Holomorphic rank-2 vector bundles on primary Kodaira surfaces

Marian Aprodu and Vasile Brînzǎnescu

Introduction

Let X be a smooth compact complex manifold of dimension n and consider V^π−→ X be a topological complex vector bundle on X. A classical problem demands to determine the conditions to be satisfied by V ensuring that V is the underlying topological bundle of a holomorphic vector bundle on X.

A priori there is no reasonable way to control the existence of holomorphic structures. Then one needs firstly to classify all the topological vector bundles by using some suitable invariants, and then to produce a set of holomorphic vector bundles whose corresponding invariants cover as much as possible.

In the case of surfaces, Wu has proved (cf. [?]) that topological vector bundles are completely characterized by the rank and the Chern classes (for threefolds this stays no longer true as seen in [?], [?]). There is also an obvious necessary condition for the existence problem, namely the first Chern class must belong to the Néron-Severi group of X: NS(X) := Ker ( H^2(X, Z) → H^2(X, O_X ) ) . Since the rank 1 case is trivial anyway, the existence problem on surfaces translates into the equivalent problem:

Problem. Find all the triples (r, c_1, c_2) ∈ N × NS(X) × Z, r ≥ 2 for which there exists a rank r holomorphic vector bundle E on X with Chern classes c_1(E) = c_1 and c_2(E) = c_2.

M. Aprodu: Institute of Mathematics of the Romanian Academy, P. O. Box 1-764, RO-70 700, Bucharest, Romania. e-mail: aprodu@stoilow.imar.ro Mathematisches Institut, Graduiertenkolleg ”Komplexe Mannigfaltigkeiten”, Universität Bayreuth, D-95440, Bayreuth, Germany.

e-mail: aprodu@btm8x5.mat.uni-bayreuth.de

V. Brînzănescu: Institute of Mathematics of the Romanian Academy, P. O. Box 1-764, RO-70 700, Bucharest, Romania. e-mail: brinzane@stoilow.imar.ro

For projective surfaces, Schwarzenberger (cf. [?]) proved that any triple (r, c_1, c_2) ∈ N × NS(X) × Z, r ≥ 2 comes from a rank r holomorphic vector bundle. In contrast to this situation, for non-projective surfaces, there is a natural necessary condition for the existence problem (cf. [?] Theorem 3.1 for the general case; for the rank-2 case see [?] Proposition 1..1, [?]):

Δ(r, c_1, c_2) := 1 r ( c_2 − r − 1 2r c^2_1 ) ≥ 0. In the same context there is also a sufficient condition (cf [?]; see also [?], [?]):

Δ(r, c_1, c_2) ≥ m(r, c_1),

where

m(r, c_1) := − 1 2r max {_r ∑ i=1 ( c_1 r − μ_i )_2 , μ_1, ..., μ_r ∈ NS(X), r∑ i=1 μ_i = c_1 } , with the sole excepted case: X a K3 surface with algebraic dimension zero, c_1 divisible by r in NS(X) and Δ ( r, c_1, c_2 ) =^1_r . This result also has a converse, that is (see [?], [?], [?]) any filtrable rank r holomorphic vector bundle E on a non-algebraic surface X with Chern classes c_1(E) = c_1 and c_2(E) = c_2 satisfies the inequality

Δ(E) := Δ(r, c_1, c_2) ≥ m(r, c_1).

Therefore the only unknown situations are achieved for the case Δ(r, c_1, c_2) ∈ [0, m(r, c_1)). If m(r, c_1) ≠ 0, then this interval is non-empty, and then, in order to solve the existence problem, one has to construct holomorphic vector bundles having the corresponding discriminant Δ lower that m(r, c_1). Of course, all these vector bundles will be non-filtrable (for more details see, for example [?]) .

Restricting to the rank 2 case, Toma has recently proved (cf. [?]) by using the Kobayashi-Hitchin correspondence (see for example [?]) that if X is a 2-torus, then any couple (c_1, c_2) ∈ NS(X) × Z with Δ(2, c_1, c_2) ≥ 0 is associated to a holomorphic rank 2 vector bundle on X. In [?], [?], he had already shown that on a primary Kodaira surface or on a 2-torus any triple (r, c_1, c_2) with Δ(r, c_1, c_2) = 0 comes from a rank r holomorphic vector bundle. The rank-2 case is, in a certain sense, easier to handle with, as well as to understand it. For example, the natural bound m(2, c_1) computes directly by (cf. [?], [?])

m(2, c_1) = − 1 8 sup μ∈NS(X) (c_1 − 2μ)^2 .

Moreover, if m(2, c_1) > 0, then all holomorphic rank 2 vector bundles with Δ ∈ [0, m(2, c_1)) are irreducible (i.e. without coherent sub-sheaves of lower rank), hence they are stable with respect to any Gauduchon metric on the surface X (see, for example [?]).

¿From now on, unless otherwise stated, by a vector bundle we shall mean a holomorphic vector bundle, and a curve will always be a smooth, complex projective curve.

The aim of our work is to cover in a unitary way, on a primary Kodaira surface X, the set of all couples (c_1, c_2) ∈ NS(X) × Z, such that Δ(2, c_1, c_2) ∈ [ 0, m(2, c_1) ) , with Chern classes of rank-2 vector bundles. The main result is the following:

Theorem 1. Let X → B be a primary Kodaira surface over the elliptic curve B, with fiber the elliptic curve E. Then for any pair (c_1, c_2) ∈ NS(X) × Z with m(2, c_1) > 0 and Δ(2, c_1, c_2) ∈ [0, m(2, c_1)), there exists a double covering C^f−→ B, and a line bundle L on Y := X ×_B C such that, denoting Y^φ−→ X the canonical covering, E := φ_∗L is a rank-2 vector bundle on X having Chern classes c_1(E) = c_1 and c_2(E) = c_2.

The case Δ(2, c_1, c_2) = 0 has been proved by Toma (cf. [?]; see also [?]) by using unramified double coverings of B with another suitable elliptic curve. To solve the other cases, we use curves of genus two with elliptic differentials, i.e. curves C of genus 2 which admit a non-constant morphism to an elliptic curve, which does not factor over an isogeny of that elliptic curve. These curves were studied extensively by Bolza, Humbert, Picard, Poincaré and many others (see Chapter XI of Krazer’s book [?]), and a remarkable thing about them is that the covers occur in pairs. More precisely (for details, see for example [?]), if we consider f : C → B such a double covering, and choose F = Ker(J_C → B), then there is a complementary natural double cover g : C → F , giving rise an isogeny of degree four f^∗ × g^∗ : B × F → J_C . Its kernel H is the graph of an isomorphism ψ : B[2] → F [2] (which is symplectic with respect to the Weil pairings).

Conversely, one can get such curves out of a particular case of the ”Basic Construction” and ”Reducibility Criterion” (cf. [?], see also [?], [?], [?]). Suppose one starts with B and F two elliptic curves, and Θ = 0 × F + B × 0 the canonical principal polarization on B × F given by the product structure. Assume ψ : B[2] → F [2] is an isomorphism between the 2-torsion subgroups. Then ψ is automatically symplectic in the sense used in [?], [?], [?]; therefore, by denoting H_ψ = Graph(ψ) (which is a maximal isotropic subgroup of (B × F )[2]), and p : B × F → (B × F )/H_ψ the canonical projection, it turns out that the surface (B × F )/H_ψ carries a principal polarization Θ_ψ such that p^∗Θ_ψ is linear equivalent to 2Θ (cf. [?], [?]; see also [?]).

Theorem 2. (Kani; cf. [?] Theorem 3) With the previous notations, if ψ is not the restriction of an isomorphism between B and F , then the linear system |Θ_ψ| contains a smooth curve C of genus 2.

In particular, the principally polarized abelian surface ( (B × F )/H_ψ, Θ_ψ ) is isomorphic to the Jacobian of C, and C covers two-to-one the curves B and F , via the restrictions to C of the canonical maps (B × F )/H_ψ → B and (B × F )/H_ψ → F , given by ^(x, y) → 2x and ^(x, y) → 2y respectively.

Once we proved Theorem 1, we use it together with Theorem 2.3 from [?] to get a complete answer concerning the existence of holomorphic structures in topological rank-2 vector bundles over primary Kodaira surfaces. We mention here that Toma (cf. [?]) has given a partial answer (for the case 4Δ(2, c_1, c_2) even), by starting with vanishing discriminant, and then using a trick that allows increasing the second Chern class by one unit.

Corollary 3. Let X → B be a primary Kodaira surface over the elliptic curve B, with fiber E. Then for any classes c_1 ∈ NS(X) and c_2 ∈ Z there exists a rank 2 vector bundle E on X such that c_1(E) = c_1 and c_2(E) = c_2 if and only if Δ(2, c_1, c_2) ≥ 0.

In order to get to the proof of Theorem 1, we organized several preliminary sections. The first section, put here for the convenience of the reader, gathers together some elementary facts on curves coverings. In section 2, we recall (cf. [?], [?]) the description of the Néron-Severi group of a principal elliptic bundle, we give an explicit formula for computing the intersection in the Néron-Severi group, as well as a formula for the push-forward map between Néron-Severi groups while considering a covering of the base curve. Section 3 computes the Chern classes of a rank two vector bundle, over a primary Kodaira surface X, which is obtained as a push-forward of a line bundle over a double covering of X, and finally, the last section is devoted to the proof of Theorem 1. Acknowledgements. The first named author expresses his special thanks to Deutsche Forschungsgemeinschaft (DFG) for financial support, and to the members of the Graduiertenkolleg ”Komplexe Mannigfaltigkeiten” of Universität Bayreuth for the warm and friendly atmosphere provided there while the present work has been carried out.

This work has been partially done while the second named author was visiting Kaiserslautern University with a resumption of the Humboldt stipend. He is grateful to G. Trautmann and to the Alexander von Humboldt-Stiftung for this support. The second named author is a Regular Associate of ICTP (Trieste).

1. Some remarks on curves coverings

This section is devoted to some useful Lemmas about curves coverings, which will be used in the next sections. The lack of a good reference for these results obliged us to insert the proofs as well, although they are more or less trivial.

Lemma 1.1. Let γ : B → E a covering of an elliptic curve with a curve of genus g. Choose {α_1, ..., α_g , β_1, ..., β_g} ∈ H_1(B, Z) a symplectic basis. Then

deg(γ) = g∑ i=1 γ_∗(α_i).γ_∗(β_i)

where γ_∗ : H_1(B, Z) → H_1(E, Z) is the natural push-forward map.

Proof. Consider the Abel-Jacobi embedding of B in its Jacobian J_B , corresponding to a chosen point in B. Following classical notations (cf. [?], p. 325), the class of B as a cycle in J_B is

represented by { ~W_1} ∈ H_2(J_B , Z), { ~W_1} = −^g ∑ i=1 α_i ⋆β_i, where ”⋆” denotes the Pontrjagin product.

Consider also real coordinates (cf. [?] p. 15, p. 104) {x_1, ..., x_g , y_1, ..., y_g } ∈ V = H^0(B, K_B )^∗, such that {dx_1, ..., dx_g , dy_1, ..., dy_g } ∈ H^1_{DR}(J_B ) is the dual basis of the chosen symplectic basis.

For any divisor D on J_B whose Chern class is represented, by means of Appell-Humbert theorem, by an alternating form A : V × V → R, we have (cf. [?], p.42-43, p. 104, p.106): ( { ~W_1}.{D} ) = − g∑ i=1 ((α_i ⋆ β_i).{D})

= − g∑ i=1 ∑ k,l A(β_l, α_k) ∫ α_i ⋆β_i dx_k ∧ dy_l

− g∑ i=1 ∑ k<l A(α_l, α_k) ∫ α_i ⋆β_i dx_k ∧ dx_l

− g∑ i=1 ∑ k<l A(β_l, β_k) ∫ α_i ⋆β_i dy_k ∧ dy_l

= − g∑ i=1 A(β_i, α_i), and therefore ( { ~W_1}.{D} ) = g∑ i=1 A(α_i, β_i). (1.1)

If one considers now D a fiber of the norm map Nm(γ) : J_B → E, then the associated alternating form is A : V × V → R, defined by A(u, v) = γ_∗(u).γ_∗(v) for all u, v ∈ H_1(B, Z). Now apply the relation (1.1), and observe that deg(γ) = ( { ~W_1}.{D} ) , and the proof of the Lemma is over.

Remark 1.2. In particular, if we also choose {ε_1, ε_2} ∈ H_1(E, Z) a symplectic basis, and the matrix of γ_∗ in the two given bases is

γ_∗ = ( a_{11} ... a_{1g} b_{11} ... b_{1g} a_{21} ... a_{2g} b_{21} ... b_{2g} ) , then it easily follows that deg(γ) = ∑ i | | | a^{1i} b^{1i} a_{2i} b_{2i} | | | . (1.2)

Lemma 1.3. Let E = C/Λ_E, F = C/Λ_F be two elliptic curves, where Λ_E = (μ_E , 1)Z^2, Λ_F = (μ_F , 1)Z^2, and μ_F = nμ_E for some positive integer n > 0, and denote by δ : F → E the canonical projection. Consider γ : F → E an isogeny, and denote γ[2] : F [2] → E[2] the morphism induced between the 2-torsion subgroups. We have: (a) if γ[2] = δ[2], then there exists μ : F → E such that γ − 2μ = δ (b) if γ[2] ≡ 0, then there exists μ : F → E such that γ = 2μ.

Proof. One can write γμ_F = aμ_E + c and γ = bμ_E + d, where a, b, c, d ∈ Z.

Obviously, the relation between them is bμ_F μ_E + dμ_F = aμ_E + c, (1.3)

and this is also a sufficient condition for a matrix R = ( a b c d )

with integer entries to be the rational representation of a morphism from F to E.

(a) Suppose γ[2] = δ[2], and n is odd. In this case, it follows γμ_F /2 ∈ μ_E /2 + Λ_E , and γ/2 ∈ 1/2 + Λ_E , which implies that b and c are even, while a and d are odd. Therefore, we can write a = 2a^′ + 1, b = 2b^′, c = 2c^′ and d = 2d^′ + 1, with a^′, b^′, c^′, d^′ ∈ Z.

Replacing a, b, c, d in the relation (1.3) we get

b^′μ_F μ_E + d^′μ_F = ( a^′ − n − 1 2 ) μ_E + c^′,

which means that the matrix R^′ = ( a^′ −^{n−1}_2 b^′ c^′ d^′ )

is the rational representation of a morphism from F to E; this is the morphism μ we were searching for.

If n is even, then we get γμ_F /2 ∈ Λ_E , and γ/2 ∈ 1/2 + Λ_E , which implies that a, b and c are even, and d is odd. Then, we write a = 2a^′, b = 2b^′, c = 2c^′ and d = 2d^′ + 1, with a^′, b^′, c^′, d^′ ∈ Z, and the morphism μ has now the rational representation

R^′ = ( a^′ −^n_2 b^′ c^′ d^′ ) . (b) If γ[2] ≡ 0, then γμ_F /2, γ/2 ∈ Λ_E , which implies that a, b, c and d are all even. Then, we write a = 2a^′, b = 2b^′, c = 2c^′ and d = 2d^′, with a^′, b^′, c^′, d^′ ∈ Z; the matrix with entries a^′, b^′, c^′, d^′ is the rational representation of μ.

Lemma 1.4. Let γ : F → E be an isogeny of elliptic curves, and denote γ[2] : F [2] → E[2] the morphism induced between the 2-torsion subgroups. Then γ[2] is an isomorphism if and only if deg(γ) is odd.

Proof. Let n = deg(γ), and e = e(γ) its exponent. Since the exponent is a divisor of the degree, if n is odd, it follows that e is odd as well. A well-known result (cf. ex. [?], p. 12) states that there exists a morphism γ^′ : E → F such that γ ∘ γ^′ = e_E and γ^′ ∘ γ = e_F , where e_E and e_F are the morphisms given by multiplication by e. In particular, γ[2] ∘ γ^′[2] = e_E[2] and γ^′[2] ∘ γ[2] = e_F [2]. Finally, because e is odd we have e_E [2] = id_{E[2]} and e_F [2] = id_{F [2]} and then γ[2] is an isomorphism.

Conversely, we suppose that n is even, and we want to prove that Ker(γ[2]) ≠ 0. For this, write E = C/Λ_E, F = C/Λ_F , where Λ_E = (μ_E , 1)Z^2, Λ_F = (μ_F , 1)Z^2; γμ_F = aμ_E + c and γ = bμ_E + d, with a, b, c, d ∈ Z. Since n is even, Lemma 1.1 and formula (1.2) ensure that ad − bc is even. We distinguish several cases, somehow similar to each other: if a and c are even, then γμ_F /2 ∈ Λ_E , if b and d are even, then γ/2 ∈ Λ_E , if a and d are odd (which implies b and c are odd), or a is even, c is odd, b is even, d is odd, or a is odd, c is even, b is odd, d is even, then γ(μ_F + 1)/2 ∈ Λ_E . In any case, Ker(γ[2]) ≠ 0.

2. Cohomology of principal elliptic bundles

Start with two curves B and E and suppose that B is of genus g and E is elliptic. Consider X^π−→ B a principal elliptic bundle over B with fiber E (cf. [?], [?], [?] for precise definitions). The topological type of the fibration is given by the transgression map (cf. [?]) δ : H^1(E, Z) → H^2(B, Z).

If we suppose moreover, that X^π−→ B is not topologically trivial i.e. δ ≢ 0 then, as stated in [?], we have the following:

Theorem 2.1. (cf. [?]) (1) H^2(X, Z)/Tors ( H^2(X, Z) ) ∼ = H^1(B, Z) ⊗Z H^1(E, Z).

(2) NS(X)/Tors ( NS(X) ) ∼ = Hom(JB , E^∨), where JB denotes the Jacobian variety of B and E^∨ is the dual curve of E.

(3) The torsion of H^2(X, Z) (as well as of NS(X)) is generated by the class of a fiber.

We prove next a formula for computing the intersection form on H^2(X, Z). It suffices, of course, to make it explicit for classes in H^2(X, Z)/Tors ( H^2(X, Z) ) . Troughout the rest of the paper, for an element c ∈ H^2(X, Z), we will denote by ^c its class modulo Tors ( H^2(X, Z) ) . Consider then {a_1, ..., a_g, b_1, ..., b_g} ∈ H_1(B, Z) a symplectic basis with Kronecker duals a^∗_1, ..., a^∗_g , b^∗_1, ..., b^∗_g ∈ H^1(B, Z). There are also the Poincaré duals P_B (a_i) = ã_i. The two bases are characterized by a^∗_i (a_j ) = δ_{ij} , a^∗_i (b_j ) = 0, b^∗_i (b_j ) = δ_{ij} , b^∗_i (a_j ) = 0, ~a_i(b_j ) = (a_i.b_j ) = δ_{ij} , ~a_i(a_j ) = (a_i.a_j ) = 0, ~b_i(b_j ) = (b_i.b_j ) = 0, ~b_i(a_j ) = (b_i.a_j ) = −δ_{ij} , for any i, j = 1, ..., g and the relationship between them is a^∗_i = −~b_i and b^∗_i = ~a_i. Choose also {e_1, e_2} ∈ H^1(E, Z) a symplectic basis (so that e_1 ∧ e_2 ∈ H^2(E, Z) is the positive generator).

Then by means of Theorem 2.1 any class ^c ∈ H^2(X, Z)/Tors ( H^2(X, Z) ) can be expressed as

^c = 2∑ k=1 g∑ i=1 ( a_{ki}(a^∗_i ⊗ e_k) + b_{ki}(b^∗_i ⊗ e_k) ) , and the self-intersection computes as

^c^2 = −2 ∑ i (a_{1i}b_{2i} − b_{1i}a_{2i}) .

Writing the class ^c as a matrix ^c = ( a_{11} ... a_{1g} b_{11} ... b_{1g} a_{21} ... a_{2g} b_{21} ... b_{2g} ) , the self-intersection expresses as:

^c^2 = −2 ∑ i | | | | a_{1i} b_{1i} a_{2i} b_{2i} | | | | . (2.1)

Let now ^c ∈ NS(X)/Tors ( NS(X) ) . Choosing a base-point in B, by means of Theorem 2.1, the cohomology class c gives rise to a covering map γ(^c) : B −→ E such that γ(^c)_∗ = ^c . Piecing together the relations (1.2) and (2.1), we get the following:

Lemma 2.2. With the previous notations, ^c^2 = −2deg (γ(^c)) .

Suppose now that C^f−→ B is a covering; in this case, Y = X ×_B C → C is a principal elliptic bundle of topological type f^∗ ∘ δ : H^1(E, Z) → H^2(C, Z). Since f^∗ : H^2(B, Z) → H^2(C, Z) is the multiplication by the degree of f, it follows that Y → C is topologically non-trivial as soon as X → B is topologically non-trivial. In particular, Theorem 2.1 also applies to Y → C.

We give next a description of the push-forward map induced between the cohomology groups by the natural covering map Y^φ−→ X. First of all, if we denote by F_Y and F_X the fibers of the fibration maps for Y and X respectively, in homology we have φ_∗{F_Y } = {F_X }, and thus, via Poincaré dualities, a similar statement holds in cohomology. Therefore, we need only to describe the push-forward map φ_∗ induced between H^2(Y, Z)/Tors ( H^2(Y, Z) ) and H^2(X, Z)/Tors ( H^2(X, Z) ) . For this, let us recall that the dual of the norm map, Nm(f)^∨ : J^∨_B → J^∨_C , gives rise, via the natural identifications of the Jacobians with their duals (the rational representations of these identifications are the Poincaré dualities) the pull-back morphism f^∗ : J_B → J_C (see, for example, [?]). Seeing, as usual, the elements in H^2(Y, Z)/Tors ( H^2(Y, Z) ) as maps from H_1(C, Z) to H_1(E^∨, Z) ∼= H^1(E, Z), and identifying f^∗ with its rational representation, we have the following

Lemma 2.3. With the previous notations, φ_∗(^c) = ^c∘f^∗, for any ^c ∈ H^2(Y, Z)/Tors ( H^2(Y, Z) ) . Proof. Let us assume that the genus of C is m ≥ g, and choose a symplectic basis {α_1, ..., α_m, β_1, ..., β_m} ⊂ H_1(C, Z) , and write down the push-forward map f_∗ : H_1(C, Z) → H_1(B, Z):

f_∗α_j = g∑ i=1 f^{(1)}_{ij} a_i + g∑ i=1 f^{(2)}_{ij} b_i

f_∗β_j = g∑ i=1 f^{(3)}_{ij} a_i + g∑ i=1 f^{(4)}_{ij} b_i,

for some f^{(k)}_{ij} ∈ Z, i = 1, ..., g, j = 1, ..., m, k = 1, ..., 4. Otherwords, the rational representation of the norm map Nm(f) : J_C → J_B in the given basis is the matrix: ( f^{(1)} f^{(3)} f^{(2)} f^{(4)} ) , where f^{(k)} = (f^{(k)}_{ij} )_{i,j} .

It induces, by means of Poincaré duality, the push-forward map

H^2(Y, Z)/Tors ( H^2(Y, Z) )_{φ∗} −→ H^2(X, Z)/Tors ( H^2(X, Z) ) , by φ_∗(α^∗_j ⊗ e_k) = φ_∗(− ~β_j ⊗ e_k) = φ_∗(− ~β_j ) ⊗ e_k = −P_B (φ_∗(β_j )) ⊗ e_k = −P_B ( ∑ i f^{(3)}_{ij} a_i + ∑ i f^{(4)}_{ij} b_i ) ⊗ e_k

= − ( ∑ i f^{(3)}_{ij} b^∗_i − ∑ i f^{(4)}_{ij} a^∗_i ) ⊗ e_k = ∑ i f^{(4)}_{ij} (a^∗_i ⊗ e_k) − ∑ i f^{(3)}_{ij} (b^∗_i ⊗ e_k).

In a similar way we get

φ_∗(β^∗_j ⊗ e_k) = − ∑ i f^{(2)}_{ij} (a^∗_i ⊗ e_k) + ∑ i f^{(1)}_{ij} (b^∗_i ⊗ e_k),

and thus, for any class ^c ∈ H^2(Y, Z)/Tors ( H^2(Y, Z) ) represented by a matrix as before, the pushforward class φ_∗(^c) will be represented by the matrix φ_∗(^c) = ^c. (_t f^{(4)} −^tf^{(3)} −^tf^{(2) t}f^{(1)} ) . (2.2)

One can easily notice that the rational representation of the morphism f^∗ : J_B → J_C in the given bases is exactly the matrix (_t f^{(4)} −^tf^{(3)} −^tf^{(2) t}f^{(1)} ) , and the proof is over.

3. Rank-2 vector bundles via double coverings

The double coverings are well-known and intensively used in the literature for several purposes (see for ex. [?], [?]). As for vector bundles, Schwarzenberger (cf. [?], see also [?]) proved that in the projective case, any rank two vector bundle is obtained as a push forward of a line bundle over a suitable double covering.

Suppose for the moment that D is a smooth divisor on a complex compact surface X such that O_X (D) is divisible by two in P ic(X) that is there exists L ∈ P ic(X) such that L^{⊗2} = O_X (D). Then one can canonically associate a smooth connected surface Y together with a double covering Y^φ−→ X (see for example [?]).

The Chern classes of the new surface are computed by the formulae:

c_1(Y ) = φ^∗(c_1(X)) − φ^∗c_1(L),

c_2(Y ) = 2c_2(X) − 2c_1(L).c_1(X) + 4c^2_1(L).

If one considers now a line bundle L on Y , the push-forward sheaf E = φ_∗L is actually a rank 2 vector bundle on X. Denoting also by φ_∗ : H^2(Y, Z) → H^2(X, Z) the map induced by the push-forward on homology and Poincaré dualities on Y and X, by applying the Riemann-Roch Theorem for φ (see [?], [?]) one gets the following formulae for the Chern classes of E:

c_1(E) = φ_∗c_1(L) − c_1(L)

(3.1)

c_2(E) = 1 2 [ (φ_∗c_1(L))^2 − c^2_1(L) − (φ_∗c_1(L)) .c_1(L) ] . In particular,

Δ(E) = 1 8 [ (φ_∗c_1(L))^2 − c^2_1(L) − 2c^2_1(L) ] . (3.2)

Moreover, applying the relation (3.1), one can easily see that for any two line bundles L and L^′ on Y , the following formula holds

c_1(φ_∗(L ⊗ L^′)) = c_1(φ_∗L) + φ_∗c_1(L^′).

(3.3)

We restrict next to the case we are directly interested in. Let then X^π−→ B be a primary Kodaira surface, over the elliptic curve B, with fiber E, C a curve of genus 2, and f : C → B a double covering. Let Y = X ×_B C → C which is a principal elliptic bundle over C, and covers doubly X by the natural map Y^φ−→ X.

If we consider, as before, a line bundle L on Y and we denote E = φ_∗L, then by Theorem 2.1 and the formulae above we have

c_1(E) ≡ φ_∗c_1(L) modulo Tors ( NS(X) ) (3.4)

Δ(E) = 1 8 [ (φ_∗c_1(L))^2 − 2c^2_1(L) ] . Now, we want to give algebraic interpretations for c_1(E) and 4Δ(E). For this, denote firstly by F = Ker(J_C → B) (which is an elliptic curve), and consider g : C → F the complementary double cover (see, for example [?], [?], [?]). Then the pull-back maps i_B := f^∗ : B → J_C and i_F := g^∗ : F → J_C turn out to be injective, and they give rise an isogeny i_B × i_F : B × F → J_C . Therefore, we can write J_C ∼= (B × F )/H, where H = Ker(i_B × i_F ); the subgroup H ⊂ (B × F )[2] is in fact the graph of a (symplectic) isomorphism from B[2] to F [2].

Lemma 3.1. In the hypotheses above, for any line bundle L on Y , E = φ_∗L is a rank-2 vector bundle on X with ^c_1(E) = ^c_1(L) ∘ i_B and 4Δ(E) = deg( ^c_1(L) ∘ i_F ).

Proof. Let ^c ∈ NS(Y )/Tors ( NS(Y ) ) be the class associated to c_1(L) ∈ NS(Y ) and ^c_1 ∈ NS(X)/Tors ( NS(X) ) the class associated to c_1(E) ∈ NS(X). Then the formulae (3.4) read:

^c_1 = φ_∗(^c) and Δ(E) = 1 8 ( ^c^2_1 − 2^c^2 ) . (3.5)

As shown in [?], we can find suitable symplectic bases such that the period matrix of J_C is of type

Π_C = ( μ_B /2 1/2 1 0 1/2 μ_F /2 0 1 ) , the period matrices of B and F are Π_B = (μ_B , 1) and Π_F = (μ_F , 1), and the norm map Nm(f) : J_C → B has the analytical and rational representations A = (2 0) and respectively R = ( 1 0 0 0 0 1 2 0 ) . In the notations used in the proof of Lemma 2.3, f^{(1)} = (1 0), f^{(2)} = (0 1), f^{(3)} = (0 0), f^{(4)} = (2 0).

In the same time, H is generated by (μ_B /2, 1/2) and (1/2, μ_F /2), and the two canonical inclusions i_B : B → J_C and i_F : F → J_C have the rational representations

R_B = 2 0 0 0 0 1 −1 0 and R^F = 0 0 2 0 −1 0 0 1 respectively.

By means of Theorem 2.1, ^c and ^c_1 are represented by matrices with integer entries ^c = ( a_{11} a_{12} b_{11} b_{12} a_{21} a_{22} b_{21} b_{22} ) , ^c_1 = ( c_{11} c_{12} c_{21} c_{22} ) , and the relationship between them is c_{11} = 2a_{11} − b_{12}, c_{12} = b_{11}, c_{21} = 2a_{21} − b_{22}, c_{22} = b_{21} (i.e. ^c_1 = ^c ∘ i_B as shown in Lemma 2.3.).

If we set d = ^c ∘ i_F , then d has the rational representation d = ( d_{11} d_{12} d_{21} d_{22} ) , where d_{11} = 2a_{12} − b_{11}, d_{12} = b_{12}, d_{21} = 2a_{22} − b_{21}, and d_{22} = b_{22}. Now, directly form the formulae (2.1) and (3.5) we see that −c^2_1(E)/2 = det(^c_1) and 4Δ(E) = det(d).

4. Proof of the Theorem 1.

In the sequel, for the sake of simplicity, we shall not make a clear distinction between E and its dual curve E^∨.

Since the case Δ(2, c_1, c_2) = 0 has been solved by Toma (cf. [?]), we shall assume, from now on, that Δ(2, c_1, c_2) ∈ ( 0, m(2, c_1) ) . We divide the proof of the Theorem into several steps.

To begin with, we set n = 4Δ(2, c_1, c_2) = 2c_2 − c^2_1/2 > 0, E = C/(μ_E , 1)Z^2, and define the elliptic curve F = C/(μ_F , 1)Z^2, where μ_F = nμ_E . We denote, as in Lemma 1.3, δ : F → E the canonical projection. Observe that n is odd if and only if −c^2_1/2 = deg(^c_1) is odd.

Step 1. The assumptions on the classes c_1 and c_2 imply that ^c_1[2] : B[2] → E[2] is not identically zero. Indeed, if ^c_1[2] vanished identically, ^c_1 would be divisible by 2 in NS(X)/Tors ( NS(X) ) (cf.

Lemma 1.3 (b)), which would imply that m(2, c_1) = 0.

Step 2. There exists an isomorphism ψ : B[2] → F [2], such that ^c_1[2] = δ[2]∘ψ. Indeed, if n is odd, then the morphisms induced by ^c_1 and δ between the 2-torsion subgroups ^c_1[2] : B[2] → E[2] and δ[2] : F [2] → E[2] are isomorphisms (cf. Lemma 1.4), and we can choose directly ψ = δ[2]^{−1} ∘^c_1[2]. If n is even, then Ker(^c_1[2]) ≠ 0 (Lemma 1.4), but ^c_1[2] ≢ 0 (cf. Step 1). We can define ψ^{−1} to map μ_F /2 (which is the generator of Ker(δ[2])), to the generator of Ker(^c_1[2]), and to map 1/2 to another non-zero element in B[2], which does not lie in Ker(^c_1[2]) (notice that we have two different possible choices).

Step 3. There is no isomorphism η between B and F such that η[2] = ψ. Indeed, if there is such an isomorphism, we have ^c_1[2] = (δ ∘ η)[2], otherwords (^c_1 ∘ η^{−1})[2] = δ[2]. By means of Lemma 1.3 (a), there exists then a morphism μ^′ : F → E such that (^c_1 ∘ η^{−1}) − 2μ^′ = δ, and thus, setting μ = μ^′ ∘ η, we have ^c_1 − 2μ = δ ∘ η. Apply now Lemma 2.2 and see that, in this case, m(2, c_1) ≤ deg(δ ∘ η)/4 = Δ(2, c_1, c_2); this contradicts the assumptions we have made.

Step 4. Denote now H_ψ = Graph(ψ) ⊂ (B × F )[2]. Then, from Kani’s “Reducibility Criterion” (Theorem 2) and the previous step, it follows that (B ×E)/H_ψ is a Jacobian of a curve C of genus 2 which covers two-to-one B. Moreover, the morphism ~c : B×F → E defined by ~c(x, y) = ^c_1(x)+δ(y) for any pair (x, y) ∈ B × F , factors through a morphism ^c : (B × F )/H_ψ → E. It is clear that ^c ∘ i_B = ^c_1 and ^c ∘ i_F = δ.

If we choose a line bundle L on Y whose Chern class modulo torsion of NS(Y ) equals ^c, then Lemma 3.1 precisely says that E = φ_∗L is a rank two vector bundle on X with c_1(E) ≡ c_1 modulo Tors ( NS(X) ) and discriminant Δ(E) = deg(δ)/4 = Δ(2, c_1, c_2).

Now, Theorem 2.1 tells that in order to get rid of the torsion, we need to add multiples of a class of a fiber. To do this, we consider F_Y to be a fiber of the projection map Y −→ C, F_X to be a fiber of the projection map X −→ B, and for any m ≥ 0, we set L_m = O_Y (mF_Y ). In homology, φ_∗{F_Y } = {F_X }, and thus φ_∗c_1 (L_m) = mc_1 (O_X (F_X )). Formula (3.3) reads here c_1(φ_∗(L ⊗ L_m)) = c_1(E) + mc_1 (O_X (F_X )), which ends the proof.

References

[AR] Atiyah, M.F., Rees, E.: Vector bundles on projective 3-space, Invent. Math. 35, (1976) 131–153

[BaL] Bănică C., Le Potier, J.: Sur l’existence des fibrés vectoriels holomorphes sur les surfaces non-algebriques, J. Reine Angew. Math. 378, (1987) 1-31

[BaP] Bănică, C., Putinar, M.: On complex vector bundles on projective threefolds, Invent.

Math. 88, (1987) 427–438

[BPV] Barth, W., Peters, C., Van de Ven, A.: Compact complex surfaces, Springer-Verlag:

Berlin-Heidelberg-New York, 1984

[Bri1] Brînzănescu, V.: Néron-Severi group for non-algebraic elliptic surfaces I: elliptic bundle case, Manuscripta Math. 79, (1993) 187-195; II: non-Kählerian case, Manuscripta Math. 84, (1994) 415-420; III, Rev. Roumaine Math. Pures Appl. 43 (1998), 1-2, 89-95

[Bri2] Brînzănescu, V.: The Picard group of a primary Kodaira surface, Math. Ann.., 296, (1993) 725–738

[Bri3] Brînzănescu, V.: Holomorphic vector bundle over compact complex surfaces, Lect. Notes in Math. 1624, Springer 1996

[BrF] Brînzănescu, V., Flondor, P.: Holomorphic 2-vector bundles on non-algebraic 2-tori, J.

reine angew. Math. 363, (1985) 47–58

[ElFo] Elencwajg, G., Forster, O.: Vector bundles on manifolds without divisors and a theorem of deformation, Ann. Inst. Fourier 32(4), (1982) 25–51

[Fri] Friedman, R.: Algebraic surfaces and holomorphic vector bundles, Springer Verlag, 1998. [FrKa] Frey, G., Kani, E.: Curves of genus 2 covering elliptic curves and an arithmetical application, Arithmetic Algebraic Geometry, Progress in Math 89 (1991), 153-176 [Har] Hartshorne, R.: Algebraic Geometry, Graduate Texts in Math. 49, Springer, Berlin Heidelberg 1977 [Hir] Hirzebruch, F.: Topological methods in algebraic geometry, Grundl. Math. Wiss. 131, Springer, Berlin Heidelberg 1966 [Hf] Höfer, T.: Remarks on torus principal bundles, J. Math. Kyoto Univ. (JMKYAZ) 33(1), (1993) 227–259 [Ka1] Kani, E.: Elliptic curves on abelian surfaces, Manuscripta Math. 84 (1994), 199-223 [Ka2] Kani, E.: The number of curves of genus two with elliptic differentials, J. reine angew.

Math. 485, (1997) 93-121 [Kod] Kodaira, K.: On the structure of compact complex analytic surfaces I , Amer. J. Math.

86, (1964) 751–798 [Kr] Krazer, A.: Lehrbuch der Thetafunktionen, Leipzig 1903 (Chelsea Reprint, 1970) [LanBi] Lange, H., Birkenhake, Ch.: Complex Abelian Varieties. Grund. Math. Wissenschaften, Springer-Verlag (1992) [LeP] Le Potier, J.: Fibrés vectoriels sur les surfaces K3, Séminaire Lelong-Dolbeault-Skoda, LNM 1028, Springer 1983 [LTe] Lübke M, Teleman, A.: The Kobayashi-Hitchin correspondence, World Scientific, Singapore 1995 [Mumf1] Mumford, D.: Abelian varieties, Oxford University Press, 1974 [Mumf2] Mumford, D.: Prym Varieties I, Contribution to Analysis, Acad. Press, New York (1974) 325-350 [Mur] Murabayashi, N.: The moduli space of curves of genus 2 covering elliptic curves, Manuscripta Math. 84, (1994) 125-133 [Schw] Schwarzenberger, R.L.E.: Vector bundles on algebraic surfaces, Proc. London Math. Soc.

3, (1961) 601-622 [To1] Toma, M.: Une classe de fibrés vectoriels holomorphes sur les 2-tores complexes, C.R.

Acad. Sci. Paris, 311, (1990) 257-258 [To2] Toma, M.: Stable bundles on non-algebraic surfaces giving rise to compact moduli spaces, C.R. Acad. Sci. Paris, 323, (1996) 501-505 [To3] Toma, M.: Stable bundles with small c_2 over 2-dimensional complex tori, to appear in Math. Z.

[We] Weil, A.: Zum Beweis des Torellischen Satzes, Göttinger Nachr., no. 2, (1957) 33–53 [Wu] Wu, W.: Sur les espaces fibrés, Act. Sci. Ind. 1183, Hermann, Paris 1952