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Devwudfw

Iru d jhqhudo orfdo frpsohwhqhvv fulwhulrq iru dojheudv rq dq lq�qlwh xqlyhuvh
� zh qhhg wr nqrz doo orfdoo| pd{lpdo forqhv rq � dv zhoo wkh lqfuhdvlqj
fkdlqv ri surshu orfdo forqhv zkrvh xqlrq lv orfdoo| frpsohwh1 Wkh forqhv lq
txhvwlrq duh doo ri wkh irup �L* 4 zkhuh 4 lv d �qlwdu| uhodwlrq rq � dqg �L* 4
lv wkh vhw ri doo rshudwlrqv rq � suhvhuylqj 41 Wkh suhghfhvvru sdshu Orfdo
frpsohwhqhvv L ohiw wkh iroorzlqj 8 vhwv ri uhodwlrqv rq � wr eh vruwhg rxw=
wkh orfdoo| erxqghg judskv/ gldjudskv dqg uh h{lyh gljudskv ri gldphwhu
5/ d vhw ri whuqdu| uhodwlrqv dqg wkh slyrwdo vhw ri doo wrwdoo| uh h{lyh dqg
v|pphwulf uhodwlrqv1 Zh suhvhqw sduwldo uhvxowv iru hdfk ri wkh 8 w|shv1 Iru
judskv wkh| uhodwh wr odujhvw lq�qlwh foltxhv dqg gljudskv duh uhvwulfwhg wr
wkh df|folf rqhv zklfk hlwkhu kdyh dufwudqvlwlyh hqgrprusklvpv ru d fhuwdlq
ydqlvklqj0lqwhuydo surshuw|1 Zh uhvwulfw wkh odvw w|sh wr wzr nlqgv ri uhodwlrqv
whuphg vwurqjo| krprjhqhrxv dqg surwhfwlyh dqg zh �qg pdq| lqvwdqfhv ri
wkh lqfuhdvlqj fkdlqv ri surshu orfdo forqhv phqwlrqhg hduolhu1

Nh| zrugv= Orfdo frpsohwhqhvv/ orfdoo| pd{lpdo forqh/ suhvhuydwlrq ri
uhodwlrqv

PU fodvvl�fdwlrq= 3; D 73/ 3; D 35



Frqwhqwv

4 Lqwurgxfwlrq dqg suholplqdulhv 4

5 Fkdlqv ri wrwdoo| uh h{lyh dqg v|pphwulf uhodwlrqv 9

6 Orfdoo| erxqghg judskv :

7 Uh h{lyh orfdoo| erxqghg gldjudskv ri gldphwhu 5 47

8 Orfdoo| erxqghg gljudskv 56

9 Wkh whuqdu| uhodwlrq j ^{ ��� 66

: Wrwdoo| uh h{lyh dqg v|pphwulf uhodwlrqv 6;

4 Lqwurgxfwlrq dqg suholplqdulhv

414 Wkh sdshu lv ghyrwhg wr wkh vhdufk iru d jhqhudo orfdo frpsohwhqhvv ful0
whulrq iru xqlyhuvdo dojheudv rq d jlyhq lq�qlwh xqlyhuvh �1 Vxfk d fulwhulrq
lv surylghg e| d fr�qdo vxevhw ri wkh srvhw ri orfdo forqhv glvwlqfw iurp wkh
juhdwhvw forqh R � ri doo �qlwdu| rshudwlrqv rq �1 D �vpdoo� fr�qdo vhw frq0
vlvwv ri doo orfdoo| pd{lpdo +dovr fdoohg suhfrpsohwh ru suhsulpdo, forqhv dv
zhoo dv fhuwdlq wrzhuv/ +lqfuhdvlqj fkdlqv ri orfdo forqhv zkrvh xqlrq lv orfdoo|
frpsohwh,1
Wkh sdshu vwduwv r� zkhuh ^U0Vf ;7` hqghg 0 qdpho| zlwk 8 w|shv ri uhodwlrqv
rq � olvwhg ehorz 0 dqg surfhhgv e| dq holplqdwlrq edvhg rq uhodwlrqdo frq0
vwuxfwlrqv1 D slyrwdo sduw lv wkh holplqdwlrq lq wkh vhw A ri wrwdoo| uh h{lyh
dqg wrwdoo| v|pphwulf uhodwlrqv rq � zklfk lv olnho| wr surgxfh prvw ri orfdo
forqhv dqg wrzhuv1 Lq ¢: d yduldqw ri wkh lghdv iurp ^Ur 98/:3` ohdgv wr d
uhgxfwlrq ri A wr wkh vhw ri uhodwlrqv fdoohg vwurqjo| krprjhqhrxv dqg sur0
whfwlyh +Gh�qlwlrq :143,1 Dprqj wkh uhpdlqlqj 7 w|shv wkuhh duh surylghg
e| wkh orfdoo| erxqghg judskv/ uh h{lyh gljudskv ri gldphwhu 5 dqg judskv
+¢¢608,1 Wkh odvw w|sh frqvlvwv ri qrqwulyldo whuqdu| uhodwlrqv rq � ri wkh
irup j ^ i@@K G @c K 5 �j zkhuh j � j � +vhh 914,1 Wkh odvw 7 w|shv kdyh qr
dqdorjxh lq wkh �qlwh fdvh1
Zh kdyh ehhq deoh wr surgxfh rqo| yhu| sduwldo uhvxowv1 Iru judskv wkh| uh0
odwh wr odujhvw lq�qlwh foltxhv +l1h1 frpsohwh vxejudskv, dqg |lhog 2

� � �
judskv

4 rq � zlwk orfdoo| pd{lpdo forqhv �L* 4 +ri rshudwlrqv frpsdwleoh zlwk 4,1
Iru gljudskv zh qduurz wkh vhdufk wr vwulfw rughu0olnh gljudskv ri wzr nlqgv1
Wkh gljudskv ri wkh �uvw nlqg kdyh duf0wudqvlwlyh hqgrprusklvpv1 Zh vkrz
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wkdw iru xqerxqghg fkdlqv 	 zlwk duf0wudqvlwlyh hqgrprusklvpv wkh forqh
�L* E	� lv orfdoo| pd{lpdo> h1j1 wklv kdsshqv iru *" ru W+ zlwk wkh qdwxudo
rughu1 Wkh gljudskv ri wkh vhfrqg nlqg kdyh d fhuwdlq ydqlvklqj surshuw| iru
lqwhuydov1 Iru wkh uh h{lyh gljudskv dqg wkh whuqdu| uhodwlrqv zh rqo| kdyh
yhu| suholplqdu| uhvxowv1
Shukdsv wkh uhohydqfh ri orfdoo| pd{lpdo forqhv dqg wrzhuv vkrxog eh dg0
guhvvhg1 Wkh nqrzohgjh ri odujh forqhv zrxog eh ri lqwhuhvw ehfdxvh lw zrxog
doorz d fhuwdlq fodvvl�fdwlrq ri xqlyhuvdo dojheudv dqg ri vrph ri wkhlu edvlf
surshuwlhv1 Krzhyhu/ suhvhqwo| wkhuh lv olwwoh krsh wr jdlq vxfk nqrzohgjh
dqg vr orfdo forqhv frxog eh vhhq dv d uhdvrqdeoh vxevwlwxwh1 Wkh orfdo forqhv
rq � duh h{dfwo| wkh forqhv ghwhuplqhg e| vhwv ri �qlwdu| uhodwlrqv rq � +416,1
Qrz prvw frpsdwleoh uhodwlrqv xvhg h{solflwho| lq wrgd|*v xqlyhuvdo dojheud/
olnh vxedojheudv/ frqjuxhqfhv/ wrohudqfhv dqg hqgrprusklvpv/ duh �qlwdu| 0
hyhq riwhq dw prvw elqdu| 0 ohdglqj wr wkh uhohydqf| ri orfdo forqhv1 Dqrwkhu
uhdvrq iru wkh vwxg| ri odujh orfdo forqhv lv wkh idfw wkdw vrph surshuwlhv ri
�qlwh pd{lpdo forqhv/ olnh wkh PfNhq}lh0Jxpp wkhruhp/ h{whqg wr orfdoo|
pd{lpdo forqhv1 Orfdoo| pd{lpdo forqhv dqg wrzhuv zrxog dovr �w zhoo wr
wkh odujh olwhudwxuh rq orfdo forqhv dqg dojheudv1
Wkh h{lvwhqwldo surshuwlhv ri uhodwlrqv rq lq�qlwh vhwv dulvlqj qdwxudoo| lq wklv
frqwh{w duh ohvv h�hfwlyh wkdq wkh| duh rq �qlwh xqlyhuvhv zkhuh hyhqwxdoo|
rqh uxqv rxw ri vsdfh1 Dovr uhodwlrqv ehkdyh gl�huhqwo| rq lq�qlwh vhwv wkdq
wkh| gr rq �qlwh vhwv> h1j1 uhfdoo wkh zhoo0nqrzq Hugùv* uhvxow wkdw �doprvw
doo� judskv rq d frxqwdeo| lq�qlwh yhuwh{ vhw duh sdluzlvh lvrprusklf> d idfw/
krzhyhu/ ri olwwoh xvh wr xv ehfdxvh zh pd| qhhg h{dfwo| wkh �ihz� h{fhs0
wlrqdo judskv1
Zkloh prvw ri wkh orfdoo| pd{lpdo forqhv iurp ^U0Vf ;5/ U0V} ;7` zhuh uh0
odwhg wr suhvhqw xqlyhuvdo dojheud/ wkh 8 w|shv vwxglhg lq wklv sdshu vhhp wr
eh orfdwhg wr eh rxwvlgh wkh uhdop ri wrgd|*v lqwhuhvwv1
Lw frxog dv zhoo wxuq rxw wkdw rxu wdvn lv krshohvv exw vwloo lw zrxog eh khos0
ixoo wr uhvwulfw wkh 8 w|shv dv pxfk dv srvvleoh1 Iurp rxu srlqw ri ylhz wkh
uhodwlrqdo phwkrgrorj| vkrxog eh h{sorlwhg dv idu dv srvvleoh1 Rqh ri wkh
sxusrvhv ri wklv sdshu lv wr gudz dwwhqwlrq wr wkh 8 w|shv dqg zh suhvhqw rxu
yhu| suholplqdu| uhvxowv zlwk wkh krsh wkdw wkh| pljkw surylgh wkh lqlwldo
sxvk iru ixuwkhu uhvhdufk1 Ri frxuvh/ lw frxog wxuq rxw wkdw vhyhudo ri wkh
uhvxowv pd| ohdg lq eolqg dooh|v1
Zh rewdlqhg prvw ri wkh uhvxowv vrph wlph djr dqg iru wkh deryh uhdvrqv
zh ghflghg wr sxeolvk wkhp lq vslwh ri wkhlu dgplwwhg vkruwfrplqjv dqg
xq�qlvkhg qdwxuh1 Zh kdyh vwulyhg wr pdnh wkh suhvhqwdwlrq uhdvrqdeo| vhoi0
frqwdlqhg1
Wkh sduwldo �qdqfldo vxssruw surylghg wr wkh �uvw dxwkru e| wkh Xqlyhuvlw|
ri Ndlvhuvodxwhuq dqg dq QVHUF Fdqdgd judqw dv zhoo wkh krvslwdolw| vkrzq
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wr klp e| wkh Pdwkhpdwlfv Ghsduwphqw gxulqj klv 4<<; rqh prqwk vwd| lq
Ndlvhuvodxwhuq duh judwhixoo| dfnqrzohgjhg1

415Zh eulh | rxwolqh wkh edfnjurxqg/ whuplqrorj| dqg qrwdwlrqv1 Ohw � eh
dq lq�qlwh xqlyhuvh1 Iru d srvlwlyh lqwhjhu ? ghqrwh e| R

�����
� wkh vhw ri ?0du|

rshudwlrqv +ru ixqfwlrqv, rq �> l1h1 ri wkh pdsv s G �
�
$ �1 Iru h{dpsoh

R
�
� frqwdlqv wkh l0wk ?0du| rshudwlrq e

��
gh�qhg e| vhwwlqj e

��
E@ � c ���c @ � � G' @

�
iru doo @ � c ���c @ � 5 �1 Vhw R � G'

V ���� � R
�	���
� dqg iru f � R � dqg ? : f vhw

f
���
�

G' f _ R
�	���
� 1 D vxevhw � ri R � lv d forqh rq � li lw lv frpsrvlwlrq

forvhg dqg frqwdlqv doo surmhfwlrqv +iru d pruh hohjdqw/ suhflvh exw ohvv lqwx0
lwlyh gh�qlwlrq vhh ^Pd 99`,> htxlydohqwo|/ forqhv rq � duh wkh vhwv ri whup
rshudwlrqv ri xqlyhuvdo dojheudv rq �1 Ghqrwh e| u � wkh vhw ri doo forqhv rq
�1 Wkh srvhw O � G' Eu � (�� lv dq dojheudlf odwwlfh zkrvh juhdwhvw hohphqw lv
wkh forqh R � dqg _8 lv wkh phhw ri d idplo| 8 ri forqhv1 Iru f � R � wkh
ohdvw forqh +lq wkh frpsohwh odwwlfh O � , frqwdlqlqj f lv wkh forqh jhqhudwhg
e| f1

416 Wkh orfdo forvxuh wLU rq R � lv gh�qhg dv iroorzv1 Ohw f � R � 1 Wkhq
s 5 R

�	���
� ehorqjv wr wLUf li iru hdfk �qlwh vxevhw 8 ri � wkhuh h{lvwv

} 5 f
�����

+ghshqglqj xsrq s dqg 8 , vxfk wkdw s n 8 ' } n 8 +khuh s n 8
ghqrwhv wkh uhvwulfwlrq ri s wr 8 > l1h1/ wkh pds iurp 8

�
wr � gh�qhg e|

Es n 8 � E@ � c ���c @ � � G' s E@ � c ���c @ � � iru doo @ � c ���c @ � 5 8 ,1 Vxfk dq rshudwlrq s
fdq eh wkrxjkw r� dv dvvhpeohg iurp wkh uhvwulfwlrqv ri rshudwlrqv iurp f

�����
wr �qlwh vxevhwv ri �> htxlydohqwo|/ vrpherg| zlwk d wxqqho ylvlrq/ doorzlqj
klp wr ylhz rqo| �qlwh sduwv ri �

�
/ frxog qrw glvfhuq zkhwkhu s 5 f

�����
ru

qrw1 D forqh � lv orfdo li wLU� ' �1
Wr mxvwli| wkh gh�qlwlrq ri d orfdo forqh zh qhhg wkh iroorzlqj frqfhsw1 Iru d
srvlwlyh lqwhjhu � d vxevhw 4 ri � � lv dq �0du| uhodwlrq rq �1 Khuh wkh �0wxsohv
iurp � � duh zulwwhq dv @ � ���@ � lqvwhdg ri wkh xvxdo E@ � c ���c @ � � ( pruhryhu/ zh
gr qrw ylhz 4 dv d suhglfdwh dqg khqfh gr qrw shufhlyh 4 dv d pds iurp� � lqwr
wkh wuxwk ydoxhv iAc 8j ru inc�j dv lw lv fxvwrpdu| lq orjlfv1 Ghqrwh e|U

� � ��

wkh vhw ri �0du| uhodwlrqv rq � +l1h1 U
� � �� ' S

�
� � �, dqg vhwU � G'

V �
� � � U

� � �� 1

Zh vd| wkdw s 5 R
�����
� suhvhuyhv 4 5 U

� � �� li 4 lv d vxexqlyhuvh ri k�( sl � +@
wkh �0wk srzhu ri wkh xqlyhuvdo dojheud zlwk d vlqjoh rshudwlrq s,> h{solflwo|
s suhvhuyhv 4 li iru hyhu| ��?pdwul{� zkrvh froxpqv duh doo lq 4 wkh ydoxhv
ri s rq wkh urzv ri� irup dq �0wxsoh iurp 41 Iru h{dpsoh/ li � ' 2 dqg 4 lv
dq htxlydohqfh uhodwlrq rq �/ wkhq s suhvhuyhv 4 l� 4 lv d frqjuxhqfh ri k�( sl1
Suhvhuydwlrq lv dovr nqrzq xqghu vhyhudo rwkhu qdphv/ olnh frpsdwlelolw| hwf1
Vhw

�L* 4 G' is 5 R
�����
� G s suhvhuyhv 4c ? 5 W�j

dqg iru doo - � U � dovr vhw �L*- G'
W ����

�L* 41 +Wklv vwdqgdug qrwdwlrq
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vkrxog qrw eh frqixvhg zlwk wkh rqh xvhg iru wkh vhw ri sro|qrpldov ri dq
dojheud1,
Wkh iroorzlqj lv zhoo nqrzq +vhh h1j1 ^Urp ::/ U0Vf ;5` dqg hdv| wr suryh=
D forqh � rq � lv orfdo li dqg rqo| li � ' �L*- iru vrph - � U � 1 +Wklv
lq idfw fkdudfwhul}hv wkh Jdorlv0forvhg vxevhwv ri R � lq wkh Jdorlv frqqhfwlrq
lqgxfhg e| wkh uhodwlrq �s suhvhuyhv 4� ehwzhhq R � dqg U � ��

417Zh wxuq wr wkh Jdorlv forvhg vxevhwv ri U � jhqhudwhg e| d vlqjoh uhodwlrq
4 lq wkh deryh Jdorlv frqqhfwlrq1 Zh vd| wkdw j 5 U � grplqdwhv 4 5 U � li
�L* 4 � �L* j1
Ghqrwh e| d4o wkh vhw ri doo j 5 U � wkdw grplqdwh 4 +l1h1 d4o ' W?� �L* 4
lq wkh vwdqgdug qrwdwlrq,1 Lw lv nqrzq wkdw d4o lv forvhg xqghu duelwudu|
lqwhuvhfwlrqv1 Iru uhodwlrqv 4 dqg j rq � zulwh 4 � j li 4 grplqdwhv j dqg
j grplqdwhv 4�
Krz wr ghflgh zkhwkhu j grplqdwhv 4B Wr yhuli| gluhfwo| wkdw �L* 4 � �L*j
rqh qhhgv vrph nqrzohgjh derxw wkh rshudwlrqv suhvhuylqj 4 dqg wklv lv riwhq
wlph frqvxplqj li qrw rxwuljkw kdug1 Zh ghvfuleh dqrwkhu zd|1 Iru R � � d
R0du| uhvroyhqw ri dq �0du| uhodwlrq 4 rq � lv

j G' is E�� ���s ER� G s 5 OL4E�c 4�j +414,

zkhuh � lv dq �0du| uhodwlrq rq d vhw U frqwdlqlqj i�c ���c Rj dqg OL4E�c 4�
ghqrwhv wkh vhw ri uhodwlrqdo krprprusklvpv iurp � wr 4> l1h1 ri s G U $ �
vxfk wkdw

� � ���� � 5 � , s E� � � ���s E� � � 5 4� +415,

Zh ghqrwh j e| � w� 4 dqg fdoo � wkh dx{loldu| uhodwlrq ri wkh uhvroyhqw1

H{dpsoh1 Ohw 4 eh d elqdu| uhodwlrq rq � dqg

4 � 4 G' i%+ G %�c �+ 5 4 iru vrph �j � +416,

Vhw U G' i�c 2c �j dqg � G' i��c 2�j1 Wkhq � w � 4 ' 4 � 41 Wklv lv d
surwrw|sh iru uhvroyhqwv dqg uhyhdov wkh h{lvwhqwldo fkdudfwhu ri +414, zklfk
lv gxh wr wkh idfw wkdw iru doo � 5 Uq i�c ���c Rj wkh ydoxh s E�� h{lvwv exw grhv
qrw dsshdu h{solflwo| lq j1 Zh vkdoo riwhq gh�qh uhvroyhqwv lq d irup vlplodu
wr +416,1 Lw lv qrw gl!fxow wr suryh wkdw hyhu| uhvroyhqw ri 4 grplqdwhv 4> lq
idfw/ grplqdwlrq lv ghwhuplqhg e| uhvroyhqwv1 Wr pdnh wklv pruh suhflvh zh
qhhg wzr frqfhswv1 Iluvw dq �0du| uhodwlrq 4 rq � lv uhshwlwlrq0iuhh li iru doo
� � � 	 � � � wkhuh h{lvwv @ � ���@ � 5 4 zlwk @

�
9' @� 1 Lw lv zhoo nqrzq dqg hdv|

wr fkhfn wkdw d v|vwhpdwlfdoo| uhshdwhg frruglqdwh lq doo �0wxsohv iurp 4 fdq
eh uhpryhg zlwkrxw d�hfwlqj �L* 4 dqg vr zlwkrxw orvv ri jhqhudolw| zh pd|
dvvxph 4 wr eh uhshwlwlrq0iuhh1 Qh{w uhfdoo wkdw - � U

� � �� lv gluhfwhg li iru
doo 4c 4

�
5 - wkhuh h{lvwv 4

� �
5 - frqwdlqlqj 4 ^ 4

�
� Wkh xqlrq ri d gluhfwhg
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vhw - lv d gluhfwhg xqlrq1 D edvlf uhvxow iurp dU0V} ;7o fdq eh irupxodwhg dv
iroorzv1 D R0du| uhshwlwlrq0iuhh uhodwlrq j rq � grplqdwhv d uhodwlrq 4 rq �
li dqg rqo| li j lv wkh gluhfwhg xqlrq ri d vhw ri R0du| uhvroyhqwv ri 41 Wklv
uhvxow lv vrphwlphv h{suhvvhg lq whupv ri suhglfdwhv/ < dqg wkh htxdolw| ' exw
iru h�hfwlyh xvh wkh udwlrqdo irup +414, vhhpv wr eh pruh dssursuldwh wkdq d
orjlf rqh1 Wr vkrz �L* 4 � �L* j wkh zkroh wulfn lv wr �qg vxlwdeoh uhodwlrqv
� lq +414, dqg wkhuhlq dfwxdoo| olhv wkh zkroh gl!fxow| lq grplqdwlrq1

418 Ghqrwh e| wU � wkh vhw ri orfdo forqhv rq �1 Wkh srvhw EwU � c�� lv d
frpsohwh odwwlfh wkdw lv qhlwkhu dojheudlf qru d vxeodwwlfh ri O � 1 Iru f � R �

wkh +qrqlqgh{hg, xqlyhuvdo dojheud k�(fl lv orfdoo| frpsohwh li wLUf ' R � 1
Vhw � G' wU � q iR � j1 D vxevhw E ri � lv jhqhulf li E lv fr�qdo lq wkh srvhw
S G' E�c��/ l1h1 li hyhu| orfdo forqh � glvwlqfw iurp R � lv frqwdlqhg lq vrph
forqh � iurp E1 Hylghqwo| hyhu| jhqhulf vhw E surylghv d orfdo frpsohwhqhvv
fulwhulrq=
Ohw f � R � 1 Wkhq k�(fl lv orfdoo| frpsohwh li dqg rqo| li f � � iru qr
� 5 E1

Qdwxudoo| zh zlvk wkh jhqhulf vhw E wr eh dv vpdoo dv srvvleoh1 Fdoo � 5 �
orfdoo| pd{lpdo li � lv d pd{lpdo hohphqw ri S/ l1h1/ li � � ( iru qr ( 5 � 1
Fohduo| hdfk jhqhulf vhw frqwdlqv doo orfdoo| pd{lpdo forqhv1 Xqiruwxqdwho|/
lw lv qrw wuxh wkdw hdfk � 5 � lv frqwdlqhg lq d orfdoo| pd{lpdo forqh1
D wrzhu lv d wudqv�qlwh vhtxhqfh


4 � G 1 	 �

�
lq U � +zkhuh l lv dq ruglqdo,

vxfk wkdw=
+l, �L* 4 � � �L* 4 � zkhqhyhu w 	 1 	 �/ dqg
+ll,f G'

V
����� �L* 4 � lv orfdoo| frpsohwh> l1h1 wLUf ' R � 1 Wkh iroorzlqj �uvw

h{dpsoh ri d wrzhu fdph xs lq ^U0V} ;7`/ ¢6 Uhpdun1 Ohw r eh d shupxwdwlrq
ri � zkrvh f|fohv duh doo lq�qlwh dqg ohw r � ghqrwh wkh judsk i@ r E@� G @ 5 �j �

Wkhq wkh frxqwdeoh vhtxhqfh
G�

r
��� � �

G � 	 �
H

'

r � c Er

�
� � c Er

	
� � c ���

�
lv d

wrzhu1 Lq :143 dqg :145 zh h{klelw d odujh vhw ri wrzhuv1
Wr uhvxph= Rxu +shukdsv xqdwwdlqdeoh, jrdo lv wr �qg doo orfdoo| pd{lpdo
forqhv dqg doo wrzhuv1

419 Zh frqfoxgh zlwk vrph whuplqrorj| dqg qrwdwlrq1 Ohw � eh d srvlwlyh
lqwhjhu1 Ghqrwh e|  � wkh �0du| uhodwlrq rq � frqvlvwlqj ri doo �0wxsohv zlwk
vrph uhshdwhg frruglqdwh> l1h1/ ri doo @ � ���@ � 5 � � vxfk wkdw @

�
' @ � iru vrph

� � � 	 � � � +ghshqglqj rq @ � ���@ � ,> h1j1  � ' >c  � ' i@@ G @ 5 �j c  � '
i@@K G @c K 5 �j^i@K@ G @c K 5 �j^i@KK G @c K 5 �j1 Vhw j � G' � � q � 1 Iru dq
htxlydohqfh uhodwlrq 0 rq i�c ���c �j vhw

{ 
 G'
�
@ � ���@ � 5 � � G �� 5 0, @

�
' @ �

�
�

Wkh uhodwlrqv { 
 duh fdoohg gldjrqdo1 Ohw 4 eh dq �0du| uhodwlrq rq �1 Fdoo
4 wulyldo li 4 ' > ru 4 lv gldjrqdo1 Lw lv zhoo nqrzq wkdw �L* 4 ' R � / 4 lv

8



wulyldo1 Qh{w 4 lv wrwdoo| uh h{lyh li 4 �  � 1 Iru d shupxwdwlrq R ri i�c ���c �j
vhw

4
� � �

G'
�
@� � � � ���@� � � � G @ � ���@ � 5 4

�
�

Qrwh wkdw 4
� � �
� 41 Fdoo 4 wrwdoo| v|pphwulf li 4

� � �
' 4 iru doo shupxwdwlrqv R

ri i�c ���c �j> l1h1 li 4 lv lqyduldqw xqghu doo frruglqdwh vzlwfkhv1 Iru doo ? � �
ghqrwh e| A � wkh vhw ri doo wrwdoo| uh h{lyh dqg wrwdoo| v|pphwulf qrqwulyldo
?0du| uhodwlrqv rq �1 Fdoo 4 uhshoohqw li d4o lv glvmrlqw iurp doo A � c ? ' �c 2c ���
Iru � � � 	 � � � vhw

Th
�

� 4 G' i@
�
@ � G @ � ���@ � 5 4j

dqg qrwlfh wkdw Th
�

� 4 grplqdwhv 41

5 Fkdlqv ri wrwdoo| uh h{lyh dqg v|pphwulf

uhodwlrqv

Zh vwduw zlwk wkh iroorzlqj vlpsoh ohppd1

514 Ohppd1
Ohw f 	 ? � 	 ? � 	 ��� dqg ohw 4

�
eh wrwdoo| uh h{lyh ?

�
0du| uhodwlrqv rq �

E� ' �c 2c ���� vxfk wkdw iru hdfk srvlwlyh lqwhjhu � vrph �L* 4
�
frqwdlqv dq

hvvhqwldoo| dw ohdvw elqdu| rshudwlrq dvvxplqj dw ohdvw � ydoxhv1

Wkhq T G'
�V� � � �L* 4

�
lv orfdoo| frpsohwh1

Surri1 Zh suryh wkdw R
� � �
� wLUT� Ohw � � � eh �qlwh/ s 5 R

� � �
dqg

� G' msE��m � Ohw ?
�
: �/ ohw S 5 sE�� dqg ohw } 5 R

� � �
eh gh�qhg e|

}E%� G' sE%� iru doo % 5 � dqg }E%� G' S rwkhuzlvh1 Rq dffrxqw ri wkh
wrwdo uh h{lylw| ri 4

�
dqg ?

�
: � zh kdyh } 5 �L* 4

�
� T 1 Wklv suryhv wkdw

R
� � �
� wLUT 1 Dsso|lqj ^U0Vf ;5` 715 zh rewdlq wkh uhtxluhg wLUT ' R�

Ohw � dqg � eh vhwv dqg k G � $ � eh d vxumhfwlyh pds1 Iru dq �0du|
uhodwlrq � rq � gh�qh=

k
�
�
E�� G'

�
E@ � c ���c @ � � 5 � � G Ek E@ � � c ���c k E@ � �� 5 �

�
�

Zh kdyh

515 Idfw=
Ohw k G � $ � eh vxumhfwlyh dqg ohw ) G � $ � eh vxfk wkdw k �) ' �_ � 1 Wr
s 5 R

�	���
� dvvrfldwh es 5 R

�����
� gh�qhg e| vhwwlqj

es EK � c ���c K � � G' ) Es Ek EK � � c ���c k EK � ���
9



iru doo K � c ���c K � 5 �1 Li s 5 �L* � wkhq es 5 �L*k
�
�
E� � �

Surri1 Ohw f eh dq � � ? pdwul{ zkrvh froxpqv duh doo lq k
�
�
E�� � Vhw

t ' Et
�

� � G' Ek Ef
�

� �� � Fohduo| doo froxpqv ri t duh lq � dqg wkhuhiruh

E) Es Et � � �� c ���c ) Es Et � � ��� 5 k
�
�
E� �

zkhuh t
�
� ghqrwhv wkh �0wk urz ri t� Khuh ) Es Et

�
� �� ' es Ef

�
� � E� ' �c ���c ��

rq dffrxqw ri wkh gh�qlwlrq ri es / l1h1 es suhvhuyhv k �
�
E� � �

Uhfdoo wkdw iru lqwhujhuv � : � dqg 6 : f
 � G'

�
E@ � c ���c @ � � 5 � � G @ � ' @� iru vrph � � � 	 � � �

�
c


�

� G' iEE@ � � c ���c @ � � � c ���c E@ � � c ��c @ � � �� G E@ � � c ���c @ � � � 5  � c � ' �c ���c 6j �

516 Fruroodu|=
Ohw p eh d srvlwlyh lqwhjhu/ ohw k G � $ �

�

eh vxumhfwlyh dqg ohw

) � G' k
�
�
E
�

� �/ � ' �c 2c ��� � Wkhq T G'
�̂
� � � �L*) � lv d orfdoo| frpsohwh forqh

rq �1

Surri1 Fohduo| 
�

� lv wrwdoo| uh h{lyh dqg vr lv 4 � � Lw lv hdv| wr vhh wkdw
�L* 

�

� � � frqwdlqv dq hvvhqwldoo| elqdu| rshudwlrq s zlwk h{dfwo| � ydoxhv1

Fkrrvh ) G �
�

$ � vr wkdw k � ) ' �_ ��� � Wkh fruuhvsrqglqj rshudwlrq es
+iurp Idfw 515, suhvhuyhv  � � � � Fohduo| s dvvxphv � ydoxhv dqg wkxv dsso|lqj
Ohppd 514 zh jhw wkh ghvluhg uhvxow1

6 Orfdoo| erxqghg judskv

Lq wklv vhfwlrq E�( 4� lv d vlpsoh judsk +l1h1 4 lv d elqdu| duh h{lyh dqg
v|pphwulf uhodwlrq, zklfk lv orfdoo| erxqghg1 Wklv phdqv wkdw hdfk �qlwh
vxevhw � ri � kdv d mrlqw ru frpprq qhljkeru � +l1h1 i�j � � � 4,1 Zh
dvvxph wkdw 4 lv uhshoohqw1 +vhh 419, Dv xvxdo/ d foltxh � lv d frpsohwh
vxejudsk ri 4 +l1h1 S � S � 5 4 iru doo S � c S � 5 �c S � 9' S � ,1 Zh vkrz �uvw wkdw 4
lv fryhuhg e| frxqwdeoh foltxhv1

614 Ohppd=
Hdfk �qlwh foltxh ri 4c dqg lq sduwlfxodu hdfk hgjh ri 4c lv frqwdlqhg lq d
frxqwdeoh foltxh1

Surri1 Ohw � eh dq 60hohphqw foltxh ri 41 Ohw � eh d erxqg ri �1 Wkhq
fohduo| � G' i�j ^ � lv dq E6n ��0hohphqw foltxh1

Iru d vxevhw � ri � sxw � � G' i+ G %+ 5 4 iru doo % 5 �j1 Qrwh wkdw �
dqg � � duh glvmrlqw1 Wkh judsk 4 � lv rewdlqhg iurp 4 e| ghohwlqj doo hgjhv
ehwzhhq � dqg �q� � 1 Qrwh wkdw iru m�m ' � zh kdyh 4 � ' 4 dqg wkdw iru

:



m�m : � wkh vhw � lv dq lqghshqghw vhw ri 4 � +l1h1 K � K � *5 4 � iru doo K � c K � 5 �,1
Zh vd| wkdw 4 lv �qlwho| wudqvlwlyh li iru hyhu| srvlwlyh lqwhjhu ?/ hdfk ?0
hohphqw vxevhw � dqg duelwudu| @ � c ���c @ � 5 � wkhuh h{lvwv ) 5 OL4E4 � c 4�
+vhh 417, vxfk wkdw ) EK

�
� ' @

�
E� ' �c ���c ?�1 Zh kdyh=+vhh 417,

615 Ohppd=
Wkh uhodwlrq 4 lv �qlwho| wudqvlwlyh1
Surri1 Iru d srvlwlyh lqwhjhu ? dqg � ' iK � c ���c K � j � � sxw

� ' � ������� � ��� G' iE) EK � � c ���c ) EK � �� G ) 5 OL4E4 � c 4�j �

Zh qhhg wkh iroorzlqj wzr fodlpv iru � G' � � � � ��� � � 1 Iru qrwdwlrqdo vlpsolflw|
ghqrwh K

�
e| � iru doo � ' �c ���c ?�

616 Fodlp 4=
Wkh uhodwlrq � lv wrwdoo| v|pphwulf1

Surri ri wkh fodlp1 Ohw Z eh d shupxwdwlrq ri i�c ���c ?j dqg E% � c ���c % � � 5 � 1
Wkhq %

�
' ) E�� E� ' �c ���c ?� iru vrph ) 5 OL4E4 � c 4�1 Gh�qh d vhoipds �

ri � e| vhwwlqj � E�� G' ) EZ E��� iru � ' �c ���c ? dqg � E%� G' ) E%� rwkhuzlvh1
Zh fodlp wkdw � 5 OL4E4 � c 4�1 Lqghhg/ lw vx!fhv wr yhuli| lw iru dq hgjh
�% iurp 4 � 1 E| wkh frqvwuxfwlrq ri 4 � zh fdq dvvxph wkdw � 5 � dqg
% 5 � � 1 Wkhq �% 5 4 � iru � ' �c ���c ?� Vlqfh ) 5 OL4E4 � c 4�/ lw iroorzv
wkdw � E��� E%� ' ) EZ E���) E%� 5 4� Xvlqj � E�� ' ) EZ E��� ' % � � � � zh jhw
wkh uhtxluhg

�
% � � � � c ���c % � ����� � 5 � 1 Wklv suryhv wkh fodlp1

Lq ylhz ri Fodlp 4 iru � ' iK � c ���c K � j zh zulwh � � lqvwhdg ri � � ��	 ��� � 	 �
� �
617 Fodlp 5=
Ohw � � � � � eh vxfk wkdw m�m ' ? dqg ohw m�m ' ?n�� Li E% � c ���c % � � 5 � �

wkhq E% � c ���c % � c % � � 5 � � �
Surri1 Iru qrwdwlrqdo vlpsolflw| ohw � G' i�c ���c ?j dqg � G' i�c ���c ? n �j1
E| wkh gh�qlwlrq ri � � zh kdyh %

�
' ) E�� iru vrph ) 5 OL4E4 � c 4� � Gh0

�qh � G � $ � e| vhwwlqj � E?n �� G' ) E?� dqg � E%� G' ) E%� rwkhu0
zlvh1 Zh fodlp wkdw � 5 OL4E4 � c 4�1 Djdlq lw lv hqrxjk wr fkhfn lw iru dq
hgjh E?n �� % 5 4 � 1 E| wkh gh�qlwlrq ri 4 � fohduo| ?% 5 4 � _ 4 � dqg/ dv
) 5 OL4E4 � c 4� dovr � E? n ��� E%� ' ) E?�) E%� 5 4 dqg wkhuhiruh e| wkh
gh�qlwlrq ri � � zh jhw E% � c ���c % � c % � � 5 4 � � Wklv suryhv wkh fodlp1

Qrz lw vx!fhv wr suryh e| lqgxfwlrq rq ? wkdw � � � � ��� � � ' �
�
iru doo iK � c ���c K � j �

��

+4, Ohw ? ' �1 Il{ K 5 �1 Vlqfh 4 � �� ' 4c zh kdyh wkdw K ' �_ � EK� 5 � � 1
Vxssrvh � � �� � �1 Wkhq wkh uhodwlrq � � �� lv d surshu xqdu| uhodwlrq rq
� dqg wkxv � � �� 5 A � _ d4o lq frqwudglfwlrq wr wkh dvvxpswlrq wkdw 4 lv
uhshoolqj1 Wkxv � � ' ��

;



+5, Ohw � G' iK � c K � j � � dqg ohw � � � � � ' �� E| Fodlp 5 zh kdyh E%c %� 5
� � iru doo % 5 �1 E| Fodlp 4 wkh uhodwlrq � � lv v|pphwulf1 Qh{w
K � K � ' �_ � EK � � �_ � EK � � 5 � � gxh wr �_ � 5 OL4E4 � c 4�1 Wkxv � � �
 � G' iE%c %� G % 5 �j1 Vlqfh � � 5 d4o dqg 4 lv uhshoohqw/ zh kdyh wkh
uhtxluhg � � ' �

�
�

+6, Ohw ? : �/ � � � � � zlwk m�m ' ?/ m�m ' ?n� dqg � � ' �
�
1 Lq ylhz

ri Fodlp 4 wkh uhodwlrq � � lv wrwdoo| v|pphwulf1 E| yluwxh ri � � ' �
�

dqg Fodlp 5 zh kdyh E% � c ���c % � c % � � 5 � � iru doo % � c ���c % � 5 �1 Qrz � �

ehlqj wrwdoo| v|pphwulf lw lv dovr wrwdoo| uh h{lyh1 Vlqfh � � 5 d4o dqg
4 lv uhshoohqw/ zh jhw wkh uhtxluhg � ' �

� � �
1 Wklv frpsohwhv wkh surri

e| lqgxfwlrq dqg wkh surri ri wkh Ohppd1

618
Ohw F ghqrwh wkh vhw ri foltxhv ri 41 Wkh vhw F rughuhg e| � lv reylrxvo|
forvhg xqghu xqlrqv ri fkdlqv dqg vr e| ]ruq*v ohppd hdfk � 5 F h{whqgv wr
d pd{lpdo foltxh � 1 Khuh � lv reylrxvo| pd{lpdo l� iru hdfk % 5 �q� zh
kdyh %6 *5 4 iru vrph 6 5� 1 Ohw K


ghqrwh wkh vhw ri lq�qlwh fduglqdolwlhv

ri wkh foltxhv ri 41 Qrwh wkdw e| Ohppd 614 fohduo| C � 5 K

1

619 Fruroodu|
Ohw � 5 K


1 Wkhq wr hdfk �qlwh vxevhw 8 ri � wkhuh h{lvwv d foltxh � ri

ri vl}h � vxfk wkdw 8 � � � 4 dqg m�m ' � � m8 m�

Surri1 Ohw . eh d foltxh ri 4 zlwk m.m ' �1 Fkrrvh � � . vr wkdw
m�m ' ? G' m8 m dqg sxw .

�
G' .q�1 Qrwh wkdw .

�
� � � dqg wkdw wkh judsk

4 � lv rewdlqhg iurp 4 e| ghohwlqj hgjhv ehwzhhq � dqg �q� � 1 Vlqfh .
�
lv

glvmrlqw iurp�/ qr hgjhv ehwzhhq wkh hohphqwv ri .
�
kdyh ehhq ghohwhg dqg vr

.
�
lv d foltxh ri 4 � dv zhoo1 Pruhryhu ��.

�
� 4 � 1 Qrz e| Ohppd 615 wkhuh

lv ) 5 OL4E4 � c 4� vxfk wkdw ) E�� ' 8 1 Fohduo| ) fduulhv wkh foltxh .
�
rqwr

wkh foltxh � G' ) E.
�
� ri wkh vdph vl}h dqg 8 � � ' ) E��� ) E.

�
� � 41

61:
Zh jlyh d vx!flhqw frqglwlrq iru d uhvroyhqw � ri 4 +vhh 417, wr eh hlwkhu
wulyldo ru vdwlvi| � r 4 +l1h1 �L* � ' �L* 4,1 Lw fdq eh yhul�hg wkdw zlwkrxw
orvv ri jhqhudolw| � kdv wkh iroorzlqj irup1
Ohw ? eh d srvlwlyh lqwhjhu/ � G' i�c ���c ?j dqg C ' ETc j� d judsk vxfk wkdw
T � � 1 Zh vd| wkdw

� G' iE) E�� c ���c ) E?�� G ) 5 OL4Ejc 4�j +614,

ehorqjv wr C1 Zh vkrz wkdw iru C zlwk d �vpdoo� fkurpdwlf qxpehu hlwkhu
� � 4 ru � ' �

�
1 Dv xvxdo/ dq htxlydohqfh uhodwlrq rq T lv fkurpdwlf

<



li doo lwv eorfnv duh lqghshqghqw lq C1 Wklv dssurdfk lv prwlydwhg e| wkh
idfw wkdw gxh wr duh h{lylw| iru hdfk s 5 OL4Ejc 4� wkh nhuqho !ih s G'
i��

�
5 T

�
G s E�� ' s E�

�
�j lv d fkurpdwlf htxlydohqfh uhodwlrq rq T 1 Zh vwduw

zlwk wkh iroorzlqj whfkqlfdo ohppd1

61; Ohppd
Ohw C ' ETc j� eh d judsk zlwk d fkurpdwlf htxlydohqfh uhodwlrq 0 zlwk �
eorfnv vxfk wkdw � G' i�c ���c ?j � T dqg �� 5 0/ � ' � iru doo �c � 5 � 1 Li
� 5 K


wkhq � gh�qhg e| E� �� � ehorqjv wr wkh vxejudsk ri C lqgxfhg e| � 1

Surri1 Sxw j
�
G' j _�

�
dqg

> G' iE% � c ���c % � � 5 �
�
G %

�
%� 5 4 iru doo �� 5 j

�
j �

Vlqfh j
�
� j/ lw lv hdv| wr vhh wkdw � 5 >1 Iru wkh frqyhuvh/ ohw E% � c ���c % � � 5 41

Ohw f ghqrwh wkh vhw zkrvh hohphqwv duh % � c ���c % � � E| Fruroodu| 619 wkhuh
h{lvwv d foltxh � ri fduglqdolw| � vxfk wkdwf�� � 4� Ohw i�

�
G � 5 Uj eh wkh

vhw ri wkh eorfnv ri 0 zkhuh � � U dqg � 5 �
�
iru � ' �c ���c ?1 Sxw a G' U q��

Vlqfh ma m ' �c wkhuh lv d elmhfwlrq ) G a $ �1 Gh�qh � G T $ � dv iroorzv=
Ohw � 5 U dqg � 5 �

�
1 Iru � 5 a sxw � E�� G' ) E�� dqg sxw � E�� G' %

�
rwkhuzlvh1 Zh yhuli| wkdw � 5 OL4Ejc 4�1 Vxssrvh wr wkh frqwudu| wkdw
wkhuh lv �� 5 j vxfk wkdw � E��� E�� *5 4� Dv � lv d foltxh ri 4/ wkh lqfoxvlrq
f � � � 4 krogv dqg � 5 �

�
/ � 5 �

�
� iru glvwlqfw �c �

�
5 Uc zh kdyh �c �

�
5 � 1

Wkhq �� 5 j
�
dqg � E��� E�� ' %

�
%
�

� 5 4 frqwudu| wr rxu dvvxpswlrq1 Wkxv
� 5 OL4Ejc 4�/ khqfh E% � c ���c % � � 5 � dqg > � � 1 Wkxv > ' � dqg � ehorqjv
wr wkh vxejudsk ri C lqgxfhg e| � 1

Qrz zh kdyh=

61< Sursrvlwlrq1
Ohw C ' ETc j� eh d judsk zlwk d fkurpdwlf htxlydohqfh uhodwlrq 0 zlwk �
eorfnv zkhuh � G' i�c ���c ?j phhwv ? eorfnv ri 0 dqg ohw � ehorqj wr C +��e�
lv gh�qhg e| +614,1 Li � 5 K


/ wkhq

+l, �� 5 j _�
�
, Th

�
� � ' 4c

+ll, �� *5 j _�
�
c � 9' � , Th

�
� � ' �

�
c

+lll, � r 4/ zkhqhyhu j _�
�
9' > dqg � ' �

�
rwkhuzlvh1

Surri1 E| Ohppd 61; wkh uhodwlrq � ehorqjv wr wkh judsk E�c j
�
� zkhuh

j
�
' j _ �

�
1 Wr suryh +l, ohw �� 5 j

�
dqg ohw D G' Th

�
� � 1 Zh kdyh D '

i) E��) E�� G ) 5 OL4Ej
�
c 4�j � 4 gxh wr �� 5 j

�
1 Iru wkh frqyhuvh ohw S

�
S � 5

41 E| Ohppd 614 wkh hgjh S
�
S � lv frqwdlqhg lq d frxqwdeo| lq�qlwh foltxh

43



� dqg vr zh fdq fkrrvh hohphqwv S� 5 � iru � 5 i�c ���c ?j q i�c �j vr wkdw
S � S � 5 4 iru doo � _ &c 6 _ ?c & 9' 61 Fohduo| ES � c ���c S � � 5 � dqg vr S � S� 5 D
surylqj 4 � D1 Wrjhwkhu D ' 4 dqg 4 ' Th

�
� � 1

Wr suryh +ll, ohw �� *5 j
�
/ � 9' � dqg @c @

�
eh duelwudu| hohphqwv ri �1 Dffruglqj

wr Fruroodu| 619 wkh vhw i@c @
�
j lv lqfoxghg lq dq ?0hohphqw foltxh � ri E�c 4�1

Gh�qh ) G � $ � vr wkdw ) E�� G' @/ )E�� G' @
�
zkloh ) E&� 9' ) E�� iru doo

� � & 	 � � ?/ i&c �j 9' i�c �j1 Lw lv hdv| wr vhh wkdw s 5 OL4Ej
�
c 4� dqg vr

E@c @
�
� ' E) E�� c ) E��� 5 Th

�
� � 1 Wklv suryhv +ll,1

Ilqdoo| +lll, iroorzv iurp +l, dqg +ll,1

Dv xvxdo wkh fkurpdwlf qxpehu � ri d judsk C lv wkh ohdvw fduglqdolw| ri wkh
vhw ri eorfnv ri d fkurpdwlf htxlydohqfh uhodwlrq ri C1 Zh kdyh=

6143 Ohppd
Ohw dq ?0du| qrq0wulyldo uhodwlrq � ehorqj wr C ' ETc j�1 Wkhq

+l, wkh fkurpdwlf qxpehu � ri C vdwlv�hv � _ 4�? im�4 s m G s 5 OL4Ejc 4�j>
lq sduwlfxodu/ � _ m�m c

+ll, Li m�4 s m 5 K

iru vrph s 5 OL4Ejc 4�/ wkhq hlwkhu � ' �

�
ru � r 4�

Surri1 +l, Ohw s 5 OL4Ejc 4�1 Fohduo| !ih s ghwhuplqhv d fkurpdwlf gh0
frpsrvlwlrq 0 ri T zlwk m�4 s m eorfnv1 Wr suryh +ll, ohw m�4 s m 5 K


iru vrph

s 5 OL4Ejc 4�1 Iurp +l, fohduo| iroorzv � 5 K

1

Il{ d fkurpdwlf htxlydohqfh uhodwlrq # rq T zlwk � eorfnv1 Zh fdq vxeglylgh
wkh eorfnv ri # vr wkdw � phhwv ? eorfnv ri wkh uhvxowlqj htxlydohqfh uhodwlrq
01 Khuh 0 kdv dw prvw � n � eorfnv zkhuh fohduo| � n � 5 K


1 Qrz +ll,

iroorzv iurp Sursrvlwlrq 61<1

Qrz zh fdq vhwwoh wkh fdvh k G' m�m 5 K

1 Zh vd| wkdw 4 lv foltxh frkhuhqw

li wr hyhu| �qlwh vxevhw 8 ri � wkhuh h{lvwv d foltxh � ri vl}h k G' m�m vxfk
wkdw 8 � � � 4�

6144 Sursrvlwlrq
Li 4 lv foltxh frkhuhqw/ wkhq �L* 4 lv d orfdoo| pd{lpdo forqh1

Surri1 Fohduo| k 5 K

� Ohw dq ?0du| qrqgldjrqdo uhodwlrq � rq � eh

wkh gluhfwhg xqlrq ri d idplo| i� � G � 5 uj ri uhvroyhqwv ri 41 Vhw � G'
i�� G � � � 	 � � ?j dqg iru hdfk � 5 u vhw

g � G' i�� 5� G Th
�

� � � ' 4j�

Fohduo| qr � � ' �
�
dqg vr e| Sursrvlwlrq 61< hdfk g � lv qrqyrlg1 Li wkh vhw

g G' _�
���
g � lv qrqhpsw| wkhq iru �� 5 g fohduo| Th

�
� � ' 4> khqfh � r 4
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dqg zh duh grqh1 Wkxv dvvxph wkdw iru hyhu| �� 5 � wkhuh h{lvwv �
�

� 5 u
vxfk wkdw Th

�
� � � � � ' �

�
1 Lq wkh gluhfwhg idplo| i� � G � 5 uj wkhuh h{lvwv & 5 u

vxfk wkdw � � � ^
�

�
� � � � � � 1 Qrz Th

�
� � � ' �

�
iru doo �� 5 � 1 Dffruglqj wr

Sursrvlwlrq 61< wkh uhvroyhqw � � htxdov �
�
> wkxv � � � � dovr htxdov �

�
dqg

� lv gldjrqdo/ frqwudu| wr rxu dvvxpswlrq1

Lw lv hdv| wr frqvwuxfw h{dpsohv ri vxfk judskv1

6145 H{dpsoh
Ohw d foltxh � ri 4 vdwlvi| m�m ' k dqg ohw E�q���� � 4 +l1h1 4 lv frqwdlqhg
lq wkh frpsohphqw ri d judsk zlwk k lvrodwhg yhuwlfhv,1 Wkhq 4 lv foltxh
frkhuhqw dqg vr �L* 4 lv orfdoo| pd{lpdo1 Fohduo| wkhuh duh 2

�
vxfk judskv1

D sduwlfxodu lqvwdqfh lv wkh frpsohwh judsk g � ' E�c 9'�1 Wkh idfw wkdw
�L*E 9'� lv orfdoo| pd{lpdo +dqg d sduwldo ghvfulswlrq ri �L* E 9'�, lv lq ^U0V}
;7`1
Qrwlfh krz pxfk wkh lq�qlwh fdvh gl�huv iurp wkh �qlwh rqh1 Iru � �qlwh
lw lv nqrzq +ironoruh, dqg ^Sr :9` wkdw �L* E 9'� lv wkh hvvhqwldoo| xqdu| forqh
jhqhudwhg e| wkh vhw ri doo shupxwdwlrqv ri�> doo wkh forqhv frqwdlqlqj �L* E 9'�
duh nqrzq ^K0U <7` dqg �L* E 9'� lv idu iurp ehlqj d pd{lpdo forqh1

6146 Uhpdunv

41 Lq H{dpsoh 6145 zh kdg d vlqjoh foltxh � ri vl}h k� Pruh jhqhudoo|/
zh pd| kdyh d idplo| i� � G � 5 uj ri foltxhv ri 4 ri fduglqdolw| k vxfk
wkdw

� ' �̂ � � �� dqg m_ �
���
� � m ' k

iru doo �qlwh 8 � �1

51 Ohw m�m ' C � dqg E�c 4� d judsk1 Wkhq wkh forqh �L* 4 lv orfdoo|
pd{lpdo li dqg rqo| li 4 lv foltxh frkhuhqw1

Iru wkh judskv wkdw duh qrw foltxh frkhuhqw zh orrn dw vrph ?0du| uhodwlrqv
ehorqjlqj wr C ' E�c 4� dqg ghulyh vrph v|pphwulhv ri 41

6147
Zh vd| wkdw d �qlwh vxevhw f ' i% � c ���c % � j ri � lv d wudqvlwlylw| edvh ri 4 li

�
�
' iE) E% � � c ���c ) E% � �� G ) 5 ,?_ 4j �

+zkhuh ,?_ 4 ' OL4E4c 4�,1 Zh vd| wkdw 4 lv hqg0wudqvlwlyh li i@j lv d
wudqvlwlylw| edvh ri 4 iru hdfk @ 5 �1 D sdlu f G ' i% � c % � j � � lv vwurqj iru
4 li wkhuh duh �c lc � 5 ,?_ 4 vxfk wkdw

� E% � � ' � E% � � c l E% � � ' � E% � � 9' � E% � � ' l E% � �
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ψ

τ τ

ψ

x1 2x

ζ ζ

0 Ilj1 4 0

Qrwh wkdw iru d vwurqj sdlu zh kdyh E% � c % � � *5 4 +dv � E% � � ' � E% � �, dqg li
) E+

�
� ' %

�
E� ' �c 2� iru vrph ) 5 ,?_ 4/ wkhq i+ � c + � j lv d vwurqj sdlu dv

zhoo1

6148 Sursrvlwlrq
Wkh judsk 4 lv hqg0wudqvlwlyh dqg hdfk vwurqj sdlu ri 4 lv d wudqvlwlylw| edvh1

Surri1 Ohw @ 5 � dqg sxw D G' i) E@� G ) 5 ,?_ 4j1 Fohduo| D lv d xqdu|
uhodwlrq iurp d4o dqg @ 5 � lq ylhz ri �_ � 5 ,?_ 41 Vlqfh 4 lv uhshoohqw/ zh
kdyh wkh uhtxluhg D ' ��
Ohw i% � c % � j eh vwurqj1 Sxw b G' iE) E% � � c ) E% � �� G ) 5 ,?_ 4j1 Fohduo|
b 5 d4o1 Sxw @ G' � E% � �1 Vlqfh 4 lv hqg0wudqvlwlyh/ iru hyhu| K 5 � zh kdyh
) E@� ' K iru vrph ) 5 ,?_ 41 Wkxv EKc K� ' E) E� E% � �� c ) E� E% � ��� 5 b
surylqj wkdw b lv uh h{lyh1 Sxw S G' l E% � � dqg _ G' l E% � �1 Iurp wkh
gh�qlwlrq ri b lw iroorzv wkdw ESc _� 5 b dqg dovr E_c S� ' E� E% � � c � E% � �� 5 b1
Irup > G' b _ b

�
�
1 Fohduo| > 5 d4o lv d uh h{lyh dqg v|pphwulf uhodwlrq

glvwlqfw iurp  � G' iE@c @� G @ 5 �j1 Wdnlqj lqwr dffrxqw wkdw 4 lv uhshoohqw
zh jhw > ' �

�
l1h1 i% � c % � j lv d wudqvlwlylw| edvh1

Wkh frqfhsw ri d vwurqj sdlu pd| eh h{whqghg1 Lqgxfwlyho| zh gh�qh d �qlwh
vxevhw f ' i% � c ���c % � j zlwk ? : 2 wr eh vwurqj li iru doo � _ � _ ? wkh vhw
fq i%� j lv vwurqj dqg iru doo � _ �c � _ ? zlwk � 9' � wkhuh lv � 5 ,?_ 4 vxfk
wkdw � E% � � ' %� iru doo � _ � _ ?c � 9' � dqg � E%� � ' %

�
�

Zh kdyh=

6149 Sursrvlwlrq
Hyhu| vwurqj vhw f lv d wudqvlwlylw| edvh1

Surri1 E| lqgxfwlrq rq ? � 2� E| Sursrvlwlrq 6148 lw krogv iru ? ' 21 Ohw
wkh vwdwhphqw krog iru ? � � � 2 dqg ohw f ' i% � c ���c % � j eh vwurqj1 Sxw
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b G' iE) E% � � c ���c ) E% � �� G ) 5 ,?_ 4j1 Zh vkrz wkdw b lv wrwdoo| uh h{lyh1
Ohw � _ � 	 � _ ? dqg � wkh hqgrprusklvp iurp wkh gh�qlwlrq ri vwurqjqhvv1
E| dvvxpswlrq fq i%� j lv vwurqj1 Lq ylhz ri wkh lqgxfwlrq k|srwkhvlv
fq i%� j lv d wudqvlwlylw| edvh> l1h1/ iru duelwudu| + � c ���c +� �

� c + � � � c ���c + � 5 �
zh kdyh ) E% � � ' +� E� ' �c ���c ?c � 9' �� iru vrph ) 5 ,?_ 41 Lw lv lpphgldwh
iurp ) � � 5 ,?_ 4/ wkdw + � ���+� �

� +
�
+� � � c ���c + � 5 b� Wklv suryhv wkdw b lv

wrwdoo| uh h{lyh1 Dv b 5 d4o dqg 4 lv uhshoohqw zh jhw wkh uhtxluhg b ' �
�
1

7 Uh h{lyh orfdoo| erxqghg gldjudskv ri gl0

dphwhu 5

Lq wklv vhfwlrq 4 dozd|v phdqv d elqdu|/ uh h{lyh/ dqwlv|pphwulf dqg orfdoo|
erxqghg uhodwlrq vxfk wkdw 4

�
' 4 � 4 ' �

�
dqg 4 lv uhshoohqw1 Iru vlpsolflw|

zh xvh erwk @ $ K dqg K # @ wr ghqrwh E@c K� 5 4c vlploduo| erwk @ < K
dqg K ; @ iru E@c K� *5 4 dqg �qdoo| @ n K iru @ < K < @1 Wkh frqglwlrq
4�4 ' �

�
phdqv wkdw hdfk @hU @$ K lv rq dq rulhqwhg 60f|foh +Ilj1 5d, zkloh

wzr yhuwlfhv @c K zlwk @ n K duh wkh rssrvlwh yhuwlfhv ri dq rulhqwhg 70f|foh
+Ilj1 5e,1

b

u

a

u

v

a b
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0 Ilj 5d/e 0

Wkh idfw wkdw @$ K phdqv K$ �$ @ iru vrph � *5 i@c Kj lpsolhv wkdw 4 lv
wkh xqlrq ri rulhqwhg 60f|fohv1 Ohw ~ ghqrwh wkh vhw ri srvlwlyh lqwhjhuv1 Zh

qhhg wkh iroorzlqj whfkqlfdo idfw=

714 Idfw
Ohw b eh d uh h{lyh dqg dqwlv|pphwulf uhodwlrq rq d vhw U zlwk U_~ ' i�c 2j
dqg ohw

j � G' is E�� s E2� G s 5 OL4Ebc 4�j � +714,

Wkhq

+l, Li j � lv v|pphwulf dqg j � � 4/ wkhq j � ' �
�
�

+ll, Vxssrvh wkdw b dovr vdwlv�hv

�% 5 b/ 2% 5 b %� 5 b/ %2 5 b

iru doo % 5 U1 Iru ? : 2 sxw U � G' U ^ i�c ���c ?j dqg h{whqg b wr d
elqdu| uhodwlrq b � rq U � e| vhwwlqj iru doo % 5 U dqg � ' �c ���c ?

%� 5 b � li %� 5 bc �% 5 b � li �% 5 b�

Li j � ' �
�
wkhq

j � G' is E�� ���s E?� G s 5 OL4Eb � c 4�j ' �
�

iru doo ? ' �c ec ����

Surri1
+l, Vlqfh j � 5 d4o/ j � � 4 �  � dqg 4 lv uhshoohqw/ zh kdyh j � ' �

�
1

+ll, E| lqgxfwlrq rq ? : �1 E| dvvxpswlrq j � ' �
�
1 Vxssrvh ? : 2

dqg j �
�
� ' �

�
�
�
� Ohw @ � c ���c @ � �

� 5 �1 Zh vkrz wkdw @ � ���@ � �
� @ � �

� 5 j � 1
Vlqfh j �

�
� ' �

�
�
�
c wkhuh lv s 5 OL4Eb �

�
� c 4� vxfk wkdw s E�� ' @

�
iru

� ' �c ���c ?� �1 H{whqg s wr } G U � $ � e| vhwwlqj } E?� G' @ � �
� 1 Lw vx!fhv

wr vkrz wkdw } 5 OL4Eb � c 4�1 Lqghhg/ ohw ?� 5 b � iru vrph � 5 U � 1 Wkhuh
lv qrwklqj wr suryh li � ' ?1 Wkxv ohw � 5 U1 Wkhq E?� �� � 5 b �

�
� dqg

vr } E?� } E�� ' @ � �
� s E�� ' sE? � ��s E�� 5 b � 1 Wkh vdph dujxphqw dssolhv

wr �c ? dqg vr } 5 OL4Eb � c 4�1 Iurp wkh frqvwuxfwlrq ri b � lw iroorzv wkdw
j � lv wrwdoo| v|pphwulf dqg vr j � lv wrwdoo| uh h{lyh1 Dv j � 5 d4o dqg 4 lv
uhshoohqw/ zh kdyh j � ' �

�
�

715 Ohppd
Iru doo % � c % � 5 � wkhuh h{lvw �

�
$ �

�
vxfk wkdw iru � ' �c 2c

%
�
$ �

�
$ % � �

�
$ �

�
$ %

�
c �

�
$ � � �

�
+715,

+vhh Ilj1 6,
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v2

u2

1v

1u

x1 x2

0 Ilj1 6 0

Surri1 Ghqrwh e| j wkh vhw ri doo % � % � 5 �
�
vdwlvi|lqj +715, iru vrph

� � c � � c � � c � � 5 �1 Fohduo| j � lv uh h{lyh dqg v|pphwulf dqg vr e| Idfw 714
+l, lw vx!fhv wr vkrz 4 � j � 1 Ohw % � c % � 5 �/ % � 9' % � dqg % � $ % � � Wkhq
% � $ � $ % � iru vrph � 5 �1 Vhwwlqj � � G' % � c � � G' % � dqg � � ' � � G' �
zh kdyh

% � $ % � ' � � ' % � $ � ' � � $ % � c % � $ � ' � � $ % � $ % � ' � � $ % � c
� � ' �$ � ' � � c � � ' % � $ % � ' � � c � � ' % � $ � ' � � c

� � ' �$ % � ' � �

dqg vr 4 � j � 1 E| Idfw 714 +l, zh kdyh j � ' �
�
1

716 Sursrvlwlrq
Hyhu| �qlwh vxevhw � ri � kdv d orzhu erxqg � dqg dq xsshu erxqg � vxfk
wkdw �$ �1

Surri1 Sxw

j � G' i% � % � G �$ %
�
$ � +� ' �c 2, iru vrph �$ �j

Fohduo| j � lv v|pphwulf1 Wr vkrz 4 � j � frqvlghu % � $ % � 1 Vhwwlqj , '
% � c � ' % � zh jhw % � % � 5 j1 Qrz zh dsso| Idfw 7151

Iru %c + 5 e ' ifc ���c �j ghqrwh e| % �n+ wkh hohphqw ri e frqjuxhqw 4L_ e wr
% �n+1

717 Ohppd
Wkh uhodwlrq

1 G' i� � � � G �
�
$ �

�
$ �

�
�� � $ �

�
c �

�
$ �

�
�� � E� ' fc ���c ��

iru vrph � � c ���c � � c � � c ���c � � 5 �j
+716,
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htxdov hlwkhu  � ru �
�
1

+vhh Ilj1 7,

3

v

v v

v0 1

23

u

u

uu 0

1

2

0 Ilj 7 0

Surri1 Wkh uhodwlrq 1 lv uh h{lyh ehfdxvh 4 lv1 Dvvxph wkdw 1 �  � � Vlqfh
1 5 d4o dqg 4 lv uhshoohqw/ wr vkrz 1 ' �

�
lw vx!fhv wr suryh wkh v|pphwu|

ri 11 Ohw � � � � 5 1 dqg ohw � � c � � c � � c ���c � � eh wkh fruuhvsrqglqj hohphqwv
iurp +716,1 Gxh wr wkh f|folf +4L_e, qdwxuh ri wkh frqglwlrqv lq +716,/ wkh
vhtxhqfh � � c � � c � � c � � c � � c � � c � � c � � dovr vdwlv�hv wkh frqglwlrqv ri +716, dqg vr
� � � � 5 11

Zh kdyh d yduldqw ri wkh suhfhglqj ohppd1
718 Ohppd
Wkh uhodwlrq

� G' i� � � � G �
�
$ �

�
$ �

�
�� � $ �

�
E� ' fc ���c ��c � � $ � � c � � $ � � �
iru vrph � � c ���c � � c � � c ���c � � j

+717,

htxdov hlwkhu  � ru �
�
+Wkh vlwxdwlrq lv ghslfwhg rq Ilj1 8,1

4:



u

v0

0 u

v

u v1 1

2

2

v u3 3

0 Ilj 8 0

Surri1 Dv lq wkh surri ri wkh suhfhglqj ohppd/ lw vx!fhv wr vkrz wkh

v|pphwu| ri � 1 Ohw � � � � 5 � dqg ohw � � c � � c � � c ���c � � eh wkh fruuhvsrqglqj
hohphqwv iurp +717,1 Wkhq � � c � � c � � c � � c � � c � � c � � c � � dovr vdwlvi| +717, surylqj
wkh uhtxluhg � � � � 5 �1

Zh nqrz wkdw hdfk @hU % � $ % � zlwk % � 9' % � lv rq dq rulhqwhg 60f|foh
% � $ % � $ � $ % � � Zh vkrz wkdw hlwkhu vxfk � lv xqltxh ru zh kdyh wkh
dqdorjxh ri Sursrvlwlrq 717 zlwk �$ ,�

4;



719 Sursrvlwlrq
Hlwkhu

+l, hdfk @hU %$ + zlwk % 9' + lv rq d xqltxh rulhqwhg 60f|foh/ ru

+ll, wr hdfk �qlwh � � � wkhuh h{lvwv � $ , vr wkdw i,j � � � 4 dqg
� � i�j � 41

Surri1 Sxw

j � G' i% � % � G ,$ %
�
$ �$ , E� ' �c 2� iru vrph �c ,j �

Fohduo| j � lv d uh h{lyh dqg v|pphwulf elqdu| uhodwlrq1 Li j '  � zh kdyh
wkh fdvh +l,> rwkhuzlvh j � ' �

�
dqg zh pd| dsso| Idfw 714+ll,1

Lq 71: 0 71< zh lqyhvwljdwh wkh fdvh +l,1 Ohw +l, krog1 Wkhq wr hyhu| % $ +
wkhuh h{lvwv d xqltxh ) ��� 5 � vxfk wkdw + $ ) ��� $ % +qrwlfh wkdw ) ��� ' %
rq dffrxqw ri wkh dqwlv|pphwu| dqg uh h{lylw| ri 4,1

71: Ohppd
Li +l, krogv dqg � � c ���c � � 5 � vdwlvi| � � 9' � � dqg

� � $ � � $ � � $ � � $ � � c +718,

wkhq iru vrph f � � 	 �
) � � � ���� � < ) � ���	 � � � �

Surri1 Iru � ' fc ���c � vhw �
�
G' ) � � � � �� � 1 Vxssrvh wr wkh frqwudu| wkdw

� � $ � � $ � � $ � � $ � � 1 Wkhq � � � � ehorqjv wr wkh uhodwlrq 1 gh�qhg lq
+716,1 Khuh � � � � *5  � dqg iurp Ohppd 718 zh rewdlq 1 ' �

�
1 Fkrrvh �

�

� $ �
�

�

zlwk �
�

� 9' �
�

� 1 Vlqfh �
�

� �
�

� 5 �
�
' 1/ wkhuh h{lvw �

�

� c �
�

� c �
�

� c ���c �
�

� vxfk wkdw
�

�

� c ���c �
�

� c �
�

� c ���c �
�

� vdwlvi| wkh frqglwlrq ri +716,1 Lq sduwlfxodu/ �
�

� ' ) � �
 � �� � Lw
lv hdv| wr fkhfn wkdw

�
�

� ' ) � � � � �
 ' �
�

� c �
�

� ' ) � �� � � � ' �
�

� �

Qrz �
�

� $ �
�

� phdqv �
�

� $ �
�

� 1 Krzhyhu/ �
�

� $ �
�

� dqg wklv frqwudglfwv wkh
dqwlv|pphwu| ri 41

71; Ohppd
Ohw +l, krog dqg ohw vrph � � c ���c � � 5 � vdwlvi|

� � 9' � � c � � $ � � $ � � $ � � $ � � c +719,

4<



) �
�
� � $ ) � � �

�
c ) �



� � $ ) � � � 
 � +71:,

Wkhq wr hyhu| @$ Kc @ 9' K wkhuh h{lvwv S 5 �/ @ 9' S 9' K vxfk wkdw

@$ S$ Kc ) ��� $ Kc @$ ) � � +71;,

ϕ a bc ϕca c b

0 Ilj1 9 0

Surri1 Fohduo| � � � � ehorqjv wr wkh uhodwlrq � gh�qhg e| +717,1 E| Ohppd
719 wkhq � ' �

�
1 Ohw @ $ Kc @ 9' K eh duelwudu|1 Fohduo| @K 5 �

�
' � dqg

vr wkhuh h{lvw �
�

� G' @c �
�

� c �
�

� G' Kc �
�

� c �
�

� c ���c �
�

� 5 � vdwlvi|lqj wkh frqglwlrqv
iurp +717,1 Vhw _ G' ) � � 1 Wkhq �

�

� ' _ dqg �
�

� ' ) � � � � �
 ' ) ��� ' K1 E|

wkh vdph wrnhq �
�

� ' ) � �� � � � ' ) � � ' @1 Vhw S G' �
�

� 1 Fohduo| @ $ S $ K/

) ��� ' �
�

� $ �
�

� ' K dqg @ ' �
�

� $ � � ' ) � � 1 Wkxv +71;, krogv1 Lw uhpdlqv
wr vkrz @ 9' S 9' K1 Iluvw vxssrvh wr wkh frqwudu| wkdw @ ' S1 Wkhq �

�

� '
) � �

� �
�� ' ) � � ' _1 Qrz �

�

� $ �
�

� phdqv _$ @ zkloh �
�

� $ �
�

� phdqv @$ _1 E|
dqwlv|pphwu| @ ' _ dqg khqfh @ ' K1 Wklv frqwudglfwlrq vkrzv @ 9' S1 Qh{w
vxssrvh wr wkh frqwudu| wkdw S ' K1 Wkhq �

�

� ' ) � �
 � �

� ' ) � � ' _ dqg �
�

� $ �
�

�

phdqv _$ K1 Iurp _ ' ) � � dovr K$ _> khqfh djdlq e| dqwlv|pphwu| _ ' K
dqg @ ' K1 Wklv frqwudglfwlrq vkrzv S 9' K1

71< Fruroodu|
Wkh frqfoxvlrq ri Ohppd 71; krogv surylghg +l, krogv dqg wkhuh h{lvw @ � c @ � c @ 	 5
� vxfk wkdw

@ 	 $ @ � $ @ � c @ 	 $ @ � c @ � 9' @ 	 c

@ 	 $ ) �
�
�


c ) �����

�
$ @ �

+vhh Ilj1 :,
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2

a 4
4

a a0 2ϕa2a0
ϕa a

0 Ilj1 : 0

Surri1 Vhw
� � G' @ 	 c � � G' ) � � �



c � � G' @ � c � � G' @ � �

Wkhq +719, krog1 Iru +71:, lw vx!fhv wr qrwlfh wkdw

) �
�
� � ' ) �



� � ' @ 	 c ) � � �

�
' ) �

�
�


c ) �



� � ' ) ��� �

�
c ) � � � 
 ' ) � � ��� ' @ � �

7143 Ohppd

Ohw wkh elqdu| uhodwlrq > rq � frqvlvw ri doo � � � 	 iru zklfk wkhuh h{lvw
� � c ���c � � c � � c ���c � � vxfk wkdw

� � $ � � $ ���$ � � $ � � c � � ' � � c � � $ � � c � � $ � � +71<,

Wkhq hlwkhu > '  � ru > ' �
�
+vhh Ilj1 ;,1
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7

u

u u

u u

0

1

u

u

2

3

4

6

5

u

0 Ilj1 ; 0

Surri1 Lw vx!fhv wr vkrz wkh v|pphwu| ri >1 Ohw � � c ���c � � vdwlvi| +71<,1 D
gluhfw fkhfn vkrzv wkdw � 	 c ���c � � c � � c ���c � � vdwlv�hv +71<, dv zhoo1

7144 Ohppd
Vxssrvh 4 vdwlv�hv +ll, lq Sursrvlwlrq 7191 Wkhq wr hdfk �qlwh � � � wkhuh
h{lvw , � c , � c � � c � � 5 � vxfk wkdw

, � $ , � $ � � $ � � c , � $ � � $ , � $ � �

dqg i,
�
j �� � 4/ � � i�

�
j � 4 E� ' ��2� +vhh Ilj1 <,1
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c

x y

u

z

denotes the postulated triple uvwu

w

v

a b
means abc ρ

0 Ilj1 < 0

Surri1 Frqvlghu

j � G' i% � % � G ,
�
$ %� $ � � E�c �c & 5 i�c 2j� c , � $ , � $ � � $ � � c

, � $ � � $ , � $ � � iru vrph , � c , � c � � c � � j�

Fohduo| j � lv v|pphwulf dqg vr zh rqo| qhhg wr suryh 4 � j � 1 Ohw % � $ % � 1
E| Sursrvlwlrq 719+ll, wkhuh duh � � $ , � vr wkdw , � $ %

�
$ � � E� ' �c 2� � Qrz

lw vx!fhv wr vhw , � G' % � dqg � � G' % � wr rewdlq % � % � 5 j � � Dsso|lqj Idfw 7
zh jhw wkh uhtxluhg uhvxow1

8 Orfdoo| erxqghg gljudskv

Lq wklv vhfwlrq zh vwxg| orfdoo| erxqghg gljudskv 41 Khuh 4 lv d gljudsk li lw
lv duh h{lyh dqg dv|pphwulf> l1h1/ 4 _ 4

�
�
' > ' 4 _  � 1 Dv xvxdo/ zh dvvxph

wkdw

+l, 4 lv uhshoohqw1
Lw zloo eh frqyhqlhqw wr dvvxph wkdw zh fdqqrw jr ryhu wr rqh ri wkh
fdvhv vwxglhg lq ¢6071 Pruh suhflvho|/ zh dvvxph wkdw d4o frqwdlqv

+ll, qr qrqhpsw| judsk +dq duh h{lyh dqg v|pphwulf uhodwlrq, dqg

+lll, qr qrqwulyldo uh h{lyh dqg dqwlv|pphwulf elqdu| uhodwlrq1
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Qrqhpsw| elqdu| uhodwlrqv vdwlvi|lqj wkh deryh frqglwlrqv +l,0+lll, zloo eh
whuphg sdudrughuv dqg zh uhvhuyh wkh v|pero � iru sdudrughuv +zulwlqj
erwk %� + ru +  % lqvwhdg ri %+ 5�,1
Zh vwduw zlwk wkh iroorzlqj=

814 Idfw
Li � lv d sdudrughu/ wkhq hdfk qrqwulyldo elqdu| j 5 d�o lv dovr d sdudrughu1

Surri1 Vxssrvh � G' i% G %% 5 jj 9' >1 Vlqfh � 5 d�o dqg � lv uhshoohqw/
zh kdyh � ' �/ l1h1 j lv uh h{lyh1 Sxw b G' j _ j

�
�
1 Wkhq b 5 djo lv

uh h{lyh/ v|pphwulf dqg b � j � �
�
dqg wdnlqj lqwr dffrxqw wkdw � lv

uhshoohqw zh jhw b '  � l1h1 j lv dqwlv|pphwulf1 Qrz j ehlqj qrqwulyldo zh
kdyh d frqwudglfwlrq wr +lll, dqg vr � ' >1 Li b G' j_j

�
�
9' > zh jhw d judsk

lq d�o1 Wkxv e| +lll, zh jhw j _ j
�
�
' >1 Fohduo| j 5 d�o lqkhulwv wkh rwkhu

sdudrughu surshuwlhv iurp�1

Zh uhfdoo d idfw iurp ^U0V} ;7` Ohppd 6181

815 Idfw
D qrqwulyldo elqdu| uhodwlrq 4 vdwlvi|lqj +l,0+lll, iurp 814 lv orfdoo| erxqghg1

Zh fdq lpsuryh wkh orfdo erxqgv ri d sdudrughu1

816 Ohppd
Lq d sdudrughu � hyhu| �qlwh vxevhw � ri � kdv d orzhu erxqg , dqg dq
xsshu erxqg � vxfk wkdw ,� �1

Surri1 Sxw

j � G' i% � ���% � G ,� % � c ���c % � � � iru vrph ,� �j �

Ohw % � c % � 5 �1 E| Idfw 815 wkh vhw i% � c % � j kdv dq xsshu erxqg �/ l1h1
% � � � % � � Vlploduo| wkh vhw i% � c % � c �j kdv d orzhu erxqg ,/ l1h1 % � % � 5 j �

surylqj j � ' �
�
1 Xvlqj wkh idfw wkdw � lv uhshoohqw/ lw lv hdv| wr suryh e|

lqgxfwlrq wkdw j � ' �
�
�

Zh xvh Ohppd 816 wr suryh wkh h{lvwhqfh ri lq�qlwh fkdlqv1 D fkdlq � lv d
vxevhw ri � vxfk wkdw � _�

�
lv d wrwdo +ru olqhdu, vwulfw rughu +l1h1 � _�

�

lv wudqvlwlyh dqg S � � S � ru S � � S � iru doo S � c S � 5 �c S � 9' S � ,1 D fkdlq
iS

�
m � 5 ~~j zlwk S

�
� S� l� � 	 � lv ri w|sh ~~ +ru /

�

n /,1

817 Ohppd
Hyhu| @ 5 � lv rq d fkdlq ri w|sh ~~�

Surri1 E| lqgxfwlrq rq ? � f zh frqvwuxfw d fkdlq i@ �
� c ���c @ � j1 Sxw

@ � G' @1 Vxssrvh ? : f dqg zh kdyh frqvwuxfwhg d fkdlq � ' i@ �
�
� c ���c @ � �

� j
zlwk @ �

�
� � ���� @ � �

� 1 E| Ohppd 816 wkh vhw � kdv d orzhu erxqg @ �
� dqg
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dq xsshu erxqg @ � vxfk wkdw @ �
� � @ � 1 Fohduo| i@ �

� c ���c @ � j lv wkh uhtxluhg
fkdlq1

Uhfdoo wkdw d�0hqgrprusklvp lv d vhoipds s ri � vxfk wkdw s E@� � s EK�
zkhqhyhu @� K +htxlydohqwo|/ s 5 �L*�,1 Zh kdyh=

818 Ohppd
Wkh vhw ,?_� lv wudqvlwlyh +lq wkh prqrlg

�
R

� � �
( �c �_ �

�
,1

Surri1 Il{ @ 5 � dqg sxw � G' is E@� G s 5 ,?_�j1 Lq ylhz ri �_ � 5
,?_ �c zh kdyh @ 5 � dqg vr � ' �( l1h1/ iru hdfk K 5 � zh kdyh s E@� ' K
iru vrph s 5 ,?_�1

Zh vd| wkdw� lv uljlg dw @ 5 � li iru doo sc } 5 ,?_� zh kdyh s ' } zkhq0
hyhu s E%� ' } E%� iru doo % 5 �q i@j1 Zh vkrz wkdw yld �0hqgrprusklvpv
hdfk yhuwh{ pd| eh uhsodfhg e| dq| �qlwh vhw1 +Wklv pd| eh frqvlghuhg dv
yhuwh{ vsolwwlqj1, Iru @c K 5 � dqg ) G �q i@j $ � gh�qh ) � � G � $ � e|
) � � E@� G' K dqg ) � � E%� G' ) E%� rwkhuzlvh1 Zh kdyh=

819 Ohppd
Ohw � eh qrw uljlg dw @ 5 �1 Wkhq wr hdfk �qlwh vxevhw � ri � wkhuh
h{lvwv d pds ) G �q i@j $ � vxfk wkdw iru hdfk K 5 � wkh pds ) � � lv d
�0hqgrprusklvp1

Surri1 Vxssrvh U� _� ' >1 Iru ? : f sxw � � G' E�q i@j�^� zkhuh � G'
i�c ���c ?j1 Gh�qh d elqdu| uhodwlrq ! rq � � dv iroorzv1 Iru %c + 5 �q i@j
dqg � 5 � sxw % ! + li %� +c % ! � li %� @ dqg � ! % li @ � % +l1h1 @ lv
eorzq xs wr �,1 Sxw

j � G' is E�� ���s E?� G s 5 OL4E!c��j �

Fohduo| j � 5 d�o lv wrwdoo| v|pphwulf1 Jlyhq wkh vwuxfwxuh ri ! lw lv
hqrxjk wr vkrz wkdw j � ' �

�
iru doo ? : f1 Iru ? ' � zh kdyh j � '

is E@� G s 5 ,?_�j +dv � mxvw uhsodfhv @, dqg iurp Ohppd 818 wkh uhtxluhg
j � ' �1 Frqvlghu ? ' 21 Wkh dvvxpswlrq wkdw� lv qrw uljlg dw @ jxdudqwhhv
wkdw j � �  � 1 Fohduo| j � �  � gxh wr j � ' �� Dv � lv uhshoohqw/ zh kdyh
j � ' �

�
1 Vxssrvh ? : 2 dqg j �

�
� ' �

�
�
�
1 Wkhq j � lv wrwdoo| uh h{lyh1 Iru

? : 2 wkh wrwdo uh h{lylw| ri j � lpsolhv j � ' �
�
�

81: Ohppd
Ohw � eh d fkdlq lq � dqg @ d orzhu vhw +xsshu, erxqg ri � vxfk wkdw �
lv qrw uljlg dw @1 Wkhq iru hdfk �qlwh vxevhw � ri � wkh vhw ri orzhu +xsshu,
erxqgv ri � frqwdlqv d frs| ri �1

Surri1 Dffruglqj wr Ohppd 819 iru hdfk K 5 � wkh �0hqgrprusklvp ) � �
fduulhv � rqwr d�0fkdlq ) E�� zklfk lv d frs| ri �1 Vxssrvh @ lv dq xsshu
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erxqg iru �1 Wkhq @ *5 � dqg @  S iru doo S 5 � vkrzv K ' ) � � E@�  
) � � ES� ' ) ES� iru doo S 5 �1 Wklv lv wuxh iru doo K 5 � dqg vr ) E�� lv lq
wkh vhw ri orzhu erxqgv ri �1 Wkh surri iru @ d orzhu erxqg ri � lv txlwh
vlplodu1

81; Ohppd
Ohw ETc	� eh d vwulfw +l1h1 duh h{lyh, qrqhpsw| rughu/ ohw �c �

�
5 Tc � 9' �

�
/

dqg ohw }c }
�
5 M G' OL4E	c��

+l, li ��
�
5 !ih } wkhq iru hdfk % 5 � zh kdyh wkdw � E�� ' � E�

�
� ' % iru

vrph � 5 Mc

+ll, li ��
�
5 !ih }q !ih }

�
wkhq iru doo %c %

�
5 � zh kdyh wkdw � E�� '

%c � E�
�
� ' %

�
iru vrph � 5 M�

Surri1 +l, Ohw ��
�
5 !ih }1 Vhw

k G' i� E�� G � E�� ' � E�
�
� iru vrph � 5 Mj �

Fohduo| } E�� 5 k 5 d�o/ zkhqfh k ' � dqg +l, krogv1
+ll, Ohw ��

�
5 !ih }q !ih }

�
� Irup

q G' i� E��� E�
�
� G � 5 Mj �

Lq ylhz ri +l, fohduo| q �  � 1 Dv }
�
E�� 9' }

�
E��/ fohduo| q �  � 1 Iurp wkh

dvvxpswlrqv +l,0+lll, iurp 814 zh rewdlq q ' �
�
dqg +ll,1

Wkh h{lvwhqfh ri fkdlqv ri w|sh ~~ lq � +Ohppd 817, udlvhv wkh txhvwlrq
zkhwkhu wkhuh duh f|fohv lq �1 Dv xvxdo/ d f|foh ri ohqjwk , ri � lv d
vhtxhqfh @ � � ��� � @ � � @ � dqg � lv whuphg df|folf li lw kdv qr f|fohv ri
�qlwh ohqjwk1 Zh suryh wkdw � lv df|folf1 Iluvw zh vkrz=

81< Ohppd
D sdudrughu kdv qr f|foh ri ohqjwk 2

�
+& ' 2c �c ���,1

Surri1 Vxssrvh� kdv d f|foh ri ohqjwk 2
� dqg ohw & eh wkh ohdvw lqwhjhu iru

zklfk wklv krogv1 Ohw @ � � ��� � @ ��� � @ � 1 Lq ylhz wkdw � lv dv|pphwulf/
zh kdyh & : �1 Sxw

j G' i% � % � G % � � � � � ���� � ��� � �
� % � � � ��� � � � � � ���� � ��� � % �

iru vrph � � c ���c � ��� � �
c � ��� � �

� � c ���� ��� 5 �j�

Lw lv doprvw lpphgldwh wkdw j lv v|pphwulf dqg wkdw @ � @ ��� �
�
5 j1 Wkh uhodwlrq

j lv dovr duh h{lyh ehfdxvh % � � � � � ���� � � � � � � % � zrxog |lhog d f|foh
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ri ohqjwk 2
� �

�
lq frqwudglfwlrq wr wkh plqlpdolw| ri &1 Wkxv j 5 d�o lv d

qrqhpsw| judsk lq frqwudglfwlrq wr wkh gh�qlwlrq ri d sdudrughu1

Qrz zh fdq suryh=

8143 Wkhruhp
Hyhu| sdudrughu lv df|folf1

Surri1 Dvvxph wkdw � kdv d f|foh @ � � ���� @ � � @ � � Vhw % � ! % � li wkhuh
duh � � c ���c � � 5 � vxfk wkdw

% � � % � � � � � ���� � � � % � � +814,

Lq ylhz ri @ � ! @ � wkh uhodwlrq ! lv d qrqhpsw| vxeuhodwlrq ri � � Qrz
! 5 d�o dqg Idfw 814 vkrz wkdw ! lv d sdudrughu1 Zh vkrz wkdw hdfk sdlu
% � ! % � lv rq d f|foh ri ohqjwk , ri !1 Lqghhg/ li % � ! % � wkhq +814, krogv
iru vrph � � c ���c � � 5 �1 Lw iroorzv wkdw % � ! % � ! � � ! ��� ! � � ! % � (
l1h1/ % � c % � c � � c ���c � � lv d f|foh ri ohqjwk , ri !1 Qrz ohw 2

�
� , dqg sxw

6 G' 2
�
� ,1 E| Ohppd 817 wkh sdudrughu ! frqwdlqv d fkdlq ri w|sh ~~

dqg wkhuhiruh wkhuh duh K � ! ��� ! K � � � vxfk wkdw K � ! K � � � 1 Zh nqrz
wkdw K � ! K � � � lv rq d f|foh K � ! K � � � ! � � ! ��� ! � � ! K � ri ohqjwk , ri
!1 Wrjhwkhu K � ! ��� ! K � � � ! � � ! ��� ! � � irup d f|foh ri ! ri ohqjwk
6n � n , � � ' 2

� lq frqwudglfwlrq wr Ohppd 81<1

Uhfdoo wkdw wkh surgxfw ri elqdu| uhodwlrqv 4 dqg j rq � lv

4 � j G' i% � % � G % � � 5 4c �% � 5 j iru vrph � 5 �j �

Qh{w 4

�
lv gh�qhg lqgxfwlyho| e| 4

�
G' 4c 4

�
� �

G' 4

�
� 4 E� ' �c 2c ���� dqg

wkh wudqvlwlyh kxoo |h 4 ri 4 lv wkh uhodwlrq
�V� � �

4

�
1 Lq ylhz ri Wkhruhp 8143

wkh uhodwlrq |h� lv dozd|v d vwulfw rughu +l1h1 duh h{lyh dqg wudqvlwlyh,1 Wkh
sureohp lv wkdw |h� qhhg qrw ehorqj wr d�o1 +Li wkh v|vwhp i�

�
G � ' �c 2c ���j

lv gluhfwhg/ wkhq |h� ehorqjv wr d�o1, Zh kdyh=

8144 Gh�qlwlrq
Iru d �{hg @ � K gh�qh d elqdu| uhodwlrq � � � rq � e| vhwwlqj % � � � + li
% ' s E@� dqg + ' s EK� iru vrph hqgrprusklvp s ri � �

Wkh surri ri wkh iroorzlqj ohppd lv urxwlqh1

8145 Ohppd
Li @� K wkhq @� � � K dqg � � � lv d sdudrughu iurp d�o �

Ghqrwh e| V wkh vhw ri doo vhtxhqfhv k� � G 1 	 bl/ zkhuh b lv d qrq}hur
ruglqdo vxfk wkdw +l, � � G'�/ +ll, li 1 n � 	 b dqg � � lv qrqyrlg wkhq

�
� � � ' E� � � � � +815,

5:



iru vrph @ � � K surylghg � � � � � � � dqg +lll, � � '
W

� ��� � � iru hyhu| olplw
ruglqdo 1 	 b1 Ohw k� � G 1 	 bl 5 V1 Dq hdv| wudqv�qlwh lqgxfwlrq +edvhg
rq Ohppd 8145 dqg wkh idfw wkdw d�o lv forvhg xqghu duelwudu| lqwhuvhfwlrqv,
vkrzv wkdw d, doo qrqyrlg � � duh sdudrughuv dqg e, � � � �

� zkhqhyhu
� 	 1 	 b1 Fdoo d sdudrughu � xqlirup li � � � ' � iru doo @ � K1 D vhtxhqfh
k� � G 1 	 bl 5 V lv fdoohg �0dgplvvleoh li b lv dq lvrodwhg ruglqdo dqg � �

�
�

lv hlwkhu xqlirup ru yrlg1 Fdoo � zhdno| ydqlvklqj li hyhu| �0dgplvvleoh
k� � G 1 	 bl vdwlv�hv � �

�
� ' >1

8146 Ohppd
Zlwkrxw orvv ri jhqhudolw| zh pd| dvvxph wkdw � lv hlwkhu xqlirup ru zhdno|
ydqlvklqj1

Surri1 Iurp e, deryh lw iroorzv wkdw wkh ohqjwkv b ri vhtxhqfhv iurp V duh
erxqghg iurp deryh dqg khqfh hdfk vhtxhqfh iurp V fdq eh surorqjhg wr dq
�0dgplvvleoh rqh1 Iluvw vxssrvh wkdw wkhuh h{lvwv dq�0dgplvvleoh vhtxhqfh
k� � G 1 	 bl zlwk xqlirup �

�
�
� 1 Dv � �

�
� lv d sdudrughu iurp d�o c zh fdq

uhsodfh� e| � �
�
� 1 Li qr vxfk vhtxhqfh h{lvwv wkhq fohduo|� lv ydqlvklqj1

Zh lqwurgxfh d yduldqw ri wkh frqvwuxfwlrq iurp Gh�qlwlrq 81441

8147 Gh�qlwlrq
Iru doo @� K vhw

% @ G' i% 5 � G % @j c & @ G' i% 5 � G %� @j c +816,

� � � G' E% @� ^ E& K� +817,

dqg ghqrwh e| �
�
wkh uhvwulfwlrq ri � wr � � � 1 Iru %c + 5 � vhw % �

�
� + li

% ' � E@� dqg + ' � EK� iru vrph � 5 M � � G' OL4E�
�
c�� �

8148 Ohppd
Li @� K wkhq �

�
� lv d vxeuhodwlrq ri � vxfk wkdw @�

�
� K1 Li/ pruhryhu/ �

lv wudqvlwlyh wkhq �
�
� lv wudqvlwlyh1

Surri1 Iurp +816, zh vhh wkdw @K 5 �
�
� � � Qrz iurp +817, zh rewdlq wkdw

�
�

G'�
�
� lv d vxeuhodwlrq ri �

�

1 Qh{w @
�

� K iroorzv iurp �_ � 5 M1 Qrz
dvvxph wkdw � lv wudqvlwlyh1 Wr vkrz wkdw �

�
lv dovr wudqvlwlyh ohw S �

�

_�
�

e1 Wkhq iru vrph �c } 5 M

S ' � E@� c _ ' � EK� ' } E@� c e ' } EK� �

Gh�qh s G � � � $ � e| vhwwlqj s E%� G' } E%� iru doo % @ dqg s E%� G' � E%�
rwkhuzlvh1 Wr suryh wkdw s 5 M ohw %c + 5 � � � / % � +1 Wkhuh duh wkuhh
fdvhv1 4, Ohw % @1 Wkhq +  @ dqg s E%� ' } E%� � } E+� ' s E+�1 5, Ohw

5;



%c + *5 % @1 Wkhq s E%� ' � E%� � � E+� ' s E+�1 6, Wkxv ohw % *5 % @ dqg
@� +1 Qrz %� K e| +816, dqg vr

s E%� ' � E%�� � EK� ' } E@�� } E+� ' s E+��

Wkxv s 5 M dqg vr S�
�

e1

Wkh iroorzlqj gh�qlwlrqv sdudooho wkrvh ri Ohppd 8145> wkh gl�huhqfh ehlqj
wkdw wkh| duh edvhg rq �

�
� udwkhu wkdq rq � � � 1

8149 Gh�qlwlrq
Fdoo d sdudrughu� zhdno| xqlirup li�

�
� htxdov� iru doo @� K1 Wkh vhw V

�
lv

gh�qhg lq wkh vdph zd| dv V h{fhsw wkdw +815, lv uhsodfhg e| � � � � ' E� � �
�
� 1

Fdoo k� � G 1 	 bl 5 V
�
zhdno| �0dgplvvleoh li b lv dq lvrodwhg ruglqdo dqg

�
�

�
� lv hlwkhu zhdno| xqlirup ru hpsw|1 Fdoo � ydqlvklqj li hyhu| zhdno|

�0dgplvvleoh k� � G 1 	 bl vdwlv�hv � �
�
� ' >1

Wkh surri ri wkh qh{w ohppd lv d vwudljkw0iruzdug dgdswlrq ri wkh surri ri
Ohppd 81481

814: Ohppd
Zlwkrxw orvv ri jhqhudolw| zh pd| dvvxph wkdw � lv hlwkhu zhdno| xqlirup
ru ydqlvklqj1

Uhpdun1 Ohw @ � K1 Iurp wkh gh�qlwlrqv lw iroorzv hdvlo| wkdw hdfk �0
hqgrprusklvp ehorqjv wr wkh vhw M � � dqg vr �

�
� � � � � 1 Iurp wklv zh

ghgxfh

xqlirup , zhdno| xqlirup/

ydqlvklqj , zhdno| ydqlvklqj1

Iurp Ohppdv 8146 dqg 814: dqg wkh uhpdun zh rewdlq=

814; Ohppd
Zlwkrxw orvv ri jhqhudolw| zh pd| dvvxph wkdw � lv +l, xqlirup +ll, ydqlvklqj
ru +lll, erwk zhdno| xqlirup dqg zhdno| ydqlvklqj1

Dv xvxdo/� lv ghqvh li� lv d vxeuhodwlrq ri�
�
( l1h1/ li wr hdfk sdlu % � � % �

wkhuh h{lvwv � vr wkdw % � � �� % � 1 Zh kdyh=

814< Sursrvlwlrq
Ohw � eh d sdudrughu1 Wkhq hlwkhu � lv qrw ghqvh ru wkh wudqvlwlyh kxoo ri
� lv iurp d�o �

Surri1 Vxssrvh � ��
�
1 Wkhq iru hyhu| ? : �

�
�
'�

�
�
�
� � � �

�
�
�
� �

�
'�

� � �

5<



zkhqfh � ��
�
� ��� � Lw iroorzv wkdw wkh wudqvlwlyh kxoo 	 ri � ehorqjv wr

d�o1 Zh vkrz wkdw 	 lv ghqvh1 Li % � 	 % � wkhq % � �
�
% � iru vrph ? � �1

Li ? ' � wkhq iru vrph � � zh jhw % � � � � � % � e| � � �
�
dqg li ? : �

wkhq iru vrph � � c ���c � �
�
� zh kdyh wkdw % � � � � � ���� � �

�
� � % � 1 Lq erwk

fdvhv zh kdyh wkh uhtxluhg % � 	 � � 	 % � �

Revhuyh wkdw wkh vwulfw ghqvh rughu 	 lv d gljudsk iurp d�o dqg khqfh dovr
d sdudrughu1

Wkh iroorzlqj ohppd jlyhv d vx!flhqw frqglwlrq iru wkh h{lvwhqfh ri dq rughu
lq d�o1

8153 Ohppd
Vxssrvh & � 	 & � 	 ��� lv dq lq�qlwh vhtxhqfh lq W� dqg ) d vhoipds ri W�
vxfk wkdw iru hdfk � 5 W� dqg doo , � ) E�� zh kdyh wkdw & � ' & � n & � iru vrph
@c K � �1 Li wkhuh h{lvw @c K 5 � vdwlvi|lqj @ �

� �
K iru doo ? ' �c 2c ��c wkhq

d�o frqwdlqv d wudqvlwlyh sdudrughu1

Surri1 Iru ? ' �c 2c ��� vhw

b � G' �
%+ G %�

� �
+ iru doo � � ?

�
� +818,

Fohduo| b � 5 d�o dqg b � � b � � ��� 1 Wkxv b G'
V � � � � b � lv wkh gluhfwhg

xqlrq ri uhvroyhqwv ri � dqg vr b 5 d�o1 E| dvvxpswlrq @K 5 b � � b dqg
wkhuhiruh b lv qrqyrlg1 Qh{w b lv d vxeuhodwlrq ri wkh wudqvlwlyh kxoo ri� dqg
dv vxfk dovr d sdudrughu1 Wr vkrz wkdw b lv wudqvlwlyh ohw S b _ b e +phdqlqj
S b _ dqg _ b e,1 Wkhq S b � _ b � e iru vrph �c � 5 W�� Vhwwlqj � ' 4@ E�c ��
zh kdyh S b

�
_ b

�
e1 E| +818, fohduo| S �

��� � ���
e iru doo @c K � �1 Qrz wkh

vhtxhqfh & � 	 & � 	 ��� lv vxfk wkdw S� ���
e iru doo , � ) E��1 Wklv suryhv wkdw

S b 	
� � � e dqg S b e1 Wkxv b lv d wudqvlwlyh sdudrughu1

Uhpdun1 Iru & 5 W� wkh vhtxhqfh & 	 2& 	 ��� vdwlv�hv wkh dvvxpswlrqv ri
Ohppd 8153> lq sduwlfxodu/ wkh dvvxpswlrqv krog iru wkh vhtxhqfh � 	 2 	 ���
1

D fkdlq rughu0lvrprusklf wr � 	 2 	 ��� 	 / Ewr � / 	 ��� 	 �2 	 ��� lv ri
w|sh / n � +ri w|sh � n /

�

,1

8154 Fruroodu|
Li � frqwdlqv d fkdlq ri w|sh /n� ru �n/

�

wkhq d�o frqwdlqv d wudqvlwlyh
sdudrughu1

8155
Dq rughu 	 rq � lv d fkdlq +dovr d olqhdu ru wrwdo rughu, li iru doo glvwlqfw
@c K 5 � hlwkhu @ 	 K ru K 	 @1 Zh frqvlghu xqlirup xqerxqghg fkdlqv1 Lw
lv zhoo nqrzq +Fdqwru/ vhh h1j1 ^Ur ;5` Wkhruhp 51;, wkdw hyhu| xqerxqghg
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ghqvh frxqwdeoh fkdlq lv rughu lvrprusklf wr wkh fkdlq E *"c 	� ri wkh udwlrqdov
+zlwk wkh qdwxudo rughu,1 Dqrwkhu h{dpsoh ri vxfk fkdlq lv wkh vhw W+ ri wkh
uhdov1 Wr suryh wkdw �L* E	� lv orfdoo| pd{lpdo zh qhhg wkh iroorzlqj jhqhudo
idfw1

8156 Sursrvlwlrq
Ohw � eh d forqh rq � vxfk wkdw hyhu| �qlwh vxevhw 8 ri � vdwlv�hv +l, hyhu|
pds ) G 8 $ � lv wkh uhvwulfwlrq ri vrph � 5 �

� � �
wr 8 dqg +ll, wkhuh h{lvwv

} 5 � zkrvh uhvwulfwlrq wr 8 lv hvvhqwldo dqg wdnhv dw ohdvw m8 m ydoxhv1 Wkhq
wLU� ' R � �

Surri1 Ohw 8 � � eh �qlwh dqg ohw � frqvlvw ri wkh uhvwulfwlrqv wr 8 ri wkrvh
K 5 � kdylqj �4 K � 8 1 E| +l, fohduo| R

� � ��
� �1 Vhw C G' �4 }1 Lw lv hdv|

wr vhh wkdw wkhuh h{lvwv ) G C$ 8 vxfk wkdw ) � } lv hvvhqwldo dqg vxumhfwlyh1
Dsso|lqj wkh zhoo0nqrzq Voxshfnl fulwhulrq ^Vo 6;` zh rewdlq wkdw � ' R

�
1

Qrz ohw s 5 R
�	���
� eh duelwudu| dqg C dq duelwudu| �qlwh vxevhw ri �1 Vhw

8 G' C^ �4 Es n C� +zkhuh s n C ghqrwhv wkh uhvwulfwlrq ri s wr C,1 Fohduo|
wkhuh h{lvwv s

�

5 R
������

djuhhlqj zlwk s rq C1 E| zkdw kdv ehhq vkrzq deryh
wkhuh h{lvwv K 5 �

�����
djuhhlqj zlwk s

�

rq 8 1 Wkxv wLU� ' R � 1

8157 Sursrvlwlrq
Ohw 	 eh dq xqerxqghg fkdlq rq � vxfk wkdw iru doo @ 	 K dqg S 	 _ wkhuh
h{lvwv dq rughu hqgrprusklvp ) vdwlvi|lqj ) E@� ' S dqg ) EK� ' _1 Wkhq
�L* E	� lv orfdoo| pd{lpdo1

Surri1 Ohw s 5 R
�����
� q�L* E	� eh duelwudu|1 Ghqrwh e| � wkh forqh jhqhudwhg

e| isj ^ �L* E	� � Zh qhhg wkh iroorzlqj 7 fodlpv1 Iru qrwdwlrqdo vlpsolflw|
ohw fc � 5 � eh duelwudu| hohphqwv ri � vdwlvi|lqj f 	 �1

Fodlp 41 Wkhuh h{lvwv } 5 �
� � �

zlwk � ' } Ef� � } E�� zkhuh } E�� 5 ifc �j�

Surri ri wkh fodlp1 Dv s *5 �L* E	�/ wkhuh h{lvw @
�
	 K

�
E� ' �c ���c ?� vxfk wkdw

s E@ � c ���c @ � � � s EK � c ���c K � � �
Vlqfh 	 lv xqlirup/ wkhuh h{lvw xqdu| }

�
5 �L* E	� vxfk wkdw }

�
Ef� ' @

�
dqg

}
�
E�� ' K

�
E� ' �c ���c ?� � Gh�qh � 5 R

� � �
� e| vhwwlqj iru hyhu| % 5 �

� E%� G' s E} � E%� c ���c } � E%�� �
Fohduo| � 5 � dqg � Ef� � � E��1 E| xqliruplw| wkhuh h{lvwv � 5 �L* E	� vxfk
wkdw 4, � E� Ef�� ' � dqg 5, � E� E��� ' f zkhqhyhu � Ef� : � E��1 Qrz } ' ���
lv wkh uhtxluhg xqdu| rshudwlrq1

Fodlp 51 _ Ef� ' _ E�� ' f iru vrph _ 5 �
� � �
1
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Surri ri wkh fodlp1 Ohw } eh wkh xqdu| rshudwlrq iurp Fodlp 41 Lw lv hdv| wr
yhuli| wkdw 4@ 5 �L* E	� +zkhuh/ dv xvxdo/ 4@ E%c +� lv wkh juhdwhvw hohphqw
lq i%c +j,1 Iru doo % 5 � vhw � E%� G' 4@ E} E%� c %� � Fohduo|

� Ef� ' 4@ E} Ef� c f� ' � ' 4@ E} E�� c �� ' � E�� �

Fkrrvh � 5 �L* E	� vxfk wkdw � E�� ' f1 Wkhq _ G' � � } lv wkh uhtxluhg xqdu|
rshudwlrq1

Fodlp 61 Iru hyhu| �qlwh vxevhw i@ � c ���c @ � j ri � wkhuh lv S 5 �
� � �
vxfk wkdw

S E@ � � ' ��� ' S E@ � � ' f1

Surri ri wkh fodlp1 Zh surfhhg e| lqgxfwlrq rq ? � f1 Iru ? ' f vhw
S G' �_ � � Vxssrvh wkh vwdwhphqw krogv iru ?�� � f dqg ohw i@ � c ���c @ � j � �1
E| wkh lqgxfwlyh dvvxpswlrq wkhuh h{lvwv S

�
5 �

� � �
vxfk wkdw S

�
E@ � � ' ��� '

S
�
E@ � �

� � ' f1 Wkhuh lv qrwklqj wr suryh li S
�
E@ � � ' f1 Wkxv ohw K G' S

�
E@ � � 9'

f1 E| xqliruplw| wkhuh h{lvwv � 5 �L* E	� pdsslqj ifc Kj rqwr ifc �j1 Vhw
S G' _��� S

�
+zkhuh _ lv wkh xqdu| rshudwlrq iurp Fodlp 5,1 Lw lv hdv| wr vhh

wkdw S E@ � � ' ��� ' S E@ � � ' f1 Wklv frqfoxghv wkh lqgxfwlrq vwhs dqg suryhv
wkh fodlp1

Fodlp 71 Iru doo @c K 5 � zlwk K � f wkhuh h{lvwv � 5 �
� � �

vxfk wkdw
� E@c f� ' K dqg � E%c f� ' f rwkhuzlvh1

Surri1 Li K ' f fkrrvh � wr eh wkh surmhfwlrq e
�
� 1 Wkxv ohw K : f1 Vlqfh 	

lv xqlirup/ wkhuh h{lvwv dq 	0hqgrprusklvp ) vxfk wkdw ) Ef� ' K1 Gh�qh
� G �$ � e|

� E%� G'

�
) E%� iru doo % : fc
% rwkhuzlvh1

Dv K � fc fohduo| � lv dq 	0hqgrprusklvp1 Qh{w vhw

� E%c +� G'

;
?
=

K li % ' @c + ' fc
f li % 9' @c + ' fc
� E+� rwkhuzlvh1

Wr vkrz wkdw � 5 �L* E	� ohw S 	 e dqg _ 	 s 1 4, Li _ 9' f 9' s wkhq � ESc _� '
� E_� 	 � Es� ' � Eec s� � 5, Ohw _ ' f1 Wkhq s : f dqg � ESc f� � K 	 � Es� '
� Eec s�1 6, Ilqdoo| ohw s ' f1 Wkhq _ 	 f dqg � ESc _� ' � E_� 	 f � � Eec f�1
Wklv suryhv wkh fodlp1

Fodlp 81 Li @ � c ���c @ � 5 � duh sdluzlvh glvwlqfw dqg K � c ���c K � 5 � wkhq
� E@

�
� ' K

�
E� ' �c ���c ?� iru vrph � 5 �

� � �
1

Surri ri wkh fodlp1 Zh fdq fkrrvh wkh hohphqw f vr wkdw K
�
� f iru doo � '

�c ���c ?1 E| Fodlp 6 wkhuh h{lvwv S 5 �
� � �

vxfk wkdw S E@ � � ' ��� ' S E@ � � ' f1
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E| Fodlp 7 iru � ' �c ���c ? wkhuh h{lvwv �
�
5 �

� � �
vxfk wkdw �

�
E@

�
c f� ' K

�
dqg

�
�
E%c f� ' f rwkhuzlvh1 Wkh ?0du| rshudwlrq4@ � dvvljqv wr doo % � c ���c % � 5 �

wkh juhdwhvw hohphqw ri i% � c ���c % � j1 Lw lv hdv| wr vhh wkdw 4@ � 5 �L* E	�1
Iru doo % 5 � vhw

� E%� G' 4@ � E� � E%c S E%�� c ���c � � E%c S E%��� �
Fohduo| � 5 �

� � �
1 Pruhryhu/ iru � ' �c ���c ? gxh wr K

�
� f

� E@
�
� ' 4@ � E� � E@

�
c f� c ���c �

�
E@

�
c f� c ���c � � E@ � c f��

' 4@ � Efc ���c fc K � c fc ���c f� ' K
�
�

Wklv suryhv wkh fodlp1

Wkh sursrvlwlrq qrz iroorzv iurp Fodlp 8 dqg Sursrvlwlrq 8156 +fkrrvh } '
4@ ,�

9 Wkh whuqdu| uhodwlrq j ^{�2

914
Lq wklv vhfwlrq zh vwxg| vshfldo whuqdu| uhodwlrqv rq �1 Uhfdoo wkdw { ��� '
i%%+ G %c + 5 �j dqg wkdw j � G' �

�
q � frqvlvwv ri doo %+5 5 � � zlwk % 9' + 9'

5 9' %1 Zh vd| wkdw d whuqdu| uhodwlrq b rq � lv 450/ 460 dqg 560v|pphwulf li
%+5 5 b lpsolhv +%5 5 b/ 5+% 5 b dqg %5+ 5 b/ uhvshfwlyho|1 Zh vd| wkdw lw
lv 450/ 460 dqg 560dqwlv|pphwulf li iru hyhu| %+5 5 b

+%5 5 b, % ' +c 5+% 5 b, % ' 5c %5+ 5 b, 5 ' +�

Lq wklv vhfwlrq zh vwxg| wkh whuqdu| uhodwlrqv 4 ' j ^{ ��� rq � vxfk wkdw

+l, > 9' j � j � c

+ll, j lv 450v|pphwulf/

+lll, �%5c �+5 5 4, %+5 5 4/

+ly, iru hdfk �qlwh � � � zh kdyh �
�
� i�j � 4 iru vrph � 5 �/

+y, 4 lv uhshoohqw1

+Iru +lll, vhh Ilj1 43,
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Vxfk d uhodwlrq zloo eh fdoohg d wulolxp1 Lw zdv vkrzq lq ^U0V} ;7` Fruroodu|
518 wkdw iru wkh ulfkhvw wulolxp j � ^ { ��� wkh forqh �L* Ej � ^{ ��� � lv orfdoo|
pd{lpdo1

915 Ohppd
Li 4 lv d wulolxp wkhq hlwkhu +l,

��%c �%�c ��+c �+� 5 4, % ' + +914,

ru +ll, iru hyhu| �qlwh vxevhw � ri � wkhuh duh �c � 5 � vr wkdw ��Kc �K� 5 4
iru doo K 5 ��

Surri1 Iru � ' 2c �c ��� sxw

b � G' i% � ���% � G �%
�
�c ��%

�
5 4 iru vrph �c � 5 � dqg doo � ' �c ���c �j �

Fohduo| doo b � duh wrwdoo| v|pphwulf1 Pruhryhu b � lv uh h{lyh dqg vr b � '  �

ru b � ' �
�
1 Lq wkh �uvw fdvh zh jhw +914,1

Lq wkh vhfrqg fdvh zh kdyh b � ' �
�
1 Wklv phdqv b � lv wrwdoo| uh h{lyh/ zkhqfh

b � ' �
� 1 Frqwlqxlqj lq wklv zd| zh jhw b � ' � � iru � ' 2c �c ��� � Lq sduwlfxodu

iru hyhu| �qlwh vxevhw � ri �/ � ' iK � c ���c K � j zh jhw K � ���K � 5 � � � b � zklfk
|lhogv wkh vhfrqg vwdwhphqw1

c

x y

u

z

denotes the postulated triple uvwu

w

v

a b
means abc ρ

0 Ilj 43 0

Zh vd| wkdw d wulolxp 4 lv vwurqj li wr duelwudu| %c + 5 � zh kdyh %�+ 5 4
dqg �+% 5 4 iru vrph � 5 �� Lw lv vwulfw li iru doo %c +c 5c | 5 �

%+5c +5% 5 4, % ' + ' 5�
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916 Ohppd
D wulolxp lv hlwkhu vwurqj ru vwulfw1

Surri1 Vhw
j G' i%+ G �%+c �+% 5 4 iru vrph �j �

Wkh uhodwlrq j lv uh h{lyh ehfdxvh @@@ 5 { ��� � 4 iru doo @ 5 �1 Lw lv fohduo|
v|pphwulf dqg wkhuhiruh wulyldo1 Fohduo| j '  � dqg j ' �

�
fruuhvsrqg wr 4

vwulfw dqg 4 vwurqj1

Zh frqvlghu vwurqj wulold1 Zh vd| wkdw d vwurqj wulolxp lv d vkx"h li iru doo
%c + 5 �

%+�c %�+c �+% 5 4

+ vhh Ilj1 44, krogv iru vrph �1 Zh kdyh=

917 Ohppd
D vwurqj wulolxp lv hlwkhu d vkx"h ru vdwlv�hv

%+5c %5+c 5+% 5 4, % ' + ' 5� +915,

Surri1 Vhw
j G' i%+ G %+�c %�+c �+% 5 4 iru vrph �j �

y

u

x

0 Ilj 44 0
Fohduo| j lv uh h{lyh dqg v|pphwulf1 Vlqfh 4 lv uhshoohqw/ lw iroorzv wkdw

j '  � ru j ' �
�
/ zkhqfh 4 vdwlv�hv +915, ru lv d vkx"h1
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Zh vd| wkdw d vwurqj wulolxp lv wdxw li lw vdwlv�hv +915, dqg wr duelwudu|
%c + 5 � wkhuh duh �c � 5 � vr wkdw

%+�c %�+c �+%c %+� 5 4 +916,

y
u x v

0 Ilj 45 0

918 Ohppd
Ohw 4 eh d wulolxp1 Wkhq

+l, Hlwkhu 4 lv wdxw ru iru doo %c +c �c � 5 �

%+�c %�+c �+%c %�+ 5 4, % ' + ' � ' �c +917,

+ll, Li 4 lv vwurqj dqg d4o frqwdlqv qr uh h{lyh gldjudsk rwkhu wkdq  � wkhq
4 lv wdxw1

Surri1 +l, Lw vx!fhv wr frqvlghu

j G' i%+ G %+�c %�+c �+%c %+� 5 4 iru vrph �c �j �

+ll, Vxssrvh wr wkh frqwudu| wkdw 4 lv qrw wdxw1 Vhw

b G' i%+ G %+�c %�+ 5 4j �

Fohduo| b lv uh h{lyh1 Wdnlqj lqwr dffrxqw wkdw 4 lv vwurqj zh vhh wkdw wr
duelwudu| �c � 5 �c � 9' � wkhuh h{lvwv � 5 � vxfk wkdw ���c ��� 5 41 Wkxv
�� 5 b1 Pruhryhu/ � 9' � +vlqfh rwkhuzlvh � ' �,1 Wkxv b �  � 1 Vxssrvh
%+c +% 5 b1 Wkhq wkhuh duh �c � 5 � vr wkdw

%+�c %�+c +%�c +�% 5 4c

khqfh e| +l, zh jhw % ' +1 Wkxv b 5 d4o lv dqwlv|pphwulf lq frqwudglfwlrq wr
rxu dvvxpswlrq1
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u

x y

v

0 Ilj 46 0

D wulolxp 4 lv ri wkh �uvw nlqg li iru doo %c +c � � c � � 5 �

%� � � � c +� � � � 5 4, % ' +�

Wkh wulolxp lv ri wkh vhfrqg nlqg li iru doo %c + 5 � wkhuh h{lvw � � c � � 5 �
vxfk wkdw

%� � � � c +� � � � 5 4�

919 Ohppd

Hdfk wulolxp lv hlwkhu ri wkh �uvw nlqg ru ri wkh vhfrqg nlqg1

Surri1 Vhw

j G' i%+ G %� � � � c +� � � � 5 4 iru vrph � � c � � j �

Fohduo| j lv v|pphwulf dqg uh h{lyh +fkrvh � � ' � � G' %,1 Vlqfh 4 lv uh0
shoohqw/ j '  � ru j ' �

�
dqg khqfh 4 lv hlwkhu ri wkh �uvw ru wkh vhfrqg

nlqg1

6:



: Wrwdoo| uh h{lyh dqg v|pphwulf uhodwlrqv

:14 Gh�qlwlrqv
Ohw djdlq A � ghqrwh wkh vhw ri wrwdoo| uh h{lyh dqg wrwdoo| v|pphwulf �0du|

uhodwlrqv rq � glvwlqfw iurp � � dqg ohw A '
�V
� � �

A � 1 Qrwh wkdw 4 5 A � lv

frpsohwho| ghwhuplqhg e| wkh idplo| ri �0hohphqw vhwv

4
�

'
q
i% � c ���c % � j 5 d�o � m E% � c ���c % � � 5 4

r

+zkhuh/ dv xvxdo/ d�o � lv wkh vhw ri �0hohphqw vxevhwv ri �,1 Wkh uhdghu pd|
�qg lw pruh frqyhqlhqw wr wuhdw 4 5 A � lq wklv zd|1
Zh vd| wkdw � � � lv 40fhqwhuhg li wkhuh lv S 5 � vxfk wkdw iSj ^f 5 4

�

iru
doo f 5 d�o � �

�
zlwk S *5 f1

Zh vd| wkdw 4 5 A � lv orfdoo| fhqwudo li hdfk �qlwh � � � lv 40fhqwhuhg +l1h1
d�o � �

�
� i�j � 4 iru vrph �, dqg 4 lv krprjhqhrxv li hyhu| 4�fhqwhuhg

� 5 d�o � ehorqjv wr 4( l1h1/ K � ���K � 5 4 zkhqhyhu iru vrph � zh kdyh wkdw
K � ���K

�
�
� �K

�
� � ���K � 5 4 iru doo � ' �c ���c �1 Wkxv 4 5 A � lv krprjhqhrxv l� lw

lv wudqvlwlyh> l1h1/ l� 4 lv dq htxlydohqfh uhodwlrq rq � glvwlqfw iurp �
�
1 Iru

� ' � vhh Ilj1 471 Qrwh wkh iroorzlqj devruelqj surshuw| ri A � 1

0 Ilj 47 0
:15 Idfw Ohw � : 2 dqg 4 5 A � 1 Wkhq doo ,0du| uhodwlrqv E� _ , 	 �� iurp
d4o duh wulyldo1 Hdfk �0du| uhodwlrq j 5 d4o vdwlv�hv j � 4 dqg khqfh lv wrwdoo|
uh h{lyh> pruhryhu djo _ A � 9' >�

6;



Surri1 Ohw � � , � � dqg j dq ,0du| uhvroyhqw ri 41 Wkhq 4 ' b w � 4
zkhuh b lv dq �0du| uhodwlrq rq d vhw T vxfk wkdw T � i�c ���c ,j1 Ohw , 	 �1
E| wkh wrwdo uh h{lylw| ri 4 hdfk pds s G T $ � zlwk m�4 s m � , ehorqjv
wr OL4Ebc 4� dqg vr j ' �

�

1 Ohw , ' �1 Iru hdfk @ � ���@ � 5 4 hyhu| pds
s G T $ i@ � c ���c @ � j zlwk s E�� ' @

�
E� ' �c ���c �� ehorqjv wr OL4Ebc 4� �

Wkxv @ � ���@ � 5 j dqg 4 � j1 Ilqdoo| ohw � : 2 dqg ohw j eh dq �0du| wrwdoo|
uh h{lyh uhodwlrq1 Iru d shupxwdwlrq R ri i�c ���c �j vhw

j
� � �

G'
�
@� � � � ���@� � � � G @ � ���@ � 5 j

�
�

Lw lv hdv| wr vhh wkdw j
� � �
5 djo +lq idfw/ �L* j

� � �
' �L* j,1 Wkh vhw j lv

lqwhuvhfwlrq forvhg dqg vr 1 G'
W

�
�

� � j
� � �

+zkhuh 7 � ghqrwhv wkh v|pphwulf
jurxs ri doo shupxwdwlrqv ri i�c ���c �j, ehorqjv wr djo1 Reylrxvo| 1 �  � dqg
1 lv wrwdoo| v|pphwulf> frqvhtxhqwo| 1 5 djo _ A � 1 Wklv suryhv wkh idfw1
:16 Gh�qlwlrq
Ghqrwh e| 7 � wkh vhw ri doo �0du| wrwdoo| v|pphwulf uhodwlrqv rq � dqg vhw

7 G'
�V
� � �

7 � 1 D ixqfwru lv d vhw iE � � G � 	 /j ri pdsv iurp A

�
G'

�V
� � �

A �
�

lqwr 7 vxfk wkdw iru doo � � 2c j 5 A � dqg � � f= +:14,
+l, Ej�� 5 djo _ 7 � � � c +ll, j � Ej� � / +lll, Ej�� ' � � � �

,  � � � � � � Ej� � � � +:14,
Zh deeuhyldwh Ej� � e| Ej�1 Qrwlfh wkdw e| +ll, fohduo| Ej� 5 A � ^

�
� � �1

Vlploduo| li Ej� � ' � � � � wkhq iurp +lll, zh rewdlq Ej�� � � 5 A � � � � � ^
�
� � � � � � �

�

:17 H{dpsoh
Wkh iroorzlqj lv rxu edvlf h{dpsoh ri d ixqfwru1 Iru � � 2c j 5 A � dqg � � f
ohw Ej�� frqvlvw ri doo % � ���% � � � 5 � � � � iru zklfk wkhuh lv dq % � � � � � 5 � vxfk
wkdw %

�
� ���%

�
� 5 j zkhqhyhu � n � n � 5 i� � c ���c � � j � i�c ���c � n � n �j � Lq

sduwlfxodu/

Ej� ' Ej� � G' i% � ���% � G % � ���%
�

�
� �%

�
� � ���% � 5 j E� ' �c ���c ?� iru vrph �j

+:15,
+l1h1 Ej�

�

frqvlvwv ri doo j0fhqwhuhg f 5 d�o � ,1
Zh yhuli| +:14,1 Iluvw +l, dqg +ll, iroorz iurp wkh gh�qlwlrqv1 Iru +lll, vxs0
srvh Ej�� ' �

�
zkhuh R G' � n �1 Ohw % � c ���c %� 5 � eh duelwudu|1 Wkhq

% � ���%� 5 �
�
' Ej� � ( zkhqfh wkhuh lv %� � � 5 � vxfk wkdw % � ���% � 5 j

zkhqhyhu R n � 5 i� � c ���c � � j � i�c ���c Rn �j1 Sxw +
�
G' %

�
E� ' �c ���c R�

dqg +� � � G' %� 1 Wr suryh + � ���+� � � 5 Ej� � � � sxw +� � � G' %� � � 1 Ohw
R n 2 5 i� � c ���c � � j � i�c ���c Rn 2j � Li iRc R n �j � i� � c ���c � � j wkhq dxwr0
pdwlfdoo| zh kdyh +

� � ���+ � � 5 j gxh wr wkh wrwdo uh h{lylw| ri j1
Li miRc Rn �j _ i� � c ���c � � jm _ � wkhq lq ylhz ri +� � � ' %� dqg +� � � ' %� � �

wkh k0wxsoh +
� � ���+ � � lv rqh ri k0wxsohv %� � ���%� � 1
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:18 Gh�qlwlrqv
Ohw iE � � G � 	 �j eh d ixqfwru dqg ohw 4 5 A � � E| d wudqv�qlwh frqvwuxfwlrq
zh hvwdeolvk d vhtxhqfh k4 � c 4 � c ���l ri � � 0du| uhodwlrqv 4 � rq � +zkhuh 1 lv
dq ruglqdo, vdwlvi|lqj wkh iroorzlqj frqglwlrq= li 1 lv d qrq}hur olplw ruglqdo
dqg 4 � kdv ehhq frqvwuxfwhg iru doo � 	 1 wkhq wkhuh h{lvwv w 	 1 vxfk wkdw
� � ' � � iru doo w 	 � 	 11

Ohw 4 � G' 41 Vxssrvh wkdw � lv d qrq}hur ruglqdo iru zklfk wkh vhtxhqfh
kw � G 1 	 �l kdv ehhq frqvwuxfwhg1 Ghqrwh e| w wkh ohdvw ruglqdo vxfk wkdw
� � ' � � iru doo w � 1 	 � +li � lv lvrodwhg srvvleo| w ' � � �,1 Vhw j G'V

� � ����� 4 � dqg � G' � � 1 Uhfdoo wkdw Ej vwdqgv iru Ej� � �

41 li j � Ej� � � � vhw 4 � G' Ej� c

51 li j ' � � vwrs/
61 li j � � � ' Ej� zkloh iru vrph , : f

Ej� � � � � � � c +:16,

vhw 4 � G' Ej�� zkhuh � lv wkh ohdvw lqwhjhu � vdwlvi|lqj +:16,/

71 li j � Ej� zkloh Ej�� ' � � � � iru doo � � f/ vwrs1

81 li j � Ej� � � � c vwrs1

:19 H{dpsoh

Ohw
q
E �� G � 	 �

r
eh wkh ixqfwru iurp H{dpsoh :17 dqg ohw � ' 21 Lw lv

hdv| wr vhh wkdw E4� ' E4� � ' 4
�
E' 4 � 4� dqg vr 4 � ' 4

�
c 4 � ' 4

	
hwf1 Wkh

frqvwuxfwlrq vwrsv li vrph 4
� �

' 4
� � �

lv dq htxlydohqfh uhodwlrq rq�1 Vxssrvh

E4
�
� ' �

�
1 E| lwv gh�qlwlrq E4

�
�
�
� frqvlvwv ri doo E, n 2�0hohphqw vxevhwv ri �

kdylqj d mrlqw qhljkeru lq 4
�
E, � f��Wkxv 4

�
� � lv wkh �uvw E4

�
� � � �

� � �

surylghg vxfk d � h{lvwv/ hovh wkh frqvwuxfwlrq vwrsv1 Li 4
�
' 4

� �
� �

�
iru doo

� 	 � wkhq vhw j G'
V �

��� 4
�
dqg frqwlqxh1

Zh vkrz vrph edvlf surshuwlhv ri wkh frqvwuxfwlrq1

:1: Ohppd
Li � : � dqg 4 5 A � wkhq
+l, Wkh frqvwuxfwlrq ri wkh vhtxhqfh k4 � c 4 � c ���l vwrsv dw vwhsv 5/ 7/ 8 ru dw

wkh ohdvw ruglqdo � vxfk wkdw i� � G 1 	 �j lv dq xqerxqghg vxevhw ri W�c

+ll, 4 � 5 d4o _ A � � iru doo 1 	 �/ dqg
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+lll, Iru doo w 	 1 	 � zh kdyh wkdw d, � � � � � / e, �L* 4 � � �L* 4 � dqg f,
4 � � 4 � surylghg � � ' � � 1

Surri1 Dq hdv| wudqv�qlwh lqgxfwlrq +edvhg rq Gh�qlwlrq :16 dqg wkh idfw
wkdw d o lv forvhg xqghu erwk duelwudu| lqwhuvhfwlrqv dqg gluhfwhg xqlrqv
suryhv +ll, dqg +lll0d, dqg +lll0f, dv zhoo dv �L* 4 � � �L* 4 � 1 Zh vkrz wkdw
�L* 4 � . �L* 4 � 1 Lqghhg li � � 	 � � wkhq e| Idfw :15 hyhu| � � 0du| j 5

�
4 �
�
lv

wulyldo zkloh li � � ' � � wkhq hyhu| � � 0du| j 5
�
4 �
�
frqwdlqv 4 � � 4 � 1 Lq erwk

fdvhv �L* 4 � . �L* 4 � � Wklv suryhv +lll0e,1
Wr suryh +l, vxssrvh wkhuh lv dq ruglqdo � vxfk wkdw wkh vxevhw

�
� � G 1 	 � c 4 � kdv ehhq frqvwuxfwhg

�

ri W� lv xqerxqghg +l1h1 lq�qlwh,1 Ghqrwh e| � wkh ohdvw ruglqdo zlwk wklv
surshuw|1 Lw lv hdv| wr yhuli| wkdw wkhq wkh frqvwuxfwlrq vwrsv dw �1 Wkxv
dvvxph wkdw wkhuh h{lvwv dq ruglqdo w vxfk wkdw � � ' �

�
G' � � iru doo 1 : w

iru zklfk 4 � kdv ehhq frqvwuxfwhg1 E| +lll0f, iru hdfk vxfk 1 wkh vhtxhqfh
k4 � G w 	 � 	 1l lv d vwulfwo| lqfuhdvlqj vhtxhqfh lq wkh rughuhg vhw EA � � c��1
Lw iroorzv wkdw - G' i4 � G � : wc 4 � frqvwuxfwhgj lv d vxevhw ri A � � 1 Wkh fkdlq
E-c�� lv xqlrq0forvhg dqg vr e| ]ruq*v ohppd lw kdv d pd{lpdo hohphqw j1 Li
j 5 A � � wkhq Ej� ' j dqg wkh frqvwuxfwlrq vwrsv dw vwhs 81 Wkxv ohw j ' � � 1
Wkhq wkh frqvwuxfwlrq vwrsv dw vwhs 51

Zh qhhg wkh iroorzlqj vwdwhphqwv +Wrzhuv zhuh gh�qhg lq ¢418,1
D wrzhu 	 R � � 1 	 l : zkhuh hdfk R � lv dq � � 0du| uhodwlrqv lv dulw| lqfuhdvlqj
+frqvwdqw, li 1 	 1

�
	 l lpsolhv � � 	 � � � E� � ' � � � �

:1; Sursrvlwlrq
Iru � ' �c 2c ��� ohw 4

�
eh dq �

�
0du| uhodwlrq rq �1 Li +l, � � 	 � � 	 ���/ +ll,

 � � � 4
�
� � � � iru � ' �c 2c ��� dqg +lll, �L* 4 � � �L* 4 � � ��� wkhq k4 � c 4 � c ���l

lv dq lqfuhdvlqj dulw| wrzhu1

Surri1 Iluvw zh vkrz wkdw �L* 4
�
� �L* 4

�
� � iru doo � : f1 Iluvw vxssrvh

 � � 	 R�Fkrrvh
@ � ���@ � � 5 4

�
q � � c K � ���K � � 5 � � � q4 � +:17,

dqg gh�qh s 5 R
� � �
� e| vhwwlqj s E@

�
� G' K

�
iru doo � ' �c ���c �

�
dqg s E%� G' K

�
rwkhuzlvh1 Fohduo| s *5 �L* 4

�
e| +:17, zkloh s 5 �L* 4

�
� � gxh wr m�4 s m '

miK � c ���c K � � jm ' �
�
	 �

�
� � 1

Qh{w ohw  � � ' R � � Dv lq wkh �qlwh fdvh rqh fdq vkrz wkdw �L* � � frqvlvwv ri wkh
forqh jhqhudwhg e| R

� ���
dqg doo s 5 R zlwk *�4 s m � �

�
� Iurp  � � 	 � � R

�
� �

dqg �
�
	 �

�
� � lw iroorzv wkdw dq| s 5 R

� � �
zlwk *�4 s m ' �

�
� � ehorqjv wr
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�L* R
�
� � q�L* R � �Vhw � G'

�V� � �
�L* 4

�
1 Wr vkrz wkdw wLU� ' R � ohw s 5 R

�����
�

eh duelwudu| dqg ohw 8 � � eh �qlwh1 Vhw C G' �4 Es n 8 � +zkhuh s n 8 lv wkh
uhvwulfwlrq ri s wr 8 , dqg ghqrwh e| � wkh ohdvw lqwhjhu vxfk wkdw �

�
: mCm1

Il{ } 5 C dqg gh�qh s
�

5 R
�����
� e|

s
�

E@ � c ���c @ � � '
�

s E@ � c ���c @ � � li @ � c ���c @ � 5 8c
} rwkhuzlvh1

+:18,

Fohduo| �4 s
�

' C dqg s
�

n 8 ' s n 8 1 Qh{w s
�

5 �L* 4
�
� � gxh wr  � � � 4

�
1

Wkxv s 5 wLU�/ khqfh R � � wLU� � R � vkrzv wLU� ' R � �

:1< Sursrvlwlrq
Ohw � : �/ ohw � eh dq ruglqdo dqg ohw 4 � 5 A � iru doo 1 	 l� Li

1 	 � , 4 � � 4 � c �L* 4 � � �L* 4 � c +:19,

^
� ���

4 � ' � � c +:1:,

wkhq

4 � G 1 	 �

�
lv d frqvwdqw dulw| wrzhu1

Surri1 Zh surfhhg dv lq wkh surri ri wkh suhfhglqj sursrvlwlrq1 E| +:19, dqg
+:1:, wkhuh h{lvwv wkh ohdvw ruglqdo 1 vxfk wkdw C � � 4 � 1 Fohduo| s

�

5 �L* 4 �

dqg wLU� ' R � iroorzv lq wkh vdph zd| dv lq wkh deryh phqwlrqhg surri1

Wkh krprjhqrxv dqg orfdoo| fhqwudo uhodwlrqv zhuh gh�qhg lq :14
:143 Sursrvlwlrq
Ohw � : � dqg 4 5 A � 1 Wkhq 4 lv grplqdwhg e| +l, d krprjhqhrxv uhodwlrq/
+ll, e| d orfdoo| fhqwudo uhodwlrq +lll, e| d frqvwdqw dulw| wrzhu ru +ly, e| dq
lqfuhdvlqj dulw| wrzhu1

Surri1 Ohw
q
E � � G � 	 /

r
eh wkh ixqfwru iurpH{dpsoh :17 dqg ohw k4 � c 4 � ���l

eh wkh fruuhvsrqglqj vhtxhqfh gh�qhg lq :181 Dffruglqj wr Ohppd :19 lw
vwrsv dw vwhsv 5/7/8 ru dw wkh ohdvw ruglqdo � vxfk wkdw wkh vhw i� � G 1 	 �j lv
xqerxqghg1 Zh frqvlghu vhsdudwho| wkh irxu fdvhv1

41 Vxssrvh wkdw iru vrph ruglqdo � wkh frqvwuxfwlrq vwrsv dw vwhs 51 Wkhq
iurp Ohppd :1: +lll, dqg Sursrvlwlrq :1< zh rewdlq wkdw


4 � G 1 	 �

�

lv d frqvwdqw dulw| wrzhu dqg +lll, krogv1

51 Vxssrvh wkdw iru vrph ruglqdo � wkh frqvwuxfwlrq vwrsv dw vwhs 71 Iru
dq �0du| uhodwlrq j dqg � � f wkh ydolglw| ri Ej� � ' � � � � phdqv wkdw
hyhu| E�n ��0hohphqw vxevhw ri � lv j

�

0fhqwhuhg E� ' fc �c ����> zkhqfh
j lv orfdoo| fhqwudo dqg zh kdyh +ll,1
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61 Vxssrvh wkdw wkh frqvwuxfwlrq vwrsv dw vwhs 81 Wkhq j ' Ej� dqg
wkhuhiruh j lv krprjhqhrxv1

71 Vxssrvh wkdw wkh frqvwuxfwlrq vwrsv dw wkh ohdvw ruglqdo � vxfk wkdw
M G' i� � G 1 	 �j lv xqerxqghg1 Zulwh M dv i�

��
G � 	 /j zkhuh �

�
� 	

�
�
� 	 ��� 1 Iru hdfk � 	 / ghqrwh e| 1

�
wkh ohdvw ruglqdo vxfk wkdw

� � � ' �
��
1 Qrz Ohppd :1: dqg Sursrvlwlrq :1; vkrz wkdw


4 � � c 4 � � c ���

�

lv dq lqfuhdvlqj dulw| wrzhu dqg +ly, krogv1

Uhpdun1 Sursrvlwlrq :1< vkrzv wkh h{lvwhqfh ri pdq| wrzhuv1 Li 4 lv orfdoo|
fhqwudo wkhq �L* 4 lv orfdoo| pd{lpdo ^U0Vf ;5`1 Wkxv lq wkh uhpdlqghu ri wklv
sdshu zh fdq frqfhqwudwh rq wkh vhw M � ri doo krprjhqrxv uhodwlrqv iurp A � 1
Uhfdoo iurp H{dpsoh :17 wkdw M � lv wkh vhw ri surshu htxlydohqfh uhodwlrqv rq
�1 Vlqfh iru vxfk uhodwlrqv 4 wkh forqh �L* 4 lv orfdoo| pd{lpdo/ zh dvvxph
� : 2�

:144 Gh�qlwlrq
Zh lqwurgxfh dqrwkhu ixqfwru iE �� G � 	 /j1 Ohw � � �c j 5 A � c � � f
dqg R G' �n �1 Wkh uhodwlrq Ej�� frqvlvwv ri doo % � ���%� 5 �

�
vxfk wkdw vrph

� � c ���c �� 5 � vdwlvi| +l, �
�
� ����

�
� 5 j zkhqhyhu � � � � 	 ��� 	 � � � R dqg +ll,

iru doo � ' �c ���c R dqg � � � � 	 ��� 	 � � �
� � R

%
�
�
�
%� � ���%� � �

�
5 j� +:1;,

Lq sduwlfxodu/ Ej� G' Ej� � frqvlvwv ri doo % � ���% � 5 � � vxfk wkdw vrph � � ���� � 5
j vdwlv�hv iru doo � � �c � � � zlwk � 9' �

% � ���% � �
� �

�
%� � � ���% � 5 j +:1<,

+vhh Ilj1 47 iru � ' �,1 Lqirupdoo|/ zh fdq ylhz �
�
dv d erg|jxdug ri wkh

pdvwhu %
�
E� ' �c ���c ��1 Hyhu| vhw ri � erg|jxdugv irupv d frdolwlrq lq wkh

vhqvh ri +l,1 D pdvwhu dqg klv erg|jxdug irup d frdolwlrq iru hyhu| fkrlfh ri
�� 2 rwkhu pdvwhuv1
Fdoo d uhodwlrq j 5 A � vwurqjo| krprjhqhrxv li j ' Ej�1 Wkxv j lv vwurqjo|
krprjhqhrxv li % � ���% � 5 j zkhqhyhu wkhuh h{lvwv � � ���� � 5 j vdwlvi|lqj
+:1<,1 Qrwlfh wkdw d vwurqjo| krprjhqhrxv uhodwlrq j lv krprjhqhrxv1 Lqghhg
li wr % � c ���c % � 5 � wkhuh h{lvwv � vdwlvi|lqj % � ���%

�
�
� �%

�
� � ���% � 5 j iru doo

� ' �c ���c � wkhq lw vx!fhv wr fkrrvh ����� 5 j1
Iru � � � d uhodwlrq ri j 5 A � lv surwhfwlyh li Ej� � ' � � � � iru doo � � f1

:145 Ohppdq
E �� G � 	 /

r
iurp Gh�qlwlrq :143 lv d ixqfwru1
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Surri1 Zh yhuli| +:14,1 Ohw j 5 A � dqg � � f1 Fohduo| Ej� � 5 djo _ 7 � � � 1
Li @ � ���@ � 5 j wkhq @ � ���@ � 5 Ej� ehfdxvh zh fdq fkrrvh � � ���� � ' @ � ���@ �
dqg +:1<, krogv rq dffrxqw ri wkh wrwdo uh h{lylw|1 Ilqdoo| ohw R G' � n
�c Ej� ' �

�
dqg % � c ���c %� 5 �1 Wkhq % � ���%� 5 �

�
' Ej� � dqg vr wkhuh

h{lvw � � c ���c �� vdwlvi|lqj wkh frqglwlrqv +l, dqg +ll, iurp Gh�qlwlrq :1431 Vhw
�� � � G' �� 1 Lw fdq eh hdvlo| yhul�hg wkdw % � ���%� %� 5 Ej�� � � 1 Vlqfh Ej�� � � lv
wrwdoo| v|pphwulf/ zh rewdlq +lll,1

Zh kdyh dq dqdorj ri Sursrvlwlrq :1<1

:146 Sursrvlwlrq
Hyhu| krprjhqhrxv uhodwlrq 4 ri dulw| dw ohdvw � lv grplqdwhg e|
+l, d vwurqjo| krprjhqhrxv uhodwlrq/
+ll, d surwhfwlyh uhodwlrq/
+lll, d frqvwdqw dulw| wrzhu/ ru
+ly, dq lqfuhdvlqj dulw| wrzhu1

Surri1 Ohw k4 � c 4 � c ���l eh wkh wudqv�qlwh vhtxhqfh fruuhvsrqglqj wr 4 dqg
wkh ixqfwru iurp Gh�qlwlrq :1431 Wkh surri lv wkh vdph dv wkh surri ri
Sursrvlwlrq :1<1

Uhihuhqfhv

^K0U <7` Kdggdg/ O1> Urvhqehuj/ L1J1/ Ilqlwh forqhv frqwdlqlqj doo shupx0
wdwlrqv1 Fdqdg1 M1 Pdwk1 79 +4<<7, qr1 8/ <84 0 <:31

^Nd :<` Ndlvhu/ K1N1/ D uhpdun rq dojheudv zlwk wkh lqwhusrodwlrq surs0
huw|1 Lq= Frqwulexwlrqv wr Jhqhudo Dojheud> Hgv1= K1 Ndxwvfklwvfk/
hw do1 hgv1> 4<:<> ss1 446044<1

^Pd 99` Pdo*wvhy/ D1L1/ Lwhudwlyh dojheudv dqg Srvw ydulhwlhv +Uxvvldq,/ Do0
jheud l orjlnd Vhp1 8 +4<99, qr1 51 80571 Hqjo1 Wudqvo1 lq wkh pdwk0
hpdwlfv ri dojheudlf v|vwhpv1 Qruwk Kroodqg 4<:41

^Sr :9` Srl}dw/ E1/ Xqh uhodwlrq sduwlfxolëuhphqw uljlgh +Hqj1 vxppdu|,
F1 U1 Dfdg1 Vfl1 Sdulv/ Vìu1 D0E/ 5;5 +4<:9, qr1 7/ Dl/ D 4640467

^Ur ::` Urpry/ E1D1/ Wkh Jdorlv frqqhfwlrq ehwzhhq wkh lwhudwlyh Srvw
dojheudv dqg uhodwlrqv rq dq lq�qlwh vhw/ Nlehuqhwlnd +Nlhy, 6/
+4<::, 95097

^Ur 98` Urvhqehuj/ L1J1/ Od vwuxfwxuh ghv irqfwlrqv gh soxvlhxuv yduldeohv
vxu xq hqvhpeoh �ql1 F1 U1 Dfdg1 Vfl1 Sdulv1 Vìu1 D0E/ 593 +4<98,/
6;4:06;4<1
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^Ur :3` Urvhqehuj/ L1J1/ ßehu glh ixqnwlrqdoh Yroovwçqgljnhlw lq ghq
phkuzhuwljhq Orjlnhq +Vwuxnwxu ghu Ixqnwlrqhq yrq phkuhuhq
Yhuçqghuolfkhq dxi hqgolfkhq Phqjhq,1 Ur}sudy| Fhvnrvoryhqvnì
Dndg1 Y
hg1 
Udgd Pdw1 S
ulurg1 Y
hg1 ;3 +4<:3, 7/ 40<61

^U0Vf ;5` Urvhqehuj/ L1J1> Vfkzhljhuw/ G1/ Orfdo forqhv/ Hohnwurq1 Lqirupd0
wlrqvyhudue 4; N|ehuqhw1 :2; +4<;5, 6;<07341

^U0Vf ;7` Urvhqehuj/ L1J1/ V}deö/ O1/ Orfdo frpsohwhqhvv L1 Dojheud xqlyhu0
vdolv 4; +4<;7, 63;06591

^Ur ;5` Urvhqvwhlq/ M1H1> Olqhdu rughulqjv1 Dfdghplf Suhvv 4<;5/ 7;:ss1

^Vo 6;` Vxshfnl/ M1/ Frpsohwhqhvv fulwhulrq iru v|vwhpv ri pdq|0ydoxhg
sursrvlwlrqdo fdofxoxv1 +Srolvk,1 Frpswhv uhqgxv ghv Vìdqfhv gh od
Vrflìwì ghv Vflhqfhv hw ghv Ohwwuhv gh Yduvrylh/ Fo1 LL/ 65 +4<6;,/
435043<1
Hqjolvk wudqvodwlrq= Vwxgld Orjlfd 63 +4<:5,/ 486048:1 +Pu 7: Qr1
;578,1

^V} :;` V}deö/ O1/ Frqfuhwh uhsuhvhqwdwlrqv ri uhodwhg vwuxfwxuhv ri xqlyhu0
vdo dojheudv L/ Dfwd Vfl1 Pdwk +V}hjhg, 73 +4<:;, 4:804;71
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