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Abstract

In this thesis, we consider the optimal shape design of thin elastic shells based on a model
of Koiter’s type, whose shape can be described by a surface embedded in three-dimensional
Fuclidean space. We regard the set of unparametrized embeddings of the surface as an
infinite-dimensional Riemannian shape manifold and perform numerical optimization in
this setting using the Riemannian shape gradient. Non-uniform rational B-splines (NURBS)
are employed to discretize the shell and numerically solve the equations that govern its
mechanical behavior via isogeometric finite element analysis (IGA). The aim is to develop
and implement new numerical methods for solving shape optimization problems constrained
by partial differential equations (PDEs) that take the inherent geometric structure of shape
spaces into account and make use of the integration of finite element analysis (FEA) with
technologies from computer-aided design (CAD). In contrast to existing methods based on
the Riemannian framework, we investigate the use of geodesic retractions instead of linear
updates on shape spaces of planar curves and surfaces for the gradient descent method. We
demonstrate our proposed approach and numerical methods mainly on the computation of
minimal surfaces, the compliance minimization of thin elastic shell structures under static
load and fixed area constraint, as well as the identification of parameters for a model of
Earth’s lithosphere in the context of geoscientific applications.

Zusammenfassung

In dieser Arbeit wird die Formoptimierung von diinnen elastischen Koiter-Schalen behan-
delt, dessen Form durch eine in den dreidimensionalen euklidischen Raum eingebettete
Fléache beschrieben werden kann. Wir betrachten die Menge aller nichtparametrisierten Ein-
bettungen der Fléiche als eine unendlichdimensionale Riemann’sche Formmannigfaltigkeit
und fiithren in diesem Rahmen unter Verwendung des Riemann’schen Formgradients eine
numerische Formoptimierung durch. Nicht-uniforme rationale B-splines (NURBS) werden
eingesetzt, um die Schale anhand von isogeometrischer Analysis (IGA) zu diskretisieren
und die partiellen Differentialgleichungen (PDEs), die das mechanische Verhalten des Fest-
korpers festlegen, numerisch zu 1ésen. Das Ziel ist es, neuartige numerische Verfahren fiir
die PDE-beschrankte Optimierung von Formen zu entwickeln und zu implementieren, die
die inhérente geometrische Struktur von Riemann’schen Formrdumen in Betracht ziehen.
Dabei werden Technologien aus dem rechnerunterstiitztem Konstruieren (CAD) mit der
Finite-Elemente-Analysis (FEA) integriert. Im Gegensatz zu bestehenden Methoden, die auf
dem Riemann’schen Modell basieren, wird die Verwendung einer geodétischen Retraktion
statt einer linearen Iterationsvorschrift fiir das Gradientenverfahren auf Formrdumen von
ebenen Kurven und Fldchen untersucht. Der vorgeschlagene Ansatz wird insbesondere auf
die Berechnung von Minimalflichen und die Minimierung der Nachgiebigkeit von diinnen
elastischen Schalen unter statischer Belastung und mit festem Fldcheninhalt angewandst.
Dariiber hinaus werden im geowissenschaftlichen Anwendungsbereich Parameter in einem
mathematischen Modell fir die Lithosphére der Erde geschétzt.
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1 Introduction

Shape optimization is concerned with finding an optimal design for the shape of an entity
within a set of admissible designs to achieve a certain objective. In contrast to conventional
problems in mathematical optimization, the design variables involve shapes. Shape is a
rather intuitive notion that nevertheless has several possible interpretations and requires a
precise mathematical definition. There are numerous applications of shape optimization in
industrial design, which generally aim at reducing the manufacturing costs and improving
the performance of products by modifying their shape [185] 47, [10].

A prevalent example is given by structural shape optimization in mechanical, vehicle, and
civil engineering, where the objective is to design components with a reasonable amount of
structural integrity to withstand existing loads under normal operational conditions [201]
137, [122]. This can be accomplished by minimizing the compliance of the component, which
corresponds to maximizing its stiffness. Some additional constraints may be imposed on the
geometry, such as prescribing a desired volume or—for the wrench in Figure [[—a minimum
width and length to keep the tool usable. Other common use cases include the design
of compliant mechanisms [247, [136] 287], aerodynamic shape optimization [141] 228, 176]
(see Figure [2| for an illustration), acoustic shape optimization [62] 262, 98], optimization of
fluid flow channels [93], 44], optimization of electric machines [L06], image segmentation
[65, [130], interface identification [233], 244] 237], and mathematical visualization [285] 284].

elastic solid geometry constraint

fixed boundary condition

T

|

Figure 1: Shape optimization of a wrench. Compliance minimization aims to reduce the
strain on the object when a load consistent with the boundary conditions is applied.

aerodynamic force lift
i

airfoil profile

angle of attack

e

freestream flow

chord line

gravitational force Torm GlOmTENT

Figure 2: Shape optimization of an airfoil. The objective function and constraints may
involve aerodynamic forces experienced by the aircraft, e.g., one can strive to minimize the
drag while trying to maintain a minimum amount of lift required to fly.



1 Introduction

Many problems do not only involve shapes but also partial differential equations (PDESs)
that describe the behavior of some physical system related to the problem. In most cases,
the domain of the governing equations depends on the shape, which adds a complexity
that has to be addressed in the solution framework and optimization process. Techniques
from optimal control theory and optimization with PDE constraints [I31], 260], such as the
adjoint state method, can be adapted to shape optimization problems—with the caveat
that the design space may no longer be a subset of some linear space. A suitable choice
has to be made for the design space to provide useful mathematical models of shape [278].
In any case, shape optimization deals with inherently infinite-dimensional problems due to
the seemingly countless ways that one can perturb and modify shapes.

Framework for PDE constrained shape optimization

Several frameworks have been developed for shape optimization over the past decades,
many of which are heuristic-driven, owing to the need of pragmatic solutions to relevant
industrial problems [47]. In general, one distinguishes between two approaches for handling
infinite-dimensional problems numerically. The first one is the first optimize—then discretize
(FOTD) approach, where the optimality conditions are considered in the infinite-dimensional
setting. Discretization is done to approximate the design and state variables numerically.
In the second approach, i.e., first discretize—then optimize (FDTO), a finite-dimensional
representation of the problem is considered a priori and optimality conditions are posed on
some subset of the Euclidean space. The FOTD approach attempts a careful investigation
and discretization of the underlying infinite-dimensional problem, while the FDTO approach
relies on powerful existing methods for numerical optimization in the finite-dimensional
setting and ad hoc preconditioning schemes.

This thesis follows the FOTD approach, in particular the Riemannian framework for PDE
constrained shape optimization proposed by Schulz et al. [232] 234] based on the shape
spaces introduced by Michor and Mumford [I82]. Riemannian shape spaces have been
initially studied for simple closed curves in the Euclidean plane. They have been generalized
to immersed submanifolds of some ambient Riemannian manifold [I8T] 27, 28], especially
to surfaces in three-dimensional Euclidean space, where almost local and Sobolev-type
Riemannian metrics have been considered. Inner metrics of this kind, along with outer
metrics induced by the diffeomorphism group of the ambient space, have been commonly
used for statistical shape analysis with applications in the broad field of visual computing,
e.g., Beg et al. [33], Srivastava et al. [255], Bauer et al. [29] 30, 31, 32], Hartman et al.
[121]. The Steklov—Poincaré Riemannian metric, which is an inner metric derived from an
outer metric, has been proposed for efficient PDE constrained shape optimization by Schulz
et al. [235], and successfully applied to interface optimization as well as problems in fluid
mechanics [231] [43], 209], when the shape is given by the boundary of a domain on which
the shape derivative can be evaluated.

Scope, research projects, and contributions

The problems considered in this thesis are shell and plate problems in solid mechanics. In
particular, we discuss the compliance minimization of thin elastic shell structures [221]
and the identification of parameters for a model of Earth’s lithosphere [222]. The latter
is a standard optimization problem with PDE constraints based on classical plate theory,
where the domain does not change and the design variables are simply given by scalar
fields. The former, on the other hand, is a shape optimization problem where the design
space consists of embeddings of a surface in three-dimensional Euclidean space. The main



research project is to apply the Riemannian framework to the shell optimization problem
and use discretization methods from isogeometric finite element analysis [138] to compute
numerical approximations of solutions to the problem. To the best of our knowledge, this
has not been attempted before, prior to the work of Rosandi and Simeon [221].

A retraction based on pointwise linear extrapolation is commonly used to update the shapes
using either a Riemannian gradient descent method or a quasi-Newton method. This is
efficient to implement and execute, since the theoretically correct way requires a numerical
solution to the geodesic equation in each optimization step, which is prohibitively expensive
for large-scale problems. A first-order approximation to the geodesic path has been shown
to be sufficient for optimization purposes [2]. Nevertheless, we are inclined to investigate
whether using a geodesic retraction offers any significant improvements over the simplest
retraction, especially because the geodesic equation corresponds to the Hamiltonian flow
associated with the Riemannian metric [I83], i.e., there are conserved quantities that might
be beneficial for the shape updates. The conservation of reparametrization momentum, in
particular, has a potential for preserving the mesh quality during the optimization process
and may allow for larger step sizes to be taken in the first few descent steps.

Apart from the above contributions, the author of this thesis has dealt with the relation of
inverse problems to a particular regularization technique used for shape optimization.

Sensitivity filtering and smoothing techniques

Most solution methods from the engineering community are based on the FDTO approach
using, e.g., nodal variables [I61], spline representations [56], and subdivision surfaces [71].
In node-based shape optimization, a mesh is generated for the geometry and a subset
of vertex coordinates is chosen as independent design variables. It is straightforward to
implement and among the earliest methods for numerical shape optimization [I61]. Shape
sensitivities are usually computed using finite differences or finite element discretizations.
A major drawback of this approach, however, is that information on the connectivity of
nodes and the inherent geometry of the original shape is lost during the transition from the
continuous to the discrete setting, which often causes poor design updates and numerical
instabilities, leading to mesh entanglement and mesh-dependent results. For this reason,
various sensitivity filtering and smoothing techniques have been developed to regularize
the problem. See, e.g., Pironneau [208], Sigmund and Maute [249], and Bletzinger [46].

Filtering can be done either explicitly or implicitly [I34]. The latter requires the solution
of an elliptic PDE and is also known as implicit fairing in the computer graphics community
[87], motivated by implicit integration of the diffusion equation and the curvature flow to
remove rough features and noises from irregular meshes. In the mathematical community,
it is referred to as Sobolev smoothing or Sobolev preconditioning [193, 213] [151], 214 192],
which corresponds to a higher-order gradient flow [22] 21] 94 [236]. This technique and
point of view are compatible with the Riemannian framework for shape optimization, where
the gradient is associated with a Sobolev-type Riemannian metric.

The idea of using explicit filtering to deal with checkerboard patterns and mesh-dependent
results in structural topology optimization stems from Sigmund [246, 245] 249]. Motivated
by its effectiveness, the vertex morphing method has been developed for node-based shape
optimization by Bletzinger et al. [134], 46}, 15, 109 229]. One of the first research projects
conducted by the author of this thesis is the investigation of the vertex morphing method
from a mathematical point of view. A connection with Tikhonov regularization in the case
of a linear least squares problem has been established and published as a poster in [220].
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Isogeometric finite element discretization

Isogeometric analysis (IGA) is a computational paradigm for solving PDEs that employs
the same shape functions used to describe the domain of the problem to construct finite
element numerical approximations of solutions to the problem. It allows the integration of
finite element analysis (FEA) with technologies from computer-aided design (CAD). The
concept of IGA has first been presented in the seminal work by Hughes et al. [I38] in 2005.
Standard references on the subject include Cottrell et al. [79], Buffa and Sangalli [60],
Lyche et al. [I70], Juttler and Simeon [145], and van Brummelen et al. [263].

B-splines and non-uniform rational B-splines (NURBS) are conventionally used for the shape
functions in IGA. One advantage of using them for shell and plate problems is the simple
construction of C! isogeometric spline spaces on a single patch to discretize the equations
with less degrees of freedom than standard C! finite element methods [I53]. For multi-patch
geometries, which are commonplace for problems of practical relevance, it is not a trivial
task to preserve the C! continuity along patch interfaces. Significant effort on this matter
has been undertaken over the past 15 years by, e.g., Kiendl et al. [I54], Apostolatos et al.
[17], Dornisch et al. [92], Kapl et al. [147], Collin et al. [73], Chan et al. [64], Schuf} et al.
[238], Coradello et al. [77], Farahat et al. [I02]. A recent progress is due to Bracco et al.
[54], where the challenge is additionally combined with adaptive local refinement.

We employ isogeometric discretization methods to compute numerical approximations of
solutions to the state equation involved in the shape optimization problem that are then
used to obtain descent directions for the optimization process. The implementation of the
algorithms in MATLAB relies on the GeoPDEs package for IGA [26§], extended by a self-
written package for Riemannian shape optimization to compute the shape sensitivities and
perform numerical optimization. A pre-release version of the software has been uploaded to

https://github.com/rozanxt/shellopt [219].

Isogeometric analysis of Earth’s lithosphere

In addition to the compliance minimization problem, we consider the numerical simulation
of shells and plates in the context of isostasy to showcase the capabilities of IGA in solving
higher-order problems in geoscientific applications. Earth’s lithosphere is modeled as a thin
elastic shell or plate floating on the asthenosphere and subject to topographic loads. We
use the computational methods to predict the deformation of the lithosphere in isostatic
equilibrium using information on the topography of Earth’s surface and demonstrate our
approach on selected geographic locations. The results have been published in [222].

For Europe, the computed lithospheric depression is compared with available Mohorovicié¢
depth data. This also serves as a basis for identifying parameters of the model, such as the
effective elastic thickness of the lithosphere, the rock density, and the topographic load
that are most plausible to explain the observed depths. An iterative method based on PDE
constrained optimization is used for parameter identification as opposed to the commonly
used direct inversion of spectral measures [I55].

An example of simulating the entire lithosphere of the Earth as a spherical shell has also
been considered, where multi-patch IGA has been employed. It provides an alternative
to spherical harmonics for solving PDEs on a spherical domain. The code used for the
numerical simulations is available at

https://github.com/rozanxt/igalith [218].


https://github.com/rozanxt/shellopt
https://github.com/rozanxt/igalith

Outline of the dissertation

The main objective of this thesis is two-fold. First, we want to provide a comprehensive
mathematical framework for PDE constrained shape optimization using geodesic paths with
a focus on H' Sobolev-Riemannian metrics. Second is the numerical implementation and
analysis of methods for solving shape optimization problems related to thin elastic shells
and surfaces in general based on computational tools from IGA.

The document is structured as follows:

e Section [2| introduces some background material—mainly the mathematical concepts
required for the topics discussed in subsequent sections—and sets up the notation
used throughout the thesis.

o Section [3| starts with a mathematical description of three-dimensional elasticity and
proceeds with a derivation of the equilibrium equations for thin elastic shells and
plates. A simple model of Earth’s lithosphere in isostatic equilibrium is discussed at
the end of the section.

o Section [4] presents existing mathematical frameworks for shape spaces and delves into
infinite-dimensional Riemannian geometry in order to derive the geodesic equation
for Sobolev-type Riemannian metrics.

e Section [5] discusses shape optimization constrained by PDEs in the context of Rie-
mannian shape spaces. A summary of methods for numerical optimization is given,
and relevant shape sensitivities for the problems in question are derived.

o Section [0 provides the tools required for the numerical discretization of the problems
using isogeometric finite element analysis. Furthermore, implementation details for
the shape optimization procedures are discussed.

o Section [7] presents selected problems and numerical results related to the geodesic
equation on shape spaces of planar curves and surfaces, shape optimization without
PDE constraints, compliance minimization of thin elastic shells, and simulations of
Earth’s lithosphere with parameter identification.

+ A conclusion and an outlook on future research work are given in Section [§]

We end the introductory section by citing David Mumford—a Fields Medalist who, aside
from his contributions to algebraic geometry, is also known for his research in vision and
pattern theory:

“Shapes are the ultimate non-linear sort of thing.”
— David Mumford, 1974

Thus, the next appropriate setting for the analysis of shapes arises from infinite-dimensional
differential geometry, and sophisticated numerical methods for shape optimization can be
developed by investigating the inherent structure of shape spaces.






2 Preliminaries

The necessary prerequisites are grouped into the following subjects: basic definitions and
notation, including notions of differentiation between topological vector spaces (Section,
function spaces and integrals with a focus on those that are relevant for shape analysis and
differential equations as well as geometric transformations that preserve the regularity of
domains and functions (Section , concepts from differential geometry, such as manifolds,
bundles, and tensors (Section , followed by the special case of surfaces in Euclidean
space (Section . We begin with the general mathematical symbols used in this thesis.

2.1 Basic definitions and notation
2.1.1 Sets, numbers, and matrices

Let 22(M) denote the power set of an arbitrary set M, i.e., the set of all subsets of M. For
a mapping between two sets f: M — N, the restriction of f to a subset S of M is denoted
by fls. We write S C M instead of S C M if S is a proper subset of M. The disjoint union
of two sets M and N is written as M U N instead of M U N to indicate that M N N = &.

The set of natural numbers is denoted by Ny if it contains zero, and N otherwise. Let Z
denote the set of integers, Q the set of rational numbers, R the set of real numbers, and C
the set of complex numbers with the usual operations and inclusions. We write K € {R, C}
for either the set of real or complex numbers and R = R J {—o00, o0} for the set of extended
real numbers. Round and square brackets are used to denote real intervals. The absolute
value is written as | - |, where - is a placeholder for a variable in a function. We use the
symbol ~ for isomorphism and = for approximate equality.

For m,n € N, let K™ denote the n-dimensional real or complex coordinate space and K"*"
the set of matrices of size m x n with entries in K. A matrix A € K™*" is an array of real
or complex numbers

Ay ... Agg
Api ... Apn
which can also be written compactly as A = (Aij)?,?zlv where A;; € Kfori=1,...,m and
j=1,...,n. Its transpose AT € K" and conjugate transpose A" € K"*™ are given by
Ayp ... Aml Ap ... Aml
AT=| ¢ o |, AY=AT= ) (2:2)
A .. Amn An .. Amn
where = denotes complex conjugation. We write a = (a1, ...,a,) € M™ for an n-tuple of
elements ai, ..., a, in some set M and identify K" with the set of column vectors K*",

Consider a property that can be satisfied by a mapping f: M — N at points in the domain
M, e.g., continuity of a mapping between topological spaces. We say that the property
is satisfied on a subset S of M if it is satisfied at all points in .S. If it is satisfied on the
whole domain, then f is said to satisfy that property.

2.1.2 Topological vector spaces

In this thesis, we only consider real vector spaces, i.e., vector spaces over the field of real
numbers. A topological vector space (TVS) is a vector space endowed with a topology that



2 Preliminaries

makes vector addition and scalar multiplication continuous. We assume that the topological
vector spaces considered in this thesis are Hausdorff and locally convex, i.e., distinct points
can be separated by (open) neighborhoods and every neighborhood of the origin contains
an absolutely convex neighborhood of the origin. More information on topological vector
spaces can be found in the literature, e.g., Grothendieck [I16] and Rudin [225]. We mostly
consider Fréchet, Banach, and Hilbert spaces as well as other mathematical constructions
that are based on them, e.g., functions, manifolds, and bundles.

Recall that a metric space (X, dist) is a topological space whose topology is induced by a
metric, i.e., a distance function, via open balls. If every Cauchy sequence of points in X
converges to an element of X, then X is said to be a complete metric space. Note that we
identify an algebraic structure with its underlying set if the operations are clear from the
context. For some positive real number r > 0 and =z € X, let

B, (z) = {y € X | dist(z,y) < r} (2.3)
denote the open ball in X with radius r that is centered at x and
B.(z)={yeX } dist(z,y) < r} (2.4)

its topological closure, i.e., the closed ball in X with the same radius and center.

A Fréchet space X is a (Hausdorff and locally convex) topological vector space (LCTVS)
that is completely metrizable, i.e., its topology can be induced by a translation-invariant
metric that turns X into a complete metric space. Equivalently, the metric topology is
induced by a countable family of semi-norms.

A Banach space (X, | - ||) is a normed vector space that is complete with respect to the
induced metric. It is a Fréchet space, where the translation-invariant metric is given by

dist(z,y) = lo — yll, @,y € X. (2.5)

A Hilbert space (X, (-, -)) is a Banach space whose norm is induced by an inner product.
An example of a finite-dimensional Hilbert space is given by the real coordinate space R™
endowed with the standard dot product

n
i=1

which induces the Euclidean norm

|z|| = /{z,z), = €R"™ (2.7)

Any two norms on a finite-dimensional vector space are equivalent and the induced topology
is called the Euclidean topology. The n-dimensional hyper-sphere in R”*! is denoted by

Sn = {z e R" | |z| = 1}. (2.8)

For topological vector spaces X and Y, let L(X;Y") denote the space of continuous linear
functions from X to Y. If Xy,..., X are topological vector spaces, then the space of
continuous k-linear functions is denoted by L(X7,..., X;Y). The dual vector space X* is
defined as the space of continuous linear functionals on X, i.e., X* = L(X;R). We also
write (o, z) = a(x) for the duality pairing, where o € X* and = € X.



2.1 Basic definitions and notation

2.1.3 Differentiable functions

The notions of differentiation introduced in this section for functions between topological
vector spaces can be found in Ambrosetti and Prodi [I12] and Lang [160].
Definition 2.1 (Gateaux derivative)

Let X, Y be topological vector spaces and f: S C X — Y be a function from an open
subset S of X to Y. The (directional) derivative of f at x € S in the direction of v € X is

defined as d A t0) — f(z)
. r+tv) — J(x
0f (w,v) = af(i“rtv) o lim . :

(2.9)

If the limit exists, then f is said to be (directionally) differentiable at z in the direction
of v. The first variation of f at z refers to the function v — ¢ f(x,v), which is defined on
the set of all directions in X for which the derivative exists. We say that f is Gateaux
differentiable at x if 6 f(x, v) exists for all directions v € X. If f is Gateaux differentiable
on S, then the function §f: S x X — Y is called the Gateaux derivative of f on S. We
say that f is continuously differentiable at x if it is Gateaux differentiable on some open
neighborhood of z and d f is continuous on its domain. Higher-order Gateaux derivatives
are obtained inductively via repeated differentiation, i.e., the Gateaux derivative of order
r € N is given by

d
0f: Sx X ><t xX =Y, (z,u1,...,0.)— &5T*1f(aj+tw,fu1,...,vr_l) R (2.10)
T times

where §°f = f. The function f is said to be 7-times continuously differentiable (or of class
C") at « if there is an open neighborhood of z on which §" f exists and is continuous. It is
called infinitely differentiable or smooth at x if it is of class C* at x, i.e., f is of class C"
at z for all r € Ny. The class C? at x corresponds to f being continuous at .

Definition 2.2 (Fréchet derivative)

If X and Y are Fréchet spaces, then continuous differentiability of f at xg € S implies that
the first variation 6 f(zg, - ): X — Y is continuous and linear [I120, Lemma 3.3.1]. In this
case, we write

f'(x0) = éf(xo, -) (2.11)
for the continuous linear function in L(X;Y") and call it the Fréchet derivative of f at xo.
Furthermore, for all functions p: U C X — Y from a neighborhood U of the origin in X
to Y with xg + U C S that satisfy

f(x) = f(xo) + f'(x0)(x — x0) + p(x — 20) (2.12)

for all x € xg + U, we have that p is tangent to the origin, i.e., given a neighborhood of W
of the origin in Y, there is a neighborhood V of the origin in X such that

p(tV) Co(t)W (2.13)
for all t € (—¢,¢) with € > 0, where o: (—¢,¢) — R is a function that satisfies

limo(t)/t = 0. (2.14)
t—0
If the above condition is fulfilled for some continuous linear function f’(z¢) € L(X;Y),
then f’(z¢) is uniquely determined by the first variation 0 f(xg, - ). In this case, f is said
to be Fréchet differentiable at zp with Fréchet derivative f'(zo).
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Remark 2.3

For functions between normed vector spaces (X, || - [|x) and (Y, - |ly), the condition that
p is tangent to the origin is given by

- e(M)ly
lim ———— =0, 2.15
=0 ||kl x ( )

which leads to the usual definition of total differentiability [160), Chapter 1, Section 3].

Definition 2.4 (Partial derivatives)

Let f: W C X XY — Z be a function from an open subset W of the product X x Y of
Fréchet spaces to a Fréchet space Z. The partial (Fréchet) derivative of F' at (zg,y0) € W
with respect to the first variable corresponds to the (Fréchet) derivative of the function
x — f(z,yo) at 9. We write 01 f(zo,yo) or O.f(xo, o) for the partial derivative of f at
(0, yo) with respect to the first variable z. Similarly, partial derivatives with respect to
other variables can be defined.

2.1.4 Multi-variable differential calculus

Let f: Q CR™ — R™ be a vector-valued function of several variables defined on an open
subset €2 of R™. In this setting, Fréchet differentiability corresponds to the notion of total
differentiability, while Gateaux differentiability is associated with partial differentiability.
Let 0; fi(x) denote the partial derivative of the i-th component of f with respect to the
j-th variable at some point x € €Q, i.e.,

af [zt tey) — fi(x)
:8xj(x):lg% i ’

0;fi(x) (2.16)

where f* denotes the i-th component of the function f and e;j the j-th standard basis vector
inR" fori=1,...,mand j=1,...,n. If all partial derivatives exist, then the Jacobian
matrix of f at x is given by the m x n matrix

ofi(x) - Onfi(x)
@) = @r@)t = @.17)

OFm(z) e O (a)

Let f be a real-valued function, i.e., m = 1, that is partially differentiable up to order r.
When equality of mixed partial derivatives holds, we can use the multi-index notation to
refer to higher-order partial derivatives. We write

OUf = 0N ... 9on f (2.18)

for the multi-index a = (o, ..., ) € Nj with |a| <r and r € Ny, where the sum of all
components is denoted by |a| = a3 + - -+ + a,. If all partial derivatives are continuous,
then f is r-times continuously differentiable. If f is twice continuously differentiable, then
the Hessian matrix of f at x is given by the symmetric n x n matrix

Hy(2) = (50, ()] F ‘

= (2.19)

Ouinf(x) - 0u0nf(2)

10



2.2 Function spaces and integrals

2.2 Function spaces and integrals

In this section, we introduce the function spaces that are relevant for shape analysis and
differential equations as well as the integral notation that is used in this thesis. We refer
to, e.g., Evans [100], Folland [103], Adams and Fournier [3], Atkinson and Han [20], Brezis
[58], and Alt [11] for a general treatment of functional analysis and the topics discussed.

2.2.1 Continuously differentiable functions

Definition 2.5 (Continuously differentiable functions)

Let Q be a bounded and open subset of R” with boundary 9 and closure €. For r € Ny,
a function f: Q — R is said to be r-times continuously differentiable on € if it is r-times
continuously differentiable on Q and 9%f can be continuously extended to € for |a| < r.
The space of r-times continuously differentiable functions on €2 is denoted by C"(Q2). For
r = 0, we obtain the space of continuous functions on €2, which is also denoted by C(f2).

Since the image of compact sets under continuous functions is compact, every 0% f is a

bounded function if f € C"(£2). Endowed with the C" norm

o = S 10°fllees £ € @), (2.20)

la|<r
where the supremum norm of a bounded function f: Q — R is given by

[flloo = sup |f ()], (2.21)

e

the pair (C"(€2), || - Hcr(ﬁ)) becomes a Banach space.

A stronger notion of continuity is given by the Hélder condition
[f(@) = f)] < Cla—y[" Vaz,yel, (2.22)

where C' is some non-negative real constant and 0 < v < 1. Functions that satisfy (2.22))
are called Holder continuous with exponent « and coefficient

[f(z) = f(y)]
Fleon @, = sup LA 2.23
lev @) eyen 1Ty (229
T7y
Definition 2.6 (Hoélder spaces)
For r € Ny and 0 < v < 1, we define the Hélder spaces on €2 as
C1(@Q) = {f € C"(Q) |V € N with |a] =7 : [0 flcongg) < o} (2.24)
and identify the case v = 0 with C"(Q2). We can equip C™7(Q) with the C™ norm
1 llgrmy = D10 Flloo + Y [0 fleon@y, € C7(9), (2.25)

laf<r |lal=r

such that (C™7(§2), || || (g)) is a Banach space for v > 0. Note that the space of Lipschitz
continuous functions on € corresponds to C%!(Q) with 7 = 0 and = 1. For the case of

vector-valued functions, we write C™7(£2,Y), where Y is a Banach space.

11
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Next, we consider the case r = 0o, i.e., smooth functions that are infinitely differentiable.
They play a significant role in the setting of smooth shape spaces (see Section .
Definition 2.7 (Smooth functions)
The space of smooth functions on  is defined as the intersection
Cx@Q) = ) C"(. (2.26)
rENp

Note that C*°(£2) is no longer a Banach space. However, it is a Fréchet space when endowed
with the countable family of (semi-)norms given by

Ifller = > 10 flloos € No, (2.27)

laf<r

for f e C*(Q).

In the following, let 2 be an open subset of R", which is not necessarily bounded. The
above function spaces can also be constructed for functions defined on ). However, some
additional structures might not exist after. Note that the function space C"(2), endowed
with another kind of family of (semi-)norms, is still a Fréchet space for r € Ny U {o0}.

Definition 2.8 (Compact support)
A function f: Q — R is said to have compact support if its closed support given by

supp(f) = {z € Q| f(z) # 0} (2.28)

is a compact subset of 2. Let C7(£2) denote the subspace of all functions in C"(€2) that
have compact support, where r € Ny U {oo}.

Even if Q is not compact, the C" norm can be defined for such functions, provided that
r < oo. We have that (CZ(2), || - [|cr(q)) is a Banach space for r < co. The case 7 = oo
is important for defining weak and distributional derivatives when the function space is
endowed with the canonical LF topology, which stands for the limit of Fréchet spaces.

Weak derivatives generalize the concept of derivatives to integrable functions that are not
assumed to be differentiable in the classical sense. In order to define them, it is essential
to introduce integration on measure spaces first.

2.2.2 Lebesgue spaces

Let (€2, %, 1) be a measure space with underlying set €2, o-algebra ¥ C 2(Q2), and measure
p: 3 — [0,00]. A subset S of Q is called p-measurable if it is an element of ¥. A function
f: S — R is said to be pg-measurable if the pre-image of any open subset of R under f is
p-measurable. We write

/S fdu = /S f(@) du(z) = /S f(@) do (2:29)

for the Lebesgue integral of a p-measurable function f: S — R over a u-measurable subset
S C 2 and use the notation dx instead of du(x) if the measure y is clear from the context.
Properties of the integral and more information on measure and integration theory can be
found in many resources, e.g., Folland [103] and Schilling [227].

12
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Definition 2.9 (Lebesgue spaces)

Let (2, %, 1) be a measure space. We define the function spaces

ZP(Q) = {f: Q) — R p-measurable

Liran <o, 1<p<,
@ (2.30)
L) = {f: Q) — R p-measurable

ess sup |f(z)| < oo},

z€Q

where the essential supremum of some p-measurable function f: Q — R is given by

e%mMﬂ@hﬂﬁ{sw\ﬂ@\

e zeQ\N

N e, u(N)= o}. (2.31)

The Lebesgue space LP(2) is the quotient space of £P(2) by the equivalence relation

f~g < f[f=g p-ae, (2.32)
ie., LP(Q2) = £LP(Q)/~. Endowed with the L? (Lebesgue) norms

1
P
|uumn:(4upmo, 1 <p< oo,

(2.33)
[ fllLee () = ess sup|f(2)],
€
Lebesgue spaces are Banach spaces. For p = 2, we can define the inner product
(e = [ Jadn, 1.9 €T3, (2.34)

on L2(Q). With respect to this inner product, (L2(2),{ -, - )12(0)) is a Hilbert space with
the same topology as (L2(9), | - [r2()). Functions in L2(9) are called square integrable. If
(Q, %, p) is a topological measure space, we define the space of locally integrable functions
on () as

Lipe(2) = {f: @ = R p-measurable | V K C Q compact : f|x € L'(K)}. (2.35)
Weak derivatives lie in this space as described in the next part.

2.2.3 Sobolev spaces

Let 2 be an open subset of R”. In this thesis, we consider the topological measure space
(©2,%(2), \) for subsets of the Euclidean space, where %(2) denotes the Borel o-algebra
and A the Lebesgue measure on %(£2).

Definition 2.10 (Weak derivatives)

The weak a-th (partial) derivative of a locally integrable function f € L
the locally integrable function g € LIIOC(Q) that satisfies

1
loc

() is given by

/faagpdA:(—l)al/ggodA Vo € C2(Q), (2.36)
Q Q

where o € Njj is a multi-index. If such a function exists, then it is uniquely determined, and
we write 0% f = g. If the weak a-th derivative of f exists for all & € Nj with |a| < r, then
f is said to be r-times weakly differentiable. The space of r-times weakly differentiable
functions on € is denoted by W' ().

loc

13
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Note that if f € C"(§2) is r-times continuously differentiable in the classical sense and has
locally integrable partial derivatives, i.e., 3*f € LL (Q) for |a| < r, then weak derivatives
of f exist and coincide with classical derivatives.

Definition 2.11 (Sobolev spaces)
For r € Ny and 1 < p < oo, we define the Sobolev spaces on 2 as

WP (Q) = {f e W) ( Va e NP with |af < r: 89f € Lp(Q)}. (2.37)

loc

Endowed with the W™ (Sobolev) norms

I lwrey = | D 10°f e | + 1<p <o,
la| <7 © (238)
I fllwreo () = max 10 f .o ()

Sobolev spaces are Banach spaces. For p = 2, the Sobolev space H"(Q) = W"2(Q) is a
Hilbert space with inner product

@ = 3 0.0z, f.g € H(Q). (2.39)

o <r

The H" norm in ([2.38)) is induced by this inner product. Moreover, a semi-norm is defined
on W"P(Q) by

B =

|f’WW(Q) = Z Haainp(Q) , 1< p<oo,

laf=r

| flwreo (@) = max 0% f Lo ()

(2.40)

According to the Meyers—Serrin theorem [178], the function space C*(2) N W"P(Q) is a
dense subspace of W"P(Q) for 1 < p < co. This characterization is also commonly used for
the space of Sobolev functions that are vanishing at the boundary, which is defined as the
completion of C2°(Q2) in W™P(Q) with respect to the W™P norm, i.e.,

WP (Q) = {f € W) | 3 (fi)ien € C(Q) : lim |[fi = fllwrao) = 0}7 (2.41)
for 1 < p < oo. It is a closed subspace of W"P(€2). We write Hj(£2) for W6’2(Q).

2.2.4 Types of regular domains

Some important results on Sobolev spaces hold if the domain € of the function space is
bounded with a “sufficiently regular” boundary 9€2. Existence and regularity of solutions
to differential equations also often depend on the regularity of 9f2. In the following, we
specify what is meant by a regular domain and state the different kinds of regularity for
bounded domains. Note that the term “domain” refers to connected and open subsets of
the Euclidean space.

Definition 2.12 (Regular domains)

Let © € R™ be a bounded domain, i.e., a bounded, connected, and open subset of R", with

14
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boundary 9Q and closure Q. For r € Ny and 0 < v < 1, we say that € is a regular C™7
domain if for all s € 0, there is a radius 6 > 0, a local coordinate chart y: B} (s) — Bj(0)

with y(z) = Q(z — s) for an orthogonal matrix @ € R™*", and a function g € C™(B}(0))
such that

QNBj(s) = {x € B§(s) ‘ yn(z) < g(yl(m), .. .,yn,l(:v))}, (2.42)

where BY (x) denotes an open ball in R". A regular C%! domain is referred to as a Lipschitz

domain or a domain with Lipschitz boundary. If g € C*°(B}~'(0)), we call Q a domain
with smooth boundary.

The property states that 0 can be locally expressed as the graph of C™7 functions.
Note that if €2 is a Lipschitz domain, then the outward-pointing unit normal to 9 exists
almost everywhere. Furthermore, the trace operator can be defined |20, Theorem 6.3.10],
which extends the notion of the restriction to the boundary to functions in W'?(Q) for
1 < p < oo. We write f|aq € LP(09) for the trace or restriction of f € WP(Q) to 9.

2.2.5 Geometric transformations

Geometric transformations can be used to express functions defined on some initial domain
with respect to another, compatible one. When working with integrals, we have to ensure
that the transformed functions are still integrable and regular in the same fashion as the
original ones, so that problems resulting from a domain transformation are equivalent to
the original problems posed on the initial domain. In the following, we discuss conditions
on geometric transformations that establish the equivalence.

First, we state a corollary of a more general theorem in Varberg [264] regarding the change
of variables formula for integrals:

Proposition 2.13 (Change of variables)

Let ¢: Q@ — R™ be Lipschitz continuous on an open subset Q) of R™. If the mapping ¢ is
injective on some subset of €1 whose complement in ) has measure zero, then

/ f(y)dy = / F(p(w))|det I (x)] da (2.43)
»(S) S

holds for every measurable subset S of Q and f € L'(p(9)).
Proof. We refer to [264, Corollary 2]. O

We consider two relevant classes of geometric transformations that preserve the regularity
of functions: bi-Lipschitz transformations and diffeomorphisms with bounded derivatives.

Proposition 2.14 (Bi-Lipschitz transformations)

Let p: Qg — Q be a bi-Lipschitz transformation between two bounded domains in R™, i.e.,
@ is invertible with ¢ € C*1(Q,R™) and ¢! € C*(Q,R™). (2.44)

Then the Lebesgue space 1P(Q) is transformed boundedly to LP(Qq) via the composition

operator associated with ¢, i.e., for f € LP(Q), we have (f o p) € LP(Qy), for 1 < p < oco.

This also holds for functions in WLP().

Proof. A proof can be found in [195, Lemma 3.1 and 3.2, p. 60]. O
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A stronger result holds for diffeomorphisms with bounded derivatives. In this case, the
domains are not required to be bounded. The order of differentiability is preserved and
the case p = oo is also included.

Proposition 2.15 (Diffeomorphisms with bounded derivatives)

For r > 1, let ¢: Qo — Q be a C" diffeomorphism with bounded derivatives, i.e.,
@ is invertible with ¢ € C"(Qo,R™) and ¢~ € C"(Q,R"™), (2.45)
and there are some constants 0 < ¢ < C such that for all x € Qp, we have that
c <|detJy(z)| < C. (2.46)

Then the Sobolev space W™P(Q) is transformed boundedly to W™P () via the composition
operator associated with ¢, i.e., if f € W"P(Q), then (f o) € WIP(Qy), for 1 < p < oco.
Furthermore, the composition operator

" WHP(Q) - WHP(Qp), f— (fop), (2.47)

has a bounded inverse and the following chain rule holds for the first weak derivatives:

n

Di(fop)=> (0;fop)dip/, i=1,...,n. (2.48)

Jj=1

Proof. We refer to [3, Theorem 3.41] for the claim regarding the composition operator and
[1T, Section 2.26] for the chain rule. O

We use the term “pullback” for the operator ¢* and “pushforward” for the derivative of o,
which is also denoted by ¢, = dp. If f is an integrable function on €2, then the pullback of
f by ¢ is given by its image under ¢*, i.e.,

f=¢(f)=foep. (2.49)

Geometric transformations can thus pull back quantities defined on the domain € to the
initial domain €2y and push forward tangent vectors from g to €. In the next section, we
discuss this terminology in the setting of differentiable manifolds with more details.

2.3 Manifolds, bundles, and tensors

This section introduces the necessary concepts and language from differential geometry
that are used throughout this thesis. We mostly follow the approach in Kriegl and Michor
[159] and Lang [160], since we are also dealing with infinite-dimensional manifolds. Other
main references include do Carmo [89], Marsden and Hughes [174], Jénich [144], O’Neill
[202], Michor [180], Lee [162], Tu [261], and Lee [163].

2.3.1 Differentiable manifolds

Definition 2.16 (Charts)

Let M be a set and X be a topological vector space. An X-valued chart on M is a bijection
x: U — V from a subset U of M to an open subset V of X. We write (U, z) instead of
x for the chart to emphasize its domain of definition. A chart that contains some point
p € M (or some subset of M) is said to be a chart around that point (or the subset of M,
respectively).
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Definition 2.17 (Atlases)
Let M be a set, r € Ng U {oo}, and A be an index set.

a) A family of charts (Uy, Zq)aca on M with respective values in (X4 )ac4 is called a
C" atlas on M with values in (X,)qc4 if the following conditions are satisfied:

(i) The domains of definition constitute a cover of M, i.e., M = |J e 4 Ua-
ii) Subsets of the form z,(U, N Ug) for «, § € A are open in X,.
B

(iii) For o, B € A with non-empty intersection U, N Ug, the transition mapping
zgoxyt: 20Uy NUg) — 25(Ua NUp) (2.50)

is a C" diffeomorphism.
b) Two C" atlases on M are C" compatible if their union is a C" atlas on M.

¢) A C" structure on M is an equivalence class of C" atlases on M by C" compatibility.
It can be represented by a maximal C” atlas, which is the union of all C" atlases in
the equivalence class and contains every C” atlas compatible to it.

d) The topology induced by a C" structure is given by the coarsest topology on M that
makes all charts in the maximal C" atlas continuous. It is the final topology with
respect to inverses of the charts and referred to as the C" manifold topology.

Definition 2.18 (Manifolds)

A C" manifold modeled on (X4 )ac4 is a topological space whose topology is induced by a
C" structure with values in the model spaces (Xq)aca. When charts on a C" manifold are
discussed, we assume that they are contained in the C" structure of the manifold, i.e., in
the maximal C" atlas. A C* manifold is also called a smooth manifold.

Remark 2.19

Every C! manifold is C! diffeomorphic to a C> manifold [132} 180], so it suffices to treat
smooth manifolds (in the finite-dimensional case). Note that not every C° manifold admits
a C! structure. In this thesis, the term “manifold” is used to refer to a smooth manifold.
For manifolds with boundary, we refer to the standard references on differential geometry.
Remark 2.20 (Model spaces)

Let M be a manifold modeled on (X,)aca.

a) If the model spaces are Fréchet spaces, then M is called a Fréchet manifold.

o

If the model spaces are Banach spaces, then M is called a Banach manifold.

)
c¢) If the model spaces are Hilbert spaces, then M is called a Hilbert manifold.
)

(oW

If the model spaces are finite-dimensional of the same dimension m € Ny, then M is
called an m-dimensional manifold. In this case, each model space can be identified
with the real coordinate space R™.

Remark 2.21 (Local coordinate chart)

Points in a finite-dimensional manifold can locally be expressed in terms of finitely many
coordinates once a chart around them has been chosen. The local coordinates of a point
p € M in a manifold of dimension m with respect to some chart (U, z) around p are given
by the components of z(p) = (z!(p),...,z™(p)).
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2.3.2 Mappings between manifolds

Let f: M — N be a mapping between manifolds. Its representation in local coordinates
with respect to a chart (U,z) on M and a chart (V,y) on N with f(U) C V is given by
the composite mapping

yofor ™t x(U) = y(V). (2.51)
Mappings between manifolds are characterized by their representation in local coordinates.
Properties of the representation can be transferred to the mapping if they are independent
of the choice of charts. A mapping between manifolds is of class C" at some point p € M if
its representation y o f oz~ ! is of class C" at x(p) for every choice of charts (U, r) around
p and (V,y) around f(p) with f(U) C V. In this particular case, if f is of class C" with
respect to some representation, then it is of class C" with respect to all of them, so it
suffices to check the property for a single representation. We say that f is a C" mapping if
it is of class C" at every point of M, or equivalently, if its representation is of class C" for
some choice of atlas. Let C"(M, N) denote the space of C" mappings from M to N and
C"(M) the space of C" scalar fields on M, i.e., real-valued C" functions on M. The space
of germs of C” scalar fields at p, denoted by C;(M ), refers to the algebra of equivalence
classes of C" scalar fields on M that coincide on a neighborhood of p.

2.3.3 Tangent vectors and derivations
Let M be a manifold and p € M.

a) A tangent vector of M at p is an equivalence class of (smooth) paths in M passing
through p at 0. Two such paths v and § are said to be (tangentially) equivalent if
for every chart (U, z) around p, we have that (z o v)'(0) = (x 09)'(0). The set of
all tangent vectors of M at p constitutes the tangent space T\, M, which is a vector
space isomorphic to the model space of the manifold.

b) A tangent vector v € T;,M induces a derivation on C3°(M) through the mapping
v: C°(M) = R, [h], = (ho~)'(0), (2.52)

where v is a representative path corresponding to v. We write D, M for the vector
space of derivations on C;°(M ), which consists of (bounded) linear mappings that
satisfy the product rule. If M is finite-dimensional, then D, M can be identified with
TpM and both have the same dimension as M, i.e., derivations on C;°(M) are in
one-to-one correspondence with tangent vectors of M at p. Otherwise, we regard
TpM as a vector subspace of D, M.

c¢) The tangent bundle of M is the vector bundle of tangent spaces of M given by
TM = [[ T,M = {(p,v)|p € M, v e T,M}. (2.53)
peEM
It is the total space of a vector bundle with base space M and bundle projection

wy: TM — M, (p,v) — p. Similarly, the bundle of derivations on C*°(M) is given
by the vector bundle

DM = [ D,M = {(p,v) |p€ M, v e D,M}. (2.54)
peEM

If M is finite-dimensional, then DM can be identified with the tangent bundle TM
and both constitute a manifold with twice the dimension of M. Otherwise, we regard
TM as a vector subbundle of DM.
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2.3.4 Differentials and tangent mappings

A differentiable mapping f: M — N between manifolds induces a linear mapping for each
p € M via
Dyf:DyM = DN, v fu(p)v, (2.55)

called the differential of f at p, where fi(p)v is the pushforward of v by f at p given by

(fe()) [Pl ) = v(f*(P)h) = v[ho flp (2.56)

for [h] ) € C‘f(’p)(N) and f*(p)h = [ho f], € C;°(M) is the pullback of h by f at p. This
yields a fiberwise linear bundle mapping

Df: DM — DN, (p,v) — (f(p), f«(p)v). (2.57)

We write D f(p) = D, f for the restriction of Df to DM and Df(p)[v] = D, f(v) € Dy N
for (p,v) € DM.

The restriction of Df to the tangent bundle T f: TM — TN is referred to as the tangent
mapping of f. If f € C'(M, E) for some topological vector space E over R, then we can
identify DE with F x DgFE and consider the projection onto the second component

df: DM — DoE, (p,v)+— f«(p)v, (2.58)

as the (total) derivative of f. It restricts to a fiberwise linear mapping df: TM — E. For
f € CH(M), we have df: DM — R with df(p,v) = v[f],. We also write df(p) = d,f for
the restriction of df to D,M and df(p)[v] = d,f(v) € DoE for (p,v) € DM.

2.3.5 Immersions and submersions
Let f € C1(M, N) be a continuously differentiable mapping between manifolds and p € M.

a) If M and N are finite-dimensional, then the rank of f at p is defined as the rank of
its derivative at p.

b) If Df(p) is injective, then f is called an immersion at p. A C" immersion is a C”
mapping between manifolds that is an immersion at every point of its domain. We
write Immer (M, N) for the space of C" immersions of M in N. Note that, in the
finite-dimensional case, being an immersion is equivalent to the having constant rank
equal to the dimension of its domain.

c) If Df(p) is surjective, then f is called a submersion at p. A C" submersion is a C”
mapping between manifolds that is a submersion at every point of its domain. We
write Subcr (M, N) for the space of C" submersions of M in N. Note that, in the
finite-dimensional case, being a submersion is equivalent to having constant rank
equal to the dimension of its codomain.

d) A C" diffeomorphism refers to a bijective C" mapping with C” inverse. We write
Differ (M, N) for the space of C" diffeomorphisms from M to N and Diffcr (M) as a
shorthand for Diffcr (M, M).

e) A C" embedding refers to an injective C" immersion that is a C" diffeomorphism
onto its image. We write Embcr (M, N) for the space of C" embeddings of M in N.

If there is a C! diffeomorphism between finite-dimensional manifolds, then there is a C*>
diffeomorphism between them [132] [180].
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2.3.6 Bundles and sections
In the following, we consider bundles and sections in the category of smooth manifolds.

Let m: ' — B be a surjective mapping between manifolds. If 7 satisfies the local product
property (or local triviality condition) that, for each b € B, there is an open neighborhood
U C B of b and a diffeomorphism ¢: 771 (U) — U x X}, with 7 = pry o ¢, i.e., the following
diagram commutes:

N U) 2= U x X,

”l%

U

where X} is a manifold and pr;: U x X — U is the projection onto the first factor, then
(E, B, ) is called a fiber bundle with total space F, base space B, and bundle projection
7. A diffeomorphism with the above property is referred to as a bundle chart (or local
trivialization) of the fiber bundle and the corresponding open neighborhood is called a
trivializing neighborhood. The preimage Ej, = 7~ '({b}) is diffeomorphic to X}, for all b € B
and is called the fiber over b.

A section of a fiber bundle (F, B,7) is a mapping s: B — E that is a right inverse of the
bundle projection, i.e., mw o s = idp, where idg denotes the identity mapping on B. The
space of sections of the fiber bundle is denoted by I'(E).

Let f: A — B be a mapping between manifolds. The pullback of a fiber bundle (E, B, )
by f is defined as the fiber bundle (f*E, A, f*7) with total space

J*E={(a,e) € Ax E|x(e) = f(a)}, (2.59)

base space A, and bundle projection f*n: f*E — A, (a,e) — a. The projection onto the
second factor yields a bundle mapping pry: f*FE — E such that the following diagram
commutes:

e 22 p

I

A%B.

Sections of the pullback bundle f*E are referred to as sections of E over f and can be
identified with mappings s: A — E that satisfy mwos = f. We write

If(E)={s: A E|ros=f} ~T(f*E) (2.60)

for the space of sections of E over f. If f|p: D C A — B is the restriction of f to an open
subset D of A, then we write I'y(D, E) =Ty, (E) ~T'((f|p)*E). In particular, if A = B,
f is the identity mapping idp, and ¢tp = (idg)|p is its restriction to an open subset D of
B, i.e., the inclusion mapping of D in B, we have that

(D, E) = T,(D,E) =T, (E) ~ T((tp)*E) ~ T(E|p), (2.61)

where E|p = 7~ (D) is the total space and 7p = | x—1(py is the bundle projection of the
fiber bundle (F|p, D, 7p) with base space D, called the restriction of (E, B, ) to D.

Let (E, B,ng) and (F, B,7r) be fiber bundles over the same base space. Then E X F is
the total space of a (product) fiber bundle over B x B with bundle projection

(g x7p): EXF —- BxB, (v,w)w— (rg),r(w)). (2.62)
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The fiber product (or Whitney sum) of E and F' is defined as the pullback of
(EX F,Bx B,7p X F) (2.63)
by the diagonal mapping 6: B — B x B, b+ (b,b). Its total space can be identified with
ExpF~{(v,w) € ExF|rg(v)=mp(w)}. (2.64)
Similarly, we can define the fiber product of finitely many fiber bundles.

A fiber bundle (F, B, ) is called a vector bundle if each fiber Ej is modeled on a topological
vector space X, i.e., E} is given a topological vector space structure such that the restriction
of each bundle chart

©p: Eb — {b} X Xb ~ Xb (2.65)

around b € B is a continuous linear isomorphism between Ej and the model space X;. A
vector bundle is a topological vector space and a C*° (M )-module under fiberwise vector
addition and scalar multiplication. If the model spaces are finite-dimensional of the same
dimension k € Ny, then M is said to be a vector bundle of rank k.

The dual vector bundle is defined as the vector bundle (E*, B, 7*) with total space
E*:{(b,w)‘beB,weE[f}, (2.66)

base space B, and bundle projection 7*: E* — B, (b, w) — b. For the space of sections of
E*, there is a canonical isomorphism of C*°(B)-modules

I'(E*) ~T(E)". (2.67)
See, e.g., Conlon [74, Theorem 7.5.4]. For more information on fiber bundles, we also refer
to Husemoller [139].

2.3.7 Tensor product spaces

Let V and W be vector spaces. The tensor product ® and the tensor product space V@ W
are characterized by the universal property that, for any bilinear function f: V x W — Z
to a vector space Z, there is a unique linear function f: V ® W — Z such that

flo@w) = f(v,w) (2.68)

for all v € V and w € W, i.e., the following diagram commutes:

VxW 25 vVew

\f
f v

Z.

The tensor product is associative and commutative in the sense that
VeaW)eZ~VeWeZz), VaWxWwWeV (2.69)

for vector spaces V, W, and Z, where ~ denotes a (linear) isomorphic relation.

The space of linear functions L(V ® W; Z) can be identified with the space of bilinear
functions L(V, W; Z) via the (natural) linear isomorphism

LVOW:Z) = L(V,W;2), [ ((v,w) = fo® w)), (2.70)
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and its inverse
LV,W;2Z) 5 L(VeW,Z), f ((v@w) o f(v,w)). (2.71)

The latter is obtained from the universal property of tensor products. For f € L(V,W; Z),
there is a unique f € L(V ® W; Z) such that f(v® w) = f(v,w) for all v € V and w € W.
The abuse of notation (v ® w) — f(v,w) refers to the linear form u +— f(u).

We have that R ® V' ~ V via the linear isomorphism R ® V' — V defined by
(r@w)w— ru. (2.72)
There is also linear isomorphism V' — L(R; V') with
v <r > rv). (2.73)
Furthermore, a linear injection V* @ W — L(V; W) is given by
(a®@w) (v — a(v)w). (2.74)

It is a linear isomorphism in the finite-dimensional case, i.e., V* @ W ~ L(V; W), but not
surjective in general.

There are linear injections V* @ W* — L(V; W*) — (V @ W)* given by the functions
(@® B) — <v o oz(v),B) - <(v ®w) a(v)ﬁ(w)). (2.75)
Similarly, there is a linear injection
Wi®@ - W, Vi@ - @V =LW,..., WS, Vi,..., Vs R) (2.76)
given by the function

(W ® - Qu, R ® -+ ® ag)

(2.77)
= ((517 e Bryvt, 77}5) = ,81('11}1) T 57‘(“17“)051('01) T as(vs))-

A tensor of type (r,s) over V is an element of the tensor product space

V)=V - VeV e ---V*. (2.78)
r times s times
It induces a multilinear form
T: VX - xV*xVx.--xV =R, (2.79)
r t?;nes s times

according to the linear injections above. If V is finite-dimensional of dimension n, then
the components of T' with respect to an ordered basis (e1,...,e,) and its dual (e!,...,e")
with e’(e;) = d°; for 4, j € {1,...,n} are given by

Tt s =T e e, e) (2.80)
for iy,...,0p,j1,...,7s € {1,...,n}. We also write
T =T (e @ @6, @l @@ e). (2.81)

In general, a tensor refers to an element of some tensor product space.
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2.3.8 Tensor bundles and fields

Let (E, B,7g) and (F, B,7p) be vector bundles over the same base space. The tensor
product bundle (E ®p F, B, TEg,r) is defined as the vector bundle with total space

EexpF=][E®F={0bu|beB ucEaF} (2.82)
beB

base space B, and bundle projection mgg,r: E ®@p F — B, (b,u) — b. Similarly, we can
define tensor product bundles of finitely many vector bundles over the same base space.

For the space of sections of E ®p F, there is a canonical isomorphism of C*°(B)-modules
IN(E®p F) ~T(E) ®cep) I'(F). (2.83)
See, e.g., Conlon [74, Theorem 7.5.5].

Let (E, B,7) be a vector bundle. The (fiberwise) tensor product of  copies of E and s
copies of E* constitutes a tensor bundle

T*E)=E®p - @ EQpE" ®p---®p £" (2.84)

Vv
r times s times

of type (r,s) over E with contravariant rank r and covariant rank s. A tensor field of type
(r,s) over E is a section of T™*(FE). It induces a fiberwise multilinear form

T: E*XB~--XBE*XBEXB-~-XBE—>R. (285)
r times s times
If E has rank n, then the components of 7" with respect to some local frame (e, ..., ey,)
and the corresponding dual frame (el,...,e") with e'(e;) = 5ij fori,j € {1,...,n} are
given by
Tit o =T(eM, .. e ey, .. e5,) € C(B) (2.86)

for iy, ... 4p,1,...,Js € {1,...,n}. We can write

T — Tilznwi'r

g (€@ @e, @ @ @) e T(T(E)). (2.87)

Let M be an m-dimensional manifold. The tangent bundle T M is a vector bundle with
twice the dimension of M. We define the cotangent bundle of M as the dual vector bundle
of TM, i.e.,

T*M = [ T;M = {(p,w) | p € M, w e T;M}, (2.88)
peEM

where TyM = (T, M)* = L(T,M;R) denotes the dual vector space of T;,M for p € M.

A tensor field of type (r,s) on M is a section of the tensor bundle T™*M = T"™*(TM) over
the tangent bundle of M. A scalar field corresponds to a tensor field of type (0,0), a vector
field is associated with a tensor field of type (1,0), and a covector field is a tensor field of
type (0,1). For more information on tensor fields, we refer to Marsden and Hughes [174,
Section 1.4].
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2.3.9 Connections and covariant derivatives

Definition 2.22 (Linear connection)

Let (E, B,7) be a vector bundle. A linear connection on F is an R-bilinear function
V: I(TB) x I'(E) — I'(E) (2.89)

such that, for all X e T'(TB), Y € I'(E), and f € C*>°(B), the following conditions hold:
a) V(fX,Y)=fV(X,)Y), (C*°(B)-linearity in the first argument)
b) V(X,fY)=(Xf)Y + fV(X,Y). (Leibniz rule in the second argument)

Instead of V(X,Y), we write VxY for the resulting section of £ and call it the covariant
derivative of Y with respect to X.

Definition 2.23 (Affine connection)

An affine connection on a manifold M is a linear connection on the tangent bundle TM.
We refer to the pair (M, V) as an affine manifold.

Definition 2.24 (Covariant derivative of tensor fields)

Let X € I'(TM) be a vector field, a € T'(T*M) be a covector field, and T € T(T™*M) be a
tensor field.

a) The covariant derivative of a with respect to X is given by the covector field Vya €
I(T*M) with
Vxa(Y)=X(aY)) — a(VxY) (2.90)

forall Y € I'(TM).
b) The covariant derivative of T" with respect to X is given by the tensor field VxT €
(T M) with

VXT(Oél,...,Otr,Yl,...,Y;):X(T(al,...,ar,yl,...,yvs))
—T(Vxaj,a9,...,0p, Y7, ..., Ys)

7T(a17‘"aarflvaarvyla"',Yrs) (291)
—T(Oél,. . 'aO[T)VXYi7Y27"-)Y9)

—T(Oél,. . .,Oér,Yl,...,Yg_l,VX}/s)

for all a,...,a, € T(T*M) and Y1,...,Y; € T(TM).

c¢) The (total) covariant derivative of T is given by the tensor field VT € T'(T"*+1M)
with
VT(ai,....0nYVh,...,Ys, X) = VxT(an,...,anYi,...,Ys) (2.92)

for all ay,...,a, € I(T*M) and Y1,...,Y; € T'(TM). Note that the nabla operator
can be seen as a differential operator

V:T(TM) — (T M), T+ VT, (2.93)

that raises the covariant rank of tensor fields. This also explains the term “covariant
derivative”.
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Remark 2.25 (Extension to vector-valued tensor fields)

Let (E, M, 7) be a vector bundle. The covariant derivative can be extended to E-valued
tensor fields on M, i.e., V: I'(E @y T M) — T'(E @y T M).

Remark 2.26 (Tensor field associated with a vector field)

Let X,Y € T'(TM) be vector fields and T' € T'(T19M) be a tensor field associated with Y,
ie., T'(a) =a(Y) for all € I'(T*M). Then the covariant derivative VxT is associated
with the covariant derivative V xY since

ViT(a) = X(T() - T(Vxa) = X(a(Y)) - Vxa(Y) =a(VxY)  (2.94)
for all o € T'(T*M).

Remark 2.27 (Lie bracket of vector fields)

For X,Y € I'(TM), the Lie bracket of vector fields [-, - ]: T'(TM) x I'(TM) — I'(TM) is
defined as
[X,Y] = XY - YX, (2.95)

where (XY)f = X(Yf) € C®(M) for f € C®(M). It is an anti-symmetric R-bilinear
operator and satisfies the Jacobi identity

(X, [Y,Z]|+ [Z,[X, Y]]+ [Y,[Z,X]] =0 (2.96)

for X,Y,Z € I'(TM), which turns I'(TM) into a Lie algebra. We refer to LxY = [X,Y]
as the Lie derivative of Y along X. The Lie derivative can be realized as the transport of
Y along the flow, i.e., a collection of integral paths, generated by X (see, e.g., Marsden
and Hughes [I74]) and extends to tensor fields 7' € T'(T™*M) instead of Y.

Remark 2.28 (Torsion and Riemann curvature tensor)

There are two fundamental tensors associated with an affine connection V on M. The first
one is the torsion tensor Tor: I'(TM) x I'(TM) — I'(TM) defined by

Tor(X,Y) = VxY — Vy X — [X,Y], (2.97)
for X, Y € I'(TM). The affine connection V is called torsion-free if Tor(X,Y) =0, i.e.,
[X,Y]=VxY - VyX (2.98)

for all X,Y € I'(TM). The second one is the Riemann curvature tensor Rie: I'(TM) x
T(TM) x T(TM) — [ (TM) given by

Rie(X,Y)Z = VxVyZ — VyVxZ — Vixy| Z, (2.99)

for X,Y,Z € T(TM), which is a measure for the failure of second covariant derivatives to
commute. For more information, we refer to standard references on Riemannian geometry,
e.g., do Carmo [90], Petersen [206], Jost [143], and Lee [164].

Remark 2.29 (Ehresmann connection)

Let (E, N, 7) be a vector bundle. A vector subbundle of the tangent bundle TFE is given
by the fiberwise kernel of the tangent mapping Tw: TE — TN, which is referred to as the
vertical bundle VE = ker(T7) of TE. The vertical lift is given by the isomorphism

vi: Exy E— VE, (v,w)+~— (7(0),%(0)) = (v, %(v + tw)

to), (2.100)
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where v: R — E, t — v + tw is a vertical path in E. The vertical projection vp: VE —
E, (v,w) ~ pry(vl~1 (v, w)) refers to the projection of the inverse of the vertical lift onto
the second factor.

An Ehresmann connection on F is a choice of horizontal bundle HE of TE such that
TE=VE &g HE, (2.101)

where ®g denotes the fiberwise direct product. It can be equivalently described by the
kernel HE = ker(®) of a connection form ®: TE — VE. The corresponding connector is
given by the projection K: TE — E, (v,w) — vp(®(v,w)). The mapping

(ng, Tr): TE — E xy TN, (2.102)

restricted to a horizontal bundle HF, is an isomorphism. Its inverse hl: £ x5y TN — HE
is referred to as the horizontal lift.
Remark 2.30 (Covariant derivative of sections over smooth mappings)

Let f: M — N be a smooth mapping, X € I'(TM) be a vector field, and s € I'(f*E) be a
section over f. Given an Ehresmann connection on F, the covariant derivative of s with
respect to X is defined as the section

Vxs=KoTsoX eI'(f'E) (2.103)

over f. It induces a linear connection V: I'(TM) x I'(f*E) — I'(f*E), which reduces to
the usual notion of an affine connection V: I'(TN) x I'(TN) — I'(TN) for E = TN and
f=idy. If s € I'(E) is a section and Y € I'(TN) is f-related to X, i.e., TfoX =Y o f,
then

Vx(sof)=KoT(sof)oX=KoTsoTfoX =KoTsoY of=Vysof. (2.104)

This is also called the chain rule for covariant derivatives. For more information on the
covariant derivative in this regard, we refer to Michor [I80, Section 19.12, Section 22.9].
Remark 2.31 (Parallel transport)

A vector field s € T'(f*TN) over a smooth mapping f: M — N between manifolds is called
parallel over f if it is covariantly constant, i.e., Vs = 0. If M = [a,b] is an interval, then f
is a path in NV and a linear ODE can be obtained in local coordinates to which a unique
solution exists in the finite-dimensional case if an initial condition is given, according to
the Picard—Lindel6f theorem. The parallel transport along f is defined as

Tia).r): TraN = Tre)yN, v = su(b), (2.105)

where s, € I'(f*TN) is the unique parallel vector field along f satisfying s,(a) = v.

2.3.10 Riemannian metrics and associated tensors

Definition 2.32 (Riemannian vector bundle)

Let (E, B,7) be a vector bundle. A Riemannian bundle metric on E' is a smooth section g
of the tensor bundle T%2(E) such that g;: Ej x E, — R is an inner product on Ej for all
b € B. A Riemannian vector bundle (E, B, 7, g) refers to a vector bundle endowed with a
Riemannian bundle metric.
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Definition 2.33 (Riemannian manifold)

A pair (M, g) consisting of a manifold M and a Riemannian bundle metric g on the tangent
bundle TM is called a Riemannian manifold. We refer to g as a Riemannian metric on M.
Remark 2.34 (Musical isomorphisms)

A Riemannian metric induces a bundle mapping b: TM — T*M via
v (w — g(v,w)), (2.106)

which is invertible in the finite-dimensional setting with inverse mapping § = b~': T*M —
TM. We refer to b and § as canonical or musical isomorphisms due to the use of musical
symbols and the resulting operation of lowering and raising indices of tensor components.
For v € TM and o € T*M, we write v* = b(v) and of = §(«) for the associated covector
and vector, respectively.

Remark 2.35 (Raising and lowering indices)

Let (M, g) be a Riemannian manifold of dimension m. In local coordinates, we can express
v =v'e; and @ = qye’ as linear combinations, where (e, ..., e,) is an ordered local basis
and (e!,...,e™) is the corresponding dual basis. Components of the associated covector
v’ = ;e and vector of = ale; are related to the original components via

vi = gijv’, o =gYay, (2.107)

using the Einstein summation convention for i, = 1,...,m with the metric and inverse
metric tensor components

gij = gleieg), 97 = (95) ™" (2.108)

This can be extended to tensors and tensor fields by specifying which indices should be
lowered or raised and considering a local and dual frame on M.

Remark 2.36 (Tensor product metric)
For the inverse metric tensor ¢~ ': T*M x s T*M — R defined by

97 (@, 8) = g(of, BF) = a(B*) = B(aF), (2.109)
we have that g~ '(ef,e/) = g% for 4,5 = 1,...,m. The tensor product metric
T =g® - QgRg Q- @g L T™M x T™M - R (2.110)
r times s times

given by

(M® VU Qa,w ® QW QP Q- ® ) (2.111)
= g(on,w1) - g(vp,we)g ™ (e, Br) g (s, Bs),
extends ¢ to a Riemannian bundle metric on T M.

Remark 2.37 (Trace of tensor fields)

By restricting ourselves to the right-most contravariant and covariant index, we can define
the musical isomorphisms

b: T(T" 1M — T(T™TM), T+ Ty,

2.112
g: T(T M) — T(T" M), T Tgl. ( )
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This convention also allows us to define the following traces for tensor fields:

try: D(T™+25M) = T(T™*M), T — tr(T”), (2113)
tr9: D(T™*2M) — D(T™ M), T — tr(T%), '

where tr: T(T" 1T M) — T'(T™*M) is the tensor contraction of the right-most contravari-
ant index with the right-most covariant index. Note that

try(A) = tr(Ag) = tr(gA),
g(A) = tr( g)1 (94) 1 (2.114)
tr9(B) = tr(Bg ™) = tr(g™ B),
for A € T'(T?>°M) and B € I'(T%2M).
Remark 2.38 (Differential operators)

Let V be an affine connection on M. The gradient of a tensor field T" € I'(T™*M) is given
by the tensor field
gradT = (VT)* e T(T" "1 M) (2.115)

associated with the covariant derivative. It defines a differential operator
grad: T(T™*M) — T(T7H5M). (2.116)
On the other hand, the divergence operator
div: (T M) — T(T™ M) (2.117)
maps a tensor field 7' € T'(T"T1:¥ M) to the trace of the covariant derivative, i.e.,
div(T) = tr(VT) € T(T"*M). (2.118)
Composition of both operators yields the Laplace-Beltrami operator with
div(grad T') = tr(V(VT)*) = tr9(V?T) (2.119)

for T € T(T™*M). Note that (VT)* = VT* holds for T € T'(T™*T!1M). In this thesis, we
mainly use another notion of the Laplace operator introduced in Section for which
we reserve the symbol A. The above operations can be extended to F-valued tensor fields
in I'(E ®y T M), where E is the total space of a vector bundle over M.

Remark 2.39 (Levi-Civita connection)

An affine connection is said to be compatible with the Riemannian metric if
X(9(Y,2)) =9(VxY,Z) +g(Y,VxZ) (2.120)
for all X,Y,Z € T'(TM). In this case, the affine connection is called a metric connection.

The Riemannian metric is covariantly constant with respect to a metric connection, i.e.,
Vg = 0, since the relation

Vxg(Y,2) = X(9(Y,2)) —9(VxY,2) + g(Y,VxZ) = 0 (2.121)

holds for all X,Y,Z € I'(TM). A covariantly constant tensor field is also called a parallel
tensor field.

In a finite-dimensional Riemannian manifold, there is a unique affine connection, called the
Levi-Civita connection, that is torsion-free and compatible with the Riemannian metric.
This is known as the fundamental theorem of Riemannian geometry [164, Theorem 5.4].
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2.3.11 Geodesics in Riemannian manifolds

Let (M, g) be a (path-)connected Riemannian manifold. A distance function on M can be
introduced via the Riemannian metric g. We assume that M is finite-dimensional in this
section, but the concepts can be transferred to the infinite-dimensional setting, which is
required for geodesic paths in shape spaces (see Section .

Definition 2.40 (Riemannian distance)

The Riemannian distance on M is defined as dist: M x M — [0, 00) with
dist(p1,p2) = inf{L(7) | v: [a,b] — M piecewise smooth, v(a) = p1, y(b) = p2}, (2.122)

for p1,p2 € M, where the length functional is given by

b
L) = [ IOl de (2.123)
and the norm || - ||,: T, M — [0,00) is induced by the Riemannian metric, i.e.,
[vllp = 1/ gp(v,v) (2.124)

for p € M and v € TyM. Here, 7: [a,b] — TM denotes the velocity vector field over
defined by

Y(to) = Tv(9(to)) (2.125)
and 0;: [a,b] — T|a,b] is the standard basis vector field on [a,b] C R given by

Ou(to)[Rley = Auh(to) = lim M1 = hlto)

lim ; (2.126)

for tg € [a,b] and [h];, € C{T([a,b]). Differentiability at an end point is either understood
as a one-sided limit or in the sense that the path can be extended to a smooth mapping on
an open neighborhood of [a, b] in R.

The Riemannian distance is a distance function that induces the same topology as the
original manifold topology [I84, Theorem 5.3.8]. Similar to the length functional, one can
define the energy functional on the space of piecewise smooth curves v: [a,b] — M by

b
B =5 [ (0l dt. (2.127)

Stationary points of the energy functional minimize the length locally and have constant
speed. They can also be characterized as paths whose velocity vectors are parallel with
respect to the Levi-Civita connection. See, e.g., Lee [164] for more information.

Definition 2.41 (Geodesics)
A geodesic is a smooth path v: [a,b] — M satisfying the geodesic equation

Vo = 0. (2.128)

The geodesic equation yields an ODE in local coordinates, which is of second order and not
necessarily linear, in contrast to the parallel transport in Remark Unique solutions
to (2.128)) still exist locally, but global existence cannot be guaranteed.
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Definition 2.42 (Riemannian exponential and logarithmic mapping)

Let p € M and S,M C T,M denote the set of all tangent vectors v € T, M for which a
unique solution 7y, ,: [0, 1] — M to the geodesic equation with the initial conditions
Yp,0(0) =P, ¥p»(0) = v, and constant speed exists. The (Riemannian) exponential mapping
at p is then defined as

expy,: SpM — M, v = p,(1). (2.129)

A Riemannian manifold is called geodesically complete if the exponential mapping exp,,
can be defined on the entire tangent space, i.e., S,M = T, M, for all p € M. In this case,
the exponential mapping is a bundle mapping exp: TM — M given by

exp(p, v) = exp,(v). (2.130)

The exponential mapping at p is a local diffeomorphism, i.e., it can be restricted to an
open neighborhood U, M C S, M of the origin such that exp,, |y, is a diffeomorphism.
We can define the (Riemannian) logarithmic mapping at p as the inverse mapping

log, = (exp, [B,,,0) " xP,(By()(0p)) = Bi)(0p), (2.131)

where ((p) = sup{d > 0 | exp,, is injective on Bs(0,)} denotes the injectivity radius of M
at p and B;(0,) = {v € T,M | ||v|, < 6} is an open ball in the tangent space with radius
0 > 0 and center 0, € T, M corresponding to the norm induced by the Riemannian metric.
We write log(p, q) = log,(q) for ¢ in the open geodesic ball exp,(B,,(0,)) € M.

2.3.12 Integration on Riemannian manifolds

Let M be an oriented manifold of dimension m and w € QJ"(M) be a compactly supported
differential m-form on M. Taking a smooth partition of unity (pa)aca on M subordinate
to some positively oriented atlas (Uy, Za)aeca on M, representing the differential m-form

W= fodazl Ao Ad2T, a € A, (2.132)

with respect to each chart, and summing up the weighted integrals obtained from pullback
yields a well-defined quantity

o

acA

/ (23 (pafa) dX (2.133)
Za(Ua)

that is independent of the chosen partition of unity [162, Chapter 9]. Common properties
of this integral can be found in standard references, e.g., Spivak [254], Janich [144], Lee
[162] and Lee [163]. If M is not oriented, we can take the integral of a density function on
M instead [144, Chapter 5.

In the following, we summarize some important tools from the theory of integration on
manifolds. The first one is the change of variables formula for integrals.

Proposition 2.43 (Change of variables)

Let p: M — N be an orientation-preserving diffeomorphism between oriented manifolds of
dimension m and w € QU (p(M)) be a compactly supported differential m-form on p(M).

Then
/ go*w:/ w. (2.134)
M (M)
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Proposition 2.44 (Stokes’ theorem)

Let M be an oriented manifold of dimension m with piecewise smooth boundary OM and
w e QI (M) be a compactly supported differential (m — 1)-form. Then

/dw:/ Fw, (2.135)
M oM

where OM is endowed with the orientation induced by M and v: OM — M is the inclusion
mapping.
Definition 2.45 (Volume form and density)

Let (M, g) be an oriented Riemannian manifold. The volume form on M is given by

vol(g) = v/det(g)da! A--- A da™ (2.136)

in local coordinates. The oriented volume of M is defined as
Vol(M) z/ vol(g). (2.137)
M

For a Riemannian manifold (M, g), which is not necessarily oriented, the volume density is
similarly defined by

lvol(g)| = v/det(g)dz! ® --- @ da™ (2.138)

in local coordinates. The volume of a Riemannian manifold M is defined as

IVol(M)| = /Mvol(g)|. (2.139)

2.3.13 Sobolev spaces of Riemannian vector bundles

Definition 2.46 (Metrics on tensor fields)
Let (M, g) be a Riemannian manifold. The metric G™* on I'(T"*M) is defined by

G"(X,Y) = /M g% (X,Y) vol(g) (2.140)

for tensor fields X, Y € I'(T"*M). If (E, M, n, g) is a Riemannian vector bundle, then the
metric G™* on I'(E ®p; T"* M) is defined by

G™(X,Y) = /M(g ® ¢"*)(X,Y) vol(g) (2.141)

for E-valued tensor fields X,Y € T'(F ®y T M).

Definition 2.47 (Sobolev spaces of Riemannian vector bundles)

Let (M, g) be a Riemannian manifold and (E, M, r,g) be a Riemannian vector bundle.
The Levi-Civita connections V9 and V9 induce metric connections V on tensor bundles
E ®p; T° M via the tensor product connection. The Sobolev space H*(E) of order s € Ny
is defined as the completion of the space of smooth sections I'(F) with respect to the
Sobolev norm

S
[l ) = D> G¥(Vu, Vi), ueT(E). (2.142)
j=0
The resulting topology does not depend on the choice of the Riemannian metrics and the
metric connections if M is compact [27], Section 6.6].
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Definition 2.48 (Sobolev spaces of vector fields over immersions)

Let £: M — N be a smooth immersion of a manifold M in a Riemannian manifold N with
Riemannian metric g. We endow M with the pullback Riemannian metric g induced by &.
The Sobolev space of H® vector fields over ¢ is then defined as H*(*TN).

For more information on Sobolev spaces on Riemannian manifolds, we refer to Eichhorn
[95], 96] and Hebey [126].
2.3.14 Bochner—Laplace operator

Let (M, g) be a Riemannian manifold. The Laplace operator considered in this thesis is the
Bochner—Laplace operator defined in terms of the adjoint of the covariant derivative. Recall
that the covariant derivative can be regarded as a mapping V: I'(T™*M) — I'(T™*+1 M),
which raises the covariant rank of tensor fields by one.

Definition 2.49 (Adjoint of the covariant derivative)

The adjoint operator of the covariant derivative V: I'(T™*M) — T'(T™**1 M) is defined as
the mapping V*: T'(T™**1 M) — T'(T™*M) that satisfies

G™(A,V*B) = G™*TY(V A, B) (2.143)
for all A € T(T"*M) and B € ['(T"**1M).

Lemma 2.50
For B € T(T™**1M), we have that

V*B = —t19(VB) = — div(B). (2.144)
Proof. A proof is given in [27), Section 3.10]. O
Definition 2.51 (Bochner-Laplace operator)
The Bochner—Laplace operator A: I'(T™M) — I'(T™*M) is defined by
AA=V*(VA) (2.145)
for A e T(T"*M).

Remark 2.52

Note that the Bochner—Laplace operator is defined for all tensor fields on M and differs
from the commonly used Laplace—Beltrami operator by a sign, since

AA = —tr9(V2A) = — div(grad A) (2.146)

for A € T'(T"*M) by Lemma Another generalization of the Laplace operator is given
by the Hodge—Laplace operator A: Q*(M) — Q°(M) for differential forms with

A = dd* + d*d, (2.147)

which is related to the Bochner—Laplace operator by the Weitzenbock identity [40]. Here,
d*: Q*TY(M) — Q3(M) denotes the adjoint of the exterior derivative d: Q*(M) — Q¥+1(M)
characterized by

G%(a,d*B) = G***(da, B) (2.148)

for all « € Q*(M) and 3 € Q51 (M).
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Remark 2.53
By definition, we have that

G™*(AA,B) = G"**(VA,VB) (2.149)

for A, B € I'(T™*M). The Bochner-Laplace operator can also be constructed in a similar
way for E-valued tensor fields in I'(E @y T™*M) using the respective covariant derivative
and the bundle metric G™*, where (E, M, m, g) is a Riemannian vector bundle.

2.4 Differential geometry of surfaces

In this section, we provide the necessary tools required for computations involving surfaces
in three-dimensional FEuclidean space or, more generally, Riemannian submanifolds in the
finite-dimensional case. For more information, see, e.g., do Carmo [89] and Michor [180].

2.4.1 Immersed Riemannian submanifolds

Definition 2.54 (Pullback metric)

Let (N, g) be a Riemannian manifold of dimension n and M be a manifold of dimension
m < n. An immersion £ € Imm(M, N) induces a Riemannian metric g on M, called the
pullback metric or first fundamental form, via g = £*g, i.e.

g(X,Y) = §(T¢o X, TE0Y) (2.150)

for X,Y € I'(TM), which turns (M, g) into a Riemannian manifold. We refer to (M, ¢) as
an immersed Riemannian submanifold if it is endowed with the pullback metric.

Definition 2.55 (Tangent and normal bundle)

Let p € M. Since { is an immersion, the tangent space T, M can be identified with the
subspace Tp&(Tp M) C Te(p)N of the ambient tangent space. The normal subspace of M
in N at p is then defined as

NpM = (Tp&(TpM))*" = {w € TeyN | Vv € T,M : gy(Tpé(v =0}. (2.151)

We can thus write T¢(y N = Tp&(T, M) @ N, M. The normal subspaces of M in N form a
normal bundle NM = Hpe v NpM in the usual way. We use the superscripts Il and L to
refer to the tangential and normal part of vector fields over &, respectively.

Definition 2.56 (Second fundamental form)

The covariant derivative Vx(T& oY) can be written in terms of its tangential and normal
part, i.e.,
Vx(TéoY) = (Vx(TéoY)) + (Vx(TEo Y)) . (2.152)

The vector-valued second fundamental form is a symmetric (0, 2)-tensor field h: TM Xy
TM — NM, which maps (X,Y) to the normal part of Vx(T{ oY) given by

MX,Y)=(Vx(TEoY))t = Vx(TéoY) —TEo VxY. (2.153)

If M is an oriented hyper-surface (immersed submanifold of codimension 1), we can define
the scalar-valued second fundamental form h: TM x5 TM — R via the normal component
of h(X,Y), i.e

hMX,Y) = g(n, h(X,Y)) = §(n,Vx(TE o Y)) = —g(Vxn, TE o Y), (2.154)
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where n € I'(NM) is the unit normal vector field on M. The last equality follows from
g(Vxn,TEoY )+ g(n,Vx(T{oY)) = X(g(n,TEoY)) = 0. (2.155)

The shape operator refers to the associated Weingarten mapping 8: TM — TM, which is
characterized by

G(T€080 X, TéoY) =g(8oX,Y)=h(X,Y)=g(—Vxn, TEoY), (2.156)

thus TE080 X = —Vxn = —Vno X. We write x = tr(8) = tr(g'h) for the trace of the
shape operator, which is also given by the sum of principal curvatures, i.e., the eigenvalues

-

of 8. For the vector-valued case, & = tr9(h) € I'(NM) is a section of the normal bundle.

2.4.2 Surfaces in three-dimensional Euclidean space

A surface is a two-dimensional manifold. Given an immersion ¢ € Imm(M, E?) of a surface
in three-dimensional Euclidean space, we endow the surface M with the Riemannian metric
induced by the Euclidean metric (-, -) in E3. The resulting pullback metric is called the
first fundamental form and denoted by the roman numeral

I: TM xp TM — R, (p,v,w) = (&(p)v, &(p)w). (2.157)

For an oriented surface M, the unit normal vector field n: M — S is given by the Gauss
mapping, which assigns a unit vector n(p) € Sg orthogonal to the tangent plane of M in
E? (and consistent with the orientation of M) to each point p € M. In local coordinates,
the unit normal vector field reads

017 X 02y
n= 11292 2.158
190 % 7] (2.138)

where v: D — [E3 is a parametrization of the surface on an open subset D C R? and || - ||
denotes the Euclidean norm. The shape operator refers to the Weingarten mapping

§: TM — TM, (p,v)+— 8y(v), (2.159)

where 8,(v) is the element of T, M that corresponds to the negative of V,n(p).

The eigenvalues k1 and ko of the shape operator (as a fiberwise linear mapping) are called
the principal curvatures of M. Its mean

1
H = 5(%1 + HQ) (2.160)
is called the mean curvature of M and its product is the Gaussian curvature
K= KR1Kk2, (2.161)

which is an intrinsic property of the surface according to the Theorema Egregium of Gauss.
The minimum radius of curvature refers to the quantity

. 1 1
T'min = mln{ }, (2162)

[a]” [z

which may be infinite if kK1 = k3 = 0.
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The second fundamental form is the (fiberwise) symmetric bilinear form given by
II: TM xp TM = R, (p,v,w) — L,(8y(v), w). (2.163)
Its symmetry (and thus self-adjointness of the shape operator) follows from
I(8(v),w) = (n, Vyw) = (n, Vyv + [v,w]) = I(v, 8(w)) (2.164)

since 0 = v((n,w)) = (Vyn,w) + (n, V,w) and the Lie bracket [v, w] € TM is orthogonal
to the unit normal vector.

The third fundamental form is defined as
III: TM xp TM —» R, (p,v,w) — L,(8y(v),8,(w)) (2.165)
and can be expressed in terms of the first and second fundamental form via
I -2HII+ KI=0, (2.166)

where H is the mean curvature and K is the Gaussian curvature of M.

Proposition 2.57 (Steiner’s formula for parallel surfaces)

Let v: D — E3 be a parametrization of an oriented smooth surface with unit normal vector
field n: D — Sy and 7: D — E3 be a parametrization of a parallel surface given by

791, 9%) = (01, 9%) + ¢ (9, 9?) (2.167)

for a sufficiently small ¢ € (—¢,e). Then

(n, 017 x 027) = (1 — 2HC 4+ K¢?) (n, 017y X Do) . (2.168)
D D e e
det(n, 817, D27) 101y x D2l

Proof. This is an exercise in [89] Section 3-5, Exercise 11]. Let g, = 047 and a,, = 9,7y for
a =1,2. Then g, = aq + Oun. Since O,n L n, the partial derivatives of n can be written
as

Dan = (Dgn)tar + (Dan)?as. (2.169)

From this, it follows that

g1 % g2 = (a1 + ¢ 01n) x (az + ( dan)
= (a1 X ag) + C(@ln X ag) +C (a1 X 82n) + CQ (8171 X 82n)
1 2, 2 1 2 2 2 1 (2.170)
= (14 ¢(in)" + ((02n)” + (7 (01n) (92n)" — (7 (01n)"(d2n) ) (a1 X asz)
= (1 —Ctr(8) 4 ¢?det(8)) (a1 x az) = (1 — 2HC 4+ K¢?) (a1 x as).
Thus (n,g1 X g2) = (1 —2H( + K¢ (n,a1 x ag) = (1 —2HC + K¢?)|lag x as]|. O

35






3 Mathematical models of shell structures

In the following, we introduce some basic concepts from the theory of elasticity to formulate
the mathematical models of shell structures considered in this thesis. At the end of this
section, we also formulate a model of Earth’s lithosphere, which is used for the numerical
experiments in Section [7| For a more elaborate introduction to solid mechanics and shell
structures, we refer to Marsden and Hughes [174], Ciarlet [66}, 67, [68], 69], Bischoff et al.
[41], Koiter [156, [157], Naghdi [I89], Simo and Fox [251], Reddy [212], and Braess [55].

3.1 Three-dimensional elasticity theory

We begin with the description of deformable bodies in continuum mechanics.

3.1.1 Geometry and kinematics of bodies

Let M be a continuum body, modeled as a manifold of dimension m, and N be an ambient
space—usually the Euclidean space E? that represents the physical space or, more generally,
a Riemannian manifold of dimension n. Elements of M are referred to as material points
or particles of the body. A configuration of M in N is a mapping

¢ M — N, (3.1)

which assigns a spatial point £(p) € N to each particle p € M. We restrict ourselves to
configurations that are continuously differentiable embeddings of M in N, i.e., the mapping
€ is at least a C! diffeomorphism onto its image. Thus, phenomena such as folding, ripping,
pinching, or interpenetration of matter are excluded from the model. We write Emb(M, N)
for the space of all admissible configurations of M in N.

A motion of M in N is a path t — & in the configuration space, i.e., a continuous mapping
from a time interval I C R to Emb(M, N). We write £(¢,p) = &(p) for the position of a
particle p € M at time ¢t € I and identify the motion with the mapping

E:1xM— N, (tp)—&,p). (3.2)

The trajectory of p under the motion & is given by the path t — £(¢,p) in N. The material
velocity of & refers to the vector field

ViIxM—TN, (tp)— 8&(t,p), (3.3)

assuming that the trajectories are differentiable. Furthermore, the material acceleration of
¢ is defined as the covariant derivative of V' with respect to time, i.e.,

A: I xM — TN, (t,p)+— VaV(tp). (3.4)

A C" regular motion refers to a motion of class C", i.e., the associated mapping in (3.2) is
of class C" and &; is a C" embedding for all ¢ € I. We assume that the motions considered
hereafter are sufficiently regular.

The material velocity can be expressed in terms of the position via the spatial velocity
v & (M) = TN, (t,2) = V(t&  (2), (3.5)

where §7(M) = 1,c; &(M) = {(t,z) |t € I,z € §&(M)} € I x N. Similarly, the spatial
acceleration reads
a: (M) — TN, (t,z) — A(t,& (). (3.6)
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) ’ s

; S ;

p=cog N
€0 §

¢ deformation of body
M reference body
& initial configuration
N ambient space

& current configuration M

Figure 3: Deformation of a continuum body M in the ambient space N from the initial
undeformed configuration &y to the current deformed configuration &.

Thus, we have v(t,x) = V(t,p) and a(t,x) = A(t,p) for the spatial point = £(¢,p). By
the chain rule for covariant derivatives in (2.104]), we can express the spatial acceleration
in terms of the spatial velocity:

a(t,z) = Vo, (voip)(t) = Vig,mv(t,z) = Va,u(t,x) + Vyu(t, x), (3.7)

where ¢,: I — &1(M), t — (t,£(t,p)). More generally, the material (time) derivative of a
tensor field T over £ in spatial picture is given by

T(t,x) = Vo, T(t,x) + V,T(t,x). (3.8)

Thus, the relation v = Vy,v + V,v = a holds.

Let & be an initial undeformed configuration and & be the current deformed configuration.
The deformation of M in N from &j to & is described by the mapping

0 &(M) = €M), x> (E0&)(@). (3.9)
The deformation gradient of ¢ at p € M refers to the differential of ¢ at {y(p). We write
F(¢): T&(M) — TE(M) (3.10)

for both the deformation gradient and its matrix representation in local coordinates. The
Jacobian determinant of ¢ is denoted by J(¢) = det(F(¢)). The argument ¢ is omitted if
the deformation is clear from the context.

Let g denote the Riemannian metric on the ambient space N. A configuration £ induces a
Riemannian metric on the body M via the pullback g = £*g. The pullback metric induced
by the initial configuration {g is denoted by G = £;jg. For a fixed initial configuration, the
deformation ¢ = {0y Lis fully characterized by &, so we can identify &(M) with M and
use the deformation gradient F'(§) = F(¢)F(&): TM — TN instead.
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Let (E1, ..., E,) be alocal frame on M induced by a local coordinate chart (9',...,9™)

with corresponding dual frame (E',... E™), i.e.,
9 i i i 5
Ei= s E=df, E(E)=0d, (3.11)

for ¢,5 =1,...,m. Similarly, we have for k,l = 1,...,n that

0
=55 ek = dz¥, ek(el) = 5kl, (3.12)
where (e1,...,e,) and (e!,...,e") are the local and dual frame corresponding to a local
coordinate chart (x!,...,2") on N, respectively. By definition of the pullback metric, we
have that
g:gij(EZ(X)E]), G:Gij(EZ(X)EJ), (313)
with the following components:
9ij = 9(Ei, E5) = g(gi, 95), Gij = G(Ei, Ej) = g(Gi, Gy), (3.14)

where the convected frames (g1,...,9m) on (M) and (Gi,...,Gy) on (M) are defined
as

og" _ 0&k

gi = 0§ = 57k = F¥(Qer, Gi=0i& = 501 & = F* (&)ex (3.15)
with k =1,...,n and & = 2% o £&. The deformation gradient of ¢ is written as
F(&) = FY (€)(er ® E') = (9:® EY), (3.16)

regarded as a two-point tensor field. When the identification of {o(M) with M is not made,
the deformation gradient of ¢ reads F(¢) = (g; ® G'). Note that the relations ¢'(g;) = 5ij
and G'(Gj) = 5ij also hold for the dual frames that correspond to the convected frames.

A measure of local deformation of a deformable body is given by the material strain tensor

1
E = (F'F —Id), (3.17)

where FTF is the (right Cauchy—Green) deformation tensor and Id is the identity tensor.
We can lower the contravariant index of E using G to obtain the associated covariant
material strain tensor

B =g-0), (3.18)

which is expressible in terms of the difference of the metric tensors corresponding to the
initial and current configuration [I74, Definition 3.18, Proposition 4.13]. Since (3.18) plays
a bigger role than (3.17) in constitutive theory, we omit the superscript b and write

for the (covariant) material strain tensor.

In the following, we consider the case m = 3 and N = E3 endowed with the dot product.
We write : for the double contraction of tensors with respect to the two innermost indices.
The tangent bundle TE? is identified with E? x R? in the usual way.
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3.1.2 Equations of motion and constitutive relation

The equations of motion for a body follow from a set of balance laws: conservation of mass,
balance of momentum, and balance of energy [I74, Chapter 2]. In spatial picture, they are
described by the following system of PDEs:

6+ 0(V-v) =0, (3.20a)
00 =V s+ fext, (3.20b)
o =5:d—V - q+ Text, (3.20¢)

where p is the mass density, v is the spatial velocity, w is the internal energy density, s is
the Cauchy stress tensor, d is the rate-of-deformation tensor, ¢ is the heat flux vector, fext
is the external force acting on the body, and 7yt is the external heat supply.

The difference between solid and fluid materials lies in the fact that fluids, such as liquids
or gases, lack the ability to resist shear deformations. Fluids deform continuously (or flow)
under applied shear forces, whereas solids can support a substantial amount of shear stress
while remaining at rest. This distinction can be characterized by means of the symmetry
group of the material [271]. The deformation of a solid body is usually expressed in material
picture, where each individual particle of the body is tracked during the whole process. In
contrast, fluid flows are usually specified in terms of the current spatial position since fluid
particles might enter or leave the prescribed control volume. The former corresponds to
the Lagrangian description and the latter to the Eulerian description of fields.

Elastic materials are materials that do not only resist deformation but also return to their
original configuration when no external load acts on the system. Most solid materials
exhibit elastic behavior for small strains. However, plastic deformation may occur when
the applied load exceeds the yield strength, which results in an irreversible and permanent
change of shape. We restrict ourselves to elastic deformations throughout this thesis.

The equations of motion in (3.20]) are only fully determined when the dependence of stress
on strain is given via some constitutive relation. In solid mechanics, the relation is usually
specified in material picture in terms of the first Piola—Kirchhoff stress tensor

P=JsF, (3.21)

given by the Piola transform of the Cauchy stress tensor s. The second Piola—Kirchhoff
stress tensor

S=F1P=JF sF T (3.22)
is also used to retain the symmetry that arises from the balance of angular momentum.

In this thesis, we mainly consider Cauchy elastic materials, where the first Piola—Kirchhoff
stress tensor is a function of the deformation gradient, i.e., P = P(F'), or, equivalently, the
second Piola—Kirchhoff stress tensor S = S(FE) is a function of the material strain tensor.
This means that the stress at each point only depends on the current state of deformation.
A special case is given by hyper-elastic materials for which there is a stored energy density
function W = W (E) such that S = W".

The continuity equation (3.20a)) is equivalent to the property that the mass
| etarde= [ oltem)Iepap (323)
£ (M) M
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is constant in time for any regular motion £&. We define the reference mass density on M as

oret(p) = 0(t,&(t,p))J (¢, p) (3.24)

for p € M, which is independent of the time variable ¢t. Since g is then already determined
by oref and the corresponding configuration &, we can omit the continuity equation in the
Lagrangian description. Furthermore, we have no heat flux and no external heat supply in
the isothermal case. Equation then reduces to pw = s: d, which is automatically
satisfied when a hyper-elastic material model is assumed. Only the momentum equation
(3.20bf) remains in isothermal hyper-elasticity.

In material picture, Cauchy’s equation of motion then reads
OrefA =V - P+ Foyy, (3.25)

where the external body force is now denoted by Fuy. Assuming a St.-Venant—Kirchhoff
(linear elastic isotropic) material model, we have that

S =\r(E)G* 4+ 2uEf =K : E (3.26)

with Lamé parameters A and p [I74, Chapter 3, Example 5.17], which can be written in
terms of the rank-4 elasticity tensor K that has the following components:

The components of S are thus given by
S = KUk, = NEF, GY 4+ uw(EY + E7). (3.28)

In Voigt notation, the constitutive relation (3.26) reads

_SH_ B3 + 2M A A 0 0 O E11
522 A A2 A 0 0 0| | Fx
533 A A A+2u 0 0 0] | B
| = ten 33 (3.29)
S 0 0 0 w0 0| [2FEqs
S13 0 0 0 0 u 0 |2E3
S22 Lo 0 0 0 0 p| [2E12]
Expressing it in terms of Young’s modulus Y and Poisson’s ratio v yields
Sl 1—v v v 0 0 0 FEi
522 v 1—-v v 0 0 0 Foo
S33 Y v v 1—v 0 0 0 FEs3
SBI T 1+v)(1—20) | O 0 0 (1—-2v)/2 0 0 2F3
513 0 0 0 0 (1—2v)/2 0 2F)5
S12 0 0 0 0 0 (1-2v)/2| |2E12
where we substitute
Yv Y
A= W= (3.30)

1+v)(1-2v) 2(1+v)
for the Lamé parameters. St.-Venant—Kirchhoff material models are hyper-elastic with the
strain energy density function

1 1 1
W:§S:E:§E:K:E:§)\tr(E)2+uE:E. (3.31)
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3 Mathematical models of shell structures

3.1.3 Boundary value problem of elastostatics

Let M be a bounded, connected, three-dimensional body with piecewise smooth boundary
OM that consists of a Dirichlet and Neumann part, i.e., 0M = Mp U My. In the stationary
case, the left-hand side of vanishes, which leads to the boundary value problem of
elastostatics: Find an admissible configuration ¢ € Emb(M,E3) such that

—V . -P()=Fe&t inM, (3.32a)
P(§) N =Gexy on My, (3.32b)
§=¢&ix  on Mp, (3.32c)

where Gy is the external surface force acting on the Neumann boundary My, &gy is the
prescribed deformation on the Dirichlet boundary Mp, and N is the unit normal vector
field defined almost everywhere on M. The dependence of the fields on £ is now written
explicitly. See Figure [ for an illustration of the domain of the boundary value problem.

The set of admissible configurations consistent with the boundary conditions is denoted by
¢ = {¢ € Emb(M,E?) | € = & on Mp}. (3.33)
Its tangent space, i.e., the set of admissible variations at £ € €, is given by
Te€ ~ {ne C'(M,R% |n=0on Mp}. (3.34)

The corresponding bundle of admissible variations reads

T¢ =[[Tee = {(&,n) | { €€, ne T} (3.35)
e

We occasionally write n = §§ for an admissible variation at £. By multiplying (3.32a)) with
n € T¢C, taking the integral over M, and applying the product rule

V- (P(§)-n) = (V- P(&)-n+P(E): Fn) (3.36)

as well as the divergence theorem, we obtain the equilibrium equation

[ PO F@av= [ Facnave [ Gonaa (3.37)
M M Mn

Mp

OM = Mp U My

My

Figure 4: Domain of an elastostatic boundary value problem.
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3.1 Three-dimensional elasticity theory

Due to the relation P = F'S, the symmetry of the second Piola—Kirchhoff stress tensor,
and the properties of the trace function, we can also write

P(&): F(n) = tx(S(§)"sym(F(§)"F(n))) = S(§) : D(&n), (3.38)
where

Den) = Ben= SEE+m)| = (FETF@) + FoFE)  (339)

Cde

t=0

is the material rate-of-deformation tensor, given by the symmetric part of F(&)"F(n).

We define the fiberwise linear functional R: T¢ — R with

R(E,n) = /M Fog - ndV+ [ Gug-ndA— /M S(©):DEn AV, (3.40)

My
b(n) a(&m)

and end up with the following abstract notation for the variational formulation of the
boundary value problem: Find an admissible configuration £ € € such that

R(&m) =0 (3.41)

for all admissible variations n € T¢C.

For hyper-elastic materials, the above characterization is equivalent to the stationarity of
the stored energy functional ¥: € — R with

(E) = /M Fag-€dV4 [ Goq-€dA— /M W(E())dV, (3.42)

My

Wext (§) Wine (€)

where W, corresponds to the mechanical work done by external forces and ¥y, denotes
the internal strain energy, since we have that

- E‘I’int(f +tn)

d
= —Wext(§ + 1) 1

—o dt

_ / Fo, - id (€0 dV +
M

v'(&)n = %\I’(ﬁﬂn)

t=0

Gexe - ()0 dA — /M W (E()E'(€)ndV

t=0

Mn

(3.43)
Goxe - dA — /M S(€): D(€,n)dV

:/ Fext-ndV-i-
M

My

=R(£,n).

Thus, R(&,n) = 0 holds for all admissible variations 7 € T¢€ if and only if ¥/(£) = 0. This
is referred to as the principle of virtual work.

3.1.4 Linearization and displacement formulation

The variational equation in (3.41]) is non-linear in the first variable. We can consider the
linearization of the strain tensor at the initial undeformed configuration &y with E(&y) = 0,
ie.,

E(&) = E(&) + E'(&0) (& — &) = 0E (&0, & — &) = D(&0,€ — &), (3.44)
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3 Mathematical models of shell structures

to obtain the displacement formulation in terms of the displacement field § — &y € T¢, €.
For the partial derivative of R with respect to the first variable at &, we have that

oG =~ [ (5560 K 5B +5©): PEEnO) V. (349

Linearization of the variational equation in the first variable at &y yields

R(Em) ~ R(&o,m) + AR(E0,m)(€ — &) = 0. (3.46)

With u =& — & € 6 and v = n € $), where we define
® =T €~ {ue C'(M,R?) |u=0on Mp},
H =T~ {U e C'(M,R?) ‘ v=0on MD},

the above linearization results in the following equilibrium equation:

/<6E(§0,u):K:6E(§0,v)+5(§0):52E(£0,v,u)> dV:/ Fog - 0dV+ | Gex -vdA.
M M My

(3.47)

By neglecting higher-order derivatives of the strain tensor, we obtain the displacement
formulation for the linearized boundary value problem of elastostatics: Find an admissible
displacement field v € & such that

a(u,v) = b(v) (3.48)

for all admissible variations v € §), where a: & x ) — R is a bilinear form and b: H — R
is a linear functional given by

a(u,v) = / o(u):e(v)dV, bv) = / Fext -vdV + Gext - vdA, (3.49)
M M My
with the linearized stress and strain tensors

o(u) = K:e(u), e(u) =0E(&,u) = D(é,u) = sym(F (&) F(u)). (3.50)

The corresponding linearized strain energy reads

Ving: & > R, ur— 1/ o(u):e(u)dV. (3.51)
2 Jm

3.1.5 Weak variational formulation

Solutions to variational problems are usually found in function spaces that are weaker than
the one on which the original problem is posed. Such solutions are called weak solutions,
as opposed to classical solutions corresponding to the strong formulation of the problem.

For the displacement formulation of the linearized elastostatic boundary value problem, it
is known that the weak variational problem is well-posed on the closed subspace

Q?z{veHl(M,R?’)’U:Oon Mp}, (3.52)

i.e., there is a unique solution to the problem in ‘U that depends continuously on the data,
provided that the Dirichlet boundary Mp is not of boundary measure zero. This is because,
in that case, the symmetric bilinear form

a:BxV—->R, (u,v)+— / o(u):e(v)dV, (3.53)
M
is uniformly U-elliptic due to Korn’s inequality [55, Chapter VI, Section 3|.

For the pure Neumann problem without Dirichlet boundary conditions, additional terms or
conditions have to be considered to ensure the well-posedness of the problem. For existence
theorems in non-linear elasticity, we refer to Ball [25].
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3.2 Reduction to lower-dimensional models

3.2 Reduction to lower-dimensional models

In this section, we explain how mathematical models for lower-dimensional elastic bodies,
such as shells, plates, and beams, can be obtained from the three-dimensional theory. We
follow the direct approach for dimensional reduction, which results in a geometrically exact
model of shells [251), 281]. Our main reference is Bischoff et al. [41] from the Encyclopedia
of Computational Mechanics. Further references include Ciarlet [66] 67, [68], Koiter [156],
Naghdi [I89], Braess [55], and Steigmann [256].

3.2.1 Shell kinematic assumptions

A shell is a three-dimensional solid whose thickness in one direction is considerably small
relative to the other two directions. The mathematical model of a shell can be reduced to
a two-dimensional one by considering only the mechanics on some reference surface. More
formally, a shell is modeled as a fiber bundle (B, A, 7), where the total space B is given by
a three-dimensional body and the base space A is a surface embedded in B. Each fiber of
the shell is a curve segment that is transverse to the reference surface A C B.

One typically distinguishes between thick and thin shell models. Thick shell models capture
transverse shear strains in addition to membrane and bending strains, as opposed to thin
shell models, where the thickness of the shell is assumed small enough, so that the effects
of transverse shear deformations can be neglected. The configuration of such a thin shell is
fully determined by the configuration of the reference surface in physical space, whereas the
configuration of a thick shell is supplemented by a deformable vector field on the reference
surface, called a director field. A surface together with a director field is referred to as
a one-director Cosserat surface [I14]. The concept of assigning orientations to material
points as additional degrees of freedom has been proposed by the Cosserat brothers in [78].

As a rule of thumb, a shell is considered thin when the ratio between the thickness h and
the minimum radius of curvature ry;,, as defined in Section is small and does not
exceed some threshold value, e.g.,

h/rmin < 5 %, (3.54)

according to Kiendl et al. [I53]. A well-known and conventional model for thin elastic shells
is given by the Kirchhoff-Love or Koiter shell model [I56], which is confined to membrane
and bending deformations. More general models for thick shells, based on first-order shear
deformation theory (FSDT) akin to Reissner-Mindlin plates, have been attributed to Naghdi
as a result of his work on the systematic development of shell and plate theories in [I89].

B

h\ A

Figure 5: A shell segment of thickness h and its reference surface (red).
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Figure 6: Parametrization of a shell segment using local curvilinear coordinates.

Let (B, A, ) be a shell. Given an admissible configuration ¢: B — E? of the shell body, the
restriction &[4 to the reference surface is called a surface configuration. We write Q = £(B)
for the image of B under £ and I' = £(A) for the image of the surface configuration.

There are various conditions that can be imposed on configurations of a shell. In this work,
we focus on the Kirchhoff-Love hypotheses for thin elastic shells and consider the following
shell kinematic assumptions [168|, 212]:

(A1) Mindlin hypothesis: Fibers are mapped to straight line segments that vary linearly
in terms of the parameter corresponding to the transverse direction.

(A2) Kirchhoff hypothesis: Fibers are mapped to curve segments that are orthogonal to
the reference surface.

(A3) Inextensibility: The length of each fiber remains constant for all configurations.
Under the Mindlin hypothesis (A1]), any admissible shell configuration can be parametrized
locally using curvi-linear coordinates 9 = (9!, 92,93) by a mapping of the form

w92, 9%) = (91, 9%) + 93 5(91, 92), (3.55)

where 7y is a parametrization of the corresponding part of the surface configuration and §
is a unit director field, which coincides with the unit normal n to the surface in physical
space if the Kirchhoff hypothesis is assumed. The parameter ¢ = ¥ corresponds to
the transverse direction and ranges from a lower bound h~ to an upper bound A*. One
speaks of an inextensible Cosserat surface if the thickness h = h™ — h™ remains constant
for all admissible configurations, according to .

We write w = v 4+ (6 for an admissible parametrization of the Cosserat surface, which is
defined on the shell parameter domain

Op- ) = {0, 0%,9%) e R? | (91,0%) € ©, h™(9",9%) <9* < (9", 9%)}.  (3.56)

Here, © C R? is an open subset in two-dimensional real coordinate space corresponding to
a part of the reference surface. Note that we have h~ = —h™ and h = 2h™ if the reference
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3.2 Reduction to lower-dimensional models

g a3
3
Q \___— Q I
’% - aq
I I r r
(a) Shell metric tensor g without 1) (b) Surface metric tensor a without 1D
g3 =as az = g3
o) Q
> gl al
r r
(c) Shell metric tensor g with (A2). (d) Surface metric tensor a with (A2).

Figure 7: Differences between the convected frames corresponding to the shell and surface
metric tensor. If the Kirchhoff hypothesis (A2)) is assumed, the director § = g3 coincides
with the unit normal n = a3 to the surface. Fibers are depicted using dashed lines.

surface is chosen to be the mid-surface of the shell. The thickness is said to be homogeneous
if h is constant over the whole surface.

We distinguish between the shell and surface metric tensor on B induced by &. The shell
metric tensor g is given by the pullback of the metric tensor on €2, i.e., g;; = g; - g; with
gi = Ow for i,7 = 1,2,3 in local coordinates. The surface metric tensor a is given by
the pullback of the metric tensor on I', supplemented with the unit normal vector field
n, i.e., ajj = a; - aj with aq = 04y for a = 1,2 and az = n = (a1 X ag)/||a1 x ag|| in local
coordinates. We use upper-case letters G and A to denote the corresponding tensors with
respect to the initial undeformed configuration, i.e., G; = G; - G; with G; = Jjwo as well
as Ajj = Ai - Aj with Ay = 0a70 and Az = N = (A1 x Ag)/[|A1 x As|| in local coordinates.
It should be clear from context whether A refers to the tensor or the reference surface.

The shell shifter tensor Z = G; ® A* refers to the local coordinate transformation from the
surface to the shell coordinate system. The fundamental assumption in the theory of thin
shells is that Z is close to the identity tensor. In particular, we assume for the determinant
of Z, given by Steiner’s formula in Proposition that

_ det(Gy, G, Gs)

—_ (1 _ 2\ ~
det(Z) = T = (1—-2H(+ K ~ 1, (3.57)

due to the small ratio in (3.54) and negligible higher-order terms in ¢. This is referred
to as the thin shell assumption. We write |(| < 1 when higher-order terms in ¢ can be
neglected due to the thin shell assumption.

3.2.2 A shell model of Koiter’s type

The equilibrium equations for thin hyper-elastic shells can be derived from the principle of
virtual work by expressing the strain tensor in terms of kinematic variables of the reference
surface and pre-integrating along the transverse direction. In the following, we assume that
the reference surface is given by the mid-surface and that the thickness is homogeneous.
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Ey\y Eia|| Eis gl g12|{ g13
Ea B || Eas g21  g22|| g23
E31  Es3o | | FEs3 | | S31 532 | | 533 |

Figure 8: Nomenclature for strain and stress components. Black box: in-plane components.
Colored box: transverse components. Blue: normal components. Red: shear components.

The deformation gradient of an admissible shell configuration in local coordinates reads
F=[0y+¢0in dy+Cdn n]=ar az n]+([0in don 0] (3.58)

under the shell kinematic assumptions. For the shell metric tensor, we have that

(a1 -a1 a1-ay a1 -n om-a; Oin-as 0 on-on on-oan 0
g= lag-a1 as-as as-n| +2C|n-ar Sn-as 0| +C2|dn-0n dn-6n 0
|n-a1 n-az n-n 0 0 0 0 0 0
[a11 a2 O bir b2 O ci1 ci2 0
= a1 az O —2( |bar b2 O +C%|ca1 coo O (3.59)
| O 0 1 0 0 0 0 0 O

From (3.59)), we see that the material strain tensor (3.18]) has no transverse components.
Thus, we can define the in-plane strain tensor with respect to the surface metric by

B = Bas(A® ® A°) = %(a _ Ay 2%(1) _B)+ 42%@ o), (3.60)

which can be written in terms of the first, second, and third fundamental form with respect
to the current and initial undeformed configuration .

The inextensibility condition (A3]) implies that transverse normal strains are zero, i.e.,
Ey3 =0, (3.61)

which is an artificial constraint that is incompatible with the zero transverse normal stress
condition (conventionally used to model thin plates and membranes in planar elasticity)
and leads to an over-stiff behavior of the shell model. To mitigate this problem, we allow
non-zero transverse normal strains and impose the following condition instead:

533 = 0. (3.62)
This corresponds to static condensation of transverse normal strains [41] Section 4.4.5].
The above condition ([3.62)), together with the constitutive relation (3.29)), yields
83, = 831Gy = A tr(E) + 2uFE3; = MEY 4+ E%) + (A +2u)E3; =0, (3.63)
thus

A
B3 =-— EY + E? 64
3 )\+2M( 1+ E%), (3.64)

which leads to ~
Mr(E) = —2uFE3; = \(EY, + E%) (3.65)
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with the modified Lamé parameter
2un - Yv
A2 1—0v2
For the strain energy density (3.31)), the relation (3.65)) yields

A= (3.66)

1
W = 5Atr(E)? +uE:E
1-
= iA(Ell + E%)(EY + E% + E%) + uE: E

1-
= 5A(El1 + E%)? + u(E: E — E3E33)

1-
= 5)\(E11 + E%)? + u(EM Eyy + E*2Fyy + EY¥Er9 + E*' Ey),

(3.67)

since transverse shear components vanish in the model. The resulting expression does not
depend on transverse components of the strain tensor. We can then introduce the in-plane
elasticity tensor K with components

Ka675 _ S\AaﬁA’ﬁ + M(AOP/Aﬂ(; + Aa(sAﬁ’Y) (368)

and the energetically conjugate in-plane stress tensor S = K : E. Assuming that Z is close
to the identity tensor, i.e., G = A, the strain energy density corresponding to the in-plane
strain and stress tensors is approximately equal to the one in (3.67), i.e.,

W= %S:E: %)\tr(E)2+uE:E%W (3.69)
Contractions of in-plane tensors are taken with respect to the surface metric tensor.
For thin shells with |(| < 1, we can neglect higher-order terms in ¢ and obtain
E=FE"+4+(CE°+0(¢?) ~ E™ + CE® (3.70)
from with the membrane and bending strain tensors
foa %(a—A), "= —(b—B). (3.71)

Pre-integration of the strain energy along the transverse direction then yields

ht

Wi = /de—/ S:Edet(Z)dCdAx;/ S:Ed¢dA

AJh—

ZZ

= / o (E% + CERg) (B + CEDs) d¢ dA
// Ko (BB + ¢ (BB + EbsB2y) + CCERsEY; ) acaa (3:72)

[ rm h
1 _ _ o
:/(Sm:Em+Sb:Eb)dA,
2/a

where the effective stress resultants (membrane force and bending moment) are given by

3

_ _ _ h_
S™ = hK : E™, Sb:ﬁK:Eb. (3.73)
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The constant term in ( integrates to

ht
/ 1d¢=h" —h™ =h, (3.74)
the linear term vanishes due to h~ = —h™ and odd symmetry
w 1 1
| cac=5np - 2 =0, (3.75)

and for the quadratic term, we use that h = 2h™ to obtain

ht

[ e = G = G00) = G = W) ()

- (3.76)
1, (1., 1., 1.5\ A

Note that the effective stress resultants have no direct physical interpretation and need to
be converted to true stress resultants in order to perform reliable stress analysis.

3.2.3 Boundary value problem of thin elastic shells

Common boundary conditions for shells in static equilibrium consist in a combination of
structural supports, e.g., pinned, clamped, and roller supports, which correspond to fixing
some components of the configuration and its derivatives at the boundary. For the sake of
simplicity, we consider the case where the shell is clamped along the normal vector field at
some part of the boundary.

Let the reference surface be connected with piecewise smooth boundary A = Ap U Ay.
The set of admissible surface configurations consistent with the boundary conditions reads

oA = {g € Emb(Z7 E3) ‘ 5: gﬁm Tg' ngx = 0 on AD}, (3.77)

where f_ﬁx is the prescribed deformation and ngy a corresponding normal vector field on
the Dirichlet boundary Ap. Since the strain energy in (3.72)) only depends on kinematic
variables of the reference surface, we can define the shell strain energy functional as

T AR, £ % / (5™(€): E™(€) + 5°(€) : E°(£)) dA. (3.78)
A

For the mechanical work done by external forces, we assume that there is an external force
Foy¢ acting on the reference surface A and an external traction force Gex acting on the
Neumann part Ay of the boundary curve dA, but no external moments for simplicity. The
external energy functional is then given by

Ve A — R, §_r—>/FeXt-§_dA+/ Gext - £d8S. (3.79)
A AN

Similar to the derivation in (3.43]), we can use the principle of virtual work to obtain the
variational formulation for the non-linear Koiter shell model: Find an admissible surface
configuration £ € 2 such that

a(&,1) = b(n) (3.80)
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for all admissible shell variations 77 € T¢2, where

a(€, ) = Wi ()i = /A (S™(&): D™(&,7) + SP(€) : DP(€, 1)) dA, (3.81a)

b(77) = WL (€)1 = / o 1A+ [ Gex - 715, (3.81b)
A AN
with D™(&, ) = 6E™(&,7) and DP(§,77) = SEP(E, 7).

The procedure in Section [3.1.4] yields the linearized membrane and bending strain tensors

em(u) = D™(&,u), en(u) = D" (&, u) (3.82)
as well as the corresponding linearized effective stress resultants
_ h3 _
om(u) = hK :epm(u), op(u) = EK ep(u). (3.83)

From these, we obtain the displacement formulation for the linearized Koiter shell model:
Find an admissible shell displacement field u € & = T¢ 2 such that

a(u,v) = b(v) (3.84)
for all admissible shell variations v € $ = T¢2l, where
o, v) = / (om(t) : € (0) + (1) : €0 (v)) A, (3.850)
A
b(v) = / Fo -vdA + Glext - vdS. (3.85b)
A AN

The corresponding linearized shell strain energy is given by
1
Y ® SR, ues / (0 (u) : em(t) + on(u) : 2(1)) dA. (3.86)
A

Note that the bars above the variables have been omitted for visual clarity. The strain
tensors and the linearized counterparts have the following components in local coordinates:

1 1
;nﬁ = 5(80/7 ' 857 - 80/70 ’ 8670)7 (Em)aﬁ = 5(80471' ' 6570 + 80/}’0 : 85“)7

(3.87)
Egﬁ = —(aaaﬁ’}/ N — 8048/3’)/0 . no)’ (sb)aﬁ = —(aaaﬁu “No + aaaﬁ’YO . 716),
where nj = mgy — (no - mo)no with
o = O1u X 70 + 0170 X Oau (3.88)
10170 % 020l
is the first variation of the normal vector field.
For the weak formulation, we consider the closed subspace
Y= {ve H!(A,R?) | 0a0v - n € L2(A), v =04v-n =0 on Ap}, (3.89)

which guarantees that the above integrals are well-defined if the surface configuration is
sufficiently regular, e.g., of class W2, according to Blouza and Le Dret [48]. There is also
a different formulation where the displacements are expressed in terms of contravariant
coordinates instead of Cartesian coordinates. In this case, the normal component of the
displacement field has to be twice weakly differentiable, while the tangential components
can be assumed to only have first-order weak derivatives, in order for the integrals to exist.
Existence and uniqueness results for linear shell models can be found in [48, [49] 68}, [69],
especially [48, Theorem 14] in our case, while the non-linear case is discussed in [70} [110].
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3.2.4 Plate and beam models

If the initial undeformed configuration of the reference surface is planar and there are no
membrane strains, one speaks of a plate instead of a shell. The displacement of the mid-
surface from the initial configuration is then reduced to its vertical deflection perpendicular
to the plane. For a Kirchhoff plate in the xy-plane, we start with the assumption that

vo(ﬂf,y) = (l‘,y,O), (390&)
V(z,y) = (z,y, w(z,y)), (3.90D)
U(:E,y) = (O’O’w(xay)) (390C)

In this case, the membrane part of the strain tensor vanishes and the bending term can be
written in terms of the deflection w perpendicular to the plane:

sp(w) s ep(v) = D (vAwAv + (1 — v)V2w: V), (3.91)

where v = dw is now the variation in vertical direction and the coefficient

Yh3

denotes the flexural rigidity of the plate. The weak formulation is then modified to
a(w,v) = / D (vAwAv + (1 — V)V : V2v) dA, (3.93a)
A

E(v) :/fextUdA+/ Jext v dS, (393b)
A 0A

where fext and gext denote the vertical components of Feyt and Geyt, respectively.

In the one-dimensional case with w = w(x), the bending term reduces further, which leads
to a fourth-order differential equation for an Fuler—Bernoulli beam when considering the
strong formulation of the problem without boundary conditions:

& (D de) = foxt. (3.94)

da? \7 da?

Here, D is a flexural rigidity that depends on the cross-sectional geometry of the beam.

3.3 Mathematical model of Earth’s lithosphere

In this work, the term “lithosphere” refers to the solid part of Earth’s interior that responds
elastically to applied mechanical loads on time scales of geologic duration. It encompasses
Earth’s outermost layer, the crust, and a portion of Earth’s upper mantle (see Figure @
This particular notion is called the elastic lithosphere in Melosh [I77, Box 3.4] and should
be distinguished from the other definitions. Since the mechanical behavior of a planet’s
interior depends on the rheology of the material of which it is composed and the duration of
the loads under consideration, the location and size of the lithosphere are rather ill-defined.
Nevertheless, the concept of an elastic lithosphere has proven useful for modeling purposes.

We treat the lithosphere as an elastic shell floating on the asthenosphere and subject
to gravitational body forces. The asthenosphere comprises the mechanically weak and
ductile region of Earth’s upper mantle, which behaves like a viscous fluid on geologic time
scales and exerts an outward buoyancy force on the lithosphere. The magnitude of the
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Figure 9: Top layers of the Earth (see Lowrie [169] and Rogers [217]).

force is proportional to the pressure difference between the fluid and the submerged body.
According to Archimedes’ principle, it is equal to the weight of the displaced fluid, which,
in our case, depends on the depression of the lithosphere. The weight of topography is
treated as a gravitational load, i.e., an inward force proportional to topographic elevation
and rock density acts on the lithosphere, which causes its depression. Isostasy or isostatic
equilibrium refers to the state of mechanical equilibrium between the lithosphere and the
asthenosphere due to gravity and buoyancy (see Gutenberg [118] and Watts [274]).

3.3.1 Topographic loading and buoyancy

We model the lithosphere as a thin elastic plate of effective elastic thickness ¢ floating on
the asthenosphere and subject to gravitational forces. The initial depth of the mid-surface
in the undeformed configuration corresponds to the theoretical depth relative to the mean
sea level when there is no overlying mass. The actual mid-surface of the lithosphere does
not have to coincide with the Mohorovicié¢ surface, which is the boundary between the
crust and the upper mantle of the Earth. However, we assume that they are close to each
other and differ only by a constant vertical displacement.

Starting from the equilibrium equations for a Kirchhoff plate with external load fext, we
split up the contributions from gravity and buoyancy: fext = ferav + fouoy-

Gravitational load is obtained by integrating all the weight above the mid-surface. The
density of overlying air is considered to be negligible, so that the weight of topography
ranges from Earth’s surface down to the mid-surface. It is given by

h
fgrav = _A 09 dz, (395)

where d is the depth of the mid-surface relative to the mean sea level, h is the topographic
elevation, g is the density of overlying mass, and g is the gravitational acceleration, which
is assumed to be constant for the sake of simplicity.

The vertical displacement of the mid-surface from the initial depth is given by w = d — dy.
The buoyant force is equal to the weight of displaced asthenosphere, thus

do
Jbuoy = /d omgdz = —onmgw, (3.96)

assuming a constant upper mantle density op,.
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Figure 10: Left: Floating elastic lithosphere under topographic loading. Right: Relevant
quantities for the mathematical model.

Instead of working with the actual topographic elevation, we use a mass representation r
obtained by taking the mass above the mid-surface of the lithosphere and normalizing it by
some depth-independent reference density o.. We choose the reference density as the mean
rock density from the current depth of the mid-surface to its initial depth and assume that
it is homogeneous in space, so that

1 [P I
or = |w|/d odz, r= o/, odz. (3.97)
T Jao

Using the mass representation r, which corresponds to rock-equivalent topography, we can
write the external load as

Jext = —(0m — or)gw — orgr- (3.98)

Plugging this into the weak variational formulation for the plate model without external
boundary forces yields a(w, v) + b(w, v) = ¢(v) with the bilinear form (3.93al) and

b(w,v) = /A(Qm — or)gwvdA, c(v) = — /A orgrv dA. (3.99)

This is the Vening-Meinesz model of flexural isostasy used to explain regional compensation.
See, e.g., Vening-Meinesz [265], Abd-Elmotaal [I], and Pelletier [205, Chapter 5].

In the case where there is no flexural rigidity, the Vening-Meinesz model reduces to the
Airy—Heiskanen model of local isostasy [5], for which the well-known relation

("m — Qr) (do—d)=r (3.100)
Or

holds. It states that the lithospheric depression relative to the initial depth is proportional

to the mass representation of the topography with a scaling factor of (o, — 0r)/0r. Using

the above relation, we can determine the initial depth from some standard crustal thickness

to corresponding to a lithospheric plate in local isostasy when the topographic elevation is

Zero.

3.3.2 Isostatic boundary value problem

If we consider only a portion of Earth’s lithosphere for the simulation, conditions on the
boundary of the domain have to be prescribed to compensate for the missing information
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3.3 Mathematical model of Earth’s lithosphere

outside of it. A natural choice is given by the full Neumann boundary condition, which
corresponds to setting gext = 0 on the whole boundary. The resulting isostatic boundary
value problem for a Kirchhoff-Love plate then reads: Find an admissible deflection w such
that a(w,v) + b(w,v) = ¢(v) for all admissible variations v = dw.

The Sobolev space H?(A) is chosen as the space of admissible deflections for the boundary
value problem. It consists of square-integrable functions on the reference surface with
square-integrable weak derivatives up to second order. For the full Neumann problem, the
variational problem is well-posed by the Lax—Milgram theorem [55, Chapter II], provided
that A C R? is a bounded Lipschitz domain and the coefficients D(1 — v/) and (om — 0r)g
are bounded from below by a positive number. The H? coercivity of the bilinear form
follows from the fact that the H? norm is equivalent to a similar one without the terms
containing first-order derivatives [195, Theorem 1.8].

The above displacement formulation requires H? regularity, which implies global C! continu-
ity for the trial and test functions. The difficulty of C! finite elements can be circumvented
by considering isogeometric shape functions.

3.3.3 Spherical model of the lithosphere

Using the more general equations for thin elastic shells, it is possible to perform simulations
of the lithosphere on the whole surface of the Earth. From a modeling point of view, the
results may not reflect the physical reality, since the Earth consists of different regimes
and tectonic plates that interact with each other in a complex manner. Moreover, due to
the large scale of the simulation, the effects of flexural rigidity will usually not be visible.
Nevertheless, we assume that the entire lithosphere can be modeled as a single spherical
shell to showcase the capabilities of isogeometric analysis (IGA) in numerical simulations
on curved domains, especially on a spherical domain. Note that it is also possible to model
the surface of the Earth as an oblate spheroid or an irregular geoid instead of a sphere.
For the sake of simplicity, we restrict ourselves to the spherical model.

Some considerations in Section [3.3.1] for lithospheric plates in isostatic equilibrium have to
be adapted to the shell model. The buoyant force in three dimensions reads

b(u,v) = /A(gm —or)g(n-u)(n-v)dA, (3.101)

where (n-u) and (n-v) are the radial part of the trial and test function, respectively, given
by the orthogonal projection onto the unit normal n of the sphere. Similarly, the external
load is given by a radial gravitational force

c(v) =— /A orgr(n - v)dA. (3.102)

With the above adjustments, the isostatic problem for a Koiter shell then reads: Find an
admissible displacement u such that a(u,v) + b(u,v) = c¢(v) for all admissible variations
v = du. We consider the vector-valued Sobolev space H?(A, R3) for the displacements of
the spherical shell, which is a subspace of without boundary conditions.
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4 Riemannian framework for shape spaces

In common usage, a shape refers to the form of a physical object, which can be represented
by the boundary of the object and comprises topological as well as geometric information.
Connections between parts of the object are specified by the topology, whereas relative
arrangement of the parts within space is described by the geometry. A shape can thus be
considered as a collection of points endowed with a topology and a geometry.

Mathematically, we can model shapes as certain subsets of some ambient topological space,
also called the hold-all domain. A shape space refers to the set of admissible shapes within
a given framework. The most general choice that can be made for a shape space is to
consider all subsets of the ambient space as admissible shapes. However, such a power set
contains too many objects, which makes the analysis of shapes within the ambient space
generally hard. It is more viable to restrict the set of admissible shapes to an appropriate
subset of the power set.

If the objective is to perform shape optimization with PDE constraints, where the domain
of the PDE is determined by the shape, a certain regularity has to be imposed on the shapes
to guarantee the existence and uniqueness of solutions to the PDE. A common choice is to
consider bounded Lipschitz domains as the set of admissible shapes, which are also present
in most industrial applications. In the framework presented hereafter, limits of smooth
shapes corresponding to some Riemannian metric are considered instead.

We distinguish between three branches of shape optimization: parameter, geometry, and
topology optimization [123] 122]. In the setting of parameter optimization, the problem is
reduced to a set of parameters that are to be optimized. Examples of such parameters are
sizing ones, e.g., lengths and thicknesses, or other kinds of features, e.g., curvature radii.
This thesis is mainly concerned with geometry optimization, where the inherent geometry
of a shape with fixed topology is considered as optimization variable instead of typical
features of the shape. In contrast, topology optimization allows changes in both geometry
and topology of the shape during the optimization process, such as generation and removal
of holes in the shape, and is the most versatile among the three branches. It is not the
subject of this thesis, since different techniques are usually required to handle topology
optimization. Nevertheless, a very short and concise overview is provided in Section
For a thorough introduction to topology optimization, we refer to Bendsge and Sigmund
[36]. An overview is given by Sigmund and Maute [250].

In the statistical shape analysis community, the term “shape” often refers to “what is left
when the differences which can be attributed to translations, rotations, and dilatations have
been quotiented out” [I52, Section 2, p. 82]. For the purpose of shape optimization, we do
not generally adopt this notion of shape, since the above similarity transformations might
still play a role in the value of the objective function, especially in structural optimization.
What should always be quotiented out in this context, however, is the dependence of the
problem on particular representations of the shape via some parametrization.

The use of the term “shape” in this thesis is also to be distinguished from Borsuk’s theory
of shape in topology [60, [I73] and other incompatible notions in unrelated fields.

4.1 Review of existing frameworks

Before we introduce the Riemannian framework for shape spaces, we provide a brief non-
exhaustive overview of other existing frameworks in the context of shape optimization.
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4 Riemannian framework for shape spaces

More details can be found in the main references: Pironneau [208], Sokolowski and Zolésio
[253], Allaire [6], Haslinger and Mékinen [123], Bendsge and Sigmund [36], Delfour and
Zolésio [85], Sigmund and Maute [250].

4.1.1 Perturbations of identity

In a construction due to Micheletti [I79], shapes are identified with some quotient group
of perturbations of identity that acts on the Euclidean space E™ and is endowed with the
Courant metric that turns it into a complete metric space. A perturbation of identity of
type W is a bijective transformation 7: E® — E" of the form 7 = id + w for some w € W,
whose inverse can be written in a similar way, i.e., it is an element of the set

T = {7’: E" — E" | 7 bijective, 7,71 € id + W}, (4.1)

where W is a function space of mappings from E" to E™ of a certain regularity. The set T
together with the composition operator is a group under mild assumptions on W. The
original construction by Micheletti uses perturbations of identity of class C* with vanishing
derivatives at infinity. It has been extended to a larger family of Banach and Fréchet spaces
of mappings in Delfour and Zolésio [85, Chapter 3, Section 2].

The corresponding shape space is defined as the set of images of some reference shape
Qo C E™ under perturbations of identity, i.e.,

S={r(Q) CE"|7T€T}, (4.2)
which can be identified with the quotient group 7 /7g, where
%:{TGT‘T(QO):QO} (4.3)

is the closed subgroup of 7" that keeps the reference shape fixed. If (W, || - |lw) is a Banach
space of mappings from E" to E™, the Courant metric is a distance function on 7 given by

dist(o, 7) = dist(id, 7 0 07 1), (4.4)
for o, 7 € T, where
k
dist(id,7) = _inf > (Il = idlhw + 77" = idllw). (4.5)

Tl TRET =1

The infimum is taken over all finite factorizations of 7 in 7T, i.e., 7 = 7 o - - - o 7}, for some
k€ Nand 71,...,7 € T. The resulting distance function is right-invariant and can thus
be used for the shape space S ~ T /7. For the function spaces considered in Delfour and
Zolésio [85, Chapter 3, Theorem 2.9], the shape space endowed with the distance function

dist(€q, Q) = inf{dist(id, 7) | 7 € T, () = 2}, (4.6)
for 21,09 € S, is a complete metric space.
Another formula is given by the right-invariant pseudo-distance function
dist(Q, Q) = inf{||7 —id|w + |77" —id|lw | T € T, (1) = U2}, (4.7)

which satisfies all requirements of a distance function except for the triangle inequality.
For perturbations of identity of class W™>* with r € N, a distance function of the form

diSt(Ql, QQ) = inf{@((ll, QQ), C}, (48)
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for some constant ¢ > 0, can be constructed from the pseudo-distance function, according
to Murat and Simon [I87, Theorem 1]. A sequence of shapes (£2;);cn in S converges to §2
in S, ie.,

lim dist(Q;, Q) = 0, (4.9)

1— 00
if and only if there is a sequence of perturbations of identity (7;);en in 7 and 7 € T with
7i(Q0) = Q; and 7(Qp) = 2 such that
lim |7, — 7||lw = 0. (4.10)
71— 00

We refer to Murat and Simon [I88], pp. 11-29-11-30] for a proof.

Using the above identification, we can endow the shape space with a differential structure
obtained from the topological vector space W. A shape functional F': S — R is associated
with the mapping

F:B.(0) = R, wwr F((id +w)(Q)), (4.11)

defined on a neighborhood of thg origin in WW. Shape diﬁ}erentiability of F' at () is then
attributed to differentiability of F' at 0, i.e., F(Q, w) = 6F (0, w) with

(4.12)

4.1.2 Velocity method

Another approach is the velocity method [253] Section 2.9], which is based on prescribing a
velocity vector field for deformations of the shape within the ambient space. Given a shape
functional F': & — R, the shape derivative of F' at 2 € § in the direction of a continuous
velocity vector field v: [0, ] x E® — E" is established via the Eulerian semi-derivative

: (4.13)

where Q; = 14(€) is a family of transformed shapes corresponding to the time-dependent
flow ¢: [0,e] x E™ — E" satisfying

owp(t,x) =v(t,(t,x)), P(t,x) ==z, (4.14)

for all (¢,z) € [0,e] x E™. The method of perturbations of identity is a special case of the
velocity method that uses transformations of the form vy = id 4 tw for some w € W. Both
methods yield the same notion of first-order shape derivatives under suitable assumptions
on the velocity vector field or family of transformations [84].

A stronger notion of differentiability for which all the rules of classical differential calculus
remain available is Hadamard semi-differentiability [86]. The difference is that the limit in
is required to be independent of the choice of the continuous velocity vector field v
with v(0,z) = w(x), where w € W is a mapping from E" to E" of a certain regularity. This
ties to the manifold definition of derivatives and a shape space modeled on a topological
vector space W.
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4.1.3 Topology optimization

Various approaches and techniques have emerged for topology optimization in the context
of structural design since its advent in 1988 [250], initiated by the seminal work of Bendsge
and Kikuchi [35]. Most methods involve the use of densities [34) [248], phase fields [53] 272],
and level sets [8, 9, 273] for material distribution, as well as the concept of topological
derivatives [99, 252), 199]. Evolutionary approaches [282, 289] based on discrete binary
design variables have also been developed for topology optimization.

A popular technique for compliance minimization using densities for material distribution
is the solid isotropic material with penalization (SIMP) method [223] 224] 36]. The idea is
to assign a relative density value o(x) € [0, 1] to each point x in the hold-all domain N,
which determines whether there is material at the respective point or not. Intermediate
density values correspond to regions with composite or porous material. If such regions are
not desired, a penalization term is added to the stiffness of the material as a function of
the density according to the power law

Y(e) = Yoo, (4.15)

where Yj is the reference Young’s modulus for a region filled with solid isotropic material.
To suppress intermediate density values and facilitate binary solutions, the penalty factor
p > 1 is usually chosen to be greater than or equal to 3 [36, Section 1.1.2].

A spatial discretization of the density distribution and the state variable is considered to
solve the problem numerically, e.g., using the finite element method (FEM). Starting from
an initial distribution, usually with o(z) =1 for all z € N, the density field o: N — [0, 1]
is updated in an iterative process based on sensitivity analysis of the objective function.
This can be done using standard methods of optimal control theory [131, 260], since the
shape variable has been reduced to some density parameter, which is just a scalar-valued
quantity. A sensitivity filtering scheme is commonly used to establish some connectivity
between neighboring elements and avoid checkerboard patterns in this way [248] 249].

Phase field methods are based on the minimization of a modified functional of the form

Fo=ar@+ [ (Lwoo+5Ivel)av (4.16)

with positive constants «, e, and the phase field o: N — R, where F': § — R denotes the
original objective function that is to be minimized and § is some suitable function space for
the phase field. They can be seen as a particular penalty method for the density approach.
The penalty function w: R — [0, 00) is given by a double well potential with minima at 0
and 1, which serves to penalize intermediate density values. The functional derivative or

L? gradient of is given by
grad F (o) = agrad F(p) + %w’(g) —elAp (4.17)
and the phase field p: [0,e] x N — R is evolved according to the Cahn—Hilliard equation
dro = div(D grad F (o)) (4.18)
with some diffusion coefficient D [270].

60



4.1 Review of existing frameworks

For level set methods, the boundary of the shape 2 € S C % (N) is described by the zero
locus of some scalar-valued function ¢: N — R, i.e.,

op(x) >0 < xe€int),
p(z)=0 o x€0, (4.19)
p(r) <0 < =xeext(,

where int 2 and ext €2 denote the interior and exterior of €, respectively. The evolution of
¢:[0,e] x N — R along a normal velocity vector field v = an is described by the transport
equation

049 + al| 9| = 0. (4.20)

Given an objective function F': & — R, a descent direction can be obtained on the whole
domain N by using the boundary representation of the shape derivative for each level set
®(c) = {x € N|¢(z) = c} with ¢ € R. See Allaire et al. [8, 9] for more information.

In Sokotowski and Zochowski [252], the topological derivative of a shape functional F': & —
R, defined on a collection S C 2(N) that contains every subset of the form N\ K for some
compact subset K C N, is given by

P -t PO\ B) = PO

4.21
0t B, (@) 2

for x € N, where |B,(z)| is the volume of a ball of radius r. It has formerly been called
the bubble method by Eschenauer et al. [99]. The topological derivative 2 F(z) provides
information on variations of the shape functional if an infinitesimal hole is created at z,
which can be used to perform topology optimization based on the approaches described
previously. Apart from spherical holes, different types of holes can be considered, which
may lead to different kinds of topological derivatives [T, Section 4]. The computation of
topological sensitivities generally requires more work than shape derivatives due to the
mathematical difficulties involved in the concept [199].

4.1.4 Kendall’s shape space

A different approach to modeling shapes using Riemannian geometry is due to Kendall
[152], where configurations of a finite amount of landmarks that do not collapse to a single
point are considered as variables. Such a configuration consists of a labeled set of k points
in E”, which can be represented by a matrix of size n X k with real-valued entries. Kendall’s
shape space is then obtained by removing translations, dilatations, and rotations from the
configurations.

Let 2 = (x1,...,21) € (E")¥ be a configuration of k landmarks and z € E" be its centroid
given by the Euclidean mean

k
1
ro=1> i (4.22)
=1

>

The relative position of landmarks can be specified using displacement vectors x; = x; — xg
with respect to the centroid xg for ¢ = 1,..., k. Since the relation Zle z; = 0 holds by
construction, a subset of k — 1 displacement vectors is already sufficient to fully determine
the relative configuration, i.e., one of the displacement vectors is redundant and can be
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removed, e.g., using orthogonally transformed coordinates as described in [I52, Section 2].
A translation-invariant measure of size for configurations is given by the Frobenius norm

k
1Z[lp = | Dl (4.23)
i=1
of the displacement matrix z = (il :fk) € R"*¥ which is non-zero if and only if

the landmarks do not collapse to a single point. Effects of dilatations can be ignored by
normalizing configurations using the above norm, i.e., a non-degenerate configuration x is
identified with the feature z/||Z||p. This results in the pre-shape space

Sk = {x e RMF

k
> =0, |#r = 1}. (4.24)

=1

The rotation group SO(n) acts on S¥ via left matrix multiplication. Identifying rotationally
symmetric configurations with one another yields the shape space

»F =sk/son), (4.25)

which can be endowed with a so-called Procrustean distance function that is induced by
the spherical distance function

dist(Z, §) = arccos(tr(z'y)), Z,7y € Sk, (4.26)

corresponding to the Frobenius inner product. In the case n = 2, the quotient space 2’2“
is a Riemannian manifold and the Procrustean distance corresponds to the Riemannian
distance induced by a particular Fubini-Study metric [I52, Theorem 1, p. 92].

4.2 Shape space of submanifolds of a fixed type

The aim of this section is to establish an appropriate mathematical model for the shape
space of submanifolds of a fixed type, which consists of submanifolds of an ambient space
diffeomorphic to some reference shape with fixed topology and diffeology. An elaborate
treatment of infinite-dimensional differential geometry and manifolds of smooth mappings is
given in the monograph by Kriegl and Michor [I159], where manifolds modeled on so-called
convenient vector spaces are considered. The underlying theory is based on the concept
that smooth mappings between manifolds map smooth paths to smooth paths, from which
many desirable properties follow, e.g., the chain rule and the exponential law. It provides
a means to deal with spaces of compactly supported smooth functions on manifolds that
are not compact. For smooth functions on compact manifolds, it is sufficient to consider
Fréchet manifolds. See, e.g., Bruveris [59, Section 1.2].

4.2.1 Manifold of smooth mappings

We begin with the manifold structure of the space of smooth mappings and explain in
which sense it can be considered an infinite-dimensional manifold. Let M be a compact
manifold of dimension m and N be Riemannian manifold of dimension n with Riemannian
metric g. We additionally assume that M and N are connected and of positive dimension
to exclude the case of discrete shapes.
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Lemma 4.1

Let (Y, ||-|ly) be a Banach space. The function space C*°(M,Y") endowed with the countable
family of (semi-)norms given by

luler = > 0%l = sup > lo%u@)lly, ueC*(M,Y), re N, (4.27)

lal<r |a\<r

is a Fréchet space. The topology induced by the translation-invariant metric

[v = wller
disteo g 27" e C*(M,Y 4.28
1STC ’U U) ].—i—”'l)—wHCT v, w ( ’ )7 ( )

is the Whitney C* topology.
Proof. We refer to Golubitsky and Guillemin [IT1, Proposition 1.9]. O

Remark 4.2

For r € Ny, the function space C"(M,Y’) can be endowed with the C" norm, which turns it
into the usual Banach space of r-times continuously differentiable functions. The topology
induced by the C" norm is the Whitney C” topology.

Lemma 4.3

The space of smooth sections T'(§*TN) over £ € C°(M, N) is a vector space and C*(M)-
module under fiberwise vector addition and scalar multiplication. It can be endowed with
the Whitney C topology, which turns it into an infinite-dimensional Fréchet space.

Proposition 4.4

The manifold of smooth mappings C*°(M, N) is an infinite-dimensional Fréchet manifold
modeled on spaces of smooth sections I'(§*TN) endowed with the Whitney C* topology.

Proof. A proof is given in Golubitsky and Guillemin [IT1, Theorem 1.11]. O

Remark 4.5

The tangent space T¢C>® (M, N) at £ € C>°(M, N) can thus be identified with the space of
smooth vector fields over £. See, e.g., Golubitsky and Guillemin [I11] Proposition 1.13],
Hamilton [120, Example 4.3.3], and Kriegl and Michor [I59, Theorem 42.17]. The corre-
sponding tangent bundle is a Fréchet bundle given by

TC®(M,N) ~ {(&v) | £ € C®°(M,N), v e T(£"TN)}. (4.29)

4.2.2 Pre-shape space of smooth configurations

A subset of the ambient space N is an embedded submanifold of N diffeomorphic to the
reference shape M if and only if it is the image of an embedding from M to N. To allow
shapes with self-intersections, we can also consider immersed submanifolds of N. In this
case, we have to restrict ourselves to free and proper immersions to ensure that the resulting
shape space is a manifold rather than an orbifold. See Cervera et al. [63].

A smooth immersion £ € Imm(M, N) is called free if the smooth diffeomorphism group of
M acts freely on it, i.e., if £ o p = £ for some ¢ € Diff (M), then ¢ = idy;. Moreover, it
is called proper if the pre-image of compact subsets is compact, which is readily satisfied
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for a compact domain M. The first property is required to show that the quotient space
Imm(M, N)/Diff (M) is a manifold. The second one is used to show that the resulting
quotient manifold is Hausdorff.

An example of a non-free immersion of S; in E? is given by one that traverses a simple
closed curve multiple times. It turns out that if there is a point in the image with only one
pre-image, then the immersion is free [63, Lemma 1.4]. Injective immersions and especially
embeddings, which are relevant in applications, are therefore free. Note that there are free
immersions that has no point with only one pre-image, e.g., a figure eight that is traversed
twice along the first petal and three times along the second one.

The space of smooth immersions Imm (M, N) is an open submanifold of the manifold of
smooth mappings C*°(M, N). Furthermore, we have that

Emb(M, N) C Immgee (M, N) C Imm(M, N) € C=(M, N), (4.30)

where the inclusions are all open. We refer to the configuration subspaces in (4.30]) as the
pre-shape space of smooth embeddings, free smooth immersions, and smooth immersions,
respectively.

4.2.3 Shape space of immersed submanifolds

In the following, we restrict ourselves to the case of free smooth immersions and omit the
subscript from Immygee (M, N).

Lemma 4.6

The smooth diffeomorphism group Diff (M) is an open submanifold of C*°(M, M) and a
reqular Fréchet Lie group acting on C*°(M,N) via composition from the right.

Proof. A proof is given in Kriegl and Michor [I59, Section 43.1]. O

Definition 4.7

The shape space of (unparametrized and free) smooth immersions is defined as the quotient
space of Imm (M, N) under the action of Diff (M), i.e.,

B(M,N) = Imm(M, N)/Diff(M). (4.31)
It consists of smoothly immersed submanifolds of IV of (fixed) type M.

Proposition 4.8

The pre-shape space of free smooth immersions Imm(M, N) is the total space of a smooth
principal fiber bundle with structure group Diff (M) and base manifold B(M, N).

Proof. A proof in the case of smooth embeddings or free smooth immersions can be found
in Kriegl and Michor [159, Section 44.1, Section 44.2]. For non-free immersions (leading to
a shape orbifold instead of a shape manifold), we refer to Cervera et al. [63]. O

Remark 4.9

By definition, two configurations &;, &, € Imm(M, N) describe the same shape in B(M, N)
if there is a diffeomorphism ¢ € Diff (M) such that & o ¢ = &. The set of images given by
the collection of subsets

S(M, N) = {£(M) C N | ¢ € Imm(M, N)} C P(N) (4.32)
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can be identified with the shape space B(M, N) in the case of injective immersions, which
is not necessarily true for more general immersions. Nevertheless, we write Q € B(M, N)
to refer to an element of the shape space and treat the element as a subset of the ambient
space, even in the more general case where self-intersections are allowed and the shape as
a subset may correspond to different immersed submanifolds.

4.3 Infinite-dimensional Riemannian geometry

Let S be a Fréchet manifold. We distinguish between weak and strong Riemannian metrics
in the infinite-dimensional setting. A Riemannian metric G on S is called weak if it induces
a weaker topology than the original topology on the tangent spaces and strong if the same
topology is induced. Every Riemannian metric on a finite-dimensional manifold is strong
and the only strong Riemannian manifolds are Hilbert manifolds [59 Section 2.2].

Many known properties of finite-dimensional manifolds do not generalize to the infinite-
dimensional case. One should be cautious when employing standard tools of differential ge-
ometry. An example is given by the Hopf—-Rinow theorem, which shows the relation between
metric and geodesic completeness, as well as the existence of length minimizing geodesics
between any two points in the same connected component. In the finite-dimensional case,
metric completeness is equivalent to geodesic completeness and both imply the existence
of length minimizing geodesics. However, this characterization fails in infinite dimensions
[19] and the only implication that holds true is that metric completeness implies geodesic
completeness in Hilbert manifolds [59, Section 3.1].

Another issue is that the cotangent bundle of an infinite-dimensional Riemannian manifold
can generally not be identified with the tangent bundle. This is due to the fact that the
dual bundle may be strictly larger than the original vector bundle. The bundle mapping
b: TS — T*S associated with a weak Riemannian metric is injective, but can never be
surjective. This poses a difficulty when the inverse metric tensor is required in a formula.
Weak Riemannian metrics are considered for shape spaces because the configuration space
in the smooth setting cannot be made into a Hilbert manifold.

In the following, we discuss suitable choices of Riemannian metrics for the shape spaces
introduced in Section [£.2.3

4.3.1 Riemannian metrics on shape spaces

A Diff(M)-invariant Riemannian metric on Imm(M, N) induces a Riemannian metric on
the quotient space B(M, N'). The tangent space ToB(M, N) at some 2 € B(M, N) consists
of smooth vector fields on 2 that are horizontal with respect to the Riemannian metric in
certain cases considered in this thesis.

Proposition 4.10 (Quotient Riemannian metrics)

Given a Diff (M)-invariant Riemannian metric on Imm(M, N), there is a unique Rieman-
nian metric on the quotient space B(M, N) = Imm(M, N)/ Diff (M) such that the quotient
mapping 7: Imm(M, N) — B(M, N) is a Riemannian submersion.

Proof. We refer to Bauer et al. [27], Section 4.7], Michor and Mumford [I82] Section 3]. [

Definition 4.11 (Riemannian shape spaces)

A Riemannian shape space refers to a shape space endowed with the unique Riemannian
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4 Riemannian framework for shape spaces

Figure 11: Left: A vector field over an embedding of the circle. Right: Tangent vectors of
certain Riemannian shape spaces correspond to horizontal vector fields on the shape. Note
that horizontal vector fields are, by definition, orthogonal to vertical ones with respect to
the Riemannian metric, but not necessarily normal to the shape in the ambient space.

metric in Proposition We write G for both Riemannian metrics on Imm(M, N) and
B(M, N), respectively, since there will be no confusion with proper context.
Remark 4.12 (Limits of smooth shapes)

In practice—when numerical computations are involved—the resulting designs in the shape
optimization process will not necessarily converge toward an element of the shape space
B(M, N) even if all the computed designs are smooth. Therefore, suitable completions of
the shape space are often considered. Two shapes in the same path-connected component
can be assigned a distance corresponding to the Riemannian metric. Every path-connected
component of the shape space can thus be made into a metric space using the geodesic

distance. We write B(M, N) for the corresponding metric completion of B(M, N).

For existence and uniqueness theorems, Sobolev completions of the pre-shape space are
usually considered. See, e.g., Bauer et al. [27), Section 6.6].

Remark 4.13 (Vertical and horizontal vector fields)
Let £ € Imm(M, N). A vertical vector field over £ is an element of the vertical subspace
Velmm(M, N) = ker(Tem) € Telmm(M, N). (4.33)
A Riemannian metric G on Imm(M, N) determines a horizontal subspace via
HImm(M, N) = {w € TeImm(M, N) | Ge(v,w) = 0 for all v € VeImm(M, N)}. (4.34)

The horizontal subspace on the shape space is not necessarily a complement of the vertical
subspace if the Riemannian metric is weak. In the case where they are complementary, i.e.,

Telmm(M, N) = Velmm(M, N) @ HeIlmm(M, N), (4.35)
horizontal vector fields over £ correspond to tangent vectors of the shape space at 7(&).
We write v = v¥°" 4+ v for the uniquely determined vertical and horizontal component of
the vector field v € TeImm(M, N) ~ T'(§*TN).

Standard L2 Riemannian metric

There are various Riemannian metrics that can be considered on pre-shape spaces. The
simplest one is given by the standard L? Riemannian metric

G (X,Y) = / G(X,Y)vol(g) (4.36)
M
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4.3 Infinite-dimensional Riemannian geometry

for X, Y € TImm(M, N), which corresponds to taking the inner product of the vector field
values with respect to the ambient Riemannian metric g at each respective point on the
shape and integrating the resulting scalar field over the shape. However, it turns out that
this choice leads to vanishing geodesic distance [I81], which is a purely infinite-dimensional
phenomenon.

Weighted (almost local) L? Riemannian metrics

A remedy for the vanishing geodesic distance is given by weighted (also called almost local)
L? Riemannian metrics, which contains some information on the curvature of the shape to
regularize the metric [28]. For oriented hyper-surfaces M in N = E", it is defined as

G®(X,Y) = / ®(p, k) g(X,Y) vol(g), (4.37)
M

where X,Y € TImm(M, N) and ®(p, k) € C*°(M) is a scalar field that depends on the
oriented volume p = Vol(M) and the trace of the shape operator x = tr(8). A particular
example is given by ®(u, k) = 1+ cr?, ie.,

G (X)) = / (1+ck?) (X, Y)vol(g), (4.38)
M

which has been initially studied in Michor and Mumford [I81].

Sobolev-type Riemannian metrics

The Riemannian metric considered in this work is a Sobolev-type Riemannian metric with
a (fiberwise) positive and symmetric elliptic pseudo-differential operator

P: TImm(M,N) — TImm(M, N), (4.39)

which is associated with a technique called Sobolev smoothing or Sobolev preconditioning.
It is given by
GP(X,Y) = / g(PX,Y)vol(g) (4.40)
M
for X, Y € TImm(M, N). In particular, we consider Sobolev—Riemannian metrics, where
the differential operator is given by P = 1 4+ ¢ A” with some positive constant ¢ and the
Bochner—Laplace operator of order r, i.e.,

GIHeA (X, Y) :/ g((1+cA™)X,Y) vol(g). (4.41)
M

This kind of metrics has been extensively studied in Bauer et al. [27].

Inner and outer metrics

The above Riemannian metrics are referred to as inner metrics due to the sole dependence
on the immersion of the shape in ambient space. Another type of Riemannian metric, which
is not considered in this thesis, is given by outer metrics induced by the diffeomorphism
group of the ambient space. They are used in the LDDMM framework (Large Deformation
Diffeomorphic Mapping Method) for computational anatomy and shape analysis [33], [59].
We refer to Younes [283] for a thorough exposition.
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4.3.2 Ambient covariant derivative

Let D be a manifold, £ € C*°(D,Imm(M, N)), and s € I'(¢*TImm(M, N)) be a section
over &. The Levi-Civita connection V9 on the ambient space induces a covariant derivative
on the pre-shape space of immersions Imm (M, N) via

_ _ A
Vs = (Vxons”) (4.42)

for X € I'(TD), where 0py € I'(TM) is the zero section, s: D — C*>°(M, TN) is identified
with sV: D x M — TN, and A: C®(D x M,TN) — C>®(D,C>®(M,TN)) is the curry
operator, which turns the resulting vector field back to a vector field over . The resulting
affine connection on Imm(M, N) is torsion-free and compatible with the ambient Rieman-
nian metric, but not necessarily with the Riemannian metric G chosen for the pre-shape
space [27, Section 4.2]. We omit the superscript from V9 and use the ambient covariant
derivative in subsequent sections. The geodesic equation introduced in Proposition
has a particular form with respect to this covariant derivative.

4.4 Geodesics in Riemannian shape spaces
Let S be a Fréchet manifold. In general, we distinguish between affine and metric geodesics.

Definition 4.14 (Affine and metric geodesics)

a) Given an affine connection V on S, affine geodesics are smooth paths v: [tg, t1] — S
with a velocity vector field 4 that is parallel with respect to the affine connection, i.e.,

Vo, ¥ =0. (4.43)

b) Given a Riemannian metric G on S, metric geodesics are smooth paths v: [to, 1] — S
that are locally length-minimizing with respect to the Riemannian distance induced
by the metric. They are defined as stationary points of the energy functional

1 [

E(y) =5 t Gy (3(2), (1)) dt. (4.44)

Affine and metric geodesics coincide in a Riemannian manifold if the affine connection is
compatible with the Riemannian metric. This is the case for the Levi-Civita connection.
However, the affine connection V on Imm(M, N) associated with the ambient covariant
derivative in Section is not necessarily compatible with the chosen Riemannian metric.

In the following, we use the metric definition for geodesics on Imm (M, N).

Proposition 4.15 (Geodesic equation on pre-shape space of immersions)

Stationary points of the energy functional are characterized by the geodesic equation

L4354 - By (3 4), (4.45)

vat;y = 9

where A, B € T(T%?Imm(M, N)) are the metric gradients given by
V2GH(X,Y) = Gy (Ay(X, V), Z) = Gy (B (X, 2),Y) (4.46)

for all X,Y,Z € I(TImm(M, N)).
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4.4 Geodesics in Riemannian shape spaces

Proof. We follow the proof in |27, Section 4.4]. Let v € C®((—¢,¢) X [to, t1] x M, N) be a
smooth variation of paths of immersions with fixed end points. We have that

95(Gy(1,7)) = Vas +(¥, %) + Gy (Vo 7, 9) + Gy (¥, Va,7¥)
Gy (Ay(V:7),m) + 2(0:(G~ (7, 1)) — Vo, G~ (F,n) — G4(Va, 1. 1)) (4.47)
( 7(%’7)7 )"‘Qat(G( ))_2G’Y(BV(;V7;Y)777)_2G7(v8t;}/777)
Gy (Ay(¥:7) = 2B5(V, ) — 2V, 9, m) + 20:(G+ (7, 1))

The integral of the last term
t1
t (G (7,m)) dt = Gy (3, ;) =0 (4.48)
0

vanishes due to n(tg) = n(¢t1) = 0. Thus

1 t1 t1

0E(v,m) = 5 t 95(Gy (¥, 7)) dt = ) Gy(344(%,%) = By(%,9) — Vo, 4,m) dt.  (4.49)

From 6E(vy,n) = 0 for all n € T,Imm(M, N), it follows that

.1 oo oo
v8t7 = §A’Y(V7 /7) - B’Y(Va 7) (450)
for stationary points of the energy functional. O

For the geodesic equation on the shape space B(M, N), we consider paths in Imm (M, N)
that are horizontal with respect to the Riemannian metric, i.e., ¥(t) € H,yImm(M, N) or

G (0(8).4(1)) = 0 (451)

for all ¢ € [to, t1] and v(t) € V) Imm(M, N). We refer to them as horizontal paths, which
lead to the horizontal geodesic equation. Note that a horizontal geodesic path induces a
geodesic path in shape space. See [27, Section 4.8] and [I80, Section 26].

Proposition 4.16 (Geodesic equation on shape space of immersions)

Assuming that every path in B(M, N) can be lifted to a horizontal path in Imm(M, N), the
geodesic equation on shape space is characterized by

4 = 4ho (4.52a)
1 hor
)t = <2A7 By (¥, v)) : (4.52b)
Proof. We refer to [27, Section 4.9]. O

Note that the horizontal lift on a Fréchet bundle may not exist or be unique because the
usual existence and uniqueness theorems for ODEs do not generally hold for Fréchet spaces,
see [120} p. 94]. However, paths in B(M, N) can be lifted to horizontal paths in Imm (M, N)
with respect to Sobolev-type Riemannian metrics, according to [27), Section 6.9].
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4 Riemannian framework for shape spaces

4.4.1 Hamiltonian formulation of the geodesic equation

The geodesic equation can be expressed in terms of the momentum, i.e., an element of the
regular cotangent bundle

G(TImm(M, N)) = {(q,Gq(v, -)) | v € Telmm(M, N)} € T*Imm(M, N), (4.53)

which is related to the Hamiltonian formulation of a Lagrangian system described by the
stationarity of an action functional E: C*([to, t1], Imm(M, N)) — R of the form

E(y) = / "Ly, 4(8) . (4.54)

In our case, the Lagrangian L: TImm(M, N) — R is given by the path energy density
1
L(g,v) = 5Cafv,0) (4.55)

for (¢,v) € TImm(M, N) and the corresponding Euler-Lagrange equation

doL, .. oL, .
5%(%7) = afq('w) (4.56)

is precisely the geodesic equation in Proposition in the Riemannian setting.

The Hamiltonian of the system is given by the Legendre transformation of the Lagrangian,
i.e.,

H: T*Imm(M,N) - R, H(q,p) =sup{pv — L(q,v) |v € Tglmm(M,N)}.  (4.57)
Stationary points v € ToImm(M, N) of the mapping v — pv — L(g,v) are characterized by

p= gﬁ(q,@) = Gy(v, - ) € Gy(TImm(M, N)). (4.58)

Taking the derivative of H with respect to p, where we view v as a function of (g, p), the
above characterization yields

%ﬁ(q,p) = ;}(pﬁ(q,p) — L(g, (¢, p)))

=0(¢,p) +pgf)(q,p) - gﬁ(q,@(q,p))gi(q,p) (4.59)
= 0(g,p).

By defining the velocity ¢ and the associated momentum p through

OH oL
q = v(q,p) ap (@p), p=5(¢:4) =Gold, "), (4.60)
we obtain Hamilton’s equations of motion
OH OH
. s 4.61
1= 5 (¢;p), P 94 (¢:p), (4.61)

from the Euler-Lagrange equation (4.56|), since we have that H(q,p) = p¢ — L(q, ¢), thus

OH oL . d oL . d . .
afq(q,p) = —afq(q,q) = —&%(%Q) = —an(q, ) =—p. (4.62)
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4.4 Geodesics in Riemannian shape spaces

Solutions to (4.61)) preserve the Hamiltonian energy

H(@,p) = pd = La.0) = Gold:d) = 5Gald:d) = 5Galdnd) = Lad) (463

in the sense that
d oOH OH

EH(q,p) = (,Tq(q,p) q+ (,Tp(q,p)z') = 0. (4.64)

We write H(t) for the energy of the system at time ¢ € [to, t1].

Using the metric gradient in Proposition 4.15] we obtain the following formulation for the
geodesic equation on shape space:
Proposition 4.17 (Hamiltonian formulation of the horizontal geodesic equation)

Assuming that every path in B(M, N) can be lifted to a horizontal path in Tmm(M, N), the
horizontal geodesic equation in (4.52) can be written in terms of the momentum:

b= G’Y(;Y: : )hor, (465&)
r 1 LA or
(Vo)™ = 5Gy(Ay(1,4), )" (4.65b)
Proof. A proof is given in [27), Section 4.5]. See also [27, Section 4.10]. O

Conservation of energy along geodesic paths is important for the verification of numerical
results related to the geodesic equation in Section When the ambient space IV is given
by the Euclidean space E™ and the Riemannian metric on the pre-shape space is invariant
under the action of the Euclidean group E(n) or the reparametrization group Diff (M),
there are additional conserved quantities, such as the linear and angular momentum or the
reparametrization momentum, respectively [I83]. The latter, in particular, plays a role in
the mesh quality during the optimization process.

4.4.2 Geodesic equation for Sobolev-type Riemannian metrics

In this section, we discuss an important class of Riemannian metrics defined on the pre-
shape space of immersions through an elliptic operator. Under some suitable conditions,
every path in the shape space endowed with this kind of Riemannian metric can be lifted
to a horizontal path. Additionally, the reparametrization momentum is conserved.

Proposition 4.18 (Sobolev-type Riemannian metrics)

Let G* be a Sobolev-type Riemannian metric with a (fiberwise) elliptic pseudo-differential
operator P: TImm(M, N) — TImm(M, N) that satisfies the following conditions:

a) The restriction Pe is symmetric and positive with respect to the standard L? Rieman-
nian metric, i.e.,

/ §(Pen, ¢) vol(g) = / 3, PeC) vol(g) (4.66)
M M

for all & € Imm(M, N), n,¢ € Telmm(M,N), and

/ 3(Pen, ) vol(g) > 0 (4.67)
M

if and only if n is not the zero vector field.
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4 Riemannian framework for shape spaces

b) The operator P is Diff(M)-invariant, i.e.,
Pe(n) o = Peop(nn0¢) (4.68)
for all (&,m) € TImm(M, N) and ¢ € Diff (M).
c¢) The covariant derivative VP admits a smooth adjoint Adj(V P) in the sense that

/ 3((V2P)X, Y) vol(g) = / GAI(TP)(X,Y), Z)volg)  (4.69)
M M
for all X,Y,Z € TImm(M, N).

Then the metric gradients corresponding to the Sobolev—Riemannian metric G¥ exist and
are given by solutions to the following elliptic differential equations:

PA(X,Y) = Adj(VP)(X,Y) — T¢ o (Vg(PX,Y))* — g(PX,Y) trg(ﬁ), (4.70a)
PB(X,Z) = (VzP)X +t19(g(T¢,VZ))PX. (4.70b)
Proof. A proof can also be found in [27, Section 6.3]. Note that the first assumption fa)

together with the ellipticity condition (see Shubin [243] for more information on pseudo-
differential operators) implies that the section

G” € D(T"’Imm(M, N)) ~ I(TImm(M, N))* @coo (tmm(ar,ny) T(TImm(M, N))*  (4.71)

(see (2.67)) and (2.83)) for the canonical isomorphisms) defined by

GP(X,Y) = / g(PX,Y)vol(g), X,Y € TImm(M,N), (4.72)
M

is indeed a Riemannian metric on Imm (M, N), which is also Diff (M )-invariant due to the
second assumption @

For X,Y,Z € TImm(M, N), we can calculate the covariant derivative

V,GP(X,Y) ( (VzP)X,Y)vol(g) + §(PX, Y)Vzvol(g))

( (VzP)X,Y) +g(PX,Y) tr9(g(T¢, VZ))) vol(g) (4.73)

:\:\:\

g((VzP)X +t19(g(T¢,VZ))PX,Y) vol(g),

which yields the second equation (4.70b]). See Proposition for the first variation of the
volume form. Using the third assumption [c)|and the following calculations:

9(PX,Y)tr9(g(T¢,VZ)) = g(PX,Y)tr?(Vg(TE, Z) - §(h, Z))
= —g(PX,Y)V'g(T¢, 2) - g(PX,Y) 19(g(h, Z)) )
= —g" (Vg(PX,Y),5(T¢, 2)) — g(PX,Y) g(tx?(h), Z)
= —g(T¢ o (Vg(PX, V)%, Z) - g(g(PX, V) 19(h), Z),

we can further express the covariant derivative as

V,GP(X,Y) = /M G(Adj(VP)(X,Y) — T¢ o (Vg(PX,Y))! — g(PX,Y) tx9(h), Z) vol(g),

(4.75)
which results in the first equation (4.70a)).

O]
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4.4 Geodesics in Riemannian shape spaces

Proposition 4.19 (Horizontal lift)

Let Tmm (M, N) be endowed with a Sobolev—Riemannian metric satisfying the conditions
in Proposition[{.18 Then the tangent bundle splits into a direct sum of the vertical and
horizontal subbundle, i.e.,

TImm(M, N) = VImm(M, N) @pym(v,n) HImm (M, N). (4.76)
This means that for each w € ToB(M, N), there is a unique z € HImm(M, N) such that
Tem(2) = w, where Q € B(M,N) and § € Imm(M, N) with w(§) = Q.

Furthermore, every smooth path in B(M, N) can be uniquely lifted to a horizontal smooth
path in Imm(M, N) corresponding to the Sobolev—Riemannian metric. In particular, we
have that for any smooth path of immersions 7: [a,b] x M — N, there is a unique smooth
path of diffeomorphisms ¢: [a,b] x M — M such that the smooth path of immersions
~v:la,b] x M — N given by v(t,p) = A(t, ¢(t,p)) for (t,p) € [a,b] x M satisfies

G(Py, Tyo X) =0 (4.77)

for all X e T(TM).
Proof. We refer to [27), Section 6.8, Section 6.9]. O

Proposition 4.20 (Reparametrization momentum)

Let P be a Diff (M)-invariant elliptic pseudo-differential operator. Then the reparametriza-
tion momentum corresponding to the Sobolev-Riemannian metric G¥ is conserved along
any geodesic path ~ in Imm(M, N), i.e., for all X € T'(TM), the quantity

P/ . _ .
Gy (¥, TyoX) = /M g(Py, Ty o X)vol(g) (4.78)
s constant with respect to the time variable.
Proof. A proof is given in [I83, Section 2.5]. See also [27], Section 6.7]. O

4.4.3 Geodesic equation on shape space of hyper-surfaces

The geodesic equation for Sobolev-type Riemannian metrics has been derived in its utmost
generality in Bauer et al. [27]. In the following, we focus on the special case P =1+ cA
with ¢ > 0 and the setting of hyper-surfaces in the Euclidean space E" with g = (-, - ).
Lemma 4.21 (Horizontal path condition)

For a Sobolev-type Riemannian metric, the horizontal path condition is characterized by
the elliptic differential equation Py = an, where a is a scalar field, representing the scalar
momentum, and n is a unit normal to the hyper-surface.

Lemma 4.22 (Adjoint of the covariant derivative of an elliptic operator)
Let P =1+ cA. The adjoint of the covariant derivative VP is given by
Adj(VP)(X,Y) = T¢ o (V§(PX,Y) — §(PX,VY) — §(VX, PY))*

. . (4.79)
+c(2tr(ghg 'g(VX,VY)) + V*G(VX,Y) tr9(h)).
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Proof. An expression for the general case has been derived in [27), Section 8.2]. The claim
follows from the case p = 1 and the fact that the Riemann curvature tensor vanishes in a
flat Riemannian manifold. O

Proposition 4.23 (Geodesic equation on shape space of hyper-surfaces)

The geodesic equation for a Sobolev-type Riemannian metric GT on the shape space of
hyper-surfaces in E™ is given by

P4 = an, (4.80a)
| o e
d;(avol(g)) = §<Q(AdJ(VP)(% 4),m) = £g(P¥,4)) vol(g). (4.80b)
In particular, the geodesic equation for the H' Sobolev—Riemannian metric with P = 1+c A
reads
(1+cA)f =an,

dr(avol(g)) = (e tr(g™"hg™'9(V4, V) = 5 (5(3:9) + e tr(g™'3(V4, V4)) ) ) vol(g).

Proof. A proof is given in [27, Section 9.1]. O

Example 4.24 (Geodesic equation on shape space of planar curves)

In the case of closed planar curves, the shape space is denoted by B(S1, E?) and the H*
Sobolev—Riemannian metric reads

G”CA(X,Y):/Sl<(1+cA)X,Y)dS:/Sl(<X,Y>+c<D5X,D5Y>)||857Hds, (4.81)

where DX = ||0sv|| 105X is the arc length derivative of X. The corresponding geodesic
equation can be formulated in the following ways:

A1+ A)9) = 5 (e IDAI = [41P)n — alv, Dyiym — an, D)o, (4.823)
d¢(an) = dran + adin = dran — a(n, Dg)v, (4.82b)

da = Z(c[DAIP = I13]?) - alv, D), (4.820)
du(avol(g)) = dravol(g) + advol(g) = 2 (¢ [DAIP — [5]?) vol(g),  (482d)
dr(anvol(g)) = 5 (e [DAI* = [41*)n — aln. D), (4.82)

where v = ||05y||"10sy is the unit tangent vector and n = (—wvg,v;) is the corresponding
unit normal vector of the planar curve.

4.4.4 Initial value problem for geodesics

The geodesic equation is a second-order ODE, which is also a Hamiltonian system. Given
a set of initial conditions, we may ask for the well-posedness of the initial value problem.
It has been shown in [27, Section 6.6] that, under some mild assumptions on the elliptic
pseudo-differential operator P, which are satisfied for the H! Sobolev-Riemannian metric,
the geodesic equation admits unique local solutions in the manifold of H*+2P immersions,
where p > 1 and k > dim(M)/2 + 1.
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For the purpose of gradient-based numerical shape optimization, it is important to devise
suitable numerical time integration methods for the geodesic equation. Unfortunately, the
Hamiltonian of the system is not separable, so there are no standard explicit symplectic
integrators that can be applied to the system. There is also a highly non-linear dependence
of the geodesic equation on the shape variable that suggests the use of implicit methods
for reliable accuracy. However, such methods tend to be costly in terms of computational
complexity. Despite this, numerical experiments for the geodesic equation in Section [7.]]
indicate that standard explicit methods perform relatively well, i.e., the problem does not
seem to be stiff in the case of the H! Sobolev—Riemannian metric with a sufficiently large
regularization parameter ¢ > 0.

4.4.5 Boundary value problem for geodesics

In many applications, e.g., statistical shape analysis or computer graphics, one is interested
in finding a path of shapes that connects two given shapes. A geodesic path is a particular
one that is natural in the sense that it minimizes the length locally. There are two common
approaches for solving the geodesic boundary value problem numerically. The first one
is the path straightening method, where we start with an admissible path that connects
the two given shapes and minimize the horizontal path energy while fixing the ends of the
path. The second one is the geodesic shooting method, where an initial value problem is
solved with an initial guess that is adjusted until the terminal value is met.

For demonstration purpose, we will briefly cover these two topics and present a numerical
example in Section involving the interpolation of closed planar curves.

Path straightening method

Let (to,...,tm) be a partition of the time interval [a, b]. In the path straightening method,
we aim to minimize the time-discrete path energy given by

1on [h
Buo ) =5 3 [ Galien (o) (4.8
=1 "-1

where v; € Imm(M, N) is a piecewise linear approximation of the path of configurations at
time ¢; € [a,b] for i =0,...,m, ie.,

Gr(Vi—1,7%)(t) = G, (1) (log(vi—1,7i), 10g(Vi—1, 7)) = Gy (V(1),¥(2)) (4.84)

with v [a,b] x M = N, yu(t,p) = exp(vi-1(p), tlog(vi-1(p), 7i(p))) for (¢, p) € (ti-1,t:) X
M. Here, exp and log denote the Riemannian exponential and logarithmic mapping on
the ambient space IV, respectively. Instead of a piecewise linear approximation of the path,
one can also consider spline approximations in time [127]. To evaluate numerically,
a suitable spatial discretization of the configurations should be chosen.

Starting from a feasible time-discrete path of configurations connecting the two endpoints
of the sought geodesic v: [a,b] x M — N, i.e., 79 = v(a) and 7, = v(b), we update the
configurations ~; according to information on first-order derivatives of the time-discrete
path energy for ¢ = 1,...,m — 1 until a stationary point is found. To obtain a geodesic
path in shape space, the path energy has to be replaced with the horizontal path energy
by projecting the approximation of 4(¢) onto the horizontal subspace. This has been done
for the shape space of planar curves in Bauer et al. [29] using another approach. The more
general setting is already a challenging problem from a computational point of view—even
in the case of surfaces [32].
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4 Riemannian framework for shape spaces

Geodesic shooting method

In the geodesic shooting method, the boundary value problem is addressed by iteratively
solving an initial value problem. Starting from an initial guess for the initial velocity, the
next guess is obtained from the adjoint sensitivity corresponding to the deviation of the
configuration at the final time from the target configuration.

Let v: [to,t1] — Imm(M, N) refer to a path in configuration space. The optimal control
problem associated with the geodesic shooting method reads

min %dist(y(tl),§1)2, (4.852)
S Vo = 544(3,9) — By(4,4), (4.85b)
v(to) = &0, (o) =, (4.85¢)
i € T, Imm(M, N), (4.85d)

where & € Imm(M, N) and & € Imm(M, N) denote the initial and target configuration,
respectively, which are assumed to be in the same path-connected component of the pre-
shape space. The objective function is given by half of the squared geodesic distance from
the end of the trial path (¢1) to the target configuration ;. We use the geodesic distance
induced by a Riemannian metric on Imm(M, N). The first component is denoted by the
mapping

fe: Imm(M,N) - R, &~ %dist(g, ¢)? (4.86)

for ¢ € Imm(M, N). Its gradient is given by the negative of the Riemannian logarithmic
mapping on Imm(M, N), i.e.,

grad f¢(§) = —log(§, ¢). (4.87)
See, e.g., Afsari et al. [4], Bac¢dk et al. [24], Bergmann and Gousenbourger [37].

Let g : [to, t1] — Imm(M, N) be the solution to the state equation corresponding to the
current guess 1y, € Te, Imm(M, N) for the initial velocity, i.e., yi(to) = & and Yx(to) = M-
The next guess can be computed as

Mk+1 = Mk + skA(fo), (4.88)

where s > 0 is a step size and A: [tg, t1] — TImm(M, N) is a solution to the adjoint state
equation associated with the problem and the terminal value \(¢;) = log(vx(¢1),&1). This
corresponds to transporting the deviation at the final time back to the initial time and
figuring out in which direction the initial velocity should be perturbed to cause a decrease
in the objective function. A plain steepest descent method using the Riemannian gradient
in is employed, which results in the update formula . We refer to Sengupta
et al. [239] and Arguillere et al. [18] for similar optimal control problems.

The calculation and backward integration of the adjoint state equation, which also requires
the Riemannian logarithmic mapping on the pre-shape space for the terminal value, can be
circumvented by considering a special kind of Riemannian metric. Note that for geodesic
paths in shape space, the distance function has to be replaced with

dist(7 (1), 7(&2)) = inf{dist(&1 0 ¢, &) | € Diff (M)} (4.89)
for w(&1),m(§2) € B(M, N). See, e.g., Bauer et al. [29].
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4.4 Geodesics in Riemannian shape spaces

4.4.6 Square root velocity field transform

There is a particular Riemannian metric on the shape space of closed planar parametrized
curves modulo translations that allows for an efficient computation of the adjustments for
the geodesic shooting method. It is based on the square root velocity field (SRVF) transform

R: Tmm(S1, E2)/ Tra(E2) — C¥(S1,R2\ {0}), R(Y) = ——+ = /[/[lv,  (4.90)

VI

introduced in Srivastava et al. [255]. The pullback of the L? metric in the ambient space
under the SRVF transform induces a Diff(S;)-invariant Riemannian metric on Imm(S;, E?)
given by

G(X.Y) = Ghie) (TR, X). TR(.Y) = [ (TR X),TRO.Y) ds
: (4.91)
- /S ((n,DSX><n,DSY>+i(v,DSX><v,D5Y>>v01(g)7

called the elastic SRVF metric. The SRVF transform is invertible with the inversion formula

3t =tto) + [ Il (4.92)

to

since = R(7) is equivalent to 7' = /||7/||r = ||r||r. Images of closed curves under the
SRVF transform are characterized by

C(r)= [ |r|lrds=0. (4.93)
S1
The Riemannian logarithm mapping in the image space of the SRVF transform is simply
given by the projection of the pointwise Euclidean difference onto the tangent space of

R = {r e C®(S,,R*\ {0}) | C(r) = 0} (4.94)
at the base point, i.e., for rg,r1 € R, we have that
log(ro,71) = proj(ro,r1 — r0) € Tr,R. (4.95)

Starting with an initial and final closed planar curve g and ;, we consider their images
and 71 under the SRVF transform, respectively, and perform geodesic shooting in the image
space R, where geodesics are simply given by pointwise linear interpolation in Euclidean
space. The resulting solution to the original boundary value problem can then be obtained
using the inversion formula. This is done in the numerical experiment in Section [7.2]

Let M be a two-dimensional manifold. The elastic SRVF metric can be transferred to the
setting of parametrized surfaces in three-dimensional Euclidean space using the similar
square root normal field (SRNF) transform

Oy X Doy
Vo x o

introduced by Jermyn et al. [142]. However, the image space of the SRNF transform is not
geodesically convex nor well understood. Furthermore, the pre-image of configurations
under () might not even exist or be unique [257].

Q: Imm(M,E?) — C>®(M,R?), Q(y)= (4.96)
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5 PDE constrained shape optimization

The difference between shape optimization problems and standard optimization problems
with PDE constraints is that the domain of the state space may change depending on the
shape variable. In general, the set of admissible shapes B does not admit a vector space
structure, which invalidates standard results in, e.g., Hinze et al. [I31] and Troltzsch [260].
There have been different attempts to cast shape optimization problems into a usable
framework by considering appropriate subsets of 2(N) for the set of admissible shapes.
One of them is the perturbation of identity method [I87, [I88], which provides the shape
space with a metric and also differential structure, so that a notion of distance between
shapes and a notion of derivatives with respect to shape variables are available. Another
attempt is given by the velocity method as described in [253]. It has similar ideas to the
perturbation of identity method and yields the same notion of shape derivatives under
some mild assumptions [84] [85]. A general framework for shape optimization that relies on
a universal notion of convergence of shapes is given in Haslinger and Mékinen [123].

5.1 General formulation of the problem

A general PDE constrained shape optimization problem (SOP) has the form

min J(,u), (5.1a)
s.t. R(Q,u) =0, (5.1b)
QeB uel), (5.1¢)

where B C %(N) is the set of admissible shapes, which usually consists of certain subsets of
some ambient space N, and (U(€2))qep is a family of function spaces for the solution to the
state equation corresponding to the governing equations of the system. Functions in
U(Q) are defined on the domain 2 C N and have values in some finite-dimensional vector
space. The objective function J: U — R is defined on the total space of a vector bundle

U=JJu©={Q.u|2eB ucu@)} (5.2)
QeB

and depends on the shape variable 2 € B as well as the state variable u € U(€2). The state
equation operator R: U — V* is a bundle morphism with values in dual vector bundle

Ve= v = {(Qw)|QeB, we V() }, (5.3)
QeB

where (V(Q))qep is a family of function spaces and V(Q)* is the dual space of V(). We
refer to elements of V() as test functions as opposed to trial functions in (€2). Further,
let F ={(Qu) €U | R(Q,u) =0} denote the set of feasible solutions to (5.1)).

The state equation operator is commonly given by the residual of the weak formulation of
some variational problem, i.e.,

(R(Q,u),v) =bq(v) —aq(u,v), uel(Q),veVQ) (5.4)

where a: U xgV — R is a fiberwise bilinear form and b: ¥V — R is a fiberwise linear
functional. In this case, we have that (2, u) € F if and only if

aq(u,v) =bo(v) YveV(Q). (5.5)
In the following, we consider the Riemannian framework for PDE constrained shape opti-

mization, which has been proposed by Schulz et al. [232 234] in 2014 and makes use of
the Riemannian shape spaces introduced in Section [4

79



5 PDE constrained shape optimization

5.2 Riemannian vector bundle framework

Let the ambient space N be given by a Riemannian manifold of dimension n endowed with
the Riemannian metric g. We restrict ourselves to shapes that are immersed submanifolds
of N diffeomorphic to some given reference shape M, which is assumed to be a smooth
manifold of dimension m with boundary. Changes in the topology and the diffeology of
the shapes are therefore not considered in the framework. The set of admissible shapes is
then chosen as a subset of the shape space

B(M, N) = Imm(M, N)/ Diff(M). (5.6)
See Section for more details on shape spaces of immersions.

First, we want to establish that, given a suitable family of function spaces (U(2))qeB, the
disjoint union of state spaces in is indeed the total space of a vector bundle. Note
that, in this framework, a function defined on a shape 2 € B is actually a section over an
immersion £ € G corresponding to the shape, where B = G/ Diff (M).

Proposition 5.1

Let (E,N,7g) be a vector bundle of finite rank endowed with a linear connection. The set

E={(&s)| €€, sel(¢E)} (5.7)

is the total space of a vector bundle with projection mg: € — G, (§,8) — &.

Proof. The proof originates from a construction in Kriegl and Michor [159, Theorem 42.1,
Theorem 42.17]. Let U be an open neighborhood of the zero section of TN such that

(mrn,exp): U CTN — N x N, (q,v) — (q,exp,(v)), (5.8)

is a smooth diffeomorphism onto an open neighborhood V' of the diagonal of N x N, where
exp denotes the Riemannian exponential mapping on N. For fy € G, consider the subset

We, = {€ € G| (60(p),&(p) € V for all p € M}, (5.9)
which is open in G, and the mapping
e - WEI(W&)) — W, ¥ DEE), (&s)— (£7P£,£0(3))7 (5.10)

where P¢ ¢, is the parallel transport induced by the linear connection on E along geodesic
paths connecting &(p) and &y(p) for each p € M. We may have to choose a smaller open
neighborhood U to ensure that the parallel transports are all defined. The mapping (g, is
a fiberwise linear isomorphism. We can endow £ with the coarsest topology such that all
¢, remain continuous, which turns (£, G, mg) into a vector bundle. Note that the resulting
topology on the total space is Hausdorff if the topology on the base space and on each fiber
is Hausdorff. O

The parallel transports in the above proof can be extended to fiberwise continuous linear
isomorphisms between the Sobolev spaces H*(¢*E) and H¥ (3 F) for k € Ny, since T'(¢*E)
is dense in the Hilbert space H*(¢*E) and

Peg,: T(€°E) CHMEE) — HNEGE) (5.11)

is fiberwise continuous linear with respect to the H* Sobolev norm. The resulting vector
bundle becomes a Hilbert bundle. Furthermore, one can also consider Banach bundles.
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5.2 Riemannian vector bundle framework

5.2.1 Transformed optimization problem

Since we only consider submanifolds of the ambient space that are diffeomorphic to some
reference shape, state equations posed on domains described by the shape variable can be
transformed to a reference domain. In order to guarantee that the transformed problem is
equivalent to the original one, the geometric transformations are required to have a certain
regularity (see Section . This is not an issue in the smooth setting. However, less
regular domains may occur in practice and it is generally a difficult task to represent smooth
shapes adequately in the discretized setting. Isogeometric analysis offers a convenient way
to raise the smoothness of finite-dimensional representations of the shape and solutions
to the state equation within a single patch, but it suffers from the same or perhaps more
difficulties as conventional finite element methods when it comes to multi-patch geometries.

Pulling back (5.1 to the reference manifold M yields the transformed problem

min J(€,0), (5.12a)
s.t. R(E,4) =0, (5.12b)
£€G, el (5.12¢)

where the objective function and the state equation operator are related to the original
ones via the quotient mapping 7: G — B and the pullback operator, i.e.,

T U—=R, JE0)=Tx(€),a0eY), (5.13a)
R:U—V*, R(E0) =R(@(E),a07Y). (5.13b)

Thus @ =uo ¢ if u € U(Q) is a function defined on the domain 2 = {(M), regarded as a
subset of the ambient space N. In the vector bundle framework, the state spaces of trial
and test functions consist of sections over £ defined on the fixed reference domain M and
generate the total spaces

U=t =TIreE e ={Euw|ecg uel(EE)}, (5.14a)
§€gG §eg

V=[[Ve=]ITE R ={v) g vel(En}, (5.14b)
§€g §eg

according to Proposition Here, (E, N, 7g) and (F, N, 7p) are vector bundles of finite
rank, each endowed with a linear connection. Note that if £ is not an injective immersion,
it is not always possible to transform the problem back to the original one.

5.2.2 Existence of optimal shapes

The existence of optimal solutions to PDE constrained shape optimization problems can be
shown under the following general set of conditions:

Assumption 5.2

(A1) The set of admissible shapes B is a non-empty, compact, and metrizable space.

(A2) For each Q € B, there is a unique solution K(2) € U(f2) to the state equation ([5.1b))
that depends continuously on 2, i.e., : B — U is a continuous solution operator.

(A3) The objective function J in (j5.1a) is lower semi-continuous.
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5 PDE constrained shape optimization

Lemma 5.3

Let X be a non-empty, compact, metrizable space. Furthermore, let f: X — R be lower
semi-continuous. Then there exists an x. € X such that f(x.) < f(x) for all x € X.

Proof. Let (zp)neny € X be an infimizing sequence with lim,,_,« f(z,) = infyex f(z).
Since compactness is equivalent to sequential compactness in a metrizable space, there is a
subsequence (x,, )ken that converges to some z, € X. Lower semi-continuity of f then
yields

f(zy) = f(lim zp, ) <liminf f(z,, ) = nh_}rrgo f(zy) = inf f(z) < f(zy), (5.15)

k—o0 k—oo zeX

thus f(z4) = inf,ex f(z), i.e., the minimum is attained and f(x,) < f(x) forallz € X. O

Lemma 5.4

Let f: X =Y be a surjective continuous mapping from a compact metrizable space X to
a Hausdorff space Y. Then Y is compact and metrizable.

Proof. This lemma is a corollary of Urysohn’s metrization theorem. A proof can be found
in [280), Corollary 23.2]. O

Proposition 5.5 (Existence of optimal shapes)

Under Assumption the shape optimization problem (5.1)) has an optimal solution, i.e.,
there exists some (Q,us) € F such that J (i, us) < T (Q,u) for all (2,u) € F.

Proof. A proof is also given in Haslinger and Mékinen [123, Theorem 2.8, Theorem 2.10].

Using Lemma [5.3] it remains to show that the graph
F={(Qu) e |R(Qu) =0} ={(Q,KQ)|Q2eB} U (5.16)

is non-empty, compact, and metrizable. Since B is non-empty and there is a solution to
the state equation for each Q2 € B, the set of feasible solutions F is also non-empty. As
continuous image of a compact and metrizable space in a Hausdorff space, it is also compact
and metrizable, according to Lemma [5.4] O

Since compactness is a fairly strong requirement in the infinite-dimensional setting, the
conditions in Assumption may be replaced with the corresponding versions in the weak
topology. See Hinze et al. [I31, Theorem 1.45] for the case of reflexive Banach spaces.

5.2.3 Optimality conditions

Numerical methods for solving PDE constrained shape optimization problems are based
on optimality conditions associated with the problem. Here, we introduce the variational
inequality and state first-order necessary conditions for optimal solutions in the Banach
space setting, followed by some considerations for optimization on shape spaces.

Lemma 5.6 (Variational inequality)

Let S be a convex subset of a Banach space X and f: S — R be a function that is Gateaux
differentiable in an open neighborhood around S.
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a) If x, € S is a solution to the minimization problem
min f(z), x €59, (5.17)
then it is a stationary point of f, i.e., x, satisfies the variational inequality
0f(zy,x —x4) >0 (5.18)
forall x € S.

b) The converse is true if f is additionally convex on S. Furthermore, if f is strictly
convex on S, then there exists at most one solution to (5.17)).

c) If x. is an interior point of S, then the variational inequality (5.18)) is equivalent to
O0f(zy,v) =0 (5.19)
forallve X, ie., f'(xs) =0 if f is Fréchet differentiable.

Proof. We refer to Hinze et al. [131, Theorem 1.46] for a proof. O

A version of Lemma [5.6] for differentiable functions defined on geodesically convex subsets
of a Riemannian manifold can be found in Boumal [52), Corollary 11.22, Exercise 11.26].

First-order optimality conditions can be derived via the method of Lagrange multipliers.
Given an optimization problem of the form

min J(q,u), (5.20a)
s.t. R(q,u) =0, (5.20b)
ge S, ucl, (5.20¢)

with J: @ xU — Rand R: Q@ xU — V* where Q, U, and V are Banach spaces and S is
a subset of Q, we can define the Lagrange function £: @ x U x V — R by

L(q,u,v) = T(q,u) + (R(q,u),v). (5.21)

Let F = {(q,u) € Q xU|R(q,u) = 0} denote the set of feasible solutions and consider the
following assumptions:

Assumption 5.7
(B1) The subset S C Q is non-empty, convex, and closed.

(B2) For each ¢ in an open neighborhood P C Q of S, there is a unique solution K(q) € U
to the state equation (|5.20b)), i.e., the solution operator IC: P — U is well-defined.

(B3) The objective function J and the state equation operator R are continuously differ-
entiable. Furthermore, 9, R(q,K(q)) has a bounded inverse for all g € P.

Then the following statement holds:

Theorem 5.8 (First-order optimality conditions)

Let Assumption be satisfied and (qx,us) € F be an optimal solution to (5.20). Then
there exists an adjoint state v, € V such that the Karush—-Kuhn—Tucker (KKT) conditions

(0gL(Gx, us,v4), g —qs) >0 VgeS (design equation), (5.22a)
(OuL(qs, s, v4),0u) =0 VoueU (adjoint equation), (5.22b)
(OuL(qs, Us, V), 0v) =0 Vv eV (state equation), (5.22¢)
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with the partial derivatives

0aL(q,u,v) = 03T (q,u) + (0,R(q,u),v), (5.23a)
OL(q,u,v) = 0T (q,u) + (O, R(q,u),v), (5.23b)
WL(q,u,v) =R(q,u), (5.23¢)

are fulfilled. We refer to (g, ux,vx) € Q XU X V as a solution to the KKT system (5.22)).
Proof. A proof is given in Hinze et al. [131], Section 1.7.2]. O

The optimality conditions motivate the adjoint approach for solving shape optimization
problems numerically instead of the forward sensitivity approach and can be generalized to
the smooth manifold setting [38]. However, some caution is required when dealing with
the infinite-dimensional case, even in the case of Banach manifolds [39]. A satisfactory
result that is applicable to the shape spaces considered in this thesis is difficult to obtain
and—to our knowledge—mnot available in the literature yet.

5.2.4 Adjoint state method

Consider the reduced cost functional

7: Q= R, I(q) = J(q,K(q)), (5.24)

and assume that J, R, and K are continuously differentiable. Gradient-based optimization
methods require the evaluation of the derivative of Z with respect to the design variables.
A straightforward way is given by the formula

dZ(q) = 0,7 (¢, K(q)) + 9u.T (q,K(q))DK(q), (5.25)

which results from applying the chain rule to Z(q) = J(q,K(q)). However, evaluation of
the last term DKC(q) requires a solution to the state equation for every variation dq, which
is costly and not very efficient from a computational point of view. It is not advisable if
there is a large number of design variables.

The adjoint state method takes advantage of the fact that R(g,(¢q)) = 0 along solutions,
ie.,

Z(q) = J(q,K(q)) + (R(q, K(q)),v) = L(q,K(q),v), (5.26)

for all ¢ € Q and v € V. In this case, the total derivative of Z can be written as
dZ(q) = dL(g, K(q),v) = 94L(q,K(q),v) + 0uL(q, K(q), v)DK(q). (5.27)

Given an admissible design ¢. € Q and a corresponding solution w, = KC(g.) to the state
equation, we can choose v, € V as a solution to the adjoint state equation

auﬁ(Q*a Us, U*) = auj(([*, U*) + <8UR(Q*7 u*), U*> =0 (528)
such that the term vanishes in (5.27). The sought derivative is then computed as
dZ(gs«) = 0gL(Gx, s, Vi) = 0g T (Gx, ux) + (OgR(qs, us), Vs), (5.29)

which is considerably more efficient than the direct approach in ([5.25). We refer to v, as
an adjoint state associated with (g.,us). This approach also corresponds to solving the
KKT system ([5.22)) in Theorem and can be applied to shape optimization problems.
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5.3 Methods for shape optimization

There are two approaches to numerical optimization for infinite-dimensional problems. The
first one is the first optimize—then discretize (FOTD) approach, where the optimality condi-
tions are considered in the infinite-dimensional setting and numerical discretizations are uti-
lized to approximate relevant quantities. The second one is the first discretize—then optimize
(FDTO) approach, where a finite-dimensional representation of the optimization variable is
considered a priori and the optimality conditions are posed in the finite-dimensional case
on some subset of the Euclidean space. In the context of PDE constrained optimization, the
difference between the two approaches is that there is a choice for the discretization of the
adjoint state space in the former. In the latter, it is already determined by the choice for
the discrete state space [131, Chapter 3]. In the end, both approaches lead to a discretized
finite-dimensional system that has to be solved numerically.

An iterative method for shape optimization is based on generating a sequence of design
iterates for a shape from an initial design that is expected to converge toward a desirable
result, e.g., a local optimizer of the shape optimization problem. Local optimizers are often
satisfactory, since it is generally a difficult task to obtain a global optimizer for problems
that are not convex. Probabilistic techniques, such as stochastic gradient descent methods
and simulated annealing, can be applied to search the design space for a global solution
in a more efficient manner than brute-force approaches that rely on trial and error using
different initial guesses for the design. An exhaustive search is not feasible for problems
with a large or infinite-dimensional design space, as is the case with shape optimization
problems. We refer to Marti [175] for stochastic optimization methods.

Common methods for non-linear optimization include gradient-based descent methods,
(quasi-)Newton methods, and trust-region methods. Projection methods, penalty methods,
interior-point methods (IPM), and sequential quadratic programming (SQP) can be applied
to handle equality and inequality constraints. In this thesis, the augmented Lagrangian
method (ALM) is employed to impose additional constraints on the geometry of shapes. A
standard reference on numerical methods for continuous optimization problems is given by
Nocedal and Wright [198].

The above algorithms require information on first-order and, in some cases, higher-order
derivatives of the objective and constraint functions, which can be obtained either analyti-
cally, semi-analytically, or numerically, e.g., using finite differences. The sensitivities can
also be computed using symbolic and automatic differentiation if there are only finitely
many optimization parameters [115], [191], [I90]. One of the main challenges in shape op-
timization is to determine a correct and useful descent direction along which the shape
can be evolved in order to reduce the objective value. Since the optimization variable is a
shape, a suitable framework has to be chosen for the design space (see Section . In many
cases, it is preferable to have an analytical expression for the shape sensitivities. However,
they are often only available for simple problems. Complex problems may require tedious
mathematical calculations that make the approach using analytical sensitivities intractable.

There are derivative-free methods that rely on evaluations of the objective function only
[75]. However, currently existing algorithms are still only effective for small problems and
thus not suitable for shape optimization problems that are inherently infinite-dimensional.

One of the most popular methods for structural shape optimization in the FDTO approach
is the method of moving asymptotes (MMA) by Svanberg [258] and the globally convergent
generalization based on conservative convex separable approximations (CCSA) [259]. It is
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designed to be flexible, i.e., able to handle quite general types of optimization parameters
and constraints, and is suitable for large scale problems. Another method for structural
optimization based on nodal shape variables is the vertex-assigned morphing of optimal
shape (VAMOS) [46}, 134]. Tt has been successfully applied to problems of industrial scale,
especially for optimization of thin-walled structures [I5], 109, 229]. A connection of the
vertex morphing method with Tikhonov regularization in the case of a linear least squares
problem has been established by Rosandi and Simeon [220].

In the following, we focus on gradient-based descent methods in the setting of Riemannian
manifolds. For the numerical implementation of shape optimization methods in the FOTD
approach, the passage to finite-dimensional approximations of shape updates is discussed
in Section [6.4

5.3.1 Optimization on Riemannian manifolds

We are concerned with general optimization problems of the form
min f(p), p€S, (5.30)

where S is a Riemannian manifold and the objective function f: .S — R is continuously
differentiable. Methods for unconstrained optimization extend to the Riemannian setting
by replacing straight lines with geodesic paths. More generally, we can consider retractions,
which are first-order approximations of the Riemannian exponential mapping.
Definition 5.9 (Retractions)

A retraction on S is a smooth mapping R: TS — S that satisfies

a) Ry(0) =p,

b) DR,(0) = idr,s,
for all p € S, where R,: TS — S denotes the restriction of R to p and the tangent space
To(TpS) is identified with T),S in the usual way for the identity mapping in @

A retraction provides a way for moving along a specified direction on the manifold. The
update formula reads

Pr+1 = R(pr, sgvr), k€ No, (5.31)

which is a generalization of py11 = pr + sivg in the linear setting, where py is the current
design, pr1 is the next design, s; > 0 is the step size, and v, € T}, S is a given direction.
An example of a retraction is given by the Riemannian exponential mapping itself, i.e.,

R(p,v) = exp(p,v), (p,v) € TS, (5.32)

which is referred to as a geodesic retraction. See Absil et al. [2] Proposition 5.4.1] and the
illustration in Figure

A general descent method on Riemannian manifolds is given in Algorithm [I] The iteration
is executed until a stopping condition is fulfilled, e.g., the norm of the objective gradient is
below a given tolerance or there is no sufficient decrease in the objective value. Optimality
conditions have to be checked to ensure that the method converges toward a feasible local
minimizer. In the Hilbert manifold setting, we can choose

3: 8 —=[0,00), 3(p) = llgrad f(p)llp, (5.33)
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Figure 12: Geodesic retraction on a sphere as a generalization of straight paths.

Algorithm 1 General descent method on Riemannian manifolds

Input: Objective function f: .S — R and initial design pg € S.
Output: Sequence of design iterates (pg)ren, in S with f(pr+1) < f(pr) for k € Ny.
1. for £k =0,1,2,... (until df(px) = 0 or a stopping condition is fulfilled) do
2: Choose a descent direction vy € Ty, S with df(pg)[vi] < 0.
3: Choose a step size s > 0 with f(R(pg, skvr)) < f(pk)-
4 Set ppy1 = R(pk, skvk).
5: end

as a stationarity measure, where || - ||, is the norm on the tangent space at p € S induced
by the Riemannian metric G, i.e., ||v||, = \/Gp(v,v) for v € T;,S. The stopping condition
then reads X(p) < € for some given tolerance ¢ > 0.

Let pr € S be the current design in the k-th iteration of the optimization procedure and
v € Tp, S be a descent direction with df(pg)[vg] < 0, which exists if py is not a stationary
point. A line search algorithm is commonly applied to determine the step size s > 0. To
facilitate a sufficient decrease in each iteration and guarantee the global convergence of the
method, the descent directions are typically chosen to satisfy an angle condition (see, e.g.,
Hinze et al. [I31], Section 2.2.1] and Absil et al. [2, Section 4.2]) and the Armijo-Goldstein
condition is used for the step sizes:

f(Prt1) < f(pr) + e sk df (pr)lvel, (5.34)

where ¢ € (0,1) is some constant related to the desired decrease. A curvature condition
can be imposed on the step size s in addition to , which is usually required for the
analysis of quasi-Newton methods. Together they make up the so-called Wolfe conditions.
A feasible step size that fulfills the Wolfe conditions can always be found under reasonable
assumptions on the objective function [I98, Lemma 3.1]. In practice, the Armijo—Goldstein
condition is sufficient for most optimization algorithms [215] p. 9].

A backtracking line search can be applied to determine the step size efficiently. Starting
from a relatively large estimate for the step size, we shrink it iteratively until the Armijo—
Goldstein condition is fulfilled. Let s; > 0 denote the first estimate and 7 € (0,1) be the
shrinking factor, i.e., s, = 7510 for m € Ng. The step size s; = s, is chosen for the
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k-th iteration, where my, is the smallest non-negative integer such that sy, ,,, fulfills (5.34).
This is referred to as the Armijo rule and the resulting si’s are called Armijo step sizes.

The following result is available regarding the convergence of descent methods on finite-
dimensional Riemannian manifolds:

Theorem 5.10

Let f: S — R be continuously differentiable and (pr)keNy, (Vk)keNy, (Sk)keN, be sequences
generated by Algorithm . If (vi)ken, s an admissible sequence of descent directions, i.e.,

lim sup (grad f(pk, ), vx,) < 0 (5.35)

l—00

for any subsequence (py,)icN, that converges to a non-critical point of f, where (vg,)en, %5
bounded, and the step sizes (Sk)ken, satisfy the Armijo-Goldstein condition in , then
every accumulation point of (pk)ken, @ a stationary point of f. Furthermore, if the level
set K={peS|flp)<f(po)} is compact, then

lim |[grad f(pk)|lp, = 0. (5.36)
k—o00
Proof. A proof is given in Absil et al. [2, Theorem 4.3.1, Corollary 4.3.2]. O

We refer to Ring and Wirth [2I5] for the infinite-dimensional case, where the manifold is
modeled on separable Hilbert spaces and assumed to be geodesically complete. Due to the
difficulties involved with the more general setting, an adequate convergence analysis of
descent methods on the shape spaces considered in this thesis is—to our knowledge—mnot
available in the literature yet. This does not pose an issue for the numerical optimization
algorithms considered in this thesis, which rely on finite-dimensional representations to
approximate the shapes. However, it is interesting to investigate how the approximations
are related to the true solution in the infinite-dimensional setting.

For a treatment of Newton-type methods on Riemannian shape spaces in the context of
PDE constrained shape optimization, we refer to Schulz et al. [232] 234]. Main references
on optimization in the setting of smooth manifolds include Absil et al. [2], Bergmann and
Herzog [38], Bergmann et al. [39], and Boumal [52].

5.3.2 Augmented Lagrangian method for equality constraints

If equality constraints are present, the optimization problem ([5.30) is modified to

min f(p), (5.37a)
s.t. g(p) =0, (5.37b)
p€ES. (5.37c)

Here, g: S — R™ is a constraint function corresponding to m equality constraints, which is
assumed to be continuously differentiable. Penalty methods treat constrained optimization
problems by solving a sequence of unconstrained subproblems that incorporate additional
terms associated with the constraints into the objective function. Large penalty parameters
correspond to stronger enforcement of the constraints. Solutions to the subproblems with
increasing penalty parameters are then expected to converge toward a feasible solution to
the original problem.
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Algorithm 2 Augmented Lagrangian method for equality constraints

Input: Initial design py € S, Lagrange multiplier A\g € R™, and penalty parameter g > 0.
Output: Sequence of design iterates (pg)ken, in S.
1: for £k =0,1,2,... (until a stopping condition is fulfilled) do
2: Compute an approximate local minimizer py € S of L( -, Ak, ug) using an iterative
method for unconstrained optimization with pg as a starting point.

3: Set A1 = A\ — g (Pr)-
4: Choose g1 > pig-

5: Set pr+1 = Dk

6: end

A common penalty term is given by the sum of squares of each component of the constraint
function scaled by the parameter p > 0. This results in a quadratic penalty function

fulp) = F(0) + g‘;gj@)?. (5.38)

In the finite-dimensional Euclidean setting, e.g., S = R", the Hessian matrix of f,, at p is
poorly conditioned if 4 is large, m < n, and p is close to the minimizer of f,,. To avoid the
ill-conditioning, the augmented Lagrangian function

L(p, A\, 1) = f(p) = > Xigi(p) + % > i)’ (5.39)
i—1 =1

is usually considered instead of , where A = (A1,..., Apn) € R™ denotes the Lagrange
multipliers. Similar to penalty methods, the augmented Lagrangian method (ALM) solves
a sequence of unconstrained subproblems to compute a feasible solution to the original
problem with constraints. During the optimization process, the penalty parameter and the
Lagrange multipliers are updated according to Algorithm

Standard penalty and augmented Lagrangian methods in Euclidean space are discussed in
more detail in Nocedal and Wright [I98, Chapter 17]. Extensions of the methods to Banach
spaces [146] and finite-dimensional Riemannian manifolds [167] are possible. However, as
mentioned in Section the case of infinite-dimensional shape spaces remains an open
area of research. Some effort has been made on stochastic augmented Lagrangian methods
in the context of Riemannian shape spaces [108]. In this thesis, constrained optimization
is mainly required to enforce the fixed area constraint for the shell optimization problem
in Section which is a single equality constraint.

5.4 Shape differential calculus

In the following, we consider mappings F': Imm (M, N) — Z from the pre-shape space of
smooth immersions to some Fréchet space Z. The notation D¢ ) F refers to the derivative
of F' at £ € Imm(M, N) in the direction of n € T¢Imm(M, N) given by

D¢y F = DF(§)ln] = 0i(F 07)(0) = lim F(y(t) - F(v(0))

, (5.40)

where v: (—e,e) — Imm(M, N) is a smooth path of immersions that satisfies v(0) = £ and
4(0) = n. This can be put in connection with the shape derivative via the identification

B(M,N) = Imm(M, N/ Diff (M) (5.41)

and a choice of Riemannian metric on the shape space.
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5.4.1 Shape derivative and variational formulas

Let B(M, N) denote the shape space of smooth immersions endowed with a Riemannian
metric G. It consists of immersed submanifolds of the ambient Riemannian manifold N
diffeomorphic to the reference shape M and can be identified with the collection of subsets

S(M,N) ={¢{(M) C N |¢ € Imm(M,N)} CP(N) (5.42)

in the case of injective immersions. We assume that the horizontal lift corresponding to
the Riemannian metric is well-defined, which is true for Sobolev-type Riemannian metrics

(see Proposition 4.19)).
Definition 5.11 (Riemannian shape derivative)

Let F': B(M,N) — Z be a shape functional with values in the Fréchet space Z. It induces
a mapping F=Fonm: Imm (M, N) — Z on the pre-shape space of smooth immersions via
the Riemannian submersion 7: Imm(M, N) — B(M, N). The shape derivative of F at
Q€ B(M, N) in the direction of §§2 € ToB(M, N) is defined as

DF(©)[69] = DF(&)[1], (5.43)

where (§,7) € TImm(M, N) is the unique horizontal vector field with T7(&,n) = (£2,69).
Thus, shape differentiability of F' is attributed to the differentiability of F. The notions of
differentiation used for topological vector spaces can be found in Section [2.1.3

Without the assumption on the horizontal lift, the derivative on the right-hand side of
(5.43]) may differ depending on the choice of vector field in TImm (M, N). For equivariant
tensor fields, the tangential difference is related to the Lie derivative. See Bauer et al. [27],
Section 5.4].

Lemma 5.12 (Tangential variation of equivariant tensor fields)

Let F: Imm(M,N) — IT'(T"*M) be a mapping with values in the space of tensor fields on
M. If F is equivariant with respect to pullbacks by diffeomorphisms of M, i.e.,

F(&) = (¢"F)(©) = " (F((¢™1)¢)) (5.44)

for all £ € Imm(M, N) and ¢ € Diff (M), then the tangential variation of F is given by
the Lie derivative

D(reox) F' = Lx (F(6)), (5.45)
where X € T'(TM).

Proof. We refer to Kolar et al. [I58, Section 6.17]. O

In the following, we provide some variational formulas of first order that are important
for deriving shape derivatives of common shape functionals. Let g denote the Riemannian
metric on the ambient space V.

Proposition 5.13 (First variation of the pullback metric)

The mapping
g: Imm(M, N) — T(T%?M), €+ £*g, (5.46)

is differentiable with
Dieng = 2sym(g(TE, V) (5.47)
for (§,m) € TImm(M, N).
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Proof. A proof can be found in Bauer et al. [27, Section 5.5]. O

Proposition 5.14 (First variation of the volume form)

The mapping
vol: Imm(M, N) — T'(T®™M), ¢ vol(£*g), (5.48)

s differentiable with

1 _
D¢, vol = B tr(g_lD(gm)g) vol(g) = tr? (g(Tf, Vn)) vol(g)

(5.49)
= (divin") = g(0x?(B), ) ) vol(g)
for (&,m) € TImm(M, N).
Proof. See Bauer et al. [27], Section 5.7] for a proof. O
Proposition 5.15 (First variation of a scalar field)
Let f: N — R with f|lo € WYH(Q) for all Q € B(M, N). Then the mapping
Imm(M, N) = WHH(M), & (fof), (5.50)
is well-defined and differentiable with
De(fo&) =dfo(&n) = glgrad f o &,n) € L' (M) (5.51)

for (§&,m) € TImm(M, N).

Proof. A proof is given in Murat and Simon [I88, Theorem 4.2, pp. IV-24-T1V-25] in the
setting of perturbations of identity. O

In many applications, the shape functional is given by the integral of a function on the
ambient space restricted to the shape.

Corollary 5.16 (First variation of a shape functional)
Let f: N — R with flg € WYY(Q) for all Q € B(M, N). Then the mapping

F: Imm(M,N) - R, ¢+~ / fdx :/ (fo&)vol(&g), (5.52)
Q M
is Diff (M, N)-invariant and differentiable with
AP = [ (stgadfogn) + (7o u?(G(Te,Vn) Jvollg)  (553)
M
for (§,m) € TImm(M, N).

Proof. The reparametrization invariance is a standard result in vector calculus. The first
variation formula (5.53]) follows directly from Proposition Proposition and an
application of the chain and product rule. ]
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In the case of a bounded open submanifold M of N with Lipschitz boundary, the shape
derivative has a particular boundary representation, called the Hadamard form, which can
be obtained via the divergence theorem. More generally, the Hadamard structure theorem
states that the shape derivative is a distribution on the boundary of the domain that only
depends on normal perturbations of the boundary [253] 85].

Theorem 5.17 (Hadamard structure theorem)

Let M be a bounded open submanifold of N with Lipschitz boundary and F: B(M,N) — R
be the shape functional in (5.52)), given by the domain integral

F(Q) = /Q Fd (5.54)

for some f: N — R with f|g € WH(Q) for all Q € B(M, N). The shape derivative of F
at € in the direction of 6 can be expressed as a surface integral

AP (Q)[60)] = /Q (52 ah= [ fa(n.09) do (5.55)

where n is the unit outward-pointing normal vector field on 0. Note that the restriction
flaa € LY(09Q) is well-defined by the trace theorem [20), Theorem 6.3.10).

Proof. We refer to Sokotowski and Zolésio [253, Theorem 2.27] and Delfour and Zolésio
[85, Chapter 9, Theorem 3.6]. O

In the following, we derive the sensitivities that are required for the optimization problems
discussed in this thesis.

5.4.2 Compliance minimization of thin elastic shells

The shape of a thin elastic shell is determined by an embedding of the reference surface in
three-dimensional Euclidean space. Let (B, A, ) be a shell. The set of admissible initial
surface configurations G C Emb(A, E3) of the shell is a subset of the pre-shape space of
embeddings of a certain regularity. The corresponding set of admissible shapes is denoted
by B = G/ Diff(A) and can be identified with the collection of subsets

S={¢{A) CE’|¢eg}. (5.56)

We formulate the compliance minimization problem in terms of the spatial and material
picture. The latter is more convenient to work with, since the function spaces involved are
defined on a fixed reference domain in our framework.

Formulation in spatial picture

We consider the shape optimization problem (SOP)

min b (u), (5.57a)
s.t. ag(u,v) =bo(v) VoveVQ), (5.57b)
Qe B, uel(), (5.57¢)

where the fiberwise linear functional b: & — R defined by

beo(u) = /Q(f WA\, Q€ B, ueU), (5.58)
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is the compliance corresponding to an external load f: N — R3 with f|o € H' (2, R?) for
all Q € B and

a0, v) = /Q(Jm(u) em(0) + op(w) :ep(v)) AN Q€ B, u € UQ), veV(Q), (5.59)

is the fiberwise bilinear form a: U xq V — R associated with the linear Koiter shell model
in Section External forces acting on the boundary curve A have been omitted for
the sake of simplicity. The objective function J: U — R reads

J(Q,u) = bo(u), (5.60)
and the state equation operator R: U — V* is given by the residuum
(R(Q,u),v) = ba(v) — aq(u,v). (5.61)
We choose U(2) as a closed subspace of
U(Q) = {ue H(QLR?) | 9,05u-n € L*(Q)} (5.62)
consistent with the boundary conditions, and V(2) as its tangent space.

Formulation in material picture

Pulling back (5.57) to the reference surface A C B yields the equivalent problem

min be (@), (5.63a)
s.t. ae(Q,9) = be(0) V0 €V, (5.63b)
£€G, U, (5.63¢c)

where the set of admissible shapes B is replaced by the set of admissible configurations G
(see Section for the transformation). The associated objective function J: U — R
and state equation operator R: U — V* are given by

F(€,0) = be(a) = /A (f - ) vol(g),

) ) ) (5.64)
(R(&),0) = be(0) — ag(a,0) = /A((f +0) = ow(@) : em (D) — (@) : ep(0)) vol(g),

where Q =§(A), t =uo&, 0 =vof, and f = fo&. The corresponding state space Z/Alg is
chosen as a closed subspace of

e = {6 € H'(A,R?) | 0,051 -7 € L2(A)} (5.65)
consistent with the boundary conditions and 1>§ denotes its tangent space.
In the following, we derive the sensitivities required for numerical shape optimization.

Shape sensitivity analysis

Under certain conditions, the elastostatic BVP for linear Koiter shells is well-posed (see
Section . Let 4.: G — U denote the solution operator to the state equation ({5.63bj).
The reduced cost functional is given by

1:G—R, & J(E ,(6)). (5.66)
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According to Section on the adjoint state method, the derivative of 7 at £ € G in the
direction of € T¢G can be obtained using the formula

AZ(E)[n] = L€, (), 0:()) ) = BeT (&, 1 (€)) 0] + (FeR(E, 1 (€)) 0], 04(€)),  (5.67)
where 0, (£) € V is a solution to the adjoint state equation corresponding to @ (€) € U, i.e.,
D0 L (€, 0(£), 8:(6)) = 0aT (€, 1 (€)) + (DaR(E, 1 (€)), 84(€)) = 0. (5.68)

It turns out that the compliance minimization problem is self-adjoint, since
be(60) — ag(6a,0.(€)) =0 Véael (5.69)

follows from (j5.68|), which implies 9, (§) = @+(§) due to symmetry of the bilinear form G
and the characterization of solutions to the state equation (5.63bj).

Proposition 5.18
The derivative of the reduced cost functional (5.66|) in material picture is given by

A

AT = [ ((erad(F-w)0€) -+ ((f - w) 0 &) 0 ((TE V) wollg)  (5.70)

for (&,m) € TG. In spatial picture, the shape derivative reads

AZ(Q)[69)] = /Q (grad(f - u) - 69+ (f - w) (div(60") — oY)} AN, (5.71)

where (2,0Q) € TB and k = k1 + k2 is the sum of principal curvatures of the surface.

Proof. The claim follows directly from Corollary Change of variables along with the
alternative form in Proposition [5.14] yields the derivative in spatial picture. O

The formulas in the above proposition require information on the derivative of the external
load to compute the gradient

grad(f -u) = (Jf) u+ (Ju)"f. (5.72)

To circumvent this, one can minimize the linear shell strain energy iy in (3.86)) instead of
the compliance. Solutions to the state equation ([5.63b|) satisfy

T (&, 1:(€)) = be(01(€)) = e (@(€), 8e(€)) = 2ins (10 (€)), (5.73)
so that both problems are equivalent up to a factor of two and yield the same minimizers.

Proposition 5.19
The derivative of the reduced cost functional (5.66|) has the alternative form

dZ(&)[n) = 2/ (Um(@) :Dgpem () + on (1) : D(E,n)eb(ﬂ» vol(g)
! (5.74)
+ /A(am(ﬁ) tem (@) + op(a) : Eb(ﬂ)) tr?(g(TE, Vn)) vol(g)

for (§&,m) € TG. The first variation of the membrane strain tensor is given by
D(¢,pem(@) = sym(g(Va, Vi), (5.75)
while the first variation of the bending strain tensor reads

Demen(@) = =g (Diemhs V2a) = §(D(e.ayns V) = §(D(emDieayts VIE).  (5.76)
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Proof. Similar to Proposition we can apply Corollary To show ([5.75)) and ([5.76)),

it suffices to recall that the membrane and bending strain tensors are given by

em () = sym(g(Va, TE)), (5.77a)
ev(@) = —g(h, V?0) — §(Dg,a)h, VTE). (5.77b)
See the local coordinate expressions (3.87)) in Section O]

To impose the fixed area constraint, we add the condition

/Q 1d) = /A vol(g) = co (5.78)

to the problem, where ¢y > 0 denotes the initial surface area. The constraint function then
reads

c(Q):/Qld)\—cO, 6({):/Avol(§*§)—co (5.79)

in spatial and material picture, respectively. The (shape) derivative of ((5.79) is given by

de(Q)[69)] = / (div(6Q") — k6Q*) dA, (5.80a)
Q
i)l = [ 09 (a(re, V) vollo). (5.500)

This follows directly from Corollary and the alternative form in Proposition

5.4.3 Parameter identification from observed data

In this section, we describe a method to identify parameters of the plate model for Earth’s
lithosphere in Section that are most plausible to explain the observed depths for the
Mohorovic¢i¢ surface. The quantities we are interested in are the effective elastic thickness,
the reference density, and the topographic load that acts on the lithosphere. To determine
the spatial distribution of those quantities, we perform PDE constrained optimization with
a tracking-type objective function, e.g., a quadratic loss function. This corresponds to a
so-called indirect inversion method, where the forward problem is solved iteratively until
an adequate choice of parameter is found. Another method involves the direct inversion of
spectral measures. See Kirby [I55] for more information on that subject.

Tracking-type optimization problem

A common tracking-type objective function is given by the integrated squared error

1

JT(gw) =5 /A(w — wq)? dA, (5.81)

which corresponds to the method of least squares and gauges the deviation of w from the
observed data wq. The state equation of the isostatic problem in weak formulation reads

(R(q,w), z) = cr(2) — ag(w, 2) — by(w,z) =0 (5.82)

for all variations z, where the bilinear forms and linear functional are given by

ag(w, z) = / q (vAwAz + (1 — v)Vw: V32) dA,
A (5.83)

bp(w, z) = / pwzdA, ¢ (z) = —/ rzdA,
A A
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with the flexural parameter ¢, the crustal depth-to-height ratio p, and the rock-equivalent
topography r given by
D Et? Om — O I

— =, p=—— r=— QdZ, 584
0rg 12(1 - VQ)Qrg Or Or Jd, ( )

q

respectively. To ensure that the parameters are feasible from a physical point of view, we
impose a minimum value on them using box constraints in the optimization process.

Adjoint sensitivity analysis
The adjoint state equation for the isostatic BVP with the integrated squared error (|5.81])

as objective function reads

aq(0w, z) + by(dw, z) = /A(w — wq) dowdA (5.85)

for all variations dw. Given a solution z to the adjoint state equation (5.85)) corresponding
to the flexural parameter ¢ as design variable and the state w, the derivative of the reduced
cost functional at ¢ in the direction of §g can be computed via

dZ(q)[6q] = —asq(w, 2). (5.86)
Similarly, we have for the other parameters p and r that

dI(p)[(Sp] = _bép(wa 2)7 (587&)
dZ(r)[or] = csr(2), (5.87b)

where the adjoint state equation remains the same. The first-order sensitivities can
be used for gradient-based optimization. Since this is a standard optimization problem
with PDE constraints, we can apply the usual methods for numerical optimization without
taking account of the considerations made for shape spaces.
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The finite element method (FEM) has been widely used to approximate solutions to PDEs
numerically. In standard FEM, the computational domain is subdivided into parts that are
images of elementary geometric shapes, called finite elements, on which a number of shape
functions are defined. Usually, the shape functions are polynomial functions determined by
interpolation conditions on some reference element. Joining together all the elements along
with the shape functions yields a finite element space in which a numerical solution to the
problem is sought. It is constructed by finding a linear combination of the shape functions
on each element that best approximates the exact solution [57, [55] 288].

Globally C! finite element spaces are necessary for a conforming discretization of higher-
order problems, such as the shell and plate problems considered in this work. In general,
the construction of such spaces is computationally expensive and requires a lot of degrees
of freedom per element. This has led to various methods for solving the shell and plate
equations more efficiently. An example is the non-conforming mixed formulation given by
the classical discrete Kirchhoff triangular (DKT) elements [26], where the C! condition is
imposed only at the nodes of the mesh. Other examples include the use of rotation-free
(RF) elements [204], discontinuous Galerkin (DG) methods [97], assumed natural deviatoric
strain (ANDES) elements [I86], and the Hellan-Herrmann-Johnson (HHJ) method [194].
Another way to address the problem is to apply isogeometric finite element methods. See
Kiendl et al. [I53], Apostolatos et al. [16], Goyal and Simeon [112], Verhelst et al. [266].

Isogeometric analysis (IGA) is a computational paradigm for solving PDEs that employs
the same shape functions used to describe the domain of the problem to construct finite
element approximations of solutions to the problem. It allows the integration of finite
element analysis (FEA) with technologies from computer-aided design (CAD). The concept
of isogeometric analysis has first been presented in the seminal work by Hughes et al. [138]
in 2005. Standard references on the subject include Cottrell et al. [79], Buffa and Sangalli
[60], Lyche et al. [I70], Jiittler and Simeon [145], and van Brummelen et al. [263].

This section introduces the notions required for the numerical discretization of elliptic
boundary value problems using isogeometric analysis. We begin with the definition of
B-splines and NURBS. A more elaborate treatment of NURBS with numerical algorithms is
available in Rogers [216], Cohen et al. [72], de Boor [81], Schneider [230], and the NURBS
book by Piegl and Tiller [207].

Figure 13: Finite element discretization of a surface.
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6.1 B-spline and NURBS functions

Let 99 < --- < ¥, be a finite sequence of non-decreasing real numbers. A spline of degree
p is a piecewise polynomial function f: [¢g,¥,,] — R with the property that the restriction
to each subinterval [9;_1,9;) for i = 1,...,m is a polynomial function of maximum degree
p. The tuple © = (Yo, ..., is called a knot sequence for the spline with knot values ¥;
and the term “breakpoint” is used to refer to a distinct knot value. The half-open interval
[¥i—1,0;) is called the i-th knot span, which can be empty.

The maximum order of continuity that a spline of degree p can attain at the breakpoints
is p — 1. We refer to such splines as smooth splines. A lower order of continuity can be
obtained by placing multiple knots in the same location. Each additional knot reduces the
order of continuity by one until the resulting spline is discontinuous at the breakpoint.

The type of a spline is completely characterized by its degree and the knot sequence. Let
S(0,p) denote the space of splines of degree p with knot sequence ©. It is a vector space
of dimension m — p. By introducing the numbers m=m+1,p=p+1,and n=n+1,
where m is the number of knots, p is the order of the spline, and n is the dimension of
S(0,p), we can write n = m — p or, equivalently, m =n+p+ 1.

In the following, we consider splines on the unit interval [0, 1] with an open knot sequence,
i.e., the first and last knot values have multiplicity p + 1, to enable interpolatory control
points at the boundary. Then the knot sequence has the form

O=(0,...,0,0pi1,..., O, 1,...,1) (6.1)
S—— S——
(p+1)-times (p+1)-times
with the knot values U9 = -+ =9, =0, ¥pq1 = -+ = Upypt1 = 1, and ¥; € (0,1) for

t=p+1,...,n.

6.1.1 B-spline basis functions

A particular basis for the spline space S(©,p) is given by the B-splines (basis splines).
They have minimal support and allow for quick evaluation of the splines using de Boor’s
algorithm, which is convenient for isogeometric analysis. The B-splines of degree p are
recursively defined via the Cox—de Boor formula

1919-&-1—&-19 -

19 — ﬁk
P 1( ) ﬁk-{—l—&—p 79k—|—1

By p(¥) = —————
k,p( ) ﬁk—l—p_'lgk ’

Biy1p-1(9) (6.2)

with 9 € [0,1], k =0,...,n, and

1 for ¥ € [k, p11),
Byo(9) = i D) (6.3)
0 otherwise,
for k = 0,...,n 4+ p, where the convention 0/0 = 0 is used if the knot values in the

denominator coincide. We refer to By, as the k-th B-spline basis function of degree p.

Given a finite sequence of control points cg, ..., ¢, € R" in the physical space of dimension
r, we can construct a B-spline curve of degree p through a linear combination of the form

- [07 1] =R, () = Z CkBk,P(ﬁ)' (6.4)
k=0
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6.1 B-spline and NURBS functions

Figure 14: Left: Isogeometric shape functions on a bivariate quadratic B-spline patch.
Right: A linear combination of the isogeometric shape functions and corresponding mesh
of control points (red).

B-spline curves are commonly used to represent shapes in computer-aided design (CAD).
The description using control points allows for intuitive local manipulation of free-form
shapes. In isogeometric analysis, the control points additionally serve as degrees of freedom
for the unknowns in a discretized system of equations.

If the domain of the problem is two- or three-dimensional, B-spline surfaces or volumes are
used to describe its geometry. Multivariate spline spaces are constructed via the tensor
product of univariate spline spaces. Instead of a single knot sequence and a single spline
degree, we have a family of knot sequences © = (01, ... ©@) along with a tuple of spline
degrees p = (p1,...,pq) corresponding to each parametric dimension. The B-spline basis
functions of the spline space Sg(©,p) = S(OW),p1) ® --- © S(OW, py) are given by

1 1 d d

Bip(9) = By, (8") -+ B, (%) (6.5)
for ¥ = (9',...,9%) € [0,1]? in the multivariate setting. The B-splines B((){gj, .. ,B,(ljzpj
form a basis for S(OU), p;) and k = (k1,...,kg) is a multi-index with k; = 0,...,n; for
Jj=1,...,d. We order the basis functions lexicographically, so that By, corresponds to
the k-th basis function when using an integer index k£ = 0, ..., n instead of a multi-index.
A d-variate B-spline patch corresponding to the control points ¢y, ..., c, € R" refers to a

parametrization of the form

n
v 0,109 R, y(0) =D exBrp(¥). (6.6)
k=0

We refer to the image of v also as a B-spline patch and write Sg,(©,p) for the space of
d-variate B-spline patches in R".

6.1.2 NURBS basis functions

B-splines can be generalized to include rational functions in addition to polynomial ones
by assigning a weight to each control point. This greatly increases the design capabilities
of free-form shapes, e.g., conic sections can be exactly represented by rational B-splines
with weighted control points as opposed to non-rational ones. The term “non-uniform”
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6 Isogeometric finite element analysis

in the acronym NURBS stresses the fact that the distribution of knot values in the knot
sequence is not necessarily uniform.

Given a B-spline basis By, ..., By, for the spline space S(O,p) and a tuple of positive

weights w = (wo, . ..,wy), the NURBS space S“(0, p) is generated by rational functions of
the form
wi B.p(9)
Ng (9) = —"2 2 k=0,... 6.7
k,p( ) w(ﬁ) ) ) )y T ( )

with 9 € [0,1]. The weight function in the denominator is a weighted sum of the B-spline
basis functions

w(d) = wpBgy(). (6.8)
k=0

Note that the original spline space is a particular case of the NURBS space with constant
weights. For the multivariate case, we proceed similarly to the non-rational B-splines and
define the NURBS basis functions as

N, (0) = —= ]Z(ﬁ;%p] . k=0,...,n, (6.9)

for ¥ = (9%,...,9%) € [0, 1]%. The multivariate weight function reads

ni ng
1) (1 d) 1(d
w) =" wlBl ()W B (99), (6.10)
k1=0 kq=0
where w = (W, ..., w®) is a family of weight tuples corresponding to each parametric

dimension. Contrary to the non-rational B-splines, the resulting multivariate NURBS space
S5(0,p) is no longer a tensor product space because of the weight function w. Nevertheless,
it is called tensor-product-like, following the terminology in isogeometric analysis.

A d-variate NURBS patch corresponding to the control points cg, ..., ¢, € R" refers to a
parametrization of the form

n

v [0,1]P 5 R, () =D Ny, (). (6.11)
k=0

We refer to the image of v also as a NURBS patch and write Sy,.(©,p) for the space of
d-variate NURBS patches in R".

To shorten the notation, we omit the superscript w and the subscript p from the NURBS
basis functions and introduce the double index a = (k, 1), ranging from (0, 1) to (n,r), so
that a NURBS patch can be written as

Y=Y eaNeer =Y > criNri =Y calNa, (6.12)
k=0 1=1 k=0 =1 acA
where A = {(k,1) e N} |0 <k <n,1 <I<r} is the index set with (n+ 1) - elements,

Ca = ¢, denotes the I-th component of the k-th control point, and N, = Ny ; = Nie; is
the a-th vector-valued NURBS basis function.
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Figure 15: Initial isogeometric shape functions given by quadratic B-splines (top-left) and
the shape functions that result from h-refinement (top-right), p-refinement (bottom-left),
and k-refinement (bottom-right).

6.1.3 Refinement methods

In order to get better approximation results for the numerical solutions, the NURBS space
used for the discretization of the problem has to be refined. There are two refinement
methods that increase the number of shape functions and preserve the global smoothness
of the NURBS space. The first method is called knot insertion (also known as h-refinement),
where a finer NURBS space is constructed by adding new breakpoints to the knot sequence.
The second one is order elevation (p-refinement), which raises the order of the NURBS space
without changing the knot spans. Performing order elevation followed by knot insertion
results in a so-called k-refinement. See Figure [15] for an illustration of the methods.

For the multivariate case, inserting a breakpoint to a knot sequence will affect all elements
along the transverse direction due to the tensor-product-like structure. To enable local
refinement, several methods can be considered. In our work, we employ hierarchical B-
splines as described in Vuong et al. [267]. Adaptive local refinement can then be performed
if an error estimator for the numerical solution to the problem is available [107, [61].

6.2 Finite element discretization

Given a weak formulation of the variational problem, a numerical solution can be obtained
by considering a projection onto some finite-dimensional subspace of the solution space.
This is generally referred to as a Galerkin projection. Finite element methods are based on
subdividing the domain of the problem into finitely many elements on which a number
of shape functions are defined. The finite element space is then constructed from linear
combinations of the shape functions on each element, which satisfy certain interpolation
conditions.

Isoparametric finite elements enable the solution of problems on domains with curved
boundaries by using the same shape functions for the numerical approximation of solutions
to describe the geometry of the domain. They serve as a basis for the isogeometric paradigm,
where we consider domains that can be represented by some NURBS geometry and use
refinements of the corresponding NURBS space to construct approximations of solutions to
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6 Isogeometric finite element analysis

the problem.

An isogeometric mesh consists of NURBS patches, each of which can be refined to increase
the accuracy of the numerical approximation. As opposed to a standard finite element
mesh, the smoothness of shape functions within each patch can be preserved without much
effort when the mesh is subdivided into smaller elements. This greatly reduces the number
of degrees of freedom compared to classical C! finite elements, which is useful when working
with shell and plate equations that require global C! continuity.

We first consider domains that can be exactly represented by a single NURBS patch. The
main idea is to transform the problem posed on the patch to a fixed parameter domain,
approximate the solution with a linear combination of NURBS functions that result from
refinements of the NURBS space associated with the geometry function, and transform the
numerical solution back to the physical domain.

6.2.1 Domain transformation

Let Q C R” denote the physical domain described by the geometry function

n T
Q= Q0 A0) =Y waNea(¥), (6.13)
k=0 I=1
with control points g, ...,7, € R” and the parameter domain Q= [0, 1]d. To ensure that

the domain is suitable for isogeometric analysis, we require that the geometry function is
at least a bi-Lipschitz transformation. Thus, it is important to impose conditions on the
control points of the geometry such that this requirement is fulfilled.

The weak formulation of a variational problem posed on the physical domain can be
transformed to the parameter domain by pulling back functions in the solution space
V() to the parameter domain using the geometry function. By doing so, we obtain an
equivalent weak formulation of the problem on the parameter domain: Find 4 € f/(f)) such
that a(a, ) = b(d) for all & € V() with V(Q) = {vor | v € V()} and

a(0,0) = a(d oy 005 Y),  b(D) =b(6orgt). (6.14)

6.2.2 Ritz—Galerkin method

To discretize the transformed weak formulation, we consider isogeometric shape functions
that result from refinements of the NURBS space associated with the geometry function.
We choose f)h,p =Sy s(On,p) N )A/(Q) for the finite-dimensional subspace, where h is a
discretization parameter corresponding to the diameter of elements and s is the number of
components of functions in the solution space. Galerkin projection then yields a family of
finite-dimensional problems of the form: Find 4y, € f)h,p such that a(ip p, Opp) = lA)(f)hJJ)
for all vy, € Vi p-

The trial and test functions are given by linear combinations of the basis functions, i.e.,

n s n s
ﬁh,p = Z Z uk,lNk,l, ’f)h7p = Z Z Uk,lNk,b (6.15)

k=0 I=1 k=0 I=1

with control points ug,...,u, € R® and vy, ..., v, € R®, respectively. The coordinates of
the control points are organized in a single column vector so that the Galerkin equation
can be written in matrix-vector form. The problem then reduces to solving a system of
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Figure 16: Coupling of two rectangular lithospheric plates in isostatic equilibrium.

linear equations of the form ATu = b with the coefficient matrix A,z = a(Na, Ng) and
the right-hand side bg = B(N 3), where @ and (3 are double indices in some specified order,
ranging from (0, 1) to (n,s). Numerical integration using Gaussian quadrature is used to
compute the entries of A and b when exact expressions are not available.

The solution vector u € R("+1s contains the coordinates of the control points associated
with the trial function 4y, and is referred to as the vector of degrees of freedom in the
fully unconstrained solution space. When boundary or interface conditions are present, it
is restricted to a subspace fulfilling those conditions.

6.3 Multi-patch C! coupling

In the case where the domain consists of multiple NURBS patches, the subproblems on each
patch have to be coupled in a way that retains the global C! continuity of solutions. There
are various methods that can be employed to achieve this in the context of isogeometric
analysis of plates and shells. Penalty methods [154) [76, [77], Nitsche methods [17, 197, [117],
and mortar methods [92, 51, [I35] fall into the category of weak coupling methods that use
a modified variational formulation to establish the C! continuity weakly across multiple
patches. Strong coupling methods, on the other hand, are based on the construction of
globally C! shape functions, which are then used for a C' conforming discretization of the
variational formulation.

Multi-patch C! isogeometric spline spaces can be constructed by replacing shape functions
that influence the derivative of solutions at patch interfaces with C! shape functions that
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Figure 17: Numerical simulation of a two-patch cylindrical shell with 10 load steps.

span over multiple patches (see Kapl et al. [148| [149]). This has been extended from the
case of planar multi-patch domains to multi-patch surfaces in Farahat et al. [I01] [102].
Another approach to stitch shape functions at patch interfaces together is to impose the
C! condition at some collocation points [64] or weakly via the constraint matrix

g = /F [n- VNa][n - VN5] dS, (6.16)

where n is a unit normal at the patch interface I" and [ - | denotes the jump of a function
between the patches [73]. The latter yields an approximately C! isogeometric spline space
on a multi-patch geometry [276] and has been used for the numerical experiments in this
work. The method is straightforward to implement but has the drawback that the resulting
system of linear equations will lose its sparse structure if the basis functions for the null
space of the constraint matrix C are not carefully chosen to be locally supported. Note
that contiguous patches are assumed to share the same interpolatory control points at the
interfaces to enforce the C° continuity in our implementation.

An example is given in Figure [I6] to demonstrate the multi-patch coupling method in the
case of the isostatic boundary value problem for the plate model of Earth’s lithosphere (see
Section . For multi-patch surfaces, we simulate the pinching of a two-patch cylindrical
shell in Figure [I7] using the Koiter shell model in Section [3.2.3] with multiple load steps.

The construction of multi-patch C! isogeometric spline spaces with optimal approximation
properties is a challenging problem for more complex geometries. A so-called C! locking
might occur for G! multi-patch parametrizations that are not analysis-suitable [73].

6.4 Isogeometric shape optimization

A common procedure in isogeometric shape optimization is to use a NURBS description of
the geometry and consider a subset of control point coordinates as design variables. This
corresponds to the FDTO approach and has been conventionally used in a wide range of
applications, e.g., Wall et al. [269], Nguyen et al. [196], Bletzinger et al. [45], Lopez et al.
[171], and Weeger [275]. The use of B-splines for optimal shape design in this manner
dates back to Braibant and Fleury [56]. While it is a fairly straightforward way to perform
shape optimization in the context of isogeometric finite element analysis, the results will
typically depend on the particular representation of the geometry, since the problem is
reduced to a finite-dimensional one that often disregards the inherent geometric structure
of shapes. On the other hand, the FOTD approach attempts to provide approximations of
solutions to some underlying infinite-dimensional problem. It has been discussed in, e.g.,
Blanchard et al. [42], Azegami et al. [23], FuBeder et al. [105], Rosandi and Simeon [221],
for isogeometric shape optimization.
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6.4 Isogeometric shape optimization

Figure 18: NURBS representation of the geometry of a surface.

Methods based on spline or more general representations of geometry from computer-aided
design rely on control point coordinates or other design parameters to generate an explicit
parametrization of the shape. The advantage of such an approach is that the number of
design variables required to resolve the problem to sufficient accuracy is usually much
smaller than the number of nodal variables required for the same accuracy in node-based
shape optimization. However, it suffers from the same deficiency as other FDTO approaches
if the design parameters are treated independently of each other. Another critical issue is
that the parametrization generated for the geometry may become degenerate, e.g., non-
injective, during the optimization process. These are difficulties that need to be resolved
when devising a robust shape optimization method. Some efforts in mesh parametrization
have been made for isogeometric finite element analysis [241), 240] and isogeometric shape
optimization [166].

6.4.1 Shape optimization loop

Starting from an initial design €}y € B, a general gradient-based PDE constrained shape
optimization loop using the adjoint state method consists of the following steps:

1) Solve the state equation

R(Qk, uk) =0 (6.17)
for the state variable uy € U ().
2) Solve the adjoint state equation
8uj(Qk, uk) + <8UR(Qk, uk), Uk> =0 (618)

for the adjoint state variable vy € V().

3) Use the shape derivative
dZ (%) = 0T (U, ug) + (OaR(QU, ug), vi) (6.19)
to compute the shape gradient grad Z(Q) € Tq, B according to
Ga, (grad Z(Q), 0Qy) = dZ(Q)[6Q%] VI, € Tq, B, (6.20)

where G is a chosen Riemannian metric on B.
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6 Isogeometric finite element analysis

4) Compute the next design Q11 € B using information on the shape gradient at .

The loop results in a sequence of design iterates ()xen, in B and can be executed until a
stopping condition is fulfilled, e.g., according to the criterion in Section [5.3.1

The shape gradient in the FOTD approach is independent of the choice of configuration in
the pre-shape space G if the Riemannian metric is reparametrization invariant. This allows
for remeshing as long as the shape 2 € B remains the same, i.e., v € G with Q = 'y(Q)
In isogeometric shape optimization, we choose a finite-dimensional NURBS representation
of the design and state variables to compute numerical approximations of solutions using
Galerkin methods. Let v, € Gy = Sir(@h7 p) NG be the geometry function in the current
step and . . . .

Uy = Sz’;u(@hu,pu) NUQ), V= Vigv(@hwpv) NY(Q) (6.21)
be refinements of the NURBS space S (0O}, p) compatible with the original function spaces.
Here, we omit the dependence of the discretization parameters on the particular refinements
and simply use the subscript h to denote discrete quantities. For state equation operators
of the form

(R(Q,u),v) =bo(v) — ag(u,v), uel(Q),veV), (6.22)
where ag: U(Q) x V() — R is a bilinear form and bo: V(Q2) — R is a linear functional, we
pull back the problem to the parameter domain 2 akin to and set up the Galerkin
equation

any, (T, Op) = Doy, (1) VO €V, (6.23)
to solve for the state variable @ € U;,. We proceed similarly for the adjoint state equation.

After the first two steps of the optimization loop, we can use the numerical approximations
of the state and adjoint state variable to compute the shape derivatives dZ (Ng) for each
shape function Ng in Sé‘l”r(@h, p). The shape differential calculus developed in Section is
used to derive an analytical expression for the shape derivative, which is then approximated
using numerical integration. The discrete shape gradient is obtained from the sensitivities
by solving another Galerkin equation

Gy, (grad Zp, (), Ng) = dZ()[Ns] ¥V Ns € S5,.(On,p). (6.24)

It describes a vector field over 7y, and—depending on the regularity of the model space for
G——can be seen as an element of H; = S5,.(04,p) N'T,,G.

In the case of a shape space of hyper-surfaces endowed with a Sobolev-type Riemannian
metric, the horizontal shape gradient is a solution to an elliptic PDE of the form

PgradZ(v) = an, (6.25)

where P is an elliptic pseudo-differential operator explained in Section a is a scalar
field corresponding to the momentum of the system, and n is a unit normal vector field
over 7. Instead of solving for the shape gradient, we can solve for the scalar field a, which
is a relevant quantity that appears in the geodesic equation. In the end, a solution to the
elliptic PDE is still required for numerical time integration of the geodesic equation.

To compute a numerical approximation of the scalar momentum, one can either use the
characterization

G, (grad Z(y), o) = /Q (Pgrad Z(v), 67) vol(g)
(6.26)

— [ abrvollg) = dZ()lrtnl Yoy € TG,
Q
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6.4 Isogeometric shape optimization

where dv1 = (n,dv) denotes the normal component of the variation év € TG, or an L?
projection to first obtain the right-hand side of the PDE in ((6.25)), followed by a projection
onto the normal of the hyper-surface. We opt for the second approach.

For multi-patch geometries, we proceed similarly to Section [6.3] The last step of the shape
optimization loop is discussed in the next section.

6.4.2 Discrete shape update

A descent direction can be obtained using information on first-order derivatives. For the
steepest descent method in the Riemannian setting, the negative of the Riemannian shape
gradient is usually chosen for the descent direction. Conjugate gradient and quasi-Newton
methods additionally alter the shape gradient to achieve faster convergence rates. Note
that there are other frameworks, such as the W* approach by Deckelnick et al. [82] [83],
where the direction of steepest descent cannot just be determined by computing the shape
gradient, since such an object may not even exist in the more general setting.

Let ny = > oca MaNa be the chosen discrete descent direction. In the FDTO approach, the
components 7, are either directly given by the shape sensitivities dZ (Ng) for a € A or by
a modification of the values according to some ad hoc filtering or smoothing scheme. In
contrast, the FOTD approach treats 7, as an approximation of some vector field in T, G.

The simplest method is to modify the components of the discrete geometry function vy,
linearly in the direction of 7, which corresponds to the update rule

(Yn)k+1 = (W) + sk(mm)k, Kk € No. (6.27)

The step size s; > 0 is determined using a line search algorithm along the path traced by
the update rule, which can be done efficiently in this case due to the simple evaluation of
(6.27)). This method is referred to as (control pointwise) linear extrapolation in this thesis,
which is associated with a retraction on the shape space B.

A natural retraction is obtained by solving the geodesic equation on the Riemannian shape
space. For a Sobolev-type Riemannian metric on the shape space of hyper-surfaces in E™,
the dependent variables can be expressed in terms of the configuration v and the scalar
momentum a. The vertical method of lines is employed to discretize the time-dependent
system, which results in the following semi-discretized ODE system at first:

P"}/h = apnp, (6.28&)
an = F(vn, an), (6.28b)

where the right-hand side of the second equation is given by

F(yn,an) = %(éh(AdJ(VP)("Yh,"Yh),nh) —Kp, §h(P"7h,"Yh)> —ayp, tr(g;, ' §(Tyn, VAn)), (6.29)

according to Proposition [£:23] Note that the discrete quantities ny, gp, and rp, depend on
the geometry function 7. A time integration method of choice can be applied to compute
the evolution of the shape along the geodesic path in the direction of 43 = ny.

For example, the forward Euler method yields the following scheme for time integration:

7}(L¢+1) _ ’Yf(j) (6D t(i))p—l(ag)ng))’ (6.30a)
oD = oD 4 (10D D) Py 40), (6.30b)

107



6 Isogeometric finite element analysis

Algorithm 3 Discrete geodesic backtracking line search

Input: Objective function f: G, — R, current design g € Gy, descent direction ng € Hp,
initial step size sg > 0, and decrease factor o € (0,1).

Output: Next design v; € Gp, corresponding to the step size s; > 0.
(0)

1: Set 55 = sp.
2: for 7 =0,1,2,... (until values for v; and s; are returned) do
3: Compute a numerical solution (*yj(-o), e ,’yj(m)) to the geodesic initial value problem
corresponding to v4(0) = o, Y1(0) = 1o, and a partition (tgo), o ,tg-m)) of the
interval [0, séj )].
4: Set [ .= m.
5: do
6: if (1) — f(70) < ot df (7o) o] then
7 Return ~; := 'yj(l) and s = tgl).
8: else
9: Choose A € {1,...,1—1}.
10: Set [ :== A.
11: end
12: while [ > 1
13: Set s(()Hl) = t§1).
14: end
for i =0,...,m, where 7,(10) = (Yn)k, aglo) = (ap), and (t© ... (™) is a partition of the

interval [0, si]. The initial momentum (ay), can be obtained from the descent direction
(mr)k via (6.28a)). The result at the final time is then used for the next design, i.e.,

()1 = R sl )) = 75" (6.31)

which is an approximation of the geodesic retraction exp((v4)g, Sk(nn)k). If only one step
of the forward Euler method is executed, i.e., m = 1, this approach coincides with linear
extrapolation, since

1 0 —1, (0) (0
(e =717 =) + (D =t P @) = (v + su(mm). (6.32)
The momentum equation (|6.28b)) does not play a role in this particular case.

If the step size is to be determined using a line search method, the geodesic initial value
problem has to be solved for different points in time. In order to do this more efficiently—
since some design updates are already available through numerical time integration of the
geodesic equation—we propose the backtracking line search in Algorithm [3] For the choice
of X in Line [9] of the algorithm, one can either take the median, e.g., A = [1/2], or a step
size that satisfies tg-)‘) < Tt;l), where 7 € (0,1) is an interval shrinking factor. Alternatively,
one can also directly take a minimizer

Aeargmin{f(fyg”)‘5:1,...,1—1}. (6.33)

However, this requires objective function evaluations at all interior nodes of the partition
and is therefore not very efficient.

An adequate partition of the time integration interval can be obtained using an adaptive
ODE solver with step size control, e.g., embedded explicit Runge-Kutta methods, such as
the Bogacki-Shampine, Dormand—Prince, and Fehlberg methods [I19].
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Figure 19: NURBS curve (red) as B-spline curve (blue) in the real projective space.

We conclude Section [6] with a brief discussion on how NURBS weights can be incorporated
into the optimization routine.

6.4.3 Incorporation of NURBS weights

To incorporate NURBS weights into the shape optimization routine, NURBS patches can be
represented as B-spline patches in the real projective space (see Figure . The perspective
projection H: {(20, 21,...,2) € R | 25 > 0} — R" given by

H(z0,21, ... %) = <2;) (6.34)

maps homogeneous coordinates to their representatives in the physical space R", where
zp > 0 corresponds to the weight of some control point. The homogeneous coordinate space
can be endowed with a scale-invariant Riemannian metric

. g(v,w)
g\V, W) = — 6.35
) = 36 (659
for z € {(20,21,...,2) € R | 29 > 0} and v, w € T,R™ ~ R"*! which also induces a

Riemannian metric on the real projective space. Here, g denotes the inner product on the
Euclidean space R™ 1.

Sensitivities for the projected coordinates at z in the direction of w = (wg,w) have been

calculated by Qian [211] in the context of isogeometric shape optimization and are given by

L
D(z,w)H = ;0 (w - ’U)()H(Z)) (636)

They can be used to evaluate the discrete shape derivative in the free-weight NURBS space.
See also Fufleder et al. [105] in this regard.
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7 Numerical results and discussion

We demonstrate our proposed approach and numerical methods on several examples. The
GeoPDEs package [268] has been used for isogeometric finite element analysis in MATLAB,
extended by the computation of shape sensitivities and Riemannian shape optimization
methods. We first discuss the numerical computation of geodesics in Riemannian shape
spaces and shape optimization without PDE constraints, before presenting the main results
on Riemannian shape optimization of thin elastic shells using isogeometric analysis.

7.1 Geodesics in shape spaces of planar curves and surfaces

In this section, we present the numerical treatment of the geodesic initial value problem
corresponding to the family of H' Sobolev-Riemannian metrics G2 on the shape
space of planar curves and surfaces. Two different methods are considered for the spatial
discretization of planar curves: the finite difference method (FDM) and the isogeometric
finite element method (IGM), while only the latter is used for surfaces. The former method
uses a polygonal chain to represent the curve at certain points and computes numerical
approximations of relevant quantities based on finite differences, e.g., the relative position
of vertices. For the isogeometric method, the curve is represented by a collection of B-spline
or NURBS segments that are joined at the ends in a G! fashion. Approximations of relevant
quantities are then obtained using numerical integration of isogeometric shape functions
according to Section [6] Similarly, we use B-spline or NURBS patches to represent surfaces.

Central differences have been used to numerically approximate the first- and second-order
spatial derivatives for the finite difference method. The discrete curvature at the i-th vertex
of the polygonal chain is computed using the formula

ki = (Ni, Tiiv1r — Tim1,4) (7.1)

given by the component of the difference of incident unit tangent vectors 7T;_; ; and T; ;41
along the unit angle bisector IN;. There are other notions of discrete curvatures that differ
from and preserve various properties of the smooth counterpart. However, no single
choice fits all relevant properties and use cases [80].

For numerical time integration with adaptive step size control, we use the embedded explicit
Runge-Kutta method ode45 from the MATLAB ODE suite [242] based on the Dormand-
Prince pair [91]. It performs generally well without much restriction to the step size if the
regularization parameter c is not chosen too small. The Implicit Differential-Algebraic
(IDA) equations systems solver [128], which is part of SUNDIALS [129], has been used to
numerically solve the geodesic initial value problem by Bauer et al. [27]. It is mentioned
there that explicit methods are probably much better adapted to the problem and that the
implementation of an adequate explicit solver is a subject of further research.

7.1.1 Straight line segment

As a first example, we simulate the evolution of a straight line segment along a geodesic
path with a sinusoidal initial momentum, where both ends of the curve are fixed in place
(see Figure . To show the differences between a coarser and finer discretization, the curve
is subdivided into 10, 18, and 100 segments for the finite difference method, while a cubic
B-spline with 4, 8, and 16 elements is used for the isogeometric method, respectively. Mesh
refinement yields numerical approximations that are more accurate and converge toward a
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Figure 20: Numerical simulations of a geodesic path for an initially straight line segment of
length 7 with fixed ends corresponding to the H! Sobolev-Riemannian metric G1t¢4 with
¢ =1 and a sinusoidal initial momentum a(z) = sin(z) for z € [0, 7]. Red arrows depict
velocity vectors for the initial and final curve. Yellow curves depict the path taken by each
vertex or control point (marked with red circles). Top: Finite difference method with nsub
segments. Bottom: Isogeometric method with a cubic B-spline and nsub elements.

limiting path of curves. This indicates that the numerical implementation effectively solves
an underlying infinite-dimensional problem that depends on the shape of the curve.

The cubic B-spline representation of the curve with 8 elements is determined by 11 control
points. Since the control points at the boundary are fixed, the total number of degrees of
freedom is 2 x 9 = 18, which is the same amount that results from a subdivision into 10
piecewise linear segments. The numerical solution in Figure [20| (bottom middle) is already
visually indistinguishable from the solution using finite differences with 100 segments in
Figure (top right). This illustrates the higher accuracy per degree of freedom (ndof)
when using isogeometric analysis.

Replacing the zero displacement boundary conditions with natural ones at both ends and
imposing a constant initial momentum yields a geodesic path along which the straight line
segment moves at a constant speed in a direction normal to the tangent line.

7.1.2 Closed planar curves

Another simple case of a geodesic path is given by one through concentric circles, which can
be obtained by choosing a circle as initial curve together with a constant initial momentum
(see Figure . For the isogeometric method, we represent the curve using 4 coupled
NURBS segments. The coarsest representation of a unit circle using quadratic NURBS with
weights (1,1/4/2,1) for the control points is shown in Figure According to a similar
observation in [I82, Section 5.1] for a weighted (almost local) L? Riemannian metric, the
circles expand indefinitely with decreasing speed over time for the outward geodesic path,
while the circles along the inward geodesic path shrink to a point in finite time. This is
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7.1 Geodesics in shape spaces of planar curves and surfaces
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Figure 21: Geodesic path for a circle corresponding to the H' Sobolev-Riemannian metric
G'*t¢4 with ¢ = 1 and a constant initial momentum a(f) = +1 for 6 € [0, 27).

supported by the numerical results in Figure for the H' Sobolev-Riemannian metric.

We investigate two other geodesic paths with the unit circle as initial curve. The first one
corresponds to an initial momentum of a(0) = cos(f), where 0 € [0, 27) is the angle with
respect to the x-axis, which is used to parametrize the circle at the origin. This choice
leads to a movement of the curve to the right, which, however, does not preserve the shape
of the circle and results in a bean-shaped curve at time ¢t = 5 (see Figure . The second
initial momentum is given by a(f) = sin(5¢), which turns the circle into a star-shaped
curve. Note that a geodesic path in shape space will not necessarily avoid self-intersections,
which may occur after a certain amount of time (see Figure .

7.1.3 Surface patch

For the two-dimensional example, we choose an initially flat surface of size 7 x m with fixed
boundaries and evolve it along the geodesic path corresponding to the initial momentum
a(x,y) = sin(x) sin(y) for z,y € [0, 7]. This example has been considered in [27, Section 11]
using finite differences for spatial discretization. The results in Figure 23 are similar to the
ones provided in the aforementioned paper. A cubic B-spline patch with 8 x 8 elements
is used to represent the surface in the discrete setting. Dirichlet boundary conditions are
configurable for each side of the surface patch in our implementation, which allows for a
variety of numerical experiments.

7.1.4 Conservation of energy

To verify the implementation and the numerical results, we inspect the evolution of energy
along geodesic paths. The methods used for integration in time are not energy-preserving,
but subsequent energy values should nevertheless not deviate much from the initial energy
if a sufficiently accurate solver is used.

The total energy of the Hamiltonian system corresponding to the geodesic equation on the
shape space of planar curves B(M,E?) with Riemannian metric G't¢4 at time t reads

1

() = 5632 G030) = 5 [ (1430 40)volte) = 5 [ (an3(0) vollg)

due to the horizontal path condition (1 + c¢A)y = an.
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(a) The initial momentum is given by a(f) = cos(f) for 6 € [0,27). Top: Finite difference method
with 200 segments. Red arrows depict velocity vectors at each vertex. Bottom: Isogeometric finite
element method with 4 cubic NURBS segments and 16 elements each.
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(b) The initial momentum is given by a(f) = sin(56) for 8 € [0,27). Top: Finite difference method
with 200 segments. Red arrows depict velocity vectors at each vertex. Bottom: Isogeometric finite
element method with 4 cubic NURBS segments and 16 elements each.
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(¢) Comparison of numerical discretization methods based on conservation of energy. Left: Energy
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Figure 22: Geodesic path for a circle corresponding to the H! Sobolev-Riemannian metric
G2 with ¢ = 1 and different initial momenta.
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Figure 23: Geodesic path for an initially flat surface of size m x m with fixed boundaries
corresponding to the H' Sobolev-Riemannian metric Gt¢2 with ¢ = 1 and the initial
momentum a(z,y) = sin(x) sin(y) for z,y € [0, 7|, which is indicated by red arrows in the
bottom left image. Top: Control mesh (red circles) for a cubic B-spline surface with 8 x 8
elements and corresponding velocity vectors (blue arrows) at unit time intervals. Bottom:
Resulting shape evolution of the B-spline surface.

For the straight line segment in Figure 20, a sinusoidal initial momentum a(x) = sin(x) for
x € [0, 7] yields the following initial energy:

1 1 (7 sin(z)? T

H(0) = 5 /07T sin(z)(n,(0)) dz = 2/0 e dr = Tl (7.2)

The normal component of the initial velocity y = (n,4(0)) is given by the solution to the
second-order differential equation

(1+ eA)y() = y(z) - ey («) = sin(a) (7.3)

with zero boundary conditions, i.e., y(z) = sin(z)/(1 + ¢).

For a constant initial momentum a, the initial energy on the unit circle S; is given by

1 a ~a?Vol(Sy)  ma?
H0) =3 [, (om Ten ol = 34 g = To "

since the initial velocity vector field must be of the form +(0) = bn for some constant b due
to rotational symmetry. Note that An =n on S;, thus

=(1+4+cA)5(0) = (1+c)bn, (7.5)

and therefore b = a/(1 + ¢).

For the square in Figure [23| with initial momentum a(z,y) = sin(x) sin(y) for z,y € [0, 7],
the initial energy on the shape space of surfaces B(M, E?) endowed with the Riemannian
metric G1T¢4 is given by
1+cA m
H(0 fG < 0),%(0)) = ——— 7.6
( ) 9 ~(0) (7( )7'7( )) 8(14‘20)7 ( )

according to [27, Figure 2 in Section 11].
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Figure 24: Comparison of the evolution of energy for the straight line segment (left), the
outward geodesic path through concentric circles (middle), and the surface patch (right)
corresponding to different spatial discretizations. The number of segments for the finite
difference method and elements for the isogeometric method in each parametric direction
is denoted by n. The Dormand-Prince method from the MATLAB ODE suite (ode45) with
a maximum step size of At = 0.125 has been used for integration in time.

We compare the energy evolution for the straight line segment, the outward geodesic path
through concentric circles, and the surface patch using different spatial discretizations (see
Figure . In the case of concentric circles, even the coarsest discretization in Figure is
able to capture the energy to sufficient accuracy if the geometry can be exactly represented
by the NURBS curve, which elucidates the importance of exact geometry representations in
numerical simulations. If an exact representation is not available, just a few refinements of
the NURBS space can significantly improve the results in terms of conservation of energy.

7.2 Interpolation of closed planar parametrized curves

In this section, we demonstrate the use of the square root velocity field (SRVF) transform
to solve the geodesic boundary value problem using geodesic shooting for interpolation of
closed planar parametrized curves that are translation-invariant (see Section . For
the case of unparametrized curves, we refer to Bauer et al. [29].

To solve the shape interpolation problem numerically, we consider time-discrete paths in
shape space and use finite differences or a spline discretization to approximate the curves
spatially. Numerical time integration is carried out using the RATTLE algorithm [14], which
is a velocity version of the SHAKE algorithm [226], commonly used to integrate constrained
Hamiltonian systems [165]. This is required to enforce the constraint for closed curves in
(14.93]).

The results are compared with a simple pointwise linear interpolation (LERP) of the initial
and target shape (see Figure . There is a point in time 0.2 <t < 0.4 where the shape
undergoes a self-intersection when using LERP. This does not occur for the interpolation
using the elastic SRVF metric in this specific case. Instead, the creases are smoothed out
and the shape seems to decrease in size before unfolding into the star-shaped target curve.
The proposed method generates an interpolating geodesic path in Imm(Sy,E?)/ Tra(E?),
i.e., self-intersections may occur in other instances, since their avoidance is not a feature of
the method.

7.3 Curve shortening flow and minimal surfaces

As simple examples of shape optimization problems without PDE constraints, we consider
the curve shortening flow for planar curves and the mean curvature flow for surfaces. They
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Figure 25: Interpolation of closed planar parametrized curves. Top: Pointwise linear
interpolation (LERP). Bottom: Interpolating geodesic path in Imm(S;, E?)/ Tra(IE?) corre-
sponding to the elastic SRVF metric obtained via geodesic shooting. The target curve is
shown by the red dashed curve.

are gradient flows corresponding to the length and area functional, respectively. Stationary
points of the length functional are locally length-minimizing curves, i.e., geodesic curves in
Euclidean space, while stationary points of the area functional are referred to as minimal
surfaces. Both examples also play a role in enforcing geometry constraints, such as fixed
length and fixed area constraints, for the problems in subsequent sections.

7.3.1 Curve shortening flow

Figure [26] (left) shows a numerical simulation of the gradient flow for the length functional
corresponding to the H' Sobolev-Riemannian metric G2 with ¢ = 1 using an isogeo-
metric spatial discretization and the Dormand-Prince method (ode45) for time integration.
The initial curve is given by a parabolic arc described by the control points of a quadratic
Bézier segment, which is fixed at both ends and has been refined into 8 cubic elements.
The results approach the straight line segment connecting both ends, which is the solution
to the length minimization problem. The evolution of length for different regularization
parameters is depicted in Figure 26| (middle). Larger values for ¢ cause slower convergence
toward the solution. From an optimization point of view, small regularization parameters
are thus preferred. However, they lead to numerical instabilities, especially in the case of
the L? gradient flow, i.e., ¢ = 0.

A gradient descent method differs from a numerical approximation of the gradient flow.
Instead of moving along an integral path of the gradient field, the shape is evolved along a
path corresponding to a retraction and some descent direction at the initial configuration
until a sufficient decrease in the objective function is obtained. In the limiting case, if the
step size at each descent approaches zero, the iterates will approximate an integral path.
However, larger step sizes should be taken for an efficient optimization method to reduce
the amount of function evaluations. This inevitably lead to different progressions of the
optimization process.

For the descent path, one can either choose a geodesic retraction corresponding to the
Riemannian exponential mapping or a simpler one that can be evaluated more efficiently.
In the case of shape spaces with a Euclidean ambient space, a valid retraction is given by

117



7 Numerical results and discussion

22 Curve shortening flow (c = 1) 15 Evolution of length 100 Comparison of descent methods
i . —c-02 ==
1.4 —c=05 102
1.8 | —c=1
137 —c=2 . 10%
16 c=5 e
w
1.4 | 1.2 10—6
—e—EG-SD |
1.2 111 g |—*—EG-QN S
L RG-LR
1 ‘ y | —e—RG-GR
1 1010
08— ‘ ‘ o 1+ 2 3 4 5 0 2 4 6 8 10 12 14
0 0.5 1 time Number of iterations

Figure 26: Left: Numerical simulation of the curve shortening flow for a parabolic arc.
Middle: Evolution of length for different regularization parameters. Right: Comparison of
descent methods for the length minimization problem with ¢ = 1.

the pointwise linear extrapolation of vector fields. The obvious advantage of using such a
linear retraction is the straightforward computation of shapes along the descent path, which
is useful for an efficient line search. In contrast, a geodesic retraction requires a numerical
solution to the geodesic initial value problem, which involves significant additional efforts.
Nevertheless, we compare the following methods for the length minimization problem:

a) The first discretize—then optimize (FDTO) approach, where control point coordinates
are treated as independent design variables in the Euclidean space and the standard
Euclidean gradient is used for the steepest descent method with backtracking line
search (EG-SD) and the BFGS quasi-Newton method (EG-QN).

b) The Riemannian gradient descent method according to the first optimize—then dis-
cretize (FOTD) approach on the shape space of planar curves using a linear retraction
with backtracking line search (RG-LR) and a geodesic retraction with the line search
strategy in Algorithm [3| (RG-GR).

To illustrate the difference between the FDTO approach using the Euclidean gradient and
the Riemannian gradient descent method on the shape space of planar curves, we compare
both approaches and summarize the results in Figure [26] (right). The slow convergence of
the descent methods based on the Euclidean gradient is due to poor design updates that
do not take the connectivity of control points into account. The BFGS method eventually
approaches the solution after several iterations, while the Riemannian gradient descent
methods are able to reach the limit of computational accuracy in less iterations. The rate
of convergence can presumably be accelerated further by applying a Riemannian BFGS
method instead, which has not been considered in this work.

Results using a geodesic retraction generally do not differ much from the ones that use a
linear retraction. However, during the first few steps of the optimization procedure, where
large step sizes may be taken, evolution along the geodesic path can yield vastly different
design iterates. When the method is about to converge, it is advisable to switch to a linear
retraction, since small step sizes are usually taken and there are no significant benefits to
fully integrating the geodesic equation.

7.3.2 Minimal surfaces

For the two-dimensional case, we consider the numerical computation of a minimal surface
of revolution constrained by two coaxial rings. Depending on the ratio of the distance [
between the rings and the diameter d, local minimizers of the area functional are either
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Iteration: 0, Objective: 6.283185 Iteration: 1, Objective: 6.160649 Iteration: 2, Objective: 6.052387 Shape of final design (a ~ 0.8483)

(a) First design iterations and shape of final design for the Riemannian gradient descent method.
The resulting minimal surface constrained by two coaxial rings is a catenoid with a =~ 0.8483.
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(b) Comparison of the surface area difference and the asymmetric Hausdorff distance to the exact
solution during the optimization process for different algorithms.

Figure 27: Minimization of surface area with prescribed boundary conditions.

given by a catenoid corresponding to some catenary parameter a satisfying the condition

l d
a cosh <%> =3 (7.7)
or by a so-called Goldschmidt solution, i.e., the surface breaks into two circular disks filling
the two rings with minimal area. If the ratio [/d is larger than the Laplace limit constant
A = 0.6627, then only the latter case can occur. For more information on minimal surfaces
and the mathematics of soap films, we refer to Isenberg [140], Oprea [203], and Dierkes
et al. [88], as well as the Wolfram MathWorld entry by Weisstein [277].

The numerical results corresponding to a cylindrical initial surface are shown in Figure 274}
The geometry consists of a single globally C° cubic NURBS patch that is glued together at
the seam by identifying coincident control points with each other. A Riemannian gradient
descent method on the shape space of surfaces corresponding to the H! Sobolev-Riemannian
metric G11¢2 with ¢ = 1 and a linear retraction has been used. The method converges
toward a catenoid with catenary parameter a ~ 0.8483, which is a solution to with
[ =1 and d = 2. Convergence plots for different optimization algorithms are provided in
Figure The difference in surface area between the numerical approximation Q C R3
and the exact solution £, C R3 as well as the asymmetric Hausdorff distance

dista (€2, 2,) = sup dist(z, Q) = sup inf ||z — y|| (7.8)
z€e) rEQ yEQ

have been used to measure the approximation error. An adequate sampling of €2 has to be
chosen to evaluate (|7.8)) in the discrete setting. The minimal distance from each sample to
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Q, can be computed using root-finding methods, since a parametrization of the optimal
shape is known:

cos(#) —sin(fd) 0\ [acosh(z/a)
Ve [0,27] x [=1/2,1/2] = Q, (0,2) — | sin(f) cos(d) 0 0 . (7.9)
0 0 1 z

The surface area of the catenoid is given by Vol(Q,) = ma?(sinh(l/a) + (I/a)).

7.4 Compliance minimization of a half-cylindrical shell

We consider the compliance minimization of a half-cylindrical shell of width w = 10 and
radius » = 10 under static load and fixed area constraint. One end of the shell is pinned
at the base, while only vertical displacements have been restricted for the other end. A
homogeneous downwards gravitational body force of magnitude F' = 0.05 acts on the shell.
We assume a shell thickness of h = 0.1, a Young’s modulus of Y = 7-10°, and a Poisson’s
ratio of v = 0.33. Shape sensitivities for the problem have been derived in Section [5.4.2]

(see Proposition [5.19). For the surface area, we refer to Proposition and ((5.80)).

The goal of the optimization procedure is to modify the initial shape design of the shell
so that it resists most deformation in response to the prescribed load. The geometry is
fixed at both ends of the shell, and the total surface area is not allowed to change. The
former is achieved numerically by not including the degrees of freedom corresponding to
the fixed part of the boundary in the optimization process for the FDTO approach and
by imposing Dirichlet boundary conditions when computing the shape gradient using a
Galerkin method for the FOTD approach. An augmented Lagrangian method is used to
impose the fixed area constraint on the geometry (see Section .

We compare the following methods to assess the performance of the Riemannian shape op-
timization method: the interior-point method in MATLAB’s fmincon applied to coordinates
of variable control points of the geometry function, a plain steepest descent method using
a backtracking line search based on the Armijo—Goldstein condition applied to the same
coordinates, and a Riemannian gradient descent method using an H' Sobolev-Riemannian
metric with ¢ = 1 and a linear retraction in the shape space of surfaces. The domain is
discretized into 8 X 4 isogeometric elements using cubic splines, which results in a total of
252 degrees of freedom. Variable NURBS weights are not considered in the comparison.

The proposed method, which is a modification of the steepest descent method in Euclidean
space, performs slightly better than the interior-point method in this particular example
and yields designs that are qualitatively different. It allows curved arcs to form along the
boundary of the half-cylindrical shell instead of vertical stiffeners (see Figure 28a}{28().

A comparison of final designs corresponding to different discretization levels using the H*
Sobolev—Riemannian gradient descent method is shown in Figure The results depend
highly on the chosen optimization parameters and the discretization level, which indicates
that the discretized problem has many local minimizers. It is also not known whether the
continuous problem is well-posed. Fine discretizations lead to the formation of wrinkles
and microstructures in the designs. Choosing a coarse discretization or a large coefficient ¢
for the H' Sobolev-Riemannian metric can be seen as a means to regularize the problem.
The resulting designs tend to be smoother and have less details. Although they may be far
from an optimal solution to the continuous problem—if one even exists—from a practical
point of view, the proposed methods yield eligible designs that have better objective values
than the initial design and are potentially useful in industrial applications.
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(a) Left: Initial design of the half-cylindrical shell. Right: Comparison of objective values during
the optimization process.

Iteration: 1, Objective: 1.934771 Iteration: 2, Objective: 1.343423 Iteration: 3, Objective: 0.240856 Iteration: 4, Objective: 0.146433

(b) First design iterations when using a Riemannian gradient descent method in the shape space of
surfaces corresponding to the H' Sobolev-Riemannian metric. The domain has been subdivided
into 8 x 4 cubic elements.
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(c) Designs after 25 iterations. Left: Interior-point method (MATLAB’s fmincon). Middle: Plain
steepest descent method. Right: Riemannian gradient descent method.
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(d) Final designs corresponding to different discretization levels for the Riemannian gradient descent
method.

Figure 28: Compliance minimization of a half-cylindrical thin elastic shell.
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7.5 Isogeometric analysis of Earth’s lithosphere

We conduct numerical experiments on various geographic locations using the global topog-
raphy data from Earth2014 [I33]. A Mohorovi¢i¢ depth map is available for the European
Plate [I13], which is used to verify the results. Information about the ground truth addi-
tionally allows us to estimate unknown parameters of the model via least-squares methods
constrained by the governing equations. This is applied to identify the spatial distribution
of the effective elastic thickness, the density of overlying rock, and the topographic load
that are most plausible to explain the measured data for the Mohorovi¢i¢ depth.

The isostatic boundary value problem for a plate (see Section is solved numerically
using methods of isogeometric finite element analysis (see Section @ Spectral methods
[200], finite difference methods [279], and standard finite element methods [I72] have been
commonly used to simulate the lithospheric flexure. The advantage of using isogeometric
finite elements lies in the simple construction of smooth shape functions.

The following geographic locations have been considered in this thesis: Central Java, the
Java Island, the Indonesian Archipelago, the Hawaiian Islands, the Himalayan Mountain
Range, and the European Plate. The corresponding geographic coordinates in decimal
degrees are shown in Table

The Earth2014 data [I33] contain rock-equivalent topography that can be converted into
topographic load by using the reference density and the gravitational acceleration in Table
For Central Java, we consider both a single-patch and multi-patch parametrization of the
domain to show the capabilities of multi-patch isogeometric analysis when the data required
for the simulation are only available on certain parts of Earth’s surface. The results can be
compared with the Mohorovic¢i¢ depth data obtained using inversion of receiver functions
from the work of Amukti et al. [I3]. A Mohorovi¢i¢ depth map is available for the European
Plate [113], which is also used to estimate model parameters in Section [7.5.2]

7.5.1 Simulation of the lithospheric depression

In this subsection, we compare the results obtained from the simple Airy—Heiskanen model
of local isostasy with the regional model of flexural isostasy by Vening-Meinesz to simulate
the lithospheric depression due to topographic loading and buoyancy. Isogeometric analysis
is used to solve the isostatic boundary value problem for the flexural model numerically.
We choose the physical parameters in Table [2] which are assumed to be constant over the
simulation domain. The mesh is subdivided into 16 x 16 elements and a spline degree of
(4,4) is chosen for the isogeometric spline space.

Location Longitude Latitude
Central Java 109.5° to 111.75° -8.5° to -6.25°
Java Island 105° to 115° -10° to -5°
Indonesia 90° to 150° -15° to 15°
Hawaii -165° to -150° 13° to 28°
Himalaya 60° to 120° 20° to 50°
Europe -25° to 25° 28° to 78°

Table 1: Geographic coordinates of locations of interest.
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7.5 Isogeometric analysis of Earth’s lithosphere

Parameter Value
Young’s modulus 65 GPa
Poisson’s ratio v 0.25
reference rock density o, 2.67gcm™3
upper mantle density om 3.33gcm ™3
gravitational acceleration ¢ = 9.81ms—?2
effective elastic thickness ¢ 16 km
standard crustal thickness g 30km
Earth radius Rg 6371 km

Table 2: Physical parameters for the numerical simulations.

Figure (left) shows a contour plot of the bedrock topography of Central Java. The
corresponding topographic load, expressed through rock-equivalent topography, is shown in
Figure (right), which also contains a multi-patch geometry of the domain of interest.

The computed lithospheric depression for a single-patch domain is shown in Figure 29D
(right). Compared to the Airy—Heiskanen model in Figure (left) and the available depth
data [13, Figure 6], the topographic loading in the Vening-Meinesz model is additionally
compensated by flexural rigidity. This leads to less local variations. High-frequency details
are strongly attenuated and the mid-surface only reaches a depth of less than 32km as
opposed to the Airy—Heiskanen model that predicts Mohorovici¢ depths up to 42 km below
the mean sea level when using the same physical parameters.

The result of the multi-patch simulation is depicted in Figure (left). It differs from
the single-patch result due to the missing data outside of the simulation domain that are
replaced by zero Neumann boundary conditions. Augmenting the multi-patch domain with
additional patches that cover the whole rectangular single-patch domain yields a result
that is close to the single-patch solution (see Figure right). Both solutions appear
continuously differentiable at the interfaces. Isogeometric finite element methods require
less computational effort and degrees of freedom than classical approaches for solving the
plate equation, provided that multiple patches are used sparingly.

Numerical experiments for the other geographic locations have been done to observe the
effect of different scales and varying load distributions (see, e.g., Figure . Large scale
simulations require more degrees of freedom to resolve details of the solution. Uniform
refinement of the mesh leads to a rapid increase in computational effort, which may not be
necessary for regions that are already resolved to sufficient accuracy. In order to reduce
the computational effort by only adding degrees of freedom to regions that require more
accuracy, we consider adaptive local refinement using hierarchical B-splines and a multi-level
estimator with the maximum strategy [107]. For the European Plate, we compare the
results of using a uniform mesh with 16 x 16 elements and a hierarchical mesh arising from
adaptive local refinement in Figure (right) and Figure respectively.

7.5.2 Parameter identification from observed data

The following model parameters have been estimated using the sensitivities in Section [5.4.3]
and available Mohorovic¢i¢ depth map of Europe: effective elastic thickness of the lithosphere,
rock density in the crust, and existing topographic load. The depth data stem from the
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7 Numerical results and discussion

work of Grad et al. [I13] and can be seen in Figure (right). A homogeneous effective
elastic thickness of 16 km and a homogeneous reference density of 2.67 gcm™ are assumed,
when they are not subject to estimation. These default values are furthermore used as
initial values for the estimation process.

We use the Earth2014 data by Hirt and Rexer [I133] for the topographic load in Europe
(see Figure left). When topographic load is the sought parameter, the initial value for
the corresponding rock-equivalent topography is set to 1km everywhere. The lithospheric
depression that results from the default values and the topographic data are depicted in
Figure m (right). It differs from the available Mohorovic¢i¢ depth data due to simplified
assumptions and missing information on position-dependent parameters of the model.

The estimated effective elastic thickness does not differ much from the initial distribution
(see Figure left). There are particular spots scattered around the Mediterranean Sea
and west of the British Isles that exhibit a slightly higher and lower thickness. A change in
the effective elastic thickness of this magnitude does not significantly alter the resulting
lithospheric depression (see Figure right, and Figure right). Overall, the result
is not compatible with the spatial distributions found in Pérez-Gussinyé and Watts [210].
According to Forsyth [104], the flexural rigidity inferred from topographic loading is likely
to be underestimated if there is significant internal loading due to subsurface variations,
which has been disregarded in our simplified model.

The parameter estimation predicts a higher reference density in the Baltic Shield and a
lower reference density around oceans, especially in the Norwegian Sea (see Figure
left). The resulting lithospheric depression (Figure right) is similar to the Mohorovicié
depth map in Figure m (right). A density distribution like the estimated one can explain
the observed Mohorovic¢i¢ depth data well.

The lithospheric depression that results from topographic load estimation is similar to the
one that results from density estimation (see Figure right, and Figure right).
Since the effective elastic thickness and the rock density of the lithosphere are constant,
the estimated topographic load appears to mimic the contours of the Mohorovi¢i¢ depth

map (see Figure left).

7.5.3 Spherical model of the lithosphere

For the discretization of the variational problem in Section we use a C! multi-patch
parametrization from a quad sphere projection (see Figure . The parametrization is
not analysis-suitable G! continuous. However, a similar one that is analysis-suitable can be
constructed from it, according to Kapl et al. [I50]. The result will not necessarily represent
the same geometry as before. Nevertheless, it can be used to obtain an analysis-suitable
G! multi-patch parametrization of a surface that is close to a sphere.

Effective elastic thicknesses of 16 km and 1000 km are chosen for the spherical lithosphere.
The latter serves to demonstrate the effects of flexural rigidity on a spherical shell under
internal pressure, since the effects are negligible if the thickness is extremely small relative
to the scale of the Earth. The Earth2014 data by Hirt and Rexer [I33] are mapped to the
sphere using a reverse geographic projection (see Figure . The resulting deformation
of the lithosphere in isostatic equilibrium is shown in Figures and [33d], where elevation
refers to the radial displacement relative to the reference sphere when a spherical Earth of
constant radius is assumed. Note that the scale of the coordinate system is normalized to
the radius of the Earth, which is specified in Table
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Figure 29: Numerical simulations of the lithosphere in Central Java.
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Figure 31: Parameter estimation of the effective elastic thickness, reference rock density,
and topographic load in Europe.
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Figure 33: Global numerical simulations of Earth’s lithosphere modeled as a thin elastic
spherical shell using a multi-patch parametrization from a quad sphere projection.
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8 Conclusion

Finally, we conclude the thesis with a summary of the main contents, the results achieved,
and an outlook on future research work.

Summary

This thesis deals with the Riemannian framework for PDE constrained shape optimization
and its application to problems involving planar curves and surfaces, especially thin elastic
shells based on a linear Koiter model in structural mechanics. The aim is to develop and
implement numerical methods that take the inherent geometric structure of shapes into
account. Isogeometric finite element analysis has been used for numerical approximations
of the geometry and the solutions to the governing equations, which is motivated by the
simple construction of smooth shape functions on a single patch required for a conforming
discretization of higher-order problems, such as the shell and plate problems considered in
this work. Apart from structural optimization, the identification of parameters for a plate
model of Earth’s lithosphere using standard optimization with a tracking-type objective
function and PDE constraints has also been considered.

Some effort has been put into providing a comprehensive theoretical foundation for the
mathematical models used in this work from the ground up. The boundary value problem
for thin elastic shells and plates in static equilibrium has been derived from the theory of
three-dimensional elasticity and applied to the problem of isostasy. Frameworks for shape
spaces have been discussed—with a focus on Riemannian shape spaces of submanifolds of
a fixed type, which are commonly used in statistical shape analysis, but not yet prevalent
in the field of PDE constrained shape optimization. The geodesic equation on shape space
of hyper-surfaces endowed with an H' Sobolev-Riemannian metric has been presented in
order to investigate the use of geodesic retractions over linear extrapolation. Some aspects
of optimization with PDE constraints in combination with the Riemannian vector bundle
framework have been addressed. However, the mathematical groundwork for Riemannian
optimization on infinite-dimensional shape spaces is still far from complete and requires
further development.

The implementation of numerical methods for solving the geodesic equation and for shape
optimization in the Riemannian setting using isogeometric analysis has been explained and
demonstrated on several examples involving planar curves and surface patches. Geodesic
paths have been numerically computed and verified by the conservation of energy. Further-
more, the reparametrization momentum is conserved, which leads to shapes that roughly
preserve the initial parametrization along horizontal geodesic paths corresponding to the
chosen Riemannian metric. Although this sounds promising for the preservation of mesh
quality during shape updates, in practice, it only has a substantial effect if very large step
sizes are taken in the line search procedure. This may not be desirable if a local solution
close to the initial shape is sought. If overshooting is not a concern, our suggestion is to
use a geodesic retraction for the first few steps of the optimization process to facilitate
large step sizes without impairing the mesh quality and switch to a linear retraction when
the method is about to converge in order to reduce the computational effort.

The proposed Riemannian gradient descent method performs relatively well compared to
the steepest descent method using the Euclidean gradient. There are instances where it
can compete with a plain application of MATLAB’s fmincon to control point coordinates.
The combination of the Riemannian framework with isogeometric finite element analysis is
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a promising approach for numerical PDE constrained shape optimization, also due to the
capability of isogeometric shape functions to represent smooth shapes within a single patch.
However, a considerable amount of work has still to be undertaken to make the method
usable and sufficiently robust for industrial applications, especially because problems of
practical relevance usually consist of geometries that are more complex and not necessarily
suitable for analysis. Furthermore, numerical integration of the geodesic equation can be
expected to be prohibitively expensive for large-scale problems.

Outlook

To further investigate the fitness of the proposed methods, it is essential to compare them
to state-of-the-art methods for numerical shape optimization and consider extensions to
methods with faster convergence rates, e.g., quasi-Newton methods such as the Riemannian
(L-)BFGS method. A systematic study of the mesh preservation properties for the evolution
of shapes along geodesic paths using suitable measures of mesh quality is also a subject
of further research. The Riemannian framework for shape optimization is not limited to
isogeometric discretizations. A comparison with other discretization approaches may reveal
further advantages and disadvantages of using isogeometric finite element analysis over
existing methods for the discretization and numerical optimization of shells and plates.

Although multi-patch geometries and adaptive local refinement have been used for the
numerical simulation of selected problems considered in this thesis, the current implemen-
tation of the shape optimization pipeline is limited to single-patch geometries without the
use of hierarchical meshes. A major overhaul of the software architecture is required for a
seamless integration of all the components in order to enable a combination of the features.
Additional challenges and difficulties may arise from this, which warrants further work on
the realization of a versatile software for isogeometric shape optimization.

So far, only the elastostatic equilibrium for a Koiter shell and a Kirchhoff plate with a
St.-Venant—Kirchhoff material has been considered for the state equation. It may be worth
to explore other material models, possibly with inhomogeneities, as well as simultaneous
shape and topology optimization [124, 286]. Thick shells and one-dimensional models of
rods are possible extensions of this research. In addition to stationary problems in solid
mechanics, time-dependent problems in the broader field of continuum mechanics are also
prevalent in industrial applications. A particular challenging but interesting topic is shape
optimization for fluid-structure interaction (FSI) problems [125].

The H' Sobolev-Riemannian metric has been considered in this work for simplicity. While
it is commonly used for the shape space of planar curves, a higher-order metric may be
more suitable for surfaces in three-dimensional Euclidean space. First-order metrics can
still be too weak and lead to singularities in the case of surfaces [I2I]. An investigation
of higher-order Sobolev-type metrics and other kinds of metrics on shape spaces is thus
a natural direction of further research. Moreover, the smooth setting does not quite fit
with shapes that are less regular and may occur in practice. This necessitates the study
of rectifiable sets in geometric measure theory, techniques from geometric analysis, and
mathematical optimization in the non-smooth setting.

Lastly, a thorough analysis of the shell optimization problem is of utmost importance to
explain the numerical results obtained. The compliance minimization problem for thin
elastic shells under fixed area constraint may be ill-posed, which should be investigated.
If that is the case, one can attempt to identify additional constraints and regularization
terms that are sufficient to make the problem well-posed and suitable for applications.
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