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ABSTRACT

Linear parametric optimization has been used for decades to combine multiple objective
functions into a single problem. The solution to this problem is a set of optimal solutions,
containing a solution that is optimal for each parameter. Multi-objective optimization
is commonly used when multiple objectives are optimized simultaneously, and these
objectives are often conflicting. Because these objective functions are conflicting, there is
usually no unique optimal solution. Instead, the goal is to find all nondominated images
that represent the trade-offs among the objectives. The weighted sum scalarization
method is a well-known approach for finding nondominated images by transforming a
multi-objective optimization problem into a single-objective optimization problem.

In this thesis, we consider linear parametric programming problems with multiple object-
ive functions depending linearly on some parameters. Both parametric (single-objective)
linear programming and (non-parametric) multi-objective linear programming are well-
researched topics. However, literature on the combination of both, parametric linear
programming with multiple objectives, is scarce. This research gap encourages our work
in this field. More precisely, we examine linear parametric programs with multiple ob-
jective functions that depend linearly on some parameters. We investigate various cases
of parametric biobjective linear programs and multi-parametric biobjective linear pro-
grams. We establish a connection of these problems to non-parametric multi-objective
problems. Using the so-called weight set decomposition, we are able to explain the be-
havior of parametric biobjective linear programs when the parameter value is variated.
We prove that there is a one-to-one correspondence between the solution of some para-
metric biobjective programs and the solution of the corresponding multi-objective linear
program using the weighted sum scalarization.

We provide structural insights to the solution of parametric biobjective linear programs
with respect to extreme weights of the weight set of the multi-objective linear program
and develop solution strategies for the parametric program. Similarly, we extend our
analysis to biparametric biobjective linear programs and a generalization of our findings
to parametric multi-objective linear programs. We characterize the structure of the
parameter set of both single and biparametric problems using the weight set of the
multi-objective linear programs. Finally, we develop algorithms to solve parametric
biobjective linear programs based on the weight-set decomposition.
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ZUSAMMENFASSUNG

Lineare parametrische Optimierung wird seit Jahrzehnten verwendet, um mehrere Ziel-
funktionen zu einem einzigen Problem zu kombinieren. Die Losung dieses Problems
ist eine Menge optimaler Losungen, die fiir jeden Parameter eine optimale Losung ent-
hélt. Multiobjektive Optimierung wird haufig verwendet, wenn mehrere Ziele gleichzeitig
optimiert werden und diese Ziele oft miteinander in Konflikt stehen. Da diese Zielfunk-
tionen miteinander in Konflikt stehen, gibt es in der Regel keine eindeutige optimale
Losung. Stattdessen besteht das Ziel darin, alle nicht dominierten Bilder zu finden, die
die Kompromisse zwischen den Zielen darstellen. Die Methode der gewichteten Summen-
skalierung ist ein bekannter Ansatz zur Suche nach nicht dominierten Bildern, indem ein
multikriterielles Optimierungsproblem in ein einkriterielles Optimierungsproblem umge-
wandelt wird.

In dieser Arbeit betrachten wir lineare parametrische Programmierungsprobleme mit
mehreren Zielfunktionen, die linear von bestimmten Parametern abhéngen. Sowohl die
parametrische (einzielige) lineare Programmierung als auch die (nicht-parametrische)
mehrzielige lineare Programmierung sind gut erforschte Themen. Die Literatur zur Kom-
bination beider Ansétze, also zur parametrischen linearen Programmierung mit mehre-
ren Zielen, ist jedoch rar. Diese Forschungsliicke motiviert unsere Arbeit auf diesem
Gebiet. Genauer gesagt untersuchen wir lineare parametrische Programme mit mehre-
ren Zielfunktionen, die linear von bestimmten Parametern abhingen. Wir untersuchen
verschiedene Falle von parametrischen biobjektiven linearen Programmen und multipa-
rametrischen biobjektiven linearen Programmen. Wir stellen einen Zusammenhang zwi-
schen diesem Problem und nichtparametrischen Mehrzielproblemen her. Mit Hilfe der
sogenannten Gewichtssatzzerlegung konnen wir das Verhalten parametrischer biobjekti-
ver linearer Programme bei Variation des Parameterwerts erklaren. Wir beweisen, dass
es eine Eins-zu-Eins-Entsprechung zwischen der Losung des (einzigen) parametrischen
biobjektiven Programms und der Losung des triobjektiven linearen Programms unter
Verwendung der gewichteten Summenskalierung gibt.

Wir liefern strukturelle Einblicke in die Losung des parametrischen, biobjektiven, li-
nearen Programms in Bezug auf extreme Gewichte des Gewichtssatzes des multikrite-
riellen, linearen Programms. Dariiber hinaus entwickeln wir Losungsstrategien fiir das
parametrische Programm. In dhnlicher Weise erweitern wir unsere Analyse auf bipara-
metrische biobjektive lineare Programme und verallgemeinern unsere Ergebnisse auf pa-
rametrische multikriterielle lineare Programme. Unter Verwendung des Gewichtssatzes
multikriterieller linearer Programme charakterisieren wir die Struktur des Parametersat-
zes fir ein- und zweiparametrische Probleme. Abschliessend entwickeln wir Algorithmen
fiir parametrische biobjektive lineare Programme auf Basis der Gewichtssatzzerlegung.
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CHAPTER 1

INTRODUCTION

The work presented in this thesis lies at the intersection of two well-studied branches
of optimization and mathematical programming: parametric optimization and multi-
objective optimization. Before describing the subject of our research, we first outline the
development and current status of these two disciplines.

Parametric optimization is a classical research topic in optimization. Its purpose is to
study the behavior of solutions when the objective functions or constraints of an op-
timization problem depend on a parameter or multiple parameters. We call a problem
linear parametric if the objectives are affine linearly dependent on the parameters and
the constraints are independent of the parameters. For a detailed overview of the lit-
erature on linear parametric optimization, we refer to the recent survey of Nemesch et
al. [Nem+25]. In the 1950s, Gass and Saaty are among the first to explore the structure
of solutions when coefficients in the objective function are parametrized, introducing the
concept of a parametric objective function [SG54]. They present a technique for finding,
for each parameter value, the optimal solution to the corresponding linear optimization
problem [GGS55]. Murty [Mur76] adapts the parametric simplex method to solve linear
parametric problems. FEisner and Severance [ES76] develop an efficient algorithm to
solve parametric optimization problems by computing parameter values where the op-
timal solution changes without exhaustively searching the entire parameter set. Later,
Gusfield [Gus83] develops a general method to find the sequence of optimal solutions
for the entire parameter set. His algorithm builds upon the parametric search method
described by Megiddo [Meg78]. In addition to exact algorithms, several approximation
algorithms have been developed for parametric optimization problems. For a compre-
hensive overview of approximation algorithms for parametric problems, we refer again
to Nemesch et al. [Nem-+25]. Several prominent combinatorial optimization problems
have been studied in a parametric setting, including the parametric shortest path prob-
lem [YTOO91], the parametric assignment problem [GI<10], and the parametric minimum
cost flow problem [Carg&3].

Although parametric optimization predominantly addresses problems with one scalar
parameter, it is the multi-parametric optimization that deals with parameter vectors.
There are two formulations of multi-parametric linear programs in literature; one with
a parametric objective function and the second with the parametric right hand sides in
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the constraints. Gal and Nedoma [GN72] are among the first to consider the computa-
tional aspects of multi-parametric linear programming where they present a method to
find all non-intersecting regions for each optimal solution in the parameter set for both
formulations. Later, Katoh and Ibaraki [[KI87] develop an approximation algorithm to
partition the parameter set into subregions. More recently, Helfrich et. al [[el+22]
provide an approximation algorithm for a general class of multi-parametric optimiz-
ation problems with a parametric objective function. Multi-parametric optimization
is also used to address multi-level optimization problems, wherein one optimization

problem is constrained by another. This process continues depending on the problem
level [AP20)].

A second, well-studied field of optimization comprises multi-objective optimization prob-
lems (MOP) which deals with optimization of multiple, often conflicting objectives. Typ-
ically, no single feasible solution is optimal for all objectives simultaneously due to their
conflicting nature. Instead, trade-off must be made to balance the objectives. Thus,
the notion of optimality is usually understood in the sense of Pareto optimality. The
Pareto optimal solutions represent the set of all optimal compromises and informs a
decision maker about reasonable alternatives. The goal of multi-objective optimization
is to compute the Pareto front or the set of nondominated images in the image set.

In 1975, Yu and Zeleny [YZ75] show that all nondominated images of a multi-objective
linear problem (MOLP) with linear objective functions form a subset of the convex hull
of the extreme nondominated images. Benson [Ben98] presents an algorithm, known
as the “Benson’s Outer Approximation Algorithm” to generate the set of all extreme
nondominated images in the image set for a MOLP. Later, Heyde and Lohne [HLOg]
present a geometric approach to duality for multi-objective linear programming, closely
related to weighted sum scalarization. Another method for finding extreme nondom-
inated images of multi-objective mixed integer programs is developed by Ozpeynirci
and Koksalan [O1K10]. Ehrgott et al. [F1.S12] present a dual variant of Benson’s outer
approximation algorithm using the geometric duality theory of multi-objective linear
program. One of the well known methods to find the extreme nondominated images
of MOLP with two objectives is the dichotomic approach [Coh04]. Most of the time,
solving a multi-objective optimization problem is a challenging task. For example, in
multi-objective linear programming, the number of nondominated images usually is in-
finite and even the number of extreme nondominated images can be superpolynomial in
the input size Ruhe [Ruh&8]. For a discussion on the hardness of general multi-objective
combinatorial optimization problems, see [Bok+17].

A common approach to solve multi-objective optimization problems is by scalarization
which transforms the problem into a scalar-valued optimization problem. One such
scalarization is the weighted sum scalarization method introduced by Zadeh [Zad63]. A
single objective is obtained by taking a non-negative linear combination of the object-
ives. This weighted sum objective is optimized over the same feasible set. Geoffrion
[Geo68] proves that an optimal solution of the weighted sum scalarization of the MOP
for some weight with strictly positive components is an efficient solution of a MOP.



In terms of the weight set, Benson and Sun [BS02] develop a weight set decomposi-
tion algorithm to generate the extreme nondominated images of a MOLP. Przybylski
et al. [PGE10] present structural results of the weight set decomposition and propose
an iterative algorithm to enumerate all extreme nondominated images by shrinking su-
persets of the actual weight set components. More recently, Halffmann et al. [Hal+20]
propose a weight set decomposition algorithm of triobjective mixed-integer problem.

The combination of these two fields of optimization, i.e. parametric and multi-objective
optimization seem apparent, yet it remains largely unexplored in literature. The only
closely related literature is that of sensitivity analysis, which typically examines how
changes in objective coefficients affect the entire efficient set or a single solution. As
data such as costs, risk, and demand might be uncertain in many real-life problems,
sensitivity analysis has been proposed to address this data uncertainty. Wendell [Wen84]
presents a tolerance approach in linear programming that caters to independent as
well as simultaneous variation in several parameters in the coefficients of the objective
function. This tolerance approach is further extended to multi-objective linear programs
by Hansen et al. [HLW89]. They use the weighted sum method to find the maximum
tolerance percentage for the weights to deviate so that a basic solution remains optimal.
Sitarz [Sit08] analyzes changes associated to one objective function coefficient and proves
that the parameter set in which a given solution remains efficient in a multi-objective
linear program is convex. However, these studies examine the sensitivity region with
respect to only one extreme efficient solution. Another closely related work is that of
Andersen et al. [And+25] where they study the sensitivity of the cost coefficients in
multi-objective integer problems. They show that the sensitivity region with respect to
a single objective function coefficient is a convex set. They obtain a sensitivity region
in terms of permissible changes to coefficients so that a set of efficient solutions remains
efficient.

This limited research motivates the study of theoretical and algorithmic approaches for
linear parametric multi-objective programming (PMOP). The research in this thesis is
an effort to lay the foundation in this area based on parametric and multi-objective
optimization techniques. The goal of PMOP is to find, for each parameter value, a
set of Pareto optimal solutions. We make use of the weight set decomposition and
relate structures in the weight set to explain the optimal solution sets of the parametric
biobjective programs.

We consider two variants of the parametric biobjective linear program where the ob-
jective functions depend on a real-valued parameter. More precisely, we aim for a
sub-division of the parameter set into subintervals such that for every subinterval the
same solutions are Pareto optimal. The parameter values where the Pareto optimal
sets change are of particular interest. We develop two approaches to obtain these so-
called breakpoints, and subintervals determined by two consecutive breakpoints that
correspond to a unique set of Pareto optimal solutions. To do so, we relate each of
the two parametric biobjective programs to a triobjective program. In fact, each of the
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biobjective problems can be seen as a partial weighted sum scalarization [Hal-+20] of
the corresponding triobjective linear problem.

We also examine two distinct cases of the biparametric biobjective linear program by
relating each to their respective multi-objective linear program. This time the goal
is to find, for each combination of parameters, a set of Pareto optimal solutions. As
a result we divide the parameter set into subregions that correspond to each Pareto
optimal solution. The structural investigations from our study result in two algorithms.
The first algorithm uses any of the established multi-objective programming algorithms
and solves linear programs to determine breakpoints of the parametric problem. In the
second algorithm, we adapt an existing weighted sum decomposition algorithm.

An overview of the parametric biobjective linear programs and the corresponding multi-
objective linear programs, which are considered in this thesis, is listed in Table 1.1.

Problem Notation Weighted sum Weight set Parameters

mingex | Cox TOLP WS(TOLP, w*) W(TOLP) None
dll'

minex (Clm j 2d1m> PBLP' WS (PBLP'(\),w) W (PBLP'())) A

. a1z + Adix 2 2 2

Minyex (w 5 d1w> PBLP WS (PBLP’(A),w) W (PBLP*())) A A

Minex (Cli i igﬁ) PBLP® WS (PBLP°(\),w) W (PBLP*())) A

minex (;ﬁ 4-OLP WS (4-OLP, w*) W(4-OLP) None
a1z + Adix 1 1 1

mingex <C2m+u dw:) BBLP' WS (BBLP'(A, ), w) W (BBLP ()\,u)) A
c1x + Adix 2 2 . 2

mingex (C i dﬂ) BBLP? WS (BBLP’(\, ), w) W (BBLP*(\, 1)) A i

Table 1.1: Parametric and multi-objective problems with their notations

1.1 OUTLINE

The remainder of this thesis is structured as follows. In Chapter 2, we present relevant
definitions and terminology related to multi-objective and parametric optimization. In
particular, we state some general properties of the solution set to a parametric linear
optimization problem. Then, we briefly introduce the weight set decomposition and
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explain the connection between its structure and the set of nondominated images of a
MOLP.

In Chapter 3, we consider linear parametric biojective programs with two objective
functions and a single parameter. Our focus is mainly on two distinct cases of the para-
metric problem with a single parameter. We establish a connection between parametric
biobjective problems and the corresponding triobjective linear program. We develop a
theoretical framework relating the solution set of the parametric program to a multi-
objective linear program using the structure of weight sets of both these problems. This
approach partitions the parameter set into intervals, each associated with a distinct
optimal solution. It is followed by an extension to parametric multi-objective linear
programs. Next, we consider a special parametric biobjective linear program with same
parameter in different parametric objective functions in Chapter 4.

In Chapter 5, we extend our analysis of parametric linear programs to two parameters.
Here, we still consider multi-objective linear programs with two objective functions and
two associated parameters. We use the weighed sum scalarization method to relate the
biparametric biobjective linear program and the corresponding multi-objective linear
programs. We characterize the structure of the parameter set of the parametric problem
with respect to the weight set of the multi-objective linear programs. We obtain a
subdivision of the parameter set into regions such that each region is associated to
a unique optimal solution. Furthermore, we extend our results to multi-parametric
biobjective linear programs.

Subsequently, we propose algorithms to solve parametric biobjective linear programs
in Chapter 6. The Breakpoint Enumeration Algorithm relies on a given set of extreme
nondominated images of the corresponding triobjective linear program, and the Adapted
Weight Set Decomposition modifies an existing weight set decomposition algorithm. We
also extend these algorithms to parametric multi-objective linear programs of Chapter 3
and biobjective biparametric linear programs in Chapter 4. We illustrate the Breakpoint
Enumeration Algorithm with an example.

We conclude this thesis in Chapter 7 and discuss future research in this topic.

1.2 CONTRIBUTIONS AND CREDITS

Some parts of this thesis are based on following publications:
[YNR25] K. Yuden, L. Nemesch, and S. Ruzika. Parametric Biobjective Linear Pro-
gramming. (submitted). 2025.

[YR26] K. Yuden and S. Ruzika. Biparametric Biobjective Linear Programming.
(Submitted). 2026.
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In particular, Chapter 3 and 6 are joint work with Levin Nemesch and are an extended
version of [YNR25]. Most of the content in Chapter 4 is based on [YR20].

I received financial support from the Deutscher Akademischer Austauschdienst (DAAD,
German Academic Exchange Service) with identification number 57610012 for the entire
duration of my doctoral studies.



CHAPTER 2

PRELIMINARIES AND DEFINITIONS

In this chapter, we introduce basic definitions and relevant concepts of linear parametric
programming as well as multi-objective programming. We assume the reader to have
basic knowledge about linear programming and polyhedral theory. For an overview
on linear programming we refer to the book by Hamacher and Klamroth [HIK06]. It
is followed by some important results related to the weighted sum scalarization. In
particular, we recapitulate results concerning the so-called weight set, i. e. the structure
of the set of parameters needed for the weighted sum scalarization.

We use the following variants of the componentwise ordering to compare objective func-
tion vectors and to establish a notion of optimality. For ', y? € R* with k > 1, the weak
componentwise order, the componentwise order, and the strict componentwise order are

defined by

—
[\

y' <y = gy <ylforalli=1,... Kk,
y' <y® = y SyPbuty' #y?, and
yl <y = yi <yiforalli=1,... k,

respectively. The non-negative orthant is denoted by ]R’% = {a: cERF:z 2> O} and,

likewise, the sets ]R’; and R'; are defined analogously using the componentwise and
strict componentwise ordering.

2.1 PARAMETRIC PROGRAMMING

We consider linear programming problems having an objective function which is subject
to a non-negative parameter \.

2.1 Definition (Parametric Linear Program). Let A € R> be a non-negative para-
meter. A parametric linear program is defined as

min c'z+N-dx
s.t. Az =b (PLP)
x 20,
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P()),

Figure 2.1: An illustration of an optimal value function P(\) with three breakpoints.

where ¢,d € Q™ are coefficient vectors, A € Q™*", m,n € N\ {0}, b € Q™, and the
feasible set is denoted by X = {x € R" : Ax = b,z = 0}. Q

For a fixed parameter value A € R, the problem PLP is a non-parametric single
objective optimization problem. We denote it by PLP(\).

2.2 Definition. The optimal value function P : R> — R maps each specific parameter
value \* € R> to the optimal solution value P(A\*) :== ¢'z + A\* - d"z where z is the
optimal solution for the (non-parametric) linear program PLP(\*). q

The function P(A) can be obtained as the lower envelope of all the linear functions
associated with basic feasible solutions of the feasible set X (see Figure 2.1). The
function P(\) is piecewise linear and concave in A [Gus83]. The parameter values where
the slope of P(\) changes are called breakpoints.

The ordered breakpoints of P(\) are denoted by A\ < Ay < ... < \; for some k € N.
Thus, the parameter set is decomposed into parameter intervals such that a solution
x € X is optimal for the problem PLP(\) for every parameter value in that interval.
We denote a parameter interval by Z(z).

We are interested in finding a set of optimal solutions for a PLP for all values of A\. More
precisely, we define a minimal solution set in order to have minimal cardinality amongst
all such sets of optimal solutions.

2.3 Definition. A solution set S C X of PLP is a set such that for every A > 0, S
contains a solution for the (non-parametric) linear program PLP (). It is called minimal
if, additionally, there is no other solution set S” C X for PLP with |S'| < |S]. <

Therefore, the solution to a PLP involves finding a minimal solution set S and the
corresponding parameter intervals for each x € S.

Murty [Mur&0] establishes that the number of intervals in the parameter set, and, as a
result, the number of breakpoints of the parametric linear program can be exponential
in the input size.



2.2 Multi-objective optimization

Building on the parametric linear programming, we now introduce the mutli-parametric
linear program in which the objective function depends on a parameter vector, A € R%.
Multi-parametric programming deals with minimizing a parametrized objective function
while satisfying a set of constraints and obtain an exact mapping of optimal solutions
to the set of parameters. We refer to Gal and Nedoma [GNT72] for some definitions and
notations.

2.4 Definition (Multi-parametric Linear Program). Let A\ € RS be a parameter
vector. The multi-parametric linear program is defined as

min  cx+ Y Ndix
i=1
s.t. Az =0 (MPLP)
x 20,

where ¢, d; € RY are coefficient row vectors, A € Q™", s,m,n € N\ {0} and b € Q™
and X = {z € R": Az = b,z =2 0} is the feasible set. q

If we fix the parameter vector A € R%, then the problem is a non-parametric single

objective program MPLP()). As a result we are interested in optimal solution for
MPLP(A) for each A € RS,

2.5 Definition. A solution set S(MPLP) C X of MPLP is a set such that for every
vector A > 0, S(MPLP) contains a solution for the single objective program MPLP()).
It is called minimal if, additionally, there is no other solution set " C X for MPLP
with |S’| < |S(MPLP)|. q

2.6 Definition. Let z € S(MPLP) be a solution in a minimal solution set of MPLP.
A critical region R(z) C R2 is a set of all feasible parameter vectors for which x is an

efficient solution of MPLP(\). N

In case of the single parametric program, the critical region for each solution in a minimal
solution set is a parameter interval in R.

The goal in multi-parametric linear programming consists of the following:

i.)  a minimal solution set S(MPLP) C X, and
ii.) critical regions in the parameter set R corresponding to each solution in a
minimal solution set.

2.2 MULTI-OBJECTIVE OPTIMIZATION

We introduce some relevant definitions and concepts of multi-objective optimization and
polyhedral theory. For a detailed introduction to multi-objective optimization, we refer
the reader to the book of Ehrgott [Ehr05].
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Col

Figure 2.2: An illustration of a nondominated image set of a BOLP. The front in red repres-
ents nondominated image set, Y and the blue points are extreme nondominated
images y', 4%, y> and y*.

2.7 Definition (Multi-objective Linear Program). A multi-objective linear progr-
am is defined as

min Cu
s.t. Ax =20 (MOLP)
x 20,
where C' € Q¥*" is the objective matrix consisting of the rows ¢;,i = 1,...,k, A € Q™*",
m,n,k € N\ {0}, b€ Q™. <

We call the set X = {z € R": Az = b,z = 0} the feasible set and the set ¥ :=
{Cz:2 € X} C RF the image set of the MOLP. For k = 2 and k = 3, a MOLP is
called a biobjective linear program (MOLP) and a triobjective linear program (TOLP),
respectively.

As the objective functions of a MOLP are typically conflicting, there is usually not a
single optimal solution  minimizing all the individual objectives ¢;x for alli =1,... k
simultaneously.

2.8 Definition (Efficiency and nondominance). Let * € X be a feasible solution
with corresponding image y* = Cz*. Then, y* € Y is nondominated (weakly nondom-
inated), if there is no other image y € Y such that y < y*(y < y*). Correspondingly,
z* € X is efficient (weakly efficient), if y* is nondominated (weakly nondominated). <

The set of nondominated (weakly nondominated) images is denoted by Yy (Yyn) and
the set of efficient (weakly efficient) solutions by Xg (Xyg). Figure 2.2 illustrates nondo-
mianted image set and extreme nondomianted images of a biobjective linear program.
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2.3 Weight set decomposition

For linear problems, the feasible set X and also its image Y = C'X are both polyhedra.
We recall some basic concepts of polyhedral theory [Zie12]. The dimension of a polyhed-
ron P C R* is the maximum number of affinely independent points of P minus one. A
bounded polyhedron is called a polytope. For w € R¥ and ¢t € R, the inequality w'y < t
is called valid for P if P C {y ERF Ty < t}. A set F C P is a face of P if there is

some valid inequality w'y < t such that F' = {y ceP:w'y= t}. An extreme point is
a face of dimension 0, an edge is a face of dimension 1 and a facet is a face of dimension
k — 1 where k is a dimension of P.

In MOLP, the set of non-dominated images is a convex hull defined by the extreme
nondominated images. An image y € Y is an extreme nondominated image if y € Yy
and is an extreme point of Y. We denote the set of extreme nondominated images by
Yen. Consequently, the search for all nondominated images can be restricted to finding
a set of efficient solutions that correspond to such extreme nondominated images.

2.9 Definition. A solution set S C X of a MOLP is a set such that for every y € Ygn
there is an x € S such that Cx = y. It is called minimal if, additionally, there is no
other solution set S” C X with |S'| < |5]. Q

2.3 WEIGHT SET DECOMPOSITION

Scalarization methods are useful techniques to compute nondominated images of a
MOLP. A scalarization method transforms a multi-objective linear program into a single
objective problem in a structured way by using additional parameters, constraints, or
reference points. One commonly used scalarization method is the weighted sum scalar-
ization.

2.10 Definition. Consider a MOLP and let a non-negative vector of weights w € R’g
be given. The weighted sum scalarization problem of the MOLP with respect to the
weight w is the single objective linear program

min  w' Cx. (WS(MOLP, w))

xeX
<

A feasible solution that is optimal for some weighted sum scalarization problem is called
supported and a feasible solution whose image is uniquely optimal for some weighted
sum scalarization problem is called extreme supported (cf. [F-hr05]). For linear programs,
all extreme nondominated images are supported. Consequently, the set of extreme
nondominated images of a MOLP, Ygn coincides with the set of extreme supported
nondominated images.

2.11 Theorem (Isermann [Ise74]). A feasible solution 2* € X is an efficient solution
of MOLP if and only if there exists some w € R’; such that w'Cz* < w'Cxz for all
reX. <

11



Chapter 2 Preliminaries and definitions

By Isermann’s theorem, any efficient solution to MOLP can be found as an optimal solu-
tion of WS(MOLP, w) for some properly chosen weight w. Therefore, we are interested
in all weights and, also, its structure.

2.12 Definition. The (normalized) weight set is denoted by W and defined as

k
W::{wE]R’i:Zwizl}. q

i=1

We consider the normalized weight set because the normalization of the weight vectors
does not affect the optimality of a solution obtained via the weighted sum scalarization,
i. e, x is optimal for WS(MOLP,w) with w € R, if and only if z is optimal for
w' = > L_w € W. We denote the weight sets of BOLP and TOLP by W(BOLP)

k
. wj

and W(i’:éLP), respectively.

There exist a bijection between W and the set {w eREL Y, < 1} and the set
W is a polytope of dimension k — 1 (see Figure 2.2). So, in case of a weighted sum
scalarization of a triobjective linear program, it is enough to consider the projection of
(w1, ws, w3) onto (wy, ws) because ws is uniquely determined by the values of w; and ws,
il.e.wyg=1—w; — ws.

A weight set decomposition is a subdivision of the weight set into so-called weight set
components. All weights in a single weight set component map to the same nondomin-
ated image. For every y € Y, the weight set component of y is denoted by W(y), and
defined as

W(y) = {w €W :w'y = min {wTy’ Y€ Y}}

A weight set component W(y) consists of the subset of weights w € W for which the
corresponding nondominated image y is an optimal value of WS(MOLP, w). A weight w
is called an extreme weight, if it is an extreme point of W (y). Important properties of
these weight set components are presented by Przybylski et al. [PGE10].

2.13 Proposition (Przybylski et al. [PGE10]). Let y € Yy. Then, the following
statements hold:

(i) W) = {w eEW:w'y<w'y forall y € YEN}.

(i)  W(y) is a convex polytope.

(ili) A nondominated image y is an extreme nondominated image of Y if and only
if W(y) has dimension k — 1. q

Proposition 2.13.(i) implies that it is sufficient to consider only extreme nondominated
images to define weight set components. Proposition 2.13.(iii) implies that the weight
set components corresponding to the extreme nondominated images are full-dimensional
polytopes in R’;l.

12



2.3 Weight set decomposition

Co
°
3
Y Y
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Yy oo o— o
o W) W) W)
(a) Nondominated image set of a BOLP (b) Weight set of a BOLP

Figure 2.3: An illustration of the bijection between the nondominated image set of a BOLP
and its weight set. The images y',y? and y> in Ygn correspond to weight set
components W(y') W(y?) and W(y3) in W(BOLP).

C3T
W
‘ W(y®)
Co
¥ F R
v
5 W)
1 i w’{
(a) Nondominated image set of a TOLP (b) Weight set of a TOLP

Figure 2.4: An illustration of the bijection between the nondominated image set of a TOLP
and its corresponding weight set. The extreme nondominated images y', y2, y3
in Ygn correspond to weight set components W(y'), W(y?), and W(y?) in
W(TOLP).

We observe from these properties that the structure of the weight set is closely linked
to the structure of the nondominated image set of a MOLP by a one-to-one mapping
between the weight set components and the extreme nondominated images.

A visualization of the mapping between the weight set and the nondominated images of
a biobjective linear program in Figure 2.3. Similarly, Figure 2.4 illustrates the mapping
between the weight set and the extreme nondominated images of TOLP.

As stated in the introduction, dichotomic search is a commonly used method to solve
biobjective linear programs. Consequently, it is used to solve the partial weighted sum
scalarisation of the triobjective linear program. We now describe the dichotomic search
method to find a set of extreme nondominated images for BOLP. We start with two op-
timal solutions obtained by minimizing the objective functions c;x and cox, respectively.

13



Chapter 2 Preliminaries and definitions
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Figure 2.5: An illustration of the dichotomic search for a BOLP. We begin with the initial
optimal images y! and 3% and compute the weight w®, which is the normal vector
of the line passing though y' and 3?. Next, we solve the weighted sum problem
using w® to get y?. This results in two new weights w' and w?. We solve the
weighted sum problems again and yield already known images and thus, the
search terminates.

Equivalently, these two solutions are optimal solutions to the weighted sum problem
of BOLP with weights (1,0) and (0,1). The normal vector of the line segment joining
these images is then used to solve the weighted sum scalarization problem. It results
in two cases; either the two images are optimal or a new nondominated image is com-
puted with a better optimal value. If it is the first case, then the procedure stops but
if it is the second case, the procedure recursively continues on each of the two subinter-
vals determined by the new image. We illustrate the working of dichotomic search in
Figure 2.5.
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CHAPTER O

PARAMETRIC BIOBJECTIVE LINEAR PROGRAMS

In this chapter, we introduce parametric biobjective linear programs and use multi-
objective programming techniques to analyse the parametric behaviour with respect
to the solution set. We formulate a general parametric biobjective linear program and
investigate different cases to solve these problems. We will follow up with an extension of
our analysis to parametric triobjective linear programs and parametric multi-objective
linear programs.

We consider a parametric multi-objective linear program with two objective functions
dependent on a single parameter A € R>.

3.1 Definition (Parametric Biobjective Linear Program). Let A € R> be a para-
meter. A parametric biobjective linear program is defined as

min Cx + \Dx
s.t. Az 2b, (PBLP)
x>0,

where C, D € Q**" consist of rows ¢;,d; i = 1,2, A € Q™" m,n € N\ {0}, and b € Q™.
Again, the feasible set is denoted by X = {x € R" : Ax 2 b,z = 0}. q

As the literature frequently adopts a case-based approach, see [Sit08], we focus on two
special cases of the general PBLP with a parametric dependency in either one or both
objectives. In the first case, only one of the two objectives depends linearly on the
parameter. In the second case, we consider the same linear parametric dependency in
both objectives. More precisely, we consider the following two special cases.

Case I : One parametric objective

. (clx + )\dlx>
min
Co

s.t. zeX. (PBLP')

15



Chapter 3 Parametric biobjective linear programs

Case II : Same parameter in both objectives

min a1 + Adix
! Cox + Adyx

s.t. zeX. (PBLP?)

For notational consistency and to avoid repetition, we adopt the convention of denoting
both cases of PBLP together as PBLP’ for j = 1,2 simultaneously (e.g., when the
results hold for both problems).

The problem PBLP?, for some fixed ), is a non-parametric biobjective linear pro-
gram, and we denote it by PBLP?()\). Furthermore, we denote the set of extreme
non-dominated images of PBLP?(\) by Ygn(PBLP?()\)) and a corresponding minimal
solution set by S(PBLP?())). With some abuse of notation, we write

S(PBLP’(\;)) = S(PBLP()y))
if PBLP?()\;) and PBLP?();) share a minimal solution set, and
S(PBLP/()\1)) # S(PBLP/(\,))

if they do not.

We analyse a minimal solution set that corresponds to a set of extreme nondominated
images of PBLP’(A). Therefore, a minimal solution set of PBLP’ equates to a set that
contains efficient solutions of PBLP?(\) for each fixed value of A > 0. We denote this
set by S.

3.2 Definition. A solution set S C X of PBLP’ is a set such that for everyA)\ >0,8
contains, as a subset, a solution set for the biobjective linear program PBLP()). It is
called minimal if, additionally, there is no other solution set S" C X for PBLP’ with
1S < |S|. <

We relate PBLP’ to a corresponding triobjective linear program using the weighted sum
scalarization. To this end, we consider the triobjective linear problem with the objective
functions ¢ix, cox, and dqx, i. e.

min  (¢z, cox, dlx)T
s.t. zelkX, (TOLP)

and denote its set of extreme nondominated images by Yen(TOLP). We denote a
minimal solution set that corresponds to the set Yex(TOLP) by S(TOLP). We define

16



3.1 Case I : One parametric objective

the weight set W(TOLP) of TOLP as
3
W(TOLP) = {w* eRL:D> wf = 1}.
i=1

The weighted sum scalarization of TOLP with a normalized weight w* € W(TOLP)
Is

mei)lg wic1r + wicex + widix. (WS(TOLP, w*))

3.1 CASE I : ONE PARAMETRIC OBJECTIVE

We approach the problem by applying the weighted sum scalarization to the paramet-
ric biobjective linear program PBLP' and formally characterize its relationship to the
corresponding triobjective linear program TOLP.

For a fixed value of \, the weighted sum scalarization of PBLP'()) is

mei}r(l wy (1@ + Adix) + wacax (WS(PBLP'(\), w))

where w € R2 and w; +w, = 1.
We reformulate this problem using wy = 1 — w; and obtain

mi}r(l wicrr + (1 — wq)cax + wyAdy .
XE

This problem can be interpreted as a specific weighted sum scalarization problem of the
TOLP with weight vector (wy, 1 — wy,w;A). It holds that

w1+(1—w1)+w1)\: 1—|-/LU1)\2 1
since wy; > 0 and A > 0. We normalize the weights and get

wl)\
1+ wl)\

. wq ( )+ w2
min c1x
x€X 1+ wiA ! 14+ w A

(CQIE) + (dll'),

which is a particular case of WS(TOLP, w*) with the corresponding weight vector

% ( w1 Wa wl)\
w =

T
TOLP). 3.1
1+w1)\’1+w1)\’1—|—w1)\> EW( ) ( )

We now present our main result, which establishes the equivalence between the effi-
cient solutions of the problem PBLP' and the efficient solutions of the corresponding
triobjective linear program.

17



Chapter 3 Parametric biobjective linear programs

3.3 Theorem. A feasible solution z* is optimal for WS(TOLP, w*) with non-negative
weights wy, w3, w;, where wj > 0 if and only if there exist a parameter A > 0 and non-
negative weights wy, wy where w; > 0 such that x* is optimal for WS (PBLPI()\), w).<1

Proof. We first show that z* is optimal for WS(TOLP, w*), implying that there exist
A > 0 and non-negative weights wy, wy such that z* is optimal for WS (PBLPl()\), w).

Let z* be optimal for WS(TOLP, w*).
Note that wj > 0 and we define

w
. 3
)
wy
*
w
wy = = 1 ) (32)
Wi + wq
w
— 2
Wz == — *
Wi + Wy

Suppose z* is not optimal for WS (PBLPl()\),w). Then there exists some 2’ that is
feasible for WS (PBLPI()\), w) where &’ # x* such that

w11 + woceT' FwiNdi 2’ < wieix® + wecox™ + wiAdiz".

We plug in Equation (3.2) to get

w’ wh w’ wi
L o2 + 2__cox'+ ! —Sdya

wi + ws wi + w3 wi +ws \ wy

w* * * wk

1 2
ﬁclx* + 7*021'* + T %dll'* .
U)l + U)Q wy + w2 w1 + w2 wl

=%

Then, we multiply by w} + w3 to get
wierr’ + wicer'+widiz’ < wicx® + wicor® + widix”.

This leads to a contradiction that z* is optimal for WS(TOLP, w*).

Conversely, let * be optimal for WS (PBLPl()\), w) with non-negative weights wy, wo
and for some non-negative \.

We define wj, wj, w} using Equation (3.1),

* .

wy = Wy,
* .

Wy = Wa, (33)
* .

Wy = U}l)\.

We do not normalize for simplicity. Suppose x* is not optimal for WS(TOLP, w*). Then

18



3.1 Case I : One parametric objective

there exists z’ that is feasible for WS(TOLP, w*) where 2’ # z* such that
wie ' + wicer’ + widir' < wicix® + wicer + widizt.
We plug in Equation (3.3) to get
w117+ wacex’ + wiAdi 2’ < wicixt + wacor™ + wiNdi 2.

This leads to a contradiction that z* is optimal for WS (PBLPl()\), w). O

Observe that we assume wj > 0 and w; > 0 in Theorem 3.3. Based on the construction
in the proof, the parameter X is undefined if wj = 0, and w] approaching 0 is equivalent
to the parameter A\ approaching co. And indeed, the one-to-one correspondence from
Theorem 3.3 does not hold if w} = 0: there exist w* € R with w} = 0 and an optimal
solution z* for WS(TOLP, w*) such that there is no A > 0 and w € R where z* is

optimal for WS(PBLP'()),w). This can be illustrated by the following example:

3.4 Example. Let X C R® and X = conv({(1,1,1),(0,1,1),(0,0,2)}) as shown in the
Figure 3.1.

Let C1 = (1, O, 0), Co = (0, ]_, 0), d1 = (O, 07 1)

Then for x = (x1,x9,23) € X, it holds that ¢;z = 21, coxr = x5 and dyz = x3 and are
the objective functions of TOLP.

Let w* = (0,0,1). Then the solutions (1,1,1) and (0,1,1) are both optimal solutions
of WS(TOLP, w*) with an optimal solution value of 1.

However, consider now the problem WS(PBLP'()\),w). For every value of A > 0 and
w € R with w; > 0, it holds that (0,1,1) is a better solution than (1,1,1) because the

value of WS(PBLP'(\),w) for (0,1,1) is
w1((0) + (A)(1)) + wa(l) = we + wi A
which is less than the value for (1,1,1), i. e.
wi((1) + A(1)) + wa(1) = wy + (we + wiA).

Additionally, for w; = 0, it holds ws = 1 and the problem WS(PBLP'()), w) is reduced
to minyex cpx. Since then the solution (0,0,2) is optimal for WS(PBLP'()\), w) with

an optimal solution value of 0. Therefore, the solution (1,1,1) is never optimal for
WS(PBLP!(\), w). <

In the converse case, for any given parameter value A > 0 and a weight w € RQE with
w; = 0 for WS(PBLPI()\),w>, we can see that it is possible to construct a weight
w* € R?i for WS(TOLP, w*) using Equation (3.3). In fact, an optimal solution z
for WS (PBLPl(A),w) with a weight w € RZ such that w; = 0 remains optimal for
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Chapter 3 Parametric biobjective linear programs

- Co

Figure 3.1: Illustration of the nondominated image set of the TOLP in Example 3.4 where
Y (TOLP) = conv({(1,1,1), (0, 1,1),(0,0,2)})

WS(TOLP, w*) with the weight w* = (0, w2, 0) because wj = 0 and w} = 0 by construc-
tion.

For every fixed value of A\, PBLP'()) is a biobjective linear program. Its weight set is
therefore a one-dimensional polytope. However, considering the parameter \, we can
extend this interpretation of the set of the one-dimensional weight set to a higher dimen-
sion by a mapping W(PBLP'()\)), which is defined below. This extended representation
enables us to derive several important theoretical results.

3.5 Definition. For a given A\, we define a mapping W(PBLPl()\)) as,

A
PBLP'()\)) = i w2 t : R? —1Y.
W( ( )) {<1+w1>\’1+w1)\’1+w1)\ (wr,wz) € R, wy 4w, :

3.6 Proposition. Let W(PBLPl(A)) and W(TOLP) be weight sets of PBLP! for a
fixed value A and of TOLP, respectively. Then, it holds that

W(PBLP'())) C W(TOLP). <

Proof. Let w* € W(PBLP'())). Then, by the definition of W(PBLP'())), it is

* w1 Wa U)l)\
w - ) )
1—i—w1)\ 1—{—w1)\ 1—i—w1)\
for some (wy, wq) € Ri with w; + wy = 1. The sum of the components satisfies

w1 X W2 + wl)\ _1—|—UJ1)\_
1+w1)\ 1—|—w1)\ 1+w1)\_1+w1)\_

1.
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3.1 Case I : One parametric objective

Thus, w* € W(TOLP).

To show that W(PBLPl(A)) is a proper subset of W(TOLP), we consider the particular
weight w' = (0,0,1) € W(TOLP). Since for any given A, if we consider the third
component of any w* € W(PBLPI(A)) it holds that

wl)\
1+ ’LU1/\

£,

Hence, it holds that w' ¢ W(PBLPI()\)). O

3.7 Proposition. For all the weight sets of PBLP'()\) for A > 0, it holds that

N W(PBLP'(\)) = {(0,1,0)}. q

A>0

Proof. For an arbitrary A\; > 0, by the definition of W (PBLPl(Ai)), we have

1

W (PBLP'())) = {1+w1A

(w1, wa, w1 ;) + (w1, wy, ) € R%awl +wy = 1}-

We first show that the weight w* = (0,1,0) is an element of W (PBLPl(Ai)) for all \;.
Let A\; € R> be arbitrary and choose wj = 0 and w3 = 1. Then, we get

0 1 0
= =(0,1,0 PBLP!(\)).
v = (o oo T on) = (010 € WEBLP )

Therefore, w* € W(PBLP'(\,)).

Next, we show that there is no other weight shared by any two weight sets of PBLP".
Let Ay > 0 and Ay > 0 be two arbitrary parameter values, such that A\; # \5. Let
W(PBLP'(\;)) and W(PBLP'()2)) be weight sets of PBLP'(\;) and PBLP'(),), re-
spectively.

Consider a weight w* € W(PBLPl()\l)) and a weight @ € W(PBLPl()\Q)). By the

definition of W(PBLP'(\1)) and W(PBLP'()s)), we have

/ / /

h / /:1
1+U)/1)\1’ 1+U)/1)\1’ 1+U)/1)\1>W ore w1+w2

and

wy wy wi Az " "
w = , , where w; +ws, = 1.
<1+w’1’)\2 I+ wiX’ 1+ wiX; ! 2
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Chapter 3 Parametric biobjective linear programs

Figure 3.2: An illustration of the family of line segments £} for PBLP! in the weight set of
TOLP, where £1(\;) = Lyypprpin)) for Ai € {0,..., Ak}, The line segments
LY(\) represent weight sets of PBLPY()) for different values of .

If we equate the first components of w* and w, we obtain

w) _ wy
L+wid  T+wihy

Then the components are equal if

i

/ wy /
=— 71 A1). 3.4
wy 1+w’1’)\2( + wiA1) (3.4)
Also, the third component of w* is
wt = wi>\1
Pl wi N

We substitute w] from Equation (3.4) in wj} to get

e mujj%(l + w’l)\l))\
3 14 wi\ !
wi A

1+ wi s
wi Az

1+ wi s

£

= W3

because \; # Ag. Therefore, the third components are not equal. O

Therefore, the weight (0, 1,0) is the only weight shared by all the weight sets of PBLP*())
for all parameter values A > 0.
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3.1 Case I : One parametric objective

3.8 Corollary. Let W(PBLP'())) be the weight set of PBLP'(\) and W(TOLP) be
the weight set of the corresponding TOLP. Then the union of all the weight sets of
PBLP'()) for every A > 0 is defined as

U W(PBLP'())) = {w" € W(TOLP) : wj # 0} U{(0,1,0)}.

A>0

Proof. From Proposition 3.6, it follows that the weight sets of PBLP'()) for every A > 0
is a subset of W(TOLP), so the union of all these weight sets will also be a subset of
W(TOLP). Using Theorem 3.3, for any weight in W(TOLP) except for the weights with
w* = 0, there exists some A and w € R% for PBLP'()\). However, by Proposition 3.7, the

weight (0, 1,0) is the only weight shared by the weight sets of PBLP'()). Therefore, the
union of weight sets of PBLP'()) is equivalent to all the weights in W(TOLP) except
for the weights where w} = 0 but includes the weight (0, 1,0). O

Consequently, Corollary 3.8 implies that if we vary A in PBLP'()\) and find all the
corresponding weight sets W(PBLPl()\)) in R3, we obtain a nearly complete weight set
decomposition of the associated TOLP except for the weights with w} = 0 due to the
reason mentioned in Theorem 3.3.

Next, we want to characterize the projection of W(PBLP'())) in R2. Since the third
component of a weight in W(PBLP'()\)) can be determined by the first two components,
the projection reduces the entire weight set to a 2-dimensional interpretation. Using
the definition of W(PBLPl(/\)) for any parameter A > 0, the third component of any

arbitrary weight w* € W(PBLPl()\)) can be written as
ws = A\wj.
Since wi + w; + w3 = 1, we get
1 — (w] +w})) = Awy.
This is equivalent to
wy; =1 —wi(1+N).

This means that every weight w* € W(PBLPl()\)) which is contained in W(TOLP)

satisfies the condition wj = 1 — w}(1 + A). This condition can be interpreted as an
equation of a line in R2  Consequently, we can define the projection of weight set
W(PBLPl()\)> in R? as a line segment.

3.9 Definition. The projection of the weight set W(PBLPl(/\)) in R? can be defined
as the line segment

EW(PBLPI(A)) = {(w],w}) | w* € W(TOLP), w; =1 —wj(1+\)}. q
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Chapter 3 Parametric biobjective linear programs

3.10 Remark. From the definition of ‘CW(PBLPl( N)s e observe the following:
(i)  The slope m, of the line segment EW(PBLPl(A)) is given by

my = —(1 —I— )\)

(ii)  The end points of EW(PBLPl(/\)) are (0,1) and (1%\, 0). Q

Remark 3.10.(i) is a direct result of finding the slope of the line segment EW(PBLPl(/\))

and Remark 3.10.(ii) represents the wi-intercept and wj- intercept of EW(PBLpl(/\)).

We illustrate a family of line segments that represents weight sets W(PBLPl()\)> for
different values of A in Figure 3.2. Note, that we use the projection of w* € W(TOLP)
onto (wy,w3) € Ré in our analysis.

3.2 CASE II: SAME PARAMETRIC DEPENDENCY ON BOTH
OBJECTIVES

We now consider the problem PBLP? having a non-negative parameter A > 0 in both
objectives.
For a fixed value of \, the weighted sum scalarization of PBLP?()) is

meigil wy (12 + Adix) + wa(cox + Adyx) (WS(PBLP?*(\), w))

where w € R2 and w; + wy = 1.
We reformulate this problem and obtain

mi}gl w1 + wacow + (wy + we)Ady .
x€
Using wy = 1 — w; this is equivalent to
min wiciz + (1 — wy)eex + Adyx.
xeX

It can be interpreted as a weighted sum scalarization problem of the TOLP with a
weight vector (wq,1 —wy, A). Since wy + we = 1, it holds that

We normalize the weights and get

in —1 + 22 T d
min C1xr Col S E— X
xeX THX 12 Tt
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3.2 Case II: Same parametric dependency on both objectives

which is a particular case of WS(TOLP, w*) with the corresponding weight vector

.
w1 Wo A
= TOLP). :
v <1+A’1+A’1+A> € W(TOLP) (3:5)

We establish the equivalence between the optimal solutions of the weighted sum scalariza-
tion problem of PBLP? and the weighted sum scalarization problem of the corresponding
TOLP in the following theorem.

3.11 Theorem. A feasible solution z* is optimal for WS(TOLP, w*) with non-negative
weights wy, ws, wj, where wj # 1 if and only if there exists a parameter value A > 0
and non-negative weights w,, wy, such that x* is optimal for WS (PBLPz()\), w). <

Proof. We first show that if z* is optimal for WS(TOLP,w*), then it follows that
there exists some A > 0 and non-negative weights w,ws such that z* is optimal for
WS (PBLPZ()\), w). Let z* be optimal for WS(TOLP, w*).

Note that w3 # 1 and we define

*
w
. 3
A= -
1 - w3
*
w
1
wy = -, (3.6)
1 —w;3
*
w
o 2
Wo = o
1 —w;

Suppose z* is not optimal for WS (PBLPz()\), w), i. e., there exists 2’ that is optimal
for WS (PBLPZ()\), w) where 2’/ # x* such that,

w1+ wacex’ + Adix’ < wicixt + wacor™ + Ndyat.

We plug in Equation (3.6) to get

w} w} w} w
—cx’ + —cox’ + ~dyz’ < —c " + —cox” + 3 —dyx”.

Multiplying by (1 — w3), this is equivalent to

wierr’ + wicer’ + widix' < wicirt + wicer™ + widixt.

This leads to the contradiction that z* is optimal for WS(TOLP, w*).

Conversely, let £* be optimal for WS (PBLPQ()\), w) with non-negative weights wy, wo
and for some non-negative \.
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Chapter 3 Parametric biobjective linear programs

We define wj, wj, w} using Equation (3.5),

wy = wr,
wy = wo, (3.7)
wy =

We do not normalize the weight for simplicity.
Suppose z* is not optimal for WS(TOLP, w*), i. e., there exists 2’ that is optimal for
WS(TOLP, w*) where 2" # z* such that,

wie ' + wicer’ + widix' < wicix® + wicer™ + widixt.
We plug in Equation (3.7) to get
w1 + wocex’ + N(1)dix" < w1z + wocex™ + Awy + wadix*.
Substituting 1 = w; + wy, we get
w1’ + wacx’ + Mwy + wy)d12" < wic1x® + wacox™ + M wy + woy)dy ™.
This is equivalent to
wi (12’ + Mdix') + wa (o’ + Adi') < wi(e1x™ + Adix™) + wo(cox™ + Adyz™).

This leads to a contradiction that z* is optimal for WS (PBLP2()\), w). O

We now address the case wi = 1 as we assume wj # 1 in Theorem 3.11. Based on
the construction of the proof, the parameter A is undefined if wj = 1. The limit of w}
approaching 1 is equivalent to the parameter A approaching oo in the weighted sum scal-
arization of PBLP?. Additionally, the one-to-one correspondence of Theorem 3.11 does
not hold: there exist w* € RE with w} = 1 and an optimal solution z* for WS(TOLP, w*)

such that there is no A > 0 and w € RZ where z* is optimal for WS(PBLP?(\), w).

This can be illustrated by the following example.

3.12 Example. Let X C R? and X = conv({(1,1,1),(0,0,1)}).

Let C1 = (1, O, 0), Cy = (0, 1, 0), dl = (O, 0, 1)

Then for z = (21, 2, z3) € X, it holds that ¢;z = x1, cox = 29 and djx = z3 and are the
objective functions of TOLP. Let w* = (0,0, 1). Then the solutions (1, 1,1) and (0,0, 1)
are both optimal solutions of WS(TOLP, w*) with a value of 1. However, consider the
problem WS(PBLP?*(\), w). For every value of A > 0 and w € R2, with w; > 0, it holds
that (0,0,1) is a better solution than (1,1,1) for WS(PBLP?(\), w) because the value
of WS(PBLP?(\), w) for (0,0, 1) is

wi((0) + (A)(1)) + w2((0) + (A)(1)) = wr A + wok = A
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3.2 Case II: Same parametric dependency on both objectives

dl.T

~ Co

cx¥

Figure 3.3: Illustration of the nondominated image set of the TOLP in Example 3.12 where
¥ (TOLP) = conv({(L,1,1), (0,0, 1)})

which is less than the solution value for (1,1,1), i. e.
wi((1) + A1) + w2 (1) + (A) (1)) =wi (T +A) +wa(1+A) =1+ A

Therefore, the solution (1,1, 1) is never optimal for WS(PBLP?(\), w). Q

As in the case of PBLP', we extend the weight set of PBLP?()\) to a higher dimension
using the mapping W(PBLP?()\)), which is defined below.

3.13 Definition. For a fixed A\, we define a mapping W(PBLPZ()\)) as,

w w A
W(PBLPQ(/\)) = {<1+1x - +2x . +A> (Wi, wy) € RE wy + wy = 1}. <

3.14 Proposition. Let W(PBLPz()\)) and W(TOLP) be weight sets of PBLP? for a
fixed A and the corresponding TOLP, respectively, then
W(PBLP?(\)) ¢ W(TOLP). q
Proof. Let w* € W(PBLP*())). Then, by the definition of W(PBLP?())),
% w1 W2 A
w - 7 Y
IT+A1T4+HA1T+A

for some (wq, wq) € ]R2z with w; + wy = 1. Since the sum of the components,

w1 W2 A

_ 1
[ N W
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Chapter 3 Parametric biobjective linear programs

Thus, w* € W(TOLP).
Consider a particular weight w* = (0,0,1) € W(TOLP). For any given value of A\ > 0,
if we consider the third component of a weight in W(PBLPQ(/\)) it holds that

A

— # 1.
14—)\7'é

Therefore, w* ¢ W(PBLP?())). O
3.15 Proposition. For all the weight sets of PBLP?()\) for A > 0, it holds that

N W(PBLP’(\)) = 2. q

A>0

Proof. Let Ay > 0 and Ay > 0 be two arbitrary parameter values, such that A\; # A\s. Let
W(PBLP?(\;)) and W(PBLP*()y)) be weight sets of PBLP?(\;) and PBLP?(),), re-

spectively. Consider, a weight w* € W(PBLPQ()\l)) and a weight w € W(PBLPz()\z)).
By the definition of W(PBLPQ(A1)> and W(PBLPQ()\Q)), we have

. w) wh A
w* =
T4+XM1+XN14+X)N

) where w] + wj =1

and

~ wlll w,2/ A2 " 7

w = , , here wy +w, = 1.
<1+)\2 Tt 140, P

By comparing the third components of w* and w, we get

A1 A2
1+ XN 7é1+)\2

since A1 # As. O

Therefore, there is no common weight shared by the weight sets of PBLP?()\) for all
parameter values A > 0.

3.16 Corollary. Let W(PBLPQ(A)) and W(TOLP) be the weight sets of PBLP?(\)
and the corresponding TOLP, respectively. Then the union of all the weight sets of
PBLP?()) for every A > 0 is defined as

U W(PBLP*(\)) = W(TOLP) \ {(0,0,1)} .

A>0
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3.2 Case II: Same parametric dependency on both objectives

Proof. From Proposition 3.14, the weight set of PBLP?(\) for every A > 0 are a subset of
W(TOLP), so the union of all these weight sets will also be a subset of W(TOLP). Using
Theorem 3.11, for any weight in W(TOLP) except for the weight (0,0, 1), there exists
some A and w € R% for PBLP?()\). Therefore, the union of weight sets of PBLP?()\) is
equivalent to all the weights in W(TOLP) except for the weight (0,0, 1). O

More precisely, Corollary 3.16 implies that if we vary X in PBLP?()) and project all the
corresponding weight sets W(PBLPQ(AD in R?, we obtain almost the entire weight set

of the associated TOLP except for the weight (0,0,1) due to the reason mentioned in
Theorem 3.11.

Next, we want to characterize the projection of W(PBLP?())) in R?. Since the third
component of a weight in W(PBLP?*()\)) can be determined by the first two components,
the projection reduces the entire weight set to a 2-dimensional interpretation. Using
the definition of W(PBLP2(/\)) for any parameter \ > 0, the third component of any

arbitrary weight w* € W(PBLPQ(A)) is

. A
wy = ——.
L4
Since wi +wj + w; = 1, we get
* * A
1-— (wl + w2) = m
This is equivalent to
* * 1
wq +w2 = m

This means every weight in W(PBLPZ(A)) which is contained in W(TOLP) satisfies

1

the condition wj +wj = This condition can be interpreted as an equation of a line

T+A°
in R2. Consequently, we can define the projection of a weight set W(PBLP2()\)) as a
line segment in W(TOLP).

3.17 Definition. The projection of the weight set W(PBLPQ(A)) in R? can be defined

by a line segment

‘CW(PBLPZ(A)) = {(w{,wg) | w* € W(TOLP), wi + w5 = 1+)\}

3.18 Remark. From the definition of EW( ) we observe the following:

PBLP2(\

(i)  The slope m, of the line segment EW(PBLPQ( ») is given by

my = —1.
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Chapter 3 Parametric biobjective linear programs

L2(Ng) oo L2(N) - 1

Figure 3.4: An illustration of the family of line segments £2(\) for PBLP? in the weight set
of TOLP, where £2()\;) = ﬁW(PBLPQ()\i)) for \; € {0,..., A\x}. The line segments
L%()\) represent weight sets of PBLP?()) for different values of .

(i)  The end points of EW(PBLPQ(A» are (0, 1%\> and (1%\, 0). N

Remark 3.18.(i) is a direct result of finding the slope of the line segment ‘CW(PBLP2(>\))‘

Remark 3.18.(ii) represents the wji-intercept and wj- intercept of EW(PBLPQ(/\)).
We illustrate a family of line segments that represents weight sets W(PBLPQ(AD for
different values of A in Figure 3.4.

3.2.1 Illustrative examples and further results

In this section, we present results related to both PBLP' and PBLP? and use examples
to illustrate the behaviour of the solution sets.

Every solution set S(TOLP) for TOLP contains a subset of solutions such that there is
a bijection between this subset and the set of extreme nondominated images of TOLP.
At the same time, the weight set W(TOLP) can be decomposed into full dimensional
weight set components such that there is a bijection between these weight set compon-
ents and Ygex(TOLP) (cf. [PGEL0]). By Definitions 3.9 and 3.17, for a fixed value of
A > 0, the weight set W(PBLP?())) is a line segment that lies in W(TOLP). This line
segment intersects some (full-dimensional) weight set components. For each component
W(y), there are three possibilities: W(PBLP?())) intersects W(y) either in a single
vertex or along an edge, or it passes through the interior of W(y). The entire segment
W(PBLP?())) can then be decomposed into such intersections (cf. [PGE10]). A solution
set for PBLP?()) can be obtained by using all solutions from S(TOLP) where the cor-
responding weight set component is intersected by W(PBLP?()\)). Therefore, S(TOLP)
is also a solution set for PBLP?.
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3.2 Case II: Same parametric dependency on both objectives

At the same time, Theorems 3.3 and 3.11 imply that, for every full dimensional weight
set component W(y) of an extreme nondominated image y € Yen(TOLP), there is at
least one value A > 0 such that the line segment W(PBLP’())) intersects the interior
of W(y). Then, a solution set for PBLP?()\) must contain at least one solution  such
that (ciz,cox,dyz)” = y (cf. [PGE10]). Therefore, every solution set for PBLP? also
contains a solution set for TOLP.

Since every solution set for TOLP contains a solution set for PBLP?, we can make the
following statement regarding minimal solution sets:

3.19 Proposition. A set S(TOLP) C X is a minimal solution set for TOLP if and
only if S(TOLP) is a minimal solution set for PBLP”. q

An illustration of the weight sets of the two parametric biobjective linear programs
PBLP’ j = 1,2 and the weight set of its corresponding TOLP is shown for Example 3.20
in Figure 3.6 and in Figure 3.5, respectively.

3.20 Example. Consider the following PBLP' with a non-negative parameter A > 0:

, <—3x1 — T+ My + xz))
min

I — 21’2

s. t. xeX::{J;E]RQZ:3x1+2x226;x1§10;x2§3},

and let us also consider a linear PBLP?:

min —3l’1 — To + )\(.Tl + l’g)
1 — 21‘2 + /\(l’l -+ ZEQ)

s.t. zelX
and the corresponding TOLP which is related to both parametric biobjective problems:

min (=3 — x9, X1 — 279, 11 + mg)T
s.t. x€X.

The weight set decomposition of the TOLP is composed of four weight set components,

W(y'),i = 1,...,4 each corresponding to the extreme nondominated images y', 32, 4>,
and y* as shown in Figure 3.5. The weight sets of PBLP'()\) and PBLP?(\) for the
parameter values A = 0, 1,2 are shown in Figures 3.6a and 3.6b, respectively. <

A minimal solution set for the parametric biobjective linear program PBLP? is defined
over the entire parameter set. We are particularly interested in the critical parameter
values where a minimal solution set of PBLP?()) changes as A varies. These values are
called breakpoints.
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W(y?)

[
W(yg)

(0,0) wy

Figure 3.5: Weight set of TOLP with four weight set components

wy wy
£t(1) £1(0) 1 £2(1) £2(0) 1
(a) Line segments Lyypprpt(x)) of PBLP'()), de-(b) Line segments LyyesLpz(y)) of PBLP?()), de-
noted by £1()\) noted by £2(\).

Figure 3.6: An illustration of weight sets of PBLP7()) for parameter values, A = 0,1,2 in
the weight set of TOLP.

3.21 Definition. More formally, for a given PBLP’, some parameter value A > 0 is
called a breakpoint if, for a small € > 0,

S (PBLP/(A +¢)) # S (PBLP/(A —¢)),

where S (PBLPj (A)) denotes some minimal solution set at parameter A. <

Therefore, the solution to parametric biobjective linear programs PBLP? consists of the
following;:

(i)  a minimal solution set S for PBLP?,
(ii)  a set of breakpoints in the parameter set and

(ili) parameter intervals for each solution x € S.

We characterize breakpoints of PBLP? with the help of extreme weights in W(TOLP).
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3.2 Case II: Same parametric dependency on both objectives

£ (A2) £ (x)

Figure 3.7: Illustration of the different ways breakpoints can behave in PBLP?. For example:
A solution set at the breakpoint A1, S(PBLP!()\)) = {x!, 25 22} is different from

S (PBLPl()\l — 8)) = {z! 2%, 25, 2%} and S (PBLPI()q + 5)) = {al 2, 2%, 2%},
while the breakpoint Ao shows the case of a tie where S (PBLPl()\g)) = {a* 2%}
and S (PBLPI(/\Q)) = {2%,2%} as well. Line segments £'(\) = Lyypprpt(y)
represents the weight set of PBLP!(\) at the two breakpoints A € {\;, \2}. Note

that feasible solutions such as x1, s, x3, and x4 map to the extreme nondomin-
ated images, y1, y2, y3, and y4, respectively.

3.22 Proposition. If A; is a breakpoint of a PBLP? with a corresponding weight set
4% (PBLPJ ()\Z-)), there exists at least one extreme weight in YWW(TOLP) on the intersec-

tion of EW(PBLP]-(AI,)) and W(TOLP). q

Proof. The proof uses the following definition. Let A; > 0 be the parameter, Yen(TOLP)
denote the set of extreme nondominated images of TOLP, and W(PBLP’();)) be the
weight set of PBLP?();). We define

v(\i) = {W(y) : y € Yax(TOLP),int(W(y)) N W (PBLP(\)) # @, = 1,2}

In particular, the set v()\;) consists of weight set components of W(TOLP) that are
intersected by the weight set W(PBLP’();)) passing through their interior.

Let A\; and A\, 1 be two consecutive breakpoints. We consider both cases separately.
Case j = 1: By Proposition 3.7, it is trivial that the extreme weight (0,1,0) €
W(TOLP) is contained in W(PBLPI()\)> for all A > 0, whether A is a breakpoint
or not. However, this proposition still holds for PBLP' when we exclude (0, 1,0) from
the weight sets of W(PBLPl()\)).

By the definition of a breakpoint, we have S(PBLPl(Ai)) # S (PBLPl(Ai + 6)) Sup-
pose, for contradiction, that no extreme weight of W(TOLP) lies on the intersection
of the line segment EW(PBLPI(/\Z,)) \ {(0,1)} and W(TOLP). Then the line segment

EW(PBLpl( ) \ {(0,1)} passes entirely through the relative interiors of weight set com-

ponents in v()\;). By the definition of relative interior and the compactness of v(\;),
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Chapter 3 Parametric biobjective linear programs

there exists § > 0 such that

This implies that the line segments EW(PBLPQ(A)) for A = {i — d,4,i + &} passes through
same set of weight set components. Therefore,

S(PBLP'(); + 6)) = S(PBLP'(); — 9)) = S(PBLP'(\)).
This contradicts \; being a breakpoint.

Case j = 2: By Proposition 3.15, all weight sets W(PBLPQ()\)) are unique for A > 0.
The definition of a breakpoint gives S(PBLPQ(Ai)) # S(PBLPQ()\i + 5))

Suppose, for contradiction, that no extreme weight of YWW(TOLP) lies on the intersection
of EW(PBLPQ(M) and W(TOLP). Then EW(PBLPQ(/\Z,)) passes through relative interiors

of weight set components in v();). By the relative interior properties and compactness
of v(\;), there exists § > 0 such that

v\ +90) =v(\ —6) =v(\).

This implies that the line segments EW(PBLpz()\)) for A\ = {i — 0,4, + d} pass through
the same set of weight set components. Therefore,

S(PBLP?*(\; +6)) = S(PBLP?(\; — §)) = S(PBLP?*(\;)).

This contradicts \; being a breakpoint. 0

As a consequence of Proposition 3.22, the number of breakpoints in PBLP? is bounded
by the number of extreme weights in W(TOLP).

Note that not every extreme weight in W(TOLP) leads to a unique breakpoint. For
a given breakpoint );, there might be several extreme weights on the line segment
LyyepLpi(y))- We demonstrate this in Example 3.23.

In PBLP?, breakpoints can exhibit behaviour not observed in single-objective paramet-
ric optimization. Certain breakpoints have a unique minimal solution set of their own,
which differs from the sets immediately preceding and following it. This happens when
the solutions leaving and entering a minimal solution set correspond to extreme non-
dominated images that are still nondominated but not extreme points for PBLP?())
(see Figure 3.11). As a result, the parameter set is subdivided into a set of intervals
and/or unique parameter values, each corresponding to a unique minimal solution set,
respectively.

Another special case here is that of a tie in solution sets; we define two solution sets to
be a tie if the corresponding breakpoint serves as both the upper bound of an interval
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3.2 Case II: Same parametric dependency on both objectives

T3 = Y3

Ty = Y2

y? : (15,0, 2)
Ty =y *
Figure 3.8: Illustration of the nondominated image set of the triobjective problem

and the lower bound of the next consecutive interval. In such cases, we include the
breakpoint in the preceding interval and exclude it from the following one. These
various breakpoints are visualized in Figure 3.7.

3.23 Example. Consider the following triobjective linear program,

min (21, T, T3) "

st. rzeX={x GR; 211 + 39 + bx3 > 40,
221 + 1529 — 1523 > 0,
201 — 19 + 13 > 0,
2xy — x9 — 1523 < 0}

and also consider the corresponding PBLP? with a non-negative parameter \,

min  (zy + A3, 20 + Axg) |
s.t. zeX.

The nondominated image set of the problem is a convex hull of three extreme nondom-
inated images, y* = (5,10,0), y*> = (0,5,5), and 3* = (15,0,2) as shown in Figure 3.8
and has a minimal solution set S = {z!, 2%, 2*} such that y' = z',y? = 2% and y* = 23 .«

The weight set of TOLP, Example 3.23 and the line segment representing the weight
set of the corresponding PBLP?(\), where A = 1 are shown in Figure 3.9. We observe
that from Figure 3.9 we have two different extreme weights w! = (%, 0, %) and w? =
(5163
special case of a tie in the solution sets of PBLP?(\) before and after the breakpoint i.
e. S(PBLP?*(1)) = {z', 2%} and as well as S(PBLP*(1)) = {«2,2°}.

) which correspond to the same breakpoint A\ = 1. This is also due to the

Since the nondominated image set of PBLP?()) is changing with respect to A, we define
y'(\) as the extreme nondominated image of PBLP?(\) that corresponds to a solution
e S.
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Chapter 3 Parametric biobjective linear programs

Wy

Figure 3.9: The line segment Ly ppyp2(1y) of PBLP%()\) at A = 1 intersects W(TOLP) at
two extreme weights w’ and w”.

The case of a tie in solution sets at a breakpoint A in PBLP?()\) implies that the
extreme nondominated images y*(\) and y'()\) asymptotically converge to a common
nondominated image i. e. y*(\) = y*(\). We illustrate this by using the image set of
the corresponding biobjective linear program PBLP?()\) with varying A, A == {0,1,2}.
It has an image set with the objective functions y; = x1 + Azz and y, = x5 + Az that
changes continuously with the variation of parameter \ as shown in Figure 3.10. Note
that the two extreme nondominated images 3*(1) and y'(1) converge to the same point,

ie., y*(1) =y*(1) at A = 1.

3.24 Corollary. The number of breakpoints is finite. <

Proof. From Proposition 3.22, we know that the number of breakpoints is bounded by
the number of extreme weights in the weight set of TOLP. Moreover, the number of
extreme weights in YWW(TOLP) is finite due to the finiteness of the extreme points of all
weight set components. Thus, the number of breakpoints is finite. ([l

An analogous case of PBLP! arises when the second objective is parametric which yields
the following parametric program:

. a1 1
Einel)lil (CQI + >\d1x> ’ (PBLP2)

By similar argument, all the results for PBLP' hold for the above case and the line
segments corresponding to the weight set of the biobjective linear program PBLP())
that intersects W(TOLP) is shown in Figure 3.12.

As we are interested in finding breakpoints that mark a change in a minimal solution
set of PBLP’(\), we can use parameter intervals of each solution to determine such

breakpoints. We use the construction of the parameter value, A := % for PBLP*()\) from
1
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3.2 Case II: Same parametric dependency on both objectives

Y2 = z2 + Azg y2 = 2 + Azg y2 = z2 + Azg
A A
@)
y3(0) y'(1) y°(2)
°
y3(1 \
y'(0) "<
yl:zl+)\z3 1 = 21 + Azs vi =21 + Aes
(a) A=0 (b) A=1 (c) =2

Figure 3.10: An illustration of change in the nondominated set for PBLP?()\). When A = 0
the images y2(0) and »3(0) are the extreme nondominated images for PBLP?(0).
When )\ = 1, the images y?(1) and y'(1) are equivalent and Ygn(PBLP?(1)) =
{y*(1),3(1)} = {y'(1),43(1)}. This leads to the case of a tie at the breakpoint
A = 1. When \ = 2, the image y'(2) is no longer an extreme nondominated
image for PBLP?(2) and Ygen(PBLP?(2)) = {y y3(2)}. The arrows on the
images show the direction of the change in 3* Wlth respect to change in A.

Equation (3.2). The parameter interval of a solution x € S(TOLP) can be determined
using the weight set component of the corresponding y € Yen(TOLP).

3.25 Proposition. Let x € S(TOLP) be a solution and y = (c;z, cox, dyz) T € Y be
its corresponding extreme nondominated image in TOLP. The parameter intervals of
 for the parametric problems PBLP! and PBLP? are

1 — w* — wk
Il(x):{)\:)\: wl* w2,w*€W(y)}
w1
and
1l —wi —w
P(z) =qA: d=—"1"2
-1 ot e wi) ),
respectively. <

Proof. By Theorem 3.3, there exists a parameter A > 0 and weight w € RQZ such that
x is optimal for WS (PBLPl(A),w). Since all the weights in w* € W(y) corresponds
to a solution z € S(TOLP)(see the proof of Proposition 3.19), we use the construction
A = =2 from Theorem 3.3 to find parameter values that correspond to the solution x
in the parametrlc problem. Since wj + wj + w3 = 1, we get

= 1 —wi —wj '

wy

Therefore, we get the parameter interval Z'(x) of the solution z for PBLP.

By Theorem 3.11, and using similar arguments we get parameter interval of z for Z?(x)
for PBLP?. O
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Y2 y2 Y2
A A A

/% (0) y*(1) y1(2)

PRI o 3(1) 3(2)
1(2)

q

ulifﬁ: y' (1)

Y1 :1 + Az3 y1 = a;l + Az3 Y1 :4;1 + Az3
(@) A=0 (b) A= 2 (c) A=2

Figure 3.11: An illustration of change in the nondominated set for PBLP'(\) in Ex-
ample 3.20. When A = 0 the images y'(0) and 3?(0) are the extreme
nondominated images for PBLP'(0). When A = 2, Ypn(PBLP'(1)) =
{y*(1),4%(1),y*(1)}. Then if A = 2 the images y'(2) and y(2) are no longer
extreme nondominated images for PBLP!(2) but are still nondominated and
Yen(PBLPY(2)) = {42(2),5*(2)}. This leads to a unique solution set of

PBLP()) at the breakpoint A = 5.

In terms of the parameter set, we illustrate the subdivision of the parameter set into
a collection of parameter intervals that correspond to an efficient solution of a min-
imal solution set of PBLP! in Figure 3.13a. Analogously, we also illustrate parameter
intervals for PBLP; as Z3 () in Figure 3.13b.

Furthermore, we can use breakpoints of PBLP? to decompose the parameter set into
intervals or parameter value such that each interval or value correspond to a unique
solution set.

We propose two algorithms, the Breakpoints Enumeration Algorithm and the Adapted
Weight Set Algorithm to find the breakpoints and the parameter intervals for every
solution in a minimal solution set in Chapter 6.

3.3 PARAMETRIC TRIOBJECTIVE LINEAR PROGRAM
In this section, we consider a parametric triobjective linear program with three objective
functions dependent on a single parameter A € R>.

3.26 Definition (Parametric Triobjective Linear Program). Let A\ € R be a
parameter. A parametric triobjective linear program is defined as

x4+ Adjx
min CoT
C3x
s.t. Ax=>b, (PTLP)

= Y
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2
1<L£1(0)

L£3(N)

L3 (M)

| wy
1

Figure 3.12: An illustration of the family of line segments £3(\) for PBLPJ in the weight set
of TOLP, where L3(\) = EW(PBLP%(A)) for A € {0,...,Ax}. The line segments

L3(\) represent weight sets of PBLP3(\) for different values of .

where ¢;,1 = 1,2,3 and d; are row vectors in R", A € Q™*" m,n € N\ {0}, and b € Q™.
Again, the set X = {z € R": Az = b,z = 0} denotes the feasible set. <

The problem PTLP, for some fixed A, is a non-parametric triobjective linear pro-
gram and we denote it by PTLP()). Furthermore, we denote the set of extreme non-
dominated images of PTLP(A) by Ygn(PTLP(\)) and a corresponding minimal solution
set by S (PTLP(A)). Our analysis relates to a minimal solution set that corresponds
to the set of extreme nondominated images of PTLP(\). Therefore, a minimal solution
set of PTLP equates to a set that contains efficient solutions of PTLP(\) for each fixed
value of A > 0. We denote this set by S(PTLP).

3.27 Definition. A solution set S(PTLP) C X of PTLP is a set such that for every
A > 0, S(PTLP) contains, as a subset, a solution set for the triobjective problem
PTLP()). It is called minimal if, additionally, there is no other solution set S” C X for
PTLP with |S'| < |S(PTLP)]. 4

We relate PTLP to a four-objective linear program using the weighted sum scalarization.
To this end, we consider the four-objective linear problem with the same objective
functions ¢ix, cox, c3x, dyx, i. e.

. T
min (¢, ¢z, c3x, dix)
s.t. xeX (4-OLP)

and denote the set of extreme nondominated images of 4-OLP by Ygn(4-OLP). We
denote a minimal solution set that corresponds to the set Ygn(4-OLP) by S(4-OLP).
We define the weight set W(4-OLP) of 4-OLP as

4
W(4-OLP) = {w* eRL:D> wi= 1} :

=1
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A =00

A C)

7! (2?)

(a) Parameter intervals, Z'(z;) for each efficient solution in S with respect to PBLP!
A =0

(@)%

(b) Parameter intervals, Z4 (z;) for each efficient solution in S with respect to PBLPj
Figure 3.13: An illustration of the subdivision of the parameter set into parameter intervals
for a solution set of the PBLP instances in Example 3.20. Note that the intervals

depicted here are with respect to the weight set component of W(TOLP) and
the actual interval is the corresponding parameter values of the component.



3.3 Parametric triobjective linear program

The weighted sum scalarization of 4-OLP with a normalized weight w* € W(4-OLP)
is

rnei}rg wic1r + wicex + wicsx + widix. (WS(4-OLP, w*))

We approach the problem by applying the weighted sum scalarization to the parametric
triobjective linear program PTLP and formally characterize its relationship to the cor-

responding 4-OLP in our results. For a fixed value of A\, the weighted sum scalarization
of PTLP(]) is

I’Ig)I(l w1 (Cl.’ll' + )\dll’) + WoC2X + W3C3T (WS(PTLP(}\), ’LU))

where w € R% and wy + wy + w3 = 1.
We reformulate this problem using w3 = 1 — w; — wy and obtain

mi}rg w1 + weco + (1 — wy — wo) c3x + wiAd; T
XE

The problem can be interpreted as a weighted sum scalarization of the 4-OLP with
weight vector (wy,ws, 1 — wy — wq, wyA). It holds that

U)1+UJ1>\+IU2+(1—'IU1—’LUQ) = 1—|—w1)\2 1.
We normalize the weights and get

U)l/\

%1 W2
+ - -
1+ wl)\

2161)1(1 1+ wl)\(clx) + 1+ wiA

w3

I d
+ ].+U)1)\ ( 11'),

(com) (c3w)

which is a particular case of WS(4-OLP, w*) with the corresponding weight vector

_ ( w1 Wo ws wl)\

.
4-OLP). 3.8
1—|—w1)\’1+w1>\’1+w1)\’1+w1)\> € W(4-OLP) (3:8)

We now present our main result, which establishes the equivalence between the efficient
solutions of the problem PTLP and the efficient solutions of the corresponding four-
objective linear program.

3.28 Theorem. A feasible solution z* is optimal for WS(4-OLP, w*) with non-negative
weight w* where wi > 0 if and only if there exist a parameter A > 0 and non-negative
weight w where w; > 0 such that z* is optimal for WS(PTLP(\), w). N

Proof. This proof is analogous to the proofs of Theorems 3.3 and 3.11. Here, note that
w; > 0 and we define

*
_ Wy

*

Wy
Y
wi + ws + w3
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*

Wq
wp = * * * )
wi + wy + w3
w3
w3 ‘=

wi + wi + w3

in the first part of the proof and using Equation (3.8), we define a non-negative weight

w*

* oL

w, = Wy,
* .

Wy = Wa, (310)
*

w3 — U}g,

wy = WA

in the converse case. We do not normalize for simplicity. O

Observe that we assume wj > 0 in Theorem 3.28. Based on the construction in the
proof, the parameter )\ is undefined if wj = 0, and wj] approaching 0 is equivalent
to the parameter A\ approaching co. And indeed, the one-to-one correspondence from
Theorem 3.28 does not hold: there exist w* € RY with w} = 0 and an optimal solution
z* for WS(4-OLP, w*) such that there is no A > 0 and w € R2 where z* is optimal for
WS (PTLP(A), w). This can be illustrated by the following example.

3.29 Example. Let X C R* where X = conv({(1,1,1,1),(0,0,1,1),(0,0,0,2)}). Let
the objective functions of the 4-OLP be cix = x1, cox = 9, c3x = 23 and dix =
xy. For the weight w* = (0,0,0,1), the solutions (1,1,1,1) and (0,0,1,1) are both
optimal solutions of WS(4-OLP,w*) with a value of 1. However, we now consider
WS (PTLP(A),w). For every value of A > 0 and w € R with w; > 0, the solution
(0,0,1,1) is a better solution than (1,1,1,1) for WS (PTLP()), w) because the value of
WS(PTLP()A), w) for (0,0,1,1) is

which is less than the value for (1,1,1,1), i. e.
wi((1) + A1) + wa (1) + ws(1) = wy + wy + (w1 A + ws).

Additionally, for w; = 0, the solution (0,0, 0,2) is optimal for WS(PTLP()), w) with a
value of 0 because for (1,1,1,1) and (0,0, 1, 1), the solution values are wy 4+ w3 > 0 and
wsz > 0, respectively.

Therefore, the solution (1,1,1,1) is never optimal for WS (PTLP(\), w). Q

In the converse case, for any given parameter value A > 0 and a weight w € R?é
with wy = 0 for WS(PTLP()),w), we can see that it is possible to construct a weight
w* € RY for WS(4-OLP,w*) using Equation (3.9). In fact, an optimal solution x
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3.3 Parametric triobjective linear program

for WS(PTLP()), w) with a weight w € R% such that w; = 0 remains optimal for
WS(4-OLP, w*) with the weight w* = (0, ws,ws,0) because wj = 0 and w} = 0 by
construction.

As stated above, for every fixed value of A, PTLP() is a triobjective linear program. Its
projected weight set is a two-dimensional polytope. However, considering the parameter
A, we can extend this interpretation of the set of the two-dimensional weight set to a
higher dimension by the mapping W(PTLP(\)), which is defined below.

3.30 Definition. For a given A, we define a mapping W(PTLP()\)) as,

1
1+w1/\

3
W(PTLP())) = { (wi, wa, w3, wiA) : (wy, wa, w3) € RE, D w; = 1}. N
i=1

We can now characterize the weight set of W(PTLP(\)) with respect to the weight set
of W(4-OLP).

3.31 Proposition. Let W(PTLP())) and W(4-OLP) be weight sets of PTLP for a
fixed value A\ and of 4-OLP, respectively. Then, it holds that

W(PTLP())) € W(4-OLP). q

Proof. Let w* € W(PTLP(A)). Then, by the definition of W(PTLP())), it is

*— ( + + + /\)
w w w w w
14w A ! ? s !

for some (wy, wy, w3) € R% with wy + wy +w3 = 1. The sum of the components satisfies

w1 I wWo X W3 4 U)l)\ . 1 +’UJ1)\ .
1+U)1>\ 1+’U)1)\ 1+’LU1>\ 1+w1)\—1+w1)\_

Y

and, thus w* € W(4-OLP).

To show that W(PTLP())) is a proper subset of W(4-OLP), we consider the particular
weight w' == (0,0,0,1) € W(4-OLP). Since for any given A, if we consider the fourth
component of any w* € W(PTLP())) it holds that

wl)\
1+ ’LU1/\

# 1.
Therefore, it holds that w’ ¢ W(PTLP())). O

3.32 Proposition. For all the weight sets of PTLP()\) for A > 0, it holds that

() W(PTLP(A)) = {w* € W(4-OLP) : wj + wy = 1}. <

A>0
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Proof. For an arbitrary A\; > 0, by the definition of W (PTLP();)), we have

1

W (PTLP(\;)) = {1+wl)\z

3
(wy, wa, w3, wiN;) : (W, wa,ws) € RE, D> w; = 1}-
=1

We first show that a weight w* € W(4-OLP) such that w} + w} = 1 is an element of
W (PTLP(\)).

Since w; + w3 = 1, we have wj = w; = 0. This implies,

w* = (0, w3, w;,0)

_( 0 w; w; 0 )
CONLHONTTHON TN THON/

Therefore, w* € W(PTLP(\;)).

Next, we show that there is no other weight shared by any two weight sets of PTLP
except for the weights that satisfy w3 + w3 = 1.

Let Ay > 0 and Ay > 0 be two arbitrary parameter values, such that A\; # A\s. Let
W(PTLP()\,)) and W(PTLP(A3)) be weight sets of PTLP(A;) and PTLP(\y), respect-
ively.

Consider a weight w* € W(PTLPA;)) and a weight @ € W(PTLP()g)).

By the definition of W(PTLP(A;)) and W(PTLP(\;)), we have

! / ! !
x _ ( wy Wy Wg wiA

h !/ / /:1
1+wgf1+wgf1+wmf1+m4h>wem““+“b+w3

and

~ w/1/ w/2/ wg w/1/>‘2 " " "
W= , , where w; + wsy + w; = 1.
(1 + wi//\g 1 + ’LU’{)\Q 1 —+ wl)\l 1 + ’w,ll)\g ! 2 3

If we equate the first components of w* and w, we obtain

w} _ wy
]_ —|— w’l)\l 1 + U)ll,/\g '

Then, the components are equal if

"

/ wy /
= — -1 A1). 3.11
Wy 1—{—’[11/1/)\2( +wy 1) ( )
Also, the fourth component of w* is
Wt = WM
TR wiN
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3.3 Parametric triobjective linear program

We substitute w] from Equation (3.11) in w} to get

!

4 1 +wi/\1 !

wi A
14w
Wi Az
1+ wi)s

4

= @4
because \; # \. O

In other words, the intersection of all the weight sets of PTLP(\) for all parameter
values A > 0 is the line segment, defined by wj + w3 = 1 in W(4-OLP, w*), as shown in
Figure 3.14a.

0.8

08 0.6

X
w3

0.6 04

ok
Wy

04 0.2

oo

0.2

0.8 0.2

Q) 05 0.6 0.4 0.8 1
: 0.4 0.4 0.6 0.6 :
0.6 . " _ 0.4
o 08 o wio 08 02 u
(a) Weight sets W(PTLP(\)) for different val- (b) Weight sets from a different angle

ues of A

Figure 3.14: An illustration of weight sets of PTLP()) represented by the plane segments
P(A) for parameter values A = {0,0.5, 1,2} in the weight set of 4-OLP. The line
segment marked in red is the intersection of all the weight sets W(PTLP())).

3.33 Corollary. Let W(PTLP())) be the weight set of PTLP(\) and W(4-OLP) be
the weight set of the corresponding 4-OLP. Then the union of all the weight sets of
PTLP()) for every A > 0 is defined as

J W(PTLP(\)) = {w* € W(4-OLP) : w; # 0} U {w* € W(4-OLP) : w} + w} = 1} .<

A>0

Proof. From Proposition 3.31 we get that the weight sets of PTLP(\) for every A > 0 are
a subset of W(4-OLP), so the union of all these weight sets is also a subset of W(TOLP).
Using Theorem 3.28, for any weight in WW(4-OLP) except for the weights with wj = 0,
there exists some X\ and w € R2 for PTLP(A\). However, by Proposition 3.32, the
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Chapter 3 Parametric biobjective linear programs

weights in the line segment w3 4+ w3 = 1 are the only weights shared by weight sets
of PTLP(X). Therefore, the union of weight sets of PTLP()) is equivalent to all the
weights in W(4-OLP) except for the weights where w} = 0 but includes the line segment
wy +w; = 1. O

More precisely, Corollary 3.33 implies that if we vary A in PTLP()\) and project all the
corresponding weight sets W(PTLP(\)) in R3, we obtain a nearly complete weight set
decomposition of the associated 4-OLP except for the weights with w} = 0 due to the
reason mentioned in Theorem 3.28.

Next, we want to characterize the projection of W(PTLP())) in R3. Since the fourth
component of a weight in W(PTLP(A)) can be determined by the first three compon-
ents, the projection reduces the entire weight set to a 3-dimensional interpretation.
Using the definition of W(PTLP(\)), the third component of any arbitrary weight
w* € W(PTLP())) can be written as

wy = Awy.
Since ¢, wi =1, we get
1 — (w] +wj +w;) = \wyi.
This is equivalent to
wy; =1—wj(1+X) —wj.

This means every weight w* € W(PTLP())) which is contained in W(TOLP) satisfies
the condition wj = 1 —wi(1+ ) —w;. This condition can be interpreted as an equation
of a plane in R3. Consequently, we can define the weight set W(PTLP())) as a plane
segment in W(4-OLP).

3.34 Definition. The projection of the weight set W(PTLP()\)) in R? can be defined

as the plane segment,

Pwereey) = {(wi, wy, wy) [ w" € W(E-OLP), w3 =1 —wi(1+ ) —ws}. <

3.35 Remark. From the definition of Py prrp(y)) We observe that the vertices of the
plane segment, Pyyprrpyn are (0,1,0), (0,0,1) and (1%\,0,0). q

Remark 3.35 characterizes the plane segment Pyyprip(y)) by its intercepts with the wi-,
w;-, and w;-axes.

A visualization of these plane segments W(PTLP()\)) for different values of A is illus-
trated in Figure 3.14. Note that we use the projection of w* € W(4-OLP,w*) onto
(wi, w3, w3) € RE in our analysis.
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3.3.1 Illustrative examples and further results

Every solution set S(4-OLP) for 4-OLP consists of a subset of solutions such that there is
a bijection between the subset and the extreme nondominated images Ygn of 4-OLP. At
the same time, the weight set YW(4-OLP) can be decomposed into full dimensional weight
set components such that there is a bijection between these weight set components and
Yen(4-OLP) [PGEL0]. By Definition 3.34, for a fixed value of A > 0, the weight set
W(PTLP())) is a plane segment in WW(4-OLP). This plane segment intersects some
full-dimensional weight set components. For each component W(y), there are four
possibilities: W(PTLP(\)) intersects W(y) either in a single vertex, along an edge, along
a facet, or it passes through the interior of W(y). The entire segment YW(PTLP())) can
then be decomposed into such intersections of facets, edges, vertices (cf. [PGE10]). A
solution set for PTLP()A) can be obtained by using all solutions from S(4-OLP) where
the corresponding weight set component is intersected. Therefore, S(4-OLP) is also a
solution set for PTLP.

At the same time, Theorem 3.28 implies that, for every full dimensional weight set
component W(y) of an extreme nondominated image y € Ygn(4-OLP), there is at
least one value A > 0 such that the plane W(PTLP())) intersects the interior of
W(y). Then, a solution set for PTLP()\) must contain at least one solution x such
that (ciz, cox, c3x,dyx)” = y [PGE10]. Therefore, every solution set for PTLP also
contains a solution set for 4-OLP.

Since every solution set for 4-OLP contains a solution set for PTLP, we can make the
following statement regarding minimal solution sets:

3.36 Corollary. A set S(4-OLP) C X is a minimal solution set for 4-OLP if and only
if S(4-OLP) is a minimal solution set for PTLP. <

An illustration of the weight sets of the parametric triobjective linear program PTLP
and the weight set of its corresponding 4-OLP is shown below.

3.37 Example. Consider an instance of 4-OLP:

. T
min  (xq, T, T3, T4)
s.t. xe€X.

and the corresponding PTLP with a non-negative parameter A > 0:

T, + Axy
min T
Zs
s. t. xelX,

and the set X = conv {z',2?, 2°, #*} +RZ is the feasible set in RZ. For this instance, con-
sider that we have a set of nondominated extreme points Ygx(4-OLP) := {y', v% v3, y*}.
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Chapter 3 Parametric biobjective linear programs

Then the weight set decomposition of the 4-OLP is composed of four weight set com-
ponents, each corresponding to the extreme nondominated images y', 4%, 3, and 3* as
shown in Figure 3.15. <

0.8

0.6

*
w3

0.4

0.2

06 0.8

" x 0.4
w; wy 08 0.2
wy 10 Lo w;

(a) Weight set of a 4-OLP instance (b) W(4-OLP) from a different angle

Figure 3.15: Weight set decomposition of the 4-OLP instance composed of four weight set
components corresponding to Yex = {y*, v%, v3, y*}

Since solving a parametric triobjective linear program is understood as finding a minimal
solution set for all values of ), it is sufficient to focus on the parameter values where a
minimal solution set of the TOLP PTLP()) changes as A varies, known as breakpoints.
For a given PTLP, some parameter value A > 0 is called a breakpoint if, for a small
e >0,

S(PTLP(A +¢)) # S(PTLP(A —¢)).

In PTLP, breakpoints have similar characteristics to breakpoints in parametric biob-
jective linear programs such as certain breakpoints that are associated with a unique
minimal solution set differ from the sets adjacent to it and also, tie breakpoints. This
happens when the solutions leaving and entering the minimal solution set correspond to
the extreme nondominated images that are still nondominated but not extreme points
for PTLP(A). In case of a tie, we include the breakpoint in the preceding interval and
exclude it from the following one. As a result, the parameter set is divided into a set of
parameter intervals and/or unique parameter values, each corresponding to a minimal
solution set, respectively.

3.38 Proposition. If )\; is a breakpoint of a PTLP with a corresponding weight set
W(PTLP();)), there exists at least one extreme weight in W(4-OLP) on the intersection
of PW(PTLP()\i)) and W(4—OLP) <

Proof. The proof is analogous to Case 1 of Proposition 3.22 but instead of v(\) we use

v which is defined as follows. Let A\ > 0 be the parameter. Let Ygn(4-OLP) denote
the set of extreme nondominated images of 4-OLP and W(PTLP(\)) be the weight set
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of PTLP. We define a set of weight set components intersected by a plane segment
Pwerrp(x)) by passing through their relative interior as follows

(A = {W(y) 1y € Yen(4-OLP), int(W(y)) N PweEtLr) #* @} . O
3.39 Corollary. The number of breakpoints is finite. <
Proof. The proof is analogous to Corollary 3.24. OJ

1 1
08
0.8
» 06
= W(y®)
0.4 0.6
* B )
04f W) |
0 " 3
0
0.2
1 W(y? N |
0o 08 " AR
wy 0.8 0o 04 0 0.2 04 0.6 0.8 1
10 Wy wy
(a) The plane segment Pyyprrp(1)) intersects (b) A different perspective of the plane seg-
weight set components W(y?), W(y3) and ment Pyyprrp(1)) (View along wj; axis).
W(y*).

Figure 3.16: An illustration of the weight set W(PTLP(\)) for A = 1 intersecting some of the
weight set components of W (4-OLP) associated to the instance in Example 3.37.
We observe that there is only one breakpoint i.e. A = 1 in this instance. A
solution set at the breakpoint, S(PTLP'(1)) = {z!,2% 22} is different from
S(PTLPl(l - 5)) = {21,232} and S(PTLPl(l —1—6)) = {22,23,2%}. Note
that the feasible solutions x1, zs, 3, and x4 map to the extreme nondominated
images y1, y2, y3, and y4, respectively.

As we are interested in finding breakpoints that mark a change in a minimal solution
set of PTLP()), we can use parameter intervals of each solution to determine such
breakpoints. The parameter interval of a solution x € S(4-OLP) can be determined
using the weights in a weight set component of the corresponding y € Ygn(4-OLP).

3.40 Proposition. Let z € S(4-OLP) be a solution and y = (c1z, o, c37, dow) T € Yx
be its corresponding extreme nondominated image in 4-OLP. The parameter interval
of x for the parametric problem PTLP is given by

*

* *

; ;W EW(y)}- q

wy

T\(z) = {)\:)\—
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Proof. The proof is analogous to the proof of Proposition 3.25. Here we use The-
orem 3.28 and the construction of the parameter value, A = 4 from Equation 3.9
1

where w* € W(y). O

In order to find the breakpoints and the parameter intervals for every solution in
S(4-OLP), we extend the two algorithms proposed for PBLP? to parametric triobjective
linear program in Section 6.1.2 of Chapter 6.

3.4 PARAMETRIC MULTI-OBJECTIVE LINEAR PROGRAM

This section is a direct generalization of the case PBLP! to multi-objective linear pro-
grams. We use the same approach of weighted sum scalarization of these problems.

3.41 Definition (Parametric Multi-objective Linear Program). Let A > 0 be a
non-negative parameter. A parametric multi-objective linear program is defined as

min Cx 4+ ADx
s.t. Az =0, (PKLP)
x 20,

where C, D € QF*™ consist of rows ¢;,d; = 1,...,k such that d; =0, foralli = 2,... k,
Ae Q™" me N\ {0}, be Q" and the set X = {x € R": Ax = b,z = 0} is again
the feasible set. <

We relate PKLP to a (k + 1)-objective linear program using the weighted sum scalar-
ization. To this end, we consider the (k + 1)-objective linear program with the same

objective functions ¢z, cox, . .., cpx, dyx, i. e.
. T
min (¢, ¢, ..., cpx, dix,)
s.t. xeX ((k+1)-OLP)

and denote the set of extreme nondominated images of (k+1)-OLP by Ygn((k+1)-OLP).
We denote a minimal solution set that corresponds to the set Yen((k+1)-OLP) by Sk41.
We define the weight set W((k + 1)-OLP) of (k + 1)-OLP as

k+1
W((k + 1)-OLP) = {w* = ngl : Zw:‘ = 1} .

i=1

The weighted sum scalarization of (k + 1)-OLP with a normalized weight w* € W((k +
1)-OLP) is
k

min Y wier + wi, dix. (WS((k + 1)-OLP,w"))

xeX 1
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We apply the weighted sum scalarization to the parametric k-objective linear program
PkLP and formally characterize its relationship to the corresponding (k + 1)-OLP-
objective linear program in our results. For a fixed value of A\, the weighted sum
scalarization of PKLP is

mi)lgl wi (1 + Adyx) + wecox + -+ - + WiCrx (WS(PKLP (), w))
XE
where w € R’g and Zle w; = 1.
We reformulate this problem using w;, = 1 — ¥~ w; and obtain
k—1
min w1 & + woCs + - - - + (1 -3 wi> cxT + wiAdyx.
xeX P

The problem can be interpreted as a weighted sum scalarization of the (k+1)-OLP with
weight vector (wl, woy, ..., 1 — wl)\). It holds that

k—1
w1+w1)\—|—w2+---+1—Z:1+w1)\21.
i=1

We normalize the weights and get

'w1>\
1+ )\U)l

. wq ( ) 4
mimn ——(C1 T
xe€X 1+ )\'LUl !

wWa
1+ )\wl

Wy

(CQQS)‘F"'—FW

(crx) + (dyx).

This can be considered as a special case of the weighted sum scalarization of (k+1)-OLP
with the corresponding weight vector

. _ ( Wy Wy, WA

T
—_— ... k 4+ 1)-OLP). 12
1"‘)\?1)17 71+>\U}1’1+)\U}1> EW(( + )O ) (3 )

We now state our main result relating the efficient solutions of parametric k-objective
linear program to the efficient solutions of the corresponding (k + 1)-objective linear
program.

3.42 Theorem. A feasible solution z* is optimal for WS((k + 1)-OLP, w*) with non-

negative weights wi, w3, ..., wy,; where wi > 0 if and only if there exists a parameter
A > 0 and non-negative weights wy, wo, ..., w, with w; > 0 such that z* is optimal for
WS(PKLP()\), w). N

Proof. This proof is analogous to the proofs of Theorem 3.3. Note that wj > 0 and
here, we define

Wi q
A= —

wy
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w w1
1= ’
501w
(3.13)
wy,
Wi "
51w
in the first part of the proof and we define wy, w3, ..., wj,, using Equation (3.12),
wi = wq
(3.14)
wy, = wg
Wy = WA
in the converse case. We do not normalize for simplicity. 0

Here again, observe that we assume wj > 0 in Theorem 3.42. However, this does not
affect the results for the same reason stated in Theorems 3.3 and 3.28.

We can also establish the result that relates the weight sets of PKLP()\) to the weight
set of (k+1)-OLP. Since for a fixed value of A, PKLP()) is a k-objective linear program,
its projected weight set is a £ — 1 dimensional polytope. However, if we consider the

parameter A then we can extend this £ —1 dimensional weight set to a higher dimension
by the mapping W(PkKLP())), which is defined below.

3.43 Definition. For a given A, we define a mapping W(PKLP()\)) as

1
1—|—U)1)\

k
W(PKLP()\)) = { (Wi, ... wp, wiA) : (wr, ... wy) € RES w; = 1}‘ 4
i=1

We can now characterize the weight set of W(PKLP(A)) with respect to the weight set
of W((k + 1)-OLP).

3.44 Proposition. Let W(PKLP (X)) and W((k + 1)-OLP) be weight sets of PkLP for
a fixed value A and of (k + 1)-OLP, respectively. Then, it holds

W(PKLP()N)) € W((k + 1)-OLP). <
Proof. The proof is analogous to the proof of Proposition 3.31.
To show that W(PkKLP())) is a proper subset of W((k + 1)-OLP), we consider the

particular weight w’ == (0,...,0,1) € W((k 4+ 1)-OLP) and show that the weight v’ ¢
W((k + 1)-OLP). O
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3.4 Parametric multi-objective linear program

3.45 Proposition. For all the weight sets of PKLP(\) for A > 0, it holds that

() W(PKLP(\)) = {w* € W((k+1)-OLP) : Ek:wf = 1} : N

A>0

Proof. For any arbitrary A\; > 0, by the definition of W(PkLP();)), we have

1

vwmdm&»:{l+w&

k
(w1, ..., we, w1 N;) = (W, ..., wg) GRI}ZU&' — 1}_
1=2

We first show that a weight w* € W((k + 1)-OLP) such that 3% , w} = 1 is an element
of W(PKLP(\,)).
Since Y-F , wf =1 we have wj = wj,; = 0. This implies,

w* = (0,ws3,...,w;,0)

_< 0 w; wy, 0 )
N4 ONTTHONT T+ 0N TH0N

Therefore, w* € W(PKLP();)).
It is left to show that there is no other weight shared by any two weight sets of
W(PKLP())). This can be done analogously to the proof of Proposition 3.32. O

Based on the definition of the weight sets of PKLP()), for any w* € W(PKLP())), we
observe that it holds, wj ; = wj\. Since the (k + 1) component of a weight in
W(PKLP())) can be determined by the first & components, the projection reduces the
entire weight set to a k-dimensional interpretation. Since wj,; = 1 — 3% | w? we obtain
the following remark.

3.46 Remark. Let W(PKLP())) be the weight set of PKLP(A) and W((k + 1)-OLP)
be the weight set of the corresponding (k + 1)-OLP. Then, the projection of the weight
set W(PKLP())) in R¥ can be defined as a k-dimensional polytope,

k
Quimary = { (Wi o) [ u” € WPKLPO)), wi(1+0) + i =1} <

=2

Finally, we relate a solution set of PKLP to a solution set of (k+ 1)-OLP. Every solution
set Sky1 of (k+1)-OLP consists of a subset of solutions such that there is a one-to-one cor-
respondence between S and the extreme nondominated images of (k+1)-OLP. Mean-
while, the weight set W((k + 1)-OLP) can be decomposed into full dimensional weight
set components such that there is a bijection between these weight set components and
Yen((k 4+ 1)-OLP) [PGE10]. By Remark 3.46, for a fixed value of A > 0, the weight set
W(PKLP()) is a k-dimensional polytope, Qypirp)(n) that lies in W((k+1)-OLP). This
polytope intersects some of weight set components. For each component W(y), there
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Chapter 3 Parametric biobjective linear programs

are different ways W(PKLP())) intersects W(y). Then the entire polytope W(PKLP()))
can be decomposed into such intersections of vertices, edges, and facets (cf. [PGEL0]).
A solution set for PKLP(\) can be obtained by using all solutions from Si,; where the

corresponding weight set component is intersected. Therefore, Sy, is also a solution
set for PKLP.

At the same time, Theorem 3.42 implies that, for every full dimensional weight set
component W(y) of an extreme nondominated image y € Yen((k + 1)-OLP), there is
at least one value A > 0 such that the plane W(PkLP())) intersects the interior of
W(y). Then, a solution set for PkLP(A) must contain at least one solution x such that
(c1z,...,cpx,diz) " =y [PGEL0]. Therefore, every solution set for PKLP also contains
a solution set for (k + 1)-OLP.

Since every solution set for (k4 1)-OLP contains a solution set for PkLP, we can make
the following statement regarding minimal solution sets:

3.47 Corollary. A set Siy1 C X is a minimal solution set for (k+ 1)-OLP if and only
if Sj11 is a minimal solution set for PKLP. N

Thus, we have shown that a minimal solution set of parametric k-objective linear pro-
gram is also a minimal solution set for the related multi-objective linear program.
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CuAPTER 4

SPECIAL PARAMETRIC BIOBJECTIVE LINEAR PROGRAM

In this chapter, we explore a special parametric biobjective linear program that is closely
related to the problem PBLP? in Chapter 3 as it has same parametric dependency in
both objectives. However the parametric objectives are different. It is a distinct problem
because it is only relatable to a four-objective linear program, even though it involves
only one parameter.

4.1 SAME PARAMETER IN DIFFERENT PARAMETRIC OBJECTIVES

More precisely, we consider the parametric problem

. [ x4+ Adyx 3
E(HEl)I(l (CQI -+ )\dg.ﬁ[ﬁ) (PBLP )

with a non-negative parameter A\ > 0. We denote this problem by PBLP? in order to
maintain notational consistency with the single parametric cases in Chapter 3.

The problem PBLP?, for some fixed ), is a non-parametric biobjective linear program
and we denote it by PBLP?()). Furthermore, we denote its set of extreme nondominated
images by YenPBLP?(\) and a corresponding minimal solution set by S(PBLP?(\)). As
in the previous chapter, we analyse a minimal solution set that corresponds to extreme
nondominated images of PBLP?(\). Therefore, a minimal solution set of PBLP? equates
to a set that contains efficient solutions of PBLP?(\) for each fixed value of A > 0. We
denote this set by S(PBLP?).

4.1 Definition. A solution set S(PBLP?) C X of PBLP? is a set such that for every
A>0,8 (PBLPS) contains, as a subset, a solution set for the biobjective linear program
PBLP?(\). It is called minimal if, additionally, there is no other solution set S’ C X

for PBLP® with |S'| < |S(PBLP?)|. q
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Chapter 4 Special parametric biobjective linear program

We relate PBLP? to the corresponding four-objective linear program with the same
objective functions ¢z, cox, dix, dox, i. e.

min  (cz, ez, dyx, dga:)T
s.t. xeX (4-OLP)

and denote the set of extreme nondominated images of 4-OLP by Ygn(4-OLP). We
denote a minimal solution set that corresponds to the set Ygn(4-OLP) by Sy. We define
the weight set W(4-OLP) of 4-OLP as

4
W(4-OLP) = {w* eRL:D wi = 1} .

=1

The weighted sum scalarization of 4-OLP with a normalized weight w* € W(4-OLP)
is

min w1 T + wyce® + wydix + wydaw. (WS(4-OLP, w*))
paS

We approach the problem by applying the weighted sum scalarization to PBLP?()\) and
formally characterize its relation to the corresponding 4-OLP.

For a fixed value of \, the weighted sum scalarization of PBLP?()) is

mei>1<1 wi (12 + Adix) + wa(cox + Ada) (WS(PBLP?*(\), w))

where w € R2 and w; + wy = 1.
We reformulate this problem using wy; = 1 — w; and obtain

mi)lg wierz + (1 — wy)eex + wi Adyz + (1 — wq) Ada.
peS

The problem can be interpreted as a weighted sum scalarization of the 4-OLP with the
weight vector (wq,1 —wy,wiA, (1 —wi)A). It holds that

We normalize the weights and get

U)Q)\
1+ A

w1 Wa wl)\

min -— )\(clx) + T )\(0256) + (Y )\(dla:) +

(dg.%‘)

which is a particular case of WS(4-OLP, w*) with the corresponding weight vector

_ w1 Wa wl)\ wg)\
NN THENTEN TN

) € W(4-OLP). (4.1)
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4.1 Same parameter in different parametric objectives

We now establish the relation between the efficient solutions of the problem PBLP? and
the efficient solutions of the corresponding 4-OLP.

4.2 Theorem. If there exists a parameter A > 0 and non-negative weights wy, ws, such
that 2* is optimal for WS(PBLP?(\), w) then there exists non-negative weight w* such
that z* is optimal for WS(4-OLP, w*). q

Proof. We show that z* is optimal for WS (PBLP3()\),w) implying that there exists
non-negative weight w* such that z* is optimal for WS (4-OLP, w*).
Let z* is optimal for WS (PBLPS()\), w). We define wy, ..., w} using Equation (4.1),

ol

wy = Wy,
*

Wy = wa, (4.2)
o —

Wy = WA

wy = Wwa.

We do not normalize for simplicity. Suppose z* is not optimal for WS (4-OLP, w*).
Then there exists some ' that is feasible for WS (4-OLP, w*) where 2’ # x* such that

wierr’ + wicr! + widix' + widax' < wicixrt + wyeox™ + widiaxt + widax”.
We plug in Equation (4.2) to get
w11 + wacex’ + wiAd 2 + wokdax’ < wicixF + wacex™ + wiAdizF + waldax”.
This is equivalent to
wy(c12” + Adq2') + wa(car’ + Adaz’) < wi(c12™ + Adyx*) + wo(coz™ + Adoz™).

This leads to a contradiction that z* is optimal for WS (PBLP3()\), w). O

Conversely, given a weight w* € W(4-OLP) for WS(4-OLP,w*), we can express a
weight w € Ri and a parameter A\ for WS (PBLP?’(/\),w) in terms of the weight w*.
We, therefore, use Equation (4.2) to define

*
w1 = U)l,
*
wy = wy, (4.3)
wi wi
_ 73 _ 74
A= * *
wy Wy

where w] > 0 and w; > 0. We can exclude the weights w] = 0 and w3 = 0 due to the
same reason as in Theorem 3.3 and thus it does not affect the results.
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Chapter 4 Special parametric biobjective linear program

However, the converse of Theorem 4.2 does not hold because there exists some weight
w* € W(4-OLP) and an optimal solution z* for WS(4-OLP, w*) such that there is no
A > 0 and weight w € R2 such that z* is optimal for WS(PBLP?(\), w).

We use an example to show this.

4.3 Example. Let z* be optimal for WS(4-OLP, w*) with w* € W(4-OLP), such that

_ 1. 1o 1., %
wz = 7;wy; = 0.

* * __
w1_17w2_§7 e

Given a weight w* € W(4-OLP), we construct A, w; and wy for WS(PBLP?(\), w) using
Equation (4.3). We get

1
w1_17
1
w2—§,

* 1

wq 1

. 0

Wo 5

Therefore, z* is not optimal for WS(PBLP?()\), w) since there exists no A that satisfy

N
W3 Wy

—- = —. d

For every fixed value of A\, PBLP?()\) is a biobjective linear program and its weight set is
a one-dimensional polytope. We embed the weight set of PBLP3()\) from one dimension
to three dimension using the mapping W (PBLPg()\)) which is defined below.

4.4 Definition. For a fixed A\, we define a mapping W (PBLP3()\)>,

3 L w1 (055 U)l/\ ’lUQ/\ . 2 .
W (PBLP?()\)) = {<1+>\’1+)\’ oY 1+A>  (wy, ws) €R>,w1+w2—1}. <

Next, we characterize the extended structure of the weight sets of WS(PBLP?()\), w) in
terms of the weight set of 4-OLP.

4.5 Proposition. Let W (PBLP?’()\)) and W(4-OLP) be weight sets of PBLP? for a
fixed A and the corresponding W(4-OLP), respectively, then

W(PBLP? ()\)) € W(4-OLP). <
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4.1 Same parameter in different parametric objectives

Proof. Let w* € W (PBLP*(\)). Then by the definition of W (PBLP()), it is

* wn Wa WA W
w = .
T4+ T4+ T4+ 1T+

The sum of the components satisfies

w1 Wy WA Wa A
+ + + =
1+X 14X 14X 1+

L,

and thus w* € W(4-OLP).

To show that W(PBLP?()\)) is a proper subset of W(4-OLP), we consider the particular
weight w' == (0,0,0,1) € W(4-OLP). Since for any given A > 0, the fourth component
of any w* € W(PBLP?()\)) satisfies

U)Q)\
14+ A

£,

Hence, its holds that w’ ¢ W(PBLP?()\)). O

4.6 Proposition. For all the weight sets of PBLP*(\) for A > 0, it holds that

N W(PBLP*(\)) = 2. q

A>0

Proof. Let Ay > 0 and Ay > 0 be two arbitrary parameter values, such that A\; # \s.
Let W(PBLP?(\;)) and W(PBLP?()2)) be weight sets of PBLP*(\1) and PBLP®()y),

respectively. Consider a weight w* € W(PBLP3()\1)) and a weight w € W(PBLP?’()\Q)).
By the definition of W(PBLP?(\1)) and W(PBLP?();)), we have

w) wh WAL whHA , ,
<1+A1’1+A1’1+A1’1+A1 where wy =+ ws
and

where w{ + wj = 1.

o wy wy wWiAy  whAg
T4+ 1T+ 14+ 14X

w/ w//
L and —

T g’ then the components

If we compare the first components of w* and @, i. e.
are equal if

, w1+

wy TN (4.4)
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Chapter 4 Special parametric biobjective linear program

Simultaneously, the third component of w* is

w’l)\l
L+

*
Wy =

We plug in w] in Equation (4.4) to get

(w/l’(1+)\1)) A\

14+MX2
1+ X\

_ wy wy -
<1+)\2> M 7 <1+/\2> Az = 103

because \; # As. O

*

’LU3:

In other words, the weight sets of PBLP?()) for all A > 0 do not share any weights in
common.

4.7 Proposition. For the union of all the weight sets W(PBLP?(\)) for all A > 0 it
holds that:

(i) {w* € W(4-OLP) : wi +wj = L and wj # 1} ¢ U W (PBLP*())).
A>0
(i) {w* € W(4-OLP) : wi =0,wi =0and w; #0} C U W (PBLPS()\)). N

A>0

Proof. For an arbitrary A\ > 0, by the definition of W (PBLP3()\)), we have

A WoA
PBLP3()\)) = ¢ (L Y2 W 22 . R? —1\.
w( ) {<1+A’1+>\’1+A’1+A (w1, w2) € Boywn o+ wy

Let w* and w be weights in W(4-OLP).

For Proposition 4.7.(i), we show that a weight w* € W(4-OLP) that satisfy wj +w} =1
is an element, of W(PBLP?(\)) for some A. Let A € R be arbitrary and choose w} = 0
and w; = 0. Then, we get

w*:< 1 0 (1A (O)A)

T4+ T4+ T4+ 1T+N

where w; +wy = 1 +0 = 1. Thus, it holds that w* € W(PBLP?())).

Similarly, for Proposition 4.7.(ii), we show that w € W(4-OLP) that satisfy w; = w3 = 0
is an element of W(PBLP?())) for some . Let A € Rs be arbitrary and choose @, = 0
and w3z = 0. Then we get

S (0 1 (A (WA
NN THENTEN TN
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4.1 Same parameter in different parametric objectives

where w; + wy = 04 1 = 1. Thus, @ € W(PBLP*(\)). O

All these weights in W(4-OLP) that meets the requirement wi+wj = 1 and w; = w3 =0
are illustrated in Figure 4.1.

Next, we show that the union of weight sets of PBLP?()) is a strict subset of W(4-OLP).

4.8 Corollary. Let W (PBLP?(\)) be the weight set of PBLP()) and W(4-OLP) be
the weight set of the corresponding 4-OLP. Then

U W (PBLP*())) = {w" € W(4-OLP) | 2 = ™ with w] # 0, w} # 0
230 (CHEN T

U {w* € W(4-OLP) : w] = 0,w; = 0}
U{w"* € W(4-OLP) : wi +wj; = 1} 4

Proof. From Proposition 4.5, the weight set of PBLP?()\) for every A > 0 is a subset
of W(4-OLP), so the union of all these weight sets will also be a subset of W(4-OLP).
Using Equation (4.3), there exists some A\ and w € RZ for PBLP?()\) only for those

weights w* € W(4-OLP) that satisfy % = % and wi > 0 and w3 > 0. However, by
1 2

Proposition 4.7 there exists weights in the union of W(PBLP?())) that satisfy w} +w} =

1 and w* = 0,w% = 0, respectively. Therefore, the union of weight sets of PBLP?()) is

equivalent to a subset of WW(4-OLP) as described above. O

This implies that if we vary A in PBLP?’()\) then the union of all the weight sets

4% (PBLP3(/\)) in R? is a strict subset of the associated W(4-OLP) due to Proposi-
tion 4.8.

Next, we want to characterize the projection of W(PBLP?()\)) in R®. Since the third
and forth components of a weight in YW(PBLP?())) can be determined by the first and
second components, respectively, the projection reduces the entire weight set to a 3-
dimensional interpretation. Using the definition of W(PBLP3(/\)) (cf. Definition 4.4)
for any parameter A\ > 0, the third and component of any arbitrary weight w* €
W(PBLP?())) is

ws = WA

and

* *
wy = Wy .

This means every weight in W(PBLPg()\)) which is contained in W(TOLP) satisfies
the condition w3 = wi\ and wj = wiA\.

61



Chapter 4 Special parametric biobjective linear program
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(a) The weight sets W(PBLP?())) for varying (b) The weight sets W(PBLP?()\)) from a dif-
A within the weight set of 4-OLP. ferent angle

Figure 4.1: An illustration of the family of line segments representing weight sets of PBLP?())
for different values of A that forms a subset of W(4-OLP). The highlighted red
line segment, w} + w3 = 1 and the blue line segment, wj = w3 = 0 are both
part of the subset. The red line segment comprises of weights in W(4-OLP) that
satisfy w} + wj = 1. The blue line segment comprises of weights in W (4-OLP)
that satisfy w] + w3 = 1.

4.9 Definition. The projection of the weight set VW (PBLP3()\)> in R3 can be defined

as the line segment

* *

* * % * wa 1—wi—w;—w
‘CW(PBLP3(>\)) = {(wl,wQ,w3) | w* € W(4-OLP), % = : 2 3 — )\}. N

wy wi

A visualization of the weight set of PBLP?(\) being a subset of weight set of the cor-
responding 4-OLP is shown in Figure 4.1. The family of line segments £W<PBLP3(/\))

representing weight sets of PBLP?()) for varying A are illustrated in Figure 4.1. We ob-
serve that this family of line segments forms only a surface-like intersection in W(4-OLP).
This implies that the family of line segments for the parametric problem may fail to
intersect some of the weight set components of W(4-OLP) as shown in Figure 4.2.

4.1.1 Hlustrative examples and further results

Every solution set S, for 4-OLP contains a subset of solutions such that there is a bijec-
tion between this subset and the extreme nondominated images Ygn of 4-OLP. At the
same time, the weight set YW(4-OLP) can be decomposed into full dimensional weight
set components such that there is a bijection between these weight set components and
Yen(4-OLP) (cf. [PGEL0]). By Definition 4.9 for a fixed value of A > 0, the weight set
W(PBLP?()\)) is a line segment that lies in W(4-OLP). This line segment intersects
some full-dimensional weight set components. For each component W(y) that are in-
tersected, there are four possibilities: W(PBLP?())) intersects WW(y) either in a single
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4.1 Same parameter in different parametric objectives

Figure 4.2: An illustration of the family of line segments £W(PBLP3 ™) that fails to intersect
the weight set component W(y) of 4-OLP.

vertex, along an edge, along a facet, or it passes through the interior of W(y). The entire
segment W(PBLP?(\)) can then be decomposed into such intersections (cf. [PGE10]).
A solution set for PBLP?(\) can be obtained by using all solutions from S, where the cor-
responding weight set component is intersected by W(PBLP?(\)). Therefore, a subset
of S, is also a solution set for PBLP?.

However, since the converse of Theorem 4.2 does not hold as shown in Example 4.3,
it holds that, for some full dimensional weight set component W(y) of an extreme
nondominated image y € Ygpn(4-OLP), there exists no A > 0 such that the line segment
W(PBLP?()\)) intersects W(y). Then, a solution set for PBLP?(\) may not have a
solution = such that (¢, cox,dyz, dox)" = y. Therefore, it is possible that a solution
set for PBLP? is a subset of a solution set for 4-OLP.

Since every solution set for 4-OLP contains a solution set for PBLP?, we can make the
following statement regarding minimal solution sets:

4.10 Proposition. If the sets S(PBLP3) C X and S; € X are minimal solution sets
of PBLP? and 4-OLP, respectively, then

[S(PBLP?)| < [S4. q
We observe that solving the parametric problem PBLP?()\) for all A > 0 does not

necessarily yield a minimal solution set of the 4-OLP. However, solving 4-OLP will
yield a superset of a solution set of PBLP? as shown in Figure 4.3

As in the cases PBLP! and PBLP?, we are also interested in breakpoints in the parameter
set for PBLP? where a minimal solution set of PBLP?(\) changes as \ varies.

4.11 Definition. For a given PBLP?, some parameter value A > 0 is called a break-
point if, for a small € > 0,

S (PBLP*(A +¢)) # S (PBLP*(A — ),
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Chapter 4 Special parametric biobjective linear program

where S (PBLPg()\)) is a minimal solution set at parameter A. Q

Therefore, the solution to the problem PBLP? consists of the following:

(i)  a minimal solution set S(PBLP?) for PBLP?,
(ii)  a set of breakpoints in the parameter set and
(iii) parameter intervals of each solution in S(PBLP?).

4.12 Proposition. If )\; is a breakpoint with a corresponding weight set W(PBLP?();)),
then there exists at least one weight on a face of some weight set component in W(4-OLP)
on the intersection of Ly pprps(y,)) and W(4-OLP). q

i

Proof. The proof is analogous to Proposition 3.32. 0

Next, we use Example 3.37 to illustrate the weight sets of PBLP? for varying X in the
weight set of the corresponding 4-OLP (see Figure 4.3). For this particular example,
we observe that the weight sets of the parametric problem intersects all the weight set
components of W(4-OLP) at least once. Therefore, a solution set of the 4-OLP is also
a solution set of the parametric problem.

Note, that due to Proposition 4.12, we can use weight set components of WW(4-OLP) to
determine breakpoints and parameter intervals for the problem PBLP?. We use all the
weights of a weight set component that satisfy Equation (4.3) to compute parameter
A and verify whether it is a breakpoint or not. Due to the construction of A, we only
consider w* € W(4-OLP) where wi > 0 and w) > 0. Moreover, such weights with
wi = 0 and w; = 0 imply that the corresponding parameter A — oo.

Furthermore, we can use breakpoints of PBLP? to decompose the parameter set into
intervals or parameter value such that each interval or value correspond to a unique
solution set.
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w; wy
1 1
(a) Weight sets of PBLP?(\) with varying A (b) Weight set of the 4-OLP instance in Ex-
ample 3.37

(c) Weight sets of PBLP?()\) in the weight set of 4-OLP

Figure 4.3: An illustration of the weight sets of PBLP3()\) in the weight set of 4-OLP of
Example 3.37.
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CHAPTER D

MULTI-PARAMETRIC BIOBJECTIVE LINEAR PROGRAMS

In this chapter, we extend our analysis to parametric linear programs with more than
one parameter. We presented two formulations of the multi-parametric program in
the introduction, and here, we consider the one with parametric objective functions.
We mainly work with biparametric biobjective linear programs with two different non-
negative parameters, A and pu, A in the first objective and p in the second.

Our focus lies in two specific cases of biparametric biobjective linear programs. In the
first case, we consider different parametric dependency in both objectives with the same
parametric objective, and in the second case we consider different parametric depend-
ency with different parametric objectives. More precisely, we consider the following
cases.

Case I : Same parametric objectives

min (le"’ + Adlx) (BBLP!)
xeX \ cox + pdix

Case II : Different parametric objectives

min (Clx + Adlx) (BBLP?)
xeX \ Cox + pdsx

The two cases are followed by the generalization of the biparametric problem BBLP? to
multi-parametric biobjective problems with different parametric dependency and differ-
ent parametric objectives.

We build upon the same framework as in previous chapters, i. e. we relate the paramet-
ric problems to the corresponding multi-objective problems and use the weighted sum
scalarization to analyse these problems. This helps us in relating the solution sets of the
two problems and characterizing the parameter set of the biparametric biobjective lin-
ear programs with respect to the weight set of the corresponding multi-objective linear
programs.

The problem BBLP?, j = 1,2, for some fixed A and some fixed y, is a non-parametric
biobjective linear program and we denote it by BBLP’(\, i). Furthermore, we denote
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the set of extreme nondominated images of BBLP?(\, 1) by Yax (BBLPj (A, u)) and its
corresponding minimal solution set by S (BBLPj (A, p))

Our analysis relates to a minimal solution set that corresponds to extreme nondominated
images of BBLP’(), i) for every non-negative A and . Therefore, a minimal solution
set of BBLP’ equates to a set that contains efficient solutions of BBLP?(), i) for each
pair of parameters (A, ¢) € R2. We denote this set by S(BBLP?).

5.1 Definition. A solution set S(BBLP?) C X of BBLP’ is a set such that for every
(A, ) € ]Ré, S(BBLP’) contains, as a subset, a solution set for the biobjective program

BBLP’(), ). It is called minimal if, additionally, there is no other solution set S’ C X
for BBLP/ with |S'| < |S(BBLP)|. q

A minimal solution set for the biparametric biobjective linear program BBLP? is defined
over the entire parameter set in Rzz. We are particularly interested in the critical regions

R(x) € R% corresponding to a solution z in a minimal solution set of BBLP? (cf.
Definition 2.6). Therefore, the solution to biparametric biobjective linear programs
BBLP’ consists of the following;

(i)  a minimal solution set S(BBLP’) for BBLP? and ‘
(ii)  critical regions R’(x) with respect to each z € S(BBLP’) in the parameter set.

5.1 CASE I : SAME PARAMETRIC OBJECTIVES

We approach the problem by applying the weighted sum scalarization to the bipara-
metric biobjective linear program BBLP' and formally characterize its relation to the
corresponding triobjective linear program defined as TOLP in Chapter 3.

For a fixed value of A\ > 0 and g > 0, the weighted sum scalarization of BBLP'(\, p)
18

Hg)I(I wy (e + Adyz) + we (cox + pdy ) (WS(BBLPl()\, @), w))

where w € RQZ and w; + wy = 1. We reformulate this problem using w, = 1 — w; and
obtain N

mei>121 wicrr + (1 — wy)esx + (A + (1 — wy)p)dy .

The problem can be interpreted as a weighted sum scalarization of the TOLP with
weight vector (wq,1 — wy, wiA + (1 —wy)p). It holds that
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5.1 Case I : Same parametric objectives

We normalize the weights and get

wq

. Wa
min
xeX 14w+ Wa U

1+w1)\+w2u

WA + Wt
1+ U)l)\ + Wa b

(lelf) + (CQQZ’) + (dlaz),

which is a particular case of WS(TOLP, w*) with the corresponding weight vector

1 T
= A TOLP). 5.1
w 1 WA+ wapt (w1, wa, Wi A + wap) € W( ) (5.1)

We present a result relating the efficient solutions of WS(BBLP!(\, i1), w) and the effi-
cient solutions of the corresponding WS(TOLP, w*).

5.2 Theorem. If there exists two parameters A > 0,z > 0 and non-negative weights
w1, ws where wy,wy > 0, such that z* is optimal for WS (BBLPI(A,N),w) then z* is
optimal for WS(TOLP, w*) for some non-negative weights wi, w3, and wj. <

Proof. Let x* be optimal for WS(BBLPI(A,M),w), with non-negative weights wy, wo,
and for some parameter values A > 0 and p > 0.
We define

wy = wi,
wy = Wa, (5.2)

w3 = Wi + walk

using Equation (5.1). For simplicity, we do not normalize. Suppose z* is not optimal for
WS(TOLP, w*), i.e. there exists #’ which is optimal for WS(TOLP, w*) where 2’ # z*
such that,

wie ' + wicer’ + widir' < wicix® + wicer™ + widixt.
We plug in Equation (5.2) to get
w11’ + walox’ + (WA + wop) dix’ < wicx” + wocex™ + (Wi + wop)dyx*.

This is equivalent to

wie T + wocer’ + wiAdi1 2 + wopd T < wic T + wocor™ + wiAdi T + wopdi T
This can be reformulated to

wy (c12” + Adix') + wsy (22’ + pdya’) < wy (clm* + /\dla:*> + wy (2™ + pdyx™) .
This leads to a contradiction that z* is optimal for WS(BBLP'(\, p), w). O

Conversely, given a weighted sum scalarization WS(TOLP, w*), we can express the para-
meters of WS (BBLPl()\, ), w) in terms of the weights w* € W(TOLP) as a function of
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Chapter 5 Multi-parametric biobjective linear programs

both A and . In particular, we observe that a weight w* in Equation (5.1) depends on
two parameters A and p where wi = wiA 4+ wjp. This creates a one-dimensional family
of (A, p) pairs corresponding to the same w*. In order to obtain a unique mapping, we
fix either A or p.

As a result, the parameter value can be determined from a weight w* € W(TOLP) as
follows:

(i)  For fixed A:

== 0 5.3
p o (5.3)
(ii)  For fixed pu:
PR B 1 (5.4)
Wy

where w] > 0 and w; > 0. We can exclude the weights with w] = 0 and w3; = 0 due to
the same reason stated in Theorem 3.3.

As BBLP'(\, ;1) constitutes a biobjective linear problem, its associated weight set forms
a one-dimensional polytope. However, by considering the parameters A\ and u, we
can extend this interpretation of the one-dimensional weight set to a higher dimension
through the mapping W(BBLPl(A, u)) which is defined below.

5.3 Definition. For a given A and p, we define a mapping W(BBLPl()\, u)) as,

1
W(BBLPl()\,,u)) = { (wr, wo, W A + wop) 1 w € R, wy + wy = 1} .

1+w1)\+w2,u -

This extended representation enables us to derive several important theoretical results.

5.4 Proposition. Let W (BBLPI()\,M)> and W(TOLP) be the weight sets of BBLP'
for a fixed A and a fixed p and TOLP, respectively. Then,

W(BBLP'(\, 1)) € W(TOLP). q

Proof. Let w* € W(BBLP'(, ). Then, by the definition of W(BBLP'(\, 1)), it is

* w1 Wo WA + wapt
w' = , ,
T4+ wA+wop” 1+ w A+ wop” 14w+ wop

for some w € ]R% with w; + wy = 1. Since the sum of the components satisfies

Wy n Wo WA+ wopt
1+ wA+wop  1H+wA+wop 14w+ wop
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5.1 Case I : Same parametric objectives

it holds that w* € W(TOLP).
To show W(BBLPl(A,u)) is a proper subset of W(TOLP), we consider a particular

weight w* = (0,0,1) € W(TOLP). Since for any given A and pu, the third component
of a weight in W(BBLP (A, u)),

WA + Wt
1+ wl)\ + Wa b

41,
Therefore, it holds that w* ¢ W(BBLP' (X, ). 0

Next, we want to characterize the projection of W(BBLP'(), 1)) in R2. Since the third
component of a weight in W(BBLP'(A, i1)) can be determined by the first two com-
ponents, the projection reduces the entire weight set to a 2-dimensional interpretation.
Using the definition of W(BBLPI()\,M)) for parameters A > 0 and p > 0, the third

component of any arbitrary weight w* € W(BBLPl()\, u)) is
wi = Wi\ + wi.
Since wi +w; +w; = 1, we get
1 — (w] +w)) = wiA + wip.
This is equivalent to
wi(1+A) +wi(l+p) =1,

This means every weight in W(BBLPl()\, u)) which is contained in W(TOLP) satisfies
the condition wi(14+\)+wj(14+p) = 1. This condition can be interpreted as an equation
of a line segment in R%2. Consequently, we can define the weight set W(BBLPl()\, u))
as a line segment in W(TOLP).

5.5 Definition. The projection of the weight set W(BBLP'(, 1)) in R can be defined
as the line segment,

EW(BBLPl(A’H)) = {(w],w3) | w* € W(TOLP), wi(1+ ) +w3(1+u)=1}. N

5.6 Remark. From the definition of L,y ggrpi(y ), We observe the following:

(i) The slope my, of the line segment L,y pprpi(y ) IS given by

“A—1
m,\u = .

T+u

(ii)  The end points of the line segment Ly, gprpi(y ) are (0, ﬁ) and (1%\, O). q
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Chapter 5 Multi-parametric biobjective linear programs

Remark 5.6.(1) is a straightforward slope of the line segment and Remark 5.6.(ii) repres-
ents the wi-intercept and wj-intercept of the line segment L,y pprpi(a )

5.7 Proposition. For two distinct pair of parameter values (A1, p1) and (Ao, p2) such
that Ay # Ao, and py # e, it holds that

Ly @BLP (0 1) 1 EWBBLPL (o)) = {W) OF @

where w € W(TOLP) is an intersection point of the line segments L,y pprpt(a, ) and

A1,p1
£W(BBLP1(>\2,M2))‘ d

Proof. The proof follows from the definition of £,y pprpi(s,)) that,
LoyyEaret(nu) = {(wi, wy) [ w* € W(TOLP), wi(l+ A1) +w3(1+ ) =1}
and
LyyBELP (o)) = (W], w3) | w* € W(TOLP), wi(l+ Ag) + wi(1+ pp) =1}
1
JESYE

of LyyBBLPL (A us)) aT€ (O, —Hlm) and (ﬁ,O). Since A\ # A and py # pg, either

the line segments do not intersect in W(TOLP) or they intersect at a single point
w € W(TOLP). O

The end points of Lyygprpei(y, ) are (0, ﬁ) and ( O). Similarly, the end points

The problem BBLP! can be further divided into two sub-problems where one parameter
is varying and the other is fixed. We denote them as BBLP;(A) where the parameter
A is varying and g is fixed and, as BBLP} () where the parameter u is varying and
A is fixed. We examine how the solution sets change when we fix A and vary pu > 0,
and vice versa. Therefore, we want to find minimal solution sets for BBLPIIL()\) and

BBLP; (1), denoted by S (BBLP}L(A)) and S (BBLP}\(N)), respectively. Since the two
sub-problems are analogous, we focus only on one of them in detail.

5.8 Definition. A solution set S (BBLP;(A)) C X of BBLP] is a set such that for
every A > 0 and a fixed p* > 0, it contains, as a subset, a minimal solution set for the
BOLP BBLPi*()\)). It is called minimal if, additionally, there is no other solution set

S' C X for BBLP} with 3| < | (BBLP).(\))|. q

We now establish the connection between the problem BBLP' to the problem PBLP!
in Chapter 3.

5.9 Corollary. A feasible solution z* is optimal for WS(TOLP, w*) with non-negative
weights wj, w3, w; where wi > 0 if and only if there exists a parameter A > 0 and

i = 0 and non-negative weights w;, wy where w; > 0 such that z* is optimal for
WS (BBLPj(A), w). q
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*
Wy

wy
(a) W(BBLPS())) for all A >0 (b) W(BBLP} (1)) for all > 0

wy
Figure 5.1: An illustration of the weight sets of BBLP! when one of the parameter values is

fixed to 0 and the other parameter is varying.

Proof. We can observe that for a fixed parameter ;o = 0, the parametric problem BBLP}\
is reduced to PBLP',
i (Clm + /\d1x>
min )
xeX CoX

The result on optimality follows from Theorem 3.3 OJ

Since the biparametric problem reduces to the single parametric problem, we now restate
the result with regard to the minimal solution set of the biparametric problem.

5.10 Corollary. A set S(TOLP) C X is a minimal solution set for TOLP if and only
if S(TOLP) is a minimal solution set for BBLPL*(/\) for a fixed p* = 0. Q

Proof. By Corollary 5.9 and Proposition 3.19. O

5.11 Remark. Let W(BBLPL*(A)) be the weight sets of BBLPL*(A) where f is fixed
and A varying. If p* = 0, then the union of such weight sets is

J W(BBLPj(\)) = {w* € W(TOLP) : wi # 0} U {(0,1,0)}.

Ai>0
Remarks 5.11 follows from the fact that when the parameter ;1 = 0 the problem reduces

to PBLP' (see Corollary 3.8). A visualization of this case is shown in Figure 5.1a.

We now examine a special structural behaviour of the weight sets of the parametric
problem when one of the parameter is fixed to a positive non-zero value. First, we show
this in terms of the weight sets of BBLP;()\).

5.12 Proposition. Let W (BBLP}.())) be the weight set of BBLP},.()) and W(TOLP)
be the weight set of the corresponding TOLP. Then, for a fixed p* > 0 it holds that

U W(BBLP,.(\;)) € W(TOLP). <

Ai>0
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Chapter 5 Multi-parametric biobjective linear programs

Proof. From Proposition 5.4, all the weight sets of BBLP;* (M) is a subset of W(TOLP).
Next we show that the weight (0,1,0) € W(TOLP) is not in W(BBLP,.())) for all

A > 0. For a fixed p* > 0, the family of line segments corresponding to the weight sets
of BBLP,,.()) for all A > 0 is given by,

- « . —(1+X) 1
£W(BBLP;*(A)) = {(wuwg) | w* € W(TOLP), w; = o Wit T

Then for any given A > 0,

—(1+A 1 1
1+ p* T+p* = 14 p*
—_————
<0
since p* > 0. Therefore, the weight (0,1,0) ¢ ‘CW(BBLPL* ™) for any A. O

As a result of Proposition 5.12, we observe that for a fixed p* > 0, the corresponding
weight sets W(BBLP,.())) in W(TOLP) has a restricted w} entry i. e. w} € (0, ﬁ]
whereas wj € (0, 1]. Therefore, we provide an exact description of the union of all weight
sets for BBLP;*()\). For p* > 0, the union of weight sets is given by

U W(BBLP,.(\)) =

Ai>0

An illustration of the line segments of this behaviour is shown in Figure 5.2.

5.13 Remark. Furthermore, using Proposition 5.12 and the description of weight sets
of BBLPj, for p* > 0 and g/ > 0 such that p* < i/, we observe that

U W(BBLP, (X)) € |J W(BBLP,.(\:)). <

Ai>0 Ai>0

Consequently, the area covered by the family of line segments W(BBLP}J,(/\)) in the
weight set of TOLP is contained in the area covered by the family of line segments
W(BBLP,. (\)) if p* < 4.

Similarly, we now present analogous results for the sub-problem BBLP}\(N). First, we
can fix A = 0 and vary parameter x to relate the problem BBLP(x) to PBLP;.

5.14 Corollary. A feasible solution z* is optimal for WS(TOLP, w*) with non-negative
weights wj, w3, w; where wy > 0 if and only if there exists a parameter ;1 > 0 and

A = 0 and non-negative weights w;, ws where wy > 0 such that z* is optimal for
WS (BBLPj (1), w). q
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*
Wy
lﬁ

*

{ Wy Wy
1 1
(c) A= pu* (d) W (BBLP,,.())) for A >0

Figure 5.2: An illustration of the family of line segments EW( ) for a fixed parameter

BBLP!,
n
©* > 0 and varying parameter A in the weight set of TOLP.

Proof. We can observe that for a fixed parameter A = 0, the parametric problem
BBLP, () is reduced to PBLP} i. e.

. 1T
min .
xeX <C2(I? + Md1$>

This proof is analogous to the proof of Theorem 3.3. Here, we define

wy
w1 = ,
1 —w;
wy
Wy = ——, 5.5
Tl —w (5:5)
w*
po=—
wy
for the first part of the proof and we define
wi = wi,
w; = Wa, (56)
wk = Wa
3 14 Wa b
in the converse case. U

5.15 Corollary. A set S(TOLP) C X is a minimal solution set for TOLP if and only
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if S(TOLP) is a minimal solution set for BBLP(u) for a fixed A = 0. Q
Proof. By Corollary 5.14 and Proposition 3.19 0

5.16 Remark. Let W(BBLP;. (1)) be the weight sets of BBLP}. (1) where A* is fixed
and p varying. If A* = 0, then the union of such weight sets is

J W(BBLPy(u;) = {w* € W(TOLP) : w} # 0} U {(1,0,0)}

;=0

Remarks 5.16 follows analogously from Remark 5.11 and Corollary 3.8. A visualization
of the union of such weight sets is shown in Figure 5.1b.

5.17 Proposition. Let W (BBLP;(,U/)) be the weight set of BBLP) (1) and W(TOLP)
be the weight set of the corresponding TOLP. Then, for a fixed A* > 0,

J W(BBLP}. (1)) € W(TOLP). <

Hi>0

Proof. The proof is analogous to the proof of Proposition 5.12 where we show that the
weight (1,0,0) € W(TOLP) but (1,0,0) ¢ L,,, W(BBLPL. (1) for any pu > 0. O

Similarly, from Proposition 5.17, we observe that for a fixed A* > 0, the corresponding
weight sets W(BBLP). (1)) in W(TOLP) has a restricted w} i. e. w? € (0, 5= Whereas
€ (0,1].

Therefore, we provide an exact description of the union of all weight sets for BBLP}\(,u).
For A* > 0, the union of weight sets is

U W(BBLP; (i) =

1i=>0

{w € W(TOLP) : w —1+1)\*( w;‘—l—l),w;#O}U{(l_:)\*,O o)}

Furthermore, using Proposition 5.17 and the description of weight sets for BBLP} (1),
for A* > 0 and X' > 0 such that \* < \'| we observe that

|J W(BBLPL (1)) € |J W(BBLPL. ().

;>0 ;>0

Due to the behaviour of weight sets of BBLPi(A) and BBLP} (1) with restricted para-
meter values we observe that it is possible to get an incomplete minimal solution set for
the problem.
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ES
Wy
lﬁ

*
\wl

1
T 3= 1 TFr" 1

(c) = (d) W (BBLPY. () for 11> 0

T
1

Figure 5.3: An illustration of the family of line segments EW(BBLPK* ) for a fixed parameter
A* > 0 and varying parameter p on the weight set of TOLP.

5.1.1 Further results and illustrative examples

Since every solution set S(TOLP) for TOLP contains a subset of solutions such that
there is a bijection between this subset and the extreme nondominated images Ygn of
TOLP. At the same time, the weight set W(TOLP) can be decomposed into full di-
mensional weight set components such that there is a bijection between these weight
set components and Ygn(TOLP) (cf. [PGEL0]). By Propositions 5.6 (i), for fixed val-
ues of A > 0 and p > 0, the weight set W (BBLPI()\,,u)) is a line segment that lies
in W(TOLP). This line segment intersects some (full-dimensional) weight set com-
ponents. For each component W(y), there are three possibilities: W(BBLP'(\, 1))
intersects W(y) either in a single vertex, along an edge, or it passes through the interior
of W(y). The entire segment W (BBLPl()\, u)) can then be decomposed into such in-
tersections (cf. [PCIE10]). A solution set for BBLP'(), 1) can be obtained by using all
solutions from S(TOLP) where the corresponding weight set component is intersected
by W (BBLPI()\, ,u)) However, due to Propositions 5.12 and 5.17 the line segments of

w (BBLP}L(/\)) and W (BBLP}\(u)) do not intersect the entire YW(TOLP). As a result,
the family of line segments might fail to intersect some of the weight set components
of W(TOLP). Therefore, in general, it is possible that the solution set obtained for

BBLPi()\) and BBLP) (1) with a restricted parameter y and ), respectively, is a subset
of S(TOLP).

Since every solution set for TOLP contains a solution set for BBLP' as a subset, we
can make the following statements regarding minimal solution sets:
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5.18 Proposition. Let S (BBLP}())) and S (BBLP} (1)) be minimal solution sets of

BBLP,()) for a fixed p, and BBLP, (1) for a fixed A, respectively. Let S(TOLP) be a
minimal solution set of the corresponding TOLP. Then,

(i) IS (BBLPL())|C [S(TOLP)| and
(i) |S (BBLPy(1))]| C [S(TOLP)|. q

From Corollaries 5.10 and 5.15, we observe that we can find a minimal solution set for
the problem BBLP' by solving either of the two cases i. e. BBLPy(\) or BBLP} () for
all values of X and p, respectively. Consequently, a minimal solution set of BBLP' can
be obtained by computing a minimal solution set of TOLP.

However, we are also interested in finding the critical regions R!(z), i. e. for a solution
x € S(TOLP), we find the set of all combinations of the parameters (A, 1) such that z is
efficient for BBLP' (), i) whenever (X, 1) € R'(x). In order to find these critical regions
we use the weight set of the BOLP BBLP'(\, 1) and its connection to the weight set of
the corresponding TOLP.

Using the fact that the weight set of BBLP*(\, p) for a fixed z and a fixed A is a subset of
the weight set of the corresponding TOLP, we can decompose the parameter set for the
parametric problem into critical regions that correspond to a solution € S(TOLP).

5.19 Definition. Given a weight set component W(y) C W(TOLP) and its set of
extreme weights Eyy(,). We define two subsets of Eyy(,) as follows:

Ai(y) = By N{w" : Awe W(y) such that (w],w3) < (wy,ws)}
As(y) = By N{w* : 1w € W(y) such that (w},wl) > (wy,wa)}. N

We can visualize the elements of sets A;(y) and Ajy(y) in Figure 5.4.

In order to explain the structure of the critical region of a solution we first define line
segments in the parameter set using Equation 5.1.

5.20 Definition. Let w* be a weight in W(TOLP). The line segment in the parameter
set corresponding to the weight w* is defined as:

L(w*) = {(\ p) € R : wiX+ wip = wi}. a

It is a line segment because of Equations (5.3) and (5.4). Essentially, a weight in
W(TOLP) corresponds to two parameters in BBLP'(\, ). This implies that a weight
(wi, ws, wi) € W(TOLP) corresponds to a line segment in the parameter set of BBLP'
as shown in Figure 5.4b.

We now define the parameter region that will correspond to a solution in a minimal
solution set.
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w? @
w3 ® o !
4y . Q¢ 19, — 0.4
b L(w*) : 0.2X + 0.2 = 0.6
. 4
0.2 w* © .w6
o
] w5
0.2 g
0 wy 0 3 \
(a) The extreme weights of W(y) marked in (b) The line segment L(w?) in the parameter
green and blue belongs to sets A;(y) and set corresponds to the weight w* € W(y)
As(y), respectively. in Figure 5.4a.

Figure 5.4: An illustration of sets Aj(y) = {w!,w?} and As(y) = {w* w’} of a weight set
component W(y) and a visualization of the line segment L(w?) in the parameter
set that corresponds to the weight w* = (0.2,0,2,0.6) € W(y).

5.21 Definition. Let # € S(TOLP) be a solution and y = (c17, cox,dix) " € Yy be
its corresponding extreme nondominated image in TOLP. The critical region of = for
the parametric problem BBLP' is defined as:

RY(x) = {(A\ 1) + (A, ) € L(w”),w" € W(y)}. <

In other words, it is a set of all parameter combinations (A, 1) € ]R22 for which z remains
optimal for BBLP'.

Our goal is to describe the critical region, so we show that the critical region is between
the lower and upper envelope of piecewise linear functions. Hereby, we define the two
functions as follows.

5.22 Definition. The lower envelope of a critical region is the minimum of a finite
collection of piecewise linear functions, i. e.

Eo(y) =max {p: FJw" € A (y) : (A, ) € L(w") for some A > 0}

where A, (y) C Eyy(y,). Similarly, the upper envelope of a critical region is the maximum
of a finite collection of piecewise linear functions, i. e.

E,(y) = min{u: Jw" € A3(y) : (A, u) € L(w") for some A > 0}

where As(y) C Eyyy). q

5.23 Lemma. Let weight w’ be a convex combination of any two weights wq,wy €
A;(y). The corresponding line segments of weights w’, w; and wy in the parameter set
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are L(w'), L(w;), and L(ws), respectively. Then for a fixed \* > 0 there exists some
i € Ey(y) such that

f> g <

Proof. Given that the weight w’ is a convex combination of any two weights w, wy €

Ai(y),

w' = aw' + (1 —a)w?

for some « € [0, 1] and w', w? € A;(y). More precisely,

w' = (aw% + (1 — a)w?, aw;y + (1 — @)ws, aws + (1 — a)w3) (5.7)

The corresponding line segments L(w'), L(w'), and L(w?) of weights w', w! and w?
respectively, are

L(w'): wh A+ wyp = wh,
L(wy): wil + wip = wy and
L(ws): wik + wip = w3
such that both the line segments L(w') and L(w?) are part of the lower envelope in the

parameter set.
For a fixed \*, the corresponding p values in L(w'), L(w') and L(w?) are

respectively. Substituting w’ from Equation (5.7) in y/, we get

, (aw}+ (1- a)w%j) (aw} + (1= a)ud) X"

aws + (1 — a)w?
This is equivalent to

y= (w3 — wiA) + (1 — o) (wi — wiX*)

For a € [0, 1], it holds that

wi — wir a( D —wid) + (1 - a) (wi —wl)\*)<w —wl)\*

w3 - awl + (1 — a)ws3 - w3
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This implies 2 > ' > p! where pt € Ey(y). O

5.24 Lemma. Let weight w’ be a convex combination of any two weights wq,wy €
As(y). The corresponding line segments of weights w’, w; and wy are L(w'), L(w'), and
L(w?), respectively. Then for a fixed \* there exists some p € E,(y) such that

p < . <

Proof. The proof is analogous to the proof of Lemma 5.23. OJ

5.25 Theorem. A region R'(z) € RZ is a critical region of # € S(TOLP) and y =

(c1z, cor,dyz)" € Yen(TOLP) if and only if it is equivalent to the area between the
lower envelope E;(y) and the upper envelope E,(y) i. e.

Riz) = {(Ap) € RE :w” € W(y), Euly) < p < Eu()} - <

Proof. We prove this theorem in two parts; first, if a point is an element of R!(z) then
it lies between the two envelopes and second, if a point lies between the two envelopes
then it is in R!(x).

First, we show that a point in the critical region lies above the lower envelope and later
we show that it lies below the upper envelope.

Let (\*, u*) € RY(z). There exist a weight w* € W(y) such that wi\* + wip* = wj.
Given the line segment L(w*): wi\* +wip* = w3, for a fixed A* it holds that
* *A*
u = M >0 (5.8)
Wa

where w3 > 0.
Since w* € W(y), there exists a weight w’ > w* such that v’ is a convex combination
of two weights w', w? € A;(y). The corresponding line segment L(w’) of weight w’ is
L(w'): Wi\ + whp = wh and for a fixed \* in L(w'), we get

/ AR

W= > 0.

wy
Therefore, the following component-wise comparison between w’ and w* holds:
w) > wi
wy > w;
wy < wh.
We substitute wi =1 — wj — wj in p* to get

. l—wh—wi(l+ X\ 1 —wh —wi(1+ A\
ut = 2 *1( )2 2 ,1( ):M/
w3 Wa
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since w| > wj and w) > wj. From Lemma 5.23, we have p/ > i, such that p, € E(y)
is a point in the lower envelope. Therefore,

> >

Similarly, since w* € W(y) there exists a weight w” < w* such that w” is a convex
combination of two weights w', w? € Ay(y). The corresponding line segment L(w") of
weight w” is L(w”): w{\ + wip = wj and for a fixed A* in L(w"), we get

" U}g — wi//\*

W=y 20

Therefore, the following component-wise comparison between w” and w* holds:

1! *
wy < w;
" *
Wy < W,
1! *
Wy 2> Ws.

We substitute wi =1 — wi — w3 in p* to get

3 1 2

*

I

_1—w§—w1‘(1—|—)\*)<1—w§'—w’1’(1—|—)\*) "

ws B wy

since w] < wi and wj < wj. From Lemma 5.24, we have u” < pu, such that p, € E,(y)
is a point in the upper envelope. Therefore,

ILL* S /_,l,/, S /_,l,u.
Conversely, given a point (\*, u*) that lies in between the two envelopes. Then, there
exists some u' € Ey(y) and p” € E,(y) such that

p <t < (5.9)

for some A > 0. By the definition of the two envelopes, there exists some w' € A;(y)
and w” € Ay(y).

Due to Equation (5.9), there is some w* such that
w > w* > w.
Therefore, w* € W(y) due to convexity.

Suppose, for contradiction, (A*, u*) ¢ R'(z) then there is some weight w* € W(TOLP)
such that the line segment EW(BBLPI(A* ) w (1 + X)) +wi(1+ p*) = 1 does not pass

through W(y). As a result the weight w* ¢ W(y).
This leads to contradiction that w* € W(y). O
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In other words, we can use a subset of extreme weights of a weight set component
in W(TOLP) to determine the critical region of a solution. Because this subset of
extreme weights determine the lower envelope and the upper envelope of piecewise
linear functions of a critical region in the parameter set. We visualize a weight set
component and the corresponding critical region of the solution in Figures 5.5 and 5.6
respectively.

From the results above, we can observe that the number of line segments required to
define a critical region is bounded by the number of vertices of the weight set compon-
ent.

e

p=1
O
u==6

Q
oo A=3 A=1

A=0

Figure 5.5: An illustration of a weight set component WW(y) and the corresponding boundary
points of the parameter interval Z'(z) with respect to problems PBLP! and
PBLP). Extreme weights of WW(y) marked in green and blue are in sets A (y)
and As(y), respectively.

5.26 Corollary. If the sets A;(y) and As(y) of W(y) are singleton sets then critical
region R(z) is convex. 4

Proof. Given, A(y) = {w'} and As(y) = {w”}. Then,

E(y) ={p: (\p) € L(w)},
Eu(y) ={p: (\p) € L(w")}.

Then critical region is determined by the line segments L(w') and L(w") such that .

/ / " "
R = f) B | B < < WA
wa W3
Since the intersection of two half spaces is convex, R'(x) is convex. O

Although in general, critical regions for solutions of BBLP' are not convex.
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1 2 3
Figure 5.6: An illustration of the line segments L(w'), L(w?), L(w?) and L(w?) in the para-

meter set corresponding to extreme weights w!, w?, w3, w* in Figure 5.5. The

line segments in green and blue makes up the upper envelope and lower envelope
of RY(x), respectively.

Next, we illustrate the critical regions of a solution set of the biparametric biobject-
ive linear program for Example 3.4. Consider the following BBLP' with non-negative
parameters A > 0 and p > 0:

min —31'1 — T2 + )\(l’l + .1'2)
x1 — 222 + p(x1 + 22)
s. t. xGX::{xGRiz?jxl—l—Z@Z(j;xl§10;x2§3},

and the corresponding TOLP which is related to the biparametric biobjective problem:

min  (—3x; — X9, 17 — 209,71 + xg)T
s.t. ze€eX.

The weight set decomposition of the TOLP is composed of weight set components W(y"),
i = 1,...4. There is a corresponding minimal solution set S(TOLP) to Ygn(TOLP).
The parameter intervals for z € S(TOLP) in case of BBLP} (0) and BBLP}A(O) are shown
in Figure 5.7. The critical regions of corresponding solutions in a minimal solution set
S(TOLP) is shown in Figure 5.8.

5.2 CASE II : DIFFERENT PARAMETRIC OBJECTIVES

In this section we will focus on biobjective linear problems with two different paramet-
ers.
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Tt (at)

It (2?)

Figure 5.7: The weight set of TOLP with parameter intervals for every z € S(TOLP) with
respect to BBLP}()\) as well as BBLPJ(x).

[e.o]

A A A

(a) (b) (c) (d)

Figure 5.8: The critical regions for each solution in S(TOLP) := {:z:l, 2, 3, a;4} with respect
to BBLP!. Note, that in the critical region R!(x!), parameter interval for \ is
[0, A2] when p = 0 which is also denoted as Z'(x!) in Figure 5.7. All the critical
regions are unbounded for this example because the weight set components in

W(TOLP) contains weights with either w} = 0 or w3 = 0.
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The problem BBLP?, for some fixed A and p, is a non-parametric biobjective linear
program and we denote it by BBLP?(\, iz). We denote the set of extreme nondominated

images of BBLP*(\, i) by Yn (BBLPQ(/\, ,u)) and its corresponding minimal solution
set by S(BBLP?(\, p)).

Our analysis relates to a minimal solution set that corresponds to extreme nondominated
images of BBLPQ()\, ). Therefore, we are interested in identifying a union of minimal
solution sets of BBLP?(\, ) for every possible combinations of A and p. We denote it
by S(BBLP?).

5.27 Definition. A solution set S(BBLP?) C X of BBLP? is a set such that for a fixed
A>0and a fixed u >0, 5 (BBLPz) contains, as a subset, a minimal solution set for
the BOLP BBLPZ()\, w). It is called minimal if, additionally, there is no other solution
set §'(BBLP?) C X for BBLP? with |S'(BBLP?)| < |S(BBLP?)|. q

We will relate BBLP? to the corresponding four-objective linear program defined as 4-
OLP in Chapter 4. Hereby, we consider the four-objective linear problem with the same
objective functions c¢yx, cox, dix, and dox. The set of extreme nondominated images of
4-OLP is denoted by Ygn(4-OLP) and a minimal solution set of 4-OLP is denoted by
Sy. We use the weight set W(4-OLP) of 4-OLP and its weighted sum scalarization with
normalized weight w* € W(4-OLP) is WS(4-OLP, w*).

We use the weighted sum scalarization of the parametric biobjective linear program
BBLP? and formally characterize its relation to the corresponding 4-OLP in our res-
ults.

For a fixed value of A and p, the weighted sum scalarization of BBLP? is
r&i}rg wi(c1x + Adix) + wa(cox + pdax) (WS(BBLP?(\, 1), w))
where w € ]RQZ and wy + wy = 1. We reformulate this problem and obtain
I}%I{l w11 + Wi Ad1x + wocox + wopudsx.

The problem can be interpreted as a weighted sum scalarization problem of the 4-OLP.
It holds that,

w1 + we + WA + wopt = 1 + wi A + wop > 1.

We normalize the weights and get

i wW1C1T WoCo wiAd1 X wa pudox
min + .
xeX 14+ wA+wop  1+wA+wop  1TH+wA+wop 14w+ wap

(5.10)
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This is a special case of the weighted sum scalarization of 4-OLP with normalized weight
vector

.
1
= 4-0LP). 11
N (1+w1/\+wzﬂ(wl’w2’w1)\’w2u)> € W(4-OLP) (5.11)

We now establish the relation between the efficient solutions of the problem BBLP?
and the efficient solutions of the corresponding 4-OLP is formalized in the following
theorem.

5.28 Theorem. A feasible solution z* is optimal for WS(4-OLP, w*) with non-negative
weight w* where wj > 0 and wj > 0 if and only if there exists parameters A,y > 0
and non-negative weights wq, wy where wy; > 0 and wy > 0 such that z* is optimal for

WS(BBLP?(\, u1), w). <

Proof. We first show that z* is optimal for WS(4-OLP, w*) implying that there exists
A, it > 0 and weights wy > 0, we > 0 such that z* is optimal for WS (BBLPQ()\,M),w).
Let x* be optimal for WS(4-OLP, w*).

Note that wi > 0 and wj > 0 and we define

w
A= —i
Wy
*
w
o 4
Wy
*
W
wy = " "
wq + W9y
*
w
o 2
Wwp = * *
wq + Wo

Suppose x* is not optimal for WS (BBLPQ()\, 1), w). Then there exists some 2’ which
is feasible for WS (BBLPQ()\, 1), w) where ' # x* such that,
wi (12’ + Mdrx') + wa (o’ + pdax’) < wi(crz™ + Adyx®)+wo(cox™ + pdoz™).

We plug in Equation (5.12) to get

w wi wh wr
1 3 2 4
——— |+ —=dir’ |+ —— | w2’ + —do
wi + wq w] Wi + Wy w;

wi w3 w; wj
< ﬁ Cll'* + % dll'* +% CQI'* + %dg.’ﬂ* .
wy + w3 wy wy + w3 wy
This is equivalent to

wierr’ + wicr! + widir' + widax! < wicirt + wycor"twidizt + widsa”.
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This leads to a contradiction that z* is optimal for WS(4-OLP, w*).

Conversely, let z* be optimal for WS (BBLP2()\, ), w) with non-negative weights wy,
wy and for some non-negative A and pu.

We define wy, ..., w; using Equation (5.11),
wy = wq
Wy = W
wy = WA (5.13)
wy = Wapt

Suppose z* is not optimal for WS(4-OLP,w*). Then there exists z’ that is feasible for
WS(4-OLP, w*) where 2’ # z* such that

wierx + wicor! + widiz' + wider! < wicixt + wicer™ + widizt.
We plug in Equation (5.13) to get
w1z’ + wocox’ + Wi Ad1 2’ + wopder’ < wici Tt + wocow™ + wiAdyxF + wopda.
This is equivalent to
wi(c12” + Adrx') + wa(car’ + pdaz’) < wi (1™ + Adiz™) + wo(cor™ + pdax™).

This leads to a contradiction that x* is optimal for WS (BBLPQ()\7 ), w). O

Observe that we assume w} > 0 and wj > 0 in Theorem 5.28. Based on the construction
in the proof, the parameters A and p are undefined if w} = 0 and w3 = 0 respectively.
In fact w} and w3 approaching 0 is equivalent to the parameters A and p approaching
oo respectively. And indeed, the one-to-one correspondence from Theorem 5.28 does
not hold:

o there exist w* € RY with wj = 0 and an optimal solution z* for WS(4-OLP, w*)

such that thereisno A > 0 and w € R2 where z* is optimal for WS(BBLP?(\, ), w),
o there exist w* € RY with wj = 0 and an optimal solution z* for WS(4-OLP, w*)
such that there is no y > 0 and w € RZ where z* is optimal for WS(BBLP?*(\, 1), w).

This can be illustrated by the following example.

5.29 Example. Let X C R* and X = conv({(1,1,1,1),(0,0,1,1),(0,0,0,1)}). Let
¢ =(1,0,0,0),¢, = (0,1,0,0),d; = (0,0,1,0),dy = (0,0,0,1).

Then for x = (21,29, 23,24) € X, it holds that c;x = x1, cox = x9, dyz = x3 and
dex = x4 and are the objective functions of 4-OLP.

Let w* = (0,0,0,1), then all three solutions (1,1,1,1),(0,1,1,1) and (0,0,0,1) are
optimal for WS(4-OLP, w*) with a value of 1. However, consider now the problem
WS (BBLP2()\,,LL),w). For every value of A > 0, 4 > 0 and w € R2 with w; > 0,
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the solution (0,0,0,1) is a better than (0,0,1,1) and (1,1,1,1) because the value of
WS(BBLP?(\, 1), w) for (0,0,0,1) is

wi((0) + (A)(0)) + w2((0) + p(1)) = wap
which is less than the values for (0,0,1,1) and (1,1,1,1), i. e.
wi((0) + (A)(1) + w2((0) + p(1)) = wiA + wap
and
wi((1) + A1) + wa(1) + ws(1) = wi(1 4 A) + wa(1 4 p),

respectively. Additionally, for w; = 0, it holds wy = 1 and the solutions (0,0,0,1)
and (0,0, 1, 1) are optimal for WS(BBLP?(\, i), w) with a value of z while the solution
(1,1,1,1) have a value of 1 4+ p. Therefore, the solution (1,1, 1,1) is never optimal for
WS(BBLP?(\, 1), w). <

In the converse case, for any given parameter value A > 0 and g > 0 and a weight
w € RZ with w; = 0 or wy = 0 for WS(BBLP?(\, i), w), we can see that it is possible
to construct a weight w* € RY for WS(4-OLP, w*) using Equation (5.13). In fact, an
optimal solution x for WS (BBLPQ()\,,u), w) with a weight w € RZ such that w; = 0
remains optimal for WS(4-OLP, w*) with the weight w* = (0, ws, 0, wop) because wi = 0
and wj = 0 by construction. And an optimal solution x for WS (BBLPQ()\, ), w) with

a weight w € RZ such that w, = 0 remains optimal for WS(4-OLP, w*) with the weight
w* = (wq, 0, w1\, 0) because wi = 0 and w; = 0 by construction.

Here again, for every fixed pair of (), ), BBLP?(\, i) is a biobjective linear program.
[ts weight set is therefore a one-dimensional polytope. We embed the one-dimensional
weight set of BBLP?()\, i) in the three dimensional weight set W(4-OLP) by using the
mapping W(BBLP?(\, 1)).

5.30 Definition. For a fixed A and a fixed u, we define a mapping W (BBLP2(/\, ,u)),

1
1+w1/\+w2,u

w (BBLPZO\,N)) = { (wr, wo, Wi, wapt) 1w € R;Uh + we = 1}~

We now examine the structure of the weight sets of BBLP?(\, ) when one of the
parameter is fixed and the other parameter is varying within the weight set of 4-OLP.

5.31 Proposition. Let W (BBLPQ()\, u)) and W(4-OLP) be weight sets of BBLP? for
fixed A\, u and the corresponding 4-OLP, respectively. It holds that

W (BBLP*(A, 1)) & W(4-OLP). q
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Proof. Let w* € W (BBLPQ()\, u))- Then, by the definition of W (BBLP2()\, u)),

. 1
w =
1+U)1)\+U)2,U

(wh Wa, WA, sz)

for some w € Ri with w; + wy = 1. The sum of the components satisfy

wy N Wwo . wy A L Wafl _
L+wid+wop  LHwA+wop  1+wd+wep 1+ wih+wop

and thus w* € W(4-OLP).

To prove that W(BBLP?(\, 1)) is a proper subset of W(4-OLP), it suffices to note that
the weight w’ := (0,0, 0, 1) lies in W(4-OLP) but not in W(BBLP?(\, u)). Since for any
given A and u, the fourth component of any w* € W (BBLP2(/\, ,u)) satisfies

Wa b
14+ w4+ wap

41,
therefore w’ ¢ W (BBLP (A, p)). O

5.32 Proposition. Let W (BBLPQ(A,M)) be the weight set of BBLP*(\, ) and a
weight w* = ( L0, 25 0) € W(4-OLP). Then, for a fixed \* > 0

1A TEaes

() W(BBLP*(\*, p)) = {w*}. <

u=0

Proof. For an arbitrary u; > 0, by the definition of W (BBLPQ(/\*, ,ul-)), we have

1
w (BBLP2<)‘*,M)> = { (wr, wa, WA, wop) : w € RE wy 4wy = 1} :

1+ wl)\* + Wa g -

We first show that the weight w* = (H%’ 0, Ii%) is an element of W (BBLP2()\*, uz))

for all y;. Since wy = 0 and wj; = 0 in the weight w*, we have

. 1 0 (1)A* 0
v (1 + (1) + 3(0) T4 A (1) + 1(0)" 1+ A=(1) + pi(0)" T+ M*(1) +ui(0)>

Therefore, w* € W(BBLPZ(A*, m))
Next we show that there is no common weight shared by any two weight sets of
W (BBLP*(\*, 1))
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Let 1 > 0 and ps > 0 be two arbitrary parameter values, such that p; # po.
Let W(BBLP*(\*, 111)) and W(BBLP?(\*, 2)) be weight sets of BBLP*(A*, 1) and

BBLP?(\*, u15), respectively. Consider a weight o € W(BBLPQ()\*,;“D and a weight
w e W(BBLPZ(A*, ,ug)). By the definition of the weight sets, we have

1 !/ / / /
W= W, wh, Wi \*, w where v} +w), =1
<1+w1)\*+wg,u1( 1> Wo, Wy 2l~bl> 1 2
and
W= ! (wy, wh, wiX\*, wypy) | where wy + wy = 1.
1+ wl)\* + Wa b2
If we compare the first components of @ and w, i.e. ;u*’ler/m and ;Uirw,,w, then
1 2 1 2
the components are equal if
"
/ wl AR !/
wy = 1+ wiA" + wypy). 5.14
1 1+w£/)\*+w/2/'u2( 1 2 ) ( )
Simultaneously, the third component of o is
R wiA*
W3 = 7 7 .
1 4+ Wi + wypy
We plug w) from Equation (5.14) in w} to get
w// *
i Trarn T (L WiAT + whpn)
’ 1 4+ Wi A* + whpy !
. 'll)i/)\l
14 wi\* + wh sy
wlll)\g -
7& Iy % n w3
L+ wiA* + wype
because 11 # ps. O

Hence, the weight w* = (1 J:A* ;0,1 J:‘A* , O) is the only weight shared by all the weight

sets of BBLP?(\*, 1) for all parameter values ¢ > 0. And all these shared weights

of N W(BBLP?(\*,;)) for all A\ > 0 make up the line segment marked in green in
pi>0

Figure 5.9.

Similarly, we show that the weight (0, i Jrlm ;0,1 iu) is the only weight shared by the

weight sets of BBLP?(\, ) for a fixed p* and varying .
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5.33 Proposition. Let W (BBLP?(\, 1)) be the weight set of BBLP?(), 1) and a

weight w* = (O, ﬁ, 0, #) € W(4-OLP). Then, for a fixed p* > 0
() W(BBLP?*(\, %)) = {w*}. <
A>0

Proof. The proof is analogous to the proof of Proposition 5.32. Here, we first show

that the weight w* = (O, ﬁ, 0, 7 ﬁu) is the only weight shared by the weight sets of

W (BBLP?(\, ")) for all A > 0 with a fixed . O

All the shared weights from | W(BBLP?(), ii*)) for all 1 > 0 make up the line segment
A>0

(w3- axis) highlighted in blue in Figure 5.9.

5.34 Proposition. For the union of all the weight sets W(BBLP?(\, 1)) for all (\, u) €
Ri it holds that:

() {w € WA-OLP) : wi +wj =1and wj # 1} ¢ U U W (BBLP*(\, 1))

pn20X20

(i) {w* € WEA-OLP) : wi = 0,wj =0 and wj #0} C U U W (BBLP*(\, ). <

p#20 X120

Proof. The proof for Propositions 5.34.(i) and 5.34.(ii) follows from Propositions 5.32
and 5.33, respectively. O

5.35 Proposition. For two pairs of parameter values (A, 1) and (Ao, p1o), if Ay # Ao
and puy # i
W (BBLP?(Ay, 1)) N W (BBLP? (g, 1) ) = @1 q

Proof. The proof is analogous to the proof of Proposition 3.7. O

5.36 Corollary. Let W(BBLP?(), ,u)) and W(4-OLP) be the weight sets of BBLP?()\)
and the corresponding 4-OLP, respectively. Then the union of the family of weight sets
for all (X, ) € RE is defined as:

U U W (BBLP*(\, 1)) ={w" € W(4-OLP) : wj # 0,w} # 0}

PS>0 A>0
U{w* € W(4-OLP) : wi = 0,w; = 0}
U{w* € W(4-OLP) : w] +w; = 1}. q
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Proof. From Proposition 5.33, the weight set of BBLP?(\, i) for every pair (), i) € R2
is a subset of W(4-OLP), so the union of all these weight sets will also be a subset
of W(TOLP). Using Theorem 5.28, there exists some A, some p and w € R% for

BBLP?(\, 1) for all weights w* € W(4-OLP) where w* > 0 and wj > 0. However, by
Proposition 5.34 the weights in YW(4-OLP) that satisfy w} +w} = 1 and w} = 0, w} = 0,
respectively are in the union of all weight sets of BBLP?(\, ). O

Corollary 5.36 implies that if we vary A and p in BBLPQ()\,M) and project all the
corresponding weight sets WV (BBLPz()\, ,u)) in R3, we obtain a nearly complete weight
set decomposition of the associated 4-OLP except for the weights with wj = 0 and
w3y = 0 due to the reason mentioned in Theorem 5.28. And since wi = 0 and w; = 0
results in wi = 0 and wj = 0, respectively, we also miss out the facets of W(4-OLP)
on the wi — wj plane and wj — wj plane except for the wj-axis and the line segment
w +ws = 1.

Next, we want to characterize the projection of W(BBLP?(\, 1)) in R3. Since the third
and fourth components of a weight in W(BBLP?(), 1)) can be determined by the first
and second components, respectively, the projection reduces the entire weight set to a
3-dimensional interpretation. Using the definition of W(BBLPZ()\, u)) (cf. 4.4) for some

(A, i) € R20, the third component of any arbitrary weight w* € W(BBLPQ()\, u)) is
wy = wiA.
Since w} =1 — (wi + w3 + wy), we get
1 — (w] +wj +wj) = wiA.
Using wj = pw3, this is equivalent to
1 —w] —wj — pw; = wiA.

Therefore
(1+XNwi + (14 p)w; =1

This means every weight in W(BBLP2()\, ,u)) which is contained in W (4-OLP) satisfies
the condition (1 + A)w} + (1 + p)wi = 1. This condition can be interpreted as an

equation of a line in R3. Consequently, we can define the projection of weight set
W(BBLP2(/\, ,u)) in R? as a line segment.

5.37 Definition. The projection of the weight set W (BBLPQ()\,M)) in ]R% can be
defined as the line segment,

‘CW(BBLP2(>\,M)) = {(w], w3, w3) | w* € W(4-OLP), (1+ MNwj+ (1 + p)w; =1}

embedded in W(4-OLP). q
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&
W BBL\Pz(A,p))

wi

wi

(a) A family of line segments represent- (b) View of the line segments from the direc-
ing weight sets of BBLP?*(\,x) in a tion of w} axis and towards wj — w3 plane
W(4-OLP)

Figure 5.9: An illustration of weight sets of BBLP?(\, 1) on the weight set of 4-OLP with
varying A and p. The facets of W(4-OLP) marked with blue dashed lines are not
part of the weight sets of BBLP?(), 1) except for the line segment w} + w} = 1
(due to Proposition 5.32) and the wj-axis (due to Proposition 5.33) marked in
green and blue, respectively.

The end points of the line segment £W(BBLP2(/\ w) are (0, ﬁ, O) and (1%\, 0, 1%)
The line segments representing the weight sets of BBLP?(\, ) for varying A and u are
illustrated in Figure 5.9.

As illustrated in Figure 5.9 the union of weight sets of BBLP?(\, ) for all X and
is indeed a subset of the weight set of the corresponding 4-OLP. Just like the case
of BBLP!, if we vary A and p in BBLP?(\, i), we get a near complete knowledge of

W(4-OLP).

5.2.1 Further results and illustrative examples

Every solution set Sy for 4-OLP consists of solutions such that there is a bijection
between S; and the extreme nondominated images Ygn(4-OLP). At the same time, the
weight set W (4-OLP) can be decomposed into full dimensional weight set components
such that there is a bijection between these components and Ygyn(4-OLP) [PGE10]. By
Definition 5.37, for fixed values of A > 0 and p > 0, the weight set W (BBLPQ()\,/L))
is a line segment that is embedded in W(4-OLP). This line segment intersects some
(full-dimensional) weight set components. For each component W(y), there are four
possibilities: W (BBLPZ()\,M)> intersects W(y) either in a single vertex, along an
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5.2 Case II : Different parametric objectives

edge, along a facet or it passes through the interior of W(y). The entire segment
4% (BBLP2(A,M)) can then be decomposed into such intersections (cf. [PGE10]). A

solution set for BBLP?(), 1) can be obtained by using all solutions from S, where the
corresponding weight set component is intersected. Therefore, S, is also a solution set
for BBLP?.

At the same time, Theorem 5.28 implies that, for every full dimensional weight set
component W(y) of an extreme nondominated image y € Ygx(4-OLP), there is at least
one value A > 0 and one value p > 0 such that the line segment £W<BBLP2( A)) intersects

the interior of W(y). Then, a solution set for BOLP BBLP?(), 1) must contain at least
one solution x such that (¢, cox, diz,dyx)" = y [PGE10]. Therefore, every solution

set S(BBLP?) for the biparametric problem BBLP? also contains a solution set for
4-OLP.

Since every solution set for 4-OLP contains a solution set for BBLP?, we can make the
following statement regarding minimal solution sets:

5.38 Proposition. A set S; C X is a minimal solution set for 4-OLP if and only if it
is a minimal solution set for BBLP?. N

Next, we are interested in finding regions in the parameter set which corresponds to
each of the solutions in a minimal solution set. The idea is to find this region by using
the weight set components of the W(4-OLP).

5.39 Definition. Let x € S; be a solution and y € Ygn(4-OLP) be its corresponding
extreme nondominated image. The critical region of z, denoted R?(x) is defined as:

R*(z) = {(A,u)ER%:)\Iwia M:%, U}*EW(Q)}- <
- wy Wy

In other words, R?(x) contains all combination of parameters (), u) for which x € S,
remains optimal for BBLP?(\, p).

5.40 Proposition. A critical region R?*(z) is path connected. <

Proof. Let 7 : W(y) — R*(z) be a mapping such that 7(w*) = (Zi’, Z‘;) where w* €
W(y). Since a weight set component W(y) is a polytope, it is path-connected. By the
definition of R?(x), we know the mapping 7 is continuous. If we take any two points,
w',w” € W(y) such that w(w') = ', w(w”) = r”, then since W(y) is path-connected,
there exists a continuous path p : [0,1] — W(y) such that p(0) = w" and p(1) = w".
Then, mop : [0,1] — R?*(x) is a continuous path from 7’ to r” in R?*(z). Therefore,
R?(x) is path-connected.
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Chapter 5 Multi-parametric biobjective linear programs

We further note that the critical region for the solutions in BBLP! is path-connected
because it is a region between two envelopes of linear functions. This follows from the
result that the critical region is precisely the set bounded by two envelopes of linear
functions, which consequently forms a connected set. Next, we show an illustration of
the critical regions for solutions in a minimal solution set of the biparametric biobjective
linear programs for an instance.

5.41 Example. Consider the following linear BBLP? with a non-negative paramet-

ers A\, > 0:
. <$1 + )\333)
min
To + [Ty
s.t. reX,
where the row vectors ¢y, ¢a, di and dy are the unit vectors e and i = 1, ..., 4, respectively

and the set X = conv {z', 2% 2% 2} + RZ is the feasible set in RZ. The corresponding
4-OLP which is related to biparametric biobjective linear program is:

. T
min  (zy, T2, T3, T4)
s.t. xzeX. 4

Given an instance of Yen(4-OLP) = {y', 4% v3,y*} for Example 5.41 and it’s corres-
ponding minimal solution set S, = {a!, 2%, 23 2*}. The weight set decomposition of
the 4-OLP is composed of four weight set components, each corresponding to the ex-
treme nondominated images y',y?, y3, and y* as shown in Figure 5.10. Since the weight
set of the example is simple, we can use Definition 5.39 to determine the critical region
where we map the vertices and edges of each weight set component of W(4-OLP) on
the parameter set in R2. We find the corresponding parameter values using \ = Z—i’ and

W= % Thus, the critical regions for solutions in a minimal solution set S; with respect
2
to BBLP? is illustrated in Figure 5.11.

However, when the weight set of a 4-OLP has weight set components with several facets
or more then the critical regions corresponding to the solution gets complicated.

5.3 MULTI-PARAMETRIC BIOBJECTIVE LINEAR PROGRAM

The analysis of the biparametric problem BBLP? provides the basis for extending the
problem to a broader class of multi-parametric biobjective programs, characterized by
varying parametric dependencies and differently parameterized objectives.

We consider a multi-parametric biobjective linear program with k different non-negative
parameters in the first objective and [ different non-negative parameters in the second
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.
w3

0.5

W(y')

w 3 [ wyq
v) 0.5 1

1
w3
(a) Weight set decomposition for the 4-OLP instance, which is composed of four
weight set components corresponding to Yan = {y1, Y2, ¥3,Ya}

"
Wy

s —

/

g

(b) Weight sets of the BOLP BBLP?()\, i) for varying combinations of A and x in
the W(4-OLP)

Figure 5.10: An illustration of the weight sets of BBLP?(), i) in the weight set of a 4-OLP
with respect to Example 5.41.

objective where ¢y, co, dy, ... dgyy, are the objective coeflicients,

in T+ )\1d117 + -+ )\kdkl‘
xeX \ T + App1dp1T + - + Mppydp @
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Chapter 5 Multi-parametric biobjective linear programs

Figure 5.11: Critical regions for each solution in Sy := {z!, 22, 23, 4} with respect to BBLP?

can be rewritten as

. T+ Z,’;:l )\zdzx
rxnel)ril <CQ.T + Z;Cilngrl )\jdj.ﬁC ' (MBLP)

The problem MBLP, for some fixed parameters \; where ¢ = 1,...,k + [, is a non-
parametric biobjective linear program, and we denote it by MBLP(\). Furthermore, we
denote the set of extreme non-dominated images of MBLP(A) by Yen(MBLP(A)) and a

corresponding minimal solution set by S(MBLP())).

We use the same approach as in the previous case, by relating MBLP to the correspond-
ing (k + [ + 2)-objective linear program using the weighted sum scalarization. To this
end, we consider the (k + [ 4+ 2)-objective linear problem with the objective functions
cix,cox, and d;x where 1 =1,...  k+1, 1. e.

min  (cz, cr, dyx, . .. ,dka)T
s.t. z€X, ((k+1+2)-OLP)

and denote its set of extreme nondominated images by Yen((k+1+2)-OLP). We define
the weight set W((k + [ + 2)-OLP) of (k + [ + 2)-OLP as

k4142
W((k+ 1+ 2)-OLP) := {w* € R’g’“ DY wi = 1},

=1

The weighted sum scalarization of (k+142)-OLP with normalized weights w7, ..., w10,
k+142
rrg? wieir + wier + Y widi_ox. (WS((k + 1+ 2)-OLP, w*))
* i=3

We now apply the weighted sum scalarization to the parametric problem MBLP to relate
it to corresponding (k + [ + 2)-OLP.

The weighted sum scalarization of MBLP()) is

k k+1
Iné)r(l wy (clzv + Z )\idix> + wo (021' + Z )\jdj:v) (WS(MBLP(A), w))
* i=1 j=k+1
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5.3 Multi-parametric biobjective linear program

where w € R; and wy, + wy = 1. We reformulate this problem and obtain

k kel
m1£w101x+wledx+w202x+w2 > Adja.
i=1 j=k+1

The problem can be interpreted as a weighted sum scalarization of (k + | 4+ 2)-OLP. It
holds that

ket ket
w1+w2+wlz)\ -+ wWoq Z )\ —1+w12)\ -+ woy Z )\ >1
i=1 j=k+1 i=1 j=k+1
We normalize the weights and get
k4
. W W2
mln—cx—l——cx—l— Aid;x + Ajdjx
ex § TS S Z 33%1

where S = 1+w; Y8, \i+ws ZJ 11 Aj, which is a special case of WS((k+1+2)-OLP, w*)
with corresponding weights

(5.15)

W WL W2 Wik WiAg WaAgy1 Wa A
° 8 Y S ) S PARE) 8 ) S AR 8 *

We now present an important result on the equivalence of the efficient solutions of the
problem MBLP()\) and the efficient solutions of (k + [ + 2)-OLP.

5.42 Theorem. A feasible solution z* is optimal for WS((k+1+2)-OLP, w*) with non-

negative weights wy, ..., wi o, where wi, w3 > 0 if and only if there exist parameters
A1, .- Mgy > 0 and and non-negative weights wy, ws where wy,ws > 0 such that x* is
optimal for WS(MBLP(A), w). Q

Proof. We first show that z* is optimal for WS((k + [ + 2)-OLP, w*), implying that
there exist Ay, ... A\gyy > 0 and non-negative weights wy, ws such that x* is optimal for
WS(MBLP(A), w). Let z* be optimal for WS((k + [ 4+ 2)-OLP, w*).

Note that wi > 0 and wj > 0 and we define

wy = wy
wy = w,
_ w3
)\1 — _—
wy
w*
2
A = A2 (5.16)
wy
*
A W3
L -
2
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Chapter 5 Multi-parametric biobjective linear programs

w*
Aoy = —ktlH2

K-+ w
Suppose z* is not optimal for WS(MBLP(A),w). Then there exists some ' that is
feasible for WS(MBLP()), w) where ' # z* such that

k k+l1
w1 (Cll’, + Z /\deZE,) + wg(CQJf/ + Z )\jdj(L'/>
i=1 j=k+1
k k+l1
< wl(clx—i— Z )\zdzx*> + wg(CQ.l’ + Z )\]d]l‘*)
i=1 j=k+1

We plug in Equation (5.16) to get

*

w Wi w wi
/ 3 / k+2 / / k43 / k—+1+2 /
wh (e’ + e 2 Gpa’) + wi(egr’ + B2’ + -+ —HHEE G )
1

wy w3 w3

* * *

w w w

k+2 * * * k+3 * k+1+2 *
" dkx ) + Wy (CQZE + . dk+11’ + -+ 720* dk_HI )

wy Wy 2

wk
< U)I(Cll'* + %dlx* + -+
wy

This leads to

k2 k142
wiar' +wyer’ + > widior' < wiart + wicrt + > widiszt.
i—3 i—3

This leads to a contradiction that z* is optimal for WS((k 4 + 2)-OLP), w*).
Conversely, let z* be optimal for WS(MBLP()\), w), with non-negative weights wy, wy
and for some non-negative A\, ..., Agaq -

We define wy, ..., wf,,,, using Equation (5.15),
wy = w
Wy = W
’LU; = wl)\l
* —
Wy = W1k (5.17)

* —
’LUk+3 = w2>\k+1

* —
Wi 119 7= Wakti:

Suppose z* is not optimal for WS((k + [ + 2)-OLP, w"), i.e. there exists 2’ which is
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5.3 Multi-parametric biobjective linear program

optimal for WS((k + [ + 2)-OLP, w*) where 2’ # z* such that,

k42 k142
/ / /
wier + wier’ + Y widiar’ < wicizt + wicext + Y widi_sz”.
=3 =3

We plug in Equation (5.17) to get
w11 x’ + wacer’ + wihidiz’ + - - -+ WA dy + wodp 1 dp1 T+ -+ Wk dy @

< wie18” + wecox™ + wiAidix” + -+ Wi A dy T+ Wokpp1dp 12T + -+ Wokppdp T

This is equivalent to

k k+1
wlclx' + wq Z )\zdlx' + WoCoX + Wo Z )\jdjﬂ?/
i=1 j=k+1
k K+l
< U)101$* + wq Z )\zdzx* + ’UJQCQLL’* -+ wo Z )\jdjl’*.
i=1 j=k+1
This leads to a contradiction that x* is optimal for WS(MBLP()), w). O

We can also extend the results on the weight set of the biparametric biobjective linear
program to the multi-parametric biobjective linear program using similar arguments. As
the weight set for a multi-parametric biobjective linear program for a fixed parameter
vector is always one dimensional, we observe that the union of these weight sets for
every combination of the parameter vectors will obtain almost the entire weight set
of the associated multi-objective linear program. We have already shown this for the
biparametric biobjective problem. Using the same argument as in Proposition 5.38
and Theorem 5.42 we can make the following statement for general multi-parametric
biobjective linear programs.

5.43 Proposition. A set Sii;12 C X is a minimal solution set for (k+1+2)-OLP if and
only if Siy;12 is a minimal solution set for MBLP. <

This means we can obtain a minimal solution set of multi-parametric biobjective linear
program by computing a minimal solution set of the corresponding MOLP. Similarly,
we define a critical region for every solution in the minimal solution set of a MBLP as
follows.

5.44 Definition. Let x € Sj ;.2 be a solution and y = (1@, cox, dy, ..., dpyx)" €
Yen((k + 1+ 2)-OLP) be its corresponding extreme nondominated image. The critical
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Chapter 5 Multi-parametric biobjective linear programs

region of z, denoted R*!(z) is defined as:

w3 wy,
2
R (z) = {(Al,...,ml) eREFN =2 L ==
- wy wy
W3 Witi42
/\k+1:7—:a R )‘k-l-l:%a w” GW(y)} <
w3 w2
In other words, R¥™!(z) contains all combinations of parameter vectors (A1, ..., A\p1)

for which x € Sy;42 remains efficient for MBLP(Aq, ..., Agpy).

However, critical regions are more complicated in a higher dimensional parameter set.
Therefore, a structural inference of a critical region corresponding to the weight set
component of MOLP is difficult to be established.
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CHAPTER O

ALGORITHMS FOR BREAKPOINTS AND CRITICAL REGIONS

In this chapter, we propose algorithms to solve the parametric problems described in
Chapters 3 and 5. As shown in Proposition 3.22, and Corollaries 5.10 and 5.15, a
minimal solution set of PBLP? and BBLP' can be obtained by computing a minimal
solution set of TOLP. Similarly, from Proposition 5.38 a minimal solution set of BBLP?
can be obtained by computing a minimal solution set of 4-OLP. Thus, established
algorithms from multi-objective optimization can be used directly to compute minimal
solution sets for PBLP?, as well as BBLP'. However, when solving PBLP?, we are also
interested in the set of breakpoints in the parameter set. And in the case of biparametric
problems BBLP?, we want to compute critical regions in the parameter set.

We propose two approaches to compute the breakpoints of PBLP?. The first approach
uses a minimal solution set S(TOLP) that is computed by any existing algorithm for
TOLP. For each solution x in S(TOLP), two linear programs are solved to determine
the parameter interval consisting of all values of A for which x is in a minimal solution
set of PBLP?()\). The union of the interval boundaries of all solutions in S(TOLP) is the
set of breakpoints. In contrast, the second approach requires the usage of an algorithm
for TOLP that computes its weight set decomposition by design (for example, [PGE10]).
Then, the aforementioned intervals can be computed without additional overhead.

6.1 BREAKPOINT ENUMERATION ALGORITHM

In this algorithm, we want to find the set of breakpoints of PBLP* and PBLP? using
the weight set components of all y € Ygy from the corresponding triobjective linear
program. The basic idea of the algorithm is to first use some existing algorithm to
compute Ygn(TOLP). Then, for every extreme nondominated image y, we look at its
weight set component and compute its boundaries to find the parameter intervals with
respect to an efficient solution of PBLPY.

Every weight set component W(y) corresponds to a solution z € S(TOLP) such that «
is optimal for PBLP’()\) for some A > 0 (see the proof of Proposition 3.19). We have
defined in Definitions 3.9 and 3.17, that for every parameter value A > 0, the weight
sets of PBLP?()) are line segments intersecting WW(TOLP). Moreover, each weight set
component of W(TOLP) is intersected by at least one line segment. In particular, every
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Chapter 6 Algorithms: Breakpoints and Critical regions

weight set component is bounded by two specific line segments that mark its start and
end. Since we can compute the parameter values of these specific line segments using
two extreme weights of W(y) we can make the following statement.

6.1 Proposition. Let Z7(x) be the parameter interval of a solution x € S(TOLP)
where S(TOLP) is a minimal solution set of TOLP. Let A\, and A, correspond to the
two specific line segments that mark the start and end of bounding the weight set
component W(y) where y = (1@, cox, dyz)" € Yan(TOLP). Then it holds that

Ti () = e, M. q

This parameter interval consists of the parameter values for which the corresponding
solution x € S(TOLP) of y is optimal for PBLP’(\) where A € [Ag, A,].

For each weight set component W(y), we are interested in finding these two bounding
line segments and their corresponding parameter values A\, and A,. The two bounding
line segments define the interval [As, A,| where ), is the minimum and A, is the maximum
parameter value, as shown in Figure 6.1.

More precisely, for each weight set component W(y) of W(TOLP), we solve the following
program for PBLP':

min A
st weW(y),
w € W(PBLP'()\)), (Pasc(N)

we RN\ {(0,1,0)}

to determine the lower parameter bound A, and solve the corresponding maximization
program to find A\,. We exclude (0, 1,0) as an extreme weight of any weight set compon-
ent because it results in a parameter interval of [0, c0) for some solutions, which can be
misleading as the actual interval is bounded. Instead, for these weight set components,
we use other extreme weights to determine the correct parameter interval.

For PBLP?, we solve the analogous program for each weight set component W(y):

min A

st weW(y),
w € W(PBLPX()), (P2,.(V)
w e R%.
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6.1 Breakpoint enumeration algorithm

We formulate the weight set component W(y) as constraints in PZ_ () (cf. [Ben93)):

ATo—CTw >0
blo—y'lw=0
1Tw=1

UERg,wGRi

W(y) = { (w1, w2, ws) : (6.1)

where C' € Q3*™ consists of rows ¢, c; and d;. For notational simplicity in describing
the algorithm, we temporarily define a weight set component W(y) as

W(y) = {(w1,ws) : Pw 2 q,w € RT*3} (6.2)

where P € Q"+**™+3 represents a coefficient matrix and ¢ € Q"** is a right-hand side
vector.

We begin with the problem PBLP? because it is easier and will be followed by its
adaptation to PBLP!. For PBLP?, we substitute the description of the line segment,
LyypprLp2(y)) from Definition 3.17 for W(PBLP?()\)) and use the definition of W(y) from
Equation (6.2) into the program P2 ()) to obtain

WSC

min A
st.  Pw > q,
1

- 2()\
Wi + w2 D (P=(N)
A>0, we Rg*z)’.
However, we reformulate the above program to the following;
max wj + wo
st. Pw=gq (P2..(\e))

3
wERgJF.

1%\ directly into the ob{ective function,

thereby removing the variable A. This is valid because the function = is strictly de-
creasing for A > 0 which means minimizing A is equivalent to maximizing w; + ws.
After finding the maximum value, say Snax, the corresponding value of A\, is calculated
as \p = SHLX — 1.

Subsequently, we solve the minimization variant to determine \,, as illustrated in Fig-
ure 6.1a. We observe that the optimal value of this program can be 0, which occurs
because the maximization variant of the program 7?()) is unbounded. This implies that
the parameter value is approaching infinity. Therefore, we state that the corresponding
solution remains optimal over the parameter interval [\, 00) in such cases. Similarly

for PBLP', we substitute the description of the line segment, Lyyprrpi(y) from Defini-

by incorporating the constraint w; + wy =
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wy Wy

(a) Line segments £3, and L3 for PBLP? (b) Line segments £'()\;) and £*(),) for PBLP*
Figure 6.1: An illustration of weight set component W(y!) with bounding line segments

LI (Ag) and L£7(\,) for PBLP/, where £7(A) = Ly pprpi(y) for A € {Ae, Au}-

tions 3.9 into the program P! (\) to get

min A
s.t. Pw 2 q,
wi(1+ ) +w, =1,
(w1, w2) # (0,1)

w E Rg+3,)\ > (.

In this program, we cannot apply the direct approach used in PBLP? because in the
constraint wq (1 4+ ) +wy = 1, A is not additively separable from the weight variables.
We therefore normalize the constraint by dividing by 2 4+ A to obtain:

1+ +<1> _
21T \a N )P T o

We then define ¢; and ¢5 as

1+ A 1
b= ——— by = ———
1 2+)\a 2 2 + )\
and reformulate the problem as
min 0y
s.t. Pw 2 q,
rwy + lowy = by, (P)
b+l =1,

(whw?) 7A (07 1)7

we R e R,
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6.1 Breakpoint enumeration algorithm

Crucially, because ¢; = (;i—;‘) is a strictly increasing function of A > 0, the objective of

minimizing A is equivalent to minimizing ¢;. However, the constraint ¢ w, + fowy = {9
in P remains non-linear, as does the exclusion of (0,1,0). We overcome these problems
by solving the linear program

max A
0
st. Plu =14,
0 (,Pvlvsc()‘f))
QTU - EQ = 07
€1 + gQ = 1,

4
ue R, (e RE,

instead of P, where 0 is the zero vector with m + 1 entries.

6.2 Proposition. Let ¢} be the optimal function value of P. Then ¢; is also the optimal
function value of the linear program PL_ (). q

Proof. In this proof we use the following pair of dual linear programming problems

max  {iwy + low, min  ¢'u
s.t. Pw=q (Linax () b
w e R s.t. Plu> |4 (Lrnin(£))
= 0
u € R,

Let (¢*,w*) be an optimal solution of P with solution value ¢;. The proof is split into two
parts; first, we show that there is a corresponding feasible solution (£*,u*) of PL_(\o).
Second, we show that (¢*,u*) is also an optimal solution of PL_.()\,).

(i)  Feasibility
Since (£*,w*) is feasible for P,

Gy + Lwy = 6. (%)
Clearly, w* is also feasible for Ly,.x(¢*) and has an objective function value £;.

Suppose w* is not optimal for L., (¢€*), then there exists some w’ that is feas-
ible for L.y (¢*) and

Gl + Gl > Gt + ol = £
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108

This implies
w4+ O (wh — 1) > 0.
Since 05 =1 — (7,
(1 +wy; —wh) +wh — 1> 0. (%)

Moreover, we have (wy,ws) # (0,1) and w € RZ*3. This means that the terms
1+ w) —w) and wh — 1 in Inequality («*) are positive and negative, respectively.
Thus, there exists some ¢} < ¢} such that

(14 w) —wh) +wy — 1> (1 +w) —wh) —wy+1=0.
Using ¢, = 1 — ¢}, this implies
Cow + Chwly, = 0.

This contradicts our assumption that (¢*,w*) is an optimal solution of P since
(¢',w") is also feasible and achieves a better solution value. Thus, w* is optimal
for Lyax(€%).

Since Lyax(0*) is feasible and has an optimal solution, the dual L, (¢*) is
feasible and bounded. Due to strong duality, there exists some u* that is feasible
for L (¢*) such that

un* = fjwy + lyws.

This leads to
q'ut =10
Thus, (£*,u*) is also feasible for Pl ().

Optimality
Assume (7} is not the optimal function value of Py .(A¢). Then, there exists
¢y such that ¢; > ¢;. The corresponding optimal solution (¢, a) is feasible for
Pi.(A\e) and, in particular, it satisfies

qTﬂ = [2.

Clearly, @ is feasible for L, (¢). At the same time, w* is feasible for Lmax(g)
and due to weak duality,

wa + @wg <q'u=/ly.



6.1 Breakpoint enumeration algorithm

However, from Equality (), we obtain
Twy + Gws = 05,
Using 05 =1 — (7, we get
G+ w) —ws) +w; —1=0.

Since (; > ¢ and due to the same reasoning for Inequality (:x),

L1+ w) —wl)+w; —1>0
— glwf —f—gg’w; > EQ.

This is not possible due to weak duality, and we get a contradiction. Thus, ¢}
is an optimal function value of PL_(\,). O

WsC

After finding the maximum value of PL_ ()\,), say £}, the corresponding value of )\, is

WSC
calculated using

126

A = .
T

(6.3)

Observe that the optimal value of ¢; = 1 in P}

) o(A¢) implies A — oo in the parameter
set.

Using a similar argument, we solve the following minimization variant of PL_()\,) to
compute the minimum ¢; that corresponds to the parameter A\,
min 4
41
s.t PTU < EQ s
un —ly =0,
bi+0=1,

As we have simplified the weight set component in Equation (6.2), we now incorporate
the formal definition of the weight set component into the linear program Pl (),).

109



Chapter 6 Algorithms: Breakpoints and Critical regions

Algorithm 6.1: Breakpoint enumeration algorithm

Require: A minimal solution set S(TOLP) that corresponds to the extreme
nondominated images Ygn of the corresponding TOLP.
Ensure: For all z € S(TOLP), a parameter interval [A\s, A,] and a set of breakpoints
B.
forall z € X do
¢ < Solve P _ (X)
Ay < Solve the opposite variant of P7_ (\)

Add A@k) and A% to the breakpoint list B

Consequently, we solve the following linear program to find A:

max !
s.t. Az + bropy <0,
-1 0
—Cr — YTopr + T — [ 0 =14 £0, (Pa(M)
0 0
Ty — ly =0,
b+ 6 =1,

z€RL, zop €R, 7, €R, L €RL.

This procedure is applied to each solution x € S(TOLP), generating the correspond-
ing parameter interval [As, A,]. The union of all interval boundaries constitutes the
breakpoints set, with the complete algorithm presented in Algorithm 6.1.

If necessary, the breakpoints can be sorted using the collection of parameter intervals
obtained for all x € S(TOLP). Each resulting parameter interval (or a particular value)
in the parameter set corresponds to a unique minimal solution set, with breakpoints
marking the critical parameter values at which transitions between solution sets occur.
Specialized data structures, for example interval trees, can be used to optimize this
sorting and partitioning process (cf. [Fde83]).

6.3 Theorem. The algorithm finds all the breakpoints in the parameter set. N

Proof. The maximum and minimum values of the parameter interval dictate when a
feasible solution x enters and exits a minimal solution set S(TOLP). Thus, leading to
a change in a minimal solution set and serves as breakpoints. 0J

6.4 Theorem. The algorithm has a running time of O(|S|Tys), where Ty is the run-
ning time of the linear program PJ_.(\). 4

. WSC()\) can
be solved polynomially in the encoding size of the program PBLP’, say Ty (cf.[BM15]).

Proof. The minimization and maximization variants of the linear program P/
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6.1 Breakpoint enumeration algorithm

Other evaluations such as computing the corresponding parameter value and sorting
also take polynomial time. The algorithm iterates over all the extreme nondominated
images in Ygy, thus it has a running time of O(|S| Tys). O

6.1.1 Illustrative example

We now use an instance of PBLP! with a parameter A i. e. Example 3.4 to illustrate
the Breakpoint Enumeration Algorithm:

. (—3331 — 29+ Aay + x2)>
min
r1 — 2.1'2

s.t. xrxe X = {$€R§:3$1+2$2 > 6;21 < 10;29 < 3}.

Using an existing multi-objective optimization algorithm we compute the set of ex-
treme nondominated images, Ygn(TOLP) = {y', 9% 4% ¢y} i. e. y' = (=33,4,13),
y? = (=3,-6,3), v* = (—6,2,2) and y* = (=30,10,10). A minimal solution set that
corresponds to Ygn(TOLP) is S = {x! 2% 23 21}

We start with the weight set component W(y') which corresponds to a solution z €
S(TOLP). The parameter interval Z'(z!) for x is initialized to [0,0]. We solve the two
linear programs P ()\,) and its minimization variant to find maximum ¢, i. e. {f = 3
and minimum ¢, i. e. ¢, = %, respectively. For both maximum ¢; and minimum /¢,
we simultaneously compute the corresponding parameter values using Equation (6.3) to

get

1—-20;  1-2(3
-1 53— 1
S1-20 1-209) 7
YL -1 18-1 3
Thus, we get the parameter interval Z(z!) := [0, %] for the solution z!.

We iterate this procedure for the remaining weight set components of y2, 3° and y*
and obtain parameter intervals [0, o], [%, 0], and [1, 3], respectively along with the set
of breakpoints B = {O, 1, %, 3}. Furthermore, with the help of some data structures
such as interval trees, we compute unique solution sets shown in the Table 6.1. The
weight set decomposition of the associated TOLP of this instance along with the line seg-

ments representing weight sets of PBLP'()) at some breakpoints are shown in Figure 6.2.
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Chapter 6 Algorithms: Breakpoints and Critical regions

Parameter Solution sets
[0, 1] {z!, 2?}
1, %] {z', 22, 2%}
% {22, 2%}
[%,3] {z?% 23, 2}
(3, 0) {2% 2%}

Table 6.1: Solution sets and their
corresponding paramet-
ers.

Figure 6.2: An illustration of line segments
A€ {0, 1, %,3} marking a change
in a solution set.

6.1.2 Extension to PTLP

We now extend this algorithm to parametric triobjective linear programs. In the case of
PTLP, we use the fact that the weight sets PTLP(\) for all A > 0 is a family of plane
segments in the weight set of 4-OLP.

We use some existing algorithm to compute Ygn(4-OLP). Then, for every extreme
nondominated image y € Ygn(4-OLP), we look at its weight set component W(y) and
compute its boundaries to find the parameter intervals, [A,, A,], with respect to an
efficient solution of PTLP i.e. z € S(4-OLP).

Moreover, each weight set component of WW(4-OLP) is intersected by at least one plane
segment, defined in Definition 3.34. For each weight set component W(y), we are
interested in finding two bounding plane segments and their corresponding parameter
values A\, and \,, as shown in Figure 6.3.

Therefore, for each weight set component W(y) of W(4-OLP), we solve the following
program for PTLP:

min A\
st. weW(y),

w € Pyw(PTLP(\))
wy +wsz # 1

to determine the lower parameter bound A, and solve the corresponding maximization
program to find A,.

For any weight set component, we do not consider the extreme weight which lies on the
line segment w} + w} = 1 for the same reason provided in the program P! ()\). But

wSsC
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6.1 Breakpoint enumeration algorithm

0.8

0.6

*
wj

0.4

0.2

0.8

% 0.6
02 ] 0.4
w} 1o . " )
(a) Plane segments Py, andPy, for PTLP (b) Plane segments from a different angle

Figure 6.3: An illustration of plane segments P()¢) and P(\,) for PTLP enclosing the weight
set component W(y'), where P()\) = PweTtLp(n) for A € {Ag, Ay}

instead, we use other extreme weights of the weight set component to determine the
correct parameter interval.

As formulated in Equation (6.1), we can also express the weight set component W(y) of
W(4-OLP) as constraints in the above program. However, we use a simpler description
for the weight set component as

W(y) = {(wl,wg, ws) : Pw 2 q,w € Rg“} (6.4)

where P € Q"+**™+4 represents a coefficient matrix and ¢ € Q" is a right-hand side
vector.

We substitute the description of the plane segment, Py prrp(y)) from Definition 3.34
into the above program to get

min A
s.t. Pw 2 g,
_ (P3(N))
w1(1+)\)+w2—|—w3 = 1,
W2 —|— ws 7é 1

w e Rg“,)\ > 0.

Since A is not additively separable in the constraint w;(1+\)+ws+ws = 1, we therefore
normalize the constraint by dividing by 3 + A to obtain:

14\ +< 1 ) +< 1 ) 1
— — — Jwy = ——.
3+ T AP 3N BT 3
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Chapter 6 Algorithms: Breakpoints and Critical regions

We then define ¢4, /5 and /3 as

IR | 1

ly : — . .
1 2 3+)\7 3

BESY =3

which implies that f; = 3. We reformulate the problem P*()\) as

min 4
s.t. Pw 2 q,
lywy + ly(wy + w3) = lo, (P3)
O+ 20 =1,
we + w3 # 1

we RYH ¢ eRE.

Crucially, because ¢; = (;}i—i) is a strictly increasing function of A > 0, the objective of

minimizing A is equivalent to minimizing /¢;.

However, the constraint ¢1w; + fo(wy + w3) = fo in P? remains non-linear, as does the
exclusion of the line segment we + w3 = 1. Therefore, we solve the following linear
program

max A
4
s.t Ply> b
- I (Pasc (M)
0
un - 62 = 07
0+ 20, =1,

ue R, (eRE,

instead of P3, where 0 is the zero vector with m + 1 entries.

6.5 Proposition. Let ¢; be the optimal function value of P3. Then ¢; is also the
optimal function value of the linear program P3_ (\). q

Proof. In this proof we use the following pair of dual linear programming problems

114



6.1 Breakpoint enumeration algorithm

max (w4 lo(we + ws) min  q'u
s.t. Pw 2 q (Limax(?)) A
m+4
w € RY st PTu> 2 (Luin(0))
0
u € R’;‘l.

Let (£*,w*) be an optimal solution of P? with solution value ¢;. The proof is split
into two parts; first, we show that there is a corresponding feasible solution (¢*,u*) of

7)3

WsC

(i)

(Ar). Second, we show that (£*,u*) is also an optimal solution of P3_ (\).

Feasibility
Since (£*,w*) is feasible for P3,

Gy + 65 (wy + w3) = L. (*)

Clearly, w* is also feasible for L., (¢*) and has an objective function value ¢3.
Suppose w* is not optimal for L., (¢€*), then there exists some w’ that is feas-

ible for Lyax(¢*) and

Tl 4 G (wh + wh) > Gw; + O (w + wh) = 0.
This implies
Ty 4 O (wh + wy) — 5 > 0.
14

. .
Since 05 = —*,

£T<w,1+1—(w§+wg)> +w§;—wg

Moreover, we have w; + wy < 1 and w € R’;H. This means that the terms
respectively. Thus, there exists some ¢} < ¢} such that

—-1>0. (%)

) and % —1 in the Inequality (**) are positive and negative,

E’{(wi N 1-— (wé—i—wg))_i_wé;—wg 1
>a(w}+1_@§+w9>+“égwé—1za
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116

Using ¢, = 172”1, this implies

Clwy + Oy (why + wy) = £,

This contradicts our assumption that (¢£*,w*) is an optimal solution of P? since
(¢, w') is also feasible and achieves a better solution value. Thus, w* is optimal
for Lyax(€%).

Since Lyax(0*) is feasible and has an optimal solution, the dual L, (¢*) is
feasible and bounded. Due to strong duality, there exists some u* that is feasible
for Ly (€*) such that

q"u* = Gw + G (w} + wy).

This leads to
q vt =10
Thus, (¢*,u*) is also feasible for P3_ ().

Optimality

Assume (7} is not the optimal function value of PJ_.(A¢). Then, there exists
¢y such that ¢; > ¢;. The corresponding optimal solution (¢, a) is feasible for
P3..(\) and, in particular, it satisfies

wsc
qTﬂ = 62.

Clearly, @ is feasible for Ly, (¢). At the same time, w* is feasible for Lmax(g)
and due to weak duality,

(w} + by(wh +w3) < q"a = by,
However, from Equality (%), we obtain

Gwy + G (wy +wy) = (5.

Using 05 = %, we get

1—(w§+w§)>+w§+w§_120

0 (w}‘ + 5 5

Since /; > ¢; and due to the same reasoning for Inequality (++),

1—(w§+w§)>+w§+w§_1>o

g *

— gﬂUT + gg(w; + U);) > 62.



6.2 Adapted weight set algorithm

This is not possible due to weak duality, and we get a contradiction. Thus, ¢}
is an optimal function value of P3_ ()\,). O

After finding the maximum value of P3_.()\,), say £;, the corresponding value of ), is

WSC

calculated as A\, = 15:3?. Observe that the optimal value of ¢; = 1 in P3_.()\,) implies
1
A — 00 in the parameter set.
Using a similar argument, we solve the following minimization variant of P2_ ()\,) to
compute the minimum ¢; that corresponds to the parameter \,
min 0y
b
ly
s.t. Py < ,
B 53 (P\?vsc()\u))
0
un — 0y =0,
gl + 262 = 1,

ue R e RL.

We iterate this procedure for all the weight set components in YW(4-OLP) and compute
the set of breakpoints for the parametric problem PTLP and parameter intervals for
each solution in S(4-OLP).

6.2 ADAPTED WEIGHT SET ALGORITHM

As shown in the Breakpoint Enumeration Algorithm (Algorithm 6.1), the weight set
components of W(TOLP) can be used to solve PBLP’. We now discuss a strategy that
directly utilizes weight set decompositions of TOLP to address our problem. There
are several algorithms to find extreme nondominated images of a multi-objective linear
program which computes weight set decomposition as an auxiliary result (such as in
Benson and Sun [BS02], Przybylski et al. [PGE10] and Halffmann et al. [Hal+20]).
These algorithms involves verifying extreme weights of the weight set component of an
extreme nondominated image of TOLP using weighted sum. We use one such algorithm,
which we refer to as the Weight Set Algorithm.

The idea behind the algorithm is as follows: For each extreme weight verified by the
Weight Set Algorithm, we calculate the corresponding parameter value. These values
are computed using Equations (3.3) and (3.7) for PBLP' and PBLP?, respectively, as
shown in Figure 6.4. For each solution x € S, we want to find the parameter interval
[A1, Ay as described in Proposition 6.1. This interval is initialised using the parameter
values of the first two verified vertices. Subsequently, if the corresponding parameter
value is greater than the upper bound, the upper bound is updated; if it is less than the
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wy
ot
RACR)
&2
\\\\w2 w?l *
'U)* ° e1’01
w? )\} = (1)
(a) Evaluation of Al associated to W(y!) for (b) Evaluation of A\? associated to W(y') for
PBLP' PBLP'

Figure 6.4: An illustration of evaluation of M using extreme weights (marked in red) of
W(y'). Extreme weights w! and w* yield the lower bound A} and the extreme
weight w3 yield the upper bound AL. A solution z! € S is optimal for the
parameter intervals [0, \}] in PBLP! and [0, A\2] in PBLP?.

lower bound, the lower bound is updated. Note that if the extreme weights obtained
by the Weight Set Algorithm have w} = 0 and w* = wj = 0 for PBLP' and PBLP?,
respectively, then the parameter value is set to infinity. Thus, each time the Weight
Set Algorithm obtains a weight set component of an extreme non-dominated image
y € Yen(TOLP), we also get the parameter interval. Thus, we determine the parameter
interval [\, A\,] within which the corresponding = € S(TOLP) of y remains optimal.

Parameter value calculations and comparisons with current interval bounds require O(1)
time per operation in addition to the time taken to enumerate each extreme weight of a
weight set component. Consequently, this constant-time overhead is asymptotically neg-
ligible in the overall weight set decomposition algorithm. However, a notable limitation
of this method is its dependence on a weight set decomposition algorithm, which re-
stricts the choice of the underlying multi-objective programming algorithms. Whereas
the Breakpoint Enumeration Algorithm 6.1 is efficient in scenarios if the existing al-
gorithm used to compute the set Yen(TOLP) is computationally more efficient than
a complete weight set decomposition algorithm. Although, in general it has a more
significant overhead which is bounded by O(|S| Tys) (see Theorem 6.4).

6.2.1 Extension to PTLP

We extend the Adapted Weight Set Algorithm to parametric triobjective linear pro-
grams.

In case of PTLP, we use the fact that the weight sets PTLP()) for all A > 0 is a family
of plane segments in the weight set of 4-OLP as shown in Figure 3.14.
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6.3 Algorithm for critical region detection

The algorithm follows the same approach by using the extreme weights of the weight
set components to calculate the parameter intervals for every = € S(4-OLP). The
corresponding parameter values are computed using Equation (3.8) from Theorem 3.28
for PTLP. We repeat this process for all weight set components of W(4-OLP).

6.3 ALGORITHM FOR CRITICAL REGION DETECTION

In this section we propose an algorithm to determine the critical region of a solution for
biparametric biobjective linear programs discussed in Chapter 5.

The idea follows from the Adapted Weight Set Algorithm whereby a weight set decom-
position algorithm of the related multi-objective linear program will be used. Since
such an algorithm computes all the weight set components associated to each extreme
nondominated image in Yen(MOLP), we can again use the extreme weights of these
components to find the critical region. For biparametric biobjective linear programs
BBLP' and BBLP?, we compute the weight sets W(TOLP) and W(4-OLP), respect-
ively. This approach ensures that all extreme weights of every weight set component of
the weight set are identified.

In the case of BBLP', for each weight set component W(y) of W(TOLP), we only
use a subset of extreme weights given by A;(y) U As(y). We can sort this subset by
using the component-wise ordering mentioned in Definition 5.19. As a consequence of
Theorem 5.42, the critical region is characterized as the area between two envelopes Ey(y)
and E,(y). Therefore, the corresponding line segments L(w*) where w* € A;(y) U As(y)
are used to compute the critical region R'(x) for a solution z € S(TOLP) in the
parameter set. We iterate this for every weight set component and find the critical
region for every x € S(TOLP).

And in case of BBLP?, for each weight set component W(y) of W(4-OLP), we use all
the extreme weights w* € W(y). We compute the corresponding parameters A\ and p
using the following equations:

w
_ Wy
)\——*,
wy
w*
Wy
=
Wy

in order to find the critical region R?(x). We iterate this for every weight set component
till we have the critical regions R?(x) for every = € Sj.
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CHAPTER 1

CONCLUSION

In this thesis, we developed a theoretical framework that relates the solution sets of a
class of parametric programs to multi-objective linear programs. This framework uses
the structure of the weight sets of these two types of programs. We relied on existing
multi-objective programming methods and the weight set decomposition of the multi-
objective linear program to solve parametric biobjective linear programs. Our focus
was on two broad cases: first, programs with a single parameter, and second, programs
with two different parameters. Our approach uses the weighted sum scalarization of
parametric biobjective linear programs and their corresponding multi-objective linear
programs. As a result yielding bridging the gap between parametric biobjective linear
programs and the corresponding multi-objective linear programs.

The first part of the thesis focused on parametric biobjective linear programs with a
single parameter and in the second part we investigated biparametric biobjective linear
programs with two different parameters. We used the weighted sum scalarization and
derived the relation between the weight sets of parametric problems and the weight set
of the corresponding multi-objective linear program. Then we established a connection
between the weight set of multi-objective linear programs and the structure of the para-
meter set of parametric problems. We showed the equivalence of minimal solution sets
of parametric problems and their corresponding multi-objective linear programs. Us-
ing similar arguments, we generalized our findings to parametric multi-objective linear
programs. We proposed two algorithms that address two distinct cases of parametric
biobjective linear programs. The first algorithm builds on any multi-objective linear pro-
gramming algorithm and solves linear programs to find breakpoints in the parameter set.
For the second algorithm, we adapted a weight set decomposition algorithm specifically
to enumerate the breakpoints.

There is a scope for future research in continuation of this thesis by extending it to
parametric multi-objective mixed integer programs and multi-objective combinatorial
programs. As this thesis only uses weighted sum scalarization, it would be interesting
to explore other multi-objective optimization techniques, such as the Budget-Constraint
Method, where one objective function is kept and the others are added to the constraints
subject to some bound. Adopting a budget-constraint approach to a parametric multi-
objective linear program will be comparable to those of an existing multi-parametric
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linear program with regard to the right-hand sides (cf. [GN72]). However, in this case,
the objective function will also be parametrized along with the constraints.

The use of weight set of the four-objective linear program in Chapter 5 resulted in
subdivision of the parameter set into critical regions for each solution in a minimal
solution set but it would be interesting to further analyze the structure of this critical
region. For instance, to figure out whether the critical region is convex or not and if
it requires some other conditions. It would be interesting to investigate if we can get
a compact representation of the critical region while using only a smaller number of
weights from the corresponding weight set component.

The algorithms proposed in Chapter 6 rely on the weight set component and weight set
decomposition of the corresponding MOLP, so it would be of interest if there is a new
approach to find the set of breakpoints without relying on existing algorithms.
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