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ABSTRACT

Many real-world optimization problems not only involve multiple conflicting objective
functions, but also a degree of uncertainty in these functions. This thesis considers prob-
lems where the outcome of any chosen solution from the decision space is not known
precisely. For example, this may be due to measurement errors or unknown future de-
velopments.

In order to find robust solutions to uncertain multi-objective optimization problems,
several approaches are developed:
First, the problem can primarily be seen as a robust optimization problem. Such prob-

lems can be solved either by an iterative optimization-pessimization approach or through
reformulation. We also show that these methods can be applied to uncertain multi-ob-
jective problems. Specifically, we show for four different concepts of multi-objective ro-
bustness that optimization-pessimization can be used to determine robust solutions and
that lower and upper bounds are produced in the process. Convergence conditions are
derived. For a particular type of problem, we also show that reformulation is a viable
approach.
Alternatively, the problem can be seen as a multi-objective optimization problem, but

with the added difficulty that the aim is to find a robust solution. A generalized version
of the dichotomic search method from bi-objective optimization is developed, in which,
in every iteration, an uncertain single-objective problem has to be solved. Convergence
of this method for polyhedral uncertainty sets is shown. On the way, some other results
are derived: The dichotomic search is extended from bi-objective linear problems to bi-
objective linear minmax problems.

By applying the abovementioned methods, we receive various algorithms that enable
finding point-based minmax robust and regret robust efficient solutions. The numerical
properties of these algorithms are compared and discussed.

Throughout the thesis, the concepts of (extreme) supported efficiency and nondomin-
ance play an essential role. However, different characterizations of (extreme) supported
nondominance exist. The relationship between the different definitions is investigated
in this thesis for general problems and special problem classes such as discrete, linear, or
bi-objective problems. The notion of (extreme) supported nondominatedness/efficiency
is extended to multi-objective robust optimization.
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ZUSAMMENFAS SUNG

Viele reale Optimierungsprobleme beinhalten nicht nur mehrere miteinander in Kon-
flikt stehende Zielfunktionen, sondern auch ein gewisses Maß an Unsicherheit in diesen
Funktionen. In dieser Arbeit werden Probleme betrachtet, bei denen der Zielfunktions-
wert einer gewählten Lösung aus dem Entscheidungsraum nicht genau bekannt ist. Dies
kann zum Beispiel auf Messfehler oder auf unbekannte zukünftige Entwicklungen zu-
rückzuführen sein.

Um robuste Lösungen für unsichere Mehrzieloptimierungsprobleme zu finden, wer-
den mehrere Ansätze entwickelt:

Erstens kann das Problem primär als ein robustes Optimierungsproblem betrachtet
werden. Solche Probleme können entweder durch einen iterativen Ansatz von abwech-
selnderOptimierungundPessimierung oder durchUmformulierung gelöstwerden.Wir
zeigen, dass diese Methoden auch auf unsichere multikriterielle Probleme angewendet
werden können. Konkret zeigen wir für vier verschiedene Konzepte der Mehrzielrobust-
heit, dass Optimierung-Pessimierung verwendetwerden kann, um robuste Lösungen zu
bestimmen und dass dabei untere und obere Schranken erzeugt werden. Konvergenzbe-
dingungen werden abgeleitet. Für einen speziellen Problemtyp wird gezeigt, dass auch
Reformulierung einen gangbaren Weg darstellt.

Alternativ kann das Problem als ein multikriterielles Optimierungsproblem betrach-
tet werden, allerdings mit der zusätzlichen Schwierigkeit, dass eine robuste Lösung ge-
funden werden soll. Es wird eine verallgemeinerte Version der dichotomischen Suche
aus der bikriteriellen Optimierung entwickelt, bei der in jeder Iteration ein unsicheres
einkriterielles Problem gelöst werden muss. Die Konvergenz dieser Methode für poly-
edrische Unsicherheitsmengen wird gezeigt. Auf demWeg dorthin werden einige weite-
re Ergebnisse abgeleitet: Die dichotomische Suche wird von linearen bikriteriellen Pro-
blemen auf lineare bikriterielle Minmax-Probleme erweitert.

Durch Anwendung der oben beschriebenen Methoden erhalten wir verschiedene Al-
gorithmen, die es ermöglichen, point-based minmax-robuste und regret-robuste effizi-
ente Lösungen zu finden. Die numerischen Eigenschaften dieser Algorithmen werden
verglichen und diskutiert.

In der gesamtenArbeit spielen die Konzepte der (extremen) supported efficiency eine
wichtige Rolle. In der Literatur existieren jedoch unterschiedliche Charakterisierungen
hiervon. Die Beziehung zwischen den verschiedenen Definitionen wird in dieser Arbeit
sowohl für allgemeine Probleme als auch für spezielle Problemklassen wie diskrete, li-
neare oder bikriterielle Probleme untersucht. Der Begriff der (extreme) supported effi-
ciency wird auf die multikriterielle robuste Optimierung erweitert.
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1
I N TRODUCT ION

MOT IVAT ION

Two issues often complicate real-world optimization problems: The presence of multiple
objectives and uncertainty.
First, inmany cases, a decisionmakermay not only pursue one goal but has to find the

right balance between several–often conflicting–objectives. For example, a driver might
expect their navigation system to find the fastest route in order to minimize their travel
time. Simultaneously, however, they want to choose a route that minimizes energy con-
sumption or avoids toll costs. These goals rarely go hand in hand. After all, there is an
inherent conflict between saving energy and being as fast as possible. For problems like
the driver’s one, there can be several different solutions, each with a different outcome,
that are all good “in some way”–by minimizing travel time, reducing energy consump-
tion, or providing a good mix of all goals. The fact that several different outcomes may
all be optimal, yet others that can be improved with respect to one objective without
deteriorating the other objectives are clearly undesirable, is the basis of multi-objective
optimization.
Second, an optimization problem in practicemight involve some degree of uncertainty.

In reality, neither the travel time nor the energy consumption is known with certainty
at the time a route is chosen. A plethora of uncertainties such as traffic and weather
conditions impacts thems. Solving an optimization problem by simply ignoring these
uncertainties amounts to fair-weather optimization. A better approach is to take all pos-
sible realizations of the uncertainty, called scenarios, into account. The expected out-
come can be optimized if a probability distribution over all scenarios is known. This
is done in stochastic optimization. If a solution can be re-planned after traffic or weather
conditions are observed, the problem can be solved employing online optimization. How-
ever, without a known probability distribution and without the possibility of changing
a chosen solution, the best approach is to find solutions that are at least acceptable under
all scenarios. This is done in robust optimization.

In order to deal with problems that are both uncertain and multi-objective, multi-ob-
jective robust optimization has been studied for over ten years, leading to various models
and theoretical results. However, research into methods of actually solving such prob-
lems is still in its initial stages. This thesis proposes algorithmic methods to compute
robust, efficient solutions to uncertain multi-objective optimization problems.

CONTR I BUT ION AND OUTL INE

The remainder of this thesis is organized as follows. In Chapter 2 multi-objective opti-
mization and some of its most important properties as well as robustness concepts for

1



2 INTRODUCT ION

uncertain optimization problems are presented. With this groundwork being laid, we
then introduce and illustrate four concepts for robust multi-objective optimization, that are
investigated later in this thesis. We end the chapter with a review of relevant literature .
In Chapters 3 to 5 we undertake the search for the first type of robust solutions for

multi-objective problems, namedpoint-basedminmax robust efficient solutions.We start
by focusing on the difficulty that is rooted in the uncertainty of the problem in Chapter 3.
We review an optimization-pessimization approach for (single-objective) robust opti-
mization and extend it to multi-objective problems, first with uncertainty only in the
objectives, then with uncertainty also in the constraints. For the special case of an un-
certain bi-objective problem we take the opposite approach in Chapter 4: We extend the
well-known dichotomic search algorithm for bi-objective problems to robust problems.
In Section 5 we combine dichotomic search and optimization-pessimization and receive
two different methods for finding point-based minmax robust efficient solutions for bi-
objective problems. For a special casewith a non-discrete uncertainty set,we additionally
develop a reformulation utilizing duality. Results of computational experiments for all
the developed algorithmic methods then allow us to compare the performance of these
algorithms.
In Chapter 6 we turn two two other robustness concepts for multi-objective optimi-

zation: set-based and hull-based minmax robust efficiency and show how the optimi-
zation-pessimization approach can employed to determine such solutions. The applic-
ability of previous results for minmax robust efficiency to regret robust efficiency is dis-
cussed in Chapter 7.

Finally, in Chapter 8 the notion of (extreme) supported efficiency for multi-objective
optimization problems (without uncertainty) is discussed.
We conclude this thesis in Chapter 9 and give directions for further research.

PUBL I CAT IONS

Parts of this thesis have already been published. Sections 3.1 and 3.2 of Chapter 3 and
Chapters 4 and 5 have been published together with Marie Schmidt and Anita Schöbel
as a preprint (see [CHSS23]) and are currently under review at the European Journal
of Operational Research.



2
PREL IM INAR I E S AND L I T ERATURE REV I EW

2.1 MULT I -O B J E C T I V E OP T IM I ZAT ION, BUT DE T ERM IN I ST I C

The field of multi-objective optimization (other names are: Pareto optimization andmul-
ticriteria optimization) is concerned with mathematical optimization problems that in-
volvemore than just one objective function. In its most general formwe canwrite amulti-
objective optimization problem as

min
𝑥∈𝒳

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

𝑔1(𝑥)
𝑔2(𝑥)

⋮
𝑔𝑝(𝑥)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

. (MOP)

Here we call 𝒳 ⊆ ℝ𝑛 the feasible set and 𝑝 ∈ ℕ the number of objectives. Accordingly, the
scalar-valued functions 𝑔𝑖 ∶ 𝒳 → ℝ, 𝑖 = 1, 2, … , 𝑝 are called objective functions (or shorter:
objectives). At times, the vector-valued function 𝑔 ≔ (𝑔1, 𝑔2, … , 𝑔𝑝)⊤ ∶ 𝒳 → ℝ𝑝 is called
objective (function) as well. A significant part of this thesis (Chapters 4 and 5) focuses on
the special case where 𝑝 = 2, such problems are called bi-objective. If the objective 𝑔 is a
scalar, i.e., 𝑝 = 1, the problem is called single-objective.

In the general case, objective functions might be conflicting, such that there is no solu-
tion 𝑥 ∈ 𝒳 that minimizes all objectives functions 𝑔𝑖, 𝑖 = 1, 2, … , 𝑝, simultaneously. In-
stead, in order to find a “good” solution, we have to compare vectors. We use the follow-
ing vector relations between two vectors 𝑦 = (𝑦1, 𝑦2, … , 𝑦𝑝) and 𝑦′ = (𝑦′

1, 𝑦′
2, … , 𝑦′

𝑝) ∈
ℝ𝑝:

• 𝑦 ≦ 𝑦′ ∶⟺ 𝑦𝑖 ≤ 𝑦′
𝑖 for all 𝑖 = 1, 2, … , 𝑝

• 𝑦 ⪇ 𝑦′ ∶⟺ 𝑦𝑖 ≤ 𝑦′
𝑖 for all 𝑖 = 1, 2, … , 𝑝 and 𝑦𝑖 < 𝑦′

𝑖 for at least one 𝑖 = 1, 2, … , 𝑝

• 𝑦 < 𝑦′ ∶⟺ 𝑦𝑖 < 𝑦′
𝑖 for all 𝑖 = 1, 2, … , 𝑝.

All three relations are transitive, yet only “≦” is reflexive and, thus, defining a partial
order on ℝ𝑝. Note that different authors use different notation. Specifically, “≤” is some-
times used in the sense of “⪇” while at other times it signifies “≦”. For the sake of clarity
and to avoid any ambiguity, when comparing vectors we never use ≤, but ≦ and ⪇ in-
stead.
We use ℝ𝑝

≧ ≔ {𝑦 ∈ ℝ𝑝 ∶ 𝑦 ≧ 0} to denote the non-negative orthant, ℝ𝑝
⪈ ≔ {𝑦 ∈

ℝ𝑝 ∶ 𝑦 ⪈ 0} for the non-negative orthant without zero, and ℝ𝑝
> ≔ {𝑦 ∈ ℝ𝑝 ∶ 𝑦 > 0} for

the (strictly) positive orthant. For the closed and open 𝑝-simplexes we use the notations
Δ𝑝 ≔ {𝜆 ∈ ℝ𝑝

≧ ∶ ∑𝑝
𝑖=1 𝜆𝑖 = 1} and Δ𝑝

> ≔ {𝜆 ∈ ℝ𝑝
> ∶ ∑𝑝

𝑖=1 𝜆𝑖 = 1}.
For two vectors 𝑦, 𝑦′ ∈ ℝ𝑝 we say that 𝑦 dominates 𝑦′, if 𝑦 ⪇ 𝑦′. Similarly, if 𝑦 < 𝑦′ we

say that 𝑦 strictly dominates 𝑦′, and if 𝑦 ≦ 𝑦′ we say that 𝑦 weakly dominates 𝑦′.

3



4 PRE L IM INAR I E S AND L I T E RATURE REV I EW

Intuitively, it is clear that for a solution 𝑥 ∈ 𝒳 of a multi-objective optimization prob-
lem to be desireable its outcome 𝑦 ≔ 𝑔(𝑥) should not be dominated by the outcome
𝑦′ ≔ 𝑔(𝑥′) of another solution 𝑥′ ∈ 𝒳 . This property is called efficiency (or Pareto optimal-
ity) and is the most important concept in multi-objective optimization.

Definition 2.1 (see, e.g., [Ehr05, Definitions 2.1 and 2.24]). Given a multi-objective opti-
mization problem (MOP), a solution 𝑥 ∈ 𝒳 is called

• efficient if there is no solution 𝑥′ ∈ 𝒳 ∖ {𝑥} such that 𝑔(𝑥′) ⪇ 𝑔(𝑥),

• strictly efficient if there is no solution 𝑥′ ∈ 𝒳 ∖ {𝑥} such that 𝑔(𝑥′) ≦ 𝑔(𝑥), and

• weakly efficient if there is no solution 𝑥′ ∈ 𝒳 ∖ {𝑥} such that 𝑔(𝑥′) < 𝑔(𝑥).

From the definition it is clear that strict efficiency implies efficiency, and efficiency in
turn implies weak efficiency.
We will use 𝒳E to denote the set of efficient solutions to a given multi-objective prob-

lem. Analogously, 𝒳sE and 𝒳wE are the set of strictly and weekly efficient solutions, re-
spectively. The image of 𝒳 under 𝑔 will be denoted by 𝒴 , i.e., 𝒴 ≔ 𝑔(𝒳) ⊆ ℝ𝑝.
Each 𝑦 ∈ 𝒴 is called nondominated (in 𝒴), if there is no 𝑦′ ∈ 𝒴 dominating 𝑦, and is

called weakly nondominated (in 𝒴), if there is no 𝑦′ ∈ 𝒴 strictly dominating 𝑦. Accord-
ingly, (weak) efficiency of a solution 𝑥 in the feasible space 𝒳 corresponds to (weak)
non-dominance of its outcome 𝑦 = 𝑔(𝑥) in the image space 𝒴 . The set of nondominated
outcomes is commonly called the Pareto frontier and will be denoted by 𝒴N ≔ 𝑔(𝒳E).
Similarly, 𝒴wN ≔ 𝑔(𝒳wE). Both sets are depicted in Figures 2.1a and 2.1b. Any sub-
set ℛ ⊆ 𝒳 whose image under 𝑔 is the Pareto frontier 𝒴N is called a representative set.
Clearly, ℛ ⊆ 𝒳E, but possibly ℛ ⊊ 𝒳E.

𝑔1

𝑔2

𝒴

𝒴N

(a) Nondominated points 𝒴N (Pareto frontier)

𝑔1

𝑔2

𝒴

𝒴wN

(b) Weakly nondominated points 𝒴wN

Figure 2.1: Nondominated and weakly nondominated points

We recall some concepts frommulti-objective optimization which we will need in this
thesis. For a comprehensive and in-depth analysis on the subject of multi-objective opti-
mization, we refer to Ehrgott’s book Multicriteria Optimization [Ehr05].
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WE IGHTED SUM AND SUPPORT ED E F F I C I ENCY. Consider a multi-objective optimi-
zation problem (MOP). There are two special types of efficient solutions called supported
efficient and extreme supported efficient solutions. Intuitively, supported efficient solution
are those efficient solutions that can be found by solving the weighted sum scalarization

min
𝑥∈𝒳

𝜆1𝑔1(𝑥) + 𝜆2𝑔2(𝑥) + ⋯ + 𝜆𝑝𝑔𝑝(𝑥) (MOP(𝜆))

for “reasonable” weights 𝜆 ∈ ℝ𝑝. However, there exist various definitions of supported
efficiency. At this point, we use the following definition.

Definition 2.2. Given a multi-objective optimization problem (MOP), a solution 𝑥 ∈ 𝒳
is called

• supported efficient and its outcome 𝑦 = 𝑔(𝑥) is called supported nondominated, if there
is no convex combination of nondominated points 𝑦(1), 𝑦(2), … , 𝑦(𝑛) ∈ 𝒴 ∖ {𝑦},
𝜆 ∈ Δ𝑛, such that ∑𝑛

𝑖=1 𝜆𝑖𝑦(𝑖) ⪇ 𝑦, and

• extreme supported efficient and its outcome 𝑦 = 𝑔(𝑥) is called extreme supported non-
dominated, if there is no convex combination of nondominated points 𝑦(1), 𝑦(2), … ,
𝑦(𝑛) ∈ 𝒴 ∖ {𝑦}, 𝜆 ∈ Δ𝑛, such that ∑𝑛

𝑖=1 𝜆𝑖𝑦(𝑖) ≦ 𝑦.

This definition is not widely used in the literature. The first part (concerning supported
efficiency) is equivalent to a definition byHamacher, Pedersen andRuzika (see [HPR07]),
the second part (concerning extreme supported nondominance) can be found in work of
Özpeynirci and Köksalan (see [ÖK10]). The pros and cons of different definitions of
(extreme) supported efficiency will be discussed in Chapter 8.

We use 𝒳SN and 𝒳ESE to denote the sets of supported efficient and extreme supported
efficient solutions and 𝒴SN = 𝑔(𝒳SN) and 𝒴ESN = 𝑔(𝒳ESE) for the sets of supported non-
dominated and extreme supported nondominated solutions, respectively. In Figure 2.2a
supported nondominated points are illustrated. Supported nondominated points that
are not extreme supported nondominated are referred to as nonextreme supported non-
dominated points. The pros and cons of different definitions of (extreme) supported effi-
ciency will be discussed in Chapter 8.
A set whose image under 𝑔 is equal to the set of extremely supported non-dominated

points 𝒴ESN is called representative set for the extreme supported efficient solutions.

I D EAL PO INT AND DOM INAT ION PROPERTY. In the following we state properties
of multi-objective optimization problems (MOP) that are essential to prove some of this
thesis’ results.

Definition 2.3 (see, e.g., [Ehr05, Definition 2.22]). Consider a multi-objective optimi-
zation problem (MOP). If existent, we call

𝑦I ≔

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

min𝑥∈𝒳 𝑔1(𝑥)
min𝑥∈𝒳 𝑔2(𝑥)

⋮
min𝑥∈𝒳 𝑔𝑝(𝑥)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠
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𝑔1

𝑔2

𝒴

𝒴SN

(a) Supported nondominated points 𝒴SN

𝑔1

𝑔2

𝒴

𝑦𝐼

(b) Ideal point

Figure 2.2: Supported nondominated points and ideal point

its ideal point. Furthermore, we say that that (MOP) has the ideal point property if

min
𝑥∈𝒳

𝑔𝑖(𝑥) exists for all 𝑖 = 1, 2, … , 𝑝. (2.1)

The ideal point is illustrated in Figure 2.2b. Clearly, the outcome set lies in the upper
right quadrant of the ideal point, i.e., 𝒴 ⊆ 𝑦𝐼 + ℝ𝑝

≧. Thus, if the ideal point exists, we
can always “shift” 𝒴 by −𝑦𝐼 and assume without loss of generality that 𝒴 lies in the
nonnegative orthant ℝ𝑝

≧.

Definition 2.4 (Henig [Hen86]). A multi-objective optimization problem (MOP) has
the domination property, if

for all 𝑦 ∈ 𝒴 ∖ 𝒴N there exists a point 𝑦′ ∈ 𝒴N with 𝑦′ ⪇ 𝑦. (2.2)

In case a multi-objective optimization problem (MOP) has the domination property,
its nondominated set 𝒴N is at times called externally stable (see, [Ehr05, Definition 2.20]).

The following result is well known.

Lemma 2.5. Let a multi-objective problem (MOP) be given. If 𝒳 is finite, or if 𝒳 is compact
and 𝑔 is continuous, then both the ideal point property (2.1) and the domination property (2.2)
hold.

Proof. For (2.1) this is a consequence of Weierstrass’ Extreme Value Theorem, for (2.2)
we refer to [Hen86] or [Ehr05, Theorem 2.21].

2.2 ROBUST OP T IM I ZAT ION, BUT S INGLE -OB J E C T I V E

Robust optimization deals with uncertain optimization problems, i.e., problems with
some uncertain parameters 𝜉 ∈ ℝ𝑚 which depend on measurements, future develop-
ments, delays or other uncertainties. Every 𝜉 is called a scenario and stems from a known
set of all possible scenarios𝒰 ⊆ ℝ𝑚 whichwe call uncertainty set. A (single-objective) un-
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certain optimization problem is described by a family of parameterized optimization prob-
lems

min ℎ(𝑥, 𝜉)
s.t. 𝐻𝑗(𝑥, 𝜉) ≤ 0 ∀𝑗 = 1, 2, … , 𝐽

𝑥 ∈ 𝒳
(P(𝜉))

with feasible set𝒳 ⊆ ℝ𝑛, objective function ℎ∶ 𝒳×𝒰 → ℝ and constraints𝐻𝑗 ∶ 𝒳×𝒰 → ℝ,
𝑗 = 1, 2, … , 𝐽. We can then write P(𝒰) ≔ {P(𝜉) ∶ 𝜉 ∈ 𝒰} or

⎧{{
⎨{{⎩

min ℎ(𝑥, 𝜉)
s.t. 𝐻𝑗(𝑥, 𝜉) ≤ 0 ∀𝑗 = 1, 2, … , 𝐽

𝑥 ∈ 𝒳

⎫}}
⎬}}⎭𝜉∈𝒰

. (P(𝒰))

For the sake of shorter notation, we use 𝒳𝜉 to refer to the feasible set of P(𝜉), that is,

𝒳𝜉 ≔ {𝑥 ∈ 𝒳 ∶ 𝐻𝑗(𝑥, 𝜉) ≤ 0 ∀𝑗 = 1, 2, … , 𝐽}.

If an optimization problem is uncertain, there usually is no solution that is optimal for
all scenarios. Instead one aims to find robust (optimal) solutions which are feasible and
reasonably good for all (or most) scenarios.
Example 2.6. Consider an uncertain optimization problem with three solutions 𝒳 =
{𝑥1, 𝑥2, 𝑥3} that are all feasible under all scenarios 𝒰 = {𝜉1, 𝜉2, 𝜉3}, i.e., 𝒳𝜉 = 𝒳 for all
𝜉 ∈ 𝒰 . The objective values, however, depend on the scenario and are depicted in Fig-
ure 2.3. We can see that for the first and the second scenario solution 𝑥1 is minimal.
However, if the third scenario materializes, 𝑥3 is the optimal solution.

ℎ(⋅, 𝜉1)

ℎ(⋅, 𝜉2)

ℎ(⋅, 𝜉3)

𝑥1

𝑥1

𝑥1

𝑥2

𝑥2

𝑥2

𝑥3

𝑥3

𝑥3

Figure 2.3: An uncertain optimization problem

Many robustness concepts have been defined (see, e.g., Goerigk and Schöbel [GS16]
for an overview on different robustness concepts). In the following, we will restate two
of the most commonly used concepts, that are relevant for the thesis. For a detailed ac-
count on the subject of robust optimization, we refer to the books Robust Optimization by
Ben-Tal, El Ghaoui and Nemirovski [BTEN09], Robust discrete optimization and its applica-
tions by Kouvelis and Yu [KY13], and Robust and Adaptive Optimization by Bertsimas and
Hertog [BH22].

M INMAX ROBUSTNE S S ( ST R I C T ROBUSTNE S S ) . A basic, albeit quite conservative
robustness concept is minmax robustness (sometimes also strict robustness). Its idea is to
only consider those solutions that are feasible for all scenarios and evaluate each solution
in their individual worst-case scenario. This leads to the following definition.
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Definition 2.7 (see, e.g., [BTEN09]). Given an uncertain optimization problem (P(𝒰))
we call the problem

min sup
𝜉∈𝒰

ℎ(𝑥, 𝜉)

s.t. 𝐻𝑗(𝑥, 𝜉) ≤ 0 ∀𝑗 = 1, 2, … , 𝐽 ∀𝜉 ∈ 𝒰
𝑥 ∈ 𝒳

(RC(𝒰))

its robust counterpart.
A solution 𝑥 ∈ 𝒳 to the uncertain problem (P(𝒰)) is called strictly robust feasible if it
is feasible for the robust counterpart (RC(𝒰)), and is called minmax robust (optimal) or
strictly robust (optimal), if it is an optimal solution to the robust counterpart (RC(𝒰)).

In general, uncertainty can occur in both the objective and the constraints. However,
since by introducing a bottleneck variable 𝑦 the uncertain problem (P(𝒰)) can be refor-
mulated as

⎧{{{{{
⎨{{{{{⎩

min 𝑦
s.t. ℎ(𝑥, 𝜉) ≤ 𝑦

𝐻𝑗(𝑥, 𝜉) ≤ 0 ∀𝑗 = 1, 2, … , 𝐽
𝑥 ∈ 𝒳
𝑦 ∈ ℝ

⎫}}}}}
⎬}}}}}⎭𝜉∈𝒰

(PBN(𝒰))

and the reformulation’s robust counterpart

min 𝑦
s.t. ℎ(𝑥, 𝜉) ≤ 𝑦 ∀𝜉 ∈ 𝒰

𝐻𝑗(𝑥, 𝜉) ≤ 0 ∀𝑗 = 1, 2, … , 𝐽 ∀𝜉 ∈ 𝒰
𝑥 ∈ 𝒳
𝑦 ∈ ℝ

(RCBN(𝒰))

is equivalent to the robust counterpart (RC(𝒰)), it is often assumed without loss of gen-
erality that uncertainty only occurs in the constraints (see [BTEN09]). We will see, how-
ever, that this simplification is not quite so straightforward in the case of uncertainmulti-
objective problems, where its validity depends on which generalization of minmax ro-
bustness is chosen.

In the following we will use

𝒳𝒰 ≔ ⋂
𝜉∈𝒰

𝒳𝜉 = {𝑥 ∈ 𝒳 ∶ 𝐻𝑗(𝑥, 𝜉) ≤ 0 ∀𝑗 = 1, 2, … , 𝐽 ∀𝜉 ∈ 𝒰}
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to denote the set of those solutions that are (strictly) robust feasible, i.e., feasible under
all possible scenarios 𝜉 ∈ 𝒰 . The robust counterpart (RC(𝒰)) can then alternatively be
written as

min
⎧{
⎨{⎩
sup
𝜉∈𝒰

𝑓 (𝑥, 𝜉) ∶ 𝑥 ∈ 𝒳𝒰
⎫}
⎬}⎭

. (short formulation of RC(𝒰))

If uncertainty occurs only in the objective, whilst the constraints remain deterministic,
we have 𝒳𝒰 = 𝒳 .
Example 2.6 (Continued). The fourth axis in Figure 2.4 shows the worst-case objective
value for all solutions in 𝒳𝒰 = 𝒳 = {𝑥1, 𝑥2, 𝑥3}. As sup𝜉∈𝒰 𝑓 (𝑥3) is minimal, 𝑥3 is minmax
robust optimal.

ℎ(⋅, 𝜉1)

ℎ(⋅, 𝜉2)

ℎ(⋅, 𝜉3)

𝑥1

𝑥1

𝑥1

𝑥2

𝑥2

𝑥2

𝑥3

𝑥3

𝑥3

sup𝜉∈𝒰 ℎ(⋅)
𝑥1𝑥2𝑥3

Figure 2.4: Minmax robustness

REGRE T ROBUSTNE S S . An alternative robustness concept,which is often used in port-
folio optimization (see, e.g., [Sim+18]), is called regret robustness. The idea is to measure
a decision maker’s regret as the gap between the objective value of their chosen solution
and what would have been the optimal solution for the scenario that materializes.

Definition 2.8. A solution 𝑥 ∈ 𝒳 to a given uncertain problem (P(𝒰)) is called regret
robust optimal, if it is optimal to the regret robust counterpart

min sup
𝜉∈𝒰

(ℎ(𝑥, 𝜉) − min
𝑥∗∈𝒳

ℎ(𝑥∗, 𝜉))

s.t. 𝐻𝑗(𝑥, 𝜉) ≤ 0 ∀𝑗 = 1, 2, … , 𝐽, ∀𝜉 ∈ 𝒰
𝑥 ∈ 𝒳.

(RRC(𝒰))

Here,

𝑟(𝑥, 𝜉) ≔ ℎ(𝑥, 𝜉) − min
𝑥∗∈𝒳

ℎ(𝑥∗, 𝜉) (2.3)

is the function measuring the decision maker’s regret if solution 𝑥 is chosen and scen-
ario 𝜉 materializes. It is called regret function. As in the case of strict robustness, we can
write the robust feasible set as 𝒳𝒰 . After rearranging the objective we get

min
⎧{
⎨{⎩

sup
(𝜉,𝑥∗)∈𝒰×𝒳

(ℎ(𝑥, 𝜉) − ℎ(𝑥∗, 𝜉)) ∶ 𝑥 ∈ 𝒳𝒰
⎫}
⎬}⎭

. (short formulation of RRC(𝒰))
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In this alternative formulation, it is more apparent that the regret robust counterpart still
has the structure of a minmax problem – just with a more complicated objective.
Example 2.6 (Continued). For each solution in 𝒳 = {𝑥1, 𝑥2, 𝑥3} its worst-case regret
sup𝜉∈𝒰 𝑟(𝑥, 𝜉) is depicted by the length of the arrows in Figure 2.5. Since the worst-case
regret is minimal for 𝑥2, solution 𝑥2 is regret robust optimal.

ℎ(⋅, 𝜉1)

ℎ(⋅, 𝜉2)

ℎ(⋅, 𝜉3)

𝑥1

𝑥1

𝑥1

𝑥2

𝑥2

𝑥2

𝑥3

𝑥3

𝑥3

Figure 2.5: Regret robustness

All observation from Example 2.6 are summarized in Table 2.1.

A solution 𝑥 is… …if it minimizes 𝑥1 𝑥2 𝑥3
optimal w.r.t. scenario 𝜉1 ℎ(⋅, 𝜉1) ×
optimal w.r.t. scenario 𝜉2 ℎ(⋅, 𝜉2) ×
optimal w.r.t. scenario 𝜉3 ℎ(⋅, 𝜉3) ×
minmax robust optimal sup𝜉∈𝒰 ℎ(⋅, 𝜉) ×
regret robust optimal sup𝜉∈𝒰 (ℎ(⋅, 𝜉) − min𝑥∗∈𝒳 ℎ(𝑥∗, 𝜉)) ×

Table 2.1: Observations from Example 2.6

2.3 MULT I -O B J E C T I V E ROBUST OP T IM I ZAT ION

Real-world optimization problems often have multiple objective functions and involve
uncertainty.We considermulti-objective optimization problemswhich depend on a scen-
ario 𝜉 ∈ 𝒰 ⊆ ℝ𝑚. A family of such problems

⎧{{{{
⎨{{{{⎩

min

⎧{{{{
⎨{{{{⎩

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

𝑓1(𝑥, 𝜉)
𝑓2(𝑥, 𝜉)

⋮
𝑓𝑝(𝑥, 𝜉)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

∶
𝐹𝑗(𝑥, 𝜉) ≤ 0 ∀𝑗 = 1, 2, … , 𝐽

𝑥 ∈ 𝒳

⎫}}}}
⎬}}}}⎭

⎫}}}}
⎬}}}}⎭𝜉∈𝒰

(MOP(𝒰))

with feasible set 𝒳 ⊆ ℝ𝑛, uncertainty set 𝒰 ⊆ ℝ𝑚, objectives 𝑓𝑖 ∶ 𝒳 ×𝒰 → ℝ, 𝑖 = 1, 2, … , 𝑝,
and constraints 𝐹𝑗 ∶ 𝒳 × 𝒰 → ℝ, 𝑗 = 1, 2, … , 𝐽, is called an uncertain multi-objective optimi-
zation problem. As for single-objective problems, we write

𝒳𝒰 ≕ ⋂
𝜉∈𝒰

𝒳𝜉 = {𝑥 ∈ 𝒳 ∶ ∶ 𝐹𝑗(𝑥, 𝜉) ≤ 0 ∀𝑗 = 1, 2, … , 𝐽 ∀𝜉 ∈ 𝒰}

to denote the (strictly) robust feasible set.
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Example 2.9. In Figure 2.6 an example of an uncertain multi-objective optimization prob-
lem (MOP(𝒰)) is shown. For three possible solutions 𝒳 ≔ {𝑥1, 𝑥2, 𝑥3} (shown in differ-
ent colors), that are all robust feasible, i.e., 𝒳𝒰 = 𝒳 , their outcomes are shown for four
different scenarios 𝒰 ≔ {𝜉1, 𝜉2, 𝜉3, 𝜉4} (depicted using different shapes). Let us consider
the deterministic problems (P(𝜉)), 𝜉 ∈ 𝒰 , individually: If the first scenario 𝜉1 material-
izes, solutions 𝑥2 and 𝑥3 are efficient, whereas 𝑥1 is not efficient, since 𝑓 (𝑥1, 𝜉1) is dom-
inated by 𝑓 (𝑥2, 𝜉1). In the second scenario 𝜉2 solutions 𝑥1 and 𝑥2 are efficient, and in the
third scenario 𝜉3 solutions 𝑥1 and 𝑥3 are efficient. Finally, in the fourth scenario 𝜉4 only
𝑥1 is efficient.

𝑓1

𝑓2

𝑓 (𝑥1, 𝜉1)

𝑓 (𝑥1, 𝜉2)

𝑓 (𝑥1, 𝜉3)

𝑓 (𝑥1, 𝜉4)𝑓 (𝑥2, 𝜉1)

𝑓 (𝑥2, 𝜉2)

𝑓 (𝑥2, 𝜉3)

𝑓 (𝑥2, 𝜉4)

𝑓 (𝑥3, 𝜉1)

𝑓 (𝑥3, 𝜉2)

𝑓 (𝑥3, 𝜉3)
𝑓 (𝑥3, 𝜉4)

Figure 2.6: An uncertain multi-objective optimization problem

We are interested in finding efficient solutions to the uncertain multi-objective opti-
mization problem which are robust. Since 𝒰 is varied within some of the proposed al-
gorithms, we refer to the specific set 𝒰 in the notation MOP(𝒰).
Several ways to generalize minmax robustness to multi-objective uncertain problems

have been proposed (see [IS16; WD16] for surveys, [Eic21, Section 8] and the references
therein for a more recent introduction). The concepts relevant to this thesis are intro-
duced in the following.

PO INT- BA S ED M INMAX ROBUST E F F I C I ENCY. One way to generalize the concept
of minmax robustness to multi-objective problems is to consider the worst-case scenario
for each objective individually. The resulting problem we call the multi-objective robust
counterpart

min
𝑥∈𝒳𝒰

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

sup𝜉∈𝒰 𝑓1(𝑥, 𝜉)
sup𝜉∈𝒰 𝑓2(𝑥, 𝜉)

⋮
sup𝜉∈𝒰 𝑓𝑝(𝑥, 𝜉)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

. (MORC(𝒰))
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To improve readability, we define

𝑓 𝒰
𝑖 (𝑥) ≔ sup

𝜉∈𝒰
𝑓𝑖(𝑥, 𝜉) (2.4)

for all 𝑖 = 1, 2, … , 𝑝 and set

𝑓 𝒰(𝑥) ≔ (𝑓 𝒰
1 (𝑥), 𝑓 𝒰

2 (𝑥), … , 𝑓 𝒰
𝑝 (𝑥))

⊤
(2.5)

as the vector containing all 𝑝 objective functions. Note that

𝑓 𝒰′(𝑥) ≦ 𝑓 𝒰(𝑥) for 𝒰 ′ ⊆ 𝒰 . (2.6)

The multi-objective robust counterpart (MORC(𝒰)) can hence be interpreted as a
(deterministic) multi-objective problem (MOP) with 𝒳𝒰 ≔ ⋂𝜉∈𝒰 𝒳𝜉 as its feasible set
and 𝑔 ≔ 𝑓 𝒰 as objective function. This point of view is later taken in Chapters 4 and 5,
specifically, in Algorithms 5.2 and 5.3.
The multi-objective robust counterpart leads to the definition of point-based minmax

robust efficiency.

Definition 2.10 (Kuroiwa andLee [KL12]; Kuhn, Raith, Schmidt and Schöbel [Kuh+16]).

Given an uncertain multi-objective optimization problem (MOP(𝒰)), a solution 𝑥 ∈ 𝒳𝒰
is called

• point-based minmax robust efficient if there is no solution 𝑥′ ∈ 𝒳𝒰 ∖ {𝑥} such that
𝑓 𝒰(𝑥′) ⪇ 𝑓 𝒰(𝑥),

• point-based minmax robust strictly efficient if there is no solution 𝑥′ ∈ 𝒳𝒰 ∖ {𝑥} such
that 𝑓 𝒰(𝑥′) ≦ 𝑓 𝒰(𝑥), and

• point-based minmax robust weakly efficient if there is no solution 𝑥′ ∈ 𝒳𝒰 ∖ {𝑥} such
that 𝑓 𝒰(𝑥′) < 𝑓 𝒰(𝑥).

Example 2.9 (Continued). Figure 2.7 shows the objective-wiseworst-case outcomes 𝑓 𝒰(𝑥)
for all solutions 𝑥 ∈ 𝒳𝒰 . One can see that 𝑓 𝒰(𝑥1) dominates both 𝑓 𝒰(𝑥2) and 𝑓 𝒰(𝑥3). Thus,
𝑥1 is the only solution that is point-based minmax robust efficient.
We observe that finding point-based minmax robust (weakly/strictly) efficient solu-

tions to an uncertain multi-objective optimization problem (MOP(𝒰)) is tantamount to
determining (weakly/strictly) efficient solutions to a deterministic multi-objective opti-
mization problem with a supremum in each objective: the multi-objective robust coun-
terpart (MORC(𝒰)).
Point-based minmax robust efficiency will be central in Chapters 3 to 5.

S E T- BA S ED M INMAX ROBUST E F F I C I ENCY. Adifferent approach to evaluate a robust
feasible solution 𝑥 ∈ 𝒳𝒰 is to consider the set of possible outcomes

𝑓𝒰(𝑥) ≔ {𝑓 (𝑥, 𝜉) ∶ 𝜉 ∈ 𝒰} ⊆ ℝ𝑝. (2.7)
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𝑓1

𝑓2

𝑓 𝒰(𝑥1)

𝑓 𝒰(𝑥2)
𝑓 𝒰(𝑥3)

Figure 2.7: Point-based minmax robust efficiency

Analogous to (2.6) we observe

𝑓𝒰′(𝑥) ⊆ 𝑓𝒰(𝑥) for 𝒰 ′ ⊆ 𝒰 . (2.8)

Considering the set 𝑓𝒰(𝑥) instead of the point 𝑓 𝒰(𝑥) leads to the definition of set-based
minmax robust efficiency.

Definition 2.11 (Ehrgott, Ide and Schöbel [EIS14, Definition 3.1]). Given an uncertain
multi-objective optimization problem (MOP(𝒰)), a solution 𝑥 ∈ 𝒳𝒰 is called

• set-basedminmax robust efficient if there is no solution 𝑥′ ∈ 𝒳𝒰∖{𝑥} such that 𝑓𝒰(𝑥′) ⊆
𝑓𝒰(𝑥) − ℝ𝑝

⪈,

• set-based minmax robust strictly efficient if there is no solution 𝑥′ ∈ 𝒳𝒰 ∖{𝑥} such that
𝑓𝒰(𝑥′) ⊆ 𝑓𝒰(𝑥) − ℝ𝑝

≧, and

• set-based minmax robust weakly efficient if there is no solution 𝑥′ ∈ 𝒳𝒰 ∖{𝑥} such that
𝑓𝒰(𝑥′) ⊆ 𝑓𝒰(𝑥) − ℝ𝑝

>.

Note that set-based minmax robust efficiency has originally been introduced for prob-
lemswith uncertainty limited to the objectives. However, the generalizationmade above
is straightforward and consistent with both the definition of minmax robust optimality
in the single-objective case (Definition 2.7) and the definition of point-based minmax
robust efficiency (Definition 2.10).
Example 2.9 (Continued). Figure 2.8 shows the upper boundary of the area 𝑓𝒰(𝑥) − ℝ≧
for all solutions 𝑥 in 𝒳 = {𝑥1, 𝑥2, 𝑥3}. In Figure 2.8a one can see that all elements of
𝑓𝒰(𝑥1) lie in the green area, that is, 𝑓𝒰(𝑥2) − ℝ𝑝

⪈. Therefore, 𝑥2 is not set-based minmax
robust efficient, whereas 𝑥1 and 𝑥3 are set-based minmax robust efficient since neither
the orange, that is, 𝑓𝒰(𝑥1) − ℝ𝑝

⪈, nor the blue area, that is, 𝑓𝒰(𝑥3) − ℝ𝑝
⪈, in Figure 2.8b

contain all possible outcomes of another solution.
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𝑓1

𝑓2

(a) Solution 𝑥2 is not set-based minmax robust
efficient

𝑓1

𝑓2

(b) Solutions 𝑥1 and 𝑥3 are set-based minmax
robust efficient

Figure 2.8: Set-based minmax robust efficiency

HULL - BA S ED M INMAX ROBUST E F F I C I ENCY. A third approach is to consider the
convex hull of the set of possible outcomes 𝑓𝒰(𝑥). This leads to the definition of hull-
based minmax robust efficiency.

Definition 2.12 (Bokrantz and Fredriksson [BF17]). Given an uncertain multi-objective
optimization problem (MOP(𝒰)), a solution 𝑥 ∈ 𝒳𝒰 is called

• hull-based minmax robust efficient if there is no solution 𝑥′ ∈ 𝒳𝒰 ∖ {𝑥} such that
𝑓𝒰(𝑥′) ⊆ conv (𝑓𝒰(𝑥)) − ℝ𝑝

⪈,

• hull-based minmax robust strictly efficient if there is no solution 𝑥′ ∈ 𝒳𝒰 ∖ {𝑥} such
that 𝑓𝒰(𝑥′) ⊆ conv (𝑓𝒰(𝑥)) − ℝ𝑝

≧, and

• hull-based minmax robust weakly efficient if there is no solution 𝑥′ ∈ 𝒳𝒰 ∖ {𝑥} such
that 𝑓𝒰(𝑥′) ⊆ conv (𝑓𝒰(𝑥)) − ℝ𝑝

>.

Example 2.9 (Continued). For all solutions in 𝒳 = {𝑥1, 𝑥2, 𝑥3} Figure 2.9 shows the up-
per boundary of the set conv (𝑓𝒰(𝑥)) − ℝ𝑝

≧. Observe that 𝑓𝒰(𝑥1) ⊆ conv (𝑓𝒰(𝑥2)) − ℝ𝑝
⪈

and 𝑓𝒰(𝑥1) ⊆ conv (𝑓𝒰(𝑥3)) − ℝ𝑝
⪈ (see Figure 2.9a). Thus, 𝑥2 and 𝑥3 are not hull-based

minmax robust efficient and 𝑥1 is the only solution that is (see Figure 2.9b).

𝑓1

𝑓2

(a) Solutions 𝑥2 and 𝑥3 are not hull-based min-
max robust efficient

𝑓1

𝑓2

(b) Solution 𝑥1 is hull-based minmax robust ef-
ficient

Figure 2.9: Hull-based minmax robust efficiency
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Set-based and hull-based minmax robust efficiency are investigated in Chapter 6.
Since in the special case 𝑝 = 1 point-based/set-based/hull-based minmax robust ef-

ficiency all reduce to minmax robust optimality, these concept all constitute possible
generalizations of minmax robustness to multi-objective problems.
It is known that for any solution 𝑥 ∈ 𝒳 , point-based minmax robust strict efficiency

implies hull-based minmax robust strict efficiency and hull-based minmax robust effi-
ciency implies set-based minmax robust efficiency (c.f. [BF17, Proposition 5.2]). In gen-
eral, the reverse is not true. However, in the case of objective-wise uncertainty, i.e., if
𝒰 = 𝒰1 × 𝒰2 × ⋯ × 𝒰𝑝 and 𝑓𝑖 ∶ 𝒰𝑖 × 𝒳 → ℝ, 𝑖 = 1, 2, … , 𝑝, all three concepts coincide
(see [IS16, Lemma 39]).

R EGRE T ROBUST E F F I C I ENCY We recall the regret function in the single-objective
case:

𝑟(𝑥, 𝜉) ≔ ℎ(𝑥, 𝜉) − min
𝑥∗∈𝒳

ℎ(𝑥∗, 𝜉). (2.3 revisited)

In a multi-objective setting this can be generalized to

𝑟(𝑥, 𝜉) =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

𝑟1(𝑥, 𝜉)
𝑟2(𝑥, 𝜉)

⋮
𝑟𝑝(𝑥, 𝜉)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

≔

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

𝑓1(𝑥, 𝜉) − min𝑥∗∈𝒳 𝑓1(𝑥∗, 𝜉)
𝑓2(𝑥, 𝜉) − min𝑥∗∈𝒳 𝑓2(𝑥∗, 𝜉)

⋮
𝑓𝑝(𝑥, 𝜉) − min𝑥∗∈𝒳 𝑓𝑝(𝑥∗, 𝜉)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

= 𝑓 (𝑥, 𝜉) − 𝑦𝐼(𝜉), (2.9)

where 𝑦𝐼(𝜉) is the ideal point of MOP(𝜉). This leads to the multi-objective regret robust
counterpart

min
𝑥∈𝒳𝒰

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

sup𝜉∈𝒰 (𝑓1(𝑥, 𝜉) − min𝑥∗∈𝒳 𝑓1(𝑥∗, 𝜉))
sup𝜉∈𝒰 (𝑓2(𝑥, 𝜉) − min𝑥∗∈𝒳 𝑓2(𝑥∗, 𝜉))

⋮
sup𝜉∈𝒰 (𝑓𝑝(𝑥, 𝜉) − min𝑥∗∈𝒳 𝑓𝑝(𝑥∗, 𝜉))

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

. (MORRC(𝒰))

Definition 2.13 (Groetzner and Werner [GW22]). Given an uncertain multi-objective
optimization problem (MOP(𝒰)), a solution 𝑥 ∈ 𝒳𝒰 is called (point-based) regret robust
(strictly/weakly) efficient if it is an (strictly/weakly) efficient solution to the multi-object-
ive regret robust counterpart (MORRC(𝒰)).

Note that the definition by [GW22] only covers problems where the uncertainty only
occurs in the objectives, i.e., 𝒳𝜉 = 𝒳 for all 𝜉 ∈ 𝒰 . Regret robust efficiency is discussed
in Chapter 7.
Example 2.9 (Continued). Figure 2.10 visualizes regret robust efficiency. In Figure 2.10a
the ideal point 𝑦𝐼(𝜉) for each scenario 𝜉 is shown. In Figures 2.10b and 2.10c the points
𝑓 (𝑥, 𝜉) are shifted in direction −𝑦𝐼(𝜉). This leads to the multi-objective regret 𝑟(𝑥, 𝜉) =
𝑓 (𝑥, 𝜉) − 𝑦𝐼(𝜉) which is visualized in Figure 2.10d (enlarged for better visibility). Finally,
Figures 2.10e and 2.10f show the objective value of each solution of the regret robust
counterpart (MORRC(𝒰)). The outcome of solution 𝑥1 is dominated by both 𝑥2 and 𝑥3.
The latter two, however, are not dominated. Hence, 𝑥2 and 𝑥3 are regret robust efficient.
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𝑓1

𝑓2

𝑓 (𝑥1, 𝜉1)

𝑓 (𝑥1, 𝜉2)

𝑓 (𝑥1, 𝜉3)

𝑓 (𝑥1, 𝜉4)𝑓 (𝑥2, 𝜉1)

𝑓 (𝑥2, 𝜉2)

𝑓 (𝑥2, 𝜉3)

𝑓 (𝑥2, 𝜉4)

𝑓 (𝑥3, 𝜉1)

𝑓 (𝑥3, 𝜉2)

𝑓 (𝑥3, 𝜉3)
𝑓 (𝑥3, 𝜉4)

(a) Computing the ideal points 𝑦𝐼(𝜉)…

𝑓1

𝑓2

𝑦𝐼(𝜉1)

𝑦𝐼(𝜉2)

𝑦𝐼(𝜉3)

𝑦𝐼(𝜉4)

(b) …for all scenarios 𝜉and shifting…

𝑓1

𝑓2

−𝑦𝐼(𝜉1)

−𝑦𝐼(𝜉1)

−𝑦𝐼(𝜉1)

(c) …all points 𝑓 (𝑥, 𝜉) by the vector −𝑦𝐼(𝜉)…

𝑟1

𝑟2

𝑟(𝑥1, 𝜉1)

𝑟(𝑥1, 𝜉2)

𝑟(𝑥1, 𝜉3)

𝑟(𝑥2, 𝜉1)

𝑟(𝑥2, 𝜉2)

𝑟(𝑥2, 𝜉3)

𝑟(𝑥2, 𝜉4)

𝑟(𝑥3, 𝜉1)

𝑟(𝑥3, 𝜉2)

𝑟(𝑥3, 𝜉3)

𝑟(𝑥3, 𝜉4)

(d) …results in the regret 𝑟(𝑥, 𝜉).

𝑟1

𝑟2

(e) Comparing the coordinate-wise maximum
regret of each solution…

𝑟1

𝑟2

⎛⎜⎜
⎝

sup𝜉∈𝒰 𝑟1(𝑥1, 𝜉)
sup𝜉∈𝒰 𝑟2(𝑥1, 𝜉)

⎞⎟⎟
⎠

⎛⎜⎜
⎝

sup𝜉∈𝒰 𝑟1(𝑥2, 𝜉)
sup𝜉∈𝒰 𝑟2(𝑥2, 𝜉)

⎞⎟⎟
⎠

⎛⎜⎜
⎝

sup𝜉∈𝒰 𝑟1(𝑥3, 𝜉)
sup𝜉∈𝒰 𝑟2(𝑥3, 𝜉)

⎞⎟⎟
⎠

(f) …then shows that 𝑥2 and 𝑥3 are regret robust
efficient.

Figure 2.10: Regret robust efficiency
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The observations about the problem in Example 2.9 made in Figures 2.6 to 2.10 are
summarized in Table 2.2.

A solution 𝑥 is… …if ∄𝑥′ ∈ 𝒳 such that 𝑥1 𝑥2 𝑥3
efficient w.r.t. scenario 𝜉1 𝑓 (𝑥′, 𝜉1) ⪇ 𝑓 (𝑥, 𝜉1) × ×
efficient w.r.t. scenario 𝜉2 𝑓 (𝑥′, 𝜉2) ⪇ 𝑓 (𝑥, 𝜉2) × ×
efficient w.r.t. scenario 𝜉3 𝑓 (𝑥′, 𝜉3) ⪇ 𝑓 (𝑥, 𝜉3) × ×
efficient w.r.t. scenario 𝜉4 𝑓 (𝑥′, 𝜉4) ⪇ 𝑓 (𝑥, 𝜉4) ×
point-based minmax robust efficient 𝑓 𝒰(𝑥′) ⪇ 𝑓 𝒰(𝑥) ×
set-based minmax robust efficient 𝑓𝒰(𝑥′) ⊆ 𝑓𝒰(𝑥) − ℝ𝑝

⪈ × ×
hull-based minmax robust efficient 𝑓𝒰(𝑥′) ⊆ conv (𝑓𝒰(𝑥)) − ℝ𝑝

⪈ ×
regret robust efficient sup𝜉∈𝒰 𝑟(𝑥′, 𝜉) ⪇ sup𝜉∈𝒰 𝑟(𝑥, 𝜉) × ×

Table 2.2: Observations from Example 2.9

2.4 L I T E RATURE REV I EW

CONCEP T S FOR MULT I-O B J E C T I V E ROBUSTNE S S . In order to find a good solution for
an uncertain multi-objective problem, a notion of what constitutes a robust efficient solu-
tion has to be formulatedfirst. Aswehave seen in Section 2.3, this is not trivial, since there
is no straightforward way to generalize the concept of Pareto optimality used in multi-
objective optimization to uncertainmulti-objective problems or to generalize a given no-
tion of robustness tomulti-objective problems. In the context of this thesis three different
generalizations of minmax robustness to multi-objective problems called set-based (see
[EIS14]), hull-based (see [BF17]), and point-based minmax efficiency (see [KL12]), as well
as regret-robust efficiency (see [RY13; Xid+17; GW22]), are the most important concepts.
However, over the years, several concepts for robust multi-objective efficiency have been
proposed (see [IS16; WD16] for surveys). Some further approaches based on sets exist,
such as lower set less ordered efficiency, (alternative) set less ordered efficiency and certainly
less ordered efficiency (see [IK14]). The relationship to set-valued optimization has been in-
vestigated (see [Ide+14]). A concept related to point-based minmax robust efficiency is
called properly robust efficiency (see [KL12]). Lightly robust efficiency (see [Kuh+16] for the
case of only one uncertain objective; see [IS16] for a generalization) has been shown to
be a good compromise between more conservative approaches such as minmax robust-
ness and an approach solely based on the nominal scenario (see [SZK21]). The oldest
concepts are the notion of flimsily efficient (sometimes: possibly efficient) and highly effi-
cient (sometimes: necessarily efficient) solutions (see, e.g., [Bit80; IS96; Kuh+16; ES20])
describing solutions that are efficient for at least one or for all considered scenarios, re-
spectively. Closely related concepts are local highly (robust) efficiency (see [GLP13]) and
relative deviation robustness (see [NKM13] under the name robustness with respect to a set
of scenarios). The latter can be seen as a generalization of highly robust weak efficiency.
Other notable concepts include multi-scenario efficiency, which builds upon the idea of

treating each scenario as an objective (see [BS19], with ideas from [Fad+05; Wie+09]),
multi-criteria adjustable robustness (see [Hal+24]), local efficiencyw.r.t. the robust counterpart
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(see [Chu20] under the name local robust Pareto solution), parameter-robust efficiency (see
[WD16], for the original concepts see [DW09; WOBD13]), mean efficient regularization
robust solutions (see [DG06]), and insensitive solutions (see [GA05]).More concepts, such
as nominal-efficiency under strictly robust feasibility (see [KDD16]), have been introduced
but are inspired by specific applications. An overview of some of these concepts and
their relationship is given in a survey by Ide and Schöbel (see [IS16]).

P ROPERT I E S O F M INMAX ROBUST E F F I C I ENCY. For point-basedminmax robust effi-
ciencymany theoretical results exist: Goberna, Jeyakumar, Li andVicente-Pérez consider
specific forms of data uncertainty (box data uncertainty, norm data uncertainty, ellips-
oidal uncertainty) and provide deterministic reformulations (see [Gob+15]). Function-
wise box uncertainty with a limited sum of deviations has been considered byHassanza-
deh, Nemati and Sun; Fliege andWerner (see [HNS13; FW14]). Antczak, Pandey, Singh
and Mishra establish necessary and sufficient conditions for robust 𝜖-efficient solutions
for uncertain nonsmooth multi-objective optimization problems, but no algorithmic
method is provided (see [Ant+20]). Separation results and some characterizations of
optimality are developed by Wei, Chen and Li (see [WCL20b; WCL20a] ), and the ro-
bustness gap for point-based minmax robust efficiency has been introduced by Krüger,
Schöbel, Fritzen and Wiecek (see [Krü+23]). The high degree of conservativeness of
multi-objective minmax robustness and point-based minmax robust efficient solutions
in particular, has lead to research on the price of multi-objective robustness (see [SZK21],
inspired by [BS04]). Furthermore, for a given solution, its degree of robustness has been in-
vestigated (see [BA06]). Point-based minmax robust efficiency has been generalized to
efficiency w.r.t. to a general cone (see [WLC15; Ide+14]) and it has been applied to decision
robustness by Eichfelder, Krüger and Schöbel (see [EKS17]).

As a general algorithmic idea,many authors suggest scalarization approaches transfer-
ring a robust multi-objective problem to a single-objective robust problem, e.g., [EIS14;
Ide+14; Gob+15], but the approaches proposed in those papers are still on an abstract
level and only capable of finding some robust efficient solutionswhile this thesis provides
concrete algorithms for determining a representative set of all supported robust effi-
cient solutions. Other algorithmic approaches consider special cases, e.g., cardinality-
constrained uncertainty for combinatorial problems (see [Rai+18b]), uncertain multi-
objective shortest-path problems [Rai+18a] or cardinality-constrained box uncertainty
in the context of portfolio selection problems [HNS14].
For set-based minmax robust efficiency, fewer results exist. Eichfelder and Quintana

show that under certain conditions the underlying set optimization problem can be re-
formulated into a multi-objective optimization problem, which then can be solved by
methods from multi-objective optimization (see [EQ24]). Which conditions have to be
met for robustification and scalarization to commute is investigated by Caprari, Cerboni
Baiardi and Molho (see [CCBM22], building on similar work for point-based minmax
robust efficiency in [FW14]).

Some of the reviewed literature will be discussed in more detail at a later point when
the context of this thesis warrants it.
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OPT IM I ZAT ION - P E S S IM I ZAT ION FOR MULT I-
OB J ECT I VE OPT IM I ZAT ION

In this chapter, we take the perspective of a robust optimizer and apply amethod known
from robust optimization.More precisely, we use a cutting plane approach, called optimi-
zation-pessimization, which is designed to findminmax robust solutions of uncertain (but
single-objective) optimization problems. The approach is reviewed in Section 3.1 and
then extended to multi-objective optimization problems. In Section 3.2 multi-objective
optimization problems with uncertain objectives are considered. We present a multi-
objective version of the optimization-pessimization method enabling us to determine
point-based minmax robust (extreme supported) efficient solutions. Subsequently, this
is extended to problems with uncertainty in the constraints in Section 3.3.

3.1 DE T ERM IN ING ROBUST OP T IMAL SOLUT IONS FOR S INGLE-
OB J E C T I V E PROBL EMS

This section deals with (single-objective) optimization problems that have an uncertain
objective but deterministic constraints, i.e., 𝒳𝜉 = 𝒳 for all 𝜉 ∈ 𝒰 and, hence, 𝒳𝒰 ≔
∩𝜉∈𝒰𝒳𝜉 = 𝒳 . The problem can then be written as

{min
𝑥∈𝒳

ℎ(𝑥, 𝜉)}
𝜉∈𝒰

. (P(𝒰) revisited)

Our aim is to determine minmax robust solutions for such problems and, to that end,
solve the robust counterpart,

min
𝑥∈𝒳

sup
𝜉∈𝒰

ℎ(𝑥, 𝜉). (RC(𝒰) revisited)

We assume that for every fixed 𝑥 ∈ 𝒳 the function ℎ(𝑥, ⋅) ∶ conv(𝒰) → ℝ is continuous
and quasi-convex and that 𝒰 is compact. Hence, sup𝜉∈𝒰 ℎ(𝑥, 𝜉) is attained for all 𝑥 ∈ 𝒳
and from now on we can write max𝜉∈𝒰 ℎ(𝑥, 𝜉) instead. For a given uncertainty set 𝒰
let us denote 𝑧(𝒰) ≔ min𝑥∈𝒳 max𝜉∈𝒰 ℎ(𝑥, 𝜉) as optimal objective function value of the
robust counterpart (RC(𝒰)).

There exist many approaches for solving RC(𝒰), which are grouped in [GYD15] into
two classes: The first class of algorithms is based on reformulations to avoid the max-
imum over an (often infinite) set. We follow this approach in Section 5.3. The algorithms
of the second class proceed iteratively. They start with a small set of scenarios and add
scenarios step by step. These approaches are known under various names such as cut-
ting set method (Mutapcic and Boyd [MB09]), cutting plane method (Bertsimas, Dunning
and Lubin [BDL16]), scenario relaxation procedure (Assavapokee, Realff, Ammons and
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Hong; Aissi, Bazgan and Vanderpooten [Ass+08; ABV09]), outer approximation method
(Reemtsen; Bürger, Notarstefano and Allgöwer; Goerigk and Schöbel [Ree94; BNA13;
GS16]), (modified) Benders decomposition approach (Montemanni; Siddiqui, Azarm and
Gabriel [Mon06; SAG11]), or implementor-adversarial framework (Bienstock [Bie07]).

The earliest mention of this approach known to the author is by Blankenship and Falk
and dates back to 1976. Their article on ‘Infinitely constrained optimization problems’
(see [BF76]) deals withmax-min problems outside of the context of robust optimization
and is mostly not referenced in the work of robust optimizers mentioned above.
We refer to the approach as optimization-pessimization. The idea is to utilize that robust

optimization problems are often easier to solve for (very) small uncertainty sets: The
routine starts with a reduced set of scenarios 𝒰 ′ ⊆ 𝒰 for which a robust solution is
determined. For this solution, the routine determines aworst-case scenario out of the full
uncertainty set𝒰 , which is added to𝒰 ′. For the new scenario set, a new robust solution is
found. This procedure is repeated until the quality of the solution found is good enough,
see Figure 3.1 for an illustration.

Optimization:
Determine robust solution 𝑥∗ ∈ 𝒳

of RC(𝒰 ′) finding
𝑥∗ ∈ argmin𝑥∈𝒳 max𝜉∈𝒰 ′ ℎ(𝑥, 𝜉)

Pessimization:
Determine worst-case scenario 𝜉∗ ∈ 𝒰 for

given 𝑥∗ finding
𝜉∗ ∈ argmax𝜉∈𝒰 ℎ(𝑥∗, 𝜉)

Add scenario worst-case scenario 𝜉∗ to 𝒰 ′

Figure 3.1: Optimization-pessimization for robust single-objective optimization

Formally, the optimization and pessimization problems are defined as follows: For
any 𝒰 ′ ⊆ 𝒰 the optimization problem is defined as

𝑧(𝒰 ′) ≔ min
𝑥∈𝒳

max
𝜉∈𝒰′

ℎ(𝑥, 𝜉). (RC(𝒰 ′))

It is a relaxation of (RC(𝒰)) and, thus, yields a lower bound for (RC(𝒰)), i.e.,

𝑧(𝒰 ′) ≤ 𝑧(𝒰). (3.1)

For a given 𝑥 ∈ 𝒳 , the pessimization problem

ℎ𝒰(𝑥) ≔ max
𝜉∈𝒰

ℎ(𝑥, 𝜉) (PessSO(𝑥))
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evaluates 𝑥 over the complete set of scenarios 𝒰 and, thus, provides an upper bound for
𝑧(𝒰), i.e.,

ℎ𝒰(𝑥) ≥ 𝑧(𝒰). (3.2)

Algorithm 3.1 describes how this method can be put to use algorithmically if 𝒰 is a poly-
tope or finite.

Algorithm 3.1 Optimization-pessimization for single-objective robust optimization
Require: Robust optimization problem (P(𝒰))
Require: Finite initial set 𝒰(0) ⊆ 𝒰 .
Ensure: Either 𝒰 finite or 𝒰 a polytope and ℎ(𝑥, ⋅) continuous and quasi-convex.
1: Set 𝑘 ≔ 0.
2: repeat
3: Set 𝒰(𝑘+1) ≔ 𝒰(𝑘).

4: Determine 𝑥𝑘 ∈ argmin𝑥∈𝒳{max𝜉∈𝒰𝑘 ℎ(𝑥, 𝜉)}. Set 𝑧(𝒰(𝑘)) ≔ max𝜉∈𝒰(𝑘) ℎ(𝑥𝑘, 𝜉).

5: For given 𝑥𝑘 determine solution 𝜉𝑘 ∈ argmax𝒰 ℎ(𝑥𝑘, 𝜉𝑘). Set ℎ𝒰(𝑥𝑘) ≔ ℎ(𝑥𝑘, 𝜉𝑘).
6: Add 𝜉𝑘 to 𝒰(𝑘+1).

7: Set 𝑘 ≔ 𝑘 + 1.
8: until ℎ𝒰(𝑥𝑘−1) = 𝑧(𝒰(𝑘−1)).
9: return robust solution 𝑥∗.
10: return set of worst-case scenarios 𝒰FINAL ≔ 𝒰𝑘.

Optimization

Pessimization

The routine produces a sequence of sets

𝒰(0) ⊆ 𝒰(1) ⊆ 𝒰(2) ⊆ ⋯ ⊆ 𝒰. (3.3)

According to (3.1) we receive a sequence of lower bounds

𝑧(𝒰(0)) ≤ 𝑧(𝒰(1)) ≤ 𝑧(𝒰(2)) ≤ ⋯ ≤ 𝑧(𝒰) (3.4)

and a feasible solution 𝑥𝑘 in each iteration from which we can derive an upper bound
according to (3.2), i.e.,

𝑧(𝒰(𝑘)) ≤ 𝑧(𝒰) ≤ ℎ𝒰(𝑥𝑘). (3.5)

We stop when lower and upper bound coincide. Then an optimal solution to the robust
counterpart (RC(𝒰)) and thus a (minmax) robust optimal solution to the underlying
uncertain problem (P(𝒰)) has been found. For more detailed discussions of the method
we refer to Bertsimas, Dunning and Lubin; Aissi, Bazgan andVanderpooten; Pätzold and
Schöbel [BDL16; ABV09; PS20]. The finiteness of Algorithm 3.1 for uncertainty sets 𝒰
that are polytopes is shown in the following lemma in part (ii).

Lemma 3.1. Assume that (RC(𝒰)) has an optimal solution and (RC(𝒰 ′)) has an optimal
solution for all finite 𝒰 ′ ⊆ 𝒰 .
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(i) Let 𝒰 be finite. Then Algorithm 3.1 returns a minmax robust optimal solution to (P(𝒰))
in at most |𝒰| iterations.

(ii) Let 𝒰 be a polytope or finite and let ext(𝒰) be its set of extreme points. Furthermore, let

ℎ(𝑥, ⋅) ∶ conv(𝒰) → ℝ,

𝑥 ∈ 𝒳 , be continuous and quasi-convex. Then Algorithm 3.1 returns a minmax robust
optimal solution to (P(𝒰)) in at most |𝑒𝑥𝑡(𝒰)| iterations if we choose an algorithm for the
pessimization problem (PessSO(𝑥)) which always finds an extreme point of 𝒰 .

Proof. Algorithm 3.1 stops if the lower and upper bound for 𝑧(𝒰) (see (3.5)) coincide
(see line 8 of Algorithm 3.1), i.e., if ℎ𝒰(𝑥𝑘) = 𝑧(𝒰(𝑘)). We hence have that 𝑥𝑘 is an optimal
solution to (MORC(𝒰)). Note that

ℎ𝒰(𝑥𝑘) = max
𝜉∈𝒰

ℎ(𝑥𝑘, 𝜉) = max
𝜉∈𝒰(𝑘)

ℎ(𝑥𝑘, 𝜉) = 𝑧(𝒰(𝑘)), (3.6)

if at least one worst-case scenario of 𝒰 for 𝑥𝑘 is already contained in 𝒰(𝑘). For a finite
uncertainty set, in every iteration either a newworst-case scenario is added or (3.6) holds
and the procedure stops. The latter happens after at most |𝒰| iterations which shows (i).
For (ii), consider the pessimization problem Pess(𝑥𝑘): here wemaximize a continuous

function over a compact set𝒰 , i.e., amaximumalways exists. Since ℎ(𝑥, ⋅) is quasi-convex,
a maximum is always attained at an extreme point of 𝒰 . If we choose an algorithm that
returns an extreme point for such optimization problems, we add a new extreme point
in each iteration. Since the number of extreme points of 𝒰 is finite, the procedure stops
when (3.6) holds. As in part (i) this happens after at most | ext(𝒰)| iterations.

We remark that Algorithm 3.1 also converges for bounded non-polyhedral sets 𝒰 un-
der uniform Lipschitz-continuity in 𝑥 for all fixed values of 𝜉 (see [MB09]).

3.2 DE T ERM IN ING PO INT- BA S ED M INMAX ROBUST E F F I C I ENT
SOLUT IONS FOR PROBL EMS W I TH UNCERTA IN OB J EC T I V E S

In this section we aim to find point-based minmax robust efficient solutions to an uncer-
tain multi-objective problem (MOP(𝒰)) with uncertainty only in the objectives. To this
end, we aim to solve a minmax problem with 𝑝 objective functions, which is the multi-
objective robust counterpart (MORC(𝒰)). Once again, since 𝒳𝜉 = 𝒳 for all 𝜉 ∈ 𝒰 , we
have 𝒳𝒰 ≔ ∩𝜉∈𝒰𝒳𝜉 = 𝒳 and can, thus, write the multi-objective robust counterpart as
follows:

min
𝑥∈𝒳

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

sup𝜉∈𝒰 𝑓1(𝑥, 𝜉)
sup𝜉∈𝒰 𝑓2(𝑥, 𝜉)

⋮
sup𝜉∈𝒰 𝑓𝑝(𝑥, 𝜉)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

. (MORC(𝒰) revisited)
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With the purpose of determining point-basedminmax robust efficient solutions to an un-
certainmulti-objective optimization problem (MOP(𝒰)), i.e., efficient solutions tomulti-
objective robust counterpart (MORC(𝒰)), in mind, we develop a generalized version of
the optimization-pessimization method presented in Section 3.1.
Wewill first show in Section 3.2.1 that, as in the single-objective case, solving the (now

multi-objective) optimization problem

𝑧(𝒰 ′) ≔ min
𝑥∈𝒳

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

sup𝜉∈𝒰′ 𝑓1(𝑥, 𝜉)
sup𝜉∈𝒰′ 𝑓2(𝑥, 𝜉)

⋮
sup𝜉∈𝒰′ 𝑓𝑝(𝑥, 𝜉)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

. (MORC(𝒰 ′))

for a smaller uncertainty set 𝒰 ′ ⊆ 𝒰 produces a lower bound for the Pareto frontier of
MORC(𝒰); whereas solving the pessimization problem

𝑓 𝒰(𝑥) ≔

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

sup𝜉∈𝒰 𝑓1(𝑥, 𝜉)
sup𝜉∈𝒰 𝑓2(𝑥, 𝜉)

⋮
sup𝜉∈𝒰 𝑓𝑝(𝑥, 𝜉)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

, (Pesspb(𝑥))

which consists of 𝑝 independent problems (that are all deterministic and single-objective
for given 𝑥 ∈ 𝒳) yields an upper bound for the Pareto frontier of MORC(𝒰). Sub-
sequently,wewill present an optimization-pessimizationmethod designed to determine
efficient solutions to the multi-objective robust counterpart (MORC(𝒰)) in Section 3.2.2
and an optimization-pessimizationmethoddesigned to determine supported efficient solu-
tions to MORC(𝒰) in Section 3.2.3.

3.2.1 Lower and upper bounds provided by the optimization and the pessimization problem

We first discuss the optimization and pessimization problems in relation to (MORC(𝒰))
which we are interested in solving.

Recall that for single-objective problems (RC(𝒰)), solutions to RC(𝒰 ′) and PessSO(𝑥)
provide lower and upper bounds to RC(𝒰) such that for all 𝑥 ∈ 𝒳 we have

𝑧(𝒰(𝑘)) ≤ 𝑧(𝒰) ≤ ℎ𝒰(𝑥𝑘). (3.5 revisited)

In themulti-objective setting, we do not evaluate single solutions, rather we need to eval-
uate (Pareto) sets. Sets can be compared by set order relations, one of themost commonly
used ones is called the upper set less order relation.

Definition 3.2 (Kuroiwa [Kur99]). A set 𝐴 ⊆ ℝ𝑝 dominates a set 𝐵 ⊆ ℝ𝑝 with respect to
the upper set less order relation (we write 𝐴 ⪯upp 𝐵) if 𝐴 ⊆ 𝐵 − ℝ𝑝

≧.

A related set order relation is the lower set less order relation.

Definition 3.3 (Ide andKöbis [IK14]). A set𝐴 ⊆ ℝ𝑝 dominates a set 𝐵 ⊆ ℝ𝑝 with respect
to the lower set less order relation (we write 𝐴 ⪯low 𝐵) if 𝐵 ⊆ 𝐴 + ℝ𝑝

≧.
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Put differently,

𝐴 ⪯upp 𝐵 if for all 𝑎 ∈ 𝐴 there exists 𝑏 ∈ 𝐵 such that 𝑎 ≦ 𝑏, and (3.7)
𝐴 ⪯low 𝐵 if for all 𝑏 ∈ 𝐵 there exists 𝑎 ∈ 𝐴 such that 𝑎 ≦ 𝑏 (3.8)

In this sense, we can say that the set 𝐴 is an upper or lower set less order lower bound
on the set 𝐵.
We now use the lower set less order relation to generalize (3.5) showing that for the

multi-objective optimization problem MORC(𝒰) we also get a lower and upper bound
by solving the optimization problem for a reduced uncertainty set 𝒰 ′ ⊊ 𝒰 and solving
the pessimization problem, respectively.
More precisely, let 𝑋∗(𝒰) be the set of efficient solutions to the multi-objective ro-

bust counterpart (MORC(𝒰)). Then {𝑓 𝒰(𝑥) ∶ 𝑥 ∈ 𝑋∗(𝒰)} describes the Pareto frontier of
MORC(𝒰) for which a lower and upper bound exist.

Lemma 3.4. Let 𝒰 ′ ⊆ 𝒰 and let 𝑋∗(𝒰 ′) and 𝑋∗(𝒰) denote the sets of efficient solutions to the
multi-objective robust counterparts (MORC(𝒰) and MORC(𝒰 ′), respectively). Assume that
MORC(𝒰 ′), and MORC(𝒰) both satisfy the domination property (2.2). Then the following
holds for the lower set less order ⪯low:

{𝑓 𝒰′(𝑥) ∶ 𝑥 ∈ 𝑋∗(𝒰 ′)} ⪯low {𝑓 𝒰(𝑥) ∶ 𝑥 ∈ 𝑋∗(𝒰)} ⪯low {𝑓 𝒰(𝑥) ∶ 𝑥 ∈ 𝑋∗(𝒰 ′)} . (3.9)

Proof. We first show the left hand side of (3.9). To this end, take 𝑥 ∈ 𝑋∗(𝒰). We want to
show that there exists ̃𝑥 ∈ 𝑋∗(𝒰 ′) such that

𝑓 𝒰′( ̃𝑥) ≦ 𝑓 𝒰(𝑥). (3.10)

From 𝒰 ′ ⊆ 𝒰 we get that 𝑓 𝒰′(𝑥) ≦ 𝑓 𝒰(𝑥), see (2.6). Hence, if 𝑥 ∈ 𝑋∗(𝒰 ′) we set ̃𝑥 ≔ 𝑥 and
are done. Otherwise, 𝑥 ∉ 𝑋∗(𝒰 ′), i.e., 𝑥 is not an efficient solution to (MORC(𝒰 ′)). Then,
due to the domination property, there exists ̃𝑥 ∈ 𝑋∗(𝒰 ′) with 𝑓 𝒰′( ̃𝑥) ≦ 𝑓 𝒰′(𝑥) ≦ 𝑓 𝒰(𝑥)
and (3.10) holds.

For the right hand side of (3.9), we take 𝑥 ∈ 𝑋∗(𝒰 ′). The goal is to find ̃𝑥 ∈ 𝑋∗(𝒰)
such that

𝑓 𝒰( ̃𝑥) ≦ 𝑓 𝒰(𝑥).

Similar as above, if 𝑥 ∈ 𝑋∗(𝒰) we set ̃𝑥 ≔ 𝑥 and are done. Otherwise, 𝑥 is not efficient
for MORC(𝒰) and due to the domination property we find ̃𝑥 ∈ 𝑋∗(𝒰) with 𝑓 𝒰( ̃𝑥) ≦
𝑓 𝒰(𝑥), which finishes the proof.

We will now show that in general, however, the bounds in (3.9) are not bounds for the
Pareto front of MORC(𝒰) with respect to the upper set less order. To this end, we turn to
the following examples.
Example 3.5. Consider the setting of Example 2.9 (illustrated in Figure 2.6) on Page 11
with the reduced uncertainty set 𝒰 ′ = {𝜉1, 𝜉2, 𝜉3} ⊊ 𝒰 . Both solutions 𝑥1 and 𝑥3 are
efficient for MORC(𝒰 ′) as can be seen in Figure 3.2a. Thus, 𝑋∗(𝒰 ′) = {𝑥1, 𝑥3}. For the
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full uncertainty set 𝒰 , however, Figure 3.2b shows that only 𝑥1 is efficient to MORC(𝒰),
hence, 𝑋∗(𝒰) = {𝑥1}. Since there is no 𝑥 ∈ 𝑋∗(𝒰) such that 𝑓 𝒰(𝑥) ≧ 𝑓 𝒰′(𝑥3) we get

{𝑓 𝒰′(𝑥) ∶ 𝑥 ∈ 𝑋∗(𝒰 ′)} = {𝑓 𝒰′(𝑥1), 𝑓 𝒰′(𝑥3)} ⪯̸upp {𝑓 𝒰(𝑥1)} = {𝑓 𝒰(𝑥) ∶ 𝑥 ∈ 𝑋∗(𝒰)} ,

which contradicts the left hand side of (3.9) for the upper set less order relation.

𝑓1

𝑓2

𝑓 (𝑥1, 𝜉4)

𝑓 (𝑥2, 𝜉4)

𝑓 (𝑥3, 𝜉4)

𝑓 𝒰′(𝑥1)
𝑓 𝒰′(𝑥2)

𝑓 𝒰′(𝑥3)

(a) Both 𝑥1 and 𝑥3 are efficient to MORC(𝒰 ′)

𝑓1

𝑓2

𝑓 𝒰(𝑥1)

𝑓 𝒰(𝑥2)

𝑓 𝒰(𝑥3)

(b) Only 𝑥1 is efficient to MORC(𝒰)

Figure 3.2: Illustration of Example 3.5

Example 3.6. Now consider Example 2.9 without 𝜉4, such that the full uncertainty set
is now 𝒰 = {𝜉1, 𝜉2, 𝜉3}, and the reduced uncertainty set 𝒰 ′ = {𝜉2, 𝜉3} ⊊ 𝒰 . Only 𝑥1
is efficient for MORC(𝒰 ′) as can be seen in Figure 3.3a. Thus, 𝑋∗(𝒰 ′) = {𝑥1}. However,
Figure 3.3b shows that both 𝑥1 and 𝑥3 are efficient toMORC(𝒰), hence, 𝑋∗(𝒰) = {𝑥1, 𝑥3}.
Thus,

{𝑓 𝒰(𝑥) ∶ 𝑥 ∈ 𝑋∗(𝒰)} = {𝑓 𝒰(𝑥1), 𝑓 𝒰(𝑥3)} ⪯̸upp {𝑓 𝒰(𝑥1)} = {𝑓 𝒰(𝑥) ∶ 𝑥 ∈ 𝑋∗(𝒰 ′)} .

𝑓1

𝑓2

𝑓 (𝑥1, 𝜉1)
𝑓 (𝑥3, 𝜉1)

𝑓 (𝑥2, 𝜉1)

𝑓 𝒰′(𝑥1)
𝑓 𝒰′(𝑥2)

𝑓 𝒰′(𝑥3)

(a) Only 𝑥1 is efficient to MORC(𝒰 ′)

𝑓1

𝑓2

𝑓 𝒰(𝑥1)
𝑓 𝒰(𝑥2)

𝑓 𝒰(𝑥3)

(b) Both 𝑥1 and 𝑥3 are efficient to MORC(𝒰)

Figure 3.3: Illustration of Example 3.6

Examples 3.5 and 3.6 show that in general the bounds in (3.9) are not upper set less order
lower and upper bounds. Nor are they bounds with respect to the set less order relation
(see [You31; EJ11]). Thus, we consider the statement in (3.9) to be the multi-objective
analog of (3.5).
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3.2.2 Point-based minmax robust efficient solutions

In this section we work under the following assumption.

Assumption 1. Let 𝒰 is compact. Furthermore, let the functions 𝑓𝑖(𝑥, ⋅) ∶ conv(𝒰) → ℝ,
𝑖 = 1, 2, … , 𝑝, be continuous for every fixed 𝑥 ∈ 𝒳 .

This is the same assumption that we made previously in Section 3.1–just for all 𝑝 ob-
jectives. As before, we can now assume that sup𝜉∈𝒰 𝑓𝑖(𝑥, 𝜉) is attained for all 𝑖 = 1, 2, … , 𝑝
and all 𝑥 ∈ 𝒳 . Hence, we can write 𝑓 𝒰

𝑖 (𝑥) = max𝜉∈𝒰 𝑓𝑖(𝑥, 𝜉) instead.

R EDUCT ION OF THE SCENAR IO S E T. We examine the conditions under which a re-
duced uncertainty set 𝒰 ′ ⊆ 𝒰 already contains all relevant scenarios, such that the effi-
cient solutions MORC(𝒰 ′) are the same as those of MORC(𝒰).

In the single-objective setting we have seen that all relevant scenarios are included in
𝒰 ′ ⊆ 𝒰 if for an optimal solution 𝑥∗ ∈ 𝒳 to the robust counterpart (RC(𝒰)) a worst-case
scenario is already included in 𝒰 ′ such that (3.6) holds. As a multi-objective analog we
formulate the following condition for some 𝑥 ∈ 𝒳 :

The set 𝒰 ′ includes optimal solutions to all 𝑝 problems in Pesspb(𝑥).
(Condition A)

As an immediate consequence of Condition A we observe

𝑓 𝒰′(𝑥) =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

max𝜉∈𝒰′ 𝑓1(𝑥, 𝜉)
max𝜉∈𝒰′ 𝑓2(𝑥, 𝜉)

⋮
max𝜉∈𝒰′ 𝑓𝑝(𝑥, 𝜉)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

(Condition A)=

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

max𝜉∈𝒰 𝑓1(𝑥, 𝜉)
max𝜉∈𝒰 𝑓2(𝑥, 𝜉)

⋮
max𝜉∈𝒰 𝑓𝑝(𝑥, 𝜉)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

= 𝑓 𝒰(𝑥). (3.11)

The following theorem formalizes the above considerations and shows under which
conditions the efficient solutions of MORC(𝒰) and MORC(𝒰 ′) coincide.

Theorem 3.7. Let 𝒰 ′ ⊆ 𝒰 . Consider 𝑥 ∈ 𝒳 . If 𝑥 satisfies Condition A then under Assumption 1
the following holds:

𝑥 is efficient for MORC(𝒰 ′) ⇒ 𝑥 is efficient for MORC(𝒰).

Additionally, if the domination property (2.2) holds for MORC(𝒰 ′) and all solutions 𝑥 ∈ 𝒳
that are efficient for MORC(𝒰 ′) satisfy Condition A, then the following holds:

𝑥 is efficient for MORC(𝒰 ′) ⇔ 𝑥 is efficient for MORC(𝒰) .

Proof. ⇒: Let 𝑥 be efficient for MORC(𝒰 ′) and satisfy Condition A, i.e., 𝑓 𝒰′(𝑥) = 𝑓 𝒰(𝑥).
Assume to the contrary that 𝑥 is not efficient for MORC(𝒰), i.e., there exists 𝑥′ ∈ 𝒳 , such
that

𝑓 𝒰(𝑥′) ⪇ 𝑓 𝒰(𝑥). (3.12)
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𝒰 ′ ⊆ 𝒰 , hence 𝑓 𝒰′(𝑥′) ≦ 𝑓 𝒰(𝑥′), see (2.6). This leads to

𝑓 𝒰′(𝑥′)
(2.6)
≦ 𝑓 𝒰(𝑥′)

(3.12)
⪇ 𝑓 𝒰(𝑥) (3.11)= 𝑓 𝒰′(𝑥),

which contradicts efficiency of 𝑥 for MORC(𝒰 ′).
⇐: Let Condition A hold for all solutions which are efficient for (MORC(𝒰 ′)) and

let 𝑥 be efficient for MORC(𝒰). Assume to the contrary that 𝑥 ∈ 𝒳 is not efficient for
MORC(𝒰 ′). Then, since the domination property holds, there is a solution 𝑥′ ∈ 𝒳 that
is efficient for MORC(𝒰 ′) such that

𝑓 𝒰′(𝑥′) ⪇ 𝑓 𝒰′(𝑥). (3.13)

Note that since 𝑥′ is efficient for MORC(𝒰 ′), it satisfies Condition A. Together with 𝒰 ′ ⊆
𝒰 we receive

𝑓 𝒰(𝑥′) (3.11)= 𝑓 𝒰′(𝑥′)
(3.13)

⪇ 𝑓 𝒰′(𝑥)
(2.6)
≦ 𝑓 𝒰(𝑥).

This contradicts the assumption of 𝑥 being efficient for MORC(𝒰).

Consequently, under the stated assumptions the Pareto frontiers of MORC(𝒰) and
MORC(𝒰 ′) coincide, if all solutions 𝑥 ∈ 𝒳 that are efficient for MORC(𝒰 ′) satisfy Con-
dition A.
Remark 3.8. The same results as in the second part of Theorem 3.7 (but only for the
image space) could be derived from Lemma 3.4 as follows: Suppose the conditions of
Theorem 3.7 are met, i.e., all solutions 𝑥 ∈ 𝒳 that are efficient for MORC(𝒰 ′) satisfy
Condition A. Using the notation from Lemma 3.4 we can write this as

𝑓 𝒰′(𝑥) (3.11)= 𝑓 𝒰(𝑥) for all 𝑥 ∈ 𝑋∗(𝒰 ′). (3.14)

This means that the lower and the upper bound constructed in Lemma 3.4 coincide and
we get

{𝑓 𝒰(𝑥) ∶ 𝑥 ∈ 𝑋∗(𝒰)}
(3.9)
⪯low {𝑓 𝒰(𝑥) ∶ 𝑥 ∈ 𝑋∗(𝒰 ′)}

(3.14)= {𝑓 𝒰′(𝑥) ∶ 𝑥 ∈ 𝑋∗(𝒰 ′)}
(3.9)
⪯low {𝑓 𝒰(𝑥) ∶ 𝑥 ∈ 𝑋∗(𝒰)} ,

(3.15)

which shows equality of the Pareto frontiers

{𝑓 𝒰′(𝑥) ∶ 𝑥 ∈ 𝑋∗(𝒰 ′)} = {𝑓 𝒰(𝑥) ∶ 𝑥 ∈ 𝑋∗(𝒰)} . (3.16)

Checking all efficient solutions of a multi-objective problem is computationally hard
(or even impossible). Thus, in the next result we strengthen the above theorem in a fash-
ion that Condition A must only be satisfied for all solutions from a representative set.

Theorem 3.9. Let 𝒰 ′ ⊆ 𝒰 and let the domination property (2.2) be satisfied for MORC(𝒰)
and MORC(𝒰 ′). If there is a representative set ℛ ′ of efficient solutions for MORC(𝒰 ′) whose
elements satisfy Condition A, then under Assumption 1 we have:
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(i) 𝑥 ∈ ℛ ′ ⇒ 𝑥 is efficient for MORC(𝒰),

(ii) 𝑥 is efficient for MORC(𝒰) ⇒ 𝑥 is efficient for MORC(𝒰 ′), and

(iii) ℛ ′ is a representative set of efficient solutions to MORC(𝒰).

Proof.

(i) Let 𝑥 ∈ ℛ ′. In particular, 𝑥 is efficient forMORC(𝒰 ′) and by assumption it satisfies
Condition A. We can hence apply Theorem 3.7 and conclude that 𝑥 is efficient for
MORC(𝒰).

(ii) Let 𝑥 be efficient for MORC(𝒰) and assume 𝑥 is not efficient for MORC(𝒰 ′). Due
to the domination property, there is a solution 𝑥′ that satisfies 𝑓 𝒰′(𝑥′) ⪇ 𝑓 𝒰′(𝑥).
Moreover, since ℛ ′ is a representative set for MORC(𝒰 ′) we can choose 𝑥′ ∈ ℛ ′.
Hence, Condition A holds for 𝑥′ and we receive

𝑓 𝒰(𝑥′) (3.11)= 𝑓 𝒰′(𝑥′) ⪇ 𝑓 𝒰′(𝑥)
(2.6)
≦ 𝑓 𝒰(𝑥).

This contradicts efficiency of 𝑥 for MORC(𝒰).

(iii) Let ℛ ⊆ 𝒳 be a representative set of efficient solutions for MORC(𝒰). We show
that 𝑓 𝒰(ℛ ′) = 𝑓 𝒰(ℛ).
⊂: Let 𝑦′ ∈ 𝑓 𝒰(ℛ ′). Then 𝑦′ = 𝑓 𝒰(𝑥′) for some 𝑥′ ∈ ℛ ′. According to (i), 𝑥′ is
efficient for MORC(𝒰), hence 𝑦′ ∈ 𝑓 𝒰(ℛ).
⊃: Let 𝑦 ∈ 𝑓 𝒰(ℛ). Then 𝑦 = 𝑓 𝒰(𝑥) for some 𝑥 that is efficient for MORC(𝒰). Ac-
cording to (ii), 𝑥 is also efficient for MORC(𝒰 ′). Hence, 𝑥′ ∈ ℛ ′ exists such that
𝑓 𝒰′(𝑥) = 𝑓 𝒰′(𝑥′). This leads to

𝑦 = 𝑓 𝒰(𝑥)
(2.6)
≥ 𝑓 𝒰′(𝑥) = 𝑓 𝒰′(𝑥′) (3.11)= 𝑓 𝒰(𝑥′). (3.17)

Since by assumption 𝑦 is nondominated for MORC(𝒰), equality must hold true.
Thus, 𝑦 = 𝑓 𝒰(𝑥′) for 𝑥′ ∈ ℛ ′ and, consequently, 𝑦 ∈ 𝑓 𝒰(ℛ ′).

Theorem 3.9 shows that it is not necessary to check Condition A for all efficient solu-
tions, rather it is sufficient to check it only for a representative set. However, a repres-
entative set may still be infinite. Later, in Section 3.2.3, we will therefore strengthen The-
orem 3.9 once more.

We cannow formulate themulti-objective generalization of optimization-pessimization.

ADAPT ION OF OPT IM I ZAT ION - P E S S IM I ZAT ION. In order to deal with themulti-ob-
jective setting algorithmically, we modify optimization-pessimization for multi-object-
ive problems as it is described in the following (see also Figure 3.4):
When solving the optimization problem (MORC(𝒰 ′)) we do not only determine one op-

timal solution, but a representative set 𝑋′∗ of efficient solutions. In the subsequent pessi-
mization step we consider all solutions 𝑥 ∈ 𝑋′∗. For each of them we determine not just
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Optimization:
Determine representative set of

efficient solutions 𝑋∗

of MORC(𝒰 ′)

Pessimization:
For all 𝑥 ∈ 𝑋∗, 𝑖 = 1, 2, … , 𝑝:

Determine worst-case scenario
𝜉∗ ∈ argmax𝜉∈𝒰 𝑓𝑖(𝑥∗, 𝜉)

Add worst-case scenarios to 𝒰 ′

Figure 3.4: Optimization-pessimization: Determining point-based minmax robust efficient solu-
tions for problems with uncertain objectives

oneworst-case scenario, but a worst-case scenario for each of the 𝑝 objective functions in-
dependently. All of these 𝑝 ⋅ |𝑋′∗| worst-case scenarios are then added to the uncertainty
set.

Algorithm 3.2 describes the exact procedure and the following theorem shows its cor-
rectness.

Theorem 3.10. Let Assumption 1 hold. Let the ideal point property (2.1) and the domination
property (2.2) hold for (MORC(𝒰)) and for (MORC(𝒰 ′)) for any finite subset 𝒰 ′ ⊆ 𝒰 .

(i) Let 𝒰 be finite. Then Algorithm 3.2 returns a representative set of point-based minmax
robust efficient solutions to MOP(𝒰) in at most |𝒰| iterations.

(ii) Let 𝒰 be a polytope or finite and 𝑓𝑖(𝑥, ⋅) ∶ conv(𝒰) → ℝ, 𝑖 = 1, 2, … , 𝑝, be continuous
and quasi-convex. Then Algorithm 3.2 returns a representative set of point-based minmax
robust efficient solutions to MOP(𝒰) in at most 𝑘 iterations where 𝑘 is the number of
extreme points of 𝒰 , if we choose an algorithm for the pessimization problem which always
finds an extreme point of 𝒰 .

Proof. Algorithm 3.2 determines a representative set of efficient solutions to 𝒰(𝑘−1) in
step 𝑘. It stops if

𝑓 𝒰(𝑥∗) = 𝑓 𝒰(𝑘−1)(𝑥∗) (3.18)

for all 𝑥∗ ∈ 𝑋(𝑘−1)∗.
Hence, ℛ ′ = 𝑋(𝑘−1)∗ is a representative set of efficient solutions to MORC(𝒰(𝑘−1))

whose elements satisfy Condition A. We can thus apply Theorem 3.9 (iii) for 𝒰 ′ =
𝒰(𝑘−1) ⊆ 𝒰 and, after termination, ℛ ′ = 𝑋(𝑘−1)∗ is a representative set of efficient solu-
tions to (MORC(𝒰)).
We now show the bounds on the number of iterations.
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Algorithm 3.2Optimization-pessimization: Determining point-basedminmax robust ef-
ficient solutions for problems with uncertain objectives
Require: Multi-objective robust optimization problem (MORC(𝒰)).
Require: Finite initial set 𝒰(0) ⊆ 𝒰 .
Ensure: Either 𝒰 finite or 𝒰 a polytope and 𝑓𝑖(𝑥, ⋅), 𝑖 = 1, 2, … , 𝑝 continuous and quasi-convex.
Ensure: Ideal point property (2.1) and domination property (2.2) hold for (MORC(𝒰)) and for

(MORC(𝒰 ′)) for any finite subset 𝒰 ′ ⊆ 𝒰 .
Ensure: There is a finite representative set of extreme supported efficient solution to

(MORC(𝒰 ′)) for any finite subset 𝒰 ′ ⊆ 𝒰
1: Set 𝑘 ≔ 0.
2: repeat
3: Set 𝒰(𝑘+1) ≔ 𝒰(𝑘).

4: Determine representative set of efficient solutions 𝑋(𝑘)∗ and nondominated points 𝑌(𝑘)∗

of 𝑃(𝒰(𝑘)).

5: for all 𝑥∗ ∈ 𝑋(𝑘)∗ do
6: for all 𝑖 = 1, 2, … , 𝑝 do
7: Determine 𝜉∗ ∈ argmax𝒰 𝑓𝑖(𝑥∗, 𝜉).
8: Add 𝜉∗ to 𝒰(𝑘+1).
9: end for
10: end for

11: 𝑘 ≔ 𝑘 + 1
12: until 𝑓 𝒰(𝑥∗) = 𝑓 𝒰(𝑘−1)(𝑥∗) for all 𝑥∗ ∈ 𝑋(𝑘−1)∗.
13: return 𝑋(𝑘−1)∗: representative set of efficient solutions to (MORC(𝒰)).
14: return 𝑌(𝑘−1)∗: set of nondominated points to (MORC(𝒰)).
15: return 𝒰FINAL ≔ 𝒰𝑘: set of worst-case scenarios.

Optimization

Pessimization

(i) In every iteration, either at least one new worst-case scenario is added or (3.18)
holds and the procedure stops. Since 𝒰 is finite, the latter happens after at most |𝒰|
iterations.

(ii) Consider the pessimization problem Pesspb(𝑥): here we maximize a continuous
function over a compact set 𝒰 , i.e., a maximum always exists. Since 𝑓 (𝑥, ⋅) is quasi-
convex, the maximum is always attained at an extreme point of 𝒰 . If we choose an
algorithm that returns an extreme point for such optimization problems, we add
a new extreme point in each iteration until (3.18) holds as in (i).

3.2.3 Point-based minmax robust extreme supported efficient solutions

In Section 3.2.2wehave shown that a representative set of efficient solutions toMORC(𝒰 ′)
is also a represenative set of efficient solutions toMORC(𝒰), if all elements of the first set
satisfy Condition A. However, the resulting Algorithm 3.2 still depends on our ability
to

• determine such a set, and
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• check Condition A for all elements of this set.

Since for many problems a representative set will be very large or (in the case of a non-
discrete set 𝒳) even contain infinitely many elements, it is helpful to further strengthen
the statement from Theorems 3.7 and 3.9:
In this section we show that the statement of Theorem 3.7 remains valid if we replace

the set of all efficient solutions to MORC(𝒰 ′) not only by a representative set, but even
by a representative set of only their extreme supported efficient solutions.

For this purpose, we first define point-based minmax robust (extreme) supported efficiency.

Definition 3.11. Given an uncertain multi-objective optimization problem (MOP(𝒰)),
a solution 𝑥 ∈ 𝒳 is called point-based minmax robust (extreme) supported efficient if 𝑥 is (ex-
treme) supported efficient (in the sense of Definition 2.2) for the multi-objective robust
counterpart (MORC(𝒰)).

We then adapt the optimization-pessimization method such that we can determine
point-basedminmax robust extreme supported efficient solutions to the uncertainmulti-
objective optimization problem (MOP(𝒰)), i.e., extreme supported efficient solutions to
its robust counterpart (MORC(𝒰)), by determining the same set for the multi-objective
robust counterpart with a reduced uncertainty set (MORC(𝒰 ′)). Later on, in Section 4.1,
with dichotomic searchwe provide an algorithm for computing extreme supported solu-
tions to MORC(𝒰 ′).

R EDUCT ION OF THE SCENAR IO S E T. We start with a preparatory statement investig-
ating the relation between extreme supported nondominated points 𝒴ESN and the set of
all images 𝒴 . Specifically, we want to show that–under some assumptions–for a multi-
objective optimization problem (MOP) every outcome 𝑦 ∈ 𝒴 can be written as or is
dominated by a convex combination of extreme supported nondominated points, i.e.,

𝒴 ⊆ conv (𝒴ESN) + ℝ𝑝
≧. (3.19)

In Chapter 8 we will show (c.f. Lemma 8.19 on Page 96) that (3.19) holds whenever 𝒴 is
compact. Since the proof is technical and requires a closer look on the topic of (extreme)
supported nondominance, at this point we provide a shorter proof with the additional,
but in the context of this chapter unproblematic, condition that 𝒴ESN is finite.

Lemma 3.12. Let a multi-objective optimization problem (MOP) with 𝒴 ⊊ ℝ𝑝 compact be
given and let 𝒴ESN ≠ ∅ be its set of extreme supported nondominated points. We assume that
𝒴ESN is finite. Then 𝒴 ⊆ conv(𝒴ESN) + ℝ𝑝

≧ holds.

Proof. Assume there is a ̄𝑦 ∈ 𝒴 that does not lie in conv(𝒴ESN) + ℝ𝑝
≧. We then can show

that there is also ̂𝑦 outside of conv(𝒴ESN) + ℝ𝑝
≧ which is extreme supported nondomin-

ated, a contradiction.
So, assume to the contrary that ̄𝑦 ∈ 𝒴 ∖ (conv(𝒴ESN) + ℝ𝑝

≧) exists. Then the sets { ̄𝑦}
and conv(𝒴ESN)+ℝ𝑝

≧ are disjoint, nonempty, closed and convex sets. Hence, a separating
hyperplane exists (see [BV04]), i.e., 𝜈 ∈ ℝ𝑝 ∖ {0} and 𝑠 ∈ ℝ exist such that

𝜈⊤ ̄𝑦 < 𝑠 < 𝜈⊤𝑦, ∀𝑦 ∈ conv(𝒴ESN) + ℝ𝑝
≧. (3.20)



32 OPT IM I ZAT ION - P E S S IM I ZAT ION FOR MULT I-O B J E C T I V E OP T IM I ZAT ION

The elements of conv(𝒴ESN) + ℝ𝑝
≧ can get arbitrarily big in each component, hence

𝜈𝑖 ≥ 0 for all 𝑖 = 1, 2, … , 𝑝. Let now 𝑧𝜈 ≔ min{𝜈⊤𝑦 ∶ 𝑦 ∈ 𝒴} and 𝒴𝜈 ≔ argmin{𝜈⊤𝑦 ∶ 𝑦 ∈
𝒴}. Since ̄𝑦 ∈ 𝒴 , we get

𝜈⊤𝑦∗ ≤ 𝜈⊤ ̄𝑦 < 𝑠, ∀𝑦∗ ∈ 𝒴𝜈. (3.21)

Together with (3.20) this shows that 𝒴𝜈 can be separated from conv(𝒴ESN) + ℝ𝑝
≧ and,

hence, cannot be extreme supported nondominated themselves. Specifically, the lexico-
graphic minimum, ̂𝑦 ≔ lexmin𝑦∈𝒴𝜈

, i.e., ̂𝑦𝑗 = min{𝑦𝑗 ∶ 𝑦 ∈ 𝒴𝜈, 𝑦1 = ̂𝑦1, … , 𝑦𝑗−1 = ̂𝑦𝑗−1},
𝑗 = 1, 2, … , 𝑝, is not extreme supported nondominated (the existence of this point follows
from compactness of 𝒴).

Hence, a nontrivial convex combination of nondominated points 𝑦(1), … , 𝑦(𝑛) ∈ 𝒴 ,
𝜆 ∈ Δ𝑝 exists such that

̂𝑦 ≥
𝑛

∑
𝑖=1

𝜆𝑖𝑦(𝑖). (3.22)

Nowwe assume that 𝑦(𝑖) ∉ 𝒴𝜈 for at least one 𝑖 = 1, 2, … , 𝑛. Without loss of generality
assume 𝑦(1) ∉ 𝒴𝜈. Then

𝜈⊤
𝑛

∑
𝑖=1

𝜆𝑖𝑦(𝑖) = 𝜆1 𝜈⊤𝑦(1)⏟
>𝑧𝜈

+
𝑛

∑
𝑖=2

𝜈⊤𝜆𝑖𝑦(𝑖)⏟
≥𝑧𝜈

>
𝑛

∑
𝑖=1

𝜆𝑖𝑧𝜈 = 𝑧𝜈 = 𝜈⊤ ̂𝑦. (3.23)

Since 𝜈𝑖 ≥ 0, 𝑖 = 1, 2, … , 𝑛, (3.23) contradicts (3.22). Thus, our assumption that 𝑦(𝑖) ∉ 𝒴𝜈
for at least one 𝑖 = 1, 2, … , 𝑛 is contradicted and we have that 𝑦(𝑖) ∈ 𝒴𝜈 for all 𝑖 =
1, 2, … , 𝑛.

Consequently, a nontrivial convex combination only consisting of nondominatedpoints
𝑦(1), … , 𝑦(𝑛) ∈ 𝒴𝜈 ⊆ 𝒴 exists such that (3.22) holds. This, however, is not possible since,
by definition, ̂𝑦 is the lexicographic minimum of 𝒴𝜈 and thus all other elements of 𝒴𝜈
lie in the lexicographic cone ̂𝑦 + {𝑦 ∈ ℝ𝑝 ∶ 𝑦1 = 𝑦2 = … 𝑦𝑖 = 0, 𝑦𝑖+1 > 0 for some 𝑖 =
0, 1, … , 𝑝}.

The following corollary will be of use in the proof of the subsequent theorem.
Corollary 3.13. Under the assumptions of Lemma 3.12, for any 𝑦 ∈ 𝒴 ∖ 𝒴ESN a nontrivial
convex combination

𝑛
∑
𝑖=1

𝜆𝑖𝑦(𝑖) ≦ 𝑦

with 𝑦(1), … , 𝑦(𝑛) ∈ 𝒴ESN, 𝜆 ∈ Δ𝑝, exists.
We can now utilize the above corollary and show that the statement of Theorem 3.9

remains valid even if only representative sets of extreme supported efficient solutions
are considered.
Theorem 3.14. Let 𝒰 ′ ⊆ 𝒰 and let the domination property (2.2) be satisfied for MORC(𝒰)
and MORC(𝒰 ′). If 𝑓 𝒰′(𝒳) is compact and there is a finite representative set ℛ ′

ESE of extreme
supported efficient solutions for MORC(𝒰 ′) whose elements satisfy Condition A, then under
Assumption 1
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(i) 𝑥 ∈ ℛ ′
ESE ⇒ 𝑥 is extreme supported efficient for MORC(𝒰),

(ii) 𝑥 is extreme supported efficient for MORC(𝒰) ⇒ 𝑥 is extreme supported efficient for
MORC(𝒰 ′), and

(iii) ℛ ′
ESE is a representative set of extreme supported efficient solutions to MORC(𝒰).

Proof. (i) Let 𝑥 ∈ ℛ ′
ESE. Assume to the contrary that 𝑥 is not extreme supported effi-

cient for MORC(𝒰), i.e., there exists a nontrivial convex combination of solutions
efficient for MORC(𝒰) 𝑥′

1, … , 𝑥′
𝑛 ∈ 𝒳 , 𝜆 ∈ Δ𝑝, such that

𝑛
∑
𝑖=1

𝜆𝑖𝑓 𝒰(𝑥′
𝑖) ≦ 𝑓 𝒰(𝑥), (3.24)

and 𝑓 𝒰(𝑥′
𝑖) ≠ 𝑓 𝒰(𝑥) for all 𝑖 = 1, 2, … , 𝑛.

𝒰 ′ ⊆ 𝒰 , hence 𝑓 𝒰′(𝑥′
𝑖) ≦ 𝑓 𝒰(𝑥′

𝑖), 𝑖 = 1, 2 … , 𝑛, see (2.6). This leads to

𝑛
∑
𝑖=1

𝜆𝑖𝑓 𝒰′(𝑥′
𝑖)

(2.6)
≦

𝑛
∑
𝑖=1

𝜆𝑖𝑓 𝒰(𝑥′
𝑖)

(3.24)
≦ 𝑓 𝒰(𝑥) (3.11)= 𝑓 𝒰′(𝑥). (3.25)

Hence, extreme supported efficiency of 𝑥 for MORC(𝒰 ′) is contradicted or

𝑓 𝒰′(𝑥′
𝑖) = 𝑓 𝒰′(𝑥) for at least one 𝑖 = 1, 2, … , 𝑛 (3.26)

must hold. Assume that 3.26 holds. Then

𝑓 𝒰(𝑥) (3.11)= 𝑓 𝒰′(𝑥) (3.26)= 𝑓 𝒰′(𝑥′
𝑖)

(2.6)
≦ 𝑓 𝒰(𝑥′

𝑖)

follows. Since 𝑥′
𝑖 is efficient for MORC(𝒰), equality holds. Hence, 𝑓 𝒰(𝑥′

𝑖) ≠ 𝑓 𝒰(𝑥)
for all 𝑖 = 1, 2, … , 𝑛 is contradicted.

(ii) Let 𝑥 be extreme supported efficient for MORC(𝒰). Assume to the contrary that
𝑥 ∈ 𝒳 is not extreme supported efficient for MORC(𝒰 ′). Since ℛ ′

ESE is finite and
𝒴 = 𝑓 𝒰′(𝒳) is compact Corollary 3.13 can be applied to the problem MORC(𝒰 ′)
and there exists a nontrivial convex combination 𝑥′

1, … , 𝑥′
𝑛 ∈ ℛ ′

ESE, 𝜆 ∈ Δ𝑝, such
that

𝑛
∑
𝑖=1

𝜆𝑖𝑓 𝒰′(𝑥′
𝑖) ≦ 𝑓 𝒰′(𝑥) (3.27)

and 𝑓 𝒰′(𝑥′
𝑖) ≠ 𝑓 𝒰′(𝑥) for all 𝑖 = 1, 2, … , 𝑛.

Note that since 𝑥′
𝑖 ∈ ℛ ′

ESE, 𝑖 = 1, 2, … , 𝑛, they satisfy Condition A. Together with
𝒰 ′ ⊆ 𝒰 we receive

𝑛
∑
𝑖=1

𝜆𝑖𝑓 𝒰(𝑥′
𝑖)

(3.11)=
𝑛

∑
𝑖=1

𝜆𝑖𝑓 𝒰′(𝑥′
𝑖)

(3.27)
≦ 𝑓 𝒰′(𝑥)

(2.6)
≦ 𝑓 𝒰(𝑥). (3.28)
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This contradicts the assumption of 𝑥 being extreme supported efficient forMORC(𝒰)
or

𝑓 𝒰(𝑥′
𝑖) = 𝑓 𝒰(𝑥) for at least one 𝑖 = 1, 2, … , 𝑛 (3.29)

must hold.
Assume 3.29 holds. Then

𝑓 𝒰′(𝑥)
(2.6)
≦ 𝑓 𝒰(𝑥) (3.29)= 𝑓 𝒰(𝑥′

𝑖)
(3.11)= 𝑓 𝒰′(𝑥′

𝑖)

follows. Since 𝑥′
𝑖 is efficient for MORC(𝒰 ′), equality holds. Hence, 𝑓 𝒰′(𝑥′

𝑖) ≠ 𝑓 𝒰′(𝑥)
for all 𝑖 = 1, 2, … , 𝑛 is contradicted.

(iii) Let ℛESE ⊆ 𝒳 be a representative set of extreme supported efficient solutions for
MORC(𝒰). Analogously to the proof of Theorem3.9 (iii)we show that 𝑓 𝒰(ℛ ′

ESE) =
𝑓 𝒰(ℛESE).
⊂: Let 𝑦′ ∈ 𝑓 𝒰(ℛ ′

ESE). Then 𝑦′ = 𝑓 𝒰(𝑥′) for some 𝑥′ ∈ ℛ ′
ESE. According to (i), 𝑥′ is

extreme supported efficient for MORC(𝒰), hence 𝑦′ ∈ 𝑓 𝒰(ℛESE).
⊃: Let 𝑦 ∈ 𝑓 𝒰(ℛESE). Then 𝑦 = 𝑓 𝒰(𝑥) for some 𝑥 that is extreme supported ef-
ficient for MORC(𝒰). According to (ii), 𝑥 is also extreme supported efficient for
MORC(𝒰 ′). Hence, 𝑥′ ∈ ℛ ′

ESE exists such that 𝑓 𝒰′(𝑥) = 𝑓 𝒰′(𝑥′). This leads to

𝑦 = 𝑓 𝒰(𝑥)
(2.6)
≥ 𝑓 𝒰′(𝑥) = 𝑓 𝒰′(𝑥′) (3.11)= 𝑓 𝒰(𝑥′).

Since by assumption 𝑦 is extreme supported nondominated for MORC(𝒰), equal-
itymust hold true. Thus, 𝑦 = 𝑓 𝒰(𝑥′) for 𝑥′ ∈ ℛ ′

ESE and, consequently, 𝑦 ∈ 𝑓 𝒰(ℛ ′
ESE).

ADAPT ION OF OPT IM I ZAT ION - P E S S IM I ZAT ION. Figure 3.5 illustrates the method,
Algorithm 3.3 describes the exact procedure.

Now the optimization problem consists of determining a representative set𝑋′∗ of extreme
supported efficient solutions toMORC(𝒰 ′). As before, in the pessimization stepwe consider
all solutions 𝑥 ∈ 𝑋′∗ and for each of them we determine a worst-case scenario for each
of the 𝑝 objective functions independently. The worst-case scenarios are then added to
the uncertainty set.

The following lemma shows correctness of Algorithm 3.3 and is the analog of The-
orem 3.10.

Theorem 3.15. Let Assumption 1 hold. Furthermore, let the ideal point property (2.1) and the
domination property (2.2) hold for MORC(𝒰) and for MORC(𝒰 ′) for any finite subset 𝒰 ′ ⊆ 𝒰 .
Furthermore, let there be a finite representative set of extreme supported efficient solutions to
MORC(𝒰 ′).

(i) Let 𝒰 be finite. Then Algorithm 3.3 returns a representative set of extreme supported effi-
cient solutions to MORC(𝒰) in at most |𝒰| iterations.

(ii) Let 𝒰 be a polytope or finite and 𝑓𝑖(𝑥, ⋅) ∶ conv(𝒰) → ℝ, 𝑖 = 1, 2, … , 𝑝, be quasi-convex.
Then Algorithm 3.3 returns a representative set of extreme supported efficient solutions
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Optimization:
Determine representative set

of extreme supported efficient solutions 𝑋∗

of MORC(𝒰 ′)

Pessimization:
For all 𝑥 ∈ 𝑋∗, 𝑖 = 1, 2, … , 𝑝:

Determine worst-case scenario
𝜉∗ ∈ argmax𝜉∈𝒰 𝑓𝑖(𝑥∗, 𝜉)

Add scenarios to 𝒰 ′

Figure 3.5: Optimization-pessimization: Determining point-based minmax robust extreme sup-
ported efficient solutions for problems with uncertain objectives

Algorithm3.3Optimization-pessimization:Determiningpoint-basedminmax robust ex-
treme supported efficient solutions for problems with uncertain objectives
Require: Multi-objective robust optimization problem (MORC(𝒰)).
Require: Finite initial set 𝒰(0) ⊆ 𝒰 .
Ensure: Either 𝒰 finite or 𝒰 a polytope and 𝑓𝑖(𝑥, ⋅), 𝑖 = 1, 2, … , 𝑝 continuous and quasi-convex.
Ensure: ideal point property (2.1) and domination property (2.2) hold for (MORC(𝒰)) and for

(MORC(𝒰 ′)) for any finite subset 𝒰 ′ ⊆ 𝒰 .
1: Set 𝑘 ≔ 0.
2: repeat
3: Set 𝒰(𝑘+1) ≔ 𝒰(𝑘).

4: Determine representative set for extreme supported efficient solutions 𝑋(𝑘)∗ and extreme
supported nondominated points 𝑌(𝑘)∗ of 𝑃(𝒰(𝑘)).

5: for all 𝑥∗ ∈ 𝑋(𝑘)∗ do
6: for all 𝑖 = 1, 2, … , 𝑝 do
7: Determine 𝜉∗ ∈ argmax𝒰 𝑓𝑖(𝑥∗, 𝜉).
8: Add 𝜉∗ to 𝒰(𝑘+1).
9: end for
10: end for

11: 𝑘 ≔ 𝑘 + 1
12: until 𝑓 𝒰(𝑥∗) = 𝑓 𝒰(𝑘−1)(𝑥∗) for all 𝑥∗ ∈ 𝑋(𝑘−1)∗.
13: return 𝑋(𝑘−1)∗: representative set of extreme supported efficient solutions of (MORC(𝒰)).
14: return 𝑌(𝑘−1)∗: set of extreme supported nondominated points of (MORC(𝒰)).
15: return 𝒰FINAL ≔ 𝒰𝑘: set of worst-case scenarios.

Optimization

Pessimization

to MORC(𝒰) in at most 𝑘 iterations where 𝑘 is the number of extreme points of 𝒰 , if we
choose an algorithm for the pessimization problem which always finds an extreme point of
𝒰 .
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Proof. Throughout the algorithm 𝒰(𝑘), 𝑘 = 0, 1, 2, … , is finite. Thus, the functions 𝑓 𝒰′
𝑖 ,

𝑖 = 1, 2, … , 𝑝 are continuous. It follows that 𝒴 = 𝑓 𝒰′(𝒳) is the image of a compact set
under a continuous function and therefore compact, too. Since additionally 𝑋(𝑘−1)∗ (the
representative set of extreme supported efficient solutions to MORC(𝒰 ′)) is finite, The-
orem 3.14 can be applied instead of Theorem 3.9. The rest of the proof is analogous to
the proof of Theorem 3.10.

Algorithm 3.3 provides a method to solve the bi-objective robust mixed-integer linear
optimization problemBRO(𝒰), whichwill be defined in Section 4.2. However, this is still
challenging since in each iteration a representative set for all extreme supported efficient
solutions to MORC(𝒰 ′) for some 𝒰 ′ ⊆ 𝒰 needs to be found. In Section 5.2 we show how
for that purpose dichotomic search can be employed.

3.3 DE T ERM IN ING PO INT- BA S ED M INMAX ROBUST E F F I C I ENT
SOLUT IONS FOR PROBL EMS W I TH UNCERTA IN OB J EC T I V E S
AND UNCERTA IN CONSTRA INT S

In this section, the results of the previous sectionwill be extended to that end, that multi-
objective optimization-pessimization can also be used for problemswith uncertainty not
only in the objectives, but also in the constraints. Unlike in Section 3.2, we no longer
assume that 𝒳𝜉 = 𝒳 for all 𝜉 ∈ 𝒰 . Instead we consider the uncertain multi-objective
optimization problem

⎧{{{{
⎨{{{{⎩

min

⎧{{{{
⎨{{{{⎩

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

𝑓1(𝑥, 𝜉)
𝑓2(𝑥, 𝜉)

⋮
𝑓𝑝(𝑥, 𝜉)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

∶
𝐹𝑗(𝑥, 𝜉) ≤ 0 ∀𝑗 = 1, 2, … , 𝐽

𝑥 ∈ 𝒳

⎫}}}}
⎬}}}}⎭

⎫}}}}
⎬}}}}⎭𝜉∈𝒰

(MOP(𝒰) revisited)

and have to deal with feasibility sets that depend on the uncertainty set.
In Section 3.3.1 we will show how in the context of point-based minmax robust effi-

ciency, uncertainty in the objective can be transferred to the constraints. Subsequently, in
Section 3.3.2 wewill formulate optimization-pessimization for multi-objective problems
with uncertainty in both the constraints and the objectives.

3.3.1 Transferring all uncertainty into the constraints

In Section 2.2 we noted that in a single-objective setting–when exploringminmax robust-
ness–it can be assumed without loss of generality that uncertainty occurs only in the
constraints. This is due to the fact that by the means of introducing bottleneck variables
a general uncertain problem (P(𝒰)) can equivalently be written as problem with un-
certainty only in the constraints (PBN(𝒰)) and their robust counterparts (RC(𝒰) and
RCBN(𝒰), respectively) are equivalent.
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We will formally show that in the context of point-based minmax efficiency, this can
be generalized to multi-objective problems; and the multi-objective robust counterpart

min

⎧{{{{
⎨{{{{⎩

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

sup𝜉∈𝒰 𝑓1(𝑥, 𝜉)
sup𝜉∈𝒰 𝑓2(𝑥, 𝜉)

⋮
sup𝜉∈𝒰 𝑓𝑝(𝑥, 𝜉)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

∶
𝐹𝑗(𝑥, 𝜉) ≤ 0 ∀𝜉 ∈ 𝒰, ∀𝑗 = 1, 2, … , 𝐽

𝑥 ∈ 𝒳

⎫}}}}
⎬}}}}⎭

(MORC(𝒰) reformulated)

is, in a sense, “equivalent” to

min

⎧{{{{
⎨{{{{⎩

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

𝑦1

𝑦2

⋮
𝑦𝑝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

∶

𝑓𝑖(𝑥, 𝜉) ≤ 𝑦𝑖 ∀𝜉 ∈ 𝒰, ∀𝑖 = 1, 2, … , 𝑝
𝐹𝑗(𝑥, 𝜉) ≤ 0 ∀𝜉 ∈ 𝒰, ∀𝑗 = 1, 2, … , 𝐽

𝑥 ∈ 𝒳
𝑦 ∈ ℝ𝑝

⎫}}}}
⎬}}}}⎭

. (MORCBN(𝒰))

Specifically, we show that (extreme supported) efficient solutions to MORC(𝒰) can be
constructed from (extreme supported) efficient solutions toMORCBN(𝒰) and vice versa.
We use the following notation for the robust feasible set 𝒳𝒰′ of an uncertain multi-

objective optimization problem with uncertainty set 𝒰 ′ ⊆ 𝒰 :

𝒳𝒰 ≔ ⋂
𝜉∈𝒰

{𝑥 ∈ 𝒳 ∶ 𝐹𝑗(𝑥, 𝜉) ≤ 0 ∀𝑗 = 1, 2, … , 𝐽}⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
=𝒳𝜉

⊆ ⋂
𝜉∈𝒰′

{𝑥 ∈ 𝒳 ∶ 𝐹𝑗(𝑥, 𝜉) ≤ 0 ∀𝑗 = 1, 2, … , 𝐽} ≕ 𝒳𝒰′ ⊆ 𝒳.
(3.30)

Lemma 3.16. Consider a problem of type MORC(𝒰). Let 𝒰 be compact and let the functions
𝑓𝑖(𝑥, ⋅) ∶ conv(𝒰) → ℝ be continuous for all 𝑥 ∈ 𝒳𝒰 ⊆ 𝒳 , 𝑖 = 1, 2, … , 𝑝. Then the following
holds:

(i) The set of feasible solutions to MORCBN(𝒰) is {(𝑥, 𝑦) ∶ 𝑥 ∈ 𝒳𝒰 , 𝑦 ≥ 𝑓 𝒰(𝑥)} ≠ ∅.

(ii) The set 𝑋 ⊆ 𝒳𝒰 is the set of efficient solutions to MORC(𝒰) if and only if {(𝑥, 𝑦) ∶ 𝑥 ∈
𝑋, 𝑦 = 𝑓 𝒰(𝑥)} is the set of efficient solutions to MORCBN(𝒰). In particular, the set of
nondominated points for MORC(𝒰) and MORCBN(𝒰) coincide.

(iii) The set of extreme supported nondominated points for MORC(𝒰) and MORCBN(𝒰) co-
incide.

(iv) The set𝑋 ⊆ 𝒳𝒰 is a representative set of extreme supported efficient solutions toMORC(𝒰)
if and only if {(𝑥, 𝑦) ∶ 𝑥 ∈ 𝑋, 𝑦 = 𝑓 𝒰(𝑥)} is a representative set of extreme supported effi-
cient solutions to MORCBN(𝒰).

Proof.

(i) This follows directly from the definition of MORCBN(𝒰). Compactness of 𝒰 im-
plies that the feasible set of MORCBN(𝒰) is not empty.
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(ii) Let (𝑥, 𝑦) be efficient for MORCBN(𝒰). We show that this yields 𝑦 = 𝑓 𝒰(𝑥): Clearly,
𝑦 ≥ 𝑓 𝒰(𝑥) otherwise (𝑥, 𝑦) is not feasible for MORCBN(𝒰), (see (i)). Now assume
that 𝑦𝑖 > max𝜉∈𝒰 𝑓𝑖(𝑥, 𝜉) for 𝑖 = 1, 2, … , 𝑝. Then (𝑥, 𝑦) is dominated by the feas-
ible solution (𝑥, 𝑓 𝒰(𝑥)) and hence not efficient. The set of efficient solutions to
MORCBN(𝒰) hence is contained in {(𝑥, 𝑓 𝒰(𝑥)) ∶ 𝑥 ∈ 𝒳𝒰}.
Note that 𝑓 𝒰(𝑥) is the objective function value of 𝑥 inMORC(𝒰) and also of (𝑥, 𝑓 𝒰(𝑥))
in MORCBN(𝒰). This yields that 𝑥 is efficient to MORC(𝒰) if and only if (𝑥, 𝑓 𝒰(𝑥))
is efficient to MORCBN(𝒰). Hence, 𝑋 is the set of efficient solutions to MORC(𝒰)
if and only if {(𝑥, 𝑓 𝒰(𝑥)) ∶ 𝑥 ∈ 𝑋} is the set of efficient solutions to MORCBN(𝒰)
and the sets of nondominated points of both problems coincide.

(iii) The definition of extreme supported nondominated solutions only uses the set of
nondominated points in the objective space. Due to (ii) the set of nondominated
points for MORC(𝒰) and MORCBN(𝒰) coincide, hence also their extreme suppor-
ted nondominated points.

(iv) Let 𝑋 ⊆ 𝒳𝒰 be a representative set of extreme supported efficient solutions to
MORC(𝒰). Then 𝑓 𝒰(𝑋) is the set of extreme supported nondominated points for
MORC(𝒰). According to (iii), 𝑓 𝒰(𝑋) is also the set of extreme supported nondom-
inated points to MORCBN(𝒰). Since 𝑓 𝒰(𝑋) is the image of {(𝑥, 𝑓 𝒰(𝑥)) ∶ 𝑥 ∈ 𝑋} for
MORCBN(𝒰), the latter set is a representative set of extreme supported efficient
solutions to MORCBN(𝒰).
Let a representative set of extreme supported efficient solutions to MORCBN(𝒰)
be given. By (ii), it takes the form {(𝑥, 𝑦) ∶ 𝑥 ∈ 𝑋, 𝑦 = 𝑓 𝒰(𝑥)} for some 𝑋 ⊆ 𝒳𝒰 .
Its image 𝑓 𝒰(𝑋) then is the set of extreme supported nondominated solutions to
MORCBN(𝒰), and according to (iii), also to MORC(𝒰). Consequently, 𝑋 is a rep-
resentative set of extreme supported efficient solutions to MORC(𝒰).

We now present an algorithm designed to determine (extreme supported) efficient
solutions to MORCBN(𝒰). By Lemma 3.16 this algorithm also solves MORC(𝒰).

3.3.2 Adaption of optimization-pessimization

In this section, we once again work under Assumption 1.
We present an optimization-pessimization algorithm that solves MORCBN(𝒰) by it-

eratively increasing the uncertainty set. Again, the algorithmic idea is illustrated in Fig-
ure 3.6 and the algorithm is explicitly stated inAlgorithm 3.4. It can be used to determine
either point-based minmax efficient or point-based minmax extreme supported efficient
solutions.

Theorem 3.17. Let 𝒰 ′ ⊆ 𝒰 and let the ideal point property (2.1) and the domination prop-
erty (2.2) hold for MORC(𝒰) and for MORC(𝒰 ′) for any finite subset 𝒰 ′ ⊆ 𝒰 . Furthermore,
let the objective functions 𝑓𝑖(𝑥, ⋅) ∶ conv(𝒰) → ℝ, 𝑖 = 1, 2, … , 𝑝, and the constraint functions
𝐹𝑗(𝑥, ⋅), 𝑗 = 1, 2, … , 𝐽, be continuous.

(i) Let 𝒰 be finite. Then Algorithm 3.4 returns a representative set of point-based minmax
robust (extreme supported) efficient solutions to MOP(𝒰) in at most |𝒰| iterations.
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Optimization:
Determine representative set of (extreme supported)

efficient solutions 𝑋∗ of MORCBN(𝒰 ′)

Pessimization w.r.t. the objectives:
For all (𝑥∗, 𝑦∗) ∈ 𝑋∗, 𝑖 = 1, 2, … , 𝑝 determine
worst-case scenario 𝜉∗ ∈ argmax𝜉∈𝒰 𝑓𝑖(𝑥∗, 𝜉).

If 𝑓𝑖(𝑥∗, 𝜉∗) > 𝑦∗
𝑖 : Add scenario 𝜉∗ to 𝒰 ′

Pessimization w.r.t. the constraints:
For all (𝑥∗, 𝑦∗) ∈ 𝑋∗, 𝑗 = 1, 2, … , 𝐽 determine
worst-case scenario 𝜉∗ ∈ argmax𝜉∈𝒰 𝐹𝑗(𝑥∗, 𝜉).

If 𝐹𝑗(𝑥∗, 𝜉∗) > 0: Add scenario 𝜉∗ to 𝒰 ′

Figure 3.6: Optimization-pessimization for problem with uncertainty in the objectives and the
constraints

(ii) Let 𝒰 be a polytope or finite and let the objectives 𝑓𝑖(𝑥, ⋅) ∶ conv(𝒰) → ℝ for all 𝑖 =
1, 2, … , 𝑝 and the constraints 𝐹𝑗(𝑥, ⋅) ∶ conv(𝒰) → ℝ for all 𝑗 = 1, 2, … , 𝐽 be continuous
and quasi-convex. Then Algorithm 3.4 returns a representative set of point-based minmax
robust (extreme supported) efficient solutions to (MOP(𝒰)) in at most 𝑘 iterations, where
𝑘 is the number of extreme points of 𝒰 , if we choose an algorithm for the pessimization
problem which always finds an extreme point of 𝒰 .

Proof. We first show that the solutions returned after termination of the algorithm are
in fact point-based minmax robust (extreme supported) efficient solutions to MOP(𝒰).
We then show termination after the stated number of iterations.

For the first part, note that when the algorithm terminates we have

max
𝜉∈𝒰

𝑓𝑖(𝑥∗, 𝜉) ≤ 𝑦∗
𝑖 ∀𝑖 = 1, 2, … , 𝑝, (3.31)

max
𝜉∈𝒰

𝐹𝑗(𝑥∗, 𝜉) ≤ 0 ∀𝑗 = 1, 2, … , 𝐽 (3.32)

for all (𝑥∗, 𝑦∗) ∈ 𝑋(𝑘−1)∗. Thus, all solutions in𝑋(𝑘−1)∗ are feasible forMORCBN(𝒰). Since
they are (extreme supported) efficient toMORCBN(𝒰(𝑘))–a problemwith a smaller feas-
ible set but the same objective asMORCBN(𝒰)–, it follows that they are (extreme suppor-
ted) efficient toMORCBN(𝒰). By Lemma 3.16 (ii) and (iv), it follows that proj𝒳(𝒳(𝑘−1)∗),
i.e., the first 𝑝 components of all elements of 𝒳(𝑘−1)∗, is a representative set of (extreme
supported) efficient solutions to MORC(𝒰), i.e., a representative set of point-based min-
max robust (extreme supported) efficient solutions to MOP(𝒰). By the same argument
proj𝒴(𝒳(𝑘−1)∗) is the set of point-based minmax robust efficient solutions to MOP(𝒰).
For the second part note that analogous to the proof of Theorem 3.10 in each iteration

at least one scenario is added to 𝒰(𝑘). The statement in (i) follows directly. By continuity
and quasi-convexity of the functions 𝑓𝑖(𝑥, ⋅), 𝑖 = 1, 2, … , 𝑝, and 𝐹𝑗(𝑥, ⋅), 𝑗 = 1, 2, … , 𝐽, and
compactness of 𝒰 it follows that we can choose an algorithm that returns an extreme
point of 𝒰 , the statement in (ii) follows.
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Algorithm 3.4 Optimization-pessimization: Determining point-based minmax robust
(extreme supported) efficient solutions for problems with uncertain objectives
Require: Multi-objective robust optimization problem MORCBN(𝒰)
Require: Finite initial set 𝒰(0) ⊆ 𝒰 .
Ensure: Either 𝒰 finite or 𝒰 a polytope and 𝑓𝑖(𝑥, ⋅), 𝑖 = 1, 2, … , 𝑝, and 𝐹𝑗(𝑥, ⋅), 𝑗 = 1, 2, … , 𝐽, con-

tinuous and quasi-convex.
Ensure: ideal point property (2.1) and domination property (2.2) hold for (MORC(𝒰)) and for

(MORC(𝒰 ′)) for any finite subset 𝒰 ′ ⊆ 𝒰 .
1: Set 𝑘 ≔ 0.
2: repeat
3: Set 𝒰(𝑘+1) ≔ 𝒰(𝑘).

4: Determine representative set of (extreme supported) efficient solutions 𝑋(𝑘)∗

of MORCBN(𝒰).

5: for all (𝑥∗, 𝑦∗) ∈ 𝑋(𝑘)∗ do
6: for all 𝑖 = 1, 2, … , 𝑝 do
7: Determine 𝜉∗ ∈ argmax𝒰 𝑓𝑖(𝑥∗, 𝜉).
8: if 𝑓𝑖(𝑥∗, 𝜉∗) > 𝑦∗

𝑖 then
9: Add 𝜉∗ to 𝒰(𝑘+1).
10: end if
11: end for
12: for all 𝑗 = 1, 2, … , 𝐽 do
13: Determine 𝜉∗ ∈ argmax𝒰 𝐹𝑗(𝑥∗, 𝜉).
14: if 𝐹𝑗(𝑥∗, 𝜉∗) > 0 then
15: Add 𝜉∗ to 𝒰(𝑘+1).
16: end if
17: end for
18: end for

19: 𝑘 ≔ 𝑘 + 1
20: until 𝒰(𝑘) = 𝒰(𝑘+1).
21: return proj𝒳(𝑋(𝑘−1)∗): representative set of point-based minmax robust (extreme suppor-

ted) efficient solutions to MOP(𝒰).
22: return proj𝒴(𝑋(𝑘−1)∗): set of point-based minmax robust (extreme supported) nondomin-

ated points of MOP(𝒰).
23: return 𝒰FINAL ≔ 𝒰𝑘: set of worst-case scenarios.

Optimization

Pessimization

CONCLUS ION

In this chapter we have shown that the optimization-pessimization method can be em-
ployed to solve themulti-objective robust counterpart (MORC(𝒰)) of anuncertainmulti-
objective optimization problem (MOP(𝒰)) by solving the multi-objective robust coun-
terpart (MORC(𝒰 ′)) for a sequence of smaller–and, most notably, finite–uncertainty
sets 𝒰 ′ ⊆ 𝒰 (optimization step) and solving deterministic single-objective maximiza-
tion problems (Pesspb(𝑥)). We showed that the method can be utilized to determine
point-based minmax robust extreme supported efficient as well as point-based minmax robust
efficient solutions (see Section 3.2) for problems with uncertainty in the objective and/or
in the constraints (see Section 3.3). Under some additional assumptions, most notably
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constraints and objectives being quasi-convex in 𝜉 for fixed 𝑥 and 𝒰 being compact, this
method is finite (see Theorems 3.10, 3.15 and 3.17). Even if optimization-pessimization
does not terminate, it provides us with an upper and a lower bound for the Pareto fron-
tier of MORC(𝒰) (see Lemma 3.4).
However, the optimization step so far has been treated as a blackbox. We have shown

that the optimization problem in each iteration (MORC(𝒰 ′)) can be reformulated as
a deterministic multi-objective minimization problem with a finite number, specifically
(𝑝 + 𝐽) ⋅ |𝒰 ′|, of additional constraints (MORCBN(𝒰 ′)). Such problems can be solved
using a wide range of multi-objective optimization methods. In particular, scalarization
methods (see [PS84; Eic09; BQT19]) such asweighted sum or epsilon constraints, can be
considered. Enumeration methods like Benson’s (see [Ben98]) or Bökler and Mutzel’s
method (see [BM15]) are other possible choices.
In the following two chapters, we restrict ourselves to bi-objective robust optimization

and employ the dichotomic searchmethod to solve themulti-objective (then bi-objective)
robust counterpart.





4
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In order to solve the multi-objective robust counterpart–either for the full uncertainty
set 𝒰 or for a reduced uncertainty set 𝒰 ′ ⊆ 𝒰–of an uncertain bi-objective optimization
problem, we turn to dichotomic search. We start this chapter with a review of the dicho-
tomic searchmethod from the literature in Section 4.1 before then turning to bi-objective
mixed-integer linear programs with minmax objective, which is a special case of the
multi-objective robust counterpart (MORC(𝒰)). In Section 4.2 we first formally define
the problem to be solved (BRO(𝒰)) and study its properties (Section 4.2.1). We then
generalize dichotomic search from bi-objective mixed-integer linear optimization to bi-
objective mixed-integer linear minmax optimization, i.e., to problems of type BRO(𝒰)
(Section 4.2.2).

4.1 D I CHOTOM IC S EARCH FOR B I -O B J E C T I V E M I X ED - IN T EGER
L INEAR OPT IM I ZAT ION

In this sectionwe consider a special case of amulti-objective optimizationproblem(MOP),
namely bi-objective linear mixed-integer optimization problems

min
𝑥∈𝒳

⎛⎜⎜
⎝

𝑔1(𝑥)
𝑔2(𝑥)

⎞⎟⎟
⎠
. (BOP)

The feasible set 𝒳 ⊆ ℝ𝑛 is a polyhedron intersected with ℤ𝑘 × ℝ𝑛−𝑘. The objective func-
tions 𝑔1, 𝑔2 ∶ 𝒳 → ℝ are (affinely) linear functions.

A well-known approach to solve such problems is dichotomic search, formulated in Al-
gorithm 4.1. The method has first been published by Cohon in 1978 (see [Coh78]) and
Aneja and Nair in 1979 (see [AN79]) for more specific problem classes and is now part
of multi-objective folklore and sometimes also known asAneja and Nair’s bicriteria method
(see, e.g., [UT94]) or–named after all three authors–CAN method (see, e.g., [ÖK10]).
Most frequently, it is used to solve bi-objective linear problems. However, it can also be
applied to bi-objectivemixed-integer linear problemswhere it determines all extreme sup-
ported efficient nondominated points 𝑌∗ and a representative set of extreme supported
nondominated solutions 𝑋∗. Dichotomic search takes advantage of the fact that in ℝ2

sorting nondominated solutions with respect to their first coordinates is the same as re-
verse sorting by the second coordinate, i.e., for two nondominated solutions 𝑦𝑙, 𝑦𝑟 ∈ 𝒴 ⊆
ℝ2, 𝑦𝑙

1 < 𝑦𝑟
1 implies 𝑦𝑙

2 > 𝑦𝑟
2. The idea is to start with the lexicographically optimal solu-

tions and then in each step find a supported non-dominated point “between” two given
supported non-dominated points. Themethod proceeds iteratively until all extreme sup-
ported nondominated points are identified. Algorithmically, first, the lexicographic op-

43
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timal solutions 𝑥𝐿, 𝑥𝑅 for BOP are computed. After that, in each iteration, a tuple (𝑦𝑙, 𝑦𝑟)
of two points known to be supported nondominated is taken and 𝜆 = (𝑦𝑙

2 − 𝑦𝑟
2, 𝑦𝑟

1 − 𝑦𝑙
1),

corresponding to the slope 𝑦𝑙
2−𝑦𝑟

2
𝑦𝑟

1−𝑦𝑙
1
of the line segment from 𝑦𝑙 to 𝑦𝑟, is chosen. Solving the

corresponding weighted-sum (scalarized) problem

min
𝑥∈𝒳

𝜆⊤𝑔(𝑥)

either finds a new supported nondominated point between 𝑦𝑙 and 𝑦𝑟 or certifies that
there is no such point. The algorithm terminates when all extreme supported nondomin-
ated points–each with a corresponding extreme supported efficient solution–have been
discovered. It might also find supported nondominated points which are not extreme
supported nondominated, but these can be easily identified and removed.

Algorithm 4.1 Dichotomic search
Require: Bi-objective mixed-integer linear optimization problem (BOP).
Ensure: Feasible set 𝒳 is a polyhedron intersected with ℝ𝑛−𝑘 × ℤ𝑘 for some 𝑘 ∈ {0, … , 𝑛}.
1: Initialize ℒ ≔ ∅. {ℒ will contain list of tuple images (𝑦𝑙, 𝑦𝑟) satisfying 𝑦𝑙

1 < 𝑦𝑟
1, 𝑦𝑙

2 > 𝑦𝑟
2}

2: Compute 𝜖1 ≔ min𝑥∈𝒳 𝑔1(𝑥).
3: Determine 𝑥𝐿 ∈ argmin𝑥∈𝒳{𝑔2(𝑥) ∶ 𝑔1(𝑥) ≤ 𝜖1}.
4: Set 𝑦𝐿 ≔ 𝑔(𝑥𝐿).
5: Compute 𝜖2 ≔ min𝑥∈𝒳 𝑔2(𝑥).
6: Determine 𝑥𝑅 ∈ argmin𝑥∈𝒳{𝑔1(𝑥) ∶ 𝑔2(𝑥) ≤ 𝜖2}.
7: Set 𝑦𝑅 ≔ 𝑔(𝑥𝑅).

8: if 𝑦𝐿 = 𝑦𝑅 then
9: STOP. Only one nondominated image found.
10: return 𝑌∗ = {𝑦𝐿}, 𝑋∗ = {𝑥𝐿}.
11: else
12: 𝑌∗ = {𝑦𝐿, 𝑦𝑅}, 𝑋∗ = {𝑥𝐿, 𝑥𝑅}, ℒ = {(𝑦𝐿, 𝑦𝑅)}.
13: end if
14: while ℒ ≠ ∅ do
15: Remove element (𝑦𝑙, 𝑦𝑟) from ℒ .
16: Compute 𝜆 ≔ (𝑦𝑙

2 − 𝑦𝑟
2, 𝑦𝑟

1 − 𝑦𝑙
1).

17: Determine 𝑥∗ ∈ argmin𝑥∈𝒳 𝜆⊤𝑔(𝑥).
18: Set 𝑦∗ ≔ 𝑔(𝑥∗).

19: if 𝜆⊤𝑦∗ < 𝜆⊤𝑦𝑙. then
20: Add 𝑦∗ to 𝑌∗, add 𝑥∗ to 𝑋∗.
21: Add (𝑦𝑙, 𝑦∗), (𝑦∗, 𝑦𝑟) to ℒ .
22: end if
23: end while
24: return 𝑌∗: contains all extreme supported nondominated points.
25: return 𝑋∗: contains a representative set of extreme supported efficient solutions.

Determine lexicographic solutions

Solve weighted-sum problem for weights 𝜆

Finiteness and correctness of Algorithm 4.1 follow from the considerations above,
which are derived from the literature (see [PKL19; ÖK10]) and are stated in the fol-
lowing lemma. The lemma is valid if BOP satisfies the ideal point property (2.1). This is
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a slight generalization to [ÖK10] who assumed that BOP is bounded by the origin, i.e.,
𝑔𝑖(𝑥), 𝑖 = 1, 2, are non-negative for all 𝑥 ∈ 𝒳 .

Lemma 4.1 (e.g., [ÖK10]). Let a bi-objective mixed-integer linear problem (BOP) be given,
i.e., a problem with

• affinely linear objectives 𝑔1, 𝑔2 and

• a feasible set 𝒳 that is a polyhedron intersected with ℝ𝑛−𝑘 × ℤ𝑘.

• Furthermore, let the ideal point property (2.1) hold for BOP.

Then Algorithm 4.1 returns a set 𝑌∗ containing all extreme supported nondominated points and
a set 𝑋∗ containing a representative set of extreme supported efficient solutions after 2|𝑌∗| − 3
iterations (lines 15–22) if |𝑌∗| > 2 and zero iterations if |𝑌∗| = 1.

It is known that in the case of bi-objective linear optimization problems, the set of all
extreme supported nondominated points and a representative set of extreme supported
efficient solutions can be used to construct all nondominated points and a representative
set of efficient solutions, respectively. We will show a related result in Lemma 5.1 in
Chapter 5.

4.2 D I CHOTOM IC S EARCH FOR B I -O B J E C T I V E M I X ED - IN T EGER
L INEAR M INMAX OPT IM I ZAT ION

In order to solve the multi-objective robust counterpart (MORC(𝒰)) of an uncertain
multi-objective optimization problem (MOP(𝒰)) with 𝑝 = 2 objectives we will now ex-
tend dichotomic search to bi-objective mixed-integer linear minmax optimization prob-
lems. To this end, we will first introduce the problem at hand and study its properties
in Section 4.2.1. Subsequently, in Section 4.2.2 we show how the problem can be solved
with dichotomic search.

4.2.1 The problem to be solved: A bi-objective mixed-integer linear robust optimization problem
(BRO)

We consider uncertain bi-objective optimization problems (MOP(𝒰) with 𝑝 = 2) with
uncertainty only in the objectives. Their robust counterpart (MORC(𝒰)) takes the fol-
lowing form:

min
𝑥∈𝒳

⎛⎜⎜
⎝

sup𝜉∈𝒰 𝑓1(𝑥, 𝜉)
sup𝜉∈𝒰 𝑓2(𝑥, 𝜉)

⎞⎟⎟
⎠
. (BRO(𝒰))

Our goal is to determine the Pareto frontier and the associated efficient solutions of
BRO(𝒰).
For BRO(𝒰) we always assume the following:

• (BRO-1) The feasible set takes the form 𝒳 = 𝑃 ∩ (ℤ𝑘 × ℝ𝑛−𝑘) where 𝑃 ⊆ ℝ𝑛 is a
polytope and 0 ≤ 𝑘 ≤ 𝑛.
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• (BRO-2) The uncertainty set 𝒰 ⊆ ℝ𝑚 is a polytope or finite set.

• (BRO-3) The objective functions 𝑓1, 𝑓2 ∶ 𝒳 × 𝒰 → ℝ are affinely linear in 𝑥 for every
fixed 𝜉 ∈ 𝒰 and quasi-convex and continuous in 𝜉 for every fixed 𝑥 ∈ 𝒳 .

Under the latter two assumptions, (BRO-2) and (BRO-3), the supremum in the defi-
nition of BRO(𝒰) is always attained and we can write maximum instead, i.e., 𝑓 𝒰

𝑖 (𝑥) =
max𝜉∈𝒰 𝑓𝑖(𝑥, 𝜉) for 𝑥 ∈ 𝒳 , 𝑖 = 1, 2. The third condition (BRO-3) guarantees that 𝑓𝑖 ∶ 𝒳 ×
𝒰 → ℝ is jointly continuous in (𝑥, 𝜉) (see, e.g., [KD69]). Finally, the feasible set 𝒳 de-
termines the type of the problem at hand: For 𝑘 = 0 the problem is a bi-objective (pure)
linear minmax problem, for 𝑘 = 𝑛 the problem is a bi-objective integer linear minmax
problem and for 1 ≤ 𝑘 < 𝑛 we have a bi-objective mixed-integer linear minmax problem.

DOM INAT ION AND IDEAL PO INT PROPERTY FOR MULT I -O B J E C T I V E ROBUST OP T I -
M I ZAT ION PROBL EMS . We conclude this section by discussing under which assump-
tions the ideal point property (2.1) and the domination property (2.2) are satisfied for
robustmulti-objective problems (MORC(𝒰)), i.e., for the case that the objective functions
of a multi-objective optimization problem (MOP) are given as 𝑔 = 𝑓 𝒰 . For a discussion
of the domination property (2.2) in the context of multi-objective robust optimization,
we refer to Schöbel and Zhou-Kangas (see [SZK21]).

Lemma 4.2. Let either

(i) 𝒳 and 𝒰 both be finite,

(ii) 𝒳 be finite, 𝒰 compact and 𝑓 (𝑥, ⋅) continuous in 𝒰 for every fixed 𝑥 ∈ 𝒳 ,

(iii) 𝒰 be finite, 𝒳 compact and 𝑓 (⋅, 𝜉) continuous in 𝒳 for every fixed 𝜉 ∈ 𝒰 , or

(iv) 𝒳 and 𝒰 be compact and 𝑓 (⋅, ⋅) jointly continuous in 𝒳 and 𝒰 .

Then both, the ideal point property (2.1) and the domination property (2.2) are satisfied for a
robust multi-objective optimization problem MORC(𝒰).

Proof. We set 𝑔𝑖(𝑥) ≔ sup𝜉∈𝒰 𝑓𝑖(𝑥, 𝜉), 𝑖 = 1, 2, … , 𝑝, and distinguish two cases:
First, consider the case where 𝒳 is finite. Then due to Lemma 2.5, ideal point property

(2.1) and domination property (2.2) hold if 𝑔𝑖(𝑥) = sup𝜉∈𝒰 𝑓𝑖(𝑥, 𝜉) exists for all 𝑥 ∈ 𝒳 .
This is the case since either 𝒰 is finite or 𝒰 is compact and 𝑓𝑖(𝑥, ⋅) continuous for every
fixed 𝑥 ∈ 𝒳 .
Second, assume 𝒳 is compact (but not finite). In this case, Lemma 2.5 requires that

𝑔𝑖(𝑥) is continuous. This holds since either

ad (iii) 𝒰 is finite, hence 𝑔𝑖(𝑥), 𝑖 = 1, 2, is continuous as the maximum of a finite set of
continuous functions 𝑓𝑖(⋅, 𝜉), 𝜉 ∈ 𝒰 , or

ad (iv) 𝒰 is compact and 𝑓𝑖(⋅, ⋅), 𝑖 = 1, 2, is jointly continuous in (𝑥, 𝜉) and hence again,
𝑔𝑖(𝑥) is continuous.

We conclude that ideal point property (2.1) and domination property (2.2) hold for
BRO(𝒰).
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Corollary 4.3. BRO(𝒰) satisfies both ideal point property (2.1) and domination property (2.2).

Proof. By the assumptions of BRO(𝒰),𝒳 and𝒰 are both compact (see (BRO-1) and (BRO-
2)) and 𝑓𝑖 ∶ 𝒳 × 𝒰 → ℝ is jointly continuous in (𝑥, 𝜉) for 𝑖 = 1, 2 (BRO-3). Lemma 4.2
hence gives the result.

4.2.2 Solving BRO with dichotomic search

Our goal is to apply dichotomic search to a bi-objective mixed-integer linear robust opti-
mization problem (BRO(𝒰)). Recall that the functions 𝑓1 and 𝑓2 are affinely linear in 𝑥
for every fixed 𝜉 ∈ 𝒰 and 𝒳 = 𝑃 ∩ (ℤ𝑘 × ℝ𝑛−𝑘) for a polyhedron 𝑃 and 0 ≤ 𝑘 ≤ 𝑛, i.e.,
without the supremumBRO(𝒰) would satisfy the requirements of Lemma 4.1. However,
since the functions 𝑓 𝒰

𝑖 ∶ 𝒳 → ℝ, 𝑥 ↦ sup𝜉∈𝒰 𝑓𝑖(𝑥, 𝜉), 𝑖 = 1, 2, are not (affinely) linear, we
aim to transform BRO(𝒰) to a bi-objective mixed-integer linear optimization problem
(BOP) for which we can apply dichotomic search.

We proceed in two steps. The first step is to transformBRO(𝒰) to its bottleneck version,
i.e., to

min
⎧{
⎨{⎩

⎛⎜⎜
⎝

𝑦1

𝑦2

⎞⎟⎟
⎠

∶
𝑥 ∈ 𝒳,
𝑦 ∈ ℝ2,

𝑓1(𝑥, 𝜉) ≤ 𝑦1 ∀𝜉 ∈ 𝒰,
𝑓2(𝑥, 𝜉) ≤ 𝑦2 ∀𝜉 ∈ 𝒰

⎫}
⎬}⎭

. (BROBN(𝒰))

Recall Lemma 3.16 which regarded the relationship of a multi-objective robust counter-
part (MORC(𝒰)) and its reformulation (MORCBN(𝒰)). Since the problems BRO(𝒰) and
BROBN(𝒰) are special cases of MORC(𝒰) and MORCBN(𝒰), respectively, Lemma 3.16
is applicable.
We can now turn our focus to the reformulation BROBN(𝒰) which, unlike BRO(𝒰),

has affinely linear objective functions. However, to ensure its feasible set meets the re-
quirements of Lemma 4.1, we additionally need that the feasible set of BROBN(𝒰) is a
polyhedron intersectedwith ℤ𝑘 ×ℝ𝑛−𝑘 for 0 ≤ 𝑘 ≤ 𝑛. Then Algorithm 4.1 can be applied
to BROBN(𝒰) and determines all its extreme supported nondominated points and a rep-
resentative set of extreme supported efficient solutions. In the following lemmawe show
more, namely that we do not need the bottleneck version but can apply Algorithm 4.1
directly to BRO(𝒰) to receive the extreme supported nondominated points and a repres-
entative set of extreme supported efficient solutions of BRO(𝒰) if the set 𝒰 of scenarios
is finite.

Lemma 4.4. Let a problem of type BRO(𝒰) be given and let (BRO-1) and (BRO-3) hold. We
assume that 𝒰 is non-empty and finite.
Then Algorithm 4.1 applied to BRO(𝒰) returns a set 𝑌∗ containing all extreme supported

nondominated points and a set 𝑋∗ containing a representative set of extreme supported efficient
solutions after 2|𝑌∗| − 3 iterations (lines 14-23) if |𝑌∗| > 2 and zero iterations if |𝑌∗| = 1.

Proof. The proof is in two parts: First, we show that dichotomic search applied to the bot-
tleneck version BROBN(𝒰) of BRO(𝒰) returns a representative set of extreme supported
efficient solutions and the set of all extreme supported nondominated points for the
(non-bottleneck) problem BRO(𝒰). Second, we show that applying dichotomic search
directly to BRO(𝒰) yields the exact same solutions as applying it to the bottleneck ver-
sion BROBN(𝒰).
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For the first part we use that the bottleneck version of the problem, i.e., BROBN(𝒰),
meets the requirements of Lemma 4.1: We use the assumptions made for BRO(𝒰) and
see that BROBN(𝒰) is a bi-objective problem with two affinely linear objectives 𝑦1 and
𝑦2. For the feasible set note that the original feasible set 𝒳 of BRO(𝒰) is given as 𝒳 =
𝑃 ∩ (ℝ𝑛−𝑘 × ℤ𝑘). Since we add two variables and two affinely linear constraints for each
scenario from the finite set 𝒰 (see part (i) of Lemma 3.16), also the resulting feasible
set for BROBN(𝒰) can be written as 𝑃′ ∩ (ℝ𝑛′−𝑘 × ℤ𝑘) with a new polyhedron 𝑃′ and
dimension 𝑛′ = 𝑛 + 2. Furthermore, (2.1) holds due to Corollary 4.3.
Thus, due to Lemma 4.1, dichotomic search (Algorithm 4.1) can be applied and a set

𝑌∗
𝐵𝑁 containing all extreme supported nondominated points and a representative set of

extreme supported efficient solutions 𝑋∗
𝐵𝑁 for BROBN(𝒰) are determined after 2|𝑌∗| − 3

iterations (lines 14-23) if |𝑌∗| > 2 and zero iterations if |𝑌∗| = 1.
Lemma 3.16 (iv) shows that 𝑋∗

𝐵𝑁 = {(𝑥, 𝑓 𝒰(𝑥)) ∶ 𝑥 ∈ 𝑋} for some set 𝑋 ⊆ 𝒳 which is a
representative set of extreme supported efficient solutions of BRO(𝒰).
For the second part, note that the difference between using BRO(𝒰) or BROBN(𝒰)

concerns lines 2, 3, 5, 6, and each iteration of line 17 of Algorithm 4.1. However, there
is no difference between applying these steps to BRO(𝒰) and BROBN(𝒰): the feasible
set of the latter problem is of higher dimension than the feasible set of the former but
their outcomes in the objective space ℝ2 coincide (see Lemma 3.16) and only those are
needed for subsequent computations.

The lemma above justifies the application of dichotomic search to our problem of in-
terest BRO(𝒰) if 𝒰 is finite. However, in BRO(𝒰) the set 𝒰 may be a polytope. On the
other hand, in (BRO-3)wemade the additional – and thus far unnecessary – assumption
that 𝑓𝑖(𝑥, ⋅) ∶ 𝒰 → ℝ, 𝑖 = 1, 2 are quasi-convex. Utilizing this additional requirement, we
now show that Lemma 4.4 is still valid if 𝒰 is a polytope instead of a finite set.

Lemma 4.5. Let a problem of type BRO(𝒰) be given and let (BRO-1) and (BRO-3) hold. We
assume that 𝒰 is a polytope.
Then Algorithm 4.1 applied to BRO(𝒰) returns a set 𝑌∗ containing all extreme supported

nondominated points and a set 𝑋∗ containing a representative set of extreme supported efficient
solutions after 2|𝑌∗| − 3 iterations (lines 14-23) if |𝑌∗| > 2 and zero iterations if |𝑌∗| = 1.

Proof. If 𝒰 is a polytope it has a finite number of (not necessarily known) extreme points
𝜉1, … , 𝜉𝑙. Since the functions 𝑓1(𝑥, ⋅), 𝑓2(𝑥, ⋅) ∶ conv(𝒰) → ℝ, 𝑥 ∈ 𝒳 are quasi-convex,
according to [EIS14, Theorem 5.9], BRO(𝒰) and BRO({𝜉1, … , 𝜉𝑙}) are equivalent since
their objective functions 𝑓 𝒰 and 𝑓 {𝜉1,…,𝜉𝑙} are the same.
Lemma 4.4 justifies that we can apply Algorithm 4.1 to BRO({𝜉1, … , 𝜉𝑙}) and get all

extreme supported nondominated points and a representative set of extreme supported
efficient solutions of BRO({𝜉1, … , 𝜉𝑙}) and hence also of BRO(𝒰) in 2|𝑌∗| − 3 iterations if
|𝑌∗| > 2 and zero iterations if |𝑌∗| = 1. This, however, requires that 𝜉1, … , 𝜉𝑙 are known.
Since finding the vertices of a given polytope, known as vertex enumeration, is a hard prob-
lem (see [Kha+09]), we apply Algorithm 4.1 directly to BRO(𝒰) without using the ex-
treme points of 𝒰 . Luckily, this can be done by using the equivalence of BRO({𝜉1, … , 𝜉𝑙})
and BRO(𝒰) once more:
Namely, we replace BRO({𝜉1, … , 𝜉𝑙}) by BRO(𝒰) whenever it occurs in Algorithm 4.1,

i.e, in Steps 2,3,6,7 and in Step 17 and note that it does not change any result. Summar-
izing, we can also apply Algorithm 4.1 directly to BRO(𝒰).
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CONCLUS ION

This chapter dealt with the bi-objective minmax problem BRO(𝒰) for which we have
shown that it can be solved with dichotomic search. However, in each iteration of dicho-
tomic search the minmax problem

min
𝑥∈𝒳

⎧{{{
⎨{{{⎩

𝜆1 max
𝜉∈𝒰

𝑓1(𝑥, 𝜉)
⏟⏟⏟⏟⏟⏟⏟
=𝑓 𝒰

1 (𝑥)=𝑔1(𝑥)

+𝜆2 max
𝜉∈𝒰

𝑓2(𝑥, 𝜉)
⏟⏟⏟⏟⏟⏟⏟
=𝑓 𝒰

2 (𝑥)=𝑔2(𝑥)

⎫}}}
⎬}}}⎭

(BRO(𝒰, 𝜆))

has to be solved. How to proceed with this task is addressed in the next chapter.





5
ALGOR I THMS FOR ROBUST B I-OB J ECT I VE
OPT IM I ZAT ION

In Sections 3.2 and 4.2 algorithms known from (deterministic) bi-objective and (single-
objective) robust optimization, respectively, have been generalized. However, in each it-
eration of the proposed dichotomic search method (Algorithm 4.1, Lemma 4.5) a robust
problem has to be solved and, similarly, in each iteration of the proposed optimization-
pessimization method (Algorithm 3.3, Theorem 3.15) a multi-objective problem has to
be solved. So far, we treated these steps as if they were performed by an oracle.
In this section, we put these steps into concrete terms and, in doing so, present al-

gorithms designed to solve uncertain bi-objective problems, more specifically, the prob-
lem BRO(𝒰) as defined in Chapter 4. Throughout this section, we always assume that
the assumptions of BRO(𝒰), i.e., (BRO-1), (BRO-2), and (BRO-3) (see Page 45), hold.
Specifically, three different approaches to find efficient solutions to BRO(𝒰), i.e., point-

based minmax robust efficient solutions to an uncertain bi-objective optimization prob-
lem satisfying (BRO-1)-(BRO-3), are presented:

• A robust optimizer’s approach (ROA): We view the problem BRO(𝒰) primarily
as a robust optimization problem – just with the added difficulty that it has two
objective functions – and, consequently, apply a method from robust optimization,
namely the generalized optimization-pessimization method (Algorithm 3.3), to
the problem BRO(𝒰). The subproblem to be solved in each iteration is a bi-objective
problem BRO(𝒰 ′) with a small uncertainty set 𝒰 ′ ⊆ 𝒰 , which we tackle by the gen-
eralized version of dichotomic search (Algorithm 4.1). This algorithm is presented
in Section 5.1.

• Amulti-objective optimizer’s approach (MOA):We view the problem BRO(𝒰) pri-
marily as a bi-objective optimization problem – with the added difficulty that we
aim to find a robust solution and the objective functions, thus, contain a maximum
– and, consequently, apply a method from bi-objective optimization, namely the
generalized version of dichotomic search (Algorithm 4.1) to the problem BRO(𝒰).
The subproblem to be solved in each iteration is a single-objective but uncertain
problem 𝑃(𝒰, 𝜆) BRO(𝒰, 𝜆), which we tackle by the optimization-pessimization
method (Algorithm 3.1). This algorithm is presented in Section 5.2.

• A multi-objective optimizer’s approach for bilinear problems using dualization
(DA): As in the aforementioned approach, we take the multi-objective optimizer’s
perspective and apply the generalized version of dichotomic search (Algorithm4.1)
to the problem BRO(𝒰). The subproblem BRO(𝒰, 𝜆) is directly solved through a
reformulation in each iteration. This algorithm is presented in Section 5.3.

Finally, in Section 5.4, results of computational experiments on Algorithms 5.1 to 5.3
are presented.

51
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Beforewe present the algorithms,we investigate the relationship between efficient and
extreme supported efficient solutions for the specific problem BRO(𝒰).

R E LAT IONSH I P B E TWEEN E F F I C I ENT AND EXTREME SUPPORT ED E F F I C I ENT SOLU -
T IONS OF BRO . Algorithms 5.1 to 5.3 each determine all extreme supported nondom-
inated points and a corresponding representative set of extreme supported efficient solu-
tions for BRO(𝒰). The following lemma shows that these sets can be used to determine
all nondominated points and a representative set for all efficient solutions of BRO(𝒰).

Lemma 5.1. Let BRO(𝒰) be given and let 𝒳 be a polytope. Further, let 𝒴ESN, |𝒴ESN| < ∞,
be its set of nondominated extreme supported points and 𝒳ESE a representative set of extreme
supported efficient solutions. Let 𝒳ESE = {𝑥(1), 𝑥(2), … , 𝑥(𝑛)}, 𝒴ESN = {𝑦(1), 𝑦(2), … , 𝑦(𝑛)},
𝑦(1)

1 < 𝑦(2)
1 < ⋯ < 𝑦(𝑛)

1 and 𝑓 𝒰(𝑥(𝑖)) = 𝑦(𝑖) for 𝑖 = 1, 2, … , 𝑛 . Then

𝒳∗ ≔ ⋃
𝑖=1,2,…,𝑛−1

{𝜆𝑥(𝑖) + (1 − 𝜆)𝑥(𝑖+1) ∶ 𝜆 ∈ [0, 1]}

is a representative set (of efficient solutions) and

𝒴∗ ≔ ⋃
𝑖=1,2,…,𝑛−1

{𝜆𝑦(𝑖) + (1 − 𝜆)𝑦(𝑖+1) ∶ 𝜆 ∈ [0, 1]}

is the set of nondominated points of BRO(𝒰).

Proof. Let ̄𝑥 ∈ 𝒳∗. Then ̄𝑥 = 𝜆𝑥(𝑖) + (1 − 𝜆)𝑥(𝑖+1) for some 𝑖 = 1, 2, … , 𝑛 − 1, 𝜆 ∈ [0, 1],
and

̄𝑦 ≔ 𝑓 𝒰( ̄𝑥) = max
𝜉∈𝒰

𝑓 (𝜆𝑥(𝑖) + (1 − 𝜆)𝑥(𝑖+1), 𝜉)

(BRO-3)= max
𝜉∈𝒰

{𝜆𝑓 (𝑥(𝑖), 𝜉) + (1 − 𝜆)𝑓 (𝑥(𝑖+1), 𝜉)}

≤ max
𝜉∈𝒰

𝜆𝑓 (𝑥(𝑖), 𝜉) + max
𝜉∈𝒰

(1 − 𝜆)𝑓 (𝑥(𝑖+1), 𝜉)

= 𝜆𝑓 𝒰(𝑥(𝑖)) + (1 − 𝜆)𝑓 𝒰(𝑥(𝑖+1))
= 𝜆𝑦(𝑖) + (1 − 𝜆)𝑦(𝑖+1).

However, since by Lemma 3.12 we have 𝒴 ⊆ conv(𝒴ESN) + ℝ2
≥ and since {𝜆𝑦(𝑖) + (1 −

𝜆)𝑦(𝑖+1)} is a facet of conv(𝒴ESN), there is no 𝑦 ∈ 𝒴 with 𝑦 ⪇ 𝜆𝑦(𝑖) + (1 − 𝜆)𝑦(𝑖+1). Thus,
we have ̄𝑦 = 𝜆𝑦(𝑖) + (1 − 𝜆)𝑦(𝑖+1) and ̄𝑦 is nondominated. This shows that the solutions
in 𝒳∗ are efficient and the points in 𝒴∗ are nondominated.
It remains to be shown that all nondominated points are included in𝒴∗. This, however,

follows directly from the fact that, by Lemma 3.12, 𝒴 ⊆ conv(𝒴ESN) + ℝ2
≥.

5.1 A ROBUST OP T IM I Z ER ’ S AP PROACH

The robust optimizer’s approach is based on the idea of applying the generalization of
optimization-pessimization (Algorithm 3.3). In the 𝑘-th iteration a representative set of
extreme supported efficient solutions to BRO(𝒰(𝑘)) has to be determined. For this pur-
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pose in Algorithm 5.1 we employ dichotomic search for robust bi-objective linear mixed-
integer optimization problems as shown possible in Section 4.2.

Algorithm 5.1 Robust optimizer’s approach (ROA)
Require: Bi-objective mixed-integer linear robust optimization problem (BRO(𝒰)).
Require: Finite initial set 𝒰(0) ⊆ 𝒰 .
Ensure: Feasible set 𝒳 is a polyhedron intersected with ℝ𝑛−𝑘 × ℤ𝑘 for some 𝑘 ∈ {0, … , 𝑛}.
Ensure: 𝒰 finite or 𝒰 a polytope and 𝑓𝑖(𝑥, ⋅), 𝑖 = 1, 2, … , 𝑝 continuous and quasi-convex.
Ensure: ideal point property (2.1) and domination property (2.2) hold for 𝑃(𝒰) and for 𝑃(𝒰 ′)

for any finite subset 𝒰 ′ ⊆ 𝒰 .
1: repeat
2: Set 𝒰(𝑘+1) ≔ 𝒰(𝑘).

3: Call dichotomic search (Algorithm 4.1) for BRO(𝒰(𝑘)) to determine representative set for
extreme supported efficient solutions 𝑋(𝑘)∗ and representative set for extreme supported
nondominated points 𝑌(𝑘)∗.

4: for all 𝑥∗ ∈ 𝑋(𝑘)∗ do
5: for all 𝑖 = 1, 2 do
6: Determine one 𝜉∗ ∈ argmax𝒰 𝑓𝑖(𝑥∗, 𝜉).
7: Add 𝜉∗ to 𝒰(𝑘+1).
8: end for
9: end for

10: 𝑘 ≔ 𝑘 + 1
11: until 𝑓 𝒰(𝑥∗) = 𝑓 𝒰(𝑘−1)(𝑥∗) for all 𝑥∗ ∈ 𝑋(𝑘−1)∗.
12: return 𝑋(𝑘−1)∗: representative set of extreme supported efficient solutions of BRO(𝒰).
13: return 𝑌(𝑘−1)∗: set of extreme supported nondominated points of BRO(𝒰).
14: return 𝒰FINAL ≔ 𝒰(𝑘): set of worst-case scenarios.

Optimization

Pessimization

Note that Algorithm 5.1 is just Algorithm 3.3 with the optimization step performed by
dichtomic search (Algorithm 4.1). Consequently, the requirements correspond to those
of Algorithm 3.3 and Algorithm 4.1 as formulated in Theorem 3.15 and Lemma 4.5, re-
spectively. This is stated in the following lemma.

Lemma 5.2. Let BRO(𝒰) be given.

(i) Let 𝒰 be finite. Then Algorithm 5.1 returns a representative set of extreme supported effi-
cient solutions to BRO(𝒰) in at most |𝒰| iterations.

(ii) Let 𝒰 be a polytope or finite and 𝑓𝑖(𝑥, ⋅) ∶ conv(𝒰) → ℝ, 𝑖 = 1, 2, … , 𝑝, be continuous
and quasi-convex. Then Algorithm 5.1 returns a representative set of extreme supported
efficient solutions to BRO(𝒰) in at most 𝑘 iterations (where 𝑘 is the number of extreme
points of 𝒰) if we choose an algorithm for the pessimization problem which always finds
an extreme point of 𝒰 .

Proof. By Corollary 4.3, BRO(𝒰) satisfies ideal point property (2.1) and domination
property (2.2). Algorithm 5.1 is the same as Algorithm 3.3, but for 𝑝 = 2 and with di-
chotomic search (Algorithm 4.1) specified in the optimization step. Lemma 4.5 justifies
that dichotomic search works correctly for BRO(𝒰). Consequently, we may use dicho-
tomic search in line 4 of Algorithm 3.3. Under ideal point property (2.1) and domination
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property (2.2) for BRO(𝒰) and BRO(𝒰 ′) for all finite sets 𝒰 ′ ⊆ 𝒰 Theorem 3.15 gives us
correctness of Algorithm 3.3 and hence also of Algorithm 5.1.

Note that if Algorithm 5.1 is stopped before the stopping criterion in line 11 is met,
the sets {𝑓 𝒰(𝑘−1)(𝑥) ∶ 𝑥 ∈ 𝒳(𝑘−1)∗} and {𝑓 𝒰(𝑥) ∶ 𝑥 ∈ 𝑋(𝑘−1)∗} provide lower and upper
bounds with respect to the lower set less order, as we have shown in Lemma 3.4. Using
convex combinations of subsequent points in these sets like we did in Lemma 5.1 for 𝑌∗,
we obtain bounds on the region in which the Pareto frontier 𝑌∗ will lie. In this sense,
Algorithm 5.1 can be used as an approximation algorithm for BRO(𝒰).

5.2 A MULT I-O B J E C T I V E OP T IM I Z ER ’ S AP PROACH

The multi-objective optimizer’s approach is based on the idea of applying dichotomic
search (Algorithm 4.1) as introduced in Section 4.1 directly to BRO(𝒰). In each iteration
of dichotomic search, we have to solve the scalarized weighted-sum problem

min
𝑥∈𝒳

𝜆1𝑓 𝒰
1 (𝑥) + 𝜆2𝑓 𝒰

2 (𝑥) + ⋯ + 𝜆𝑝𝑓 𝒰
𝑝 (𝑥) (P(𝒰, 𝜆))

for 𝑝 = 2 and given weights 𝜆 ∈ ℝ𝑝
⪈. In order to do this, we utilize optimization-

pessimization for single-objective robust optimization as reviewed in Section 3.1: We
solve a sequence of problems P(𝒰(0), 𝜆), P(𝒰(1), 𝜆), P(𝒰(2), 𝜆), …, P(𝒰(𝑘), 𝜆) until it is
guaranteed that P(𝒰(𝑘), 𝜆) and P(𝒰, 𝜆) share a representative set of extreme supported
minmax robust efficient solutions. As in Chapter 3 we exploit the fact that for finite sets
𝒰 ′ a problem P(𝒰 ′, 𝜆) is easier to solve than P(𝒰, 𝜆) as it can be written as a problem
with finitely many constraints. For solving the scalarization we assumed an oracle in
Algorithm 4.1. Now we want to be more specific. We first reformulate problem P(𝒰, 𝜆)
such that we can apply optimization-pessimization (see Section 3.1) for its solution. This
is done in the next lemma.

Lemma 5.3. Let 𝜆 ∈ ℝ2
⪈ be fixed. Then P(𝒰, 𝜆) can be transformed to

min
𝑥∈𝒳

sup
̄𝜉∈𝒰̄

̄𝑓𝜆(𝑥, ̄𝜉), (P(𝒰, 𝜆))

i.e., a problem of type RC(𝒰) as introduced on Page 8, for 𝒰̄ ≔ ⨉𝑖=1,2,…,𝑝 𝒰 , ̄𝜉 ≔ (𝜉1, 𝜉2, … , 𝜉𝑝)
and ̄𝑓𝜆(𝑥, ̄𝜉) ≔ ∑𝑝

𝑖=1 𝜆𝑖𝑓𝑖(𝑥, 𝜉𝑖).

Proof. We reformulate P(𝒰, 𝜆) as follows:

min
𝑥∈𝒳

{𝜆1𝑓 𝒰
1 (𝑥) + 𝜆2𝑓 𝒰

2 (𝑥) + ⋯ + 𝜆𝑝𝑓 𝒰
𝑝 (𝑥)} = min

𝑥∈𝒳

⎧{
⎨{⎩

𝑝
∑
𝑖=1

𝜆𝑖 sup
𝜉∈𝒰

𝑓𝑖(𝑥, 𝜉)
⎫}
⎬}⎭

= min
𝑥∈𝒳

sup
(𝜉1,𝜉2,…,𝜉𝑝)∈𝒰𝑝

⎧{
⎨{⎩

𝑝
∑
𝑖=1

𝜆𝑖𝑓𝑖(𝑥, 𝜉𝑖)
⎫}
⎬}⎭

= min
𝑥∈𝒳

sup
̄𝜉∈𝒰̄

̄𝑓𝜆(𝑥, ̄𝜉).
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Lemma 5.3 shows that P(𝒰, 𝜆) can be solved by solving a single-objective robust opti-
mization problem P(𝒰, 𝜆), i.e., a problem of type RC(𝒰). For the special case 𝑝 = 2 this
implies that instead of BRO(𝒰, 𝜆) the problem

min
𝑥∈𝒳

sup {𝜆1𝑓1(𝑥, 𝜉1) + 𝜆2𝑓2(𝑥, 𝜉2) ∶ (𝜉1, 𝜉2)⊤ ∈ 𝒰2} (BRO(𝒰, 𝜆))

can be solved.
Algorithm 5.2 describes a basic version of the multi-objective optimizer’s approach. Its

correctness is shown in the following lemma.

Algorithm 5.2 Multi-objective optimizer’s approach (MOA)
Require: Bi-objective mixed-integer linear robust optimization problem (BRO(𝒰)).
Require: Finite initial set 𝒰(0) ⊆ 𝒰 .
Ensure: Feasible set 𝒳 is a polyhedron intersected with ℝ𝑛−𝑘 × ℤ𝑘 for some 𝑘 ∈ {0, … , 𝑛}.
Ensure: 𝒰 finite or 𝒰 a polytope and 𝑓𝑖(𝑥, ⋅), 𝑖 = 1, 2, … , 𝑝, continuous and quasi-convex.
Ensure: ideal point property (2.1) and domination property (2.2) hold for 𝑃(𝒰) and for 𝑃(𝒰 ′)

for any finite subset 𝒰 ′ ⊆ 𝒰 .
1: Initialize ℒ ≔ ∅ {ℒ will contain list of tuple images (𝑦𝑙, 𝑦𝑟) satisfying 𝑦𝑙

1 < 𝑦𝑟
1, 𝑦𝑙

2 > 𝑦𝑟
2}

2: Call optimization-pessimization (Algorithm 3.1) on min𝑥∈𝒳 𝑓 𝒰
1 (𝑥) with initial set 𝒰(0) to de-

termine 𝜖1, 𝒰FINAL, and 𝜉WC.
3: Call optimization-pessimization (Algorithm 3.1) on min𝑥∈𝒳{𝑓 𝒰

2 (𝑥) ∶ max𝜉∈𝒰 𝑓1(𝑥, 𝜉) ≤ 𝜖1}
with initial set 𝒰FINAL to determine optimal solution 𝑥𝐿.

4: Set 𝑦𝐿 ≔ 𝑓 𝒰(𝑥𝐿).
5: Call optimization-pessimization (Algorithm 3.1) on min𝑥∈𝒳 𝑓 𝒰

2 (𝑥) with initial set 𝒰(0) to de-
termine 𝜖2, 𝒰FINAL, and 𝜉WC.

6: Call optimization-pessimization (Algorithm 3.1) on min𝑥∈𝒳{𝑓 𝒰
1 (𝑥) ∶ max𝜉∈𝒰 𝑓2(𝑥, 𝜉) ≤ 𝜖2}

with initial set 𝒰FINAL to determine optimal solution 𝑥𝑅..
7: Set 𝑦𝑅 ≔ 𝑓 𝒰(𝑥𝑅).

8: if 𝑦𝐿 = 𝑦𝑅 then
9: STOP. Only one nondominated image found.
10: return 𝑌∗ = {𝑦𝐿}, 𝑋∗ = {𝑥𝐿}.
11: else
12: 𝑌∗ = {𝑦𝐿, 𝑦𝑅}, 𝑋∗ = {𝑥𝐿, 𝑥𝑅}, ℒ = {(𝑦𝐿, 𝑦𝑅)}.
13: end if
14: while ℒ ≠ ∅ do
15: Remove element (𝑦𝑙, 𝑦𝑟) from ℒ .
16: Compute 𝜆 ≔ (𝑦𝑙

2 − 𝑦𝑟
2, 𝑦𝑟

1 − 𝑦𝑙
1).

17: Call optimization-pessimization (Algorithm 3.1) on min𝑥∈𝒳 ̄𝑓𝜆(𝑥) with initial set 𝒰(0) to
determine optimal solution 𝑥∗.

18: Set 𝑦∗ ≔ ̄𝑓𝜆(𝑥∗).

19: if 𝜆⊤𝑦∗ ≠ 𝜆⊤𝑦𝑙 then
20: Add 𝑦∗ to 𝑌∗, add 𝑥∗ to 𝑋∗.
21: Add (𝑦𝑙, 𝑦∗), (𝑦∗, 𝑦𝑟) to ℒ
22: end if
23: end while
24: return 𝑋∗: representative set of extreme supported efficient solutions of BRO(𝒰).
25: return 𝑌∗: set of extreme supported nondominated points of BRO(𝒰).

Determine lexicographic solutions

Solve weighted-sum problem 𝑃̄(𝒰, 𝜆)
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Lemma 5.4. Let BRO(𝒰) be given. Then Algorithm 5.2 returns a representative set of extreme
supported efficient solutions to BRO(𝒰) after a finite number of iterations.
Proof. Algorithm 5.2 is dichotomic search (Algorithm 4.1), where we specified the al-
gorithm for steps 2-3, 5-6, 17-18, namely by solving the scalarized (single-objective) prob-
lem BRO(𝒰, 𝜆) by optimization-pessimization (Algorithm 3.1) in each iteration. Since
BRO(𝒰) meets the requirements of Lemma 4.4 (in case 𝒰 is finite) or Lemma 4.5 (in
case 𝒰 is a polytope), Algorithm 4.1 returns a representative set of extreme supported
efficient solutions and a set of extreme supported nondominated solutions after finitely
many iterations.
It remains to show that lines 2-3, 5-6 and 17-18 in Algorithm 5.2 are correct specifica-

tions of the same lines of Algorithm 4.1.
For lines 2 and 5 this is straightforward as the problems

min
𝑥∈𝒳

𝑓 𝒰
𝑖 (𝑥), (5.1)

𝑖 = 1, 2, are single-objective robust optimization problems. Since 𝒰 is a polytope or finite
and 𝑓𝑖(𝑥, ⋅) ∶ 𝒰 → ℝ, 𝑖 = 1, 2, are continuous and quasi-convex, Lemma 3.1 can be applied
and optimization-pessimization (Algorithm 3.1) solves (5.1).
The problems in lines 3 and 6 are also of type (5.1) onlywith one additional constraint,

i.e., with feasible sets

𝒳 ′
𝑗 ≔ {𝑥 ∈ 𝒳 ∶ max

𝜉∈𝒰
𝑓𝑗(𝑥, 𝜉) ≤ 𝜖𝑗}, 𝑗 = 2, 1.

In lines 17-18 of Algorithm 4.1 the problem BRO(𝒰, 𝜆) is to be solved for some 𝜆 ∈ ℝ𝑝
⪈.

By Lemma 5.3 this can be done by solving BRO(𝒰, 𝜆) instead which is done in lines 17-
18 of Algorithm 5.2. Since continuity and quasi-convexity of ̄𝑓 are inherited from con-
tinuity and quasi-convexity of 𝑓1 and 𝑓2, Theorem 3.15 can be applied and optimization-
pessimization returns a robust solution to BRO(𝒰, 𝜆).

WARM START MOD I F I CAT IONS . In the basic version ofAlgorithm5.2 the cutting plane
method is initializedwith𝒰(0) in lines 2,5 and 17.Apossiblemodification ofAlgorithm5.2
is to start the cutting plane method with a larger set 𝒰 ′ that includes some additional
scenarios that have been generated in previous iterations but that is still guaranteed to
be finite. This way, previously generated cutting planes are not forgotten. Specifically,
we propose two modifications:

• Variant 1 (MOA-ws1):We initialize optimization-pessimizationwith all previously
generated scenarios. To this end, we modify lines 5 and 17 such that the cutting
plane method is initialized with 𝒰FINAL. This way, 𝒰FINAL grows monotonically.

• Variant 2 (MOA-ws2): We initialize the cutting plane method with those scenarios
that turned out to be worst-case scenarios for a previously found optimal solu-
tion 𝑥. After lines 2-3, 5-6, and 17-18 the worst-case scenarios 𝜉WC for 𝑥𝐿, 𝑥𝑅, and
𝑥∗, respectively, are added to 𝒰(0) and the set grows monotonically, but is much
smaller than the set in Variant 1.

As Algorithm 5.2 and Lemma 5.4 above only assume finiteness of the initial uncer-
tainty set, their validity is not affected by these modifications.
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5.3 A MULT I-O B J E C T I V E OP T IM I Z ER ’ S AP PROACH FOR
B I L IN EAR PROBL EMS

In this section, we confine ourselves to a special class of problems: bi-objective mixed-
integer linear robust optimization problems (BRO(𝒰)) which satisfy not only (BRO-1),
(BRO-2), and (BRO-3) as before, but also the following additional properties:

• the uncertainty set 𝒰 is as a polytope 𝒰 = {𝜉 ∈ ℝ𝑚 ∶ 𝐶𝜉 ≤ 𝑑} for a matrix 𝐶 ∈
ℝ𝑚′×𝑚 and a vector 𝑑 ∈ ℝ𝑚′ , and

• the functions 𝑓1, 𝑓2 ∶ 𝒳 × 𝒰 → ℝ are not only linear in 𝑥 for every fixed 𝜉 ∈ 𝒰 as
required in (BRO-3), but also linear in 𝜉 for each 𝑥, i.e., they are bilinear functions.

The following lemma shows that under these assumptions a bi-objectivemixed-integer
linearminmax optimization problem can be reformulated as a bi-objective mixed-integer
linear minimization problem.

Lemma 5.5. We consider the uncertain multi-objective problem

min
𝑥∈𝒳

𝑓 𝒰(𝑥). (MORC(𝒰) revisited)

Let the uncertainty set be a non-empty polytope 𝒰 = {𝜉 ∈ ℝ𝑚 ∶ 𝐶𝜉 ≤ 𝑑}, with 𝐶 ∈ ℝ𝑚′×𝑚,
𝑑 ∈ ℝ𝑚′ , and let the functions 𝑓𝑖(𝑥, 𝜉), 𝑖 = 1, 2, … , 𝑝, be linear in 𝜉 for each 𝑥, i.e.,

𝑓𝑖(𝑥, 𝜉) ≔ [ ̂𝑐𝑖(𝑥)]⊤ 𝜉 (5.2)

for functions ̂𝑐𝑖 ∶ 𝒳 → ℝ𝑚, 𝑖 = 1, 2, … , 𝑝.
Let 𝜆 ∈ ℝ𝑝

⪈. Then a solution 𝑥∗ ∈ 𝒳 is optimal for the scalarized problem

min
𝑥∈𝒳

𝜆⊤𝑓 𝒰(𝑥) (P(𝒰, 𝜆) revisited)

if and only if there exist 𝜋(1)∗, … , 𝜋(𝑝)∗ ∈ ℝ𝑚′ such that (𝑥∗, 𝜋(1)∗, … , 𝜋(𝑝)∗) is optimal for

min
𝑥∈𝒳,𝜋(1),…,𝜋(𝑝)∈ℝ𝑚′

⎧{
⎨{⎩

𝑑⊤
𝑝

∑
𝑖=1

𝜆𝑖𝜋(𝑖) ∶ 𝐶⊤𝜋(𝑖) = ̂𝑐𝑖(𝑥), 𝜋(𝑖) ≥ 0, 𝑖 = 1, 2, … , 𝑝
⎫}
⎬}⎭

.

(D(𝒰, 𝜆))

More precisely, let 𝑥 be fixed and let (𝜋(1)∗, … , 𝜋(𝑝)∗) be an optimal solution to

min
𝜋(1),…,𝜋(𝑝)∈ℝ𝑚′

⎧{
⎨{⎩

𝑑⊤
𝑝

∑
𝑖=1

𝜆𝑖𝜋(𝑖) ∶ 𝐶⊤𝜋(𝑖) = ̂𝑐𝑖(𝑥), 𝜋(𝑖) ≥ 0, 𝑖 = 1, 2, … , 𝑝
⎫}
⎬}⎭

(5.3)

with optimal objective function value 𝑧. Then 𝑧 = 𝜆⊤𝑓 𝒰(𝑥) and for all 𝑖 = 1, 2, … , 𝑝 with 𝜆𝑖 > 0

𝑑⊤𝜋(𝑖)∗ = max
𝜉∈𝒰

[ ̂𝑐𝑖(𝑥)]⊤ 𝜉 . (5.4)
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Proof. First note that D(𝒰, 𝜆) is equivalent to

min
𝑥∈𝒳

min
𝜋(1),…,𝜋(𝑝)∈ℝ𝑚′

⎧{
⎨{⎩

𝑑⊤
𝑝

∑
𝑖=1

𝜆𝑖𝜋(𝑖) ∶ 𝐶⊤𝜋(𝑖) = ̂𝑐𝑖(𝑥), 𝜋(𝑖) ≥ 0, 𝑖 = 1, 2, … , 𝑝
⎫}
⎬}⎭

,

which can be interpreted as optimization problem

min
𝑥∈𝒳

𝑔𝜆(𝑥) (D(𝒰, 𝜆))

with

𝑔𝜆(𝑥) ≔ min
𝜋(1),…,𝜋(𝑝)∈ℝ𝑚′

⎧{
⎨{⎩

𝑑⊤
𝑝

∑
𝑖=1

𝜆𝑖𝜋(𝑖) ∶ 𝐶⊤𝜋(𝑖) = ̂𝑐𝑖(𝑥), 𝜋(𝑖) ≥ 0, 𝑖 = 1, 2, … , 𝑝
⎫}
⎬}⎭
.

(5.5)

We now need to show that the objective functions and the feasible sets of P(𝒰, 𝜆) and
D(𝒰, 𝜆) coincide. Specifically, we show

𝜆⊤𝑓 𝒰(𝑥) = 𝑔𝜆(𝑥) (5.6)

for all 𝑥 ∈ 𝒳 .
We first note that 𝒰 is a compact set, hence for any fixed 𝑥 ∈ 𝒳 and any 𝑖 = 1, 2, … , 𝑝

the linear program

max {[ ̂𝑐𝑖(𝑥)]⊤ 𝜉 ∶ 𝜉 ∈ 𝒰} (5.7)

has an optimal solution. Using that 𝒰 = {𝜉 ∈ ℝ𝑚 ∶ 𝐶𝜉 ≤ 𝑑} we hence get from linear
programming duality for 𝑖 = 1, 2, … , 𝑝 and fixed 𝑥 ∈ 𝒳 that

max
𝜉∈ℝ𝑚

{[ ̂𝑐𝑖(𝑥)]⊤ 𝜉 ∶ 𝐶𝜉 ≤ 𝑑, } = min
𝜋(𝑖)≥0,𝜋(𝑖)∈ℝ𝑚′

{𝑑⊤𝜋(𝑖) ∶ 𝐶⊤𝜋(𝑖) = ̂𝑐𝑖(𝑥)} , (5.8)

i.e., for any fixed 𝑥 ∈ 𝒳 and 𝑖 = 1, … , 𝑝, an optimal solution 𝜋(𝑖)∗ to the right hand side
satisfies

𝑑⊤𝜋(𝑖)∗ = max
𝜉∈𝒰

[ ̂𝑐𝑖(𝑥)]⊤ 𝜉 ,

which shows (5.4). We can now derive

𝜆⊤𝑓 𝒰(𝑥) =
𝑝

∑
𝑖=1

𝜆𝑖 max
𝜉∈ℝ𝑚

{[ ̂𝑐𝑖(𝑥)]⊤ 𝜉 ∶ 𝐶𝜉 ≤ 𝑑}
⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

=𝑓 𝒰
𝑖 (𝑥)

(5.8)=
𝑝

∑
𝑖=1

𝜆𝑖 min
𝜋(𝑖)∈ℝ𝑚′

{𝑑⊤𝜋(𝑖) ∶ 𝐶⊤𝜋 = ̂𝑐𝑖(𝑥), 𝜋(𝑖) ≥ 0}

= min
𝜋(1),…,𝜋(𝑝)∈ℝ𝑚′

⎧{
⎨{⎩

𝑑⊤
𝑝

∑
𝑖=1

𝜆𝑖𝜋(𝑖) ∶ 𝐶⊤𝜋(𝑖) = ̂𝑐𝑖(𝑥), 𝜋(𝑖) ≥ 0
⎫}
⎬}⎭
,
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where the last step puts the single optimization problems together into a bigger (still
separable) problem. Thus, for any fixed 𝑥 the objective values of P(𝒰, 𝜆) and D(𝒰, 𝜆)
coincide and hence 𝑥 is optimal to P(𝒰, 𝜆) if and only if it is optimal to D(𝒰, 𝜆).

As in Section 5.2, we apply dichotomic search to MORC(𝒰) and solve P(𝒰, 𝜆) for dif-
ferent weights 𝜆 ∈ ℝ𝑝

⪈. However, unlike in Section 5.2 we do not solve MORC(𝒰) with
an iterative approach, but adopt the other approach described by [GYD15]: reformula-
tion of P(𝒰, 𝜆). More specifically, we weaponize Lemma 5.5 and choose to solve

𝑧∗(𝒰, 𝜆) ≔ min
𝑥∈𝒳,𝜋(1),…,𝜋(𝑝)∈ℝ𝑚′

⎧{
⎨{⎩

𝑑⊤
𝑝

∑
𝑖=1

𝜆𝑖𝜋(𝑖) ∶ 𝐶⊤𝜋(𝑖) = ̂𝑐𝑖(𝑥), 𝜋(𝑖) ≥ 0, 𝑖 = 1, 2, … , 𝑝
⎫}
⎬}⎭

(D(𝒰, 𝜆) revisited)

instead of P(𝒰, 𝜆).
This leads to Algorithm 5.3. The following lemma shows correctness.

Lemma 5.6. Let BRO(𝒰) with an nonempty polytope explicitly stated as 𝒰 = {𝜉 ∈ ℝ𝑚 ∶ 𝐶𝜉 ≤
𝑑} for a matrix 𝐶 ∈ ℝ𝑚′×𝑚 and a vector 𝑑 ∈ ℝ𝑚′ as uncertainty set and bilinear functions
𝑓1, 𝑓2 ∶ 𝒳 × 𝒰 → ℝ be given. Then Algorithm 5.3 solves BRO(𝒰).
Proof. The assumptions of Lemma 4.5 are satisfied since (BRO-1) and (BRO-3) hold and
𝒰 is a polytope. Hence dichotomic search can be applied to min𝑥∈𝒳 𝑓 𝒰(𝑥). It remains to
be shown that P(𝒰, 𝜆) is solved correctly throughout the algorithm. Lemma 5.5 shows
that robust solutions of P(𝒰, 𝜆) can be determined by solving D(𝒰, 𝜆) (lines 2, 5, 17) and
the corresponding point on the Pareto front can be computed by 𝑦∗

𝑖 = 𝑑⊤𝜋(𝑖)∗ (see line
16).

5.4 NUMER I CAL RE SULT S

We implemented Algorithms 5.1 to 5.3 and conducted computational experiments, res-
ults of which are presented in this section.

5.4.1 Problem structure

We restricted ourselves to a certain class of bi-objective optimization problems: The ob-
jective functions 𝑓𝑖 ∶ 𝒳 × 𝒰 → ℝ2, 𝑖 = 1, 2, were assumed to be bilinear, and the feasible
set and uncertainty set were polytopes or discrete sets. More specifically, we considered
problems

⎧{
⎨{⎩
min
𝑥∈𝒳

⎛⎜⎜
⎝

max𝜉∈𝒰 𝜉⊤𝑀1𝑥
max𝜉∈𝒰 𝜉⊤𝑀2𝑥

⎞⎟⎟
⎠

⎫}
⎬}⎭𝜉∈𝒰

with

𝒳 = {𝑥 ∈ ℝ𝑛 ∶ 𝐿𝑥 ≤ 𝑥𝑖 ≤ 𝑈𝑥, 𝐴𝑥 ≤ 𝑏} or 𝒳 = {𝑥 ∈ ℤ𝑛 ∶ 𝐿𝑥 ≤ 𝑥𝑖 ≤ 𝑈𝑥, 𝐴𝑥 ≤ 𝑏},
𝒰 = {𝜉 ∈ ℝ𝑚 ∶ 𝐿𝜉 ≤ 𝜉𝑖 ≤ 𝑈𝜉 , 𝐶𝜉 ≤ 𝑑} or 𝒰 = {𝜉 ∈ ℤ𝑚 ∶ 𝐿𝜉 ≤ 𝜉𝑖 ≤ 𝑈𝜉 , 𝐶𝜉 ≤ 𝑑}.



60 ALGOR I THMS FOR ROBUST B I-O B J E C T I V E OP T IM I ZAT ION

Algorithm 5.3 Multi-objective optimizer’s approach with dualization (DA)
Require: Bi-objective mixed-integer linear robust optimization problem (BRO(𝒰)).
Require: Finite initial set 𝒰(0) ⊆ 𝒰 .
Ensure: Feasible set 𝒳 is a polyhedron intersected with ℝ𝑛−𝑘 × ℤ𝑘 for some 𝑘 ∈ {0, … , 𝑛}.
Ensure: 𝒰 a polytope and 𝑓𝑖(𝑥, ⋅), 𝑖 = 1, 2, … , 𝑝 continuous and quasi-convex.
Ensure: ideal point property (2.1) and domination property (2.2) hold for 𝑃(𝒰).
Ensure: 𝑓 (𝑥, ⋅) ∶ 𝒰 → ℝ𝑝 linear

Initialize ℒ ≔ ∅ {ℒ will contain list of tuple images (𝑦𝑙, 𝑦𝑟) satisfying 𝑦𝑙
1 < 𝑦𝑟

1, 𝑦𝑙
2 > 𝑦𝑟

2}

Determine optimal objective value 𝜖1 of D(𝒰, 𝜆) for 𝜆 = (1, 0)⊤

Determine 𝑥𝐿 ∈ argmin𝒳{𝑔(0,1)(𝑥) ∶ 𝑔(1,0)(𝑥) ≤ 𝜖1}
Set 𝑦𝐿 ≔ (𝜖1, 𝑔(0,1)(𝑥𝐿))⊤

Determine optimal objective value 𝜖2 of D(𝒰, 𝜆) for 𝜆 = (0, )⊤

Determine 𝑥𝑅 ∈ argmin𝒳{𝑔(1,0)(𝑥) ∶ 𝑔(0,1)(𝑥) ≤ 𝜖2}
Set 𝑦𝑅 ≔ (𝑔(1,0)(𝑥𝐿), 𝜖2)⊤

if 𝑦𝐿 = 𝑦𝑅 then
STOP. Only one nondominated image found
return 𝑌∗ = {𝑦𝐿}, 𝑋∗ = {𝑥𝐿}

else
𝑌∗ = {𝑦𝐿, 𝑦𝑅}, 𝑋∗ = {𝑥𝐿, 𝑥𝑅}, ℒ = {(𝑦𝐿, 𝑦𝑅)}

end if
while ℒ ≠ ∅ do

Remove element (𝑦𝑙, 𝑦𝑟) from ℒ
Compute 𝜆 ≔ (𝑦𝑙

2 − 𝑦𝑟
2, 𝑦𝑟

1 − 𝑦𝑙
1).

Find one optimal solution (𝑥∗, 𝜋(1), … , 𝜋(𝑘)) for D(𝒰, 𝜆).
Set 𝑦∗

𝑖 = 𝑑⊤𝜋(𝑖)∗ for 𝑖 = 1, 2.

if 𝜆⊤𝑦∗ ≠ 𝜆⊤𝑦𝑙 then
Add 𝑦∗ to 𝑌∗, add 𝑥∗ to 𝑋∗.
Add (𝑦𝑙, 𝑦∗), (𝑦∗, 𝑦𝑟) to ℒ

end if
end while
return 𝑋∗: representative set of extreme supported efficient solutions of BRO(𝒰).
return 𝑌∗: set of extreme supported nondominated points of BRO(𝒰).

Determine lexicographic solutions

Solve D(𝒰, 𝜆)
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The lower and upper bounds 𝐿𝑥, 𝑈𝑥, 𝐿𝜉 , 𝑈𝜉 are added to ensure that 𝒳 and 𝒰 are sub-
sets of the boxes [𝐿𝑥, 𝑈𝑥]𝑛 and [𝐿𝜉 , 𝑈𝜉 ]𝑚, respectively, and, thus, are bounded as it is
required. We chose 𝐿𝑥 = 1, 𝑈𝑥 = 200, 𝐿𝜉 = −100 and 𝑈𝜉 = 100. By doing so we avoid
problems where both 0𝑛 ∈ 𝒳 and 0𝑚 ∈ int(𝒰), since this would imply that 𝑥 = 0 is a
trivial minimizer of 𝑓 𝒰

𝑖 (𝑥) = max𝜉∈𝒰 𝜉𝑀𝑖𝑥, 𝑖 = 1, 2.

G ENERAT ING IN STANCE S We created 100 instances of BRO(𝒰) with 𝐴 ∈ ℤ30×5 and
𝐶 ∈ ℤ30×5. To obtain instances with smaller number of constraints, as used in our ex-
periments, we removed constraints from these initial instances. This makes it easier to
draw conclusions when comparing algorithm performance for different values of 𝑛′ and
𝑚′. The entries of the matrices 𝐴 ∈ ℤ𝑛′×𝑛 and 𝐶 ∈ ℤ𝑚′×𝑚 as well as the entries of
𝑀1, 𝑀2 ∈ ℤ𝑚×𝑛 determining the objective function are randomly and independently
generated uniformly distributed integers in {−100, −99, … , 99, 100}.

Equally, ̃𝑏𝑖, 𝑖 = 1, 2, … , 𝑛′, and ̃𝑑𝑗, 𝑗 = 1, 2, … , 𝑚′, are randomly generated uniformly
distributed integers in {50, 51, … , 99, 100}. We then set ̄𝑥 ≔ (100, 100, … , 100)⊤ ∈ ℤ𝑛

and ̄𝜉 ≔ (0, 0, … , 0)⊤ ∈ ℤ𝑚. Let 𝐴𝑖, 𝑖 = 1, 2, … , 𝑛′, and 𝐶𝑗, 𝑗 = 1, 2, … , 𝑚′, denote the
rows of 𝐴 and 𝐶. By setting the right hand-side coefficients 𝑏𝑖 ≔ 𝐴⊤

𝑖 ̄𝑥 + ̃𝑏𝑖 ∥𝐴𝑖∥2 for 𝑖 =
1, 2, … , 𝑛′ and 𝑑𝑗 ≔ 𝐶⊤

𝑗 𝜉0 + ̃𝑑𝑗 ∥𝐶𝑗∥2 for 𝑗 = 1, 2, … , 𝑚′, we guarantee that the spheres {𝑥 ∈
ℝ𝑛 ∶ ‖𝑥 − ̄𝑥‖2 ≤ 50} and {𝜉 ∈ ℝ𝑚 ∶ ∥𝜉 − ̄𝜉∥2 ≤ 50} are included in 𝒳 and 𝒰 , respectively.
See [CV14] for more on this.

IMP L EMENTAT ION We used C++ to implement our algorithms. Whenever a linear
or integer optimization problem has to be solved, Gurobi 2.3 (see [Gur23]) is called
(with default settings). We use Gurobi’s capacity to provide solutions that are known
to be basic solutions. The implementations were tested on a computer with 16 GB RAM,
AMD Ryzen 5 PRO 2500U, 2.00 GHz.

5.4.2 Evaluation of the algorithms

In this section we evaluate the performance of the algorithms for instances of different
types (polytopal and discrete sets 𝒳 and 𝒰) and different sizes by varying the number
of considered constraints 𝑛′ and 𝑚′, respectively.

D I S CR E T E F EA S I B L E S E T AND D I S CR E T E UNCERTA INTY S E T First, let us consider
problems with a discrete feasible set and a discrete uncertainty set. For such instances,
the robust optimizer’s approach (ROA, Algorithm 5.1) and the multi-objective optim-
izer’s approach (MOA, Algorithm 5.2) in its baseline version and with its two warm-
start modifications are available. The dualization approach (DA, Algorithm 5.3) cannot
solve such instances as it requires a polytope as uncertainty set.
Figure 5.1 shows the average running time of our algorithms. Each data point is the

average over 100 instanceswith 𝑛′ constraints on the feasible set. The number of variables
for the feasible set 𝑛, the number of variables for the uncertainty set 𝑚 and the number
of constraints for the uncertainty set 𝑚′ are all fixed and set at 5.
Independently of 𝑛′, the robust optimizer’s approach – where the uncertainty set 𝒰(𝑘)

increases monotonously – is faster than the baseline version of themulti-objective optim-
izer’s approach. However, the warm start modifications to the latter method turn out to
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Figure 5.1: Average running time of our four algorithms for 100 instances as a function of 𝑛′ with
𝑛 = 𝑚 = 𝑚′ = 5 fixed,𝒳 and𝒰 discrete (the lines forMOA-ws1 andMOA-ws2 overlap
and are hard to see)

be significant improvements over the baseline version: with those themulti-objective op-
timizer’s approach performs faster. We see a clear increase in running time when going
from 5 to 10 constraints for all testedmethods, but above that point an increasing number
of constraints does not seem to make the problem much harder to solve.

Figure 5.2 shows how the number of constraints in the definition of the uncertainty
set 𝒰 influences the running time.
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Figure 5.2: Average running time of our four algorithms for 100 instances as a function of 𝑚′ with
𝑛 = 𝑚 = 𝑛′ = 5 fixed, 𝒳 and 𝒰 discrete

We observe the same pattern: The modified warm-start versions of MOA are by far
the fastest algorithms; ROA is still faster than the baseline version of MOA. Clearly, the
problem gets harder the more constraints are necessary to describe 𝒰 . This leads us to
conclude that the difficulty of the problem is rooted much more in the complexity of 𝒰
than in the one of 𝒳 .



5.4 NUMER I CAL RE SULT S 63

D I S CR E T E F EA S I B L E S E T AND POLYTOPAL UNCERTA INTY S E T Now let us turn to
problems with a polytope as uncertainty set. On those instances all of the algorithms we
introduced can be used. This includes the dualization approach (DA), which is the only
algorithm that does not use optimization-pessimization but instead solves the scalarized
problem 𝑃(𝒰, 𝜆) for each weight 𝜆 directly (via the means of dualization of the inner
problem).
Figures 5.3 and 5.4 show the average running time of our algorithms on the same

instances as in Figures 5.1 and 5.2 – just with the integrality constraint for 𝒰 dropped.
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Figure 5.3: Average running time of our five algorithms for 100 instances as a function of 𝑛′ with
𝑛 = 𝑚 = 𝑚′ = 5 fixed, 𝒳 discrete, 𝒰 polytope
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Figure 5.4: Average running time of our five algorithms for 100 instances as a function of 𝑚′ with
𝑛 = 𝑚 = 𝑛′ = 5 fixed, 𝒳 discrete, 𝒰 polytope

Our experiments show that for such instances DA is effective, but not noticeably better
than the modified versions of MOA. The ranking of the other algorithms is essentially
the same as before: The modified warm-start versions of MOA outperform ROA which
is still faster than MOA’s baseline version. Dropping the integrality constraint reduced
the overall running time of all algorithms by about factor two. This is while the number
of extreme supported nondominated points stayed roughly the same.
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The apparent ranking of the proposed algorithms raises the question of whether this
applies only on average over a larger number of instances, or if it also applies to each
individual instance. For this we turn to Figure 5.5. In this figure we display the running
time for the 5 different algorithms on the first 10 of the tested 100 instances. Including
all tested instances here does not change the discussed findings, but decreases visibility,
which is why we included only the results of ten instances.
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Figure 5.5: Running time of our five algorithms for 10 instances with 𝑛 = 𝑛′ = 𝑚 = 5, 𝑚′ = 30, 𝒳
discrete, 𝒰 polytope

Each of the ten columns in Figure 5.5 represents one instance (with 𝑛 = 𝑚 = 𝑛′ =
5, 𝑚′ = 30) on which we tested the algorithms. We can see that for all instances either
DAor thewarm-startmodifications ofMOAperform best and either ROAor the baseline
version of MOA perform worst. The ranking of the algorithms is not the same for all
instances.
To get a deeper understanding of this we turn to Figure 5.6.
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Figure 5.6: Running time vs. number of worst-case scenarios added for 10 instances with 𝑛 =
𝑛′ = 𝑚 = 5, 𝑚′ = 30, 𝒳 discrete, 𝒰 polytope

For the ROA and all three versions of MOA it shows the running time plotted against
the number of timeswe add aworst-case scenario during the execution of the algorithms.
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The strong correlation indicates that the number of pessimization steps decisively de-
termines the overall time required. The two algorithms where the uncertainty set 𝒰(𝑘)

grows monotonously, namely MOA-ws1 and ROA, have similarly high costs per added
scenario. This can be explained by the fact that the resulting robust optimization prob-
lems are harder to solve due to the number of scenarios in 𝒰(𝑘). Vice versa, MOA and
MOA-ws2 both “forget” scenarios. Consequently, they need to (re)add more scenarios,
but the optimization problems are simpler. For them the ratio between runtime and ad-
ded scenario is lower. This also explains why the warm-start modifications pay off: Ap-
parently, the additional cost of starting with a larger scenario set 𝒰(𝑘) is more than offset
by the less frequent need to execute the pessimization step.

EVALUAT ION FOR POLYTOPAL F EA S I B L E S E T S Additionally,we tested the algorithms
on instances with feasible sets 𝒳 that are polytopes. In this case DA is faster. Apart from
that, the observations do not deviate significantly from the ones discussed in the pre-
vious paragraphs except that if 𝒰 is a polytope too, DA is faster than MOA-ws1 and
MOA-ws2 as can be seen in Figure 5.7.
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Figure 5.7: Average running time of our five algorithms for 100 instances as a function of 𝑚′ with
𝑛 = 𝑚 = 𝑛′ = 5 fixed, 𝒳 and 𝒰 polytopes

THE ALGOR I THMS AS APPROX IMAT ION ALGOR I THMS Lastly,wewant to investigate
how soon the algorithms provide a reasonable approximation of the Pareto front. For
this we turn to Algorithm 5.1, which in the 𝑘-th iteration determines (via dichotomic
search) all extreme supported nondominated points of BRO(𝒰(𝑘)) and then determines
the worst-case outcomes of those points under 𝒰 . Figure 5.8 shows for an instance with
𝑛 = 𝑚 = 𝑛′ = 5, 𝑚′ = 30 and 𝒳 , 𝒰 both continuous the lower and upper bound determ-
ined in the second and fourth iteration and the robust solutions determined in the final
7th iteration. We can see that our method provides a good approximation to the Pareto
front early on.
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Figure 5.8: Lower bound and upper bound determined in the 2nd, 4th, and in the final (7th)
iteration in an instance with 𝑛 = 𝑚 = 10, 𝑛′ = 𝑚′ = 20 and 𝒳 , 𝒰 continuous



6
S E T- BA SED AND HULL - BA SED M INMAX ROBUST
E F F I C I ENCY

After having considered point-based minmax robust efficiecy so far, this chapter deals
with hull-based and set-based minmax robust efficient solutions to uncertain multi-ob-
jective optimization problems (MOP(𝒰)). We once again turn to the optimization-pessi-
mization method (c.f. Chapter 3). In Section 6.1 we develop an algorithm that is cap-
able of determining set-based and hull-based minmax robust efficient solutions. Sub-
sequently, in Section 6.2 we show that the algorithms provides upper and lower bounds
for the set of set-based and hull-based minmax robust solutions.
As in Sections 3.1, 3.2.2 and 3.3.2, we work under Assumption 1 (see Page 26).

6.1 OP T IM I ZAT ION - P E S S IM I ZAT ION

REDUCT ION OF THE UNCERTA INTY S E T. We show how hull-based and set-based
minmax robust efficient solutions can be found by solvingMOP(𝒰) for a reduced uncer-
tainty set 𝒰 ′ ⊆ 𝒰 . We state conditions under which a subset 𝒰 ′ ⊆ 𝒰 already contains all
relevant scenarios such that set-based minmax robust efficient solutions to MOP(𝒰) can
be found by solving the problem MOP(𝒰 ′) instead.
In order to checkwhether a point-basedminmax robust efficient solution to a problem

MOP(𝒰 ′) is point-based minmax robust efficient to MOP(𝒰) as well, we had to solve a
pessimization problem (Pesspb(𝑥) on Page 23).
We will see that for hull-based and set-based minmax robust efficiency the pessimiza-

tion problem for a fixed solution 𝑥 ∈ 𝒳 takes a different form, namely

max
𝜉∈𝒰

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

𝑓1(𝑥, 𝜉)
𝑓2(𝑥, 𝜉)

⋮
𝑓𝑝(𝑥, 𝜉)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

. (Pesssb(𝑥))

Note that unlike the pessimizationproblem in Section 3.2 (Pesspb(𝑥)), the problemdefined
above is truly a multi-objective optimization problem. Yet, for fixed 𝑥 ∈ 𝒳 it is still de-
terministic.
We formulate the following conditions:

The set 𝒰 ′ includes a rep. set of extreme supported efficient solutions to Pesssb(𝑥).
(Condition B)

67
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The set 𝒰 ′ includes a representative set of efficient solutions to Pesssb(𝑥).
(Condition C)

We note that the formulated conditions are ordered with Condition C being the strict-
est and the previously introduced Condition A (c.f. Page 26) being the weakest: Since
any representative set of efficient solutions includes a representative set of extreme sup-
ported efficient solutions, Condition C is stronger than Condition B. Likewise, a repres-
entative set of extreme supported efficient solutions to Pesssb(𝑥) necessarily includes
solutions that maximize the individual objectives 𝑓𝑖(𝑥, ⋅), 𝑖 = 1, 2, … , 𝑝. Thus, Condition
B is stronger than Condition A.

The following lemma deals with the implications of Conditions B and C.

Lemma 6.1. Let 𝑥, ̂𝑥 ∈ 𝒳 be fixed and let 𝒰 be compact. Furthermore let 𝒰 ′ ⊆ 𝒰 and let
Assumption 1 hold. Then if 𝑥 satisfies Condition B,

𝑓𝒰(𝑥) ⊆ conv (𝑓𝒰′(𝑥)) − ℝ𝑝
≧ (6.1a)

follows and if ̂𝑥 satisfies Condition C,

𝑓𝒰( ̂𝑥) ⊆ 𝑓𝒰′( ̂𝑥) − ℝ𝑝
≧ (6.1b)

holds.

Proof. As usual, let 𝒴 denote the outcome set of Pesssb(𝑥) and let 𝒴N ⊆ 𝒴 and 𝒴ESN ⊆ 𝒴
be the set of nondominated and extreme supported nondominated points, respectively.
By the previously mentioned Lemma 8.19 (see Page 96) it follows that

𝒴 ⊆ conv (𝒴ESN) − ℝ𝑝
≧ (6.2a)

and since compactness of 𝒰 implies the domination property (see Lemma 2.5) we get

𝒴 ⊆ 𝒴N − ℝ𝑝
≧. (6.2b)

Note that the sign in front ofℝ𝑝
≧ is due to the fact that Pesssb(𝑥) is amaximizationproblem.

Condition B implies

𝒰 ′ ⊇ ℛESE, (6.3a)

for some representative set of extreme supported efficient solutions ℛESE, while Condi-
tion C implies

𝒰 ′ ⊇ ℛE (6.3b)

for some representative set of efficient solutions ℛE. Clearly, 𝑓 (𝑥, ℛESE) = 𝒴ESN and
𝑓 (𝑥, ℛE) = 𝒴N.
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Under Condition B the claim follows from

𝑓𝒰(𝑥) = 𝑓 (𝑥, 𝒰) = 𝒴
(6.2a)

⊆ conv (𝒴ESN) − ℝ𝑝
≧ = conv (𝑓 (𝑥, ℛESE)) − ℝ𝑝

≧
(6.3a)

⊆ conv (𝑓 (𝑥, 𝒰 ′)) − ℝ𝑝
≧

= conv (𝑓𝒰′(𝑥)) − ℝ𝑝
≧

(6.4a)

and under Condition C the claim follows from

𝑓𝒰( ̂𝑥) = 𝑓 ( ̂𝑥, 𝒰) = 𝒴
(6.2b)

⊆ 𝒴N − ℝ𝑝
≧ = 𝑓 ( ̂𝑥, ℛE) − ℝ𝑝

≧
(6.3b)

⊆ 𝑓 ( ̂𝑥, 𝒰 ′) − ℝ𝑝
≧ = 𝑓𝒰′( ̂𝑥) − ℝ𝑝

≧.
(6.4b)

The intuition behind Condition B and Condition C is illustrated in the following ex-
ample.
Example 6.2. Once again, consider the setting of Example 2.9. In Figures 6.1a, 6.1c and 6.1e
the (deterministic) multi-objective maximation problems Pesssb(𝑥) for 𝑥 = 𝑥1, 𝑥2, 𝑥3 are
shown individually. Those solutions in 𝒰 = {𝜉1, 𝜉2, 𝜉3, 𝜉4} that are efficient are encircled.
In Figures 6.1b, 6.1d and 6.1f the implication of Lemma 6.1 can be seen: If Condition C
is satisfied, i.e., if all encircled scenarios are included in 𝒰 ′, then (6.1b) holds, i.e., the
outcomes of all scenarios, that is 𝑓𝒰(𝑥𝑖) = {𝑓 (𝑥𝑖, 𝜉) ∶ 𝜉 ∈ 𝒰}, are included in 𝑓𝒰′(𝑥𝑖) − ℝ𝑝

≧,
𝑖 = 1, 2, 3.
Figure 6.2 shows the same for Condition B. Note the difference between Figure 6.2e

and Figure 6.1e: Solution 𝜉3 is efficient for Pesssb(𝑥3) (encircled in Figure 6.1e), but not
extreme supported efficient for Pesssb(𝑥3) (not encircled in Figure 6.2e) since 𝑓 (𝑥3, 𝜉3) is
dominated by a convex combination of 𝑓 (𝑥3, 𝜉2) and 𝑓 (𝑥3, 𝜉4). Hence, all outcomes 𝑓𝒰(𝑥3)
are included in conv (𝑓𝒰′(𝑥3)) − ℝ𝑝

≧ for a reduced scenario set 𝒰 ′ that contains just 𝜉2
and 𝜉4 but not necessarily 𝜉3 as can be seen in Figure 6.2f.

Before we continue, we introduce the domination property with respect to set-based
and hull-based minmax robust efficiency.

Definition 6.3. An uncertain multi-objective optimization problem (MOP(𝒰)) has the

• domination property with respect to hull-based minmax robust efficiency, if for all 𝑥 ∈ 𝒳
it holds that either 𝑥 is hull-based minmax robust efficient to MOP(𝒰) or there is
a hull-based minmax robust efficient solution 𝑥′ ∈ 𝒳 to MOP(𝒰) such that

𝑓𝒰(𝑥′) ∈ conv (𝑓𝒰(𝑥)) − ℝ𝑝
⪈, and

• domination property with respect to set-based minmax robust efficiency, if for all 𝑥 ∈ 𝒳
it holds that either 𝑥 is set-based minmax robust efficient to MOP(𝒰) or there is a
set-based minmax robust efficient solution 𝑥′ ∈ 𝒳 to MOP(𝒰) such that

𝑓𝒰(𝑥′) ∈ 𝑓𝒰(𝑥) − ℝ𝑝
⪈.
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efficient to Pesssb(𝑥1)…

𝑓1

𝑓2
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𝑓 (𝑥3, 𝜉4)

𝑓 (𝑥3, 𝜉1)

(e) Solutions 𝜉2, 𝜉3, 𝜉4 are the ones that are effi-
cient to Pesssb(𝑥3)…

𝑓1

𝑓2

(f) …thus, if 𝒰 ′ contains 𝜉2, 𝜉3, 𝜉4, we have
𝑓 𝒰(𝑥3) ⊆ 𝑓 𝒰′ (𝑥3) − ℝ𝑝

⪈.

Figure 6.1: Implications of Condition C
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𝑓1

𝑓2

𝑓 (𝑥1, 𝜉1)

𝑓 (𝑥1, 𝜉2)
𝑓 (𝑥1, 𝜉3)

𝑓 (𝑥1, 𝜉4)

(a) Solutions 𝜉1, 𝜉2, 𝜉3, 𝜉4 are the ones that are
extreme supported efficient to Pesssb(𝑥1)…

𝑓1

𝑓2

(b) …thus, if 𝒰 ′ contains 𝜉1, 𝜉2, 𝜉3, 𝜉4, we have
𝑓 𝒰(𝑥1) ⊆ 𝑓 𝒰′ (𝑥1) − ℝ𝑝

⪈.

𝑓1

𝑓2

𝑓 (𝑥2, 𝜉2)

𝑓 (𝑥2, 𝜉3)

𝑓 (𝑥2, 𝜉4)

𝑓 (𝑥2, 𝜉1)

(c) Solutions 𝜉2, 𝜉3, 𝜉4 are the ones that are ex-
treme supported efficient to Pesssb(𝑥2)…

𝑓1

𝑓2

(d) …thus, if 𝒰 ′ contains 𝜉2, 𝜉3, 𝜉4, we have
𝑓 𝒰(𝑥2) ⊆ 𝑓 𝒰′ (𝑥2) − ℝ𝑝

⪈.

𝑓1

𝑓2

𝑓 (𝑥3, 𝜉2)

𝑓 (𝑥3, 𝜉4)

𝑓 (𝑥3, 𝜉1)
𝑓 (𝑥3, 𝜉3)

(e) Solutions 𝜉2 and 𝜉4 are the ones that are ex-
treme supported efficient to Pesssb(𝑥3)…

𝑓1

𝑓2

(f) …thus, if 𝒰 ′ contains 𝜉2, 𝜉4, we have
𝑓 𝒰(𝑥3) ⊆ 𝑓 𝒰′ (𝑥3) − ℝ𝑝

⪈.

Figure 6.2: Implications of Condition B
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In Chapter 3 we have seen that under the domination property (2.2), point-based
minmax robust efficiency for MOP(𝒰) and MOP(𝒰 ′) are equivalent, if all point-based
minmax robust efficient solutions to MOP(𝒰 ′) satisfy Condition A. We can now show
the analog statement for hull-based and set-based minmax robust efficiency. This is ac-
complished in the following theorems.

Theorem 6.4 (analog of Theorem 3.7). Let 𝒰 ′ ⊆ 𝒰 . Consider 𝑥 ∈ 𝒳 . If 𝑥 satisfies Condition
B, then under Assumption 1 the following holds:

𝑥 is hull-based minmax robust efficient for MOP(𝒰 ′)
⟹𝑥 is hull-based minmax robust efficient for MOP(𝒰).

Additionally, if the domination property with respect to hull-based minmax robust efficiency
(see Definition 6.3) holds for MOP(𝒰 ′) and all solutions 𝑥 ∈ 𝒳 that are hull-based minmax
robust efficient for MOP(𝒰 ′) satisfy Condition B, then the following holds:

𝑥 is hull-based minmax robust efficient for MOP(𝒰 ′)
⟺𝑥 is hull-based minmax robust efficient for MOP(𝒰).

Theorem 6.5 (analog of Theorems 3.7 and 6.4). Let 𝒰 ′ ⊆ 𝒰 . Consider 𝑥 ∈ 𝒳 . If 𝑥 satisfies
Condition C, then under Assumption 1 the following holds:

𝑥 is set-based minmax robust efficient for MOP(𝒰 ′)
⟹𝑥 is set-based minmax robust efficient for MOP(𝒰).

Additionally, if the domination property with respect to set-basedminmax robust efficiency (see
Definition 6.3) holds for MOP(𝒰 ′) and all solutions 𝑥 ∈ 𝒳 that are set-based minmax robust
efficient for MOP(𝒰 ′) satisfy Condition C, then the following holds:

𝑥 is set-based minmax robust efficient for MOP(𝒰 ′)
⟺𝑥 is set-based minmax robust efficient for MOP(𝒰).

Since Theorems 6.4 and 6.5 are very similar, we present one proof proving both the-
orems. Read (6.5a)-(6.10a) for a proof of Theorem 6.4 and (6.5b)-(6.10b) for a proof of
Theorem 6.5

Proof of Theorems 6.4 and 6.5. ⇒: Let 𝑥 be hull-basedminmax robust efficient forMOP(𝒰 ′)
and satisfy Condition B or let ̂𝑥 be set-based minmax robust efficient for MOP(𝒰 ′) and
satisfy Condition C. Then, by Lemma 6.1,

𝑓𝒰(𝑥) ⊆ conv (𝑓𝒰′(𝑥)) − ℝ𝑝
≧ and (6.5a)

𝑓𝒰( ̂𝑥) ⊆ 𝑓𝒰′( ̂𝑥) − ℝ𝑝
≧ (6.5b)
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must hold, respectively. Now, assume to the contrary that 𝑥 is not hull-based or ̂𝑥 is not
set-based minmax robust efficient for MOP(𝒰), i.e., there exist 𝑥′, ̂𝑥′ ∈ 𝒳 , such that

𝑓𝒰(𝑥′) ⊆ conv (𝑓𝒰(𝑥)) − ℝ𝑝
⪈ and (6.6a)

𝑓𝒰( ̂𝑥′) ⊆ 𝑓𝒰( ̂𝑥) − ℝ𝑝
⪈, (6.6b)

respectively. From 𝒰 ′ ⊆ 𝒰 we get 𝑓𝒰′(𝑥′) ⊆ 𝑓𝒰(𝑥′) and 𝑓𝒰′( ̂𝑥′) ⊆ 𝑓𝒰( ̂𝑥′), see (2.8). If 𝑥 is
hull-based minmax robust efficient for MOP(𝒰 ′) and satisfies Condition B this leads to

𝑓𝒰′(𝑥′)
(2.8)
⊆ 𝑓𝒰(𝑥′)

(6.6a)
⊆ conv (𝑓𝒰(𝑥)) − ℝ𝑝

⪈
(6.5a)

⊆ conv (𝑓𝒰′(𝑥) − ℝ𝑝
≧) − ℝ𝑝

⪈ = conv (𝑓𝒰′(𝑥)) − ℝ𝑝
⪈.

(6.7a)

Similarly, if ̂𝑥 is set-based minmax robust efficient for MOP(𝒰 ′) and satisfies Condition
C

𝑓𝒰′( ̂𝑥′)
(2.8)
⊆ 𝑓𝒰( ̂𝑥′)

(6.6b)
⊆ 𝑓𝒰( ̂𝑥) − ℝ𝑝

⪈
(6.5b)

⊆ (𝑓𝒰′( ̂𝑥) − ℝ𝑝
≧) − ℝ𝑝

⪈ = 𝑓𝒰′( ̂𝑥) − ℝ𝑝
⪈

(6.7b)

follows. Hull-basedminmax robust efficiency of 𝑥 for MOP(𝒰 ′) is contradicted by (6.7a)
and set-basedminmax robust efficiency of ̂𝑥 for MOP(𝒰 ′) is contradicted by (6.7b). This
proves “⇒”.

⇐: Let Condition B hold for all solutions which are hull-basedminmax robust efficient
for MOP(𝒰 ′) and let Condition C hold for all solutions which are set-based minmax
robust efficient for MOP(𝒰 ′). Furthermore, let 𝑥 be hull-based minmax robust efficient
for MOP(𝒰) and let ̂𝑥 be set-based minmax robust efficient for MOP(𝒰). Assume to the
contrary that 𝑥, ̂𝑥 ∈ 𝒳 are not hull-based and set-based minmax robust efficient efficient
for MOP(𝒰 ′), respectively.
Then, since the domination property w.r.t. to hull-based and set-basedminmax robust

efficiency (see Definition 6.3) holds, there is a solution 𝑥′ ∈ 𝒳 that is hull-basedminmax
robust efficient for MOP(𝒰 ′) such that

𝑓𝒰′(𝑥′) ⊆ conv (𝑓𝒰′(𝑥)) − ℝ𝑝
⪈ (6.8a)

and there is a solution ̂𝑥′ ∈ 𝒳 that is set-based minmax robust efficient for MOP(𝒰 ′)
such that

𝑓𝒰′( ̂𝑥′) ⊆ 𝑓𝒰′( ̂𝑥) − ℝ𝑝
⪈. (6.8b)

Note that since 𝑥′ and ̂𝑥′ are hull based and set-based minmax robust efficient for
MOP(𝒰 ′) they satisfy Condition B and Condition C, respectively, i.e.,

conv (𝑓𝒰′(𝑥′)) − ℝ𝑝
≧ ⊇ 𝑓𝒰(𝑥′) (6.9a)

𝑓𝒰′( ̂𝑥′) − ℝ𝑝
≧ ⊇ 𝑓𝒰( ̂𝑥′) (6.9b)
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Together with 𝒰 ′ ⊆ 𝒰 we receive

𝑓𝒰(𝑥′)
(6.9a)

⊆ conv (𝑓𝒰′(𝑥′)) − ℝ𝑝
≧

(6.8a)
⊆ conv (𝑓𝒰′(𝑥) − ℝ𝑝

⪈) − ℝ𝑝
≧

= conv (𝑓𝒰′(𝑥)) − ℝ𝑝
⪈

(2.8)
⊆ conv (𝑓𝒰(𝑥)) − ℝ𝑝

⪈.
(6.10a)

and

𝑓𝒰( ̂𝑥′)
(6.9b)

⊆ 𝑓𝒰′( ̂𝑥′) − ℝ𝑝
≧

(6.8b)
⊆ (𝑓𝒰′( ̂𝑥) − ℝ𝑝

⪈) − ℝ𝑝
≧

= 𝑓𝒰′( ̂𝑥) − ℝ𝑝
⪈

(2.8)
⊆ 𝑓𝒰( ̂𝑥) − ℝ𝑝

⪈.
(6.10b)

This contradicts the assumption of 𝑥 and ̂𝑥 being hull-based and set-based minmax ro-
bust efficient for MOP(𝒰), respectively.

ADAPT ION OF OPT IM I ZAT ION - P E S S IM I ZAT ION. Having shown thatConditionB and
Condition C can be used as termination conditions, we can now formulate an optimi-
zation-pessimization algorithm designed to determine hull-based minmax robust effi-
cient solutions. The method is presented in Algorithm 6.1. Its correctness is proven in
the subsequent theorem.

Theorem 6.6. Let 𝒰 ′ ⊆ 𝒰 and let the domination property with respect to hull-based [set-
based] minmax robust efficiency hold for MOP(𝒰) and for MOP(𝒰 ′) for any finite subset 𝒰 ′ ⊆
𝒰 . Furthermore, let the objective functions 𝑓𝑖(𝑥, ⋅) ∶ conv(𝒰) → ℝ, 𝑖 = 1, 2, … , 𝑝, and the
constraint functions 𝐹𝑗(𝑥, ⋅), 𝑗 = 1, 2, … , 𝐽, be continuous and let Assumption 1 hold.

(i) Let 𝒰 be finite. Then Algorithm 6.1 returns the set of hull-based [set-based] minmax robust
efficient solutions to MOP(𝒰) after at most |𝒰| iterations.

(ii) Let 𝒰 be a polytope or finite and let the objectives 𝑓𝑖(𝑥, ⋅) ∶ conv(𝒰) → ℝ for all 𝑖 =
1, 2, … , 𝑝 and the constraints 𝐹𝑗(𝑥, ⋅) ∶ conv(𝒰) → ℝ for all 𝑗 = 1, 2, … , 𝐽 be continuous
and quasi-convex. Then Algorithm 6.1 returns the set of hull-based [set-based] minmax
robust efficient solutions to MOP(𝒰) after at most 𝑘 iterations, where 𝑘 is the number of
extreme points of 𝒰 , if we choose an algorithm for the pessimization problem (Pesssb(𝑥))
which always finds an extreme point of 𝒰 .

Proof. As in the proof of Theorem 3.17, we first show that the solutions returned after
termination of the algorithm are in fact hull-based [set-based] minmax robust efficient
solutions to MOP(𝒰). We then show termination after the stated number of iterations.

For the first part, note that when the algorithm terminates we have

max
𝜉∈𝒰

𝐹𝑗(𝑥∗, 𝜉) ≤ 0 ∀𝑗 = 1, 2, … , 𝐽 (6.11)

for all (𝑥∗, 𝑦∗) ∈ 𝑋(𝑘)∗. Thus, all solutions in 𝑋(𝑘−1)∗ are strictly robust feasible. Further-
more, after termination 𝒰(𝑘) contains a representative set of extreme supported efficient
solutions [a representative set of efficient solutions] to Pesssb(𝑥) for all 𝑥 ∈ 𝑋(𝑘). Thus,
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Algorithm 6.1 Optimization-pessimization: Determining hull-based [set-based] min-
max robust efficient solutions
Require: Uncertain multi-objective optimization problem (MOP(𝒰))
Require: Finite initial set 𝒰(0) ⊆ 𝒰 .
Ensure: Either 𝒰 finite or 𝒰 a polytope and 𝑓𝑖(𝑥, ⋅), 𝑖 = 1, 2, … , 𝑝, and 𝐹𝑗(𝑥, ⋅), 𝑗 = 1, 2, … , 𝐽, are

continuous and quasi-convex.
Ensure: Domination property with respect to hull-based [set-based] minmax robust efficiency

(see Definition 6.3) holds for MOP(𝒰) and for MOP(𝒰 ′) for any finite subset 𝒰 ′ ⊆ 𝒰 .
1: Set 𝑘 ≔ 0.
2: repeat
3: Set 𝒰(𝑘+1) ≔ 𝒰(𝑘).

4: Determine set 𝑋(𝑘)∗ of hull-based [set-based] minmax robust efficient solutions to
MOP(𝒰 ′).

5: for all (𝑥∗, 𝑦∗) ∈ 𝑋(𝑘)∗ do
6: Determine a representative set of extreme supported efficient solutions [a representat-

ive set of efficient solutions] 𝒰∗ for Pesssb(𝑥).
7: for all 𝜉∗ ∈ 𝒰∗ do
8: if 𝜉∗ ∉ 𝒰(𝑘+1) then
9: Add 𝜉∗ to 𝒰(𝑘+1).
10: end if
11: end for
12: for all 𝑗 = 1, 2, … , 𝐽 do
13: Determine 𝜉∗ ∈ argmax𝒰 𝐹𝑗(𝑥∗, 𝜉).
14: if 𝐹𝑗(𝑥∗, 𝜉∗) > 0 then
15: Add 𝜉∗ to 𝒰(𝑘+1).
16: end if
17: end for
18: end for

19: 𝑘 ≔ 𝑘 + 1
20: until 𝒰(𝑘) = 𝒰(𝑘+1).
21: return 𝑋(𝑘−1)∗: set of hull-based [set-based] minmax robust efficient solutions to MOP(𝒰).
22: return 𝒰FINAL ≔ 𝒰𝑘: set of worst-case scenarios.

Optimization

Pessimization

Condition B [Condition C] is satisfied for all solutions which are set-based minmax ro-
bust efficient for MOP(𝒰 ′). By Theorem 6.4 [Theorem 6.5], it follows that 𝑥 ∈ 𝑋(𝑘) is a
set of all hull-based [set-based] minmax robust efficient solutions to MOP(𝒰).
The second part is analogous to the proof of Theorem 3.17.

6.2 LOWER AND UPPER BOUNDS PROV IDED BY THE OPT IM I -
ZAT ION AND THE P E S S IM I ZAT ION PROBL EM

In order to state an analog of Lemma 3.4 (c.f. Page 24) we introduce the following order
relations:
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Definition 6.7. For sets of sets 𝒜, ℬ ⊆ 𝒫(ℝ𝑝), we write

𝒜 ⪯low
hb ℬ if for all 𝐵 ∈ ℬ there exists 𝐴 ∈ 𝒜 such that 𝐴 ⊆ conv(𝐵) − ℝ𝑝

≧
(6.12a)

and

𝒜 ⪯low
sb ℬ if for all 𝐵 ∈ ℬ there exists 𝐴 ∈ 𝒜 such that 𝐴 ⊆ 𝐵 − ℝ𝑝

≧. (6.12b)

Note that this can be seen as the hull-based and set-based analog to the lower set less
order

𝐴 ⪯low 𝐵 if for all 𝑏 ∈ 𝐵 there exists 𝑎 ∈ 𝐴 with 𝑎 ≦ 𝑏, (3.8 revisited)

which we used when comparing points on the Pareto frontier of the multi-objective ro-
bust counterpart (MORC(𝒰)).
We can now formulate the following lemma.

Lemma 6.8. Let 𝑋∗
hb(𝒰), 𝑋∗

hb(𝒰 ′), 𝑋∗
sb(𝒰), and 𝑋∗

sb(𝒰 ′) denote the sets of hull-based and set-
based minmax robust efficient solutions to MOP(𝒰) and MOP(𝒰 ′), respectively. Then

{𝑓𝒰′(𝑥) ∶ 𝑥 ∈ 𝑋∗
hb(𝒰 ′)} ⪯low

hb {𝑓𝒰(𝑥) ∶ 𝑥 ∈ 𝑋∗
hb(𝒰)} ⪯low

hb {𝑓𝒰(𝑥) ∶ 𝑥 ∈ 𝑋∗
hb(𝒰 ′)} and

(6.13a)
{𝑓𝒰′(𝑥) ∶ 𝑥 ∈ 𝑋∗

sb(𝒰 ′)} ⪯low
sb {𝑓𝒰(𝑥) ∶ 𝑥 ∈ 𝑋∗

sb(𝒰)} ⪯low
sb {𝑓𝒰(𝑥) ∶ 𝑥 ∈ 𝑋∗

sb(𝒰 ′)} (6.13b)

holds.

Proof. We show (6.13a) and leave it to the reader to transfer the statement (6.13b).
For the left hand side of (6.13a), take 𝑥 ∈ 𝑋∗

hb(𝒰). We need to show that there is
̃𝑥 ∈ 𝑋∗

hb(𝒰 ′) such that

𝑓𝒰′( ̃𝑥) ⊆ conv (𝑓𝒰(𝑥)) − ℝ𝑝
≧. (6.14)

Under the domination property w.r.t to hull-based minmax robust efficiency (see Defi-
nition 6.3), either 𝑥 itself is contained in 𝑋∗

hb(𝒰 ′) or ̃𝑥 ∈ 𝒳∗
hb(𝒰 ′) exists such that

𝑓𝒰′( ̃𝑥) ⊆ conv (𝑓𝒰′(𝑥)) − ℝ𝑝
⪈ (6.15)

holds. In the first case, set ̃𝑥 = 𝑥 and the statement follows immediately. In the second
case, the statement in (6.14) follows from

𝑓𝒰′( ̃𝑥)
(6.15)

⊆ conv (𝑓𝒰′(𝑥)) − ℝ𝑝
≧

(2.8)
⊆ conv (𝑓𝒰(𝑥)) − ℝ𝑝

≧.

For the right hand side of (6.13b), take 𝑥 ∈ 𝑋∗
hb(𝒰 ′). If 𝑥 ∈ 𝑋∗

hb(𝒰), i.e., if 𝑥 is also hull-
based minmax robust efficient for MOP(𝒰), set ̃𝑥 = 𝑥 and we are done. Otherwise, by
the domination property with respect to hull-based minmax robust efficiency, existence
of an ̃𝑥 ∈ 𝑋∗

hb(𝒰) such that

𝑓𝒰( ̃𝑥) ⊆ conv (𝑓𝒰(𝑥)) − ℝ𝑝
⪈
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is ensured. This finishes the proof.

CONCLUS ION AND OUTLOOK

In this chapter we showed that optimization-pessimization can be formulated for hull-
based and set-basedminmax robust efficiency and that solutions detected in the process
can be used as lower and upper bounds.
However, in comparison to the algorithms developed in Chapter 3, Algorithm 6.1 is

more challenging in two ways (see Table 6.1): First, the pessimization problem in Al-
gorithm 6.1, that is Pesssb(𝑥), is multi-objective. Since for any fixed 𝑥, it is still determin-
istic, it can be solved using multi-objective methods (see the Conclusion of Chapter 3).
Second, the optimization problem in each iteration consists of finding hull-based or set-
based minmax robust solutions for an uncertain multi-objective optimization problem
with a reduced uncertainty set 𝒰 ′ ⊆ 𝒰 .

Optimization problem Pessimization problem
Algorithms 3.2 to 3.4 solve MORC(𝒰 ′):

deterministic, multi-object-
ive

solve Pesspb(𝑥):
𝑝deterministic and single-ob-
jective problems

Algorithm 6.1 find hull-based [set-based]
minmax robust efficient solu-
tions to MOP(𝒰 ′)

solve Pesssb(𝑥):
deterministic, multi-object-
ive

Table 6.1: Comparison of optimization-pessimization algorithms

In 2014 when set-based minmax robust efficiency was conceptualized, Ehrgott, Ide
and Schöbel proposed two scalarization approaches to determine set-based minmax ro-
bust efficient solutions. Their first approach utilizes weighted-sum scalarization. The
basic idea is to solve

min
𝑥∈𝒳

sup
𝜉∈𝒰

𝑝
∑
𝑖=1

𝜆𝑖𝑓𝑖(𝑥, 𝜉) (6.16)

for all weights 𝜆 from a predefined set of weights Λ ⊆ ℝ𝑝
>. Under Assumption 1, the

solutions found in this way are guaranteed to be set-based minmax robustly efficient for
MOP(𝒰) (c.f. [EIS14, Theorem 4.3 (b)]). Yet, in general not all set-basedminmax robust
efficient solutions can be found by solving (6.16). Those that can be foundmight well be
considered set-based minmax robust supported efficient.
The process of solving (6.16) (as suggested by Ehrgott, Ide and Schöbel)might be hard

if the uncertainty set is large or infinite. However, if their approach is combined with
Algorithm 6.1 (in a similar fashion to Algorithm 5.1), in each iteration of Algorithm 6.1
the problems (6.16) are solved for a finite set 𝒰 ′ ⊆ 𝒰 . For what is more, while in general
not all set-based minmax robust efficient solutions can be found, the bounds established
in Lemma 6.8 can give a sense of “how good” the approximation at any state of the
algorithm is.
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More recently, in 2024, Eichfelder and Quintana showed that under a set of several
(alternative) conditions, set-based minmax robust efficient solutions can be found by
solving a reformulation that is a multi-objective optimization problem (see [EQ24]). Fi-
niteness of 𝒰 being one of these conditions, their approach can be used to reformulate
MOP(𝒰 ′), since 𝒰 ′ ⊆ 𝒰 is finite throughout Algorithm 6.1.



7
REGRET ROBUST E F F I C I ENCY

In this chapter we investigate regret robust efficient solutions. Recall Definition 2.13
from Page 15: A solution 𝑥 ∈ 𝒳 to an uncertain multi-objective optimization problem
(MOP(𝒰)) is regret robust efficient, if it is an efficient solution to the multi-objective re-
gret robust counterpart

min
𝑥∈𝒳𝒰

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

sup𝜉∈𝒰 (𝑓1(𝑥, 𝜉) − min𝑥∗∈𝒳 𝑓1(𝑥∗, 𝜉))
sup𝜉∈𝒰 (𝑓2(𝑥, 𝜉) − min𝑥∗∈𝒳 𝑓2(𝑥∗, 𝜉))

⋮
sup𝜉∈𝒰 (𝑓𝑝(𝑥, 𝜉) − min𝑥∗∈𝒳 𝑓𝑝(𝑥∗, 𝜉))

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

. (MORRC(𝒰) revisited)

For shorter notation we use

𝑟𝑖(𝑥, 𝜉) = 𝑓𝑖(𝑥, 𝜉) − min
𝑥∗∈𝒳

𝑓𝑖(𝑥∗, 𝜉) (7.1)

for all 𝑖 = 1, 2, … , 𝑝.
We first show that the algorithms developed in Chapter 5, specifically Algorithms 5.1

to 5.3, can be used in order to find regret robust efficient solutions in Section 7.1. Sub-
sequently, in Section 7.2, we discuss set-based concepts of regret robust efficiency.

7.1 R E LAT ION TO PO INT- BA S ED M INMAX ROBUST E F F I C I ENCY

As for point-basedminmax robust efficient solutions, regret robust efficient solution can
be found by solving a robust counterpart: the multi-objective regret robust counterpart
(MORRC(𝒰)). The latter has the same structure as the multi-objective robust counter-
part (MORC(𝒰)), just with the functions 𝑟𝑖(𝑥, 𝜉), 𝑖 = 1, 2, … , 𝑝, in the place of 𝑓𝑖(𝑥, 𝜉),
𝑖 = 1, 2, … , 𝑝.
Consequently, if 𝑟 meets the conditions set for 𝑓 in Chapters 3 to 5, the computational

methods presented therein should also apply to regret-robust efficiency. We therefore
investigate properties of the regret function, see (7.1).

P ROPERT I E S O F THE REGRE T FUNCT ION

Lemma 7.1. Let the function ℎ∶ 𝒳 × 𝒰 → ℝ be linear in 𝑥 for every fixed 𝜉 ∈ 𝒰 and quasi-
convex and continuous in 𝜉 for every fixed 𝑥 ∈ 𝒳 . Furthermore, let 𝒳 and 𝒰 be compact. Then

𝑟(𝑥, 𝜉) ≔ ℎ(𝑥, 𝜉) − min
𝑥∗∈𝒳

ℎ(𝑥∗, 𝜉)

is affinely linear in 𝑥 for every fixed 𝜉 ∈ 𝒰 and quasi-convex and continuous in 𝜉 for every
fixed 𝑥 ∈ 𝒳 .
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Proof. First, let ̄𝜉 ∈ 𝒰 be fixed and consider 𝑟(⋅, ̄𝜉 ) ∶ 𝒳 → ℝ. From

𝑟(𝑥, ̄𝜉 ) = ℎ(𝑥, ̄𝜉 )⏟
linear in 𝑥

− min
𝑥∗∈𝒳

ℎ(𝑥∗, 𝜉)
⏟⏟⏟⏟⏟⏟⏟
constant in 𝑥

affine linearity of 𝑟(⋅, ̄𝜉 ) follows immediately.
Second, let ̄𝑥 ∈ 𝒳 be fixed and consider 𝑟( ̄𝑥, ⋅) ∶ 𝒰 → ℝ. Then continuity of

𝑟( ̄𝑥, 𝜉) = ℎ( ̄𝑥, 𝜉)⏟
cont. in 𝜉

− min
𝑥∗∈𝒳

ℎ(𝑥∗, 𝜉)
⏟⏟⏟⏟⏟⏟⏟

cont. in 𝜉

follows from the fact that both addends are continuous in 𝜉 . The second addend is con-
tinuous since joint continuity of ℎ∶ 𝒳 × 𝒰 on the compact set 𝒳 × 𝒰 implies uniform
continuity. Lastly, for any 𝜉 = 𝜆𝜉1 + (1 − 𝜆)𝜉2, 𝜆 ∈ [0, 1], we get

𝑟( ̄𝑥, 𝜉) = ℎ( ̄𝑥, 𝜉) − min
𝑥∗∈𝒳

ℎ(𝑥∗, 𝜉) = max
𝑥∗∈𝒳

(ℎ( ̄𝑥, 𝜉) − ℎ(𝑥∗, 𝜉))

= max
𝑥∗∈𝒳

ℎ( ̄𝑥 − 𝑥∗, 𝜉)

≤ max
𝑥∗∈𝒳

max {ℎ( ̄𝑥 − 𝑥∗, 𝜉1), ℎ( ̄𝑥 − 𝑥∗, 𝜉2)}

= max {max
𝑥∗∈𝒳

ℎ( ̄𝑥 − 𝑥∗, 𝜉1),max
𝑥∗∈𝒳

ℎ( ̄𝑥 − 𝑥∗, 𝜉2)}

= max {max
𝑥∗∈𝒳

(ℎ( ̄𝑥, 𝜉1) − ℎ(𝑥∗, 𝜉1)),max
𝑥∗∈𝒳

(ℎ( ̄𝑥, 𝜉2) − ℎ(𝑥∗, 𝜉2))}

= max {𝑟( ̄𝑥, 𝜉1), 𝑟( ̄𝑥, 𝜉2)} ,

where the equalities in lines two and five follow from linearity of ℎ(⋅, 𝜉) for fixed 𝜉 and
the inequality in the third line holds due to quasi-convexity of ℎ(𝑥, ⋅) for fixed 𝑥. Quasi-
convexity of 𝑟( ̄𝑥, ⋅) follows.

Recall the bi-objective robust optimization problem (BRO(𝒰)) (see Page 45), a special
case of the multi-objective robust counterpart (MORC(𝒰)):

min
𝑥∈𝒳

⎛⎜⎜
⎝

sup𝜉∈𝒰 𝑓1(𝑥, 𝜉)
sup𝜉∈𝒰 𝑓2(𝑥, 𝜉)

⎞⎟⎟
⎠
. (BRO(𝒰) revisited)

For BRO(𝒰) we assumed the following:

• (BRO-1) The feasible set takes the form 𝒳 = 𝑃 ∩ (ℤ𝑘 × ℝ𝑛−𝑘) where 𝑃 ⊆ ℝ𝑛 is a
polytope and 0 ≤ 𝑘 ≤ 𝑛.

• (BRO-2) The uncertainty set 𝒰 ⊆ ℝ𝑚 is a polytope or finite set.

• (BRO-3) The objective functions 𝑓1, 𝑓2 ∶ 𝒳 × 𝒰 → ℝ are affinely linear in 𝑥 for every
fixed 𝜉 ∈ 𝒰 and quasi-convex and continuous in 𝜉 for every fixed 𝑥 ∈ 𝒳 .

By Lemma 7.1, the properties stated for 𝑓1, 𝑓2 in (BRO-3) are almost inherited by the
functions 𝑟1, 𝑟2.
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Corollary 7.2. Let an uncertain bi-objective optimization problem (MOP(𝒰)) be given. If its
multi-objective robust counterpart takes the form BRO(𝒰) and satisfies conditions (BRO-1),
(BRO-2), and (BRO-3), and additionally, 𝑓𝑖(⋅, 𝜉) ∶ 𝒳 → ℝ, 𝑖 = 1, 2, … , 𝑝, is linear for fixed
𝜉 ∈ 𝒰 , then its multi-objective regret robust counterpart

min
𝑥∈𝒳

⎛⎜⎜
⎝

sup𝜉∈𝒰 (𝑓1(𝑥, 𝜉) − min𝑥∗∈𝒳 𝑓1(𝑥∗, 𝜉))
sup𝜉∈𝒰 (𝑓2(𝑥, 𝜉) − min𝑥∗∈𝒳 𝑓2(𝑥∗, 𝜉))

⎞⎟⎟
⎠

(BRRO(𝒰))

satisfies conditions (BRO-1), (BRO-2), and (BRO-3), too. Specifically, the regret functions
𝑟𝑖(𝑥, 𝜉) = (𝑓𝑖(𝑥, 𝜉) − min𝑥∗∈𝒳 𝑓𝑖(𝑥∗, 𝜉)) ∶ 𝒳 × 𝒰 → ℝ, 𝑖 = 1, 2, are affinely linear in 𝑥 for
every fixed 𝜉 ∈ 𝒰 and quasi-convex and continuous in 𝜉 for every fixed 𝑥 ∈ 𝒳 .

Consequently, under just slightly stronger conditions, Algorithms 5.1 to 5.3 that were
designed to solve BRO(𝒰) can solve BRRO(𝒰), too.

7.2 S E T- BA S ED AND HULL - BA S ED REGRE T ROBUST
E F F I C I ENCY

Having observed that regret robust efficiency (as defined in [GW22]) is essentially the
same as point-based minmax robust efficiency–just with 𝑟(𝑥, 𝜉) instead of 𝑓 (𝑥, 𝜉) as the
objective function, we can state the following (alternative) definition:

Definition 7.3. Given an uncertain multi-objective optimization problem

⎧{{{{
⎨{{{{⎩

min

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

𝑓1(𝑥, 𝜉)
𝑓2(𝑥, 𝜉)

⋮
𝑓𝑝(𝑥, 𝜉)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

⎫}}}}
⎬}}}}⎭𝜉∈𝒰

(MOP(𝒰) revisited)

a solution 𝑥 ∈ 𝒳𝒰 is called (point-based) regret robust (strictly/weakly) efficient if it is point-
based minmax robust (strictly/weakly) efficient to

⎧{{{{
⎨{{{{⎩

min

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

𝑟1(𝑥, 𝜉)
𝑟2(𝑥, 𝜉)

⋮
𝑟𝑝(𝑥, 𝜉)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

⎫}}}}
⎬}}}}⎭𝜉∈𝒰

(7.2)

for 𝑟(𝑥, 𝜉) ≔ 𝑓 (𝑥, 𝜉) − min𝑥∗∈𝒳 𝑓 (𝑥∗, 𝜉).

Then it is only natural to define set-based and hull-based regret robust efficiency as
follows:

Definition 7.4. Given an uncertain multi-objective optimization problem (MOP(𝒰)) a
solution 𝑥 ∈ 𝒳𝒰 is called set-based [hull-based] regret robust (strictly/weakly) efficient if it is
set-based [hull-based] minmax robust (strictly/weakly) efficient to 7.2.
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Example 2.9 (Continued). Consider the setting of Example 2.9. In Figure 2.10d (see
Page 16) the regret for all solutions 𝑥 ∈ 𝒳 and all scenarios 𝜉 ∈ 𝒰 was depicted. In Fig-
ures 7.1 and 7.2 the lines illustrating the upper border of the sets {𝑟(𝑥, 𝜉 ∶ 𝜉 ∈ 𝒰)} − ℝ𝑝

≧
and conv ({𝑟(𝑥, 𝜉 ∶ 𝜉 ∈ 𝒰)}) − ℝ𝑝

≧ are shown. One can see that 𝑥2 and 𝑥3 are set-based
and hull-based regret robust efficient.

𝑟1

𝑟2

Figure 7.1: Set-based regret robust efficiency

𝑟1

𝑟2

Figure 7.2: Hull-based regret robust efficiency



8
SUPPORTED EF F I C I ENCY

In previous chapters, we referred to a subset of efficient solutions called (extreme) suppor-
ted efficient solutions. Specifically, at two points (in Chapter 3 on Page 31 and in Chapter 6
on Page 68) we used the fact that the image of all feasible solutions of a multi-objective
optimization problem (MOP) lies in the convex hull of or is dominated by a convex com-
bination of extreme supported efficient solutions (see (3.19),(6.2a)). In this chapter we
will investigate supported efficient and extreme supported efficient solutions in more
detail.

8.1 IN TRODUCT ION AND PRE L IM INAR I E S

We use the following notation: We consider a general version of a (deterministic) multi-
objective optimization problem

min
𝑥∈𝒳

⎛⎜⎜⎜⎜⎜⎜
⎝

𝑔1(𝑥)
⋮

𝑔𝑝(𝑥)

⎞⎟⎟⎟⎟⎟⎟
⎠

. (MOP revisited)

We again assume that the domination property (see [Hen86])

For all 𝑦 ∈ 𝒴 ∖ 𝒴N, there exists a point 𝑦′ ∈ 𝒴N such that 𝑦′ ⪇ 𝑦. (2.2 revisited)

is satisfied.
As a consequence of (2.2), we have

𝒴 ⊆ 𝒴N ∪ 𝒴N + ℝ𝑝
⪈ = 𝒴N + ℝ𝑝

≥. (8.1)

Solutions that are often easier to determine than the set of all efficient solutions𝒳E ⊆ 𝒳
are supported efficient solutions. As stated in the preliminaries (c.f. Page 5), intuitively, the
set of supported efficient solutions can be described as the set that contains all solutions
to the weighted-sum scalarization

min
𝑥∈𝒳

𝜆1𝑔1(𝑥) + 𝜆2𝑔2(𝑥) + ⋯ + 𝜆𝑝𝑔𝑝(𝑥). (MOP(𝜆) revisited)

for “reasonable” choices of weights 𝜆𝑖, 𝑖 = 1, 2, … , 𝑝 (what is meant by “reasonable” will
be precised in the following). As Ehrgott put it (c.f. [Ehr08]): “Geometrically, supported
efficient solutions are efficient solutions with 𝑔(𝑥) on the ’lower left‘ boundary of the
convex hull of 𝒴 .”
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Correspondingly, the image 𝑦 = 𝑔(𝑥) ∈ 𝒴 of a supported efficient solution 𝑥 ∈ 𝒳 , i.e.,
a solution to

min
𝑦∈𝒴

𝑝
∑
𝑖=1

𝜆𝑖𝑦, (8.2)

is then called supported nondominated.
However, the exact definition of supported efficiency–and supported nondominance–

varies from author to author (and sometimes within an author’s publications).
Before we proceed to present a collection of nine characterizations of supported non-

dominatedness, we need to introduce one more type of efficiency: proper efficiency.

Definition 8.1 (Geoffrion [Geo68]). A feasible solution ̄𝑥 ∈ 𝒳 is called properly efficient
and its outcome ̄𝑦 = 𝑔(x) ∈ 𝒴 is called properly nondominated, if it is efficient and there
is a real number 𝑀 > 0 such that for all 𝑖 = 1, 2, … , 𝑝 and 𝑥 ∈ 𝒳 satisfying 𝑓𝑖(𝑥) < 𝑓𝑖( ̄𝑥)
there exists an index 𝑗 = 1, 2, … , 𝑝, 𝑗 ≠ 𝑖, such that 𝑓𝑗( ̄𝑥) < 𝑓𝑗(𝑥) and

𝑓𝑖( ̄𝑥) − 𝑓𝑖(𝑥)
𝑓𝑗(𝑥) − 𝑓𝑗( ̄𝑥) ≤ 𝑀

We use 𝒳pE ⊆ 𝒳 to denote the set of properly efficient solutions and 𝒴pN ≔ 𝑔(𝒳pE) ⊆ 𝒴
for the set of properly nondominated points. Naturally, 𝒳pE ⊆ 𝒳E ⊆ 𝒳wE and 𝒴pN ⊆ 𝒴N ⊆
𝒴wN hold.

8.2 SUPPORT ED E F F I C I ENCY NONDOM INANCE

The following are nine characterizations of supported (weak) efficiency and supported
(weak) nondominance (nondominatedness). Five of them can be found in the literature;
the other four are natural extensions added by the author.

Definition 8.2. For a multi-objective optimization problem (MOP) a solution ̄𝑥 ∈ 𝒳 is
called supported efficient and its outcome ̄𝑦 = 𝑔( ̄𝑥) ∈ 𝒴 is called supported nondominated if

(SN-1) ̄𝑦 ∈ argmin{𝜆⊤𝑦 ∶ 𝑦 ∈ 𝒴} for some 𝜆 ∈ ℝ𝑝
> (see, e.g., [UT94; Ehr06; RE09a;

CPF21; SNR15; PGE10; RSN17]),

(SN-2) ̄𝑦 ∈ {𝑦′ ∈ conv(𝒴N) ∶ conv(𝒴N) ∩ (𝑦′ − ℝ𝑝
≧) = 𝑦′} and ̄𝑦 is nondominated (see,

e.g., [HPR07]),

(SN-3) there is no convex combination ∑ 𝜇𝑖𝑦(𝑖) of points 𝑦(1), … , 𝑦(𝑛) ∈ 𝒴N ∖ { ̄𝑦}, 𝜇 ∈
Δ𝑛, such that ∑𝑛

𝑖=1 𝜇𝑖𝑦(𝑖) ⪇ ̄𝑦,

(SN-4) ̄𝑦 ∈ argmin{𝜆⊤𝑦 ∶ 𝑦 ∈ 𝒴} for some 𝜆 ∈ ℝ𝑝
⪈ and ̄𝑦 is nondominated,

(SN-5) ̄𝑦 lies on the boundary of conv(𝒴N + ℝ𝑝
≥) and ̄𝑦 is nondominated (see, e.g.,

[EF09a; EF09b; AC16; SKS19]),

(SN-6) there is no convex combination ∑ 𝜇𝑖𝑦(𝑖) of points 𝑦(1), … , 𝑦(𝑛) ∈ 𝒴N ∖ { ̄𝑦}, 𝜇 ∈
Δ𝑛, such that ∑𝑛

𝑖=1 𝜇𝑖𝑦(𝑖) < ̄𝑦 and ̄𝑦 is nondominated (see, e.g., [ÖK10]).
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A solution ̄𝑥 ∈ 𝒳 is called supported weakly efficient and its outcome ̄𝑦 = 𝑔( ̄𝑥) ∈ 𝒴 is called
supported weakly nondominated if

(SN-7) ̄𝑦 ∈ argmin{𝜆⊤𝑦 ∶ 𝑦 ∈ 𝒴} for some 𝜆 ∈ ℝ𝑝
⪈ (see, e.g., [RSS89; Fig+17]).

(SN-8) ̄𝑦 lies on the boundary of conv(𝒴N + ℝ𝑝
≥),

(SN-9) there is no convex combination ∑ 𝜇𝑖𝑦(𝑖) of points 𝑦(1), … , 𝑦(𝑛) ∈ 𝒴N ∖ { ̄𝑦}, 𝜇 ∈
Δ𝑛, such that ∑𝑛

𝑖=1 𝜇𝑖𝑦(𝑖) < ̄𝑦.

Some of the above characterizations have originally been formulated for the decision
space 𝒳 , i.e., they are definitions of supported efficiency, while others were originally for-
mulated for the image space 𝒴 , i.e., as definitions of supported nondominatedness. Since
in any case, a solution 𝑥 ∈ 𝒳 is supported (weakly) efficient if and only iff its outcome
𝑦 = 𝑔(𝑥) ∈ 𝒴 is supported (weakly) nondominated, in the following we will focus on
the image space leaving the readerwith the task to transfer all definitions and statements
to their respective analogon in the decision space.
There are several other possible characterizations that are easy to recognize as being

equivalent to the above ones:
Remark 8.3. The following characterizations, namely of a point ̄𝑦 ∈ 𝒴 as supported non-
dominated if

(SN-2’) ̄𝑦 ∈ {𝑦′ ∈ conv(𝒴N) ∶ conv(𝒴N) ∩ (𝑦′ − ℝ𝑝
≧) = 𝑦′},

(SN-5’) ̄𝑦 lies on the boundary of conv(𝒴) and ̄𝑦 is nondominated (see, e.g., [RE09b;
SKS19]),

and as supported weakly nondominated if

(SN-8’) ̄𝑦 lies on the boundary of conv(𝒴),

are equivalent to (SN-2), (SN-5), and (SN-8), respectively.
The characterizations of supported (weak) nondominatedness inDefinition 8.2 can be

sorted into three categories: The first category includes those definitions that character-
ize supported (weakly) efficient solutions as solutions to the weighted-sum scalarization
(MOP(𝜆)) (and/or supported nondominated points as their images under 𝑔). These
are (SN-1), (SN-4) and (SN-7). In the literature, this seems to be the most common ap-
proach. (SN-1) is mainly used in the context of discretemulti-objective optimization (see,
e.g., [UT94; Ehr06; RE09a; CPF21; SNR15; PGE10]). In Section 8.2.1.4 (c.f. Example 8.12
and Lemma 8.13) it will become clear why that is the case. Solutions that satisfy (SN-7)
are referred to by Rosenblatt and Sinuany-Stern (see [RSS89]) but are not given a name.
They are introduced as supported (weakly) efficient solutions by Figueira, Fonseca, Halff-
mann et al. (see [Fig+17]). The author did not find (SN-4) in the literature but in several
lecture notes.
The second category of characterizations consists of (SN-2), (SN-5) and (SN-8). These

definitions concern the geometric structure of the convex hull of the nondominated points.
Hamacher, Pedersen and Ruzika introduced (SN-2) in the context of multi-objective
flow problems (see [HPR07]). The characterization (SN-5) was used by Eusébio and
Figueira in an article concerning a bi-objective problem (see [EF09a]) and by Alves and
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Costa for a three-objective problem (see [AC16]). In Section 8.2.1.4 we will see that this
difference is meaningful, since (SN-5) coincides with definition (SN-2) if 𝑝 ≤ 2 but
in general not if 𝑝 ≥ 3 (c.f. Example 8.14 and Lemma 8.15). Raith and Ehrgott as well
as Schulze, Klamroth and Stiglmayr used the equivalent characterization (SN-5’) (see
[RE09b; SKS19]). The last geometric definition, (SN-8) (as well as (SN-8’)), was added
by the authors of this paper.
Finally, (SN-3), (SN-6) and (SN-9) make up the third category of possible definitions.

They identify supported (weakly) nondominated points via the absence of (strictly)
dominating convex combinations of nondominated points. Özpeynirci and Köksalan intro-
duced extreme and nonextreme supported nondominated separately in [ÖK10]; their union
is described by (SN-6). The other two characterizations, (SN-3) and (SN-9), are natural
modifications which we added.
As we will see in Section 8.2.1.1, the definitions added by the authors of this paper–

(SN-3), (SN-4), (SN-8), and (SN-9)–are equivalent to ones in the literature.

8.2.1 Relations between different characterizations of supported efficiency

To the best of the author’s knowledge, literature about the relations between different
characterizations of supported efficiency is scarce. The most comprehensive study has
been published in 2023 by Könen and Stiglmayr (see [KS23]). In their work they con-
sidered four different characterizations, namely (SN-5’), (SN-5), (SN-2), and (SN-1)
and focused on the linear case, where the set 𝒴 is a polyhedron or discrete. They stated
that in the non-integer case all these characterizations are equivalent. We present a coun-
terexample disproving this statement. Furthermore, Könen and Stiglmayr showed that
in the context of bi-objective integer optimization the definitions are equivalent. We will
show that this statement holds for bi-objective linear optimization as well.
We now show that the characterizations of supported (weak) efficiency are ordered

with (SN-1) being the strictest definition. More specifically, we show that these charac-
terizations can be sorted into four different layerswith the characterizations of each layer
being equivalent. The order is presented in Figure 8.1.

8.2.1.1 Equivalence of the characterizations in each layer.

We start by showing that the characterizations of each layer are equivalent, specifically
we show

(SN-2) ⟺ (SN-3), (8.3)
(SN-4) ⟺ (SN-5) ⟺ (SN-6), (8.4)
(SN-7) ⟺ (SN-8) ⟺ (SN-9), (8.5)

where (SN-𝑖) ⟺ (SN-𝑗) means: 𝑦 ∈ 𝒴 satisfies (SN-𝑖) if and only if it satisfies (SN-𝑗).
We start on the lowest layer and show (8.5) and work up from there showing (8.4)

and (8.3).

Lemma 8.4. Under the domination property (SN-9) ⟺ (SN-8) ⟺ (SN-7).

Proof. We show (SN-9) ⟹ (SN-8) ⟹ (SN-7) ⟹ (SN-9).
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scalarization geometry convexity

1st Layer(SN-1)

2nd Layer(SN-2) (SN-3)

2rd Layer(SN-4) (SN-5) (SN-6)

4th Layer(SN-7) (SN-8) (SN-9)

Figure 8.1: Nine different definitions of supported nondominatedness sorted into four different
layers

(SN-9) ⟹ (SN-8): By contradiction. Assume ̄𝑦 ∈ 𝒴 does not satisfy (SN-8), i.e., ̄𝑦 ∉
bd(conv(𝒴N + ℝ𝑝

≥)). Since, by (8.1), ̄𝑦 ∈ 𝒴 ⊆ 𝒴N + ℝ𝑝
≥ ⊆ conv(𝒴N + ℝ𝑝

≥), it follows
that ̄𝑦 must lie in the interior of conv(𝒴N + ℝ𝑝

≥) = conv(𝒴N) + ℝ𝑝
≥. Consequently, 𝑦′ ∈

conv(𝒴N) exists such that 𝑦′ < ̄𝑦. Since 𝑦′ ∈ conv(𝒴) = conv (conv(𝒴N ∖ { ̄𝑦}) ∪ { ̄𝑦}),
there exists 𝑦′′ ∈ conv(𝒴N ∖ { ̄𝑦}) with 𝑦′′ ≤ 𝑦′ < ̄𝑦. This shows that ̄𝑦 does not satisfy
(SN-9).
(SN-8) ⟹ (SN-7): Let ̄𝑦 ∈ 𝒴 satisfy (SN-8), i.e., ̄𝑦 ∈ bd(conv(𝒴N + ℝ𝑝

≥)).
By the supporting hyperplane theorem (see, e.g., [BV04]) there exists 𝑎 ∈ ℝ𝑝 ∖ {0}

such that {𝑦 ∈ ℝ𝑝 ∶ 𝑎⊤𝑦 = 𝑎⊤ ̄𝑦} is a supporting hyperplane for the convex set conv(𝒴N +
ℝ𝑝

≥) at ̄𝑦, meaning that

𝑎⊤𝑦 ≥ 𝑎⊤ ̄𝑦 ∀𝑦 ∈ conv(𝒴N + ℝ𝑝
≥) (8.6)

holds.

Nowconsider two cases: Since 𝑎 ≠ 0, either 𝑎 ∈ ℝ𝑝∖ℝ𝑝
≥ or 𝑎 ∈ ℝ𝑝

⪈. In the first case, i.e.,
if 𝑎 ∈ ℝ𝑝 ∖ ℝ𝑝

≥, we have 𝑎𝑖 < 0 for some 𝑖 = 1, 2, … , 𝑝. Then for any 𝑦′ ∈ conv(𝒴N + ℝ𝑝
≥)

and any 𝑀 > 0 we have 𝑦′′ ≔ 𝑦′ +𝑀𝑒𝑖 ∈ conv(𝒴N +ℝ𝑝
≥), but by choosing 𝑀 sufficiently

large we get

𝑎⊤𝑦′′ = 𝑎⊤𝑦′ + 𝑀 𝑎𝑖𝑒𝑖⏟
<0

< 𝑎⊤ ̄𝑦,

which contradicts (8.6).
In the second case, i.e., if 𝑎 ∈ ℝ𝑝

⪈, we get

min{𝑎⊤𝑦 ∶ 𝑦 ∈ 𝒴}
(8.1)
≥ min{𝑎⊤𝑦 ∶ 𝑦 ∈ conv(𝒴N + ℝ𝑝

≥)}
(8.6)
≥ 𝑎⊤ ̄𝑦
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and, consequently, ̄𝑦 is an optimal solution to (8.2) for 𝜆 = 𝑎 ∈ ℝ𝑝
⪈. (SN-7) follows.

(SN-7) ⟹ (SN-9): By contradiction. Let ̄𝑦 ∈ 𝒴 satisfy (SN-7) with 𝜆 = 𝜆̄ ∈ ℝ⪈, i.e.,
̄𝑦 ∈ argmin{𝜆̄⊤𝑦 ∶ 𝑦 ∈ 𝒴}, and assume that ̄𝑦 ∈ 𝒴 does not satisfy (SN-9), i.e., there is a

collection of points 𝑦(1), … , 𝑦(𝑛) ∈ 𝒴N ∖ { ̄𝑦}, 𝜇 ∈ Δ𝑛, such that

𝑛
∑
𝑖=1

𝜇𝑖𝑦(𝑖) < ̄𝑦

holds. Thus, we have
𝑛

∑
𝑖=1

𝜇𝑖𝜆̄⊤𝑦(𝑖) = 𝜆̄⊤
𝑛

∑
𝑖=1

𝜇𝑖𝑦(𝑖) < 𝜆̄⊤ ̄𝑦, (8.7)

which implies that there is at least one 𝑦(𝑖) ∈ 𝒴N such we have that 𝜆̄⊤𝑦(𝑖) < 𝜆̄⊤ ̄𝑦. This is
a contradiction to the assumption that ̄𝑦 minimizes (8.2) for 𝜆 = 𝜆̄.

Lemma 8.5. Under the domination property (SN-4) ⟺ (SN-5) ⟺ (SN-6).

Proof. Since (SN-4), (SN-5), and (SN-6) are just (SN-7), (SN-8) and (SN-9) with the
additional requirement of ̄𝑦 being nondominated, the equivalence of the latter three
(shown in Lemma 8.4) implies the equivalence of the former three.

Lemma 8.6. Under the domination property (SN-2) ⟺ (SN-3).

Proof. (SN-2) ⟹ (SN-3): Let ̄𝑦 ∈ 𝒴 satisfy (SN-2). Then conv(𝒴N)∩( ̄𝑦−ℝ𝑝
⪈) is empty

and (SN-3) follows directly.
(SN-3) ⟹ (SN-2): Let ̄𝑦 ∈ 𝒴 satisfy (SN-3), i.e., there is no convex combination of

points 𝑦(1), … , 𝑦(𝑛) ∈ 𝒴N ∖ { ̄𝑦}, 𝜇 ∈ Δ𝑛, such that ∑𝑛
𝑖=1 𝜇𝑖𝑦(𝑖) ⪇ ̄𝑦. Then there is also no

convex combination of points 𝑦(1), … , 𝑦(𝑛) ∈ 𝒴N, 𝜇 ∈ Δ𝑛, such that ∑𝑛
𝑖=1 𝜇𝑖𝑦(𝑖) ⪇ ̄𝑦. Then

conv(𝒴N) ∩ ( ̄𝑦 − ℝ𝑝
⪈) is empty and, specifically, ̄𝑦 is nondominated. (SN-2) follows.

8.2.1.2 Hierarchy of layers.

Having sorted the characterizations into four layers, we need to show how the layers
relate to each other. Specifically, we show that the layers are sorted in such a way that
the characterizations on the top layer are the strictest and those on the bottom layer are
the most permissive:

(SN-1)⏟
layer 1

⟹ (SN-2) ⟺ (SN-3)⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
layer 2

⟹ (SN-4) ⟺ (SN-5) ⟺ (SN-6)⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
layer 3

⟹ (SN-7) ⟺ (SN-8) ⟺ (SN-9)⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
layer 4

.

Once again, we start at the bottom and work up from there.

Lemma 8.7. We have (SN-4) ⟹ (SN-7), (SN-5) ⟹ (SN-8) and (SN-6) ⟹ (SN-9).

Proof. trivial.

Lemma 8.8. We have (SN-1) ⟹ (SN-3).
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Proof (similar to the one in Lemma 8.4). By contradiction. Let ̄𝑦 ∈ 𝒴 satisfy (SN-1) with
𝜆 = 𝜆̄ ∈ ℝ𝑝

>, i.e., ̄𝑦 ∈ argmin{𝜆̄⊤𝑦 ∶ 𝑦 ∈ 𝒴}, and assume ̄𝑦 ∈ 𝒴 does not satisfy (SN-3),
i.e., there is collection of points 𝑦(1), … , 𝑦(𝑛) ∈ 𝒴N ∖ { ̄𝑦}, 𝜇 ∈ Δ𝑛, such that

𝑛
∑
𝑖=1

𝜇𝑖𝑦(𝑖) ⪇ ̄𝑦

holds. Since all components of 𝜆̄ are strictly positive, (8.7) follows. This implies that there
is at least one 𝑦(𝑖) ∈ 𝒴N such we have that 𝜆̄⊤𝑦(𝑖) < 𝜆̄⊤ ̄𝑦. This is a contradiction to the
assumption that ̄𝑦 minimizes (8.2) for 𝜆 = 𝜆̄.

Lemma 8.9. We have (SN-3) ⟹ (SN-6).

Proof. Let ̄𝑦 ∈ 𝒴 satisfy (SN-3), i.e., there is no convex combination ∑ 𝜇𝑖𝑦(𝑖) of points
𝑦(1), … , 𝑦(𝑛) ∈ 𝒴N ∖ { ̄𝑦}, 𝜇 ∈ Δ𝑛, such that ∑𝑛

𝑖=1 𝜇𝑖𝑦(𝑖) ⪇ ̄𝑦. Then specifically, there is
no convex combination ∑ 𝜇𝑖𝑦(𝑖) of points 𝑦(1), … , 𝑦(𝑛) ∈ 𝒴N ∖ { ̄𝑦}, 𝜇 ∈ Δ𝑛, such that
∑𝑛

𝑖=1 𝜇𝑖𝑦(𝑖) < ̄𝑦 and ̄𝑦 is nondominated.

8.2.1.3 Relation to nondominatedness and weak nondominatedness.

The designation of an outcome 𝑦 ∈ 𝒴 as supported (weakly) nondominated suggests that it
is also (weakly) nondominated. In fact, this is the case. The fact that points that are solu-
tions to (8.2) for weight vectors with zero-components, i.e., for 𝜆 ∈ ℝ𝑝

⪈ ∖ ℝ𝑝
>, are only

guaranteed to be weakly nondominated is well-known in multi-objective optimization
community. For completeness, we will however restate this in the following Lemma.

Lemma 8.10. Let 𝒴 ⊆ ℝ𝑝.

(a) If 𝑦 ∈ 𝒴 satisfies (SN-1), it is properly nondominated.

(b) If 𝑦 ∈ 𝒴 satisfies (SN-𝑖) for some 𝑖 = 1, 2, … , 6, it is nondominated.

(c) If 𝑦 ∈ 𝒴 satisfies (SN-𝑖) for some 𝑖 = 1, 2, … , 9, it is weakly nondominated.

Proof. The first statement was shown by Geoffrion when he introduced the concept of
proper efficiency (see [Geo68, Thm. 1]). The second statement is a trivial consequence
of Lemmas 8.8 and 8.9. The fact that (SN-7) implies weak efficiency is part of multi-
objective folklore (see, e.g., [Ehr05, Thm. 3.4]). Together with Lemmas 8.4 and 8.7 to 8.9
the third statement follows.

The characterizations of the first, third and fourth layer are indeed equivalent to proper
nondominance, nondominance and weak nondominance, respectively, under some con-
vexity assumptions.

Lemma 8.11. Let 𝒴 + ℝ𝑝
≥ be convex.

(a) A point 𝑦 ∈ 𝒴 satisfies (SN-1) if and only if 𝑦 is properly nondominated.

(b) A point 𝑦 ∈ 𝒴 satisfies (SN-𝑖) for some 𝑖 = 4, 5, 6 if and only if 𝑦 is nondominated.

(c) A point 𝑦 ∈ 𝒴 satisfies (SN-𝑖) for some 𝑖 = 7, 8, 9 if and only if 𝑦 is weakly nondominated.
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Proof. The forwards direction is shown in Lemma 8.10. We only have to show the back-
wards direction. We show 1., 3., and at last 2.

(a) Let 𝒴 + ℝ𝑝
≧ be convex and ̄𝑦 ∈ 𝒴 be properly nondominated. Consider the prob-

lem (MOP’) with 𝒳 ′ ≔ 𝒴 + ℝ𝑝
≧ and 𝑓 ′ ≔ id. Since ̄𝑦 is properly nondominated

in 𝒴 , it is also properly nondominated in 𝒴 ′ ≔ 𝑓 ′(𝒳 ′) = id(𝒴 + ℝ𝑝
≧) = 𝒴 + ℝ𝑝

≧.
The problem (MOP’) has a convex feasible set and convex objectives. Hence, a The-
orem of Geoffrion (see [Geo68, Thm. 2]) can be applied which states that properly
nondominatedness of ̄𝑦 in 𝒴 ′ ≔ 𝑓 ′(𝒳 ′) = id(𝒴 + ℝ𝑝

≧) = 𝒴 + ℝ𝑝
≧ implies that ̄𝑦

is optimal to min{𝜆̄⊤𝑦 ∶ 𝑦 ∈ 𝒴 ′} for some 𝜆̄ ∈ ℝ𝑝
>. Since ̄𝑦 ∈ 𝒴 ⊆ 𝒴 ′, it is also an

optimal solution to min{𝜆̄⊤𝑦 ∶ 𝑦 ∈ 𝒴}. (SN-8) follows.

(c) This has been shown in [Ehr05, Thm. 3.5].

(b) Let 𝑦 ∈ 𝒴 be nondominated. Then it is also weakly nondominated and by (c). it
follows that 𝑦 satisfies (SN-𝑖), 𝑖 = 7, 8, 9. Together with nondominatedness, (SN-𝑖),
𝑖 = 4, 5, 6 follow.

8.2.1.4 Relations between the layers

So far, we have been able to group nine definitions of supported nondominatedness (and
supported efficiency) into four different layers and establish a hierarchy of these layers.
However, it still needs to be shown that the characterizations from the various layers are
actually different. To that end, in this section we investigate the relation between the lay-
ers. Specifically, we show that for a generalmulti-objective optimization problem (MOP)
the characterizations of any two layers are non-equivalent and show for which special
cases layers coincide.

R E LAT ION BE TWEEN THE F I R ST AND SECOND LAYER . To show that the first and
second layer are not equivalent, we present an example of a multi-objective optimization
problem (MOP) with points that satisfy (SN-2) and (SN-3), but not (SN-1).
Example 8.12 (Anonlinear problem). Consider a problemwhere𝒴 = {(𝑦1, 𝑦2) ∈ ℝ2 ∶ (𝑦1−
2)2 + (𝑦2 − 2)2 ≤ 1} ⊊ ℝ2 (see Figure 8.2). We show that the point ̄𝑦 = (1, 2)⊤ ∈ 𝒴 does
not satisfy (SN-1), but satisfies (SN-3).

• We show that ̄𝑦 does not satisfy (SN-1) by showing that for every 𝜆 ∈ ℝ2
> we can

choose 𝜖 > 0 small enough such that

̂𝑦 ≔ ̄𝑦 + ⎛⎜⎜
⎝

𝜖2

−𝜖
⎞⎟⎟
⎠

is both feasible and better solution than ̄𝑦 for (8.2).
Clearly, ̂𝑦 ∈ 𝒴 for any 0 < 𝜖 < 1 since

( ̂𝑦1 − 2)2 + ( ̂𝑦2 − 2)2 = ((1 + 𝜖2) − 2)2 + ((2 − 𝜖) − 2)2 = 1 + 𝜖2 (𝜖2 − 1)⏟
<0

< 1.
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𝑓1

𝑓2

Figure 8.2: A nonlinear problem: Illustration of Example 8.12

Furthermore, for sufficiently small 𝜖 > 0 we have

min{𝜆⊤𝑦 ∶ 𝑦 ∈ 𝒴} ≤ 𝜆⊤ ̂𝑦 = 𝜆⊤ ̄𝑦 + 𝜆1𝜖2 − 𝜆2𝜖 = 𝜆⊤ ̄𝑦 + 𝜖 (𝜖𝜆1 − 𝜆2)⏟⏟⏟⏟⏟
<0

< 𝜆⊤ ̄𝑦.

• However, ̄𝑦 is clearly nondominated and

̄𝑦 ∈ {𝑦′ ∈ conv(𝒴N) ∶ conv(𝒴N) ∩ (𝑦′ − ℝ𝑝
≧) = 𝑦′}

. Thus, ̄𝑦 satisfies (SN-2) (and, by Lemma 8.6 also (SN-3)).

This shows that (SN-1) is indeed stricter than (SN-2) and (SN-3). However, our ex-
ample utilizes the “smoothness” of 𝒴 . We show that any counterexample depends on
that, in other words, that (SN-1) is equivalent to (SN-2) (and (SN-3)) for linear or dis-
crete problems.

Lemma8.13. Consider a general multi-objective optimization problem (MOP), where𝒴 is finite
or a polytope. Then if 𝑦 ∈ 𝒴 satisfies (SN-3), it satisfies (SN-1).

Proof. Let 𝒴 be finite or a polytope and let ̄𝑦 ∈ 𝒴 satisfy (SN-3). The convex hull of 𝒴
can be described by a finite number of inequalities. At the point ̄𝑦 ∈ 𝒴 ⊆ conv (𝒴) some
of these inequalities must be active (or else ̄𝑦 lies in the interior of conv (𝒴) and 𝑦′ ⪇ 𝑦,
𝑦′ ∈ conv (𝒴), exists which contradicts (SN-3)). So without loss of generality we get

conv (𝒴) = {𝑦 ∈ ℝ𝑝 ∶ 𝐴𝑦 ≤ 𝑏, ̂𝐴𝑦 ≤ ̂𝑏} (8.8)
𝐴 ̄𝑦 = 𝑏 (8.9)

̂𝐴 ̄𝑦 < ̂𝑏 (8.10)

and for 𝑣 ∈ ℝ𝑝
⪈ sufficiently close to zero

̂𝐴( ̄𝑦 − 𝑣) = ̂𝐴 ̄𝑦⏟
(8.10)

< 𝑏̂

− ̂𝐴𝑣 ≦ ̂𝑏 (8.11)
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still holds. However, since ̄𝑦 ∈ 𝒴 satisfies (SN-3), there is no 𝑣 ∈ ℝ𝑝
⪈ such that

𝑦 ≔ ̄𝑦 − 𝑣 ∈ conv (𝒴N ∖ { ̄𝑦}) ⊆ conv (𝒴) .

This implies that there is no 𝑣 ∈ ℝ𝑝
⪈ satisfying

𝐴𝑣 = 𝐴( ̄𝑦 − 𝑦) (8.9)= 𝑏 − 𝐴𝑦
(8.8)
≧ 0. (8.12)

Consequently, we get

max
⎧{
⎨{⎩

𝑝
∑
𝑖=1

𝑣𝑖 ∶ 𝐴𝑣 ≧ 0, 𝑣 ≧ 0, 𝑣 ∈ ℝ𝑝
⎫}
⎬}⎭

= 0

and by linear programming duality

min {0∶ 𝐴⊤𝑥 ≧ 1, 𝑥 ≦ 0, 𝑥 ∈ ℝ𝑘} = 0

follows, showing that there is an ̄𝑥 ∈ ℝ𝑘 such that 𝐴⊤ ̄𝑥 ≧ 1, ̄𝑥 ≦ 0. Choose 𝜆 ≔ 𝐴⊤ ̄𝑥 ∈
ℝ𝑝

>. Then for all 𝑦 ∈ conv (𝒴)

𝜆⊤𝑦 = ̄𝑥⊤⏟
≦0

𝐴𝑦⏟
≦𝑏

(8.8)
≧ ̄𝑥⊤𝑏 (8.9)= 𝑥⊤𝐴 ̄𝑦 = 𝜆⊤ ̄𝑦

follows. Hence, ̄𝑦 minimizes MOP(𝜆) for 𝜆 ∈ ℝ𝑝
>.

R E LAT ION BE TWEEN THE S ECOND AND TH I RD LAYER . As in the previous para-
graph, to show that the second and third layer are not equivalent we present a counter-
example, where there are points that satisfy (SN-5) and (SN-4), but not (SN-2) and (SN-
3).
Example 8.14 (A problemwith three objectives). Consider the discrete or the continuous
problem where

𝒴 =
⎧{{
⎨{{⎩

⎛⎜⎜⎜⎜⎜⎜
⎝

1
4
1

⎞⎟⎟⎟⎟⎟⎟
⎠

,
⎛⎜⎜⎜⎜⎜⎜
⎝

4
1
1

⎞⎟⎟⎟⎟⎟⎟
⎠

,
⎛⎜⎜⎜⎜⎜⎜
⎝

3
3
1

⎞⎟⎟⎟⎟⎟⎟
⎠

⎫}}
⎬}}⎭

, 𝒴 = conv
⎛⎜⎜⎜⎜⎜⎜
⎝

⎧{{
⎨{{⎩

⎛⎜⎜⎜⎜⎜⎜
⎝

1
4
1

⎞⎟⎟⎟⎟⎟⎟
⎠

,
⎛⎜⎜⎜⎜⎜⎜
⎝

4
1
1

⎞⎟⎟⎟⎟⎟⎟
⎠

,
⎛⎜⎜⎜⎜⎜⎜
⎝

3
3
1

⎞⎟⎟⎟⎟⎟⎟
⎠

⎫}}
⎬}}⎭

⎞⎟⎟⎟⎟⎟⎟
⎠

, (8.13)

respectively (see Figure 8.1). We show that ̄𝑦 ≔ (3, 3, 1)⊤ ∈ 𝒴 satisfies (SN-4), but not
(SN-3):

• Clearly, the point ̄𝑦 = (3, 3, 1) is nondominated. Furthermore, for 𝜆 = (0, 0, 1)⊤ ∈
ℝ3

⪈, the point ̄𝑦 is an optimal solution to (8.2). Thus, ̄𝑦 satisfies (SN-4) (and by
Lemma 8.5 also (SN-5) and (SN-6)).
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(4, 1, 1)

(1, 4, 1)

(3, 3, 1)

𝑓1

𝑓2

Figure 8.3: A problem with three objectives: Illustration of Example 8.14

• However,

𝑦′ ≔ 1
2

⎛⎜⎜⎜⎜⎜⎜
⎝

1
4
1

⎞⎟⎟⎟⎟⎟⎟
⎠

+ 1
2

⎛⎜⎜⎜⎜⎜⎜
⎝

4
1
1

⎞⎟⎟⎟⎟⎟⎟
⎠

=
⎛⎜⎜⎜⎜⎜⎜
⎝

2.5
2.5
1

⎞⎟⎟⎟⎟⎟⎟
⎠

is a convex combination of points in 𝒴N ∖ { ̄𝑦} and 𝑦′ ⪇ ̄𝑦. Thus, ̄𝑦 does not satisfy
(SN-3) (and by Lemma 8.6 also not (SN-2)).

Thepresented counterexampleworks for discrete, linear andnonlinear problems.How-
ever, it requires at least 3 objectives. The following Lemma shows that in the case of bi-
objective optimization, the characterizations of the second and third layer are equivalent.

Lemma 8.15. Consider a problem (MOP) with 𝑝 = 2. Then if 𝑦 ∈ 𝒴 satisfies (SN-5), it
satisfies (SN-3).

Proof. Let ̄𝑦 ∈ 𝒴 satisfy (SN-5), i.e., ̄𝑦 ∈ bd(conv(𝒴N + ℝ2
≥)) and ̄𝑦 is nondominated.

Apply the supporting hyperplane theorem (see again, e.g., [BV04]): There exists 𝑎 ∈
ℝ2 ∖ {0} such that

𝑎⊤ ̄𝑦 ≤ 𝑎⊤𝑦 for all 𝑦 ∈ conv(𝒴N + ℝ2
≥). (8.14)

Consider three cases: Since 𝑎 ≠ 0, eitherwe have 𝑎 ∈ ℝ2∖ℝ2
≥, 𝑎 ∈ ℝ2

>, or 𝑎 ∈ ℝ2
⪈∖ℝ2

>.
In the first case, i.e., if 𝑎 ∈ ℝ2 ∖ ℝ2

≥, we have 𝑎𝑖 < 0 for some 𝑖 = 1, 2. Then for any
𝑦′ ∈ 𝒴 we can find 𝑀 > 0 sufficiently large such that

𝑀𝑎𝑖 < 𝑎⊤( ̄𝑦 − 𝑦′). (8.15)

This leads to 𝑦′′ ≔ 𝑦′ + 𝑀𝑒𝑖 ∈ conv(𝒴N + ℝ2
≥), yet

𝑎⊤ ̄𝑦
(8.14)

≤ 𝑎⊤𝑦′′ = 𝑎⊤(𝑦′ + 𝑀𝑒𝑖) = 𝑎⊤𝑦′ + 𝑀𝑎𝑖
(8.15)

< 𝑎⊤ ̄𝑦,

which is a contradiction.
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Now consider the second case where 𝑎 ∈ ℝ2
> and assume that ̄𝑦 does not satisfy (SN-

3), i.e., we have a convex combination ∑ 𝜇𝑖𝑦(𝑖) of points 𝑦(1), … , 𝑦(𝑛) ∈ 𝒴N ∖ { ̄𝑦}, 𝜇 ∈ Δ𝑛,
such that ∑𝑛

𝑖=1 𝜇𝑖𝑦(𝑖) ⪇ ̄𝑦. This implies

𝑛
∑
𝑖=1

𝜇𝑖 (𝑎⊤𝑦(𝑖)) = 𝑎⊤
𝑛

∑
𝑖=1

𝜇𝑖𝑦(𝑖) < 𝑎⊤ ̄𝑦

and, thus, 𝑎⊤𝑦(𝑖) < 𝑎⊤ ̄𝑦 for at least one 𝑖 = 1, 2, … , 𝑛 which contradicts (8.14).
In the third case we have 𝑎 ∈ ℝ2

⪈ ∖ℝ2
>, i.e., wlog. we can assume 𝑎 = (1, 0)⊤. So (8.14)

implies that

̄𝑦1 ≤ 𝑦1 for all 𝑦 ∈ conv(𝒴N + ℝ2
≥). (8.16)

Since ̄𝑦 is nondominated, we also have

̄𝑦2 ≤ 𝑦2 for all 𝑦 ∈ 𝒴 with 𝑦1 = ̄𝑦1. (8.17)

This implies that there cannot be a a convex combination of points 𝑦(𝑖) ∈ 𝒴N ∖ {𝑦} such
that ∑𝑛

𝑖=1 𝜇𝑖𝑦(𝑖) ⪇ ̄𝑦.

Note that in the proof above, 𝑝 = 2 is needed for the third case, where 𝑎 ∈ ℝ𝑝
⪈ ∖ ℝ2

>.
Taken together, Lemmas 8.13 and 8.15 show that if both 𝒴 is a polytope (or finite)

and the problem is bi-objective, all characterizations of supported nondominatedness,
i.e., (SN-1)-(SN-6), coincide. For (SN-1), (SN-2), and (SN-5) this has previously been
shown in [KS23, Lemma 3.3].

Corollary 8.16. Consider a problem (MOP), where 𝒴 is finite or a polytope and 𝑝 = 2. Then
(SN-1)-(SN-6) coincide.

RE LAT ION BE TWEEN THE TH I RD AND FOURTH LAYER . The following example
shows that an outcome 𝑦 ∈ 𝒴 can satisfy (SN-7) without being nondominated. Thus,
there are outcomes 𝑦 ∈ 𝒴 that satisfy (SN-7) but do not satisfy (SN-4).
Example 8.17. Consider

𝒴 =
⎧{
⎨{⎩

⎛⎜⎜
⎝

𝑦1

𝑦2

⎞⎟⎟
⎠

∈ ℝ2 ∶ 𝑦1 + 2𝑦2 ≥ 6, 2𝑦1 + 𝑦2 ≥ 6, 1 ≤ 𝑦𝑖 ≤ 5 for all 𝑖 = 1, 2
⎫}
⎬}⎭

.

Then the point 𝑦 = (5, 1)⊤ is feasible and an optimal solution to (8.2) for 𝜆 = (0, 1)⊤.
However, ̄𝑦 = (4, 1)⊤ is also feasible and dominates 𝑦. Thus, 𝑦 is an example of a point
that satisfies (SN-7) (and, by Lemma 8.4, also (SN-9), (SN-8)), but is not nondominated.

SUMMARY OF ALL R E LAT IONS AND CONCLUS ION. Figure 8.4 shows the characteriz-
ations and their relations.
The author believes that Examples 8.12 and 8.14 show that (SN-2) and (SN-3) are the

definitions that are consistent with the intuitive understanding of supported nondomin-
ance expressed earlier. This is why Definition 2.2 (in Chapter 2) was introduced in this
form.
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weakly
nondominated

points
(see Lemma 8.10)

nondominated
points

(see Lemma 8.10)

properly
nondominated

points
(see Lemma 8.10)

scalarization geometry convexity

(SN-1)

(SN-2) Lemma 8.6⟺ (SN-3)

(SN-4) Lemma 8.5⟺ (SN-5) Lemma 8.5⟺ (SN-6)

(SN-7) Lemma 8.4⟺ (SN-8) Lemma 8.4⟺ (SN-9)

Lemma 8.8

Lemma 8.9

Lemma 8.7

Lemma 8.8

Lemma 8.9

Lemma 8.7

if 𝒴 discrete, polyhedral
(see Lemma 8.13)

if 𝑝 = 2
(see Lemma 8.15)

Figure 8.4: Eight different definitions of supported nondominatedness and their relations to each
other

We now show that the definition of extreme supporteded nondominance that is asso-
ciated with (SN-3) is also the definition of extreme suppported nondominance that has
the desired properties.

8.3 EX TR EME SUPPORT ED E F F I C I ENCY

We turn to extreme suppported nondominance. Intuitively, a solution 𝑥 ∈ 𝒳 to a multi-
objective optimization problem (MOP) should be called extreme supported supported and
its outcome 𝑦 = 𝑔(𝑥) should be called extreme supported nondominated if in addition to 𝑦
being supported nondominated, 𝑦 is an extreme point of 𝒴 (or of 𝒴SN).
Examples 8.12 and 8.14 not only shows that the definitions of supported nondom-

inance belong to three different layers, but that the associated definition of extreme
supported nondominance are different, too. This follows from the fact that the points
in Examples 8.12 and 8.14 that disprove equality of the two layers, are also extreme
points. Hence, the definitions of extreme suppported nondominance that are associatedwith
((SN-1))-((SN-9)) differ, too.

We conclude this chapter by showing that the definition of extreme supported non-
dominance that is associated with (SN-3), has the desired property that

𝒴 ⊆ conv (𝒴ESN) + ℝ𝑝
≧. (8.18)

We can now show that this definition justifies (8.18). We repeat the definition from
Chapter 2.

Definition 2.2 (restated). Given a multi-objective optimization problem (MOP), a solu-
tion 𝑥 ∈ 𝒳 is called
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• supported efficient and its outcome 𝑦 = 𝑔(𝑥) is called supported nondominated, if there
is no convex combination of nondominated points 𝑦(1), 𝑦(2), … , 𝑦(𝑛) ∈ 𝒴 ∖ {𝑦},
𝜆 ∈ Δ𝑛, such that ∑𝑛

𝑖=1 𝜆𝑖𝑦(𝑖) ⪇ 𝑦, and

• extreme supported efficient and its outcome 𝑦 = 𝑔(𝑥) is called extreme supported non-
dominated, if there is no convex combination of nondominated points 𝑦(1), 𝑦(2), … ,
𝑦(𝑛) ∈ 𝒴 ∖ {𝑦}, 𝜆 ∈ Δ𝑛, such that ∑𝑛

𝑖=1 𝜆𝑖𝑦(𝑖) ≦ 𝑦.

Lemma 8.18. Let 𝒴 be compact. Then 𝒴ESN = ext (conv (𝒴N) + ℝ𝑝
≧) holds.

Proof. Let ̄𝑦 ∉ ext (conv (𝒴N) + ℝ𝑝
≧). However, from the domination property (2.2) it

follows that ̄𝑦 ∈ 𝒴 ⊆ conv (𝒴N) + ℝ𝑝
≧. Thus, ̄𝑦 can be written as a nontrivial convex

combination of points in ̄𝑦 ∈ conv (𝒴N) + ℝ𝑝
≧. Then it follows that there is a nontrivial

convex combination 𝑦 of points in conv (𝒴N), such that 𝑦 ≦ ̄𝑦. This is a contradiction to
̂𝑦 being extreme supported nondominated.
Let ̄𝑦 ∈ ext (conv (𝒴N) + ℝ𝑝

≧). Then it follows directly that ̄𝑦 cannot be written as
nontrivial convex combination of points in conv (𝒴N) + ℝ𝑝

≧. It remains to be shown,
that ̄𝑦 is not dominated by a nontrivial convex combination of points in conv (𝒴N)+ℝ𝑝

≧.
Assume to the contrary that it is, i.e., there is a point 𝑦 ∈ conv (𝒴N) + ℝ𝑝

≧ such that
̄𝑦 = 𝑦+𝑟 for some 𝑟 ∈ ℝ𝑝

⪈. Then, by the fact that 𝑦+2𝑟 is also in conv (𝒴N)+ℝ𝑝
≧, it follows

that ̄𝑦 cannot be an extreme point of conv (𝒴N) + ℝ𝑝
≧, which is a contradiction.

Lemma 8.19. Let 𝒴 be compact. Then 𝒴 ⊆ conv(𝒴ESN) + ℝ𝑝
≧ holds.

Proof. Compactness of 𝒴 ⊇ 𝒴N implies that conv𝒴N is bounded. Thus, the characteristic
cone of the compact set conv (𝒴N) + ℝ𝑝

≧ is ℝ𝑝
≧. Since any convex set can be written as

sum of the convex hull of its extreme points plus its characteristic cone,

conv (𝒴N) + ℝ𝑝
≧ ⊆ conv (ext (conv (𝒴N) + ℝ𝑝

≧)) + ℝ𝑝
≧

follows. Together with the domination property (2.2)–a consequence of compactness of
𝒴–the statement follows:

𝒴
(2.2)
⊆ 𝒴N + ℝ𝑝

≧ ⊆ conv (𝒴N) + ℝ𝑝
≧

⊆ conv (ext (conv (𝒴N) + ℝ𝑝
≧)) + ℝ𝑝

≧
Lemma 8.18= conv (𝒴ESN) + ℝ𝑝

≧.
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CONCLUS ION

In this thesis, we comprehensively studied solution methods for robust multi-objective
optimization. Our focus was on three generalizations of robustness minmax robustness
and on regret robustness. While not exhaustive, these concepts hold the potential to ad-
vance the field of multi-objective optimization.

We started by investigating point-based minmax robust efficiency. We showed that an
iterative optimization-pessimization method designed to find minmax robust optimal
solutions to uncertain single-objective optimization problems can be generalized to a
multi-objective setting. The proposed procedure solves two problems in each iteration:
An optimization problem that is multi-objective and still uncertain but more manage-
able than the original problem because it has a reduced (and finite) uncertainty set and
a pessimization problem that is deterministic and essentially single-objective. In each it-
eration, the optimization problem delivers a lower bound for the robust Pareto frontier,
while the pessimization problem delivers an upper bound. It is shown that the lower
bounds are improving over time and, under some assumptions about the uncertainty,
that the bounds converge in a finite number of iterations. This method was shown to be
applicable for point-basedminmax robust solutions and for point-basedminmax robust
extreme supported efficient solutions. What is more, it applies both to problems with
uncertainty in the objectives and uncertainty in the constraints.

We have also used a method from the field of multi-objective optimization, namely
dichotomic search, and showed that, under certain conditions, it can be applied to bi-
objective problems with a minmax objective, too. While this result is also of interest for
other applications, in the case of uncertain bi-objective optimization problems, it implies
that dichotomic search can find point-based minmax robust efficient solutions.
We combined optimization-pessimization with dichotomic search and proposed two

algorithms: one starts with robustification and the other with scalarization. A third al-
gorithm, specifically for linear problems in the scenario, combines dichotomic search
with a reformulation of the minmax problem. All three algorithms are implemented
and tested, and their results are compared. Generally speaking, the algorithms taking a
multi-objective optimizer’s approach, scalarizing first, and then solving single-objective
uncertain problems in each iteration performed best.
Future research could build on the content of this thesis by combining optimization-

pessimization with multi-objective methods other than dichotomic search in a similar
fashion as presented in Chapter 5. It would be interesting to find out if the observa-
tion in this thesis that scalarize-first is faster than robustify-first holds if other methods
for multi-objective optimization are used. It would also be of interest to examine con-
vergence guarantees of the multi-objective optimization-pessimization approach under
different conditions than those in Chapters 3 and 6.

A better understanding of the Pareto frontier for set-based and hull-based minmax
robust efficiency would also help us understand the bounds developed in this thesis
and amore comprehensive investigation of the relationship betweenminmax and regret-

97
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robust efficiency would help to gain insights into the extent to which the latter is more
difficult–or not.
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