn+n}, w_{mn+n+1}, . . .). Let l_n = a − min I^{mn+n}_w |I^{mn+n} w | = A^{y(n)}_{mn+n}(a). Using Theorem 2.1 we infer from (6) and (8) that ‖Φ^{y(n)}_{mn+n} − Φ^y‖_C1 ≤ ‖Φ^{y(n)}_{mn+n} − Φ^{y(n)} ‖_C1 + ‖Φ^{y(n)} − Φ^y‖_C1 ≤ 2K^′ · β^{nγ} (9) and from (7) and (9) that

|Φ^{y(n)}_{mn+n}(π(x^{(n)})) − Φ^y(π(x))| ≤ K^′ · |π(x^{(n)}) − π(x)| + ‖Φ^{y(n)}_{mn+n} − Φ^y‖_C1 ≤ K^′c · β^n + 2K^′ · β^{nγ} . Therefore, using that a = π(w) = φ_{w0...wmn+n−1} (π(x^{(n)}), lim_{n→∞} l_n = lim_{n→∞} A^{y(n)}_{mn+n}(a) = lim_{n→∞} Φ^{y(n)}_{mn+n}(π(x^{(n)})) = Φ^y(π(x)) = π^y(x). (10) Using (5) and the compactness statement of Proposition 1.1 we find a subsequence of (λt_n) (which we denote (λt_n) again) and a measure ϱ, such that μ_{a,λtn} (λt_n)^s −→ ϱ . We now define for every n ≥ 1 and y^{(n)} ∈ Σ^−, the measure μ[y^{(n)}_{−(mn+n)} . . .y^{(n)}_{−1} ] = Φ̌^{y(n)}_{mn+n}μ . By (9) we thus have μ[y^{(n)}_{−(mn+n)} . . . y^{(n)}_{−1} ] = Φ̌^{y(n)}_{mn+n}μ −→ Φ̌^yμ = μ^y , and, using the continuity of the mapping Λ and (10), we infer μ[y^{(n)}_{−(mn+n)} . . .y^{(n)}_{−1} ]_{ln,λ} λ^s −→ (μ^y)_πy_{(x),λ} λ^s . (11) We use Φ^{y(n)}_{mn+n} = A^{y(n)}_{mn+n} ∘ φ_y(n)_{−(mn+n)...y}(n)_{−1} and the conformal transform property of s-Hausdorff measure to calculate, for all E ⊆ I Borel, μ[y^{(n)}_{−(mn+n)} . . . y^{(n)}_{−1} ](E) = 1 |I_y(n)_{−(mn+n)...y}(n)_{−1} |^s ∫ (Φy (n) mn+n) −1(E) [( φ_y(n)_{−(mn+n)...y}(n)_{−1} )_′ ]s dμ

= 1 (t_n)^s μ ( I_y(n)_{−(mn+n)...y}(n)_{−1} ∩ (A^{y(n)}_{mn+n})^{−1}(E) ) , recalling that t_n = |I_y(n)_{−(mn+n)...y}(n)_{−1} |. We observe that μ_{a,λtn} ([ −l_n λ , 1 − l_n λ ] ∩ E ) = μ ( I_y(n)_{−(mn+n)...y}(n)_{−1} ∩ (A^{y(n)}_{mn+n})^{−1}(l_n + λE) ) . Thus, using (11), (μ_{a,λtn} )|[_{−lnλ} ,_{1−lnλ} ] (λt_n)^s = μ[y^{(n)}_{−(mn+n)} . . . y^{(n)}_{−1} ]_{ln,λ} λ^s −→ (μ^y)_πy_{(x),λ} λ^s . By definition of λ_r and (3), (4), we have U(a, rt) ⊆ J^{mn+n}_w for all n ≥ 1 and t ∈ IR such that 0 < t ≤ λ_rt_n. As 0 < λ ≤ λ_r we have U(a, rλt_n) ∩ C ⊆ J^{mn+n}_w ∩ C = I^{mn+n}_w ∩ C = [a − l_nt_n, a + (1 − l_n)t_n] ∩ C , and we can conclude Π_r(ϱ) = Π_r ( (μ^y)_πy_{(x),λ} λ^s ) .

In the following we describe the tangent measures of hyperbolic Cantor sets. Our result on tangent measures has closest links to Bedford and Fisher’s results on the scenery of hyperbolic Cantor sets (cf. [5]).

Lemma 3.3 For μ-almost all a ∈ C and all r > 0, we have

Π_r(Tan_s(μ, a)) = { Π_r ( (μ^y)_πy_{(x),λ} λ^s ) : x ∈ Σ^+, y ∈ Σ^−, 0 < λ ≤ λ_r } , where λ_r > 0 is the constant defined in Lemma 3.2.

Proof. As ν is ergodic and ν and μ are equivalent, we have that, for μ-almost all a ∈ C, every finite sequence in {0, 1} appears infinitely often in the sequence w = π^{−1}(a). We fix a ∈ C with this property. Suppose r > 0 and x ∈ Σ^+, y ∈ Σ^− and 0 < λ ≤ λ_r are given. For n ≥ 1 let

m_1 = min{i > 0 : S^i(a) ∈ I_{y−1x0} } = min{i > 0 : w_i = y_{−1}, w_{i+1} = x_0} , m_{n+1} = min{i > m_n : S^i(a) ∈ I_{y−(n+1)...y−1x0...xn} } = min{i > m_n : w_i = y_{−(n+1)}, . . ., w_{i+n} = y_{−1}, w_{i+n+1} = x_0, . . ., w_{i+2n+1} = x_n} .

Observe that x, w, y and (m_n) fulfill the condition of Lemma 3.2 and therefore we can find a subsequence of (μ_{a,λtn} (λtn)s ) converging to a tangent measure ϱ, such that

Π_r(ϱ) = Π_r ( (μ^y)_πy_{(x),λ} λ^s ) , as required to prove the first inclusion. In order to prove the other inclusion we assume that μ_{a,sn} s^s_n −→ ϱ , for some sequence s_n ↓ 0 and a measure ϱ ∈ M(IR). We fix an arbitrary r > 0. For every s_n there is an integer m such that λ_r|I^{m+1}_w | ≤ s_n < λ_r|I^m_w |. As we can pass to a subsequence, if necessary, we may assume that there are x ∈ Σ^+ and y ∈ Σ^− such that, for m_1 = min{i > 0 : S^i(a) ∈ I_{y−1x0} }, m_{n+1} = min{i > m_n : S^i(a) ∈ I_{y−(n+1)...y−1x0...xn} }, we have λ_r|I^{mn+n+1} w | ≤ s_n < λ_r|I^{mn+n}_w | . Denote t_n = |I^{mn+n}_w |. From (3) we infer that the sequence (s_n/(λ_rt_n)) is bounded away from 0. Hence, passing to a subsequence again, we may assume that there is 0 < λ^′ ≤ 1 such that s_n λ_rt_n −→λ^′ . Denote λ = λ^′λ_r. By Lemma 3.2 we can, passing to a subsequence once more, assume that μ_{a,λtn} (λtn)s converges to a measure ϱ̃ with

Π_r(ϱ̃) = Π_r ( (μ^y)_πy_{(x),λ} λ^s ) . But, using^{sn}_{λtn} → 1 and Lemma 3.1, we find that ϱ = ϱ̃ and we have proved the second inclusion.

We may consider the components R_0 and R_1 of the scaling function as functions on the domain Σ by defining R_i((y, x)) = R_i(y). We define a positive, continuous function f : Σ → IR by f(x) = f((y, x)) = − log R_{x0} (y) for x = (y, x) ∈ Σ.

If σ : Σ → Σ denotes the left shift, the flow space Σ_f under f is defined as Σ_f = Σ × [0, ∞)/ ≈ for the equivalence relation ≈ generated by (x, f(x)) ≈ (σx, 0) (see e.g. [3]). It is possible to describe Tan_s(μ, a) in terms of Σ_f .

Theorem 3.4 For μ-almost all a ∈ C there is a continuous, surjective mapping M̃ : Σ_f −→ Tan_s(μ, a)

mapping the class of ((y, x), t) onto ν ∈ Tan_s(μ, a) such that, for all r > 0,

Π_r(ν) = Π_r ( (μy) π^y(x),e^{−t} e^{−ts} ) , if t is chosen such that e^{−t} ≤ λ_r and λ_r is defined as in Lemma 3.2.

Proof. Define M : Σ × [0, ∞) → M(IR) by M(x, λ) = M((y, x) , λ) = (μ^y)_πy_{(x),λ} λ^s . In order to show that the mapping M̃ given in the theorem is well–defined, we only have to prove that, for all n ≥ 1, x = (y, x) ∈ Σ and 0 < λ ≤ λ_r,

Π_r ( M(σ^nx, λ) ) = Π_r ( M(x, λ ∏n_{−1} i=0 R_{(σ}i_{x)0} (σ^ix)) ) . (12)

To prove this we use Lemma 3.2 again. Let a ∈ C be such that every finite sequence in {0, 1} appears infinitely often in w = π^{−1}(a). For n ≥ 1 we again pick the numbers m_n such that

m_1 = min{i > 0 : S^i(a) ∈ I_{y−1x0} }, m_{n+1} = min{i > m_n : S^i(a) ∈ I_{y−(n+1)...y−1x0...xn} }. Let t_n = |I^{mn+n}_w | and t^′_n = |I^{mn+n+1}_w |. Using Lemma 3.2 we find, for every 0 < λ ≤ λ_r, a sequence (k_n) of integers and measures ϱ, ϱ̃ such that μ_{a,λtkn Rx0 (y)} (λt_{kn} R_{x0} (y))^s −→ ϱ and μ_{a,λt}′_{kn} (λt^′_{kn} )^s −→ ϱ̃ and Π_r(ϱ) = Π_r ( M(x, λR_{x0}(y)) ) and Π_r(ϱ̃) = Π_r ( M(σx, λ) ) . Using the definition of the scaling function and the bounded distortion property (2) we infer that, for some ξ, ξ^′ ∈ I^{mn+n}_w , t^′_n t_nR_{x0} (y) = |I_{y−n...y−1x0} | |I_{y−n...y−1} |R_{x0}(y) →1 · (S^{mn})^′(ξ) (S^{mn} )^′(ξ^′) →1 −→ 1 .

Therefore, by Lemma 3.1, D ( μ a,λtnRx_0 (y) (λt_nR_{x0} (y))^s , μ_{a,λt}′_n (λt^′_n)^s ) −→ 0 and altogether we get Π_r ( M(σx, λ) ) = Π_r ( M(x, λR_{x0}(x)) ) , and the full statement of (12) follows inductively. Hence M̃ is well–defined. Moreover, M̃ is continuous by Theorem 2.1 and surjective by Lemma 3.3.

There is a natural semiflow (Φ_t)_{t≥0} on Σ_f mapping the class of (x, u) onto the class of (x, u + t). (Φ_t) is called the flow under the function f. Every shift–invariant probability measure ν on Σ induces a (Φ_t)–invariant probability measure ν_f on Σ_f by means of

ν_f (A × B) = ν(A) L(B) ∫ f dν for A ⊆ Σ and B ⊆ [0, inf_{x∈A} f(x)],

where L denotes Lebesgue measure.

We can now formulate and prove the main result of this paper, the formula for the tangent measure distributions of the Hausdorff measure μ.

Theorem 3.5 At μ-almost every point the measure μ has a unique tangent measure distribution P , which does not depend on the point. P is the image under M̃ of the (Φ_t)–invariant measure on Σ_f induced by the Gibbs measure ν̂ on Σ. More explicitly, for r > 0 and λ_r > 0 as in Lemma 3.2 the tangent measure distribution P is given by

P (A) = −1 ∫ log R_{x0}(y) dν̂((y, x)) ∫ λ^r∫ λrRx_0 (y) 1_A ( (μ^y)_πy_{(x),λ} λ^s ) dλ λ dν̂((y, x)) (13)

for all A ⊆ M(IR) chosen from the σ-field B_r = {Π^{−1}_r (B) : B ⊆ M(IR) Borel}.

Proof. We start with the calculation of the tangent measure distributions of Hausdorff measure on the limit models C^y and afterwards we shall use our knowledge of Lemma 3.3 and Proposition 1.4 to infer the formula for general hyperbolic Cantor sets.

Fix some r > 0 and a continuous bounded function F : M(IR) → [0, ∞). For x= (y, x) ∈ Σ and 0 < λ ≤ λ_r we write M(x, λ) = M((y, x) , λ) = (μ^y)_πy_{(x),λ} λ^s as in Theorem 3.4 and recall equation (12). We define F_∗ : Σ → IR as

F_∗(x) = ∫ λ_r λrRx_0 (y) F ∘ Π_r(M(x, λ)) dλ λ . By Birkhoff’s Ergodic Theorem, for ν̂-almost every x = (y, x), as N → ∞, 1 N N −1∑ n=0 F_∗(σ^nx) −→ ∫ ∫ λ_r λrRu_0 (v) F ∘ Π_r(M((v, u), λ)) dλ λ dν̂((v, u)) (14) and N − log(λ_r ∏N_{−1} n=0 R_{xn}(σ^nx)) −→ 1 − ∫ log R_{u0} (v) dν̂((v, u))

. (15)

Using the scaling invariance of^{dλ}_λ and (12) we infer 1 N N −1∑ n=0 F_∗(σ^nx) = 1 N ∫ λ_r λrr_N F ∘ Π_r(M(x, λ)) dλ λ ,

writing r_N = ∏N_{−1} n=0 R_{xn} (σ^nx).

For an arbitrary sequence ε_n ↓ 0 we find, for every n ≥ 1, an integer N such that λ_rr_{N +1} < ε_n ≤ λ_rr_N and thus ∫ λ_r λrr_{N+1} F ∘ Π_r(M(x, λ)) dλ λ ≥ ∫ λ_r εn F ∘ Π_r(M(x, λ)) dλ λ ≥ ∫ λ_r λrr_N F ∘ Π_r(M(x, λ)) dλ λ and | log(λ_rr_N )| ≤ | log ε_n| ≤ | log(λ_rr_{N +1})|. As | log(λ_rr_N )|/| log(λ_rr_{N +1})| → 1, we infer that, whenever x fulfills (14) and (15), 1 | log ε_n|

∫_1 εn F ∘ Π_r(M(x, λ)) dλ λ −→ 1 − ∫ log R_{u0} (v) dν̂((v, u)) ∫ ∫ λ_r λrRu_0 (v) F ∘ Π_r(M((v, u), λ)) dλ λ dν̂((v, u)) . (16) We now show that the set of full measure where (14, 15) and hence (16) hold may be written in the form Σ^− × A with a Borel set A ⊆ Σ^+ such that ν^y(π^y(A)) = 1 for all y ∈ Σ^−. For this purpose let y, z ∈ Σ^−, a ∈ C, λ > 0 and f ≥ 0 with Lipschitz constant L_f ≤ 1. We estimate | | | ∫ f ( b − Φ^y(a) λ ) dμ^y(b) − ∫ f ( b − Φ^z(a) λ ) dμ^z(b) | | | = | | | ∫ f ( Φ^y(b) − Φ^y(a) λ ) |(Φ^y)^′(b)|^s dμ(b) − ∫ f ( Φ^z(b) − Φ^z(a) λ ) |(Φ^z)^′(b)|^s dμ(b) | | | | ≤ | | | | ∫ f ( Φ^y(b) − Φ^y(a) λ ) (|(Φ^y)^′(b)|^s − |(Φ^z)^′(b)|^s) dμ(b) | | | | + ∫ | | |f ( Φ^y(b) − Φ^y(a) λ ) − f ( Φ^z(b) − Φ^z(a) λ )| | | |(Φ z)^′(b)|^s dμ(b) ≤ ‖f‖_∞ · μ(C) · sup_{b∈C} | ||(Φy)^′(b)|s − |(Φz)^′(b)|s | | + 2 μ(C) · sup_{b∈C} |(Φ^z)^′(b)|^s · sup_{b∈C} | | | | Φ^z(b) − Φ^y(b) λ | | | | . Hence, for x ∈ Σ^+, x= (y, x) and x^′ = (z, x), for 0 < λ ≤ λ_r, using Theorem 2.1, D(M(σ^nx, λ), M(σ^nx^′, λ))^{n→∞}−→ 0 . (17) Moreover, for all n ≥ 1, |F_∗(σ^nx) − F_∗(σ^nx^′)| = | | | | | ∫ λ_r λrRx_n (σ^nx) F ∘ Π_r(M(σ^nx, λ)) dλ λ − ∫ λ_r λrRx_n (σ^nx^′) F ∘ Π_r(M(σ^nx^′, λ)) dλ λ | | | | | ≤ sup λ∈[λrRx_n (σ^nx),λr] |F ∘ Π_r(M(σ^nx, λ)) − F ∘ Π_r(M(σ^nx^′, λ))| · | log R_{xn} (σ^nx)| + ‖F ‖_∞ · | log R_{xn} (σ^nx^′) − log R_{xn}(σ^nx)|.

Note that the components of the scaling function fulfill 0 < k ≤ R_0, R_1 ≤ 1 and the function F ∘Π_r is uniformly continuous on the compact set {M(x, λ) : x ∈ Σ, λ ∈ [k ·λ_r, λ_r]}. Hence the convergence in (14, 15) is independent of the projection of x onto Σ^− and we conclude that the set where the statements (14, 15) and (16) hold can be written as Σ^− × A with ν̂(Σ^− × A) = 1. As all limit models C^y and C are C^1-conjugate, the corresponding measures ν̂ coincide and this implies that ν^y(π^y(A)) = ν̂(Σ^− × A) = 1 for all y ∈ Σ^−.

To infer that the measure defined in (13) is the unique tangent measure distribution at μ^y-almost all points of C^y, we observe, using for example [9, Theorem 3.1], that a countable set of functions F : M(IR) → [0, ∞) of the form F (ν) = h(ν(f)), h : IR → [0, ∞) continuous and bounded, f : IR → [0, ∞) continuous with compact support, may be picked such that any two probability measures on M(IR) coincide whenever the integrals of these F coincide. Choose N ⊆ C^y as the (countable) union of the ν^y-null-sets π^y(A) corresponding to these F . Recalling that μ^y is absolutely continuous with respect to ν^y and that the statement of Proposition 1.1 holds for every a ∈ C^y, we infer that for all y ∈ Σ^− at μ^y-almost every a there is a unique tangent measure distribution P^y of μ^y which is given by (13).

Eventually we return to our principal aim and study the tangent measure distributions of the Hausdorff measure μ. Fix r > 0 and let a ∈ C be such that the statements of Proposition 1.1, Proposition 1.4 and Lemma 3.3 are fulfilled and suppose that P is a tangent measure distribution of μ at a. Then, using the notation of Proposition 1.4, for P -almost all ϱ,

Q^ϱ_u = P_A[T^uϱ] for ϱ-almost all u.

By Lemma 3.3 there is y ∈ Σ^−, v ∈ C^y and λ > 0 such that

Π_r(ϱ) = Π_r ( (μ^y)_{v,λ} λ^s ) = Π_r ∘ S^s_λ ∘ T^vμ^y .

By the scaling invariance of tangent measure distributions we have P(μ^y, v + uλ) = P ((μy)v,λ λ^s , u )

and we can infer from our formula for the tangent measure distributions of the μ^y that

Q^ϱ_u = P^y for ϱ-almost all u ∈ U(0, r).

For every set A ∈ B_r we thus get, using the Palm formula (1) twice,

P^y(A) = ∫ ∫ 1 U (0,r)(b) ϱ(U(0, r)) P^y(A) dϱ(b) dP (ϱ) = ∫ ∫ 1 U (0,r)(−b) T^bϱ(U(0, r)) P_A[T^bϱ](A) dϱ(b) dP (ϱ) = ∫ ∫ 1 U (0,r)(b) ϱ(U(0, r)) P_A[ϱ](A) dϱ(b) dP (ϱ) = ∫ P_A[ϱ](A) dP (ϱ) = P (A). By Proposition 1.1 the set P(μ, a) is nonempty and thus it contains only the measure given by (13). Hence this measure is the unique tangent measure distribution of μ at x.

Alternatively it is possible to show the uniqueness of the tangent measure distributions of μ by means of techniques analogous to those developed in [4] to prove the existence of order–two densities (see [10]). Then an explicit formula for P may be derived by means of the Palm formula for unique tangent measure distributions, which is much easier to prove than the general case (see [12]).

From Theorem 3.5 we also get

Corollary 3.6 If (C, S) and (C̃, S̃) are C^1-conjugate hyperbolic Cantor sets, then P , the tangent measure distribution at μ-almost all points of C, and P̃ , the tangent measure distribution at μ̃-almost every point of C̃, agree.

Finally, we infer the formula for the tangent measure distributions of the Gibbs measure ν by means of Proposition 1.2.

Corollary 3.7 At ν-almost every point a ∈ C the measure ν has a unique tangent measure distribution P^a. For r > 0 and λ_r > 0 as in Lemma 3.2 the P^a are given by

P^a(A) = −1 ∫ log R_{x0} (y) dν̂((y, x)) ∫ λ^r∫ λrRx_0 (y) 1_A ( dν dμ (a) · (μ^y)_πy_{(x),λ} λ^s ) dλ λ dν̂((y, x))

where A ⊆ M(IR) is chosen from the σ-field B_r.

References

[1] M. Arbeiter and N. Patzschke. Random self-similar multifractals. Math. Nachr., 181:5–42, 1996.

[2] C. Bandt. The tangent distribution for self-similar measures. Lecture at the 5th Conference on Real Analysis and Measure Theory, Capri, 1992.

[3] T. Bedford. Applications of dynamical systems theory to fractal sets. In: Fractal Geometry and Analysis, NATO ASI Series C, Kluwer, pp.1–44, 1991.

[4] T. Bedford and A.M. Fisher. Analogues of the Lebesgue density theorem for fractal sets of reals and integers. Proc. London Math. Soc.(3), 64:95–124, 1992.

[5] T. Bedford and A.M. Fisher. On the magnification of Cantor sets and their limit models. Mh. Math., 121:11–40, 1996.

[6] T. Bedford and A.M. Fisher. Ratio geometry, rigidity and the scenery process for hyperbolic Cantor sets. To appear in Ergodic Theory Dynam. Syst., 1997.

[7] R. Bowen. Equilibrium States and the Ergodic Theory of Anosov Diffeomorphisms.

Springer Lecture Notes in Mathematics 470, 1975.

[8] S. Graf. On Bandt’s tangential distribution for self-similar measures. Mh. Math., 120:223– 246, 1995.

[9] O. Kallenberg. Random Measures. Akademie Verlag, Berlin, 1983.

[10] D. Krieg. Tangentialmaßverteilungen hyperbolischer Cantormengen, Diplomarbeit, Universität Kaiserslautern, 1996.

[11] P. Mattila. The Geometry of Sets and Measures in Euclidean Spaces. Cambridge University Press, Cambridge, 1995.

[12] P. Mörters. Tangent Measure Distributions and the Geometry of Measures. PhD thesis, University College London, 1995.

[13] P. Mörters. Symmetry properties of average densities and tangent measure distributions of measures on the line. To appear in Adv. Appl. Math., 1997.

[14] P. Mörters and D. Preiss. Tangent measure distributions of fractal measures. Preprint.

[15] D. Sullivan. Differentiable structures on fractal–like sets, determined by intrinsic scaling functions on dual Cantor sets. AMS Proc. Symp. Pure Math. 48:15–23, 1987.

[16] D. Preiss. Geometry of measures in IR^n: Distribution, rectifiability and densities. Ann.

Math., 125:537–643, 1987.

[17] N. Patzschke and M. Zähle. Self-similar random measures are locally scale invariant.

Prob. Th. Rel.Fields, 97:559–574, 1993.

[18] N. Patzschke and U. Zähle. Self-similar random measures IV. The recursive construction model of Falconer, Graf, Mauldin and Williams. Math. Nachr., 149:285–302, 1990.

[19] U. Zähle. Self-similar random measures I. Notion, carrying Hausdorff dimension and hyperbolic distribution. Prob. Th. Rel. Fields, 80:79–100, 1988.

Daniela Krieg Peter Mörters Mathematisches Institut Fachbereich Mathematik Friedrich–Schiller–Universität Jena Universität Kaiserslautern 07740 Jena 67663 Kaiserslautern Germany. Germany.