Least{squares Geopotential Approximation by Windowed Fourier and Wavelet Transform by

Willi Freeden and Volker Michel

University of Kaiserslautern Laboratory of Technomathematics Geomathematics Group 67653 Kaiserslautern P.O. Box 3049 Germany

phone: ++49 631 205-2852 fax: ++49 631 29081 email: freeden@mathematik.uni-kl.de

michel@mathematik.uni-kl.de www: http://www.mathematik.uni-kl.de/∼wwwgeo

Abstract. Two possible substitutes of the Fourier transform in geopotential determination are windowed Fourier transform (WFT) and wavelet transform (WT). In this paper we introduce harmonic WFT and WT and show how it can be used to give information about the geopotential simultaneously in the space domain and the frequency (angular momentum) domain. The counterparts of the inverse Fourier transform are derived, which allow us to reconstruct the geopotential from its WFT and WT, respectively. Moreover, we derive a necessary and sufficient condition that an otherwise arbitrary function of space and frequency has to satisfy to be the WFT or WT of a potential. Finally, least–squares approximation and minimum norm (i.e. least–energy) representation, which will play a particular role in geodetic applications of both WFT and WT, are discussed in more detail.

1 Introduction

The spectral representation of a geopotential U such as the earth’s external gravitational potential by means of outer harmonics is essential to solving many problems in today‘s physical geodesy. In future research, however, Fourier expansions U = ∞∑ n=0

2n+1∑

j=1 ∫ A U (y)H_{n,j}(α; y) dω(y)H_{n,j} (α, ·) (dω denotes the suface element) in tems of outer harmonics {H_{n,j}(j; ·)} n=0,1,..., j=1,...,2n+1 will not be the most natural or useful way of representing a harmonic function such as the earths gravitational potential. In order to explain this in more detail we think of the earth’s gravitational potential as a signal in which the spectrum evolves over space in significant way. We imagine that at each point on the sphere A around the origin with radius α. The potential refers to a certain combination of frequencies, and that in dependence of the mass distribution inside the earth, these frequencies are constantly changing. This space–evolution of the frequencies is not reflected in the Fourier transform in terms of non–space localizing outer harmonics, at least not directly.

In theory, a member U of the Sobolev space H_0 (of harmonic functions in the outer space A_{ext} of the sphere A with square–integrable restrictions on A) can be reconstructed from its Fourier transform, i.e. the ‘amplitude spactrum’ { (U, H_{n,j}(α; ·))_{H0} } n=0,1,..., j=1,...,2n+1 with (U, H_{n,j} (α, ·))_{H0} = ∫ A U (x)H_{n,j}(α; x) dω(x), but the Fourier transform contains information about the frequencies of the potential over all positions instead of showing how the frequencies vary in space.

This paper will present two methods of achieving a space–dependent frequency analysis in geopotential determination which we refer to as the windowed Fourier transform and the wavelet transform. Essential tool is the concept of a harmonic scaling function ρ ∈ (0, ∞). Roughly speaking, a scaling function is a kernel Φ^{(2)}_ρ : A_{ext} × A_{ext} → R of the form

Φ^{(2)}_ρ (x, y) = ∞∑ n=0 (φ_ρ(n))^2 2n+1∑

j=1 H_{n,j}(α; x)H_{n,j}(α; y) converging (in H_0–sense) to the ‘Dirac–kernel’ δ as ρ → 0. As is well–known, the Dirac kernel is given by δ(x, y) = ∞∑ n=0

2n+1∑

j=1 H_{n,j}(α; x)H_{n,j}(α; y) .

In conclusion, {φ_p(n)}_{n=0,1,...} essentially is a sequence satisfying

lim_{ρ→0} ρ>0 φ_ρ(n) = 1

for all n = 0, 1, . . .. According to this construction principle, {Φ^{(2)}_ρ }, ρ ∈ (0, ∞), constitutes an approximate convolution identity, i.e. the convolution integral

(Φ^{(2))}_ρ ∗ U (x) = ∫ A Φ^{(2)}_ρ (x, y)U (y) dω(y), x ∈ A_{ext},

formally converges to U (x)(δ ∗ U )(x) = ∫ A δ(x, y)U (y) dω(y), x ∈ A_{ext},

as ρ tends to 0. Therefore, if U is a potential of class H_0, then

Φ^{(2)}_ρ ‖_{H0} ∗ lim_{ρ→0} ρ>0 ‖U − U = 0, (1)

where the convolution of the potential U against the kernel Φ^{(2)}ρ is defined by

Φ^{(2)}_ρ ∗ U = ∫ A Φ^{(2)}_ρ (·, y)U (y)dω(y).

The windowed Fourier transform and the wavelet transform are two–parameter representations of a one–parameter (spatial) potential in H_0. This indicates the existence of some redendancy in the both transforms which in turn gives rise to establish the promised least–squares approximation property.

The windowed Fourier transform (WFT) can be formulated as a technique known as ’short–space Fourier transform‘. This transform works by first dividing a potential (signal) into short consecutive (space) segments and then computing the Fourier coefficients of each segment. The windowed Fourier transform is a space–frequency localization technique in that it determines the frequencies associated with small space portions of the potential. The windowed Fourier segments are constructed by shifting in space and modulating in frequency the ‘window kernel’ Φ_ρ given by Φ_ρ(x, y) = ∞∑ n=0 φ_ρ(n) 2n+1∑

j=1 H_{n,j}(α; x)H_{n,j}(α; y), (x, y) ∈ A_{ext} × A_{ext} .

Note that P hi_ρ(x, y) = (P hi_ρ ∗ P hi_ρ)(x, y) = ∫ A P hi_ρ(x, z)P hi_ρ(z, y) dω(z) for all (x, y) ∈ A_{ext} × A_{ext}. One again, the way of describing the windowed Fourier transform (i.e. the ’short–space Fourier transform‘) is as follows: Let U be a potential of class H_0. Assume that (F T )(U )(n, j) = ∫ A U (y)H_{n,j}(α; y) dω(y) ((n, j) ∈ N , N = {(k, l) | k = 0, 1, . . .; l = 1, . . . , 2n + 1}). Φ_ρ with ρ arbitrary, but fixed is a space window (’cutoff kernel‘), i.e. Φ_ρ generates an approximate convolution identity {Φ^{(2)}_ρ } in the sense of (??51). Chopping up the potential amounts to multiplying U by the kernel Φ_ρ, i.e. U (y)Φ_ρ(x, y) with x ∈ A_{ext}, y ∈ A, where the fixed value ρ determines the length of the window (i.a., the ‘cutoff cap’) on the sphere A. The Fourier coefficients of the product in terms of outer harmonics {H_{n,j}(α; ·)} n=0,1,...,_{j=1,...,2n+1} are then given by ∫ A U (y)Φ_ρ(x, y)H_{n,j}(α; y) dω(y), (n, j) ∈ N , x ∈ A_{ext} . In other words, we have defined the H_0–inner product of U with a discrete set of ’shifts‘ and ‘modulations’ of U . The windowed Fourier transform is the operator (W F T )_{Φρ} , which is defined for potentials U ∈ H_0 by (W F T )_{Φρ} (n, j; x) = ( Φ^{(2)}_ρ (1) )_{−1/2} ∫ A U (y)Φ_ρ(x, y)H_{n,j}(α; y) dω(y),

for (n, j) ∈ N and x ∈ A_{ext} (Φ_ρ(1) is a normalization constant). If Φ_ρ is concentrated in space at a point x ∈ A, then (W F T )_{Φρ} (n, j; x) gives information of U at position x ∈ A and frequency (n, j) ∈ N . The potential U ∈ H_0 is completely characterized by the values of (W F T )_{Φρ} (n, j; x) and can be recovered via the reconstruction formula U = ( Φ^{(2)}_ρ (1) )_{−1/2}^N∑ n=0

2n+1∑

j=1 ∫ A (GT )_{Φρ} (U )(n, j; x)Φ_ρ(·, x) dω(x)H_{n,j}(α; ·) in the ‖ · ‖_{H0} –sense.

Obviously, (GT )_{Φρ} , ρ converts a potential U of one spatial variable into a function of two variables x ∈ A_{ext} and (n, j) ∈ N without changing its total energy, i.e.:

‖U ‖^2_{H0} = ∞∑ n=0

2n+1∑

j=1 ∫ A | | | ( (W F T )_{Φρ} (U ) ) (n, j; y) | | |^2 dω(y) = ‖ (U, Φ_ρ(·, ·)H_{·,·}(α; ·))_{H0} ‖^2_{H0(N ×Aext )} .

But, as we shall see in this paper, the space G = (W F T )_{Φρ} (H_0) of all windowed Fourier transforms is a proper subspace of the space H_0(N × A_{ext}) of all (two– parameter) functions G : (n, j; x) → G(n, j; x), (n, j) ∈ N , x ∈ A_{ext}, such that G(n, j; ·) ∈ H_0 for all (n, j) ∈ N and ‖G‖_{H0(N ×Aext)} < ∞ (this simply means that G is a subspace of H_0(N × A_{ext}) but not equal to the latter). Thus being a member of H_0(N × A_{ext}) is a necessary but not sufficient condition for G ∈ G (note that the extra condition that is both necessary and sufficient is called consistency condition). The essential meaning of G = (W F T )_{Φρ} H_0 in the framework of H_0(N × A_{ext}) can be described by the following least– squares property: Suppose we want a potential with certain properties in both space and frequency. In other words, we look for a potential U ∈ H_0 such that (W F T )_{Φρ} (U )(n, j; x) is closest to H(n, j; x), (n, j) ∈ N , x ∈ A_{ext} in the ‘H_0(N × A_{ext})–metric’, where H ∈ H_0(N × A_{ext}) is given. Our investigations will show that the solutions to the least–squares problem is provided by the function U_H given by

U_H = ( Φ^{(2)}_ρ (1) )_{−1/2}^∞∑ n=0

2n+1∑

j=1 ∫ A H(n, j; y)Φ_ρ(·, y) dω(y)H_{n,j}(α; ·), (2)

which indeed is the unique potential in H_0 that minimizes the ‘H_0(N × A_{ext})– error’:

‖H − (W F T )_{Φρ} (U_H )‖_{H0 (N ×Aext)} (3)

= inf_{U∈H0} ‖H − (W F T )_{Φρ} (U )‖_{H0 (N ×Aext)}.

Moreover, if H ∈ G, then (2) reduces to the reconstruction formula. In the context of oversampling a signal this means that the tendency for correcting errors is expressed in the least-squares property of the windowed Fourier transform. Although the oversampling of a potential (signal) might seem inefficient, such redundancy has certain advantages: it can detect and correct errors, which is impossible when only minimal information is given. Although the shape of the window may vary depending on the space width ρ the uncertainty principle (cf. [6,7,10]) gives a restriction in space and frequency. This relation is optimal (cf. [7)] when Φ_ρ is a Gaussian, in which case the windowed Fourier transform is called the Gabor transform (cf. [14]).

An essential problem with the windowed Fourier transform is that it poorly resolves phenomena of spatial extension shorter than the a priori chosen (fixed) window. Moreover, shortening the window to increase spatial resolution can result in unacceptable increases in computational effort.

The wavelet transform acts as a space and frequency localization operator in the following way. Roughly speaking, if {Φ^{(2)}_ρ }, ρ ∈ (0, ∞), is a harmonic scaling function and ρ is a small positive value, then Φ^{(2)}_ρ (y, ·), y ∈ A, is highly concentrated about the point y. Moreover, as ρ tends to +∞, Φ^{(2)}_ρ (y, ·) becomes more and more frequency localized. Correspondingly, the uncertainty principle states that the space localization of Φ^{(2)}_ρ (y, ·) becomes more and more decreasing. In conclusion, the products y → Φ^{(2)}_ρ (x, y)U (y), y ∈ A, x ∈ A_{ext}, for each fixed value ρ, display information in U ∈ H_0 at various levels of spatial resolution or frequency bands. In conclusion, as ρ approaches +∞, the convolution integrals

Φ^{(2)}_ρ ∗ U = Φ_ρ ∗ Φ_ρ ∗ U = ∫ A Φ_ρ(·, z) ∫ A Φ_ρ(z, y)U (y) dω(y) dω(z)

= ∫ A Φ^{(2)}_ρ (·, y)U (y) dω(y)

display coarser, lower–frequency features. As ρ approaches 0, the integrals give sharper and sharper spatial resolution. In other words, like a windowed Fourier transform, the convolution integrals can measure the space–frequency variations of spectral components, but they have a different space–frequency resolution.

Each scale–space approximation Φ^{(2)}_ρ ∗ U = Φ_ρ ∗ Φ_ρ ∗ U of a potential U ∈ H_0 must be made directly by computing the relevant convolution integrals. In doing so, however, it is efficient to use information from the approximation Φ^{(2)}_ρ ∗ U within the computation of Φ^{(2)}_{ρ‘} ∗ U with (ρ^′ < ρ). In fact the construction of wavelets begins by a multiresolution analysis, i.e. a completely recursive method which is therefore ideal for computation. In this context we observe that ∞∫ R ∫ A Ψ^{(2)}_ρ (·, y)U (y) dω(y) dσ σ

= ∞∫ R ∫ A Ψ_ρ(·, z) ∫ A Ψ_ρ(z, y)U (y) dω(y) dω(z)

tends to U ∈ H_0 as R tends to 0 provided that

Ψ^{(2)}_ρ (x, y) = ∞∑ n=0 (ψ_ρ(n))^2 2n+1∑

j=1 H_{n,j}(α; x)H_{n,j}(α; y), (x, y) ∈ A_{ext} × A_{ext} .

is given such that (ψ_ρ(n))^2 = −ρ d dρ (φ_ρ(n))^2 (4)

for n = 0, 1, . . . and all ρ ∈ (0, ∞). Conventionally, the family {Ψ_ρ}, ρ ∈ (0, ∞), is called a (scale continuous) wavelet. The wavelet transform W T : H_0 → H_0((0, ∞) × A_{ext}) is defined by

(W T )(U )(ρ; x) = (Ψ_ρ(x, ·), U )_{H0} = (Ψ_ρ ∗ U )(x) = ∫ A Ψ_ρ(x, y)U (y) dω(y) .

In other words, the wavelet transform is defined as the H_0–inner product of U ∈ H_0 with a set of ‘shifts’ and ‘dilations’ of U . From the Parseval identity in terms of outer harmonics it follows that ∫ A ∞∫ 0 (Ψ_ρ(·, y), U )^2_{H0} dρ ρ dω(y) = (U, U )^2_{H0} .

i.e. WT converts a potential U of one variable into a function of two variables x ∈ A_{ext} and ρ ∈ (0, ∞). It follows that the continuous wavelet transform WT is invertible on H_0, i.e. U = ∫ A ∞∫ 0 (W T )(U )(ρ; y)Ψ_ρ (·, y) dρ ρ dω(y)

in the sense of ‖ · ‖_{H0} .

In terms of filtering {Φ^{(2)}_ρ } and {Ψ^{(2)}_ρ }, ρ ∈ (0, ∞), may be interpreted as low– pass filter and band–pass filter, respectively. Correspondingly, the convolutions operators are given by P_ρ(U ) = Φ_ρ ∗ Φ_ρ ∗ U, U ∈ H_0 R_ρ(U ) = Ψ_ρ ∗ Ψ_ρ ∗ U, U ∈ H_0 .

The Fourier coefficients read as follows:

(F T )(P_ρ(U ))(n, j) = (F T )(U )(n, j)(φ_ρ(n))^2 (F T )(R_ρ(U ))(n, j) = (F T )(U )(n, j)(ψ_ρ(n))^2 .

These formulas provide the transition from Fourier to wavelet transform, and vica versa.

The scale spaces V_ρ = P_ρ(H_0) satisfy the continuous multiresolution analysis V_ρ ⊂ V_ρ′ ⊂ H_0, 0 < ρ^′ < ρ, {U ∈ H_0 | U ∈ V_ρ for some ρ ∈ (0, ∞)}^{‖·‖H0} = H_0 .

Just as the windowed Fourier transform uses modulation in the space domain to shift the ‘window’ in frequency, the wavelet transform makes use of scaling in the space domain to scale the ‘window’ in frequency.

Since all scales ρ are used, the reconstruction is highly redundant. Of course, the redundancy leads us to a question which is of particular importance in data analysis:

– Given an arbitrary H ∈ H_0((0, ∞) × A_{ext}), how can we know whether H ∈ (W T )(U ) for some potential U ∈ H_0.

In analogy to the case of windowed Fourier transform the answer to the question amounts to finding the range of the wavelet transform W T : H_0 → H_0((0, ∞) × A_{ext}), i.e. the subspace

W = (W T )(H_0) ⊂ H_0((0, ∞) × A_{ext}).

The tendency for correcting errors by use of the wavelet transform is again expressed in the least–squares approximation property:

Let H be an arbitrary element of H_0((0, ∞)×A_{ext}). Then the unique function U_H ∈ H_0 which satisfies the property

‖H − (W T )(U_H )‖_{H0 ((0,∞)×Aext)} = inf_{U∈H0} ‖H − (W T )(U )‖_{H0((0,∞)×Aext)}

is given by

U_H = ∞∫ 0 ∫ A H(ρ; y)Ψ_ρ(·, y) dω(y) dρ ρ . (W T )(U_H ) is indeed the orthogonal projection of H onto W.

The layout of the paper is as follows: Chapter 2 presents the basic material about outer harmonics to be needed for our harmonic variants of both windowed Fourier transform and wavelet transform. Chapter 3 deals with the Sobolev space structure of H_0, while Chapter 4 gives the definition of product kernels in H_0. Central for our considerations is the notation of harmonic scaling functions which will be discussed in Chapter 5 in mathematically rigorous way. The windowed Fourier transform will be introduced in Chapter 6, least–squares approximation will be shown to be an essential property. Chapter 7 is concerned with the scale continuous wavelet transform and its least–squares approximation property. Chapter 8 shows what happens in scale–discrete wavelet analysis. Chapter 9 lists a collection of wavelets which are of particular significance for data analysis. Finally, a variant of fully discrete wavelet transform is illustrated by use of approximation integration rules.

2 Preliminaries

We begin with some basic facts to be needed for our introduction of harmonic windowed Fourier and wavelet theory.

2.1 Regular Surfaces

Σ ⊂ R^3 is called a regular surface if it satisfies the following properties:

– Σ divides three-dimensional Euclidean space R^3 into the bounded region Σ_{int} (inner space) and the unbounded region Σ_{ext} (outer space) defined by Σ_{ext} = R^3\Σ_{int}, Σ_{int} = Σ_{int} ∪ Σ.

– Σ_{int} contains the origin 0.

– Σ is a closed and compact surface free of double points. – Σ has a continuously differentiable normal field ν (pointing into the outer space Σ_{ext}).

Examples are sphere, ellipsoid, spheroid, and (actual) earth’s surface.

Given a regular surface Σ then there exists a positive constant α such that α < σ^{inf} = inf_{x∈Σ} |x| ≤ sup_{x∈Σ} |x| = σ^{sup}. (5) A (resp. Σ^{inf} ) denotes the sphere around the origin with radius α (resp. σ^{inf} ). A_{int} (resp. A_{ext}) denotes the inner (resp. outer) space of the sphere A. Correspondingly, Σ^{inf}_{int} (resp. Σ^{inf}_{ext}) is the inner (resp. outer) space of Σ^{inf} . Obviously,

Σ_{ext} ⊂ Σ^{inf}_{ext} ⊂ A_{ext} .

Bild

The set Σ(τ ) = {x ∈ R^3|x = y + τ ν(y), y ∈ Σ} generates a parallel surface which is exterior to Σ for τ > 0 and interior for τ < 0. For sufficiently small |τ | the regularity of Σ implies the regularity of Σ(τ ), and the normal to one parallel surface is a normal to the other (cf., e.g., [?]). Furthermore it is easily seen that inf_{x,y∈Σ} |x + τ ν(x) − (y + σν(y)) | = |τ − σ| provided that |τ |, |σ| are sufficiently small.

In what follows we use the following abbreviation:

U^+_Σ (x) = lim_{s→0} s>0 U (x + sν(x)), x ∈ Σ, U ∈ C(Σ_{ext}) .

2.2 Outer Harmonics

Let {Y_{n,j}}, n = 0, 1, . . ., j = 1, . . ., 2n + 1 be an L^2-orthonormal system of (surface) spherical harmonics, i.e., ∫ |x|=1 Y_{n,j}(x)Y_{k,l}(x)dω(x) = δ_{n,k}δ_{j,l} . Then the system {H_{n,j}(α; ·)}, n = 0, 1, . . ., j = 1, . . ., 2n + 1 of ”outer harmonics”, defined by H_{n,j}(α; x) = 1 α ( α |x| )_{n+1} Y_{n,j} ( x |x| ) , x ∈ A_{ext} satisfies the following conditions:

– H_{n,j}(α; ·) is of class C^{(∞)}(A_{ext}) – H_{n,j}(α; ·) satisfies the Laplace equation Δ_xH_{n,j}(x) = 0, x ∈ A_{ext} – H_{n,j}(α; ·)|_A =^1_α Y_{n,j} – ∫ A H_{n,j}(α; x)H_{k,l}(α; x)dω(x) = δ_{n,k}δ_{j,l}. The addition theorem of outer harmonics (cf., e.g., [?]) reads as follows 2n+1∑

j=1 H_{n,j}(α; x)H_{n,j}(α; y) = 2n + 1 4πα^2 ( α |x||y| )_{n+1} P_n ( x |x| · y |y| )

for all (x, y) ∈ A_{ext} × A_{ext}, where P_n is the Legendre polynomial of degree n.

Harm_n(A_{ext}) denotes the space of all outer harmonics of non-negative order n: Harm_n(A_{ext}) = span_{j=1,...,2n+1}(H_{n,j}(α; ·)). It is well-known that dim(Harm_n(A_{ext})) = 2n + 1. We set Harm_{0,...,m}(A_{ext}) = span n=0,...,m_{j=1,...,2n+1} (H_{n,j}(α; ·)). Of course,

Harm_{0,...,m}(A_{ext}) = m⨁ n=0 Harm_n(A_{ext})

(in the sense of ‖ · ‖_L2_{(A)}) so that

dim(Harm_{0,...,m}(A_{ext})) = m∑ n=0 (2n + 1) = (m + 1)^2.

For brevity, we let Harm_{0,...,m}(Ξ) = Harm_{0,...m}(A_{ext})|_Ξ whenever Ξ is a subset of A_{ext}.

The kernel K_{Harm0,...,m(Aext)}(·, ·) : A_{ext} × A_{ext} → C defined by K_{Harm0,...,m(Aext)}(x, y) = m∑ n=0 2n + 1 4πα^2 ( α^2 |x||y| )_{n+1} P_n ( x |x| · y |y| )

is the reproducing kernel of the space Harm_{0,...,m}(A_{ext}) with respect to (·, ·)_L2_{(A)}. Observing the recursion relation for Legendre polynomials

(n+1)(P_{n+1}(t)−P_n(t))−n(P_n(t)−P_{n−1}(t)) = (2n+1)(t−1)P_n(t), t ∈ [−1, +1]

we find for (x, y) ∈ A × A K_{Harm0,...,m(Aext)}(x, y) ( x |x| · y |y| − 1 )

= m + 1 4πα^2 ( P_{m+1} ( x |x| · y |y| ) − P_m ( x |x| · y |y| )) . Later on the last identity turns out to be a useful formula in numerical calculation.

2.3 Fourier Approximation by Outer Harmonics P ot(Σ_{ext}) denotes the space of all U : Σ_{ext} → C with the following properties: – U is a member of class C^{(2)}(Σ_{ext}) – U is harmonic in Σ_{ext}, i.e. U satisfies the Laplace equation

ΔU = 0 in Σ_{ext},

– U satisfies the regularity condition at infinity |U (x)| = O(|x|^{−1}), |(∇U )(x)| = O(|x|^{−2}), |x| → ∞ . For q = 0, 1, . . . we let P ot^{(q)} ( Σ_{ext} ) = P ot (Σ_{ext}) ∩ C^{(q)} ( Σ_{ext} ) . From the maximum/minimum principle of potential theory (see e.g. [17,19]) we know that sup x∈Σ_{ext} |U (x)| ≤ sup_{x∈Σ} |U^+_Σ (x)|, U ∈ P ot^{(0)} ( Σ_{ext} ) . Moreover, using arguments of the theory of integral equations (cf. [3]) we have

sup_{x∈K} |U (x)| ≤ D_L2 (Σ) ∫ Σ |U^+_Σ (x)|^2dω(x) 1/2 , U ∈ P ot^{(0)}(Σ_{ext}), (6)

where D_L2 is a positive constant (dependent on Σ) and K is a subset of Σ_{ext} with dist(K, Σ) > 0. In our nomenclature the classical formulation of the Dirichlet boundary-value problem of the Laplace equation, i.e. the representation of a harmonic function corresponding to continuous boundary values on Σ reads as follows:

Exterior Dirichlet Problem (EDP): Given F ∈ C(Σ), find a member U ∈ P ot^{(0)}(Σ_{ext}) such that U^+_Σ = F .

We recall those results of the solution theory of Dirichlets problem (cf. [17]) that are of interest for our purposes below:

EDP is well-posed in the sense that its solution exists, is unique, and depends continuously on the boundary values. We have

C(Σ) = D^+_Σ = {U^+_Σ |U ∈ P ot^{(0)}(Σ_{ext})}

so that D^+_Σ^{‖·‖L2(Σ)} = L^2(Σ).

From [3,4,9] we know that C(Σ) = D^+_Σ = span n=0,1,..._{j=1,...,2n+1} (H_{n,j}(α; ·)^+_Σ)^{‖·‖C(Σ)} . (7)

Moreover, L^2(Σ) = D^+_Σ^{‖·‖L2 (Σ)} = span n=0,1,..._{j=1,...,2n+1} (H_{n,j}(α; ·)^+_Σ)^{‖·‖L2(Σ)} . (8) Eq. (8) equivalently means that the space L^2(Σ) is the completion of the set span n=0,1,... j=1,...,2n+1 (Hn,j(α; ·) + Σ) of all finite linear combinations of functions H_{n,j}(α; ·)^+_Σ with respect to the ‖ · ‖_L2_{(Σ)}–topology.

2.4 Outer Harmonic Fourier Expansions on Regular Surfaces

In order to make use of (8) the last identity in constructive approximation we have to orthonormalize the system {H_{n,j}(α; ·)} n=0,1,...,_{j=1,...,2n+1} (for example, by virtue of the well-known Gram–Schmidt process) with respect to the ‖·‖_L2_{(Σ)}–topology obtaining a system {K^∗_{n,j}} n=0,1,..., j=1,...,2n+1 ⊂ Pot (0)(Σ_{ext})

with the following properties (cf. [4]):

(i) each K^∗_{n,j} is the unique solution of the boundary–value problem K^∗_{n,j} ⊂ Pot^{(0)}(Σ_{ext}) corresponding to the boundary data ( K^∗_{n,j} )_+ Σ = H^∗_{n,j}, n = 0, 1, . . .; j = 1, . . ., 2n + 1, (ii) { H^∗_{n,j} }_{n=0,1,...} j=1,...,2n+1 defined by H^∗_{n,j} = (K^∗_{n,j})^+_Σ is a complete orthonormal

system in the Hilbert space (L^2(Σ)(·, ·)_L2_{(Σ)}) (obtainable by L^2(Σ)–orthonormalization from {H_{n,j}(α; ·)^+_Σ}).

Let U be the uniquely determined solution of the boundary–value problem EDP:

U ∈ Pot^{(0)} ( Σ_{ext} ) , U^+_Σ = F.

Then, in accordance with our construction (cf. [Frd]), the L^2(Σ)–convergence of the orthogonal expansion N∑ n=0

2n+1∑

j=1 ( F, H^∗_{n,j} ) L^2(Σ) H ∗ n,j (9) to the function F (in ‖ · ‖_L2_{(Σ)}–sense) implies ordinary pointwise convergence of the sum_N ∑ n=0

2n+1∑

j=1 ( F, H^∗_{n,j} ) L^2(Σ) K ∗ n,j (10) to the potential U as N → ∞ for every point x ∈ K with K ⊂ Σ_{ext} and dist(K, Σ) ≥ ρ > 0. For every compact subset K ⊂ Σ_{ext} the convergence is uniform. More explicitly, lim N→∞ ‖ ‖ ‖ ‖ ‖ ‖ F − N∑ n=0

2n+1∑

j=1 ( F, H^∗_{n,j} ) L^2(Σ) H ∗ n,j ‖ ‖ ‖ ‖ ‖ ‖_{L2(Σ)} = 0 (11) implies lim N→∞ sup x∈K | | | | | U (x) − N∑ n=0

2n+1∑

j=1 ( F, H^∗_{n,j} ) L^2(Σ) K ∗ n,j(x) | | | | | = 0 (12)

provided that K ⊂ Σ_{ext} is a set with dist(K, Σ) ≥ ρ > 0.

Truncated orthogonal (Fourier) expansions (11), (12) have the following least–

squares property

‖U − N∑ n=0

2n+1∑

j=1 ( U, H^∗_{n,j} ) L^2(Σ) H ∗ n,j‖_L2_{(Σ)} = inf

V ∈ span n=0,...,N j=1,...,2n+1 (K^∗_{n,j} ) ‖U − V ‖_L2_{(Σ)}

i.e. the problem of finding a linear combination in span n=0,...,N_{j=1,...,2n+1} (K^∗_{n,j}), which

is minimal in the L^2(Σ)–norm, is solved by the orthogonal projection of U on the span n=0,...,N j=1,...,2n+1 (H ∗ n,j). More explicitly, we have ‖ ‖ ‖ ‖ ‖ U − N∑ n=0

2n+1∑

j=1 ( U, H^∗_{n,j} ) L^2(Σ) H ∗ n,j ‖ ‖ ‖ ‖ ‖ 2

L^2(Σ)

= (U, U )_L2_{(Σ)} − N∑ n=0

2n+1∑

j=1 (U, H^∗_{n,j})^2_L2_{(Σ)} .

In particular, for U ∈ Pot^{(0)}(A_{ext}) with U^+_A = F ,

lim N→∞ ‖ ‖ ‖ ‖ ‖ ‖ F − N∑ n=0

2n+1∑

j=1 (F, H_{n,j}(α; ·))_{L2(A)} H_{n,j} (α; ·) ‖ ‖ ‖ ‖ ‖ ‖_{L2(A)} = 0 (13)

implies

lim N→∞ sup x∈Σ_{ext} | | | | | U (x) − N∑ n=0

2n+1∑

j=1 (F, H_{n,j}(α; ·))_{L2(A)} H_{n,j}(α; x) | | | | | = 0 (14)

Eq. (13) indicates the conventional approach to modelling the earth‘s gravita-

tional potential in (today‘s spherical) geodesy. (Particularly important spherical

outer harmonic models are GRIM4 (cf. [22]), OSU91A (cf. [21]) and EGM96

(cf. [18)). Non–spherical outer harmonic models (11), (12) corresponding to the

actual earth‘s surface Σ (which today may be supposed to be known from GPS)

are a challenge for future (low–wavelength) approximation.

3 Sobolev Spaces

Let {A_n}_{n∈}N_0 be a complex sequence. The sequence {A_n}_{n∈}N_0 is called {B_n}- summable if |A_n| ≠ 0 for all n and the sum Σ({B_n}, {A_n}) = ∞∑ n=0 2n + 1 4πα^2 |B_n|^2 |A_n|^2 is finite. A {1}-summable sequence is simply called summable, i.e. Σ ({A_n}) = Σ ({1}, {A_n}) = ∞∑ n=0 2n + 1 4πα^2 1 A^2_n < ∞.

3.1 Definition

For a given sequence {A_n} with |A_n| ≠ 0 for all n, consider the linear space E = E({A_n}, A_{ext}) ⊂ P ot^{(∞)}(A_{ext}) of all potentials U of the form U = ∞∑ n=0

2n+1∑

j=1 (U, H_{n,j}(α; ·))_{L2 (A)} (α; ·) (15)

with

(U, H_{n,j}(α; ·))_{L2(A)} (U, H_{n,j}(α; ·))_L2_{(A)} = ∫ A U (y)H_{n,j}(α; y)dω(y) satisfying_∞ ∑ n=0

2n+1∑

j=1 |A_n|^2 | | |(U, Hn,j(α; ·))_L2_{(A)} | | |^2 < ∞. From the Cauchy-Schwarz inequality it follows that | | | | | ∞∑ n=0

2n+1∑

j=1 (U, H_{n,j}(α; ·))_{L2(A)} (V, H_{n,j}(α; ·))_{L2(A)} | | | | | (16)

≤ ∞∑ n=0

2n+1∑

j=1 |A_n|^2 (U, H_{n,j}(α; ·))_{L2(A)} 1/2 ∞∑ n=0

2n+1∑

j=1 |A_n|^2 (V, H_{n,j}(α; ·))_{L2(A)} 1/2

for all U, V ∈ E. In other words, the left hand side of (16) is finite whenever each member of the right hand side is finite. Therefore we are able to impose on E an inner product (·, ·)_{H({An};Aext)} by letting (U, V )_{H({An };Aext)} = ∞∑ n=0

2n+1∑

j=1 |A_n|^2 (U, H_{n,j}(α; ·))_{L2(A)} (V, H_{n,j}(α; ·))_{L2(A)} .

The associated norm is given by ‖ · ‖_{H({An};Aext)} = √ (·, ·)_{H({An};Aext)}.

Definition 1. Let {A_n} be a real sequence such that |A_n| ≠ 0 for all n. Then the Sobolev space H (more accurately: H({A_n}; A_{ext})) is the completion of E under the norm ‖ · ‖_{H({An };Aext)}: H({A_n}; A_{ext}) = E({A_n}; A_{ext})^{‖·‖H({An};Aext)} . H equipped with the inner product (·, ·)_{H({An};Aext)} is a Hilbert space.

From the Cauchy-Schwarz inequality it follows that (U, V )_{H({1};Aext)} exists if U ∈ H({A_n}; A_{ext}) and V ∈ H({A^{−1}_n }, A_{ext}). Moreover, |(U, V )_{H({1};Aext)}| ≤ ‖U ‖_{H({An};Aext)}‖V ‖_{H({A}−1_{n };Aext )}. Hence, (·, ·)_{H({An};Aext)} defines a duality of H({A_n}; A_{ext}) and H({A^{−1}_n }; A_{ext}).

For brevity, we let

H_s(A_{ext}) = H({(n + 1/2)^s}; A_{ext})

for each real value of s. In particular,

H_0(A_{ext}) = H ( {1} ; A_{ext} ) . Remark 1. In what follows we simply write H_0 (instead of H_0(A_{ext})) when confusion is not likely to arise.

3.2 Sobolev Lemma

If we associate to U the series (15) it is of fundamental importance to know when the series (15) converges uniformly on A_{ext}. The answer is provided by the following lemma.

Lemma 1. (Sobolev) Let the sequence {A_n} be {B_n}-summable with (|B_n| ≠ 0 for all n). Then each U ∈ H({A_n}; A_{ext}) corresponds to a potential of class P ot^{(0)}(A_{ext}).

Proof. For each sufficiently large N , we have | | | | | N∑ n=0 B_nA^{−1}_n H_{n,j}(α; x)A_nB^{−1}_n (U, H_{n,j}(α; ·))_{L2(A)} | | | | | ≤ Σ({B_n}; {A_n})‖U ‖_{H({B}−1_{n An};Aext)}. This proves Lemma 1. ⊓⊔

By similar arguments we obtain the following results (cf. [5,6])

Lemma 2. If U ∈ H_s(A_{ext}), s > k + 1, then U corresponds to a potential of class Pot^{(k)}(A_{ext}).

Furthermore, we have (cf. [6,11])

Lemma 3. Suppose that U is of class H_s(A_{ext}), s > [l] + 1. Then sup x∈A_{ext} ‖ ‖ ‖ ‖ ‖ ( ∇^lU ) (x) − N∑ n=0

2n+1∑

j=1 (U, H_{n,j}(α; ·))_{L2 (A)} ( ∇^lH_{n,j} ) (α; x) ‖ ‖ ‖ ‖ ‖ ≤ CN^{[l]−s}‖U ‖_{Hs(Aext)} holds for all positive integers N (with ∇^l = ∂^{[l]} /(∂x_1)^{l1} (∂x_2)^{l2} (∂x_3)^{l3} , l_i: non-

negative integers, l_1 + l_2 + l_3 = [l]), where C is a positive constant independent

of U .

3.3 Outer Harmonic Fourier Expansions in H0

The outer harmonic Fourier transform F T : U → (F T )(U ), U ∈ H_0, is defined by (F T )(U )(n, j) = (U, H_{n,j}(α; ·))_{H0} = ∫ A U (x)H_{n,j}(α; x) dω(x) . The Fourier transform F T forms a mapping from H_0 into the space H_0(N ) of

sequences {V (n, j)}_{(n,j)∈N} with V (n, j) = (V, H_{n,j}(α; ·))_{H0} , V ∈ H_0, satisfying ∑ (n,j)∈N |V (n, j)|^2 = ∞∑ n=0

2n+1∑

j=1 |V (n, j)|^2 < ∞ . Any potential U ∈ H_0 is characterized by its ’amplitude spectrum‘ {(U, H_{n,j}(α; ·))_{H0} } . More explicitly, for U, V ∈ H_0, lim N→∞ ‖ ‖ ‖ ‖ ‖U − N∑ n=0

2n+1∑

j=1 (V, H_{n,j}(α; ·))_{H0} H_{n,j}(α; ·) ‖ ‖ ‖ ‖ ‖ H_0 = 0

we have U = V (in sense of ‖ · ‖_{H0} ). In addition, for U ∈ H_0,

lim N→∞ ‖ ‖ ‖ ‖ ‖ ‖ U − N∑ n=0

2n+1∑

j=1 (U, H_{n,j}(α; ·))_{H0} H_{n,j}(α; ·) ‖ ‖ ‖ ‖ ‖ ‖_{H0} = 0

implies lim N→∞ sup x∈K | | | | | | U (x) − N∑ n=0

2n+1∑

j=1 (U, H_{n,j}(α; ·))_{H0} H_{n,j}(α; x) | | | | | | = 0

for all K ⊂ A_{ext} with dist(K, A) > 0.

4 Product Kernels

Of particular importance for our considerations below are product kernels of the form K(x, y) = ∞∑ n=0 κ(n) 2n+1∑

j=1 H_{n,j}(α; x)H_{n,j}(α; y), (x, y) ∈ A_{ext} × A_{ext}, (17)

where κ(n) are real numbers for n = 0, 1, . . .. Notice that K(x, y) = K(y, x). By virtue of the addition theorem (see e.g. [7,20]) the product kernel K may be rewritten as follows: K(x, y) = ∞∑ n=0 2n + 1 4πα^2 κ(n) ( α^2 |x||y| )_{n+1} P_n ( x |x| · y |y| ) , (x, y) ∈ A_{ext} × A_{ext}.

The sequence {K^∧(n)}_{n=0,1,...}, with K^∧(n) = κ(n), n = 0, 1, . . . is called the symbol of the product kernel K.

A product kernel K of the form (17) is called an H_0-kernel if {(K^∧(n))^{−1}} is summable, i.e._∞ ∑ n=0 2n + 1 4πα^2 (K^∧(n))^2 < ∞ .

Let K be an H_0-kernel. Suppose that U is of class H_0. Then we understand the convolution of U and K to be the function of class H_0 given by (U ∗ K)(x) = (U, K(·, x))_{H0} = ∫ A U (y)K(y, x)dω(y), x ∈ A_{ext}.

Obviously, U ∗ K is a member of class H_0. Furthermore, we have (U ∗ K)^∧(n, j) = U^∧(n, j)K^∧(n), n = 0, 1, . . ., j = 1, . . ., 2n + 1. If L is another H_0-kernel, then L ∗ K is defined by (L ∗ K)(x, y) = ∫ A L(z, y)K(z, x)dω(z), (x, y) ∈ A_{ext} × A_{ext}. It is readily seen that (L ∗ K)^∧(n) = L^∧(n)K^∧(n), n = 0, 1, . . .. We usually write K^{(2)} = K ∗K to indicate the convolution of a kernel with itself. K^{(2)} is said to be the iterated kernel of K. Obviously,

(K^{(2)})^∧(n) = (K^∧(n))^2

for n = 0, 1, . . ..

4.1 H0–kernel Fourier Expansions on Regular Surfaces

Let K be an H_0-kernel. Then the following results are known (cf. [3,5,6,9]):

(EDP) Let {x_k}_{k=1,2,...} be a countable dense system of points x_k on Σ. Then C(Σ) = D^+_Σ = span_{k=1,2,...}(K(·, x_k)^+_Σ )^{‖·‖C(Σ)} and L^2(Σ) = D^+_Σ^{‖·‖L2(Σ)} = span_{k=1,2,...}(K(·, x_k)^+_Σ)^{‖·‖L2(Σ)} . For purposes of constructive approximation we again have to orthonormalize the system {K(·, x_k)}_{k=1,2,...} with respect to the ‖ · ‖_L2_{(Σ)}–topology obtaining a system {K^∗_k }_{k=1,2,...} ⊂ Pot^{(0)} ( Σ_{ext} ) with the following properties:

(i) each K^∗_k is the unique solution of the boundary–value problem K^∗_k ⊂ Pot^{(0)}(Σ_{ext}) corresponding to the boundary data (K^∗_k )^+_Σ = L_k, k = 1, 2, . . ., (ii) {L^∗_k}_{k=1,2,...} defined by (K^∗_k )^+_Σ = L_k is a complete L^2(Σ)–orthonormal system in ( L^2(Σ), (·, ·)_L2_{(Σ)} ) . Given U ∈ Pot^{(0)}(Σ_{ext}) with U^+_Σ = F , then

lim N→∞ ‖ ‖ ‖ ‖ F − N∑ k=1 (F, L^∗_k)_L2_{(Σ)}L^∗_k ‖ ‖ ‖ ‖_{L2(Σ)} = 0

implies lim N→∞ sup x∈Σ_{ext} | | | | U (x) − N∑ k=1 (F, L^∗_k)_L2_{(Σ)}K^∗_k (x) | | | | = 0 for all subsets K ⊂ Σ_{ext} with dist(K, Σ) > 0.

5 Harmonic Scaling Functions

The wavelet approach presented now is an extension of ideas developed in spherical theory (cf. [7,12,13]). Starting point is a ”continuous version φ of a symbol” {Φ^∧(n)}_{n=0,1,...} associated to an ”H_0-kernel” Φ(x, y) = ∞∑ n=0 2n + 1 4πα^2 φ(n) ( α^2 |x||y| )_{n+1} P_n( x |x| · y |y| ), (x, y) ∈ A_{ext} × A_{ext} . (18)

i.e., Φ^∧(n) = φ(n), n = 0, 1, . . . .

5.1 Scaling Function

Definition 2. A piecewise continuous function γ : [0, ∞) → R is called admissible, if ∞∑ n=0 ( sup x∈[n,n+1) |γ(x)| )_2

< +∞ . (19)

Lemma 4. Let γ : [0, ∞) → R be piecewise continuous. Furthermore, assume that there exists ε > 0 such that γ(t) = O(t^{−1−ε}), t → ∞ . (20) Then γ is admissible.

Proof. As^{γ(t)}_{t−1−ε} is bounded as t → ∞, we are able to introduce

M = sup_{t∈(0,∞)} | | | γ(t) t^{−1−ε} | | | (< +∞) . Hence ∞∑ n=0 ( sup x∈[n,n+1) |γ(t)| )_2

= ∞∑ n=0 ( sup x∈[n,n+1) | | | γ(t) t^{−1−ε} t^{−1−ε} | | | )_2

= M · ∞∑ n=0 ( sup x∈[n,n+1) t^{−1−ε} )_2

= M · ∞∑ n=0 ( 1 n^{1+ε} ) < +∞ This shows Lemma 4. ⊓⊔

Note that, on the other hand, the function γ given by γ(t) = { (t log t)^{−1} for x > 1 1 for 0 ≤ t ≤ 1

is admissible, as |γ(t)|^2 = | | | | 1 t log t | | | | ≤ 1 t^2 , if x ≥ e. However, γ does not satisfy (??). Assume that there exists a value ε > 0, such that γ(t) = O(t^{−1−ε}) as t → ∞. Then there exists M ∈ R, such that | | | | γ(t) t^{−1−ε} | | | | ≤ M for all t ∈ (0, ∞). In particular, | | | (t log t)^{−1} t^{−1−ε} | | | ≤ M for all t > 1. But lim_{t→t} t<1 (t log t)^{−1} = +∞,

whereas lim_{t→t} t>1 t^{−1−ε} = 1 . This is a contradiction. (cf. Beth). Hence, the implication of Lemma 4 is not true in the opposite direction.

An immediate consequence of Definition 2 is that a kernel Φ with Φ^∧(n) = γ_1(n) for n = 0, 1, . . ., where γ_1 is admissible, is an H_0–kernel. Using an admissible generator γ_1 we can define a dilated generator γ_ρ : H_0(0, ∞) → R by

γ_ρ(t) = D_ργ_1(t) = γ_1(ρt), t ∈ (0, ∞)

(cf. [12]).

We are now able to verify to the admissibility for dilated functions.

Lemma 5. Let γ_1 : (0, ∞) → R be admissible and ρ ∈ (0, 1) be a given number. Then the dilated function γ_ρ is admissible.

Proof. We use the denotations ⌈·⌉ and ⌊·⌋ for rounding real numbers: ⌊t⌋ := max{n ∈ Z| n ≤ t}, ⌈t⌉ = min{n ∈ Z| n ≥ t}, where t ∈ R. We obtain N∑ n=0 sup t∈[n,n+1) (γ_1(ρt))^2

= N∑ n=0 sup s∈[ρn,ρ(n+1)) (γ_1(s))^2

≤ N∑ n=0 sup s∈[⌊ρn⌋,⌈ρ(n+1)⌉) (γ_1(s))^2 (21)

≤ N∑ n=0 ( sup s∈[⌊ρn⌋,⌈ρn⌉) (γ_1(s))^2 + sup s∈[⌈ρn⌉,⌈ρ(n+1)⌉) (γ_1(s))^2 ) . As 0 < ρ < 1, every interval in the last line is either empty or has the form [p, p + 1),where p ∈ N. But some intervals can accur several times. There are at most ⌈^1_ρ ⌉ + 1 equal intervals of the kind [⌊ρn⌋, ⌈ρn⌉), as ⌊ρn⌋ = ⌊ρm⌋(n, m ∈ N) implies ρn = p + α, ρm = p + β, where p = ⌊ρn⌋ ∈ N and α, β ∈ [0, 1). Without loss of generality we assume that α ≤ β, i.e. n ≤ m. Thus, β − α = ρ(m − n) implies m − n = β − α ρ ≤ 1 ρ . Analogously, we see that there are at most ⌈^1_ρ ⌉ + 1 equal intervals of the form [⌈ρn⌉, ⌈ρ(n + 1)⌉). Furthermore, the largest values that we obtain for s in [19] are the intervals [⌊ρN ⌋, ⌈ρN ⌉) and [⌈ρN ⌉, ⌈ρ(N + 1)⌉), where ⌈ρ(N + 1)⌉ = ⌈ρN + ρ⌉ ≤ ⌈ρN ⌉ + 1. Hence, we obtain N∑ n=0 sup x∈[n,n+1) (γ_1(ρt))^2

≤ ⌈ρN⌉∑

ρ=0 2 · ( ⌈ 1 ρ ⌉ + 1 ) · sup ρ∈[p,p+1[ (γ_1(s))^2

≤ 2 · ( ⌈ 1 ρ + 1 ) · ∞∑ n=0 sup t∈[n,n+1) (γ_1(t))^2 < +∞ . ⊓⊔ This proves Lemma 5.

Lemma 6. Let γ_1 : (0, ∞) → R be admissible and ρ ∈ (1, ∞) be a given number. Then the dilated function γ_ρ is admissible.

Proof. Note that ⌈ρn + ρ⌉ ≤ ⌈⌈ρn⌉ + ⌈ρ⌉⌉ = ⌈ρn⌉ + ⌈ρ⌉ ≤ ⌊ρn⌋ + 1 + ⌈ρ⌉ ≤ ⌊ρn⌋ + ⌊ρ⌋ + 2. We obtain for an arbitrary but fixed number N ∈ N N∑ n=0 sup s∈[ρn,ρ(n+1)) (γ_1(s))^2

≤ N∑ n=0 sup s∈[⌊ρn⌋⌈ρn+ρ⌉) (γ_1(s))^2

≤ N∑ n=0 ( sup s∈[⌊ρn⌋,⌊ρn⌋+1) (γ_1(y))^2 + . . . + sup s∈[⌊ρn⌋+⌊ρ⌋+1,⌊ρn⌋+⌊ρ⌋+2) (γ_1(s))^2 )

= N∑ n=0

⌊ρ⌋+1∑

m=0 sup s∈[⌊ρn⌋+m,⌊ρn⌋+m+1) (γ_1(s))^2

= ⌊ρ⌋+1∑

m=0 (_N ∑ n=0 sup s∈[⌊ρn⌋+m,⌊ρn⌋+m+1) (γ_1(s))^2 ) . Let us keep m fixed for a moment. We see that ⌊ρn⌋ + m = ⌊ρν⌋ + m; n, ν ∈ N; is equivalent to ρn = p + α ρν = p + β; p = ⌊ρn⌋ ∈ N; α, β ∈ [0, 1) . Hence, n = p + α ρ = p + β + α − β ρ = ν + α − β ρ . As α − β ∈ (−1, 1) and ρ > 1, we see that α − β = 0 and consequently n = ν must hold. Thus, for fixed m, the intervals used are disjoint. Consequently, we obtain N∑ n=0 sup s∈[ρn,ρ(n+1)) (γ_1(s))^2

≤ ⌋ρ⌊+1∑

m=0

⌊ρN⌋+m ∑ k=0 sup s∈[k,k+1) (γ_1(s))^2

≤ ⌊ρ⌋+1∑

m=0

⌊ρN⌋+⌊ρ⌋+1 ∑ k=0 sup s∈[k,k+1) (γ_1(s))^2

≤ (⌊ρ⌋ + 2) · ∞∑ k=0 sup s∈[k,k+1) (γ_1(s))^2.

Hence, γ_ρ is admissible, as required. ⊓⊔ Definition 3. An admissible function φ : [0, ∞) → R is called H_0-generator of the kernel Φ : A_{ext} ×A_{ext} → R given by (18) if Φ^∧(n) = φ(n) for all n = 0, 1, . . .. From Definition 3.1 it is clear that Φ is an H_0-kernel provided that φ is an admissible generator of Φ.

For an admissible generator φ = φ_1 in the above sense we now introduce the functions φ_ρ : [0, ∞) → R by letting φ_ρ(t) = D_ρφ_1(t) = φ_1(ρt) = φ(ρt), t ∈ [0, ∞), (22) for ρ ∈ (0, ∞). It is easily seen that each function φ_ρ, ρ ∈ (0, ∞), defined by (21) is an H_0-generator of the kernel Φ_ρ via Φ^∧_ρ (n) = φ_ρ(n), n = 0, 1, . . .. But this enables us to write Φ_ρ = D_ρΦ_1. Note that Φ_{ρρ}′ = D_ρΦ_ρ′ = D_{ρρ}′ Φ_1 . D_ρ is called dilation operator of level ρ. We are also able to introduce the inverse of D_ρ denoted by D_ρ−1 , ρ ∈ (0, ∞). To be more specific, Φ_ρ−1 (x, y) = D_ρ−1 Φ(x, y) = ∞∑ n=0 2n + 1 4πα^2 Φ^∧(ρ^{−1}n) ( α^2 |x||y| )_{n+1} P_n ( x |x| · y |y| )

(x, y) ∈ A_{ext} × A_{ext}, whenever Φ is an H_0-kernel of the form (18) with Φ^∧(n) = φ(n), n = 0, 1, . . .. We now introduce those H_0-generators which define scaling functions.

Definition 4. An admissible function φ_1 : [0, ∞] → R is called H_0-generator of a scaling function if it satisfies the following properties: (i) φ_1 is monotonically decreasing on [0, ∞), (ii) φ_1 is continuous at 0 with value φ_1(0) = 1.

Indeed, if φ_1 satisfies the assumptions of an H_0-generator of a scaling function, then φ_1 and its dilates φ_ρ generate the scaling function {Φ_ρ}, Φ_ρ ∈ H_0, ρ ∈ (0, ∞) via Φ^∧_ρ (n) = φ_ρ(n). It is easily seen that φ_1(t) ≥ 0 for all t ∈ [0, ∞). Furthermore, for each t ∈ [0, ∞), we find

lim_{ρ→0} ρ>0 φ_ρ(t) = lim_{ρ→0} ρ>0 φ_1(ρt) = φ_1(0) = 1,

since φ_1 is continuous at 0. Moreover, the monotonicity of φ_1 on [0, ∞) and the definition of φ_ρ imply the monotonicity of the sequence {φ_ρ(t)} for each t ∈ [0, ∞). Our considerations now enable us to verify an approximate convolution identity.

Theorem 1. Let φ_1 be a generator of a scaling function {Φ_ρ}, ρ ∈ (0, ∞). Then

lim_{ρ→0} ρ>0 ‖U − Φ_ρ ∗ Φ_ρ ∗ U ‖_{H0} = 0 holds for every U ∈ H_0.

Proof. Observing the Parseval identity we obtain

‖U − Φ_ρ ∗ Φ_ρ ∗ U ‖_{H0} = (_∞ ∑ n=0 (1 − (φ_ρ(n))^2)^2(U, H_{n,j}(α; ·))_{H0} |^2 )_{1/2} . Letting ρ tend to 0 we obtain the desired result. ⊓⊔

6 Windowed Fourier Transform

We begin with the definition of the windowed Fourier transform. Definition 5. For arbitrary but fixed ρ ∈ (0, ∞), let ϕ_ρ be a member of a scaling function {Φ_ρ}. Assume that U is of class H_0. Then the windowed Fourier transform is defined by (W F T )_{ϕρ} (U )(n, j; x) = ( ϕ^{(2)}_ρ (1) )_{−1/2} (U, ϕ_ρ(x, ·)H_{n,j}(α; ·))_{H0} = ( ϕ^{(2)}_ρ (1) )_{−1/2} ∫ A U (y)ϕ_ρ(x, y)H_{n,j}(α; y) dω(y)

for (n, j) ∈ J and x ∈ A_{ext}, where Φ^{(2)}_ρ (1) is a normalization constant given by

ϕ^{(2)}_ρ (1) = ∞∑ n=0 2n + 1 4πα^2 (φ_ρ(n))^2 . (23)

The windowed Fourier transform converts a potential U ∈ H_0 of one space– variable into a potential (W F T )_{Φρ} (U )(n, j; x) of the two variables (n, j) ∈ J and x ∈ A_{ext}. The windowed Fourier transform is generated by the ‘y–shift operator’ S_y and the (n, j)-modulation operator M_{n,j} defined by S_y : ϕ_ρ(x, ·) → S_yϕ_ρ(x, ·) = ϕ_ρ(x, y), (x, y) ∈ A_{ext} × A_{ext} M_{n,j} : ϕ_ρ(x, ·) → M_{n,j}ϕ_ρ(x, ·) = ϕ_ρ(x, ·)H_{n,j}(α; ·), (n, j) ∈ N , x ∈ A_{ext}, respectively. In other words, (W F T )_{ϕρ} (U )(n, j; x) = ( ϕ^{(2)}_ρ (1) )_{−1/2} (U, M_{n,j}S_xϕ_ρ(·, ·))_{H0} , U ∈ H_0. 6.1 Reconstruction Formula

Denote by H_0(N × A_{ext}) the space of all functions G : N × A_{ext} → R such that G(n, j; ·) ∈ H_0 for all (n, j) ∈ N and ∑ (n,j)∈N ‖G(n, j; ·)‖^2_{H0} = ∞∑ n=0

2n+1∑

j=1 ‖G(n, j; ·)‖^2_{H0} < ∞ .

On the space H_0(N ×A_{ext}) we are able to impose an inner product (·, ·)_{H0(N ×Aext)} corresponding to the norm

‖G‖_{H0(N ×Aext )} = ∞∑ n=0

2n+1∑

j=1 ‖G(n, j; ·)‖^2_{H0} 1/2 .

This enables us to formulate the following theorem.

Theorem 2. Let U be of class H_0. The Gabor transform forms a mapping from the space H_0 into H_0(N × A_{ext}), i.e. (W F T )_{Φρ} : H_0 → H_0(N × A_{ext}), and we have

‖U ‖^2_{H0} = ∞∑ n=0

2n+1∑

j=1 ‖ (W F T )_{Φρ} (n, j; ·)‖^2_{H0} = ‖ (U, Φ_ρ(·, ·)H_{·,·}(α; ·))_{H0} ‖^2_{H0(N ×Aext)} . Proof. The Parseval indentity of the theory of outer harmonics shows us that ∫ A ∞∑ n=0

2n+1∑

j=1 | |(W F T )_{Φρ} (U )(n, j, x) | |^2 dω(x)

= ( Φ^{(2)}_ρ (1) )_{−1} ∫ A (∫ A |U (y)|^2 |Φ_ρ(x, y)|^2 dω(x) ) dω(y) .

Now we observe that, for y ∈ A, ∫ A |Φ_ρ(x, y)|^2 dω(x) = Φ^{(2)}_ρ (y, y) = Φ^{(2)}_ρ (1) .

But this yields the desired result. ⊓⊔

Theorem 2 is equivalent to the statement that any potential U ∈ H_0 can be recovered by its Gabor expansion ( Φ^{(2)}_ρ (1) )_{−1/2}^∞∑ n=0

2n+1∑

j=1 ∫ A (GT )_{Φρ} (U )(n, j; y)Φ_ρ(·, y) dω(y)H_{n,j} (α; ·)

(relative to the H_0–kernel Φ_ρ). To be more specific, we have U = ( Φ^{(2)}_ρ (1) )_{−1/2}^∞∑ n=0

2n+1∑

j=1 ∫ A (GT )_{Φρ} (U )(n, j; x)Φ_ρ(x, ·) dω(x)H_{n,j}(α; ·)

in the sense of ‖·‖_{H0} . In particular, for every subset K ⊂ A_{ext} with dist(K, A) > 0, the convergence is uniform.

6.2 Least–squares Property

By virtue of the Cauchy–Schwarz inequality we obtain for U ∈ H, x ∈ A_{ext}, and arbitrary but fixed ρ ∈ (0, ∞) |(W F T )(U )(n, j; x)| ≤ ( Φ^{(2)}_ρ (1) )_{−1/2} | |(U, Φρ(x, ·)Hn,j(α; ·))_{H0} | | | ≤ ( Φ^{(2)}_ρ (1) )_{−1/2} ‖U ‖_{H0} ‖Φ_ρ(x, ·)H_{n,j}(α; ·)‖_{H0} .

In other words, U ∈ H_0 implies that (W F T )_{Φρ} (U ) ∈ H_0(J × A_{ext}) is bounded. But this transform (W F T )_{Φρ} is not surjective on H_0(N × A_{ext}) (note that H_0(N × A_{ext}) contains unbounded elements). Therefore

G = (W F T )_{Φρ} (H_0)

is a proper subspace of H_0(N × A_{ext}):

G & H0^(N × Aext^) .

Hence we are led to the question of how to characterize G within the framework of H_0(N × A_{ext}).

For the purpose we consider the operator P : H_0(N × A_{ext}) → G given by (P H)(n, j; x) = ∞∑ p=0

2n+1∑

q=1 ∫ Ω K_ρ(n, j; x | p, q; y)H(p, q; y) dω(y), (24) where K_ρ(n, j; x | p, q; y) = ( Φ^{(2)}_ρ (1) )_{−1} ∫ A Φ_ρ(x, y)H_{n,j}(α, z)Φ_ρ(z, y)H_{p,q}(α; z) dω(z). (25) Our aim is to show that P defines a projection operator.

Lemma 7. The operator P : H_0(N × A_{ext}) → G defined by (23), (24) is a projection operator.

Proof. Assume that H = Ũ = (W F T )_{Φρ} (U ) ∈ G. Then we obtain (P H)(n, j; x) = ( Φ^{(2)}_ρ (1) )_{−1} ∫ A Φ_ρ(x, z)H_{n,j}(α; z) ∞∑ p=0

2n+1∑

q=1 ∫ A H(p, q; y)Φ_ρ(z, y)H_{p,q}(α; z) dω(y) dω(z)

= ( Φ^{(2)}_ρ (1) )_{−1/2} ∫ A U (ζ)Φ_ρ(x, z)H_{n,j}(α; z) dω(z) = Ũ (n, j; x) = H(n, j; x), hence, P H = H for all H ∈ G. ⊓⊔ Next, we show, that for all H^⊥ ∈ G^⊥ we have P H^⊥ = 0. Assume therefore that H^⊥ ∈ G^⊥, i.e. for all F ∈ H_0 ( H^⊥, (W F T )_{Φρ} (U ) ) H_0 (J ×A_{ext})

= 0 . (26)

If x ∈ A_{ext}, (n, j) ∈ N , then it follows from (25) with the special choice U = ( Φ^{(2)}_ρ (1) )_{−1/2} Φ_ρ(x, ·)H_{n,j}(α; ·) that 0 = ( H^⊥, (GT )Φ_ρ (( Φ^{(2)}_ρ (1) )_{−(1/2)} Φ_ρ(x, ·)H_{n,j}(α; ·) )) H_0 (J ×A_{ext}) = ∞∑ p=0

2p+1∑

q=1 ∫ A H^⊥(p, q; y) ( Φ^{(2)}_ρ (1) )_{−1/2} ( (W F T )_{Φρ} (Φ_ρ(x, ·)H_{n,j}(α; x)) ) (p, q; y) dω(y) )

= ∞∑ p=0

2p+1∑

q=1 ∫ A H^⊥(p, q; y) ( Φ^{(2)}_ρ (1) )_{−1} ∫ A Φ_ρ(x, z)H_{n,j}(α; z)Φ_ρ(y, z)H_{p,q} (α; z) dω(z) dω(y)

= ∞∑ p=0

2p+1∑

q=1 ∫ A H^⊥(p, q; y)K_ρ(n, j; x | p, q; y) dω(y) = (P H^⊥)(n, j; x) . Hence it is clear that P H^⊥ = 0 for all H^⊥ ∈ G^⊥.

Summarizing our results we therefore obtain P (H_0(N ×A_{ext})) = G, P G^⊥ = 0, P^2 = P .

From our investigations we are therefore able to deduce that G is characterized as follows:

Lemma 8. H ∈ G if and only if H(n, j; x) = ( Φ^{(2)}_ρ (1) )_{−1/2}^∞∑ p=0

2p+1∑

q=1 ∫ A K_ρ(n, j; x | p, q; y)H(p, q; y) dω(y) . (27) In windowed Fourier theory (26) is known as consistency condition associated with the ‘kernel’ Φ_ρ (cf. [15, 16]). From the consistency conditions it follows that not any function H ∈ H_0(N × A_{ext}) can be the windowed Fourier transform of a potential U ∈ H_0. In fact, if the consistency were not valid, then we could design space–dependent potentials with arbitrary space–momentum propertiy and thus violate the uncertainty principle.

It is not difficult to see that K_ρ(n, j; y | ·, ·; ·) ∈ G and K_ρ(·, ·; · | p, q; y) ∈ G. The kernel (n, j; x | p, q; y) → K_{h0} (n, j, x | p, q; , y) (n, j) ∈ N , (p, q) ∈ N , (x, y) ∈ A_{ext} × A_{ext}, is the reproducing kernel in G.

Next we prove the following theorem.

Theorem 3. Let H be an arbitrary element of H_0(RN ×A_{ext}). Then the unique function U_H ∈ H_0 satisfying ‖H − Ũ_H ‖_{H0(J ×Aext)} = inf_{U∈H0} ‖H − Ũ ‖_{H0 (J ×Aext)} (with Ũ_H = (W F T )_{Φρ} (U_H )) is given by

U_H (x) = ( Φ^{(2)}_ρ (1) )_{−1/2}^∞∑ n=0

2n+1∑

j=1 ∫ A H(n, j; y)Φ_ρ(x, y) dω(y)H_{n,j}(α; x) (28)

Proof. We know that Ũ_H is the orthogonal projection of H onto G. This proves Theorem 2. ⊓⊔

Our considerations have shown that the coefficients in H_0(N ∈ A_{ext}) for reconstructing a function U ∈ H_0 are not unique. This can be immediately seen from the identity U = ( Φ^{(2)}_ρ (1) )_{−1/2}^∞∑ n=0

2n+1∑

j=1 ∫ Ω ( Ũ (n, j; y) + Ũ^⊥(n, j; y) ) Φ_ρ(·, y) dω(y)H_{n,j} (α; ·),

where Ũ = (W F T )_{Φρ} (U ) and U^⊥ is an arbitrary member of H^⊥.

But we are able to formulate the following result.

Theorem 4. For arbitrary F ∈ H_0 the coefficient function Ũ = (W F T )_{Φρ} (U ) ∈ G is the unqiue element in H_0(N × A_{ext}) which satisfies the minimum norm condition ‖Ũ‖_{H0 (N ×Aext)} = inf_{H∈H0(N ×Aext )} (W F T )−1Φ ρ (H)=U ‖H‖_{H0(N ×Aext )} .

Proof. We know already that H = Ũ + Ũ^⊥. Thus we are able to deduce that

‖H‖^2_{H0(N ×Aext)} = ‖Ũ + Ũ^⊥‖^2_{H0(N ×Aext )}

= ‖Ũ‖^2_{H0 (N ×Aext)} + ‖Ũ‖^2_{H0} ( N × A_{ext} ) ≥ ‖Ũ‖^2_{H0 (N ×Aext)}, as required. ⊓⊔

As mentioned in our introduction, the windowed Fourier transform works by first dividing a ‘signal’ U ∈ H_0 into short consecutive segments of fixed size by use of a ‘cutoff kernel’ (window function) Φ_ρ and then computing the Fourier coefficients of each segment. In other words, the windowed Fourier transform maps local changes of the function being represented to local changes of the coefficients in the expansion and thereby also reduces the computational complexity. However, there is still a defect in reconstructing a function using a sole, fixed ‘window parameter’ ρ ∈ (0, ∞). In poorly resolves phenomena shorter than the window which leads to non-optimal computational costs in many circumstances. This can be remedied by kernels with decreasing window diameters (i.e. ρ → 0) exhibiting the so–called ‘zooming-in’ property.

The meaning of Theorem 6 may be explained as follows (confer the arguments in Euclidean wavelet theory due to [16]): Suppose we want a potential with certain specified properties in frequency (momentum) and in space. In other words, we are interested in a potential U ∈ H_0 such that (W F T )_{Φρ} (U )(n, j; x) = H(n, j; x), where H ∈ H_0(N × A_{ext}) is given. Lemma 8 informs us that no potential can exist unless H satisfies the consistency condition. The function U_H introduced above is closest in the sence that the ‘H_0(N × A_{ext})–distance’ of its windowed Fourier transform Ũ_H to H is a minimum. U_H is called the least–squares approximation to the desired potential U ∈ H_0. In the case that H ∈ G, Eq. (27) reduces to the reconstruction formula.

The least–squares approximation may be used to process potentials simultaneously in frequency and in space. More explicitly, given a potential U ∈ H_0, we may first compute (W F T )_{Φρ} (U )(n, j; x) and then modify it in any desirable way (such as by suppressing some frequencies and amplifying others while simultaneously localizing in space). Of course, the modified expression H(n, j; x) is generally no longer the windowed Fourier transform of any (space–dependent) potential U ∈ H_0, but its least-squares approximation U_H comes closest to being such a potential, in the above topology.

Another essential aspect of the least–squares approximation is that even when we do not purposefully tamper with (W F T )_{Φρ} (U )(n, j; x), ‘noise’ is introduced in it. Hence, by the position we are ready to reconstruct U ∈ H_0, the resulting expression H(n, j; x) will no longer belong to G. Hence, any randon change is almost certain to take H ∈ H_0(J × A_{ext}) out of G. The ’reconstruction formula’ in the form (27) then automatically yields the least–squares approximation to the original signal, given the incomplete or erroneous information at hand. This is a kind of built–in stability of the windowed Fourier reconstruction related to oversampling.

7 Continuous Wavelet Transform

With the definitions of (Chapter 5) in mind, we are now interested in introducing the wavelet transform (WT). In a consistent setup scale continuous as well as scale discrete wavelets are discussed. It turns out that the relation between scaling function and scale continuous wavelet is characterized by a differential equation. This assumes the piecewise differentiability of the scaling function under consideration.

Definition 6. Let φ_1 : [0, ∞) be a piecewise differentiable H_0-generator of a scaling function. Then the function ψ_1 : [0, ∞) → R is said to be the H_0- generator of the mother wavelet kernel Ψ_1 given by

Ψ_1(x, y) = ∞∑ n=0 2n + 1 4πα^2 ψ_1(n) ( α^2 |x||y| )_{n+1} P_n( x |x| · y |y| ), (x, y) ∈ A_{ext} × A_{ext},

if ψ_1 is admissible and satisfies, in addition, the differential equation

ψ_1(t) = ( −t d dt (φ_1(t))^2 )_{1/2} = (−2tφ_1(t)φ^′_1(t))^{1/2}.

It is not difficult to show that the generator ψ_1 and its dilates ψ_ρ = D_ρψ_1

ψ_ρ(t) = ψ_1(ρt) = (−2ρtφ_1(ρt)φ^′_1(ρt))^{1/2} = (−ρ d dρ (φ_ρ(t))^2)^{1/2}

satisfy the following properties:

– ψ_ρ(0) = 0 , ρ ∈ (0, ∞)

– φ_ρ(t) = (_∞ ∫ ρ (ψ_γ (t))^{2 dγ}_γ )_{1/2} , t ∈ (0, ∞), ρ ∈ (0, ∞), – lim_{ρ→0} ρ>0 ψ_ρ(t) = 0, t ∈ (0, ∞), – (_∞ ∫ 0 (ψ_ρ(t))^{2 dρ}_ρ )_{1/2} = 1, t ∈ (0, ∞),

–^∞ ∑ n=1 2n+1 4πα^2 ∞∫ ρ (ψ_γ (n))^{2 dx}_γ < ∞, ρ ∈ (0, ∞).

The first condition justifies the name wavelet (i.e., ”small wave”). The last condition is of later significance in that it essentially assures the reconstruction formula of our scale continuous wavelet theory. The intermediate properties are straightforward consequences of our definition of the mother wavelet kernel.

Definition 7. The family {Ψ_ρ}, ρ ∈ (0, ∞) of H_0-kernels corresponding to the mother wavelet Ψ_1 defined via Ψ^∧_ρ (n) = ψ_ρ(n), n = 0, 1, . . . is called a scale continuous harmonic wavelet.

Let Ψ_{ρ;y} be defined as follows Ψ_{ρ;y} : x → Ψ_{ρ;y} (x) = Ψ_ρ(x, y) = S_yD_ρΨ_1(x, ·), x ∈ A_{ext}, where the ’y-shift operator’ S_y and the ’ρ-dilation operator’ D_ρ are given by

S_y : Ψ_1(x, ·) → S_y Ψ_1(x, ·) = Ψ_1(x, y), (x, y) ∈ A_{ext} × A_{ext}, D_ρ : Ψ_1(x, ·) → D_ρΨ_1(x, ·) = Ψ_ρ(x, ·), x ∈ A_{ext}, respectively.

Definition 8. Let {Ψ_ρ}, ρ ∈ (0, ∞), be a scale continuous wavelet as defined above. Then the scale continuous harmonic wavelet transform (W T ) of scale ρ ∈ (0, ∞) and position y ∈ A_{ext} is defined by

(W T )(U )(ρ; y) = (U, Ψ_{ρ;y} )_{H0} = ∫ A U (x)Ψ_{ρ;y} (x)dω(x)

for all U ∈ H_0.

Consequently, as in the case of the windowed Fourier transform, the (continuous) wavelet transform converts a potential U ∈ H_0 into an expression of two variables, namely scale and position.

7.1 Reconstruction Formula

The scale continuous wavelet transform admits an inverse on the space of functions U ∈ H_0 satisfying (U, H_{0,1}(α; ·))_{H0} = 0.

Theorem 5. (Reconstruction formula). Let {Ψ_ρ}, ρ ∈ (0, ∞) be a wavelet. Suppose that U ∈ H_0 satisfies (U, H_{0,1}(α; ·))_{H0} = 0. Then

lim_{R→0} R>0 ‖ ‖ ‖ ‖ ‖ U − ∫ A ∞∫ R (W T )(U )(ρ; y)Ψ_{ρ;y} (·) dρ ρ dω(y) ‖ ‖ ‖ ‖ ‖_{H0} = 0 .

Proof. Choose an arbitrary R > 0. Then we have ∫ A ∞∫ R (W T )(U )(ρ; y)Ψ_{ρ;y} (x) dρ ρ dω(y)

= ∫ A ∞∫ R ∫ A U (z)Ψ_ρ(z, y)dω(z) Ψ_ρ(x, y) dρ ρ dω(y)

= ∫ A U (z) ∞∫ R ∞∑ n=1 2n + 1 4πα^2 (Ψ^∧_ρ (n))^2 ( α^2 |x||z| )_{n+1} P_n ( x |x| · z |z| ) dρ ρ dω(z)

= ∫ A U (z) Φ^{(2)}_R (z, x)dω(z) = ( Φ^{(2)}_R ∗ U ) (x) for every x ∈ A_{ext}. Now we know that limR→0_{R>0} U ∗Φ^{(2)}_R = U in the sense of ‖·‖_{H0} . But this is the desired result. ⊓⊔

In connection with (6) we obtain the following result.

Corollary 1. Under the assumptions of Theorem 5

lim_{R→0} R>0 sup x∈Σ_{ext} | | | | | | U (x) − ∫ A ∫ R (W T )(U )(ρ; y)Ψ_{ρ;y} (x) dρ ρ dω(y) | | | | | | = 0 .

In other words, a constructive approximation by wavelets defined on A_{ext} is found to approximate the solution of the Dirichlet boundary-value problem for the Laplace equation on Σ_{ext}.

7.2 Least–squares Property

Denote by H_0 ( (0, ∞) × A_{ext} ) the space of all functions U : (0, ∞) × A_{ext} → R such that U (ρ; ·) ∈ H_0 for every ρ ∈ (0, ∞) and ∞∫ 0 ‖U (ρ; ·)‖^2_{H0} dρ ρ = ∞∫ 0 ∫ A |U (ρ; y)|^2 dω(y) dρ ρ < ∞ . (29)

On the space H_0((0, ∞)×A_{ext}) we are able to impose an inner product (·, ·)_{H0((0,∞)×Aext)} by letting (U (·, ·), V (·, ·))_{H0 ((0,∞)×Aext)} = ∞∫ 0 ∫ A U (ρ; y)V (ρ; y) dω(y) dρ ρ

= ∞∫ 0 (U (ρ; ·), V (ρ, ·))_{H0} dρ ρ for U, V ∈ H_0((0, ∞) × A_{ext}). Correspondingly,

‖U (·, ·)‖_{H0((0,∞)×Aext)} = ∞∫ 0 ∫ A |U (ρ; y)|^2 dω(y) dρ ρ

= ∞∫ 0 ‖U (ρ, ·)‖^2 dρ ρ 1/2 .

From Theorem 2 we obtain the following result telling us that the wavelet transform does not change the total energy.

Lemma 9. Let {Ψ_ρ}, ρ ∈ (0, ∞), be a wavelet. Suppose that U, V are of class H_0. Then ∞∫ 0 ∫ A (U, Ψ_{ρ;·}(y))_{H0} (V, Ψ_{ρ;·}(y))_{H0} dω(y) dρ ρ = (U, V )_{H0} . (30)

As we have seen, W T is a transform form the one–parameter space H_0 into the two–parameter space H_0((0, ∞) × A_{ext}). But the transform W T is not surjective on H_0((0, ∞)×A_{ext}) (note that H_0((0, ∞)×A_{ext}) contains unbounded elements). That means that W = (W T )(H_0) (31)

is a proper subspace of H_0((0, ∞) × A_{ext}):

W & H0((0, ∞) × Aext).

Therefore, one may ask the question of how to characterize W within the framework of H_0((0, ∞) × A_{ext}).

For that purpose we consider the operator

P : H_0 ( (0, ∞) × Σ_{ext} ) → W (32)

defined by

P (U )(ρ · y) = ∞∫ 0 ∫ A K (ρ; y | ρ; y) U (ρ; y) dω(y) dρ ρ , ρ ∈ (0, ∞), y ∈ A_{ext}, (33)

where we have introduced the kernel

K(ρ^′; y^′ | ρ; y) = ∫ A Ψ_ρ′_{;y}′ (x)Ψ_{ρ;y} (x) dω(x) = (Ψ_ρ′_{;y}′ (·), Ψ_{ρ;y} (·))_{H0} .

First our purpose is to verify the following lemma.

Lemma 10. The operator P : H_0((0, ∞) × A_{ext}) → W defined by (31), (32) is a projection operator.

Proof. Assume that H = Ũ = (W T )(U ) ∈ W. Then it is not difficult to see that for x ∈ A_{ext}

P (H)(ρ; x) = ∞∫ 0 ∫ A K(ρ; x | σ; y)(W T )(U )(σ; y) dω(y) dσ σ = Ũ(ρ; x) = (W T )(U )(x).

Consequently, P (H)(·, ·) = H(·, ·) for all H(·, ·) ∈ W.

Next we want to show that for all H^⊥(·, ·) ∈ W^⊥ we have P (H^⊥(·, ·)) = 0. For that purpose, consider an element H^⊥(·, ·) of W^⊥. Then, for all U ∈ H_0 we have ( H^⊥(·, ·), (W T )(U )(·, ·) ) H_0((0,∞)×A_{ext}) = 0 . (34)

Now, for ρ ∈ (0, ∞) and x ∈ A_{ext}, we obtain under the special choice U = Ψ_{ρ;x}(·) 0 = ( H^⊥ (·, ·) , (W T ) (Ψ_{ρ;x}) (·)) ) H_0((0,∞)×A_{ext}) = ∞∫ 0 ∫ A ( H^⊥ (σ; ·) , Ψ_{σ;y} (·) ) H_0 ((W T ) (Ψρ;x(·), Ψσ;y (·)))H dω(y) dσ σ

= ∞∫ 0 ∫ A K(ρ; x | σ; y)H^⊥(σ; y) dω(y) dσ σ = P (H^⊥)(ρ; x) .

In other words, P (H^⊥(·, ·)) = 0 for all H^⊥(·, ·) ∈ W^⊥. Therefore we get P ( H_0((0, ρ) × A_{ext}) ) = W, P (W^⊥(·, ·)) = 0, P^2 = P , as desired. ⊓⊔ W = (W T )(H_0) is characterized as follows:

Lemma 11. H ∈ W if and only if the ‘consistency condition’

H(ρ^′; y^′) = ∞∫ 0 ∫ A K(ρ^′; y^′ | ρ; x)H(ρ; x) dω(x) dρ ρ is satisfied. Obviously, K(ρ^′, y^′ | ·; ·) ∈ W, ρ^′ ∈ (0, ∞), y^′ ∈ A_{ext}, K(·; · | ρ, y) ∈ W, ρ^′ ∈ (0, ∞), y^′ ∈ A_{ext}, i.e.: (ρ^′; y^′ | ρ; y) → K(ρ^′, y^′ | ρ; y) is the (uniquely determined) reproducing kernel in W.

Summarizing our results we therefore obtain the following theorem. Theorem 6. Let H be an arbitrary element of H_0((0, ∞) × A_{ext}). Then the unique function U_H ∈ H_0 satisfying the property ‖H − Ũ_H ‖_{H0 ((0,∞)×Aext)} = inf_{U∈H0} ‖H − Ũ ‖_{H0 ((0,∞)×Aext)} is given by U_H (x) = ∞∫ 0 ∫ A Ψ_{ρ;x}(y)H(ρ; y) dω(y) dρ ρ . (35)

Theorem 6 means that U_H defined above comes closest in the sense of the ‘H((0, ∞) × A_{ext})–distance’ of its wavelet transform Ũ_H to H assumes a minimum. In analogy to the windowed Fourier theory we call U_H the least–squares approximation to the desired potential U ∈ H_0. Of course,, for H ∈ W, Eq. (34) reduces to the reconstruction formula. All aspects of least–squares approximation discussed earlier for the windowed Fourier transform remain valid in the same way. The coefficients in H_0((0, ∞) × A_{ext}) for reconstructing a potential U ∈ H_0 are not unique. This can be readily developed from the following identity U = ∞∫ 0 ∫ A ( Ũ (ρ; y) + Ũ^⊥(ρ; y) ) dω(y) dρ ρ ,

where Ũ = (W T )(U ) is a member of W and Ũ^⊥ is an arbitrary member of W^⊥.

But our considerations enable us to formulate the following minimum norm representation:

Theorem 7. For arbitrary U ∈ H_0 the function Ũ = (W T )(U ) ∈ W is the unqiue element in H((0, ∞) × A_{ext}) satisfying

‖Ũ‖_{H((0,∞)×Aext)} = inf H∈H0((0,∞)×Aext ) (W T )−1 (H)=U ‖H‖_{H((0,∞)×Aext)} .

8 Scale Discrete Wavelet Transform

Until now emphasis has been put on the whole scale interval. In what follows, however, scale discrete wavelets will be discussed. We start from a strictly decreasing sequence {ρ_j }, j ∈ Zsuch that lim_{j→∞} ρ_j = 0 and lim_{j→−∞} ρ_j = ∞. For reasons of simplicity, we choose ρ_j = 2^{−j}, j ∈ Z, throughout this paper.

Definition 9. Let φ^D_0 = φ_{ρ0} be the generator of a scaling function (as defined above). Then the piecewise continuous function ψ^D_0 : [0, ∞) → R is said to be the H_0-generator of the mother wavelet kernel Ψ^D_0 (of a scale discrete harmonic wavelet) if it is admissible and satisfies, in addition, the difference equation

(ψ^D_0 (t))^2 = ( φ^D_0 (t/2)

)_2 − ( φ^D_0 (t)

)_2 , t ∈ [0, ∞) . For φ^D_0 resp. ψ^D_0 we introduce functions φ^D_j resp. ψ^D_j in the canonical way

φ^D_j (t) = D^D_j φ^D_0 (t) = φ^D_0 (2^{−j}t), t ∈ [0, ∞),

ψ^D_j (t) = D^D_j ψ^D_0 (t) = ψ^D_0 (2^{−j}t), t ∈ [0, ∞) .

Then, each function φ^D_j , resp. ψ^D_j , j ∈ Zis admissible. This enables us to write ψ^D_j = D_1ψ^D_{j−1}, j ∈ Zwhenever φ^D_0 is admissible. Correspondingly, for the H_0- kernel Ψ^D_j , j ∈ Z, generated by ψ^D_j via

(Ψ^D_j )^∧(n) = ψ^D_j (n), n ∈ N_0,

we let Ψ^D_j = D_1Ψ^D_{j−1}, j ∈ Z.

Definition 10. The subfamily {Ψ^D_j }, j ∈ Zof the space H_0 generated by Ψ^D_0 via (Ψ^D_j )^∧(n) = ψ^D_j (n), n = 0, 1, . . . is called a scale discrete harmonic wavelet.

The generator ψ^D_0 : [0, ∞) → R and its dilates ψ^D_j = D^D_j ψ^D_0 satisfy the following properties: ψ^D_j (0) = 0, j ∈ Z,

(ψ^D_j (t))^2 = (φ^D_{j+1}(t))^2 − (φ^D_j (t))^2, j ∈ Z, t ∈ [0, ∞),

(φ^D_0 (t))^2 + J∑ j=0 (ψ^D_j (t))^2 = (φ^D_{J+1}(t))^2, J ∈ Z, t ∈ [0, ∞) . (36)

It is natural to apply the operator D^D_j directly to the mother wavelet. In connection with the ”shifting operator” S_y , this will lead us to the definition of the kernel Ψ_{j;y} . More explicitly, we have

Ψ^D_j = D^D_j Ψ^D_0 , j ∈ Z, (37) and (S_y Ψ^D_j )(x) = Ψ^D_{j;y} (x) = Ψ^D_j (x, y) = Ψ_{ρj} (x, y), (x, y) ∈ A_{ext} × A_{ext} . (38)

Putting together (36) and (37) we therefore obtain for (x, y) ∈ A_{ext} × A_{ext},

Ψ^D_{j;y}(x) = (S_y D^D_j Ψ^D_0 )(x) = ∞∑ n=0 2n + 1 4πα^2 (Ψ^D_0 )^∧(2^{−j} n) ( α^2 |x||y| )_{n+1} P_n ( x |x| · y |y| ) .

Definition 11. Let the H_0-kernel Ψ^D_0 be a mother wavelet kernel corresponding to a scaling function Φ^D_0 = Φ_{ρ0} . Then, the scale discrete wavelet transform at scale j ∈ Zand position y ∈ A_{ext} is defined by

(W T )^D(U )(j; y) = (U, Ψ^D_{j;y}(·))_{H0} , U ∈ H_0 .

It should be mentioned that each scale continuous wavelet {Ψ_ρ}, ρ ∈ (0, ∞) implies a scale discrete wavelet {Ψ^D_j }, j ∈ Zby letting

((Ψ^D_j )^∧(n))^2 = ((Φ^D_{j+1})^∧(n))^2 − ((Φ^D_j )^∧(n))^2, n ∈ N_0

where

((Φ^D_j )^∧(n))^2 = ∞∫ ρ_j (Ψ^∧_ρ (n))^2 dρ ρ , i.e.,

(Ψ^D_j )^∧(n) = ( ρ_j∫

ρ_{j+1} (Ψ^∧_ρ (n))^2 dρ ρ )^{1/2} .

Note that this construction leads to a partition of unity in the following sense ∞∫ 0 (Ψ^∧_ρ (n))^2 dρ ρ = +∞∑ j=−∞ ((Ψ^D_j )^∧(n))^2 = ((Φ^D_0 )^∧(n))^2 + ∞∑ j=0 ((Ψ^D_j )^∧(n))^2 = 1

for n ∈ N.

Our investigations now enable us to reconstruct a potential U ∈ H_0 from its discrete wavelet transform as follows.

Theorem 8. (Reconstruction Formula). Any potential U ∈ H_0 can be approximated by its J-level scale discrete wavelet approximation

U_J = ∫ A (U, Φ^D_{0;y})_{H0} Φ^D_{0;y}(·)dω(y) + J∑ j=0 ∫ A (W T )^D(U )(j; y)Ψ^D_{j;y} (·)dω(y) (39)

in the sense that lim_{J→∞} ‖U − U_J ‖_{H0} = 0 .

Proof. Let U be a member of class H_0. From (35) it follows that ∫ A (U, Φ^D_{0;y})_{H0} Φ^D_{0;y}(·)dω(y) + J∑ j=0 ∫ A (W T )^D (j; y)Ψ^D_{j;y} (·)dω(y)

= ∫ A (U, Φ^D_{J+1;y})_{H0} Φ^D_{J+1;y}(·)dω(y) . Letting J tend to infinity the result follows easily from Theorem 1. ⊓⊔ As an immediate consequence we obtain Corollary 2. Let Σ be a regular surface. Under the assumptions of Theorem 8 we have lim_{J→∞} sup x∈Σ_{ext} |U (x) − U_J (x)| = 0 .

8.1 Multiresolution Next we come to the concept of multiresolution by means of scale discrete harmonic wavelets. For U ∈ H_0 denote by R^D_j (band-pass filters), P^D_j (low-pass filters), the convolution operators given by R^D_j (U ) = Ψ^D_j ∗ Ψ^D_j ∗ U, U ∈ H_0 P^D_j (U ) = Φ^D_j ∗ Φ^D_j ∗ U, U ∈ H_0 respectively. The scale spaces V^D_j and the detail spaces W^D_j are defined by V^D_j = P^D_j (H_0), W^D_j = R^D_j (H_0), respectively. The collection {V^D_j } of all spaces V^D_j , j ∈ Zis called multiresolution analysis of H_0.

Loosely spoken, V^D_j contains all j-scale smooth functions of H_0. The notion ”detail space” means that W^D_j contains the ”detail” information needed to go from an approximation at resolution j to an approximation at resolution j + 1. To be more concrete, W^D_j denotes the space complementary to V^D_j in

V^D_{j+1} : V^D_{j+1} = V^D_j + W^D_j .

Note that

V^D_0 + J∑ j=0 W^D_j = V^D_{j+1} .

Any potential U ∈ H_0 can be decomposed in the following way: Starting from P^D_0 (U ) we have

P^D_{J+1}(U ) = P^D_0 + J∑ j=0 R^D_j (U ) .

The partial reconstruction R^D_{J+1}(U ) is nothing else than the difference of two ”smoothings” P^D_{J+1}(U ) − P^D_J (U ) at consecutive scales

R^D_J (U ) = P^D_{J+1}(U ) − P^D_j (U ) .

Moreover, in spectral language we have

(P^D_j (U ), H_{n,l}(α; ·))_{H0} = (U, H_{n,l}(α; ·))_{H0} ((Φ^D_j )^∧(n))^2, (R^D_j (U ), H_{n,l}(α; ·))_{H0} = (U, H_{n,l}(α; ·))_{H0} ((Ψ^D_j )^∧(n))^2. (40)

The formulas (39) give (scale discrete) wavelet decomposition an interpretation in terms of Fourier analysis by means of outer harmonics by explaining how the frequency spectrum of a potential U ∈ V^D_j is divided up between the space V^D_{j−1} and W^D_{j−1}.

The multiresolution can be illustrated by the following scheme:

P^D_0 (U ) P^D_1 (U ) . . . P^D_j (U ) P^D_{j+1}(U ) . . . → U

V^D_0 ⊂ V^D_1 . . . ⊂ V^D_j ⊂ V^D_{j+1} . . . = H_0

V^D_0 + W^D_0 + . . . + W^D_{j−1} + W^D_j + . . . = H_0

P^D_0 (U ) + R^D_0 (U ) + . . . + R^D_{j−1}(U ) + R^D_j (U ) + . . . = U

8.2 Least–squares Approximation For notational convenience, we set N_{−1} = N_0 ∪ {−1} .

Moreover, we let φ_o(n) = ψ_{−1}(n), n ∈ N_0, Φ^D_0 = Ψ_{−1}, V^D_0 = W^D_{−1}, etc. Accordingly we have R^D_{−1} = U ∗ Φ^D_0 ∗ Φ^D_0 = U ∗ Ψ^D_{−1} ∗ Ψ^D_{−1} .

Then it follows that_∞ ∑ n=−1 (( Ψ^D_j )_∧ (n) )_2 = 1 .

The reconstruction formula (Theorem 3) may be rewritten as follows: lim_{J→∞} ‖U − U_J ‖_{H0} = 0, U ∈ H_0, where the J–level scale discrete wavelet approximation now reads in shorthand notation as follows:

U_J = J∑ j=−1 ∫ A (W T )^D (U )(j; y)Ψ^D_{j;y} (·) dω(y) .

As in the continuous case we can make use of the projection property in the scale discrete case. We know already that (W T )^D : H_0 → H_0(N_{−1} × A_{ext}), where H_0(N_{−1} × A_{ext}) is the space of all functions U : (j; x) → U (j; x) with U (j; ·) ∈ H_0 for every j ∈ N_{−1} and ∞∑ j=−1 ‖U (j; ·)‖^2_{H0} = ∞∑ j=−1 ∫ A |U (j; x)|^2 dω(x) < ∞ . It is not hard to see that W^D = (W T )^D(H_0) & H_0(N_{−1} × A_{ext}).

Hence, we are able to define the projection operator P^D : H_0(N_{−1}×A_{ext}) → W^D by P^D(U )(j; y) = ∞∑ j=−1 ∫ A K^D(j; y | j; y)U (j; y) dω(y), where K^D (j, y | j; y) = ∫ A Ψ^D_{j;y}(x)Ψ^D_{j;y}(x) dω(x) = ( Ψ^D_{j;y} (·), Ψ^D_{j;y}(·) ) H_0 . (41)

In similarity to results of the scale continuous case it can be deduced that P^D is a projection operator. Therefore we have the following characterization of W^D:

Lemma 12. U (·, ·) ∈ W^D if and only if the consistency condition

U (j; y) = ∞∑ j=−1 ∫ A K^D(j; y | j; y)U (j; y) dω(y)

= ∞∑ j=−1 ( K^D (j; y | j; ·)U (j; ·) ) H_0 .

is satisfied.

Summarizing our results we obtain the following theorem.

Theorem 9. Let H be an arbitrary element of H_0(N_{−1}×A_{ext}). Then the unique function F^D_H ∈ H_0 satifying the property ‖H(·, ·) − Ũ^D_H (·, ·)‖_{H0(}N_{−1×Aext)} = inf_{U∈H0} ‖H(·, ·) − Ũ^D(·, ·)‖_{H0(}N_{−1×Aext)} is given by

U_H (x) = ∞∑ j=−1 ∫ A U (j; y)Ψ^D_{j;y} (x) dω(y).

Moreover, we have Theorem ??. For arbitrary U ∈ H_0 the function Ũ ∈ (W T )^D(U ) ∈ W^D is the unqiue element in H_0(N_{−1} × A_{ext}) satisfying ‖ ‖ ‖Ũ^D ‖ ‖ ‖_{H(}N_{−1×Aext)} = inf H∈H0(N−1×Aext) ((W T )D )−1 (H)=U ‖H|_{H(}N_{−1x×Aext)} .

8.3 Fully Scale Discrete Wavelets

For j = 0, 1, . . . let b^{N−j}_i , i = 1, . . . , N_j be the generating coefficients of the approximate integration rules ∫ A F (y) dω(y) = N_j∑

i=1 b^{Nj}_i F (y^{Nj}_i ) + ε_j (F ), F ∈ V_j ,

corresponding to (prescribed) nodal systems {y^{Nj}_1 , . . . , y^{Nj}_{Nj} } ⊂ A_{ext} such that lim_{j→x} |ε_j(F )| = 0, F ∈ V_j (i.e. the coefficients b^{Nj}_i , j = 1, . . ., N_j , are supposed to be determined by an a priori calculation using approximate integration, interpolation, etc.

Assume that U is a potential of class Pot^{(0)}(A_{ext}) ⊂ H_0. Then the J–level scale discrete wavelet approximation can be represented in fully discrete form as follows:

U_J = N_J∑

i=1 b^{NJ}_i U ( y^{NJ}_i ) ( Φ^{(2)} )_D J;y^{Nj}_i (·) + ε_j (( Φ^{(2)} )_D J;· ∗ U )

= J∑ j=−1

N_J∑

i=1 b^{Nj}_i U ( y^{Nj}_i ) ( Ψ^{(2)} )_D j;y^{Nj}_i (·) + J∑ j=−1 ε_j (( Ψ^{(2)} )_D j;· ∗ U ) . This leads us to the following result.

Theorem 10. Any potential U ∈ Pot(A_{ext}) can be approximated in the form

lim_{J→∞} ∫ A

| | | | | U (y) − J∑ j=−1

N_j∑

i=1 b^{Nj}_i U ( y^{Nj}_i ) ( Ψ^{(2)} )_D j;y^{Nj}_i (y) | | | | | 2 dω(y) 1/2 = 0 .

Moreover,

lim_{J→∞} sup x∈K | | | | | U (x) − J∑ j=−1

N_j∑

i=1 b^{Nj}_i U (y^{Nj}_i ) ( Ψ^{(2)} )_D j;y^{Nj}_i (x) | | | | | = 0

for all subsets K of A_{ext} with dist(K, A) > 0.

Fast evaluation methods (tree algorithms and pyramid schemata) has been presented in Freeden (1999).

9 Examples

Now we are prepared to introduce some important examples of scaling functions and corresponding wavelets. We distinguish two types of wavelets, namely nonband-limited and band-limited wavelets. Since there are only a few conditions for a function to be a generator of a scaling function, a large number of wavelet examples may be listed. For the sake of brevity, however, we have to concentrate on a few examples.

9.1 Non-band-limited Wavelets

All wavelets discussed in this subsection share the fact that their generators have a global support.

Rational Wavelets: Rational wavelets are realized by the function φ_1 : [0, ∞) →

R given by_{φ1(t) = (1 + t)−s, t ∈ [0, ∞).}

Indeed, φ_1(0) = 1, φ_1 is monotonously decreasing, φ_1 is continuously differentiable on the interval [0, ∞), and we have φ_1(t) = O(|t|^{−1−ε}), t → ∞ for s = 1 + ε, ε > 0. The (scale continuous) scaling function {Φ_ρ}, ρ ∈ (0, ∞) is given by Φ_ρ(x, y) = ∞∑ n=0 2n + 1 4πα^2 1 (1 + ρn)^s ( α^2 |x||y| )_{n+1} P_n ( x |x| · y |y| ) , (x, y) ∈ A_{ext}×A_{ext} .

It is easy to see that ψ_1(t) = √ 2st(1 + t)^{−s−1/2} so that the scale continuous harmonic wavelets {Ψ_ρ}, ρ ∈ (0, ∞), are obtained from ψ_ρ(n) = √ 2sρn(1 + ρn)^{−s−1/2}, s > 1, n ∈ N_0, whereas the scale discrete wavelets {Ψ^D_j }, j ∈ Z, are generated by

ψ^D_j (n) = ( (1 + 2^{−j−1}n)^{−2s} − (1 + 2^{−j}n)^{−2s} )_{1/2} , j ∈ Z, n ∈ N_0 . Exponential Wavelets. We choose φ_1(t) = e^{−Rt}, R > 0, t ∈ [0, ∞). Then it follows that φ_ρ(t) = e^{−Rρt}, ρ ∈ (0, ∞) and ψ_ρ(t) = √ 2Rρe^{−Rt}, ρ ∈ (0, ∞). Moreover,

ψ^D_j = ( (e^{−2−j−1 Rn})^2 − (e^{−2−j Rn})^2 )_{1/2} , j ∈ Z, n ∈ N_0 . 9.2 Band-limited Wavelets

All wavelets discussed in this subsection are chosen in such a way that the support of their generators is compact. As a consequence the resulting wavelets are band-limited. A particular result is that the Shannon wavelets provides us with an orthogonal multiresolution.

Shannon Wavelet. The generator of the Shannon scaling function is defined by

φ_1(t) = { 1 for t ∈ [0, 1) 0 for t ∈ [1, ∞) .

The scale continuous harmonic scaling function {Φ_ρ}, ρ ∈ (0, ∞) is given via

φ_ρ(n) = { 1 for n ∈ [0, ρ^{−1}) 0 for n ∈ [ρ^{−1}, ∞) .

A scale continuous wavelet does not make sense. However, a scale discrete wavelet {Ψ^D_j }, j ∈ Z, is available. More precisely,

ψ^D_j (n) = { 1 n ∈ [2^j, 2^{j+1}) 0 elsewhere.

But this means that the scale discrete multiresolution is orthogonal (i.e., V_{j+1} = V_j ⊕ W_j is an orthogonal sum for all j).

Modified Shannon Wavelet. The generator of the modified Shannon scaling function reads as follows

φ_1(t) =

1 for t ∈ [0,^1_e ) √ −lnx for t ∈ [^1_e , 1) 0 for t ∈ [1, ∞)

The scale continuous harmonic wavelets {Ψ_ρ}, ρ ∈ (0, ∞), are given by

ψ_ρ(n) =

0 for n ∈ [0,^1_e ρ^{−1}) 1 for n ∈ [^1_e ρ^{−1}, ρ^{−1}) 0 for n ∈ [ρ^{−1}, ∞).

The scale discrete harmonic wavelets {Ψ^D_j }, j ∈ Zare obtainable via

Ψ^D_j (n) =

0 for n ∈ [0, 2^{j 1}_e ) ( 1 − (ln(2^{−j}n))^2 )_{1/2} for n ∈ [2^{j 1}_e , 2^{j+1 1}_e ) ( (ln(2^{−j−1}n))^2 − (ln(2^{−j}n))^2 )_{1/2} for n ∈ [2^{j+1 1}_e , 2^j) −ln(2^{−j−1}n) for n ∈ [2^j, 2^{j+1}) 0 for n ∈ [2^{j+1}, ∞).

C(ubic) P(olynomial) Wavelet (CP-Wavelet). In order to have a higher intensity of the smoothing effect than in the case of modified Shannon wavelets we introduce a function φ_1 : [0, ∞) → R in such a way that φ_1|_{[0,1)} coincides with the uniquely determined cubic polynomial p = [0, 1] → [0, 1] with the properties:

p(0) = 1 , p(1) = 0 p‘(0) = 0 , p‘(1) = 0 .

It is easy to see that these properties are fulfilled by

p(t) = (1 − t)^2(1 + 2t), t ∈ [0, 1] .

This leads us to a function φ_1 : [0, ∞] → R given by

φ_1(t) = { (1 − t)^2(1 + 2t) for t ∈ [0, 1 0 for t ∈ [1, ∞).

It is clear that φ_1 is a monotonically decreasing function. The (scale continuous) scaling function {Φ_ρ}, ρ ∈ (0, ∞), is given by

φ_ρ(n) = ϕ_1(ρn) = { (1 − ρn)^2(1 + 2ρn) for n ∈ [0, ρ^{−1}) 0 for n ∈ [ρ^{−1}, ∞) .

Scaling continuous and discrete wavelets are obtainable by obvious manipulations.

10 Band{limited Runge{Walsh Wavelet Transform

Our final interest (see Theorem 5.5) is fully discrete wavelet approximation outside the real earths surface Σ (cf. 5) by use of band-limited wavelets. The keystone is that when using band-limited wavelets, we do not need the wavelet transform at all positions. It suffices to know the wavelet transform on a finite set of linear functionals (i.e., function values or normal derivatives) for each scale j. In other words, each J-level wavelet approximation (cf. Theorem 8) can be expressed exactly as a finite sum. The reason are approximate integration formulas which will be discussed under the following (non-restrictive) assumptions:

(A1) The generator φ^D_0 : [0, ∞) → R of a scale discrete scaling function satisfies supp φ^D_0 = [0, 1] and φ^D_0 (1) = 0.

(A2) The generator ψ^D_0 : [0, ∞) → R of the mother wavelet satisfies supp ψ^D_0 = [0, 2] and ψ^D_0 (2) = 0.

Then it follows that supp φ^D_j ⊂ [0, 2^j], supp ψ^D_j ⊂ [0, 2^{j+1}]. Hence, we have φ^D_j (2^j) = ψ^D_j (2^{j+1}) = 0, j ∈ N_0. It follows that

Φ^D_{j;y} ∈ Harm_{0,...,2}j_{−1}(Σ_{ext}), y ∈ Σ_{ext}, j = 0, 1, . . .,

Ψ^D_{j;y} ∈ Harm_{0,...,2}j+1_{−1}(Σ_{ext}), y ∈ Σ_{ext}, j = 0, 1, . . ..

10.1 Runge-Walsh Approximation

In what follows we want to show that a band-limited potential can be exactly determined by band-limited harmonic wavelets. In conclusion, a constructive Runge-Walsh approximation of any (non-band-limited) potential U can be established by using exact wavelet approximation by means of band-limited wavelets. Since the set of all finite linear combinations of harmonics when restricted to Σ_{ext} is uniformly dense in the space P ot^{(0)}(Σ_{ext}), the space H_0|_{Σext} is a uniformly dense subset of P ot^{(0)}(Σ_{ext}), too. Written out in formulas this means that P ot^{(0)}(Σ_{ext}) = H_0|_{Σext}^{‖·‖C(Σext)} = span n=0,1,..._{j=1,...,2n+1} (H_{n,j}(α; ·)|_{Σext})^{‖·‖C(Σext)} . Suppose now that there is known from a potential V of class P ot^{(0)}(Σ_{ext}) a set {v_1, . . . , v_M } of M values v_i, i = 1, . . . , M corresponding to M points x_1, . . . , x_M in Σ_{ext}. Then an extended version of Helly’s theorem (cf. [25] ) tells us that, corresponding to the potential V ∈ P ot^{(0)}(Σ_{ext}), there exists a member U (i.e., a Runge-Walsh approximation) of class H_0 such that U |_{Σext} is in an (ε/2)- neigbourhood to V (understood in C(Σ_{ext})-topology) and U (x_i) = v_i, i = 1, . . ., M (note that we occasionally write U_{0,...,∞} instead of U to indicate that all Harm-spaces generally contribute to U ). Moreover, there exists an element U_{0,...,m} (i.e., a band-limited approximation to the Runge-Walsh approximation) of class Harm_{0,...,m}(Σ_{ext}) such that U_{0,...,m}|_{Σext} may be considered to be in (ε/2)-accuracy to U |_{Σext} uniformly on Σ_{ext} and, in addition, U_{0,...,m}(x_i) = U (x_i) = v_i, i = 1, . . . , M . In other words, corresponding to the potential V ∈ P ot^{(0)}(Σ_{ext}) there exists in ε-accuracy on Σ_{ext} a band-limited potential in H_0, (namely U_{0,...,m} ∈ Harm_{0,...,m}(Σ_{ext})) consistent with the original data (i.e., v_i = U (x_i) = U_{0,...,m}(x_i), i = 1, . . ., M ). This is the reason why we are interested below in wavelet approximations of potentials U_{0,...,m} of class Harm_{0,...,m}(Σ_{ext}) uniformly on Σ_{ext} from a finite set of function values.

To be more specific, our strategy is to represent U_{0,...,m} ∈ Harm_{0,...,m}(Σ_{ext}) by a J-level approximation (U_{0,...,m})_J (cf. (38)) with J chosen in such a way that m_J = 2^{J+1} − 1 ≥ m (note that U_{0,...,m} coincides with (U_{0,...,m})_J uniformly on Σ_{ext} in the case of orthogonal Shannon wavelets).

10.2 Integration Methods

We want to express the J-level wavelet approximation (U_{0,...,m})_J of U_{0,...,m}(m_J ≥ m) exactly only by use of M values v_1, . . . , v_M corresponding to the points x_1, . . . , x_M . To this end we observe that ∫ A U_{0,...,m}(y)Φ^D_{0;y}(·)dω(y)|_A ∈ Harm_{0,1}(A), (W T )^D (U_{0,...,m})(j; ·)|_A ∈ Harm_{0,...,mj} (A), j = 0, . . . , J. Moreover, it is known that whenever F, G ∈ Harm_{0,...,m}(A), the product F G is of class Harm_{0,...,2m}(A).

Starting point for our intensions of exact integration in Harm-spaces are so-called fundamental systems.

Definition 12. A set {x^M_1 , . . . , x^M }, M = (a+1)^2 of M points in A_{ext} is called Harm_{0,...,a}- fundamental system in A_{ext} if the matrix

H_{0,1}(α; x^M_1 ) . . . H_{0,1}(α; x^M_1 ) . . . . H_{a,2a+1}(α; x^M_1 ) . . . L^M H_{a,2a+1}(α; x^M_l )

(42)

is regular.

Obviously,

H_{0,1}(α; x^M_1 ) . . . L^M_1 H_{a,2a+1}(α; x^M_1 ) . . . . H_{0,1}(α; x^M_1 ) . . . L^M H_{a,2a+1}(α; x^M_1 )

H_{0,1}(α; x^M_1 ) · · · H_{0,1}(α; x^M_1 ) . . . . H_{a,2a+1}(α; x^M_1 ) · · · H_{a,2a+1}(α; x^M )

= K_{Harm0,...,a(Σext)}(x^M_1 , x^M_1 ) . . . K_{Harm0,...,a(Σext)}(x^M_1 , x^M ) . . . . K_{Harm0,...,a(Σext)}(x^M , x^M_1 ) . . . K_{Harm0,...,a(Σext)}(x^M , x^M ) . (43)

Thus, it is clear that the regularity of the Gram matrix (42) is equivalent to the regularity of (41), and the property of {x^M_1 , . . . , x^M } being a Harm_{0,...,a}- fundamental system is independent of the special choice of the basis of Harm_{0,...a}– harmonics.

The existence of fundamental systems as introduced above is guaranteed by a well-known induction procedure described in [20]. The definition of fundamental systems immediately leads us to the following integration rules on Harm_{0,...,2a}-spaces.

Lemma 13. Let {y^M_1 , . . ., y^M } ⊂ A, M = (2a + 1)^2 define a Harm_{0,...,2a}- fundamental system on A. Furthermore, suppose that P_{0,...,a}, Q_{0,...,a} ∈ Harm_{0,...,a}(A). Then (P_{0,...,a}, Q_{0,...,a})_{H0} = M∑ n=1 a_nP_{0,...,a}(y^M_n )Q_{0,...,a}(y^M_n ) (44) holds for all weights a_1, . . . , a_M satisfying M∑ r=1 a_rK_{Harm0,...,2a} (y^M_i , y^M_r ) = ∫ A K_{Harm0,...,2a} (y^M_i , x)dω(x), i = 1, . . . , M Proof. The product P_{0,...,a}Q_{0,...,a} is a member of class Harm_{0,...,2a}(A). The formula (43), in fact, is constructed in such a way that it is exact for all members of Harm_{0,...,2a}(A). ⊓⊔ Lemma 14. Let {x^M_1 , . . ., x^M }, M = (a + 1)^2 be a Harm_{0,...,a}-fundamental system in the sense of Definition 12. Furthermore, suppose that P_{0,...,a} and Q_{0,...,a} are members of Harm_{0,...,a}(Σ_{ext}). Then (P_{0,...,a}, Q_{0,...,a})_{H0} = a∑ n=0

2n+1∑

j=1 M∑ r=1 a^{n,j}_r (Q_{0,...,a}, H_{n,j}(α; ·))_{H0} P_{0,...,a}(x^M_r )

holds for all weights a^{n,j}_1 , . . . , a^{n,j}_M , n = 0, . . ., a, j = 1, . . . , 2n + 1 satisfying the linear equations M∑ r=1 a^{n,j}_r H_{k,i}(α; x^M_r ) = δ_{n,k}δ_{j,i}, k = 0, . . . , a, i = 1, . . . , 2k + 1. Proof. Applying the Parseval identity we obtain (P_{0,...,a}, Q_{0,...,a})_{H0} = a∑ k=0

2n+1∑

i=1 (P_{0,...,a}, H_{k,i}(α; ·))_{H0} (Q_{0,...,a}, H_{k,i}(α; ·))_{H0}

= a∑ k=0

2k+1∑

i=1 (P_{0,...,a}, H_{k,i}(α; ·))_{H0} a∑ n=0

2n+1∑

j=1 (Q_{0,...,a}, H_{n,j}(α; ·))_{H0} δ_{n,k}δ_{j,i}

= a∑ k=0

2k+1∑

i=1 (P_{0,...,a}, H_{k,i}(α; ·))_{H0} a∑ n=0

2n+1∑

j=1 M∑ r=1 a^{n,j}_r (Q_{0,...,a}, H_{n,j}(α; ·))_{H0} H_{k,i}(α; x^M_r )

= a∑ n=0

2n+1∑

j=1 M∑ r=1 a^{n,j}_r (Q_{0,...,a}, H_{n,j}(α; ·))_{H0} P_{0,...,a}(x^M_r ). ⊓⊔ In order to reduce the number of integration weights in our integration rules we formulate

Theorem 11. Under the assumptions of Lemma 14, the integration formula (P_{0,...,a}, Q_{0,...,a})_{H0} = M∑ r=1 a_r L^M_r P_{0,...,a} (45) holds for all weights a_1, . . . , a_M satisfying the linear equations M∑ r=1 a_r K_{Harm0,...,a} (x^M_i , x^M_r ) = a∑ n=0

2n+1∑

j=1 (Q_{0,...,a}, H_{n,j}(α; ·))_{H0} H_{n,j}(α; x^M_i ), i = 1, . . ., M. Proof. We set

a_r = a∑ n=0

2n+1∑

j=1 a^{n,j}_r (Q_{0,...,a}, H_{n,j}(α; ·))_{H0} for r = 1, . . . , M . Thus, by applying Lemma 14 the integration rule (44) holds if a_1, . . . , a_M satisfy the linear equations (in matrix form)

H_{0,1}(α; x^M_1 ) . . . H_{0,1}(α; x^M ) . . . . H_{a,2a+1}(α; x^M_1 ) . . . H_{a,2a+1}(α; x^M ) a_1 . . a_M = (Q_{0,...,a}, H_{0,1}(α; ·))_{H0} . . (Q_{0,...,a}, H_{a,2a+1}(α; ·))_{H0} .

Multiplication with the adjoint matrix yields the desired result. ⊓⊔

It should be mentioned that on the one hand side the number of integration weights is reduced, but on the other hand side the integration weights now depend on Q_{0,...,a}.

10.3 Fully Discrete Runge-Walsh-Wavelet Approximation

The results on exact integration in Harm-spaces developed in Section 5.2 now enable us to develop a constructive version of the Runge-Walsh theorem by means of a J-level wavelet approximation provided that the potential U we are looking for is assumed (as proposed in our introduction) to be a member of class H_0|_{Σext} (note that H_0|_{Σext} is a uniformly dense subset of P ot^{(0)}(Σ_{ext})). Let the generators φ^D_0 , ψ^D_0 : [0, ∞) → R satisfy the assumptions (A1), (A2) of the beginning of the last section. Then we obtain from Theorem 3.12 in connection with Lemma 5.2 and Theorem 5.4.

Theorem 12. Let {x^M_1 , . . . , x^M } ⊂ Σ_{ext}, M = (m + 1)^2 be a Harm_{0,...,m}− fundamental system on Σ_{ext}. Furthermore, assume that there are known the data U_{0,...,m}(x^M_i ) = v_i, i = 1, . . ., M . Then, under the assumption of bandlimited wavelets, the fully discrete J-level wavelet approximation of U_{0,...,m} reads as follows: Variant a: (U_{0,...,m})_J (x) = M∑ s=1 a^0_sv_s + J∑ j=0 M∑ s=1 b^j_sv_s holds for each x ∈ Σ_{ext}, where the weights a^0_1, . . . , a^0_M satisfy the linear equations M∑ s=1 a^0_sK_{Harm0,...,m(Aext)}(x^M_i , x^M_s ) = (Φ^D_0 )^{(2)}(x, x^M_i ), i = 1, . . . , M,

and the weights b^j_1, . . . , b^j_M , j = 0, . . . , J satisfy M∑ s=1 b^j_sK_{Harm0,...,m(Aext)}(x^M_i , x^M_s ) = (Ψ^D_j )^{(2)}(x, x^M_i ), i = 1, . . ., M.

Variant b: (U_{0,...,m})_J (x) = M_0∑

n=1 b^0_n M∑ s=1 ã^{0,n}_s v_sΦ^D_{0;y}M_{0n} (x) + J∑ j=0

M_j∑

n=1 b^j_n M∑ s=1 a^{j,n}_s v_sΨ^D_{j;y}M_{jn} (x)

holds for each x ∈ Σ_{ext}, where the weights ã^{0,n}_1 , . . ., ã^{0,n}_M , n = 1, . . . , M_0 satisfy the linear equations M∑ s=1 ã^{0,n}_s K_{Harm0,...,m(Aext)}(x^M_i , x^M_s ) = Φ^D_0 (y^{M0}_n , x^M_i ), i = 1, . . ., M,

the weights a^{j,n}_1 , . . . , a^{j,n}_M , j = 0, . . ., J, n = 1, . . . , M_j satisfy M∑ s=1 a^{j,n}_s K_{Harm0,...,m(Aext)}(x^M_i , x^M_s ) = Ψ^D_j (y^{Mj}_n , x^M_i ), i = 1, . . . M and b^j_1, . . ., b^j_{Mj} , j = 0, . . . , J satisfy equations M_j∑

n=1 b^j_nK_{Harm0,...,2mj (Aext)}(y^{Mj}_i , y^{Mj}_n ) = ∫ A K_{Harm0,...,2mj (Aext)}(y^{Mj}_i , x)dω(x), i = 1, . . ., M_j (46) provided that {y^{Mj}_1 , . . ., y^{Mj}_{Mj} } ⊂ A, M_j = (2m_j + 1)^2 , m_j = 2^{j+1} − 1, define Harm_{0,...,2mj} –fundamental systems on A, j = 0, . . . , J.

It should be pointed out that a great number of linear systems must be solved. But if we look carefully at the linear systems we realize that we are always confronted with the same coefficient matrix. Having inverted the matrix once, all weights for numerical integration can be obtained by a matrix-vector multiplication and stored elsewhere in an a priori step for computation. In addition, it should be mentioned that the solution of the linear systems determining the weights of the reconstruction step (45) can be avoided completely if we place the wavelet coefficients for each detail step j = 0, . . . , J on a special longitudelatitude grid on the sphere A. The corresponding set of integration weights for reconstruction purposes is explicitly available without solving any linear system (for more details the reader is referred to [1]).

10.4 Non-band-limited Approximation

The wavelet representations (Theorem 12) of a band-limited potential from a given finite set of linear functionals admits a variety of applications. The list includes the wavelet approximation (U_{0,...,m})_J of the solution of the Dirichlet problem)(EDP) U_{0,...,m}|_{Σext} ∈ Harm_{0,...,m} ( Σ_{ext} ) , U_{0,...,m}|_Σ = F under the assumption that the M boundary data v_i = U_{0,...,m}(x^M_i ) = F (x^M_i ), i = 1, . . . , M are known. According to our construction (U_{0,...,m})_J is the J-level wavelet approximation of the band-limited potential U_{0,...,m} which itself may be understood, e.g., as the m-th truncated orthogonal expansion of the Runge-Walsh approximation U ∈ H. Of course, the integration rules leading to the exact representation of (U_{0,...,m})_J are no longer exact when applied to U_J . But they may be regarded still as approximate rules. In this respect it is worth mentioning that the error between a potential U ∈ H_s(A_{ext}), s > 1, and its m-th truncated orthogonal expansion in terms of Harmaharmonics can be estimated by analogous arguments as presented in Section 2.4.

Theorem 13. Let U_{0,...,m} be the m-th order truncation of a potential U ∈ H_s(Σ_{ext}), s > 1. Furthermore assume that {x^M_1 , . . . , x^M } ⊂ Σ, M = (m+1)^2 defines a Harm_{0,...,m}–fundamental system on Σ. Then, for any G ∈ Harm_{0,...,m}(Σ_{ext}), |(U, G)_{H0} − M∑ r=1 a_rU (x^M_r )| ≤ C m^{s−1} (_M ∑ r=1 |a_r| ) ‖U ‖_{Hs} , where C is a constant depending on the value s and a_1, . . . , a_M are the weights of the integration rule.

Proof. We use the triangle inequality and the fact that (U − U_{0,...,m}, G)_{H0} = 0, (note, that {x^M_1 , . . . , x^M } is a Harm_{0,...,m}–fundamental system). ⊓⊔

References

1. J.R. Driscoll and D.M. Healy, Computing Fourier transforms and convolutions on the 2-Sphere, Adv. Appl. Math., 15, (1996), 202-250.

2. W. Freeden Über eine Klasse von Integralformeln der Mathematischen Geodäsie.

Veröff. Geod. Inst. RWTH Aachen, Heft 27, (1979) 3. W. Freeden On the approximation of external gravitational potential with closed systems of (trial) functions. Bull. Geod., 54, (1980) 1-20.

4. W. Freeden, Least Squares Approximation by Linear Combinations of (Multi- )Poles. Dept. Geod. Science, 344, The Ohio State University, Columbus, (1983) 5. W. Freeden, A spline interpolation method for solving boundary-value problems of potential theory from discretely given data, Numer. Meth. Part. Diff. Eq. , 3, (1987), 375-398.

6. W. Freeden Multiscale modelling of spaceborne geodata, Teubner, Stuttgart/Leipzig, 1999.

7. W. Freeden, T. Gervens, and M. Schreiner, Constructive approximation on the sphere (with applications to geomathematics) Oxford Science Publications, Clarendon Press, Oxford, 1998.

8. Spherical Panel Clusterin and Its Numerical Aspects. J. of Geodesy, 72, (1998) 586-599.

9. W. Freeden and H. Kersten, A Constructive Approximation Theorem for the Oblique Derivative Problem in Potential Theory. Math. Meth. in the Appl. Sci., 3, (1981), 104-114.

10. W. Freeden and V. Michel, Constructive approximation and numerial methods in geodetic rsearch today – an attempt at a categorization based on an uncertainty principle, J. Geod. (accepted for publication) 11. W. Freeden and F. Schneider, An integrated wavelet concept of physical geodesy,J.

Geod., 72,(1998), 259-281.

12. W. Freeden and F. Schneider, Wavelet approximation on closed surfaces and their application to bounday–value problems of potential theory. Math. Meth. Appl. Sci. 21, (1998), 129-165.

13. W. Freeden and U. Windheuser, Spherical wavelet transform and its discretization, Adv. Comp. Math. , 5, (1996), 51-94.

14. D. Gabor, Theory of communications. J. Inst. Elec. Eng. (London), 93, (1946), 429-457.

15. C.E. Heil and D.F. Walnut, Continuous and discrete wavelet transforms, SIAM Review, 31, (1989) 628-666.

16. G. Kaiser, A friedly guide to wavelets, Birkhäuser, Bosten, 1994. 17. O.D. Kellogg, Foundations of Potential Theory. Frederick Ungar Publishing Company, (1929).

18. F.G. Lemoine, D.E. Smith, L. Kunz, R. Smith, E.C. Pavlis, N.K. Pavlis, S.M.

Klosko, D.S. Chinn, M.H. Torrence, R.G. Williamson, C.M. Cox, K.E. Rachlin, Y.M. Wang, S.C. Kenyon, R. Salman, R. Trimmer, R.H. Rapp, R.S. Nerem, The Development of the NASA GSFC and NIMA Joint Geopotential Model. Proceedings paper for the International Symposium on Gravity, Geoid, and Marine Geodesy, (Grageomar 1996), The University of Tokyo, Japan, Springer, 1996.

19. C.W. Misner, K.S. Thorne, J.A. Wheeler, Gravitation. W.H. Freemann, (1973). 20. C. Müller, Spherical harmonics, Lecture Notes in Mathematics, No. 17, Springer, Heidelberg (1966).

21. R.H. Rapp, M. Wang, N. Pavlis, The Ohio State 1991 Geopotential and Sea Surface Topography Harmnic Coefficient Model. Dept. Geod. Sci., 410, The Ohio State University, Columbus, (1991) 22. C. Runge, Zur Theorie der eindeutigen analytischen Funktionen, Acta Mathematica, 6, (1885), 229-244.

23. P. Schwintzer, C. Reigber, A. Bodes, Z. Kang, S.Y. Zhu, F.H. Massmann, J.C.

Raimondo, R. Biancale, G. Balmino, J.M. Lemoine, B. Moynot, J.C. Marty, F. Barlier, Y. Boudon, Long Wavelength Global Gravity Field Models: GRIAM4-S4, GRIM4-C4. J. of Geodesy, 71, (1970), 189-208 24. J.L. Walsh, The approximation of harmonic functions by harmonic polynomials and by harmonic rational functions, Am. Math. Soc. 35 (1929), 499-544.

25. H. Yamabe, On an extension of Helly’s theorem, Osaka Math. J. 2 (1959), 15-22.