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Abstract

This thesis explores the mathematical modelling of tissue dynamics, focusing on processes
such as tissue regeneration and degradation, influenced by cell migration and proliferation.

The first chapter examines meniscus cartilage regeneration. Utilising kinetic transport
equations, we apply an upscaling technique to the lower-scale dynamics of stem cells
and chondrocytes, deriving a macroscopic system of reaction-diffusion-(taxis) equations
(RD(T)Es) coupled with an ordinary differential equation (ODE) for hyaluron. Analysis
of pattern formation in a simplified version of this system highlights the critical role of the
taxis coefficient. Numerical simulations complement this analysis, demonstrating pattern
formation and system stability for varying taxis coefficient values.

The second chapter investigates wound formation and spread in Buruli ulcer, caused
by bacteria named Mycobacterium ulcerans. Starting from kinetic transport equations
(KTEs) and using parabolic scaling, we derive a macroscopic reaction-diffusion-taxis equa-
tion for bacteria, incorporating multiple taxis. An RDTE-RDE-ODE system is developed
to model interactions among bacteria, the toxin mycolactone, normal tissue, and necrotic
matter. We provide an analysis proving the existence of classical solution. Numerical
simulations explore five scenarios with different taxis sensitivity parameters and initial
conditions, revealing distinct dynamics for each solution component.

The final chapter incorporates microscopic-level bacterial dynamics through a random
jump approach, resulting in a RDTE for bacteria. We analyse an RDTE-RDE-ODE sys-
tem modelling bacteria, toxin, normal tissue, and necrotic matter, demonstrating solution
existence in classical sense. Simulations offer deeper insights into the underlying biolog-
ical processes. We conclude with a numerical simulation that highlights the differences
in dynamics between the system derived from the random jump approach and the model
based on kinetic transport equations.

In sum, this thesis contributes to developing and analysing multiscale mathematical models

that enhance our understanding of tissue dynamics, with possible applications to tissue
regeneration and wound formation.
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Zusammenfassung

Diese Dissertation untersucht die mathematische Modellierung von Gewebedynamiken,
mit Fokus auf Prozesse wie Geweberegeneration und -abbau, beeinflusst durch Zellmigra-
tion und -proliferation.

Das erste Kapitel betrachtet die Regeneration von Meniskusknorpel. Unter Verwendung
von Transportgleichungen wenden wir eine Upscaling-Technik auf die Dynamiken von
Stammzellen und Chondrozyten auf niedrigerer Skala an und leiten ein makroskopis-
ches System von Reaktions-Diffusions-(Taxis)-Gleichungen (RD(T)Gs) gekoppelt mit einer
gewohnlichen Differentialgleichung (ODE) fiir Hyaluron ab. Die Analyse der Muster-
bildung in einer vereinfachten Version dieses Systems hebt die entscheidende Rolle der
taktischen Sensitivitdt hervor. Numerische Simulationen ergénzen diese Analyse, indem
sie Musterbildung und Systemstabilitat fiir verschiedene Werte des Taxis-Koeffizienten
demonstrieren.

Das zweite Kapitel untersucht die Wundbildung und Ausbreitung im Kontext des Buruli-
Ulkus, verursacht durch das Bakterium Mycobacterium ulcerans. Ausgehend von kinetis-
chen Transportgleichungen (KTG) leiten wir mittels parabolischer Skalierung eine makro-
skopische RDT-Gleichung fiir Bakterien ab, die mehrfache Taxis beriicksichtigt. Ein
RDTG-RDG-ODE-System wird entwickelt, um die Wechselwirkungen zwischen Bakte-
rien, dem Toxin Mykolakton, normalem Gewebe und nekrotischem Material zu mod-
ellieren. Die durchgefithrte Analyse beweist die Existenz von Losungen in klassischem
Sinne. Numerische Simulationen untersuchen fiinf Szenarien mit unterschiedlichen Taxis-
Sensitivitdtsparametern und Anfangsbedingungen und zeigen distinkte Dynamiken fiir
jede Losungskomponente.

Das letzte Kapitel integriert mikroskopische bakterielle Dynamiken durch einen Random-
Jump-Ansatz, was zu einer Reaktions-Diffusions-Taxis-Gleichung fiir Bakterien fiihrt. Wir
analysieren ein RDTG-RDG-ODE-System, das Bakterien, Toxin, normales Gewebe und
nekrotisches Material modelliert, und zeigen die Existenz von Losungen in klassichem
Sinne. Simulationen bieten tiefere Einblicke in die zugrundeliegenden biologischen Prozesse.
Wir schlieflen mit einer numerischen Simulation, die die Unterschiede in der Dynamik bei-
der makroskopischer Systeme (aus Kapitel 2 und aus Kapitel 3) aufzeigt.
Zusammenfassend tragt diese Dissertation zur Entwicklung und Analyse mehrskaliger
mathematischer Modelle bei, die das Verstdndnis der Gewebedynamiken verbessern, mit
moglichen Anwendungen auf Geweberegeneration und Wundbildung.
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Chapter

Introduction

Mathematical modelling has revolutionised biomedical research, offering a unique lens
through which to investigate the complexities of human physiology and pathology. In
the field of tissue regeneration, mathematical models play a crucial role in understanding
the underlying mechanisms of tissue repair and guiding the development of regenerative
therapies. Similarly, in the study of infectious diseases with wound formation, mathe-
matical models provide insights into disease transmission, pathogenesis, and intervention
strategies. In this work, we explore the use of mathematical modelling in two key areas:
meniscus tissue regeneration and tissue degradation due to the pathogenesis of Buruli
ulcer. We discuss the challenges and opportunities in modelling tissue regeneration and
disease progression.

1.1 Biological Background

1.1.1 Tissue regeneration

Tissue regeneration is a field of significant importance, particularly in the context of the
meniscus, an essential structure for leg movement. It is susceptible to injuries and cannot
heal on its own in most cases. One of the most common knee injuries is a torn meniscus.
Meniscal tears, similar to many other musculoskeletal diseases, mainly occur in sports-
related activities (32%), and non-sports-related activities (38%) [27]. A torn meniscus
causes pain, swelling and stiffness and sometimes a block to knee motion and trouble
extending the knee fully. Usually icing and taking rest make the pain go away and give
time for the torn to heal on its own. In severe cases, this may lead to surgery. Clinical
studies indicate that partial and total meniscectomies lead to the prevalence of premature
osteoarthritis in knee joints [31, 81].

Recent efforts have focused on meniscal regeneration using tissue-engineered scaffolds that
mimic meniscus structure and composition. We address research which includes exper-
iments with nonwoven scaffolds in a perfusion chamber, facilitating in vitro studies on
chondrocytes and stem cells. Thereby, a scaffold containing stem cells and hyaluron is
inserted into the meniscus. Such studies should help identifying key stimuli for cell prolif-
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eration, migration, and differentiation. Our focus on the cellular mechanisms and scaffold
interactions under varying environmental parameters can offer insights into effective tissue
regeneration strategies.

1.1.2 Buruli ulcer wound formation

Buruli ulcer (BU) is caused by Mycobacterium ulcerans. This bacterium is a member
of the family of bacteria causing tuberculosis and leprosy. It is a neglected tropical or
subtropical disease [42] characterised by destructive skin lesions and tissue damage. Delay
of treatment results require prolonged periods in the hospital [10] and long-term disability
[2]. Tt often affects geographical regions with limited healthcare resources, posing signifi-
cant challenges for diagnosis, treatment, and control while demonstrating higher incidence
rates in children compared to adults [15].

The infection of M. ulcerans was first described in 1948 in Australia [1], but it took its
name as BU in Uganda because the cases they described were first detected in Buruli city,
near Lake Kyoga. Buruli Ulcer is the third most common illness after tuberculosis and
leprosy, but it was ignored until 1998. After 1998, WHO started to address this disease and
conduct research on tools to diagnose, treat and prevent BU [102]. All forms of Buruli ul-
cer respond to antibiotic treatment [34], but if the lesion is very large, it heals very slowly
and needs surgery. When the untreated swellings evolve into necrotic skin ulcers with
deeply undermined edges, scarring and contractual deformities are evoked, and in the end,
bones can also be affected. Thus, amputations and severe disabilities can occur as a result.

Advanced stages of BU require surgery, however, the true extent of the lesions cannot be
assessed by commonly available medical techniques and this often leads to post-surgery
recurrences [71]. Therefore, mathematical models are called upon to help make predictions
about the spread of bacteria and necrotic matter and hence guide the resection. To get a
mathematical model, it is important to understand the structure and the pathogenesis of
the illness in the organism. Observations have been made by investigating the pathogen-
esis of BU. Models are set up making use of these observations.

Mathematical modelling of the spread of M. ulcerans bacteria is not so much developed
and so far there has been no reasonable space-time mathematical model. Ordinary differ-
ential equation (ODE) disease spread models have been studied |72} [104]. However, the
spread of bacteria within the wound is crucial and has to be studied.

1.2 Mathematical modelling

This thesis focuses on modelling processes related to tissue regeneration and wound for-
mation, where various cell types interact dynamically with their environment. We develop
macroscopic systems coupling ODEs and reaction-diffusion-transport equations (RDTEs)
in order to capture the cell and tissue behaviour. Existing literature offers a diverse range
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of models for macroscopic systems (e.g., |17, [54]). Works such as [93, 94, 106, |107] analyse
these models, emphasising the influence of heterogeneous tissue on cell behaviour.

Our approach utilises two different methods to develop models:

1. A multi-scale methodology, breaking down the problem into three levels:
Microscopic level: This level focuses on the interactions between individual cells
and their immediate environment.

Mesoscopic level: This level addresses cell density distributions, considering in-
dependent variables like time, position, and velocity. Mesoscopic models employ
kinetic transport equations(KTEs) to describe changes in cell densities due to cell
reorientation. At the mesoscopic level, we include the tactic behaviour of cells along
with growth terms.

Macroscopic level: Through upscaling and moment closure procedures, we de-
rive equations from the mesoscopic level via macroscopic reaction-diffusion-transport
equations (RDTEs). Here we integrate influences such as taxis (including diffusion,
chemotaxis, and haptotaxis), growth limitation due to cell overcrowding (volume
filling), and source terms (proliferation, decay, and phenotypic switching).

2. Additionally, we employ a random jump approach to model cell movement for the
Buruli ulcer problem. This method introduced in [91] and used in several different
contexts |44, 45|, see [46] for a review, converts the biological domain (tissue space)
into a lattice, allowing us to simulate the ability of living organisms to respond to
environmental cues. The jump direction is determined by stimuli at the current
position and neighbouring points. Using transition probabilities and microscopic
velocities, we derive a master equation, which is used to deduce macroscopic RDTEs.

1.2.1 Tissue regeneration

Existing mathematical models for tissue regeneration, such as those in [7}, |13, |19, 20, |37,
40, [87], address biochemical or mechanical influences on cell populations. This thesis
develops a novel multiscale model that incorporates the crucial role of chemical cues in
cell movement. The employed multiscale approach has been applied in various models for
tissue regeneration, particularly in the context of glioma invasion in brain tissue (e.g., [23,
25, 26}, 132, |33, 55, (77, [105]).

1.2.2 Buruli ulcer wound formation

While ODE models showing the spread of Buruli ulcer among people have been used to
study Buruli ulcer control at the population level (e.g., [30, (69, 72]), there is a lack of
RDTE models that depict the disease’s progression within an individual. This gap is ad-
dressed in this thesis. We present two novel RDTE models specifically designed to analyse
the spread of Buruli ulcer inside the human body. In particular, we employ the multi-
scale modelling using transport equations and the random jump approach (as e.g. in [22,
78,191]) to model the dynamics of cell movement within these models. These approaches
allow us to accurately simulate the spatial spread of the ulcer and the interaction of cells
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with the disease environment. These models provide valuable insights that complement
existing population-level models for Buruli ulcer control.

1.3 Outline

Our thesis is comprised of the following chapters:

e Chapter 2 Multiscale model for tissue regeneration in meniscal scaffolds
This chapter utilises a multiscale mathematical model to explore cell dynamics dur-
ing meniscus regeneration. The model incorporates three scales: microscopic (focus-
ing on transmembrane entity interactions with hyaluron in the extracellular space),
mesoscopic (analysing cell density distributions based on time, position, and veloc-
ity), and macroscopic (considering overall stem cell and chondrocyte populations
along with hyaluron concentration). A ”"toy model” is employed to study pattern
formation through numerical simulations, revealing how a key parameter’s critical
value influences these patterns. This multiscale approach provides a comprehensive
understanding of cell behaviour and its impact on regeneration, paving the way for
future refinements with more realistic biological details and parameters.

e Chapter 3 Multiscale model for Buruli ulcer wound
Using kinetic transport equations, this chapter presents a mathematical model based
on the multiscale method. Based on mesoscale bacteria, we developed a macroscopic
mathematical model for bacteria, mycolactone, normal tissue, and necrotic matter.
The mathematical analysis of the model is presented in Section 3. This section prove
the existence of a global classical solution. The results of the numerical simulation
are included in section 4.

e Chapter 4 Mathematical modelling of Buruli ulcer wound using random jump ap-
proach
A mathematical model based on random jumps of particles between the sites of a
lattice is constructed. The mathematical analysis of the model can be found in Sec-
tion 3, where we prove the existence of a global classical solution. The numerical
simulation is discussed in Section 4.

e Conclusion
We include a summary of all the results obtained along with outlook.
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Multiscale model for tissue regeneration in
meniscal scaffolds

2.1 Introduction

Regeneration of tissue is a vital process in all living organisms, essential to maintaining
and restoring health. Researchers have been studying tissue regeneration for years, with
the aim of enhancing medical treatments. As a result of the development of therapy meth-
ods that prioritise repairing and regenerating tissues over surgical removal |11} 43| 74, 82,
96, (103} |108], mathematical modelling has become increasingly important in understand-
ing regeneration processes. It is now possible to investigate and predict the behaviour
of interconnected systems with the help of mathematical models, which provide powerful
tools for exploring the complex mechanisms of biological processes. In the context of tissue
regeneration, such models can provide critical insights into processes like wound healing,
bone and cartilage regeneration.

Various works have reviewed mathematical modelling of tissue regeneration, including |18
100]. There is an increasing interest in meniscus tissue engineering, however, there is a
lack of mathematical models that can effectively describe the dynamics of the processes
involved. Essential aspects of these models include the degradation of engineered fibres,
the migration, differentiation of stem cells and dedifferentiation of chondrocytes into stem
cells within the scaffold, and the production of tissue by chondrocytes.

This chapter is based on the works [21} 41]. In [41] we developed a model showing the cell
dynamics of stem cells, chondrocytes, hyaluron, ECM and differentiation medium. There
we considered the fact that a variety of stimuli such as mechanical stress [4, 12, 35, 48,
49, 58, |70, 801 |85], scaffold topography [38] and chemical cues from the extracellular ma-
trix [36, (63} 66] can influence the process of differentiation and dedifferentiation. Here, in
section a macroscopic model is developed that accounts for stem cells, chondrocytes,
hyaluron dynamics from descriptions on a lower scale. The method follows closely that in
[23-25]. In Section a stability analysis of patterns and bifurcations is performed for a
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simplified version of the PDE-ODE system obtained in Section Section shows 1D
and 2D numerical simulations of the simplified model for various scenarios.

2.2 Mathematical modelling

In this section, we derive a new mathematical model for the major biological processes that
characterise cell colonisation in a scaffold for meniscus regeneration. We use a multiscale
model approach for modelling the meniscus tissue regeneration using the kinetic theory of
active particles, see e.g. [16].

2.2.1 Microscopic level

We begin with the microscopic level of single cells and associated receptor binding dy-
namics. We consider the binding of stem cell receptors to the chemoattractant (hyaluron).
This is done using an ODE for its mass action kinetics as in [51].

Let y denote the amount of stem cell receptors occupied with hyaluron (of density h and
reference density H). Simple receptor binding kinetics then takes the form
how

=Y,

R_
(Ro y)+ka

where Ry represents the total amount of bound receptors on a stem cell membrane; we
assume Ry to be constant. Then we obtain the following ODE from the above mass action
kinetics:

) h _
y=k+ﬁ(Ro—y)—k v, (2.2.1)

where k™ and k= denote attachment and detachment rate of stem cell to hyaluron.

Rescaling y/Ry ~ y € (0,1) further simplifies the notation. Since receptor binding is very
fast compared to the overall dynamics of cell migration and proliferation, we assume it to
quickly reach the equilibrium and only deal with the steady state of the above equation:

+h
kg

Sy
k+ﬁ+k

*

Y

We denote by z := y* —y the (very small) deviation of y from y* and proceed as in [23-25,

32, 33| to obtain from (2.2.1])

Z=—zB(h)+ B2

v-V.B(h):=G(z,h),

with B(h) := k" & 4+ k™.
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2.2.2 Mesoscopic level

On this level the dynamics of cell density distributions of stem cells and chondrocytes
are described using kinetic transport equations(KTEs). Let the cell density function
p1(t,z,v, z) represent the concentration of stem cells at time ¢ > 0, located at position
x € R", with velocity v within V; = 51S""1, and exhibiting a deviation z € Z = (y* —1,y*)
from the equilibrium state of receptor binding. Likewise, pa(t,x,v) represents the density
of chondrocytes with velocity v € Vo = 598" 1. The positive constants s; and ss denote
the speeds of stem cells and chondrocytes, respectively. In the KTE describing the cell
dynamics of stem cells, we also include proliferation, death term, differentiation of the
stem cells into chondrocytes, and the dedifferentiation of chondrocytes into stem cells.
The KTE is given as follows:

Op1 + Vg - (vp1) + 0:(G(z, h)p1) =L1[A1(2)]p1 — a1p1 + azps
C1 C2
+ 1— — — =),
Bp1( oh Cék)
where C7 denotes the carrying capacity of the cell population j (j = 1,2), 8 > 0 is
the constant growth rate of stem cells, and a1, as > 0 are constants that represent the
rates of differentiation of stem cells into chondrocytes and dedifferentiation of the latter,
respectively. Here we assume that the cell source term is determined solely by macroscopic
factors in the extracellular space, rather than by cell direction or scaffold fibre orientation.
Moreover, £1[\1] is the turning operator which characterises the reorientation of stem
cells and is defined as:

L1[M(2)]p1(t,z,v,2) == =AM (2)p1(t, 2,0, 2) + M (2) | Ki(z,0)p1(t,z,0', 2)d’,  (2.2.2)
Wi
with A1(z) = Ao — A112 = 0 is the turning rate as in [23, [24, |32} 33], that depends on the
microscopic variable z. We take Aig, A\11 as constants.

In the KTE describing the cell dynamics of chondrocytes, we consider the differentiation
of stem cells into chondrocytes and the dedifferentiation of chondrocytes into stem cells
and is given as follows

Otp2 + V- (vp2) = La[A2]p2 + a1p1 — agpo, (2.2.3)

where the turning operator La[A2], with constant Ag > 0 is defined as

Lo[Aa]pa(t, z,v) == —Xapa(t,x,v) + Ao | Ka(z,v)pa(t,x,v")dv'. (2.2.4)

Va
For the turning kernel we take into account (as in 23, 24, 32,33, 77]) the anisotropy of the
scaffold fibres and choose Kj(z,v) := q(z,?)/w; (j = 1,2), where v = ﬁ and ¢(x,0) with

6 € S*! is the orientational distribution of the scaffold fibres, normalised by wj = st

J
Thus the turning operators in (2.2.2), (2.2.4) take the form

Li[Ajlpj = A (q(x’ﬁ) JV' pjdv —p; (v)> (j=1,2).

w]' i
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We denote by ¢ (t,x) := SSVl w7 P1(t,z,v,2)d(v,2) and ca(t, x) == SVQ pa(t, z,v)dv the macro-
scopic densities of stem cells and chondrocytes, respectively.

We assume the tissue to be undirected, hence ¢(z,0) = g(z,—6) for all  in R™ and
6 e S*'. We introduce the notations

Eqy(z) = Lnl 0q(x,0)do (observe that for undirected tissue E, = 0)

Via) = | (0-E)®0-E)a(z.0)as

Let us introduce the following moments of p; with respect to the ’activity’ variable z and
velocity v:

m(t,z,v) :=J

p1(t,x,v,2)dz, m*(t,z,v) :=j zp1(t, x,v, 2)dz,
Z

Z

M*(t,x):= | m*(t,z,v)dv.
1%
Due to the fact that z is very small, we will neglect moments of p; w.r.t. z for higher
orders. This will ensure the subsequent informal moment closure. The high dimensionality
of this mesoscopic scale system would require expensive numerical simulations. Hence in
the next section, a parabolic upscaling is done in order to obtain a macroscopic system.

2.2.3 Upscaling and macroscopic level

In this section we deduce a system of macroscopic equations by performing a parabolic
scaling of the time and space variables: t ~ £2t and x ~ ez in the mesoscopic equations. An
effective macroscopic system is also more conducive for assessing the relevant behaviour of
stem cells and chondrocytes in interaction with hyaluron. Moreover, proliferation, growth,
decay, differentiation of stem cells into chondrocytes, and dedifferentiation of chondrocytes
occur over a significantly longer timescale compared to cell migration. Therefore we rescale

these terms by a small factor 2. Applying this to , (2.2.3)) leads to
oL VxB(h)> p1>
(B(h))
2 1 C2
= La[M(2)]p1 + ¢ (—a1p1 +azpa + Ap1(l - o5 - §)> (2.2.5)
1 2
e20ipa + eV - (up2) = Lo[A2]p2 + % (aup1 — aapa) - (2.2.6)

201 + eV - (vp1) + 0, <<—2B(h) +e

We assume p; to be compactly supported in the phase space R" x V] x Z. Integrating

(2.2.5) w.r.t. z gives

e20im + eV, - (vm) = — Ao <m — iq) + A1 (mZ — iMZ)
w1 w1

2 C1 C2
+e€ <—a1m + aope + fm(1 — C_ik - C_§)> . (2.2.7)
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Now multiply (2.2.5) by z and integrate w.r.t. z to get
-
e20m* + eV, - (vm®) + m*B(h) — €50 VaB(h)m = —Aig <mz - iM’Z>
(B(h))
1
—2aym® + 62042p2(y* — 5) +&28m? (1 - — —) . (2.2.8)

We perform Hilbert expansions of the p;, p2 and of co-moments :

o6} o0 o0
mzZsjmj, m =25]mj, 01=25jclj,
=0 7=0 =0

0 0 0
M =Z8JMJ~, p2=28jp2j, 62226]62]‘.
=0 =0 =0

Equating powers of ¢ in (2.2.6)), (2.2.7), (2.2.8]) we get

802
_ q
0= )\2(—020 —pQO) (2.2.9)
w2
q z q z
0=—X\o <m0 — —610> + A1 (mo - — 0) (2.2.10)
w1 w1
miB(h) = — A0 (mg - iM§> (2.2.11)
w1
51:

Va - (vp20) = A2 (icm —P21>

w2
q z q z
Ve - (UTn()) = —)\10 <m1 — —011> + )\11 <m1 — —M1> (2.2.12)
w1 w1
Kk~ q
z° g iB(h) — -VeB(h =—) T — =M 2.2.13
o (om) + B0 — s VB = <o (mi - LMF) 2219

€ (from (22:6), @27)):
q
0tp20 + Vaz - (vp21) =X2 (w—czz - p22> + a1p1o — a2p20
2
q z q VA
atmo + Vm . (vml) = — )\10 <m2 — w—012> + )\11 (m2 — w—M2> — 1My
1

1
Cio €20
+a +0Bmo|1l—— — = |.
2p20 + 0( cr C;‘)

Integrate (2.2.11) w.r.t. v to obtain Mg = 0. Substitute this in (2.2.11)) to follow mg = 0.
From (2.2.10) and (2.2.9) follows

q q
mo = —Ci10, P20 = —C20. (2.2.14)
w1 w9
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Integrating (2.2.13) w.r.t. v and using E, = 0 leads to M{ = 0. Then from (2.2.13)) we
obtain
mj = ull v- Ve B(h)-Lerg (2.2.15)
Y B(h)2(B(h) + Ao) ’ wr o o

Now apply the operator £1[A10] to mi(t,z,v) = §,p11(t, z,v,2)dz:

Li[Ao]m1 = Ao (1611 — m1)
w1

=V (vmg) — Ay1mj (due to (2.2.12)).

This is a compact Hilbert-Schmidt operator on the weighted space L2 (V}) := {w €

w1

L3(Vy) - Svl inIZ’ < o} has kernel ((%) = span(;-), thus its pseudo-inverse can be
L
determined on (w%) . We obtain (for more details refer e.g., to [32, 75]):
1 z
mi = _)\_ (Vx . (’Umo) — )\Hml), thus ¢11 =0. (2.2.16)
10
Analogously,
1
po1 = —— (Vg - (Upgo)), thus co1 = 0. (2.2.17)

A2

Now integrate the e2-equations w.r.t. v to obtain

oic1o + Vi - f vmq dv = —aqc1g + OégﬂCQo + Beio (1 — CLS — CLS) (2.2.18)
\%1 w2 Cl 02
w
Orcop + Vg - J vpe1 dv = a1—2010 — (2C2Q. (2.2.19)
Va w1

In virtue of (2.2.16)) we evaluate

k™A1
B(h)*(B(h) + A1)

V- J vmp = —VV: (DICIO) +V- ( DlVB(h)Cl())
\%1

Va J vp21 = —VV i (Dacy),
Vo

with
N 2
Dy (z) = = v ®0Mdv =L f 0 ®0q(x,0), (2.2.20)
Ao Jv, w1 10 Jsn—1
X 2
Do(z) = - [ v@ud@?) gy - A0 (3—2> Dy (z). (2.2.21)
A2 Jv, wo A2 \s1

Plugging these into (2.2.18]), (2.2.19) and neglecting higher order terms in the Hilbert
expansions of ¢; and ¢y (see also (2.2.16)), (2.2.17))) we obtain the macroscopic RDTEs

10
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k™A
Oicq — : (D . DVB(h = —
vc1 — VV i (Dicr)+V (B(h)Q(B(h) o) 1VB( )C1> ey
w1 C1 Cc2
— 1—-———= 2.2.22
+oa-c + Ber < o C;‘) ( )
B — TV : (Daca) =an 2y — ases. (2.2.23)

w1

Thereby, VV : (Dc) = V- (V - De + DVe) represents myopic diffusion.

We supplement the above RDTEs with the dynamics hyaluron concentration h:
C2

Oith =
! 720;%-62

—7hes (2.2.24)

with the source terms on the right hand side characterising production, and uptake of h
due to cs.

We supplement system ([2.2.22))-(12.2.24]) with no-flux boundary conditions (see [23, 25, 83|
for deduction of similar boundary conditions)

k_)\ll
D Dy — D, vB(h =0 o0 (2.2.25
( N‘“(V T BB ) “)Cl> v=0 on (2.2.25)
(V-Daoco +DaVer) - v=0 on 09, (2.2.26)

where € is a bounded domain in R™ with sufficiently regular boundary o).

2.3 Linear stability and bifurcations

In this section, we will study the pattern formation in a simplified version of the mathe-
matical model derived in section This study demonstrates that the taxis sensitivity
parameter plays an important role in determining the stability of the steady state. When
it is sufficiently high, Hopf bifurcations can occur, which lead to spatial and temporal
patterns. Our analysis focuses on the steady-state behaviour of the system, utilising a
model that incorporates linear diffusion and constant taxis. We consider the following
simplified macroscopic model for the dynamics of stem cells, chondrocytes, and hyaluron:

orc1 = a1Acy — V- (b1 Vh) — aey + deg + Per (1 — a _ 2 ), in (0,7) x Q,
K. K
Orca = asAcy + acy — dca, in (0,7) x Q,
C2 .

Oth = —y1h —_— 0,7) x Q

t 94! 02+’>’2K61+CQ, in (0,7) x €,
6,,01 = a,/CQ = a,/h = 0, on (O,T) X aQ,
c1(0) = ¢, ¢2(0) = &3, h(0) = ho in Q,

(2.3.1)

11
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where a1, a2, a, B, v, §, b > 0 are all positive constants and Q2 < R" (n = 2, 3) is a bounded
domain with sufficiently regular boundary, while v represents the outer unit normal on 0f2.

The approach to investigate the formation of patterns around the steady state is based on
the linear stability analysis of the system . The analysis is similar to that in [61}
67, |68]. There is only one non-trivial steady state for the model system in the absence of
motility terms:

) a 72(6 + o)
K K 2.3.2
( Dot+a’ Mo+ a K, (8 +2a) ( )

which can be rewritten as:

x O 72

], =Cl,————q — (2.3.3)
5 (K + Se)
where ¢} = KCI%. We will now discuss the stability of the steady state ([2.3.3]).
o

Theorem 2.3.1. The steady state of the model system without motility
terms is always locally asymptotically stable.

Proof. At any equilibrium solution (¢, c2, h), the Jacobian matrix of system (2.3.1)) with-
out motility terms is

c1 c1 C2 !
—a — +48(1— — — 0 0
a ’BKCI B( K. Kcl) 51(51 +
J(Cl,CQ,h): (0% -0 0
72Kcl
0 —-vh+ ——"— —c
gt (Ko, + c2)? 271
(2.3.4)
Therefore by using (2.3.4]) the Jacobian of (2.3.1) at | ¢f, %c’f, e a is given
N (Ee, + 567)
by
cf cf
—B—=— —B——+3 0
K., K.,
o V2
J(cf, =, ——————)i=J" = —
S e 1 5 ° o !
0 S 7 & R
(Key + 2¢5)? ts
(2.3.5)
The characteristic equation of J* is given by:
A+ AN+ Agh + Az = 0, (2.3.6)

12
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where

*

C o
Ay =B +y=cf +a+,
1 5K01 ’}/1(s 1

* * 2

afy ¢ ma

c c
Ay = B6—— + Ba— + ayict + + ca”,
QBKcl ’BKC1 naT T K, T s @
2 *2 *2
a”fBy gl
3= —— tafyn——.
0 K K.,

Based on the positive values of the parameters, it can be concluded that 4; >0, i =1,2,3
and the following has been verified:

A1Ag — Az = (5;1; + 71%6’{ +a+4) (B(SI?; + Bozl?; + ayief + ai’h ;Ej 71:2 a’®)
— (n3et +ar 8) (B0 + B+ amet + LI L 1
+ BI?; (55;1; + Ba;—i + @%ﬁ)
> 0.

Thus, we can apply the Routh-Hurwitz criterion to conclude that Re(\;) <0, i =1,2,3.
Therefore, the steady state is always asymptotically stable in the absence of motility
terms. 0

We will now turn our attention to the model system with motility terms. In order to
perform stability analysis, we linearise (2.3.1)) at the steady state (2.3.3) to obtain the
following Jacobian matrix:

cf a "
_/BKQ —a—alkj —ﬁKq +90 bclkj
Jj = o —0 — agkj 0 ’ (237)
Y25l oY
O "o + _ Ak
(Ko +5cp)? 157

where {k; }?’;0 denotes the set of eigenvalues of the Laplace operator —A with homogeneous
Neumann boundary conditions in a smooth domain €. The characteristic polynomial for

(2.3.7) is
A3 (A) PN (A) DN+ (4)@ =,

13
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where
c* a
(Aj)@) = ﬁKl + fylgcf +a+0+ (a1 +az)k;
C1
c* +
(Aj)(l) = a1a2/~€j2 + (a16 + asax + asf L4 a1 @A cf)kj
K., 0
a ‘i o’ afy (cf)?
+ 86— + aB— + ayicf + Y 1
PR TR, AT AT TR,
2 *\2 *\2 2
ai1as0 a‘b c asQ c a1
(Aj)(o) - 2 chalkkaJr 672 ( 1)a — +aramct + 2 6571 (K1) 2751 et | k;
(KCI + gcl) C1
2 *2 *2
a“By ] i
+ abmn .
0 K K.,

A stable steady state requires negative real parts for the eigenvalues of matrix J; for all
J = 0. Using Routh Hurwitz’s stability criterion, this corresponds to:

(AP >0, 4)V >0, (4,)@ >0, and (2.3.8)
. a2b c* 2
T(b,§) == (A;)P(A;) D = (4,)© = Byk;?+ Bok;> + Bsk;+ By — —> ( 1)04 kj > 0,
0 (Ke + —cF)?
5
(2.3.9)

for all j > 0, with By, Bs, Bs, By = 0, due to the positivity of coefficients and non-
negativity of eigenvalues. For k; = 0, we have proved in Theorem that the steady
state was stable.

Remark 2.3.1. It can be observed that for b = 0 the steady state satisfies the
stability condition.

It can be easily seen that (2.3.8) is always satisfied, and for b = 0, (2.3.9)) is
(A)P(AHY — (4)© = B1k;? + Bokj? + Bskj + By > 0.

This indicates that diffusivity alone does not affect the local stability of the steady state,
and only taxis towards the hyaluron gradient can cause instability. We can now determine
the b-dependent stability condition for the steady state (and for k; # 0). Consider

_ Bik;® + Bok;® + Bsk; + By 1(k;)

Vi) - fal),
(k) a®y (cf)? k. ak;
O (Ko + 5P

where we denoted

¥1(C) i= B1(® + Bo¢* + Bs( + By

04272 (CT)Q
Py 1= 5 a L
(Kc1 + gcl)

14
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Since 19 and the coefficients of 1, are all positive for all 7 = 0 we have

lim ¢(z) = lim ¢(z) = © (2.3.10)

x—0+ T—00

and notice that ¢ is a strictly convex function. Hence there exist b, such that

1 (ky)
be 1= . 2.3.11
jen: ok ( )
When b < b, , the steady state is stable. If
Y(k;) # ¢(km) for j #m, (2.3.12)

then the minimum is attained for a single j = jo. This proves the following result.

Proposition 1. The steady state 1s locally asymptotically stable if b < b, defined
in (2.5.11]).

Since condition is always satisfied, the stability of the steady state is determined
by condition . When b < b, then the condition is satisfied, hence ensuring
the stability of the steady state. The following theorem shows the existence of a Hopf
bifurcation.

Theorem 2.3.2. For b= b, if holds, then a Hopf bifurcation occurs.
To show the occurrence of a Hopf bifurcation we use [68], [98], and [5]. When (2.3.12) is

satisfied we have
1 = —trace(J;) >0, A;V >0, A, = —det(J;) >0 for all 5 =0 and b > 0;
A;® Jj) >0, 4;W >0, 4,0 0b) = —det(J;) > 0 for all j =0 and b> 0

) Aj(2)Aj(1) = Aj(o)(bc) for some j = jo.
(2.3.13)
That means the characteristic polynomial of Jj, has a real negative root N = —AjO(Q)

and a pair of purely imaginary roots A3, A\ = +i Ajl.o = +iwp. Let A1(b) and Ag3(b) =
o(b) £ iw(b) be the eigenvalues of the Jacobian matrix J; in the neighbourhood of the

bifurcation threshold value b, such that \;, o, and w are smooth functions of b satisfying
Ai(be) =AY and o(b.) = 0 and w(b.) = wo . Then we have

—Aj(Q) = 20’([)) + A\ (b)
A;W = 6 (0)2 + w(b)? + 20 (b) A1 (b) (2.3.14)
—A;0 = (o(0)* + w(b)*) M (b).

From the third equation in (2.3.14)), we get A1(b) < 0. On differentiating each equation in
(2.3.14]) with respect to b we obtain

20" (b) + X} (b) =0
20(b)o’ (b) + 2w (b)w’ (b) + 20" (D) A1 (b) + 20 (b)A7 (b) = 0 (2.3.15)
(0(0)2 + w(B)2)N; (b) + 20(b)0” (D)1 (b) + 2w(b)e (D)1 (b) = — b,

15
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)

Therefore, we have o'(b) = —

equations of (2.3.15)) we get

and substituting o(b.) = 0 in the second and third

2w(be)w' (be) + 20" (b)A1(be) =0 and  w(be)? N, (be) + 2w(be)w’ (be) A1 (be) = —1ha.
Hence by solving the system we obtain

o
w(be)? + A1 (be)?

Therefore, the transversality condition for a Hopf bifurcation is satisfied at b = b..

N (b)) = — <0 hence o'(b.) > 0. (2.3.16)

2.4 Numerical simulations and patterns

To demonstrate the pattern-based behaviour of the model, we perform numerical simula-
tions. We simulate the simplified model for different values of b.

2.4.1 1D simulations

We use Matlab’s pdepe to solve system ([2.3.1]) in one dimension. We fix a specific set of
positive parameters as given below.

a1 = 0.015; a9 =0.007; 6=06; (=0.05 «a=0.15 v =0.1; ~v=0.3.

Using the specified set of parameters, we determine the critical value b, to be 3.34. Stabil-
ity analysis indicates that bifurcation occurs when b exceeds b.. This critical value serves
as a threshold, beyond which the system undergoes a qualitative change in behaviour.

To investigate the system’s response to different initial conditions, we examine two primary
scenarios: one where b is greater than b. and another where b is less than b.. We perturb
the steady state described by and summarise our findings through four distinct
simulation scenarios:

Scenario 1: x € [0, 1], perturbed initial amount of chondrocytes:

c1(x,0) = ¢, eo(z,0) = & + 0.1exp(—(z — .5)%/0.2), h(z,0) = h*, b=23.7 (b= 1.8).
Scenario 2: x € [0, 1], perturbed initial amount of stem cells:

c1(x,0) = ¢ +0.1exp(—(z —.5)2/0.2), ca(x,0) = c5, h(x,0) =h* b=3.7 (b=1.8).
Scenario 3: x € [0,1], perturbed initial amount of hyaluron:

c1(x,0) = ¢, ea(x,0) = ¢, h(x,0) = h* + 0.1exp(—(z — .5)%/0.2), b=23.7 (b= 1.8).
Scenario 4: x € [0,10], perturbed initial amounts of stem cells and hyaluron:

c1(z,0) = ¢ + .01 cos(4dn(z —5)/10), ca(z,0) = c5, h(x,0) = h* + .01 cos(4m(xz — 5)/10),
b=3.7 (b=18).

16
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Stemcells Chondrocytes Hyaluron
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Figure 2.1: Stem cells, chondrocyte, and hyaluron density for Scenario 1. Upper row:
b > b., lower row b < b,.

These scenarios allow us to analyse the system’s dynamics and understand the conditions
under which pattern formation emerges.

Figure [2.1] presents the simulated patterns for Scenario 1. The upper row of plots shows
the case where the tactic sensitivity coefficient b exceeds the critical bifurcation value
b., while the lower row illustrates the scenario where b is below b.. As expected, when
b > b, all three solution components display oscillatory behaviour, with stem cells and
chondrocytes exhibiting particularly pronounced oscillations, indicative of motility. Due
to diffusion and dispersion across the domain of simulation, these oscillations gradually
decrease at a slow rate. Conversely, when b < b., the initial perturbation of the system’s
steady state quickly subsides, aligning with the results described in Proposition

A variation in the overall behaviour of the system is observed when the same initial per-
turbation of steady states is applied to different solution components. Figures[2.2]and 2:3]
corresponding to Scenarios 2 and 3, respectively, exemplify this. In Scenario 2, featuring
a perturbation of stem cell density, Figure [2.2] exhibits behaviour similar to that of Fig-
ure albeit with quicker stabilisation at lower densities. On the other hand, Scenario
3 introduces a perturbation of hyaluron, which serve as the tactic signal. This leads to
substantially weaker oscillations, even when b > b., which dampens rapidly. Moreover,
higher densities of stem cells, chondrocytes, and hyaluron are achieved, indicating a more
favourable outcome for tissue regeneration.
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- Stemcells - Chondrocytes ! o - Hyaluron "
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(d) Stem cells for b = 1.8 (e) Chondrocytes for b = 1.8 (f) Hyaluron for b = 1.8

Figure 2.2: Stem cell, chondrocyte, and hyaluron density for Scenario 2. Upper row:
b > b, lower row b < b,.
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Figure 2.3: Stem cell, chondrocyte, and hyaluron density for Scenario 3. Upper row:b > b,
lower row b < b,.
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Figure 2.4: Stem cell, chondrocyte, and hyaluron density for Scenario 4. Upper row:
b > b., lower row b < b,.

Scenario 4 considers periodic perturbations to the stem cells and hyaluron steady states
and expands the simulation domain by tenfold. The simulation results are depicted in
Figure 2.4] Interestingly, the periodic patterns observed bear some resemblance to the
cosine-based perturbations used but occur only when the domain size is sufficiently large.

These periodic patterns are a consequence of stem cells responding to gradients of h,
primarily governed by chondrocytes’ dynamics. The alternation between regions of high
and low cell densities in the solution components is a direct outcome of this process.
Notably, when the tactic sensitivity b is sufficiently small (b < b.), the system stabilises
more rapidly, resulting in lower densities of both cell phenotypes and hyaluron overall.

2.4.2 2D simulations

The 2D discretisation of the model is done using the finite difference method (FDM). A
standard central difference scheme is used to discretise the diffusion parts of the equations
for stem cells and chondrocytes, while the taxis term in the stem cell equation was handled
by a first-order upwind scheme. For the time derivatives an implicit-explicit (IMEX) [9]
scheme is used, thereby treating the diffusion parts implicitly and discretising the taxis
and source terms with an explicit Euler method.
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The initial conditions considered in this case are
e1(@,0) = ¢ + 10 exp(~((w = 5)° + (y = 5)°)/2) o
co(x,0) = ¢ + 10 % exp(—((x — 5)% + (y — 5)?)/.2), h(z,0) =1+ 10750, o

where U represents a uniform distribution within (0,1). Figure shows their plots.

X

(a) Stem cell (b) Chondrocytes (¢) Hyaluron

Figure 2.5: Initial conditions (2.4.1)) for Stem cell, chondrocyte, and hyaluron density.

Figure presents the 2D simulation outcomes for system under the initial con-
ditions specified in . The densities of stem cells, chondrocytes, and hyaluron are
depicted at 7, 14, and 21 days. In this scenario, the tactic sensitivity parameter b is set
to 3.7, surpassing the threshold obtained in Section as the Hopf bifurcation value.

The simulation reveals that cells quickly diffuse from their initial positions. Stem cells ex-
hibit enhanced motility due to taxis towards gradients of the signal h, with chondrocytes
following suit as they arise solely from stem cell differentiation. This dynamic is further
explored in Figure which displays the evolution of c¢i, co, and h for a lower tactic
sensitivity parameter, b = 1.8 < b.. The higher tactic sensitivity of stem cells appears to
result in slightly higher cell densities, as in the 1D case.

To investigate the effect of initial hyaluron (and hence of tissue) distribution we considered
the following initial condition

c1(z,0) = ¢ +10 % exp(—((z — 5)* + (y — 5))/.2), (2.4.2)
co(x,0) = ¢5 +10 Y exp(—((z — 5)* + (y — 5)%)/.2), h(x,0) = 1+ 107 %U cos(4r(x — 5)/10).

This is depicted in the following figure

The simulation results shown in Figure [2.9] offer further insights into the dynamics of cells
within the context of our study. These outcomes highlight a more pronounced manifesta-
tion of the previously discussed behaviour: cells dispersing from their initial concentration,
with stem cells showing a strong tendency to follow the hyaluron signal, subsequently in-
ducing chondrocyte migration. This phenomenon results in increased cell and hyaluron
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Stem cells att = 21days

(g) Hyaluron at 7 days (h) Hyaluron at 14 days (i) Hyaluron at 21 days

Figure 2.6: Stem cell, chondrocyte, and hyaluron density at 7, 14, and 21 days, initial
conditions (2.4.1)), b > b, (here b = 3.7)
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Y

Figure 2.7: Stem cell, chondrocyte, and hyaluron at 7, 14, and 21 days, initial conditions

@41), b < b, (here b = 1.8)
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Figure 2.8: Initial conditions (2.4.2)) for Stem cell, chondrocyte, and hyaluron.
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Figure 2.9: Stem cell, chondrocyte, and hyaluron density at 7, 14, and 21 days, initial
conditions (2.4.2)), b > b, (here b = 3.7)
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MENISCAL SCAFFOLDS
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Figure 2.10: Stem cell, chondrocyte, and hyaluron density at 7, 14, and 21 days, initial
conditions (2.4.2), b < b, (here b =1.8)
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densities along the ’stripes’ generated by the cosine function in ([2.4.2)).

As a result of these findings, it is evident that the initial structural configuration of the
hyaluron plays a key role in regeneration. Specifically, they highlight the pivotal role that
properly designed scaffolds, which facilitate cell migration, can play in influencing both
the quantity and quality of newly generated tissue. The scaffolds are capable of support-
ing stem cell seeding and promoting sustained differentiation into chondrocytes, thereby
enhancing the efficacy of tissue regeneration strategies.

Until now we studied the application of mathematical models to understand and facilitate
tissue regeneration processes, particularly focusing on the dynamics of tissue repair within
the meniscus. In the next chapter, we turn our attention to another critical aspect of
tissue biology: the process of wound formation. Specifically, we will delve into a common
scenario of wound development, using the example of Buruli ulcer as a representative case
study.
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Chapter

Multiscale model for Buruli ulcer wound

3.1 Introduction

The development of mathematical models to visualise the processes involved in the for-
mation of wounds is as important as tissue regeneration in the field of medicine. In order
to formulate an effective treatment plan, it is very important to understand how a wound
spreads or how bacteria migrate in nearby tissues. This chapter represents a critical junc-
ture in our investigation, as we pivot from the realm of tissue regeneration to that of
wound formation, with a specific focus on the Buruli ulcer as a paradigm. By leveraging
mathematical modelling techniques, we aim to gain a deeper understanding of the under-
lying mechanisms driving wound development, including the migration and proliferation
of pathogenic bacteria, the production and migration of toxins such as mycolactone, and
the subsequent necrosis of surrounding tissue.

Buruli ulcer presents a typical scenario characterised by tissue degradation, where imag-
ing methods often face limitations in determining the extent of bacterial spread over time.
Mathematical models have emerged as valuable tools in such scenarios, aiding in pre-
dicting bacterial spread when traditional imaging techniques fall short. Similar to their
applications in understanding cancer cell migration in heterogeneous environments, math-
ematical models hold promise for predicting the spread of Buruli ulcer within infected
human bodies, potentially enabling better disease control.

The pathogenesis of Buruli ulcer involves the infiltration of Mycobacterium ulcerans
through insect bites into subcutaneous tissue. Although the exact mode of transmission
is unclear [50], there is strong evidence that BU does not transfer from person to person.
Instead, it might be due to bites by some water-living insects [6, 97]. The bacteria then
proliferate, producing a toxin called mycolactone [84]. The toxin spreads from the initial
site of infection, penetrating the surrounding areas and diffusing further, resulting in the
necrosis of affected tissue [99]. This creates an environment conducive to the continued
proliferation of the pathogen [97]. The bacteria invades regions with high concentrations
of normal [73] and necrotic tissue, where they further proliferate and produce more toxin,
facilitating the sustained spread of lesions.
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To characterise the spread of Buruli ulcer lesions within the body, we employ an approach
based on KTEs. The utilisation of KTEs for modelling Buruli ulcer represents a pioneer-
ing endeavour, as previous applications of KTEs have predominantly focused on biological
phenomena such as cell migration and tumour invasion. The studies conducted in [23],
[47], [51], [55], [93] offer valuable insights into multiscale modelling approaches, which are
inherently connected to the innovative use of KTEs in our research. By drawing upon
these works and applying mathematical techniques, we aim to advance our understanding
of Buruli ulcer pathogenesis and contribute to the development of more effective strate-
gies for disease management. Our methodology is based on constructing a multi-scale
model that initially considers mesoscale interactions among pathogens, necrotic tissue,
and normal tissue. By analysing these interactions and taking parabolic limits, we derive
a macroscopic system of RDTEs and ODEs. These equations describe the dynamics of
the densities of bacteria, normal tissue, necrotic tissue, and mycolactone, thus providing
a comprehensive framework for modelling disease progression.

In the first section of this chapter, we build a mathematical model using the kinetic
transport equations. This model carefully considers all relevant biological factors discussed
earlier, aiming to provide a comprehensive understanding of the disease’s progression.
Moving forward, we conduct a detailed mathematical analysis to establish the existence
of a global classical solution. To illustrate the model predictions and to get insight, we
then employ numerical simulations.

3.2 Mathematical modelling

3.2.1 Mesoscale

Using kinetic transport equations that describe the velocity jump process, we begin by
modelling the mesoscale behaviour of bacteria. To develop a macroscopic equation for bac-
teria we start with the mesoscopic level rather than the microscopic level, similar to the the
deduction of the macroscopic equation for chondrocytes in Chapter 2. At the mesoscopic
level, our model delves into the interactions between bacterial cells and their surround-
ing environment, including necrotic matter, normal tissue and neighbouring bacterial cells.
These interactions influence various aspects of bacterial behaviour, such as their movement
and growth rates. Specifically, we focus on how these interactions affect bacterial invasion
and proliferation, as well as their potential consequences on necrotisation of normal tissue.

We consider u(t, z,v) as the mesoscopic cell density function of bacteria. The time and the
space variables are denoted by t > 0 and = € R%. The velocity is defined as ¥ € © = s§%~!
over the unit sphere. The (average) speed of the bacteria, s > 0 is thereby assumed to
be constant. Therefore, we are only concerned with the direction of the cell velocity. We
consider the following kinetic transport equation for bacteria

Oru+ Ve - (Yu) = Lu[n]u + pu (U, V, N)u, (3.2.1)

where the turning operator, L£,[n]u describes the reorientation of the bacteria. Since
bacteria are attracted by normal tissue and necrotic matter, we propose the following
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3.2. MATHEMATICAL MODELLING

turning operator:

1
Ly[n]u=—n(z,9,V,N)u(t,z,9) + f @n(x, 9V, N)u(9)dd',
S
where for the turning kernel which describes the reorientation of cells we take the uniform
density function over the unit sphere. The turning rate 7 is chosen in the form (see [24],[56]
for similar approaches in different contexts)
_ i 2
77(357 9.V, N) _ 770(513)6 a(V,N)(KN D¢N+ Ky DtV)’

where 70 (z) is the turning rate in the absence of external cues, Ky, K > 0 are the carrying
capacities of V' and N, respectively. The coefficient functions [z—jva(V, N) and Iz—f/a(V, N)
are related to interactions between bacteria and normal tissue as well as necrotic matter,
respectively. The constants 71,72 > 0 account for the change in the turning rate per unit
of change in dy*/dN and dy*/dV, respectively. y*, which corresponds to the equilibrium
of bacteria receptor binding dynamics to N and V, is given as follows:

Kn + < +1
Then we have .
dy* _ Kn
dN  (1+ KiN + KLV)2
M <

v 1A Ly

The function a(V, N) is chosen as

a(V,N) :=

To make this description, we use some results of the studies [24} 76]. The turning rate n
also depends on the pathwise gradients of necrotic and normal cells

DN OtN +9-VN
DV = oV +49-VV.

In the equation (3.2.1)), u, (U, V, N)u represents the proliferation term of bacteria. It also
depends on the macroscopic cell densities of bacteria U, necrotic matter N, and normal
tissue V.

3.2.2 Macroscopic scale

Equation (3.2.1]) above involves higher dimensions, is formulated on a mesoscopic scale, and
has to be coupled with the dynamics of N and V, which are macroscopic. The numerical
solution of such a system would be challenging, not to speak about boundary conditions.
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Hence we aim to deduce an effective macroscopic equation for bacteria density. This is
done by rescaling the time and space variables by t — €t and z — ex where € is a small
dimensionless parameter. A diffusion-dominated equation is thus derived, which allows for
a more accurate representation of bacterial movement than merely heuristic settings done
directly on the macroscale Since proliferation is much slower than migration we rescale
the source term also by €2. Hence (3.2.1)) becomes

20iu + eV - (Vu) = Ly[n]u + py (U, V, N)u. (3.2.2)

7 after rescaling is given as follows:

n(x,9,V,N) = no(z)exp <—a(V, N)(EQ;—;&N —I—eKN'l? VN +62;2 oV + eKvﬁ VV)) )

We define the following moment with respect to 9:

Ult,z) = J u(t, z,9)dv.
(S
Accordingly, we will use Hilbert expansions for moments:

u(t,z,9) = Fuy, Ult,z) = Z U,
k=0 k=0

and the Taylor expansions for functions in (3.2.2)) are
1u(U,V, N) = 11, (Up, V, N ) + aUuu<Uo, V,N)(U — Uo) +O|U — U

n(z,9,V,N) = no(:v)[l —ea(V, N)( Ly VN + -29. vV)

Ky KV
2 7 Y2 a(V,N)?, 7 , (3.2.3)
—a(V,N)(Lg,N + 2 AL (g, yN
+e€ < a(V, )(K N + Ky 6tV)~|— 5 ((KN’l9 \Y )
72 gl 3
—9-vV 2——(¥-VN)(v-VvV 0, .
0 V2 9 yN)-9V) ) + 0]
By equating powers of € in equation (3.2.2]), we obtain
e
1 o 1
0= —NoUp + —— no(:v)uo(ﬁ )d’L9 = 770(—U0 — UO), (3.2.4)
0] Jo Kl
Sl
where \Tél = [5a ]

Ve - (Yug) = no(w)[|9|U1(t x) —uy(t,z,9) + a(V, N)(;—jvﬁ VN + ;—iﬁ . VV)uo
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1 ga! 2
—— a(V,N f IV'dY - (VN + —vV ] 3.2.5
0] (V.N) er( ) (KN Ky ) (3.2.5)
62 :
T V2 a(V,N)? v
Oruo + Vg - (Yur) =no(x) [ (a(V, N )(—KN ON + i AV) = == ((—KNﬁ . VN)?

72 2 Y12
=2 9. 0= 2 (9. YN .
+(KV19 vV)© + KNKvw VN) (¥ VV))>u0

+a(V, N)(;—jvﬁ VN + ;—if} YV )y — uQ}

1 71 V2
— Us —a(V,N Yug (99 - (—=—VN + —=VV
+‘@|770($)[ s —a(V, )L) uq () (KNV +va )

V,N)?
—aV N o+ oy + W | (2o oy

Y2 o 2 Y12 / / / /
—9"-vV 2— — (¢ - VN)(¢ - VvV ¥)d
bV 2 N0 OV Jua(t)a |
+/'LU(U07VY7N)UO

(3.2.6)

By using (3.2.4]), we have
1

El

which means ug depends on the constant speed s.

Now let us consider equation (3.2.5)). Using (3.2.7]) we get

Uo, (3.2.7)

upg =

V- (Yug) = no(x) [ﬁUl(t,a:) —ui(t,z,9) + a(V, N)(;—jvﬁ -VN + ;—iﬁ . VV)U()}
(3.2.8)

and therefore, as e.g. in [32, [77] we have the compact Hilbert-Schmidt operator
1
Lu[no(z)ur = —no(z)us + @Uo(w)w

—V, - (Vuo) — a(V, N) (;—119 VN + ;—219 -9V )ug
N \%

defined on L? space. We can therefore calculate its pseudo-inverse to get an expression
for uq :

1
uy = Vo - (Vo) + a(V, N)(-L29 . YN + 229 .9V )uq (3.2.9)
K Ky

() N
Again by using (3.2.9)) in (3.2.8)), we get

Uy = 0. (3.2.10)

31



CHAPTER 3. MULTISCALE MODEL FOR BURULI ULCER WOUND

Integrating (3.2.6) with respect to 9, we get the macroscopic equation for bacteria as:
atU0+f Vx' (ﬁul)dﬁ = Mu(U07‘/aN)U0 (3211)
©

To compute the integral on left-hand side, by using (3.2.9) we have

f@ V.- (ur)dd — f@ v, [79( _ @vx (9u0) + oV, N) (0 N + 2. VV)u())] i

1 1
_ [L oy ® Va1 o))

a(V,N)
©]

71 Y2
PR IdI(—VN + —=—vVWV)U,
f@ (Kn K ) o]

— —V - (DuVUO) + V- (xa(V, N)(Z TN + 2 9V)Up)
Kn Ky
(3.2.12)
82

_ s sQa(
dno (z)

Tg, Xa(V, N) = =20, — oV, N)no(z)D,.

where D, : o

Therefore, the macroscopic equation for bacteria is obtained as

0. Uo — ¥V - (Dy(2)VUo) + V - (xa(V, N)(%VN + ;—QVW)UO) = 11a(Uo, V, N)Up. (3.2.13)

Here, we take the growth rate as
N U, %4 N
(U, V.N) = s (1— S —) ,

where a,, > 0 is the proliferation rate of bacteria and Ky > 0 is the carrying capacity
for the bacteria. We consider a logistic growth slowed down by the competition for space
between bacteria, normal tissue, and necrotic matter. There is also a growth enhancement
factor that depends on necrotic matter for bacteria dynamics as mentioned in [79).

This macroscopic equation for bacteria dynamics is coupled with macroscopic equations
describing the dynamics of mycolactone, normal tissue and necrotic matter. Hence we get
the following system :

U = V- (Dy(2)VU) — V- (xa(V, N) (-2 VN + -29V)U)
Ky Ky
N U v N
U1 ) 450, 2eQ
T RN TN < Ky Ky KN> T e

oM = D,,AM + 6 v
Ky +

— MM,  t>0, zeq, (3.2.14)

M
OV = =BV >0, zeQ,
Ky

Vi M
ON = fg—— — N t>0 Q
t IBZKVKM VIV, > U, T el
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where D,,,, 6, Ky, A\, B1, B2, v are positive constants.

The evolution of mycolactone is governed by the second equation in the system ,
where diffusion serves as the primary mechanism driving its spread. Bacteria release my-
colactone, which diffuses into wounds and surrounding tissues, causing necrosis. Over
time, mycolactone degrades, altering its concentration profile.

The third equation in (3.2.14) describes the dynamics of normal tissue, capturing its
necrotisation by the action of mycolactone on it. The fourth equation focuses on necrotic
tissue, featuring its natural decay and the ongoing necrotisation of adjacent healthy tissue.

The boundary conditions on (0,7") x 092 are of no-flux type

(]Du(:c)VU +Xa(V, N)(;—jVVN + %vV)U) v=0, VM-v=0 (3.2.15)

and for the initial conditions we take

U(0,z) = up, V(0,2) =vg, N(0,2) =ng, M(0,z) =mg, xe€Q. (3.2.16)

3.3 Mathematical analysis

3.3.0.1 Nondimensionalisation

Before performing the analysis, we nondimensionalise our system (3.2.14f). Therefore, we

take U % N M
ay
77 = —_— 7l = —_— n = — 0% = — T = —_— t:t U 3.3.1
TRy UTR TRy T Ky P TN D, @ (3.3.1)

where K, is the maximum possible level of mycolactone. By using the transformations

in (3.3.1), our system (3.2.14) becomes

i =V- (]Diuva> ~v- (a(aa)m?mam) —v- (a(@,ﬁ)u)iufygava)

ti(l-a--0)
ou « 3.3.2
i = A+ ——— — A (33.2)
u
Uy = —fyind

where
~ ]D)u ~ ~ N o P Bl
D = — = = 5 = = —
“=p Y1 = Y170, Y2 = Y2No, Koo B1 .
~ ~ A 5 . 1
BZZ ﬁ2 ) A= — ’y:lu a(v,n)z = )
Kyay, Qy Qy (1+n+0)
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To simplify the notation we omit all tildes in system (3.3.2]) and continue with this system
along with the initial conditions (3.2.16) and boundary conditions (|3.2.15|).

Assumption: (A1) Let D, (z) € (C**(Q) n C(Q))dXd, where p € (0,1) and observe that
there exists A > 0 such that for any ¢ € R? and z € Q;

E'Dy(z)€ = AJ¢

is satisfied.

3.3.1 Local existence of a solution

The following result establishes the local existence of solutions to (3.3.2]). The proof is
similar to that of in [95].

Lemma 3.3.1. Let Q c R? (d=1) be a bounded domain with a smooth boundary. Suppose
that ug € WH®(Q), mo, ng, vo € W2®(Q) satisfying compatibility conditions on boundary
and are non negative. Let (A1) be satisfied. Then there exists a quadruple of non-negative
functions (u,m,v,n) € C([0, Tmax) x ) N C?1((0, Tinax) x Q) which solve system
classically in (0, Tmax) x Q. Moreover, we have the following dichotomy

either Tyape = 00 or

lim sup(||u(t)|| () + llm(®)llwre@) + [[o@llwe ) + [In@)]lwre @) = o

t/'Tlnax

(3.3.3)

Proof. We define the following closed, bounded, and convex set
Q:={ue L*((0,T) x Q) : 0 < < ||uo|| o) + 1 a.ein Q x (0,T)}

with T > 0 small, to be fixed below. We consider a fixed point problem with the operator £’
defined on @ such that F () = u, where u is the first component of the solution (u, m,v,n)
to the following system for z € Q, t € (0,7):

ug = V- (D, Vu) — V- (a(v,n)Dyy1uvn) — V - (a(v,n)Dyy2uvv)

+ 1+nu(1—u—v—n)
U
oom=Am-+29 — —\m
1+a
3.4
ow = —prom (3.3.4)
Oyn = Povm — yn
(DuVu — a(v,n)Dyu(y1Vn +12Vv)) -9 =0, Vm-9=0 =z€dQ, t>0
U(O?:U) = UQ(I’), m(O,x) = mO(x)a U(O?:U) = ’UO(:U)a 7’L(0,$) = n0($), z € (.
For any ¢ > %, by using Theorem A.1 in [39], there exists a solution m(¢,z) such that
[IVm||La0,1)x0) < €1, (3.3.5)
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where ¢1 is a positive constant which depends on [|ug||zo () [[mollw.o ), [In0llw1.0 @)
and [[vo|[y1.00(2)- The following constants ¢z, c3, ¢4, ¢5, .. also depend on the above values.

By solving the ODE for v we get
t
v(t,x) = vo(z)exp <—51f m(s,x)ds) , te(0,T), x €. (3.3.6)
0

From (3.3.5) and (3.3.6), we get
Vol Lag0,)x0) < C2. (3.3.7)

Using the variation of constants formula on the fourth equation of system (3.3.2)) , we
obtain the following representation:

t
n(t,x) = e "ng(x) + ,Bgf m(s, z)v(s,z)e 7 ds, te(0,T), x €. (3.3.8)
0

Using the previous estimates (3.3.5)) and (3.3.7]) we have

[Vl Lao,m)x0) < ¢3- (3.3.9)
Hence, we can rewrite the first equation in system (3.3.2]) as

oru =V - (Dy(x)Vu — g(t,x)u) + - n

+1u(1—ﬂ—v—n)

where |[g|[za((0,7)x0) < ca. Using the parabolic theory(Thm V.2.1 and V.1.1 from [57]),

[[ul[ Lo ((0,7)x) < 5 and we get cg such that HuHCﬁ’g((O’T)XQ) < ¢g for some > 0. Hence

ull Lo 0,7y <) < ol o) + C7T§ for some 7" < 1 such that C7T§ <1.

Now, consider the fixed point problem F(@) = u. By using the above, we have F(Q) c Q.
Since F' is continuous and F'(Q) is a compact subset in L*((0,7) x2), by applying Schaud-
ers’s fixed point theorem we have that there exists at least one fixed point u € ). Hence
by parabolic regularity theory (u,v,n,m) is obtained as the classical solution of system

in CO([0,T) x Q) n C*L((0,T) x Q).

Define

A= [|u(0)|[ o) + [Im(0)] o) + [[0(O)|[wre@y + [[7(0)|[wre(q)- (3.3.10)

and let
Trnaz = sup {T € (0,00] : there exists a solution in C°([0, Tjuaz) x Q) N C*L((0, Thax) x Q)},
be the maximum existence time. Let Tj,4, < 00 and

ltiglfup(IIU(t)llLoo(m +m@)lwre @) + [o@)llwreo@) + ()] lwre @) < o

Hence there exists A’ > 0 such that

()l e @) + [Im(E)][wre @) + o) llwre o) + [In(@)llnro@) < A" for all t < Tings.
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Next we choose T} sufficiently small such that the above procedure works in [0,77] after
replacing A (defined in ) by A’. Define Ty = Tyaz — % As T depends only on
A’, we may choose u(Th,.),m(Ts,.),v(Th,.),n(Th,.) as new initial values. Hence by the
above procedure, we obtain a solution in [T, Ty + %] This contradicts the maximality
of Thuz- Hence holds. By applying the maximum principle in [86], we get the
non-negativity of u. Using Theorem A.3 in [59]) to the PDE of m in we get the
non-negativity of m. By using the non-negativity of m, the assumption on vy, and from
(3-3.6) the non-negativity of v is obtained. By using the positivity of -, assumption on
no, and by the non-negativity of m and v we get the nonnegativity of n.

O

3.3.2 Boundedness of the solution components

To prove the global existence of solutions we will begin by proving the boundedness of

functions u, m, v, and n satisfying (3.3.2)), (3.2.16)), and (3.2.15)). We follow the proof in
[55].

Remark 3.3.1. The boundedness of the solution components is independent of the local
existence of the solution. However, for convenience, the same maximal time Tpq. from
the local existence proof is often used in the boundedness proof. This allows for consistency
in the analysis while treating the existence and boundedness as separate properties.

Lemma 3.3.2. There exists C,,, > 0 such that

)
] Lo (0, Tma) x ) < M0l L0 () + Y

VM| Lo ([0, Tmax) x Q) < Cm([|[VMo|| Lo () + 1),

Proof. Let pmP~! be a test function for the m-equation of system (3.3.2) for p > 1.
Integrating over 2, we have for any e € (0, 1)

d U
had P _p(p—1 p—2 2 5J p—l__)\j p
dtJ;lm p(p )Lm |Vm|* +p Qm T u D Qm

— _MJ |vmP/2|? +p5f mp-1_Y _/\pf mP
P Q Q L+u Q
4(p—1
<—MJ‘ |Vmp/2|2+p(5f |m|p_1—eApf mP.
p Q Q Q

For some A > 0 and 1 € (0, 1), we have

o [ ! =5 mpP s !
Q {zeQ : |m(z)|<A} {zeQ : |m(x)|>A}

< pd AP Q| + pdep L |m|P~L.

1

If we choose A := %, then we get

d p?|Q|
— P A P —oo ———— 3.3.11
dt JQ mete pfg mn (1 — 6)p71)\p71 ( )
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Multiplying both sides of (3.3.11)) with e*?* and integrating both sides from 0 to ¢ for any

t € [0, Tmax), we obtain
[wre [mge 0
e)\P(l —e)p1

[Im()]| L) = ph_{%o (j mp(t)>;

< lim j mb 5p|Q| g
o 0t (1 — et

510

HmOHLoc + hrglo - =
P2 Ner(1—¢) »
)

< llmolli=oy + 5

Because of the arbitrariness of € € (0,1), we get the desired result. By using the second
equation of system (3.3.2)), we have for all ¢t € (0, Tiyax)

Additionally,

t
s u
m(t) = e®mg + L elt=9)8 (51 - Am)ds,

where e’ denotes the Neumann heat semigroup. By using the above estimate along with
Lemma 1.3 (ii) and 1.3 (iii) from [101], we obtain for all ¢ € (0, Taz)

t
oa, §
IVm(t)|| o) < ||Ve®mol| 1o (q) +f Vel )A(l N Lo yds
0 +u
t

a6
< ke ™| Vmol | Lo +k2f e M=) (1 4 (t—5)7T)] 1f
0

t
< kye ™[ Tmo|| oo +k2f NS (1 4 (¢ 5)F)(6 + Ml ds
0
< Cn([[Vmol| o) + 1),

where A\ > 0 denotes the first non-zero eigenvalue of —A in Q < R? under Neumann
boundary conditions.
O

Remark 3.3.2. By using (3.3.6)), non negativity of m, the assumption on vy and Lemma
we can conclude that there exist constants C1,c1 > 0 such that ||v|] o[0T xQ) <

C1. By using (3.3.6) and Lemma[3.5.9, we also get
V]| £ ([0, Tomax) x2) < €1

Remark 3.3.3. By using (3.3.8)), the positivity of v, the assumption on ny, Lemma
and Remark [3.3.3, there exist constants Cy,co > 0 such that ||n]|pe (010 x0) < Ca2.

Using (3.3.8), Lemma|3.3.9, and Remark we also get

V] L0 ([0, Tina) x2) < €2
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Lemma 3.3.3. Let (A1) be satisfied. Then for any p > 1, there exists C' > 0 such that
for t e (0,Tax), we have

[w(®)]] e < C.

Proof. Let puP~! be a test function for the first equation of system (3.3.2)). Then integrat-
ing over €2, using the no flux boundary conditions of the system and Young’s inequality,
and denoting ||Dy||z0(q) := Do, we have

dt Jo P Jﬂ(

n
+ w(l—u—v—n
Lanrl ( )

J| f|Vu2]2+CJ up—i—pj
Q Q

<(C +p) L uP

M\’E

) Dul@)vut + (= 1) | (V) a(o,mDu(e) (570 +2070)

where ( D
~ p—1)p
C = 2
4A

By Gronwall’s inequality, we obtain

D (yillvnl e + 2l [V ol [z=)?,

j u? < exp(t(C‘—I—p))f up.
0 Q
Thus, we get the desired result

[u(®)]|Lr ) < CP: Tinaz: |[uol|Lr(0))- (3.3.12)
O

Remark 3.3.4. By the usual Moser iteration process as in [62], we can prove that there
exists Cl( Tinaz) > 0 such that

[[u(®)|| Lo ) < C1  for all t € (0, Thaz)

Theorem 3.3.1. Under the assumptions of Lemma system (3.3.2) has a non-
negative classical solution (u,v,n,m) which is global in time.

Proof. This is now an immediate consequence of the previous results. ]

3.4 Numerical simulations

In this section, the macroscopic model of Buruli ulcer is numerically simulated.
The finite difference method (FDM) is used to discretise the model. The diffusion terms
are discretised by using the standard central difference scheme. For the taxis terms a first-
order upwind discretisation is used. For the time derivatives an implicit-explicit (IMEX)
scheme is used, thereby treating the diffusion parts implicitly and discretising the taxis
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3.4. NUMERICAL SIMULATIONS

and source terms with an explicit Euler method.

In order to conduct simulations of the model, a set of realistic parameters was required.
To establish an estimated range for these parameters, we consulted several relevant studies
in the literature [3], |14} |53} 60, 64, 88-90]. The simulations are performed obtaining the
non dimensionalised parameters using the following dimensional parameter set:

D, | 107" mm?/h [60]
Dy, | 0.086 mm?/h [3]
0 1/h [3]
A 0.1/h [3]
51 0.3/h [53} 164, [90], This work
B2 0.3/h [53, 64} 90|, This work
0% 3%107%/h This work
ay .005/h [88], This work
o 1075 —103h This work
Y2 107° —1073h This work
Y3 10~*h This work
10 10/h This work
Ky | 10* cells mm™2 [88], This work
Ky 10* mol/L This work
Ky | 10* cells mm™2 This work
Ky | 10* cells mm™2 This work

A variety of scenarios is considered, where v, and o take different values. Furthermore,
we simulate a model in which bacteria perform chemotaxis towards mycolactone, as well
as another model in which the initial condition of normal tissue is lower.

Scenario 1: 73 = v = 10~°h
Scenario 2: v; = 1073h > 4, = 107%h
Scenario 3: 71 = 107°h < v = 107%h

Scenario 4: Bacteria additionally perform a linear chemotaxis towards mycolactone. We
consider the macroscopic equation of bacteria as

oru =V - (Dy(z)Vu) — V- (a(v,n)u(y1Vn+v2Vv)) — V- (y3uVm) + n:i Y (1—u—v—n)

where 3 = 10~ 4mm?/h.
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We consider the non-dimensionalised initial conditions as

(x —0.5)% + (y — 0.5)?

u(0,z,y) = 0.95exp(— o ), z,y € [0,1],
B (x —0.5)% + (y — 0.5)?
m(0,z,y) = 0.001 exp( o ),  x,yel0,1], (3.4.1)

'U(O,.f,y) = Z’{v

(z —0.5)% + (y — 0.5)?
o1 ), =yel01],

where U is uniformly distributed in (0,1). They are illustrated in Figure

n(0,z,y) = 0.0001 exp(—

uuuuuuuuuuuuuu

\‘\
_ I? ?i‘ ‘III

(a) Bacteria (b) Mycolactone (¢) Normal tissue (d) Necrotic matter

Figure 3.1: Initial conditions for bacteria, mycolactone, normal tissue, and necrotic matter.

Also we apply the no-flux boundary conditions in on the boundary of ) =
(0,1) x (0,1). According to the initial conditions, the space is predominantly occupied
with normal tissue and bacteria are provided at the centre of the domain (assumed site of
insect bite), from where they spread into the tissue. As a consequence, toxin and necrotic
matter are initially rather concentrated as well.

In Figure we observe the dynamics of bacteria, mycolactone, normal tissue, and
necrotic matter for Scenario 1 when v; = «9. While the progression patterns are sim-
ilar across all cases, they exhibit varying densities. The simulation shows an intriguing
biphasic progression of the disease. Initially, over approximately 100 hours (about 4 days),
there’s a decrease in bacteria, mycolactone, and necrotic tissue. This early decline likely
stems from a combination of factors: the initial lack of necrotic tissue to support bacterial
growth, the host’s immune response, and localised depletion of nutrients. Crucially, the
absence of sufficient necrotic matter in early stages limits bacterial proliferation, as bac-
teria thrives in necrotic environments. However, after this period, all three components
increase, marking a turning point in infection progression. This second phase probably
represents the establishment of a favorable environment for bacteria: accumulated necrotic
tissue enhances bacterial growth, increased mycolactone levels suppress the local immune
response, and bacteria potentially spread to unaffected areas with fresh resources. A pos-
itive feedback loop ensues, where bacterial growth leads to more mycolactone production,
causing more tissue necrosis, which further promotes bacterial proliferation. This pat-
tern underscores the critical role of necrotic tissue in disease progression - initially as a
growth-limiting factor, later as a growth-promoter. It also suggests a crucial early window
for therapeutic intervention, before the infection becomes self-sustaining. The model’s
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Figure 3.2: Scenario 1: Bacteria, mycolactone, normal tissue, and necrotic matter at
different times for v; = s.
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insights highlight potential treatment strategies, including preventing tissue necrosis, in-
hibiting mycolactone production, and emphasising early-stage treatments to disrupt the
establishment of a expanding infection.

We add the comparison of Scenario 2 to Scenario 3 in Figure [3.3] and Scenario 1 to Sce-
nario 4 in Figure [3.4] in order to identify significant differences in the dynamics of each
solution component.

When comparing Scenario 2 (7 > 72) and Scenario 3 (v2 > =y1) (i.e., Scenario 3- Scenario
2), the bacterial density difference is rather small at early times. The absolute difference
gets larger with advancing time. This is the case for all solution components, however for
some of them (normal tissue, necrotic matter and bacteria) being more substantial within
the simulated time span. Consequently, necrotisation is stronger and faster when ~o > ~1:
the cells follow existing tissue rather than necrotic matter, which is slowly built.

When comparing Scenario 1 (without chemotaxis) to Scenario 4 (with chemotaxis towards
mycolactone) in fact we perform Scenario 4 - Scenario 1, several key differences emerge
in the dynamics of bacterial proliferation, mycolactone concentration, normal tissue, and
necrotic matter. The bacterial density difference increases from t = 5 to ¢t = 50, de-
creases slightly between ¢ = 50 and ¢ = 100, and then rises again by t = 250, suggesting
a fluctuating but overall enhanced bacterial proliferation in Scenario 4. This is driven
by chemotaxis, where bacteria actively migrate towards regions with higher mycolactone
concentrations, thus amplifying their spread. Mycolactone and necrotic matter differences
exhibit a similar behaviour. Tissue degradation is more localised around areas with high
bacterial concentrations. Notably, there are negative differences in normal tissue density
where bacterial concentrations are higher, indicating that in Scenario 4, necrotisation is
more severe in regions of bacterial accumulation, or at least there are some higher cell
aggregates - probably due to the cells being attracted to the sites with higher mycolactone
concentration. Bacteria accumulates in areas with high toxin concentration and express
even more mycolactone which in turn leads to enhanced tissue degradation. Overall, how-
ever, the differences are so small, that one could give up chemotaxis towards mycolactone,
in order to not complicate unncecessarily the model.

We also consider a special Scenario 5, where the initial density of normal tissue is much
lower. Here we take v; and 7 equal. The initial conditions in this scenario are given as
follows:

(z —0.5)% + (y — 0.5)?

u(0,z,y) = 0.95exp(— 01 ) z,y €[0,1],
B (z—0.5)* + (y — 0.5)?
m(0,z,y) = 0.001 exp( o1 )s z,y € [0,1], (3.4.2)

v(0,z,y) = 0.0001 = U,
(x—0.5)% + (y — 0.5)?
.01

n(O,x,y) = 0.0001 exp(— )7 z,Y € [07 1]a

where U represents a uniform distribution in (0,1). They are illustrated in Figure
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Figure 3.3: Difference between densities of bacteria, mycolactone, normal tissue, and
necrotic matter at different times for Scenario 2 and Scenario 3 (Scenario 3 - Scenario 2).
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Figure 3.4: Difference between densities of bacteria, mycolactone, normal tissue, and
necrotic matter at different times for Scenario 4 and Scenario 1 (Scenario 4 - Scenario 1).
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Figure 3.5: Initial conditions for bacteria, mycolactone, normal tissue, and necrotic matter
in Scenario 5

In contrast to Scenarios 1-4, where ample normal tissue fosters bacterial proliferation,
an intriguing pattern emerges when initial normal tissue levels are insufficient. Instead
of growth, bacteria undergo degradation over time, accompanied by increased diffusion.
This decline in bacteria shows the importance of sufficiently available normal tissue at the
beginning of the process. In Scenario 5 where normal tissue is lacking, bacterial prolif-
eration is hindered, leading to a gradual reduction in bacterial density over time. While
proliferation is subdued for bacteria, diffusion becomes pronounced due to the absence of
adequate normal tissue or necrotic matter to stimulate taxis.

The diminished population of bacteria results in a corresponding decrease in mycolactone
levels. Nevertheless, the ongoing necrotisation of normal tissue continues unchanged over
time but rather at a slower pace compared to scenarios with sufficient initial tissue levels.
This observation highlights the close interrelation between dynamics of bacteria, normal
tissue, and mycolactone production.

We also provide the comparison of Scenario 1 to Scenario 5 in Figure The difference
in the initial density of normal tissue is given in Figure

In the comparison between Scenario 5 and Scenario 1, all entities (bacteria, mycolactone,
normal tissue, and necrotic tissue) exhibit positive differences in regions of higher concen-
trations. This results from starting with a lower initial amount of normal tissue in Scenario
5, leading to reduced growth of all other entities compared to Scenario 1, which begins
with an adequate amount of normal tissue. This highlights the significant impact of initial
conditions on the progression and dynamics of bacterial infection and tissue response.

From the scenarios discussed above, it becomes evident that the taxis rate of bacteria to-
wards normal tissue, along with the initial density of normal tissue, significantly influences
the progression of bacterial colonisation and the development of Buruli ulcer. When the
taxis rate of bacteria towards normal tissue is lower (as in the case of 3 > 72), the produc-
tion and spread of bacteria, as well as other associated entities, are diminished compared
to scenarios where the taxis rate 7o is higher. This difference underscores the pivotal role
of bacterial motility in dictating the extent of bacterial colonisation and subsequent tissue
damage.
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Figure 3.6: Scenario 5: Bacteria, mycolactone, normal tissue, and necrotic matter at
different times for a lower initial density for normal tissue.
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Figure 3.7: Difference between the initial conditions for normal tissue, in Scenarios 1 and

5.

Similarly, a lower initial density of normal tissue leads to a distinct outcome: bacterial
degradation over time rather than proliferation. This observation highlights the critical
importance of a smaller quantity of normal tissue in slowing bacterial growth and tissue
degradation.

Considering the body’s natural ability to produce normal tissue, it is conceivable that in
scenarios with lower initial normal tissue density, the body’s regenerative capacity may
contribute to the replenishment of normal tissue rather than its necrotisation. This sug-
gests a potential avenue for intervention, wherein strategies aimed at making the normal
tissue unfavourable e.g., by heating the affected areas could mitigate the progression of
Buruli ulcer in cases of depleted initial normal tissue density.

Overall, these observations underscore the connection between bacterial dynamics, tissue
health, and the body’s regenerative capacity in the pathogenesis of Buruli ulcer. Further
research into these mechanisms could inform the development of novel therapeutic ap-
proaches for managing this debilitating disease.
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Figure 3.8: Difference between densities of bacteria, mycolactone, normal tissue, and
necrotic matter at different times for Scenario 1 and Scenario 5 (Scenario 1 - Scenario 5).
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Chapter

Mathematical model for Buruli ulcer
wound using random jump approach

4.1 Introduction

In this chapter, we consider the microscopic properties of Buruli ulcer progression, aiming
to enhance our understanding by incorporating individual bacterial interactions and their
effects on tissue dynamics. The linear diffusion model previously employed in Chapter
provided valuable insights into the overall dynamics of Buruli ulcer progression. However,
they often lacked the details necessary to include the complex interactions occurring at
the cellular level. To address this limitation, we turn our attention to modelling upon
starting from a microscopic level, which allows us to delve deeper into the mechanisms
governing bacterial proliferation, tissue necrosis, and mycolactone production.

An approach known as the random walk method described in [78, 91] is adopted in our
quest to develop a better model. The random walk approach simulates bacterial cell
movement stochastically within their environment as opposed to traditional transport
equations that describe the movement of entities in a continuous medium. This approach
allows for the simulation of complex biological systems by discretising space into a lattice
and describing the movement and interactions of particles (representing bacteria, tox-
ins, etc.) according to probabilistic rules. By tracking the trajectories of these cells and
their interactions with surrounding tissue, we can informally derive a nonlinear reaction-
diffusion-taxis equation that accounts for both diffusion and directed movement towards
or away from specific targets.

When applied to the study of Buruli ulcer, this approach involves defining probabilities of
the transition of bacteria between lattice sites based on local information about bacteria
density, normal tissue, and necrotic matter densities. By analysing the behaviour of par-
ticles on the lattice, one can derive a macroscopic equation that describes the evolution of
bacteria (u). The resulting macroscopic system typically consists of coupled partial dif-
ferential equations (PDEs) for the density of bacteria (u) and mycolactone concentration
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(m), along with ordinary differential equations (ODEs) for normal tissue (v), and necrotic
matter (n).

4.2 Mathematical modelling

Assume that a random walk is being carried out by an individual bacterium in a 1D lattice
with nodes z;. We can imagine it jumping from one point to another on the lattice and
also remaining stationary. We are interested in u;(t), the probability of finding a bacterial
cell at x; at time t. Let h and At denote the lengths of the space and time intervals,
respectively. Let Tiir denote the probabilities of jumping to the right (+) or to the left (-),
respectively. Then we have

ui(t + At) = (Titlui—l(t) + TiHuiH(t)) At + (1 — At(Tf + TZ)>u,(t) (4.2.1)

When bacteria make a move, they ’test’ their environment and decide whether to move
according to the density of haptoattractants (normal tissue, and necrotic matter) at its
current location, and its next location. Therefore, the probability for the bacteria per
unit time to jump to right or left or stay in its place typically depends on the amount of
necrotic matter and normal tissue and bacteria itself. Thus we define T;—r as:

T (u,v,n) = )\(a(uijvi) + w(ug, ni) (T (nix1) — T(m))>,

where v;, n; represent the probabilities of normal tissue and necrotic matter at a node z;
at time ¢, respectively. Define k(u;,n;) as

Ky I,

k(ujyng) = ——-"—.
( v Z) K, K, +un;

(4.2.2)

The choice of k as inversely proportional to the binding of bacteria u and necrotic matter
n is motivated by the fact that increased binding between these entities reduces the ten-
dency of bacteria u to migrate towards regions with higher necrotic matter density. This
formulation ensures that as the product of u and n increases (indicating stronger binding),
k decreases, effectively reducing the probability of bacterial migration towards necrotic re-
gions. Conversely, when the product of u and n decreases (indicating weaker binding),
increases, allowing for greater bacterial mobility towards areas with lower necrotic matter
density.

In order to obtain the master equation we divide by At and pass to the limit for
At — 0
&ui
ot

=T uic1 + T quipr — (T, + T )u,.
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By applying Taylor expansion (for the simplification of the notation we take T; := T'(u;, v;, n;)):

_ _ o, h? o2 h3 > 4
(9 h? 62 h3 8
+ + Fu 4
Hence,
ou; 0 h? o2 h3 o3
L =T — h— (T ) + == (T w) — == (T w
or ~ L ha (i) + 5 g (L) = g (i)
h? 0% h3 03

0 _
+ T, u,—i—ha (T wi) + ) @(TZ u;) + aﬁ(Tz ;)
— (T + T )ui + O(h*),
is obtained.

Ui _y O (o _ o+ R0 it ey 3
UL (@ ) + (@ T ) + o)

= )\( - h%(m(ui, n;)(T(nig1) — 7(ni—1))u;)
h* 0
Y

0 T(njy1) — 7(n;—
:A<—2h28—$(ﬁ(ui,ni)( ( +1)2h ( 1))uz)

(2a(uz,vz) + K(ug,ni)(T(nig1) + 7(ni—1) — QT(nz))uZ)> + O(h3)

h2 0 h4 0 T\ T\Nj— — 27 n;
+ 5 gz (2alui vijus) + EW(“(%W( Bt + (h2 . ))ui)> +0(h?)

0 Uz — T(Nn;— 2 0
:/\(—2h2%(m(ui,ni)( ( +1)2h ( 1))1%) +%@(2a(ui,vi)ui)> +O(h3).

Taking limit as h — 0 with 2Ah? — D, and identifying the variables u;, n;, v; as continuous
variables u(z,t), n(x,t) and v(x,t) respectively, we get

ou D

Fri E(a(u,v)u)m — D(k(u,n)ut’ (n)ng) .
We can obtain its generalisation to the higher dimensions as follows:

Opu = DV. <% <a(u,v) + %u) Vu + %Z—UVU - nu;l—nVn>

To show the interaction of bacteria with the normal tissue, we take a(u,v) = %
This is a choice similar to that of x(u,n), which depends on the binding of bacteria to

normal tissue. Therefore, we have
(w.0) + %) vu i 2 D da - DK2K? - DK, K,u? -
— | a(u,v) + —u v = u— v
2 ou 2 ov 2(K, K, + uv)? 2(K, K,y + uv)?

To find the chemotactic sensitivity function 7(n), we use the receptor binding kinetics of
bacteria to necrotic matter. To make this description, we use the studies [51,[52]. Thus, we
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take R as the receptors on bacteria which are free, Ry as the receptors occupied by n, and
let R7 be the total amount of receptors on bacteria, which is conserved. Let Ry = R+ Ry
be a constant.

Using simple mass action kinetics for the receptor binding we get
n kt

R+ — = Ry.
K, k- 0

Thus, we obtain an ODE for the dynamics of occupied receptors :

dR() n —
— =kT—R—k™ Ry, 4.2.3
dt K, 0 (42.3)
Since this binding reaction is very fast, we assume it attains equilibrium fast. Thus the
steady state of (4.2.3)) is
Rt K RTKLn
VTR

+
where K = ]lz—_

If we consider 7(n) to be a chemical mechanism to measure the concentration of chemoat-
tractant n, we could assume 7(n) to be proportional to the amount of receptors occupied
by n, that is

7(n) = bRo",

where b is a positive constant. Hence

dr Dﬁ;(u,n)b—KK Rru
D Ton= n oy
/{(u,n)udn n a w2 n,

is obtained.

Assuming the attachment rate k™ and the detachment rate k= of bacteria to the necrotic
matter to be almost the same, we get K ~ 1 and let K; := DbK Ry, and using (4.2.2)) we
have p K
T 18, U
Dk(u,n)u—vVn = vn
() dn (1+ )2 (Ku Ky + un)

The macroscopic description of the quantities u,n,v, m will be obtained from the micro-
scopic lattice-based characterisation as follows:

dru =V - (Dy(u,v)Vu) — V- (x1(u,v)uVv) — V - (x2(n,u)uvn)

+aKnn+nu(1—E—E—K—n), t>0, re,
8tm=DmAm+5Kuu u—)\m, t>0, e, (4.2.4)
é’tv:—ﬁvilm, t>0, xe,
(?tn:BgKLvKﬂm—'yn, t>0, e,
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where

B DK2K?
B 2(Ky Ky + uv

DK, K,u
K, K, +uv

KK,

Dy(u, .
(u,0) 1+ )2 (Ku kG + un)

) = g ol =

We consider the no-flux boundary conditions
(Dy(u,v)Vu — x1(u,v)Vo — x2(n)uvn) -v =0, Vm-v =0 t>0, z€dQ, (4.2.5)

where v represents the outer unit normal vector and € is a domain in R? which is bounded
and has smooth enough boundary.
The initial conditions are

u(0,x) = ug, v(0,x) = vy, n(0,z) =ng, m(0,z) =myg z e (4.2.6)

The macroscopic equations of mycolactone, necrotic matter, and normal tissue are con-
sidered similar to those in Chapter [3]

4.3 Mathematical analysis

4.3.1 Local existence of a solution

The following result provides the local existence of solutions to (4.2.4]). The proof is similar
to that in Chapter

Lemma 4.3.1. Let Q < R? (d = 1) be a bounded domain with a smooth boundary. Also,
suppose that ug € WH*(Q); mo, vo, no € W>*(Q) satisfying compatibility condition on
boundary with ug, mg non negative and vy, ng > 0. Then there exists Tmae > 0 and a
quadruple of non-negative functions (u,m,v,n) € C°([0, Tnax) x Q) N C*1((0, Tiax) x Q)
which solve system classically in (0, Tmax) x  and satisfy the dichotomy

etther Ty,qe = 00 or

lim sup [u(t)l|z=(@) + [Im(®)llwro (@) + [ lwre@) + [InOlIwee@)) = -

max

(4.3.1)

Proof. We define the following closed, bounded, and convex set
Q:={ue L*((0,T) x Q) : 0 < < ||uo|| o) + 1 a.ein (0,T) x Q}

with T'> 0 small, to be fixed below. Let A = [|ug|[z»(q). For u e @, let ¢(u) = u denote
the first component of the solution of the following system for x € Q, t e (0,7):

Oru =V - (Dy(t,v)Vu) — V- (x1(@,v))uVv) — V - (x2(n, a)uvn)
+ uf(a,v,?)

oym = DmAm+5Ku e

—Am (4.3.2)

orv = —fprom

o = Bovm — yn
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with boundary conditions
<Du(ﬂ,v)Vu —x1(@,v))Vo — Xg(ﬂ,n)Vn> v=0, Vm-v=0 t>0, xed,

and initial conditions

u(0,2) = up(z), m(0,x) =mo(z), v(0,2) =vo(z), n(0,z) =ng(z), xec.

For any ¢ > d%, by using Theorem A.1 in [39], there exists a weak solution m(t¢,z) in
qu’l(QT) such that

[IVm|[La0,1)x0) < 1, (4.3.3)

where ¢; is a positive constant which depends on |[mg||yy1.0(q). Similarly as in Chapter
we also get:

V]| Lago,ryx0) < é2, (4.3.4)

[Vl Lao,m)x0) < C3- (4.3.5)
Hence, we can rewrite the first equation in system (4.2.4)) as

oru =V - (Dy(u,v)Vu — F(t,z)u) + f(u)u, xe, t>0

where ||F||Lq(0,m)x0) < ca for some ¢4 > 0. Using the parabolic theory(Thm V.2.1 and
V.1.1 from [57]) and an idea in [95] which considers the results for Neumann boundary
conditions instead of Dirichlet boundary conditions, ||u|[z=(0r)x0) < ¢5 and we get cg

such that HuHCB < ¢g for some 8 > 0. Hence ||ul|ro (0, 1)x0) < HUOHLQO(Q)—i—ng

F((0.1)x)
for some T < 1 such that C7T§ < 1.

Consider the fixed point problem ¢(u) = u. By using the above, we have ¢(Q) < Q. Since
¢ is continuous and ¢(Q) is a compact subset in L*((0,7") x ), by applying Schauders’s
fixed point theorem we have that there exists at least one fixed point u € Q). By using stan-
dard parabolic regularity (u, m,v,n) is obtained as the classical solution of system
in C°([0,T) x Q) nC%L((0,T) x Q). By the comparison principle we get the non-negativity
of solution components.

Next, to prove the existence of dichotomy we can adopt the same steps as in Chapter
Bl O
4.3.2 Boundedness of the solution components

In this section, we prove estimates for the solution components of ((4.2.4)).

Remark 4.3.1. While the boundedness of solution components is independent of local
existence, we use the same mazximal time Ty, from the local existence proof in the bound-
edness proof.
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Lemma 4.3.2. There exists C, > 0 such that

0
Hm(t)HLOO([o,Tmax)xQ) < [Imol|p=(q) + 3
VM| Lo ([0, Tmax) x2) < Cm([[VMol| L (0) + 1),
Proof. This proof is same as in Chapter [3] of this thesis.
By the PDE comparison principle Theorem A.3 in [59]), we get

O<m<A::max{Km,§}.

O
Remark 4.3.2. By solving the third equation in , we obtain
B B [t
v(t,x) = vo(z)exp e m(s,z)ds ), te€[0,Tma), =€ (4.3.6)
m JO

By using the non-negativity of m, the assumption on v, in (4.3.6), and the ODE
comparison principle we can conclude that there exist K7 > 0

K, <v(t,z) < Ky, t€[0,Tha), el (4.3.7)
By using Lemma[{.3.9, we also get

0[] L0 ([0, Tmax) x2) < C1,

V]| L ([0, Tmae) ) < C1-
Remark 4.3.3. If we consider the fourth equation of system (4.2.4)) and using the varia-

tion of constants formula, we obtain the following representation:

B2 ¢
m
Kva 0

By using the non-negativity of v, the assumption on ng in (4.3.8), and the ODE
comparison principle, there exist K, >0

n(t,x) = e Tng(x) + (s,2)v(s,2)e 7 ds. te[0,Thnaz), z€Q. (4.3.8)

K, <n(t,x) < B, tel0,Thw), v€Q,

where B = max { K,,, B2l Using (4.3.8), Lemma|4.3.2, and Remark|4.53.2, we also get
¥

17| Lo ([0, Thnae) x2) < C2,

and

V] 20 ([0, Tina) x9) < C2-

Lemma 4.3.3. We have the following estimate

f u(t,z)dr < C:=max {j up(x)dx, 1} , te[0,Tmaz), €. (4.3.9)
Q )
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Proof. By integrating the first equation of (4.2.4)) and using Remark the non

negativity of u, the no flux boundary condition and the Cauchy-Schwarz inequality, we

have
d 2
— ugafu—aj u2<afu—a<J u> . (4.3.10)
dt Q Q Q Q Q

Then the estimate is an immediate result using the comparison principle for ODEs. [
Lemma 4.3.4. For any p € [2,0) there exists Cp(Timaz) > 0 such that
[u®)||2r ) < Cp(Tinaz), T € (0, Tnaz)-

Proof. In virtue of the estimates in Remark and Remark there exist some
D1, Dy > 0 such that the diffusion coefficient satisfies the following inequality

Dy _ DK2K?

< < Do, 4.3.11
(1+u)? = 2K Ky +uwv)? =7 ( )
and the taxis coeflicients satisfy
DK, K,u?
CLLULEN ) (4.3.12)
2(Ky K, + uv)?
K1 K
12ull D, (4.3.13)

<
(K +n)?(K K, + nu)

for some constants D3, Dy > 0. Testing the first equation in the system with (1 4 u)P~1
and using Young’s inequality, we get

lf 8t(1+u)pzj (1 +u)P o
pJa Q

= Jﬂ(l + )Pt <V - (Du(u,v)Vu) = v - (x1(u,v)uvv) — V- (x2(u, n)uvn)

<~ | D vul+ | =100+ 02 v
+ [ o= Dt n)u(t + 0 2vn - v
+Jﬂau(1+u)p1+n<l—E—E—K—n>a

4(p—1) ps22  4p—1) B3
o3 L DVl +u) = >+ o 2° L Div(1+u) = ?

(p—l)Dgf 2 (p—l)sz 2
1 p 1 P
+ 2D, Q|Vv] (14 u)P + 2D, Q|Vn| (14 u)

2 -1
_|_J\ Oéu(]. + u)pfl _ J\ alﬂ
Q Q K,

—1
< (LD n3ivele + Diliwallt) +a) [ 0+,
2D 0
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Now by applying Gronwall’s inequality, we get the desired result. ]
Theorem 4.3.1. For any Tya > 0, there exists Coo(Tmaz) > 0 such that

0 < ull (0, Tnar) x9) < Coo(Tinax) (4.3.14)
Proof. This is an immediate result of Remark 3.7 in [92] with m; = 0 and mg = 2. O

Theorem 4.3.2. Under the assumptions of Lemma system (4.2.4) has a non-
negative classical solution (u,v,n,m) which is global in time.

Proof. This is now an immediate consequence of (4.3.1)), Lemma remarks [4.3.2]
4.3.3) and Theorem |4.3.1 O

4.4 Numerical simulations

4.4.0.1 Nondimensionalisation

Before performing the numerical simulation, we nondimensionalise our system(4.2.4)).
Therefore, we take

M= —, =2, ——, t =ta,. (4.4.1)

o D ~ Du? - Xnl =
up=V- (mvu> -V (va> -V ((1 +7)2(1 + un) Vn>

n
(i — 7
1+n ( B-U-R),
5u 3 (4.4.2)
g = A+ ——— — A,
1+u
v = — By,
fip = Paind — i,
where
~ D B K ~
D = y Xn = _17 /81 = &7
2% D,, Dy, Qy,
: Y
B? = 52 ; ﬁ/ = l, 0= ; A=—
auKN Oly, Kmau Qy,

To simplify the system, we omit all tildes and bars in system (4.4.2)) and continue with
this system.
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4.4.1 Numerical results

This section explores the numerical solutions of the macroscopic system in a two-
dimensional (2D) setting. Building upon the methodologies outlined in the preceeding
chapters, we employ the finite difference method (FDM) to discretise the model in space.
No-flux boundary conditions are imposed for the variables v and m. The spatial domain
is confined to the unit square [0, 1] x [0, 1].

In discretising the m—equation, we adopt a forward difference scheme for the time deriva-
tives and a central difference scheme for the spatial derivatives. Similarly, for the equations
governing n and v, we employ a forward finite difference method for the time derivatives.
For the equation characterising u we use a nonstandard finite difference discretisation
technique inspired by previous works [8| [28, [65]. Specifically, we discretise the diffusion
terms explicitly, while treating the reaction terms implicitly, ensuring numerical stability
and accuracy. The discretisation of diffusion and taxis terms as follows:

1 ko k4l k+1 N
VDu 00Ty, =505 35 (Duldyf )+ Dutyel ) (5 = i
EMZ'
1 ko ktl ko k4l N
Ay 2 <Du(“z’w”if )+ Du(uij v )> (i =iy ),
reN;
1 ko k1 b1y, k k41 k4l
V(XI(U,U)VU)|a:i,yj Zm <X1(ul7],vl;r ) —|—X1( ug ;s Z;r Yl ’J) (vl+ U‘,;r )
leM;
1 ( ko ktl W) k4l k+1
X1 (g s 0; b+ x1(uf i Y, ) ),
2(Ay)? =, i i Wi i+ Yij
1
V(x2(n, w)Vn) ey, ~3(An)? > <X2(uf],nfj Ju; + xa(ufj,ni T u’]> L bt
z leM;
1 ko k+ly k k+1 kel k+1
b 2 (ol nl ek, + o (ul nl k) (nf )
2(Ay)2 reN; v v ’ "
(4.4.3)

where M; = {i —1,i+ 1} and N; = {j — 1,7 + 1}, are indexed according to the neighbour-
hood of x;,y;.

Throughout the numerical simulations, we apply the no-flux boundary conditions in
on the boundary of Q = (0,1) x (0,1) for 2D. For the simulations, we obtain the non di-
mensionalised parameter values using the same dimesional parameter values and initial
condition as in Chapter 3] along with non dimensionalised value y, = .001. The
results at t = 100, ¢t = 150, ¢t = 200, ¢ = 250 hours are shown in Fig These obser-
vations align well with the predictions of the model, providing insights into the expected
behaviour of the described biological phenomena.

We also include Fig comparing the densities of bacteria, mycolactone concentration,
normal tissue, and necrotic matter at various time points. Initially, differences between
models show a peak of around 0.03 at early time points (t=50 to t=100), which reduces

58



4.4. NUMERICAL SIMULATIONS

Bacteria at t = 200 hours. Bacteria at t = 250 hours

X Bacteria at t = 100 hours s |
0.002 0038
os) o0t o os)
o8 o 00918 o, 00325
0.031
or 0035 o or 0032
~0.0005
o) o oo} “0.0315.
> o= >
os) l 0 czos os) “0031
. oo 0020 ‘ < 0.0305
0 0.0285 o) 003
02 002 0.028 ol 00295
o1 0.0275 o
0.029
o 0015 0.027 o
x X x

Bacteria Bacteria Bacteria Bacteria
at t=100 at t=150 at t=200 at t=250

Mycolactone at t = 150 hours. 10 | ol = ur 10 . Mycolactone at t = 250 hours. x10%
. . ass
. N s
| o | .-
b . L
N N -
. N .
o o 5.85
¥
Mycolactone Mycolactone Mycolactone Mycolactone

at t=100 at t=150 at t=200 at t=250

tissue at t = 100 hours. , Normal tissue att = 150 hours

:i&\:\i' ‘Igg
EJ\ -~ :. gi
sl

o i

Normal tissue Normal tissue Normal tissue Normal tissue
at t=100 at t=150 at t=200 at t=250

::h\ N p I?Z

asle Zf'

“ AN
ot

x

Necrotic matter Necrotic matter Necrotic matter Necrotic matter
at t=100 at t=150 at t=200 at t=250

Figure 4.1: Bacteria, mycolactone, normal tissue and necrotic matter at different times
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to 0.0225 by t=250, suggesting that bacterial growth and spread decelerates over time in
Chapter 4. This phenomenon may be attributed to the diffusion coefficient in being
dependent on both bacterial and normal tissue concentrations, potentially retarding the
initial spread of bacteria at such high densities. Similarly, the taxis coefficients could alter
bacterial movement patterns and reduce their accumulation in favourable areas. These
more sophisticated representations of bacterial movement and spread in this model likely
contribute to a more gradual disease progression by introducing additional limiting factors
on bacterial proliferation and distribution. Mycolactone concentration differences mirror
bacterial growth patterns, as mycolactone production is biologically linked to bacterial
activity.

A key observation is the positive difference in normal tissue, which suggests that the model
predicts either slower tissue damage or more preservation of healthy tissue com-
pared to Chapter 3. By t=250, differences reach 0.035, indicating that tissue damage is
either mitigated or delayed in certain regions. This might be due to the non linear diffu-
sion and taxis coefficients.

In conclusion, the diffusion and haptotaxis coeflicients in model result in reduced
bacterial spread, more preservation of normal tissue, and less necrosis. This outcome may
be attributed to decreased tactic sensitivity towards necrotic matter and normal tissue,
and reduced diffusion. These findings suggest that the models presented in Chapter 3 are
preferable to the one developed in this chapter, as they necessitate fewer ad-hoc assump-
tions regarding bacterial responses to signals in adjacent locations. Furthermore, they can
incorporate more detailed information about the spatial distribution of tissue, thus allow-
ing for more realistic descriptions than the uniform distribution considered in this work.
Moreover, the model in Chapter [4] likely underestimates wound spread. Consequently, the
model presented in Chapter [3| should be favoured.
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Figure 4.2: Difference in density of bacteria, mycolactone concentration, normal tissue and
necrotic matter at different times for the models obtained in Chapters 3 and 4 (Chapter
4 - Chapter 3: Scenario 1)
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Chapter

Conclusion

Mathematical modelling has long been a cornerstone in the biomedical field, playing a
crucial role in developing treatment methods and understanding complex biological pro-
cesses. Over the past few decades, tissue regeneration and wound formation have been
two significant areas where mathematical models have been applied, yet effective models
for cell movement in meniscus tissue and Buruli ulcers remain underdeveloped. In this
thesis, we have developed, analysed, and numerically simulated mathematical models that
describe cell movement, specifically focusing on meniscus tissue regeneration and the pro-
gression of Buruli ulcers.

In the second chapter, we introduced a comprehensive macroscale model for stem cells,
chondrocytes, and hyaluron. This model was developed by upscaling the microscale de-
scription of cells to the mesoscale and then to the macroscale. The resulting system is
a coupled set of reaction-diffusion-transport equations (RDTESs) and ordinary differential
equations (ODEs).

We performed a stability analysis of a simplified version of the model to ensure its ro-
bustness and reliability. This helped us understand the conditions under which the model
remains stable and the potential scenarios that could lead to instability. Following this,
we conducted numerical simulations to study the patterns formed under various initial
conditions. These simulations provided valuable insights into the dynamic behaviour of
the system, revealing significant impacts of tissue topography on cell behaviour. The find-
ings demonstrated how different initial distributions and densities of cells and hyaluron
components could influence the overall tissue regeneration process.

In the third chapter, we developed a model for the migration of Buruli ulcer-causing bac-
teria, influenced by haptotaxis, using multiscale modelling. Unlike the meniscus tissue
model, we began at the mesoscale and proceeded from there. This model interconnects
bacteria, mycolactone, necrotic matter, and normal tissue, forming a system of four equa-
tions.

We compared different scenarios based on the haptotaxis sensitivity of bacteria towards
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normal and necrotic matter. Numerical simulations indicated that the dynamics of bac-
teria, mycolactone, and necrotic matter is interconnected and they spread in the same
direction. A notable finding was that a lower initial density of normal tissue significantly
reduces the spread and growth of bacteria and mycolactone. This suggests that the avail-
ability of normal tissue at the beginning of the infection is a crucial factor in wound
progression. This finding supports the practice of early intervention, such as overheating
the infected site, to control disease progression. The simulations provided a clear visual-
isation of how the disease spreads and how different intervention strategies can alter this
progression.

In the fourth chapter, we sought to incorporate more detailed modelling at the single cell
level using a random jump approach. This model considers the interactions of bacteria
with various stimuli like normal tissue and necrotic matter, utilising mass action kinetics
for receptor bindings on bacteria. We derived parameters describing the tactic behaviour
and non-linear diffusion of bacteria, resulting in a non-linear diffusion equation.

This RDTE was coupled with the reaction-diffusion equation (RDE) for mycolactone and
ODEs describing the dynamics of normal and necrotic matter. We proved the existence
of a global classical solution for this system. Subsequently, we conducted numerical simu-
lations that aligned with expected behaviours, demonstrating the model’s validity. These
simulations offered insights into the micro-level interactions and movements of bacteria,
contributing to a deeper understanding of disease progression at a cellular level. The re-
sults also were in agreement with the expected behaviour of the entities.

5.1 Outlook

Enhancing meniscus regeneration models

Future research on meniscus regeneration could focus on understanding the impact of
different environmental conditions on tissue regeneration. Factors such as oxygen levels,
nutrient availability, and mechanical stresses could be integrated into the model to study
their effects on cell proliferation and differentiation. By doing so, the optimal conditions for
tissue regeneration and develop strategies to enhance the healing process can be identified.

Advancing Buruli ulcer modelling

For Buruli ulcer modelling, a model using kinetic transport equations to better capture
cell dynamics at the micro-level can be developed. Incorporating more detailed bacterial
behaviour by starting at a lower level could enhance the model’s accuracy. The effec-
tiveness of treatment methods within the model can also be considered. For instance,
incorporating treatment strategies such as initial heating of the wound area could help
control the spread of the infection. By introducing coefficients that account for tempera-
ture variations, we could simulate the effects of this treatment more accurately. This could
lead to the conceptual development of new therapeutic approaches and improve existing
ones.
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Additionally, the potential of combining multiple treatment methods to achieve better out-
comes can be explored. For example, combining antibiotics with thermal therapy could
be modelled to study their combined effects on bacteria eradication and wound healing.
This approach could provide insights into the most effective treatment combinations and
optimise therapy protocols.

Refining random jump models

The inclusion of additional biological factors and interactions in the model as mentioned
in the previous section can be explored. Additionally, the impact of immune response, the
presence of other microbial species, and the role of the extracellular matrix in bacterial
movement could be integrated into the model. By doing so, a more comprehensive and
accurate representation of the biological system could be reached.

Integration of multiscale modelling approaches

In future works, further exploration of the integration of different modelling approaches
to capture the complexity of biological systems more effectively can be done. Combining
continuous and discrete modelling techniques maximises the strengths of each approach
and overcomes its limitations. This hybrid modelling approach can provide a more de-
tailed and accurate representation of biological processes.

Furthermore, it is possible to explore the potential of personalised medicine by developing
patient-specific models. Individual patient data can be incorporated into the models in
order to tailor treatment strategies to each patient’s unique characteristics, making treat-
ment more effective and targeted.

In conclusion, while this thesis has proposed some steps towards developing mathemati-
cal models for cell movement in tissue regeneration and wound formation, there remains
substantial scope for further research. Adding more detailed biological data to our models
and exploring new modelling techniques can improve the understanding of the relevant
biomedical processes and contribute to the development of better treatment methods.
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Appendix

Theorem 5.1.1 (Theorem V.1.1 in [57]). Consider the parabolic equation:

ou 20
— = —(ai(z,t,u, Vu)) + a(z, t,u, Vu) (5.1.1)
ot i1 5.@1

in Qr = (0,T) x Q, where Q is a bounded domain in R™.
Assume the following conditions:

1. Condition 1: a;(x,t,u,p) and a(z,t,u,p) are continuous functions of their argu-
ments.

2. Condition 2: There exist positive constants v, u, and nonnegative functions ¢o(x,t),
¢1(z,t) such that for all (z,t) € Qr, ue R, and pe R™:

ai(x,t,u,p)p; = v(|ul)|pl” — ol t) (5.1.2)
|ai(z, t,u,p)| < p(lul)lp| + ¢1(2,t)  fori=1,...,n (5.1.3)
la(z,t,u,p)| < pa(lul)p® + ¢2(x, 1) (5.1.4)

in which v(v) and the p;(¢) are, as elsewhere, positive continuous functions of
¥ = 0 with v(v) monotonically decreasing, the u;(1) monotonically increasing and
the functions p;(x,t) non negative and having the finite norms

|PollLa(@ry: 102l La(@ry: 1] Lary < M (5.1.5)

for some constant M >0 and q > 1.

3. Condition 3: u is a weak solution of the equation with we L (Qr).

Then for any Q' < Qr we have u € C’a’o‘/z(QT) for some o > 0 and there exists a constant
C such that: ||u]|ca,a/2(Q/) < C. The constants C' and « depend only onn, v, u, p1, M,

¢, and dist(Q',Qr).
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CHAPTER 5. CONCLUSION

Theorem 5.1.2 (Theorem V.2.1 in [57]). Consider the quasilinear parabolic equation:

0
Ut = [ai(matvuavu)] + a(x7tau> VU)
&xi

in Qr = (0,T) x Q, where Q is a bounded domain in RY.
Assume the following conditions on a; and a:

1. Condition 1: a; and a are continuous in v and Vu.

2. Condition 2: There exists a positive constant ¢ such that

‘ai(xatau7p)’ < C’p‘ + C|u’a + ¢1(.’E,t>
la(z,t,u,p)| < clul” + d2(, 1)
where
e 0<a<l+?2
e 0<y<1+2

3. Condition 3:

a’i(x7t)u7p)pi>V|p’2_ulu|6_u2¢(x7t)7 v>0
<

fa(x,t,u,p)u ,u0|p|2+,u|u|5+u2¢(x,t)
where:
o e LUQr) for some g=1
e )>2
® g <V

Then any generalised solution u € V21’0(QT) satisfies the following condition:

lull Lo (0,1yx ) < €5

(5.1.6)

(5.1.9)
(5.1.10)

(5.1.11)

where c5 depends only on A, ¢, |9| ey, T |2, n (the dimension), and |[ul|pa.r1 (@)

for any positive numbers q1 and r1.
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