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1 | INTRODUCTION

Model predictive control (MPC) is an optimization-based control technique which is able to handle systems with multiple
inputs and outputs under input, state and output constraints. At each sample step, an open-loop finite-horizon control
problem is solved using a model of the system and a sequence of control actions is calculated. The first element from
this sequence is applied to the system and the procedure is repeated at the next sample step. Disturbances and model
mismatches decrease the control performance! and may lead to constraint violations. Robust MPC formulations deal
explicitly with disturbances and model uncertainty to ensure recursive feasibility of the control problem. As a downside,
the amount of uncertainty considered at the offline design phase may decrease the control performance and leads to
small domains of attraction.? The introduced amount of conservatism is high for constant or slowly varying systems due
to the large and fixed uncertainty description. This is especially an issue for tracking applications when targets close to
the constraints cannot be reached.
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Adaptive MPC: Adaptive control methods can be used to identify the true system parameters online and to decrease
the level of conservatism. An MPC algorithm based on a condition for persistent excitation is used by Marafioti et al.3
which ensures convergence of the parameter estimation algorithm. An extension is dual MPC* which actively performs
system identification and exploits the improved models. As a downside, the before mentioned adaptive MPC schemes do
not ensure recursive feasibility or stability. This shortcoming is addressed in this article by using an approach based on
robust adaptive MPC.

Robust adaptive MPC: The combination of adaptive control and guaranteed recursive feasibility and stability are
addressed in robust adaptive MPC schemes.>® Nominal system models are updated online to improve closed-loop perfor-
mance and constraint satisfaction is ensured by using robust MPC methods for a fixed uncertainty description. However,
the two cited algorithms do not fully utilize the benefits of adaptive control as the uncertainty description remains fixed
during the online execution phase.

There are several variants of robust adaptive MPC schemes with updates of the uncertainty description.”'® The article
by Zhu et al.!3 is limited to single-input systems with a special system matrix structure compared to the multi-input case in
this work. In the work by Lorenzen et al.,” all possible state trajectories are bounded by the homothetic tube approach.'#
The homothetic tube approach scales tube cross sections by checking the evolution of the states at every vertex of the
respective cross section. The uncertainty description is updated by set-membership estimation without any fixed shape
of the parameter set. This leads to a possibly unbounded number of half spaces for the set of the uncertainty description.
The algorithm by Kohler et al.® addresses this issue by bounding the state evolution with a computationally efficient
but also conservative approach for non-linear control problems.'’ In addition, the shape of the uncertainty description is
restricted to hypercubes. The state evolution can be also bounded by flexible tubes®!? using a set-inclusion method.!¢ The
algorithm by Zhang et al.” requires a re-calculation of tube parameters and the terminal set at every sample step which is
computationally demanding. In contrast, the approach by Lu et al.!° solves a min-max problem for the tube parameters
offline and online, new tube parameters are calculated by a simple convex combination. The set-membership estimation
is similar to the work of Kéhler et al.® but uses the more general shape of a zonotope.

This article uses the method described by Lu et al.!° to compute the tube parameters due to its balance of computa-
tional complexity and conservativeness. However, the least mean square filter given by Lorenzen et al.” is used to update
the nominal model as tracking performance benefits more than using the projection-based update rule given by Lu et al.!°

Terminal constraints for tracking MPC: The before mentioned robust adaptive MPC algorithms focus on the regulation
to a given set-point. The control problem becomes more difficult if tracking of a given reference is considered as the target
steady-state changes every time when a system model update occurs. This poses effectively a new control problem at
every time step which needs to be considered for proving stability and recursive feasibility.

Invariant sets are usually deployed as terminal constraints for MPC algorithms to ensure recursive feasibility. The
definition of such invariant sets for tracking of varying set-points is challenging as their shape and size depend on the
desired set-point. One approach uses a fixed shape of a terminal set for a known linear time-invariant system!” and scales
its size online depending on the set-point. Another approach for known linear time-invariant systems uses a terminal set
augmented with a steady-state parameter and a cost function with an artificial target state.'® This leads to an increased
domain of attraction and if a reference is unreachable, the artificial reference will converge to the closest feasible one.
This approach has been also used for linear control problems with plant uncertainty,!® additive disturbances® and for
non-linear control problems.?! Another objective for tracking problems may be to ensure that a given error bound will
not be violated for varying references. This objective is discussed using a reference governor for linear systems?? and
non-linear systems.??

Terminal sets for robust tracking MPC: The definition of a suitable terminal set becomes even more involved for control
problems with parametric uncertainty and varying references. A steady-state based on a wrong system model will lead to
an equilibrium drift?*(ch. 2.1.3) which may be interpreted as a disturbance depending on the target state and uncertainty.
Hanema et al.?> consider a linear parameter-varying (LPV) system, a terminal set for a given error bound and a reference
which is defined based on the reference governor approach.?? However, no offset-free tracking of the reference can be
guaranteed even if perfect model knowledge is available. The algorithm by Limon et al.'® can be extended to linear systems
with parametric uncertainty.!® The approach allows for varying, piece-wise constant references but offset-free tracking
can only be achieved if the true system matches a nominal model defined offline. Moreover, the terminal set is defined
offline and cannot be updated if the uncertainty decreases online.

A robust adaptive MPC algorithm for tracking different set-points is given by Kohler et al.® However, the target
steady-state needs to be defined offline and the considered uncertainty is fixed. This may lead to a performance decrease
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if set-points close to the system constraints should be reached. Those may be infeasible under the offline uncertainty but
become feasible during operation when the uncertainty is decreased.

This article provides a solution to the limitations of the previously mentioned methods by defining a suitable terminal
set. The terminal set is based on a steady-state which utilizes the latest update of a nominal model. This ensures offset-free
tracking if the nominal model converges to the true one. In addition, the terminal set is based on the latest update of the
online uncertainty estimate which decreases the conservativeness over time. The specific set-point does not have to be
considered during the offline design phase and can be freely chosen online which is important in many applications.

Contribution: This paper addresses the problem of tracking piece-wise constant references for systems with additive
disturbances and parametric plant uncertainty. The main goals are

« ensuring constraint satisfaction when the nominal model and set-point switch, and
« the definition of a terminal set for varying uncertainties, nominal models and set-points, and

« asymptotic stability and offset-free tracking if no additive disturbances and modeling errors exist.

Two types of systems are considered: linear time-invariant systems with unknown parameters and linear time-varying
systems with known relative bounds but unknown center which has not been addressed yet in robust adaptive MPC
literature. In order to achieve good control performance, for example, offset-free tracking with a low level of conservatism,
adaptive control methods are deployed. A set-membership algorithm is used to decrease the uncertainty online and point
estimates are used to estimate the true parameter vector. As the plant uncertainty and nominal model get updated at
every sample step, a terminal set is defined online which depends on the plant uncertainty and target state. A “recovery
mode” is introduced when the target state changes due to an update of the nominal parameter vector and the original
optimization problem becomes infeasible.

Uncertainty in the output matrix is considered in this work which leads to constraints which depend on the online
estimated uncertainty. The proposed algorithm utilizes the online estimated uncertainty for bounding the state evolution,
terminal set definition and system constraint definition. This is especially valuable if targets close to the system constraints
should be tracked which is also shown in a practical example.

This paper is organized as follows. The notation used in this work is presented in Section 2 and the considered system
in Section 3. The basic definition of tubes and their adaptation for the tracking problem is described in Section 5. The
adaptive algorithms and the tube construction are given in Section 4. The terminal set definition, the MPC algorithm and
its main properties are presented in Section 6 and its variants in Section 7. The results are illustrated in Section 8 with a
practical example.

2 | NOTATION

The notations ||x||122 = Xx'Rx and |x| = ||x||; are used where x’ denotes the transpose of a vector x or a matrix. In addition,
the ith row of a matrix is written as [-]; and I, is the identity matrix of dimension n X n. A vector only containing ones
is denoted as 1. A set which is convex, compact and contains the origin in its interior is called a C-Set. A polytopic C-set
S = {x : Vx <1} canbescaled by ascaling factor A € [0, o) with AS = {x : Vx < A1}. A C-set Sis A-contractive for system
Xp+1 = Axgand A € [0,1) if x41 € AS holds forall x € S. For A = 1 the set S is positively invariant. The convex hull of a set
S is written as Co{S} and Pre{S} denotes the set of states which evolve into S in one time step. The Minkowski sum for
two sets S and S, is written as S; @ S,. The set of integers from [ to m is denoted as N;” and Nj is the set of non-negative
integers.

3 | SYSTEM DESCRIPTION

A discrete-time, uncertain linear time-invariant system

X1 = A07)x + B0 )uk + wy,
Yie = C(O:)x + ek ¢Y)
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is considered with 6* € R"™ and 6 € R"c as unknown but constant parameters.

Assumption 1. The true parameters 0* and 6, are contained in the respective known bounded convex sets
® c R™ and O¢ C R"c,

The variable x € R™ denotes the state vector, u € R™ the input vector, y € R™ the output vector and k € N, denotes
the time step.

Assumption 2. The state vector x; can be measured at time k.

Assumption 3. System matrix A € R"™*"x and input matrix B € R™*" are affine functions of 6 € ©® with

(A(0), B9)) = (A9, BO) + Y [0]; (AAP, ABD) 2)

j=1

and known matrices AAY, ABY,j € N;‘*’. Output matrix C(6c) € R is analogously defined as

C(0c) = CO + Y [0clAC? ©)

J=1

with known matrices ACY,j € N;’C. The additive disturbance w, and measurement noise e lie in the
respective C-sets

W= {w: Myw < by} @
and
E = {e : Mce < b} (3

with My, € R%*™ b, € R% and M, € R%*", b, € R%. State constraints, input constraints and output con-
straints are defined by the respective compact polytopic sets X, U" and Y. Possible couplings between the sets
are incorporated by defining

X + Gug < 1. (6)
FcC(67)

Assumption 4. Output constraints can be always expressed as state constraints: J = {x : FcC(6%)x < 1}.

Assumption 5. For the number of outputs ny and number of inputs n, it holds that ny < n, and

[A(e) —I, B®)
rank X

=nx+l’lyV9€®, Oc € Oc.
Cloe) 0

Assumption 5 ensures the existence of a steady-state xr and input ur such that C(6¢)xr = r,xr = A(0)xr + B(6)ur holds
for given parameters 6, 6¢c and reference r.

The control objective is to control the system output y of the uncertain plant (1) to the reference r while considering
state constraints, input constraints and output constraints (6). The following constrained optimization problem can be
used to express the control objective:

ES

k
s.t. Xip1je = AOF) xyc + BO*) uye, V 1 € NJ ™,

X € X, wk €V, yik € Y,V 1e NN,
XNk (S XT , (7)

u; = arg min J(xg, xr, Ur),
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where J(xx, xr, ur) is a finite horizon cost with prediction horizon length N € N, which is linked to the predicted states
Xk and predicted inputs u, = {uok, ... , Un-1jk }. As the true parameter vector 6* is unknown, a parameter estimate Oy
needs to be used in problem (7) which is defined in Section 4. Moreover, the constraints on states and outputs cannot be
directly implemented due to the uncertain plant parameters which leads to a set of possible states at every prediction step.
A method for finding tighter estimates of the uncertainty is presented in Section 4 and the resulting uncertainty estimates
are then used in Section 5 to bound the evolution of states and outputs. A terminal set Xt is used to ensure recursive
feasibility after the end of the prediction horizon and is defined in Section 6.

4 | ADAPTIVE ALGORITHM

Set-membership algorithms are commonly used in adaptive control to find tighter bounds on the system uncertainty. For
robust adaptive control, set-membership estimation is used to update the time-varying set of all possible plant realiza-
tions.”! In case this set does not have a fixed structure as in the work by Lorenzen et al.,” the number the number of
constraints may increase tremendously over time. In contrast, the algorithm from Lu et al.’ requires the set to be a zono-
tope, for example, a hypercube, which adds conservatism but yields a fixed computational complexity. In addition, the
conversion from a half-space description of polytopes to vertex representation can be easily done for zonotopes. In this
section, the algorithm by Lu et al.'? is shortly presented and adapted for systems with uncertainties in the output matrix.
Persistent excitation is a sufficient condition for convergence of the adaptive algorithm’ and can be enforced by choos-
ing an appropriate cost function.! It should be noted that persistent excitation is not necessary to ensure stability and
recursive feasibility for the presented control algorithm but improves tracking performance.

41 | Set-membership estimation
Two zonotopes

O = {0 : Mo < bo} = Co{6", ... 6™} (8)
and

Oc.i = {0c : Mo Oc < bo i} = Co(6,, ... 60"} ©)

are defined with initial conditions ® C 0y, O¢ C O¢y and number of vertices m and mc. In the following, ®x and O¢ are
assumed to be hyperrectangles with My = [InP —Inp]' and Me, = [I,, —I,.]' tokeep the computational complexity low.
In principle, any polytope of fixed shape can be used. The level of conservativeness introduced by the over-approximation
heavily depends on the original shape of ® and ®¢ and needs to be balanced with the computational complexity of more
involved approximations.

Matrices with all possible extreme state and output deviations compared to the nominal model for the adaptive
algorithm are defined with

D(x,u) = [AA(Dx + ABDy, ..., AAMmx + AB("P)M] (10)
and
De() = [ACWx, ... ACt|, an
where D(x, u) € R™" and Dc(x) € R™*"c. Moreover, the nominal state prediction error is defined as

dy = A(O)xk_l + B(O)uk_l — Xk (12)
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and the nominal output prediction error as
dc, k = CV%; — yr. 13)
The sets of unfalsified parameters

b = {0 @ xx — (A(O)xk-1 + B(O)ug-1) € W}
={0 : —MyDXj—1, Up-1)0 < by + dek}
={0: M¢,k(9 < b¢,k} (14)

and

¢dcx ={0c : yr — C(Oc)x, € E}
= {6 : —M.Dc(x)8 < be +MedC,k}
={0: M¢c)k9 < bc/)c,k} (15)

must lead to prediction errors which lie in the respective disturbance sets W and E. Tighter estimation results are
achievable if several measurements are considered in a block-window.?¢

The requirements Oy C O, and Ocy+1 C B¢y are needed to ensure recursive feasibility. This can be achieved by
computing Oks1 = Ok N ¢y first and then using the following proposition:

Proposition 1 (27). Given two polytopes S; = {x : Fix < g} and S, = {x : Frx < g}, then §; C S, if and
only if there exists a non-negative matrix H such that HF; = F, and Hg; < g,.

As pointed out by Kouvaritakis et al.2( 55 a row-wise minimization

[bok+1li = min b
b‘Hie]Rlx(z"P“Zw)
M, b
st. Hy| % | =Meli Hi | 2F| <b, Hi >0 (16)
M¢)’k bd)’k

can be performed to calculate a non-negative matrix H for Proposition 1 and a corresponding vector by ;.+1. This leads to a
fixed complexity of ® as only by is updated. The number of linear programs to be solved is 2np for box constrained sets.
The same steps needs to be analogously performed for the parameter set ®¢ which yields

[bock+1]li=  min b
b’H[e]Rlx(chﬂh,)
M b
st. H l @C] = [Me, ;. H; l @’C”‘] <b H;>0. an
bk dc.k
4.2 | Update for nominal parameter vector

Offset-set free tracking of reference signals is a common goal for control applications. In contrast to regulation to the
origin, a correct nominal model is needed for tracking problems to reach the reference in absence of additive disturbances.
Here, a least mean square (LMS) filter is used to find a nominal model for the dynamics (26). In existing literature, least
mean square filters are used for FIR models?® and for robust adaptive control.” A new parameter estimate ) for nominal
system (26) is recursively defined

Ok = 01 + uD(xi—1, Ug—1) Otk — R1jk—1) (18a)
0y = arg min||6 — G;]| (18b)
00,
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with update gain 4 € R, and nominal state X;x_1 = AOr_1)X_1 + B(Or_1)uy_;.

Proposition 2 (7). For a symmetric, positive definite matrix Q € R™" and vectors a,b € R", there exist
€ > O such that

la+ bl < (14 2) llally + A+ ) lIbIE,
€
The proof for Proposition 2 can be found in Appendix A.

Proposition 3. If (x, ux) € X x U and 6* € @y, then parameter estimation (18) for 8y is bounded and there
exists a constant e such that

A A A 1
10 = Bull® < L+ ol = 0"+ (1+ 3 ) wu el (19)

holds with up > sup ||D(x, u)||>

xeX ,uer

Proof. 1tis

10ks1 — Oicll* < 1161cr — Orcll?
= || uD (e, we) Cei1 — X112
< 21D Gk, w1 1% + wiell?
< WP up||%yi + will?

= u? up||D(xk, uk) (0% — Bi) + wyc||?

A 1
< A+ pll0" =0l + (1+ 3 ) wupllwell”. (20)

The first inequality follows from the projection on ©; in (18b) and the first equality from (18a).
The second inequality is due to definitions X1, = A(6x)xk + B(0k)uk, X1k = A(0*)xx + B(6*)ux — X1 and the
Cauchy-Schwarz inequality. The third inequality follows by the definition of up and the second equality
follows from rewriting X; k. The fourth inequality follows from Proposition 2 and considering || - [|> = || - || f

Boundedness follows from the set update ®; C ©x_; and the projection of 6y on 6. [

This bound on the change of the parameter estimate is necessary for proving l,-stability in Section 6. Algorithm (18)
can be analogously defined for estimating the nominal output matrix

Ock = Ocy-1 + pcDex) Wk — COck-1)%0), (21a)
Oci = argmin||0 — Ocyll . (21b)
0€0.,

with update gain uc € R.o.
Proposition 4. If x, € X,y € Y ® E and Hé € Oc, then the parameter estimate 9c,k using (21) is bounded
and the change in parameters is bounded by some constants pyg_, u, with

10cs1 — Ocill* < pollOck — O + pellexll (22)

Proof. Proof is similar to Proposition 3. [

Remark 1. It is also possible to use an update law based on projection on the parameter set as proposed by
Lu et al.!! This does not affect recursive feasibility and only marginally changes the stability result. However,
the LMS update may yield the correct parameter vector even if the parameter set does not converge to a point
which reduces the steady-state error.
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5 | POLYTOPIC TUBES

In this work, a tube-based approach for bounding the state evolution is used with the following tube definition:

Definition 1 (29). Consider a sequence of control inputs {ug, Uik, ... ,Unk} and a sequence of sets
(cross-sections) { Xok, X1k --- » Xnjk } with Xy € R™. This sequence is called a tube for the uncertain system
1) if A@)Xyx @ BO)uj ® W C Xy foralll € N{)\]_l.

For robust adaptive control with varying uncertainty, the tube can be re-computed for every update of the uncertainty
set.

A simple approach of updating the tube structure computes all extreme tube structures offline*® and online, new
matrices are calculated by a convex combination of the vertex realizations. This approach adds conservatism and the
computation of the offline-defined terminal set is complex as every combination of nominal plant and uncertainty needs
to be considered.

The conservatism induced by the above approach can be reduced by solving a min-max problem for determining the
extreme realizations of the tube structures.!® A proposition based on Farkas’ lemma is used for this purpose:

Proposition 5 (10). Given two polytopes S; = {x : Fix <fi} and S,(0) = {x : F2(6)x < f>}, then S; C
S,(0) VO € ® c R™ if and only if there exists H; such that

0'H; >0, HiF, =F,;, 0'Hfi <[f); (23)

holds for alli € N’fz and 0 € © with F; € R, F,(0) € R™*™, §'F,; = [F(0)]; and H; € R™ ™,

In contrast to the robust adaptive MPC algorithm using homothetic tubes in Lorenzen et al.,” the presented approach
does not check all vertices of the tube at each prediction step but directly operates on the half space representation of the
polytope. This results in less inequality constraints for the MPC algorithm but may add conservatism.?

Tubes can be constructed to be invariant regarding disturbances or hyperparameters.'®!® These tubes are centered
around a nominal system trajectory which makes it difficult to prove recursive feasibility when the nominal model
changes. This issue can be circumvented for adaptive control when no nominal model for the tube construction is con-
sidered.!® This work extends the algorithm by Lu et al.!° for tracking applications when target states and target inputs are
changing.

5.1 | Tube construction
The planned system input
ue = KRy — Xrk) + e + drge . 1 € NY 2 (24)
consists of a linear feedback term K(Xyx — X1 x) for pre-stabilization around an artificial target state X1, € R"™ with artifi-
cial target input iit, € R™. The artificial target state and target input are decision variables of the optimization problem
and are used to ensure recursive feasibility for changing references or nominal parameters.
In addition, a free control move ¢y is used for optimizing the trajectory of the system over the prediction horizon N.
The gain K is chosen such that
o0V )PO©BY) — P <~ (Q+K'RK) Vj € N" (25)
is fulfilled with positive definite state weight Q, input weight R, terminal weight P, ®(0) = A(6) + B(0)K as the closed-loop
system matrix and m is the number of vertices as defined in (8). The variable %;, € R"x denotes the nominal system state
defined by the nominal system

Rk — Xrx = @0 G — Xrx) + BOx)eyk (26)

with 6 as an estimate of the true system parameter derived by (18).
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Definition 2. A set S = {x : Vx < 1} is called robust A-contractive for system (1) with u = Kx € U if Vx €
S DO)x € AS, VO € 0O,.

Remark 2. Note that satisfaction of state constraints like S C X is not required in Definition 2. State con-
straint satisfaction will be ensured online by the MPC algorithm and the set S is only used to obtain a suitable
structure for the tube cross-sections and the terminal set.

In order to ensure bounded growth of the tube under additive disturbances, the tube cross-section is required to
be a robust A-contractive set for the system under parametric uncertainty but without additive disturbances. The tube
cross-section X, which contains all possible state realizations at time predicted time [|k, is defined as

X”k ={xeR%»:Vx< i}, 27)
where the vector ayx is chosen online and scales each half space and V' € R"". This allows for a flexible shape of the
tube which consists of all consecutive X; ,I =0, ... ,N. All states evolving from Xj; must be contained in X, which
requires

Xk 2AOX ) @ BOuy @W V0 € Oy (28)

Condition (28) holds true if there exists an input u such that

V (A@)x + BOuy +w) < apap, V0 € O, x € Xy, w € W,
& V (D(0)x + (AWB) — P(0)31x + BO)cyr + BO)iri + W) < a1k, V0 € O, x € Xy . (29)

This follows from the input parametrization (24) and wy, is bounded by W using

Ww]; = r\gleeg/([V]iw. (30)

Similar to the work by Lu et al.,'° the tube construction is given by the following Proposition:

Proposition 6. The sequence of predicted state sets { Xk, Xqjk, ... . Xnjk } satisfies tube condition (28) if for
allje N',l e Ng"l it holds that

HOD)W =vaoE)), (312)
ik = HO Yoy + 1 + V(I — @0 )xrse + VBO ey (31b)

where ég) = 1 Hg)’] and [H (9,(5))]z = ég)/H ;- The min-max problem for determining each H; can be stated as
the linear program

H = argmin maxd) H1

HE]R(an)xna jGN;"
st. 0VH>0 vjeNm (322)
0 J
V1,0
[V5A®®
H =" (32b)
[V]l.A(D(nP)

with A®Y = AAD + ABOK.
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Proof. For each matrix row, conditions (31) fulfill the inclusion conditions stated in Proposition 5 for S; =
Xjje and S; = {x : V(P(O)x + (I, — P(0))X1x + BO)cyi) + W < g1 }. Due to O, C @y and convexity of O,
inequalities (32a) ensure that 8’ H; > 0 from Proposition 5 holds for all § € ®; C ©. Moreover, equality (32b)
ensures that the first equality in (23) holds with F; = V and F,(0) = V®(0).

The last condition 8'H ifi < [f2]i from Proposition 5 is fulfilled by (31b) for f; = ay and f> = a1 m

5.2 | Constraints
System constraints (6) need to hold for all possible realization of ¢ € O¢ . Hence, it needs to hold that

FOc)xy + Guye <1 Vxg € Xy, 0c € Oce (33)
with

e RHFXHX .

F(0c) =
FcC(0c)

Inequality (33) needs to hold for all possible x;; € Xy Proposition 5 can be again applied by exploiting convexity of Oc
and requiring that X is a subset of (33) which yields

He(@2 )V = FO7) +GK (34)
and

HC(é(é?k)allk — GKXry + Gey + Gy <1 (35)

for allj € N'® 1 € NY with [Hc(@)); = 62 Hey, 60 =11 691,
Matrices Hc; can be determined similar to (32) by solving the linear program

- —(iy
Hc; = argmin maxe(é)OHl
HeR(c+xng jeN]C

st. 60 H>0 VjeN,
[F(0) + GK];

=)
HV = [AF' J (36)

[AF"),

with and AF? = F(6%,) - F(0).

6 | CONTROL ALGORITHM

In order to increase the domain of attraction!® and to improve controller performance for changing targets, a cost function
is defined with an artificial target state X, as

N-1

In = YW = Sl + N = @l + 18wk = Zradll + e — xrall?, (37)
=0
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where P solves the Lyapunov equation (25). The positive definite weight Ty penalizes deviations from the artificial target
state to the true target state xrx. The level of sub-optimality introduced by the artificial target state can be reduced by
choosing Ty = yrP with yr as a large scalar value.

The term ||, — )%T,kllé can be interpreted as the deviation between the nominal state to a time-varying, feasible
steady-state. The common steady-state equation

N N -1
x1(0, 0 A@)—-1 B 0
10,00\ _ (A@ -1 Bd) ’ )
ur(0, 0c) C(0c) 0 r
is used to compute the targets xr; = x7 (O, éc,k) and ury = ur (O, 9(;,;{). Note that the solution to (38) is always defined
due to Assumption 5.

Assumption 6. All references r lie in a compact set R.

Assumption 6 ensures that the set of all possible target states Z = {xr : (38), r € R, 0y € O, éc,k € Oc,} isbounded.

6.1 | Modes of operation

When the nominal model is updated, a new target state is computed by (38) which may result in an infeasible optimization
problem. One solution could be to find an intermediate model update with a feasible target state. However, this is a
non-linear problem with a significant computation time. Instead, the approach presented in this work uses an artificial
target state and exploits that all steady-state manifolds intersect at the origin. First, one tries to directly use the new
nominal model while the algorithm is in “normal operation” as shown in Figure 1. In case no feasible solution can be
found, the algorithm enters a “recovery mode” and a new feasible input is constructed based on the solution from the
previous time step which is always feasible. At the next time step, the control problem is formulated using the last feasible
nominal model and the origin as a target state which always has a feasible solution due to the use of an artificial target
state. While the system is steered to the origin, the optimization problem is re-formulated using the latest nominal model.
If a feasible solution exists, the algorithms “jumps” to a new steady-state manifold as depicted in Figure 2. Otherwise,
a control input can be constructed from the last feasible solution which steers the system further to the origin. After N
steps, a new solution needs to be calculated using the last feasible nominal model and the origin as a target state. In the
worst case, the steady-state manifold can be always switched when the nominal system state reaches the origin. However,
it is expected that a new feasible solution can be found earlier as the distance between the steady-state manifolds decrease
while approaching the origin. When the new nominal model yields a feasible solution, the artificial target state converges
to the true target state or to a neighborhood of it. If the true target state is infeasible, the final artificial target state will be
the closest steady-state with respect to Tk.

In this “recovery” scheme, one MPC problem has to be to solved at every sample step. However, several other variants
can be constructed depending on computation time constraints.

6.2 | Terminal set

In this section, a terminal set is defined online based on the current parameter sets ®; and ®¢,. As a downside, the
proposed terminal set is not the maximum robust positive invariant set but a subset of the former. However, the online
determined terminal set might be larger during run-time than the offline-defined maximum terminal set as the plant
uncertainty decreases over time.

A necessary property of the terminal set is positive set invariance.3! Set invariance can be checked by backward
propagation of all states inside a candidate set. This sufficient condition can be stated as?’

Xr € Pre{Xr}, (39)

where

X ={x: Vx<ay} (40)
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ki=k+1 v

Solve problem with latest
parameters and target
state from (37)

Yes

| Feasible?

Normal Operation

N& I

Construct new input based
on previous feasible
solution

k=k+1 i

Solve problem with last No
feasible parameters and
origin as target state

Yes Does solution
for next time step
exist?

Construct
new input

ki—k41 v

Solve problem with latest
parameters and target
state from (37)

Feasible?

FIGURE 1 Flow chart of the control algorithm. In case a new target state yields an infeasible optimization problem, the parts outside
the box describe a “Recovery Mode”. This mode transitions the control algorithm to a new stead-state manifold.

denotes the structure of the terminal set. Using condition (31b) for the state evolution then gives
50) N T
HOyany + V (Inx — (0] )) o+ < anji 41)

with ey = 0and j € NT". The conservatism added by having a non-maximum invariant set is further reduced by allowing
X1 4 to deviate from the current target state xy .
System constraints inside the terminal set are considered by

Hc(8Y)anyc — GK3rjc+ Glrr <1, Vj € NJ* (42)

which can be derived from (35) and considering cyjx = 0. Hence, the terminal set directly depends on H (91({7)) and Hc(ég)k)
and changes its size and shape depending on the estimated uncertainty.
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FIGURE 2 Exemplary steady-state manifolds for two different parameter vectors. The dotted lines indicate possible transitions
between the manifolds.

6.3 | Algorithm

The control algorithm can be now stated as:

Offline:

1. Choose a robustly stabilizing gain K and terminal weight P for system (1) such that equation (25) is fulfilled.
2. Compute the robust A-contractive set S and matrices H; and Hc; according to (32) and (36).
3. Define zonotopes Oy and O¢ o with ® 2 ® and B¢ 2 O, and initial parameter vectors 0, € Oy and éc,o € Ocyp.

Online Algorithm A:

1. Measure state vector x;. Update ®; and O¢ according to the respective set-membership estimation (16) and (17). Use
LMS algorithms (18) and (21) to update the respective point estimates 6 and ¢ .
2. Depending on the flow chart in Figure 1, either
(a) compute matrices H (9(’)) HC(QOC)) based on the vertices of ®; and Oc¢x. Use the nominal parameter estimates O
and Gc,k for computing the nommal plant models A0y, BBy, C(Hc,k) and current target tuple (xr, Ut ) based on

(38). Solve
II(li}{Il IN
st.Vle NY ™', je NI jc e N
R = PO G — %rx) + BOx)eyk + A@k)xr + BOiry (43a)
(AW0) — I )1k + BOdr. =0 (43b)
HEO oy + V( - cb(eV))) Rk + VBOD )y + < appayi (43¢)
HC(éCCk)allk — GKZX1y + Geye + Gl <1, (43d)
H@ )i+ V (I, = @O0 ) frse + 19 < anye (43¢)
He(B2))anjc — GK3ryc + Gl < 1, (43f)
Vxi < aojk, (43g)
Xk = Xojk» (43h)
or

(b) use the last feasible nominal models and current parameter sets. Set the origin as the target tuple (xr, ur ). Replace
(43h) with VX < agx and solve the modified quadratic program (43).
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3. If the problem is feasible, then
Ur = K — X)) + cop + Uk, (44)

else
ur = KOt — Xrg—i) + Cijk—i + Ot ki, (45)
where i denotes the number of samples to the last feasible solution.

The decision variable

di = {%,.¢,. 2. X1, O} € Dk, O, Ock, Oi) (46)
is from the set of all admissible decision variables
D@, Ok, Ocyr. 0x) = {dy : (43a) to (43h)}. (47)

The underlined variables denote sequences over the prediction horizon of the respective variable.

Assumption 7. Consider two non-empty feasible sets S! = ]]])(xl,@l,@é,él) and S2 = D(xl,(-)l,@é,éz).

Then for every input sequence ¢! € S! and artificial steady-state X1 € S, there exist ¢> € S2, %7 € S? and a

/ !’
constant L € R.q such that || [c1 el ' [02 56%],“2 <L [91 x%] - [92 x%] |I> holds for all x! € x,0' C

O, ®é C B¢y and 61, 62 € Oy, and x% = xr(0*, 9C),X% = xr(6?%,0c),0c € Ocy.

Remark 3. The feasible set of a convex multi-parametric quadratic program with affine inequality constraints
is always Lipschitz continuous.?? It is very hard to verify similar properties for multi-parametric quadratic
programs with non-linear constraints regarding the parameter and optimizer as in (43).

Proposition 7. If problem (43) is feasible at time k + 1, then for ||6Xyk+1llo = |Xijk+1 — Xirakllo and [ € Ng’
there exist positive constants o1, 65, 69,1, 042, 0w,1 such that

-1

! A ! ; A A 4 4
||5Xl|k+1||2Q < 0,05 110" — 9k||é + 616W,1||Wk||2Q + 201(09,1”91“1 - 9k||2Q +092ll0c k1 — 9c,k||2Q) (48)
i=0

holds.

Proposition 7 builds on the results from Reference 11 and the proof for Proposition 7 can be found in the Appendix A.

Lemma 1. Let Assumptions 1 to 5hold and consider the case for constant parameters O = Orsn, éc,k = éC,k+1
and parameter sets Oky1 € O and Oc k41 C Oc k. If 6* € O,, O € Oy, ¢ € Ocp and problem (43) is feasible

at time k = 0 with D(xp k., Ok, Oc i, Ok) # @, then DX &, Ok, Ock, O) # A for all k > 1.

Proof. A shifted, possibly sub-optimal solution dj,; is considered. It consists of the shifted sequences
Xe1> Crn and )@k e Repeated targets Xrji+1 = X1k, Urk+1 = Ui are used. As required in the derivation
of the terminal set condition (43e), new values anj+1 can be derived by repeating the previous values
anjk- In addition, cyjk+1 = 0 holds as defined in the derivation of (41). As shown in Appendix B the
shifted sequences form a feasible solution for (43c) and (43e) due to convexity of Oy, Ocy and Oy C O,
Ocj+1 € Ocg. Then, the imposed system constraints (43d) and terminal constraints (43f) also hold with

CNjk+1 = 0. u

Theorem 1. Let Assumptions 1 to 5 hold and consider algorithm A. If 0% € @, 0. € ©co and problem
(43) is feasible at time k =0 with D(xm,k,(ak,G)cyk,xT,k,ék) # @, then algorithm A always yields a feasible
solution.

Proof. Starting from “normal operation” in Figure 1, the solution of problem (43) can be either feasible or
infeasible. Ifinfeasible, a feasible input can be constructed from the previous solution by choosing cojx = c1jk-1,
Orx = lrk-1 as O C O_1, Ock C Ocy-1 and Lemma 1 holds. At the next sample step, the origin is chosen as
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the target state using the last feasible parameters for problem (43). This always yields a feasible solution as
the artificial target state may be the same as from the last feasible solution.

At the next sample step, problem (43) is formulated using the latest parameters O, éc,k, Ok and O¢ . If no
solution exists, a control input can be constructed from the solution of the regulation problem which is again
feasible as the state always lies inside the predicted tube. If the solution vector of the regulation problem has
no predicted control input for the next sample step, then the regulation problem has to be solved again using
the last feasible parameters which always has a feasible solution. [

2

Theorem 2. Let Assumptions 1 to 7 hold. If problem (43) is feasible and algorithm A is in “normal operation’
and the reference r is constant, then system (1) is finite gain l,-stable with respect to the nominal trajectory X j
forall K € Nwith

K K K K K
Dl = 2rall® < 00+ Y ool — 017 + D owllwill® + Y oo l1cxk — 0517 + . cellecll®,
k=0 k=0 k=0 k=0 k=0

where 6y, 69, Oy, O, 0 € Rso.
Asymptotic stability without additive disturbances and model mismatch:

If the parameter vectors converge to their true values 0, = 6*, 90,;{ = 02 andwy = 0 holds, and (43¢) and (43f)
are non-empty using x3, then system state xx converges to x;. If x7. is infeasible for algorithm A, then the system is
steered towards the closest feasible steady-state Xt i depending on the choice of Tx.

Recovery mode: When algorithm A is in “recovery mode’, then it will return to “normal operation” using the latest
model parameters after a finite time.

Proof. Finite l,-gain for “normal operation”: The difference in the value function of the quadratic program (43)
for consecutive time steps can be bounded by Vi (xojk+1, 9k+1, Ok+1, Oc k+1, X1 k+1) — VN CXojks 9k, O, Ock, XTx) <
_Ob”ka"XTk”24'0a0”ék“9*”2*'UwD”W%”Z4‘0900”éak"9é”2*'UQOHekHZ*‘”XTk+1“ka+1”%(_‘”ka‘_
xT,k||2T . The complete derivation for the difference of the value function is given in the Appendix and the
main Xsteps are summarized here. Using Proposition 2, the predicted state trajectory at time k + 1 is separated
into to a trajectory based on the previous solution and a prediction error trajectory. Then Proposition 7 and
Assumption 7 are used bound the prediction error, changes in the free control move and artificial target states
by changes in the parameter vectors 0, and ¢ . Then, inequality (49) can be derived summing up the cost
function decrease from 0 to K and bounding the final deviation Xr x — xr x by a constant due to compactness
of Z and X.

Asymptotic stability without additive disturbances and model-mismatch: In case no model-mismatch and
additive disturbances exist, it follows from standard stability proofs for MPC that x; converges to Xt which
lies on the same steady-state manifold as xrx = x}. From the main theorem in Limon et al.!8 it follows that
the artificial steady state X1, converges to the true target state x1. if it is feasible with respect to the terminal
inequalities (43e) and (43f). If no feasible terminal set exists for x7, then the system is steered towards the
closest feasible steady-state depending on the choice of Ty as shown in Reference 33.

Finite time “recovery mode”: During “recovery mode”, the system is steered to the origin by solving problem
(43) with constant parameter vectors, the origin as the target state and the first nominal state as an additional
decision variable. Using standard stability proofs for constant parameter vectors, it can be shown that the
nominal system state o converges to Xrx. In addition, using the main theorem in Limon et al.!® and that
Xojk = X1k can be chosen if o, enters the terminal set for X1, it can be shown that the artificial steady state
X1 4 converges to the origin. At some point in time, the state x; lies in the terminal set for the origin and then,
problem (43) is also feasible for the updated parameter vectors as all constraints are fulfilled if the origin is
chosen as the artificial target state. [

Remark 4. During “normal operation”, no convergence of X1 to xrx can be guaranteed if 0y + 0%, éc,k # 05
and wy, # 0. In this case, only convergence to a neighborhood of xr x can be guaranteed which depends on the
magnitude of T.

Remark 5. Changes in the reference r can be incorporated similar to changes in d¢  for the stability proof. A
new term regarding the future change ry;; — rx would appear in in (49).

(49)
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The online quadratic program (43) has ng(N + 1)mc + n,((N + 1)m + 1) inequality constraints, ny(N + 2) equality
constraints and ny(N + 2) + ny(N + 1) + (N + 1)n, decision variables.

7 | VARIANT: BOUNDED TIME-VARYING PARAMETERS

A robust adaptive MPC algorithm for time-varying parameters with a bounded rate of variation has been considered in
Lorenzen et al.” In this section, the main algorithm is extended for time-varying parameters which lie in a known convex
set with unknown center. No bounds on the rate of variation are assumed and in addition, no worst-case terminal set is
employed but an online-adapted terminal set based on the current parameter set estimate.

A discrete-time, linear system with bounded time-varying parameters

Xir1 = AO))xx + B(O;))uk + w,
Vi = C(O)xx + ek (50)

is considered. In the following, only time-variance of the parameter vector ¢, is considered for conciseness but the

results can be easily extended for a time-varying parameter vector 6. The parameter vector ; consists of an unknown
time-invariant vector g and known relative bounds for possible deviations.

Assumption 8. For the time-varying parameter 6, holds that
0, €05 ®B C Op, (51)

where 0p is an unknown but constant parameter, B a known convex set containing possible time-varying
variations and @y a convex set containing all possible realizations.

Assumption 9. The set
B = {6 : Mg < bg} (52)

is centrally symmetric with Mg € R%*",

The set-membership algorithm from Section 4 needs to be adapted due to the time variance of the parameter. At
every sample step, the set of unfalsified parameters ¢ depending on the current measurement is computed as before.
However, it may hold that ¢x N ¢x1 = @ due to the time-variance of the scheduling parameter 6. Hence, the set ¢x needs
to be enlarged by the known bounds B. As the relative position of ¢ in B is not known, the worst-case is considered
by computing ¢, @ 2B which always includes 65 @ B due to Assumption 9. In order to ensure recursive feasibility and
finding tighter set estimates, the updated parameter set is defined by Oy1 = (¢r @ 2B) N O. The Minkowski sum is
computationally expensive for arbitrary polytopes but can be easily computed for polytopes with the same matrix for the
half-space representation:

Proposition 8. Given two polytopes S; = {a : Mja < b;} and S, = {b : M1b < b,}, the Minkowski sum
S;3=8S1®S,={x=a+b:aeADbe B} isdefined by

S3={x:M1XSb1+b2}. (53)
Proof. The result can be derived by adding S; and S, in half-space representation. [

In order to exploit Proposition 8, a set ¢, = {6 : Mgh < bgi} 2 ¢ is computed first by solving

bz.li = in b

[bgili b,HI,.Ielﬁquw

s.t. HiMdJ,k = [MB]i’ Hib¢,k < b, Hi > 0. (54)
Remark 6. In case rank(My) # rank(Mg) due to the particular definition of (AA?, AB?), the set ¢ 2 (¢ N
©y) can be computed instead.
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Then, the updated parameter set O,; 2 (¢, ® 2B) N O is given by

[boj+1li = min b
b,H,eR™"p+ap)
M, b
st. Hi| Ol =Ml Hi | °“ | <b H=0 (55)
MB b¢,k+2bB

and can be used for the MPC algorithm (43).

The result of Proposition 3 using the LMS algorithm does not hold anymore due to the time-variance of ¢;. For this
reason, a simple projection on the current parameter set

0y = arg min||6 — G;_1|| (56)
0€0,

is used to derive a new estimated parameter ék which has converged to its final value if ©; = 6 @ B. It holds that ||§k+1 —
Orll < 110k - 9Z||. The same parameter update can be performed for 9c,k with

0 = argmin||fc — Oc 1 l. (57)

0c€Oc

Theorem 3. Let Assumptions 1 to 9 hold. If 6; € 05 @ B C O, and problem (43) is feasible at time k = 0 with
Dt ks Ok, Oc ks 0y) # 0, then algorithm A always yields a feasible solution for system (50) with ®y estimated by
(54), (55) and parameter vector 0 and Oc updated by (56) and (57). If algorithm A is in “normal operation”
and the reference r is constant, then system (50) is finite gain l,-stable with respect to the nominal trajectory Xt
forall K € Nwith

K K

K K
Dl =Sl < 0o+ Y oollfk = 0717 + D owlwiell® + Y cocllfck — O3 (58)
k=0 k=0 k=0 k=0

where 0y, 6w, 69, 0. € Ro.
Recovery mode: When algorithm A is in “recovery mode’, then it will return to “normal operation” using the
latest model parameters after a finite time.

Proof. Feasibility: The same proof as for Theorem 1 holds as Oy, C Oy is always ensured by (55).
Stability: The proof is analogous to Theorem 2 using [|0+1 — Okl|? < |16k — Orl|? and [|0c a1 — el < 0k —
Bell*. .

8 | PRACTICAL EXAMPLE

The proposed algorithm is evaluated for controlling the engine load of a self-propelled work machine with
velocity-dependent processing power. Examples of such machines are milling machines for removing asphalt layers
on roads and combine harvesters for cutting and threshing of crops. Self-propelled work machines share the proper-
ties of hard constraints on the maximum engine load and an uncertain throughput which depends on the velocity
and changing environmental conditions, for example, changing crop yields in a field. In addition, the relationship
between throughput and engine load depends on machine settings, which are selected differently for each working
condition. For example, a combine harvester is configured differently for each crop type which results in a new rela-
tionship between throughput and engine load. Moreover, it also common that the desired engine load changes for
process quality or machine feeding reasons during operation. In the following, a simple model of a self-propelled
work machine is given.3* It is not possible to measure all states in many practical applications. In this case, a
state observer for uncertain systems needs to be added which is addressed in robust output MPC, for example in
Kogel et al.®
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The two main components of a self-propelled work machine are the throughput unit and the propulsion system

xh A™@) BM@)CP| |xP 0

ke | = ©) ©) k| o+ Uy + Wy, (59)
xp 0 AP xP BP

+1 k

73]

where the superscripts “th” and “p” denote states and matrices belonging to the throughput unit and the propulsion
system, respectively. The propulsion system usually consists of a hydrostatic transmission and is modeled here as a
second-order system. Measurable states of the hydrostatic transmission are the rotational velocity of the hydraulic motor
and the pressure difference inside the hydraulic circuit. The input uy denotes the speed command sent to a transmission
controller. The throughput system is modeled as an uncertain first-order system and its input depends on the machine’s
velocity and uncertain environment conditions.

The propulsion system is described by

0.2034 —0.2972 0.0951
AP = , BP = , CP = [0 3.125] (60)
0.1902  0.1294 0.2786

and the uncertain throughput system by

[Ath(af)l)) Bth(og“)cp] = [0.6065 0 0.0781], [Ath(e((f)) Bth(aff))cp] = [0.8465 0 0.0781],
[Ath(eff)) Bth(eff))cp] = [0.8465 0 0.3125], [Ath(ef;‘)) Bth(ag”)cp] = [0.6065 0 0.3125], (61)

which describes the uncertainty in the filling dynamics of the throughput system and uncertainty in the relationship
between throughput and velocity.

In order to ensure a comfortable ride for the machine operator, the control problem is stated using the Au formulation.
This allows to limit and weight changes in the ground speed command. This leads to the augmented system

x]tchﬂ A™@) BR@O)CP 0 || xP 0

p — p

x . l=1 o AP B | x) [+|BP|Auk (62)
Uy 0 0 I uker | |1

u u

with the augmented state X, = [xth x]f uk_l] ' The system output is the engine load, which consists of power related to

k
throughput and propulsion
C(e(cl,?))=[1.0 0 0.3125 0],C(egfg)=[0.9 0 0.3125 0] (63)

where the uncertainty lies in the relationship between throughput and engine load.

The system output should not exceed 100% engine load with ||y|| < 1 and the velocity should not exceed 10 kph and
be above 0 kph with 0 > Cpx}z > 10. The system states are bounded by ||Xk||o < 10 and the change in input by ||Au||e <
0.5. The additive disturbance acts on all states with ||wi||» < 0.01 and the measurement noise belongs to the set ||ex||o <
0.01. In simulation, the disturbances are realized as pseudorandom sequences of the respective vertices.

The true parameter vectors are 6* = [O 1]' and 6 = 0. The initial parameter set is a hypercube with Mg = [Iz —12] '
and beg=[1 1 0 0] ' The initial parameter vectors are chosen as §, = 1 0]' and fc = 1. Weighting matrices
are defined as Q = 10I, , R = I, , Tx = 1e2P and for the pre-stabilizing gain K = [— 0.058 —0.031 -0.0144 —0.9234]
holds. A prediction horizon of N = 6 is used.

First, the effect of the adaptive algorithms is evaluated. A reference signal r is used which starts at 0.5, then increases to
0.9 and 1 as depicted in Figure 3. It should be noted that the reference 1 is also a output constraint. Hence, it is desired that
the system output will be steered as close as possible to the reference without reaching it. The proposed control algorithm
from Section 6 without any adaptive elements converges to a state much higher than the desired reference of 0.5. This is
due to mismatches in the nominal model which leads to a wrong target state calculation. When the reference increases
to 0.9, the output of the non-adaptive algorithm only increases slightly. When the reference increases to 1, no increase
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0.2 ———— Main algorithm
! Non-Adaptive Alg.
Reference

0 50 100 150 200 250 300
sample step

FIGURE 3 Reference trajectory and system output for Algorithm A with and without adaptive elements.

1.5

[zh

FIGURE 4 Tube evolution over the prediction horizon at sample step 100.

in the output is visible. This is due to the large uncertainty which keeps the artificial target state X7, far away from the
desired set-point x7 4 in order to ensure satisfaction of the output constraints. In contrast, the proposed algorithm yields a
system output which is close to the reference value considering the magnitude of the additive disturbance. The parameter
estimate converges to the true values which yields a correct steady-state target and an artificial target state close to the
constraints.

The state tube at sample step 100 is given in Figure 4, where areas with lighter colors are tube cross-sections at the
end of the prediction horizon. In addition, the four-dimensional tube-cross sections are projected on the first and third
state. The first tube cross-section is the smallest one and almost rectangular. The following tube cross-sections increase
in area due to the uncertain state evolution and share a noticeable boundary at the upper right side due to the output
constraints. In addition, the shape of the tube cross-sections changes over time as each half space of the polytope is scaled
individually by ay.

In Figure 5, the system operates close to the output constraints at sample step 200 and the resulting state tube is given.
Compared to Figure 4, the area of the tube cross-sections is much smaller which leads to a tight state evolution close to
the system constraints.

The same setup is repeated to evaluate the algorithm for systems with relative parameter bounds which are given by
Mg = [ —Iz]’, bg = [0.05 0.05 0.05 0.05]’ and 05 = [0.05 0.95]’. The set-estimation of the variant with relative
bounds is shown in Figure 6. The shaded areas indicate the parameter sets ®, and the red crosses are the parameter vector
estimate ;. The estimated parameter set does converge to the minimal one but remains slightly larger. In addition, the
parameter vector estimate 6, does not converge to the central parameter 65 but stays at the boundary of B.

This result also affects the tracking performance as shown in Figure 7. The reference is not tracked without offset on
average in contrast to Figure 3. In addition, the distance from the output constraint to the output signal is larger when
the reference equals to the output constraint.
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FIGURE 5 Tube evolution over the prediction horizon at sample step 200.
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FIGURE 6 Estimated parameter sets with relative bounds for fist 26 iterations.
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FIGURE 7 Reference trajectory and system output for algorithm from Section 7.

The simulations were run in MATLAB using “quadprog” with the “interior-point-convex”- algorithm on a Intel Core
i7-6820. The maximum computation time for the quadratic program of the main algorithm is 0.09s and the average
computation time is 0.04s.

9 | CONCLUDING REMARKS

Robust adaptive model predictive control algorithms for tracking of piece-wise constant reference signals have been pre-
sented which provide I,-stability and recursive constraint satisfaction. The adaption of the parameter set decreases the
uncertainty online and a least-mean-squares filter is used to update a nominal model for time-invariant systems. This
increases tracking performance and operation close to the system constraints becomes less conservative. An artificial
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target state and input are utilized to enhance recursive feasibility if the nominal system model or reference signal change.
This online-defined target state is especially useful in combination with the proposed terminal set which depends on the
estimated parameter set. When the uncertainty decreases, target states become feasible which had been initially infeasible.

The assumption on time-invariance of the plant is removed in a proposed variant of the algorithm. Instead, known
relative bounds but an unknown center of these bounds are assumed. Convergence of the parameter estimation to the
true bounds has been shown in a numerical example.

Future work may be devoted to combine robust adaptive tracking MPC with output feedback MPC when no state
measurements are available. Another interesting area is the incorporation of estimates about future variations of the plant
or uncertainty.
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APPENDIX A. PROOFS FOR PROPOSITIONS

Proof of Proposition 2. 1t holds that

lla+blIIg, = llallf, + 11blI3, + a’Qb + b'Qal

1 € € 1
< 2 2 L narn05yvy2 o € 0.50\112 1 E1en/ A0SV 2 L L 0.5 12
_|I0!||Q+|IbIIQ+2 [I@ Q™) +2I|(Q b)l| +2|I(bQ )l +2€|I(Q a)l|

€
1 € € 1
= llall3 + 151 + 5 llall} + S11BI3 + S1BI3 + 5-llall}
1 2 2
= 1+—> allz + @+ e)|lbll7 -
(1+2) lalz + @+ enbi

The first equality follows from positive definiteness of Q. The first inequality follows from the triangle inequal-
ity, Cauchy-Schwarz inequality and from Young’s inequality. The second equality follows from the symmetry
of Q and Q% and from the definition of || - ||2.

Proof of Proposition 7. First, the case | = 0 is considered with

l6%ojk+111* = Il%operr — Fuelly
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= ||A(é*)x0|k + B(é*)(couc + K(xoje — X g) + ) + wi — (A(ék)xmk + B(Ox)(copk + KXo — %r.) + ﬁT,k)) ||é
= 110" = 01 AA Ko + D 1O = 01 AB (copic + Kok — &) + i) + willy
i i

<2l D10 = 00LAADxop 1] + 411 Y 1O — DL ABY (cope + Ko — Fr) + dr i) I3, + 4llwill
i i
Ak A~

< 65,1107 = Olig + owallwill, -

The first inequality results from using Proposition 2. The second inequality follows from the existence of
constants o5 , ow,1 € Ry due to compactness of X', V" and Z.
Now, the case 1 < < N is considered for a feasible new target state and nominal states:

6%l = WRiiean = Rirellly
= A+ 1)X1-1jk+1 + BOrr)(Cr-1jir1 + KKim1jir1 — Xrhs1) + U1 jet1)
= (A% + BO)(cyk + KRy — Xrx) + Ark)) ||2Q

= || (A(@ks+1) + B DK) (Riijess — Juk) + 2[9k+1 — 01 1i(AAD%y + ABY ey + ABOKSyx)
i

+ BOis)(Cimaiers — e — Krisn = 2ri0) + fingeer — ) + ) [ka — 0iABO(rse — K101

L
< o1ll8% 1k Iy + 02010ks1 = Oklly + o3 l1%rpeer — Xrklly) + oalldrier — Arillfy + osll6ci1pn I
< 0'1||5xl—1|k+1||é + 00,1||9k+1 - 9k||é + 0'9,2||éc,k+1 - éc,k”zQ

< 01(01116X1-2p1 113y + 00,1 10ks1 = Okll, + 00 2110c k01 = Ocklly) + 00,1 10k41 = OklIg) + 6621l 0c ka1 — Ocklly,
-1

< 6t05, 110" = 0ell?, + o owa Wil + X 0% (001 181 — Bull?, + GoallBeicr — Beill?) -
i=0

The first inequality follows from Proposition 2 and there exist suitable positive constants o; to o5 € R, due
to compactness of X, U, Z and @.

For the second inequality, differences éci—1jk+1 = Ci—1jk+1 — Cijk» XTk+1 — XT k> Ur k41 — Urk CAn be set to
zero for constant parameters as the shifted sequence of the solution at time k can be used as a feasi-
ble candidate solution at time k + 1. For varying parameters, the shifted sequence might not be feasi-
ble due to a new target state. Consider two feasible sub-optimal solutions A1 (i1, Opsr = Ok, Ock+1 =
@C,k,ékﬂ) and diq (s, Ok = O, Oci+1 = Ock, 0)) where the latter consists of the shifted sequence of
the previous solution. Denote C(9k+1)z|k+1 and c(ék)”kﬂ as the elements from the respective solution vec-
tors. Then it holds that [|5ci_1 1112 = le@rs)i—1ike1 — @)k + @11 — Okl = le@kr) i —
cO e 1? < L1Okrn — Oll? + ||Aéc,1c+1 — Ocxl?) due to Assumption 7, c(Bi)i_1jk+1 = (@) and as xr is a
Lipschitz continuous function of 0y, 6 k. The same reasoning can be applied for the differences Xt 11 — X1k
and #it g41 — Urk. The third and fourth inequalities follow from recursion.

APPENDIX B. PROOF OF THEOREMS

B.1 Feasibility proof
The same shifted sequence as in Section 6 is considered. The proof is given here for the terminal set dynamics and can be
easily adapted for the tube dynamics (43c).

[H@Y, Dy + 1 + VI, = 6 )iril;

= [HO,, Dliawji + [W); + [V, — O )]kt

lZ/l(l) H(ég))] anik + [W]; + lV(Z A0, - <I>(9]<{l)))>] X1k
=1 ; =1 i

1 1
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< max (@i + [0 + [V1i( 1, = (0 )rc )
= [ankli

The second equality follows from convexity. The first inequality follows from the linear programming principle that a
maximum value lies on vertex of a convex set. The last equality follows from the consideration of all vertices in (43f).

B.2 Stability proof
Lemma 2. It holds that

VN Xojk+15 Okt 1 Oks1, Oc k1, X1 k41) — VN Kok, Ok Ok, Oc ks XT.k)

< —oollXoik — X1kll, + 000ll0k — 671, + owollwill, + 6o 0ll0ck — O, + ceollexll, + IR+ — xT,k+1||2TX — IX1k —XT,k||2TX .

with constants 6, 64,0, 66,0, Ow,0, Oe0 € Rso.

Proof.

VN oji+15 Okr15 Okr1, Oc ka1, X k1) — VKo, Okcs Ok, Oc k, X1.k)

< VnCopes1s s Ors1 Oc e Xt ies1) — Vv (Xojkes Ok, Ok, Oc i, X1 x0)

N-1
= Z||3ACl|k+1 - 3ACT,k+1||(22 + lleie1 + KX —JACT,k+1)||12g + IXN k1 —5CT,1<+1||12: + || X1 — xT,k+1||2Tx = X — 5CT,k||(23
1=0
N-1
— |lcop + Kok — Xr o)l — Z R —)?T,kllé + llee + KQue = 2rollz — IRk — Zrells = 13rge — xT,k||2Tx
=1
— _I% _% 2
= —|IXop — Zrlly
N-2
+ Z [1Xrr1pk + 61 — Xrpe + X1k — 3A€T,k+1||é + llcLrk + 81 + KR + 8Xyen — Xk + Xk — X)) I3
1=0
N-1
= > Wik — Zrxll + llege + KGuye — Xl
Q
=1

+ ||Znik + 6xXN-1jk+1 — Xk + X1k — KT k41 ||é + l16en-1jk+1 + KGNk + 6XN—1jc1 — X1 e + X1k — Rraa ) 3
+ &Nk + XNt — Xk + Xk — R I3 = RN = 21l

+ |1XT 1 —xT,k+1||2TX — IX1k —XT,k“ZTX

N-1
" A “ " N N 1 A N
< —|Xojk —xT,k”é + GZ (1% — xT,kHZQ + ek + Ky — rp0)llz + (N = 1) <1 + Z> 1+ O|XT k41 _xT,k”é
=1

1 N N
F N =D (1+2) @+ l%ran — el

1 N A 1 N N
+ (1 + E) (L4 ©)|®rjes1 — X1kl + L +€) (1 + g) (1% 1 _xT,k||é+K;RK

+ 1+ o)llIXnk — 5CT,k||é+K/RK ++1 + O I&N+1k — Xrallz = &k — Xrklls + (L + €)% || 6xnpes I3
1 2N—1 1 2 N-1
+ (1 + ;) Z||5x1|k+1“2Q+K/RK + <1 + g) 1+ €)2|lécl|k+1”1zz + 1% k41 —XT,k+1||2Tx — X1k —XT,1<||2Tx
=0 =0
N-1
< =1%o = Frally + € (D% — Zraclld + llewe + Ky — 2raollg + v — 2ol
=1
2

5 & 2 5 - 5 & 2
(U €) (=MWt = Srell3 + Wik = Rl o, + Wonte = Frall g )

1 N N 1 N N
#4014 < ) Nl = Frallyon + (1+ 2 ) 1+ Olfrin = 2rallp
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N N-1
12 1)?
+ (14 2) oo Llidxeal? + (1+ < ) @+ 0w Y lcun?
1=0 1=0

+ |1XT 1 —XT,k+1||2TX = |IXrk —XT,k”zTX

N N-1
. . - A N 1)\? 1
< —oqllRopk — Xrkll* + €Vn(Xopk, Ok, Ok, Oc i, X1k) + (1 + E) O'QPZ||5xl|k+1”2 + (1 + 2) a1+ €)6RZ ll5cuir |
=0 =0

1 N N N N
+ N+ D (142 ) @+ ogellir — e P+ [Rric = Xranllf, = Wore = nll,

N -1
< —oollRojk — Zrill® + 6112 otos 10k — 0%11* + olowallwell* + Zﬁi(ﬁa,lllf)kﬂ — 0kll* + 602 110c k1 — 9c,k||2Q)
1=0 i=0

+0603(10ke1 = Okll® + 110c k1 — Ockll®) + IR —XT,k+1||2TX — X1k —JCT,kIIZTx

2
I

4. 4, 2 ) 2 2 ) 2
< —ooll%oik — Xrkll” + 00010k — 07117 + owollwill® + oo, 0ll0ck = Ocl” + oeollexll

+ || X7 k1 —)CT,k+1||2Tx — X1k —XT,k”ZTX-

The first inequality is due to the consideration of a feasible, possibly sub-optimal solution
I7N(x0|k+1, Ors1. O, Ock,Xrk+1)- The second inequality follows from repetitive application of Proposi-
tion 2 and the third inequality from upper bounding || - ||7 and || - ||é ke DY oqell - I and || - ||} by
or|| - ||I>. The fourth inequality follows Lyapunov inequality (25). In addition, Zf\i Illlfc”k —ch,kHé + ek +
Ky —J%T,k)lllza + [IxN —J%T,kllf, is the cost function of standard regulation problem to Xr) and written as
Vn(Xoik, Ok, Ok, Oc i, % k)

Following the proof of Theorem 14 in Lorenzen et al.,” the cost I7N(x0|k, Oy, Oy, Oc ., X1 ) is a piece-wise
quadratic function of %o — X1 for every 6 € ®; and there exists a quadratic function which gives
an upper bound on the feasible set. Hence, on the feasible set there exists a constant oy such that
Vn%ojk» k> Ok, Ock, X1.x) < ov||%ojk — Xrx||? holds due to compactness of ©, Ocx and Z.

The fifth inequality is due to the existence of constants e,y € Rso such that —oql|Xok — Xrkll® +
eov|[Xojk — Xrxll* < —oollRojk — Xrkll* holds. In addition, the terms containing ey and Xrjs1 — X1 are
bounded as in the proof for Proposition 7 and the terms containing éx;x by Proposition 7.

The last inequality follows from Propositions 3 and 4. u
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