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Abstract

The verification of software correctness is becoming increasingly important due to the
widespread use of computers, particularly in safety-critical environments. Many com-
plex systems (such as those involving numeric data types, recursion, or multithreading)
naturally exhibit an unbounded number of program states (a.k.a. configurations). These
are referred to as infinite-state systems and their verification is an active research area
with numerous unresolved problems. A key focus in this field is the verification of safety
and liveness properties. While safety verification can be reduced to reachability via finite
paths, liveness verification involves reasoning about infinite executions, making it con-
siderably more challenging. Most approaches for checking liveness properties are devised
for specific classes of systems.
We study so-called Ramsey quantifiers, which state the existence of infinite cliques in

the graph defined by a formula, in various first-order theories. We show that over auto-
matic structures, which is the class of first-order structures whose domain and relations
are regular, Ramsey quantifiers can be evaluated in logarithmic space. For tree-regular
relations we give a polynomial-time evaluation algorithm if a deterministic bottom-up
tree automaton is provided or if the relation is transitive. We furthermore study Ramsey
quantifiers in more specific theories. Linear arithmetics over integers/reals are prominent
theories featured in SMT solvers. We show that the Ramsey quantifier can be eliminated
from existential formulas in linear arithmetic over the integers, reals, and their mixture
in polynomial time. This directly enables the use of highly optimized SMT solvers. As
an application, we provide a general framework for liveness verification across a wide
range of infinite-state systems. For example, we prove precise complexity results for
recurrent reachability with generalized Büchi condition over (tree-)regular relations and
linear liveness for succinct one-counter automata, reversal-bounded counter machines,
continuous vector addition systems with states, and Parikh automata.
As a second major application, we identify the problem of checking whether a given

formula is monadically decomposable, i.e. equivalent to a Boolean combination of for-
mulas, each depending only on a single free variable. Monadic decompositions can, for
example, be used in constraint databases, string analysis, and quantifier elimination.
We prove precise complexity results in the case of quantifier-free formulas in linear in-
teger/real arithmetic. We additionally explore a related problem: checking whether
a relation on words (resp. trees) is (tree-)recognizable, i.e. a finite union of Cartesian
products of (tree-)regular languages.
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[BG23] P. Bergsträßer and M. Ganardi. “Revisiting Membership Problems in Sub-
classes of Rational Relations”. In: 38th Annual ACM/IEEE Symposium on
Logic in Computer Science, LICS 2023, Boston, MA, USA, June 26-29,
2023. IEEE, 2023, pp. 1–14. doi: 10.1109/LICS56636.2023.10175722.
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1 Introduction

As computers have become an integral part of all areas of life, the reliability and correct-
ness of programs, especially in safety-critical systems, is becoming increasingly impor-
tant. Here, instead of relying on mere testing, one strives to have mathematical guaran-
tees that the implementation meets its specification. A particularly successful method
in the area of formal verification is model checking. In the setting of model checking, the
program is represented as a transition system consisting of a set of program states or
configurations and a transition relation that defines all possible transitions between con-
figurations in the system. The specification is formulated in some logical language, most
commonly in first-order logic or linear temporal logic (LTL). Model checking is then the
task of testing whether the transition system satisfies the logical formula. Usually, the
property expressed by the specification falls into one of two categories: safety or liveness.
Loosely speaking, safety can be thought of as the property that “something bad never
happens”. This means, if started in the initial configuration, the transition system will
never reach “bad” configurations. Whereas liveness properties describe that “something
good eventually happens”, meaning that from the initial configuration every run reaches
“good” configurations. The relevance of safety and liveness becomes particularly ap-
parent when considering ω-regular specifications, i.e. given by a nondeterministic Büchi
automaton, since any ω-regular property can be written as the conjunction of a safety
and a liveness property [AS87]. When verifying programs, the number of possible inputs
and therefore also the number of reachable configurations is a priori not bounded. In
this case it is natural to assume that the number of configurations is possibly infinite.
Such a transition system is said to be infinite-state. Even if there is an upper bound on
the number of possible configurations (e.g. in hardware verification), it is often useful
to consider infinite-state abstractions. The reason is that the upper bound on the num-
ber of configurations can become very large compared to the representation size of the
transition system, which is known as the state-explosion problem. The abstraction as an
infinite-state system, however, can have a more succinct finite symbolic representation.
Model checking with respect to such symbolically representable infinite-state systems is
referred to as symbolic model checking [Bur+90; McM93]. To verify that an infinite-
state system satisfies a safety condition, it suffices to check whether there exists a path
from the initial configuration to some bad configuration. Thus, it is enough to solve
the reachability problem for the considered class of systems. Liveness verification, how-
ever, is extremely challenging. Instead of reachability via finite paths, one has to reason
about infinite paths since a counterexample for a liveness condition is an infinite run in
the transition system such that good behavior is never observed. An example of a live-
ness condition is termination of a loop. Here, a counterexample is an infinite execution
that never fulfills the loop’s exit condition. Due to its complexity, most approaches to
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1 Introduction

liveness verification are typically designed to only solve a simpler subproblem. It turns
out that similar challenges arise when considering the seemingly unrelated problems of
recognizability and monadic decomposability, which we will define later. In this thesis
we identify a unifying framework that helps solve all the aforementioned problems as
well as provides precise complexity results.

1.1 Regular Model Checking

Frequently used symbolic representations of infinite-state systems are in terms of au-
tomata, where the binary (one-step) transition relation is (tree-)regular and given as
an automaton reading two words/trees synchronously (a.k.a. synchronous transducer).
Model checking transition systems that possess (tree-)regular transition relations is re-
ferred to as regular model checking (see e.g. the survey [Abd+04]). Regular model check-
ing is undecidable in general since even the transition relation of a Turing machine is
regular, which implies that already reachability is undecidable [AK86]. Thus, general al-
gorithms, including so-called acceleration techniques [JN00; Bou+00; Abd+02; Bar+05],
that compute the effect of arbitrarily long (but finite) sequences of transitions, can only
provide semi-decision procedures. However, many useful subclasses of systems where
acceleration is guaranteed to terminate have been identified. Examples are pushdown
systems [Bur+90; Cau92; FWW97; ES01], which can be used to model recursive pro-
grams, and ground tree rewriting systems [BT12; Lin12]. Once (a finite representation
of) the set of reachable configurations is computed, safety can immediately be checked.
Liveness, however, requires additional techniques. Most approaches for liveness analy-
sis are devised for special classes of systems. For instance, it was shown by Bouajjani,
Esparza, and Maler [BEM97] that LTL model checking, which allows the verification
of a wide range of liveness properties, for pushdown systems is EXP-complete and in P
if the LTL formula for the specification is fixed. For this, the automata-theoretic ap-
proach by Vardi and Wolper [VW86] was used, where instead of checking whether every
run satisfies the LTL formula, the complement is checked, i.e. whether there exists a
run that satisfies the negation of the formula. For the complement one can construct a
(exponentially sized) Büchi automaton accepting the runs that fulfill the negated LTL
formula and take the product with the system under consideration. Then it remains
to check a Büchi condition for the resulting system, i.e. whether there exists a run
that visits some set of configurations infinitely often. This problem is called recurrent
reachability. Thus, LTL model checking is reduced to recurrent reachability over some
system whose size is exponential in the formula size but polynomial in the size of the
given system. For example, recurrent reachability was also shown to be decidable in
polynomial time for ground tree rewriting systems [Löd06]. A more general approach
for recurrent reachability was developed by To and Libkin [TL08; TL10]. They prove
that under the assumption that the reachability relation, i.e. the transitive closure of
the transition relation, is (tree-)regular and supplied as input in form of an automaton
over words/trees, recurrent reachability is decidable in polynomial time. Examples of
transition systems that have (tree-)regular reachability relations include pushdown sys-
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1.2 Ramsey Quantifiers Come to Rescue

tems [Esp+00], ground tree rewriting systems [Löd06], and PA-processes [LS05]. In all
of these examples, an automaton for the reachability relation can even be constructed
in polynomial time. Thus, recurrent reachability can be decided fully automatically in
polynomial time for these systems.

Linear arithmetic systems Instead of describing infinite-state systems via automata,
in some cases it can be more suitable to use logical formulas. This is for example the
case for various systems with counters and/or clocks. Here, one most commonly uses
first-order logic (or fragments thereof), where formulas may use existential and universal
quantification and variables range over some domain. The most important first-order
theories in the context of verifying infinite-state systems are linear integer arithmetic
(LIA), linear real arithmetic (LRA), and their mixture linear integer real arithmetic
(LIRA). Their domains are the integers/reals and they allow addition and the usual
linear order on numbers. These theories are also the most prominent theories in the
area of satisfiability modulo theories (SMT), where satisfiability of a quantifier-free or
existential formula in some fixed theory is to be checked. Even though satisfiability is NP-
complete in the existential fragments of all of the three theories, SMT solvers such as Z3
[MB08] or cvc5 [Bar+22] have made an enormous stride forward in the last decades to the
extent that they are now capable of solving practical industrial instances. Examples of
systems that can be modeled using linear arithmetic over integers/reals include recursive
programs with numeric data types [HL11], programs with dense/discrete clocks [CJ99;
Dan+00; DSK01; Dan01], linear hybrid systems [BH06], and numeric abstractions of
programs that manipulate lists and arrays [Bou+11; HL11]. Again, safety properties
can be immediately verified if the reachability relation is given by a formula in linear
arithmetic by checking satisfiability using highly optimized SMT solvers. For liveness,
however, a general framework that directly enables the use of SMT solvers is missing so
far. Dang and Ibarra [DI02] provide a general framework for deciding linear liveness, a
form of recurrent reachability where the set of target configurations is defined via linear
arithmetic formulas, but the resulting formulas, whose satisfiability has to be checked,
are large and contain multiple quantifier alternations. SMT solvers, however, are, as
remarked above, specialized for formulas in the existential fragment, which only allows
a single block of existential quantifiers.

1.2 Ramsey Quantifiers Come to Rescue

We address the lack of an efficient general framework for proving liveness properties by
using so-called Ramsey quantifiers, that were first introduced by Magidor and Malitz
[MM77] and are in the literature therefore also known as Magidor-Malitz quantifiers.
Intuitively, a Ramsey quantifier, denoted by ∃ram, states the existence of an infinite clique
in the graph defined by a formula. More precisely, for a formula φ(x,y, z) with vectors
of variables x,y, z, where x and y have the same dimension, the Ramsey quantified
formula

∃ramx,y : φ(x,y, z)

3



1 Introduction

Algorithm 1 Example of a non-terminating program

1: real x1 ← input-real()
2: int x2 ← input-int()
3: assert x1 > 0
4: while x2 > 0 do
5: real t1 ← input-real()
6: assert t1 ≥ 0.5x1 + 0.5
7: x1 ← t1
8: int t2 ← input-int()
9: assert t2 ≥ 0

10: x2 ← x2 − ⌊x1⌋ − t2
11: end while

is satisfied for some valuation c of z if and only if there exists an infinite (directed) clique
with respect to c, i.e. an infinite sequence a1,a2, . . . of pairwise distinct vectors such
that

φ(ai,aj , c) for all 1 ≤ i < j.

For example, let φ := x < y ∧ x ≤ z be a formula in linear real arithmetic. Then
∃ramx, y : φ(x, y, z) expresses the existence of a strictly increasing infinite sequence that
is bounded by z. Over the reals, every valuation c of z admits such a sequence (e.g.
take any strictly increasing sequence that converges to c). However, if φ is interpreted
as a formula in linear integer arithmetic, then clearly such a sequence does not exist for
any c. In the above definition we used the notion of directed cliques. In the literature
(see e.g. [MM77]), Ramsey quantifiers are usually defined in the undirected semantics,
i.e. cliques force edges in both directions. Clearly, the undirected version is expressible
in the directed version. We deviate from the standard undirected definition since the
directed notion allows for simpler proofs and, more importantly, can immediately be
applied to liveness verification.

Using Ramsey quantifiers to verify liveness To demonstrate how Ramsey quantifiers
can be used for expressing liveness properties, let us consider Algorithm 1. The program
contains two variables x1, x2 and two temporary variables t1, t2, that are only used in the
loop body. The variables x1, t1 can take real values and the variables x2, t2 only integer
values. It is not hard to see that the reachability relation (x1, x2) →+ (y1, y2) after at
least one iteration, where y1, y2 denote the new values for x1, x2, can be formulated as
LIRA formula as follows:

x1 > 0 ∧ x2 > 0 ∧ y1 ≥ 0.5x1 + 0.5 ∧ y2 ≤ x2 − ⌊0.5x1 + 0.5⌋

Here, ⌊x⌋ returns the greatest integer smaller than or equal to x. Non-termination of
the loop can now be expressed using the Ramsey quantified formula

ψ := ∃ram(x1, x2), (y1, y2) : (x1, x2)→+ (y1, y2).

4



1.2 Ramsey Quantifiers Come to Rescue

Since we require the elements of an infinite clique to be pairwise distinct, we additionally
have to check whether there are reachable values for x1, x2 from which the same values
can be reached again, thereby forming a loop. This additional condition is directly
expressible in first-order logic. Now, the while loop in the program does not terminate
if and only if ψ is true or some values can be reached multiple times. In this example,
ψ is indeed satisfied by setting x1 to a value strictly between 0 and 1, say 0.5, and x2
to 1 at the beginning and then always choosing t1 = 0.5x1 + 0.5 and t2 = 0. This has
the effect that t1 is always in the middle of x1 and 1, which means that the values for
x1 converge to 1 but never reach 1. Therefore, ⌊x1⌋ is always 0 and x2 is constantly
1. Thus, we find the infinite clique (ai, bi)i≥1 with a1 := 0.5, ai+1 := 0.5ai + 0.5, and
bi := 1 for all i ≥ 1 in the reachability relation, witnessing satisfiability of ψ. To be able
to automatically check the truth value of ψ, we will consider the problem of eliminating
the Ramsey quantifier by only introducing new existentially quantified variables. Thus,
after elimination, we can then use SMT solvers to check satisfiability of a formula in the
existential fragment.

Termination proof rules For Algorithm 1 it was easy to manually find a formula for the
reachability relation. In practice, instead of expressing the precise reachability relation,
one usually tries to find an approximation. For proving termination, an overapproxima-
tion of the reachability relation might suffice. Podelski and Rybalchenko [PR04] give a
proof rule for termination/liveness, which concerns covering the reachability relation by
a finite union of well-founded relations. For simplicity, let us only consider the case of a
single well-founded relation T that should cover the reachability relation →+. Then the
verification condition can be stated as follows:

→ ⊆ T ∧ T ◦→ ⊆ T ∧ T is well-founded (1.1)

In this context, well-foundedness of T is defined as the absence of an infinite T -chain,
i.e. an infinite sequence s1, s2, . . . such that (si, si+1) ∈ T for all i ≥ 1. Clearly, if T is
well-founded, then it neither contains a loop, i.e. (s, s) ∈ T for some s, nor an infinite
clique. Here, recall that in our definition of an infinite clique, we demand the elements
to be pairwise distinct. Thus, if T satisfies Equation (1.1), then it also satisfies

→ ⊆ T ∧ T ◦→ ⊆ T ∧ no T -loop ∧ no infinite T -clique. (1.2)

Since T covers→+ and→+ is transitive, Equation (1.2) also implies termination, i.e. that
there does not exist an infinite→-chain. However, Equation (1.2) imposes a weaker con-
dition on T than Equation (1.1). To see this, consider for example the transition relation
→ := {(i+1, i) | i ∈ N} and the covering T := {(i, j) | i, j ∈ N, i > j}∪{(i, i−1) | i ≤ 0}.
Then T satisfies Equation (1.2), which means that → terminates. However, T is not
well-founded, meaning that Equation (1.1) cannot prove termination. More importantly,
the advantage of Equation (1.2) is that the conditions can be easily expressed in first-
order logic augmented with the Ramsey quantifier, which is a more general solution
to the problem that well-foundedness is not a first-order property [CK90] than just
adding ad-hoc well-foundedness conditions [Gre+12; BPR13]. The absence of T -loops is
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a first-order property definable by ¬∃x : T (x, x) and the absence of an infinite T -clique
can be defined with the help of a Ramsey quantifier by ¬∃ramx, y : T (x, y). Hence, af-
ter eliminating the Ramsey quantifier, SMT solvers can be used to automatically check
whether a synthesized or provided overapproximation of the reachability relation suffices
to prove termination of the program. We remark that some techniques (e.g. [CPR11])
realizing the proof rules of [PR04] synthesize overapproximations that are guaranteed to
be well-founded by construction, but these heavily limit the shapes of the constructed
relations.

Reachability relations definable in linear arithmetics In general, the reachability rela-
tion might not be definable in linear arithmetic, even if the program only uses integer/real
variables and linear arithmetic. Minsky machines, for example, are a well-known Turing-
complete model that only has access to two integer counters that can be incremented,
decremented, and tested for zero [Min67]. Due to their computational power, the reach-
ability problem for Minsky machines is undecidable and the reachability relation is not
definable in linear integer arithmetic. However, there is a plethora of natural more
restrictive systems where the reachability relation can even be defined effectively and
efficiently in linear arithmetic. Examples are succinct one-counter automata [Li+20],
reversal-bounded counter machines with one unrestricted counter [HL11], continuous
vector addition systems with states [BH17], and Parikh automata [Sei+04]. For all of
these systems, a formula in the existential fragment of linear integer/real arithmetic
for the reachability relation can be constructed in polynomial time. Thus, eliminating
Ramsey quantifiers from existential formulas efficiently can help solving liveness for all of
these systems with precise complexity, even enabling the use of optimized SMT solvers.

Regular reachability relations We have seen above how Ramsey quantifiers can be used
to express liveness properties if the reachability relation is definable in some logic. In
the context of regular model checking, instead of logical formulas, the reachability rela-
tion of many interesting classes of systems can be captured by (tree-)automata. Then
liveness problems can be reduced to the evaluation of the Ramsey quantifier over tran-
sitive (tree-)regular relations. As already mentioned, To and Libkin [TL08] showed that
recurrent reachability for transitive (tree-)regular relations is decidable in polynomial
time. As an application they obtain that for every system, whose reachability relation
is (tree-)regular and computable in polynomial time, recurrent reachability is solvable
in polynomial time. As mentioned above, systems that fulfill this property are for ex-
ample pushdown systems, ground tree rewriting systems, and PA-processes. However,
some classes of systems that are considered in regular model checking do not have effec-
tively (tree-)regular reachability relations (e.g. since they are Turing-complete models).
In this case, the best one can hope for is to be able to compute (tree-)regular over- or
underapproximations that are close enough to the actual reachability relation such that
recurrent (non-)reachability can be proved. There exist several semi-decision procedures
that use techniques like abstraction and widening to compute such over- or underap-
proximations (see e.g. [DLS02; BLW03; Abd+04; BHV04; Bou+12; BT12; Leg12]).
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Approximations of reachability relations are no longer guaranteed to be transitive. In
[To10] an exponential-time upper bound for recurrent reachability over, not necessar-
ily transitive, (tree-)regular relations is given. Understanding the precise complexity of
evaluating Ramsey quantifiers over general (tree-)regular relations helps to solve liveness
problems if only a (tree-)regular approximation of the reachability relation is provided.

1.3 More Applications of Ramsey Quantifiers

We now turn to further applications of Ramsey quantifiers or, more specifically, the
decision version, called infinite clique problem, that checks whether ∃ramx, y : R(x, y)
holds for a given relation R (e.g. by a formula or an automaton).

Recognizability A k-ary relation R is called recognizable if it can be written as
R =

⋃︁n
i=1 Li,1 × · · · × Li,k for regular languages Li,j . Intuitively, the k tapes are in-

dependent, in the sense that every tape has its own automaton and the automata are
only allowed to communicate at the end of the computation via final states. Whereas
in case of regular relations a single automaton controls the heads of all the tapes, but
all heads move synchronously. Using a product construction, one can show that the
recognizable relations form a subclass of the regular relations. The problem of recogniz-
ability (of regular relations) asks whether a given regular relation is recognizable. It was
shown by Barceló et al. [Bar+19] that this problem is NL-complete or PSPACE-complete
depending on whether the regular relation is given as deterministic or nondeterministic
automaton, respectively. Their proof uses the well-known fact that a regular relation is
recognizable if and only if certain regular equivalence relations have finite index [CCG06].
Checking whether an equivalence relation has infinite index can in turn be reduced to the
infinite clique problem over the complement of the equivalence relation. In particular,
from their proof one can extract that the infinite clique problem for regular relations is
NL-complete (even if the relation is given as nondeterministic automaton). The precise
complexity of the analogous problem for tree-regular relations, called tree-recognizability,
remained open. Only a (double) exponential-time upper bound follows from [To10] if
the relation is given by a (non)deterministic tree automaton since the complements of
the equivalence relations are not necessarily transitive. Hence, understanding the com-
plexity of the infinite clique problem for tree-regular relations may help to also settle the
complexity of tree-recognizability. The ω-recognizability problem for ω-regular relations
was shown to be decidable in double (resp. triple) exponential time if the relation is given
by a deterministic parity automaton (resp. nondeterministic Büchi automaton) [LS19b].
Here, the proof uses the fact that one only has to decide the infinite clique problem for
complements of ω-regular equivalence relations. Although it is not known whether the
infinite clique problem for arbitrary ω-regular relations is decidable, it is promising to
determine the precise complexity in case of these special ω-regular relations in order to
make progress on the ω-recognizability problem.
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Monadic decomposability In terms of logic, recognizability is related to the problem
of monadic decomposability. Here, we say that a formula is monadically decomposable
if it can be written as a Boolean combination of unary formulas, i.e. formulas with only
a single free variable. For example, the formula φ(x, y) := x+ y ≥ 2 ∧ x ≥ 0 ∧ y ≥ 0 in
linear integer arithmetic is monadically decomposable since it can be written as

(x ≥ 2 ∧ y ≥ 0) ∨ (x ≥ 1 ∧ y ≥ 1) ∨ (x ≥ 0 ∧ y ≥ 2).

Intuitively, as in the recognizability notion, the variables in a monadically decomposable
formula are independent from each other. The tight connection of the two problems
becomes apparent when considering the (ω-)automatic structures LIA, LRA, and LIRA.
Using the characterization via finite-index equivalence relations, one can show that over
these structures a formula is monadically decomposable if and only if the corresponding
(ω-)regular relation is (ω-)recognizable. Monadic decomposability has a wide range of
applications. Essentially, it can help whenever simplification by removing dependencies
between variables leads to more efficient algorithms. This is for example the case in
the context of constraint databases [GRS99; Cho+03; Lib03], string analysis [Vea+17;
Hag+20], theorem proving [KV14], compiler optimization [ASU86], and quantifier elim-
ination [Lib03; Hag+20].

To see how monadic decomposability can help with quantifier elimination (as demon-
strated in [Lib03; Hag+20]), let us consider the quantified formula φ := ∃x : ψ(x,y),
where x,y are vectors of variables and ψ is quantifier-free. If ψ is monadically decom-
posable, then, in particular, it can be written in disjunctive form

ψ(x,y) ≡
n⋁︂

i=1

αi(x) ∧ βi(y),

where x is separated from y. Now, by moving the existential quantifiers into the dis-
junction, the elimination of the variables x can be reduced to satisfiability checks:

φ ≡
n⋁︂

i=1

(∃x : αi(x)) ∧ βi(y) ≡
⋁︂

i : αi(x) is sat

βi(y)

Note that to apply the above, it actually suffices that x and y are independent rather
than that ψ satisfies the stronger property of being monadically decomposable. This
more general notion of independence, where the decomposition conforms to a partition
of its variables, is called variadic decomposability. A simplification as above can also lead
to significant improvement for the projection operation in constraint databases [Lib03].
To enable the use of SMT solvers, Veanes et al. [Vea+17] considered the problem

of monadic decomposability for quantifier-free fragments of theories. They developed
a generic semi-decision procedure that under some assumptions on the theory, which
are for example satisfied by linear integer arithmetic, outputs a monadic decomposition
if it exists. However, the generic algorithm does not terminate if the input formula is
not monadically decomposable. For linear integer arithmetic and the theory of equality
and uninterpreted functions (EUF) it is shown that monadic decomposability in the
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quantifier-free fragment is decidable. Thus, for these specific theories the generic algo-
rithm can be made complete by extending it with a termination check. Decidability in
case of linear integer arithmetic was already shown by Ginsburg and Spanier [GS66b] in
slightly different terms. This also follows from a result by Libkin [Lib03], who provided
sufficient conditions on the theory under which the more general problem of variadic
decomposability is decidable. These conditions are for example satisfied by LIA, LRA,
and non-linear real arithmetic. Precise complexity results, however, were not known
until Hague et al. [Hag+20] showed that monadic decomposability is coNP-complete in
the quantifier-free fragment of linear integer arithmetic. As mentioned above, monadic
decomposability can be characterized via finite-index equivalence relations. Thus, as for
recognizability, it might be useful to understand the complexity of the infinite clique
problem for formulas in LRA and LIRA in order to determine the precise complexity of
monadic decomposability in the two theories.

1.4 Difficulties with Ramsey Quantifiers

In the 70s and 80s, Ramsey quantifiers were mainly studied from a model-theoretic
perspective by identifying structures that admit elimination of Ramsey quantifiers. For
example, Ramsey quantifiers were proven to be eliminable in theories that do not have the
finite cover property [BK80], in complete theories of modules [Bau84], and abelian groups
[Bau77]. Some results, however, do not give an effective elimination procedure. In fact,
Kierstead and Remmel [KR83] constructed examples of decidable theories that admit
elimination of Ramsey quantifiers but where the elimination cannot be made effective.
Schmerl and Simpson [SS82] provided an effective elimination procedure of Ramsey
quantifiers in linear integer arithmetic. It can be obtained from [DI02] that also linear
arithmetic over the reals and LIRA allow effective elimination of Ramsey quantifiers.
The same was shown for Archimedian real closed fields and therefore also for non-linear
real arithmetic (allowing multiplication) by Cowles [Cow79]. The provided elimination
procedures, however, have high complexity, partly since they assume already quantifier-
free formulas, and the resulting formulas have multiple quantifier alternations. Thus, in
particular, the precise complexity of checking satisfiability of existential formulas with a
single leading Ramsey quantifier, as in the setting of liveness discussed above, remained
an open problem in all of the mentioned theories.

Ramsey quantifiers in automatic structures The effective elimination procedures for
the mentioned decidable theories imply that also the extension of first-order logic with
Ramsey quantifiers results in decidable theories. A large class of structures that also
enjoy this property is the class of so-called automatic structures (see e.g. the survey
by Grädel [Grä20]). Loosely speaking, a structure is (word-)automatic if its domain
and all of its relations are definable by automata on words. For example, linear integer
arithmetic is an automatic structure since the integers can be encoded in binary as words
over the alphabet {0, 1} and an automaton can check the order relation and perform
the standard algorithm for addition. Due to the effective closure properties of regular
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languages/relations, it can be observed that the first-order theory of every automatic
structure is decidable. Furthermore, it was shown by Rubin [Rub08] that decidability
is retained when the logic is extended with Ramsey quantifiers. More precisely, the
Ramsey quantifier can be effectively evaluated over a regular relation R given as an
automaton, i.e. one can construct an automaton accepting all (encodings of) valuations
of z such that ∃ramx, y : R(x, y, z) holds. Automatic structures can also be defined such
that the automaton model works on trees or infinite words, leading to the notions of
tree- and ω-automatic structures, respectively. For example, Skolem arithmetic, the
structure over the integers with multiplication, is tree-automatic and LRA and LIRA are
ω-automatic. It was already observed by Kartzow [Kar11] that the first-order theory of
every tree-automatic structure is still decidable when extended with Ramsey quantifiers.
In particular, this implies that the infinite clique problem for tree-regular relations is
decidable. An exponential-time upper bound was stated by To [To10] in the context
of recurrent reachability, which is logspace equivalent to the infinite clique problem.
However, it was not clear whether this upper bound is tight and what the complexity
of the evaluation of the Ramsey quantifier over tree-regular relations is. In the case of
infinite words not much is understood. Decidability of the infinite clique problem for
ω-regular relations is a longstanding open problem [Kus10].

1.5 Contributions

We now provide a brief summary of the main results that are developed in this thesis.

Ramsey quantifiers in automatic structures Let us start with Ramsey quantifiers in
automatic structures, which was the setting with applications in regular model checking
in the motivation above. It already follows from [Bar+19] that the infinite clique problem
over regular relations is NL-complete. We will consider the more general setting of
evaluating the Ramsey quantifier on a (2d+k)-ary regular relation R, i.e. computing an
automaton for all valuations of z such that ∃ramx,y : R(x,y, z) holds, where x and y
have dimension d and z has dimension k. We show that given R, one can construct such
an automaton in logspace. In particular, this implies that the infinite clique problem
(and therefore also recurrent reachability) is in NL, providing a simpler proof than the
one in [Bar+19]. For tree-regular relations we prove that if R is given by a deterministic
bottom-up tree automaton, then a nondeterministic tree automaton for the evaluation
of the Ramsey quantifier can be constructed in polynomial time. It follows that the
infinite clique problem for tree-regular relations given as nondeterministic tree automata
is solvable in exponential time, which was already stated by To [To10] in the context of
recurrent reachability. Moreover, we provide a highly nontrivial matching lower bound
using a reduction from intersection non-emptiness of tree automata. This is surprising
since an analogous reduction in the word case would yield PSPACE-hardness, but as
mentioned above this problem is in NL.

The complexity bounds on the infinite clique problem directly transfer to recurrent
reachability. We show that recurrent reachability with generalized Büchi condition, i.e.
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with multiple target sets that are part of the input, is PSPACE-complete for regular
relations and EXP-complete for tree-regular relations. For transitive tree-regular rela-
tions (e.g. reachability relations) we show that the Ramsey quantifier can be evaluated
in polynomial time instead of exponential time as for arbitrary tree-regular relations.
This implies that also recurrent reachability is decidable in polynomial time for tran-
sitive tree-regular relations, which was already shown by To and Libkin [TL08]. An
exponential-time upper bound for recurrent reachability with generalized Büchi con-
dition for (tree-)regular relations was already shown in [To10] in the transitive case.
We show that the PSPACE (resp. EXP) lower bound above already holds for transitive
relations.

We further show that over unranked tree-regular relations, the Ramsey quantifier can
be evaluated with the same complexity as in the ranked case. As a concrete application,
this shows that recurrent reachability (with generalized Büchi condition) is P-complete
(resp. EXP-complete) for regular subtree and flat prefix rewriting systems, which were
introduced by Löding and Spinrath [LS19b].

As a second major application, besides recurrent reachability, we already identified the
problem of tree-recognizability, i.e. the problem of deciding whether a given tree-regular
relation can be written as a finite union of Cartesian products of tree-regular languages.
We use the observation that there we only need to apply the Ramsey quantifier to co-
transitive relations, i.e. complements of transitive relations. We show that the infinite
clique problem for co-transitive tree-regular relations is P-complete. This allows us to
show that tree-recognizability for tree-regular relations R is P-complete if R is given
by a deterministic (top-down or bottom-up) tree automaton and EXP-complete if R is
given by a nondeterministic tree automaton. Interestingly, applying the generic infinite
clique decision procedure for arbitrary tree-regular relations would only give an EXP
(resp. 2-EXP) upper bound. This shows the importance of the co-transitivity notion. In
the word case, however, the generic decision procedure for the infinite clique problem
suffices to show that recognizability is NL-complete (resp. PSPACE-complete) for regular
relations given by a (non)deterministic automaton, which was already proven by Barceló
et al. [Bar+19].

Ramsey quantifiers in linear arithmetics For relations that are given as existential
formulas in linear integer/real arithmetic we consider the problem of eliminating the
Ramsey quantifier, i.e. our goal is to compute an existential formula equivalent to

ψ := ∃ramx,y : ∃w : γ(x,y,w, z),

where γ is quantifier-free. Recall that, for example, the reachability relation of many
classes of systems is expressible in existential linear integer/real arithmetic. As our first
step, we deal with the variables w that are existentially quantified within the scope
of the Ramsey quantifier. We show that w can be exchanged for linearly many new
Ramsey quantified variables while also only linearly increasing the formula size. This
is much more efficient than applying quantifier elimination, for which the best known
algorithms [Haa+24; CMS24] incur an exponential blow-up if restricted to a single block
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of existential quantifiers in linear integer arithmetic. Thus, we can assume that ψ is of the
form ∃ramx,y : φ(x,y, z), where φ is quantifier-free. We then show that if φ is a formula
in LIA, LRA, or LIRA, one can construct in polynomial time an existential formula of
linear size that is equivalent to ψ, i.e. where the Ramsey quantifier is eliminated.

As already motivated, this has several applications. We consider the linear liveness
problem that asks for the existence of an infinite run such that between every pair of
infinitely many configurations on the run a condition specified in existential linear inte-
ger/real arithmetic is satisfied. This is a more general problem than the one considered
in [DI02], that only checks for an infinite run such that infinitely many configurations
separately satisfy some formula (as in recurrent reachability). With linear liveness one
can for example express that some real clock value grows unboundedly on a run rather
than being convergent. As already mentioned above, several classes of systems involving
counters/clocks possess reachability relations that are definable in linear integer/real
arithmetic. For example, using the results that the reachability relation of succinct one-
counter automata [Li+20], reversal-bounded counter machines with one unrestricted
counter [HL11], continuous vector addition systems with states [BH17], and Parikh au-
tomata [Sei+04] can be computed in polynomial time, we show that linear liveness is
NP-complete for all of these classes of systems.

A further application is a recently raised question [FG19a] in the context of well-
structured transition systems of how to check whether a relation given as a formula in
linear integer arithmetic is a well-quasi-ordering (WQO). Our elimination procedure of
Ramsey quantifiers allows us to infer that this problem is coNP-complete for quantifier-
free LIA formulas.

Recall that the problem of monadic decomposability of formulas in LIA, LRA, and
LIRA can be reduced to the infinite clique problem via checking finite index of certain
equivalence relations. We will make use of this connection to show that monadic de-
composability is coNP-complete for quantifier-free formulas in LIA, LRA, and LIRA. In
case of LIA this result was already known [Hag+20], but our approach is asymptotically
significantly more efficient.

Recognizability Finally, let us come back to the notion of recognizability that is re-
lated to monadic decomposability. We show that ω-recognizability of ω-regular relations
is NL-complete or PSPACE-complete depending on whether a deterministic parity or
nondeterministic Büchi automaton is given, respectively. This means that the problem
has the same complexity as in the finite-word case. Here, we improve on the double (resp.
triple) exponential-time upper bound shown in [LS19b]. For finite words we consider
the problem for a more general class of relations than regular relations. Deterministic
rational relations are accepted by deterministic multitape automata, whose heads can
move asynchronously. We show that the problem of recognizability in this more general
class of relations is in P for binary relations and in coREXP for relations of higher arity.
Decidability was shown by Carton, Choffrut, and Grigorieff [CCG06], whose algorithm
runs in elementary time for fixed arity, and a double exponential-time upper bound for
binary relations follows from [Val75]. However, decidability of the problem of checking
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whether a deterministic rational relation is regular remained open in [CCG06] and was
also stated as an open problem by Ibarra and Trân [IT12]. We observe that this problem
can be reduced to recognizability and show that it is in P for binary relations and in
(2k − 4)-EXP for relations of arity k > 2.

1.6 Organization

We start in Chapter 2 by introducing basic concepts from automata theory and logic.
In Chapter 3 we formally define the central notion of this thesis, the Ramsey quan-

tifier, and discuss its connections to liveness verification and recognizability/monadic
decomposability.
In Chapter 4 we consider Ramsey quantifiers in (tree-)automatic structures and prove

the main results on their evaluation. The word-automatic case is covered in Section 4.2
and the tree-automatic case in Section 4.3. Applications are discussed in Section 4.4.
The chapter is concluded with Ramsey quantifiers in unranked tree-automatic structures
and a look beyond 2-Ramsey quantifiers (where, loosely speaking, cliques in hypergraphs
are considered) in Sections 4.5 and 4.6, respectively.
We then continue with Ramsey quantifiers in linear integer/real arithmetic in Chap-

ter 5, where we start by proving in Section 5.2 how existential quantifiers in the scope
of a Ramsey quantifier can be eliminated. This will be used in the elimination proce-
dures of the Ramsey quantifier in LIA, LRA, and LIRA in Sections 5.3, 5.4, and 5.5,
respectively. We conclude the chapter with applications in Section 5.6 and experimental
results in Section 5.7.
In Chapter 6 we first prove in Section 6.2 the precise complexity result on ω-

recognizability of ω-regular relations. In Section 6.3 we then face finite words and
consider recognizability in the class of deterministic rational relations. The observa-
tion that the problem of regularity of deterministic rational relations can be reduced to
recognizability is presented in Section 6.4.

We conclude with a summary and future work in Chapter 7.
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2 Preliminaries

Before we start with the contributions, we introduce notations, definitions, and state-
ments that we will encounter at several places in this thesis. After fixing general notations
and standard notions from computability and complexity theory in Sections 2.1 and 2.2,
respectively, we consider various automata models over finite/infinite words/trees defin-
ing languages/relations in Section 2.3. At the end of this chapter, we introduce in
Section 2.4 the required notions from logic, specifically first-order logic.

2.1 General Notations

Let us fix some standard notation that will be used throughout this thesis.

Sets For sets S1 and S2 we write S1 ⊆ S2 if S1 is a (non-strict) subset of S2. We denote
the strict containment by S1 ⊊ S2. We use the standard binary set operators union ∪,
intersection ∩, minus \, and Cartesian product ×. If S1 ⊆ S2 is clear from the context,
we write S1 := S2 \ S1 for the complement of S1. For a set S and n ≥ 0 we also write
Sn for the n-fold product S × · · · × S where S0 is defined as the set that only contains
the empty tuple. Let 2S := {S′ | S′ ⊆ S} denote the power set of S. A partition of
S is a subset P = {B1, . . . , Bn} ⊆ 2S such that B1 ∪ · · · ∪ Bn = S and Bi ∩ Bj = ∅
for all 1 ≤ i < j ≤ n. The sets B1, . . . , Bn are called blocks. We denote the set of
natural numbers by N := {1, 2, . . . } and N0 := N ∪ {0}. For i, j ∈ N0 we often write
[i, j] := {k ∈ N0 | i ≤ k ≤ j}. Furthermore, we use Z, Q, and R to denote the set of
integers, rationals, and reals, respectively.

Relations A relation is a subset R ⊆ S1×· · ·×Sk for sets S1, . . . , Sk. We call R a k-ary
relation. For a k-ary relation R and a set I ⊆ [1, k] we let πI(R) denote the projection
of R to the components in I. If I = {i} is a singleton set, we also write πi(R) for πI(R).

Orders Let ≤ ⊆ S × S. The pair (S,≤) is a well-quasi-ordering (WQO) if ≤ is re-
flexive and transitive and additionally every infinite sequence a1, a2, . . . ∈ S contains
an increasing pair ai ≤ aj with 1 ≤ i < j. A well-quasi-ordering (S,≤) where ≤ is in
addition antisymmetic is called a well-partial-ordering (WPO). The relation ≤ is said
to be well-founded if there does not exist an infinite strictly decreasing sequence, i.e. an
infinite sequence a1, a2, . . . ∈ S such that ai+1 ≤ ai and ai ̸≤ ai+1 for all i ≥ 1. It is
well-known that (S,≤) is a WQO if and only if it is a quasi-ordering, ≤ is well-founded,
and there does not exist an infinite antichain, i.e. an infinite sequence a1, a2, . . . ∈ S
such that ai ̸≤ aj for all i, j ≥ 1 with i ̸= j. Moreover, if (S,≤) is a WQO, then every
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infinite sequence a1, a2, . . . ∈ S contains an infinite increasing subsequence, i.e. there are
1 ≤ i1 < i2 < . . . such that aij ≤ aij+1 for all j ≥ 1. This implies that if (S,≤) is a
WPO, then every infinite sequence a1, a2, . . . ∈ S of pairwise distinct elements contains
an infinite strictly increasing subsequence, i.e. there are 1 ≤ i1 < i2 < . . . such that
aij ≤ aij+1 and aij+1 ̸≤ aij for all j ≥ 1.

Tuples and vectors We denote a tuple (x1, . . . , xk) with a boldface letter x, where
|x| := k is the length of x, and for a number n we write n for a tuple (n, . . . , n)
of appropriate length. We also denote an infinite sequence x1, x2, . . . with a boldface
letter x. Most of the time, we do not distinguish between tuples and vectors and use
the terms interchangeably, i.e. we neither distinguish between row and column vectors.
Furthermore, for vectors of numbers x and y of dimension (length) k we write x+ y :=
(x1+y1, . . . , xk+yk) for their componentwise sum and x ·y :=

∑︁k
i=1 xi ·yi for their scalar

product. We define the usual componentwise partial order x ≤ y such that xi ≤ yi for
all i ∈ [1, k]. Moreover, we define x≪ y if xi < yi for every i ∈ [1, k].

Big O notation For functions f, g : N0 → R≥0, where R≥0 denotes the set of non-
negative real numbers, we write f ∈ O(g) if there exists a real number c > 0 and a
natural number n0 such that f(n) ≤ c · g(n) for all n ≥ n0.

2.2 Computability and Complexity

In this section we briefly introduce the notions of computability and complexity theory
that are needed in this thesis. For a more detailed introduction to the topic, we refer
to the textbooks [Koz97; Sip97; AB09]. In particular, we assume familiarity with the
definition of (nondeterministic) Turing machines.

Computation As computation model we assume Turing machines with at least two
tapes. The first and the last tape are the designated input and output tape, respectively.
Here, we assume that the input tape is “read only”, i.e. the head can only read its
content but not modify it, and the output tape is “write once”, i.e. starting on the left,
the head can only write to it and move to the right without reading its content. The
other tapes are called working tapes. To measure the space used by a Turing machine,
we only count the number of working tape cells visited during the computation. We
define the class of functions expk inductively such that exp0 contains all polynomials in
one variable and for k ≥ 1 we let expk := {2f | f ∈ expk−1}. We call a finite sequence
of symbols over a finite alphabet a word and a set of words is called a language (see
Section 2.3.1 for a formal definition). A deterministic Turing machine M computes a
function on words where u ↦→ v if M halts on input u having v written on the output
tape. We say that the function is computed in

� logspace if there is f ∈ O(log) such that M uses at most f(n) space,
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� polynomial time if there is a polynomial p such thatM halts within at most p(n)
steps,

� polynomial space if there is a polynomial p such thatM uses at most p(n) space,

� k-exponential time if there is f ∈ expk such that M halts within at most f(n)
steps

on any input of length n. The output size of a logspace computation is polynomially
bounded and that of a polynomial-space computation is exponentially bounded. For
time-restricted computations the size of the output is bounded by the available time (to
write down the output).

Complexity classes A (decision) problem is formally a language. We say that a problem
(language) is decidable if there exists a Turing machine that given an instance (word) as
an input, accepts if and only if the input represents a positive instance of the problem
(the word is contained in the language). We will use the following standard classes of
decision problems, called complexity classes:

� NL: Decidable in logspace by a nondeterministic Turing machine

� P: Decidable in polynomial time by a deterministic Turing machine

� NP: Decidable in polynomial time by a nondeterministic Turing machine

� PSPACE: Decidable in polynomial space by a deterministic Turing machine

� k-EXP: Decidable in k-exponential time by a deterministic Turing machine

� k-NEXP: Decidable in k-exponential time by a nondeterministic Turing machine

Here, we simply write EXP and NEXP for 1-EXP and 1-NEXP, respectively. Note that by
[Sav70], NPSPACE, i.e. the nondeterministic analogue of PSPACE, is equal to PSPACE.
The following inclusions are well-known:

NL ⊆ P ⊆ NP ⊆ PSPACE ⊆ EXP ⊆ NEXP ⊆ 2-EXP ⊆ . . .

The inclusions P ⊊ EXP ⊊ 2-EXP ⊊ . . . and NP ⊊ NEXP ⊊ 2-NEXP ⊊ . . . are known to
be strict by the (non)deterministic time hierarchy theorem [HS65; Coo72]. Moreover, by
the nondeterministic space hierarchy theorem [Sze94] and since PSPACE = NPSPACE,
we have the strict inclusion NL ⊊ PSPACE. Most famously, it is not known whether the
inclusion P ⊆ NP is strict.

A decidable problem is said to be elementary if there exists k ∈ N such that it is
contained in k-EXP. Otherwise, it is said to be nonelementary. For a complexity class C
we define the class coC of all problems whose complements are contained in C. Clearly,
if C is defined over deterministic Turing machines, then coC = C since the answer of
a deterministic Turing machine can simply be flipped. It was shown by Immerman
[Imm88] and Szelepcsényi [Sze88] that also NL = coNL.
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A (many-one) reduction from a problem L to a problem L′ is a function mapping
instances w to instances w′ such that w ∈ L if and only if w′ ∈ L′. A problem L
is said to be C-hard for a complexity class C if there is a computable (within some
time/space bound) reduction from any problem in C to L. Furthermore, if L is C-hard
and contained in C, then L is said to be C-complete. We define NL-hardness and P-
hardness using logspace reductions. For all other complexity classes mentioned above,
we define hardness using polynomial-time reductions.

2.3 Formal Languages, Relations, and Automata

In this thesis we will encounter a variety of different notions of languages and relations
that can be defined via automata. We introduce basic definitions and properties of the
models in this section and refer to [HU79; Koz97; Sip97; GTW02; Com+08] for more
details.

2.3.1 Languages over Finite Words

An alphabet is a finite non-empty set Σ of symbols. A word over an alphabet Σ is a
finite sequence a1 . . . an of symbols ai ∈ Σ. We say that the word u = a1 . . . an has
length |u| := n and we denote the empty word, i.e. the word of length 0, by ε. We write
Σn := {a1 . . . an | ∀1 ≤ i ≤ n : ai ∈ Σ} for the words over Σ of length n where Σ0 := {ε}.
For two words u = a1 . . . an and v = b1 . . . bm over Σ we write uv := a1 . . . anb1 . . . bm
for their concatenation. The free monoid over an alphabet Σ is the monoid defined by
the set of all words Σ∗ :=

⋃︁
n≥0Σ

n over Σ together with the concatenation operation
with neutral element ε. A language is a subset L ⊆ Σ∗. We extend the concatenation
to languages L, S ⊆ Σ∗ as LS := {uv | u ∈ L, v ∈ S} and write Ln for the n-fold
concatenation of L, where L0 := {ε}, and L∗ :=

⋃︁
n≥0 L

n. Furthermore, we define
L+ := L∗ \ {ε}.
For a word w = a1 . . . an ∈ Σ∗ with n ≥ 0 we call any word a1 . . . aj with j ∈ [0, n]

a prefix of w, any word ai . . . aj with i, j ∈ [1, n] an infix of w, any word ai . . . an with
i ∈ [1, n + 1] a suffix of w, and any word ai1 . . . aik with 1 ≤ i1 < · · · < ik ≤ n and
k ∈ [0, n] a subword of w.

Regular languages A nondeterministic finite automaton (NFA) over the alphabet Σ is
a tuple A = (Q,Σ,∆, q0, F ) where Q is a finite set of states, ∆ ⊆ Q× (Σ ∪ {ε})×Q is
a transition relation, q0 ∈ Q is an initial state, and F ⊆ Q is a set of final states.

A run of A on a word w ∈ Σ∗ is a non-empty sequence of transitions

(p0, a1, p1)(p1, a2, p2) . . . (pn−1, an, pn) ∈ ∆∗,

written as p0
w−→ pn, such that w = a1 . . . an. If p0 = pn, then p0

ε−→ pn always denotes
a run on the empty word. A run is accepting if p0 = q0 and pn ∈ F . A word w ∈ Σ∗ is
accepted by A if there exists an accepting run of A on w. We denote by L(A) ⊆ Σ∗ the
language of words that are accepted by A. A language L ⊆ Σ∗ is said to be regular if
there exists an NFA A such that L = L(A).
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Remark 2.3.1. Note that for NFAs and all following models of automata, we assume
that the alphabet Σ is not part of the representation. Instead, in our algorithms we will
always work with the subalphabet of Σ that is implicitly given by the transitions. This
will be important when the implicitly given alphabet is much smaller than Σ. However,
for simpler notation, we will mostly identify the implicitly given alphabet by the full
alphabet Σ.

We will also write the transition relation ∆ as a (sometimes partial) function δ : Q×
(Σ ∪ {ε})→ 2Q. Note that in the above definition we allow A to have ε-transitions, i.e.
A can change its state along these transitions without consuming any input symbols.
However, allowing ε-transitions does not significantly strengthen the model since they
can be eliminated as shown in the following proposition (see e.g. [Sip97]).

Proposition 2.3.2. Given an NFA A, one can compute in polynomial time an NFA A′

without ε-transitions such that L(A) = L(A′).

Proof. Let A = (Q,Σ, δ, q0, F ). For a subset S ⊆ Q let E(S) := {q′ | ∃q ∈ S : q →∗
ε q

′}
be the ε-closure of S, where →∗

ε denotes the reachability relation in A that only uses
ε-transitions. Now let E(A) := (Q,Σ, E(δ), E({q0}), F ) where E(δ)(q, a) := E(δ(q, a))
for all q ∈ Q and a ∈ Σ. Here, the multiple initial states can be replaced with a new
unique initial state q′0 /∈ Q with E(δ)(q′0, a) :=

⋃︁
q∈E({q0}) δ(q, a) for all a ∈ Σ.

A deterministic finite automaton (DFA) over the alphabet Σ is an NFA A =
(Q,Σ,∆, q0, F ) such that the transition relation ∆ defines a function Q× Σ→ Q.
Note that due to determinism, for every word w ∈ Σ∗ there exists a unique run of the

DFA A on w. As discussed in Remark 2.3.1, the transition function of a DFA implicitly
defines a subalphabet of Σ, i.e. technically it is a function Q×Σ′ → Q for some alphabet
Σ′ ⊆ Σ.
It was already observed by Rabin and Scott [RS59] that deterministic finite automata

are as powerful as their nondeterministic counterparts since every NFA can be converted
to a DFA that accepts the same language. This means that DFAs accept exactly the set
of regular languages. The conversion is even effective:

Proposition 2.3.3. Given an NFA A, one can compute in polynomial space a DFA A′

such that L(A) = L(A′).

Proof. Let A = (Q,Σ, δ, q0, F ). By Proposition 2.3.2, we can assume that A does not
contain any ε-transitions. The proof uses the so-called subset construction. We define
the DFA A′ := (2Q,Σ, δ′, {q0}, F ′) where δ′(S, a) :=

⋃︁
q∈S δ(q, a) for all S ∈ 2Q and

a ∈ Σ and F ′ := {S ∈ 2Q | S ∩ F ̸= ∅}.

The class of regular languages enjoys many nice properties. One of them is closure
under Boolean operations (union, intersection, complement).

Proposition 2.3.4. Given NFAs A1 and A2, one can compute

1) in logspace an NFA A such that L(A) = L(A1)∪L(A2). Moreover, the construction
preserves determinism.
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2) in logspace an NFA A such that L(A) = L(A1)∩L(A2). Moreover, the construction
preserves determinism.

3) in polynomial space a DFA A such that L(A) = L(A1). Moreover, if A1 is a DFA,
then the construction requires only logspace.

Proof. Let A1 = (Q1,Σ, δ1, q
1
0, F1) and A2 = (Q2,Σ, δ2, q

2
0, F2) be NFAs with the same

implicitly given alphabets. For 1) and 2) we use a product construction where we assume
that A1 and A2 are complete, i.e. δi(q, a) ̸= ∅ for all i ∈ {1, 2}, q ∈ Qi, and a ∈ Σ
(restricted to the implicitly given subalphabet). In the presence of ε-transitions, we also
add ε-self-loops to all states of A1 and A2. Note that every NFA can be made complete in
logspace by adding a designated error state from which every word is rejected. We define
the NFA A := (Q1×Q2,Σ, δ, (q

1
0, q

2
0), F ) where δ((p1, p2), a) := δ1(p1, a)×δ2(p2, a) for all

q1 ∈ Q1, q2 ∈ Q2, and a ∈ Σ and F := F1×Q2 ∪Q1×F2 in case of 1) and F := F1×F2

in case of 2).

To show 3), we first assume that A1 is a DFA. Then the DFA A := (Q1,Σ, δ1, q
1
0, Q \

F1) accepts the complement of L(A1). If A1 is an NFA, we use Proposition 2.3.3 to
determinize A1 first.

Note that L(A1) in Proposition 2.3.4 only refers to the complement with respect to
the implicitly given alphabet by A1.

The non-emptiness problem over regular languages asks whether the language accepted
by a given finite automaton is non-empty.

Proposition 2.3.5. Given a regular language L by an NFA or DFA, it is NL-complete
to decide whether L ̸= ∅.

Proof. We show that the problem is logspace equivalent to the reachability problem in a
directed graph which is well-known to be NL-complete (e.g. see [AB09]). The language
accepted by an NFA is non-empty if and only if there exists a path from the initial to the
final state (we can assume that NFAs only have one final state). Thus, given an NFA A
for L, we have that L ̸= ∅ if and only if in the directed graph defined by A (by ignoring
the edge labels) the final state is reachable from the initial state. Conversely, given a
directed graph G with starting vertex s and target vertex t, we construct an DFA A
with transitions (p, ap,q, q) for every edge (p, q) of G and unique symbol ap,q, where the
initial state is s and the single final state is t. Then t is reachable from s in G if and
only if L(A) ̸= ∅.

The intersection non-emptiness problem over regular languages asks whether the ac-
cepted languages of a given sequence of automata have a non-empty intersection. Again,
this problem has the same complexity for NFAs and DFAs, but it is much higher than
the complexity of the non-emptiness problem since the number of given automata is part
of the input.

Proposition 2.3.6. Given a sequence A1, . . . ,An of NFAs (resp. DFAs), it is PSPACE-
complete to decide whether L(A1) ∩ · · · ∩ L(An) ̸= ∅.
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Proof. For the upper bound we first compute an NFA A for the intersection and then
check non-emptiness in nondeterministic logspace given A using Proposition 2.3.5. Note
that this results in a polynomial-space algorithm since the number n of given automata is
part of the input and the product construction from Proposition 2.3.4 for the intersection
of n automata incurs an exponential blow-up in n but can still be computed in polynomial
space.

The lower bound was shown by Kozen [Koz77] and already holds for DFAs. The idea
is to compute from a given polynomial-space bounded deterministic Turing machine a
sequence of DFAs such that the intersection of their accepted languages is precisely the
set of encodings of accepting computations of the given Turing machine.

The universality problem asks whether the complement of a given regular language
is empty. The following proposition shows that if the regular language is given by an
NFA, then the exponential blow-up for the complementation of NFAs is in some sense
unavoidable.

Proposition 2.3.7. Given a regular language L, deciding whether L = ∅ is PSPACE-
complete if L is given by an NFA and NL-complete if L is given by a DFA.

Proof. The upper bounds follow from Proposition 2.3.4 by computing an automaton for
the complement and checking with Proposition 2.3.5 whether the complement is empty.
P-hardness for DFAs follows from a reduction from the emptiness problem, which by
Proposition 2.3.5 is NL-complete, since a DFA for the complement can be computed
in logspace using Proposition 2.3.4. The PSPACE lower bound for NFAs can be shown
by a reduction from non-acceptance of polynomial-space bounded deterministic Turing
machines and was first shown by Meyer and Stockmeyer [MS72].

2.3.2 Languages over Infinite Words

In the following we introduce the notions of automata over infinite words that are needed
in this thesis. For a more detailed overview we refer to [GTW02].

An infinite word over an alphabet Σ is an infinite sequence a1a2 . . . of symbols ai ∈ Σ.
We denote by Σω the set of all infinite words over Σ. An ω-language is a subset L ⊆ Σω.

ω-regular languages A nondeterministic Büchi automaton (NBA) over the alphabet
Σ has the same format as an NFA B = (Q,Σ,∆, q0, F ). A run of B on an infinite word
w ∈ Σω is an infinite sequence of transitions (p0, a1, p1)(p1, a2, p2) . . . ∈ ∆ω, written as
p0

w−→ pn, such that w = a1a2 . . . . A run is accepting if p0 = q0 and pi ∈ F for infinitely
many i ≥ 0. We denote by L(B) ⊆ Σω the language of infinite words that are accepted
by B, i.e. on which there exists an accepting run of B. An ω-language L ⊆ Σω is said to
be ω-regular if there exists an NBA B such that L = L(B).

Unlike in the finite-word case, deterministic Büchi automata (DBA), where ∆ defines
a function from Q × Σ to Q, are less expressive than nondeterministic ones. However,
there are deterministic models that capture the whole class of ω-regular languages. One
of them are deterministic parity automata. A deterministic parity automaton (DPA)
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over the alphabet Σ is a tuple B = (Q,Σ,∆, q0, c) where Q, ∆, and q0 are as in a DBA
and c : Q→ {1, . . . , k} for k ∈ N is a coloring function of states. For a run ρ of B on an
infinite word let Inf(ρ) ⊆ Q denote the set of states that occur infinitely often in ρ. The
run ρ is accepting if min{c(q) | q ∈ Inf(ρ)} is even.

As already mentioned, for every NBA there exists a DPA that accepts the same ω-
language. Construction is even effective and an exponential-time upper bound was first
given by Safra [Saf88], known as Safra’s construction.

Proposition 2.3.8. Given an NBA B, one can compute in exponential time a DPA B′
such that L(B) = L(B′).

Note that Safra’s construction originally produces a deterministic Rabin automaton,
for which the construction is optimal, but the Rabin acceptance condition can easily
be converted to a parity acceptance condition. Construction in the reverse direction is
much simpler [KKV01].

Proposition 2.3.9. Given a DPA B, one can compute in logspace an NBA B′ such that
L(B) = L(B′).

The class of ω-regular languages is closed under Boolean operations. For union and
intersection constructions are similar as in the finite-word case. Complementation of
an ω-regular language given as a DPA is also easy by assigning every state p the color
c(p)+1. If we are given an NBA instead, an NBA for the complement can be computed
in polynomial space [SVW87].

Proposition 2.3.10. Given NBAs (resp. DPAs) B1 and B2, one can compute

1) in logspace an NBA (resp. DPA) B such that L(B) = L(B1) ∪ L(B2).

2) in logspace an NBA (resp. DPA) B such that L(B) = L(B1) ∩ L(B2).

3) in polynomial space (resp. logspace) an NBA (resp. DPA) B such that L(B) =
L(B1).

We call an infinite word w ∈ Σω ultimately periodic if it can be written as w = uvω

for finite words u, v ∈ Σ∗ with |v| > 0. Here, vω denotes the infinite concatenation of v
with itself. The following lemma is well-known.

Lemma 2.3.11. Every non-empty ω-regular language contains an ultimately periodic
word.

Proof. Let B = (Q,Σ,∆, q0, F ) be an NBA that accepts at least one infinite word. Let
w = a1a2 . . . ∈ L(B) and ρ = (p0, a1, p1)(p1, a2, p2) . . . be an accepting run of B on w.
Since ρ is accepting, some final state q ∈ F must appear infinitely often in ρ, i.e. there
are 0 ≤ i1 < i2 < . . . such that pij = q for all j ≥ 1. Now, the ultimately periodic word
a1 . . . ai1(ai1+1 . . . ai2)

ω is accepted by B.

We can use Lemma 2.3.11 to decide the non-emptiness problem for ω-regular lan-
guages.
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(a) An arranged tree domain.
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(b) A tree with tree domain as in (a).

Figure 2.1: Illustration of a tree domain and a corresponding tree. We also write a tree
as in (b) as a string a(b, c(a, b), d).

Proposition 2.3.12. Given an NBA B, it is NL-complete to decide whether L(B) ̸= ∅.

Proof. Let B = (Q,Σ,∆, q0, F ) be an NBA. By Lemma 2.3.11, it suffices to check
whether B accepts an ultimately periodic word. To this end, we nondeterministically
guess a final state q ∈ F and check whether q is reachable from q0 and q itself. This can
be done in nondeterministic logspace since reachability in a directed graph is in NL (see
e.g. [AB09]).
Note that NL-hardness follows from Proposition 2.3.5 by adding an infinite padding

to finite words.

2.3.3 Languages over Finite Trees

Recall that we formally only defined words over a finite alphabet, but we can generalize
the definition to infinite alphabets in the natural way, which allows us to write N∗ for
the set of all words over the natural numbers. A tree domain is a non-empty set D ⊆ N∗

such that

(i) D is prefix closed, i.e. uv ∈ D implies u ∈ D,

(ii) for all v ∈ N∗ and 1 ≤ j ≤ i if vi ∈ D, then vj ∈ D, and

(iii) each node v ∈ D has only finitely many children vi ∈ D where i ∈ N.

An unranked tree over an alphabet Σ is a function t : dom(t)→ Σ where dom(t) is a finite
tree domain. A ranked alphabet is a finite alphabet Σ where every symbol a ∈ Σ has a
rank rk(a) ≥ 0. A ranked tree is an unranked tree t such that every node v ∈ dom(t)
has rk(t(v)) many children. We denote the set of all ranked and unranked trees over Σ
by TΣ and UΣ, respectively. We call subsets of TΣ and UΣ tree languages. An example
of a tree and the corresponding tree domain is illustrated in Figure 2.1.

Tree-regular languages A nondeterministic (top-down) tree automaton (NTA) over
the ranked alphabet Σ is a tuple A = (Q,Σ,∆, q0) where Q is a finite set of states,
q0 ∈ Q is an initial state, and ∆ ⊆

⋃︁
a∈ΣQ × {a} × Qrk(a) is a transition relation.

A run of A on a tree t ∈ TΣ is a tree ρ ∈ UQ with dom(ρ) = dom(t) such that
(ρ(u), t(u), ρ(u1), . . . , ρ(ur)) ∈ ∆ for all nodes u ∈ dom(ρ) with rk(t(u)) = r. The
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run ρ is accepting if ρ(ε) = q0. As before, L(A) denotes the tree language of ranked
trees accepted by A, i.e. the set of all trees t ∈ TΣ such that there exists an accepting
run of A on t. A tree language is called tree-regular if it is accepted by some NTA.

We define a deterministic top-down tree automaton (D↓TA) as an NTA where the
transition relation ∆ defines a partial function from Q×Σ to

⋃︁
r≥0Q

r. However, D↓TAs
are strictly less expressive than NTAs. For example, consider the tree-regular language
L consisting of two trees a(b, c) and a(c, b). Any D↓TA accepting L would also accept
the trees a(b, b) and a(c, c), a contradiction. To be able to accept all tree-regular lan-
guages with a deterministic model, we need to process the input tree bottom-up. A
deterministic bottom-up tree automaton (D↑TA) over the ranked alphabet Σ is a tu-
ple A = (Q,Σ,∆, F ) where Q is a finite set of states, F ⊆ Q is a set of final states,
and ∆ ⊆

⋃︁
a∈ΣQ

rk(a) × {a} × Q is a transition relation that defines a function from
(
⋃︁

r≥0Q
r)×Σ to Q. A run of A on a tree t ∈ TΣ is a tree ρ ∈ TQ with dom(ρ) = dom(t)

such that (ρ(u1), . . . , ρ(ur), t(u), ρ(u)) ∈ ∆ for all nodes u ∈ dom(ρ) with rk(t(u)) = r.
The run ρ is accepting if ρ(ε) ∈ F . Note that similar to DFAs, we technically assume
that the transition relation of a D↑TA defines a function with respect to the implicitly
given subalphabet.
It is easy to see that every D↑TA can be converted to an NTA accepting the same

language by reverting the transitions and adding a new single initial state that simulates
all final states of the D↑TA.

Proposition 2.3.13. Given a D↑TA A, one can compute in logspace an NTA A′ such
that L(A) = L(A′).

For the reverse direction we can use a subset construction similarly as in the conver-
sion from NFA to DFA. This, however, results in an exponential blow-up. We refer to
[Com+08] for more details.

Proposition 2.3.14. Given an NTA A, one can compute in polynomial space a D↑TA
A′ such that L(A) = L(A′).

Note that there is also the notion of nondeterministic bottom-up tree automata that
is equivalent to NTAs by reverting the transitions.
The class of tree-regular relations is closed under Boolean operations. The proof is

similar to the one in the word case, i.e. it uses a product construction for union and
intersection and Proposition 2.3.14 for the complement.

Proposition 2.3.15. Given NTAs (resp. D↑TAs) A1 and A2, one can compute

1) in logspace an NTA (resp. D↑TA) A such that L(A) = L(A1) ∪ L(A2).

2) in logspace an NTA (resp. D↑TA) A such that L(A) = L(A1) ∩ L(A2).

3) in polynomial space (resp. logspace) a D↑TA A such that L(A) = L(A1).

As over words, the complement is with respect to the implicitly given alphabet. We
remark that the class of tree languages accepted by D↓TAs is closed under intersection
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(using the product construction) but not under union and complement. To see this, we
again consider the tree-regular language L consisting of the trees a(b, c) and a(c, b). As
observed above, L cannot be accepted by any D↓TA. However, L is the union of two
singleton tree languages that can be accepted by D↓TAs. Moreover, by closure under
intersection, this implies that the class of languages accepted by D↓TAs can neither
be closed under complement. However, we can efficiently compute an NTA for the
complement.

Proposition 2.3.16. Given a D↓TA A, one can compute in logspace an NTA A′ such
that L(A′) = L(A).

Proof. Let A = (Q,Σ,∆, q0) be a D↓TA and assume that Σ is the implicitly given
alphabet. We construct an NTA A′ = (Q′,Σ,∆′, q0) that nondeterministically guesses
one branch of the tree and verifies that it is not accepted by A. We define Q′ :=
Q ∪ {qacc} where qacc /∈ Q is a fresh state from which every tree will be accepted. For
all q

a−→ (q1, . . . , qr) in ∆ with r > 0 we let q
a−→ (qacc, . . . , qacc, qi, qacc, . . . , qacc) be in ∆′.

Furthermore, for all q ∈ Q and a ∈ Σ with rk(a) = r ≥ 0 such that there do not exist
q1, . . . , qr ∈ Q with q

a−→ (q1, . . . , qr) in ∆ we let q
a−→ (qacc, . . . , qacc) be in ∆′. Finally,

for all a ∈ Σ we let qacc
a−→ (qacc, . . . , qacc) be in ∆′.

The non-emptiness problem for tree-regular languages has the same complexity for
NTAs, D↑TAs, and D↓TAs.

Proposition 2.3.17. Given a tree-regular language L by an NTA, D↑TA, or D↓TAs, it
is P-complete to decide whether L ̸= ∅.

Proof. Let A = (Q,Σ,∆, q0) be an NTA and S ⊆ Q be initially empty. We will itera-
tively add states to S from which there exists a run of A on some tree. First, we add
for every transition (q, a) ∈ ∆ the state q to S. Then we check for every transition
(q, a, q1, . . . , qr) ∈ ∆ whether q1, . . . , qr ∈ S and if so, we add q to S. We repeat this
until either q0 is added to S, in which case L(A) ̸= ∅, or S does not change anymore
(and does not contain q0), in which case L(A) = ∅.

The P lower bound already holds for D↑TAs and D↓TAs (see [Com+08]).

Similar to the word case, the complexity of the intersection non-emptiness problem
over tree-regular languages is much higher than the complexity of the non-emptiness
problem since the number of given tree automata is part of the input.

Proposition 2.3.18. Given a sequence A1, . . . ,An of NTAs (resp. D↑TAs, D↓TAs), it
is EXP-complete to decide whether L(A1) ∩ · · · ∩ L(An) ̸= ∅.

Proof. For the upper bound we first compute an NTA A for the intersection and then
check non-emptiness in time polynomial in the size of A using Proposition 2.3.17. Note
that this results in an exponential-time algorithm since the number n of given tree
automata is part of the input and the product construction from Proposition 2.3.15 for
the intersection of n tree automata incurs an exponential blow-up in n.
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The lower bound for NTAs was shown by Frühwirth et al. [Frü+91]. It already holds
for D↑TAs and D↓TAs as proved in [Sei94]. The idea is to encode the computation of
a linear-space bounded alternating Turing machine as a tree and check with a sequence
of tree automata whether a tree corresponds to an accepting computation. Hence, the
intersection of the tree langauges accepted by the sequence of tree automata is non-empty
if and only if the Turing machine accepts.

For the universality problem, i.e. emptiness of the complement, one can show that the
exponential blow-up for the complementation of NTAs is in some sense unavoidable.

Proposition 2.3.19. Given a tree-regular language L, it is EXP-complete if L is given
by an NTA and P-complete if L is given by a D↑TA or D↓TA to decide whether L = ∅.

Proof. The upper bounds follow from Proposition 2.3.15 (resp. Proposition 2.3.16 for
D↓TAs) by computing an automaton for the complement and then checking with Propo-
sition 2.3.17 whether the complement is empty. P-hardness for D↑TAs and D↓TAs fol-
lows by a logspace reduction using Propositions 2.3.15 and 2.3.16 from the emptiness
problem, which is P-hard by Proposition 2.3.17. The EXP-lower bound for NTAs can be
shown by a reduction from non-acceptance of linear-space bounded alternating Turing
machines.

An alternating tree automaton (ATA) over the ranked alphabet Σ is a tuple A =
(Q,Σ, δ, q0) where Q is a finite set of states, q0 ∈ Q is an initial state, and δ : Q× Σ →
B+(Q × N) is a transition function with δ(q, a) ∈ B+(Q × {1, . . . , rk(a)}) for all q ∈ Q
and a ∈ Σ. Here, B+(Q×N) denotes the set of positive propositional formulas (i.e. only
using ∧ and ∨) over the set of variables Q×N. A formula without any variables is either
true, denoted by ⊤, or false, denoted by ⊥. For a set S ⊆ Q×N of variables and formula
φ we denote by S |= φ that if the variables in S are set to true and the variables not in
S are set to false, then φ is satisfied. For this, the semantics of propositional formulas
is defined as usual.

A run of A on a tree t ∈ TΣ is an unranked tree ρ over the alphabet Q× dom(t) such
that ρ(ε) = (q, ε) for some q ∈ Q and for each node u ∈ dom(ρ) with r ≥ 0 children and
ρ(u) = (q, w)

� there is a set S = {(q1, c1), . . . , (qr, cr)} ⊆ Q× {1, . . . , rk(t(w))} such that

� S |= δ(q, t(w)) and

� ρ(ui) = (qi, wci) for all i ∈ [1, r].

The run ρ is accepting if ρ(ε) = (q0, ε). Again, the tree language L(A) accepted by A
consists of all trees on which there is an accepting run of A.
Intuitively, an ATA can create at every node of the input tree multiple copies of itself

and start them in some state at some child. Then it checks whether the set of copies
whose runs were accepting satisfies the formula given by the transition. Note that if w is
a leaf, then the run checks for the corresponding run node (q, w) whether δ(q, t(w)) = ⊤.
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An NTA can be seen as a special ATA where for all q ∈ Q and a ∈ Σ the transition

formula δ(q, a) is a disjunction of conjunctions
⋀︁rk(a)

i=1 (qi, i). Conversely, every ATA can
be converted to an NTA, i.e. ATAs accept precisely the tree-regular languages. However,
ATAs are more succinct.

Proposition 2.3.20. Given an ATA A, one can compute in polynomial space a D↑TA
A′ such that L(A) = L(A′).

Proof. Let A = (Q,Σ, δ, q0). We use a subset construction to define the D↑TA A′ :=
(2Q,Σ, δ′, F ′) with F ′ := {S ∈ 2Q | q0 ∈ S} and

δ′(S1, . . . , Sr, a) := {q ∈ Q | S1 × {1} ∪ · · · ∪ Sr × {r} |= δ(q, a)}

for all a ∈ Σ with r := rk(a) and S1, . . . , Sr ∈ 2Q. We refer to [Com+08] for the
correctness proof by induction.

We consider ATAs due to their efficient closure under Boolean operations even if the
number of given automata is part of the input.

Proposition 2.3.21. Given ATAs A1, . . . ,An, one can compute in linear time ATAs
for

⋃︁n
i=1 L(Ai),

⋂︁n
i=1 L(Ai), and L(A1).

Proof. For every i ∈ [1, n] let Ai = (Qi,Σ, δi, q
i
0), where we assume that

⋂︁n
i=1Qi = ∅. For

union and intersection we define the ATA A := (Q,Σ, δ, q0) where Q := {q0} ∪
⋃︁n

i=1Qi

for a fresh initial state q0 /∈
⋃︁n

i=1Qi and for all a ∈ Σ let δ(qi, a) := δi(qi, a) for all
i ∈ [1, n] and qi ∈ Qi and δ(q0, a) := δ1(q

1
0, a) ∗ · · · ∗ δn(qn0 , a), where ∗ := ∨ for union

and ∗ := ∧ for intersection.
To accept the complement of L(A1), we exchange ∧ and ∨ (resp. ⊤ and ⊥) in the

transitions of A1.

2.3.4 Languages over Infinite Trees

We define infinite unranked trees and infinite ranked trees as in the finite case but with
infinite domains, i.e. as functions t : dom(t)→ Σ for an infinite tree domain dom(t) and
an (ranked) alphabet Σ. Recall that by the definition of tree domains, every node, even
in unranked infinite trees, can only have finitely many children (a.k.a. finitely branching).
We denote the set of all finite and infinite unranked trees over the alphabet Σ by U∞

Σ

and the set of all finite and infinite ranked trees over the ranked alphabet Σ by T ∞
Σ . We

will use the tree version of a statement shown by Kőnig [Kőn27].

Lemma 2.3.22 (Kőnig’s Lemma). Every finitely branching infinite tree contains an
infinite path.

A nondeterministic Büchi tree automaton (NBTA) over the ranked alphabet Σ is a
tuple A = (Q,Σ,∆, q0, F ) where Q, ∆, and q0 are as in the definition of an NTA and
F ⊆ Q is a set of final states. A run of A on a finite or infinite ranked tree t ∈ T ∞

Σ

is a tree ρ ∈ T ∞
Q with dom(ρ) = dom(t) such that (ρ(u), t(u), ρ(u1), . . . , ρ(ur)) ∈ ∆
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for all nodes u ∈ dom(ρ) with rk(t(u)) = r. The run ρ is accepting if ρ(ε) = q0 and
every infinite path of ρ contains infinitely many nodes u with ρ(u) ∈ F . As usual, L(A)
denotes the tree language accepted by the NBTA A.
Note that in the literature the acceptance condition of NBTAs is sometimes defined

such that every path contains infinitely many nodes with labels in F (see e.g. [Tho90]).
In this case only trees where every path is infinite can be accepted. Clearly, our definition
is a generalization since we also allow trees with finite paths. Conversely, every set of
finite or infinite trees can be transformed to a set of trees with only infinite paths by
padding every finite path with an infinite chain of nodes labeled with a fresh padding
symbol. Thus, the two models can simulate each other.
The class of tree languages accepted by NBTAs is closed under union and intersection

[Rab70].

Proposition 2.3.23. Given NBTAs A1 and A2, one can compute in logspace an NBTA
for L(A1) ∪ L(A2) and L(A1) ∩ L(A2).

Proof. For the union we can just add a new initial state that combines the transitions
of the initial states of A1 and A2. Here, we assume that the state sets of A1 and A2 are
disjoint.
For the intersection we use a product construction where we additionally check that

on infinite paths final states of both A1 and A2 are visited infinitely often. Let A1 =
(Q1,Σ,∆1, q

1
0, F1) and A2 = (Q2,Σ,∆2, q

2
0, F2). We construct A := (Q,Σ,∆, q0, F ) for

L(A1) ∩ L(A2) with Q := Q1 × Q2 × {1, 2}, q0 := (q10, q
2
0, 1), and F := Q1 × F2 × {2}

and ∆ contains for all a ∈ Σ with r := rk(a) the transitions

� (p, q, 1)
a−→ ((p1, q1, 1), . . . , (pr, qr, 1)) for all (p, a, p1, . . . , pr) ∈ ∆1 with p /∈ F1 and

(q, a, q1, . . . , qr) ∈ ∆2,

� (p, q, 1)
a−→ ((p1, q1, 2), . . . , (pr, qr, 2)) for all (p, a, p1, . . . , pr) ∈ ∆1 with p ∈ F1 and

(q, a, q1, . . . , qr) ∈ ∆2,

� (p, q, 2)
a−→ ((p1, q1, 2), . . . , (pr, qr, 2)) for all (p, a, p1, . . . , pr) ∈ ∆1 and

(q, a, q1, . . . , qr) ∈ ∆2 with q /∈ F2,

� (p, q, 2)
a−→ ((p1, q1, 1), . . . , (pr, qr, 1)) for all (p, a, p1, . . . , pr) ∈ ∆1 and

(q, a, q1, . . . , qr) ∈ ∆2 with q ∈ F2.

Intuitively, the third component indicates whether we want to see a final state of A1 or
of A2 next.

Note that, as shown by Rabin [Rab70], the class of tree languages accepted by NBTAs
is not closed under complement. For example, the language of trees containing a path
with infinitely many a, for a fixed symbol a, can be accepted by an NBTA, but its
complement, i.e. the language of trees where all paths contain only finitely many a,
cannot be accepted by any NBTA.
As in the finite tree case, the non-emptiness problem for tree languages given by

NBTAs is P-complete.
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Proposition 2.3.24. Given an NBTA A, it is P-complete to decide whether L(A) ̸= ∅.

Proof. Let A = (Q,Σ,∆, q0, F ) be an NBTA. For a subset Q′ ⊆ Q and state q ∈ Q′

we define the NTA A′
Q′,q := (Q′,Σ#,∆

′, q) where Σ# := Σ ∪ {#} with # /∈ Σ and
rk(#) := 0 and ∆′ := ∆∪ {(f,#) | f ∈ F ∩Q′}. The algorithm proceeds iteratively. At
the beginning let Q′ := Q. In each step use Proposition 2.3.17 to check for all q ∈ Q′

whether L(A′
Q′,q) ̸= ∅. Then the new Q′ consists of all states for which this check was

successful. Repeat this process until Q′ does not change anymore. It is easy to verify
that at the end q0 ∈ Q′ if and only if L(A) ̸= ∅. Moreover, the algorithm clearly runs in
polynomial time using Proposition 2.3.17. We refer to [Rab70] for more details.
The lower bound is inherited from the non-emptiness problem for tree-regular lan-

guages given by NTAs, which by Proposition 2.3.17 is P-complete.

2.3.5 Relations over Finite Words

Let Σ be a finite alphabet. The product of k free monoids (Σ∗)k forms a monoid
with componentwise multiplication (u1, . . . , uk)(v1, . . . , vk) = (u1v1, . . . , ukvk). We often
denote word tuples by boldface letters u and denote its i-th entry by ui. As usual,
we identify a pair of tuples (u,v) with the concatenation of u and v. Furthermore,
ε = (ε, . . . , ε) denotes a tuple of empty words of appropriate dimension. The length of a
word tuple ∥u∥ =

∑︁k
i=1 |ui| is the combined length of its entries.

Rational relations A k-tape automaton A = (Q,Σ,∆, q0, F ) over the alphabet Σ con-
sists of a finite state set Q, an initial state q0, a set F ⊆ Q of final states, and a finite
set of transitions ∆ ⊆ Q× (Σ∗)k ×Q.
A run of A on a tuple w ∈ (Σ∗)k is a non-empty sequence of transitions

(p0,w1, p1)(p1,w2, p2) . . . (pn−1,wn, pn) ∈ ∆∗,

written as p0
w−→ pn, such that w = w1 . . .wn. If p0 = pn, we always call p0

ε−→ pn a run
on the tuple of empty words. The relation R(A) accepted by A consists of all tuples
w ∈ (Σ∗)k such that A has an accepting run on w, i.e. a run from the initial to a final
state. Relations accepted by k-tape automata are called rational and we denote the class
of rational relations by Rat.
Note that 1-tape automata are a generalization of NFAs where the automaton is

allowed to read more than one symbol at a time. It is easy to see that those two models
are logspace equivalent.
Intuitively, a k-tape automaton (or multitape automaton if the number of tapes is

not relevant) has access to multiple tapes through a designated read head for each tape.
Those heads can move in an arbitrary, asynchronous way but only from left to right (i.e.
from the beginning to the end of a word).
It was shown by Elgot and Mezei [EM65] that the class of rational relations is closed

under union but not under intersection and complement. However, the intersection of a
rational relation with a recognizable relation (defined below) is again rational. It is easy
to see that Rat is also closed under projection.
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Proposition 2.3.25. The class Rat is closed under union, projection, and intersection
with recognizable relations.

Deterministic rational relations For k-tape automata over the alphabet Σ we define the
sets H1, . . . ,Hk by Hi = {ε}i−1 ×Σ× {ε}k−i. A k-tape automaton A = (Q,Σ,∆, q0, F )
is deterministic if (i) Q is equipped with a partition into sets Q =

⋃︁k
i=1Qi, (ii) the

transition relation has the form ∆ ⊆
⋃︁k

i=1Qi×Hi×Q, and (iii) for every (p, h) ∈ Qi×Hi

there exists exactly one transition (p, h, q) ∈ ∆. For convenience, we represent ∆ as a
transition function δ : Q× Σ→ Q instead.
Intuitively, a state of a deterministic k-tape automaton already determines from which

tape the next symbol is read and together with the symbol it determines the succeeding
state. Observe that deterministic 1-tape automata are precisely DFAs.
A relation R ⊆ (Σ∗)k is deterministic rational if there exists a deterministic k-tape

automaton A such that R(A) = {(w1⊣, . . . , wk⊣) | (w1, . . . , wk) ∈ R} where ⊣ /∈ Σ is a
fresh endmarker. We let DRat denote the class of all deterministic rational relations.
The endmarker is used to allow the deterministic multitape automaton to recognize the
end of its tapes. For example, the relation R = {(a, ε), (ε, b)} would not be determin-
istic rational without the endmarker since the initial state of any deterministic 2-tape
automaton already determines whether the first symbol is read from the first or the
second tape, meaning that it cannot accept both (a, ε) and (ε, b). However, if we allow
the endmarker, then a deterministic 2-tape automaton for {(a⊣,⊣), (⊣, b⊣)} can easily
be constructed.
Deterministic rational relations were introduced by Rabin and Scott [RS59], who

showed that the class of deterministic rational relations is closed under complement
but not under union and intersection.

Regular relations Let ⊥ /∈ Σ be a fresh padding symbol and Σ⊥ := Σ∪{⊥}. For words
w1, . . . , wk ∈ Σ∗ with wi = ai,1 . . . ai,ni we define the convolution w1⊗ · · · ⊗wk of length
n := max{n1, . . . , nk} by

w1 ⊗ · · · ⊗ wk :=

⎡⎢⎣w1
...
wk

⎤⎥⎦ :=

⎛⎜⎝a
′
1,1
...

a′k,1

⎞⎟⎠ . . .

⎛⎜⎝a
′
1,n
...

a′k,n

⎞⎟⎠ ∈ (︁
(Σ⊥)

k
)︁∗

where a′i,j = ai,j if j ≤ ni and a
′
i,j = ⊥ otherwise. A relation R ⊆ (Σ∗)k over words is

regular (a.k.a. synchronous, automatic) if ⊗R := {w1 ⊗ · · · ⊗ wk | (w1, . . . , wk) ∈ R} is
a regular language. A regular relation R is always given by a finite automaton for the
language ⊗R. The class of regular relations is denoted by Reg. Clearly, the regular
relations of arity 1 coincide with the regular languages.

Example 2.3.26. Note that convolution is not associative. For example, we have

(a⊗ bb)⊗ ccc =

⎛⎝ab
c

⎞⎠⎛⎝⊥b
c

⎞⎠(︃
⊥
c

)︃
̸=

⎛⎝ab
c

⎞⎠⎛⎝⊥b
c

⎞⎠⎛⎝⊥⊥
c

⎞⎠ = a⊗ bb⊗ ccc
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where (a⊗ bb)⊗ ccc is a word over the alphabet ((Σ⊥)
2 ∪ Σ⊥)

2 rather than (Σ⊥)
3.

In terms of multitape automata, a regular relation can be described by a multitape
automaton that in each step reads exactly one symbol from every tape or ε, but then
it cannot read a symbol from this tape again. This means that the heads move syn-
chronously until the end of some tape is reached at which point the other heads are
allowed to make further steps. Such a multitape automaton can easily be made de-
terministic, so that the regular relations form a subclass of the deterministic rational
relations. Note that without padding symbol (or allowing other heads to continue read-
ing) regular relations could only relate words of the same length.
By definition, the class of regular relations inherits closure under Boolean operations

from regular languages (Proposition 2.3.4). Recall that for a k-ary relation R and a set
I ⊆ [1, k] we write πI(R) for the projection of R to the components in I. The following
proposition shows that the class of regular relations is closed under projection. Note,
however, that even if we start with a deterministic automaton, the automaton for the
projection may be nondeterministic.

Proposition 2.3.27. Given an NFA A for a regular relation R ⊆ (Σ∗)k with k ≥ 1 and
a set I ⊆ [1, k], one can compute in logspace an NFA A′ for the relation πI(R).

Proof. Let I = {i1, . . . , iℓ} with i1 < · · · < iℓ. We can construct A′ from A by replacing
every transition (p, (a1, . . . , ak), q) with (p, (ai1 , . . . , aiℓ), q) if aij ̸= ⊥ for some j ∈ [1, ℓ]
and with (p, ε, q) otherwise.

Recognizable relations A k-ary relation R on words is recognizable if it is a finite union
R =

⋃︁n
i=1 Li,1 × · · · × Li,k of Cartesian products of regular languages Li,j . We denote

the class of recognizable relations by Rec. Note that recognizability is originally an
algebraic notion that for relations on words coincides with the above definition. We
refer to [Sak09] for more details on the algebraic point of view.
Equivalently, recognizable relations are those that are accepted by independent mul-

titape automata. An independent k-tape automaton is a tuple I = (A1, . . . ,Ak, F )
consisting of DFAs Ai without final states and a set of state tuples F ⊆ Q1 × · · · ×Qk

where Qi is the state set of Ai. The relation R(I) accepted by I is the set of all word-
tuples (w1, . . . , wk) such that for each i ∈ [1, k] the unique run of Ai on wi ends in a
state qi ∈ Qi and it holds that (q1, . . . , qk) ∈ F . Intuitively, an independent multitape
automaton consists of a separate automaton for each tape and they can only commu-
nicate via the states reached at the end of the runs. Clearly, an independent multitape
automaton can be simulated by a single DFA with padding using a product construction
(although the representation as independent multitape automaton is more succinct).
Thus, recognizable relations are special regular relations.
Using standard set theoretic identities and the closure properties of regular languages

(Proposition 2.3.4), it is straightforward to show that the class of recognizable relations
is closed under Boolean operations and projection.

Proposition 2.3.28. The class Rec is closed under union, intersection, complement,
and projection.
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(a) NFA for the regular relation R2 :=
{(x, y) | x is a prefix of y}.
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(c) 2-tape automaton for the rational rela-
tion R4 := {(x, y) | x is an infix of y},
where ∗ is any symbol from Σ.
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(b) Deterministic 2-tape automaton for the
deterministic rational relation R3 :=
{(x, y) | x is a subword of y}, where
the error state is omitted.

Figure 2.2: Examples of regular, deterministic rational, and rational relations over the
alphabet Σ = {a, b}.

By definition or as argued above, the introduced classes form a hierarchy

Rec ⊊ Reg ⊊ DRat ⊊ Rat

where strictness of the inclusions is illustrated by the following examples.

Example 2.3.29. The relation R1 := {(x, y) | |x| + |y| ≥ 2} over any alphabet Σ is
recognizable since it can be written as the union of the Cartesian products Σ≥2 × Σ∗,
Σ≥1×Σ≥1, and Σ∗×Σ≥2, where Σ≥ℓ contains all words of length at least ℓ. The prefix
relation R2 := {(x, y) | x is a prefix of y} is regular as shown in Figure 2.2a, but clearly
not recognizable. The relation R3 := {(x, y) | x is a subword of y} is deterministic
rational, where the deterministic automaton depicted in Figure 2.2b greedily embeds x
into y, but not regular. The relation R4 := {(x, y) | x is an infix of y} is rational as
shown in Figure 2.2c but not deterministic rational.

2.3.6 Relations over Infinite Words

A similar hierarchy of classes of relations can be defined over infinite words. Here, we
extend the models over finite words to infinite words by utilizing the Büchi or parity
acceptance condition.
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ω-rational relations We extend the notion of a run of a k-tape automaton A =
(Q,Σ,∆, q0, F ) on a tuple of infinite words w ∈ (Σω)k as an infinite sequence of transi-
tions

(p0,w1, p1)(p1,w2, p2) . . . ∈ ∆ω

such that w = w1w2 . . . . We use the Büchi acceptance condition, i.e. the above run
is accepting if p0 = q0 and pi ∈ F for infinitely many i ≥ 0. The automaton model
with the above semantics is called k-tape Büchi automaton. Relations on infinite words
accepted by k-tape Büchi automata are called ω-rational. We denote the class of ω-
rational relations by ω-Rat. Note that the ω-rational relations of arity 1 are exactly the
ω-regular languages, i.e. those accepted by NBAs.

Deterministic ω-rational relations As already mentioned in Section 2.3.2, determin-
istic Büchi automata are strictly less expressive than their nondeterministic version.
For this reason, we use the parity acceptance condition to define the notion of de-
terministic ω-rational relations. A deterministic k-tape parity automaton is a tuple
A = (Q,Σ,∆, q0, F, c) that extends a deterministic k-tape automaton with a coloring
function c : Q → {1, . . . , ℓ} for ℓ ∈ N. Then a run of A on a tuple of infinite words is
accepting if it starts with q0 and the minimal color of states occurring infinitely often in
the run is even. We call the relations accepted by deterministic k-tape parity automata
deterministic ω-rational and denote the class of deterministic ω-rational relations by
ω-DRat. Again, note that deterministic ω-rational relations of arity 1 coincide with the
languages accepted by DPAs.

ω-regular relations The convolution on infinite words w1, . . . , wk ∈ Σω with wi =
ai,1ai,2 . . . is defined similarly as in the finite-word case as

w1 ⊗ · · · ⊗ wk :=

⎡⎢⎣w1
...
wk

⎤⎥⎦ :=

⎛⎜⎝a1,1...
ak,1

⎞⎟⎠
⎛⎜⎝a1,2...
ak,2

⎞⎟⎠ . . . ∈ (Σk)ω

where we do not need a padding symbol. A relation R ⊆ (Σω)k on infinite words is
ω-regular if ⊗R := {w1 ⊗ · · · ⊗ wk | (w1, . . . , wk) ∈ R} is an ω-regular language. We
always assume that an ω-regular relation R is given by an automaton for ⊗R. The class
of ω-regular relations is denoted by ω-Reg.
The class of ω-regular relations enjoys by definition the same closure properties as

ω-regular languages (Proposition 2.3.10). Moreover, with the same construction as in
Proposition 2.3.27, we can show that ω-regular relations are also closed under projection.

Proposition 2.3.30. Given an NBA A for an ω-regular relation R ⊆ (Σω)k with k ≥ 1
and a set I ⊆ [1, k], one can compute in logspace an NBA A′ for the relation πI(R).

In Lemma 2.3.11 we saw that every non-empty ω-regular language contains an ulti-
mately periodic word. This observation can easily be extended to ω-regular relations:
Let R ⊆ (Σω)k be a non-empty ω-regular relation. By Lemma 2.3.11, there exists an
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ultimately periodic word uvω ∈ ⊗R with u = u1 ⊗ · · · ⊗ uk and v = v1 ⊗ · · · ⊗ vk such
that |u1| = · · · = |uk| and |v1| = · · · = |vk|. This ultimately periodic word corresponds
to a tuple of ultimately periodic words (u1v

ω
1 , . . . , ukv

ω
k ) ∈ R. Using the techniques

from [LS19b], we can show a similar statement for the equivalence classes of ω-regular
equivalence relations.

Lemma 2.3.31. Let E ⊆ (Σω)k × (Σω)k be an ω-regular equivalence relation. If E has
finite index, then every equivalence class of E contains a tuple of ultimately periodic
words. If E has infinite index, then there exist infinitely many equivalence classes, each
of which contains a tuple of ultimately periodic words.

Proof. By the above observation, we can pick a tuple u1 of ultimately periodic words
from (Σω)k. By the closure properties of ω-regular relations, (Σω)k \ [u1] is again ω-
regular, where [u1] denotes the E-equivalence class of u1. We repeat this process for
(Σω)k \ [u1] as long as the set is non-empty. If E has finite index, then we will eventually
pick tuples of ultimately periodic words for all finitely many equivalence classes. If E
has infinite index, we obtain an infinite set of tuples of ultimately periodic words from
pairwise distinct equivalence classes in the limit.

ω-recognizable relations The smallest class of relations over infinite words that we
consider is the class of ω-recognizable relations, denoted by ω-Rec. A k-ary relation
R on infinite words is ω-recognizable if it is a finite union R =

⋃︁n
i=1 Li,1 × · · · × Li,k of

direct products of ω-regular languages Li,j . Using Proposition 2.3.10, it is easy to show:

Proposition 2.3.32. The class ω-Rec is closed under union, intersection, complement,
and projection.

As in the finite-word case, the introduced classes of relations on infinite words form a
strict hierarchy.

ω-Rec ⊊ ω-Reg ⊊ ω-DRat ⊊ ω-Rat

Examples of relations for each of the four classes can be obtained from Example 2.3.29
by adding an infinite padding to words.

2.3.7 Relations over Finite Trees

Rational relations can also be defined over trees (see [Rao97; Rad08]), but in this thesis
we only need the subclasses consisting of regular and recognizable relations over trees.

Tree-regular relations The intuition for tree-regular relations is the same as over words:
A tree automaton reads multiple trees synchronously. For the formal definition we need
again the notion of convolution. For an alphabet Σ we set again Σ⊥ := Σ ∪ {⊥} where
⊥ /∈ Σ is a fresh padding symbol. Let ε be the empty tree with dom(ε) := ∅. Given k
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a

a a

a a

⊗

b

b b b b

b

=

a, b

a, b a, b

a,⊥ a,⊥

⊥, b ⊥, b

⊥, b

Figure 2.3: An example illustrating the convolution of two trees.

trees t1, . . . , tk ∈ UΣ ∪ {ε}, we define their convolution

t1 ⊗ · · · ⊗ tk :=

⎡⎢⎣t1...
tk

⎤⎥⎦ := t ∈ U(Σ⊥)k ∪ {ε}

where dom(t) :=
⋃︁k

i=1 dom(ti) and t(v) := (t′1(v), . . . , t
′
k(v)) with t′i(v) := ti(v) if v ∈

dom(ti) and t
′
i(v) := ⊥ otherwise. We refer to Figure 2.3 for an example. Observe that

the degree of a node v in t1 ⊗ · · · ⊗ tk is the maximum degree of v in a tree ti such
that v ∈ dom(ti). If all ti are ranked trees, then also t1 ⊗ · · · ⊗ tk is a ranked tree with
rk(a1, . . . , ak) := max{rk(ai) | 1 ≤ i ≤ k} for all (a1, . . . , ak) ∈ (Σ⊥)

k where rk(⊥) := 0.
A relation R ⊆ (TΣ)k is tree-regular if the tree language ⊗R := {t1 ⊗ · · · ⊗ tk |

(t1, . . . , tk) ∈ R} is tree-regular. In particular, tree-regular relations of arity 1 coincide
with the tree-regular languages. We always assume that tree-regular relations R are
given by a tree automaton for ⊗R.
As over words, the class of tree-regular relations is closed under projection. However,

for the proof we cannot just project the transitions of the automaton to the respective
components. We additionally need to check non-emptiness starting from states that are
projected away.

Proposition 2.3.33. Given an NTA (resp. ATA) A for a tree-regular relation R ⊆
(TΣ)k with k ≥ 1 and a set I ⊆ [1, k], one can compute in polynomial (resp. exponential)
time an NTA A′ for the relation πI(R).

Proof. Let I = {i1, . . . , iℓ} for i1 < · · · < iℓ. We start with construction of an
NTA A′ for the projection πI(R) in case that A is an NTA. For every transition
(q, (a1, . . . , ak), q1, . . . , qr) of A and r′ := rk(ai1 , . . . , aiℓ) we do the following: We check
for all r′ < i ≤ r whether the tree language accepted by A from state qi is non-empty. By
Proposition 2.3.17, these non-emptiness checks can be performed in polynomial time. If
all non-emptiness checks are successful, we add the transition (q, (ai1 , . . . , aiℓ), q1, . . . , qr′)
to A′. Otherwise, the transition is discarded.
If A is an ATA, we first use Proposition 2.3.20 followed by Proposition 2.3.13 to

transform A into an NTA in exponential time and then apply the above construction.

Tree-recognizable relations We define tree-recognizable relations analogously to the
word case as the class of relations that can be written as a finite union

⋃︁n
i=1 Li,1×· · ·×Li,k
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of Cartesian products of tree-regular languages Li,j . Again, tree-recognizable relations
form a strict subclass of tree-regular relations. Closure of tree-recognizable relations
under Boolean operations and projection follows by the same reasoning as in the word
case.

Proposition 2.3.34. The class of tree-recognizable relations is closed under union, in-
tersection, complement, and projection.

2.4 Logic

We now introduce notions from mathematical logic that we require in this thesis. For a
deeper introduction to the topic we refer to [End01; Sch08; Ben12].

2.4.1 First-Order Logic

Since we mainly deal with first-order logic in this thesis, we only formally define first-
order logic in the following. Note that propositional logic can be seen as a special case,
not allowing quantification, where the domain is {0, 1} and atoms are of the form x = 1,
which is just written as x.

Syntax We assume an infinite set of first-order variables. A signature is a tuple of
relation and function symbols associated with arities. We call function symbols of arity
0 constants. A term over a signature σ is either a first-order variable or a function
application f(t1, . . . , tn) where f is an n-ary function symbol and t1, . . . , tn are terms.
A term that does not contain any variables, i.e. only consisting of function applications
and constants, is called ground term. An atom over σ is either a relation constraint
R(t1, . . . , tn) for an n-ary relation symbol R and terms t1, . . . , tn or an equality constraint
t1 = t2 for terms t1, t2. A (first-order) formula over σ is either an atom or if φ1, φ2

are formulas, then also the negation ¬φ1, conjunction φ1 ∧ φ2, disjunction φ1 ∨ φ2,
and existential quantification ∃x : φ1 for a variable x are formulas. As a shorthand,
we will write implication φ1 → φ2 for (¬φ1) ∨ φ2, equivalence φ1 ↔ φ2 for (φ1 →
φ2)∧ (φ2 → φ1), and universal quantification ∀x : φ1 for ¬∃x : ¬φ1. To reduce the usage
of parentheses, we assume the binding strengths of logical operators to be ¬,∧,∨,→,↔
in decreasing order and quantifiers bind the weakest. Occurrences of variables in the
scope of a quantifier that quantifies the variable are called bound. All other variable
occurrences are called free. We say that a formula in which every variable occurrence
is bound is closed or a sentence. If all occurrences of a variable in a formula are bound
(resp. free), we also say that the variable is bound (resp. free). We will often denote a
tuple (x1, . . . , xn) of variables by a boldface letter x. If φ is a formula, we write φ(x) to
indicate that x are the variables with free occurrences in φ. For the sake of brevity, we
compress a block of quantifiers Qx1 : . . . Qxn : φ with Q ∈ {∃, ∀} by Qx : φ.

Semantics For a given signature σ we define a (σ-)structure as a pair A = (A, I)
consisting of a non-empty set A, called domain, and an interpretation function I mapping
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relation symbols R of arity n to a relation I(R) ⊆ An and function symbols f of arity
n to a function I(f) : An → A. We often assume that a structure implicitly contains its
signature and will therefore just say that a formula is defined over a structure (instead
of the signature of the structure). If the interpretation of the relation symbols Ri and
function symbols fj is clear, we also write a structure as ⟨A; (Ri)i∈N , (fj)j∈M ⟩ where
N,M ⊆ N. We may also just define relations Ri and functions fj over some domain A
and implicitly assume that formulas are over the structure ⟨A; (Ri)i∈N , (fj)j∈M ⟩, where
the identifiers Ri (resp. fj) are overloaded and stand for both the relation (resp. function)
symbol and its interpretation. Given a structure A = (A, I) and a valuation ν mapping
variables to values in A, we define val(x) := ν(x) for a variable x and val(f(t1, . . . , tn)) :=
I(f)(val(t1), . . . , val(tn)) for an n-ary function symbol f and terms t1, . . . , tn. Then we
say that A and ν satisfy a formula φ, written A, ν |= φ, if

1) φ = R(t1, . . . , tn) for an n-ary relation symbol R and terms t1, . . . , tn such that
(val(t1), . . . , val(tn)) ∈ I(R),

2) φ = (t1 = t2) for terms t1, t2 such that val(t1) = val(t2),

3) φ = ¬ψ for a formula ψ such that A, ν ̸|= ψ,

4) φ = ψ1 ∧ ψ2 for formulas ψ1, ψ2 such that A, ν |= ψ1 and A, ν |= ψ2,

5) φ = ψ1 ∨ ψ2 for formulas ψ1, ψ2 such that A, ν |= ψ1 or A, ν |= ψ2, or

6) φ = ∃x : ψ for a formula ψ such that there exists a ∈ A such that A, ν ′ |= ψ where
ν ′(x) := a and ν ′(y) := ν(y) for every variable y ̸= x.

We say that two formulas φ1 and φ2 over a signature σ are equivalent, written φ1 ≡ φ2,
if A, ν |= φ1 if and only if A, ν |= φ2 for every σ-structure A and valuation ν. If the
structure A is fixed, we also write φ1 ≡A φ2 (or just φ1 ≡ φ2 if A is clear from the
context) in case that A, ν |= φ1 if and only if A, ν |= φ2 for every valuation ν.

Clearly, the satisfaction of a formula only depends on the valuation of the variables
that actually occur in the formula. In other words, if φ is a formula over the signature of
the structure A and ν1 and ν2 are valuations with ν1(x) = ν2(x) for all variables x in φ,
then A, ν1 |= φ if and only if A, ν2 |= φ. Thus, if φ(x) is a formula with free occurrences of
variables x = (x1, . . . , xn), we can write A |= φ(a) if A, ν |= φ for some valuation ν with
ν(xi) = ai for all i ∈ [1, n]. In particular, this means that if φ is a sentence, we simply
write A |= φ if A satisfies φ. Furthermore, for a formula φ(x) over the signature of a
structure A = (A, I) we let [[φ]]A (or just [[φ]]) denote the relation {a ∈ A|x| | A |= φ(a)}.
Here, we also allow to fix the valuation for some of the free variables, i.e. for φ(x,y) and
a ∈ A|x| we can write [[φ(a,y)]]A := {b ∈ A|y| | A |= φ(a, b)}.

The theory of a structure A, denoted by Th(A), is the set of all sentences φ such
that A |= φ. Note that for a fixed structure A, deciding whether a sentence over A
is contained in Th(A) is equivalent to the problem of checking satisfiability of a (not
necessarily closed) formula with respect to A. Below we will give some examples of
first-order theories.
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Normal forms A formula in negation normal form (NNF) is a positive Boolean combi-
nation of possibly negated atoms. A formula is in disjunctive normal form (DNF) if it is
a disjunction of conjunctions of possibly negated atoms. Similarly, a formula in conjunc-
tive normal form (CNF) is a conjunction of disjunctions. Note that every quantifier-free
formula can be converted into a formula in DNF/CNF (with an exponential blow-up in
size). Using standard equivalences and renaming of variables, every quantified formula
can be converted into prenex normal form (PNF), i.e. having the quantifiers only at the
front.

2.4.2 Presburger Arithmetic

Linear integer arithmetic (LIA) is defined as the theory of the structure ⟨Z;<,+, 0, 1⟩.
LIA is also called Presburger arithmetic and we will use these terms interchangeably also
to identify the structure instead of the theory. For computational purposes it is often
convenient to allow terms of the form

a0 + a1x1 + · · ·+ anxn

where x1, . . . , xn are variables and a0, . . . , an ∈ Z are integer constants. That is, formally
we assume that the signature of Presburger arithmetic contains all integer constants and
we allow multiplication of variables with constants. Thus, a formula in Presburger arith-
metic is a quantified Boolean combination of linear (in)equalities with integer coefficients.
Note that any such atom can be transformed into an atom over the original structure.
We define the size of a formula by the length of its usual encoding, where we assume
that every variable occurrence has length one and coefficients are encoded in binary.

In the existential fragment of Presburger arithmetic we assume formulas of the form
∃x : φ(x, z), where the variables in x are bound by the existential quantifiers and z is
a vector of free variables. It follows from [BT76; GS78] that the problem of checking
whether a given formula in the existential fragment of Presburger arithmetic is satisfiable
is in NP.

Proposition 2.4.1. Satisfiability of existential Presburger formulas is NP-complete.

Here, NP-hardness follows from a reduction from SAT (satisfiability of propositional
formulas) since a propositional formula can easily be converted to a Presburger formula
by replacing each occurrence of a propositional variable x with the atom x = 1 and
adding the constraints that every variable is either equal to 0 or 1.

We say that a structure A admits quantifier elimination if for every formula φ over A
there exits a quantifier-free formula φ′ over A such that φ ≡A φ

′. Presburger arithmetic
with the above signature does not admit quantifier elimination. To get this property, one
has to enrich the signature with modulo constraints. A modulo constraint is a binary
predicate ≡e with e ∈ N such that for Presburger terms s, t we have that s ≡e t is satisfied
if and only if e | s − t. Note that modulo constraints are definable over ⟨Z;<,+, 0, 1⟩
using existential quantifiers, which means that the structure ⟨Z;<, (≡e)e∈N,+, 0, 1⟩ still
defines Presburger arithmetic. In fact, the existential fragments even coincide since also
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a negated modulo constraint s ̸≡e t can be written equivalently as existential formula
∃x, y : s = t+ ex+ y ∧ 0 < y ∧ y < e over ⟨Z;<,+, 0, 1⟩ where x, y are fresh variables. It
was shown by Presburger [Pre29] that Presburger arithmetic with the enriched signature
admits quantifier elimination.

Proposition 2.4.2. The structure ⟨Z;<, (≡e)e∈N,+, 0, 1⟩ admits quantifier elimination.

Proof. First observe that it suffices to show how to eliminate a single existential quantifier
from a formula of the form ∃x : φ, where φ is quantifier-free, since we can bring the
formula into prenex normal form, eliminate the quantifiers from the innermost to the
outermost, and replace universal quantifiers ∀x : ψ with negated existential quantifiers
¬∃x : ¬ψ. Moreover, by bringing φ into disjunctive normal form, where we move the
negations into the atoms (and replace negated modulo constraints with disjunctions of
modulo constraints), and distributing the existential quantifier over the disjunctions, we
can assume that φ is a conjunction of atoms.

We first ensure that every atom in φ has the form ax ∼ t for a ∈ N and a term t
that does not involve x, where ∼ ∈ {<,>,=} ∪ {≡e| e ∈ N}. Let a1, . . . , an ∈ N be the
coefficients of x in atoms of φ and N := lcm{a1, . . . , an}. Now, replace every (in)equality
of the form aix ∼ t for ∼ ∈ {<,>,=} with x ∼ N

ai
· t and every modulo constraint of the

form aix ≡e t with x ≡N
ai

·e
N
ai
· t. Additionally, we add the conjunct x ≡N 0 to φ. Thus,

every atom of φ is now in solved form for x.

If φ contains an equation of the form x = t, then we can replace every occurrence of
x in φ with t, which eliminates x from φ. Therefore, we can assume that φ does not
contain any equality involving x. Assume φ contains modulo constraints x ≡ei ti for
i ∈ [1, n] and inequalities x > tj for j ∈ [1,m]. Let N := lcm{e1, . . . , en}. By the Chinese
remainder theorem, if there is a solution for x that satisfies all modulo constraints, then
there is an r ∈ [0, N − 1] such that r + k · N is a solution for every k ∈ Z. Hence, we
have that

∃x : φ ≡
m⋁︂
j=1

N⋁︂
r=1

φ[tj + r/x]

where φ[tj + r/x] denotes the formula φ where every occurrence of x is replaced with
tj+r. If only modulo constraints and upper bounds on x are present in φ, the elimination
works analogously. If φ only contains modulo constraints on x, then x can be eliminated
by

⋁︁N−1
r=0 φ[r/x]. It remains to consider the case where all atoms of φ involving x are

inequalities and there is at least one lower and one upper bounds on x. Note that all
other cases can be handled by simply replacing all atoms involving x with true. Let
x > ℓi for i ∈ [1, n] be the lower bounds and x < uj for j ∈ [1,m] be the upper bounds
on x contained in φ. Then x can be eliminated by removing all inequalities involving x
and adding the conjuncts

n⋀︂
i=1

m⋀︂
j=1

ℓi + 1 < uj .
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Note that the above proof even shows that there is an effective quantifier elimination
procedure. For complexity considerations we refer to [Wei97]. Here it should be noted
that the inherent double exponential blow-up when eliminating a single block of exis-
tential quantifiers claimed in [Wei97] is not correct as shown independently in [Haa+24]
and [CMS24], where a single exponential-time elimination procedure is provided.

2.4.3 Linear Real Arithmetic

We define linear real arithmetic (LRA) as the theory of the structure ⟨R;<,+, 0, 1⟩.
Again, we also use LRA to refer to the structure. As for Presburger arithmetic, we allow
multiplication with constants. Here, constants range over the rational numbers. That
is, terms in LRA are of the form

a0 + a1x1 + · · ·+ anxn

for variables x1, . . . , xn and constants a0, . . . , an ∈ Q. Note that any atom over such
terms can be transformed into an atom over the original structure ⟨R;<,+, 0, 1⟩.

As over the integers, the existential fragment of LRA is NP-complete [Son85].

Proposition 2.4.3. Satisfiability of existential formulas in LRA is NP-complete.

Moreover, LRA with the signature ⟨R;<,+, 0, 1⟩ already admits quantifier elimination.
This goes back to Fourier [Fou26] and was rediscovered several times thereafter most
famously by Motzkin [Mot36]. For this reason, the method is often called Fourier-
Motzkin elimination.

Proposition 2.4.4. The structure ⟨R;<,+, 0, 1⟩ admits quantifier elimination.

Proof. The elimination is simpler than in the case of Presburger arithmetic (Proposi-
tion 2.4.2). Again, it suffices to consider formulas of the form ∃x : φ where φ is a con-
juction of atoms. Moreover, we can assume that every atom of φ involving x is already
solved for x, i.e. is of the form x ∼ t for a term t not involving x and ∼ ∈ {<,>,=}.
If φ contains an equation x = t, then ∃x : φ is equivalent to φ[t/x]. If φ either contains

only lower bounds or only upper bounds on x, we can replace every inequality involving
x with true. Therefore, we can assume that φ contains at least one lower and one upper
bound on x. Let x > ℓi for i ∈ [1, n] be the lower bounds and x < uj for j ∈ [1,m]
be the upper bounds on x contained in φ. Now, x can be eliminated by removing all
inequalities involving x and adding the conjuncts

⋀︁n
i=1

⋀︁m
j=1 ℓi < uj .

2.4.4 Linear Integer Real Arithmetic

We call the theory of the structure ⟨R;<, ⌊.⌋,+, 0, 1⟩ linear integer real arithmetic
(LIRA). Here, ⌊r⌋ returns the greatest integer smaller than or equal to r ∈ R. LIRA can
be seen as the mixture of LIA and LRA and in terms of full first-order logic it is equally
expressive as the structure ⟨R;Z, <,+, 0, 1⟩ since we can check whether a variable x is
an integer using x = ⌊x⌋ and conversely, ⌊x⌋ can be replaced with y where y, z are fresh
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existentially quantified variables with y ∈ Z, 0 ≤ z < 1, and x = y+z. Note that for the
latter direction we introduced new existential quantifiers. In fact, Weispfenning [Wei99]
showed that even if extended with modulo constraints (where r ≡e s for r, s ∈ R if and
only if e | r − s), the structure with integer test does not admit quantifier elimination.
Whereas, if we extend ⟨R;<, ⌊.⌋,+, 0, 1⟩ with modulo constraints, the structure admits
quantifier elimination. In particular, this also implies that the existential fragment of
LIRA is expressively complete, i.e. for every formula in LIRA there is an equivalent
existential formula.

Using x = ⌊x⌋, we can extend LIRA to allow two sorts of variables: real and integer
variables. For a vector x = (x1, . . . , xn) of variables let x

i/r denote the vector (xint,xreal)
where xint = (xint1 , . . . , xintn ) is a vector of integer variables and xreal = (xreal1 , . . . , xrealn )
is a vector of real variables. Two vectors x and y of dimension n are said to have the
same type if for all i ∈ [1, n] we have that xi and yi are both real or integer variables.
The separation of an existential formula ∃x1, . . . , xn : φ(x1, . . . , xn, z1, . . . , zm) in LIRA
is defined as

∃xi/r : φ(xint + xreal, zint + zreal) ∧ 0 ≤ xreal ≪ 1 ∧ 0 ≤ zreal ≪ 1

where xinti , zintj are fresh integer variables and xreali , zrealj are fresh real variables that
express the integer and real part of xi and zj . If xi (resp. zj) is an integer variable, we add
the constraint xreali = 0 (resp. zrealj = 0) to the separation. We say that an existential
formula in LIRA is decomposable if its separation can be written as an existentially
quantified Boolean combination of Presburger and LRA formulas, called decomposition.

Lemma 2.4.5. Every existential formula in LIRA is decomposable. Moreover, its de-
composition is of linear size and can be computed in polynomial time.

Proof. Let ψ = ∃x1, . . . , xn : φ(x1, . . . , xn, z1, . . . , zm) be an existential formula in LIRA.
By introducing new existentially quantified variables, we can assume that every atom of
φ is of one of the following forms:

(i) x = 0, (ii) x = 1, (iii) x+ y = z, (iv) x < 0, (v) x = ⌊y⌋.

Note that the size of the formula is still linear, even if the coefficients are given in binary.
To see this, let ax be a term where a ∈ N has the binary expansion b0 . . . bn with least
significant bit left. For every i ∈ [0, n] introduce a fresh existentially quantified variable
yi with the constraint yi = yi−1 + yi−1 if i ∈ [1, n] and y0 = x. Then ax can be replaced
with the sum of all yi where bi = 1, which in turn can be transformed into the above
form by introducing new existentially quantified variables.

Let φ′(xi/r, zi/r) be the formula obtained from φ(xint+xreal, zint+zreal) by replacing
every atom of the form

(i) xint + xreal = 0 with xint = 0 ∧ xreal = 0,

(ii) xint + xreal = 1 with xint = 1 ∧ xreal = 0,
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(iii) xint + xreal + yint + yreal = zint + zreal with

(xreal + yreal < 1→ xint + yint = zint ∧ xreal + yreal = zreal) ∧
(xreal + yreal ≥ 1→ xint + yint + 1 = zint ∧ xreal + yreal − 1 = zreal),

(iv) xint + xreal < 0 with xint < 0, and

(v) xint + xreal = ⌊yint + yreal⌋ with xreal = 0 ∧ xint = yint

where xint, yint, zint refer to an xinti or zinti and xreal, yreal, zreal refer to an xreali or zreali .
Thus, φ′ is a Boolean combination of formulas that either only involve integer variables
or real variables. Now, the separation of ψ is equivalent to

∃xi/r : φ′(xi/r, zi/r) ∧ 0 ≤ xreal ≪ 1 ∧ 0 ≤ zreal ≪ 1

where we add xreali = 0 if xi is an integer variable and zrealj = 0 if zj is an integer variable,
which is a linear sized decomposition.

Using Lemma 2.4.5, we can show satisfiability of existential formulas in LIRA has the
same complexity as for LIA and LRA. This was already shown in [QSW17] under the
assumption that the LIRA formula is already decomposed.

Proposition 2.4.6. Satisfiability of existential formulas in LIRA is NP-complete.

Proof. The NP lower bound is inherited from the Presburger (Proposition 2.4.1) and
LRA (Proposition 2.4.3) case. For the upper bound let φ be an existential formula in
LIRA. We first apply Lemma 2.4.5 to compute a decomposition ψ of φ in polynomial
time. Then we guess truth values for the Presburger and LRA subformulas of ψ and
verify the guesses in NP using Propositions 2.4.1 and 2.4.3. Since φ and its decomposition
ψ are equisatisfiable, it remains to check whether the truth values satisfy ψ in order to
decide satisfiability of φ.

2.4.5 Automatic Structures

The notion of automatic structures first appeared in the PhD thesis of Hodgson [Hod76]
and was later rediscovered by Khoussainov and Nerode [KN94]. Their systematic study
started with Blumensath and Grädel [BG00; BG04]. We refer to the survey by Grädel
[Grä20] for a more detailed overview. Intuitively, automatic structures are (possibly
infinite) structures that admit a finite representation in terms of automata. Loosely
speaking, this means that both the domain and the relations are regular and given by
finite automata.

Before we give a formal definition of automatic structures, we argue that we can
focus on relational structures, i.e. structures that only consist of relations. Let
σ = ((Ri)i∈N , (fj)j∈M ) be a signature with relation symbols Ri and function sym-
bols fj of arity rj and let A = (A, I) be a σ-structure. We define the signa-
ture σ′ := ((Ri)i∈N , (Fj)j∈M ) with relation symbols Fj of arity rj + 1 and the rela-
tional σ′-structure A′ := (A, I ′) where I ′(Ri) := I(Ri) for all i ∈ N and I ′(Fj) :=
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{(a1, . . . , arj+1) ∈ Arj+1 | fj(a1, . . . , arj ) = arj+1} for all j ∈M . Now we can transform
a formula φ over σ to a formula φ′ over σ′ by replacing each function application of the
form fj(t1, . . . , trj ) with a fresh existentially quantified variable x with the constraint
Fj(t1, . . . , trj , x). Then we have that A, ν |= φ if and only if A′, ν |= φ′.

A relational structure A over the domain A is (tree-)automatic if there exist a
(tree-)regular language LA and a surjective function α : LA → A such that the rela-
tion

L= := {(v, w) ∈ LA × LA | α(v) = α(w)}

and the relations
LR := {a ∈ (LA)

r | (α(a1), . . . , α(ar)) ∈ R}

for all r-ary relations R of A are (tree-)regular. We also say that non-relational structures
are (tree-)automatic if their relational versions are.
A presentation of an (tree-)automatic structure A = ⟨A; (Ri)i∈N ⟩ is a tuple p =

(AA,A=, (ARi)i∈N ) of (tree) automata for LA, L=, and LRi , respectively. We will in
the following always assume that (tree-)automatic structures are given by presentations
(i.e. up to isomorphism). For a formula φ(x1, . . . , xn) over A we write

[[φ]]p := {(w1, . . . , wn) ∈ (LA)
n | A |= φ(α(w1), . . . , α(wn))}.

We say that p is injective if L= = {(w,w) | w ∈ LA}, which implies that α : LA → A
is injective. It was shown by Khoussainov and Nerode [KN94] over finite words and
Colcombet and Löding [CL07] over finite trees that injective presentations can capture
all (tree-)automatic structures:

Proposition 2.4.7. Every (tree-)automatic structure admits an injective presentation.

Automatic structures can also be defined over infinite words. An ω-automatic structure
is defined similarly as an automatic structure by replacing regular languages and relations
with ω-regular languages and relations. Likewise, a presentation of an ω-automatic
structure is a tuple of NBAs. Note that the analogue of Proposition 2.4.7 for ω-automatic
structures does not hold [Hjo+08].

A nice property of (ω-/tree-)automatic structures is that their theories are decidable.

Proposition 2.4.8. Let A be an (ω-/tree-)automatic structure given by a presentation p.
Then for any formula φ over A one can effectively construct an NFA (resp. NBA/NTA)
for the relation [[φ]]p. In particular, Th(A) is decidable.

Proof. Let A be given by the presentation p = (AA,A=, (ARi)i∈N ) and φ be a formula
over A. We construct the NFA (resp. NBA/NTA) A for [[φ]]p inductively. Assume ψ1(x)
and ψ2(x) are formulas over A and A1 and A2 are NFAs (resp. NBAs/NTAs) for [[ψ1]]p
and [[ψ1]]p, respectively. Note that w.l.o.g. we can assume that ψ1 and ψ2 have the same
vector of free variables since otherwise we can extend the automata A1 and A2 with
additional components.

1) If φ = Ri(x) for some i ∈ N and variables x, then let A := ARi .
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2) If φ = (x1 = x2) for variables x1, x2, then let A := A=.

3) If φ = ψ1 ∧ ψ2, then construct A with L(A) = L(A1) ∩ L(A2) = ⊗[[φ]]p from A1

and A2 using Proposition 2.3.4 (resp. Propositions 2.3.10 and 2.3.15).

4) If φ = ψ1 ∨ ψ2, then construct A with L(A) = L(A1) ∪ L(A2) = ⊗[[φ]]p from A1

and A2 using Proposition 2.3.4 (resp. Propositions 2.3.10 and 2.3.15).

5) If φ = ¬ψ1, then construct A with L(A) = L(A1)∩(⊗A|x|) = ⊗[[φ]]p from A1 using
Proposition 2.3.4 (resp. Propositions 2.3.10 and 2.3.15), where an automaton for
A|x| can be constructed using AA.

6) If φ = ∃xi : ψ1(x1, . . . , xk) for variables x1, . . . , xk and i ∈ [1, k], then construct
A with L(A) = π[1,k]\{i}(L(A1)) = ⊗[[φ]]p from A1 using Proposition 2.3.27 (resp.
Propositions 2.3.30 and 2.3.33).

Now, φ is satisfiable if and only if L(A) ̸= ∅, which can be checked using Proposition 2.3.5
(resp. Propositions 2.3.12 and 2.3.17).

Example 2.4.9. A famous example of an automatic structure is Presburger arithmetic.
For simplicity, let us assume that Presburger arithmetic is the structure ⟨N0; +⟩. It is
easy to see that also the full structure ⟨Z;<,+, 0, 1⟩ is automatic. The idea is to encode
numbers in binary with least significant bit first. Let LN0 := {0, 1}+ and α : LN0 → N0

be the function that maps a binary string to the natural number it encodes. Then the
relations L= := {(v, w) ∈ LN0 × LN0 | α(v) = α(w)} and L+ := {(u, v, w) ∈ (LN0)

3 |
α(u) + α(v) = α(w)} are regular, where the NFA for L+ proceeds like the standard
algorithm for addition of binary numbers by storing a carry bit in its states. Note that
we can make α injective by removing trailing zeros.
We can extend Presburger arithmetic with the unary function Vp for some p ≥ 2,

where Vp(x) is defined as the greatest power of p dividing x, and remain automatic (by
encoding numbers in base p). The structure ⟨N0; +, Vp⟩, called Büchi arithmetic, forms
a so-called universal automatic structure, i.e. every automatic structure is first-order
interpretable in it.
An example of a tree-automatic structure that is not word-automatic is Skolem arith-

metic ⟨N0; ·⟩. Thus, this example witnesses that the word-automatic structures form
a strict subclass of tree-automatic structures. For the tree-automatic presentation of
⟨N0; ·⟩ one can encode a natural number as a tree where branches encode the exponents
of prime powers in the prime factorization. Then multiplication reduces to addition of
the exponents.
Examples of ω-automatic structures are LRA and LIRA. Here, real numbers can be

encoded as an infinite word of pairs of bits where the first component encodes the integral
part and the second component encodes the fractional part. The NBA for addition
guesses at the beginning whether the sum of the fractional parts produces a carry and
then verifies the sum of the first components and the second components separately. For
the floor function of LIRA the NBA can for non-negative numbers simply check whether
the result has the same integral part and only zeros in the fractional part (for negative
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numbers it subtracts one from the integral part if the fractional part is non-zero). Note
that LRA and LIRA are clearly not (tree-)automatic structures (over finite words/trees)
since their domain is uncountable, meaning that there is no surjective function from a
(tree-)regular language onto it.
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3 Ramsey Quantifiers and Their
Applications

In this chapter we introduce the central notion of this thesis, the Ramsey quantifier. Af-
ter the formal definition in Section 3.1, we introduce two major applications of Ramsey
quantifiers in Sections 3.2 and 3.3, respectively: liveness verification over infinite-state
transition systems and recognizability and the related concept of monadic decompos-
ability.

3.1 Ramsey Quantifiers

Intuitively, Ramsey quantifiers state the existence of an infinite clique in the graph
defined by a formula. They generalize the infinity quantifier in the sense that they allow
to not only check for an infinite set in which every element satisfies a condition, but even
that a condition holds between every pair (or n-tuple in general) over the set. Ramsey
quantifiers were introduced by Magidor and Malitz [MM77], which is why they are also
known as Magidor-Malitz quantifiers.

Let A be a structure with domain A and φ(x1, . . . ,xn, z) with n ≥ 1 be a formula over
A such that there is some d ≥ 1 with |xi| = d for all i ∈ [1, n]. The n-Ramsey quantifier
∃n-ram of dimension d is defined such that A |= ∃n-ramx1, . . . ,xn : φ(x1, . . . ,xn, c) for
some c ∈ A|z| if and only if there exists an infinite sequence (ai)i≥1 of pairwise distinct
tuples ai ∈ Ad such that A |= φ(ai1 , . . . ,ain , c) for all 1 ≤ i1 < · · · < in. For every n ≥ 1
we denote by Th∃

n-ram
(A) the theory of A under first-order logic enriched with ∃n-ram of

all dimensions d ≥ 1.

We will mostly only deal with the 2-Ramsey quantifier (just called Ramsey quantifier
in the following), which we denote by ∃ram. In that case, the formula φ(x,y, z) defines
for every valuation of z the edge relation of a directed graph. Then we call a sequence
(ai)i≥1 witnessing A |= ∃ramx,y : φ(x,y, c) an infinite (directed) clique of φ with respect
to c. The infinite clique problem asks whether A |= ∃ramx,y : φ(x,y) for a given formula
φ(x,y) over some fixed structure A or in other words, whether φ(x,y) contains an
infinite clique. For (ω-/tree-)regular relations the infinite clique problem refers to the
problem of checking whether a given (ω-/tree-)regular relation R ⊆ A2d satisfies A |=
∃ramx,y : R(x,y), where A := ⟨A;R⟩ is the structure implicitly defined by R.

Ramsey quantifiers are named after Frank P. Ramsey due to his seminal work on
cliques. The infinite version of Ramsey’s theorem [Ram30] can be formulated over graphs
as follows:
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Theorem 3.1.1 (Ramsey’s theorem). Any complete infinite undirected graph whose
edges are colored with finitely many colors contains an infinite monochromatic clique.

Proof. Let G = (V,E) be a complete infinite undirected graph, i.e. with an infinite set
of vertices V and edges E := {{u, v} | u, v ∈ V, u ̸= v}. Let c : E → {1, . . . , k} be
a coloring of the edges with k ≥ 1 colors. Take an arbitrary vertex v1 ∈ V . By the
pigeonhole principle, there exists an infinite subset V1 ⊆ V \ {v1} and color r1 ∈ [1, k]
such that c({v1, w}) = r1 for all w ∈ V1. Now take an arbitrary vertex v2 ∈ V1 and obtain
the infinite set V2 ⊆ V1 \ {v2} and color r2 ∈ [1, k] with the same argument as for v1.
Inductively, we obtain an infinite sequence (vi)i≥1 of vertices such that c({vi, vj}) = ri
for all 1 ≤ i < j. Again, by the pigeonhole principle there exists an infinite subsequence
(vij )j≥1 and color r ∈ [1, k] such that rij = r for all j ≥ 1. Thus, (vij )j≥1 forms a
monochromatic clique in G.

We will encounter similar proof strategies with repeated applications of pigeonhole
principle and Ramsey’s theorem in Chapter 4. Note that by induction, Ramsey’s theorem
can also be generalized to hypergraphs, which will be used in Section 4.6. We will often
use the fact that by Ramsey’s theorem, ∃ramx,y : φ(x,y, z)∨ψ(x,y, z) is equivalent to
(∃ramx,y : φ(x,y, z)) ∨ (∃ramx,y : ψ(x,y, z)).
Note that we deviate from the undirected definition of the Ramsey quantifier found

in the literature (see e.g. [MM77]), which we denote by ∃ram′
, requiring A |= φ(ai,aj , c)

for all i ̸= j (instead of i < j) in the definition above. This definition corresponds to an
undirected clique notion. Clearly, the undirected version is expressible in our definition
of the directed version by enforcing a clique in both directions. If an infinite well-partial-
ordering is definable in the structure, then also the reverse direction can easily be shown.

Proposition 3.1.2. Let A be a structure. Given a formula φ(x,y, z) over A, one can
compute in logspace a formula ψ(x,y, z) of linear size such that

∃ram′
x,y : φ(x,y, z) ≡ ∃ramx,y : ψ(x,y, z).

Conversely, if an infinite well-partial-ordering is definable in A, then given a formula
ψ(x,y, z) over A, one can compute in logspace a formula φ(x′,y′, z) of linear size such
that

∃ram′
x′,y′ : φ(x′,y′, z) ≡ ∃ramx,y : ψ(x,y, z).

Proof. For the first part we construct from the given formula φ(x,y, z) the formula
ψ(x,y, z) := φ(x,y, z)∧ φ(y,x, z). Let c ∈ A|z| where A is the domain of A. It is easy
to see that there is an infinite undirected clique in φ with respect to c if and only if
there is an infinite directed clique in ψ with respect to c.

For the second part of the proposition assume that (B,≤) is an infinite well-partial-
ordering definable in A = (A, I) and denote by < the corresponding strict ordering, i.e.
where a < b if and only if a ≤ b and b ̸≤ a for all a, b ∈ A. We construct from the given
formula ψ(x,y, z) the formula

φ(x′,y′, z) := x ̸= y ∧ (ψ(x,y, z) ∧ r < s ∨ ψ(y,x, z) ∧ s < r)
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where x′ = (x, r) and y′ = (y, s) for variables r, s. Let c ∈ A|z|. If ψ has an infinite
directed clique (ai)i≥1 with respect to c, then we can number the elements with some
b1 < b2 < . . . from B and get an infinite undirected clique ((ai, bi))i≥1 of φ with respect
to c. Note that every infinite well-partial-ordering contains such an infinite strictly
increasing sequence (bi)i≥1. Reversely, if φ has an infinite undirected clique ((ai, bi))i≥1,
then (aij )j≥1 with bij < bij′ for all 1 ≤ j < j′ is an infinite directed clique of ψ with
respect to c. Again, since (B,≤) is a well-partial-ordering, the infinite sequence (bi)i≥1

of pairwise distinct elements of B contains a strictly increasing subsequence (bij )j≥1.

Thus, complexity upper bounds that are obtained for the directed version of the Ram-
sey quantifier always directly carry over to the undirected version. For structures like
Presburger arithmetic or LIRA, Proposition 3.1.2 can also be applied to transfer lower
bounds from the directed to the undirected version since there the well-partial-ordering
(N,≤) is definable. But it is easy to see that also for LRA, the lower bounds established
in this thesis already hold for the undirected version. Over (ω-/tree-)automatic struc-
tures we observe that we can always construct an automaton going from the directed to
the undirected version and vice versa. This implies that all complexity results that we
obtain for the directed version also hold true in the undirected case.

Proposition 3.1.3. Given an NFA (resp. NBA/NTA) for a (2d + k)-ary
(ω-/tree-)regular relation R, one can compute in logspace an NFA (resp. NBA/NTA)
for a (2d+ k)-ary relation S such that

[[∃ram′
x,y : R(x,y, z)]] = [[∃ramx,y : S(x,y, z)]]

where |x| = |y| = d and |z| = k. Conversely, given an NFA (resp. NBA/NTA) for a
(2d + k)-ary (ω-/tree-)regular relation S, one can compute in logspace an NFA (resp.
NBA/NTA) for a (2(d+ 1) + k)-ary relation R such that

[[∃ram′
x′,y′ : R(x′,y′, z)]] = [[∃ramx,y : S(x,y, z)]]

where |x| = |y| = d, |x′| = |y′| = d+ 1, and |z| = k.

Proof. We proceed as in the proof of Proposition 3.1.2. For the first part let R be given
by an NFA (resp. NBA/NTA) A. We define S := {(a, b, c) | (a, b, c) ∈ R ∧ (b,a, c) ∈
R}. Clearly, S is a (ω-/tree-)regular relation and an NFA (resp. NBA/NTA) for S can
be constructed in logspace from A using Proposition 2.3.4 (resp. Propositions 2.3.10
and 2.3.15).
For the second part let S be given by an NFA (resp. NBA/NTA) A. Then we define

R := {(a, i, b, j, c) | i, j ∈ N ∧ a ̸= b ∧ ((a, b, c) ∈ S ∧ i < j ∨ (b,a, c) ∈ S ∧ j < i)}.

It is easy to see that R can be encoded as a (ω-/tree-)regular relation and an NFA
(resp. NBA/NTA) recognizing this relation can be constructed in logspace from A using
Proposition 2.3.4 (resp. Propositions 2.3.10 and 2.3.15). Here, note that the automaton
for a ̸= b is not too large since we can restrict it to the alphabet implicitly given by
A.
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Over (ω-/tree-)regular relations we can use the convolution operation to reduce the
evaluation of the Ramsey quantifier for a (2d+ k)-ary relation to the case where d = 1.

Proposition 3.1.4. Given an automaton for a (2d + k)-ary (ω-/tree-)regular relation
R, one can compute in logspace an automaton for a (k+2)-ary (ω-/tree-)regular relation
R′ such that

[[∃ramx,y : R(x,y, z)]] = [[∃ramx, y : R′(x, y,z)]]

where |x| = |y| = d and |z| = k. Moreover, the construction preserves (co-)transitivity
of relations and determinism of automata.

Proof. For the sake of an easier notation, we only show the finite-word case and note
that the infinite-word case and the tree case are similar. Let R ⊆ (Σ∗)2d+k be given
by an NFA A. The idea is to summarize the components of x (resp. y) in just one
component using the convolution operation. For a tuple w = (w1, . . . , wn) of words
let ⊗w := w1 ⊗ · · · ⊗ wn be the convolution of all of its components. We define the
(k + 2)-ary relation

R′ :=
{︁
(⊗u,⊗v,w) | u,v ∈ (Σ∗)d,w ∈ (Σ∗)k, (u,v,w) ∈ R

}︁
⊆

(︁
(Σ′)∗

)︁k+2

where Σ′ := (Σ⊥)
d ∪ Σ. We can construct an NFA A′ for R′ from A in logspace by

replacing every transition label of the form (a1, . . . , ad, b1, . . . , bd, c1, . . . , ck) ∈ (Σ⊥)
2d+k

with (a′, b′, c1, . . . , ck) ∈ (Σ′
⊥)

k+2 where a′ := ⊥ if a1 = · · · = ad = ⊥ and a′ :=
(a1, . . . , ad) otherwise and similarly for b′. Note that A′ accepts the relation ⊗R′ that
first takes the convolution of the components of x and y separately and then takes the
convolution of the results with the components of z. This is not the same as ⊗R since
the convolution operation is not associative as illustrated in Example 2.3.26. It remains
to show that

[[∃ramx, y : R′(x, y,z)]] = [[∃ramx,y : R(x,y, z)]].

Let w ∈ (Σ∗)k. If (ui)i≥1 with ui ∈
(︁
(Σ⊥)

d
)︁∗

is a clique of R′ with respect to w, then
(vi)i≥1 with vi ∈ (Σ∗)d such that ui = ⊗vi is a clique of R with respect to w. Conversely,
if (vi)i≥1 with vi ∈ (Σ∗)d is a clique of R with respect to w, then (ui)i≥1 with ui = ⊗vi
is a clique of R′ with respect to w.

Clearly, if R is (co-)transitive, then so is R′. Moreover, if the automaton for R is
deterministic, then so is the automaton for R′. In the tree case we further remark that
also the direction (bottom-up or top-down) of the automaton is preserved.

3.2 Liveness Verification

Loosely speaking, liveness verification amounts to checking whether in a system “some-
thing good eventually happens”. The reason why liveness properties are regarded as
more difficult to check than safety properties, which essentially can be reduced to reach-
ability via finite paths, is that liveness requires to reason about infinite paths since a
counterexample for a liveness condition is an infinite run in the system where good be-
havior is never observed. Since Ramsey quantifiers (in their directed semantics) allow
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the reasoning about infinite (transitive) paths, they can be applied to liveness verifi-
cation whenever the reachability relation, i.e. the transitive closure of the transition
relation, of the system can be defined in some logic that admits evaluation of the Ram-
sey quantifier. We already saw in Algorithm 1 a concrete example of a program where
the Ramsey quantifier can be used for proving non-termination since the reachability
relation is expressible in LIRA.

Let us make this precise. As our definition of systems we take the well-studied notion of
transition systems. A transition system is a pair (C,→) where C is a set of configurations
and→ ⊆ C×C is a step relation (a.k.a. transition relation). We call the transitive closure
→+ of → the reachability relation, whose reflexive closure is denoted by →∗. Note that
the set of configurations C is potentially infinite, in which case the transition system is
said to be infinite-state. We will encounter several examples of infinite-state transition
systems that have finite representations.

3.2.1 Recurrent Reachability

For a binary relation R ⊆ A2 we call an infinite sequence (ai)i≥1 of elements in A a
transitive path in R if (ai, aj) ∈ R for all 1 ≤ i < j. Note that the only difference to
an infinite clique is that the elements need not to be pairwise distinct. Given a binary
relation R ⊆ A2 and sets L1, . . . , Lk ⊆ A, we write Rec(L1, . . . , Lk)[R] for the set of
all initial elements a1 of transitive paths (ai)i≥1 in R that visit each set Lj infinitely
often. Recurrent reachability with generalized Büchi condition is the problem of testing
whether a1 ∈ Rec(L1, . . . , Lk)[R] for given relation R ⊆ A2, sets L1, . . . , Lk ⊆ A, and
initial element a1 ∈ A. If k = 1, this problem is simply called recurrent reachability.

If R is the reachability relation of a transition system, then recurrent reachability (with
generalized Büchi condition) corresponds to the liveness problem of checking whether
a given set (resp. list of sets) of configurations is reachable infinitely often via some
run starting in a given initial configuration. We also consider the problem where in-
stead of the reachability relation only a representation of the transition system is given.
As already motivated in the introduction, LTL model checking, in which various live-
ness properties are expressible, can for some classes of systems (e.g. pushdown systems
[BEM97]) be reduced to recurrent reachability [VW86].

In Section 4.4.1 we consider recurrent reachability with generalized Büchi condition
for transition systems where the reachability relation is (tree-)regular, i.e. finitely rep-
resentable using (tree) automata. Concrete examples of such systems are pushdown
systems [Esp+00], ground tree rewriting systems [Löd06], and PA-processes [LS05].
Since (tree) automata for the reachability relations of all of these systems can be com-
puted in polynomial time given a description of the transition system, it suffices to
consider recurrent reachability with generalized Büchi condition over (tree-)regular re-
lations. More precisely, in the above definition we assume R ⊆ A2d and L1, . . . , Lk ⊆ Ad

to be (tree-)regular relations given by (tree) automata. Note that, unlike in the case
when R is a reachability relation, we do not assume R to be transitive. In the liveness
setting this corresponds to the situation where only an (not necessarily transitive) ap-
proximation of the reachability relation is provided as an input. We remark that in this
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setting the problem definition with transitive paths is crucial since for (not necessarily
transitive) regular relations the reachability problem via not necessarily transitive paths
is already undecidable [BG04]. To be able to apply our results developed in Chapter 4,
we show that recurrent reachability and the infinite clique problem over (tree-)regular
relations are interreducible.

Proposition 3.2.1. The infinite clique problem and recurrent reachability are logspace
equivalent over (tree-)regular relations. Moreover, the logspace reduction from recur-
rent reachability to the infinite clique problem produces a binary relation and preserves
transitivity of relations and determinism of automata.

Proof. We start with the reduction from the infinite clique problem to recurrent reach-
ability. Let R ⊆ A2d be a (tree-)regular relation given by an NFA (resp. NTA) A. Fix
some vector a1 ∈ Ad. We define the relation R′ ⊆ A2d such that

(i) (a1,a) ∈ R′ for all a ∈ Ad and

(ii) (a, b) ∈ R′ for all (a, b) ∈ R with a ̸= b.

Clearly, the relation R′ is (tree-)regular and an NFA (resp. NTA) for R′ is logspace
computable from A. Since the additional condition a ̸= b in (ii) ensures that the vectors
of a transitive path in R′ are pairwise distinct, it holds that R has an infinite clique if
and only if a1 ∈ Rec(Ad)[R′].

For the reverse reduction let R ⊆ A2d be a (tree-)regular relation given by an NFA
(resp. NTA) A and L ⊆ Ad be a (tree-)regular relation given by an NFA (resp. NTA) B.
Furthermore, let a1 ∈ Ad be the initial vector. We define the relation R′ ⊆ (Ad × N)×
(Ad × N) such that for all a, b ∈ Ad and m,n ∈ N we have ((a,m), (b, n)) ∈ R′ if and
only if

(i) (a1,a) ∈ R,

(ii) (a, b) ∈ R, and

(iii) a ∈ L.

Intuitively, we create infinitely many copies of every vector by taking the direct product
with the natural numbers. This allows the infinite clique to visit an original vector
several times. Furthermore, in R′ we only consider the vectors that are in relation with
a1 to ensure that a1 can be appended to the beginning of every infinite clique. With
the third condition we ensure that every vector of the infinite clique is contained in L.
Thus, a1 ∈ Rec(L)[R] if and only if R′ has an infinite clique.
Note that R′ can be viewed as a subset of A2(d+1) by representing the natural numbers

in unary as words (resp. paths). Then R′ is (tree-)regular and an automaton for it can
easily be constructed in logspace from A and B using the product construction from
Proposition 2.3.4 (resp. Proposition 2.3.15). Moreover, if R is transitive, then so is R′

and if A and B are deterministic, then so is the automaton for R′. In the tree case
we further remark that also the direction (bottom-up or top-down) of the automata
is preserved. Furthermore, by Proposition 3.1.4, R′ can be transformed into a binary
relation.
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3.2.2 Linear Liveness

In Section 5.6.3 we consider a similar liveness problem as recurrent reachability for
transition systems whose reachability relation can be expressed by a formula in linear
integer/real arithmetic. More specifically, the systems that we consider will involve coun-
ters and/or clocks. Configurations of such systems will be tuples of integers representing
the counter values and reals representing the clock values. The difference to recurrent
reachability is that instead of just visiting a set of configurations infinitely often, we
require that between every pair of infinitely many configurations on the run a formula in
linear integer/real arithmetic holds. The formula may even have additional components
whose valuation has to be the same for every pair.
Let us make this more precise. In the transition systems that we consider, configura-

tions are elements of C := Q × Zk ×Dℓ where Q is a finite set of control states and D
is either R or Q. We are interested in transition systems with step relation → ⊆ C × C
such that for all p, q ∈ Q one can effectively construct an existential formula φp,q(x,y)
in LIRA for its reachability relation →+ restricted to initial state p and target state q.
This means φp,q(a, b) if and only if (p,a)→+ (q, b) for all a, b ∈ Zk ×Dℓ. Concrete ex-
amples of classes of transition systems that satisfy this property include timed automata
[CJ99], succinct one-counter automata [Li+20], and continuous vector addition systems
with states [BH17]. We will discuss these and more examples in detail in Section 5.6.3.
Observe that by assuming that Q = {1, . . . , |Q|}, we can construct a formula φ for the
reachability relation that includes the state component of the configurations:

φ(x0,x, y0,y) :=
⋁︂

p,q∈Q
x0 = p ∧ y0 = q ∧ φp,q(x,y)

Then for all configurations (p,a), (q, b) ∈ C we have that φ(p,a, q, b) if and only if
(p,a) →+ (q, b). Thus, in the following we just combine the state and the vector of
counter/clock values.

We define the linear liveness problem for transition systems with the above properties
as follows:

Given A description of a transition system and existential LIRA formulas ε(x0) and
ψ(x,y, z).

Question Is there an infinite sequence a0,a1,a2, . . . of configurations and a vector c
such that

� ε(a0),

� ai →+ aj for all 0 ≤ i < j, and

� ψ(ai,aj , c) for all 1 ≤ i < j?

Here, ε defines a set of initial configurations. A simplified form of linear liveness is when
ψ only depends on x, i.e. it states an LIRA condition that must be fulfilled separately by
infinitely many configuration of a run. This version of the problem was studied by Dang
and Ibarra [DI02]. But ψ can also relate pairs of configurations while involving some
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vector of free variables. For example, ψ could require that between ai and aj the values
in some components have increased by at least some positive value in c. With this one
can express that real clock values grow unboundedly rather than being convergent.

Given the formulas φ, ε, and ψ, the Ramsey quantifier can be used to express linear
liveness as follows:

∃x0, z : ε(x0) ∧
(︂(︁
∃ramx,y : φ(x0,x) ∧ φ(x,y) ∧ ψ(x,y, z)

)︁
∨(︁

∃x : φ(x0,x) ∧ φ(x,x) ∧ ψ(x,x, z)
)︁)︂

Here, the first disjunct states the existence of a sequence of pairwise distinct configura-
tions, whereas the second disjunct expresses the existence of a lasso. In Chapter 5 we
will see how the Ramsey quantifier in the first disjunct can be eliminated, yielding an
existential formula in LIRA. This will result in new complexity bounds for linear liveness
for various classes of systems.

3.3 Recognizability and Monadic Decomposability

In this section we introduce the notion of monadic decomposability and discuss its con-
nection to the problem of recognizability. Loosely speaking, a formula is monadically
decomposable if its free variables can be decoupled, i.e. the formula is equivalent to a
Boolean combination of formulas that only depend on one free variable. The connection
to recognizability will become apparent when considering the index of certain equiv-
alence relations. We will see that in some cases, the problems of recognizability and
monadic decomposability reduce to checking whether these equivalence relations have
finite index. This characterization is interesting for us since it allows us to apply results
on infinite cliques. Here, the main idea is that an equivalence relation has infinite index
if and only if its complement contains an infinite clique.

3.3.1 Recognizability via Finite-Index Equivalence Relations

In Sections 2.3.5 and 2.3.6 we defined a hierarchy of classes of relations over (infinite)
words. A natural question one can ask is whether a given relation R from some class
C1 also belongs to a strict subclass C2. We call this a membership problem. It was
already observed by Fischer and Rosenberg [FR68] and Lisovik [Lis79] that all mem-
bership problems over this hierarchy are undecidable if C1 is the class of (ω-)rational
relations. The decidability and complexity status of all other problems is discussed in
Chapter 6. In this thesis we will mainly focus on the problem of (ω-)recognizability,
i.e. the membership problem where C2 is the class of (ω-)recognizable relations. Here,
the key observation, which connects recognizability with Ramsey quantifiers and infi-
nite cliques, is a characterization of recognizability in terms of finite-index equivalence
relations.

Let R ⊆ Ak be a k-ary relation. For I ⊆ {1, . . . , k} and two tuples a ∈ A|I| and
b ∈ Ak−|I| we define a ⊙I b ∈ Ak to be the unique k-tuple whose projection to I is a
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3.3 Recognizability and Monadic Decomposability

and whose projection to {1, . . . , k} \ I is b. Define the equivalence relation ≈R
I on A|I|

such that

a ≈R
I b :⇐⇒ ∀c ∈ Ak−|I| : (a⊙I c ∈ R⇐⇒ b⊙I c ∈ R).

If R is clear from the context, we will simply write ≈I . If I = {j} is a singleton set, we
also write ⊙j and ≈j instead of ⊙I and ≈I .

Example 3.3.1. Let R1 := {(x, y) | |x|+ |y| ≥ 2} over some alphabet Σ. Here, ≈R1
1 has

three equivalence classes Σ≥2, Σ, and {ε}. We have already seen in Example 2.3.29 that
R1 is recognizable. In Proposition 3.3.3 we show that recognizability of R1 also follows
from finiteness of the index of ≈R1

1 .

For a set A we say that a set of sets T ⊆ 2A is finer than a set of sets S ⊆ 2A if every
set in S is a union of sets in T .

Lemma 3.3.2. Let A be some set and S = {S1, . . . , Sn} ⊆ 2A be a finite subset of the
power set of A. Then the coarsest partition P of

⋃︁n
i=1 Si that is finer than S is finite.

Moreover, every block of P can be written as a finite Boolean combination of sets in S.

Proof. For every I ⊆ [1, n] we define the set BI :=
⋂︁

i∈I Si ∩
⋂︁

j∈[1,n]\I Sj . Clearly,

BI ∩ BI′ = ∅ if I ̸= I ′. Now, the set P := {BI | I ⊆ [1, n], BI ̸= ∅} is the desired
partition of

⋃︁n
i=1 Si.

The following proposition was shown by Carton, Choffrut, and Grigorieff [CCG06] for
rational relations and adapted by Löding and Spinrath [LS19b] to ω-regular relations.

Proposition 3.3.3. Let R ⊆ Ak be a rational, ω-regular, or tree-regular relation. Then
R is recognizable (resp. ω-recognizable or tree-recognizable) if and only if ≈R

[1,j] has finite

index for all j ∈ [1, k − 1].

Proof. Let R ⊆ (Σ∗)k be a rational relation. For the “only if” direction assume that
R =

⋃︁n
i=1 Li,1 × · · · × Li,k is recognizable. We show that ≈R

[1,j] has finite index for any

j ∈ [1, k − 1]. Let Si := Li,1 × · · · × Li,j for all i ∈ [1, n] and BI as in Lemma 3.3.2 for
all I ⊆ [1, n]. We have that

R =
⋃︂

I⊆[1,n] : BI ̸=∅

BI ×
(︁⋃︂
i∈I

Li,j+1 × · · · × Li,k

)︁
.

Hence, since the BI are pairwise disjoint, the tuples in each BI are ≈R
[1,j]-equivalent.

Now, any tuple in (Σ∗)j is either ≈R
[1,j]-equivalent to the tuples in one of the BI or

belongs to the equivalence class (Σ∗)j \
⋃︁

I⊆[1,n]BI . Thus, ≈R
[1,j] has finite index.

For the “if” direction assume that ≈[1,j] has finite index for all j ∈ [1, k − 1]. For

words u1, . . . , ui ∈ Σ∗ with i ∈ [0, k − 1] let R|u1,...,ui := {(ui+1, . . . , uk) ∈ (Σ∗)k−i |
(u1, . . . , uk) ∈ R} be the restriction of R to u1, . . . , ui. Since Su1,...,ui := {u1} × · · · ×
{ui} × (Σ∗)k−i is recognizable and R is rational, it follows from Proposition 2.3.25 that
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R|u1,...,ui = Su1,...,ui ∩ R is rational. We show that for every u1, . . . , uj−1 ∈ Σ∗ and
j ∈ [1, k − 1] the restriction R|u1,...,uj−1 is recognizable if R|v1,...,vj is recognizable for
all v1, . . . , vj ∈ Σ∗. Then the claim follows by induction since R|v1,...,vk−1

is trivially
recognizable. Let R′ := R|u1,...,uj−1 for some arbitrary words u1, . . . , uj−1 ∈ Σ∗ and

j ∈ [1, k − 1]. Since ≈R
[1,j] has finite index, also ≈R′

1 as finite index. Let {w1, . . . , wn} be
a complete set of representatives of the ≈R′

1 -equivalence classes. Let {Y1, . . . , Ym} be the
coarsest partition finer than {R′|w1 , . . . , R

′|wn} from Lemma 3.3.2. Since by assumption
R′|wi is recognizable for all i ∈ [1, n], the closure properties of recognizable relations
(Proposition 2.3.28) imply that also Yℓ is recognizable for all ℓ ∈ [1,m]. Hence, by
Proposition 2.3.25, the language Xℓ := {w ∈ Σ∗ | R′|w ∩ Yℓ ̸= ∅} is regular for all
ℓ ∈ [1,m]. Thus, R′ =

⋃︁m
ℓ=1Xℓ × Yℓ is recognizable.

If R is tree-regular, we can take the same proof as above. For ω-regular R we
consider in the “if” direction only restrictions of the form R|u1,...,uj where u1, . . . , uj
are ultimately periodic words. This suffices since we can always pick ultimately peri-
odic representatives of the ≈R′

1 -equivalence classes: First observe that ≈R′
1 is ω-regular

due to the closure properties of ω-regular relations (Propositions 2.3.10 and 2.3.30).
Now, pick an ultimately periodic word w1 ∈ Σω and since its equivalence class
[w1] := {w ∈ Σω | w1 ≈R′

1 w} is ω-regular, Lemma 2.3.11 implies that we can pick
an ultimately periodic w2 ∈ Σω \ [w1]. This can be continued until we picked w1, . . . , wn,
where n is the (finite) index of ≈R′

1 .

We say that R ⊆ Ak is an I-relation, for some I ⊆ [1, k], if there exists a relation
S ⊆ A|I| such that R = {a ⊙I b | a ∈ S, b ∈ Ak−|I|}. In this case we say that R is
an I-relation with respect to S. Intuitively, this means that the components from I
are controlled by S and the remaining components can take arbitrary elements. Let P
be a partition of {1, . . . , k}. Note that the class of I-relations is closed under Boolean
operations. We say that R ⊆ Ak conforms to P if R is a finite Boolean combination
of relations R1, . . . , Rn where each Ri is an I-relation for some I ∈ P . In particular, R
conforms to the discrete partition {{1}, . . . , {k}} if and only if R is a finite (positive)
Boolean combination of direct products L1 × · · · × Lk of sets Li ⊆ A.

Lemma 3.3.4. Let R ⊆ Ak be some relation. The equivalence relation ≈R
I has finite

index if and only if R conforms to {I, [1, k] \ I}.

Proof. For the “only if” direction assume that {a1, . . . ,an} is a complete set of repre-
sentatives of the equivalence classes of ≈R

I . For every i ∈ [1, n] we define the I-relation
Xi := {a ∈ A|I| | ai ≈R

I a} and the ([1, k] \ I)-relation Yi := {b ∈ Ak−|I| | ai ⊙I b ∈ R}.
Then we have that R =

⋃︁n
i=1Xi ∩ Yi as required.

For the “if” direction we can assume that R is of the form R =
⋃︁n

i=1Xi ∩ Yi for some
I-relations Xi with respect to Si and ([1, k]\ I)-relations Yi. Moreover, by Lemma 3.3.2,
we can assume that the Xi are pairwise disjoint, which implies that also the Si are
pairwise disjoint. Thus, the tuples in each Si are ≈R

I -equivalent. This means that every
tuple a ∈ A|I| is either ≈R

I -equivalent to the tuples in one of the Si or belongs to the
equivalence class A|I| \

(︁⋃︁n
i=1 Si

)︁
. Therefore, ≈R

I has finite index.
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If R conforms to a partition P , then clearly R conforms to any partition P ′ that is
coarser than P . The coarsest refinement P1⊓P2 of two partitions P1, P2 of the same set
is the set of all non-empty intersections I1∩I2 where I1 ∈ P1 and I2 ∈ P2. The following
theorem was shown (in a slightly different setting) by Cosmadakis, Kuper, and Libkin
[CKL01].

Theorem 3.3.5. If a relation R ⊆ Ak conforms to two partitions P1, P2 of [1, k], then
also to their coarsest refinement P1 ⊓ P2.

The partition of [1, k] generated by subsets I1, . . . , In ⊆ [1, k] is the coarsest refinement
P1 ⊓ · · · ⊓ Pn of the partitions Pj = {Ij , [1, k] \ Ij}. For example, the discrete partition
of [1, k] is clearly generated by the singleton sets {1}, . . . , {k − 1}. It is also generated
by all intervals [1, j] for j ∈ [1, k − 1].

Lemma 3.3.6. Let P be a partition of [1, k] generated by I1, . . . , In ⊆ [1, k]. Then
R ⊆ Ak conforms to P if and only if ≈R

Ij
has finite index for all j ∈ [1, n].

Proof. By Theorem 3.3.5, R conforms to P if and only if R conforms to {Ij , [1, k] \ Ij}
for all j ∈ [1, n]. By Lemma 3.3.4, this is equivalent to finite index of ≈R

Ij
for all

j ∈ [1, n].

Thus, by choosing the discrete partition of [1, k] for P in Lemma 3.3.6, we obtain
for any I1, . . . , In ⊆ [1, k] generating the discrete partition of [1, k] that ≈R

Ij
has finite

index for all j ∈ [1, n] if and only if ≈R
[1,j] has finite index for all j ∈ [1, k − 1]. Using

Proposition 3.3.3, this gives rise to the following proposition.

Proposition 3.3.7. Let R ⊆ Ak be a rational, ω-regular, or tree-regular relation and
I1, . . . , In ⊆ [1, k] be subsets that generate the discrete partition of [1, k]. Then R is
recognizable (resp. ω-recognizable or tree-recognizable) if and only if ≈R

Ij
has finite index

for all j ∈ [1, n].

In particular, Proposition 3.3.7 implies that recognizability of R ⊆ Ak is equivalent to
finiteness of the indexes of ≈R

j for all j ∈ [1, k − 1].

3.3.2 Monadic Decomposability

A formula φ(x1, . . . , xk) over a structure A is monadically decomposable if it is A-
equivalent to a Boolean combination of monadic formulas over A, i.e. formulas with
only a single free variable [Vea+17].

Example 3.3.8. Consider the formula φ(x, y) := x+y ≥ 2∧x ≥ 0∧y ≥ 0 in Presburger
arithmetic. Since φ contains an atom with more than one free variable, it is not a monadic
decomposition. However, φ is monadically decomposable since it is equivalent to

(x ≥ 2 ∧ y ≥ 0) ∨ (x ≥ 1 ∧ y ≥ 1) ∨ (x ≥ 0 ∧ y ≥ 2),

where each atom is a monadic formula.
On the other hand, it is not hard to see that the formula x = y is not monadically

decomposable over any structure with an infinite domain.
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In general, the problem of monadic decomposability, i.e. given a formula φ over some
fixed structure A, check whether φ is monadically decomposable, is undecidable. How-
ever, Libkin [Lib03] provides sufficient conditions on the structure A under which the
problem becomes decidable. In particular, it is shown that under these assumptions,
monadic decomposability can be characterized via finite-index equivalence relations.
Let A be a structure with domain A. We say that A has effective test for algebraicity if

for every monadic formula φ(x) over A it is decidable whether φ is algebraic, i.e. whether
[[φ]]A is finite. A function f : Ak → Aℓ is definable over A if there exists a formula φ(x,y)
with |x| = k and |y| = ℓ over A such that f(a) = b if and only if A |= φ(a, b) for all
a ∈ Ak and b ∈ Aℓ. Finally, we say that A has definable invariant Skolem functions if
for every formula φ(x,y) over A there exists a definable function fφ : A

|x| → A|y| over A
such that A |= ∀x : (∃y : φ(x,y)) → φ(x, fφ(x)) and if [[φ(a1,y)]]A = [[φ(a2,y)]]A, then
fφ(a1) = fφ(a2) for all a1,a2 ∈ A|x|. Intuitively, fφ(x) selects an element in the image
of x under φ under the assumption that the image is non-empty and this element is
unique in the sense that if a1 and a2 have the same image under φ, then fφ selects the
same element for both a1 and a2. The following theorem is shown in [Lib03].

Theorem 3.3.9. If A is a structure such that

(a) Th(A) is decidable,

(b) A has effective test for algebraicity, and

(c) A has definable invariant Skolem functions,

then monadic decomposability is decidable over A. In particular, if a structure A satisfies

(c), then a formula φ(x1, . . . , xk) over A is monadically decomposable if and only if ≈[[φ]]A
[1,j]

has finite index for all j ∈ [1, k − 1].

Examples of structure that satisfy the conditions from Theorem 3.3.9 are Presburger
arithmetic, linear real arithmetic, and the real field ⟨R;<,+, ·, 0, 1⟩. Thus, monadic
decomposability is decidable for all of these examples. Note that since Presburger arith-
metic and linear real arithmetic are (ω-)automatic structures, Theorem 3.3.9 and Propo-
sition 3.3.7 imply that over those structures a formula φ is monadically decomposable if
and only if [[φ]]p is recognizable, where p is an (ω-)automatic presentation.
Veanes et al. [Vea+17] considered the problem of monadic decomposability restricted

to the quantifier-free fragment of fist-order logic. We say that a quantifier-free formula
φ over some structure A is monadically decomposable in the quantifier-free fragment of
A if and only if φ is A-equivalent to a Boolean combination of quantifier-free monadic
formulas over A. Veanes et al. [Vea+17] prove a theorem similar to Theorem 3.3.9
(although they only give a semi-decision procedure for binary formulas). We adapt
the techniques from [Vea+17] to obtain a sufficient condition for the characterization
of monadic decomposability in the quantifier-free fragment via finite-index equivalence
relations.
We say that a tuple (a1, . . . , an) ∈ An is definable by ground terms over a structure

A = (A, I) if the element ai is definable by ground terms over A for all i ∈ [1, n].
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Proposition 3.3.10. Let A = (A, I) be a structure such that for every finite-index
equivalence relation E ⊆ An × An definable over A each equivalence class contains a
representative that is definable by ground terms over A. Then a quantifier-free formula
φ(x1, . . . , xk) is monadically decomposable in the quantifier-free fragment of A if and

only if ≈[[φ]]A
j has finite index for all j ∈ [1, k − 1].

Proof. For the “only if” direction we can assume that φ is in DNF

φ(x) =

n⋁︂
i=1

ψi,1(x1) ∧ · · · ∧ ψi,k(xk).

For all i ∈ [1, n] and j ∈ [1, k] let Si,j := Aj−1 × [[ψi,j ]] × Ak−j . Then [[φ]] =
⋃︁n

i=1 Si,1 ∩
· · · ∩ Si,k conforms to the discrete partition of [1, k], which by Lemma 3.3.6 implies that

≈[[φ]]
j has finite index for all j ∈ [1, k − 1].

For the “if” direction assume that ≈[[φ]]
j has finite index for all j ∈ [1, k − 1] (and

therefore for all j ∈ [1, k]), which by Lemma 3.3.6 implies that also ≈[[φ]]
[1,k]\{j} has finite

index for all j ∈ [1, k]. By assumption, for every j ∈ [1, k] there exist complete sets Vj

and Wj of representatives of the equivalence classes of ≈[[φ]]
j and ≈[[φ]]

[1,k]\{j}, respectively,
such that every element in Vj and every tuple in Wj is definable by ground terms over

A. Thus, we can define a quantifier-free formula for ≈[[φ]]
j as

x ≈j y :=
⋀︂

b∈Wj

φ(x⊙j b)↔ φ(y ⊙j b)

for all j ∈ [1, k]. Now, φ is equivalent to the following finite Boolean combination of
quantifier-free monadic formulas:

⋁︂
a∈(V1×···×Vk)∩[[φ]]

k⋀︂
j=1

xj ≈j aj

Example 3.3.11. Clearly, Presburger arithmetic satisfies the condition of Proposi-
tion 3.3.10 since, as discussed in Section 2.4.2, we assume that we have access to all
constants in Z. Using the fact that LRA and LIRA are ω-automatic structures, one
can show that they also satisfy the condition of Proposition 3.3.10: By Lemma 2.3.31,
every equivalence class of an ω-regular equivalence relation with finite index contains a
tuple of ultimately periodic words, which in case of the standard presentation for LRA
and LIRA (see Example 2.4.9) are always rational numbers and therefore definable by
ground terms (since we assume that terms can use rational constants). Thus, also in
case of LIRA, the correspondence between monadic decomposability of a formula φ and
recognizability of the relation [[φ]]p holds.
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Structures

Parts of this chapter were published by the author in [Ber+22].
As already motivated in the introduction, Ramsey quantifiers in automatic structures,

on the one hand, provide a general framework for liveness verification in regular model
checking and, on the other hand, have applications to recognizability. Recall that regu-
lar model checking describes the problem of checking whether a transition system with
(tree-)regular transition relation satisfies some specification given in some logical lan-
guage. More specifically, we consider the case where even the reachability relation →+,
i.e. the transitive closure of the transition relation →, is (tree-)regular and provided as
an input in form of an (tree) automaton. This assumption can, for example, be made for
pushdown systems [Esp+00], ground tree rewriting systems [Löd06], and PA-processes
[LS05], where (tree) automata for the reachability relations can even be computed in
polynomial time. Then recurrent reachability of a set L from an initial configuration a
can be reduced to checking satisfiability of

∃ramx, y : a→+ x ∧ x→+ y ∧ x ∈ L ∨ ∃x : a→+ x ∧ x→+ x ∧ x ∈ L.

Here, the disjunct on the left checks for an infinite run of pairwise distinct configurations
that is reachable from a and visits configurations in L infinitely often. The right disjunct
checks the existence of a lasso, i.e. a cycle containing a configuration in L that is reachable
from a. Note that the right disjunct can easily be checked due to the closure properties
of (tree-)regular languages/relations. To check satisfiability of the left disjunct, we have
to solve the infinite clique problem for (tree-)regular relations. Since the reachability
relation is transitive, for this application it suffice to solve the infinite clique problem
restricted to transitive relations. We show that for regular relations the complexity of the
infinite clique problem is independent from transitivity, while for tree-regular relations
transitivity can result in an exponential speedup (for certain models of tree automata).

A similar situation arises in the application to recognizability. Here, the Ramsey
quantifier is used to check whether certain (tree-)regular equivalence relations have fi-
nite index. To this end, we construct (tree) automata for the complements of these
equivalence relations and check for an infinite clique. Thus, in this case it suffices to
solve the infinite clique problem for co-transitive (tree-)regular relations. We show that
while over words co-transitivity does not effect the complexity, over trees co-transitivity
again exponentially decreases the complexity of the infinite clique problem for certain
models of tree automata.

More generally, to evaluate the Ramsey quantifier over regular relations, we first ob-
serve that every infinite clique in a regular relation contains an infinite subclique wit-
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regular relations tree-regular relations

Evaluation of the
Ramsey quantifier

logspace polynomial time for transitive
relations or D↑TA

Recurrent reachability
& infinite clique

NL-complete∗
EXP-complete for NTA, D↓TA
P-complete for transitive∗ or

co-transitive relations or D↑TA

Recurrent reachability
with generalized Büchi

condition
PSPACE-complete EXP-complete

Recognizability NL-complete for DFA∗

PSPACE-complete for NFA∗
P-complete for D↑TA, D↓TA

EXP-complete for NTA

Table 4.1: An overview of the complexity results obtained in this chapter. Those marked
with ∗ were known, but we provide simpler proofs. The other results are new.

nessed by accepting runs that form a so-called comb of combs structure. This structure
makes it possible for an alternating Büchi automaton to verify that the encoding of
an infinite sequence forms a clique. To obtain a polynomially-sized Büchi automaton,
we further observe that the accepting runs can be “merged”, yielding an even easier
structure. In the case of tree-regular relations, the strategy is similar. The first obser-
vation, that the witnessing runs form a comb of combs structure, can be extended to
trees. The merging, however, is impossible over general tree-regular relations given as
nondeterministic tree automata since we prove the infinite clique problem to be EXP-
hard in this case. The EXP upper bound follows from the fact that an alternating Büchi
tree automaton can simulate the comb of combs. However, for deterministic bottom-up
tree automata the complexity is much lower. Due to bottom-up determinism, merging
becomes possible again, which yields existence of a polynomially-sized Büchi automaton
that accepts encodings of infinite cliques.

4.1 Main Results

Before we dive into the proofs, let us provide a detailed summary of the main results
of this chapter. An overview can be found in Table 4.1. Unless otherwise specified, the
completeness results mentioned in this section (and Table 4.1) hold for NFAs and DFAs
in the word case and NTAs, D↑TAs, and D↓TAs in the tree case.

Ramsey quantifiers in automatic structures It follows from [Bar+19] that the in-
finite clique problem over word-regular relations is NL-complete. In Section 4.2 we
provide a much simpler proof by considering a slightly more general setting. Instead
of the infinite clique problem we consider the evaluation of the Ramsey quantifier
on a (2d + k)-ary (tree-)regular relation R ⊆ A2d+k, i.e. compute an automaton for
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[[∃ramx,y : R(x,y, z)]]. For this recall that R implicitly defines a structure A := ⟨A;R⟩
and [[∃ramx,y : R(x,y, z)]] = {c ∈ Ak | A |= ∃ramx,y : R(x,y, c)}.

Theorem 4.2.1. Given a regular relation R ⊆ (Σ∗)2d+k by an NFA, one can construct
in logspace an NFA for the relation [[∃ramx,y : R(x,y, z)]], where |x| = |y| = d and
|z| = k.

In particular, Theorem 4.2.1 implies that the infinite clique problem over regular
relations is in NL.

Corollary 4.2.2. The infinite clique problem over regular relations R ⊆ (Σ∗)2d is NL-
complete.

Theorem 4.2.1 shows that Ramsey quantifiers can be effectively evaluated in automatic
structures and can be reformulated as follows.

Corollary 4.2.3. Given an automatic structure A by a presentation p and a formula
φ(x,y, z) over A with |x| = |y|, one can effectively compute an NFA for the relation
[[∃ramx,y : φ(x,y, z)]]p. Moreover, if an NFA for [[φ]]p is given, the construction requires
only logspace.

Ramsey quantifiers in tree-automatic structures In Section 4.3 we show that the
complexity of the infinite clique problem increases from NL to EXP when considered
over tree-regular relations given by NTAs or D↓TAs and to P for D↑TAs.

Theorem 4.3.1. The infinite clique problem over tree-regular relations R ⊆ (TΣ)2d is
EXP-complete if R is given as NTA or D↓TA and P-complete if R is given as D↑TA.

For the exponential lower bound we present a reduction from intersection non-
emptiness for NTAs and D↓TAs. This is surprising because an analogous reduction
in the word case does not exist: This would yield a PSPACE lower bound for the infinite
clique problem over words but the latter belongs to NL. The P lower bound for D↑TAs
follows from Proposition 3.2.1 since recurrent reachability is P-hard if the relation is
given by a D↑TA (Corollary 4.4.1).
The exponential upper bound for NTAs was already stated by To [To10] in the con-

text of recurrent reachability, which is logspace equivalent to the infinite clique problem
(Proposition 3.2.1). We show that it is even solvable in polynomial time if the relation
is given by a D↑TA by proving the tree analogue of Theorem 4.2.1. Using Proposi-
tion 2.3.20, this implies that the exponential upper bound also holds for ATAs, which
allows us to apply it to recurrent reachability with generalized Büchi condition (see
Section 4.4).

Theorem 4.3.2. Given a D↑TA (resp. ATA) for a tree-regular relation R ⊆ (TΣ)2d+k,
one can construct in polynomial (resp. exponential) time an NTA for the relation
[[∃ramx,y : R(x,y, z)]], where |x| = |y| = d and |z| = k.

As in the word case, we can reformulate Theorem 4.3.2 for tree-automatic structures.
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4 Ramsey Quantifiers in Automatic Structures

Corollary 4.3.3. Given a tree-automatic structure A by a presentation p and a formula
φ(x,y, z) over A with |x| = |y|, one can effectively compute an NTA for the relation
[[∃ramx,y : φ(x,y, z)]]p. Moreover, if a D↑TA for [[φ]]p is given, the construction requires
only polynomial time.

If we make further assumptions on the relation R, we obtain a better complexity for
NTAs. We say that a (2d+ k)-ary relation R over A is transitive if the binary relation
{(a, b) ∈ Ad × Ad | (a, b, c) ∈ R} is transitive for all c ∈ Ak. Recurrent reachability for
transitive tree-regular relations was already shown to be decidable in polynomial time
by To and Libkin [TL08].

Theorem 4.3.9. Given an NTA for a transitive tree-regular relation R ⊆ (TΣ)2d+k, one
can construct in polynomial time an NTA for the relation [[∃ramx,y : R(x,y, z)]], where
|x| = |y| = d and |z| = k. In particular, the infinite clique problem over transitive
tree-regular relations R ⊆ (TΣ)2d is P-complete.

We show that the complexity of the infinite clique problem is the same if instead of
transitive relations we consider complements thereof. A relation R is co-transitive if its
complement R is a transitive relation.

Theorem 4.3.13. The infinite clique problem over co-transitive tree-regular relations
R ⊆ (TΣ)2d is P-complete.

Theorem 4.3.13 enables us to apply our results on infinite cliques to the recognizability
problem of tree-regular relations while obtaining precise complexity (see Section 4.4).
In Section 4.5 we show by a reduction that the Ramsey quantifier can be evaluated

over unranked tree-regular relations with the same complexity as in the ranked case.

Recurrent reachability Recall that the problem of recurrent reachability over
(tree-)regular relations is to check whether in a given (tree-)regular relation R ⊆ A2d

there exists a transitive path, i.e. an infinite sequence (ai)i≥1 in Ad with (ai,aj) ∈ R
for all 1 ≤ i < j, that visits a given (tree-)regular relation L ⊆ Ad infinitely often. In
Section 4.4.1 we use Proposition 3.2.1 to show that we can transfer the upper bounds in
Corollary 4.2.2 and Theorems 4.3.1 and 4.3.9 for the infinite clique problem directly to
recurrent reachability.

Corollary 4.4.1. Recurrent reachability is NL-complete over regular relations. It is
EXP-complete over tree-regular relations given by NTAs or D↓TAs and P-complete if the
tree-regular relations are transitive or given by D↑TAs.

If instead of a single L multiple given relations L1, . . . , Lk must be visited infinitely
often, we call the problem recurrent reachability with generalized Büchi condition.

Theorem 4.4.3. Recurrent reachability with generalized Büchi condition is PSPACE-
complete over regular relations and EXP-complete over tree-regular relations.

The lower bounds already hold if R is transitive and L1, . . . , Lk are languages. We
show that we can even compute an automaton for the set of all initial vectors of transitive
paths in R that satisfy the generalized Büchi condition.
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Recognizability Recall that a relation R ⊆ Ak is (tree-)recognizable if it is of the form
R =

⋃︁n
i=1Ai,1×· · ·×Ai,k for some (tree-)regular languages Ai,j . The traditional approach

to deciding recognizability [GS66b; Lib03; CCG06; LS19b; Bar+19] is to associate with
R the equivalence relations ≈[1,j] for all j ∈ [1, k−1] as defined in Section 3.3. As seen in
Proposition 3.3.7, R is (tree-)recognizable if and only if each ≈[1,j] has finite index. An
equivalence relation has infinite index if and only if there exist infinitely many elements
that are pairwise in different equivalence classes, which is witnessed by an infinite clique
in the complement relation. Therefore, (tree-)recognizability amounts to checking that
≈[1,j]’s complement ̸≈[1,j] does not have an infinite clique for any j. If R is given by
a DFA (resp. NFA), then one can construct an NFA for each ≈[1,j] in logspace (resp.
polynomial space) and thus Theorem 4.2.1 yields a tight upper bound (which was already
established in [Bar+19]).

Corollary 4.4.9. Given a regular relation R ⊆ (Σ∗)k by a DFA (resp. NFA), it is
NL-complete (resp. PSPACE-complete) to decide whether R is recognizable.

While this approach yields optimal complexity for words, this is, unexpectedly, not
the case for trees. For a tree-regular relation given as D↓TA or D↑TA (resp. NTA) one
can also construct an NTA for each ̸≈[1,j] in polynomial (resp. exponential) time. Then
applying Theorem 4.3.2 would yield an EXP (resp. 2-EXP) algorithm. However, perhaps
surprisingly, in Section 4.4.2 we show that tree-recognizability for tree-regular relations
has much lower complexity:

Corollary 4.4.10. Given a tree-regular relation R ⊆ (TΣ)k by a D↑TA or D↓TA (resp.
NTA), it is P-complete (resp. EXP-complete) to decide whether R is tree-recognizable.

To get the P (resp. EXP) algorithm, we exploit the co-transitivity of each ̸≈[1,j] and
apply Theorem 4.3.13 instead of Theorem 4.3.2. This shows the importance of the
co-transitivity notion: In the word case, recognizability requires only the generic clique
detection, but the tree case is more nuanced. Here, we need one algorithm for the general
case and a specialized algorithm for co-transitive relations.

4.2 Word-Automatic Structures

We first consider the evaluation of the Ramsey quantifier over word-regular relations.
As the main result we show the following:

Theorem 4.2.1. Given a regular relation R ⊆ (Σ∗)2d+k by an NFA, one can construct
in logspace an NFA for the relation [[∃ramx,y : R(x,y, z)]], where |x| = |y| = d and
|z| = k.

An immediate consequence of Theorem 4.2.1 is that the infinite clique problem over
regular relations is in NL.

Corollary 4.2.2. The infinite clique problem over regular relations R ⊆ (Σ∗)2d is NL-
complete.
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Proof. For the upper bound let R be given by an NFA. By Theorem 4.2.1, we can
construct an NFA for [[∃ramx,y : R(x,y)]] in logspace and then check non-emptiness in
NL using Proposition 2.3.5.
The lower bound already holds for binary relations given by a DFA and follows from

Proposition 3.2.1 since recurrent reachability is NL-complete by Corollary 4.4.1.

From the perspective of automatic structures, Theorem 4.2.1 can be rephrased as
follows:

Corollary 4.2.3. Given an automatic structure A by a presentation p and a formula
φ(x,y, z) over A with |x| = |y|, one can effectively compute an NFA for the relation
[[∃ramx,y : φ(x,y, z)]]p. Moreover, if an NFA for [[φ]]p is given, the construction requires
only logspace.

Corollary 4.2.3 implies that over automatic structures one can effectively construct
an automaton for the relation defined by a formula in first-order logic enriched with the
Ramsey quantifier. Thus, since now satisfiability reduces to checking non-emptiness of
the language accepted by the resulting automaton, we obtain the following extension of
Proposition 2.4.8, which was already shown by Rubin [Rub08].

Corollary 4.2.4. The enriched theory Th∃
ram

(A) of every automatic structure A is
decidable.

To prove Theorem 4.2.1, we will in the following first assume that R ⊆ Σ∗ × Σ∗ is a
binary relation, i.e. we assume that d = 1 and k = 0. At the end of this section, when
we complete the proof of Theorem 4.2.1, we show that the general case can be reduced
to the binary case.

Word combs The first step is to observe that, when looking for infinite cliques in R,
one can restrict to combs: An infinite sequence v of words is called a comb if there exist
infinite sequences α and β of words with vi = β1 . . . βi−1αi and 1 ≤ |αi| ≤ |βi| for all
i ≥ 1. The pair (α,β) is called a generator of v. We remark that the choice of the
generator is not unique. Any infinite subsequence of a comb is again a comb. In fact,
the following lemma is well-known (see e.g. [KL10]).

Lemma 4.2.5. Any infinite sequence w of pairwise distinct words wi over a finite
alphabet Σ contains a comb as a subsequence.

Proof. It suffices to show that there exists a comb over the set W := {wi | i ≥ 1}.
Indeed, since (N,≤) is a well-quasi-ordering, any sequence (wij )j≥1 of pairwise distinct
words wij ∈ W contains a subsequence (wi′j

)j≥1 such that i′j < i′k for all j < k, i.e.

a subsequence of w. Consider the infinite tree over Σ∗ with the edges (w,wa) for all
w ∈ Σ∗ and a ∈ Σ, which is |Σ|-branching. The set of all prefixes of words inW forms an
infinite subtree, which contains an infinite path π by Kőnig’s Lemma. Let u0 := ε be the
root. Then for all i ≥ 1 let vi ∈ W be any word which contains ui−1 as a proper prefix
and let ui be the unique node on π with |ui| = |vi|. Then we can write ui = β1 . . . βi
and vi = β1 . . . βi−1αi for some generator (α,β) with 1 ≤ |αi| = |βi|.
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⊥
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⊥
a

]︃
# . . .

Figure 4.1: An example word comb ba, ababb, abaaaab, . . . and its encoding as an infinite
word.

. . .

α1 ⊗ β1

β1 ⊗ β1 α2 ⊗ β2

β2 ⊗ β2 α3 ⊗ β3

· · ·
ε⊗ β2 ε⊗ β3 ε⊗ β4

ε⊗ α2 ε⊗ α3 ε⊗ α4

· · ·
ε⊗ β3 ε⊗ β4

ε⊗ α3 ε⊗ α4

· · ·
ε⊗ β4

ε⊗ α4

Figure 4.2: If v is a comb of the form vi = β1 . . . βi−1αi, then the convolutions vi ⊗ vj
for all i < j form a comb of combs.

In contrast to arbitrary infinite sequences of words, combs can be encoded naturally
by infinite words. If (α,β) is a generator, we call the infinite word

enc(α,β) :=

[︃
α1

β1

]︃
#

[︃
α2

β2

]︃
# . . . ∈

(︁
(Σ⊥ × Σ) ∪ {#}

)︁ω
the encoding of (α,β), or also an encoding of v, where # /∈ Σ is a fresh delimiter
symbol. An example of a comb together with its encoding as an infinite word is depicted
in Figure 4.1. Clearly, the set of valid comb encodings is ω-regular and given an alphabet,
an NBA for it can be constructed in logspace.

Comb of combs The next goal would be to construct a Büchi automaton which reads
an encoding of a comb v and verifies that vi ⊗ vj has an accepting run ρ(vi, vj) for all
1 ≤ i < j. In general, this is challenging since it is not clear how a finite automaton can
keep track of infinitely many runs (let alone, an automaton of polynomial size). Instead,
we will show that every infinite clique contains an infinite subclique whose accepting
runs can be arranged in a dag of constant width and can therefore be recognized by a
polynomially-sized Büchi automaton.
Consider a comb v with generator (α,β). First observe that the convolutions vi ⊗ vj

can be written as [︃
vi
vj

]︃
=

[︃
β1
β1

]︃
. . .

[︃
βi−1

βi−1

]︃ [︃
αi

βi

]︃ [︃
ε

βi+1

]︃
. . .

[︃
ε

βj−1

]︃ [︃
ε
αj

]︃
(4.1)
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. . .

λ1

κ1
λ2

κ2
λ3

· · ·
µ1,2 µ1,3 µ1,4

ν1,2 ν1,3 ν1,4

· · ·
µ2,3 µ2,4

ν2,3 ν2,4

· · ·
µ3,4

ν3,4

Figure 4.3: One can always find an infinite comb clique v with accepting runs that can
be decomposed in the form ρ(vi, vj) = κ1 . . . κi−1λiµi,i+1 . . . µi,j−1νi,j .

and can hence be arranged in a trie displayed in Figure 4.2, that we call comb of combs.
The next insight is that we can ensure that the accepting runs ρ(vi, vj) on the convo-
lutions vi ⊗ vj match this comb of combs structure after replacing v with an infinite
subsequence. Roughly speaking, the runs look as if the automaton for R would be de-
terministic. For example, all runs ρ(v1, vj) for j > 1 share a common prefix which is a
run on α1 ⊗ β1 and all runs ρ(vi, vj) for 1 < i < j share a common prefix which is a run
on β1 ⊗ β1.
We define a decomposition of a word w ∈ Σ∗ as w = u1 . . . un where ui ∈ Σ∗. The

decomposition in Equation (4.1) is called the (α,β)-decomposition of vi ⊗ vj . We say
that a decomposition ρ = ρ1 . . . ρn of a run of an NFA is compatible with a decomposition
w = u1 . . . un of a word if ρi is a run on ui for all i ∈ [1, n].

We say that a generator (α,β) of a comb v is coarser than a generator (γ, δ) of a
comb w if there exist indices k1 < k2 < . . . such that vi = wki and β1 . . . βi = δ1 . . . δki
for all i ≥ 1. In this case we also say that (α,β) is the coarsening of (γ, δ) defined by
the subsequence v of w.

Lemma 4.2.6. If w is an infinite clique in a regular relation R ⊆ Σ∗ × Σ∗ given as
an NFA A, then there exist a generator (α,β) of a subsequence v of w, accepting runs
ρ(vi, vj) of A on vi ⊗ vj, and runs κi, λi, µi,j , νi,j such that

ρ(vi, vj) = κ1 . . . κi−1λiµi,i+1 . . . µi,j−1νi,j

is a decomposition compatible with the (α,β)-decomposition of vi ⊗ vj for all i < j.

Proof. Let w be an infinite clique in R and ρ(wi, wj) be an accepting run of A on wi⊗wj

for all 1 ≤ i < j. By Lemma 4.2.5, we can assume that w is a comb. We establish the
run structure as illustrated in Figure 4.3 column-wise.

Assume we already defined a subcomb v of w with generator (α,β) and runs (κi)i<n,
(λi)i<n, (µi,j)i<j<n, and (νi,j)i<j<n for some n ≥ 1 such that

ρ(vi, vj) = κ1 . . . κi−1λiµi,i+1 . . . µi,n−1τ(vi, vj)

ρ(vi′ , vj′) = κ1 . . . κn−1σ(vi′ , vj′)
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· · ·

. . .

λ1

κ1 λ2

κ2

λ3

µ2 µ3 µ4

ν2 ν3 ν4

Figure 4.4: One can always find an infinite comb clique v such that the accepting runs in
Figure 4.3 can be merged, which yields decompositions of the form ρ(vi, vj) =
κ1 . . . κi−1λiµi+1 . . . µj−1νj .

for runs τ(vi, vj), σ(vi′ , vj′) for all 1 ≤ i < n ≤ j and n ≤ i′ < j′. For all 1 ≤ i < n we
just set νi,n := τ(vi, vn).

We now define µi,n successively for each 1 ≤ i < n. In step i we apply the pigeonhole
principle to get an infinite subsequence u of v starting with v1, . . . , vn such that all runs
τ(ui, uj) for j > n have a common prefix µi,n which is a run on ε ⊗ βn. At the end of
step i, we replace v with u and we replace (α,β) with the coarsening defined by u.

Next we define λn. By the pigeonhole principle, there exists an infinite subsequence
u of v starting with v1, . . . , vn such that all runs σ(un, uj) for j > n have a common
prefix λn which is a run on αn ⊗ βn. Again, we replace v with u and (α,β) with the
coarsening defined by u.

Finally, by Ramsey’s theorem there is an infinite subsequence u of v starting with
v1, . . . , vn such that all runs σ(ui, uj) for n < i < j have a common prefix κn which is a
run on βn ⊗ βn. We replace v with u and (α,β) with the coarsening defined by u.

In the limit we obtain a comb v with generator (α,β) that is a subsequence of w
and the desired decomposition of the runs ρ(vi, vj) that is compatible with the (α,β)-
decomposition of vi ⊗ vj for all i < j.

It is not hard to see that such a comb of combs structure can be simulated by an
alternating Büchi automaton, which would only yield a PSPACE-solution for the infinite
clique problem. The following key lemma states that the runs µi,j , νi,j from Lemma 4.2.6
can be chosen independently from i, which reduces the width of the run dag of the
alternating automaton to a constant. Intuitively, the runs can be merged, which yields
an easier run structure as shown in Figure 4.4.

Lemma 4.2.7. If w is an infinite clique in a regular relation R ⊆ Σ∗ × Σ∗ given as
an NFA A, then there exist a generator (α,β) of a subsequence v of w, accepting runs
ρ(vi, vj) of A on vi ⊗ vj, and runs κi, λi, µj , νj such that

ρ(vi, vj) = κ1 . . . κi−1λiµi+1 . . . µj−1νj

is a decomposition compatible with the (α,β)-decomposition of vi ⊗ vj for all i < j.
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Proof. Suppose that R has an infinite clique. Then there exist an infinite clique w in R
generated by (α,β) and runs κi, λi, µi,j , νi,j for i < j as in Lemma 4.2.6.

It remains to ensure that µi,j = µi′,j and νi,j = νi′,j for all i < i′ < j. To this
end, consider the initial state of the run µi,j . By Ramsey’s theorem, there exist indices
k1 < k2 < . . . such that all runs µki,kj have the same initial state. We define vi := wki

for all i ≥ 1 and

κ̃1 := κ1 . . . κk2−1 λ̃1 := κ1 . . . κk1−1λk1µk1,k1+1 . . . µk1,k2−1

κ̃j := κkj . . . κkj+1−1 λ̃j := λkjµkj ,kj+1 . . . µkj ,kj+1−1

µ̃j := µk1,kj . . . µk1,kj+1−1 ν̃j := νk1,kj

for all j ≥ 2. Observe that the composition λ̃iµ̃i+1 forms a valid run since µki,ki+1
and

µk1,ki+1
have the same initial state. Then κ̃1 . . . κ̃i−1λ̃iµ̃i+1 . . . µ̃j−1ν̃j is an accepting

run on vi ⊗ vj . Furthermore, this run decomposition is compatible with the (γ, δ)-
decomposition of vi ⊗ vj , where the generator (γ, δ) is defined as

δ1 := β1 . . . βk2−1 γ1 := β1 . . . βk1−1αk1

δj := βkj . . . βkj+1−1 γj := αkj

for all j ≥ 2. Note that the construction ensures that |γi| ≤ |δi| for all i ≥ 1.

Using Lemma 4.2.7, we can now construct a Büchi automaton that simulates runs of
the form as in Figure 4.4. This automaton is small since it only has to run one copy of
the input automaton for each of the runs λi, κi, µi, νi in parallel.

Proposition 4.2.8. Given an NFA A for a relation R ⊆ Σ∗×Σ∗, one can construct in
logspace an NBA B over the alphabet (Σ⊥ × Σ) ∪ {#} such that:

� If w is an infinite clique in R, then B accepts an encoding of a comb v which is a
subsequence of w.

� If B accepts an encoding of a comb w, then w is an infinite clique in R.

Proof. Let Γ := (Σ⊥)
2 and Γ′ := (Σ⊥×Σ)∪{#}. Given an NFA A = (Q,Γ,∆, q0, F ) for

R, we add to A a fresh state ⊥ and transitions ⊥ (a,b)−−−→ q for all (a, b) ∈ Γ and q ∈ Q⊥,
where Q⊥ := Q ∪ {⊥}.
The NBA B = ((Q⊥)

4,Γ′,∆B, qB0 , (Q⊥)
4) simulates the runs κi, λi, µi, νi from

Lemma 4.2.7 in four components. Its initial state is qB0 := (q0, q0,⊥,⊥) and it con-
tains the following transtions:

� (p, q, r, s)
(a,b)−−−→B (p′, q′, r′, s′) for all transitions p

(b,b)−−→A p′, q
(a,b)−−−→A q′, r

(⊥,b)−−−→A r′,

and either a = ⊥ and s = s′ ∈ Q⊥ or a ̸= ⊥ and s
(⊥,a)−−−→A s′ in A,

� (p, q, q, s)
#−→B (p, p, q, q) for all p, q ∈ Q and s ∈ F ,

� (p1, p2, p3, p4)
ε−→B (q1, q2, q3, q4) if pi = qi ∈ Q⊥ or pi

ε−→A qi for all i ∈ [1, 4].
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The desired NBA is the intersection of L(B) and the ω-regular language of all valid comb
encodings, which can be computed using Proposition 2.3.10.

We are now ready to prove Theorem 4.2.1. Note that to only solve the infinite clique
problem, it suffices to check non-emptiness of the NBA constructed in Proposition 4.2.8.
To also evaluate the Ramsey quantifier in presence of additional components, we add
them to the clique components and enforce that they do not change throughout the
clique. For convenience, we repeat the statement of the theorem.

Theorem 4.2.1. Given a regular relation R ⊆ (Σ∗)2d+k by an NFA, one can construct
in logspace an NFA for the relation [[∃ramx,y : R(x,y, z)]], where |x| = |y| = d and
|z| = k.

Proof. First assume that d = 1 and k = 0, i.e. R is a binary relation on words over Σ.
We can construct in logspace an NFA C over Σ such that (i) for every infinite clique w of
R some element wi is accepted by C and (ii) if w is accepted by C, then w belongs to an
infinite clique of R. To be more precise, C accepts α1 ∈ Σ∗ if and only if some encoding
enc(α,β) is accepted by the Büchi automaton B from Proposition 4.2.8. This can be
done in logspace as follows: First we construct an NBA Ĉ over Σ ∪ {#} which accepts
all words of the form α1#

ω such that an encoding enc(α,β) is accepted by B. To this
end, Ĉ simulates B until the first # is read and switches to a copy of B where every
transition label is replaced with #. Then Ĉ is turned into an NFA C (which does not
read the suffix #ω) by replacing #-transitions with ε-transitions. Furthermore, C tracks
the number of final states visited so far and accepts if and only if this number exceeds
the number of states in Ĉ (i.e. Ĉ visits a cycle containing a final state and therefore there
is an accepted suffix).

Now assume that d = 1 and let R ⊆ (Σ∗)k+2 be given by an NFA A. We construct an
NFA A′ for the regular binary relation

R′ := {(u⊗ c1 ⊗ · · · ⊗ ck, v ⊗ c1 ⊗ · · · ⊗ ck) | (u, v, c) ∈ R} ⊆
(︁
(Σ⊥)

k+1
)︁∗ × (︁

(Σ⊥)
k+1

)︁∗
.

Intuitively, we add the free components that are not bound by the Ramsey quantifier
to the clique components using the convolution operation and we ensure that those
components do not change throughout the clique. Note that A′ can be constructed
in logspace since it is obtained by taking each transition of A and duplicating the c-
coordinates, moving the v-coordinate, and replacing the first (resp. last) k+1 components
with a single ⊥ if they only consist of ⊥-symbols. Let C′ be the NFA described above,
which accepts at least one word from each infinite R′-clique and only accepts elements
of infinite R′-cliques. Projecting away the first component yields the desired NFA for
[[∃ramx, y : R(x, y,z)]].
By Proposition 3.1.4, the general case where R ⊆ (Σ∗)2d+k can be reduced to the case

where d = 1.
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4.3 Tree-Automatic Structures

We now turn to Ramsey quantifiers over tree-regular relations. Unlike the word case,
the complexity of the infinite clique problem over tree-regular relations depends on how
the relation is given.

Theorem 4.3.1. The infinite clique problem over tree-regular relations R ⊆ (TΣ)2d is
EXP-complete if R is given as NTA or D↓TA and P-complete if R is given as D↑TA.

We will start with the surprising EXP lower bound of the infinite clique problem for
NTAs and D↓TAs. We then continue with the evaluation of the Ramsey quantifier over
(general) tree-regular relations, which proves the upper bounds in Theorem 4.3.1 since
it reduces the infinite clique problem to checking non-emptiness.

Theorem 4.3.2. Given a D↑TA (resp. ATA) for a tree-regular relation R ⊆ (TΣ)2d+k,
one can construct in polynomial (resp. exponential) time an NTA for the relation
[[∃ramx,y : R(x,y, z)]], where |x| = |y| = d and |z| = k.

In terms of tree-automatic structures, we can rephrase Theorem 4.3.2 again as follows:

Corollary 4.3.3. Given a tree-automatic structure A by a presentation p and a formula
φ(x,y, z) over A with |x| = |y|, one can effectively compute an NTA for the relation
[[∃ramx,y : φ(x,y, z)]]p. Moreover, if a D↑TA for [[φ]]p is given, the construction requires
only polynomial time.

In particular, Corollary 4.3.3 implies that the first-order theory enriched with the
Ramsey quantifier of tree-automatic structures is decidable, which was already shown
by Kartzow [Kar11].

Corollary 4.3.4. The enriched theory Th∃
ram

(A) of every tree-automatic structure A is
decidable.

We then consider the special cases where the given tree-regular relation is transitive
or co-transitive.

4.3.1 EXP-Hardness

In this section we prove the exponential-time lower bound from Theorem 4.3.1 of the
infinite clique problem over tree-regular relations given as NTA or D↓TA. It already
holds for binary relations. This lower bound is surprising since over words the infinite
clique problem can be reduced to non-emptiness of (word) Büchi automata, which is
NL-complete. This is not the case over trees since non-emptiness of Büchi tree automata
is P-complete.
We start with an intuitive explanation of the lower bound. To prove the upper bound

in the word case, we used the fact that we can assume cliques v whose runs ρ(vi, vj) can
be merged into a single global run (Lemma 4.2.7). Over tree-regular relations this is
not the case anymore. Consider a D↓TA A which behaves as follows on the convolution
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Figure 4.5: Left: Illustration of the tree automaton A tracking the number of right
directions modulo n. Right: A path on which the runs of A are disjoint.

t ⊗ t′ of two binary trees t, t′ with dom(t) ⊊ dom(t′): Starting from every node on the
fringe of t, the automaton tracks the number of times it moves to a right child modulo
some number n (see Figure 4.5 for a depiction). Now consider an increasing sequence
of binary trees t1, t2, . . . and the unique runs ρi,j of A on ti ⊗ tj . Figure 4.5 illustrates
that we can always find a path on which the runs ρ1,n, ρ2,n, . . . , ρn−1,n are disjoint. This
behavior indicates that it is difficult to witness the existence of infinite cliques by a
polynomially-sized Büchi tree automaton since the number of copies that have to be
simulated in parallel is not constant anymore.

We extend this idea to a reduction from the intersection non-emptiness problem for
NTAs, which by Proposition 2.3.18 is EXP-complete. For convenience, we use the fol-
lowing equivalent formulation of the intersection non-emptiness problem: Given an NTA
A = (Q,Σ,∆, q0) and states q1, . . . , qn ∈ Q, decide whether

⋂︁n
i=1 L(Aqi) is non-empty.

Here, Aqi denotes the NTA A with initial state qi.

We construct a relation R on decorated trees, which are obtained from a binary tree
by attaching to every inner node u a ranked tree δ(u) over Σ. Let Γ := Σ ∪ {a, c} be a
ranked alphabet with a, c /∈ Σ and rk(a) := 3 and rk(c) := 0. A decorated tree is a tree
t ∈ TΓ such that t(ε) ∈ {a, c} and for all u ∈ dom(t) we have that

� if t(u) = a, then t(u1) = t(u2) ∈ {a, c} and t(u3) ∈ Σ, and

� if t(u) ∈ Σ, then t(ui) ∈ Σ for all i ∈ [1, rk(t(u))].

We denote by a(t) := {u ∈ dom(t) | t(u) = a} the nodes of t labeled with a and by
ac(t) := {u ∈ dom(t) | t(u) ∈ {a, c}} the nodes labeled with a or c. The decoration of t
is the function δt : a(t) → TΣ such that δt(u) := t↓u3 for all u ∈ a(t), where t↓v denotes
the subtree of t rooted in v ∈ dom(t).

Let A′ := (Q′,Γ,∆′, p1) be the NTA where Q′ := Q ∪ {p1, . . . , pn} for fresh states
p1, . . . , pn /∈ Q and ∆′ contains all transitions from ∆ and the transitions

� pi
a−→ (pi, pi+1, qi) for all i ∈ [1, n] where pn+1 := p1 and

� pi
c−→ () for all i ∈ [1, n].
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Figure 4.6: The context on the left is a proper prefix of the tree on the right.

We define the tree-regular relation R ⊆ TΓ × TΓ such that (s, t) ∈ R if and only if s and
t are decorated trees with ac(s) ⊆ a(t) and A′ accepts t↓u for all u ∈ min(a(t) \ a(s)).
Here, the minimum is defined with respect to prefix ordering. It is easy to construct an
NTA for R in logspace.
It remains to show that

⋂︁n
i=1 L(Aqi) ̸= ∅ if and only if R contains an infinite clique.

For the “only if” direction let t ∈ TΣ be a tree that is accepted by Aqi for all i ∈ [1, n].
For all i ≥ 0 we define the decorated tree ti ∈ TΓ such that ac(ti) =

⋃︁i
j=0{1, 2}j and

δti(u) = t for all u ∈ a(ti). It is easy to verify that (ti, tj) ∈ R for all i < j.
Conversely, consider a sequence of decorated trees ti ∈ TΓ for i ≥ 0 with (ti, tj) ∈ R

for all i < j. We define nodes v1, . . . , vn with

� vi ∈ min(a(ti) \ a(ti−1)) for all i ∈ [1, n] and

� vi+1 = vi21
ki for all i ∈ [1, n− 1] and some ki ≥ 0.

We can choose v1 ∈ min(a(t1) \ a(t0)) arbitrarily, which defines v2, . . . , vn uniquely.
Since (ti−1, tn) ∈ R and vi ∈ min(a(tn) \ a(ti−1)), the subtree tn↓vi is accepted by A′

for all i ∈ [1, n]. By definition of A′, there exist accepting runs on tn↓vn starting from
p1, . . . , pn since for all i ∈ [1, n− 1] the accepting run on tn↓vi is in state pn−i+1 at node
vn. Therefore, the tree δtn(vn) ∈ TΣ is accepted by A starting from all states q1, . . . , qn.
We note that EXP-hardness already holds if R is given by a D↓TA since the intersection

non-emptiness problem is EXP-hard already for D↓TAs (Proposition 2.3.18) and if the
automaton A is a D↓TA, then the constructed relation R from the above proof can
also be accepted by a D↓TA. Moreover, the reduction can be adapted to recurrent
reachability by setting the target set to TΣ, which proves the exponential lower bound
in Corollary 4.4.1.

4.3.2 Tree Combs

To prove the upper bounds stated in Theorem 4.3.2, we extend the notion of combs to
the tree case. To this end, we need the definition of contexts that allows us to decompose
a tree vertically.
Let x /∈ Σ be a variable. The set CΣ of all contexts over Σ contains all unranked trees

t over Σ ∪ {x} such that every node u ∈ dom(t) with t(u) = x is a leaf, called hole. We
partition dom(t) = nodes(t) ∪ holes(t) into nodes and holes. The size of a context t is
|t| := |nodes(t)| and if |t| ≥ 1, then t is called nontrivial. For contexts s, t1, . . . , tn ∈ CΣ
with |holes(s)| = n we denote by s[t1, . . . , tn] the context obtained by replacing the i-th
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Figure 4.7: An example of a tree and a context that are related by ◁.

hole in lexicographic order with ti. For two contexts s1, s2 ∈ CΣ we call s1 a prefix of
s2, denoted by s1 ≤p s2, if s1[t1, . . . , tn] = s2 for some contexts t1, . . . , tn ∈ CΣ. If n > 0
and each context ti is nontrivial, then s1 is a proper prefix of s2, denoted by s1 <p s2.
An example of a proper prefix is illustrated in Figure 4.6.

A context forest of width n over an alphabet Σ is a finite sequence τ = (ci)1≤i≤n

of contexts ci ∈ CΣ. We denote the set of all context forests over Σ by FΣ. Context
forests of width 1 are regarded as contexts. We say that τ is nontrivial if n ≥ 1 and
|ci| ≥ 1 for all i ∈ [1, n]. If the ci are trees in UΣ, we call τ just a forest. We define
the concatenation of a context τ1 ∈ CΣ, where |holes(τ1)| = n, with a context forest
τ2 = (c1, . . . , cn) ∈ FΣ of width n by τ1τ2 := τ1[c1, . . . , cn]. We write τ1τ2 . . . τn for a
context τ1 and context forests τ2, . . . , τn assuming left-associativity. Here, we implicitly
assume that the width of τi matches |holes(τ1 . . . τi−1)|. If t is a tree and s is a context,
we write t ◁ s if dom(t) ∩ holes(s) = ∅. See Figure 4.7 for an example. For a forest
α = (ti)i≤n and a context forest β = (ci)i≤n we also write α ◁ β if ti ◁ ci for all i ∈ [1, n].

We are now ready to formally define the notion of a comb of trees. An infinite sequence
t = (ti)i≥1 of ranked trees is called a comb if there is a sequence of forests α = (αi)i≥1

and a sequence of nontrivial context forests β = (βi)i≥1 such that for all i ≥ 1 we
have ti = β1 . . . βi−1αi and αi ◁ βi. The pair (α,β) is called generator of the comb t.
Since the trees ti are ranked, also the trees in αi and the contexts in βi are ranked. The
property αi◁βi should be compared to the property |αi| ≤ |βi| in word combs. It ensures
that every forest αi does not touch any context forest αj , βj for j > i. For an abstract
illustration of a tree comb we refer to Figure 4.8.

The following lemma is the tree analogue of Lemma 4.2.5.

Lemma 4.3.5. Any infinite sequence t of pairwise distinct ranked trees ti ∈ TΣ over a
finite ranked alphabet Σ contains a comb as a subsequence.

Proof. As in the word case, it suffices to show that for any infinite set T ⊆ TΣ there
exists a comb over T . Consider the following finitely branching infinite tree whose nodes
are contexts from CΣ. The root is the trivial context only consisting of a hole and no
nodes. The children of a context s are the contexts of the form s[t1, . . . , tn] where each
ti is a context of size 1, i.e. consisting of a root node all of whose children are holes.
Observe that all trees in TΣ occur as nodes in the infinite tree. The set of all ancestors of
trees in T form an infinite subtree, which contains an infinite path s0 <p s1 <p s2 <p . . .
of contexts by Kőnig’s Lemma. For every i ≥ 1 there exists a tree ti ∈ T which contains
si−1 as a prefix. Since the minimal level of a hole in si is strictly increasing, for every
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Figure 4.8: An example tree comb and its encoding as an infinite tree. In this example
the generator satisfies dom(αi) ⊆ dom(βi) whereas general generators only
satisfy αi ◁ βi.

i ≥ 1 there exists a j ≥ i with ti ◁ sj . Hence, one can inductively construct indices
1 = k1 < k2 < . . . such that tki+1 ◁ ski+1

for all i ≥ 1. Then (tki+1)i≥1 is a comb where
the generator (α,β) is defined such that ski+1

= β1 . . . βi and tki+1 = β1 . . . βi−1αi for
i ≥ 1. The comb property αi ◁ βi follows from tki+1 ◁ ski+1

.

To define the encoding enc(α,β) of a comb generator, we need a few more definitions.
For a tree t and context s with t ◁ s we define the convolution t⊗ s as before, but every
(⊥, x) is replaced with x. That is, t ⊗ s is again a context. We extend the convolution
in a natural way to forests and context forests of the same width. If τ = (c1, . . . , cn) is
a context forest, let τ be obtained from τ by attaching a new #-labeled root to each of
the n contexts ci. We can now define the encoding of a comb with generator (α,β) as
the infinite tree

enc(α,β) := (α1 ⊗ β1)(α2 ⊗ β2)(α3 ⊗ β3) . . .

over the ranked alphabet Ω := (Σ⊥)
2∪{#} where # /∈ Σ and rk(#) = 1. See Figure 4.8

for an illustration of the encoding. Here, the forests αi are colored red and the context
forests βi are colored blue. It is not hard to see that there is an NBTA that accepts the
set EncΣ of all comb encodings over the alphabet Σ.

4.3.3 General Relations

In this section we show how to evaluate Ramsey quantifiers for arbitrary tree-regular
relations (Theorem 4.3.2). As in the word case, we first focus on binary relations R ⊆
TΣ × TΣ, i.e. we assume that d = 1 and k = 0 in Theorem 4.3.2.

In Chapter 2 we only defined runs of NTAs on trees. For the following we need
to extend the run definition to contexts. A run of an NTA A = (Q,Σ,∆, q0) on a
nontrivial ranked context t ∈ CΣ is a context ρ over the alphabet Q × Q≤m, where
m := max{rk(a) | a ∈ Σ}, with nodes(ρ) = nodes(t) and holes(ρ) = holes(t) such that
for all u ∈ nodes(ρ) with ρ(u) = (q, q1, . . . , qr) we have (q, t(u), q1, . . . , qr) ∈ ∆ and
ρ(ui) ∈ {qi} × Q≤m for all i ∈ [1, r]. Here, Q≤m :=

⋃︁m
i=0Q

i. Note that each node in
a run also carries the first component of the labels of its children with the purpose of
predetermining the states in the holes.
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We define a decomposition of a context t as t = τ1 . . . τn where the τi are context
forests. For a generator (α,β) of a comb t we define the (α,β)-decomposition of ti ⊗ tj
for all i < j as in the word case as[︃

ti
tj

]︃
=

[︃
β1
β1

]︃
. . .

[︃
βi−1

βi−1

]︃ [︃
αi

βi

]︃ [︃
ε

βi+1

]︃
. . .

[︃
ε

βj−1

]︃ [︃
ε
αj

]︃
.

We say that a decomposition ρ = ρ1 . . . ρn of a run of an NTA is compatible with a
decomposition t = τ1 . . . τn of a context if ρ1 . . . ρi is a run on τ1 . . . τi for all i ∈ [1, n].
Note that the above definition of a run ensures that ρ1 . . . ρi already determines the first
component of the root labels of ρi+1 for all i < n.
We say that a generator (α,β) of a comb s is coarser than a generator (γ, δ) of a

comb t if there exist indices k1 < k2 < . . . such that si = tki and β1 . . . βi = δ1 . . . δki for
all i ≥ 1. In this case we also say that (α,β) is the coarsening of (γ, δ) defined by the
subsequence s of t.

Lemma 4.3.6. Let t be a comb generated by (γ, δ) that forms an infinite clique in a
tree-regular relation R ⊆ TΣ×TΣ given as an NTA A. There exist a coarsening (α,β) of
(γ, δ) generating a comb s, accepting runs ρ(si, sj) of A on si ⊗ sj, and context forests
κi, λi, µi,j , νi,j such that

ρ(si, sj) = κ1 . . . κi−1λiµi,i+1 . . . µi,j−1νi,j

is a decomposition compatible with the (α,β)-decomposition of si ⊗ sj for all i < j.

Proof. The proof is similar to the proof of Lemma 4.2.6 in the word case. We emphasize
that the pigeonhole principle and Ramsey’s theorem can be applied as in the word case
since the unique prefixes of the runs of the NTA that are runs on a given context have
bounded size. Let t be a comb generated by (γ, δ) that forms an infinite clique in R
and ρ(ti, tj) be an accepting run of A on ti ⊗ tj for all 1 ≤ i < j. We establish the run
structure as illustrated in Figure 4.3 column-wise.
Assume we already defined a coarsening (α,β) of (γ, δ) generating a comb s and

context forests (κi)i<n, (λi)i<n, (µi,j)i<j<n, and (νi,j)i<j<n for some n ≥ 1 such that

ρ(si, sj) = κ1 . . . κi−1λiµi,i+1 . . . µi,n−1τi,j

ρ(si′ , sj′) = κ1 . . . κn−1σi′,j′

for forests τi,j , σi′,j′ for all 1 ≤ i < n ≤ j and n ≤ i′ < j′. For all 1 ≤ i < n we just set
νi,n := τi,n.
We now define µi,n successively for each 1 ≤ i < n. In step i we apply the pigeonhole

principle to get an infinite subsequence r of s starting with s1, . . . , sn such that all runs
ρ(ri, rj) for j > n have a common prefix κ1 . . . κi−1λiµi,i+1 . . . µi,n which is a run on
(β1⊗β1) . . . (βi−1⊗βi−1)(αi⊗βi)(ε⊗βi+1) . . . (ε⊗βn). At the end of step i, we replace
s with r and we replace (α,β) with the coarsening defined by r.

Next we define λn. By the pigeonhole principle, there exists an infinite subsequence r
of s starting with s1, . . . , sn such that all runs ρ(rn, rj) for j > n have a common prefix
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κ1 . . . κn−1λn which is a run on (β1 ⊗ β1) . . . (βn−1 ⊗ βn−1)(αn ⊗ βn). Again, we replace
s with r and (α,β) with the coarsening defined by r.

Finally, by Ramsey’s theorem there is an infinite subsequence r of s starting with
s1, . . . , sn such that all runs ρ(ri, rj) for n < i < j have a common prefix κ1 . . . κn which
is a run on (β1 ⊗ β1) . . . (βn ⊗ βn). We replace s with r and (α,β) with the coarsening
defined by r.

In the limit we obtain a coarsening (α,β) of (γ, δ) generating a comb s and the desired
decomposition of the runs ρ(si, sj) that is compatible with the (α,β)-decomposition of
si ⊗ sj for all i < j.

If R is given by a D↑TA, we can compute in polynomial time a nondeterministic Büchi
tree automaton for the encoding of infinite cliques. The proof idea is that the runs µi,j
and νi,j in Lemma 4.3.6 only depend on j.

Proposition 4.3.7. Given a D↑TA A for a tree-regular relation R ⊆ TΣ × TΣ, one can
construct in logspace an NBTA B over the ranked alphabet Ω = (Σ⊥)

2 ∪ {#} such that:

� If t is an infinite clique in R, then B accepts an encoding of a comb s which is a
subsequence of t.

� If B accepts t ∈ T ∞
Ω , then t is an encoding of a comb t that is an infinite clique in

R.

Proof. Let A′ = (Q, (Σ⊥)
2,∆, q0) be the NTA that is obtained by reverting the transi-

tions of the D↑TA A, where q0 is a new initial state with (q0, a, q1, . . . , qr) ∈ ∆ for all
transitions (q1, . . . , qr, a, q) of A with final state q. We observe that A′ has the same runs
(without q0 in the root) as A on trees. Let t be an infinite clique in R. By Lemma 4.2.5,
we can assume that t is a comb. We apply Lemma 4.3.6 on A′ and t to get a subcomb
s of t generated by (α,β), accepting runs ρ(si, sj) of A′ on si ⊗ sj , and context forests
κi, λi, µi,j , νi,j such that

ρ(si, sj) = κ1 . . . κi−1λiµi,i+1 . . . µi,j−1νi,j

is a decomposition compatible with the (α,β)-decomposition of si ⊗ sj for all i < j.
Moreover, we have that µi,j and νi,j only depend on j since there are unique runs of A
on the trees in the forests (ε⊗ βj)(ε⊗ αj+1) and ε⊗ αj (and µi,j , νi,j cannot have q0 in
the roots). Thus, we can just write µj and νj for all j > 1.
We now construct an NBTA B over the alphabet Ω which accepts precisely all comb

encodings enc(α,β) of a generator (α,β) with the above properties. Since the set of
all comb encodings can be accepted by an NBTA and intersection of two NBTAs can
be performed in logspace by Proposition 2.3.23, we can assume that the input tree is
already a valid comb encoding.
A state of B consists of four components in which κj , λj , µj , νj are simulated. To

handle the special case where only κ1 and λ1 are simulated, we add a state ⊥ to A′ with

transitions ⊥ (a,b)−−−→ q for all symbols (a, b) ∈ (Σ⊥)
2 of rank r and q ∈ (Q⊥)

r. The NBTA
B has the state set (Q⊥)

4, initial state (q0, q0,⊥,⊥), and the transitions
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� (p, q, r, s)
(a,b)−−−→ p ⊗ q ⊗ r ⊗ s if A′ contains the transitions p

(b,b)−−→ p, q
(a,b)−−−→ q,

r
(⊥,b)−−−→ r, and s

(⊥,a)−−−→ s,

� (p, q, q,⊥) #−→ (p, p, q, q) for all p, q ∈ Q.

As final states we can take the set of all states (Q⊥)
4. Note that for the convolution

p ⊗ q ⊗ r ⊗ s we regard the sequences of states as words where the padding symbol is
the state ⊥. Correctness follows from the previous observations, where we remark that
after reading #, we can start the simulation of κj and λj (resp. µj and νj) in the same
state since a run on a context already predetermines the states in the holes.

Note that the proof above does not work for D↓TAs since µi,j and µi′,j (resp. νi,j and
νi′,j) are appended to different prefixes for i ̸= i′, which means that the states at their
roots can differ. Thus, we cannot just write µj (resp. νj) in that case.

We are now ready to prove Theorem 4.3.2. Note that if A is an ATA, we can first apply
Proposition 2.3.20 to transform A into a D↑TA in exponential time and then apply the
polynomial-time algorithm for D↑TAs. Hence, in the proof it suffices to handle the case
where A is a D↑TA. The proof follows the same strategy as the proof of Theorem 4.2.1
in the word case. For convenience, let us repeat the statement of the theorem.

Theorem 4.3.2. Given a D↑TA (resp. ATA) for a tree-regular relation R ⊆ (TΣ)2d+k,
one can construct in polynomial (resp. exponential) time an NTA for the relation
[[∃ramx,y : R(x,y, z)]], where |x| = |y| = d and |z| = k.

Proof. We first assume that d = 1 and k = 0. From the NBTA B = (Q,Ω,∆, q0, F ) in
Proposition 4.3.7 we can construct in polynomial time an NTA C over Σ which accepts
α1 ∈ TΣ if and only if some encoding enc(α,β) of a comb is accepted by B. Indeed, we
define C := (Q,Σ,∆′, q0) such that for all q ∈ Q, a ∈ Σ, and pi ∈ Q for 1 ≤ i ≤ rk(a) we
let

(q, a, (pi)i≤rk(a)) ∈ ∆′

if and only if there exist b ∈ Σ⊥ and pi ∈ Q for rk(a) < i ≤ rk( ab ) such that

(q, ( ab ), (pi)i≤rk( ab )
) ∈ ∆

and B accepts some tree from state pi for all i > rk(a). Note that C can be constructed in
polynomial time given B since we need to perform a polynomial number of non-emptiness
checks on B, each of which takes polynomial time by Proposition 2.3.24. The NTA C
satisfies that (i) for every infinite clique t of R some element ti is accepted by C and (ii)
if t is accepted by C, then t belongs to an infinite clique of R.

Now assume that d = 1 and let R ⊆ (TΣ)k+2 be given by a D↑TA A. As in the word
case, we construct a D↑TA A′ for the binary relation

R′ := {(s⊗ c1 ⊗ · · · ⊗ ck, t⊗ c1 ⊗ · · · ⊗ ck) | (s, t, c) ∈ R} ⊆ T(Σ⊥)k+1 × T(Σ⊥)k+1 .
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. . .

λ1

κ1
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Figure 4.9: For transitive relations it suffices to consider a simplification of the run struc-
ture in Lemma 4.3.6 of the form ρ(si, si+1) = κ1 . . . κi−1λiνi+1.

Let C′ be the NTA described above that accepts at least one tree from each infinite
R′-clique and only accepts elements of infinite R′-cliques. Projecting away the first
component using Proposition 2.3.33 yields the desired NTA for [[∃ramx, y : R(x, y,z)]].
By Proposition 3.1.4, the general case where R ⊆ (TΣ)2d+k can be reduced to the case

where d = 1.

4.3.4 Transitive Relations

Recall that a relation R ⊆ A2d+k is transitive if the binary relation {(a, b) ∈ Ad × Ad |
(a, b, c) ∈ R} is transitive for all c ∈ Ak. In this section we show that if we assume R
to be transitive, then the Ramsey quantifier can be evaluated in polynomial time even if
R is given by an NTA. As before, we first assume that R is a binary relation, i.e. d = 1
and k = 0. The central observation is that in the transitive case an infinite sequence
t of pairwise distinct elements forms a clique in R if and only if (ti, ti+1) ∈ R for all
i ≥ 1. Thus, it suffices to consider a simplification of the run structure in Lemma 4.3.6
as illustrated in Figure 4.9. In particular, the µi,j are not needed and instead of all
νi,j we only need νi+1 := νi,i+1 for all i ≥ 1. As in the general case, we start with the
construction of an NBTA that accepts encodings of combs forming a clique in R.

Proposition 4.3.8. Given an NTA A for a transitive tree-regular relation R ⊆ TΣ×TΣ,
one can construct in polynomial time an NBTA B over the ranked alphabet Ω = (Σ⊥)

2∪
{#} such that:

� If t is an infinite clique in R, then B accepts an encoding of a comb s which is a
subsequence of t.

� If B accepts t ∈ T ∞
Ω , then t is an encoding of a comb t that is an infinite clique in

R.

Proof. LetA = (Q, (Σ⊥)
2,∆, q0). We construct an NBTA B over Ω that accepts precisely

all comb encodings enc(α,β) with the simplified run structure as in Figure 4.9. The
construction is similar to the one in Proposition 4.3.7 and only removes the component
that simulates µj . Again, we can assume that the input tree is already a valid comb
encoding. A state in B consists of three components in which κi, λi, and νi are simulated.
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To handle the special case at the beginning where only κ1 and λ1 are simulated, we add

a state ⊥ to A with transitions ⊥ (a,b)−−−→ q for all symbols (a, b) ∈ (Σ⊥)
2 of rank r and

q ∈ (Q⊥)
r. The NBTA B has the state set (Q⊥)

3, initial state (q0, q0,⊥), and the
transitions

� (p, q, r)
(a,b)−−−→ p ⊗ q ⊗ r if A contains the transitions p

(b,b)−−→ p, q
(a,b)−−−→ q, and

r
(⊥,a)−−−→ r,

� (p, q,⊥) #−→ (p, p, q) for all p, q ∈ Q.

As final states we can take the set of all states (Q⊥)
3.

Using the polynomially-sized NBTA B from Proposition 4.3.8, the following theorem
can be proved analogously to Theorem 4.3.2. Here, we remark that the constructions in
the proof preserve transitivity of the relations.

Theorem 4.3.9. Given an NTA for a transitive tree-regular relation R ⊆ (TΣ)2d+k, one
can construct in polynomial time an NTA for the relation [[∃ramx,y : R(x,y, z)]], where
|x| = |y| = d and |z| = k. In particular, the infinite clique problem over transitive
tree-regular relations R ⊆ (TΣ)2d is P-complete.

The P lower bound already holds for binary relations given as D↑TA or D↓TA by
a logspace reduction from recurrent reachability (Proposition 3.2.1), which by Corol-
lary 4.4.1 is P-complete for transitive relations.

4.3.5 Co-transitive Relations

Recall that a relation R is co-transitive if its complement R is transitive. In this section
we show that if R is a co-transitive tree-regular relation, then the infinite clique problem
can be solved in polynomial time. Again, we first assume R to be binary, i.e. d = 1.
A context is called monadic if it has exactly one hole. We will show that if a co-

transitive tree-regular relation has an infinite clique, then there exists one which is a
comb generated by a monadic generator (α,β) in which all βi are monadic contexts.
This also implies that all αi are trees.

Lemma 4.3.10. If a co-transitive tree-regular relation R ⊆ TΣ × TΣ has an infinite
clique over a tree-regular language L ⊆ TΣ, then there exist an infinite clique t of R over
L and a nontrivial monadic context β such that t1 ◁ β and β ≤p ti for all i ≥ 2.

Proof. Let A = (Q, (Σ⊥)
2,∆, F ) and B = (P,Σ,Λ, E) be D↑TAs for R and L, respec-

tively. Suppose that t is an infinite clique in R over L. For j ≥ 2 let cj be the unique
context with nodes(cj) = dom(t1) ∩ dom(tj) and cj ≤p tj . Notice that cj is nontrivial
since t1 and tj contain the root. Furthermore, we have t1 ◁cj since any hole u ∈ holes(cj)
is contained in dom(tj) \ dom(t1). Since nodes(cj) ⊆ dom(t1) for all j ≥ 2, there are
only finitely many distinct cj . Hence, by the pigeonhole principle, we can reduce t to a
subsequence starting with t1 such that there is some context c with cj = c for all j ≥ 2.
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Suppose that v1, . . . , vn are the holes of c in lexicographical order and tj = c[t1j , . . . , t
n
j ]

for some trees tkj . Again, by reducing t to a subsequence starting with t1, we can further

assume that (tkj )j≥2 is an infinite sequence of pairwise distinct trees for each k ∈ [1, n].

Indeed, if (tkj )j≥2 contains only finitely many distinct trees for some k, then some tree

t must occur infinitely often in the sequence (tkj )j≥2, say t = tkℓ2 = tkℓ3 = . . . for some

1 = ℓ1 < ℓ2 < . . . . We then extend c by plugging t into the hole vk and we replace
t with (tℓj )j≥1. Clearly, duplicates in a sequence (tkj )j≥2 that contains infinitely many
distinct elements can also be removed by restricting to a subsequence.
Now, for all i < j we have

ti ⊗ tj =

{︄
(t1 ⊗ c)[ε⊗ t1j , . . . , ε⊗ tnj ], if 1 = i < j

(c⊗ c)[t1i ⊗ t1j , . . . , tni ⊗ tnj ], if 1 < i < j

where t1⊗c and c⊗c are naturally viewed as contexts with n holes. For j ≥ 2 consider the
accepting run ρj of A on t1⊗ tj and the accepting run πj of B on tj and color each index
j with the tuple (ρj(v

1), . . . , ρj(v
n), πj(v

1), . . . , πj(v
n)). By the pigeonhole principle, we

can pick numbers 1 = ℓ1 < ℓ2 < . . . such that {ℓ2, ℓ3, . . . } is monochromatic. We then
replace t with (tℓi)i≥1. Hence, the accepting runs of A on t1⊗ tj for j ≥ 2 visit the same
states r1, . . . , rn ∈ Q in the nodes v1, . . . , vn. Similarly, the accepting runs of B on the
trees tj visit the same states p1, . . . , pn ∈ P in the nodes v1, . . . , vn. Therefore, for any
j1, . . . , jn ≥ 2 we have

(t1, c[t
1
j1 , . . . , t

n
jn ]) ∈ R and c[t1j1 , . . . , t

n
jn ] ∈ L.

For all 1 < i < j consider the accepting run of A on ti⊗tj and let qki,j be the state reached

in node vk. By Ramsey’s theorem, we can assume that there exist states q1, . . . , qn ∈ Q
such that qki,j = qk for all 1 < i < j (again, after replacing t with a subsequence starting

with t1). Observe that A accepts the context c ⊗ c if it starts in nodes v1, . . . , vk with
the states q1, . . . , qk, respectively.
For every 0 ≤ k ≤ n define the tree

sk := c[t13, . . . , t
k
3, t

k+1
2 , . . . , tn2 ].

We have (s0, sn) = (t2, t3) ∈ R. There must be an index 1 ≤ k ≤ n with (sk−1, sk) ∈ R
since otherwise by transitivity of R, we would have (s0, sn) /∈ R. Define the context

β := c[t13, . . . , t
k−1
3 , x, tk+1

2 , . . . , tn2 ].

Then we have that (β[tk2], β[t
k
3]) ∈ R. This is witnessed by the accepting run of A

on the convolution β[tk2] ⊗ β[tk3], which reaches state qk at node vk. This implies that
(β[tki ], β[t

k
j ]) ∈ R for all i < j since the run of A on tki ⊗ tkj also reaches qk. Hence, the

context β together with the trees t1 and β[tki ] for i ≥ 2 satisfy the claim of the lemma.
In particular, t1 ◁ β since t1 ◁ c and c ≤p β.

Repeated application of Lemma 4.3.10 yields the desired infinite clique:
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Lemma 4.3.11. If a co-transitive tree-regular relation R ⊆ TΣ × TΣ has an infinite
clique, then there exists an infinite clique of R that is a comb generated by a monadic
generator.

Proof. We prove the lemma by induction. Let n ≥ 0 and suppose we have already
constructed trees α1, . . . , αn and nontrivial monadic contexts β1, . . . , βn with αi ◁ βi for
all 1 ≤ i ≤ n such that there exist trees (t′i)i>n such that (ti)i≥1 is an infinite clique in
R with

ti :=

{︄
β1β2 . . . βi−1αi, if i ≤ n
β1β2 . . . βnt

′
i, if i > n

where β is the trivial context if n = 0 and β := β1β2 . . . βn if n > 0. Then (t′i)i>n is
an infinite clique in the relation R′ := {(s, t) | (βs, βt) ∈ R}. It is easy to see that R′

is again tree-regular and also co-transitive. Furthermore, all trees t′i for i > n belong
to the tree-regular language L :=

⋂︁n
i=1{t | (ti, βt) ∈ R}. We can apply Lemma 4.3.10

and obtain a tree αn+1, a nontrivial monadic context βn+1 with αn+1 ◁ βn+1, and trees
(t′′i )i>n+1 such that αn+1 together with βn+1t

′′
i for i > n+1 form an infinite clique in R′

over L. Hence, t1, . . . , tn together with βαn+1 and ββn+1t
′′
i for i > n+1 form an infinite

clique in R. By induction, we then obtain the desired monadic generator (α,β) of an
infinite clique in R.

Using Lemmas 4.3.6 and 4.3.11, we can prove a statement similar to Lemma 4.2.7 for
tree combs which are generated by a monadic generator.

Lemma 4.3.12. If a co-transitive tree-regular relation R ⊆ TΣ×TΣ given as an NTA A
has an infinite clique, then there exist a monadic generator (α,β) of a comb t, accepting
runs ρ(ti, tj) of A on ti ⊗ tj, and contexts κi, λi, µj , νj such that

ρ(ti, tj) = κ1 . . . κi−1λiµi+1 . . . µj−1νj

is a decomposition compatible with the (α,β)-decomposition of ti ⊗ tj for all i < j.

Proof. Suppose that R has an infinite clique. By Lemmas 4.3.6 and 4.3.11 and since
a coarsening of a monadic generator is still monadic, there exist an infinite clique t
in R with a monadic generator (α,β) and context forests κi, λi, µi,j , νi,j for i < j such
that ρi,j = κ1 . . . κi−1λiµi,i+1 . . . µi,j−1νi,j is a decomposition compatible with the (α,β)-
decomposition of ti ⊗ tj . In particular, all context forests κi, λi, µi,j have exactly one
hole and hence κi, λi, µi,j , νi,j are in fact contexts.
Moreover, we can ensure that µi,j = µi′,j and νi,j = νi′,j for all i < i′ < j and can

therefore just write µj and νj for all j ≥ 2, respectively. For the proof we can reason
similarly as in Lemma 4.2.7 by applying Ramsey’s theorem to ensure that all contexts
µi,j carry the same state in the root.

Lemma 4.3.12 allows us to verify the runs of an infinite clique generated by a monadic
generator using a polynomially-sized NBTA.

Theorem 4.3.13. The infinite clique problem over co-transitive tree-regular relations
R ⊆ (TΣ)2d is P-complete.
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Proof. We first show the upper bound. By Proposition 3.1.4, we can assume that R ⊆
TΣ×TΣ, i.e. d = 1. Let R be given by an NTA A = (Q, (Σ⊥)

2,∆, q0). We can construct
in polynomial time an NBTA B over the alphabet Ω = (Σ⊥)

2 ∪ {#} which accepts all
comb encodings enc(α,β) of monadic generators (α,β) for which contexts of the form
κj , λj , µj , νj as in Lemma 4.3.12 exist. Since the set of all monadic comb encodings can
be accepted by an NBTA, we can assume that the input tree is already a valid encoding
of a monadic generator. Then the construction of B is the same as in Proposition 4.3.7.
Now, to decide whether R has an infinite clique, it remains to check non-emptiness of
L(B), which by Proposition 2.3.24 can be done in polynomial time.

The lower bound already holds for binary co-transitive relations R ⊆ TΣ×TΣ given as
D↑TA or D↓TA and follows from a logspace reduction from the non-emptiness problem,
which by Proposition 2.3.17 is P-complete for D↑TAs and D↓TAs. Let L ⊆ TΣ be a
tree-regular language given by a D↑TA (resp. D↓TA) A. We define the relation R ⊆
(TΣ ×N)× (TΣ ×N) such that for all s, t ∈ TΣ and m,n ∈ N we have ((s,m), (t, n)) ∈ R
if and only if s ∈ L. Clearly, R is co-transitive. Moreover, R has an infinite clique if and
only if L ̸= ∅. Indeed, if (ti, ni)i≥1 is an infinite clique in R, then t1 ∈ L and, conversely,
if there exists some t ∈ L, then (t, i)i≥1 is an infinite clique in R. Note that R can be
encoded as a tree-regular relation by representing the natural numbers in unary as paths
and a D↑TA (resp. D↓TA) for it can be constructed from A in logspace. Furthermore,
by Proposition 3.1.4, R can be transformed into a binary relation.

We remark that the above approach using monadic generators can only be used to solve
the infinite clique problem. It does not allow us to evaluate the Ramsey quantifier over
co-transitive relations R ⊆ (TΣ)2d+k given as NTAs or D↓TAs with a better complexity
than in Theorem 4.3.2. The reason is that in general not every clique contains a subclique
that is generated by a monadic generator. In fact, in a comb generated by a monadic
generator only one branch can grow unboundedly. Instead, Lemma 4.3.11 only proves
existence of a potentially disjoint clique. Thus, the NBTA that accepts monadic comb
encodings does not suffice to prove a statement similar to Proposition 4.3.7.

4.4 Applications

We now demonstrate some applications of our results on the evaluation of Ramsey
quantifiers in (tree-)regular relations. To this end, we first consider liveness verification
in form of recurrent reachability with generalized Büchi condition. As a concrete example
with precise complexity results we consider ground tree rewriting systems. Furthermore,
we apply our results to obtain precise complexity of the recognizability problem for
(tree-)regular relations.

4.4.1 Recurrent Reachability with Generalized Büchi Condition

Let us recall the setting of recurrent reachability in the context of (tree-)regular relations.
Since reachability via arbitrary paths in regular relations R ⊆ A2d is in general undecid-
able [BG04], we instead consider transitive paths in R, i.e. infinite sequences (ai)i≥1 over
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Ad with (ai,aj) ∈ R for all 1 ≤ i < j. Given R ⊆ A2d and L1, . . . , Lk ⊆ Ad, we write
Rec(L1, . . . , Lk)[R] for the set of all initial vectors a1 of transitive paths (ai)i≥1 in R
that visit each Lj infinitely often. Recurrent reachability with generalized Büchi condition
over (tree-)regular relations is the problem of testing whether a1 ∈ Rec(L1, . . . , Lk)[R] for
given (tree-)regular relations R ⊆ A2d and L1, . . . , Lk ⊆ Ad and initial vector a1 ∈ Ad.
If k = 1, this problem is simply called recurrent reachability.

Corollary 4.4.1. Recurrent reachability is NL-complete over regular relations. It is
EXP-complete over tree-regular relations given by NTAs or D↓TAs and P-complete if the
tree-regular relations are transitive or given by D↑TAs.

The upper bounds follow from Corollary 4.2.2 and Theorems 4.3.1 and 4.3.9 using
the reduction to the infinite clique problem (Proposition 3.2.1). The EXP lower bound
over tree-regular relations can be shown similarly to EXP-hardness of the infinite clique
problem for NTAs and D↓TAs as noted at the end of Section 4.3.1. NL-hardness for
regular relations given by DFAs and P-hardness for transitive tree-regular relations given
by D↑TAs will be shown later in this section as a special case of the reduction that
establishes the lower bound of recurrent reachability with generalized Büchi condition.
We can even compute an automaton for the set Rec(L)[R] of initial vectors from the

automata for R and L.

Corollary 4.4.2. Given NFAs (resp. NTAs) for (tree-)regular relations R ⊆ A2d and
L ⊆ Ad, one can construct an NFA (resp. NTA) for Rec(L)[R] in logspace (resp. expo-
nential time). For tree-regular relations the construction works in polynomial time if R
and L are given by D↑TAs or if R is transitive.

Proof. We can express Rec(L)[R] by the formula

φ(x) :=
(︁
∃ramy, z : R(x,y) ∧ L(y) ∧R(y, z)

)︁
∨
(︁
∃y : R(x,y) ∧ L(y) ∧R(y,y)

)︁
where |x| = |y| = |z| = d. Here, the first disjunct (beginning with ∃ram) captures infinite
paths visiting infinitely many configurations, whereas the second disjunct (beginning
with ∃) captures infinite paths with only finitely many distinct configurations. Thus, we
have [[φ(x)]] = Rec(L)[R].
IfR and L are given by NFAs, we can construct in logspace an NFA for [[φ(x)]] using the

closure properties of regular relations (Propositions 2.3.4 and 2.3.27) and Theorem 4.2.1.
Over trees we use the closure of tree-regular relations (Propositions 2.3.15 and 2.3.33) and
Theorems 4.3.2 and 4.3.9 to construct an NTA for [[φ(x)]] in exponential or polynomial
time depending on whether R is transitive and how R and L are given. Here, note
that before we can use the product construction for intersection, we first have to add
components such that the vectors of free variables coincide. This does not incur an
exponential blow-up in d since we can restrict the additional components to implicitly
given alphabets.

For recurrent reachability with generalized Büchi condition we show that over words
the complexity increases from NL to PSPACE, while over trees it stays in EXP.
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Theorem 4.4.3. Recurrent reachability with generalized Büchi condition is PSPACE-
complete over regular relations and EXP-complete over tree-regular relations.

Again, we show that we can even compute an automaton for the set of initial vectors.
We first observe that a0 ∈ Rec(L1, . . . , Lk)[R] if and only if there is a sequence (ai)i≥1

such that (ai,aj) ∈ R for all 0 ≤ i < j and ai ∈ L((i−1) mod k)+1 for all i ≥ 1. The idea
is to define a (tree-)regular relation R′ that checks if a tuple (a1, . . . ,a2k) forms a clique
of size 2k + 1 in R starting with a0 such that ai ∈ Li for all i ∈ [1, k] and then to use
the Ramsey quantifier to check for an infinite clique in R′.

Theorem 4.4.4. Given NFAs for regular relations R ⊆ (Σ∗)2d and L1, . . . , Lk ⊆ (Σ∗)d,
one can compute in polynomial space an NFA for Rec(L1, . . . , Lk)[R].

Proof. Let A and A1, . . . , Ak be NFAs for R and L1, . . . , Lk, respectively. First observe
that for any vector of words w0 ∈ (Σ∗)d we have that w0 ∈ Rec(L1, . . . , Lk)[R] if and
only if there is a sequence of vectors (wi)i≥1 such that (wi,wj) ∈ R for all 0 ≤ i < j
and wi ∈ L((i−1) mod k)+1 for all i ≥ 1. We define the relation

Ri :=
{︁
(u1, . . . ,u2k,u0) ∈ ((Σ∗)d)2k+1 | ui ∈ Li

}︁
for all i ∈ [1, k]. Moreover, for all 1 ≤ i < j ≤ 2k let

Ri,j :=
{︁
(u1, . . . ,u2k,u0) ∈ ((Σ∗)d)2k+1 | (ui,uj) ∈ R

}︁
.

Finally, we define the relation

R0,i :=
{︁
(u1, . . . ,u2k,u0) ∈ ((Σ∗)d)2k+1 | (u0,ui) ∈ R}

for all i ∈ [1, k]. Now, let

R′ :=
k⋂︂

i=1

Ri ∩
⋂︂

1≤i<j≤2k

Ri,j ∩
k⋂︂

i=1

R0,i ⊆ (Σ∗)2kd+d

and
φ(z) :=

(︁
∃ramx,y : R′(x,y, z)

)︁
∨
(︁
∃x : R′(x,x, z)

)︁
where |x| = |y| = kd and |z| = d. Then Rec(L1, . . . , Lk)[R] = [[φ(z)]].

Note that the product automaton A′ for R′ can be constructed in polynomial space
using Proposition 2.3.4. By Theorem 4.2.1, an NFA for [[∃ramx,y : R′(x,y, z)]] can be
constructed in logspace given A′. Moreover, by Proposition 2.3.27 (and the fact that
an NFA for equality is easily constructible), an NFA for [[∃x : R′(x,x, z)]] can also be
constructed in logspace given A′. Thus, in total we can construct in polynomial space
an NFA for [[φ(z)]].

We can use the same proof as in Theorem 4.4.4 also for tree-regular relations. If the
relations are given by D↑TAs or if R is transitive, this results in an exponential-time
procedure since by Theorems 4.3.2 and 4.3.9, the Ramsey quantifier can be evaluated in
polynomial time in these cases and construction of the product automaton still requires
polynomial space. For this we observe in the above proof that if R is transitive, then so
is R′ and if A and A1, . . . ,Ak are D↑TAs, then also A′ is a D↑TA.
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Theorem 4.4.5. Given D↑TAs (or NTAs if R is transitive) for tree-regular relations
R ⊆ (TΣ)2d and L1, . . . , Lk ⊆ (TΣ)d, one can compute in exponential time an NTA for
Rec(L1, . . . , Lk)[R].

Note that if R is non-transitive and the relations are given by NTAs (or ATAs),
then Theorem 4.4.5 only gives a double exponential-time algorithm by first converting
to D↑TAs with an exponential blow-up using Proposition 2.3.20. However, the corre-
sponding decision problem, i.e. checking whether some given vector of trees belongs to
Rec(L1, . . . , Lk)[R], can be solved in exponential time even if R is non-transitive and
the relations are given by ATAs (upper bound of Theorem 4.4.3 in the tree case). Here,
we can avoid the exponential blow-up for the product automaton A′ using the efficient
closure properties of ATAs (Proposition 2.3.21). To make this work, we have to reduce
the size of the alphabet for the ATA A′. This can be achieved by encoding a tuple
(a1, . . . ,ak) of vectors ai ∈ (Σ⊥)

d by a path a1(a2(. . .ak(#m) . . .)), where #m is used
as delimiter symbol of rank m := max{rk(ai) | 1 ≤ i ≤ k}. Then the ATA A′ can be
constructed in polynomial time.

Lemma 4.4.6. Recurrent reachability with generalized Büchi condition is decidable in
exponential time over tree-regular relations given by ATAs.

Proof. Let R and L1, . . . , Lk be given by ATAs A = (Q, (Σ⊥)
2d, δ, q0) and Ai =

(Qi, (Σ⊥)
d, δi, q

i
0) for all i ∈ [1, k], respectively, and let t0 ∈ (TΣ)d be some given ini-

tial vector of trees. Let r := max{rk(a) | a ∈ (Σ⊥)
d} and Ω := (Σ⊥)

d ∪ {#i | 0 ≤ i ≤ r}
be a new ranked alphabet with rk(a) := 1 for all a ∈ (Σ⊥)

d and rk(#i) := i for all
i ∈ [1, r]. Let ⊗′ be the convolution operation that uses the tuple (⊥, . . . ,⊥) of length
d as padding symbol. For trees t1, . . . , tn ∈ T(Σ⊥)d we define p(t1, . . . , tn) ∈ TΩ to be the
tree t1 ⊗′ · · · ⊗′ tn where each node labeled with (a1, . . . ,an) is replaced with a path
a1(a2(. . .an(#m) . . .)) where m := max{rk(ai) | 1 ≤ i ≤ n}. Let

Rp :=
{︁
(s, t) ∈ (TΩ)2 | ∃t1, . . . , t2k ∈ T(Σ⊥)d : s = p(t1, . . . , tk) ∧ t = p(tk+1, . . . , t2k)

}︁
be a binary tree-regular relation that checks if the trees are in the image of p. Note
that an ATA for Rp can easily be constructed in logspace (if we restrict to the alphabets
implicitly given by A,A1, . . . ,Ak) by keeping the maximal rank m of symbols on the
current path since the last delimiter symbol in the states and verifying that the next
delimiter symbol is #m. We define ATAs for relations Ri for all i ∈ [1, k] and Ri,j for
all 1 ≤ i < j ≤ 2k with a similar meaning as in the word case. We start with the
construction of the ATA

Bi = (QB
i , (Ω⊥)

2, δBi , (q
i
0, 0))

for the binary relation Ri for all i ∈ [1, k]. Intuitively, Bi checks if in p(t1, . . . , tk) ⊗
p(tk+1, . . . , t2k) we have that ti is accepted by Ai. The set of states of Bi is defined as

QB
i := Qi × {0, . . . , i− 1} ∪Qi × (Σ⊥)

d × {i, . . . , k}.
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For all q ∈ Qi, j ∈ [0, k], a, b ∈ (Σ⊥)
d ∪ {⊥}, and c ∈ (Σ⊥)

d we let

δBi
(︁
(q, j), (a, b)

)︁
:=

(︁
(q, j + 1), 1

)︁
, if j < i− 1

δBi
(︁
(q, i− 1), (c, b)

)︁
:=

(︁
(q, c, i

)︁
, 1)

δBi ((q, c, j), (a, b)
)︁
:=

(︁
(q, c, j + 1), 1

)︁
, if i ≤ j < k

and for all m1,m2 ∈ [0, r] with rk(c) ≤ max{m1,m2} let

δBi
(︁
(q, c, k), (#m1 ,#m2)

)︁
:= δ′i(q, c)

where δ′i(q, c) is the formula δi(q, c) in which each variable (p, ℓ) is replaced with
((p, 0), ℓ).

We now construct the ATA

Ai1,i2 = (Qi1,i2 , (Ω⊥)
2, δi1,i2 , (q0, 0))

for the binary relation Ri1,i2 for all 1 ≤ i1 < i2 ≤ 2k. Intuitively, Ai1,i2 checks if in
p(t1, . . . , tk)⊗p(tk+1, . . . , t2k) we have that ti1 ⊗′ ti2 is accepted by A. We only show the
construction for the case 1 ≤ i1 ≤ k < i2 ≤ 2k and i1 < i2 − k and note that the other
cases are analogous. The state set of Ai1,i2 is defined as

Qi1,i2 := Q× {0, . . . , i1 − 1} ∪
Q× (Σ⊥)

d × {i1, . . . , i2 − k − 1} ∪
Q× (Σ⊥)

d × (Σ⊥)
d × {i2 − k, . . . , k}.

We now define the transition function. For all q ∈ Q, j ∈ [0, k], a, b ∈ (Σ⊥)
d ∪ {⊥}, and

c,d ∈ (Σ⊥)
d we let

δi1,i2
(︁
(q, j), (a, b)

)︁
:=

(︁
(q, j + 1), 1

)︁
, if j < i1 − 1

δi1,i2
(︁
(q, i1 − 1), (c, b)

)︁
:=

(︁
(q, c, i1), 1

)︁
δi1,i2

(︁
(q, c, j), (a, b)

)︁
:=

(︁
(q, c, j + 1), 1

)︁
, if i1 ≤ j < i2 − k − 1

δi1,i2
(︁
(q, c, i2 − k − 1), (a,d)

)︁
:=

(︁
(q, c,d, i2), 1

)︁
δi1,i2

(︁
(q, c,d, j), (a, b)

)︁
:=

(︁
(q, c,d, j + 1), 1

)︁
, if i2 − k ≤ j < k

and for all m1,m2 ∈ [0, r] with rk(c), rk(d) ≤ max{m1,m2} let

δi1,i2
(︁
(q, c,d, k), (#m1 ,#m2)

)︁
:= δ′

(︁
q, (c,d)

)︁
where δ′(q, (c,d)) is the formula δ(q, (c,d)) in which each variable (p, ℓ) is replaced with
((p, 0), ℓ).

The ATA for the binary relation R0,i with i ∈ [1, k] that checks if in p(t1, . . . , tk) ⊗
p(tk+1, . . . , t2k) we have that (t0,1 ⊗ · · · ⊗ t0,d) ⊗′ ti is accepted by A, where t0 =
(t0,1, . . . , t0,d), can be constructed similarly to Ai,j . Note that all the constructions above
can be done in logspace (if we restrict to the alphabets implicitly given byA,A1, . . . ,Ak).
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Now, define

R′ := Rp ∩
k⋂︂

i=1

Ri ∩
⋂︂

1≤i<j≤2k

Ri,j ∩
k⋂︂

i=1

R0,i.

Then it holds that t0 ∈ Rec(L1, . . . , Lk)[R] if and only if

φ :=
(︁
∃ramx, y : R′(x, y)

)︁
∨
(︁
∃x : R′(x, x)

)︁
is valid. An ATA A′ for R′ can be constructed in polynomial time using the efficient clo-
sure properties of ATAs (Proposition 2.3.21). Since by Proposition 2.3.17, non-emptiness
for NTAs is decidable in polynomial time, we can check validity of the first disjunct of
φ using Theorem 4.3.2 and validity of the second disjunct of φ using Proposition 2.3.20
(and the fact that an ATA for equality is easily constructible) in time exponential in the
size of A′. This yields an exponential-time algorithm in total.

For the lower bounds of Theorem 4.4.3 we reduce from the intersection non-emptiness
problem of (tree-)regular languages L1, . . . , Lk ⊆ A, which is PSPACE-complete over
words (Proposition 2.3.6) and EXP-complete over trees (Proposition 2.3.18). We define
the binary (tree-)regular relation R ⊆ A′×A′ such that (a, b) ∈ R if and only if a = c or
a = b, where A′ is the set of words (resp. trees) over the alphabet of A expanded with a
fresh symbol c (of rank 0). Then L1 ∩ · · · ∩Lk ̸= ∅ if and only if c ∈ Rec(L1, . . . , Lk)[R].
Note that this means that the lower bounds of recurrent reachability with generalized
Büchi condition already hold for transitive binary relations R and languages L1, . . . , Lk

(i.e. for d = 1) given by DFAs (resp. D↑TAs or D↓TAs).
For k = 1 the previous construction yields a reduction from the non-emptiness problem

for DFAs (resp. D↑TAs), which is NL-complete by Proposition 2.3.5 (resp. P-complete by
Proposition 2.3.17), to recurrent reachability over transitive (tree-)regular relations given
by DFAs (resp. D↑TAs), proving the NL-hardness (resp. P-hardness) in Corollary 4.4.1.

Regular ground tree rewriting Rewriting systems provide finite representations of cer-
tain infinite-state transition systems by giving a set of rewriting rules. A well studied
class of such systems is the one of prefix rewriting systems, where configurations of the
transition system are words and the step relation corresponds to the application of a
prefix rewriting rule. For example, any pushdown automaton can be written as a prefix
rewriting system [Cau92]. Instead of words, one can also consider rewriting over trees.
We define a ground tree rewriting system (GTRS) as in [Eng99] as a tuple R = (Σ, R)
where Σ is a ranked alphabet and R is a finite set of rewriting rules of the form u ↪→ v
with u, v ∈ TΣ. For trees s, t ∈ TΣ we write s →R t if there are a rule u ↪→ v in R
and a context c ∈ CΣ with |holes(c)| = 1 such that s = c[u] and t = c[v]. We gen-
eralize the notion of a GTRS to a regular ground tree rewriting system (RGTRS) by
allowing rules of the form U ↪→ V where U, V ⊆ TΣ are tree-regular languages given
by NTAs that abbreviate all the rules u ↪→ v with u ∈ U and v ∈ V . An RGTRS
R defines a transition system (TΣ,→R). As usual, we denote the transitive closure of
→R by →+

R and the reflexive closure of →+
R by →∗

R. For a set of trees S ⊆ TΣ we let
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pre∗R(S) := {s ∈ TΣ | ∃t ∈ S : s →∗
R t} and post∗R(S) := {t ∈ TΣ | ∃s ∈ S : s →∗

R t}. It
was shown by Löding [Löd06] that for any tree-regular S the sets pre∗R(S) and post∗R(S)
are again tree-regular and NTAs for them can be computed in polynomial time given
NTAs for S and R. From this it follows that also the reachability relation →+

R can be
computed in polynomial time (as shown in [LS07] for a more general tree rewrite system
that we discuss in Section 4.5). Thus, since →+

R is transitive, we can apply Corollar-
ies 4.4.1 and 4.4.2 to decide recurrent reachability for RGTRSs in polynomial time and
construct an NTA for the set of initial trees.

Corollary 4.4.7. Recurrent reachability is P-complete for RGTRSs. Moreover, given an
RGTRS R and an NTA for a tree-regular language L, one can construct in polynomial
time an NTA for Rec(L)[→+

R].

This was already proven in [Löd06], but by using Theorem 4.4.3, we can also show that
recurrent reachability with generalized Büchi condition is EXP-complete for RGTRSs.
Here, EXP-hardness already holds for GTRSs, which can be shown by a similar reduction
as above from intersection non-emptiness. We can even compute an NTA for the set of
initial trees using Theorem 4.4.5 and the fact that →+

R is transitive.

Corollary 4.4.8. Recurrent reachability with generalized Büchi condition is EXP-
complete for RGTRSs. Moreover, given an RGTRS R and NTAs for tree-
regular languages L1, . . . , Lk, one can construct in exponential time an NTA for
Rec(L1, . . . , Lk)[→+

R].

4.4.2 Recognizability

Recall that a k-ary relation R is (tree-)recognizable if it can be written as R =
⋃︁n

i=1 Li,1×
· · · × Li,k for (tree-)regular languages Li,j . In the following we reduce the problem of
(tree-)recognizability for (tree-)regular relations to the infinite clique problem over co-
transitive (tree-)regular relations.

Corollary 4.4.9. Given a regular relation R ⊆ (Σ∗)k by a DFA (resp. NFA), it is
NL-complete (resp. PSPACE-complete) to decide whether R is recognizable.

While over words we can use the generic algorithm to solve the infinite clique problem
for general regular relations, in the tree case have to use the specialized algorithm for
co-transitive tree-regular relations to obtain the precise complexity.

Corollary 4.4.10. Given a tree-regular relation R ⊆ (TΣ)k by a D↑TA or D↓TA (resp.
NTA), it is P-complete (resp. EXP-complete) to decide whether R is tree-recognizable.

Let us first prove the upper bounds. As seen in Proposition 3.3.7, we can reduce
(tree-)recognizability for (tree-)regular relations R ⊆ Ak to the problem of checking
whether the equivalence relation ≈R

j has finite index for all j ∈ [1, n]. Here, recall that

two elements a, b ∈ A are ≈R
j -equivalent if and only if φj(a, b) holds, where

φj(x, y) := ∀z : R(x⊙j z)↔ R(y ⊙j z).
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4.4 Applications

Given an automaton A for R, we now compute an automaton A¬φj for [[¬φj ]] using the
fact that

¬φj(x, y) ≡ ∃z :
(︁
R(x⊙j z) ∧ ¬R(y ⊙j z)

)︁
∨
(︁
¬R(x⊙j z) ∧R(y ⊙j z)

)︁
.

If A is a DFA (resp. D↑TA or D↓TA), then one can compute A¬φj in logspace (resp. poly-
nomial time) using Propositions 2.3.4 and 2.3.27 (resp. Propositions 2.3.15 and 2.3.33 and
Proposition 2.3.16 for D↓TAs). If A is an NFA (resp. NTA), then this is possible in poly-
nomial space (resp. exponential time) by first determinizing A using Proposition 2.3.3
(resp. Proposition 2.3.14). Then we apply Corollary 4.2.2 (resp. Theorem 4.3.13) to A¬φj

to check in NL (resp. P) for an infinite clique in [[¬φj ]], which corresponds to ≈R
j having

infinite index. Thus, in total this results in an NL-algorithm for DFAs (since NL = coNL
by [Imm88; Sze88]), PSPACE-algorithm for NFAs, P-algorithm for D↑TAs and D↓TAs,
and EXP-algorithm for NTAs. Note that in the construction of A¬φj it is sufficient to
consider the complement with respect to the implicitly given alphabet as remarked after
Propositions 2.3.4 and 2.3.15 since this does not have any effect on whether [[¬φj ]] has
an infinite clique.

We now prove the lower bounds for DFAs, NFAs, D↑TAs, and NTAs by a reduction
from the universality problem similar to [Bar+19].

Lemma 4.4.11. Given a binary regular relation R by an NFA (resp. DFA), it is
PSPACE-hard (resp. NL-hard) to decide whether R is recognizable. Given a binary tree-
regular relation R by an NTA (resp. D↑TA), it is EXP-hard (resp. P-hard) to decide
whether R is tree-recognizable.

Proof. We give a logspace reduction from the universality problem, which by Proposi-
tion 2.3.7 is PSPACE-complete for NFAs and NL-complete for DFAs and by Proposi-
tion 2.3.19 is EXP-complete for NTAs and P-complete for D↑TAs. To ease notation, we
only consider the word case and remark that the tree case is analogous. Recall that the
universality problem asks whether for a given regular language L ⊆ Σ∗ it holds that
L = Σ∗. Let L ⊆ Σ∗ be a regular language given by an NFA (resp. DFA) A (where we
assume that Σ is the implicitly given alphabet). We define the binary regular relation

RL := {(u⊗ v, w) | u ∈ L or v = w ∈ Σ∗}.

It is easy to construct in logspace an NFA (resp. DFA) that recognizes RL from A using
Proposition 2.3.4. It remains to show that RL is recognizable if and only if L = Σ∗.

If L = Σ∗, it holds that RL = {(u⊗v, w) | u, v, w ∈ Σ∗}, which is clearly recognizable.
For the converse assume that there exists u0 ∈ Σ∗ \ L. Then the intersection of RL

with the recognizable relation {(u0 ⊗ v, w) | v, w ∈ Σ∗} is the relation {(u0 ⊗ v, w) | v =
w ∈ Σ∗}, which is clearly not recognizable. Since recognizable relations are closed under
intersection (Proposition 2.3.28), it follows that RL cannot be recognizable.

Note that the above reduction does not preserve top-down determinism. Therefore,
for D↓TAs we reduce from the emptiness problem instead.
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Lemma 4.4.12. Given a binary tree-regular relation R by a D↓TA, it is P-hard to decide
whether R is recognizable.

Proof. We give a logspace reduction from the emptiness problem for D↓TAs, which is
P-complete by Proposition 2.3.17. Let A = (Q,Σ,∆, q0) be a D↓TA. We construct a
D↓TA A′ = (Q, (Γ⊥)

2,∆′, q0) for a binary tree-regular relation R′ over Γ := Σ ∪ {#}
where # /∈ Σ is a fresh symbol of rank 1. We define the transition relation ∆′ such that

� q0
(#,#)−−−−→ q0 is in ∆′ and

� q
(a,a)−−−→ (q1, . . . , qr) is in ∆′ for all q

a−→ (q1, . . . , qr) in ∆.

Clearly, A′ can be constructed in logspace from A.
It is easy to see that R′ ⊆ {(t, t) | t ∈ TΓ}. Moreover, it holds that R′ is finite if and

only if L(A) = ∅. Indeed, if L(A) = ∅, then also R′ = ∅ and if there exists t ∈ L(A),
then (tn, tn) ∈ R′ for all n ≥ 0 where tn is the resulting tree when padding a chain
of #-symbols of length n to the root of t. Since every finite tree-regular relation is
recognizable and every infinite subrelation of {(t, t) | t ∈ TΓ} is clearly not recognizable,
it holds that R′ is recognizable if and only if L(A) = ∅.

The following example shows that we can use our decision procedure for recognizability
to check whether formulas over certain structures are monadically decomposable.

Example 4.4.13. Recall that a formula is monadically decomposable if it can be writ-
ten as a Boolean combination of formulas with only one fee variable. Since Presburger
arithmetic satisfies the condition of Proposition 3.3.10, we have that a quantifier-free
Presburger formula φ(x1, . . . , xk) is monadically decomposable in the quantifier-free frag-

ment if and only if the equivalence relation ≈[[φ]]
j has finite index for all j ∈ [1, k − 1].

Since Presburger arithmetic is an automatic structure (see Example 2.4.9), it then fol-
lows from Proposition 3.3.7 that φ is monadically decomposable in the quantifier-free
fragment if and only if [[φ]]p is recognizable, where p is the standard presentation of Pres-
burger arithmetic. Note that a DFA for [[φ]]p can be constructed in polynomial space if
φ is quantifier-free since we can assume that p is given by DFAs and the constructions
for Boolean operations in Proposition 2.3.4 preserve determinism. Thus, by applying
Corollary 4.4.9, we can check in polynomial space whether φ is monadically decompos-
able in the quantifier-free fragment of Presburger arithmetic. We will see in Section 5.6
that the precise complexity of this problem is coNP.
With a similar reasoning that uses Corollary 4.4.10, we can show that monadic decom-

posability in the quantifier-free fragment of Skolem arithmetic, which is a tree-automatic
structure, is decidable in exponential time. Here, note that we can assume that the stan-
dard presentation of Skolem arithmetic from Example 2.4.9 is given by D↑TAs.
The reasoning in Example 4.4.13 can be generalized as follows.

Corollary 4.4.14. Let A be a fixed (tree-)automatic structure that satisfies the condition
of Proposition 3.3.10. Then one can decide in polynomial space (resp. exponential time)
whether a quantifier-free formula over A is monadically decomposable in the quantifier-
free fragment of A.
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Figure 4.10: An example illustrating the first-child-next-sibling encoding.

4.5 Unranked Tree-Automatic Structures

In this section we consider the unranked tree analogues of Theorems 4.3.2 and 4.3.9.
Furthermore, we apply our results to recurrent reachability in subtree and flat prefix
rewriting systems.
A nondeterministic unranked tree automaton (NUTA) over the (unranked) alphabet

Σ is a tuple A = (Q,Σ,∆, q0) where Q is a finite set of states, q0 ∈ Q is the initial state,
and ∆ ⊆ Q × Σ × REG(Q) is a finite set of transitions. Here, REG(Q) denotes the
set of word-regular languages over Q and we assume that the regular language for each
transition is given by an NFA without ε-transitions. A run of A on an unranked tree
t ∈ UΣ is an unranked tree ρ ∈ UQ with dom(ρ) = dom(t) such that for each inner node
u ∈ dom(ρ) with children u1, . . . , ur ∈ dom(ρ) there is a transition (ρ(u), t(u), L) ∈ ∆
such that ρ(u1) . . . ρ(ur) ∈ L. A run ρ is accepting if ρ(ε) = q0 and for each leaf
u ∈ dom(ρ) there is a transition (ρ(u), t(u), L) ∈ ∆ such that ε ∈ L.

We define unranked tree-regular languages and relations and unranked tree-automatic
structures analogously to the ranked case by using NUTAs instead of NTAs.

We now define a well-known regularity-preserving transformation from unranked to
ranked trees (see e.g. [Com+08; Nev02; Got+05; Lib05]). We define the first-child-
next-sibling encoding fcns : N∗ → {1, 2}∗ such that fcns(ε) = ε and for all u ∈ N∗

we have fcns(u1) = fcns(u)1 and fcns(u(i + 1)) = fcns(ui)2 for all i ≥ 1. For an
unranked tree t ∈ UΣ we define t′ = fcns(t) ∈ TΣ#

to be the binary tree with domain
fcns(dom(t)) :=

⋃︁
u∈dom(t){fcns(u), fcns(u)1, fcns(u)2} such that

t′(fcns(u)) :=

{︄
t(u), if u ∈ dom(t)

#, otherwise

for all u ∈ N∗ with fcns(u) ∈ fcns(dom(t)). Here, we consider Σ# := Σ ∪ {#} as a
ranked alphabet with rk(a) = 2 for all a ∈ Σ and rk(#) = 0. The encoding is illustrated
in Figure 4.10 on an example. For a relation R ⊆ (UΣ)k over unranked trees we write
fcns(R) := {(fcns(t1), . . . , fcns(tk)) | (t1, . . . , tk) ∈ R}.
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Lemma 4.5.1. The encoding fcns is a bijection between UΣ and fcns(UΣ).

The first-child-next-sibling encoding effectively preserves tree-regularity.

Proposition 4.5.2. Given an NUTA for an unranked tree-regular language L ⊆ UΣ,
one can construct in logspace an NTA for the tree-regular language fcns(L). Conversely,
given an NTA for a tree-regular language L′ ⊆ fcns(UΣ), one can construct in logspace
an NUTA for the unranked tree-regular language fcns−1(L′).

Proof. Let A = (Q,Σ,∆, q0) be an NUTA with transition NFAs Ai = (Pi, Q,∆i, p
i
0, Fi)

for i ∈ [1,m]. We construct the NTA A′ := (Q′,Σ#,∆
′, q′0) where Q′ := Q × [1,m] ×

Pi ∪ {q′0, q′#} and

� q′0
a−→

(︁
(q, j, pj0), q#

)︁
is in ∆′ for all (q0, a, L(Aj)) ∈ ∆ and q ∈ Q,

� (q#,#) is in ∆′,

� (q, i, p)
a−→

(︁
(q1, j, p

j
0), (q2, i, p1)

)︁
is in ∆′ for all (q, a, L(Aj)) ∈ ∆, i ∈ [1,m],

(p, q, p1) ∈ ∆i, and q1, q2 ∈ Q, and

�

(︁
(q, i, p),#

)︁
is in ∆′ for all i ∈ [1,m], p ∈ Fi, and q ∈ Q.

Intuitively, when going to the right, A′ simulates the current transition NFA in its third
component on the guessed state in the first component. When going to the left, A′ starts
a new simulation of a transition NFA. It is easy to verify that L(A′) = fcns(L(A)).

For the converse direction, let A′ = (Q′,Σ#,∆
′, q′0) be an NTA with L(A′) ⊆ fcns(UΣ).

We construct the NUTA A := (Q,Σ,∆, q0) where Q := Σ × Q′ ∪ {q0} and ∆ contains
the transitions

�

(︁
q0, a, L(Aq1)

)︁
for all (q0, a, q1, q2) ∈ ∆′ with (q2,#) ∈ ∆′ and

�

(︁
(a, q), a, L(Aq)

)︁
for all (a, q) ∈ Σ×Q′.

Here, for all q ∈ Q′ we let Aq := (Q′,Σ×Q′,∆q, q, Fq) where ∆q contains p
(a,p1)−−−→ p2 for

all (p, a, p1, p2) ∈ ∆′ and Fq := {p | (p,#) ∈ ∆′}. This means that all transition NFAs
of A have the same shape and only differ in their initial state. Intuitively, a transition
NFA simulates A′ on a whole all-right path.

Unfortunately, for an unranked tree-regular relation R it does not hold in general that
fcns(⊗R) = ⊗fcns(R). For example, consider the second row of Figure 4.11, which is not
the same as first applying the convolution followed by fcns. This means that we cannot
just apply Proposition 4.5.2 to an NUTA for an unranked tree-regular relation R to get
an NTA for the relation fcns(R). However, with some small adaptions to the convolution
and first-child-next-sibling encoding, we can show that an effective transformation from
unranked tree-regular relations to tree-regular relations and vice versa is possible.
Let Σ#,⊥ := Σ ∪ {#,⊥} for an alphabet Σ with #,⊥ /∈ Σ. For unranked trees

t1, t2 ∈ UΣ we define the adapted convolution t′ = t1 ⊗′ t2 ∈ UΣ#,⊥×Σ#,⊥ such that
dom(t′) = dom(t1) ∪ dom(t2) and for all u ∈ dom(t′) we let
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a a

a a
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⎞⎟⎟⎠

Figure 4.11: An example illustrating adapted convolution and adapted first-child-next-
sibling encoding.

� t′(u) := (t1(u), t2(u)) if u ∈ dom(t1) ∩ dom(t2),

� t′(u) := (t1(u),#) if u ∈ dom(t1) \ dom(t2) and there exists v ∈ dom(t2) such that
u is the first child or right sibling of v,

� t′(u) := (t1(u),⊥) if u ∈ dom(t1) \ dom(t2) and the above conditions do not hold,

� the other cases are symmetric.

This means that instead of always padding with ⊥, the adapted convolution pads a
component with # if it would still be ongoing after the first-child-next-sibling encoding.
As for the standard convolution, we write ⊗′R := {s ⊗′ t | (s, t) ∈ R} for a relation
R ⊆ UΣ × UΣ.

For t = t1 ⊗′ t2 ∈ UΣ#,⊥×Σ#,⊥ we define the adapted fist-child-next-sibling encoding
t′ = fcns′(t) ∈ TΣ#,⊥×Σ#,⊥ such that dom(t′) = fcns(dom(t)) and for all u′ = fcns(u) ∈
dom(t′) we let

� t′(u′) := t(u) if u ∈ dom(t),

� t′(u′) := (#,#) if u /∈ dom(t) and for parent fcns(v) of u′ we have t(v) ∈ Σ× Σ,

� t′(u′) := (⊥,#) if u /∈ dom(t) and for parent fcns(v) of u′ we have t(v) ∈ {#,⊥}×Σ,

� t′(u′) := (#,⊥) if u /∈ dom(t) and for parent fcns(v) of u′ we have t(v) ∈ Σ×{#,⊥}.
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Here, we regard Σ#,⊥ as ranked alphabet with rk(a) = 2 for all a ∈ Σ and rk(#) =
rk(⊥) = 0. See Figure 4.11 for an example of the adapted convolution and encoding.
Clearly, both ⊗′ and fcns′ are injective. The next lemma shows that the connection
between the adapted and classical notions of convolution and encoding suggested by
Figure 4.11 holds true in general.

Lemma 4.5.3. For all unranked trees t1, t2 ∈ UΣ it holds that

fcns′(t1 ⊗′ t2) = fcns(t1)⊗ fcns(t2).

Proof. The definitions of ⊗′ and fcns′ ensure that the padding symbol # is used if the
node would also be padded by fcns and otherwise the padding symbol ⊥ is used. The
result follows since nodes at the same position in t1 and t2 are mapped to the same
position in the encodings fcns(t1) and fcns(t2).

Next, we show that the adapted convolution and encoding can still be efficiently
computed.

Lemma 4.5.4. Given an NUTA for a relation R ⊆ UΣ×UΣ, one can compute in logspace
an NTA for the relation fcns(R) and vice versa.

Proof. By Lemma 4.5.3, it suffices to show that ⊗′ and fcns′ and their inverses can
be computed in logspace. We start with the adapted convolution. Let A be an NUTA
accepting ⊗R. We construct an NUTAA′ accepting ⊗′R fromA such that the conditions
in the definition of ⊗′ are satisfied. To this end, a state stores for each of the two
components if it is the first child or right sibling (by guessing) of a node where the
respective component is labeled with a symbol from Σ. Conversely, if A′ is an NUTA
accepting ⊗′R, we can construct an NUTA accepting ⊗R by simply replacing # in the
transitions of A′ with ⊥.
To construct an NTA accepting fcns′(⊗′R) from an NUTA accepting ⊗′R, we use the

same construction as in Proposition 4.5.2 for fcns, but we additionally store in states
if the label of the parent of the current node is in Σ × Σ, {⊥,#} × Σ, or Σ × {⊥,#}
and apply the padding with # and ⊥ according to the definition of fcns′. The converse
direction works analogously.

Note that we can generalize the above constructions from the binary to the n-ary
case such that the same statements hold. Here, we remark that we can again restrict to
implicitly given alphabets to obtain the desired complexity results.

Lemma 4.5.4 implies that unranked tree-regular relations enjoy the same effective
closure properties as tree-regular relations and the non-emptiness problem can be solved
in polynomial time. Therefore, the first-order theory of every unranked tree-automatic
structure is decidable for the same reason as over ranked trees. The following theorem
proves that the Ramsey quantifier can be evaluated over unranked tree-regular relations
with the same complexity as in the ranked case.
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Theorem 4.5.5. Given an unranked tree-regular relation R ⊆ (UΣ)2d+k by an NUTA
A, an NUTA for [[∃ramx,y : R(x,y, z)]] can be constructed in polynomial time if R is
transitive and in exponential time otherwise. In particular, the infinite clique problem
over (transitive) unranked tree-regular relations is EXP-complete (resp. P-complete).

Proof. The lower bounds for the infinite clique problem directly follow from the ranked
case since an NTA can be seen as a special NUTA where the transition NFAs only accept
one sequence of states.
For the upper bounds we first compute an NTA A′ for the relation R′ = fcns(R)

using Lemma 4.5.4. By Theorem 4.3.2, we can construct an NTA B′ for the relation
[[∃ramx,y : R′(x,y, z)]] in exponential time given A′. If R and therefore also R′ are
transitive, Theorem 4.3.9 implies that B′ can be computed in polynomial time. Applying
the reverse direction of Lemma 4.5.4, we can compute an NUTA for

fcns−1([[∃ramx,y : R′(x,y, z)]]) = [[∃ramx,y : R(x,y, z)]]

in logspace given B′, where the equality holds since fcns is a bijection.

As in the ranked case, we can reformulate Theorem 4.5.5 for unranked tree-automatic
structures.

Corollary 4.5.6. Given an unranked tree-automatic structure A by a presentation p
and a formula φ(x,y, z) over A with |x| = |y|, one can effectively compute an NUTA
for the relation [[∃ramx,y : φ(x,y, z)]]p. Moreover, if an NUTA for [[φ]]p is given, the
construction can be done in exponential time.

Recurrent reachability We can also use the first-child-next-sibling encoding and Corol-
laries 4.4.1 and 4.4.2 to obtain precise complexity for recurrent reachability.

Corollary 4.5.7. Recurrent reachability over (transitive) unranked tree-regular relations
is EXP-complete (resp. P-complete). Moreover, given NUTAs for unranked tree-regular
relations R ⊆ (UΣ)2d and L ⊆ (UΣ)d, one can compute an NUTA for Rec(L)[R] in
polynomial time if R is transitive and in exponential time otherwise.

Using Theorems 4.4.3 and 4.4.5 we further obtain the corresponding results on recur-
rent reachability with generalized Büchi condition.

Corollary 4.5.8. Recurrent reachability with generalized Büchi condition over unranked
tree-regular relations is EXP-complete. Moreover, given NUTAs for unranked tree-
regular relations R ⊆ (UΣ)2d and L1, . . . , Lk ⊆ (UΣ)d, one can compute an NUTA for
Rec(L1, . . . , Lk)[R] in exponential time if R is transitive.

Subtree and flat prefix rewriting systems Löding and Spelten [LS07] introduced tree
rewriting systems over unranked trees that generalize the ground tree rewriting sys-
tems that we have seen in Section 4.4. Again, we can apply our results on recurrent
reachability to those systems.
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For a tree t ∈ UΣ with ht(t) = 1 we denote the sequence of leaves of t read from left
to right by flatfront(t). Here, ht(t) := max{|x| | x ∈ dom(t)} is the height of t.

A subtree and flat prefix rewriting system (SFPRS) over unranked trees in UΣ is a
tuple R = (Σ, R) where Σ is an unranked alphabet and R is a finite set of rules of two
types:

1) subtree substitution of the form ri : ui ↪→ vi for i ∈ I and ui, vi ∈ UΣ and

2) flat prefix substitution of the form rj : uj ↪→ vj for j ∈ J and uj , vj ∈ Σ+

with I ∪ J = {1, . . . , |R|} and I ∩ J = ∅. For trees s, t ∈ UΣ we write s→R t if

1) t is derived from s by applying a subtree substitution rule ri for some i ∈ I, i.e.
there is a context c ∈ CΣ with |holes(c)| = 1 such that s = c[ui] and t = c[vi] or

2) t is derived from s by applying a flat prefix substitution rule rj for some j ∈ J ,
i.e. there is a context c ∈ CΣ with |holes(c)| = 1 and trees s′, t′ ∈ UΣ with ht(s′) =
ht(t′) = 1 and s′(ε) = t′(ε) such that s = c[s′], t = c[t′], flatfront(s′) = ujw, and
flatfront(t′) = vjw for some w ∈ Σ∗.

Intuitively, a flat prefix substitution replaces a matching prefix on the flat front of a tree
with another word.

The definition of an SFPRS can be extended to a regular SFPRS by allowing subtree
substitution rules of the form Ui ↪→ Vi with unranked tree-regular languages Ui, Vi ⊆ UΣ
and flat prefix substitution rules of the form Uj ↪→ Vj with regular languages Uj , Vj ⊆ Σ∗.
Here, we assume that the sets are given by NUTAs and NFAs. Clearly, SFPRSs are
special regular SFPRSs where the rules only consist of singleton sets. An SFPRS R
defines a transition system (UΣ,→R). As usual, we denote the transitive closure of →R
by →+

R and the reflexive closure of →+
R by →∗

R. For a set of trees S ⊆ UΣ we let
pre∗R(S) := {s ∈ UΣ | ∃t ∈ S : s →∗

R t} and post∗R(S) := {t ∈ UΣ | ∃s ∈ S : s →∗
R t}. It

was shown by Löding and Spelten [LS07] that for any unranked tree-regular S the sets
pre∗R(S) and post∗R(S) are again unranked tree-regular. Moreover, it can be observed
that NUTAs for them can be computed in polynomial time given NUTAs for S and R.
From this it follows that also an NUTA for the reachability relation→+

R can be computed
in polynomial time. Thus, since→+

R is transitive, we can apply Corollary 4.5.7 to decide
recurrent reachability for regular SFPRSs in polynomial time and construct an NUTA
for the set of initial trees.

Corollary 4.5.9. Recurrent reachability is P-complete for (regular) SFPRSs. Moreover,
given a regular SFPRS and an NUTA for an unranked tree-regular language L, one can
construct in polynomial time an NUTA for Rec(L)[→+

R].

Here, the lower bound follows since recurrent reachability is already P-hard for GTRSs.
Using Corollary 4.5.8, we further obtain the precise complexity of recurrent reachability
with generalized Büchi condition for regular SFPRSs.
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Corollary 4.5.10. Recurrent reachability with generalized Büchi condition is EXP-
complete for (regular) SFPRSs. Moreover, given a regular SFPRS and an NUTAs for
unranked tree-regular languages L1, . . . , Lk, one can construct in exponential time an
NUTA for Rec(L1, . . . , Lk)[→+

R].

4.6 Beyond 2-Ramsey Quantifiers

In Section 3.1 we defined a more general version of the Ramsey quantifier. Recall that
for a structure A with domain A the n-Ramsey quantifier ∃n-ram with n ≥ 2 of dimension
d is defined such that A |= ∃n-ramx1, . . . ,xn : φ(x1, . . . ,xn, c) for some c ∈ A|z| if and
only if there exists an infinite sequence (ai)i≥1 of pairwise distinct tuples ai ∈ Ad such
that A |= φ(ai1 , . . . ,ain , c) for all 1 ≤ i1 < · · · < in. This means that instead of an
infinite clique in a graph, ∃n-ram states the existence of a so-called infinite (directed)
n-clique in an n-hypergraph, i.e. a graph where every edge connects n vertices. The
infinite n-clique problem asks whether A |= ∃n-ramx1, . . . ,xn : φ(x1, . . . ,xn) for a given
formula φ(x1, . . . ,xn) over some fixed structure A, where n is part of the input. In
the parameterized version of this problem, n is considered a parameter. In the following
we explore how the above results on Ramsey quantifiers over (tree-)automatic structures
change if we consider n-Ramsey quantifiers instead. We will see that the proof strategies
can be adapted to the more general notion. To this end, we need a more general version
of Ramsey’s theorem that can easily be proven by induction.

Theorem 4.6.1 (Ramsey’s theorem for hypergraphs). Any complete infinite undirected
n-hypergraph whose edges are colored with finitely many colors contains an infinite
monochromatic n-clique.

4.6.1 Word-Automatic Structures

For a word w let w(k) be the k-fold convolution of w with itself, where we assume that

for words w1, . . . , wm and integers k1, . . . , km ≥ 0 we have that w
(k1)
1 ⊗ · · · ⊗ w(km)

m is
a convolution of k1 + · · · + km words rather than m words using parentheses. Let v
be a comb generated by (α,β). For n ∈ N and 1 ≤ i1 < · · · < in we define the
(α,β)-decomposition of the convolution vi1 ⊗ · · · ⊗ vin as

vi1 ⊗ · · · ⊗ vin = u1 . . . un

with

uj := (ε(j−1) ⊗ β(n−j+1)
ij−1+1 ) . . . (ε(j−1) ⊗ β(n−j+1)

ij−1 )(ε(j−1) ⊗ αij ⊗ β
(n−j)
ij

)

for all j ∈ [1, n] where i0 := 0. That is, uj contains in its j-th component the suffix of
vij after vi1 , . . . , vij−1 have ended. So for n = 2 the definition coincides with the one in
Section 4.2.

To ease notation, for n,m ∈ N we write

Kn
<m = {κi1,...,ij | j ∈ [1, n] ∧ 1 ≤ i1 < · · · < ij < m}
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for a set of words and let Kd :=
⋃︁

m∈NK
n
<m. Similarly, we define Λn

<m and Λn where
elements are named by λi1,...,ij . For j ∈ [0, n] and 1 ≤ i1 < · · · < ij we let πi1,...,ij :=
ψ1 . . . ψj be a decomposition with

ψℓ := κi1,...,iℓ−1,iℓ−1+1 . . . κi1,...,iℓ−1,iℓ−1λi1,...,iℓ

for all ℓ ∈ [1, j] where i0 := 0 and π := ε. Intuitively, ψℓ will be a run on uℓ as defined
above. Recall that a decomposition of a run ρ = ρ1 . . . ρk of an NFA is compatible with
a decomposition w = u1 . . . uk of a word if ρi is a run on ui for all i ∈ [1, k].

Lemma 4.6.2. If w is an infinite n-clique in a regular relation R ⊆ (Σ∗)n given as
an NFA A, then there exist a generator (α,β) of a subsequence v of w, accepting runs
ρ(vi1 , . . . , vin) of A on vi1 ⊗ · · · ⊗ vin, and sets of runs Kd,Λd such that

ρ(vi1 , . . . , vin) = πi1,...,in

is a decomposition compatible with the (α,β)-decomposition of vi1 ⊗ · · · ⊗ vin for all
1 ≤ i1 < · · · < in.

Proof. The proof is analogous to the proof of Lemma 4.2.6. Let w be an infinite n-
clique in R and ρ(wi1 , . . . , win) be an accepting run of A on wi1 ⊗ · · · ⊗ win for all
1 ≤ i1 < · · · < in. By Lemma 4.2.5, we can assume that w is a comb. We establish a
run structure similar to the one depicted in Figure 4.3, but instead of a comb of combs
(which corresponds to n = 2), we get an n-fold nested comb structure.

Assume that we already defined a subcomb v of w with generator (α,β) and sets of
runs Kn

<m and Λn
<m for some m ≥ 1 such that

ρ(vi1 , . . . , vin) = πiκi,ij+1 . . . κi,m−1σ(vi1 , . . . , vin)

for runs σ(vi1 , . . . , vin) for all

1 ≤ i1 < · · · < ij < m ≤ ij+1 < · · · < in

and i := (i1, . . . , ij) with j ∈ [0, n] and i0 := 0.
We now define κi1,...,ij ,m successively for all 1 ≤ i1 < · · · < ij < m and j ∈ [0, n − 1].

For each choice of i1, . . . , ij we apply Ramsey’s theorem for (n − j)-hypergraphs or
pigeonhole principle if j = n − 1 to get an infinite subsequence u of v starting with
v1, . . . , vm such that all runs σ(ui1 , . . . , uin) for m < ij+1 < · · · < in have a common

prefix κi1,...,ij ,m which is a run on ε(j) ⊗ β(n−j)
m . Then we replace v with u and (α,β)

with the coarsening defined by u.
Next we define λi1,...,ij ,m successively for all 1 ≤ i1 < · · · < ij < m and j ∈ [0, n− 2].

For each choice of i1, . . . , ij we apply Ramsey’s theorem for (n− j − 1)-hypergraphs or
pigeonhole principle if j = n − 2 to get an infinite subsequence u of v starting with
v1, . . . , vm such that all runs σ(ui1 , . . . , uin) for m = ij+1 < · · · < in have a common

prefix λi1,...,ij ,m which is a run on ε(j) ⊗ αm ⊗ β
(n−j−1)
m . Then we replace v with u

and (α,β) with the coarsening defined by u. Finally, we define λi1,...,in−1,m for all
1 ≤ i1 < · · · < in−1 < m as σ(vi1 , . . . , vin−1 , vn).
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In the limit we obtain a comb v with generator (α,β) that is a subsequence of w
and the desired decomposition of the runs ρ(vi1 , . . . , vin) that is compatible with the
(α,β)-decomposition of vi1 ⊗ · · · ⊗ vin for all 1 ≤ i1 < · · · < in.

We show that the runs κi1,...,ij and λi1,...,ij can be chosen such that they only depend

on j and ij . To this end, for all n ∈ N we write K̃n = {κ̃ji | j ∈ [1, n] ∧ i ≥ j} and

Λ̃n = {λ̃ji | j ∈ [1, n] ∧ i ≥ j} for sets of words. For j ∈ [1, n] and 1 ≤ i1 < · · · < ij let
π̃i1,...,ij := ψ̃1 . . . ψ̃j with

ψ̃ℓ := κ̃ℓiℓ−1+1 . . . κ̃
ℓ
iℓ−1λ̃

ℓ
iℓ

for all ℓ ∈ [1, j] where i0 := 0.

Lemma 4.6.3. If w is an infinite d-clique in a regular relation R ⊆ (Σ∗)n given as an
NFA A, then there exist a generator (α,β) for a subsequence v of w, accepting runs
ρ(vi1 , . . . , vin) of A on vi1 ⊗ · · · ⊗ vin, and sets of runs K̃n, Λ̃n such that

ρ(vi1 , . . . , vin) = π̃i1,...,in

is a decomposition compatible with the (α,β)-decomposition of vi1 ⊗ · · · ⊗ vin for all
1 ≤ i1 < · · · < in.

Proof. We generalize the proof of Lemma 4.2.7. Suppose that R has an infinite n-clique.
Then there exist an infinite n-clique w in R generated by (α,β) and sets of runs Kn,Λn

as in Lemma 4.6.2.
It remains to ensure that for any j ∈ [1, n] we have κi1,...,ij = κi′1,...,i′j−1,ij

and λi1,...,ij =

λi′1,...,i′j−1,ij
for all 1 ≤ i1 < · · · < ij and 1 ≤ i′1 < · · · < i′j−1 < ij . To this end, consider

the initial state of the run κi1,...,ij−1,ij+1 for j ∈ [2, n]. By Ramsey’s theorem for j-

hypergraphs, there exist indices kj1 < kj2 < . . . such that all runs κ
kji1

,...,kjij−1
,kjij

+1
have

the same initial state. Thus, there exist indices k1 < k2 < . . . such that all runs
κki1 ,...,kij−1

,kij+1 have the same initial state for each j ∈ [2, n]. We define vi = wki for all

i ≥ 1 and

κ̃ji := κk1,...,kj−1,ki−1+1 . . . κk1,...,kj−1,ki

λ̃ji := κk1,...,kj−1,ki−1+1 . . . κk1,...,kj−1,ki−1λk1,...,kj−1,ki

for all j ∈ [1, n] and i ≥ j where k0 := 0. Observe that the composition λ̃ji κ̃
j+1
i+1 forms

a valid run since κk1,...,kj−1,ki,ki+1 and κk1,...,kj ,ki+1 have the same initial state. Then
π̃i1,...,in is an accepting run on vi1 ⊗ · · · ⊗ vin . Furthermore, this run decomposition is
compatible with the (γ, δ)-decomposition of vi1 ⊗ · · · ⊗ vin where the generator (γ, δ) is
defined as

δi := βki−1+1 . . . βki
γi := βki−1+1 . . . βki−1αki

for all i ≥ 1 where k0 := 0.
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Similar to Proposition 4.2.8 for the case n = 2, we can now construct an NBA for the
encodings of infinite n-cliques that simulates the runs in K̃n and Λ̃n from Lemma 4.6.3 in
2n components. For an automaton A let |A| denote the size of A in the usual encoding.

Proposition 4.6.4. Given an NFA A for a regular relation R ⊆ (Σ∗)n with n ≥ 2, one
can construct in O(n · log |A|) space an NBA B over the alphabet (Σ⊥ × Σ) ∪ {#} such
that:

� If w is an infinite n-clique in R, then B accepts an encoding of a comb v which is
a subsequence of w.

� If B accepts an encoding of a comb w, then w is an infinite n-clique in R.

We are now ready to prove a theorem analogous to Theorem 4.2.1 for the evaluation of
n-Ramsey quantifiers. We observe that the space complexity of the construction depends
linearly on n and logarithmically on the size of the input NFA, which means that for
any fixed n the asymptotic space complexity is the same as in Theorem 4.2.1.

Theorem 4.6.5. Given a regular relation R ⊆ (Σ∗)nd+k with n ≥ 2 by an
NFA A, one can construct in O(n · log |A|) space an NFA for the relation
[[∃n-ramx1, . . . ,xn : R(x1, . . . ,xn, z)]], where |x1| = · · · = |xn| = d and |z| = k.

Proof. The proof is the same as in the case n = 2 by first assuming that d = 1 and
constructing an NFA for the n-ary relation

R′ := {(u1 ⊗ c1 ⊗ · · · ⊗ ck, . . . , un ⊗ c1 ⊗ · · · ⊗ ck) | (u1, . . . , un, c) ∈ R}.

Then using Proposition 4.6.4, we construct an NFA which accepts at least one word
from each infinite n-clique in R′ and only accepts elements of infinite n-cliques in R′.
Projecting away the first component yields the desired NFA. Moreover, the general
case where d ≥ 1 follows from an easy generalization of Proposition 3.1.4 to n-Ramsey
quantifiers.

Theorem 4.6.5 shows that n-Ramsey quantifiers can be effectively evaluated in auto-
matic structures and can be reformulated as follows.

Corollary 4.6.6. Given an automatic structure A by a presentation p and a formula
φ(x1, . . . ,xn, z) over A with |x1| = · · · = |xn|, one can effectively compute an NFA for
the relation [[∃n-ramx1, . . . ,xn : φ(x1, . . . ,xn, z)]]p. Moreover, if an NFA A for [[φ]]p is
given, the construction can be done in O(n · log |A|) space.

To analyze the complexity of the infinite n-clique problem, we may regard n as part
of the input or as a parameter. To deal with the latter, we first briefly introduce some
notions from parameterized complexity theory that are needed in the following. For a
deeper discussion on the topic we refer to [DF99; FG06].
Recall that formally a decision problem is a language, say over alphabet Σ, whereas a

parameterized problem is a subset of Σ∗ × N, where the natural number is regarded as
the parameter. A parameterized problem Q ⊆ Σ∗×N is in the parameterized complexity
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class (uniform-)XC if for every n ∈ N the slice Qn := {w | (w, n) ∈ Q} lies in the classical
complexity class C and there is a computable function assigning to every n ∈ N a Turing
machine witnessing that Qn is in C. By [CFG03], a parameterized problem Q ⊆ Σ∗ ×N
is in (uniform-)XNL if and only if there is a computable function f : N → N and a
nondeterministic Turing machine that given a pair (w, n) ∈ Σ∗ × N, decides whether
(w, n) ∈ Q in space at most f(n) · log |w|.

A PL-reduction from the parameterized problem Q ⊆ Σ∗ × N to the parameterized
problem Q′ ⊆ (Σ′)∗ × N is a mapping r : Σ∗ × N→ (Σ′)∗ × N such that

1) for all (w, n) ∈ Σ∗ × N we have (w, n) ∈ Q if and only if r(w, n) ∈ Q′,

2) there exists a computable function g : N → N such that for all (w, n) ∈ Σ∗ × N
with r(w, n) = (w′, n′) we have n′ ≤ g(n), and

3) there exist a computable function f : N → N and a constant c ∈ N such that r is
computable in space at most f(n) + c · log |w|.

In the following we only consider PL-reductions with n = n′ for all n ∈ N (a.k.a. level-
by-level [SW15]).

Corollary 4.6.7. The (parameterized) infinite n-clique problem over regular relations
R ⊆ (Σ∗)nd given as NFA or DFA is PSPACE-complete (resp. XNL-complete under PL-
reductions).

Proof. The upper bounds follow from Theorem 4.6.5. For the lower bound of the pa-
rameterized version, we reduce from the n-intersection non-emptiness problem, which is
the parameterized version of the intersection non-emptiness problem that asks whether
the intersection of n regular languages given by DFAs for parameter n ≥ 1 is non-empty.
In [Weh14; Weh16] it is shown that this problem is XNL-complete under PL-reductions.
Let A1, . . . ,An be the given DFAs over the alphabet Σ and Σ# := Σ ∪ {#} for a

fresh symbol # /∈ Σ. We define the relation R ⊆ ((Σ#)
∗)n such that (w1, . . . , wn) ∈ R

if and only if for all i ∈ [1, n] we have that wi = #hivi for some hi ∈ N and vi ∈ L(Ai)
such that |wj | ≤ hj+1 for all j ∈ [1, n− 1]. It is easy to see that R is a regular relation
and a DFA for R can be constructed in O(log(|A1|+ · · ·+ |An|)) space since due to the
padding with #-symbols, we can simulate the Ai sequentially rather than in parallel.
We claim that

⋂︁n
i=1 L(Ai) ̸= ∅ if and only if R has an infinite n-clique. If there exists

w ∈
⋂︁n

i=1 L(Ai), then

w1 := #w

wi+1 := #|wi|w

for i ≥ 1 defines an infinite n-clique in R. Conversely, if (wi)i≥1 is an infinite n-clique in
R with wi = #hivi for all i ≥ 1, then for all i ∈ [1, n] we have that vn ∈ L(Ai) since

(wn−i+1, . . . , wn−1, wn, wn+1, . . . , w2n−i) ∈ R.

Note that the above reduction shows that the parameterized infinite n-clique problem
is already XNL-hard under PL-reductions for n-ary regular relations (i.e. with d = 1)
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given by DFAs. Moreover, observe that the above yields a logspace reduction from the
(non-parameterized) intersection non-emptiness problem, which by Proposition 2.3.6 is
PSPACE-complete, to the (non-parameterized) infinite n-clique problem.

4.6.2 Tree-Automatic Structures

We now consider n-Ramsey quantifiers in the context of tree-regular relations. Similar
to the word case, for a comb s of trees with generator (α,β) we lift the definition of
(α,β)-decompositions to convolutions si1⊗· · ·⊗sin . Likewise, we let Kd and Λd denote
sets of context forests and πi1,...,in denote the corresponding tree decomposition.

Lemma 4.6.8. If t is an infinite n-clique in a tree-regular relation R ⊆ (TΣ)n given as
an NTA A, then there exist a generator (α,β) of a subsequence s of t, accepting runs
ρ(si1 , . . . , sin) of A on si1 ⊗ · · · ⊗ sin, and sets of context forests Kd,Λd such that

ρ(si1 , . . . , sin) = πi1,...,in

is a decomposition compatible with the (α,β)-decomposition of si1 ⊗ · · · ⊗ sin for all
1 ≤ i1 < · · · < in.

Proof. The proof is, similar to the proof of Lemma 4.6.2 in the word case, a natural
generalization of Lemma 4.3.6.

With a generalization of the arguments in Proposition 4.6.9 using Lemma 4.6.8, we
one can now construct an NBTA that accepts encodings of infinite n-cliques. If the
relation is given by a D↑TA, then this construction works in time polynomial in |A| and
exponential in n.

Proposition 4.6.9. Given a D↑TA A for a tree-regular relation R ⊆ (TΣ)n with n ≥ 1,
one can construct in O(|A|p(n)) time for a polynomial p an NBTA B over the ranked
alphabet (Σ⊥)

2 ∪ {#} such that:

� If t is an infinite n-clique in R, then B accepts an encoding of a comb s which is
a subsequence of t.

� If B accepts an encoding of a comb t, then t is an infinite n-clique in R.

Using Proposition 4.6.9, we can generalize the proof of Theorem 4.3.2 to n-Ramsey
quantifiers. Note that if the relation is given by an NTA A instead of a D↑TA, we can
first determinize A using Proposition 2.3.14 with an exponential blow-up in |A| and
subsequently apply the algorithm for D↑TAs, which is only exponential in n, resulting
in an algorithm that is exponential in both |A| and n.

Theorem 4.6.10. Given a D↑TA (resp. NTA) for a tree-regular relation R ⊆ (TΣ)nd+k

with n ≥ 2, one can construct in O(|A|p(n)) (resp. O(2p(n·|A|))) time for a polynomial p an
NTA for the relation [[∃n-ramx1, . . . ,xn : R(x1, . . . ,xn, z)]], where |x1| = · · · = |xn| = d
and |z| = k.
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We can again reformulate Theorem 4.6.10 for tree-automatic structures.

Corollary 4.6.11. Given a tree-automatic structure A by a presentation p and a formula
φ(x1, . . . ,xn, z) over A with |x1| = · · · = |xn|, one can effectively compute an NTA for
the relation [[∃n-ramx1, . . . ,xn : φ(x1, . . . ,xn, z)]]p. Moreover, if a D↑TA A for [[φ]]p is
given, the construction can be done in O(|A|p(n)) time.

If we consider n as part of the input, Theorem 4.6.10 implies that the infinite n-clique
problem is decidable in exponential time regardless of the automaton model.

Corollary 4.6.12. The infinite n-clique problem over tree-regular relations R ⊆ (TΣ)nd
given as NTA, D↑TA, or D↓TA is EXP-complete.

Proof. The upper bounds follow from Theorem 4.6.10. The lower bounds for NTAs
and D↓TAs already hold for n = 2 by Theorem 4.3.1. To show the lower bound for
D↑TAs, we can reduce from the intersection non-emptiness problem for D↑TAs, which by
Proposition 2.3.18 is EXP-complete. The reduction works similarly as in Corollary 4.6.7.
Let A1, . . . ,An be the given D↑TAs over the ranked alphabet Σ and let Σ# := Σ∪ {#}
for a fresh symbol # /∈ Σ of rank 1. For a tree t ∈ TΣ let #h(t) ∈ TΣ#

be the tree t
appended with a chain of #-symbols of length h ∈ N to the top. We define the relation
R ⊆ (TΣ#

)n such that (t1, . . . , tn) ∈ R if and only if for all i ∈ [1, n] we have that
ti = #hi

(si) for some hi ∈ N and si ∈ L(Ai) such that the length of the left-most path
in tj is at most hj+1 for all j ∈ [1, n− 1]. Then it holds that

⋂︁n
i=1 L(Ai) ̸= ∅ if and only

if R has an infinite n-clique. Note that a D↑TA that recognizes R can be constructed in
time polynomial in |A1|+ · · ·+ |An|.

Corollary 4.6.12 implies that the parameterized infinite n-clique problem for NTAs
and D↓TAs is in XEXP. This is in some sense optimal since the problem is EXP-hard for
all slices with n ≥ 2: We can reduce the problem for n = 2, which is EXP-complete by
Theorem 4.3.1 (already for d = 1), to the problem for any fixed n ≥ 2 by constructing
from the binary relation R ⊆ (TΣ)2 the n-ary relation R′ ⊆ (TΣ)n such that (t1, . . . , tn) ∈
R′ if and only if (ti, tj) ∈ R for all 1 ≤ i < j ≤ n.
We define an FPT-reduction similarly as a PL-reduction, but the reduction has to be

computable in f(n) · |w|c time. Again, we only consider level-by-level reductions.

Corollary 4.6.13. The parameterized infinite n-clique problem over tree-regular rela-
tions R ⊆ (TΣ)nd given as D↑TA is XP-complete under FPT-reductions.

Proof. The upper bound follows from Theorem 4.6.10. For the lower bound we can use
the same reduction as in Corollary 4.6.12 from the n-intersection non-emptiness problem
for D↑TAs, which is XP-complete under FPT-reductions (shown in [SW15] for D↓TAs
but similar for D↑TAs).
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Parts of this chapter were published by the author in [Ber+24].
In the previous chapter we saw that the evaluation of the Ramsey quantifier over

(tree-)regular relations can be applied to obtain precise complexity results for both live-
ness verification and recognizability. We now consider similar questions in the setting of
linear arithmetics, which will allow us to make use of highly optimized SMT solvers. For
liveness, instead of (tree) automata, we assume that the reachability relation is provided
as a formula in linear integer/real arithmetic. For systems like succinct one-counter
automata [Li+20], continuous vector addition systems with states [BH17], and Parikh
automata [Sei+04] one can even compute an existential formula for the reachability re-
lation in polynomial time. Using Ramsey quantifiers, we will then deduce the precise
complexity of linear liveness for these classes of systems. Liner liveness is similar to
recurrent reachability, where the set of target configurations is defined by a formula in
linear arithmetics. But it additionally allows to express conditions that should hold be-
tween each pair of the infinite run. For example, one can demand that there exists some
positive number such that the value of a real clock increases by at least this number
between every pair of configurations on the run. This ensures that the clock value grows
unboundedly.
As the analogue to recognizability from a logic perspective, we will see that Ramsey

quantifiers can be used to decide monadic decomposability of quantifier-free formulas in
linear integer/real arithmetic with optimal complexity. Similar to recognizability, the
connection can be drawn via finite-index equivalence relations. As a further application,
we can use the Ramsey quantifier to check with precise complexity whether a relation
given as formula in quantifier-free Presburger arithmetic is a well-quasi-ordering. This
is relevant in the context of well-structured transition systems [FG19a].
The main result of this chapter concerns the elimination of the Ramsey quantifier

applied to an existential formula in linear integer/real arithmetic. More precisely, our
goal is to find an existential formula in LIA, LRA, or LIRA that is equivalent to

∃ramx,y : ∃w : γ(x,y,w, z)

where γ is a quantifier-free formula in the respective theory. The main idea is to indentify
conditions expressible in the logic under consideration that hold if and only if the input
formula has an infinite clique. However, those conditions will not directly define the
clique. They will only be equivalent to existence of a clique. The reason is that there are
Presburger formulas that have infinite cliques, but none of them is definable in Presburger
arithmetic. Instead, we will show that we can focus on arithmetic progressions, i.e.
sequences of the form

a0,a0 + a,a0 + 2a, . . .
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that are guaranteed to contain an infinite clique as a subsequence. Similarly, for formulas
in linear real arithmetic we consider sequences of the form

a− dcon + d∞,a−
1

2
dcon + 2d∞,a−

1

3
dcon + 3d∞, . . .

where the vector dcon is used to express convergent behavior, which is not needed in the
Presburger case. For example, consider the formula φ(x, y) := x < y ∧ x < 1. Clearly,
when interpreted over the integers, φ does not contain any infinite cliques since it ensures
that any infinite sequence is strictly increasing but bounded from above by 1. Over the
reals, however, φ contains, for example, the infinite clique 0, 12 ,

3
4 ,

7
8 , . . . , which is strictly

increasing and converges to 1.

5.1 Main Results

Before we dive into the proofs, let us summarize the main results of this chapter. As
mentioned above, our goal is to compute a formula ψ′ that is equivalent to

ψ := ∃ramx,y : ∃w : γ(x,y,w, z)

where γ is a quantifier-free LIA, LRA, or LIRA formula such that ψ′ only uses existential
quantifiers, i.e. ψ′ is contained in the existential fragment of LIA, LRA, or LIRA.

Eliminating existential quantifiers The first step towards the elimination of the Ram-
sey quantifier in ψ is to simplify the problem by showing that we can always assume
the vector w of existentially quantified variables to be empty. More specifically, in Sec-
tion 5.2 we prove that existential quantifiers in the scope of a Ramsey quantifier can be
eliminated by extending the Ramsey quantified vectors of variables:

Theorem 5.2.1. Let φ(x,y,w, z) be an existential formula in LIRA, where x and y
have the same type. Then the formulas

(i) ∃ramx,y : ∃w : φ(x,y,w, z) and

(ii) ∃ram(x,v1,v2), (y,w1,w2) : φ(x,y,v1 +w2, z) ∧ x ̸= y

are equivalent, where v1,v2,w1,w2 have the same type as w.

In particular, note that this only introduces linearly many new Ramsey quantified
variables. If we would use existing quantifier elimination techniques (without introduc-
ing new Ramsey quantified variables) instead, this would incur an exponential blow-up
for Presburger arithmetic [Haa+24; CMS24] and a double exponential blow-up for LIRA
[Wei99]. Loosely speaking, Theorem 5.2.1 tells us that instead of choosing a new valu-
ation of w for each edge of the clique, we can add two vectors to every node such that
for w we can always choose the sum of the first additional vector of the left node and
the second additional vector of the right node.
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Eliminating Ramsey quantifiers in LIA In Section 5.3 we show how to eliminate the
Ramsey quantifier in case of existential Presburger formulas.

Theorem 5.3.1. Given an existential Presburger formula φ(x,y, z) with |x| = |y|, one
can construct in polynomial time an existential Presburger formula of linear size that is
equivalent to ∃ramx,y : φ(x,y, z).

As a consequence of Theorem 5.2.1 we can assume that φ is quantifier-free. The key
idea is to use existential quantifiers to guess how the left-hand sides and right-hand sides
in a conjunction of inequalities of the form

n⋀︂
i=1

ri · x < si · y + ti · z + hi

evolve. This information will be used to formulate necessary and sufficient conditions for
the existence of an infinite clique. For example, if over an infinite sequence (ak)k≥1 the
left-hand side (ri·ak)k≥1 grows unboundedly, but the right-hand side (si·ak+ti·c+hi)k≥1

is bounded from above, then no infinite subsequence of (ak)k≥1 can form a clique with
respect to c. Whereas, if (si · ak + ti · c+ hi)k≥1 also grows unboundedly, then we can
always find an infinite subsequence (aik)k≥1 such that

ri · aik < si · aiℓ + ti · c+ hi

holds for all 1 ≤ k < ℓ. We will show that a Presburger formula can verify the existence of
an infinite sequence that results in the guessed evolution of both sides of the inequalities.

Eliminating Ramsey quantifiers in LRA With a similar strategy as in Theorem 5.3.1
we will prove in Section 5.4 that also in the existential fragment of LRA the Ramsey
quantifier can be efficiently eliminated.

Theorem 5.4.1. Given an existential formula φ(x,y, z) in LRA with |x| = |y|, one
can construct in polynomial time an existential formula in LRA of linear size that is
equivalent to ∃ramx,y : φ(x,y, z).

For the proof we also have to take the possibly convergent behavior of the sides of the
inequalities into account.

Eliminating Ramsey quantifiers in LIRA To prove the analogous result for LIRA, we
reduce in Section 5.5 to the elimination in LIA and LIRA by computing the decompo-
sition using Lemma 2.4.5.

Theorem 5.5.1. Given an existential formula φ(x,y, z) in LIRA, where x and y have
the same type, one can construct in polynomial time an existential formula in LIRA of
linear size that is equivalent to ∃ramx,y : φ(x,y, z).

As a consequence of Theorem 5.5.1, we obtain the precise complexity of the infinite
clique problem.
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Corollary 5.5.2. The infinite clique problem for existential formulas in LIRA is NP-
complete.

Note that decidability of the infinite clique problem for LIRA formulas already fol-
lows from [DI02]. However, the procedure by Dang and Ibarra [DI02], on the one hand,
requires the input formula to be quantifier-free and, on the other hand, yields a formula
with multiple quantifier alternations, whose satisfiability has to be checked. For check-
ing satisfiability of a LIRA formula with quantifier alternations they provide, based on
[Wei99], a double exponential-time upper bound.

Monadic decomposability In Section 5.6 we present several applications of the above
results. Recall that a formula is monadically decomposable if it can be written as a
Boolean combination of formulas with only a single free variable. In Proposition 3.3.10
we showed that a quantifier-free formula φ(x1, . . . , xk) is monadically decomposable in
the quantifier-free fragment of LIA, LRA, or LIRA if and only if certain equivalence
relations ≈j for j ∈ [1, k − 1] have finite index. Since ̸≈j is an existential formula in
LIA, LRA, or LIRA and an equivalence relation has infinite index if and only if its
complement has an infinite clique, we can use Corollary 5.5.2 to check for infinite index
of ≈j in NP.

Corollary 5.6.1. Given a quantifier-free formula in LIA, LRA, or LIRA, deciding
monadic decomposability in the respective quantifier-free fragment is coNP-complete.

In the case of Presburger arithmetic coNP-completeness was already known [Hag+20],
but for LRA and LIRA the precise complexity remained open.

Linear liveness As we have already seen in Section 4.4.1, the Ramsey quantifier can be
used to express liveness conditions. We will consider several concrete classes of systems
(involving counters and/or clocks) whose reachability relations are expressible in linear
arithmetics and for which the above results can be applied to answer liveness questions.
Here, we consider the linear liveness problem that asks for the existence of an infinite
run such that between every pair of infinitely many configurations on the run a condition
specified in existential linear arithmetics is satisfied. A special case of this problem is
to check for an infinite run of configurations satisfying some property infinitely often.
For example, we show that linear liveness is NP-complete for continuous vector addition
systems with states, succinct one-counter automata, reversal-bounded counter machines,
and Parikh automata.

Checking for WQO Recently, in the context of well-structured transition systems,
Finkel and Gupta [FG19a] raised the question of how to check whether a relation defined
by a Presburger formula is a well-quasi-ordering (WQO). Using Theorem 5.3.1, we can
settle the precise complexity of this problem in case the relation is given as a quantifier-
free Presburger formula.

Corollary 5.6.17. Given a quantifier-free Presburger formula φ(x,y) with |x| = |y| =
d, it is coNP-complete to decide whether [[φ]] ⊆ Zd × Zd is a WQO.
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5.2 Eliminating Existential Quantifiers

Our main result of this chapter concerns the elimination of the Ramsey quantifier from
formulas of the form ∃ramx,y : ψ(x,y, z) where ψ is an existential formula in LIRA.
In this section we first show that we can reduce to the case where ψ is quantifier-
free. The problem with eliminating quantifiers first is that general quantifier elimination
techniques incur a blow-up (exponential for Presburger arithmetic [Haa+24; CMS24]
and double exponential for LRA [Wei99]), even when restricted to a single block of
existential quantifiers. Instead of relying on these techniques, we show that existentially
quantified variables occurring in the scope of a Ramsey quantifier can be exchanged for
more, but only linearly many, Ramsey quantified variables. More precisely, we prove the
following equivalence:

Theorem 5.2.1. Let φ(x,y,w, z) be an existential formula in LIRA, where x and y
have the same type. Then the formulas

(i) ∃ramx,y : ∃w : φ(x,y,w, z) and

(ii) ∃ram(x,v1,v2), (y,w1,w2) : φ(x,y,v1 +w2, z) ∧ x ̸= y

are equivalent, where v1,v2,w1,w2 have the same type as w.

Thus, if we have a formula ∃w : φ(x,y,w, z) where φ is quantifier-free, then Theo-
rem 5.2.1 allows us to eliminate the block ∃w of existential quantifiers by moving w
under the Ramsey quantifier. Note that both formulas express the existence of an in-
finite clique. The first one says that for every edge x → y in the clique we can choose
a vector w such that φ(x,y,w, z) is satisfied. The second formula says that w can be
chosen in a specific way: It says that for each vertex one can choose two vectors (w1,w2)
such that for each edge x → y the vector w can be the sum of w1 for x and w2 for y.
Thus, (ii) clearly implies (i). The challenge is to show that also the reverse implication
holds. The rest of this section is devoted to proving Theorem 5.2.1 by first considering
the integer and the real case separately and then using Lemma 2.4.5 for the mixed case.

5.2.1 Linear Integer Arithmetic

We start with the elimination of existential quantifiers in case of Presburger arithmetic.

Theorem 5.2.2. Let φ(x,y,w, z) be an existential formula in Presburger arithmetic
with |x| = |y|. Then the formulas

(i) ∃ramx,y : ∃w : φ(x,y,w, z) and

(ii) ∃ram(x,v1,v2), (y,w1,w2) : φ(x,y,v1 +w2, z) ∧ x ̸= y

are equivalent.

To prove Theorem 5.2.2, it suffices to prove it in case w consists of just one variable
w. Then, Theorem 5.2.2 follows by induction: Since we allow φ to have existential
quantifiers, we can eliminate the block ∃w from the outermost to the innermost variable.
Therefore, it remains to show the following.
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Lemma 5.2.3. Let φ(x,y, w,z) be an existential formula in Presburger arithmetic with
|x| = |y|. Then the formulas

(i) ∃ramx,y : ∃w : φ(x,y, w,z) and

(ii) ∃ram(x, v1, v2), (y, w1, w2) : φ(x,y, v1 + w2, z) ∧ x ̸= y

are equivalent.

Simple Presburger formulas Before we consider the general case, let us assume that
we are dealing with Presburger formulas of a simplified form. Let u be a vector of n
variables and w be a variable. We say that a Presburger formula φ(u, w) is w-simple if
it is a Boolean combination of formulas of the form r · u + c < w, w < r · u + c, and
modulo constraints over u and w, where r ∈ Zn and c ∈ Z. In particular, this means
that w-simple formulas are quantifier-free.

Lemma 5.2.4. Let φ(x,y, w,z) be a w-simple Presburger formula with |x| = |y|. Then
the formulas

(i) ∃ramx,y : ∃w : φ(x,y, w,z)

(ii) ∃ram(x, v1, v2), (y, w1, w2) : φ(x,y, v1 + w2, z) ∧ x ̸= y

are equivalent.

Proof. We first move all negations in φ inwards to the atoms and possibly negate them
(which for modulo constraints introduces disjunctions). We then bring φ into disjunctive
normal form and distribute the Ramsey quantifier and existential quantifier over the
disjunctions. Since φ is simple, we can assume that it is a conjunction of inequalities

αi(x) + βi(y) + γi(z) < w

for i ∈ [1, n] and
w < α′

j(x) + β′j(y) + γ′j(z)

for j ∈ [1,m] and modulo constraints

δℓ(x,y, w,z) ≡eℓ 0

for ℓ ∈ [1, k]. Here, the αi, βi, γi, α
′
j , β

′
j , γ

′
j , δℓ are linear functions with integer coefficients

(and possibly constants). Let fi(x,y, z) := αi(x) + βi(y) + γi(z) for all i ∈ [1, n] and
f ′j(x,y, z) := α′

j(x) + β′j(y) + γ′j(z) for all j ∈ [1,m]. In the following we assume that
n,m > 0 and note that the other cases are simpler and can be handled similarly.
Assume c ∈ Z|z| satisfies the formula in (i), i.e. there is an infinite sequence (ai)i≥1

of pairwise distinct vectors over Z such that for all i < j there exists bi,j ∈ Z such
that φ(ai,aj , bi,j , c) holds. By Ramsey’s theorem, we can take an infinite subsequence
such that we can assume that f1(ai,aj , c) ≤ · · · ≤ fn(ai,aj , c) and f ′1(ai,aj , c) ≤
· · · ≤ f ′m(ai,aj , c) for all i < j. Thus, it suffices to consider the greatest lower bound
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fn(ai,aj , c) and the smallest upper bound f ′1(ai,aj , c) on w. Let f := fn, α := αn,
β := βn, and γ := γn. Let N := lcm{e1, . . . , ek} be the least common multiple of all
moduli, where we set N := 1 if k = 0. Observe that by the Chinese remainder theorem,
bi,j can always be chosen from the interval [f(ai,aj , c)+1, f(ai,aj , c)+N ] for all i < j.
Since this interval has fixed length N , by Ramsey’s theorem we can restrict to an infinite
subsequence such that there is a constant r ∈ [1, N ] such that f(ai,aj , c) + r = bi,j for
all i < j. Now, if we set b1i := α(ai) and b2i := β(ai) + γ(c) + r for i ≥ 1, the infinite
sequence (ai, b

1
i , b

2
i )i≥1 satisfies φ(ai,aj , b

1
i + b2j , c) for all i < j as desired.

General Presburger formulas We now prove Lemma 5.2.3. Observe that if we can show
equivalence of the formulas (i) and (ii) for quantifier-free φ with modulo constraints, then
the same follows for general existential Presburger formulas φ: Let φ be an existential
Presburger formula. By Proposition 2.4.2, there exists an equivalent quantifier-free for-
mula φ′ over ⟨Z;<, (≡e)e∈N,+, 0, 1⟩. Thus, if the equivalence in Lemma 5.2.3 holds for
φ′, then it also holds for φ itself. Therefore, we may assume that φ is quantifier-free but
possibly contains modulo constraints.

We now modify φ similarly as in the standard quantifier elimination procedure for
Presburger arithmetic (Proposition 2.4.2). To this end, we define the w-simplification
of a quantifier-free formula θ(u, w) with modulo constraints. First observe that we can
assume that θ is a Boolean combination of inequalities of the form r · u + c ∼ sw for
∼ ∈ {<,>} and modulo constraints r ·u+sw ≡e c for some vector r over Z and c, s ∈ Z.
(Note that in Presburger arithmetic equality can be expressed by a conjunction of two
strict inequalities.) Let N be the least common multiple of all coefficients s of w in these
constraints. We obtain θ′ from θ by replacing each

� inequality r · u+ c ∼ sw with N
s · r · u+ N

s · c ∼ w and

� modulo constraint r · u+ sw ≡e c with
N
s · r · u+ w ≡N

s ·e
N
s · c.

Now, the w-simplification of θ is the pair (ψ,N) where ψ(u, w) := θ′(u, w) ∧ w ≡N 0.
Then clearly, ψ is w-simple and for every integer vector a and b ∈ Z we have

θ(a, b) if and only if ψ(a, Nb)

and moreover, ψ(a, b) implies that b is a multiple of N .

Now, suppose φ(x,y, w,z) is quantifier-free but contains modulo constraints. More-
over, let ψ(x,y, w,z) and N be the w-simplification of φ. To show Lemma 5.2.3,
let us assume the formula in (i) is satisfied for some integer vector c. Then
∃ramx,y : ∃w : ψ(x,y, w, c) holds since we can multiply the witnessing valuations of w
with N . By Lemma 5.2.4, this implies that

∃ram(x, v1, v2), (y, w1, w2) : ψ(x,y, v1 + w2, c)

is satisfied, meaning there exists an infinite sequence (ai, bi, b
′
i)i≥1 where a1,a2, . . .

are pairwise distinct and ψ(ai,aj , bi + b′j , c) for every i < j. By construction of ψ,
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this implies that bi + b′j is a multiple of N for every i < j and therefore all the in-
tegers b1, b2, . . . must have the same remainder modulo N , say r ∈ [0, N − 1], and
all b′1, b

′
2, . . . must be congruent to −r modulo N . This means that the quotients

b̄i := (bi − r)/N and b̄′i := (b′i + r)/N must be integers. Then for every i < j we have
ψ(ai,aj , N(b̄i + b̄′j), c) and hence φ(ai,aj , b̄i + b̄′j , c). Thus, the sequence (ai, b̄i, b̄

′
i)i≥1

shows that ∃ram(x, v1, v2), (y, w1, w2) : φ(x,y, v1 + w2, c) ∧ x ̸= y is satisfied.

5.2.2 Linear Real Arithmetic

We now turn to the case where φ is a formula in LRA.

Theorem 5.2.5. Let φ(x,y,w, z) be an existential formula in LRA with |x| = |y|.
Then the formulas

(i) ∃ramx,y : ∃w : φ(x,y,w, z) and

(ii) ∃ram(x,v1,v2), (y,w1,w2) : φ(x,y,v1 +w2, z) ∧ x ̸= y

are equivalent.

As in the Presburger case, we may assume that w consists of just one variable w since
Theorem 5.2.5 then follows by induction. Therefore, it suffices to prove the following
lemma.

Lemma 5.2.6. Let φ(x,y, w,z) be an existential formula in LRA with |x| = |y|. Then
the formulas

(i) ∃ramx,y : ∃w : φ(x,y, w,z) and

(ii) ∃ram(x, v1, v2), (y, w1, w2) : φ(x,y, v1 + w2, z) ∧ x ̸= y

are equivalent.

Proof. Again by eliminating the existential quantifiers in φ using Proposition 2.4.4,
transforming it into disjunctive normal form, and distributing the quantifiers over the
disjunctions, we can assume that φ is a conjunction of inequalities

αi(x) + βi(y) + γi(z) < w

for i ∈ [1, n] and
w < α′

j(x) + β′j(y) + γ′j(z)

for j ∈ [1,m] and equality constraints

w = δℓ(x) + κℓ(y) + λℓ(z)

for ℓ ∈ [1, k]. Here, the αi, βi, γi, α
′
j , β

′
j , γ

′
j , δi, κi, λi are linear functions with rational

coefficients (and possibly constants).
Assume c ∈ R|z| satisfies the formula in (i), i.e. there is an infinite sequence (ai)i≥1

of pairwise distinct vectors over R such that for all i < j there exists bi,j ∈ R such
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that φ(ai,aj , bi,j , c) holds. Clearly, if k > 0, we can eliminate w by replacing it with
δ1(x) + κ1(y) + λ1(z). Thus, setting bi := δ1(ai) and b

′
i := κ1(ai) + λ1(c) for i ≥ 1, the

sequence (ai, bi, b
′
i)i≥1 satisfies φ(ai,aj , bi + b′j , c) for all i < j. So assume k = 0, i.e.

φ only contains lower and upper bounds on w. We further assume that n,m > 0 since
the other cases are obvious. As in the Presburger case, we can apply Ramsey’s theorem
so that we only have to consider the greatest lower bound α(x) + β(y) + γ(z) and the
smallest upper bound α′(x) + β′(y) + γ′(z) on w. This means that w can always be
chosen to be the midpoint of this interval. Therefore, if we set bi := (α(ai) + α′(ai))/2
and b′i := (β(ai) + γ(c) + β′(ai) + γ′(c))/2 for i ≥ 1, the sequence (ai, bi, b

′
i)i≥1 satisfies

φ(ai,aj , bi + b′j , c) for all i < j.

5.2.3 Linear Integer Real Arithmetic

We are now ready to prove Theorem 5.2.1. As mentioned above, it suffices to prove
that the formula in (i) implies the one in (ii). Let ψ(z) be the formula in (i) and c
be a valuation of z that satisfies ψ. By Lemma 2.4.5, there exists a decomposition
φ′(xi/r,yi/r,wi/r, zi/r) of φ(x,y,w, z). By definition of a decomposition, there is a
valuation ci/r of zi/r with cint + creal = c such that

∃ramxi/r,yi/r : ∃wi/r : φ′(xi/r,yi/r,wi/r, ci/r).

We bring φ′ into the disjunctive form

φ′ ≡
n⋁︂

i=1

αi(x
int,yint,wint, zint) ∧ βi(xreal,yreal,wreal, zreal)

where αi is an existential Presburger formula and βi is an existential formula in LRA
for all i ∈ [1, n]. By Ramsey’s theorem, there exists an i ∈ [1, n] such that

∃ramxi/r,yi/r : ∃wint : αi(x
int,yint,wint, cint) ∧ ∃wreal : βi(x

real,yreal,wreal, creal).

Note that the existentially quantified variables can be split at the conjunction into the
real and integer part. To perform a similar splitting for the variables bound by the Ram-
sey quantifier, we have to distinct the two cases whether the vectors of the clique are
pairwise distinct in the real components or in the integer components. We only show the
case where the vectors of the clique are pairwise distinct in both the real and integer com-
ponents. The other cases are similar by allowing that either the integer or real compo-
nents do not change throughout the clique, i.e. either ∃xint,wint : αi(x

int,xint,wint, cint)
or ∃xreal,wreal : βi(x

real,xreal,wreal, creal) holds. So we assume that

∃ramxint,yint : ∃wint : αi(x
int,yint,wint, cint) ∧

∃ramxreal,yreal : ∃wreal : βi(x
real,yreal,wreal, creal).
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By applying Theorem 5.2.2 to the first conjunct and Theorem 5.2.5 to the second con-
junct, we get

∃ram(xint,vint
1 ,vint

2 ), (yint,wint
1 ,wint

2 ) : αi(x
int,yint,vint

1 +wint
2 , cint) ∧ xint ̸= yint ∧

∃ram(xreal,vreal
1 ,vreal

2 ), (yreal,wreal
1 ,wreal

2 ) : βi(x
real,yreal,vreal

1 +wreal
2 , creal) ∧

xreal ̸= yreal.

This implies that c satisfies the formula in (ii) by adding the two infinite cliques com-
ponentwise.

5.3 Eliminating Ramsey Quantifiers in Linear Integer
Arithmetic

In this section we describe our procedure to eliminate the Ramsey quantifier if applied
to an existential Presburger formula.

Theorem 5.3.1. Given an existential Presburger formula φ(x,y, z) with |x| = |y|, one
can construct in polynomial time an existential Presburger formula of linear size that is
equivalent to ∃ramx,y : φ(x,y, z).

To prove Theorem 5.3.1, one could try to compute a Presburger formula ψ(x, z) such
that for every valuation c of z the set {a | ψ(a, c)} forms a clique in φ(x,y, c) if one
exists. This, however, turns out to be impossible: There exist Presburger formulas that
have infinite cliques, but none of them is definable in Presburger arithmetic. For example,
consider the formula φ(x, y) := y ≥ 2x ∧ x ≥ 1. Every infinite clique A = {a0, a1, . . . }
of φ with a0 ≤ a1 ≤ . . . must satisfy ai ≥ 2i · a0 for every i ≥ 1 and thus cannot be
ultimately periodic (i.e. there do not exist n, k ∈ N such that for all a ≥ n we have a ∈ A
if and only if a+ k ∈ A). Since a subset of N is Presburger-definable if and only if it is
ultimately periodic [GS66a], it follows that A is not Presburger-definable. To circumvent
this problem, our strategy is to define a Presburger formula that only expresses conditions
that are equivalent to the existence of an infinite clique in φ without defining the actual
clique.
Let us first assume that φ(x,y, z) is a conjunction of the form

n⋀︂
i=1

ri · x < si · y + ti · z + hi ∧
m⋀︂
j=1

uj · x ≈j
ej vj · y +wj · z + dj (5.1)

where ≈j
ej∈ {≡ej , ̸≡ej}. It should be noted that since modulo constraints are expressible

with existential quantifiers and Theorem 5.2.1 allows us to eliminate existential quan-
tifiers under the Ramsey quantifier without introducing modulo constraints, it would
even suffice to treat the case where φ has no modulo constraints. However, in practice
it might be useful to be able to treat modulo constraints without first trading them in
for existential quantifiers. For this reason, we describe the translation in the presence of
modulo constraints.
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5.3.1 Cliques in Terms of Profiles

Our goal is to construct an existential Presburger formula φ′(z) so that φ′(c) holds if
and only if there exists an infinite sequence (ai)i≥1 of pairwise distinct vectors such that
φ(ai,aj , c) for all i < j. As mentioned above, it is possible that such a sequence exists,
but that none of them is definable in Presburger arithmetic. Therefore, our first step is
to modify the condition “φ(ai,aj , c) for all i < j” into a different condition such that
(i) the new condition is equivalent in terms of existence of a sequence and (ii) the new
condition can always be satisfied by an arithmetic progression. Property (ii) will allow
us to express the new condition in Presburger arithmetic.

Example 5.3.2. To illustrate the idea, suppose that

φ(x,y, z) := y1 > 2 · x1 ∧ x1 + x2 < z

where |x| = |y| = 2. As mentioned above, any infinite clique of φ must grow exponen-
tially in the first component. However, such an infinite clique with respect to c ∈ Z
exists if and only if there exists a sequence (ai)i≥1 with ai = (ai,1, ai,2) ∈ Z2 such that
ai,1 + ai,2 < c for all i ≥ 1 and the sequence of numbers a1,1, a2,1, . . . in the first compo-
nents grows unboundedly: Clearly, any infinite clique of φ must satisfy this. Conversely,
any infinite sequence that grows unboundedly in the first component has an infinite sub-
sequence that grows exponentially in the first component. Note that the unboundedness
condition can always be satisfied by an arithmetic progression, i.e. a sequence of the
form a0,a0 + a,a0 + 2a, . . . , by choosing a1 > 0. This means by guessing the vectors
a0,a using existential quantifiers, we can state ∃ramx,y : φ(x,y, z) equivalently with the
existential Presburger formula

∃x0,x : x1 > 0 ∧ x0,1 + x0,2 < z ∧ x1 + x2 ≤ 0

where x0 = (x0,1, x0,2).

These modified conditions on sequences are based on the notion of profiles. Essentially,
a profile captures how for a sequence (ak)k≥1 the values ri · ak and si · ak + ti · c + hi
evolve for every i ∈ [1, n]. A profile (for φ) is a vector in Z2n

ω where Zω := Z ∪ {ω}.
Let p = (p1, . . . , p2n) be a profile. Then value p2i−1 being an integer means that the
sequence (ri · ak)k≥1 is bounded from above by p2i−1. If p2i−1 is ω, then the sequence
(ri · ak)k≥1 tends to infinity. Similarly, even-indexed entries p2i describe the evolution
of the sequence (si · ak + ti · c+ hi)k≥1.

Let us make this precise. If p is a profile and c ∈ Z|z| is a vector, then a sequence
(ak)k≥1 of pairwise distinct vectors over Z is compatible with p for c if uj · ak ≈j

ej

vj · aℓ +wj · c+ dj for all k < ℓ and j ∈ [1,m] and

sup(ri · ak)k≥1 ≤ p2i−1, p2i ≤ lim inf(si · ak + ti · c+ hi)k≥1 (5.2)

for all i ∈ [1, n]. A profile p = (p1, . . . , p2n) is admissible if for every i ∈ [1, n] we have
p2i−1 < p2i or p2i = ω.
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Lemma 5.3.3. The formula φ(x,y, z) has an infinite clique with respect to c ∈ Z|z| if
and only if there exists an admissible profile p such that there is a sequence compatible
with p for c.

Proof. We begin with the “only if” direction. To ease notation, we write fi(x) := ri · x
and gi(x) := si · x + ti · c + hi for all i ∈ [1, n]. Suppose (ak)k≥1 is an infinite clique
of φ with respect to c. First observe that we may assume that if for some i ∈ [1, n]
the sequence (fi(ak))k≥1 is bounded from above, then for its maximum M we have
M < gi(ak) for every k ≥ 1. Indeed, if this is not the case, we can achieve it by
removing an initial segment of (ak)k≥1. Now, we define the profile p = (p1, . . . , p2n) as

p2i−1 := sup(fi(ak))k≥1, p2i := lim inf(gi(ak))k≥1

for all i ∈ [1, n]. Observe that p2i cannot be −ω and thus belongs to Zω: This is
because the sequence (gi(ak))k≥1 is bounded from below by min{fi(a1), gi(a1)}. Then
p is admissible since otherwise, we would have p2i−1 ≥ p2i and p2i ∈ Z for some i ∈ [1, n]
implying that there are k < ℓ with fi(ak) ≥ gi(aℓ), which contradicts the fact that
(ak)k≥1 is an infinite clique of φ with respect to c. Moreover, by definition of p, the
sequence (ak)k≥1 is clearly compatible with p for c.

Let us now prove the “if” direction. Let p ∈ Z2n
ω be an admissible profile and (ak)k≥1

be a sequence compatible with p for c. Then, we know that for any k < ℓ we have
uj · ak ≈j

ej vj · aℓ +wj · c + dj . We claim that we can choose an infinite subsequence
of (ak)k≥1 such that fi(ak) < gi(aℓ) for every k < ℓ and i ∈ [1, n]. It suffices to do
this for each i ∈ [1, n] individually since the property is preserved by taking infinite
subsequences. Likewise, picking an infinite subsequence does not spoil the property of
being compatible with p for c. So consider some i ∈ [1, n]. We distinguish two cases,
namely whether p2i ∈ Z or p2i = ω. First, suppose p2i ∈ Z. Then since p is admissible,
we have p2i−1 < p2i. Now, compatibility implies that p2i−1 < p2i ≤ gi(aℓ) for almost
all ℓ ≥ 1. Hence, by removing some initial segment of (ak)k≥1, we can ensure that
fi(ak) < gi(aℓ) for every k < ℓ. Now suppose p2i = ω. We successively choose indices
1 ≤ i1 < i2 < . . . such that fi(aik) < gi(aiℓ) for every k < ℓ. Let i1 := 1. Suppose
we have already chosen i1, . . . , ih for some h ≥ 1. Let M := max{fi(aik) | 1 ≤ k ≤ h}.
By compatibility of (ak)k≥1 and since p2i = ω, there exists an ℓ > ih with M < gi(aℓ),
which allows us to choose ih+1 := ℓ. This completes the construction of an infinite clique
of φ with respect to c.

5.3.2 Compatibility in Terms of Matrices

Our next step is to express the existence of a sequence compatible with p for c in terms
of certain inequalities. To this end, we define two matrices Ap,c and Bp and a vector
bp,c. Here, Ap,c ·x ≥ bp,c will express the compatibility conditions involving those p2i−1

and p2i that are integers. Thus, we define Ap,c and bp,c by describing the system of
inequalities Ap,c · x ≥ bp,c. For every i ∈ [1, n] with p2i−1 ∈ Z we add the inequality
ri ·x ≤ p2i−1, i.e. we add the row −ri to Ap,c and the entry −p2i−1 to bp,c. Furthermore,
for every i ∈ [1, n] with p2i ∈ Z we add the inequality p2i ≤ si ·x+ ti · c+hi, i.e. we add
the row si to Ap,c and the entry p2i − ti · c− hi to bp,c.
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Moreover, Bp will be used to express the unboundedness condition on the right side
of Equation (5.2) if p2i = ω. Thus, for every i ∈ [1, n] with p2i = ω we add the row si
to Bp. We say that a function f : Zr → Zs is simultaneously unbounded on a sequence
(ak)k≥1 in Zr if for every h ∈ Z we have f(ak) ≥ (h, . . . , h) for almost all k ≥ 1. Now
observe the following:

Lemma 5.3.4. Let p ∈ Z2n
ω be a profile for φ(x,y, z) and c ∈ Z|z|. Then there exists a

sequence compatible with p for c if and only if there exists a sequence (ak)k≥1 of pairwise
distinct vectors such that

(i) uj · ak ≈j
ej vj · aℓ +wj · c+ dj for every k < ℓ and j ∈ [1,m],

(ii) Ap,c · ak ≥ bp,c for every k ≥ 1, and

(iii) Bp is simultaneously unbounded on (ak)k≥1.

Proof. The “if” direction holds by construction since Ap,c · ak ≥ bp,c ensures that
Equation (5.2) holds if p2i−1 and p2i are integers and simultaneously unboundedness of
Bp ensures that (si · ak + ti · c+ hi)k≥1 grows unboundedly if p2i = ω.

For the “only if” direction let (ak)k≥1 be a sequence that is compatible with p for c.
Condition (i) is satisfied by definition. For every k ≥ 1 the inequalities in Ap,c ·ak ≥ bp,c
of the form ri · ak ≤ p2i−1 are fulfilled since sup(ri · ak)k≥1 ≤ p2i−1. Moreover, the
inequalities in Ap,c · ak ≥ bp,c of the form p2i ≤ si · ak + ti · c + hi are satisfied for
almost all k ≥ 1 since p2i ≤ lim inf(si · ak + ti · c+ hi)k≥1. Thus, by replacing (ak)k≥1

with an infinite subsequence, condition (ii) is satisfied. Finally, Bp is simultaneously
unbounded on (ak)k≥1 since for every row si of Bp we have that p2i = ω and therefore
(si · ak + ti · c+ hi)k≥1 grows unboundedly.

5.3.3 Arithmetic Progressions

The last key step is to show that there exists a sequence compatible with p for c if and
only if there exists such a sequence of the form a0,a0 + a,a0 + 2a, . . . for vectors a0,a,
called arithmetic progression. This will allow us to express existence of a sequence by
the existence of suitable vectors a0 and a.

Lemma 5.3.5. Let p ∈ Z2n
ω be a profile for φ(x,y, z) and c ∈ Z|z|. Then there exists a

sequence compatible with p for c if and only if there are vectors a0,a ∈ Z|x| with a ̸= 0
such that

(i) uj · a0 ≈j
ej vj · (a0 + a) +wj · c+ dj and uj · a ≡ej vj · a ≡ej 0 for all j ∈ [1,m],

(ii) Ap,c · a0 ≥ bp,c and Ap,c · a ≥ 0, and

(iii) Bp · a≫ 0.

Proof. We begin with the “if” direction. Suppose there are vectors a0 and a as described.
Then we claim that the sequence (ak)k≥1 with ak := a0 + ka is compatible with p for
c. We use Lemma 5.3.4 to show this. First note that since a ̸= 0, the ak are pairwise
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distinct. It is clear that the sequence satisfies conditions (i) and (ii) of Lemma 5.3.4.
Condition (iii) holds as well because in the vector Bp · (ka) every entry is at least k.
Thus, Bp is simultaneously unbounded on (ak)k≥1.

For the “only if” direction assume that (ak)k≥1 is a sequence of pairwise distinct
vectors that satisfies the conditions in Lemma 5.3.4. Since there are only finitely many
possible remainders modulo ej of the expressions uj · ak and vj · ak, we can pick a
subsequence such that for each j ∈ [1,m] the maps k ↦→ uj · ak and k ↦→ vj · ak are
constant modulo ej . In a second step, we notice that since Ap,c ·ak ≥ bp,c for all k ≥ 1,
the set {Ap,c · ak | k ≥ 1} together with ≤ forms a well-partial-ordering. Thus, we can
pick an infinite subsequence of (ak)k≥1 so that Ap,c · a1 ≤ Ap,c · a2 ≤ . . . . Note that
passing to infinite subsequences does not spoil the conditions of Lemma 5.3.4. Thus, Bp

is still simultaneously unbounded on (ak)k≥1. This allows us to pick a subsequence so
that also Bp ·a1 ≪ Bp ·a2 ≪ . . . . Therefore, if we set a0 := a1 and a := a2−a1, then
a0 and a are as desired.

5.3.4 Constructing the Formula

We are now ready to prove Theorem 5.3.1. To this end, assume that φ(x,y, z) with
|x| = |y| is an arbitrary existential Presburger formula. Using Theorem 5.2.1, we can
assume that φ is quantifier-free. By moving all negations inwards to the atoms and
possibly negating them, we may further assume that φ is a positive Boolean combination
of inequality atoms αi := ri · x < si · y + ti · z + hi for i ∈ [1, n] and modulo constraint
atoms βj := uj · x ≈j

ej vj · y + wj · z + dj with ≈j
ej∈ {≡ej , ̸≡ej} for j ∈ [1,m]. (Note

that in Presburger arithmetic equality can be expressed by a conjunction of two strict
inequalities.)

The key idea is to guess (using existentially quantified variables) a subset of the atoms
in φ and check that (i) satisfying these atoms makes φ true and (ii) the conjunction
of these atoms has an infinite clique. Note that there are only finitely many possible
conjunctions of atoms from φ and φ is equivalent to the disjunction of these conjunctions.
Thus, by Ramsey’s theorem, there exists an infinite clique for φ if and only if there exists
one for some conjunction of atoms. Condition (i) is easy to state. To check (ii), we then
require the conditions of Lemma 5.3.5 to be satisfied for the conjunction of atoms.

For each atom αi we introduce a variable q<i and for each atom βj we introduce a
variable q≈j . To check that (i) holds, we use the formula φ′ that is obtained from φ by
replacing each αi with q<i = 1 and each βj with q≈j = 1 and adding the restrictions
q<i = 0 ∨ q<i = 1 and q≈j = 0 ∨ q≈j = 1. Now, φ is equivalent to

ψ := ∃q<, q≈ : φ′ ∧
n⋀︂

i=1

(q<i = 1→ αi) ∧
m⋀︂
j=1

(q≈j = 1→ βj).

Let us now construct the formula for condition (ii) above. To this end, we build
formulas γi and δj that state all conditions of Lemma 5.3.5 that stem from the atom αi
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and βj , respectively. For i ∈ [1, n] and fresh variables p2i−1, p2i,x0,x let

γi := (p2i−1 < ω → (ri · x0 ≤ p2i−1 ∧ ri · x ≤ 0)) ∧
(p2i < ω → (p2i ≤ si · x0 + ti · z + hi ∧ si · x ≥ 0)) ∧
(p2i = ω → si · x > 0)

and for all j ∈ [1,m] let

δj := uj · x0 ≈j
ej vj · (x0 + x) +wj · z + dj ∧ uj · x ≡ej 0 ∧ vj · x ≡ej 0.

Here, pℓ < ω and pℓ = ω is shorthand notation for ωℓ = 0 and ωℓ = 1, respectively,
where ωℓ is a fresh variable associated with pℓ that is restricted to values from {0, 1}.
Thus, from now on we implicitly quantify ω when p is quantified. The following requires
p to be an admissible profile:

θ :=

n⋀︂
i=1

(p2i−1 < ω ∧ p2i−1 < p2i ∨ p2i = ω)

Then we claim that ∃ramx,y : ψ(x,y, z) is equivalent to the existential formula

χ := ∃q<, q≈,p,x0,x : φ′ ∧ θ ∧ x ̸= 0 ∧
n⋀︂

i=1

(q<i = 1→ γi) ∧
m⋀︂
j=1

(q≈j = 1→ δj).

We show that for any c ∈ Z|z| we have ∃ramx,y : ψ(x,y, c) if and only if χ(c). For
a valuation ν of the variables q<i , q

≈
j to {0, 1} let Iν := {i ∈ [1, n] | ν(q<i ) = 1} and

Jν := {j ∈ [1,m] | ν(q≈j ) = 1}. By Ramsey’s theorem, we have ∃ramx,y : ψ(x,y, c) if
and only if there is a valuation ν of the q<i , q

≈
j satisfying φ′ such that

∃ramx,y :
⋀︂
i∈Iν

αi(x,y, c) ∧
⋀︂
j∈Jν

βj(x,y, c).

By Lemmas 5.3.3 and 5.3.5, this is the case if and only if

∃p,x0,x : θ ∧ x ̸= 0 ∧
⋀︂
i∈Iν

γi(p,x0,x, c) ∧
⋀︂
j∈Jν

δj(x0,x, c)

which in turn holds for some assignment ν of the q<i , q
≈
j satisfying φ′ if and only if χ(c).

To conclude the proof of Theorem 5.3.1, we note that the size of χ is linear in the size
of φ and all constructions can be performed in polynomial time.

5.4 Eliminating Ramsey Quantifiers in Linear Real Arithmetic

Let us now consider the elimination of the Ramsey quantifier if applied to an existential
formula in LRA. We prove the same result as over Presburger arithmetic.
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Theorem 5.4.1. Given an existential formula φ(x,y, z) in LRA with |x| = |y|, one
can construct in polynomial time an existential formula in LRA of linear size that is
equivalent to ∃ramx,y : φ(x,y, z).

Similar to the integer case, we first assume that φ is a conjunction of the form

n⋀︂
i=1

ri · x < si · y + ti · z + hi ∧
m⋀︂
j=1

uj · x = vj · y +wj · z + dj . (5.3)

Here, note that we explicitly deal with equality atoms since over the reals equality cannot
be expressed with strict inequalities anymore.

5.4.1 Cliques in Terms of Profiles

We now define the notion of a profile with a similar purpose as in the integer case. In
the real case, however, a profile carries more information. In the case of Presburger
arithmetic, it is enough to guess whether a particular function grows or has a particular
upper bound. Over the reals it is possible that a function grows strictly but is still
bounded because it converges.

Example 5.4.2. Let φ(x,y, z) := x1 < y1 ∧ x1 < z ∧ x2 < y2 − 1 where |x| = |y| = 2.
That is, any infinite clique of φ with respect to c ∈ R must strictly grow in the first
component but still be bounded by c and grow unboundedly in the second component.
Clearly, if φ is interpreted as a Presburger formula, then ∃ramx,y : φ(x,y, z) is un-
satisfiable since any strictly increasing infinite sequence over the integers must grow
unboundedly. Whereas over the reals, an infinite sequence can be strictly increasing and
still be bounded by some finite value. Thus, it does not suffice to only consider sequences
of the form a0,a0 + a,a0 + 2a, . . . as we did in the Presburger case. To deal with the
convergent behavior, we introduce a third vector that is used to subtract smaller and
smaller fractions. In this example, for every c ∈ R we can find the sequence

a− dcon + d∞,a−
1

2
dcon + 2d∞,a−

1

3
dcon + 3d∞, . . . (5.4)

where a := (c, 0), dcon := (1, 0), and d∞ := (0, 2) that forms an infinite clique of φ with
respect to c. The existence of such a sequence can be checked with the formula

∃x,xcon,x∞ : x1 ≤ z ∧ xc,1 > 0 ∧ xc,2 = 0 ∧ x∞,1 = 0 ∧ x∞,2 > 0

where xcon = (xc,1, xc,2) and x∞ = (x∞,1, x∞,2).

A profile (for φ) is a tuple p = (ρ, σ, tρ, tσ) of functions where ρ, σ : {1, . . . , n} →
R∪{−ω, ω} and tρ, tσ : {1, . . . , n} → {−ω,−1, 0, 1, ω}. For a sequence (ak)k≥1 of vectors
in R|x| let ρi := (ri ·ak)k≥1 and σi := (si ·ak)k≥1 for all i ∈ [1, n]. We say that a sequence
(ak)k≥1 of pairwise distinct vectors is compatible with p if ρ(i) and σ(i) are the real
values to which the sequences ρi and σi converge or ω (resp. −ω) if the corresponding
sequence is strictly increasing (resp. decreasing) and diverges to ∞ (resp. −∞) and
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the functions tρ and tσ describe the type of convergence, where type 0 means that the
corresponding sequence is constant, type 1 (resp. −1) means that it is strictly increasing
(resp. decreasing) and converges from below (resp. above), and the type is ω (resp. −ω)
in the divergent case. A profile p is c-admissible for a vector c ∈ R|z| if for all i ∈ [1, n]
we have

� σ(i) ̸= −ω and if ρ(i) = ω, then σ(i) = ω,

� ρ(i) < σ(i) + ti · c + hi if either tρ(i) ∈ {−1, 0} and tσ(i) ∈ {0, 1} or tρ(i) = −1
and tσ(i) = −1, and

� ρ(i) ≤ σ(i) + ti · c+ hi if either tρ(i) = 0 and tσ(i) = −1 or tρ(i) = 1.

We say that a sequence (ak)k≥1 satisfies the equality constraints (of φ) for c ∈ R|z| if
uj · ak = vj · aℓ +wj · c+ dj for all j ∈ [1,m] and k < ℓ.

Let φ(x,y, z) := x1 < y1 ∧ x1 < z ∧ x2 < y2 − 1 be the formula from Example 5.4.2
with three inequalities. Here, for c ∈ R we define the profile p with

� ρ(1) := σ(1) := c and tρ(1) := tσ(1) := 1,

� ρ(2) := c, tρ(2) := 1, σ(2) := 0, and tσ(2) := 0, and

� ρ(3) := σ(3) := ω and tρ(3) := tσ(3) := ω.

Then p is c-admissible and the sequence from Equation (5.4) is compatible with p. The
following lemma shows that this is equivalent to φ having an infinite clique with respect
to c.

Lemma 5.4.3. The formula φ(x,y, z) has an infinite clique with respect to c ∈ R|z| if
and only if there exists a c-admissible profile p such that there is a sequence compatible
with p that satisfies the equality constraints for c.

Proof. We first show the “only if” direction. Let (ak)k≥1 be an infinite clique of φ with
respect to c. For all i ∈ [1, n] consider the sequence ρi. By the Bolzano-Weierstrass
theorem, if ρi is bounded, we can replace (ak)k≥1 with an infinite subsequence such that
ρi converges to a real value ri ∈ R. By restricting further to an infinite subsequence,
we have that ρi is either constant, strictly increasing, or strictly decreasing. Thus, we
set ρ(i) := ri and tρ(i) to 0, 1, or −1 depending on whether ρi is constant, increasing,
or decreasing. If ρi is unbounded, we replace (ak)k≥1 with an infinite subsequence
such that ρi is strictly increasing if it is unbounded above and strictly decreasing if
it is unbounded below. Then we set ρ(i) and tρ(i) to ω or −ω depending on whether
ρi is increasing or decreasing. Similarly, we can define σ(i) and tσ(i) by considering
the sequence σi. Thus, there is a sequence (ak)k≥1 that is compatible with the profile
p := (ρ, σ, tρ, tσ). Since (ak)k≥1 still satisfies the equality constraints for c, it remains
to show that p is c-admissible. First observe that σ(i) ̸= −ω since σi is bounded from
below by min{ri · a1, si · a1}. If ρ(i) = ω, then also σ(i) = ω since otherwise there were
k < ℓ such that ri · ak ≥ si · aℓ + ti · c+ hi. With a similar reasoning we can show that
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if tρ(i) ∈ {−1, 0} and tσ(i) ∈ {0, 1}, then ρ(i) < σ(i) + ti · c+ hi, if tρ(i) = tσ(i) = −1,
then ρ(i) < σ(i) + ti · c + hi, and if either tρ(i) = 0 and tσ(i) = −1 or tρ(i) = 1, then
ρ(i) ≤ σ(i) + ti · c+ hi.
We now turn to the “if” direction. Let p = (ρ, σ, tρ, tσ) be a c-admissible profile and

(ak)k≥1 be a sequence compatible with p that satisfies the equality constraints for c.
To ease notation, we define the functions fi(x) := ri · x and gi(x) := si · x+ ti · c+ hi
for all i ∈ [1, n]. We successively restrict for each i ∈ [1, n] to a subsequence such that
fi(ak) < gi(aℓ) for all k < ℓ. To this end, we inductively choose indices 1 ≤ i1 <
i2 < . . . that define the desired subsequence (aik)k≥1. Let i1 := 1. Suppose we have
already chosen the indices i1, . . . , ih for some h ≥ 1 such that fi(aik) < gi(aiℓ) for all
1 ≤ k < ℓ ≤ h. Let M := max{fi(ak) | 1 ≤ k ≤ h}. If ρ(i) < σ(i) + ti · c + hi, then
clearly there exists an ih+1 > ih such that M < gi(aih+1

). If ρ(i) = σ(i) + ti · c + hi,
then by definition of c-admissibility, we have that either tρ(i) = 0 and tσ(i) = −1 or
tσ(i) = 1, or ρ(i) = σ(i) = ω. In all of these cases we can find an index ih+1 > ih such
thatM < gi(aih+1

). Thus, we can extend the sequence of indices with ih+1. Finally, note
that passing to subsequences does not spoil the satisfaction of the equality constraints
for c. Thus, the constructed subsequence (aik)k≥1 is an infinite clique of φ with respect
to c.

5.4.2 A General Form of Cliques

In the case of Presburger arithmetic, a key insight was that if there exists a clique
compatible with a profile, then there exists one of the form a0,a0 + a,a0 + 2 · a, . . ..
The real linear arithmetic case is more involved in this regard: There are profiles with
which no arithmetic progression is compatible. Above we have already seen such a profile
p for the formula in Example 5.4.2. Here, every sequence compatible with p must be
strictly increasing and converging from below to a real value c ∈ R in the first component
and strictly increasing and unbounded in the second component. Clearly, no arithmetic
progression a0,a0 + a,a0 + 2 · a, . . . has these properties since the entry in the first
component of a would have to be positive which implies that it would tend to infinity.
However, we will prove that if a compatible sequence exists, then we can always find one
of a similar form as the sequence in Equation (5.4). That is, a sequence (ak)k≥1 with

ak = a− 1
kdcon + kd∞ (5.5)

for some real vectors a, dcon, and d∞. Here, the vector dcon realizes the convergence
behavior: By subtracting smaller and smaller fractions of it from a, the part a− 1

kdcon

converges to a. Whereas the vector d∞ realizes divergence to ±∞: By adding larger and
larger multiples of it, we can make sure that the sequence grow unboundedly in certain
components.
Our goal is to formulate sufficient conditions on vectors a, dcon, and d∞ such that

the sequence in Equation (5.5) is compatible with a profile and satisfies the equality
constraints of φ. We then show that also the converse holds, i.e. if there exists a com-
patible sequence, then there is one of the form as in Equation (5.5) where the defining
vectors satisfy the conditions. These conditions will be expressible in terms of linear
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(in)equalities, which allows us to construct an existential formula in LRA that states the
existence of an infinite clique.

5.4.3 Extracting a and d∞

Before we formulate the conditions on the vectors a, dcon, and d∞, we present the key
lemma that will yield the existence of a and d∞ with the desired properties. Suppose
we are given a sequence (ak)k≥1 in Rd where for some linear maps A : Rd → Rm and
B : Rd → Rn the sequence (A · ak)k≥1 converges to some v ∈ Rd and the sequence (B ·
ak)k≥1 is simultaneously unbounded. If this sequence is of the form as in Equation (5.5),
then a and d∞ must satisfy (i) A ·a = v, (ii) A ·d∞ = 0, and (iii) B ·d∞ ≫ 0. Indeed,
we must have that A · d∞ = 0 since if A · d∞ has a non-zero entry, then the sequence
(A · (a − 1

kdcon + kd∞))k≥1 diverges in the corresponding component. Moreover, if
A · d∞ = 0, then A · (a − 1

kdcon + kd∞) = A · (a − 1
kdcon) for all k ≥ 1 and therefore

(A · ak)k≥1 converges to A · a, which means that we must have A · a = v. Finally, the
map B is simultaneously unbounded on the sequence (a− 1

kdcon+kd∞)k≥1 if and only if
B ·d∞ ≫ 0. The following lemma yields vectors a and d∞ that satisfy these conditions.

Lemma 5.4.4. Let A : Rd → Rm and B : Rd → Rn be linear maps and v ∈ Rm. If
(ak)k≥1 is a sequence in Rd such that (A ·ak)k≥1 converges to v and B is simultaneously
unbounded on (ak)k≥1, then there exist a ∈ Rd with A · a = v and d∞ ∈ Rd with
A · d∞ = 0 and B · d∞ ≫ 0.

Proof. To ease notation, we write w[i] for the i-th entry of a vector w. For any j ∈ [0, n]
let

Tj := {u ∈ Rd | (A · u)[i] = v[i] for all 1 ≤ i ≤ j}.

Note that Tj is an affine subspace, meaning that if u1,u2,u3 ∈ Tj and r ∈ R, then
u1 + r(u2 − u3) ∈ Tj .

We call a sequence (ak)k≥1 in Rd good if (A · ak)k≥1 converges to v and B is simul-
taneously unbounded on (ak)k≥1. We shall prove that for every j ∈ [0, n− 1] if there is
a good sequence contained in Tj , then there is a good sequence contained in Tj+1. This
implies that there is a good sequence contained in Tn since by assumption, there is a
good sequence in T0. Clearly, any vector of a good sequence in Tn can be chosen as a.
Moreover, any such sequence contains two vectors whose difference vector can be chosen
as d∞.
Thus, let (ak)k≥1 be a good sequence in Tj for j ∈ [0, n− 1]. Let us assume that the

sequence ((A · ak)[j + 1])k≥1 converges to v[j + 1] from below and is strictly increasing:
All other cases are symmetric or already yield a subsequence in Tj+1. To construct a
good sequence in Tj+1, it suffices to show that for all N ∈ N and ε > 0 there exists a
vector a′ ∈ Tj+1 such that B ·a′ ≥ (N, . . . , N) and ∥A ·a′− v∥ < ε. Since the sequence
(ak)k≥1 is good, we can find indices 1 ≤ k < ℓ such that

(i) B · ak ≥ (N, . . . , N),

(ii) B · ak ≪ B · aℓ,
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(iii) ∥A · ak − v∥, ∥A · aℓ − v∥ < δ, and

(iv) (v −A · aℓ)[j + 1] < 1
2((v −A · ak)[j + 1])

where δ > 0 will be chosen later. By property (iv), there must be some r ∈ R with
1 < r < 2 such that

(A · ak + r(A · aℓ −A · ak))[j + 1] = v[j + 1].

We now set a′ := ak + r(aℓ − ak). By the previous equation and the fact that Tj is an
affine subspace, we have a′ ∈ Tj+1. Moreover, (i) and (ii) imply that B ·a′ ≥ (N, . . . , N).
Furthermore, using (iii) we have

∥A · a′ − v∥ = ∥A · ak + r(A · aℓ −A · ak)− v∥
≤ ∥A · ak − v∥+ r∥A · aℓ −A · ak∥ < δ + 2rδ < 5δ.

Thus, picking δ := ε/5 yields the desired a′.

5.4.4 Compatibility in Terms of Inequalities

We are now ready to describe the conditions for the vectors a, dcon, and d∞. We define
matrices and vectors over Q to describe systems of linear (in)equalities that are needed
to express compatibility with a profile p.

Limit values Let Lp be a matrix and ℓp be a vector such that Lp ·x = ℓp if and only if

ri · x = ρ(i) for all i ∈ [1, n] with tρ(i) ∈ {−1, 1},
si · x = σ(i) for all i ∈ [1, n] with tσ(i) ∈ {−1, 1}.

Then, as discussed above, our vectors need to satisfy Lp ·a = ℓp and Lp ·d∞ = 0.

Constant values Let Cp be a matrix and cp be a vector such that Cp · x = cp if and
only if

ri · x = ρ(i) for all i ∈ [1, n] with tρ(i) = 0,

si · x = σ(i) for all i ∈ [1, n] with tσ(i) = 0.

Since components i ∈ [1, n] with tρ(i) = 0 (resp. tσ(i) = 0) are those where the
sequence (ri · ak)k≥1 (resp. (si · ak)k≥1) is constant, our vectors clearly need to
satisfy Cp · dcon = 0 and Cp · d∞ = 0.

Convergence Let Dp be a matrix such that Dp · x≫ 0 if and only if

ri · x > 0 (resp. < 0) for all i ∈ [1, n] with tρ(i) = 1 (resp. = −1),
si · x > 0 (resp. < 0) for all i ∈ [1, n] with tσ(i) = 1 (resp. = −1).

Since the components i ∈ [1, n] with tρ(i) = 1 (resp. tρ(i) < 0) are those where
the sequence (ri ·ak)k≥1 is strictly increasing (resp. decreasing) and converges to a
real number from below (resp. from above), and similarly for (si ·ak)k≥1, we must
have Dp · dcon ≫ 0.
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Unboundedness Let Up be a matrix such that Up · x≫ 0 if and only if

ri · x > 0 (resp. < 0) for all i ∈ [1, n] with tρ(i) = ω (resp. = −ω),
si · x > 0 (resp. < 0) for all i ∈ [1, n] with tσ(i) = ω (resp. = −ω).

Since the components i ∈ [1, n] with tρ(i) = ±ω (resp. tσ(i) = ±ω) are those
where the sequence (ri · ak)k≥1 (resp. (si · ak)k≥1) diverges to ±∞, we must have
Up · d∞ ≫ 0.

Let us now formally provide a list of necessary and sufficient conditions on a, dcon,
and d∞ for the existence of a sequence compatible with p that satisfies the equality
constraints for c.

Lemma 5.4.5. Let p be a profile for φ(x,y, z) and c ∈ R|z|. Then there exists a
sequence compatible with p that satisfies the equality constraints for c if and only if there
are vectors a,dcon,d∞ ∈ R|x| with dcon ̸= 0 such that

(i) Lp · a = ℓp and Cp · a = cp,

(ii) Dp · dcon ≫ 0 and Cp · dcon = 0,

(iii) Lp · d∞ = 0, Cp · d∞ = 0, and Up · d∞ ≫ 0, and

(iv) uj · dcon = uj · d∞ = 0, vj · dcon = vj · d∞ = 0, and (uj − vj) · a = wj · c+ dj for
all j ∈ [1,m].

Proof. We start with the “only if” direction. Let (ak)k≥1 be a sequence compatible with
p that satisfies the equality constraints for c. First observe that the equality constraints
imply that uj ·ak = uj ·aℓ, vj ·ak = vj ·aℓ, and (uj−vj)·ak = wj ·c+dj for all 2 ≤ k < ℓ.
Thus, by removing the first vector of the sequence, we can assume that (ak)k≥1 fulfills
this property already for 1 ≤ k < ℓ. For dcon we choose a2−a1, where dcon ̸= 0 since we
assume that the vectors of compatible sequences are pairwise distinct. This fulfills (ii)
since the sequences ρi and σi are strictly increasing/decreasing if tρ, tσ ∈ {−1, 1} and
constant if tρ = tσ = 0. Moreover, dcon fulfills (iv) since uj · dcon = uj · a2 −uj · a1 = 0
and vj · dcon = vj · a2 − vj · a1 = 0 for all j ∈ [1,m]. Let A be the matrix obtained
by concatenating Lp and Cp vertically and adding the rows uj , vj , and uj − vj for all
j ∈ [1,m]. In parallel, we define the vector v as the vertical concatenation of ℓp and cp
extended with the entry uj · a1 in the row of uj , the entry vj · a1 in the row of vj , and
the entry wj · c+ dj in the row of uj − vj . Then we have that the sequence (A · ak)k≥1

converges to v. We can now apply Lemma 5.4.4 for A, v, and B := Up to obtain vectors
a and d∞ with the desired properties.

For the “if” direction let a, dcon, and d∞ be as in the statement of the lemma. We
claim that the sequence (ak)k≥k0 with ak := a− 1

kdcon+kd∞ for sufficiently large k0 ∈ N
is as desired.

We first show that the sequence is compatible with p. Since dcon ̸= 0, the ak are
pairwise distinct for all k ≥ k0 and sufficiently large k0. If tρ(i) = 1 (resp. tρ(i) = −1),
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then ri · a = ρ(i), ri · dcon > 0 (resp. < 0), and ri · d∞ = 0, which implies that the
sequence ρi is strictly increasing (resp. decreasing) and converges to ρ(i) from below
(resp. above). If tρ(i) = 0, then ρi is constantly ρ(i) since ri · a = ρ(i), ri · dcon = 0,
and ri · d∞ = 0. Finally, if tρ(i) = ω (resp. tρ(i) = −ω), then ri · d∞ > 0 (resp.
< 0), which means that for sufficiently large k0, the sequence ρi starting at index k0 is
strictly increasing (resp. decreasing) and diverges to ∞ (resp. −∞). The statement can
be shown analogously for σi.
It remains to prove that the sequence satisfies the equality constraints for c. By (iv),

we have that uj · (a− 1
kdcon + kd∞) = vj · (a− 1

ℓdcon + ℓd∞) +wj · c+ dj for k < ℓ if
and only if uj ·a = vj ·a+wj ·c+dj which holds if and only if (uj−vj) ·a = wj ·c+dj
which is fulfilled by (iv).

5.4.5 Constructing the Formula

We now prove Theorem 5.4.1. To this end, let φ(x,y, z) be an arbitrary existential LRA
formula. If φ is a conjunction of (in)equalities, Lemma 5.4.5 essentially tells us how to
construct an existential formula for ∃ramx,y : φ(x,y, z). Moreover, by Theorem 5.2.1,
we may assume φ to be quantifier-free. Thus, it remains to treat the case where φ is a
Boolean combination of constraints as in Equation (5.3).
We first move all negations inward and, if necessary, negate atoms so that we are

left with a positive Boolean combination of strict inequality and equality atoms. Let
αi := ri · x < si · y + ti · z + hi for i ∈ [1, n] be the inequality atoms and βj := uj · x =
vj · y +wj · z + dj for j ∈ [1,m] be the equality atoms in φ.
As in the Presburger case, we guess a subset of the atoms and assert that (i) satisfying

all these atoms makes φ true and (ii) there exists a clique satisfying the conjunction of
these atoms.
Let φ′ be the formula obtained from φ by replacing each αi with q

<
i = 1, for a fresh

variable q<i , for all i ∈ [1, n] and each βj with q=j = 1, for a fresh variable q=j , for all
j ∈ [1,m] and adding the restrictions q<i = 0 ∨ q<i = 1 and q=j = 0 ∨ q=j = 1. Now, φ is
equivalent to

ψ := ∃q<, q= : φ′ ∧
n⋀︂

i=1

(q<i = 1→ αi) ∧
m⋀︂
j=1

(q=j = 1→ βj).

We represent a profile p by the variables ρi, σi, tρ,i, and tσ,i for all i ∈ [1, n] where ρi, σi
range over R and tρ,i, tσ,i range over {−2,−1, 0, 1, 2}. Here, −2 and 2 represent −ω and
ω, respectively.
We now define formulas for the inequalities and equality constraints from Lemma 5.4.5.

For i ∈ [1, n] let ρi, σi, tρ,i, tσ,i,x,xcon,x∞ be fresh variables. Our first formula λi con-
tains all the constraints from Lp · x = ℓp and Lp · x∞ = 0 that stem from the atom
αi:

λi := ((tρ,i = −1 ∨ tρ,i = 1)→ ri · x = ρi ∧ ri · x∞ = 0) ∧
((tσ,i = −1 ∨ tσ,i = 1)→ si · x = σi ∧ si · x∞ = 0)
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Next, the formula χi states the constraints about constant values, meaning those from
Cp · x = cp and Cp · xcon = Cp · x∞ = 0, that stem from αi:

χi := (tρ,i = 0→ ri · x = ρi ∧ ri · xcon = 0 ∧ ri · x∞ = 0) ∧
(tσ,i = 0→ si · x = σi ∧ si · xcon = 0 ∧ si · x∞ = 0)

With δi we express the convergence constraints from Dp · xcon ≫ 0 required by αi:

δi := (tρ,i = −1→ ri · xcon < 0) ∧ (tρ,i = 1→ ri · xcon > 0) ∧
(tσ,i = −1→ si · xcon < 0) ∧ (tσ,i = 1→ si · xcon > 0)

Furthermore, µi states the unboundedness condition Up · x∞ ≫ 0:

µi := (tρ,i = −2→ ri · x∞ < 0) ∧ (tρ,i = 2→ ri · x∞ > 0) ∧
(tσ,i = −2→ si · x∞ < 0) ∧ (tσ,i = 2→ si · x∞ > 0)

Finally, εj expresses the equality constraints (iv) in Lemma 5.4.5: For all j ∈ [1,m] let

εj := uj · xcon = 0 ∧ uj · x∞ = 0 ∧ vj · xcon = 0 ∧ vj · x∞ = 0 ∧
(uj − vj) · x = wj · z + dj .

To check if p is a z-admissible profile, we define the formula

θ :=

n⋀︂
i=1

tρ,i ∈ {−2,−1, 0, 1, 2} ∧ tσ,i ∈ {−1, 0, 1, 2} ∧ (tρ,i = 2→ tσ,i = 2) ∧(︁
(tρ,i ∈ {−1, 0} ∧ tσ,i ∈ {0, 1} ∨ tρ,i = −1 ∧ tσ,i = −1)→ ρi < σi + ti · z + hi

)︁
∧(︁

(tρ,i = 0 ∧ tσ,i = −1 ∨ tρ,i = 1)→ ρi ≤ σi + ti · z + hi
)︁

where we use set notation as a shorthand. Then we claim that ∃ramx,y : ψ(x,y, z) is
equivalent to

γ := ∃q<, q=,p,x,xcon,x∞ : φ′ ∧ θ ∧ xcon ̸= 0 ∧
n⋀︂

i=1

(q<i = 1→ λi ∧ χi ∧ δi ∧ µi) ∧
m⋀︂
j=1

(q=j = 1→ εj).

We show that for any c ∈ R|z| we have ∃ramx,y : ψ(x,y, c) if and only if γ(c). For a
valuation ν of the q<i , q

=
j to {0, 1} let Iν := {i ∈ [1, n] | ν(q<i ) = 1} and Jν := {j ∈

[1,m] | ν(q=j ) = 1}. By Ramsey’s theorem, ∃ramx,y : ψ(x,y, c) holds if and only if there
is a valuation ν of the q<i , q

=
j satisfying φ′ such that

∃ramx,y :
⋀︂
i∈Iν

αi(x,y, c) ∧
⋀︂
j∈Jν

βj(x,y, c).

By Lemmas 5.4.3 and 5.4.5, this is equivalent to

∃p,x,xcon,x∞ : θ(p, c) ∧ xcon ̸= 0 ∧
⋀︂
i∈Iν

λi ∧ χi ∧ δi ∧ µi ∧
⋀︂
j∈Jν

εj(x,xcon,x∞, c). (5.6)

This holds for some valuation ν of the q<i , q
=
j satisfying φ′ if and only if γ(c).

Note that γ is an existential formula in LRA of linear size. Moreover, all constructions
can be performed in polynomial time.
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5.4.6 Linear Rational Arithmetic

In this section we observe that if we consider rational numbers instead of real numbers,
then the analogue of Theorem 5.4.1 still holds. We define linear rational arithmetic
as the structure ⟨Q;<,+, 0, 1⟩. It follows from [FR75] that linear real arithmetic and
linear rational arithmetic are elementarily equivalent, i.e. their theories coincide. In
other words, a first-order sentence is true in linear real arithmetic if and only if it is true
in linear rational arithmetic. In particular, this implies that since all rational numbers
are definable in linear real/rational arithmetic, a formula φ(x) is satisfied by c ∈ Q|x|

in linear real arithmetic if and only if it is satisfied by c in linear rational arithmetic.
Note that a priori this does not necessarily imply that over the rationals the Ramsey
quantifier can be eliminated with the same procedure as in the real case. However, an
inspection of the proof of Theorem 5.4.1 shows that this is indeed the case.

Theorem 5.4.6. Given an existential formula φ(x,y, z) in linear rational arithmetic
with |x| = |y|, one can construct in polynomial time an existential formula in linear
rational arithmetic of linear size that is equivalent to ∃ramx,y : φ(x,y, z).

Proof. We can view φ(x,y, z) as a formula in LRA and thus obtain a formula ψ(z) that
is equivalent to ∃ramx,y : φ(x,y, z) in LRA using Theorem 5.4.1. We claim that ψ(z)
is equivalent to ∃ramx,y : φ(x,y, z) in linear rational arithmetic as well.

Assume ∃ramx,y : φ(x,y, c) holds in linear rational arithmetic for some vector c ∈
Q|z|. Then in particular, ∃ramx,y : φ(x,y, c) holds in LRA and thus by construction,
ψ(c) holds in LRA. Since LRA and linear rational arithmetic are elementarily equivalent,
this implies that ψ(c) holds in linear rational arithmetic.

Conversely, assume that ψ(c) holds for some c ∈ Q|z| in linear rational arithmetic.
Recall from the proof of Theorem 5.4.1 that ψ is equivalent to a disjunction

⋁︁n
i=1 φi

where each φi is a conjunction as in Equation (5.6). To each φi we associate the system
Si of linear (in)equalities described in Lemma 5.4.5. Since ψ(c) holds in linear rational
arithmetic, some system Si has a rational solution where also the valuations of the
variables in p are rational. Moreover, the valuation of p is a c-admissible profile. Now,
an inspection of the “if” direction in the proof of Lemma 5.4.5 yields that the constructed
compatible sequence based on rational solutions of Si and p will be rational as well. Thus,
since the “if” direction in Lemma 5.4.3 only picks an infinite subsequence, there exists
a rational infinite clique that witnesses that ∃ramx,y : φ(x,y, c) holds in linear rational
arithmetic.

5.5 Eliminating Ramsey Quantifiers in Linear Integer Real
Arithmetic

We are now ready to prove our main theorem of this chapter. We show that the Ramsey
quantifier can be eliminated in LIRA with the same complexity as in the cases where we
either only deal with integers or reals.
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Theorem 5.5.1. Given an existential formula φ(x,y, z) in LIRA, where x and y have
the same type, one can construct in polynomial time an existential formula in LIRA of
linear size that is equivalent to ∃ramx,y : φ(x,y, z).

Proof. Recall that a decomposition of an existential LIRA formula φ is an existentially
quantified Boolean combination of LIA and LRA formulas that is equivalent to the
separation of φ, i.e. where each variable is split into its integer and real part. It suffices to
prove the theorem for a decomposition of φ: Given φ, we first compute a decomposition
φ′(xi/r,yi/r, zi/r) using Lemma 2.4.5. We then show how to compute a formula ψ′(zi/r)
in LIRA that is equivalent to ∃ramxi/r,yi/r : φ′(xi/r,yi/r, zi/r). Let ψ(z) be the formula
obtained from ψ′ by replacing every zinti with ⌊zi⌋ and every zreali with zi−⌊zi⌋. Then ψ is
equivalent to ∃ramx,y : φ(x,y, z) since ∃ramx,y : φ(x,y, c) if and only if c = cint+ creal

and ∃ramxi/r,yi/r : φ′(xi/r,yi/r, ci/r).

Thus, we now assume that φ′(xi/r,yi/r, zi/r) is a decomposition of φ. By Theo-
rem 5.2.1, we can assume that φ′ is quantifier-free. We further assume that all nega-
tions are moved directly into the atoms. Let α1, . . . , αn be the Presburger atoms and
β1, . . . , βm be the atoms in LRA of φ′. For fresh integer variables p1, . . . , pn and real vari-
ables q1, . . . , qm let σ be the formula obtained from φ′ by replacing every αi with pi = 1
and every βj with qj = 1 and adding the constraints pi = 0∨ pi = 1 and qj = 0∨ qj = 1.
Then φ′ is equivalent to

δ := ∃p, q : σ ∧
n⋀︂

i=1

(pi = 1→ αi) ∧
m⋀︂
j=1

(qj = 1→ βj).

Since each pi and qj has only two possible valuations, Ramsey’s theorem implies that
∃ramxi/r,yi/r : δ(xi/r,yi/r, zi/r) is equivalent to

∃p, q : σ ∧ ∃ramxi/r,yi/r :

n⋀︂
i=1

(pi = 1→ αi) ∧
m⋀︂
j=1

(qj = 1→ βj).

Let α :=
⋀︁n

i=1(pi = 1 → αi) and β :=
⋀︁m

j=1(qj = 1 → βj). To split the vectors of the
Ramsey quantified variables into integer and real components, we have to allow that in
the infinite clique either the integer components or the real components do not change
throughout the clique. To this end, we introduce a fresh variable r that is either 0 or 1
and get the equivalent formula

∃p, q, r : σ ∧ (r = 0 ∨ r = 1) ∧(︂(︁
∃ramxint,yint : α(p,xint,yint, zint)

)︁
∨ r = 0 ∧ ∃xint : α(p,xint,xint, zint)

)︂
∧(︂(︁

∃ramxreal,yreal : β(q,xreal,yreal, zreal)
)︁
∨ r = 1 ∧ ∃xreal : β(q,xreal,xreal, zreal)

)︂
where the Ramsey quantifiers can be eliminated using Theorems 5.3.1 and 5.4.1.

Let us mention a simple consequence of Theorem 5.5.1.
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Corollary 5.5.2. The infinite clique problem for existential formulas in LIRA is NP-
complete.

Proof. The NP lower bound already holds for existential formulas in Presburger arith-
metic and LRA by a reduction from the respective satisfiability problem, which by
Propositions 2.4.1 and 2.4.3 is NP-complete. Indeed, let φ(x) be an existential formula in
Presburger arithmetic or LRA. Then φ is satisfiable if and only if ∃ram(x, u), (y, v) : φ(x).

For the upper bound let φ(x,y) be an existential formula in LIRA, where x and y
have the same type. By Theorem 5.5.1, one can compute an existential formula ψ in
LIRA that is equivalent to ∃ramx,y : φ(x,y) in polynomial time. Then satisfiability can
be checked in NP using Proposition 2.4.6.

To conclude this section, we observe that we can use the same procedure as in The-
orem 5.5.1 to eliminate the Ramsey quantifier in linear integer rational arithmetic, i.e.
over the structure ⟨Q;<, ⌊·⌋,+, 0, 1⟩. The only difference is that we use Theorem 5.4.6
in place of Theorem 5.4.1.

Theorem 5.5.3. Given an existential formula φ(x,y, z) in linear integer rational arith-
metic, where x and y have the same type, one can construct in polynomial time an ex-
istential formula in linear integer rational arithmetic of linear size that is equivalent to
∃ramx,y : φ(x,y, z).

5.6 Applications

In this section we present concrete applications of the results obtained in this chapter.
We will see that our elimination procedure of the Ramsey quantifier in linear arithmetics
can be used to prove precise complexity results for various problems in the context of
verification. These results significantly improve the best currently known upper bounds.

5.6.1 Monadic Decomposability

Recall that a formula is monadically decomposable if it is equivalent to a Boolean com-
bination of monadic formulas, i.e. formulas with only a single free variable. As already
motivated in the introduction, the problem of monadic decomposability has applications
in a wide range of areas. Essentially, it can help whenever simplification by removing
dependencies between variables leads to more efficient algorithms. This is for example
the case in the context of constraint databases [GRS99; Cho+03; Lib03], string analysis
[Vea+17; Hag+20], theorem proving [KV14], compiler optimization [ASU86], and quan-
tifier elimination [Hag+20]. For the purpose of enabling the use of SMT solvers, Veanes
et al. [Vea+17] considered monadic decomposability in the quantifier-free fragment of
theories. Recall that a formula is monadically decomposable in the quantifier-free frag-
ment if it can be written as a Boolean combination of quantifier-free monadic formulas.
Monadic decomposability for LIA was shown to be decidable (under slightly differ-

ent terms) by Ginsburg and Spanier [GS66b]. More generally, Libkin [Lib03] provides
sufficient conditions on the theory under which monadic decomposability is decidable

132



5.6 Applications

(see Theorem 3.3.9). Since LIA and LRA both satisfy these conditions, Theorem 3.3.9
implies that the problem is decidable for both theories. In terms of complexity, monadic
decomposability in the quantifier-free fragment of LIA was shown to be coNP-complete
by Hague et al. [Hag+20]. The precise complexity in the case of LRA and LIRA, however,
remained open. Using Theorems 5.4.1 and 5.5.1, we can show that coNP-completeness
also holds for LRA and LIRA. As discussed in Sections 2.4.2 and 2.4.4, LIA and LIRA
only admit quantifier elimination if we allow modulo constraints. For this reason, in the
following we assume that formulas in the quantifier-free fragments of LIA and LIRA can
contain modulo constraints.

Corollary 5.6.1. Given a quantifier-free formula in LIA, LRA, or LIRA, deciding
monadic decomposability in the respective quantifier-free fragment is coNP-complete.

Proof. We start with the coNP lower bounds. To show that monadic decomposability
in the quantifier-free fragment of LRA is coNP-hard, we reduce from the unsatisfiabil-
ity problem for quantifier-free formulas in LRA, which by Proposition 2.4.3 is coNP-
complete. Let ψ(x) be a quantifier-free formula in LRA. We define the formula

φ(x, y, z) := ¬ψ(x) ∨ y = z

where y, z are fresh variables. We claim that ψ is unsatisfiable if and only if φ is
monadically decomposable. For the “only if” direction assume that ψ is unsatisfiable.
Then φ(x, y, z) is satisfied for all valuations of x, y, z, which means that φ is trivially
monadically decomposable. For the “if” direction assume that ψ(c) holds for some
c ∈ R|x|. Since LRA and linear rational arithmetic are elementarily equivalent, we may
assume that c ∈ Q|x|. Towards a contradiction, suppose φ is monadically decomposable.
Then the formula ε(y, z) := φ(c, y, z) must also be monadically decomposable. However,
we have ε(y, z) is equivalent to y = z, which is clearly not monadically decomposable.
The lower bound for LIA can be shown analogously. This implies that monadic de-

composability is also coNP-hard for LIRA since any atom of a monadic quantifier-free
LIRA formula with free integer variable can be converted to an LIA atom.
The coNP upper bounds follow from Theorems 5.3.1, 5.4.1, and 5.5.1 as follows. Let

φ(x) with k := |x| be a quantifier-free formula in LIA, LRA, or LIRA. Let A be either
the set of integers or reals depending on whether φ is a formula in LIA, LRA, or LIRA.

Recall that ≈[[φ]]
j is the equivalence relation on A defined by

a ≈[[φ]]
j b :⇐⇒ ∀c ∈ Ak−1 : (a⊙j c ∈ [[φ]] ⇐⇒ b⊙j c ∈ [[φ]])

for all j ∈ [1, k]. That is, a and b satisfy φ for the same vectors c when placed at the j-th
position surrounded by the components of c. We define the formula for the complement

of ≈[[φ]]
j as

x ̸≈j y := ∃z : φ(x⊙j z) ∧ ¬φ(y ⊙j z) ∨ ¬φ(x⊙j z) ∧ φ(y ⊙j z)

for all j ∈ [1, k]. Now by Proposition 3.3.10, we have that φ is not monadically decom-

posable if and only if ≈[[φ]]
j has infinite index for some j ∈ [1, k − 1], which is the case if
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and only if ̸≈[[φ]]
j has an infinite clique for some j ∈ [1, k − 1]. Thus, it remains to check

whether there exists j ∈ [1, k − 1] such that

∃ramx, y : x ̸≈j y

is satisfiable, i.e. to solve the infinite clique problem for the formula ̸≈j . Since φ is
quantifier-free, we observe that x ̸≈j y is an existential formula. Moreover, if φ is an
LIRA formula and contains modulo constraints, we can remove the modulo constraints
in favor of more existentially quantified variables as mentioned in Section 2.4.2. Thus,
we can apply Corollary 5.5.2 to decide the infinite clique problem for ̸≈j in NP. This
results in an NP-algorithm for the problem of monadic non-decomposability.

Let us mention that although a coNP-algorithm for monadic decomposability in LIA
was known, our new procedure is asymptotically much more efficient than the one by
Hague et al. [Hag+20]: They construct for each variable x a formula νx that contains an
exponential constant B. They choose B = 2dmn+3 where d is the number of bits needed
to encode the constants in φ, n is the number of linear inequalities in any disjunct
in φ, and m is the number of variables in φ. Thus, this constant requires dmn + 3
bits, meaning νx is of length O(dmn), which is cubic in the size of the input formula.
This means that they have to check satisfiability of formulas of cubic size. In contrast,
each of our formulas that we check for satisfiability after the elimination of the Ramsey
quantifier is of only linear size.

However, the algorithm by Hague et al. [Hag+20] computes a monadic decomposition
if it exists. It is even shown that the size of the decomposition is at most exponential,
which is optimal if one restricts to decompositions in DNF/CNF. Nevertheless, our
approach can be used as a termination check also in case of LRA and LIRA.

5.6.2 Variadic Decomposability

In the previous section we considered the problem of checking whether a formula can be
decomposed into a Boolean combination of formulas that only depend on one variable.
More generally, instead of only allowing a single free variable in the subformulas of the
decomposition, we can demand that all the free variables stem from the same block
of some given partition of the variables. We say that formula φ(x1, . . . , xk) over a
structure A is P -decomposable for a partition P of [1, k] if φ is equivalent to a Boolean
combination of formulas each of whose free variables having indices that are contained in
a single block of P . For instance, if P = {{1}, . . . , {k}} is the discrete partition of [1, k],
then P -decomposability is the same as monadic decomposability. We call the problem
of deciding whether a given formula is P -decomposable for a given partition P variadic
decomposability.

Example 5.6.2. Consider the formula

φ(x1, x2, x3) := x1 + x2 ≥ x3 ∧ x1 ≥ x3 − 2 ∧ x1 ≥ 0 ∧ x2 ≥ 0
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in Presburger arithmetic. Clearly, φ is not monadically decomposable. However, for the
partition P := {{1, 3}, {2}} we have that φ is P -decomposable since it is equivalent to

x1 ≥ 0 ∧ x2 ≥ 0 ∧
(︁
(x1 = x3 − 2 ∧ x2 ≥ 2) ∨ (x1 = x3 − 1 ∧ x2 ≥ 1) ∨ x2 ≥ x3

)︁
where each atom either only contains variables from {x1, x3} or {x2}.

The problem of variadic decomposability was already considered by Libkin [Lib03]. In
fact, Theorem 3.3.9 was shown in [Lib03] in the more general setting. Thus, variadic de-
composability is decidable for LIA and LRA since both structures satisfy the conditions
of Theorem 3.3.9. In terms of complexity, it was shown by Hague et al. [Hag+20] that
the problem is coNP-complete for the quantifier-free fragment of LIA, thus, matching
the complexity of monadic decomposability. We show that also for the quantifier-free
fragments of LRA and LIRA the complexity of variadic decomposability is still coNP.
For the proof we need the analogous characterization via finite-index equivalence rela-
tions as for monadic decomposability. Recall that for a formula φ(x1, . . . , xk) over a

structure A with domain A and I ⊆ [1, k] we define the equivalence relation ≈[[φ]]A
I on

A|I| such that

a ≈[[φ]]A
I b :⇐⇒ ∀c ∈ Ak−|I| : (a⊙I c ∈ [[φ]]A ⇐⇒ b⊙I c ∈ [[φ]]A).

Here, a ⊙I c denotes the unique k-tuple whose projection to the components in I is a
and whose projection to [1, k] \ I is c.

Proposition 5.6.3. Let A = (A, I) be a structure such that for every finite-index equiv-
alence relation E ⊆ An × An definable over A each equivalence class contains a rep-
resentative that is definable by ground terms over A. Then a quantifier-free formula
φ(x1, . . . , xk) is P -decomposable for a partition P of [1, k] in the quantifier-free fragment

of A if and only if ≈[[φ]]A
B has finite index for all blocks B ∈ P .

Proof. The proof is similar to the proof of Proposition 3.3.10 by using Lemma 3.3.6. For
this we observe that a partition P = {B1, . . . , Bm} is generated by its blocks B1, . . . , Bm.

Recall from Example 3.3.11 that LIA, LRA, and LIRA all satisfy the condition of
Proposition 5.6.3. Hence, it can be used to prove coNP-completeness of variadic decom-
posability similarly as in Corollary 5.6.1.

Corollary 5.6.4. Given a quantifier-free formula in LIA, LRA, or LIRA, deciding
variadic decomposability in the respective quantifier-free fragment is coNP-complete.

Proof. The lower bounds are inherited from monadic decomposability by choosing the
discrete partition. For the upper bounds let φ(x1, . . . , xk) be a quantifier-free formula
in LIA, LRA, or LIRA and P be a partition of [1, k]. For every block B ∈ P we define
the formula

x ̸≈B y := ∃z :
(︁
φ(x⊙B z) ∧ ¬φ(y ⊙B z)

)︁
∨
(︁
¬φ(x⊙B z) ∧ φ(y ⊙B z)

)︁
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that expresses the complement of ≈[[φ]]
B , where |x| = |y| = |B| and |z| = k − |B|. Note

that the formulas x ̸≈B y are existential and can be easily computed in polynomial

time. By Proposition 5.6.3, we have that φ is not P -decomposable if and only if ≈[[φ]]
B

has infinite index for some B ∈ P , which is the case if and only if ̸≈[[φ]]
B has an infinite

clique for some B ∈ P . Thus, it remains to check whether there exists B ∈ P such that

∃ramx,y : x ̸≈B y

is satisfiable, i.e. to decide the infinite clique problem for the formula ̸≈B. This can be
done in NP for each B ∈ P using Corollary 5.5.2.

5.6.3 Linear Liveness for Systems with Counters and Clocks

We have already seen in Section 4.4.1 that the Ramsey quantifier can be used to check
liveness properties of transition systems, provided that the reachability relation is ex-
pressible in the respective logic (in Section 4.4.1 over an (tree-)automatic structure).
We now consider similar liveness problems for systems whose reachability relation can
be expressed in linear integer/real arithmetic. More specifically, the systems that we
consider will involve counters and/or clocks. The reason is that configurations of such
systems will be tuples of integers representing the counter values and reals representing
the clock values. Then the reachability relation can in some cases be expressed as a
formula over linear integer/real arithmetic.

More precisely, we consider transition systems with set of configurations C := Q ×
Zk×Dℓ where Q is a finite set of control states and D is either R or Q. Moreover, we are
interested in transition systems with step relation → ⊆ C ×C such that for all p, q ∈ Q
one can effectively construct an existential formula φp,q(x,y) in LIRA for its reachability
relation →+ restricted to initial state p and target state q. This means φp,q(a, b) if and
only if (p,a) →+ (q, b) for all a, b ∈ Zk × Dℓ. We will see some concrete examples of
classes of such transition systems below.

Recall from Section 3.2.2 that by assuming that Q = {1, . . . , |Q|}, we can construct a
formula φ for the reachability relation that includes the state component of the config-
urations:

φ(x0,x, y0,y) :=
⋁︂

p,q∈Q
x0 = p ∧ y0 = q ∧ φp,q(x,y)

Then for all configurations (p,a), (q, b) ∈ C we have that φ(p,a, q, b) if and only if
(p,a)→+ (q, b). Note that the size of φ is polynomial in the sizes of the φp,q. Thus, in
the following we may just combine the state and the vector of counter/clock values.

Let us recall the definition of the linear liveness problem:

Given A description of a transition system and existential LIRA formulas ε(x0) and
ψ(x,y, z).

Question Is there an infinite sequence a0,a1,a2, . . . of configurations and a vector c
such that
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� ε(a0),

� ai →+ aj for all 0 ≤ i < j, and

� ψ(ai,aj , c) for all 1 ≤ i < j?

Here, ε defines a set of initial configurations and ψ relates pairs of configurations while
involving some vector of free variables.
If we assume as above that we are dealing with systems where the existential LIRA

formulas φp,q for the reachability relation can be effectively constructed from the system
description, then linear liveness can be decided using the Ramsey quantifier: There exists
a run satisfying the properties of the problem definition if and only if

∃x0, z : ε(x0) ∧
(︂(︁
∃ramx,y : φ(x0,x) ∧ φ(x,y) ∧ ψ(x,y, z)

)︁
∨(︁

∃x : φ(x0,x) ∧ φ(x,x) ∧ ψ(x,x, z)
)︁)︂
.

(5.7)

Here, the first disjunct states the existence of a sequence of pairwise distinct configura-
tions, whereas the second disjunct expresses the existence of a lasso. Since both φ and
ψ are existential formulas in LIRA, we can use Theorem 5.5.1 to eliminate the Ramsey
quantifier. Then satisfiability of the resulting existential formula can be checked with
Proposition 2.4.6. In the following we will see several applications of this observation
for concrete classes of transition systems.

Timed (pushdown) automata The model of timed automata was introduced by Alur
and Dill [AD94]. Intuitively, a timed automaton is equipped with a vector of real valued
clocks and in each step some time can elapse or, depending on the satisfaction of clock
constraints, some clocks can be reset while changing the control state. Before we can
give the formal definition, we have to fix some notation.
Let x = (x1, . . . , xd) be a tuple of variables, called clocks. We define the set Φ(x) of

clock constraints as the set of conjunctions of LRA atoms of the form

⊤, xi < k, xi = k, xi > k (5.8)

where k ∈ N0, i ∈ [1, d], and ⊤ denotes the formula that is satisfied for every valuation.
Recall that for a set I ⊆ [1, d] of indices πI(x) denotes the projection of x to the
components in I.
A timed automaton is a tuple A = (Q,x,∆) where Q is a finite set of states, x =

(x1, . . . , xd) is a tuple of clocks, and ∆ ⊆ Q×Φ(x)×2[1,d]×Q is a finite set of transitions.
The set of configurations of A is defined as C := Q × Rd

≥0 where R≥0 denotes the
set of non-negative real numbers. We define the step relation → ∈ C × C such that
(p,a)→ (q, b) if and only if

(i) p = q and a+ r = b for some vector r = (r, . . . , r) ∈ Rd
≥0 or

(ii) there is a transition (p, φ, I, q) ∈ ∆ such that φ(a), πI(b) = 0, and π[1,d]\I(b) =
π[1,d]\I(a).
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A step of the form (i) is called delay transition and a step of the form (ii) is called
discrete transition. We assume that any infinite run (q1,a1) → (q2,a2) → · · · contains
both infinitely many delay and infinitely many discrete transitions and for the added
values r1, r2, . . . of the delay transitions we have that

∑︁∞
i=1 ri diverges [QSW17].

It was shown by Alur and Dill [AD94] that liveness with a Büchi condition on states
is PSPACE-complete for timed automata. Later Comon and Jurski [CJ99] showed that
the reachability relation →+ between configurations of timed automata is effectively
expressible in LIRA. This result was revisited by Quaas, Shirmohammadi, and Worrell
[QSW17], who prove the following:

Proposition 5.6.5. Given a timed automaton A = (Q,x,∆) and states p, q ∈ Q, one
can compute in exponential time an existential formula φp,q(x,y) in LIRA with |x| = |y|
such that for all configurations (p,a), (q, b) ∈ C we have that (p,a)→+ (q, b) if and only
if φp,q(a, b).

Proposition 5.6.5 implies that the formula in Equation (5.7) can be constructed in
exponential time. Then eliminating the Ramsey quantifier in polynomial time using
Theorem 5.5.1 and checking satisfiability of the resulting existential LIRA formula in
NP using Proposition 2.4.6 yields:

Corollary 5.6.6. The linear liveness problem for timed automata is in NEXP.

Note that the main difference between linear livenss and liveness with a Büchi con-
dition on states, which as mentioned above is PSPACE-complete, is that linear liveness
can reason about configurations rather than only states. It can even express conditions
between configurations.

In order to model timed behavior of recursive programs, timed automata have been
extended with stacks. A timed pushdown automaton is a timed automaton enriched with
a stack and multiple stack clocks [CL18]. With each push operation the symbol pushed
on the stack is associated with a new copy of the stack clocks that are initialized with
values specified by a stack constraint. Similarly, on a pop operation the final values of
the stack clocks associated with the popped stack symbol are checked against a stack
constraint. Here, stack constraints are formulas that can depend on both the global
clocks and the stack clocks. Earlier extensions of timed automata with stacks either
did not allow stack clocks [BER94] or only allowed a single stack clock where stack
constraints could not involve both the stack clock and the global clocks [AAS12]. The
two models turned out to be equivalent [CL15]. Clemente and Lasota [CL18] showed
that timed pushdown automata as described above are strictly more expressive than the
models in [BER94] and [AAS12].

The set of configurations with empty stack of a timed pushdown automaton A is
defined as C := Q × Qd

≥0 where Q is the state set and d is the number of global clocks
of A. Note that Clemente and Lasota [CL18] considered rational clock values instead
of real ones as defined above for timed automata. The following theorem is shown in
[CL18].
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Proposition 5.6.7. Given a timed pushdown automaton A and states p, q ∈ Q, one can
compute in double exponential time an existential formula φp,q(x,y) in linear integer
rational arithmetic with |x| = |y| such that for all configurations (p,a), (q, b) ∈ C we
have that (p,a)→+ (q, b) if and only if φp,q(a, b).

Thus, with the same reasoning as for Corollary 5.6.6, where we apply Theorem 5.5.3
instead of Theorem 5.5.1, we obtain the following corollary.

Corollary 5.6.8. The linear liveness problem for timed pushdown automata is in
2-NEXP.

Continuous vector addition systems with states Vector addition systems with states
(VASSs) are arguably the most popular formal model for concurrent systems. Their
configurations consist of a state and a vector of natural numbers representing counter
values. These counter values can be updated in each step by adding a vector of integers,
where a transition is only enabled if the counter updates do not result in negative counter
values. Since the reachability problem for VASSs is Ackermann-complete [LS19a; CO21;
Ler21] and the coverability problem is EXPSPACE-complete [Rac78; Lip76], there has
been substantial interest in finding overapproximations where these problems become
easier.

A particularly successful overapproximation is the continuous semantics. A continuous
vector addition system with states (CVASS) is a pair V = (Q,∆) where Q is a finite set
of states and ∆ ⊆ Q × Zd × Q is a finite transition relation. We call d the dimension
of V. The set of configurations of V is defined as C := Q × Qd

≥0 where the rational
components are thought of as the counter values. The step relation → ∈ C × C of V is
defined such that (p,a) → (q, b) if and only if there exist a transition (p,v, q) ∈ ∆ and
a rational number 0 < r ≤ 1 such that a+ rv = b.

The continuous semantics has been used for reachability to speed up the backward
search procedure by pruning configurations that cannot cover the target continuously
[Blo+16]. Blondin and Haase [BH17] show that reachability for CVASSs is in NP. More
specifically, they show the following:

Proposition 5.6.9. Given a CVASS V = (Q,∆) of dimension d and states p, q ∈ Q,
one can compute in logspace an existential formula φp,q(x,y) in linear rational arith-
metic with |x| = |y| = d such that for all configurations (p,a), (q, b) ∈ C we have that
(p,a)→+ (q, b) if and only if φp,q(a, b).

Now, Equation (5.7) together with Theorem 5.4.6 imply that linear liveness for
CVASSs has the same complexity as reachability.

Corollary 5.6.10. The linear liveness problem for CVASSs is NP-complete.

Here, the lower bound follows from NP-hardness of the reachability problem for
CVASSs [BH17].
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Succinct one-counter automata In the presence of discrete counters there are several
classes of systems whose reachability relation is expressible in existential Presburger
arithmetic. The simplest example of such systems are automata equipped with a single
discrete counter.

Fix a variable x, called counter. We denote the set of Boolean combinations of Pres-
burger atoms as in Equation (5.8) with variable x by Φ. A succinct one-counter automa-
ton (SOCA) is a tuple A = (Q,∆) where Q is a finite set of states and ∆ ⊆ Q×Φ×Z×Q
is a finite transition relation. We define the set of configurations of A as C := Q × N0.
The step relation → ∈ C ×C is defined such that (p, a)→ (q, b) if and only if there is a
transition (p, φ, v, q) ∈ ∆ with φ(a) and a+ v = b. Note that we call the model succinct
since we assume that the counter updates and the constants in the formulas from Φ are
encoded in binary.

It was shown by Haase et al. [Haa+09] that the reachability problem for SOCAs is
NP-complete. Based on that, Li et al. [Li+20] proved that an existential Presburger
formula for the reachability relation can be computed in polynomial time.

Proposition 5.6.11. Given an SOCA A = (Q,∆) and states p, q ∈ Q, one can com-
pute in polynomial time an existential Presburger formula φp,q(x, y) such that for all
configurations (p, a), (q, b) ∈ C we have that (p, a)→+ (q, b) if and only if φp,q(a, b).

Thus, we can use Equation (5.7) and Theorem 5.3.1 to decide linear liveness for SOCAs
in NP.

Corollary 5.6.12. The linear liveness problem for SOCAs is NP-complete.

Again, NP-hardness follows from the the reachability problem.

Reversal-bounded counter machines If we want to equip an automaton with more
than one counter, we have to impose restrictions on the additional counters since an
automaton with two unrestricted counters is already Turing-complete [Min67], meaning
that the reachability problem is undecidable. The most prominent example of automata
with restricted counters are reversal-bounded counter machines [Iba78].

Let x = (x1, . . . , xd) be a tuple of variables, called counters. We denote the set of
Boolean combinations of Presburger atoms as in Equation (5.8) by Φ(x). A sequence
in Nd

0 is called r-reversal-bounded for some r ∈ N0 if the sequence switches between
non-decreasing and non-increasing at most r times in each component. For example, the
sequence 1, 1, 2, 5, 5, 3, 1, 2 has two reversals.

A reversal-bounded counter machine (RBCM) is a tuple A = (r,Q,x,∆) where r ∈ N0

is the reversal bound, Q is a finite set of states, x = (x1, . . . , xd) is a tuple of counters,
and ∆ ⊆ Q×Φ(x)×Zd×Q is a finite transition relation. The set of configurations of A is
defined as C := Q×Nd

0. We define the step relation→ ∈ C×C such that (p,a)→ (q, b)
if and only if there is a transition (p, φ,v, q) ∈ ∆ with φ(a) and a + v = b. This
time, the reachability relation →+∈ C × C of A is not the transitive closure of →.
For configurations (p,a), (q, b) ∈ C we let (p,a) →+ (q, b) if and only if there is a
run (q1,a1) → · · · → (qn,an) of A with q1 = p, a1 = a, qn = q, and an = b such
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that the sequence a1, . . . ,an is r-reversal-bounded. Note that →+ is not transitive in
general. We say that an RBCM has one unrestricted counter if one of the counters can
have arbitrarily many reversals. Here, note that the updates in ∆ and the constants in
formulas from Φ(x) that refer to the unrestricted counter are encoded in unary (and not
in binary as for the reversal-bounded counters).
It was shown by Ibarra et al. [Iba+00] that the reachability relation of RBCMs with

one unrestricted counter is definable by an existential Presburger formula. Hague and
Lin [HL11] proved that the corresponding existential Presburger formula can even be
computed in polynomial time.

Proposition 5.6.13. Given an RBCM A = (r,Q,x,∆) with one unrestricted counter
and states p, q ∈ Q, one can compute in polynomial time an existential Presburger for-
mula φp,q(x,y) with |x| = |y| = d such that for all configurations (p,a), (q, b) ∈ C we
have that (p,a)→+ (q, b) if and only if φp,q(a, b).

Thus, we can use Equation (5.7) and Theorem 5.3.1 to decide the linear liveness
problem.

Corollary 5.6.14. The linear liveness problem for RBCMs with one unrestricted counter
is NP-complete.

Here, the lower bound follows again from a reduction from the reachability problem,
which is already NP-hard for RBCMs with a single counter with reversal bound one
[HL11].

Parikh automata A model that is equally expressive as reversal-bounded counter ma-
chines are so-called Parikh automata [KR03]. Intuitively, a Parikh automaton is an
NFA equipped with multiple counters to which in each transition natural numbers can
be added. However, transitions are taken independently of the current counter values
and only at the end of the run it can be checked whether the vector of counter values is
contained in a semilinear set.

We call a set L ⊆ Nd
0 linear if there are vectors v0, . . . ,vn ∈ Nd

0 such that L = {v0 +∑︁n
i=1 civi | c1, . . . , cn ∈ N0}. A set S ⊆ Nd

0 is semilinear if it is a finite union of linear
sets. Let Σ be an alphabet and D ⊆ Nd

0 be finite. For a word w = (a1,v1) . . . (an,vn) ∈
(Σ ×D)∗ we write πΣ(w) := a1 . . . an ∈ Σ∗ for the projection to the Σ-component and
Φ(w) := v1 + · · ·+ vn ∈ Nd

0 for the extended Parikh image, where Φ(ε) := 0.
A Parikh automaton is a pair (A, S) where A = (Q,Σ ×D,∆, q0, F ) is an NFA and

S ⊆ Nd
0 is a semilinear set. The language accepted by (A, S) is

L(A, S) := {πΣ(w) | w ∈ L(A) and Φ(w) ∈ S}.

The set of configurations of (A, S) is C := Q×Nd
0. We defined the step relation such that

(p,a)→ (q, b) if and only if there exists a transition (p, (a,v), q) ∈ ∆ with a+v = b. It
was shown by Seidl et al. [Sei+04] that one can compute in polynomial time an existential
Presburger formula for the Parikh image of a regular language given by an NFA (even of
context-free languages [VSS05]). It is easy to see that the proof can be adapted to the
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extended Parikh image. Thus, since (p,a)→+ (q, b) if and only if there is a run from p
to q reading w ∈ (Σ×D)∗ such that a+Φ(w) = b, the reachability relation can also be
expressed by an existential Presburger formula.

Proposition 5.6.15. Given a Parikh automaton (A, S) and states p, q ∈ Q, one can
compute in polynomial time an existential Presburger formula φp,q(x,y) with |x| = |y| =
d such that for all configurations (p,a), (q, b) ∈ C we have that (p,a) →+ (q, b) if and
only if φp,q(a, b).

Again, using Equation (5.7) and Theorem 5.3.1, it follows:

Corollary 5.6.16. The linear liveness problem for Parikh automata is NP-complete.

Parikh automata over infinite words were recently introduced by Guha et al. [Guh+22].
The authors show that the non-emptiness problem for Büchi Parikh automata is NP-
complete, where in the asynchronous semantics an infinite run (q1,a1)→ (q2,a2)→ . . .
is considered accepting if there exist infinitely many i ≥ 1 with qi ∈ F and ai ∈ S. Since
semilinear sets and Presburger-definable sets over N0 coincide [GS66a] and from any
semilinear set one can compute in polynomial time an existential Presburger formula,
non-emptiness can be checked using linear liveness. Thus, Corollary 5.6.16, in particular,
yields the precise complexity for the non-emptiness problem for Büchi Parikh automata.

5.6.4 Deciding Whether a Relation Is a WQO

The notion of well-structured transition systems (WSTSs) [Abd+96; FS01] plays an
important role in the verification of infinite-state systems. They are used to impose
sufficient conditions on transition systems such that certain verification problems become
decidable. Loosely speaking, a WSTS is a transition system equipped with a well-
quasi-ordering (WQO) on its configurations that is compatible with the step relation.
One well-known example of WSTSs are VASSs, which we already encountered above.
Recently, Finkel and Gupta [FG19a] considered the problem of automatically checking
whether a transition system is well-structured. In particular, they raise the question of
how to decide whether a relation specified by a Presburger formula is a WQO. Using
Theorem 5.3.1, we can show that this problem is coNP-complete if the relation is given
by a quantifier-free Presburger formula.

Corollary 5.6.17. Given a quantifier-free Presburger formula φ(x,y) with |x| = |y| =
d, it is coNP-complete to decide whether [[φ]] ⊆ Zd × Zd is a WQO.

Proof. Recall that a relation R ⊆ Zd × Zd is a WQO if and only if it is reflexive and
transitive and for every infinite sequence (ai)i≥1 in Zd there are 1 ≤ i < j with (ai,aj) ∈
R. Thus, φ violates the conditions of a WQO if and only if

(i) ∃x : ¬φ(x,x) (reflexivity violation) or

(ii) ∃x,y, z : φ(x,y) ∧ φ(y, z) ∧ ¬φ(x, z) (transitivity violation) or

(iii) ∃ramx,y : ¬φ(x,y) (violation of the sequence condition).
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Thus, using Theorem 5.3.1 and Proposition 2.4.1, we can check in NP whether φ does
not define a WQO.
To prove the lower bound, we reduce from the unsatisfiability problem of quantifier-

free Presburger formulas, which by Proposition 2.4.1 is coNP-complete. Suppose we are
given a quantifier-free Presburger formula ψ(x) with |x| = d. We define the formula

φ((x,x), (y,y)) := (x = 0 ∧ y = 0) ∨ (x < 0 ∧ y < 0) ∨ (x > 0 ∧ y > 0) ∨
(x < 0 ∧ y = 0) ∨ (x = 0 ∧ y > 0 ∧ ψ(y))

where |y| = d. We claim that ψ is unsatisfiable if and only if [[φ]] ⊆ Zd+1 × Zd+1 is a
WQO.
Suppose ψ is unsatisfiable. Then φ((a,a), (b, b)) holds for some a, b ∈ Z and a, b ∈ Zd

if and only if a and b have the same sign (or are both zero) or a < 0 and b = 0. Let
A ∪ B ∪ C = Zk+1 be a partition such that A contains the vectors with negative first
component, B contains the vectors with 0 in the first component, and C contains the
vectors with positive first component. Within each set A,B,C we have that φ relates
every pair of vectors. Moreover, for all (a,a) ∈ A and (b, b) ∈ B we have φ((a,a), (b, b))
and the vectors in C are unrelated to those in A ∪B. Thus, [[φ]] is clearly a WQO.
Conversely, if ψ is satisfiable, say ψ(a) holds for some a ∈ Zd, then [[φ]] ⊆ Zd+1×Zd+1

is not transitive: For example, we have φ((−1,0), (0,0)) and φ((0,0), (1,a)) but not
φ((−1,0), (1,a)).

Decidability was already shown in [FG19b], where they use the fact that Presburger
arithmetic is an automatic structure and Ramsey quantifiers in automatic structures
can be evaluated. This approach however leads to higher complexity: We first have
to construct in polynomial space an automaton for the negation of a given quantifier-
free Presburger formula and then check condition (iii) in the proof of Corollary 5.6.17,
where the Ramsey quantifier can be evaluated using Theorem 4.2.1. This results in a
PSPACE-algorithm.

5.7 Experiments

We have implemented a prototype, which can be found at [Ber+23], of our Ramsey quan-
tifier elimination algorithms for LIA, LRA, and LIRA in Python using the Z3 [MB08]
interface Z3Py. We have tested it against two sets of micro-benchmarks. The first
benchmark set contains the following examples, where the dimension d of x and y is a
parameter:

(a) φhalf := ∃ramx,y : 2y ≤ x ∧ x ≥ t for parameter t ∈ Z

(b) φeq ex := ∃ramx,y : ∃z : x≪ y ∧ x = z

(c) φeq free := ∃ramx,y : x≪ y ∧ x = z

(d) φdickson := ∃ramx,y : x ≥ 0 ∧ (x > y ∨ x ̸≤ y ∧ y ̸≤ x), where unsatisfiability over
Z proves Dickson’s lemma
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formula dom sat
input output

#vars #atoms #vars #atoms d = 1 d = 10 d = 20 d = 50 d = 100

φhalf
Z no

2d 2d
22d 130d 0.04s 0.33s 0.84s 3.35s 11.00s

R t ≤ 0 25d 284d 0.06s 0.75s 2.10s 10.31s 38.48s

φeq ex
Z yes

3d 2d
31d 166d 0.05s 0.67s 2.01s 10.23s 39.44s

R yes 25d 213d 0.05s 1.03s 3.53s 20.01s 82.46s

φeq free
Z no

3d 2d
28d 162d 0.05s 0.44s 1.12s 4.73s 16.11s

R no 20d 209d 0.08s 0.54s 1.64s 8.18s 31.03s

φdickson
Z no

2d 5d
37d 226d 0.06s 0.58s 1.52s 6.33s 21.60s

R yes 40d 482d 0.08s 1.17s 4.48s 17.18s 66.46s

φprog R,Z yes 6d 14d 426d+ 1 3858d+ 4 0.84s 68.28s 445.89s > 500s > 500s

Table 5.1: Experiments for the elimination of the Ramsey quantifier with a 500 seconds
timeout.

(e) φprog := ∃ram(x1,x2), (y1,y2) : x1 ≫ 0 ∧ x2 ≫ 0 ∧ y1 ≥ 0.5x1 + 0.5 ∧ y2 ≤
x2 − ⌊0.5x1 + 0.5⌋ expressing the reachability relation of the non-terminating
program in Algorithm 1, where x1,y1 are vectors of real variables and x2,y2 are
vectors of integer variables

Here, ⌊v⌋ for a vector v = (v1, . . . , vd) denotes the vector (⌊v1⌋, . . . , ⌊vd⌋).
The experiments were conducted on an Intel(R) Core(TM) i7-10510U CPU with 16GB

of RAM running on Windows 10. The results are summarized in Table 5.1. We observe
that the number of output variables and atoms linearly depends on the number of input
variables and atoms. In the first three cases, the output formula has ca. 5 times as
many variables as the input has variables plus atoms. The choice of parameter t ∈ Z
has no notable effect on the size of the output formula or the running time since it only
changes constants. For φprog our prototype implementation assumes the formula to be
already decomposed into a Boolean combination of LIA and LRA formulas, whose size
is given in the input column of Table 5.1. Then the running time is dominated by the
Z3 satisfiability check due to the large number of variables and atoms in the output.
For the second benchmark set we used our elimination procedure to check monadic

decomposability, as described in Section 5.6.1, of the following formulas:

(a) φimp :=
⋀︁d

i=1 xi ≥ 0→ xi + yi ≥ k ∧ yi ≥ 0 for parameter k ∈ N

(b) φdiagonal := 0 ≤ x ≤ k ∧ x1 = · · · = xd for parameter k ∈ N

(c) φcubes2d := x1 + x2 ≤ k ∧
(︁⋁︁k

i=1 i ≤ x1 ≤ i+ 2 ∧ i ≤ x2 ≤ i+ 2
)︁
where parameter

k ∈ N is the number of cubes

(d) φcubes10 :=
⋁︁10

i=1 i ≤ x ≤ i+ 2

(e) φmixed := x = ⌊y⌋ ∧ 0 ≤ y ≤ k over LIRA with parameter k ∈ N

The results are shown in Table 5.2, where either the dimension d or parameter k is
varied. The size of the input refers to the formula ̸≈[1,d]\{j} for j = 1 that expresses the
complement of the relation ≈[1,d]\{j}. The reason why we do not use ̸≈j as in the proof
of Corollary 5.6.1 is that ̸≈[1,d]\{j} only has one existentially quantified variable, which

144



5.7 Experiments

formula dom mondec
input output

#vars #atoms #vars #atoms

φimp

d = 1 d = 5 d = 10 d = 20
Z yes

4d− 1 12d
84d− 8 516d− 62 0.12s 6.19s 34.11s 224.53s

R no 136d− 7 1678d− 130 0.32s 2.27s 6.69s 19.01s

φdiagonal

d = 2 d = 10 d = 20 d = 30
Z yes

2d− 1 4d+ 4
52d− 8 322d− 62 0.15s 8.20s 46.48s 151.42s

R no 35d+ 59 416d+ 716 0.32s 1.33s 3.82s 7.37s

φcubes2d

k = 50 k = 100 k = 150 k = 250
Z yes

3 16k+4
80k + 36 512k + 198 7.74s 18.77s 37.73s 109.17s

R no 176k + 63 2256k + 702 210.12s > 500s > 500s > 500s

φcubes10

d = 2 d = 10 d = 15 d = 20
Z yes

2d− 1 80d
412d− 8 2626d− 62 1.18s 66.40s 231.67s 482.39s

R yes 893d− 7 11414d− 130 5.83s > 500s > 500s > 500s

φmixed
d = 1 d = 2 d = 3 d = 4

R,Z yes 6d− 1 28d 842d− 28 7710d− 198 3.67s 42.84s 192.76s > 500s

Table 5.2: Experiments for monadic decomposability with a 500 seconds timeout.

has the advantage that the algorithm only has to eliminate one existential quantifier
before eliminating the Ramsey quantifier. For the output we measure the size of the
first formula given to Z3, i.e. ∃ramx,y : x ̸≈[2,d] y after the elimination of the Ramsey
quantifier. We observe that if n is the number of input variables plus atoms, on these
instances the number of output variables can be estimated by 5 ·n over Z and 10 ·n over
R. The slowdown compared to Table 5.1 is partly due to the larger input formulas, on
which the Ramsey quantifier is eliminated, but also to the fact that in case the formula
is monadically decomposable, one has to consider ̸≈[1,d]\{j} for all j ∈ [1, d].
For φimp and φdiagonal we observe that, despite the larger output formula, over R

the algorithm terminates significantly faster than over Z since it only needs to consider
̸≈[2,d] to detect that φ is not monadically decomposable. The first four examples over
the integers are taken from [MSL21], where the authors compare their tool to mondec1
from [Vea+17] that computes a monadic decomposition if one exists. We observe that on
these instances our decision algorithm is significantly faster than mondec1, especially for
φimp and φdiagonal when only the parameter k is varied (and d = 1 respectively d = 2 as
in [MSL21]). The reason for this is that mondec1 computes the monadic decomposition,
whose size grows exponentially in the encoding of k, whereas in our approach, where we
only decide if a decomposition exists, k only changes a constant in the formulas where
the Ramsey quantifier is eliminated. Therefore, changing k in the two examples (and
also in φmixed) does not have any notable effect on the running time in Table 5.2. In this
case, our algorithm is also faster than the one developed in [MSL21], that outputs the
decomposition in form of cubes. Since both algorithms in [Vea+17] and [MSL21] only
terminate if the input formula is monadically decomposable, our algorithm can be used
as a termination check. Finally, note that the increase of the running time for φcubes2d,
φcubes10 over R and φmixed is due to the large number of atoms in the output, which is
problematic not only for the elimination procedure but especially for the satisfiability
check with Z3. We observe that for large instances the running time is dominated by
the satisfiability check.
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Relations

Parts of this chapter were published by the author in [BG23].

We already observed in previous chapters that our results on infinite cliques can be
applied to (tree-)reconizability of (tree-)regular relations and the related problem of
monadic decomposability. For this, we exploited the connection between recognizability
and checking finite index of certain equivalence relations. We will see that the same
strategy can be used to obtain precise complexity results for ω-recognizability of ω-
regular relations. Here, similar to tree-recognizability, we make use of the fact that
we only have to deal with complements of equivalence relations. In fact, checking for
an infinite clique in arbitrary ω-regular relations is a longstanding open problem. One
central observation is that a co-equivalence relation has an infinite clique if and only if it
has unbounded cliques, i.e. arbitrarily large but finite cliques. This allows us to focus on
special cliques consisting of ultimately periodic words, whose existence can be checked
in the automaton for the co-equivalence relation.

Over finite words we already determined the precise complexity of the recognizability
problem for regular relations. For the more general class of deterministic rational re-
lations, however, the precise complexity is not known. For this problem one could try
to use the same technique as for (ω-)regular relations and reduce the problem to the
infinite clique problem. Here, however, we encounter two issues. Firstly, deterministic
rational relations do not enjoy the same closure properties as regular relations and the
co-equivalence relations ̸≈j are not necessarily deterministic rational. In fact, for rela-
tions of arity greater than two it is not even clear whether ̸≈j is rational. For binary
relations at least it can be observed that ̸≈1 is a rational relation. The second issue is
that it is not clear whether the infinite clique problem for rational relations is decidable
at all, even if restricted to co-equivalence relations. For this reason, we use a more direct
approach, where we find characterizations of when ̸≈j has finite index. These alterna-
tive characterizations will allow us to identify patterns in the deterministic multitape
automaton that witness non-recognizability of the accepted relation. Checking absence
of these patterns will then lead to improved complexity upper bounds.

A problem that is not even known to be decidable is checking whether a deterministic
rational relation is regular. We show that this problem can be reduced to recognizability
of deterministic rational relations, which yields the first decision procedure for it, solving
an open problem from [CCG06; IT12]. The idea is that as long as the delay between
heads of the automaton is bounded, the computation can be simulated synchronously. If
two heads can move arbitrarily far apart, then we show that they have to be independent
from each other, which can be checked using the notion of recognizability.
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Rec

⊊

Sync

⊊

DRat

⊊

Rat

NL-c. for DFAs

PSPACE-c. for NFAs

(see Corollary 4.4.9)

P for k = 2

(2k − 4)-EXP for k > 2

(see Theorem 6.4.1)
P for k = 2

coREXP for k > 2

(see Theorem 6.3.2)

ω-Rec

⊊

ω-Sync

⊊

ω-DRat

⊊

ω-Rat

NL-c. for DPAs

PSPACE-c. for NBAs

(see Theorem 6.2.1)

open

open

Figure 6.1: The complexity landscape of deciding membership to subclasses of
(ω-)rational relations. An arrow from C2 to C1 refers to the problem of
deciding whether a given relation from C2 belongs to C1. Membership of
(ω-)rational relations in any one of the three subclasses is undecidable. Dot-
ted arrows mean that decidability of the problem is unknown. The parameter
k denotes the arity of the given relation.

6.1 Main Results

As we have already seen in Section 4.4.2, Ramsey quantifiers or, more specifically, the
infinite clique problem can be used to decide recognizability for regular relations. That
is, given a k-ary regular relation R, we can check whether R =

⋃︁n
i=1 Li,1 × · · · × Li,k

for regular languages Li,j . In other words, we showed that the membership problem of
relations from Reg in the strict subclass Rec is decidable. A natural question to ask is
whether the infinite clique problem can also help to solve other membership problems
in the hierarchies of classes of relations defined in Sections 2.3.5 and 2.3.6 over finite
and infinite words. Figure 6.1 provides an overview of the complexity landscape that
we obtain after this chapter. Here, all membership problems of (ω-)rational relations in
any of the three subclasses are known to be undecidable [FR68; Lis79].

Recognizability of ω-regular relations Corollary 4.4.9 shows that, given a regular re-
lation R by a DFA (resp. NFA), one can decide in nondeterministic logspace (resp.
polynomial space) whether R is recognizable. For the proof we used the characterization
from Proposition 3.3.7 of recognizable relations via finite-index equivalence relations ≈R

j .

Then we applied Corollary 4.2.2 to check for an infinite clique in the complements ̸≈R
j .

Decidability of the infinite clique problem for arbitrary ω-regular relations, however, is
a longstanding open problem. Nevertheless, in Section 6.2 we are able to prove the pre-
cise complexity of ω-recognizability for ω-regular relations. Interestingly, the complexity
matches the complexity of the recognizability problem for regular relations over finite
words.

Theorem 6.2.1. Given an ω-regular relation R ⊆ (Σω)k by a DPA (resp. NBA), it is
NL-complete (resp. PSPACE-complete) to decide whether R is ω-recognizable.
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6.1 Main Results

For the proof we use the fact that ̸≈R
j is the complement of an equivalence relation

rather than being an arbitrary ω-regular relation. This is similar to the tree case, where
in order to prove the precise complexity in Corollary 4.4.10, we could not just apply the
generic algorithm for the infinite clique problem in arbitrary tree-regular relations, but
we had to develop a specialized algorithm for co-equivalence relations (Theorem 4.3.13).
We will see that such a specialized algorithm for ω-regular co-equivalence relations can
also be utilized to prove Theorem 6.2.1.

Theorem 6.2.2. The infinite clique problem over ω-regular co-equivalence relations E ⊆
(Σω)2d is NL-complete.

To prove Theorem 6.2.2, we follow the approach by Löding and Spinrath [LS19b] and
solve the unbounded cliques problem for ω-regular co-equivalence relations E. This means
that we check whether E contains cliques of arbitrary size, which in case of co-equivalence
relations is equivalent to the existence of an infinite clique. The algorithm in [LS19b]
constructs an automaton for a regular set of ultimately periodic representatives of E,
whose size is double (triple) exponential in the size of a (non)deterministic automaton
for E. We circumvent construction of this large automaton and identify a simple pattern
directly in the automaton for E which witnesses the existence of unbounded cliques.

Recognizability of deterministic rational relations The remaining results of this chap-
ter concern membership problems for deterministic rational relations over finite words.
In Section 6.3 we consider the recognizability problem for deterministic rational re-
lations. We will revisit the proof by Carton, Choffrut, and Grigorieff [CCG06], who
showed decidability for relations of arbitrary arity and that for binary relations a dou-
ble exponential-time upper bound can be derived from [Val75]. With our approach we
obtain the following improved complexity bounds.

Theorem 6.3.2. Given a deterministic rational relation R ⊆ (Σ∗)k, one can decide
whether R is recognizable (i) in P if k = 2, (ii) in coREXP if k > 2 is fixed, and (iii) in
coNEXP if k is part of the input.

Here, coREXP ⊆ coNEXP is the class of all decision problems that can be solved by
a randomized algorithm in exponential time, which may err on negative instances with
probability at most 1/2.

For the proof of Theorem 6.3.2 we identify patterns in the deterministic multitape
automaton for R that are present if and only if R is not recognizable. We then reduce
the check for absence of these patterns to the equivalence problem for deterministic
multitape automata. If R is binary, the reduction works in logspace. For higher arity
it requires polynomial space. To decide recognizability, we can then use known upper
bounds on the complexity of the equivalence problem. It was shown by Friedman and
Greibach [FG82] that equivalence of two deterministic 2-tape automata can be checked
in polynomial time. Whereas for deterministic k-tape automata, where k is part of
the input, only a coNP upper bound is known [KKS15]. If the arity k < 2 is fixed,
then equivalence can be decided by a randomized polynomial-time algorithm that may
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6 Recognizability in Subclasses of Rational Relations

err with probability at most 1/2 if the given deterministic k-tape automata are non-
equivalent [Wor13].
Interestingly, there is also a reduction in the reverse direction, i.e. a reduction from

the equivalence problem for deterministic multitape automata to recognizability of de-
terministic rational relations. We show that this reduction works in logspace, which
means that in the binary case the two problems are logspace equivalent.

Theorem 6.3.8. Let k ≥ 2. The equivalence problem for deterministic k-tape automata
is logspace reducible to the recognizability problem for k-ary deterministic rational rela-
tions.

The proof essentially follows from a result by Friedman and Greibach [FG78], which
reduces the equivalence problem for DPDAs restricted to a subclass C to the membership
problem of DPDAs to C.
So far, we only considered the problem of deciding whether a relation is recogniz-

able. Barceló et al. [Bar+19] raised the question of how to actually output a witness
for recognizability using some appropriate representation. We will answer this question
for deterministic rational relations, where the witness will be an independent multitape
automaton, i.e. given a deterministic multitape automaton accepting a recognizable re-
lation R, we compute an independent multitape automaton for R. Recall that indepen-
dent multitape automata accept precisely the recognizable relations. Note that this also
yields an algorithm in the case of regular relations (considered in Section 4.4.2 and also
in [Bar+19]) since they form a subclass of deterministic rational relations.

Theorem 6.3.9. Given a deterministic k-tape automaton for a recognizable relation R,
one can compute in double exponential time an independent k-tape automaton for R.

The proof is based on ideas from [CCG06] and imitates the construction by Valiant
[Val75] of a double exponentially large DFA from a DPDA accepting a regular language.
It seems that the missing piece for the construction is our characterization of recogniz-
ability via the equivalence relations ≈j instead of ≈[1,j]. Moreover, we show that the
double exponential blow-up in Theorem 6.3.9 is unavoidable in general.

Regularity of deterministic rational relations As a final result of this chapter, we close
the remaining gap in the decidability landscape of the membership problems over finite-
word relations (Figure 6.1), which was left open in [CCG06] and answers a question
by Ibarra and Trân [IT12]. In Section 6.4 we prove that regularity of deterministic
rational relations is decidable by reducing the problem to the recognizability problem
for deterministic rational relations, enabling us to use Theorem 6.3.2.

Theorem 6.4.1. Given a deterministic rational relation R ⊆ (Σ∗)k, one can decide
whether R is regular (i) in P if k = 2 and (ii) in (2k − 4)-EXP if k > 2 is fixed.

Intuitively, in order to accept a regular relation, the heads of a deterministic multitape
automaton either only have bounded delay throughout the computation, i.e. they cannot
move arbitrarily far apart, or are independent from each other. It is easy to see that

150



6.2 ω-Recognizability of ω-Regular Relations

bounded delay implies that the corresponding tapes can be read synchronously by storing
the symbols that are “read ahead” in a queue of bounded length and the heads of the
deterministic multitape automaton can therefore be simulated by an NFA. If two heads
are independent, then an NFA can also simulate them in a synchronous manner. To check
whether heads have bounded delay, it suffices to ensure that every cycle reads the same
number of symbols in the corresponding components. In case there is a cycle where the
number of read symbols differs between components, we can use the recognizability test
from Theorem 6.3.2 to check whether the heads with unbounded delay are independent.

6.2 ω-Recognizability of ω-Regular Relations

In this section we settle the precise complexity of the ω-recognizability problem for ω-
regular relations. The complexity is the same as over finite words (Corollary 4.4.9),
i.e. it depends on whether the given automaton is deterministic or nondeterministic.
Decidability in double exponential time if the relation is given by a DPA was already
shown in [LS19b].

Theorem 6.2.1. Given an ω-regular relation R ⊆ (Σω)k by a DPA (resp. NBA), it is
NL-complete (resp. PSPACE-complete) to decide whether R is ω-recognizable.

The lower bounds are inherited from the finite-word case using an infinite padding:
Let R ⊆ (Σ∗)k be a regular relation and ⊥ /∈ Σ. Then R is recognizable if and only
if R′ := {(w1⊥ω, . . . , wk⊥ω) | (w1, . . . , wk) ∈ R} is ω-recognizable. Moreover, a DPA
(resp. NBA) for R′ can be constructed in logspace from a DFA (resp. NFA) for R.
To prove the upper bounds, we use the same technique as for Corollary 4.4.9. That is,

we use the characterization from Proposition 3.3.7 that an ω-regular relation R ⊆ (Σω)k

is ω-recognizable if and only if the equivalence relation ≈R
j has finite index for all j ∈

[1, k − 1]. Since ≈R
j has infinite index if and only if its complement ̸≈R

j has an infinite
clique, it remains to decide the infinite clique problem for the co-equivalence relation
̸≈R

j . Recall that ̸≈R
j ⊆ Σω × Σω is defined such that u ̸≈R

j v if and only if

∃w ∈ (Σω)k−1 : (u⊙j w ∈ R ∧ v ⊙j w /∈ R) ∨ (u⊙j w /∈ R ∧ v ⊙j w ∈ R).

If R is given by a DPA (resp. NBA), we can construct an NBA for ̸≈R
j in logspace (resp.

polynomial space) using Propositions 2.3.10 and 2.3.30. Note that in case of a DPA,
before we perform the projection using Proposition 2.3.30, we convert the DPA into an
NBA using Proposition 2.3.9. Thus, to conclude the proof of Theorem 6.2.1, it suffices
to show the following theorem.

Theorem 6.2.2. The infinite clique problem over ω-regular co-equivalence relations E ⊆
(Σω)2d is NL-complete.

Here, it is important that E is the complement of an equivalence relation E. De-
cidability of the infinite clique problem for general ω-regular relations is a longstanding
open problem [Kus10]. However, Löding and Spinrath [LS19b] showed that under the
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6 Recognizability in Subclasses of Rational Relations

assumption that the relation is a co-equivalence relation the problem is decidable in
double exponential time. The rest of this section is devoted to proving Theorem 6.2.2.
Note that the lower bound again follows from the finite-word case (Corollary 4.2.2) using
an infinite padding. For the upper bound we use a similar approach as in [LS19b].

Recall that to solve the infinite clique problem for regular relations, we constructed a
Büchi automaton that accepts encodings of infinite cliques. Over infinite words, however,
it is not clear how such an encoding would look like since it would have to encode an
infinite sequence of infinite words. A strong indicator that this is indeed difficult is that
there are ω-regular relations which have infinite cliques but no ω-regular infinite clique.
One such example is the complement of the equal ends equivalence relation ∼e ⊆ Σω×Σω

where u ∼e v if and only if there exist u0, v0 ∈ Σ∗ with |u0| = |v0| and w ∈ Σω such that
u = u0w and v = v0w. Kuske and Lohrey [KL08] observed that although ̸∼e has infinite
cliques, it does not have any ω-regular infinite cliques.

Instead of checking whether E has an infinite clique, we follow the approach by Löding
and Spinrath [LS19b] and equivalently decide whether E has unbounded cliques: For
every n ≥ 1 there exists a clique (w1, . . . , wn) of size n in E, i.e. (wi, wj) ∈ E for all
1 ≤ i < j ≤ n. The important observation made in [LS19b] is that it suffices to search for
unbounded cliques consisting of ultimately periodic words. Since an ultimately periodic
word uvω can be encoded by the finite word u#v, this allows us to reduce the infinite
clique problem over ω-regular co-equivalence relations to a question on regular relations
over finite words. Note that for general relations it is not necessarily the case that the
existence of unbounded cliques implies the existence of an infinite clique. But for the
complement of an equivalence relation both statements are equivalent to the equivalence
relation having infinite index.

6.2.1 Reduction to Slenderness

For the rest of this section fix an NBA A = (Q,Σ2, q0,∆, F ) for the complement E ⊆
Σω × Σω of an equivalence relation E. Let us first recall the results from [LS19b] that
will be used in our proof. We define the equivalence relation E# ⊆ (Σ∗{#}Σ∗)2 where
# /∈ Σ by

E# := {(u#v, x#y) | (uvω, xyω) ∈ E, |u| = |x|, |v| = |y|}.

To show that E# is ω-regular, Löding and Spinrath [LS19b] use the notion of transition

profiles. A transition profile τ = (⇒, F⇒) over A consists of two binary relations⇒, F⇒ ∈
Q×Q. For each word w ∈ (Σ2)∗ we define the transition profile τ(w) such that p⇒ q if

and only if there exists a run p
w−→ q in A and p

F⇒ q if and only if there exists a run p
w−→ q

in A visiting a final state. It is easy to see that τ(uv) for u, v ∈ (Σ2)∗ is determined by
τ(u) and τ(v) and therefore the set TP(A) := {τ(w) | w ∈ (Σ2)∗} forms a finite monoid,
called transition monoid, with the well-defined operation τ(u) ·τ(v) := τ(uv) and neutral
element τ(ε). Note that |TP(A)| may be exponential in the size of A.

Lemma 6.2.3. The relation E# is regular.

152



6.2 ω-Recognizability of ω-Regular Relations

Proof. The NFA A# for E# checks whether on an input u#v ⊗ x#y with |u| = |x| and
|v| = |y| there is a state q in A such that q0

u⊗x−−→ q and q
v⊗y−−→ q where the cycle visits

a final state. Such a state exists if and only if A accepts the infinite word uvω ⊗ xyω.
Thus, since A accepts the complement of E, A# should accept if and only if such a state
does not exist. To this end, A# first computes and stores the transition profile τ(u⊗ x)
and then computes and stores the transition profile τ(v ⊗ y) and accepts if there is no

q ∈ Q such that q0 ⇒ q in τ(u ⊗ x) and q F⇒ q in τ(v ⊗ y). To compute the transition
profiles, A# uses the monoid structure of TP(A), i.e. it starts with τ(ε) and if it reads
a ∈ Σ2 in a state with τ(w) stored, it switches to the state that stores τ(wa).

Note that the above construction is effective, but the resulting NFA for E# may be
exponentially larger than A since it stores elements of TP(A) in its states. Using the
techniques from [CCG06], one can show that E# has a regular set of representatives.

Lemma 6.2.4. The equivalence relation E# has a regular complete set of representatives
L#(E). Moreover, L#(E) can be written as

L#(E) =
⋃︂

(i,j)∈I

Pi{#}Sj

where I ⊆ N2 is a finite index set and Pi, Sj ⊆ Σ∗ are non-empty regular languages for
all (i, j) ∈ I.

Proof. Let <lex be some lexicographic order on words from Σ∗{#}Σ∗. Clearly, <lex is a
regular relation. Then the language

L#(E) := {w ∈ Σ∗{#}Σ∗ | ¬∃w′ ∈ Σ∗{#}Σ∗ : (w,w′) ∈ E# ∧ w′ <lex w}

of lexicographically smallest representatives is regular and an NFA B# for it can be
constructed from A# using Propositions 2.3.4 and 2.3.27. Note that B# may be expo-
nentially larger than A#.

For the “moreover” part let B# = (Q′,Σ ∪ {#},∆′, q′0, F
′), then

L#(E) =
⋃︂

(p′,#,q′)∈∆′

Lq′0,p
′{#}Lp′,F ′

where

Lq′0,p
′ := {w ∈ Σ∗ | q′0

w−→ p′} and

Lp′,F ′ := {w ∈ Σ∗ | ∃f ′ ∈ F ′ : p′
w−→ f ′}

are clearly regular languages.

Let us fix the decomposition of L# from Lemma 6.2.4. The next step in [LS19b] is to
reduce the infinite clique problem for E to checking a property for all Pi, Sj . A language
L ⊆ Σ∗ is slender if there exists a k ∈ N such that for all ℓ ∈ N it holds that |L∩Σℓ| ≤ k.
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Lemma 6.2.5. The co-equivalence relation E has unbounded cliques if and only if there
exists (i, j) ∈ I such that Pi or Sj is not slender.

Proof. The proof proceeds in three steps. We first show that E has unbounded cliques
if and only if the relation

E# := {(u#v, x#y) | (uvω, xyω) ∈ E, |u| = |x|, |v| = |y|}

has unbounded cliques. The “if” direction is clear. For the converse we first observe
that since E is an ω-regular equivalence relation that has by assumption infinite index,
Lemma 2.3.31 implies that there are infinitely many ultimately periodic words uiv

ω
i for

i ≥ 1 such that (uiv
ω
i , ujv

ω
j ) ∈ E for all 1 ≤ i < j. We show that for every n ≥ 1

the words u1#v1, . . . , un#vn can be rewritten such that they form a clique in E# of
size n. W.l.o.g. assume that |u1| ≥ |ui| for all i ∈ [1, n]. Write vi = v̂iṽi such that

|v̂i| = (|u1| − |ui|) mod |vi|. Then define u′i := uiv
pi
i v̂i where pi := ⌊ |u1|−|ui|

|vi| ⌋ for all

i ∈ [1, n]. Now, we have that |u′i| = |u′1| for all i ∈ [1, n]. To ensure that that the periods
have the same length, let ℓ := lcm(|v1|, . . . , |vn|) and ℓi := ℓ

|vi| for all i ∈ [1, n]. Then we

set v′i := (ṽiv̂i)
ℓi for all i ∈ [1, n]. It is easy to verify that now |v′i| = ℓ and u′i(v

′
i)
ω = uiv

ω
i

for all i ∈ [1, n] as desired.
As a second step we show that E# has unbounded cliques if and only if for all k ∈ N

there exist n,m ∈ N such that |L#(E) ∩Σn{#}Σm| > k. If E# has unbounded cliques,
then for any k ∈ N there exists a clique (u1#v1, . . . , uk+1#vk+1) in E# of size k+1. By
definition of E#, there are n,m ∈ N such that |ui| = n and |vi| = m for all i ∈ [1, k + 1]
and (ui#vi, uj#vj) /∈ E# for all 1 ≤ i < j ≤ k+1. Thus, L#(E) contains a representative
for each of the k+1 pairwise distinct E#-equivalence classes with the desired properties.
The converse can be shown analogously.
As a third step it remains to show that for all k ∈ N there exist n,m ∈ N such that
|L#(E) ∩Σn{#}Σm| > k if and only if in the decomposition L#(E) =

⋃︁
(i,j)∈I Pi{#}Sj

there is (i, j) ∈ I such that Pi or Sj is not slender. Since I is finite, we have that for all
k ∈ N there exist n,m ∈ N such that |L#(E)∩Σn{#}Σm| > k if and only if there exists
(i, j) ∈ I such that for all k ∈ N there exist n,m ∈ N such that |Pi{#}Sj ∩Σn{#}Σm| >
k. It is not hard to see that the latter condition is satisfied for some (i, j) ∈ I if and
only if Pi or Sj is not slender.

With Lemma 6.2.5 at hand, the approach by Löding and Spinrath [LS19b] for checking
whether E has unbounded cliques is to construct automata for each of the languages
Pi and Sj as shown in Lemma 6.2.4 and check whether they are slender. However, the
construction uses an automaton for L#(E), which might be double exponentially large
since its size is exponential in the size of the automaton for E#, which in turn may
be exponential in the size of A for E as shown in Lemma 6.2.3. Hence, this results
in a double exponential-time algorithm given A. We deviate from this approach and
use the slenderness property of the languages Pi and Sj only to identify the shape of
unbounded cliques in E. In a second step, we search for patterns in A that witness the
existence of unbounded cliques in E. The existence of these patterns can be checked in
nondeterministic logspace given A.
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6.2 ω-Recognizability of ω-Regular Relations

6.2.2 Special Unbounded Cliques

It is well-known (see e.g. [Pin22]) that slenderness of a regular language can be charac-
terized by the absence of two distinct cycles in the automaton. We show that we can
even restrict to pairs of cycles whose lengths are the same as the length of the connecting
word. For convenience, in the following we drop the set braces to denote a singleton
language {w} and just write w. For instance, this allows us to write uv∗wx∗y for words
u, v, w, x, y ∈ Σ∗ to denote the language {uvnwxmy | n,m ≥ 0}.

Lemma 6.2.6. A regular language L ⊆ Σ∗ is not slender if and only if there are words
u, v, w, x, y ∈ Σ∗ with |v| = |w| = |x| > 0 and v ̸= w such that uv∗wx∗y ⊆ L.

Proof. The “if” direction holds since for any k ∈ N we have that L contains the pairwise
distinct words uvi|x|wx(k−i)|v|y for i ∈ [0, k] of the same length, which means that L is
not slender.

For the “only if” direction consider a trimmed DFA for L, i.e. a DFA in which every
state is reachable from the initial state and can reach a final state, and assume that
L is not slender. We call two runs distinct if their sets of transitions are distinct. We
first show that the DFA must contain two simple cycles that are distinct and connected.
For the sake of contradiction, suppose that every run of the DFA traverses at most one
simple cycle up to non-distinctness, i.e. simple cycles with different sets of transitions
cannot be part of the same run. Let n be the number of states. Then any word of length
greater than n iterates exactly one simple cycle up to non-distinctness, which means
that it has the form w1w

k
2w3 with |w1|, |w2|, |w3| ≤ n. This, however, implies that L is

slender since there are only finitely many choices for w1, w2, w3. So let p
v−→ p and q

x−→ q
with |v|, |x| > 0 be two distinct simple cycles such that there is a run p

w−→ q. Note
that the sets of transitions of two distinct simple cycles are incomparable with respect
to the subset relation. By replacing w with wx, we can assume that the runs p

v−→ p
and p

w−→ q are distinct since the simple cycle q
x−→ q must contain a transition that is

not part of p
v−→ p. Then the language uv∗wx∗y is contained in L, where u and y are

words read from the initial state to p and from q to some final state. We can ensure
that |w| ≤ |v| = |x| by replacing v and x with vk|x| and xk|v|, respectively, for sufficiently
large k ∈ N. Furthermore, we can ensure |v| = |w| = |x| by extending the run p

w−→ q

to p
wx1−−→ r for some prefix x1 of x with |wx1| = |x|, replacing the cycle q

x−→ q with

r
x2x1−−−→ r for x = x1x2, and replacing y with x2y. Note that we also have that v ̸= w

since the runs p
v−→ p and p

w−→ q are still distinct and in a DFA distinct runs starting in
the same state cannot read the same word.

The following lemma distinguishes two types of cliques: On the one hand, there are
cliques whose infinite words differ in a finite prefix but have equal ends. On the other
hand, there are cliques whose infinite words do not have equal ends. For example,
consider the equality relation = on infinite words over {a, b}. In the complement ̸= we
can find the cliques (aibn−iaω)0≤i≤n for all n ∈ N of infinite words that only differ in a
finite prefix. On the other hand, if we consider the equal ends equivalence relation ∼e,
then we observe that it does not suffice to look at the finite prefixes of infinite words
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6 Recognizability in Subclasses of Rational Relations

to determine whether they are in relation or not. In the complement ̸∼e we can find
the cliques ((aibn−i)ω)0≤i≤n for all n ∈ N of ultimately periodic words that differ in the
periodic part.

Lemma 6.2.7. The co-equivalence relation E has unbounded cliques if and only if it
contains cliques of the form

(i) (uviwxn−iyzω)0≤i≤n or

(ii) (z(uviwxn−iy)ω)0≤i≤n

for all n ∈ N, where u, v, w, x, y, z ∈ Σ∗ with |v| = |w| = |x| > 0 and v ̸= w.

Proof. The “if” direction is clear. For the “only if” direction assume that E has
unbounded cliques. Then by Lemma 6.2.5, there are non-empty regular languages
P, S ⊆ Σ∗ with P{#}S ⊆ L#(E) such that P or S is not slender. Applying Lemma 6.2.6,
this means that there are u, v, w, x, y ∈ Σ∗ with |v| = |w| = |x| > 0 and v ̸= w such
that uv∗wx∗y ⊆ P or uv∗wx∗y ⊆ S. If uv∗wx∗y ⊆ P , we pick a word z ∈ S from
the non-empty language S. Then uv∗wx∗y#z ⊆ L#(E). Since all words of the form
uviwxjy for i, j ≥ 0 are pairwise different, E contains the clique (uviwxn−iyzω)0≤i≤n

for all n ∈ N. Similarly, if uv∗wx∗y ⊆ S, we pick a word z ∈ P and find the cliques
(z(uviwxn−iy)ω)0≤i≤n in E.

6.2.3 Patterns Witnessing Unbounded Cliques

To detect whether E contains cliques as in Lemma 6.2.7, we can search for certain
patterns in its automaton A. A 3-cycles pattern consists of states q1, q2, q3, q4, q5 ∈ Q
and words u, v, w, x, y ∈ Σ∗ with |v| = |w| = |x| > 0 and v ̸= w such that

q1
[uu ]−−→ q2, q2

[ vv ]−−→ q2, q2
[wv ]−−→ q3, q3

[xv ]−−→ q3,

q3
[ xw ]−−→ q4, q4

[xx ]−−→ q4, q4
[ yy ]−−→ q5.

We say that the above is a 3-cycles pattern from q1 to q5. The 3-cycles pattern is called

final if one of the runs q1
[uu ]−−→ q2, q2

[wv ]−−→ q3, q3
[ xw ]−−→ q4, q4

[ yy ]−−→ q5 visits a final state. If

there exists a (final) 3-cycles pattern from q1 to q5, we write q1
3CP−−→ q5 and q1

3CP−−→F q5,
respectively.

Clearly, p
3CP−−→ q implies that A contains for any n ∈ N a run from p to q reading

uviwxn−iy ⊗ uvjwxn−jy for all 0 ≤ i < j ≤ n, where u, v, w, x, y ∈ Σ∗ with |v| = |w| =
|x| > 0 and v ̸= w. That is, if p = q0 and A accepts zω ⊗ zω from q for some z ∈ Σ∗,
then E contains unbounded cliques of the form (i) in Lemma 6.2.7. To prove that the
converse also holds, we use the fact that TP(A) is a finite monoid. An element s in a
monoid M is idempotent if s2 = s. It is well-known that every finite monoid M has
an idempotent exponent, i.e. a number e ≥ 1 such that se is idempotent for all s ∈ M .
Recall that by definition of TP(A), we have that τ

(︁[︁
un

vn
]︁)︁

= τ ([ uv ])
n for all n ≥ 0 and

transition profile τ ([ uv ]) ∈ TP(A). In the following we just write τ [ uv ] instead of τ ([ uv ]).
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[ uu ]

[ vv ]

[wv ]

[ xv ]

[ xw ]

[ xx ]

[ yy ]

[ zz ]

Figure 6.2: Illustration of the pattern for detecting cliques of the form (i) in Lemma 6.2.7.

Lemma 6.2.8. Let e ≥ 1 be the idempotent exponent of TP(A) and n := |Q|. If for
words u, v, w, x, y, z ∈ Σ∗ with |v| = |w| = |x| > 0 and v ̸= w and states q1, q5 ∈ Q there
exists a run ρ in A from q1 to q5 reading

[ uu ]
[︁
ven
ven

]︁[︁
ve−1w
ve

]︁[︁
xen

ven
]︁[︁

xe

ve−1w

]︁[︁
xen

xen

]︁
[ yy ], (6.1)

then q1
3CP−−→ q5. Moreover, if ρ visits a final state, then q1

3CP−−→F q5.

Proof. We will use the fact that τ
[︁
ve
ve
]︁
, τ

[︁
xe

ve
]︁
, and τ

[︁
xe

xe

]︁
are idempotent in TP(A). Let

us replace v with ve, w with ve−1w, and x with xe. Now, the transition profiles τ [ vv ],
τ [ xv ], and τ [

x
x ] are idempotent in TP(A) and ρ becomes a run reading

[ uu ]
[︁
vn
vn

]︁
[wv ]

[︁
xn

vn
]︁
[ xw ]

[︁
xn

xn

]︁
[ yy ].

The sequence of n + 1 states visited before and after reading each of the n factors [ vv ]
must contain a repeated state and similarly for the factors [ xv ] and [ xx ]. Therefore, we
find intermediate states q2, q3, q4 ∈ Q so that ρ has the form

ρ1 : q1

[︂
uvi1
uvi1

]︂
−−−−→ q2, σ2 : q2

[︂
vi2
vi2

]︂
−−−−→ q2,

ρ2 : q2

[︂
vi3
vi3

]︂
[wv ]

[︂
xj1

vj1

]︂
−−−−−−−−−−→ q3, σ3 : q3

[︂
xj2

vj2

]︂
−−−−→ q3

ρ3 : q3

[︂
xj3

vj3

]︂
[ xw ]

[︂
xk1

xk1

]︂
−−−−−−−−−−→ q4, σ4 : q4

[︂
xk2

xk2

]︂
−−−−→ q4,

ρ4 : q4

[︃
xk3y

xk3y

]︃
−−−−−→ q5

(6.2)

for some numbers i1, j1, k1, i3, j3, k3 ≥ 0 and i2, j2, k2 ≥ 1. Since τ [ vv ], τ [
x
v ], and τ [

x
x ] are

idempotent in TP(A), there exist runs ρ̃1, σ̃2, ρ̃2, σ̃3, ρ̃3, σ̃4, ρ̃4 as in Equation (6.2) such
that iℓ = jℓ = kℓ = 1 for all ℓ ∈ [1, 3]. Then the five words uv, v3, vwx, x3, xy form the
required 3-cycles pattern from q1 to q5.
For the “moreover” part assume that ρ visits a final state. We can ensure that the

final state occurs in one of the subruns ρi in Equation (6.2): If the final state occurs in

one of the cycles σi, then we can append the cycle σi to ρi. Using the relation
F⇒ of the

respective transition profile, we can then choose the run ρ̃i such that it also visits a final

state and therefore q1
3CP−−→F q5.

The following lemma shows that a 3-cycles pattern can be used to detect unbounded
cliques in E that are of the form (i) in Lemma 6.2.7. The pattern is illustrated in
Figure 6.2.
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· · ·
[ zz ] 3CP 3CP 3CP

3CP

Figure 6.3: Illustration of the pattern for detecting cliques of the form (ii) in
Lemma 6.2.7.

Lemma 6.2.9. The co-equivalence relation E contains cliques (uviwxn−iyzω)0≤i≤n for
all n ∈ N, where u, v, w, x, y, z ∈ Σ∗ with |v| = |w| = |x| > 0 and v ̸= w, if and only if

q0
3CP−−→ q for some state q ∈ Q such that

[︁
z′ω

z′ω
]︁
is accepted from q for some word z′ ∈ Σ∗.

Proof. We first observe that E contains cliques (uviwxn−iyzω)0≤i≤n as in the lemma if
and only if

[ uu ][
v
v ]

∗[wv ][
x
v ]

∗[ xw ][ xx ]
∗[ yy ][

z
z ]

ω ⊆ E (6.3)

for some u, v, w, x, y, z ∈ Σ∗ with |v| = |w| = |x| > 0 and v ̸= w. Then the “if” direction
of the lemma follows directly. For the “only if” direction assume that Equation (6.3)
holds. Let n := |Q| and e ≥ 1 be the idempotent exponent of TP(A). By Equation (6.3),
there is a run of A on

[ uu ][
v
v ]

en+e−1[wv ][
x
v ]

en+e−1[ xw ][ xx ]
en[ yy ] = [ uu ]

[︁
ven
ven

]︁[︁
ve−1w
ve

]︁[︁
xen

ven
]︁[︁

xe

ve−1w

]︁[︁
xen

xen

]︁
[ yy ]

from q0 to some state q ∈ Q such that
[︁
zω
zω

]︁
is accepted from q. Applying Lemma 6.2.8

yields the desired 3-cycles pattern.

We now consider a slightly more complicated pattern that occurs in A if E has cliques
of the form (ii) in Lemma 6.2.7. Essentially, we can always find a lasso of 3-cycles
patterns. For an illustration see Figure 6.3.

Lemma 6.2.10. If E contains cliques (z(uviwxn−iy)ω)0≤i≤n for all n ∈ N, where
u, v, w, x, y, z ∈ Σ∗ with |v| = |w| = |x| > 0 and v ̸= w, then there are states
q1, . . . , qℓ ∈ Q such that

� q0
[ zz ]−−→ q1,

� q1
3CP−−→ q2

3CP−−→ · · · 3CP−−→ qℓ−1
3CP−−→F qℓ, and

� qℓ = qk for some 1 ≤ k < ℓ.

Proof. Suppose that E contains cliques (z(uviwxn−iy)ω)0≤i≤n with |v| = |w| = |x| > 0
and v ̸= w. Let t be the word from Equation (6.1). Since [ zz ]t

ω is accepted by A, it has
an accepting run of the following form:

q0
[ zz ]−−→ q1

t−→ q2
t−→ q3

t−→ . . .
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6.2 ω-Recognizability of ω-Regular Relations

Let m ≥ 1 such that {q1, . . . , qm} = {qi | i ≥ 1}, i.e. all states qi have been visited at
least once after reaching qm. Since the run visits some final state infinitely often, there

exists ℓ > m such that the run qℓ−1
t−→ qℓ visits a final state. Furthermore, there exists

1 ≤ k ≤ m such that qk = qℓ. Applying Lemma 6.2.8 yields qi
3CP−−→ qi+1 for all 1 ≤ i < ℓ

and in particular qℓ−1
3CP−−→F qℓ.

The following lemma shows that the pattern from Lemma 6.2.10 is also sufficient to
detect the existence of unbounded cliques in E.

Lemma 6.2.11. If there are states q1, . . . , qℓ ∈ Q such that

� q0
[ zz ]−−→ q1,

� q1
3CP−−→ q2

3CP−−→ · · · 3CP−−→ qℓ−1
3CP−−→F qℓ, and

� qℓ = qk for some 1 ≤ k < ℓ,

then E contains unbounded cliques.

Proof. Let uj , vj , wj , xj , yj ∈ Σ∗ be the words of the 3-cycles pattern from qj to qj+1 for
1 ≤ j < ℓ. Define the word tj(i, n) := ujv

i
jwjx

n−i
j yj for all 0 ≤ i ≤ n and 1 ≤ j < ℓ.

Then (︁
zt1(i, n) . . . tk−1(i, n)

(︁
tk(i, n) . . . tℓ(i, n)

)︁ω)︁
0≤i≤n

forms a clique in E for each n ∈ N.

We are now ready to prove the upper bound in Theorem 6.2.2. Since by Proposi-
tion 3.1.4, the case E ⊆ (Σω)2d for d > 1 can be reduced to the case d = 1, we can
assume that E ⊆ Σω × Σω. As above, let A = (Q,Σ2,∆, q0, F ) be an NBA for E. We
already observed that since E is a co-equivalence relation, it has an infinite clique if and
only if it has unbounded cliques. As shown above, to decide whether E has unbounded
cliques, it suffices to check whether A contains the pattern in Lemma 6.2.9 or the pattern
in Lemmas 6.2.10 and 6.2.11.
Let us first observe that with the same technique as in Proposition 2.3.12 we can check

in nondeterministic logspace whether, given states p, q ∈ Q, there exists a word z ∈ Σ∗

such that p
[ zz ]−−→ q and whether, given q ∈ Q, there exists a word z ∈ Σ∗ such that

[︁
zω
zω

]︁
is accepted by A from q. Furthermore, given two states q1, q5 ∈ Q, we can check in

nondeterministic logspace whether q1
3CP−−→ q5 as follows: Construct in logspace an NFA

Aq1,q5 which reads a convolution u ⊗ v ⊗ w ⊗ x ⊗ y with |v| = |w| = |x| and v ̸= w.
It initially guesses and stores the states q2, q3, q4 ∈ Q. Then it simulates 7 copies of A
in parallel to check the existence of the runs as in the definition of a 3-cycles pattern.

Now, q1
3CP−−→ q5 if and only if L(Aq1,q5) is non-empty, which by Proposition 2.3.5 can be

checked in nondeterministic logspace. Similarly, we can test q1
3CP−−→F q5. This allows us

to detect the pattern in Lemma 6.2.9 in nondeterministic logspace. For the pattern in
Lemmas 6.2.10 and 6.2.11 we remark that it suffices to only guess qk at the beginning
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6 Recognizability in Subclasses of Rational Relations

and to check that qk can be reached via a path of 3-cycles patterns followed by a cycle
of 3-cycles patterns such that the last 3-cycles pattern visits a final state.

6.2.4 Monadic Decomposability Over ω-Automatic Structures

In Proposition 3.3.10 we observed that there is a tight connection between monadic de-
composability and recognizability. We showed that a formula φ(x1, . . . , xk) over some
structure A that satisfies the assumption of Proposition 3.3.10 is monadically decom-

posable in the quantifier-free fragment of A if and only if the equivalence relation ≈[[φ]]
j

has finite index for all j ∈ [1, k − 1]. Moreover, Proposition 3.3.7 shows that if A is

ω-automatic with presentation p, then [[φ]]p is ω-recognizable if and only if ≈[[φ]]p
j has

finite index for all j ∈ [1, k− 1]. Thus, if A is ω-automatic and satisfies the condition of
Proposition 3.3.10, then φ is monadically decomposable in the quantifier-free fragment of
A if and only if [[φ]]p is ω-recognizable. Therefore, we can apply Theorem 6.2.1 to decide
monadic decomposability of φ in the quantifier-free fragment of A in nondeterministic
logspace if a DPA for [[φ]]p is given. Note that if φ is quantifier-free, then a DPA for [[φ]]p
can be constructed in polynomial space using Proposition 2.3.10 since we assume that p
is fixed.

Corollary 6.2.12. Let A be a fixed ω-automatic structure that satisfies the condition of
Proposition 3.3.10. Then one can decide in polynomial space whether a quantifier-free
formula over A is monadically decomposable in the quantifier-free fragment of A.

In Examples 2.4.9 and 3.3.11 we saw that LRA and LIRA are ω-automatic structures
that satisfy the condition of Proposition 3.3.10. Hence, Corollary 6.2.12 implies that
monadic decomposability in the quantifier-free fragments of LRA and LIRA is decidable
in polynomial space. Recall that we already showed in Corollary 5.6.1 that the precise
complexity is coNP. However, Corollary 6.2.12 provides complexity upper bounds for a
more general class of structures.

6.3 Recognizability of Deterministic Rational Relations

Let us continue with membership problems over finite words. In Corollary 4.4.9 we
already observed the precise complexity of recognizability for regular relations. In this
section we consider the problem of recognizability in the strictly more general class of
deterministic rational relations. This problem was shown to be decidable by Carton,
Choffrut, and Grigorieff [CCG06] for relations of arbitrary arity. In fact, the algorithm
from [CCG06] runs in elementary time if the arity is fixed. Carton, Choffrut, and
Grigorieff [CCG06] observed that for binary relations the problem can be reduced to
checking whether a deterministic pushdown automaton (DPDA), i.e. a deterministic
automaton equipped with a stack (we refer to [Val75] for a formal definition), accepts a
regular language. For a binary relation R ⊆ Σ∗ × Σ∗ let LR := {rev(u)#v | (u, v) ∈ R}
where rev(u) denotes the reversal of u.
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Proposition 6.3.1. Let R ⊆ Σ∗×Σ∗ be a binary rational relation. Then R is recogniz-
able if and only if LR is regular. Moreover, if R is deterministic rational, then, given a
deterministic 2-tape automaton for R, one can construct in logspace a DPDA accepting
LR.

Here, the DPDA for LR on input rev(u)#v first pushes u onto the stack and then
simulates the deterministic 2-tape automaton on the stack content or the input depend-
ing on which tape is currently read from. Thus, to check whether a binary deterministic
rational relation R is recognizable, we can construct a DPDA for LR and check whether
the DPDA accepts a regular language. Checking whether a DPDA accepts a regular
language was shown to be decidable in double exponential time by Valiant [Val75] (im-
proving on a triple exponential-time upper bound by Stearns [Ste67]). Hence, in total
this yields a double exponential-time algorithm for recognizability of binary deterministic
rational relations. We revisit the proof from [CCG06] to obtain the following improved
complexity bounds. In particular, we show that for binary relations the problem is
solvable in polynomial time.

Theorem 6.3.2. Given a deterministic rational relation R ⊆ (Σ∗)k, one can decide
whether R is recognizable (i) in P if k = 2, (ii) in coREXP if k > 2 is fixed, and (iii) in
coNEXP if k is part of the input.

Recall that for regular relations (Corollary 4.4.9) and ω-regular relations (Theo-
rem 6.2.1) R the strategy to decide recognizability was to use Proposition 3.3.7 and
reduce the problem to the infinite clique problem for the co-equivalence relations ̸≈R

j .
However, since the class DRat does not enjoy the same closure properties as the classes
Reg and ω-Reg, the relations ̸≈R

j might not be deterministic rational even if R is deter-
ministic rational. If restricted to binary deterministic rational relations R, it can at least
be observed that ̸≈R

1 is a rational relation. However, it is not clear whether the infinite
clique problem for rational relations, even when restricted to binary co-equivalence re-
lations, is decidable at all. For this reason, we use a more direct approach by extracting
a pattern directly in the deterministic multitape automaton for R whose existence is a
sufficient and necessary condition for ≈R

j having infinite index.

Note that in order to prove Theorem 6.3.2, we can ignore the endmarker ⊣ in the
definition of DRat in Section 2.3.5 since a relation R is recognizable if and only if
{w(⊣, . . . ,⊣) | w ∈ R} is recognizable. Hence, for the rest of this section let R ⊆ (Σ∗)k

with R = R(A) for some deterministic k-tape automaton A = (Q,Σ, δ, q0, F ) with
n states. Furthermore, we assume that all states of A are reachable from q0. We
also write Rq for the relation accepted from state q ∈ Q, i.e. Rq := R(Aq) where
Aq := (Q,Σ, δ, q, F ).

6.3.1 Characterizing Non-recognizability

As mentioned above, by Proposition 3.3.7, it suffices to decide whether ≈R
j has finite

index for all j ∈ [1, k − 1]. To simplify the notation, we will in the following focus on
the equivalence relation ≈R

1 and drop the superscript. This is without loss of generality
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6 Recognizability in Subclasses of Rational Relations

since by permuting the components of R, we can reduce the test for finite index of ≈j

for each j ∈ [1, k − 1] to the test for finite index of ≈1.

Our first step is to provide several equivalent characterizations of when ≈1 has infinite
index. Those will be used to identify patterns in A that witness non-recognizability of
R. The characterizations will be deduced from the proof of Lemma 3.5 in [CCG06],
which states that if ≈1 has finite index, then any word is ≈1-equivalent to a word whose
length is exponentially bounded in n.

Let us first introduce some definitions from [CCG06]. A non-empty word v1 ∈ Σ∗ is

null-transparent if for all s, t ∈ Q1 we have s
(v1,ε)−−−→ t implies t

(v1,ε)−−−→ t. In other words,
the transition profile τ(v1, ε) is idempotent in the transition monoid TP(A) if restricted
to states from Q1. Recall from Section 6.2 that since TP(A) is a finite monoid, it has
an idempotent exponent e ≥ 1. Furthermore, observe that if τ(v1, ε) is idempotent for a
non-empty word v1 ∈ Σ∗, then v1 is null-transparent. Thus, for every non-empty word

v1 ∈ Σ∗ we have that ve1 is a null-transparent power. We call a run s
(x,z)−−−→ t an N -path

if the run switches from Q1 to Q \ Q1 at most N times. A non-empty word y ∈ Σ∗ is

called N -invisible in the context of x ∈ Σ∗ if any N -path s
(x,z)−−−→ t implies t

(y,ε)−−−→ t. The
bound (i) of the following lemma is proven in [Ste67] and the bound (ii) in [Val75].

Lemma 6.3.3. Let n be the number of states of A and let u1 . . . uℓ ∈ Σ∗ be a product
of ℓ ∈ N non-empty words.

(i) If ℓ > n!, then some factor ui+1 . . . uj for 1 ≤ i < j ≤ ℓ is null-transparent.

(ii) If ℓ > 2(Nn)n for some N ≥ 0, then some factor ui+1 . . . uj for 1 ≤ i < j ≤ ℓ is
N -invisible in the context of u1 . . . ui.

We say that a set S separates two sets X and Y if X ⊆ S and Y ∩ S = ∅ or Y ⊆ S
and X ∩ S = ∅. If X is a singleton {x}, we also say that S separates x and Y (similar
if Y is a singleton).

The implication 2) ⇒ 1) of the following proposition already appeared in [CCG06] as
part of the proof of Lemma 3.5 to show that every ≈1-equivalence class contains a word
whose length does not exceed some bound depending on n. However, in our understand-
ing, to prove this implication, the authors used 3) as an intermediate step. Unfortunately,
the proof of the implication 3)⇒ 1) contains an argument that we could not follow. For
completeness, we reprove the implication 3) ⇒ 1) using 4) as an intermediate step.

Proposition 6.3.4. The following conditions are equivalent:

1) ≈1 has infinite index.

2) There exist words x, y, z ∈ Σ∗ such that y is nn!-invisible in the context of x and
xyz ̸≈1 xz.

3) There exist v,w ∈ (Σ∗)k and a state q ∈ Q such that q
v−→ q, v1 is null-transparent,

and Rq separates w and (v1, ε)w.

162



6.3 Recognizability of Deterministic Rational Relations

4) There exist v,w ∈ (Σ∗)k and a state q ∈ Q such that q
v−→ q, v1 is non-empty, and

Rq separates w and (v1, ε)
+w.

Proof. Let us first prove the easier directions.
4) ⇒ 1): Consider any run q0

u−→ q. Then u1v
i
1w1 ̸≈1 u1v

i+j
1 w1 for all i ≥ 0 and j ≥ 1

since R separates uviw and uvi(v1, ε)
jw. Hence, ≈1 has infinite index.

1)⇒ 2): For the sake of contraposition assume that 2) is false. By (ii) of Lemma 6.3.3,
any word of length greater than f(nn!), where f(N) := 2(Nn)n, can be decomposed
as uvw such that v is nn!-invisible in the context of u and therefore by assumption,
uvw ≈1 uw. Repeating this argument yields for any word an ≈1-equivalent word of
length at most f(nn!). Therefore, ≈1 has finite index.

2) ⇒ 3): Assume that y is nn!-invisible in the context of x and xyz ̸≈1 xz. Recall
that the length of a tuple of words is the sum of the lengths of its entries. Choose a
length-minimal tuple t ∈ (Σ∗)k−1 such that

(xyz, t) ∈ R ⇐⇒ (xz, t) /∈ R. (6.4)

In other words, t witnesses that xyz ̸≈1 xz. Let ρ be the unique infix of the run on
(xyz, t) which is a run from some p0 ∈ Q1 to some p1 ∈ Q1 reading x on the first
tape. Observe that ρ is not an nn!-path since y is nn!-invisible in the context of x
and otherwise one could remove the (y, ε)-loop from the run on (xyz, t), which would
contradict Equation (6.4). In particular, ρ switches from a state in Q1 to a state in
Q \ Q1 and then back to a state in Q1 more than nn! times. Consider the sequence
of states in ρ visited directly after switching from Q \ Q1 to Q1. By the pigeonhole
principle, there is a state q ∈ Q1 that occurs in this sequence more than n! times. We
can factor x = α1 . . . αℓ+1, where α1, . . . , αℓ are non-empty, and a prefix of t into tuples
τ1 . . . τℓ+1, where each of the τ1, . . . , τℓ has length greater 0, such that

p0
(α1,τ1)−−−−→ q

(α2,τ2)−−−−→ q
(α3,τ3)−−−−→ · · · (αℓ,τℓ)−−−−→ q

(αℓ+1,τℓ+1)−−−−−−−→ p1

for some ℓ > n!. By (i) of Lemma 6.3.3, there exists a null-transparent factor αi+1 . . . αj

for some 1 ≤ i < j ≤ ℓ. Let us set x1 := α1 . . . αi, x2 := αi+1 . . . αj , and x3 :=
αj+1 . . . αℓ+1. Consider the corresponding decomposition t = t1t2t3 such that

q0
(x1,t1)−−−−→ q

(x2,t2)−−−−→ q
(x3yz,t3)−−−−−→ r+ (6.5)

and

q0
(x1,t1)−−−−→ q

(x2,t2)−−−−→ q
(x3z,t3)−−−−−→ r− (6.6)

where exactly one of the states r+, r− ∈ Q belongs to F .
Since t is a length-minimal tuple satisfying Equation (6.4) and t2 has length greater

0, we know that
(xyz, t1t3) ∈ R ⇐⇒ (xz, t1t3) ∈ R

and thus
(x2x3yz, t3) ∈ Rq ⇐⇒ (x2x3z, t3) ∈ Rq. (6.7)
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q s

r t

(v1, x)

(v1, v2) (v1, ε)

(w1, xy) (w1, y)

Figure 6.4: The pattern witnessing non-recognizability for deterministic 2-tape au-
tomata. Here, exactly one of the states r and t is final.

We claim that (i) Rq separates (x2x3yz, t3) and (x3yz, t3) or (ii) Rq separates (x2x3z, t3)
and (x3z, t3). Otherwise, Equation (6.7) implies

(x3yz, t3) ∈ Rq ⇐⇒ (x3z, t3) ∈ Rq

which contradicts Equations (6.5) and (6.6). Now, we set v := (x2, t2) and either set
w := (x3yz, t3) in case (i) or set w := (x3z, t3) in case (ii). Then v, w, and q satisfy 3).
3) ⇒ 4): Let v,w ∈ (Σ∗)k and q ∈ Q such that q

v−→ q, v1 is null-transparent, and
Rq separates w and (v1, ε)w. Let m > |w2 . . . wk| + 1. Let ρ be the run on (v1, ε)

mw
starting in q. It contains a subrun reading (v1, ε) between two states in Q1, i.e. we can
factor (w2, . . . , wk) = xy such that ρ is of the form

q
(vi−1

1 ,x)
−−−−−→ r

(v1,ε)−−−→ s
(vm−i

1 w1,y)−−−−−−−→ t

for some r, s ∈ Q1 and i ∈ [1,m]. Since v1 is null-transparent, there is a cycle s
(v1,ε)−−−→ s.

Therefore, V := {(v1, ε)jw | j ≥ m} is either contained in Rq or disjoint from Rq. Since
Rq separates w and (v1, ε)w, it also separates one of them from V . If Rq separates w
and V , then vm and w satisfy the conditions in 4). Otherwise, Rq separates (v1, ε)w
and V , meaning that the tuples vm and (v1, ε)w satisfy the conditions in 4).

6.3.2 Polynomial-Time Algorithm for Binary Relations

From Proposition 6.3.4 we can derive a pattern which is present in A if and only if R
is not recognizable. For binary relations the pattern is visualized in Figure 6.4. In this
case, the pattern can be detected in polynomial-time by a reduction to the inequivalence
problem for deterministic 2-tape automata.

Proposition 6.3.5. The equivalence relation ≈1 has infinite index if and only if there
exist words v1, w1 ∈ Σ∗ with v1 non-empty, tuples v2,x,y ∈ (Σ∗)k−1, and states q, s ∈ Q
such that

� q
(v1,v2)−−−−→ q, q

(v1,x)−−−−→ s, s
(v1,ε)−−−→ s and
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6.3 Recognizability of Deterministic Rational Relations

� (w1,xy) ∈ Rq ⇐⇒ (w1,y) /∈ Rs.

Proof. For the “if” direction observe that Rq separates (w1,xy) and (v1, ε)
+(w1,xy).

Therefore, ≈1 has infinite index by 4) of Proposition 6.3.4. For the “only if” direc-
tion assume that ≈1 has infinite index. Again, by 4) of Proposition 6.3.4, there exist

(v1,v2), (w1,w2) ∈ (Σ∗)k and a state q ∈ Q such that q
(v1,v2)−−−−→ q, v1 is non-empty, and

Rq separates (w1,w2) and (v1, ε)
+(w1,w2). Let m > ∥w2∥ + 1 and let vℓ1 be a null-

transparent power with ℓ ≥ 1. Consider the unique run ρq on (v1, ε)
mℓ(w1,w2) starting

from q. It must contain a subrun of the form r
(v1,ε)ℓ−−−−→ s where r, s ∈ Q1. Hence, we can

factorize w2 = xy such that ρq has the form

q
(v

(i−1)ℓ
1 ,x)
−−−−−−→ r

(v1,ε)ℓ−−−−→ s
(v

(m−i)ℓ
1 w1,y)−−−−−−−−−→ t (6.8)

for some i ∈ [1,m]. Since vℓ1 is null-transparent, there exists a cycle s
(v1,ε)ℓ−−−−→ s. Since A

is deterministic, this allows us to choose i = m in Equation (6.8) and write ρq as

q
(v

(m−1)ℓ
1 ,x)
−−−−−−−→ r

(v1,ε)ℓ−−−−→ s
(w1,y)−−−−→ t.

Since Rq separates (w1,xy) and (v1, ε)
mℓ(w1,xy), we therefore have that (w1,xy) ∈ Rq

if and only if (w1,y) /∈ Rs. Thus, the words vmℓ
1 , w1 together with the tuples vmℓ

2 ,x,y
and states q, s are as desired.

As mentioned above, for binary relations detecting the pattern from Proposition 6.3.5
can be reduced to the problem of checking whether two deterministic 2-tape automata
are equivalent, i.e. whether they accept the same relation.

Theorem 6.3.6. The recognizability problem for binary deterministic rational relations
is logspace reducible to the equivalence problem for deterministic 2-tape automata.

Proof. Assume the deterministic rational relation R that we fixed above is binary. By
Proposition 3.3.7, R is recognizable if and only if ≈1 has finite index. By Proposi-
tion 6.3.5, ≈1 has finite index if and only if for all state pairs q, s ∈ Q and all words
v1, w1, v2, x, y ∈ Σ∗ with v1 non-empty the following two statements are equivalent:

(i) q
(v1,v2)−−−−→ q, q

(v1,x)−−−→ s, s
(v1,ε)−−−→ s, and (w1, xy) ∈ Rq

(ii) q
(v1,v2)−−−−→ q, q

(v1,x)−−−→ s, s
(v1,ε)−−−→ s, and (w1,y) ∈ Rs

Using an appropriate encoding, we can reduce the equivalence of (i) and (ii) to the
equivalence problem of two deterministic 2-tape automata.
Suppose π and ρ are runs that both read the word v1 = a1 . . . an with ai ∈ Σ on the

first tape, i.e. we can write

π : s0
g0−→ t0

a1−→ s1
g1−→ t1

a2−→ · · · an−→ sn
gn−→ tn
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6 Recognizability in Subclasses of Rational Relations

and

ρ : s′0
h0−→ t′0

a1−→ s′1
h1−→ t′1

a2−→ · · · an−→ s′n
hn−→ t′n

where gi, hi ∈ Σ∗ for all i ∈ [1, n] and the states ti, t
′
i for 0 ≤ i < n are precisely

the states in π and ρ that are contained in Q1. We define their synchronized shuffle
π� ρ ∈ (Σ ∪ {⋄})∗ with ⋄ /∈ Σ as

π� ρ := g0 ⋄ h0 ⋄ a1 ⋄ g1 ⋄ h1 ⋄ a2 ⋄ · · · ⋄ an ⋄ gn ⋄ hn.

We encode (i) as the binary relation

S1 := {(qsw1, (π� ρ)$y) | q, s ∈ Q, π : q (v1,v2)−−−−→ q, ρ : q
(v1,x)−−−→ s,

s
(v1,ε)−−−→ s, (w1, xy) ∈ Rq}

and (ii) as the binary relation

S2 := {(qsw1, (π� ρ)$y) | q, s ∈ Q, π : q (v1,v2)−−−−→ q, ρ : q
(v1,x)−−−→ s,

s
(v1,ε)−−−→ s, (w1, y) ∈ Rs}

where $ /∈ Σ ∪ {⋄}. Observe that S1 = S2 if and only if (i) and (ii) are equivalent.
It remains to verify that S1 and S2 are deterministic rational and we can construct
deterministic 2-tape automata in logspace. First, for each state pair q, s ∈ Q we can
construct a DFA over Σ ∪ {⋄} which accepts precisely the synchronized shuffles π � ρ

where π : q
(v1,v2)−−−−→ q, ρ : q

(v1,x)−−−→ s, and s
(v1,ε)−−−→ s for some words v1, v2, x ∈ Σ∗ with v1

non-empty. Since x can be easily extracted as a subword of π�ρ, a deterministic 2-tape
automaton can verify whether the input pair (qsw1, (π � ρ)$y) satisfies (w1, xy) ∈ Rq

and whether it satisfies (w1, y) ∈ Rs.

Since equivalence of two deterministic 2-tape automata can be decided in polynomial
time [FG82], Theorem 6.3.6 implies that the recognizability problem for binary deter-
ministic rational relations is decidable in polynomial time, proving the upper bound in
Theorem 6.3.2 for binary relations.

6.3.3 Relations of Higher Arity

The approach from Theorem 6.3.6 does not work for arity k ≥ 3. The issue is that
the words v2, x, y from (i) and (ii) would become (k − 1)-tuples v2,x,y. It is not clear
how to appropriately encode the runs on (v1,x) and (w1,xy) in (i) so that they can
be simulated by an automaton. Still, we can express (the negation of) property 3) in
Proposition 6.3.4 as the equivalence of two polynomial-space constructible deterministic
multitape automata. Since equivalence of deterministic k-tape automata is known to be
in coNP [HK91] if k is part of the input and in coRP if k is fixed [Wor13], the complexity
bounds from Theorem 6.3.2 follow.
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Theorem 6.3.7. The recognizability problem for k-ary deterministic rational relations is
polynomial-space reducible to the equivalence problem for deterministic k-tape automata.

Proof. Let R be the k-ary deterministic rational relation that we fixed above. By Propo-
sition 3.3.7, R is recognizable if and only if ≈j has finite index for all j ∈ [1, k − 1].
As already mentioned, we can focus on the equivalence relation ≈1. We reduce the test
whether ≈1 has finite index to the equivalence problem of polynomial-space constructible
deterministic k-tape automata. By 3) of Proposition 6.3.4, ≈1 has finite index if and
only if for all states q ∈ Q and all tuples v,w ∈ (Σ∗)k the following two statements are
equivalent:

(i) q
v−→ q, v1 is null-transparent, and w ∈ Rq

(ii) q
v−→ q, v1 is null-transparent, and (v1, ε)w ∈ Rq

We encode (i) and (ii) as deterministic rational relations. First observe that we can
construct in polynomial space a DFA for the language of all null-transparent words v1 ∈
Σ∗. It simulates runs on v1 in parallel from every state s ∈ Q1 and verifies that s

(v1,ε)−−−→ t

implies t
(v1,ε)−−−→ t. We encode a run π as an alternating sequence flat(π) ∈ (QΣ)∗Q of

states and symbols. Note that a DFA accepting the encoding of valid runs can be
constructed in polynomial time. To encode (i) and (ii), we define the k-ary relations

S1 := {(qflat(π)$, ε)w | q ∈ Q, v1 null-transparent, π : q
v−→ q, w ∈ Rq}

and

S2 := {(qflat(π)$, ε)w | q ∈ Q, v1 null-transparent, π : q
v−→ q, (v1, ε)w ∈ Rq}

where $ /∈ Σ. Since v1 can easily be extracted from flat(π), we can construct in polyno-
mial space deterministic k-tape automata for S1 and S2. Furthermore, the statements
(i) and (ii) are equivalent if and only if S1 = S2.

6.3.4 Reducing Equivalence to Recognizability

Above we solved the recognizability problem for deterministic rational relations by reduc-
ing it to the equivalence problem for deterministic multitape automata. In this section
we show that there is also a reduction in the reverse direction. In fact, we show that
the reverse reduction is even logspace for arbitrary arity. This means that for binary
relations the two problems are logspace equivalent.

Theorem 6.3.8. Let k ≥ 2. The equivalence problem for deterministic k-tape automata
is logspace reducible to the recognizability problem for k-ary deterministic rational rela-
tions.

Proof. Let two deterministic k-tape automata A and B be given. First, we ensure that
both R(A) and R(B) are finite relations and therefore also recognizable. It was shown
by Harju and Karhumäki [HK91] that A and B are equivalent if and only if they accept
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the same tuples of length at most n− 1, where n is the total number of states in A and
B. From A we can compute in logspace a deterministic k-tape automaton A′ such that
R(A′) = R(A) ∩ {u ∈ (Σ∗)k | ∥u∥ < n} and analogously B′ from B. The automaton A′

tracks the length of the prefix tuple read so far up to threshold n and rejects all tuples
of length at least n.

We claim that R(A′) = R(B′) if and only if

T := {(ai#, ai#, ε) | i ∈ N}R(A′) ∪
{(ai#, aj#, ε) | i, j ∈ N, i ̸= j}R(B′)

is recognizable, where a and # are fresh distinct symbols. Observe that a deterministic
k-tape automaton for T is computable in logspace from A′ and B′. Thus, it remains to
prove the claim. If R(A′) = R(B′), then

T = {(ai#, aj#, ε) | i, j ∈ N}R(A′)

is the concatenation of two recognizable relations and hence itself recognizable. Con-
versely, suppose that R(A′) ̸= R(B′) and assume that there exists a tuple v ∈
R(A′) \ R(B′) (the case where R(B′) \ R(A′) ̸= ∅ is symmetric). For the sake of con-
tradiction, suppose that T is recognizable. Then Tv−1 := {u | uv ∈ T} is recognizable
and since the class of recognizable relations is closed under intersection, also

Tv−1 ∩ {(ai#, aj#, ε) | i, j ∈ N}

is recognizable. This, however, results in a contradiction since

Tv−1 ∩ {(ai#, aj#, ε) | i, j ∈ N} = {(ai#, ai#, ε) | i ∈ N}

is clearly not recognizable.

6.3.5 Constructing an Independent Multitape Automaton

We already observed in Section 2.3.5 that the recognizable relations are precisely the
relations accepted by independent multitape automata. Recall that an independent k-
tape automaton is a tuple I = (A1, . . . ,Ak, F ) consisting of DFAs Ai without final states
and a set of state tuples F ⊆ Q1×· · ·×Qk, where Qi is the state set of Ai. The relation
accepted by I is the set of all word-tuples (w1, . . . , wk) such that for each i ∈ [1, k] the
run of Ai on wi ends in a state qi ∈ Qi and it holds that (q1, . . . , qk) ∈ F . In other words,
an independent multitape automaton has for each tape a separate automaton and they
can only communicate at the end of runs where it is checked whether the combination of
states reached is considered final. In Theorem 6.3.2 we showed how to decide whether a
deterministic rational relation is recognizable. This raises the question of how to compute
an independent multitape automaton for a recognizable relation given as a deterministic
multitape automaton. This problem was also raised in [Bar+19]. The following theorem
provides an answer.
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6.3 Recognizability of Deterministic Rational Relations

Theorem 6.3.9. Given a deterministic k-tape automaton for a recognizable relation R,
one can compute in double exponential time an independent k-tape automaton for R.

Proof. Let A be a deterministic k-tape automaton for the recognizable relation R ⊆
(Σ∗)k. By Proposition 3.3.7, ≈j has finite index for all j ∈ [1, k]. For every j ∈ [1, k]
define the relation ≡j ⊆ Σ∗ × Σ∗ such that

x ≡j y :⇐⇒ for all z ∈ Σ∗ : xz ≈j yz

which is a right-congruence, i.e. for all a ∈ Σ we have that x ≡j y implies xa ≡j ya.
Let n be the number of states of A. Suppose that x, y, z ∈ Σ∗ are words such that y
is nn!-invisible in the context of x. Then xyz ≡j xz since otherwise xyzz′ ̸≈j xzz

′ for
some z′ ∈ Σ∗, which would contradict 2) of Proposition 6.3.4. Hence, for each word
w ∈ Σ∗ of length f(nn!) + 1, where f(N) := 2(Nn)n, there exists an ≡j-equivalent
word w′ ∈ Σ∗ of length at most f(nn!) by cutting out an nn!-invisible factor, whose
existence is guaranteed by (ii) of Lemma 6.3.3. Furthermore, w′ can be computed from
w in double exponential time as remarked in [Val75].
We can now construct the independent k-tape automaton I = (A1, . . . ,Ak, F ) as

follows. The states of Aj are words in Σ∗ of length at most f(nn!). The initial state is
the empty word ε. If the current state is w ∈ Σ∗ and the next input symbol is a ∈ Σ,
then the next state is the word obtained from wa after removing an nn!-invisible factor
if possible. In this way, after each step the reached state is a word that is ≡j-equivalent
to the read prefix so far. A tuple of states v ∈ (Σ∗)k is contained in F if and only if
v ∈ R, which can be tested by running A on v. By the above observation, on input tuple
(w1, . . . , wk) ∈ (Σ∗)k each DFA Aj reaches a state vj ∈ Σ∗ with vj ≡j wj and therefore
(v1, . . . , vk) ∈ R if and only if (w1, . . . , wk) ∈ R. Thus, I accepts the relation R.

We remark that the double exponential bound in Theorem 6.3.9 is optimal, which
can be derived from the proof by Meyer and Fischer [MF71] for the double exponential
succinctness gap between DPDAs and DFAs. We provide a more direct alternative proof.

Proposition 6.3.10. There exists a family of recognizable relations Rn ⊆ {0, 1}∗ ×
{0, 1}∗ with n ∈ N such that each Rn is accepted by a deterministic 2-tape automaton
with O(n2 log n) states, but any independent 2-tape automaton for Rn has in total at
least 22

n−1
states.

Proof. Let Rn ⊆ [1, n]∗ × [1, n]∗ be the relation containing all pairs (u, v) such that
|v| ≤ 2n and v is a subword of u. Observe that Rn is accepted by a deterministic 2-tape
automaton with O(n) states (see Example 2.3.29 for the subword relation). Then ≈Rn

1

is Simon’s congruence [Sim75] with parameter 2n. Its index is finite and bounded from
below by 22

n−1
[KKS15]. If an independent 2-tape automaton I = (A1,A2, F ) accepts

Rn, then the index of ≈Rn
1 is a lower bound for the number of states of A1. Finally,

we can replace the alphabet [1, n] by codes from {0, 1}⌈logn⌉, increasing the size of the
deterministic 2-tape automaton for Rn by a (log n)-factor.

The construction from Theorem 6.3.9 will be needed in the next section, where we
consider the problem of deciding whether a given deterministic multitape automaton
accepts a regular relation.
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6 Recognizability in Subclasses of Rational Relations

6.4 Regularity of Deterministic Rational Relations

In this section we show that for deterministic rational relations the regularity problem,
i.e. checking whether the relation is regular, can be reduced to the recognizability prob-
lem, which can be decided according to Theorem 6.3.2. The reduction allows us to close
the remaining gap in the decidability landscape of the considered membership problems
over finite-word relations (Figure 6.1), solving an open problem from [CCG06; IT12].

Theorem 6.4.1. Given a deterministic rational relation R ⊆ (Σ∗)k, one can decide
whether R is regular (i) in P if k = 2 and (ii) in (2k − 4)-EXP if k > 2 is fixed.

In the proof we use the well-known Myhill-Nerode equivalence relation ∼L ⊆ Σ∗ ×Σ∗

for a language L ⊆ Σ∗. It is defined such that

u ∼L v :⇐⇒ ∀w ∈ Σ∗ : uw ∈ L⇔ vw ∈ L

for all u, v ∈ Σ∗. It was shown in [NS57] that ∼L has finite index if and only if L is a
regular language.
Before we dive into the proof of Theorem 6.4.1, let us first give an intuition for the

binary case. Let R be given by a deterministic 2-tape automaton A such that every
state in its state set Q is reachable. First, suppose that A has the property that every

cycle p
(v1,v2)−−−−→ p satisfies |v1| = |v2|. This ensures that A has bounded delay, i.e. the

head positions cannot move arbitrarily far apart during the computation of A. In fact,
the delay is bounded by the number of states |Q|. It is well-known [FS93] that such an
automaton recognizes a regular relation since symbols that are “read ahead” on a tape
can be stored in a queue of length at most |Q|: The NFA A′ that simulates A stores in
its states a state of A and a word (that is handled like a queue) for both of the two input
components. When A′ is in a state in Q1 with empty queues and reads a pair (a, b), it
simulates A on input a and stores b in the queue for the second component. Later, if a
state in Q2 is reached, it simulates A on b while taking an ε-transition. Note that by
the observation above, A′ only needs to store words of a bounded length, meaning that
the state set of A′ is finite. A state of A′ is accepting if the current state of A is final
and both queues are empty.
Let us now consider the case where A contains an asynchronous cycle of the form

p
(v1,v2)−−−−→ p with |v1| < |v2| (the case |v1| > |v2| is symmetric). We partition A into

an asynchronous part, containing all states which are reachable from an asynchronous
cycle, and a synchronous part. While the simulation using a queue works in the syn-
chronous part, the delay can become unbounded in the asynchronous part by traversing
asynchronous cycles repeatedly. We claim that R is regular if and only if for every state
q in the asynchronous part the relation Rq is recognizable. If each such relation Rq is
recognizable and in particular regular, then the computation from state q can be contin-
ued synchronously using an NFA for Rq. For the other direction assume that Rq is not

recognizable for some state q in the asynchronous part. Then by Proposition 3.3.7, ≈Rq

1

has infinite index, i.e. there exist words (si)i≥1 and (ti,j)1≤i<j such that Rq separates
(si, ti,j) and (sj , ti,j) for all 1 ≤ i < j. We claim that the Myhill-Nerode equivalence
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u1

u2

si
ti,j

⊥ ⊥ ⊥ ⊥ ⊥ u1

u2

sj
ti,j

⊥ ⊥ ⊥ ⊥

Figure 6.5: An asynchronous cycle can produce runs q0
(u1,u2)−−−−→ q where u1, u2 have

unbounded length difference. The words si, sj are pairwise ≈
Rq

1 -inequivalent
witnessed by the word ti,j . Then the convolutions (u1si)⊗u2 and (u1sj)⊗u2
left of the red line are ∼⊗R-inequivalent witnessed by the convolution ε⊗ ti,j
right of the red line.

relation ∼⊗R of the language ⊗R of convolutions has at least h classes for every h ≥ 1:

Take an asynchronous cycle p
(v1,v2)−−−−→ p from which q is reachable. We can produce

runs q0
(u1,u2)−−−−→ q where the delay |u2| − |u1| is arbitrarily large. Pick such a run where

|u2| − |u1| ≥ max{|s1|, . . . , |sh|}. Then any two words (u1si) ⊗ u2 and (u1sj) ⊗ u2 for
1 ≤ i < j ≤ h are inequivalent with respect to ∼⊗R since ⊗R separates (u1si)⊗ (u2ti,j)
and (u1sj) ⊗ (u2ti,j). For an illustration see Figure 6.5. Thus, ∼⊗R has infinite index,
which implies that ⊗R and therefore also R are not regular. Hence, the regularity prob-
lem can be reduced to checking recognizability of relations Rq where q is reachable from
an asynchronous cycle.

Let us now consider the general case of a k-ary deterministic rational relation R.
Again, we can ignore the endmarker ⊣ since appending (⊣, . . . ,⊣) to R preserves
(non-)synchronicity. Hence, for the rest of this section we assume that R ⊆ (Σ∗)k is
given by a deterministic k-tape automaton A = (Q,Σ, δ, q0, F ) with R = R(A). More-
over, we assume that every state in Q is reachable from q0. A cycle in A reading
(v1, . . . , vk) ∈ (Σ∗)k induces a partition P on the components [1, k] where two compo-
nents i and j are in the same block in P if and only if |vi| = |vj |. For a state q ∈ Q
we define the partition Pq as the coarsest refinement of all partitions induced by a cycle
from which q is reachable. As before, let Rq be the relation recognized from state q.

Lemma 6.4.2. For every q ∈ Q the partition Pq is computable in time polynomial in
the size of A.

Proof. The algorithm proceeds as follows. As a first step, we compute for each q ∈ Q the
coarsest refinement Sq of all partitions that are induced by simple cycles on q. To this

end, check for every 1 ≤ i < j ≤ k whether there exists a simple cycle q
v−→ q such that

|vi| ≠ |vj | and if so, store it as a constraint that i and j are in different blocks. Then Sq is
the coarsest partition of [1, k] that fulfills all stored constraints. Note that the existence
of a simple cycle q

v−→ q with |vi| ≠ |vj | can be checked in nondeterministic logspace by
storing the current length difference of the words in the i-th and j-th component on the
guessed path in a counter whose value is bounded by |Q|.
We claim that Pq = Sq1 ⊓ · · · ⊓ Sqn where q1, . . . , qn are the states from which q is

reachable. By definition, Pq is finer than Sq1 ⊓ · · ·⊓Sqn . For the other direction let P be
a partition induced by a cycle c from which q is reachable. For the sake of contradiction,
assume that there exist 1 ≤ i < j ≤ k that are in different blocks in P but in the same

171



6 Recognizability in Subclasses of Rational Relations

u1

u2

u3

u4

si,1
si,2

⊥ ⊥ ⊥ ⊥ ⊥ ⊥ ⊥ ⊥ ⊥
⊥ ⊥ ⊥ ⊥ ⊥ ⊥ ⊥ ⊥

⊥ ⊥ ⊥ ⊥ti,j,3
ti,j,4

xi yi,j

Figure 6.6: If there are h pairwise ≈Rq

[1,2]-inequivalent tuples s1, . . . , sh, then also the

Myhill-Nerode equivalence relation ∼⊗R has at least h classes (witnessed by
x1, . . . , xh with xiyi,j ∈ ⊗R if and only if xjyi,j ̸∈ ⊗R).

block in Sqℓ for all ℓ ∈ [1, n]. Since any cycle contains a simple cycle, there exists a

simple cycle p
v−→ p that is contained in c. By assumption, it holds that |vi| = |vj |, which

means that after removing p
v−→ p from c, the cycle c still induces a partition where i

and j are in different blocks. Furthermore, q is still reachable from c. We can repeat
this argument until c is a simple cycle inducing a partition where i and j are in different
blocks, a contradiction.

Recall that for binary relations we tested recognizability for all states reachable from
asynchronous cycles. For relations of higher arity we need to test whether each relation
Rq conforms to Pq.

Lemma 6.4.3. If Rq does not conform to Pq for some state q ∈ Q, then R is not regular.

Proof. Assume that Rq does not conform to Pq. By Theorem 3.3.5, there exists a

partition P induced by a cycle p
v−→ p so that q is reachable from p and Rq does not

conform to P . By permuting components, we can assume without loss of generality that
|v1| ≤ · · · ≤ |vk|. Hence, P is a partition of [1, k] into intervals B1, . . . , Bn, which are
listed in ascending order. Since the intervals B1∪ · · · ∪Bi for i ∈ [1, n] generate P , there

exists an index r ∈ [1, n−1] such that ≈Rq

B1∪···∪Br
has infinite index by Lemma 3.3.6. Let

1 ≤ m < k such that B1 ∪ · · · ∪ Br = [1,m]. Observe that for any number b ∈ N there
exists a run q0

u−→ q such that |ui| + b ≤ |uj | for all i ∈ [1,m] and j ∈ [m + 1, k]. Such

runs can be constructed by traversing the cycle p
v−→ p sufficiently often.

Similarly as in the binary case, we show that for every h ≥ 1 the Myhill-Nerode
equivalence relation ∼⊗R of the language ⊗R of convolutions has at least h classes. This
proves that ∼⊗R has infinite index, which implies that ⊗R and therefore also R are not
regular.

Let h ≥ 1. Since ≈Rq

[1,m] has infinite index, there are tuples si := (si,1, . . . , si,m) for

i ∈ [1, h] and ti,j := (ti,j,m+1, . . . , ti,j,k) for 1 ≤ i < j ≤ h such that (si, ti,j) ∈ Rq if and
only if (sj , ti,j) /∈ Rq for all 1 ≤ i < j ≤ h. Let b := max{|si,j | | i ∈ [1, h], j ∈ [1,m]}.
By the above observation, there exists a run q0

u−→ q such that |ui| + b ≤ |uj | for all
i ∈ [1,m] and j ∈ [m+1, k]. Therefore, there exists a number ℓ ∈ N such that all words
in the m-tuple (u1, . . . , um)si have length at most ℓ and all words in the (k −m)-tuple
(um+1, . . . , uk) have length at least ℓ. See Figure 6.6 for an illustration. Since A is
deterministic, we have u(si, ti,j) ∈ R if and only if u(sj , ti,j) /∈ R for all 1 ≤ i < j ≤ h.
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This can be turned into a proof that ⊗R has at least hMyhill-Nerode equivalence classes
as follows. For a word w of length at least ℓ we denote by preℓ(w) the prefix of w of
length ℓ and by sufℓ(w) the suffix of w after preℓ(w). For all i ∈ [1, h] define

xi := u1si,1 ⊗ · · · ⊗ umsi,m ⊗ preℓ(um+1)⊗ · · · ⊗ preℓ(uk)

and for all 1 ≤ i < j ≤ h define

yi,j := ε⊗ · · · ⊗ ε⊗ sufℓ(um+1ti,j,m+1)⊗ · · · ⊗ sufℓ(ukti,j,k).

Observe that xiyi,j and xjyi,j are the convolutions of the tuples u(si, ti,j) and u(sj , ti,j),
respectively, and therefore xi ̸∼⊗R xj for all 1 ≤ i < j ≤ h.

Testing whether a relation conforms to a partition is an a priori more difficult prob-
lem than recognizability and it is not clear how to decide it for deterministic rational
relations. Instead, we will summarize the components inside each partition block into a
single component and test recognizability for the summarized relation.
In the following we always assume that the blocks of a partition P = {B1, . . . , Bn}

are ordered so that min(B1) < · · · < min(Bn) and each block Bi = {bi,1, . . . , bi,|Bi|} is

given such that bi,1 < · · · < bi,|Bi|. For a relation S ⊆ (Σ∗)k and a partition P of [1, k]
as above we define the summarized relation

SP := {(ub1,1 ⊗ · · · ⊗ ub1,|B1|
, . . . , ubn,1 ⊗ · · · ⊗ ubn,|Bn|) | (u1, . . . , uk) ∈ S}.

We write R⊗
q for R

Pq
q . Under the assumption that R⊗

q is deterministic rational, we can
test whether Rq conforms to Pq.

Lemma 6.4.4. Let S ⊆ (Σ∗)k and P be a partition of [1, k]. If SP is deterministic
rational, then SP is recognizable if and only if S conforms to P .

Proof. Let P = {B1, . . . , Bn}. By Proposition 3.3.7, the summarized relation SP is

recognizable if and only if ≈SP

[1,i] has finite index for all i ∈ [1, n − 1]. Let B[1,i] :=

B1 ∪ · · · ∪Bi. By Lemma 3.3.6, we have that S conforms to P if and only if ≈S
B[1,i]

has

finite index for all i ∈ [1, n−1]. The claim follows since ≈SP

[1,i] has finite index if and only

if ≈S
B[1,i]

has finite index.

We are now ready to complete the reduction from regularity to recognizability, proving
Theorem 6.4.1. For a partition P of [1, k] we writeQP := {q ∈ Q | Pq = P}. We partition
Q into layers L1, . . . , Lk where Lt := {q ∈ Q | |Pq| = t} for all t ∈ [1, k]. Observe that
all states reachable from a state q ∈ Lt are contained in Lt ∪ · · · ∪ Lk. The algorithm
processes the layers Lk, Lk−1, . . . , L1 in descending order. For each state q in layer Lt the
algorithm (i) constructs a deterministic t-tape automaton A⊗

q for R⊗
q , (ii) tests whether

R⊗
q is recognizable, and (iii) if so, constructs an independent t-tape automaton I⊗q for

R⊗
q . For layer Lk the automaton A⊗

q is simply the automaton A with initial state q. For

the other layers the automaton A⊗
q will be built from the automata I⊗q′ from the previous

173



6 Recognizability in Subclasses of Rational Relations

layers, which will be explained below (Lemma 6.4.5). The automata I⊗q are constructed
from A⊗

q using Theorem 6.3.9, which is correct under the assumption that R⊗
q is indeed

recognizable. If one of the recognizability tests is negative, the algorithm terminates
and reports that R is not regular. Otherwise, if all recognizability tests succeed, the
algorithm reports that R is regular.

Let us argue that the algorithm is correct. If one of the relations R⊗
q is deterministic

rational but not recognizable, then R is indeed not regular by Lemmas 6.4.3 and 6.4.4.
If all recognizability tests succeed, then in particular the relation R⊗

q0 is recognizable.
This easily implies regularity of R since an independent multitape automaton for R⊗

q0
can be transformed into a DFA for ⊗R. In fact, we can make the algorithm slightly more
efficient. Observe that the recognizability tests in layer L1 will always be positive since
the relations R⊗

q in layer L1 are regular languages. Therefore, we can skip processing
the last layer L1 and also skip constructing the independent 2-tape automata in layer
L2.

It remains to show how to construct the deterministic multitape automaton A⊗
q for

R⊗
q from the independent multitape automata from previous layers.

Lemma 6.4.5. Given q ∈ Lt for some 1 ≤ t < k and independent t-tape automata I⊗q′
for R⊗

q′ for all q′ ∈ Lt+1 ∪ · · · ∪Lk, one can compute A⊗
q in time polynomial in the sizes

of the I⊗q′ and exponential in the size of A.

Proof. Recall that the state set of the deterministic k-tape automaton A for R is parti-
tioned into Q = Q1∪ · · ·∪Qk. Let q ∈ QP for a partition P = {B1, . . . , Bt} of [1, k]. We
show how to construct a deterministic t-tape automaton A⊗

q = (Q′,Σ′, δ′, q′0, F
′) with

Q′ = Q′
1∪ · · · ∪Q′

t and Σ′ := Σ
|B1|
⊥ ∪ · · · ∪Σ|Bt|

⊥ ∪{⊣} where Σ⊥ := Σ∪{⊥} and ⊥,⊣ /∈ Σ
that accepts the relation {w(⊣, . . . ,⊣) | w ∈ R⊗

q } assuming that we already constructed

independent multitape automata I⊗q′ for all q′ ∈ Lt+1 ∪ · · · ∪ Lk. The automaton A⊗
q

consists of two parts. The first part simulates A over the states in QP and the second
part simulates the independent multitape automata of states contained in Lt+1∪· · ·∪Lk.

First part In the first part it is possible for A⊗
q to read the components within a block

of P synchronously since by definition of QP the difference of the tape positions between
those components is bounded by |Q|. Thus, as in the binary case, it suffices for A⊗

q to
store a word (read like a queue) of length at most |Q| for each component and simulate
A either on the next symbol in the queue or on the current input symbol if the queue
is empty. If it simulates A on the input symbol of the corresponding tape, we store the
symbols read in the other components in the queues of that components. The simulation
of A on the queue is handled like an ε-transition, where nothing is read from the input.
More precisely, the first part consists of states of the form (p,w) with p ∈ QP and

wi ∈ Σ
≤|Q|
⊥ for 1 ≤ i ≤ k. Intuitively, p stores the state of A the simulation is currently

at and w stores for every component a queue of symbols that A still has to be simulated

on. The initial state is q′0 := (q, ε). For input a′ = (a1, . . . , a|Bi|) ∈ Σ
|Bi|
⊥ for some

i ∈ [1, t] and aj ∈ Σ for some j ∈ [1, |Bi|] and state (p,w) with p ∈ Qbi,j , wbi,j = ε, and
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6.4 Regularity of Deterministic Rational Relations

p′ := δ(p, aj) ∈ QP we let (p,w) ∈ Q′
i and δ

′((p,w), a′) := (p′,w′) where

w′
bi′,j′

:=

{︄
wbi,j′aj′ , if i′ = i and j′ ̸= j

wbi′,j′ , otherwise

for all i′ ∈ [1, t] and j′ ∈ [1, |Bi′ |]. For state (p,w) with p ∈ Qi for some i ∈ [1, k],
wi = au for some a ∈ Σ and u ∈ Σ∗

⊥, and p
′ := δ(p, a) ∈ QP we define

δ′((p,w), ε) := (p′, w1, . . . , wi−1, u, wi+1, . . . , wk).

Note that these ε-transitions can be eliminated without introducing nondeterminism
since there is no branching of ε-transitions possible. To each state of the form (p, ε) with
p ∈ F we append a chain of transitions reading the endmarker ⊣ in every component
and mark the last state of that chain (which is a sink state) as final.

First to second part We now define the transitions from states of the first part to states
of the second part. Let p′ ∈ QP ′ for some partition P ′ = {B′

1, . . . , B
′
t′} that is strictly

finer than P and I⊗p′ = (A1, . . . ,At′ , Fp′) be an independent t′-tape automaton for R⊗
p′

with Ai = (Qi,Σ
|B′

i|
⊥ , δi, qi0) for all i ∈ [1, t′]. The second part consists of states of the

form (q1, . . . , qt
′
,w, e,m) with qi ∈ Qi for all i ∈ [1, t′], w as in the first part, ei ∈ {0, 1}

for all i ∈ [1, t′], and 1 ≤ m ≤ t + 1. Intuitively, qi is the state the simulation of Ai is
currently at, ei stores in a bit whether the simulation of Ai is finished, and m indicates

which component of A⊗
q is currently read. For input a′ = (a1, . . . , a|Bi|) ∈ Σ

|Bi|
⊥ for some

i ∈ [1, t] and aj ∈ Σ for some j ∈ [1, |Bi|] and state (p,w) with p ∈ Qbi,j , wbi,j = ε, and

δ(p, aj) = p′ we let (p,w) ∈ Q′
i and δ

′((p,w), a′) := (q10, . . . , q
t′
0 ,w

′,0, 1) where

w′
bi′,j′

:=

{︄
wbi,j′aj′ , if i′ = i and j′ ̸= j

wbi′,j′ , otherwise

for all i′ ∈ [1, t] and j′ ∈ [1, |Bi′ |]. For state (p,w) with p ∈ Qi for some i ∈ [1, k],
wi = au for some a ∈ Σ and u ∈ Σ∗

⊥, and δ(p, a) = p′ we define

δ′((p,w), ε) := (q10, . . . , q
t′
0 , w1, . . . , wi−1, u, wi+1, . . . , wk,0, 1).

Note that these ε-transitions can be eliminated again.

Second part Let p′, P ′, and I⊗p′ as above, where we denote the elements of a block of P ′

by B′
i = {b′i,1, . . . , b′i,|B′

i|
} for all i ∈ [1, t′] in ascending order as usual. In the second part,

A⊗
q simulates the independent t′-tape automaton I⊗p′ . For each block Bi with i ∈ [1, t] the

DFAs Aj that are responsible for components contained in Bi are simulated in parallel
either on the queue or the current input symbol. After the whole input was read, A⊗

q

checks with final states whether the remaining content of the queues leads in each Ai

for i ∈ [1, t′] to some state f i such that (f1, . . . , f t
′
) ∈ Fp′ . Let us make this precise.
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Let f : {1, . . . , t′} → {1, . . . , t} with i′ ↦→ i such that B′
i′ ⊆ Bi. Note that f is well-

defined since P ′ is finer than P . For input a′ = (abi,1 , . . . , abi,|Bi|
) ∈ Σ

|Bi|
⊥ \ {(⊥, . . . ,⊥)}

for some i ∈ [1, t] and state (q1, . . . , qt
′
,w, e, i) we let (q1, . . . , qt

′
,w, e, i) ∈ Q′

i and
δ′((q1, . . . , qt

′
,w, e, i), a′) := (p1, . . . , pt

′
,w′, e′, i) where for all i′ ∈ [1, t′] we set

pi
′
:= δi

′
(qi

′
, (cb′

i′,1
, . . . , cb′

i′,|B′
i′
|
))

if f(i′) = i, cb′
i′,j′
̸= ⊥ for some j′ ∈ [1, |B′

i′ |], and ei′ = 0 and we set pi
′
:= qi

′
if either

f(i′) ̸= i or f(i′) = i and cb′
i′,j′

= ⊥ for all j′ ∈ [1, |B′
i′ |]. Here, we define

cb′
i′,j′

:=

⎧⎨⎩ab′i′,j′ , if wb′
i′,j′

= ε

c, if wb′
i′,j′

= cu for some c ∈ Σ⊥, u ∈ Σ∗
⊥

for all i′ ∈ [1, t′] with f(i′) = i and j′ ∈ [1, |B′
i′ |]. Furthermore, we let

w′
b′
i′,j′

:=

⎧⎨⎩uab′i′,j′ , if f(i′) = i and wb′
i′,j′

= cu for some c ∈ Σ⊥, u ∈ Σ∗
⊥

wb′
i′,j′

, otherwise

and

e′i′ :=

{︄
1, if f(i′) = i and cb′

i′,j′
= ⊥ for all j′ ∈ [1, |B′

i′ |]
ei′ , otherwise

for all i′ ∈ [1, t′] and j′ ∈ [1, |B′
i′ |]. For i ∈ [1, t] and state (q1, . . . , qt

′
,w, e, i) we let

(q1, . . . , qt
′
,w, e, i) ∈ Qi and δ

′((q1, . . . , qt
′
,w, e, i),⊣) := (q1, . . . , qt

′
,w, e, i+1). A state

of the form (q1, . . . , qt
′
,w, e, n+1) with wi = uivi for some ui ∈ Σ∗ and vi ∈ {⊥}∗ is final

if for all i′ ∈ [1, t′] we have thatAi′ reaches state f
i′ from qi

′
on reading ub′

i′,1
⊗· · ·⊗ub′

i′,|B′
i′
|

and (f1, . . . , f t
′
) ∈ Fp′ .

Finally, we argue that the running time of the algorithm is 2(k − 2)-fold exponential
in the automaton size |A|. Inductively, we prove that in layer Lt we can construct
the automata A⊗

q with q ∈ Lt in 2(k − t)-fold exponential time and the automata I⊗q
in 2(k − t + 1)-fold exponential time. In particular, the automata sizes are bounded
by their respective construction times. In layer Lk the automata A⊗

q are constructed in
polynomial time. In the other layers Lt with 3 ≤ t < k the automata A⊗

q are constructed
by Lemma 6.4.5 in time polynomial in the sizes of the independent multitape automata
from previous layers, i.e. in 2(k − t)-fold exponential time since 2(k − (t + 1) − 1) =
2(k − t). Each automaton I⊗q is constructed in double exponential time in the size of
A⊗

q using Theorem 6.3.9, i.e. 2(k − t + 1)-fold exponential in |A|. Furthermore, each
recognizability test on A⊗

q in layer Lt where t ∈ [3, k] takes double exponential time in
|A⊗

q | by Theorem 6.3.2, i.e. 2(k − t + 1)-fold exponential in |A|. The relations R⊗
q in

layer L2 are binary and therefore recognizability can be checked in polynomial time in
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|A⊗
q |, i.e. 2(k− 2)-fold exponential in |A|. Note that as argued above, we do not have to

check recognizability in layer L1 and we neither have to construct the I⊗q in layer L2.
To conclude this section, let us remark that there is also a reduction in the reverse

direction, i.e. from recognizability to regularity.

Proposition 6.4.6. Given a k-tape automaton A for a relation R, one can compute in
logspace a k-tape automaton B for a relation S such that R is recognizable if and only if
S is regular. Moreover, if A is deterministic, then so is B.

Proof. Let R ⊆ (Σ∗)k be a rational relation and Σ′ := Σ ∪ {#,⊢} with #,⊢ /∈ Σ. We
claim that R is recognizable if and only if

R′ := {(#n1 ⊢ w1, . . . ,#
nk ⊢ wk) | n1, . . . , nk ≥ 0 and (w1, . . . , wk) ∈ R}

is regular. Since from a k-tape automaton for R we can easily construct a k-tape automa-
ton for R′ in logspace while preserving determinism, this implies that recognizability is
logspace reducible to regularity for both rational relations and deterministic rational
relations.
For the “only if” direction assume that R =

⋃︁n
i=1 Li,1×· · ·×Li,k for regular languages

Li,j ⊆ Σ∗. Then R′ =
⋃︁n

i=1{#}∗{⊢}Li,1 × · · · × {#}∗{⊢}Li,k, where the {#}∗{⊢}Li,j ⊆
(Σ′)∗ are clearly regular languages. Thus, R′ is recognizable and therefore also regular.

For the “if” direction we assume that R is not recognizable, which by Proposition 3.3.7
means that ≈r has infinite index for some r ∈ [1, k−1]. Thus, there are words v1, v2, . . . ∈
Σ∗ and tuples wi,j = (wi,j,1, . . . , wi,j,k−1) ∈ (Σ∗)k−1 such that vi⊙r wi,j ∈ R if and only
if vj ⊙r wi,j /∈ R for all 1 ≤ i < j. We show that the Myhill-Nerode equivalence relation
∼⊗R′ of the language of convolutions ⊗R′ has infinite index. This implies that ⊗R′ and
therefore also R′ are not regular. Let

xi := #ni ⊢ ⊗ · · · ⊗#ni ⊢ ⊗ ⊢ vi ⊗#ni ⊢ ⊗ · · · ⊗#ni ⊢

with ⊢ vi in the r-th component and ni := |vi| for all i ≥ 1 and let

yi,j := wi,j,1 ⊗ · · · ⊗ wi,j,r−1 ⊗ ε⊗ wi,j,r ⊗ · · · ⊗ wi,j,k−1

for all 1 ≤ i < j. Then we have that xiyi,j ∈ ⊗R′ if and only if xjyi,j /∈ ⊗R′, which
means that xi ̸∼⊗R′ xj for all 1 ≤ i < j.
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7 Conclusion

We conclude this thesis with a brief summary of the main results and some future work.

Summary We considered Ramsey quantifiers, which state the existence of infinite
cliques, in various first-order theories. For automatic structures, i.e. where the domain
and the relations can be captured by automata, we showed that the Ramsey quantifier
can be evaluated in logspace when an automaton representing the formula is given. For
tree-automatic structures we proved that the evaluation can be performed in polynomial
time if a deterministic bottom-up tree automaton is provided or if the relation is transi-
tive. With this we showed that the infinite clique problem and recurrent reachability is
NL-complete for regular relations, EXP-complete for tree-regular relations given by non-
deterministic or deterministic top-down tree automata, and P-complete for transitive
or co-transitive tree-regular relations or relations given by deterministic bottom-up tree
automata. As applications we identified liveness in form of recurrent reachability with
generalized Büchi condition and the recognizability problem. More precisely, we were
able to show that recurrent reachability with generalized Büchi condition is PSPACE-
complete (resp. EXP-complete) for (tree-)regular relations. Moreover, we showed that
tree-recognizability of tree-regular relations is P-complete for deterministic tree automata
and EXP-complete for nondeterministic tree automata.
For linear integer/real arithmetic we showed that the Ramsey quantifier can be elim-

inated from an existential formula in polynomial time, yielding an existential formula
of linear size. This has several applications to linear liveness in systems with coun-
ters and/or clocks. In particular, we proved linear liveness to be NP-complete for suc-
cinct one-counter automata, reversal-bounded counter machines with one unrestricted
counter, continuous vector addition systems with states, and Parikh automata. In
the context of well-structured transition systems we proved that checking whether a
quantifier-free Presburger formula defines a well-quasi-ordering is coNP-complete. As a
further application we could show that monadic decomposability is coNP-complete for
quantifier-free formulas in LIA, LRA, and LIRA.
Finally, we considered membership problems in hierarchies of classes of relations over

finite and infinite words. Over infinite words we showed that the infinite clique problem
for ω-regular co-equivalence relations is NL-complete. This implies that ω-recognizability
is NL-complete or PSPACE-complete depending on whether the ω-regular relation is given
by a deterministic parity or nondeterministic Büchi automaton, respectively. Thus, the
complexity is the same as in the finite-word case. Over finite words we furthermore
considered recognizability in a more general class than the class of regular relations. We
proved that recognizability of deterministic rational relations is in P for binary relations,
in coREXP for relations of fixed arity greater than two, and in coNEXP if the arity is
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part of the input. Using a reduction, we showed that this result implies that regularity
of deterministic rational relations is in P for binary relations and in (2k − 4)-EXP for
relations of arity k > 2.

Future work In Chapter 4 we showed that the Ramsey quantifier can be evaluated
in automatic structures. This, however, does not imply that the Ramsey quantifier
can be eliminated in this structure. In Chapter 5 we saw that Presburger arithmetic,
which is an automatic structure, admits elimination of the Ramsey quantifier. Another
example where the Ramsey quantifier can be eliminated is Büchi arithmetic, which is a
universal automatic structure, i.e. every automatic structure is first-order interpretable
in it. Because of that, the Ramsey quantifier applied to a formula in Büchi arithmetic can
be eliminated by first computing the automaton for the relation defined by the formula,
then applying Theorem 4.2.1, and finally computing again a formula in Büchi arithmetic
for the resulting automaton. Note that without further insight on the structure of the
automata this procedure is nonelementary.

Question. Is there a more efficient elimination procedure for Büchi arithmetic similar
to the one in Theorem 5.3.1 for Presburger arithmetic?

Another question is whether the Ramsey quantifier can be eliminated in the existential
fragment of Büchi arithmetic, which as shown in [HR21] is not expressively complete.

In Chapter 5 we observed that the Ramsey quantifier can be efficiently eliminated from
existential formulas in common SMT theories (LIA, LRA, and LIRA). We leave it as
future work to study Ramsey quantifiers in other SMT theories (like EUF or non-linear
real arithmetic). In the case of non-linear real arithmetic, it is known that the Ramsey
quantifier can be eliminated [Cow79], but the precise complexity is open.

We saw that one major application of the Ramsey quantifier is liveness verification. In
the introduction we motivated that the Ramsey quantifier can be used to express a proof
rule for termination (see Equation (1.2)). To formulate the proof rule in Equation (1.1)
using constrained horn clauses (CHC), Grebenshchikov et al. [Gre+12] extend CHC with
an ad-hoc condition for checking whether a relation is (disjunctively) well-founded. A
more general extension, that would also allow to express more liveness properties, would
be to allow the use of Ramsey quantifiers in CHC. An indicator that this might be worth
studying is that the Ramsey quantifier can be eliminated from formulas in common SMT
theories, as observed in Chapter 5.

Question. Can the framework of CHC be extended with Ramsey quantifiers such that
solutions can still be synthesized?

In Chapter 6 we showed that the infinite clique problem for ω-regular co-equivalence
relations is decidable in nondeterministic logspace. For arbitrary ω-regular relations
decidability remains a major open problem.

Question. Is the infinite clique problem decidable for general ω-regular relations?
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Even if restricted to transitive ω-regular relations, decidability is not known. This
could, for example, be applied to liveness verification of infinite-state systems that have
ω-regular reachability relations [BLW04a; BLW04b].
In Theorem 6.4.1 we proved that it is decidable to check whether a given deterministic

rational relation is regular. This answers a question by Ibarra and Trân [IT12], who fur-
ther asked whether the same problem for a relation given by an unambiguous automaton
is decidable. Here, an unambiguous automaton is a generalization of a deterministic au-
tomaton where on every input there is at most one accepting run but possibly multiple
non-accepting ones.

Question. Is it decidable whether a relation given by an unambiguous automaton is
regular?

To the best of our knowledge, it is not even known whether the recognizability problem
for this class of relations is decidable.
In Section 5.6.1 we considered the decision problem of monadic decomposability for

quantifier-free formulas in linear integer/real arithmetic and proved coNP-completeness.
It was shown by Hague et al. [Hag+20] that in case of quantifier-free Presburger arith-
metic one can compute the monadic decomposition in exponential time if it exists. It was
shown that the exponential blow-up is unavoidable if the output formulas are restricted
to DNF/CNF. Such a result is not known if the restriction to DNF/CNF is lifted.

Question. What is the complexity of computing a monadic decomoposition of formulas
in LRA and LIRA if one exists? How large are the decompositions when restricted to
DNF/CNF or not restricted at all?

Similarly, for relations on words one can consider the problem of computing an in-
dependent multitape automaton if the relation turns out to be recognizable. In Theo-
rem 6.3.9 we proved that for deterministic rational relations this is possible in double
exponential time, which we showed to be optimal. If the relation is regular and given
by an automaton, then we cannot just first convert the automaton to a deterministic
multitape automaton since this would incur an exponential blow-up.

Question. What is the precise complexity of computing an independent multitape au-
tomaton for a regular relation given by an automaton if the relation is recognizable?

Finally, we note that the implementation [Ber+23] of the algorithms developed in
Chapter 5 is only a prototype. For example, it does not yet incorporate the SMT-
LIB format [BFT16], which could be extended to allow the use of Ramsey quantifiers.
Furthermore, there is no implementation yet of the algorithms in Chapter 4 for the
evaluation of Ramsey quantifiers over (tree-)regular relations.
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[HK91] T. Harju and J. Karhumäki. “The Equivalence Problem of Multitape Finite
Automata”. In: Theor. Comput. Sci. 78.2 (1991), pp. 347–355. doi: 10.
1016/0304-3975(91)90356-7.

[HL11] M. Hague and A. W. Lin. “Model Checking Recursive Programs with Nu-
meric Data Types”. In: Computer Aided Verification - 23rd International
Conference, CAV 2011, Snowbird, UT, USA, July 14-20, 2011. Proceed-
ings. Ed. by G. Gopalakrishnan and S. Qadeer. Vol. 6806. Lecture Notes in

192

https://doi.org/10.1007/3-540-36387-4
https://doi.org/10.4230/LIPICS.FSTTCS.2022.40
https://doi.org/10.1007/978-3-642-04081-8_25
https://doi.org/10.4230/LIPICS.ICALP.2024.142
https://doi.org/10.4230/LIPICS.ICALP.2024.142
https://doi.org/10.1007/978-3-030-51074-9_8
https://doi.org/10.1007/978-3-030-51074-9_8
https://doi.org/10.1109/LICS.2008.28
https://doi.org/10.1016/0304-3975(91)90356-7
https://doi.org/10.1016/0304-3975(91)90356-7


Bibliography

Computer Science. Springer, 2011, pp. 743–759. doi: 10.1007/978-3-642-
22110-1_60.
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8176-4762-9. doi: 10.1007/978-0-8176-4763-6.

[Sei+04] H. Seidl, T. Schwentick, A. Muscholl, and P. Habermehl. “Counting in Trees
for Free”. In: Automata, Languages and Programming: 31st International
Colloquium, ICALP 2004, Turku, Finland, July 12-16, 2004. Proceedings.
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[Ber+24] P. Bergsträßer, M. Ganardi, A. W. Lin, and G. Zetzsche. “Ramsey Quan-
tifiers in Linear Arithmetics”. In: Proceedings of the ACM on Programming
Languages 8.POPL (2024), pp. 1–32. doi: 10.1145/3632843.
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