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Abstract

This thesis explores massively parallel methods for algebraic computations, focusing on parallel algorithms for
computing syzygies and free resolutions of finitely generated modules over polynomial rings, relying on ideas from
Schreyer’s method. Further topics are modular methods for free resolutions and higher syzygy modules over
polynomial rings, with applications to computing rational parametrizations of rational normal curves, as well as
plane (singular) rational curves.

Massively parallel computations are a transformative approach in the field of computer algebra, enabling the
handling of complex and large-scale algebraic problems, with applications on the geometric side, that were previously
infeasible. In this thesis, we focus on Schreyer’s resolution algorithm and demonstrate how this algorithm can be
restructured to accommodate parallel computations by modeling the algorithm in the form of a Petri net. This
facilitates the coordination of tasks and data structures within a parallel computing environment and allows us to
exploit the inherent parallelism of the algorithm. In order to formulate the algorithm as a Petri net, we in particular
restructure it by translating the recursive algorithm for computing the tail terms of syzygies into an iterative form.
Moreover, we develop a parallel approach for summing up the syzygy terms. For our implementations, we utilize
the SINGULAR/GPI-SPACE framework, which combines the computer algebra system SINGULAR [DGPS24] with
the workflow management system GPI-SPACE [Fra25], which natively supports an enriched variant of Petri nets as
a coordination language for parallel computations.

We observe that in our setting with a large number of small computations, executing SINGULAR interpreter code
in the computational backend becomes a serious bottleneck. We thus extend the capabilities of the SINGULAR/GPI-
SPACE framework to run kernel level computations based on the C++ library version of SINGULAR, and implement
our computational building blocks in this way. We expect that this technique will have numerous further applications
in the future.

A key challenge in algebraic computations over the rational numbers, such as those relying on Buchberger’s
algorithm for computing Grébner bases, is the issue of intermediate coefficient growth [Arn03]. This phenomenon
can significantly affect the efficiency and feasibility of computations. Modular and p-adic methods have proven to
be successful in addressing intermediate coefficient growth in various applications, see, for example, [Arn03],[IPS11],
[BDFP15]. Building on the generic massively parallel modular methods described in [BBMRR24|, we present a
novel approach to parametrizing rational normal curves using massively parallel modular methods. We implement
a modular technique for determining free resolutions as well as specific higher syzygy matrices to avoid the com-
putational cost associated with lifting all syzygy matrices. For example, the last syzygy matrix can be used to
compute certain Ext modules, which in turn allow one to iteratively find a parametrization of a rational normal
curve. This, in particular, illustrates how classical algebraic geometry techniques can be transferred to a parallel
context.



Zusammenfassung

Diese Arbeit untersucht massiv-parallele Methoden fiir algebraische Berechnungen mit Schwerpunkt auf parallelen
Algorithmen zur Berechnung von Syzygien und freien Auflésungen endlich erzeugter Moduln iiber Polynomrin-
gen basierend auf Ideen aus dem Verfahren von Schreyer. Weitere Themen sind modulare Verfahren fir freie
Auflésungen und hoéhere Syzygienmoduln iiber Polynomringen, mit Anwendungen auf die Berechnung rationaler
Parametrisierungen rationaler Normalkurven sowie von ebenen (singuléren) rationalen Kurven.

Massiv parallele Berechnungen stellen einen innovativen Ansatz in der Computeralgebra dar, der die Bewalti-
gung komplexer, gro3skaliger algebraischer Probleme ermoglicht — insbesondere in geometrischen Anwendungen, die
bisher nicht praktikabel waren. Im Fokus dieser Arbeit steht Schreyers Auflésungsalgorithmus. Wir zeigen, wie sich
dieser Algorithmus fiir parallele Berechnungen umstrukturieren lasst, indem wir ihn in Form eines Petrinetzes model-
lieren. Dies erleichtert die Koordination von Berechnungen und Daten in einer parallelen Rechnerumgebung und er-
laubt es, die inhédrente Parallelitit des Algorithmus auszunutzen. Um den Algorithmus als Petrinetz zu formulieren,
haben wir ihn insbesondere umstrukturiert, indem wir den rekursiven Algorithmus zur Berechnung der Tailterme
von Syzygien in eine iterative Form {iberfithren. Dariiber hinaus entwickeln wir einen parallelen Ansatz zum
Summieren der Syzygienterme. Fiir unsere Implementierungen nutzen wir das SINGULAR/GPI-SPACE-Framework,
das das Computeralgebrasystem SINGULAR [DGPS24] mit dem Workflow-Management-System GPI-SPACE [Fra25]
kombiniert und eine erweiterte Variante von Petrinetzen als Koordinationssprache fiir parallele Berechnungen nativ
unterstitzt.

Wir beobachten, dass in unserem Setting mit einer groflen Anzahl kleiner Berechnungen die Ausfithrung von
SINGULAR-Interpretercode im Berechnungs-Backend einen signifikanten Engpass darstellt. Daher erweitern wir die
Féhigkeiten des SINGULAR/GPI-SPACE-Frameworks, um Kernel-Berechnungen auf Basis der C++-Bibliotheksversion
LIBSINGULAR von SINGULAR auszufiihren, und implementieren unsere algorithmischen Bausteine auf diese Weise.
Wir erwarten, dass diese Technik in Zukunft zahlreiche weitere Anwendungen finden wird.

Eine zentrale Herausforderung bei algebraischen Berechnungen iiber den rationalen Zahlen, etwa wenn sie auf
Buchbergers Algorithmus zur Berechnung von Grobner-Basen beruhen, ist das Problem des Wachstums der Koef-
fizienten in Zwischenergebnissen [Arn03]. Dieses Phinomen kann die Effizienz und Durchfiihrbarkeit von Rechnun-
gen erheblich beeinflussen. Modulare und p-adische Methoden haben sich hierbei als vielversprechend erwiesen, um
dieses Problem zu adressieren (vgl. [Arn03], [IPS11], [BDFP15]). Basierend auf den in [BBMRR24] beschriebenen
generisch massiv parallelen modularen Methoden présentieren wir einen neuartigen Ansatz zur Parametrisierung
rationaler Normalenkurven mittels massiv-paralleler modularer Techniken. Wir implementieren ein modulares Ver-
fahren zur Bestimmung freier Auflésungen sowie hoherer Syzygienmatrizen. Durch letzteres kann man oft die
Kosten der Rekonstruktion der vollstdndigen Auflésung vermeiden. Beispielsweise kann die letzte Syzygienmatrix
in einer Auflésung verwendet werden, um bestimmte Ext-Moduln zu berechnen, die wiederum erlauben, iterativ
eine Parametrisierung einer rationalen Normalkurve zu finden. Damit demonstrieren wir, wie klassische algebraisch-
geometrische Techniken in einen parallelen Kontext iibertragen werden kénnen.
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Chapter 1

Introduction

1.1 Overview

Massively parallel methods are enabling computer algebra techniques to handle large-scale problems. On the
mathematical side, there are some algorithms whose basic strategy is inherently parallel, whereas many others are
sequential in nature [Boh+21]. It is always a key goal to specify for a given problem a parallel algorithm to make use
of modern computer infrastructure. In computer science, parallel computing models have been extensively studied
and exhibit fundamental differences in their design. In general, parallel computing models are distinguished by their
underlying architecture. Shared memory-based models use multiple threads to access a common memory space.
Multi-process models typically rely on forking a process, establishing an essentially lazy copy of the memory space.
In contrast, distributed models consist of numerous independent processes that need to exchange information to
coordinate their progress. While this seems to be a disadvantage, it allows to scale computations beyond a single
machine. Transitioning a computer algebra system like SINGULAR [DGPS24], initially created for sequential execu-
tion, to accommodate parallel computing requires substantial modifications (for multi-processing) and substantial
additions (for distributed computing). We rely on the latter idea, making use of the SINGULAR/GPI-SPACE frame-
work [Boh+21], which combines SINGULAR with the workflow management system GPI-SPACE without altering
SINGULAR itself.

The main application in this thesis is the computation of syzygies, that is, elements of the kernel of homo-
morphisms of free modules over polynomial rings, and more generally, the computation of free resolutions. Free
resolutions are one of the most important tools in computational commutative algebra, as well as computational
algebraic geometry and birational geometry. The primary objective of this thesis is to design parallel algorithms for
free resolutions and their applications and to implement them in a distributed model. To make use of the SINGU-
LAR/GPI-SPACE framework in our implementations, we have to expose parallel structures in recursive algorithms,
thus allowing for their adaptation to parallel computing environments. This transformation is achieved through
modeling the coordination of the computation in terms of Petri nets, which provide a graphical model for describ-
ing and analyzing concurrent processes. Subsequently, we translate the resulting Petri net representation into a
structure compatible with GPI-SPACE, enabling automated and efficient execution on high-performance computing
(HPC) clusters. Our algorithmic portfolio includes a variant of Schreyer’s algorithm for computing syzygies and
free resolutions, with specific adaptations for both polynomial rings over a field and exterior algebras, as well as
modular techniques with applications to the parametrization of rational curves.

Algebraic geometry, which is combining algebra and geometry, focuses on the study of solutions to polynomial
equations. A key aspect of this field is the analysis of algebraic varieties, which are solution sets of these polynomial
equations. Free resolutions, in particular minimal free resolutions, play a central role in determining the properties
of algebraic varieties and associated sheaves and modules. Coming from commutative algebra, the theory of free
resolutions has become a central tool in computational algebraic geometry by allowing for homological methods
to study geometric properties and invariants of algebraic varieties. Basically, free resolutions are used to provide
insight into the structure of a module and, in particular, a quotient of a polynomial ring. One application arises in
computing the cohomology of coherent sheaves.

As a starting point for the concept of free resolutions, let us consider the following cases: If M is a finitely
generated vector space over a field K, then it is already free. If M is a finitely generated Z-module, then by the
Smith normal form theorem it has a free resolution of type

0 s zr My g A s M s 0 .

10



For instance, the finitely generated abelian group G = Z/4Z & Z/6Z with its canonical Z-module structure has a free
resolution as follows:

0 > Z2 > Z2 > Z > G >0,

4 0
i (L)

Note that coker(dy) = Z/4Z & Z/6Z which is G. In contrast to the case of PIDs, if M is a finitely generated module
over an arbitrary Noetherian ring (for example, R = K[x1,...,%,]), things become significantly more complicated.
Still, the choice of a finite set of generators of M gives rise to an epimorphism

where

R — M —— 0.

Repeating the process, choosing a set of generators for ker(d;), we get a free presentation of M
R 25 RO M >0,
By iterating this construction, we obtain a sequence of free modules and maps
L g B g B pre 6,

where each d; generates the module of relations (syzygies) among the generators of the previous kernel. This
sequence is called a free resolution of M. If R= K[z1,...,z,] is a polynomial ring over a field K is a polynomial
ring, Hilbert’s Syzygy Theorem 3 guarantees that this process terminates after a finite number of steps. In fact, we
can achieve that this resolution is of the following type:

O->F,—»>>F,>Fy->M->0

Computation of such a resolution is one of the fundamental tasks in constructive module theory needed, for example,
to compute the modules Ext (M, N) for another finitely generated R-module N. An algorithm for computing
resolutions, starting from a presentation of M and a Grobner basis of the image of the presentation matrix im(F; —
Fy), was given by Schreyer (1980), see also [Eis13] [EMSS16] or [BS14].

If M is a graded module over the polynomial ring R with its standard grading, then there exists a minimal free
resolution, which is uniquely determined up to isomorphism. While the computation of the Grébner basis of the
presentation matrix is still feasible in many examples, the computation of the minimal free resolution might be out
of reach. Instead, Schreyer’s approach efficiently finds a possibly non-minimal resolution, which is good enough for
many applications. We can compute numerical invariants such as Betti numbers and Hilbert functions from free
resolution using Schreyer’s algorithm. Furthermore, the algorithm can be extended for resolutions over the exterior
algebra, enabling applications such as computing the cohomology of coherent sheaves over projective spaces via the
Bernstein-Gel’'fand-Gel’fand (BGG) correspondence [EFS03].

Another application of free resolutions over polynomial rings discussed in this thesis comes from birational
geometry: The computation of anti-canonical maps amounts to the computation of Ext-modules. In this context,
we will discuss the parametrization of rational curves (that is curves of geometric genus zero) over the complex
numbers. Parameterizing a plane projective rational curve can be achieved by mapping the curve to a rational
normal curve using the adjoint linear system, followed by successively applying anticanonial maps and determining
the inverse of the resulting composite map. Our aim here is a modular computation of the Ext-modules, as well as
a modular computation of the parametrization of rational normal curves, and plane (singular) rational curves.

Contributions and Structure of this Thesis
This thesis makes several contributions in key topics of computational algebraic geometry:

1. The introduction to the thesis is the sole work of the author of this thesis.

2. Parallel Algorithms for Free Resolutions: In Chapters 2 and 3, we develop a massively parallel algorithm
for computing syzygies and free resolutions of finitely generated modules over polynomial rings. The main
innovation of this work lies in the reformulation of Schreyer’s refined algorithm using the language of Petri
nets, enabling the parallel computation of syzygies through graph expansions. Following Schreyer’s original

11



Speed-up for the Parallel Free Resolution Algorithm
9 - T

|

Speed-up

| | | | | |
13 6 12 24 48
Number of cores

Figure 1.1: Speed-up for the parallel free resolution algorithm.

ideas, the 1iftTree algorithm allows one to ignore lower-order terms in the computation of the generators
of the syzygy module. The 1iftTree algorithm recursively calls the subLift algorithm, which computes the
tails of leading syzygies. We develop an iterative algorithm that is then formulated as a Petri net, enabling
the parallel computation of tails in terms of graph expansion. We prove correctness and termination. We
also describe a massively parallel algorithm to collect the terms in an efficient way. Our implementation
gspc_res significantly outperforms the well-established and highly efficient fres method in SINGULAR, which
is a benchmark implementation in computer algebra, in examples of interest, see Table 1.1. *. The resolution
computation featuring a parallel addition of terms algorithm shows in a Pfaffian Gorenstein family a dramatic
reduction in execution time from 229 minutes using fres to 26.6 minutes with the parallel algorithm on 6
cores, with the time further decreasing to 15.9 minutes on 48 cores.? Our algorithm allows the computation
to scale to multiple cores and machines, see Figure 1.1. This demonstrates the potential of our approach for

applications.
ncores | gspc_res | fres
1 134.0 229.0
3 52.4
6 26.6
12 18.0
48 15.9

Table 1.1: See Section 3.5. Timings (in minutes) for the computation of resolutions from a Grobner basis in the
case of a Pfaffian Gorenstein family.

Chapter 2 of this thesis gives a first take on the subject and is the sole work of the author. It has been published
in Mathematical Software — ICMS 2024, Lecture Notes in Computer Science, vol. 14749, Springer, Cham, 2024,
pp. 127-134. https://doi.org/10.1007/978-3-031-64529-7 14. We intend to publish a joint paper coauthored
by J. B6hm based on Chapter 3 combined with Section 1.2 of Chapter 1. The main contribution of the author
of the thesis here is the writeup and formulation of the iterative Schreyer algorithm, its implementation,
and the execution of examples and timings. Our implementation gspc_res can be found in the github
repository https://github.com/singular-gpispace/gspe-res.

3. Birational Geometry and Rational Curves: Building on foundational work of Hilbert und Hurwitz on

LAll benchmarks were done on a Compute-Server running Linux: Dell PowerEdge R750 with 2x Intel(R) Xeon(R) Platinum 8368
CPUs @ 2.40 GHz, with a total of 76 cores and 156 threads, and 2048 GB RAM.
2Single core times improved as well, due to streamlining of the algorithm and improvements in the arithmetic.

12



the parametrization of rational curves [HH90], we develop a massively parallel modular method for computing
anticanonical maps (via free resolutions), parametrizing rational normal curves, and parametrizing (singular)
rational plane curves. We also establish a verification theorem to ensure the correctness of these parametriza-
tions. We build on the SINGULAR library paraplanecurves.lib [BDLS] and the generic modular framework
[BBMRR24], which again builds on the SINGULAR/ GPI-SPACE framework. We intend to publish a joint paper
coauthored by J. Bchm and W. Decker based on Chapter 4. The main contribution of the author of the thesis
is the modular implementation of the computation of Ext-modules via free resolutions, and a modular version
of the parametrization algorithm for rational normal curves and plane (singular) curves. Our implementation
gspc_modular can be found at the github repository https://github.com/singular-gpispace/modular_ res.

1.2 GPI-Space and Petri Nets

Our implementations rely on the SINGULAR/GPI-SPACE framework [Boh+21], which combines the computer al-
gebra system SINGULAR with the workflow managment system GPI-SPACE, that uses Petri nets for coordination.
Here, SINGULAR is used as the user interface for the framework, as well as for implementing computations (in its
form as a C++ library). The main goal is to achieve parallelism in algebraic geometry. First results in this direction
are due to L. Ristau [Ris19] in the context of determining smoothness of algebraic varieties. There are multiple suc-
cess stories of the SINGULAR/GPI-SPACE framework, e.g., in algebraic geometry (determining smoothness), tropical
geometry [BBRS24] (computation of tropicalizations with finite symmetries), geometric invariant theory (comput-
ing GIT-fans with finite symmetries), high energy physics [Ben+20] (computing integration-by-parts identities for
Feynman integrals), and modular methods [BBMRR24]. The framework for modular computations developed in
[BBMRR24] is used in our implementations relying on modular methods.

We discuss now some of the key features of GPI-SPACE. In his groundbreaking work [GC92], Gelernter observed
that one can build a complete programming system from a computation model, which is used to build individual
computational activities, together with a coordination model. This combines the computations into a so-called
ensemble by allowing communication among them through space and time. Simple forms of a coordination language
are present in most programming languages. For example, user interaction is coordination. Also argument passing
between functions is a simple form of coordination. Operating systems supply limited coordination, but usually
do not support sufficient communication. Coordination could also be achieved without separating coordination
and computation, however the separation allows one to use a professional workflow management system, as well
as diverse computation models within one coordination model. In fact, we do this in our implementations: Some
computations are implemented in a language native to GPI-SPACE, others are implemented in C++, and others
in the interpreter of SINGULAR. The main requirement to set up an efficient distributed computing model is
that an activity must be able to transport information to another activity which has a state that is evolving and
unpredictable. Based on the language of Petri nets, GPI-SPACE implements a complete coordination language
that satisfies these demands. This coordination language is combined in GPI-SPACE with a distributed runtime
system, that supports heterogeneous computing resources. This framework supports computational resources from
a personal computer to a high-performance computing environment.

1.2.1 The GPI-Space Workflow Management System

Key components of GPI-SPACE include:
1. The Distributed Run-Time System (DRTS):

(a) The DRTS is responsible for initializing and managing workers across available computing resources.

(b) These resources can include heterogeneous systems, such as traditional compute nodes and nodes with
accelerator cards.

(¢) It distributes computing jobs efficiently, ensuring fault tolerance by monitoring and reassigning jobs if
hardware fails.

(d) Dynamic addition of new hardware is supported.
2. The Workflow Engine:

(a) The workflow engine executes the Petri net based coodination layer.

(b) Workflows can be modular and use other workflows as building blocks, allowing users to create workflows
from predefined elements.
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(c) A graphical visualization helps with workflow design.

3. The Virtual Memory Layer:

It is possible to operate GPI-SPACE using serialization of data to a fast parallel file system (e.g., BeeGFS).
In-memory computation has advantages with regard to latencies and performance bottlenecks associated with
traditional input/output. This feature is not yet used on a large scale by our implementation and will become
easier to access in the future by a new abstraction layer.

1.2.2 Petri Nets

Petri nets, first described by Carl Adam Petri in 1962, have become a widely used formalism for modeling, analyzing,
and simulating concurrent and distributed systems. Petri nets are bipartite graphs with two types of vertices: places
(depicted as circles) and transitions (illustrated as boxes). They describe the algorithm’s structure and, by a
labeling with structureless tokens, the computation’s state. Transitions represent the elementary computational
units, while places contain tokens. A transition is enabled if all its input places (that is, a place connected with an
arrow ingoing to the transition) possess a token. An enabled transition can fire: It then consumes one token from
each input place and deposits one token on each output place (that is, a place connected with an arrow outgoing).
A Petri net is then executed by iteratively firing a random enabled transition. We can formalize the definition as
follows:

Definition 1. A Petri net is a triple (P,T,F), where P and T are disjoint finite sets of places, and transitions
respectively, and where F'c (PxT)u (T x P), is the flow relation of the net.

Definition 2. A marking of a Petri net (P,T,F) is a function M : P — N. If M(p) = k, we say that place p
holds k tokens under M.

With the marking we can formally define the firing rule, the firing of ¢ leads to a new marking M’, with
M'(p)=M(p) - {(p,t)} n F|+|{(t,p)} n F| for all p e P, see for example [Boh+21].

Example 1. Consider a Petri net with places P1, P2, and a transition T connecting the two places. Consider the
marking in Figure 1.2. Here T is enabled to fire, as P1 contains tokens. Figure 1.3 shows the new marking after
one firing.

s

P1 P2

Figure 1.2: Before firing

O s

P1 P2

Figure 1.3: After firing

Example 2 (Task and Data Parallelism in a Petri Net). Petri nets are able to model parallelism. The Petri net
model in Figure 1.4 shows that the transitions T1 and T2 can fire in parallel provided both input places hold a token.
In this way task parallelism is realized. Moreover, due to the randomized nature of the execution of a Petri net,
we can fire the transition T; multiple times in parallel if the place P; holds multiple tokens. This is called data

parallelism.
) SN

(———{mw]
o

Figure 1.4: Data and task parallelism

0
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1.2.3 Extensions to the Concept of Petri Nets in GPI-Space

To effectively model real-world applications, the classical concept of a Petri net requires enhancements:

Timed Petri Nets. In practical applications, transitions take time (unlike in the theoretical definition of a Petri
nets, which does not account for time). To address this, timed Petri nets are utilized. For example, in [HP96], the
concept of timing is integrated by breaking down the firing process into three distinct phases[BF21]:

1. Removing tokens: Tokens are removed from input places when a transition is fired.
2. Computation: During the computation, neither the input nor the output tokens are present in the net.
3. Placing tokens: Once the transition finishes, output tokens are placed into the designated output places.

Colored Petri Nets. While in the theoretical form of a Petri net only structureless tokens are used, this is still,
in theory, sufficient to describe our algorithms. However, it is highly impractical. Petri nets become a very eflicient
way of modeling algorithms once one allows tokens to contain data. This can be expressed in the language of
colored Petri nets. In practice, places are annotated with an admissible type of the tokens to be stored on the
place. Note that GPI-SPACE does not accept Petri nets which do not respect the imposed types [BF21]. None of
our implementations would be possible without tokens holding data.

Conditional Petri Nets. Within GPI-SPACE, the firing of a transition can be controlled by a condition, that
is, a logical expression that depends on the properties of the input tokens coming from the input places [BF21].
This again makes Petri nets a much more versatile programming language. Most of our implementations rely on
conditions.

The Number-of-tokens feature.

The number-of-tokens feature in GPI-Space extends classical Petri nets by enabling transitions to observe the
number of tokens that are currently situated on a given place, or have been consumed from the place and are
still in processing within the consuming transition. This is done via the connect-number-of-tokens binding,
which connects a place to an unsigned long port, making the token count of the place available for conditions and
computations [Fra25]. This feature, which has been recently added to GPI-SPACE on demand from our side, is of
great use and has simplified many of our implementations by eliminating the need to count tokens and transitions.
Making the token count of the place available

1.3 Sequential to Parallel

Petri nets allow the automated use of parallelism within the net. Non-parallel programs can often be turned into
parallel ones. We give an example on how to transform a sequential algorithm into a parallel one, relying on the
Petri net formulation.

Example 3. Suppose we want to take the sum over a given set of numbers. Figure 1.5 shows a Petri net which
solves this problem if we initialize Input with the summands and Output with zero.

Figure 1.5: Petri net for a sequential sum.

Example 4. Figure 1.6 is a parallel version of Figure 1.5. We achieve parallel execution by introducing transitions
LHS, and RHS. We define LHS resp. RHS to consume a control token from ctrll resp. ctrl2, and move a token from
Input to L resp. R. Since this process is typically faster than the summation, the net lines up an (up to one) equal
amount of tokens on L and R, enabling the Sum to fire in parallel.
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Figure 1.6: Petri net for a parallel sum.
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Chapter 2

Massively Parallel Methods for Free
Resolutions

This chapter describes work towards an approach to using massively parallel methods for computing syzygies and free
resolutions of finitely generated modules over polynomial rings over fields, as described in our earlier published work
[Gna24]. Here, we summarize the key contributions and methodology. The primary focus is on transforming the
recursive nature of the LIFT algorithm and its subroutine, SubLIFT, into an iterative framework suitable for parallel
execution, and we propose a Petri net formulation. Note that the improved version of this approach, incorporating
further optimizations and advancements, is discussed in Chapter 3. Our primary focus here is Schreyer’s resolution.
Our method exploits the inherent parallelism of the algorithm, primarily utilizing Petri nets, within the GPI-
SPACE [Fra25| framework as our language for parallel workflows. GPI-SPACE is a task-based workflow management
system that employs Petri nets as its coordination layer, while the computation is carried out by the computer
algebra system SINGULAR [DGPS24]. We outline how the algorithm is modeled through a Petri net, explaining the
coordination of tasks and data structures within the parallel computing environment.

2.1 Introduction

In computational algebraic geometry, efficiently computing free resolutions of ideals and modules is crucial for many
tasks, e.g., the computation of Ext modules and Betti numbers [EMSS16]. An algorithm for computing resolutions,
starting from a Grébner basis of a submodule of a free module (for example, of the image of the presentation matrix

R a2 Fy - M — 0 of a finitely presented module M) was given by Schreyer [EMSS16]. If M is a graded module over
the polynomial ring R = K[x1,...,z,] with its standard grading, then there exists a minimal free resolution which is
uniquely determined up to isomorphism [Eis13, Theorem 20.2]. Non-minimal free resolutions are more feasible and
cheaper to compute. Despite their non-uniqueness, they are often sufficient for computational purposes, such as the
computation of minimal Betti numbers. We propose a novel massively parallel method building on Schreyer’s refined
algorithm 1iftTree for computing syzygies using the SINGULAR/GPI-SPACE Framework. The 1iftTree algorithm
is based on an idea from [Sch91], which allows it to ignore so-called lower order terms in the computation of the
generators of the syzygy module. This chapter is structured as follows: In Sect. 2.2 we introduce the fundamental
terminology, Subsect.2.2.1 covers the monomial orderings of free modules and syzygies, while Subsect.2.2.2 recalls
Schreyer’s Theorem and the corresponding algorithm; Sect. 2.3 introduces Petri nets as a graphical coordination
language, and how they integrate with the workflow management system GPI-SPACE; finally, in Sect.2.4 we outline
the Petri model for our strategy for computing syzygies and give an example.

2.2 Grobner Bases and Syzygies

A Grobner basis is a collection of multivariate polynomials that extends two well-known techniques: Gaussian
elimination for solving linear systems and the Euclidean algorithm for finding the greatest common divisor of
univariate polynomials; see [CLO97] , [B6h24],|GPBLS08]. Let K be an arbitrary field and let R = K[xy,, 2]
denote the polynomial ring in n variables over K. We denote by Mon(x1, ..., x,) the semigroup of monomials in R.
A term order on R is a strict total ordering > on the set of all monomials £ := z®' ... z®" which has the following
two properties: It respects multiplication, i.e. z® > z® implies 2" > z* for all a, 8,7 € N”, and z* > 1 for all
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a #(0,...,0). If I is an ideal of R, then a finite subset G := {f1,...,f} of I with 0 ¢ G is a Grobner basis if
L(G) = (L(f1),..-, L(fr)) = L(I), where L(G) is the leading ideal generated by the lead monomials with respect
to given monomial ordering >. It is well known that every ideal of R admits a Grobner basis with respect to any
given monomial ordering.

2.2.1 Finitely generated modules and their syzygies

These notions are extended to free R-modules as follows. Let F' be a free R-module of rank r and let {e;};_; be
a basis of F. A monomial in F' is the product x%e; of an element z € Mon(z1,...,z,) with a basis element e;.
A term in F is the product c¢-x%e; of a monomial x%e; in F' with a scalar ¢ € K. A monomial ordering > on F' is
a total ordering > on Mon(F'), such that if mie; and mge; are monomials in /' and m is a monomial in R, then
mae; > maoe; implies (m-mq)e; > (m-mz)e;, and for all ¢, j and monomials my,mg of R, we have mye; > mae; if
and only if mie; > maoe;.

Any f e F - {0} has a unique decomposition f = cme; + f*, where: c € K*, me; € Mon(F'), and me; > m*e; for
any non-zero term c*m®e; of f*. With this decomposition, we define the leading monomial, the leading coefficient,
the leading term, and the tail of f as LM(f) = me;, LC(f) = ¢, LT(f) := cmey, tail(f) = f — LT(f), respectively.
For any subset G c F, we call L(G) := (LM(f)|f € G~ {0})r c F the leading module of G. The notion of a Grébner
basis is extended accordingly for such G, considering (G). Let M be a R-module, let G := {f1,...,f-} ¢ M be a
finite subset of M. The (first) syzygy module of G is defined as the kernel

Syz(G) = ker g
of the homomorphism ¢ : R™ - M, e; — f;. An element of Syz(G) is called a syzygy of G.

Theorem 1. (Hilbert Syzygy Theorem) [Eis13, Corollary 19.8] Let M be a finitely generated module over the
polynomial ring R = K[21,...,x,]. Then M has a finite free resolution
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by finitely generated free modules F;. Furthermore, one can achieve that I < n.

2.2.2 Induced Ordering and Schreyer’s Algorithm

Let Fy := R®, and let G := {f1,..., fr} ¢ Fy — {0}, and let F} := R" with ¢)¢ as before. Following [EMSS16], from
G and a monomial ordering > on Fy we define the induced ordering > on Fy as follows: mie; > maoe; if and only
if LT(ma f;) > LT(maf;) or (LT(mif;) = LT(maf;) and ¢ > j). Denote m;; := LCM(LI\S&?’)LMUM- With this
terminology, we arrive at Schreyer’s Theorem. '

Theorem 2 (Schreyer). [Eis13, Theorem 15.10] Let G = {f1,...,fr} c Fo := R® be a Grobner basis w.r.t. a
monomial ordering > on Fy. For each pair (f;, f;) with i,5 € {1,...,r}, let S(fi, f;) = mjifi —mi; f; = g{mfl +o
gﬁzg)fr be a standard representation of the corresponding S-vector. Then the relations mj;e; —myje; — (giw)el ot

g,(,ij)er) € Fy := R" form a Grébner basis of Syz(G) w.r.t. the monomial ordering on Fy induced by > and G. In
particular, these relations generate Syz(G).

By means of this theorem, we can compute a free resolution of a finitely generated free module as in Theorem 1.
To refine this algorithm, it is necessary to introduce the notion of lifting.

Definition 3. [EMSS16] Let Fy, G and Fy be as above, and let s € L, (Syz(GQ)) c Fy be a leading syzygy term. We
call s € Fy a lifting of s w.r.t. G and >, if the following conditions hold:

(1) LT.(5) = s, and
(2) 5€Syz(G).

The refined Schreyer algorithm from [EMSS16] is described in Algorithm 1 and requires the computations of
these liftings. The computation of liftings is described in Algorithms 2 and 3. Lower order terms can be ignored
in the computation. Following [EMSS16], we define LOT as follows: Let S c Fj be a set of vectors and let ¢t € Fj
be a term. Then ¢t is called a lower order term (LOT) w.r.t. S if LM(f) + t for all f € S-{0}. For an element
g € Fy, we define LOT(g|S) to be the sum of those terms occurring in g which are of lower order w.r.t. S. We apply

18



the massive parallelism in two instances: First, in Algorithm 1 for the different leading syzygies; and second, in
Algorithm 2 for the iterative computation of the liftings, which amounts to expanding a tree.

Algorithm 1 SyzLift[EMSS16, Algorithm 3]

Input: A Grobner basis G = {f1,..., fr} ¢ Fy := R®* wr.t. > and an algorithm LIFT to compute for a leading
syzygy term s € L, (G), a lifting w.r.t. G and >
Output: A Grobner basis of Syz(G) c Fy := R” w.r.t. >
1. £L:=LEADSYZ(G)
2: S:=¢g
3: for seL do
4:  §:=LiftTree(s)
5
6

S:=Su{s}

: return S

Algorithm 2 LiftTree[EMSS16, Algorithm 6]
Input: A Grobuer basis G = {f1,..., fr} ¢ Fy := R® w.r.t. > and a leading syzygy term s € L, (Syz(G)) c Fy
Output: A lifting s € Syz(G) c Fy := R" of s wr.t. G and >

g:=1(s)
: T :=set of terms in (¢ - LOT(¢|G))

1

2

3: §:=8

4: for all teT do
5 choose a term me; € Fy with mLT(f;) =t and s > me;
6: §:=5-LIFTSUBTREE(me;)

7: return s

Algorithm 3 LiftSubTree[EMSS16, Algorithm 6a]

Input: A Grobuer basis G = {f1,..., fr} ¢ Fy := R® w.r.t. > and a term s € F}
Output: A subtree lifting § € Syz(G) c Fy := R" of s w.r.t. G and >
1+ gi=(s) - LT(1(s))
2: T :=set of terms in (¢ - LOT(¢|G))
3. §i=s
4: for all teT do
5
6
7

choose a term me; € Fy with mLT(f;) =t
§:= 8- LIFTSUBTREE(me;)

. return §

2.3 Singular/GPI-Space Framework and Petri Nets

The SINGULAR/GPI-SPACE Framework utilizes GPI-SPACE, a workflow management system from Fraunhofer
ITWM, designed for the automated parallel execution of algorithms. It ensures resource management, allows for
the addition and removal of nodes during a running computation, and facilitates data sharing with its virtual
memory manager and asynchronous data transfers to minimize latencies [Fra25]. The main idea is to separate
coordination and computation, as proposed by Gelernter in [GC92]. Its Petri net-based workflow engine provides a
coordination layer with automated parallelization and dependency tracking. For the computation layer, SINGULAR
is employed, which is a computer algebra system specializing in polynomial computations, whose core functionality
is its Grobner basis engine. There are multiple success stories of the SINGULAR/GPI-SPACE Framework; e.g., in al-
gebraic geometry [Boh+21] (certifying smoothness) tropical geometry [BBRS24] (computing of tropicalizations with
finite symmetries), geometric invariant theory (computing GIT-fans with finite symmetries), high energy physics
[Ben+20] (computing integration-by-parts identities for Feynman integrals), and modular methods [BBMRR24].
Our Petri net model will be discussed in Section 2.4.

Petri nets are bipartite graphs with two types of vertices called places (depicted as circles) and transitions
(shown as boxes). Transitions are the elementary computational units, while places can contain marked tokens,
which correspond to pieces of data. Transitions can fire, consume one token from each input place and deposit one
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token onto each output place. Note, that a transition is only enabled if all input places contain a token. A Petri
net is executed by randomly firing enabled transitions.

Figure 2.1 is a simple Petri net that has two places, Input and Result, and one transition Sum. To fire transition
Sum, there must be at least one token in each place Input and Result.

Figure 2.1: Petri net for a sequential sum.

2.4 Modelling Free Resolutions

Our project’s objective is to create a massively parallel algorithm for computing free resolutions by means of
the SINGULAR/GPI-SPACE Framework. We achieve parallelism through the iterative tail-lifting approach of the
enhanced Schreyer algorithm. We have reformulated the algorithm with an iterative rather than recursive structure
to function as a Petri net, see Figure 2.3. Place Input contains a token of type GroebnerBasis, which contains a
reference pointing to the Grébner basis of the given module. Place Lead has tokens of type LeadingSyz, containing
the number of syzygies and a reference pointing to a leading syzygy vector. Places Tau and Tau’ contain tokens
of type Lifting. A Lifting consists of a LeadingSyz s, and a reference pointing to a term ¢. We initially place
a token on Ctrl. Place ST holds a token of type Liftings. We introduce intermediate places named counteri,
counter2, and counter3, along with transitions ti+1 and ti-1 to facilitate the termination of the Petri net. We
initialize a list of counters stored in a single token in the place counter2, where the i-th entry, denoted as ¢;,
represents the counter for the number of terms of the i-th syzygy. Note that a double arrow produces multiple
tokens. A dotted arrow stands for read-only access. We discuss step-by-step how the network works:

1. Place Start is initialized with a control token. LeadSyz produces multiple tokens on Lead corresponding to
the lead syyzgies.

2. The transition Lift produces the first iteration of terms for the given leading syzygy.

3. SubLift determines new terms of the syzygy and produces corresponding tokens on Tau. It also produces
a copy of its input on Tau’, as well as a token containing the number ¢ on the counteri if it is computing
towards the i-th syzygy. We introduce an alternating sign for the terms so that ADD can directly perform a
summation.

4. LHS consumes the control token from Ctrl and a term from Tau’ and produces a copy of its input on ST and
sub.

5. RHS consumes a token (s,7’) from Tau’ and a token (s',7T) from ST under the condition that s = s’. It
produces a control token on Ctrl and copies the token from Tau’ to rep.

6. ADD adds the terms (from the same syzygy) obtained from sub and rep, and places the sum on Tau’, also
producing a token containing the number ¢ on counter3 in case ADD has added terms coming from the i-th

Syzygy-

7. Transitions ti+1 and ti-1 update the i-th entries of the counter on counter2; the former increases by 1 and
the later decreases by 1. Finally, the transition FinalToken fires if all terms of all syzygies have been added
(realized by the condition ¢; = 1 for all 7), and extracts all tokens from place sub.

Example 5. Let Fy:= R:= Q[w,z,y, 2], and consider the reverse lexicographic ordering > on R. We determine the
first syzygy module of G := (f1, f2, f3, f1, f5) € R where fi = w?~xz, fa = wr—yz, f3 = 2% ~wy, f1 = vy—22, f5 = y*~wz.
Note that G is a Grébner basis w.r.t. >. Let > be the Schreyer ordering on Fy := R®. Define 1 : Fy — Fy,e; = f;.
We have a minimal generating set of the leading syzygy module of G w.r.t. > as L = {wey, wes, weq, veq, w?es, ves}.
We fix s = wes.

Table 2.1 summarizes the computation of the corresponding syzygy.

1. Lift finds T = {wz?, —~w?y}, and computes the terms (s,—xes), and (s,ye1).
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2. Two instances of SubLift can now fire simultaneously, as illustrated in the tree in Figure 2.2. Note that there
is mo deterministic order of computation.

3. First sublift: Produces a token with the sublift (s,—xes), and we have T = {xyz}. In the next iteration, sublift
produces (s,-zeyq). As now T =@, SubLift produces no new tokens on Tau.

4. Second sublift: Produces a token with the sublift (s,ye1), and we have T = {-xyz}. In the next iteration,
sublift finds (s,ze4), and now T = @.

Parent node (s,T)

N\

first subLift second subLift

/NN

child sub child sub child sub child sub

Figure 2.2: Lifting tree for the example

- t T T’

ADD a b a+b
First SubLift | -zes | T = {zyz} -

ADD —xes —zeéy —Xeg — zeyq
Child SubLift —zey T=v T=v

ADD yeq zey yey + zey
Second SubLift | ye; | T ={-zyz}

ADD | —weg —ze4 | yey +zeq | wes —ze +ye
Child SubLift | zey T=-0 T=9 ‘

Table 2.1: SubLift and ADD in parallel
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Figure 2.3: Petri net for modelling the enhanced Schreyer resolution
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Chapter 3

Parallel Algorithms for Schreyer
Resolutions

This chapter builds on the initial ideas developed in Chapter 2 to develop efficient massively parallel methods for
computing syzygies and free resolutions. Our starting point is Schreyer’s enhanced algorithm from [EMSS16], which
can be structured as a tree traversal. We introduce parallelism to the algorithm via a parallel tree traversal imple-
mented in form of Petri net. The Petri net is then executed in the SINGULAR/GPI-SPACE framework [Boh+21],
which relies on the computer algebra system SINGULAR for efficient polynomial techniques and the workflow man-
agement system GPI-SPACE to coordinate parallel computations. For improved performance, all transitions are
implemented in the SINGULAR kernel. We observe that the implementation scales well and outperforms the built-in
commands of SINGULAR in examples of interest. Generally we can expect a performance advantage if the coefficient
arithmetic is expensive.

3.1 Introduction

Schreyer’s algorithm is typically the most performant method for computing free resolutions. Although it is typically
not minimal, many tasks in algebraic geometry can be solved using the Schreyer resolution. For example, the Betti
table can be obtained from a non-minimal resolution without expensive computations. In many cases, turning a
Schreyer resolution to a minimal one via simultaneous row and column operations or similar techniques is faster
than computing a minimal resolution from the start.

This chapter builds on the initial ideas developed in Chapter 2 to turn Schreyer’s method into a parallel
algorithm for computing syzygies and free resolutions. Our starting point is Schreyer’s refined resolution algorithm
from [EMSS16], which first finds the leading terms of the differentials in the resolution and then, for a fixed
homologial degree, explores a tree-structure of contributions to the tails of the leads. Parallelism arises from a
parallel traversal of the tree structure, as well as from a parallel summation of the lead and tail contributions to the
current syzygy matrix under consideration. Our algorithm is implemented relying on the SINGULAR/GPI-SPACE
framework [Boh+21] in terms of a Petri net. All transitions are implemented in the SINGULAR kernel for improved
performance. We present timings which show that the approach scales and outperforms in examples of interest the
implementation in SINGULAR.

This chapter is structured as follows: In Section 2, we fix our notations, in Section 3 we describe the basic
Schreyer algorithm, as well as its refined form. Section 4 discusses the restructuring of the algorithm from a
recursive to an iterative form to allow for the modeling of the algorithm in terms of a Petri net for automated
parallelization. The Petri net version of the algorithm is then presented in Section 5.

In this chapter, we focus on Schreyer’s algorithm for computing free resolutions and demonstrate how it can
be modeled using Petri nets to efficiently coordinate parallel tasks within a distributed computing environment.
Our method exploits the SINGULAR/GPI-SPACE framework—a task-based system that integrates SINGULAR for
algebraic computations with GPI-SPACE for parallel workflow management. By exploiting the inherent parallelism
of Schreyer’s resolution, we achieve significant improvements in scalability and performance, especially with an
increasing number of computational cores. Our results show that this approach is considerably faster than the tra-
ditional methods implemented in SINGULAR, highlighting the effectiveness of the SINGULAR/GPI-SPACE framework
for large-scale algebraic computations.

23



3.2 Notation and Background

We recall some terminology for Buchberger techniques for free modules. Let R = K[xy,...,2,] be a polynomial
ring over a field K with the standard grading, and Mon(z1, ..., %,) its monoid of monomials.

Definition 4. Let F be a free R-module of rank v with unit basis {e;}_;.
(a) A monomial in F is the product z%¢e; of an element x® € Mon(z1,...,x,) with a basis element e;.
(b) A term in F is the product c-x%e; of a monomial x%e; in F with a scalar c € K.

(c) A monomial mie; divides a monomial moe; ifi = j and my divides mo. In this case, the quotient mgej/mlel-
is defined as mo/my € Mon(z1,...,x,).

(d) The least common multiple of two monomials mye;, moe; € F is LCM(mqe;, maoe;) := LCM(mq,m2)e; if
i=7, and O otherwise.

(e) A monomial ordering > on F is a total ordering > on Mon(F'), such that if mie; and maoe; are monomials
in F' and m is a monomial in R, then mie; > mae; implies (m-mq)e; > (m-mg)ej, and for all i,j and
monomials mi,ma of R, we have mie; > mae; if and only if mie; > mae;.

(f) Any f € F - {0} has a unique decomposition f = c-me; + g, where ¢ € K*,me; € Mon(F'), and me; > we,
for any non-zero term a-we; of g. With this decomposition, we define the leading monomial, the leading
coefficient, the leading term, and the tail of f as LM(f) := me;, LC(f) := ¢, LT(f) = ¢- mey, tail(f) :=
f-LT(f), respectively.

(g) For any subset S c F, we call L(S) := (LM(f)|f € S~{0})r c F the leading module of S.

Remark 1. Let > be a monomial ordering on the free R- module F := R" as defined above. Then there is a unique
monomial ordering >g on R which is compatible with > in an obvious way, and we say that > is global if >r is
global.

In this thesis, all monomial orderings are supposed to be global.

Definition 5. Let U c R" be a submodule and > a global monomial ordering on R". A finite set 0 ¢ G c U is called
a Grobner basis of U with respect to > if L(G) = L(U).

Definition 6. Let M be an R-module, and let G := {f1,..., fr} € M be a finite subset of M. The (first) syzygy
module of G is defined as the kernel
Syz(G) = ker g

of the homomorphism g : R" — M,e; » f;. An element of Syz(G) is called a syzygy of G.
Every finitely generated module M over R has a finite free resolution:
Definition 7. Let M be an R-module. An exact sequence

F: . ..— F, 25 F 2 sy By 2 By —2 s M » 0

with free R-modules F; is called a free resolution of M. It is called finite if F; =0 for i > 1 for some integer I,
and the least such l is called the length of the resolution.

Theorem 3 (Hilbert’s Syzygy Theorem). [Eis13, Corollary 19.8] Let M be a finitely generated module over the
polynomial ring R = K[x1,...,x,]. Then M has a finite free resolution

0 y F 2 By 2 sy P 2 By 22 M > 0
by finitely generated free modules F;. Furthermore, one can achieve that I < n.
Definition 8. A free resolution of a graded R-module M
2B s B2 M > 0
is said to be minimal if im p; c mF;_q for each i > 1, where m = (x1,...,2,) is the irrelevant ideal of R.
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Theorem 4. A minimal free resolution of a finitely generated graded R-module M is unique up to an isomorphism
of complexes that lifts the identity map on M. The isomorphism is unique up to chain homotopy.

Proof. See [Eis13, Theorem 20.2]. O

Definition 9. Given a monomial ordering > on Fy := R® and a set of non-zero vectors G := {f1,-, fr} ¢ Fo — {0},
we define the induced ordering or Schreyer ordering on Fy := R" (w.r.t. > and G) as the monomial ordering
> given by mie; > moe; 1 <= LT(mqf;) > LT(maf;) or (LT(m1f;) = LT(maf;) and i > j) for all monomials
mi,mg € Mon(x1, -, xy,), and for all basis elements e;,e; € Fy.

Definition 10. Let F := R® be the free R-module of rank s, and let > be a monomial ordering on F, and let
G:={f1,...,fr} c F={0} be a set of nonzero vectors in F.

._ LCM(LM(f;),LM(f:))
(1) We define mj; as mj; = LT(f:) € L.

(2) Fori,je{l,...,r}, we define the S-vector of f; and f; as
S(fi, ;) =mjifi —mijfj e (G)r c F.

With these notations and definitions, we formulate Schreyer’s Theorem, which in particular provides also an

algorithm to compute syzygy modules of Grobner bases. Note, that the computation of arbitrary kernels of free
module homomorphisms over R can be reduced to this case, see for example [Boh24].
Theorem 5 (Schreyer). [Eis13, Theorem 15.10] Let G = {f1,...,fr} ¢ Fy := R® be a Grobner basis w.r.t. a
monomial ordering > on Fy. For each pair (f;, f;) with i,j € {1,...,r}, let S(fi, f;) = mjifi—m4jfj = giij)fl o4
gﬁij)fr be a standard representation of the corresponding S-vector. Then the relations mj;e; —m;je; — (giij)el +.o..+
g,(aij)er) € Fy := R" form a Grébner basis of Syz(G) w.r.t. the monomial ordering on Fy induced by > and G. In
particular, these relations generate Syz(G).

Note that the key of the Schreyer ordering is, that the lead terms of a syzygy of the above mentioned type is
known to be m; ;e; if i > j. By means of Schreyer’s theorem, we can compute a free resolution of a finitely generated
free module as in Theorem 3, by iteratively computing syzygies.

Remark 2. It is obvious that in Theorem 5, it is enough to consider the pairs S(fi, f;) with j <i.
We can improve further: For i =2,....r, define' the monomial ideal
M; :=(LT(f1),...,LT(fi-1)) : (LT(fi)) c R.

Proposition 1. [BS14, Theorem 1.5] We use the notation of Theorem 5 and Remark 2. For eachi=2,...,r, and
for each minimal generator x* of the monomial ideal M; c R, let j = j(i,a) < i be an index such that m;; divides
x®. Then it is sufficient in Theorem 5 to consider only the corresponding pairs (f;, f;).

This leads to a streamlined version of Schreyer’s algorithm as formulated in Algorithm 4.

Algorithm 4 SyzSchreyer [EMSS16, Algorithm 1]

Input: A Grébner basis G = {f1,..., fr} c Fy := R® with respect to some monomial ordering >.
Output: A Grobner basis of Syz(G) c Fy := R” with respect to the monomial ordering induced by > and G.
1: S:=0

2: for all i=2,---,r do
3 for all minimal generators £ of the monomial ideal M; do
4 choose an index j < ¢ such that m;; divides

5 h=S(fi, f;) = mjifi —mqj f; € Fo

6: Si=Mmj;e; —Mije; € Fy

7 while h+0 do

8 choose an index A such that LT(fy) divides LT (h)

9

hi=h— 220 p

LT(fx)
10: S§i=8— Iff((;:)) e\
11: S:=Su{s}
12: return S

IHere we use in the ideal quotient the division of module monomials as defined above.
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3.3 The Refined Algorithm

We now discuss the refined Schreyer algorithm as introduced in [EMSS16]. Our starting point is a streamlined
version of Algorithm 4. We first introduce the notion of a lifting. Write R = K[z1,...,2,], and as above denote by
> the Schreyer ordering induced by the Grobner basis G = {f1,..., fr} ¢ R®.

Definition 11. [EMSS16] Let s € L, (Syz(G)) c Fy = R" be a term. We call s € Fy a lifting of s with respect to G
and > if the following conditions hold:

(1) LT.(5) = s, and
(2) 5€Syz(G).

Remark 3. [EMSS16, Rem. 3.6]
In a standard representation of an S-polynomial

S(finfi) =myifi—mijfi= g fr+ .+ gl
we have (see above the definition of the Schreyer ordering), that
LM(mji fi) = LM(mi; f;) > LM(g$ex,)

forallk=1,...,r and g,(cij) +0. Fori> j, we thus have

mjie; > mije; > LM(g{"ey,)
with respect to the Schreyer ordering on Fy := R" induced by G and >. Hence, the leading syzygy module

L. (Syz(@)) = ' B Me;.

1=2,...,

Hence, we can compute the leading module of Syz(G) with respect to the Schreyer ordering by discarding superfluous
elements. This is described in Algorithm 5. Moreover, in Algorithm 5, only the leading terms of the Grébner basis
G are used to compute the answer via the terms m;; € R. Hence, one can iterate the algorithm to construct all
leading syzygy modules in all homological degrees (forming the so-called Schreyer frame) without knowledge of
the tail terms.

Algorithm 5 LEADSYZ [EMSS16, Algorithm 2]

Input: A Grobuer basis G = {f1,..., fr} ¢ Fy := R® w.r.t. some monomial ordering > on Fp.
Output: A minimal set £ of generators for the leading syzygy module L. (Syz(G)) of G w.r.t. the monomial
ordering > on Fj := R" induced by > and G.
1. L=@
2: for all 1<j<i<rdo
t:= m;ji€; € F1
for all se £ do
if s|t then
t:=0
break
else if t|s then
L:=L-{s}
10: if t+0 then
11: L:=Lu{t}
12: return L

We now turn to the iterative computation of the tail terms of the syzygies. This is done via so-called liftings:

Definition 12. [EMSS16] Let s € Fy be a term. We call § € Fy a subtree lifting of s with respect to G and > if the
following conditions hold:

1. LT.(8) =s, and
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2. All terms in tail(¥(8)) € Fy are lower order terms with respect to G and >.

The computation of liftings is described in Algorithm 6. The main observation is that Lower order terms (LOT)
can be ignored in the computation. This follows since the tails of leading syzygy terms are determined from the
lead terms by divisibility relations of lead terms. Following [EMSS16], one can thus define:

Definition 13. Let S c Fy be a set of vectors and let t € Fy be a term. Then t is called a lower order term (LOT)
with respect to S if

LM(f) +t

for all f € S—{0}. For an element g € Fy, we define LOT(g|S) to be the sum of those terms occurring in g which
are of lower order with respect to S.

Algorithm 6 recursively calls Algorithm 7 thus exploring recursively a tree. The recursion stops once there are
only lower order terms left.

Note that there are slight differences between LIFTTREE and LIFTSUBTREE. In LIFTSUBTREE, the leading term of
¥ (s) is discarded because it is cancelled, whereas it is included in LiftTree. So we cannot start out directly with
LIFTSUBTREE.

We thus arrive at Algorithm 8 to compute all syzygies of a Grébner basis.

Algorithm 6 LIFTTREE [EMSS16, Algorithm 6]

Input: A Grobner basis G = {f1,..., fr} ¢ Fy := R® w.r.t. > and a leading syzygy term s € L, (Syz(G)) c F;.
Output: A lifting 5 € Syz(G) c F} of s with respect to G and >.
L g=1v(s)
2: T :=set of terms in (g — LOT(¢|G))
3: §:=8
4: for all teT do
5
6
7

choose a term me; € Fy with mLT(f;) =t and s > me;
§:= 5 - LIFTSUBTREE(me;)
: return s

Algorithm 7 LIFTSUBTREE [EMSS16, Algorithm 6a]

Input: A Grobner basis G = {f1,..., fr} ¢ Fy := R® with respect to > and a term s € F}.
Output: A subtree lifting § € Syz(G) c Fy := R" of s with respect to G and >.
1+ g 1= (s) - LT(1(5))
2: T :=set of terms in (¢ —LOT(g|G))
3 §:=s
4: for all teT do
5
6
7

choose a term me; € F; with mLT(f;) =t
§:= 3 - LIFTSUBTREE(me;)

: return §

Algorithm 8 SYZLIFT [EMSS16, Algorithm 3]

Input: A Grébner basis G = {f1,..., fr} ¢ Fy := R® wr.t. > and an algorithm LIFT to compute for a leading
syzygy term s € L, (G), a lifting w.r.t. G and >.
Output: A Grobner basis of Syz(G) c Fy := R” with respect to >
1: £:=LEADSYZ(G)
2. S=¢g
3: for se L do
4 5:= LIFTREE(s)
5
6

S:=Su{s}

: return S
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3.3.1 Restructured Algorithms

We have adapted Schreyer’s enhanced algorithm to an iterative formulation to facilitate the formulation as a
Petri net, and hence automated parallelization in GPI-SPACE. Specifically, Algorithm 9 has been introduced as a
replacement for Algorithm 6, and Algorithm 10 now replaces Algorithm 7. The final Algorithm 11 computes all
syzygy terms iteratively, using the result generated by Algorithm 9 and by iteratively applying Algorithm 10.
Analogous to Algorithm 6, Algorithm 9 is responsible to compute the first level of the tree syzygy tail terms
with respect to the induced ordering, starting from a given leading syzygy term and a Grobner basis. Subsequently,
Algorithm 10 computes higher syzygy tail terms and is initially used on the terms produced by Algorithm 9. Now
Algorithm 10 can be applied iteratively (see Algorithm 11): each term it generates is fed back as input, continuing
the process until all syzygy tail terms are computed, and thus no child terms are found anymore. This iterative
structure is well-suited for execution in a parallel loop in a Petri net, as discussed in the subsequent section.

Remark 4. In order to do the book-keeping of the different syzygies, corresponding to the different lead monomials
generated by LEADSYZ, we make use of sparse matrices: If the term c-x®e; comes from the j—th lead term (sorting
all lead terms in a list), we rather use the term

c-x%; ;
instead. Here, e; ; stands for the sparse elementary matricz with a one at position (i,j) and zeros otherwise. In this
way, we only have to sum up all lead or tail terms we encounter at any step of the algorithm and obtain the syzygy
matrix as a sparse matriz. See Algorithm 12.

We illustrate our algorithm at an example:

Example 6. Let Fy := R:= Q[w,z,y, z] be endowed with the degrevlex ordering, denoted by >. We compute the first
syzygy module of G == (f1, f2, f3, 4, f5) € R where f1 = w?~xz, fo = wr—yz, f3 = 2°~wy, f1 = vy—22, f5s = y>~wz. Note
that G is a Grébner basis w.r.t. >. Let > be the Schreyer ordering on Iy := R®. Define 1 : F| — Fy,e; = fi. We have
a minimal generating set of the leading syzygy module of G w.r.t. > as L = {wes, we3, wey, vey, w’es, ves t.LeadSyz
computes each leading syzygy in each sparse matrixz of size 5 by 6. As there are six leading syzygies, multiple
instances of LIFT can fire together. We fix s = wes. We store it in the sparse matriz®:

0 0 00 0O
0 0 00 0O
S=|0 w 0 0 0 O
00 00 0O
0 0 00 0O

Table 3.1 summarizes the computation of the corresponding syzygy.

1. Lift computes a list of new terms {—xes,ye1} which we store in the following sparse matrices. Note that
these new terms correspond to T = {wx?,—w?y} in Algorithm 9.

0 0 00 0 O 0y 00 0O
0O -z 0 0 0O 00 0 0 0O
A=]10 0 O 0 O O and B=|0 0 O 0 O O
0 0 00 0 O 00 0 00O
0 0 00 0O 00 0 0 0O

We store both in the second column as we are computing tails of second leading syzygy wes. For example, y
is in the first row and second column of B.

2. Two instances of SubLift can now fire simultaneously, as illustrated in the tree in Figure 3.1. Note that
there is no deterministic order of computation.

3. First sublift: For a token corresponding to vector —xes, SubLift determines a new token zeq with T = {xyz}.
We store this term in the sparse matrix:

0 0 0 0 0O
0 0 0 0 0O
cC=|0 0 0 0 0 O
0 -z 0 0 0O
0 0 0 0 0O

2This example is adapted from [BS14].
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As now T = &, SubLift produces no new tokens on Lift.

4. Second sublift: For a token corresponding to the vector yeq which corresponds to the sparse matriz B, SubLift
determines T = {-xyz}, and new term zey. We store it in sparse matrix D. In the next iteration, T = @,
hence the iteration terminates.

0 000 0O
0 000 O0°FO
D=]0 0 0 0 0 O
0 2 00 0O
0 000 0O

5. Transition ADD adds sparse matrices in parallel. We get a lift corresponding to w in the following sparse
matrix:

0y 000 0
0 -z 00 0 0
0w 00 0 0
0 0 000 O
0 0 000 0

6. Note that all syzygies are stored in one single sparse matriz. Then we iterate the process to compute higher
syzygy matrices and hence free resolutions.

Remark 5. We remark that we have restructured the algorithm in such a way that all intermediate computations
by Lift and SubLift corresponding to the ith syzygy lie in the ith column of separate sparse matrices as described
at the beginning of the section.

Parent node s

first subLift second subLift

/\

child child child child

Figure 3.1: Lifting tree for the example

- t T T’
ADD a b a+b
First SubLift | A | T ={xyz} - D | A c A+ 0
Child SubLift | C T=0 T=0 D0 | B D B+ D
Second SublLift | B | T ={-zyz} ADD | A+C | B+D | A+C+B+D
Child SubLift | D T=02 T=0 ‘

Table 3.1: SubLift and ADD in parallel

Algorithm 9 1ift
Input: A Grobner basis G = {f1,..., fr} ¢ Fy w.r.t. > and a leading syzygy term s € L, (Syz(G)).
Output: A list of tails of syzygy terms with respect to G and >.

1: S:=0

2 g:=1(s)
3: T :=set of terms in (g - LOT(g|G))
4: for all teT do
5
6
7

choose a term me; € Fy with mLT(f;) =t and s > me;
S:=8u{me;}

: return S
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Algorithm 10 subLift
Input: A Grébuer basis G = {fi1,..., fr} ¢ Fy w.r.t. > and a term s € Fy.
Output: A list of syzygy tail terms of s.

1: S:=¢
2 g = () - LT(6(s))
3: T:=set of terms in (¢ - LOT(g|G))
4: for all teT do
5
6
7

choose a term me; € Fy with mLT(f;) =t
S:=Su{me;}
: return S

Algorithm 11 iterativeSubLift
Input: A Grobner basis G = {f1,..., fr} ¢ Fy := R® with respect to >, leading syzygy s € F}.
Output: List L of all syzygy tail terms of s.

1. L=w

2: L[1]:=1ift(f,s)

3: while true do

4: S:=g

5. for se L[size(L)] do
6: v:=subLift(f,s)
7: S:=5Suv
8.  if size(S):=0 then
9: break

10: else

11: L[size(L)+1]:=S

12: return L

Algorithm 12 syzygyMatrix

Input: A Grébner basis G = {f1,..., fr} ¢ Fy := R® with respect to a monomial ordering >.
Output: A Grobner basis of syz(G) c Fy := R” w.r.t. >, represented as a sparse matrix.

1: L:=LEADSYZ(G)

2: Initialize M as a zero matrix with the same dimension as elements in [

3: for i =1 to size(l) do

4:  L:=1iterativeSubLift(G,I[i])

5.  for each s e £ do

6 M:=M+s

7: return M

3.4 Parallel Algorithms for Computing Syzygies and Free Resolutions

We utilize the SINGULAR/GPI-SPACE framework to directly execute our algorithms formulated in terms of Petri
nets. It turns out that it is crucial to implement the transitions in the C++ kernel of SINGULAR. We will also find
out that we have to be creative to design an efficient way of memory management and serialization to facilitate the
communication of the different worker instances. In the following we approach the final version of the net step-by-
step. For our implemention we rely on the built-in serialization of SINGULAR in the ssi format, which provides an
outstanding performance.

3.4.1 The Main Net: Free Resolution

Figure 3.2 describes the main iteration over the homological degree to compute a free resolution. It includes the
computation of the Schreyer Frame and relies on a subet SYZYZGY for computing the syzygy matrix in a given
degree. We give a short account on how it works:
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The Place Start is initialized with a control token. The Place Input contains the token of type Grébner basis,
which contains a reference pointing to the Grébner basis of the given module. The place lead has tokens of type
LeadingSyz (implemented in the SINGULAR type token), that contain a leading syzygy term in form of a sparse
matrix of (maximal) dimensions a x b. Here a denotes the number of generators of the given module and b denotes
the number of leading syzygies as computed in the respective level of the Schreyer frame. Further information is
stored for book keeping.

»[LEADSYZ
s, :

8
“‘
.

Extract
ResLen=1

Figure 3.2: Main net for the parallel Schreyer resolution.

Transition INIT. The transition INIT initializes our Petri net. In particular, it places a token of type GroebnerBasis
on the place Input.

Transition LEADSYZ. The transition LEADSYZ fires after reading the token from place Input, and consuming a
control token from the place Cntrl. It then produces the token on the place lead. The place lead holds tokens of
type string with file names referencing ssi serialization SINGULAR data type sparse matrix. Also, the transition
LEADSYZ produces tokens into the subnet SYZYGY to keep track of the total number of lifts to be computed and list
tokens on place SubLift. Transition AllLead computes list of leading syzygy modules and places them on place
SchF.

Subnet SYZYGY: The subnet SYZYGY is doing the key computation: It finds the syzygy matrix of the homological
degree under consideration.

Transition Generate: This transition realizes the loop over the homological degree. It fires after consuming the
token with the syzygy matrix of the current homological degree from the subnet Syzygy, and updates the token
with the resolution up to current degree on SchRes. It also places a token on the place Input with the input for
the next iteration, removing the previous input. It also produces a structureless control token on place Cntrl to
allow LEADSYZ to fire.

Termination and Correctness. Termination follows from Algorithm 6 and Theorem 3. Correctness follows since
there is a bijective correspondence between the computations in the Petri net and the sequential refined Schreyer
algorithm (which is known to terminate). Although the Petri net handles independent tree branches in parallel and
thus the execution order of lifts in different branches can differ, this does not impact the result since polynomial
addition is commutative and associative.

3.4.2 Subnet SYZYGY

The key computation is happening in the subnet SYZYGY. We will see multiple different implementations of this step
in the following.

3.4.3 Computation of Syzygies using Book Keeping

The main issue we encounter in the language of Petri nets is to detect that we have finished to explore the tree of
tail terms. We can do this as follows. However we find out that this is not efficient, and we provide later a much
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Figure 3.3: Petri-net for syzygy computation using book keeping.

better solution.

Transition Lift. The transition Lift fires after reading the token on the places SchF and Input, and consumes
a token from lead and then produces the first iteration of tail lift terms on the place Lift.

Transition SubLift. This transition determines new terms of the syzygy matrix in the form of sparse matrices
and produces the corresponding tokens on the place Lift. It also produces a copy of its input on SubLift, as well
as a token on ctrls. Note that SubLift fires iteratively until there is no token on Lift.

Transition Increment: The transition Increment consumes tokens from the place ctrls and increments the
counter counter by 1, for each token it consumes from ctrls.

Transition LHS: We place a structureless token on place Ctrl. As soon as there is a token on place SubLift,
transition LHS starts firing. LHS consumes the control token from Ctrl and a token from SubLift and produces a
copy of its input on ST and L.

Transition RHS: RHS consumes a token from SubLift and a token from ST. It produces a control token on Ctrl
and copies the token from SubLift to R.

Transition ADD: Transition ADD adds the sparse matrices obtained from L and R, and places the sum on SubLift,
also producing a token on nsummand. Note that SubLift and ADD can run in parallel, hence we achieve task
parallelism.

Transition Decrement: The transition Decrement consumes tokens from the place nsummand, decrements the
counter counter by 1, for each token it consumes from nsummand.

Transition Extract: The transition Extract fires if all sparse matrices of all syzygies have been added (realized
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by the condition that the counter is zero on place counter, and Certificate is satisfied), and extracts a token
from place L. This single token refers to the first syzygy matrix and is produced on place SYZYGY. Note that it
consumes the control token from place ST, and places it on place Ctrl so that in the next level transition LHS will
be enabled to fire.

3.5 Timings and Incremental Performance Improvements

This section includes timing profiling for different stages of our implementations and key transitions, viz. SchFrame,
LIFT, and SubLIFT as well®.

Examples 1 to 5, and the Pfaffian example can be found at https://github.com/singular-gpispace/
gspc-res/tree/main/example_dir

All benchmarks were done on a Linux compute server Dell PowerEdge R750 with two Intel(R) Xeon(R) Platinum
8368 CPUs @ 2.40 GHz, with a total of 76 cores (156 threads), and 2048 GB RAM, not using hyperthreading.

3.5.1 Singular Interpreter

We started with a sequential implementation of the algorithms under consideration, which included the computation
of syzygies and free resolutions using Schreyer’s method. We provide two versions: one without caching the results
from the algorithm in SubLIFT and one with caching the results. These versions are used to compute syzygies. The
following tables show the performance of both versions. The main advantage of the LiftTree approach, especially
in a sequential implementation, is that intermediate results can be cached and reused [EMSS16]. However, unlike a
tree structure, our implementation sequentially stores the computed vectors and their corresponding keys. During
each iteration of the SubLIFT algorithm—specifically when computing mej;—we check if the result for a given vector
has already been computed and cached. If the result is found in the cache, we reuse it instead of computing the
same vector.

From the timing data presented in Table 3.2, we can observe that caching the results could improve the efficiency
of the syzygy computation if larger examples are provided. Overall, the results suggest that caching intermediate
results 3.3 provides a performance gain, especially as the size and complexity of the problem increase.

In future work, further optimizations, such as the use of tree structures for SubLIFT, could further optimize the
caching intermediate results, allowing for more efficient reuse in complex computations.

Timings in ms for Syzygy
Example | Singular interpreter | Singular interpreter with cache
1 213 211
2 13831 13612
3 12608 12479
4 207001 195783
5 699924 631356

Table 3.2: Timings for Syzygy with cache/without cache

Example | Singular interpreter (min) | Singular interpreter with cache (min) | fres in kernel (min)
Pfaffian 66 53 34

Table 3.3: Performance comparison for the algorithm Syzygy for a Pfaffian ideal

3For example, the polynomial ring can be declared in SINGULAR as ring S = 0,(x0,...,x9),dp;, which defines S = Q[zo,...,z9]
with degree reverse lexicographical ordering.
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3.5.2 Schreyer’s Resolutions with Certificate (Singular interpreter)

This section provides timings using the basic Petri nets from Figures 3.2 and 3.3, and all transitions are implemented
in the SINGULAR interpreter.

Timing in ms for resolutions
Examples | Singular | GPI-Space | GPI-Space | GPI-Space | GPI-Space
6 core 4 core 2 core 1 core
1 303 694 691 756 950
2 21296 7416 9173 16275 30498
3 19109 4921 6223 10736 20347
4 293154 61140 88651 167990 321734
5 971521 204400 301557 578241 1130832

Table 3.4: IterativeRes and GPI-SPACE

3.5.3 Schreyer’s Resolution with Certificate (C++)

This section provides timings using the basic Petri nets from Figures 3.2 and 3.3, and all transitions are implemented
in the SINGULAR kernel.

Example | gspc_Singular | length of the resolution
1 486 3
2 3797 )
3 1576 5
4 10734 6
5 29006 6

Table 3.5: Timing in ms for Schreyer’s resolution on 6 cores

Schreyer Frame:

The implementation of the Schreyer Frame computation in SchFrameKernel, which is a kernel-level implementation,
demonstrates consistent performance superiority over the Singular implementation, with considerable speedups.

Ex. | SchFrame (CPU timing) | SchFrame (real timing) | SchFrameKernel (real timing) | SchFrameKernel (CPU timing)
1 15.8 558.0 549.0 2.6
2 61.3 592.0 504.0 7.0
3 266.0 801.0 505.0 16.2
4 550.3 1101.0 506.0 22.8
5 905.9 1420.0 525.0 29.1
Table 3.6: CPU timings and real timings (in ms) including serialization
LIFT:

The Singular kernel-level implementation LIFT Kernel demonstrates consistent performance superiority over the
Singular interpreter implementation LIFT, with considerable speedups.

SubLIFT:

The Singular kernel-level implementation SubLIFT Kernel timings are consistently better than SubLIFT CPU
timings, as expected.
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| Ex. | LIFT (CPU Timing) | LIFT Kernel (CPU Timing) | #LeadSyz |

1 64.1 0.57 6
2 243.0 4.0 13
3 2606.3 5.4 32
4 6332.3 22.7 45
5 7424.3 49.3 52
Table 3.7: CPU timings (in ms) for LIFT
Ex. | SubLIFT (CPU Timing) | SubLIFT Kernel (CPU Timing) | #LeadSyz
1 7.1 0.59 6
2 866.2 73.4 13
3 127.3 9.5 32
4 2279.4 248.6 45
5 7698.4 953.2 52

Table 3.8: CPU timings (in ms) for SubLIFT

3.5.4 Syzygy computation using the number-of-tokens feature of GPI-Space

We implement Syzygy using the new GPI-SPACE feature number-of-tokens; see Figure 3.4. The only differences
between Figure 3.3 and Figure 3.4 are the following: instead of using book-keeping transitions to count tokens, we
use the number-of-tokens accessor in transition Extract in order to provide the number of tokens on the places
Lead, Lift, SubLift, and R. The transition fires when these places have no tokens at all (hence indicating that
computation is complete), and then it extracts a token from the place L. This token corresponds to the first syzygy
matrix and is placed in Syz. Note that it consumes the control token from place ST and places it on place Ctrl so
that in the next level transition LHS will be enabled to fire.
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Figure 3.4: Petri-net for algorithm syzygy using number-of-tokens feature

3.5.5 Resolution computation using the number-of-tokens feature of GPI-Space

We implement resolutions using the new GPI-SPACE features number-of-tokens; see Figure 3.5.

Instead of using book-keeping transitions to count tokens, we use the number-of-tokens accessor in transition
Extract in order to provide the number of tokens on the places Lead, Lift, SubLift, and R. It only fires when
these places have no tokens at all, and then it extracts a token from the place L. This token corresponds to the first
syzygy matrix and is placed in Syz. Note that it consumes the control token from place ST and places it on place
Ctrl so that in the next level transition LHS will be enabled to fire. This single token refers to the first syzygy
matrix, and we iterate the process until we get an entire resolution.
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Resolution
if Reslen=1

generate

Figure 3.5: Sub net: Resolution-new-features

3.5.6 Renaming Serialization Files in a Transition

In this subsection, we discuss another Petri net model we implemented. The essential idea is to first compute all
terms, and add them sequentially. In the parallel sum, after each summation, SINGULAR has to serialize the result,
and has to deserialize thereafter. We notice that this is expensive.

1.

Transition Init parses the information contained in the input token and places a token containing the token
of type GroebnerBasis on the place Input.

. Transition LEADSYZ fires after reading the token from place Input, and consuming a control token from the

place Cntrl. It then produces the tokens in the place lead (place lead has data type string), each representing
the file name that stores an object of the SINGULAR data type token. Each leading term is stored in a sparse
matrix of the correct dimension, an object of the token.

The transition LIFT produces the first iteration of tails for the given leading syzygy, and it also produces
a copy of its input on Sublift. Lift fires as many times as there are tokens on place lead with parallel
execution on the available resources (data parallelism).

The transition SubLIFT determines new terms as in sparse matrices of the syzygy and produces corresponding
tokens on Lift. It also produces a copy of its input on Sublift.

Since initially there is a token on NFS, as soon as there is a token on SubLift, transition Rename fires and starts
renaming files (example n.ssi), and also it keeps track of the number of files it renamed. Note that transition
SubLift and Rename fires in parallel (task parallelism), and multiple instances of it can fire simultaneously
SubLift (data parallelism).
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6.

As soon as transition Rename finishes renaming files, then ADD fires after checking whether all tokens on
SubLift are consumed by using GPI-SPACE features number-of-tokens. It consumes N from place NFS.
Then, it adds all the files from 1 to N and produces a syzygy matrix on place Syz.

ADD -
| —
number-of -tokens

Figure 3.6: Petri-net for the algorithm Syzygy with renaming files

Ex. | Add (ms) | Syz (ms) | Real time (ms)
1 0.55 61.5 541.0

2 43.1 1453.8 1906.0

3 5.0 201.0 704.0

4 85.7 2052.4 2533.0

5 315.2 6172.6 6629.0

Table 3.9: Rename and then add

3.5.7 Add a Transition in the Air

In this subsection, we discuss a Petri net in which transitions LIFT and SubLIFT rename the files.

1.

Transition Init parses the information contained in the input token and places a token containing the token
of type GrébnerBasis on the place Input.

A number M (user-defined or default) is initialized on place M, and 0 is placed on N. Then transition Fill In
fills pool as long as #pool < M and #d1 =0. It stops as soon as transition Empty fires.

Transition LEADSYZ fires after reading the token from place Input, and consuming a control token from
the place Cntrl. It then produces the tokens in the place lead (place lead has a data type string), each
representing the file name that stores the SINGULAR data type token. Each leading term is stored in a
sparse matrix of the correct dimension, an object of the token.

The transition LIFT produces the first iteration of tails for the given leading syzygy, and it places them on
Lift. It renames its input (for example to N.ssi if it consumes N from the pool). Note that Lift can fire
together as many times as there are tokens present on Lead.
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5. The transition SubLIFT determines new terms of the syzygy (as a sparse matrix) and produces corresponding
tokens on Lift. It renames its input (for example, to N.ssi if it consumes N from the pool). Observe that
multiple instances of SubLift can fire simultaneously.

6. Transition Empty only fires if both transitions LIFT, and SubLift stop firing. This can be determined by
checking if all input places of the transitions LEADSYZ, LIFT, and SubLift contain no tokens, and produce
control tokens on both places d1 and Al. Note that all these places have no tokens at the beginning. To
prevent immediate firing of Empty at the start, transition LEADSYZ guards it by producing a control token on
place E. Then, transition Enable ADD is enabled to fire, and transition Drainage cleans up the pool. Note
that Drainage and transition Enable ADD fire in parallel.

7. Transition Enable ADD copies last updated N and places on a copy. Then, transition ADD fires, and it adds
all the files from 1 to IV and produces a syzygy matrix on place Syz.

Alllead} SchF | .
R4 “,

......
.
. .

Fill In
#pool<M && #d1=0

.
......
....................
L
LN

[Drainageeeeeee

S]

Enable
5y2 ) P (copy) <
yz AD @ DD

Figure 3.7: Petri-net for syzygy with ADD in Air

Ex. | gspc_Syz (Petri net timing) (ms) | Add Petri net timing(ms) | Singular timing (rtimer)
1 61.0 0.90 487.0
2 394.0 59.0 798.0
3 94.5 9.1 562.0
4 706.0 127.0 1078.0
) 2192.0 421.0 2655.0

Table 3.10: Petri net real timings for Syz@24.12

3.5.8 Two Phase Addition

The net in Figure 3.8 is the strengthened version of net in Figure 3.7. In this subsection, we implement addition in
two phases. This Petri net is significantly faster due to two phases addition.

1. Transition Init parses the information contained in the input token and places a token containing the token
of type GroebnerBasis on the place Input.

2. A number M (user-defined or default) is initialized on place M, and 0 is placed on N. Then transition Fill In
starts filling on place pool by checking if #pool < M and #d1 = 0. It stops as soon as transition Empty fires.
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3. Transition LEADSYZ fires after reading the token from place Input, and consuming a control token from the
place Cntrl. It then produces multiple tokens in the place lead (place lead has a data type string), each
representing the random unique file name that stores the SINGULAR data type token with a leading term.
Each leading term is stored in a sparse matrix of the correct dimension.

4. The transition Lift produces the first iteration of tails for the given leading syzygy, and it places them on
the place with name Lift with a random unique file name stored in the token. It renames its input (to N.ssi
if it consumes the integer N from the pool). Lift fires as many times as there are tokens on place lead with
parallel execution on the available resources (data parallelism).

5. The transition SubLift determines new terms of the syzygy (considered as a sparse matrix) and produces
corresponding tokens on Lift storing random unique file names. It renames its input (to N.ssi if it consumes
the integer N from the pool).

6. Transition Empty only fires once both transitions LIFT, and SubLift stop firing. This can be determined by
checking if all input places of the transitions LEADSYZ, LIFT, and SubLift contain no tokens. Then Empty
produces control tokens on the places d1 and Al. Note that all these places hold no tokens at the beginning.
To prevent immediate firing of Empty at the start, transition LEADSYZ guards it by producing a control token
on place E. After Empty has fired, transition Enable ADD is enabled to fire, and transition Drainage also cleans
up the pool. Note that Drainage and transition Enable ADD fire in parallel.

7. Transition Enable ADD copies the final N and divides 1,...,N into r subintervals and places them on
place_add.

8. Then transition ADD fires by consuming integers from the pool pl_ad, and a token of the form [k,n] and it
adds all the files from k to n and produces a (partial syzygy matrix) as N.ssi. Note that ADD fires as many
times as there are subintervals (data parallelism). Then ADD_seq consume the number r from place ncores,
adds all partial syzygy matrices. Once all subintervals are consumed, ADD_seq places the syzygy matrix on
place Syz. Note that there are r files from 1.ssi to r.ssi to be added.
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Figure 3.8: Petri-net for syzygy with parallel Add and Seq Add

3.5.9 Resolution with Two Phase Addition

The framework 3.9 is the iterative implementation, as shown in Figure 3.8. As soon as the first iteration finishes,
namely a syzygy matrix is on place Syz, Generate fires after consuming the tokens from Syzygy, Res, and Input. It
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Ex. | gspc_Syz (Petri net timing)
169

366

184

514
1403

Y | W N =

Table 3.11: Petri net real timings (in ms)

then produces a token of type syzygy matrix on place Input and a control token on Cntrl as well. Furthermore,
it appends a new syzygy matrix to Res. Transition generate updates k by decrementing by 1 each time it fires.
Finally, Resolution fires when k (on place Reslen) reaches 1 by consuming a token from place Res and appending
it to the token on place 1ist. Note that this token represents the list of syzygies up to homological degree k.

ncores | gspc_res | fres
1 134.0 229.0
3 52.4
6 26.6
12 18.0
48 15.9

Table 3.12: Timing (in minutes) for the computation of resolutions from a Grébner basis in the case of a Pfaffian
Gorenstein family.

3.5.10 Resolutions up to Desired Degree

We design the Petri net 3.10 to compute resolutions up to a user-defined homological degree (i.e., the user specifies
the desired degree bound for the resolution). Transition AllLead determines the length of the resolution. We
provide a degree k to transition AllLead that computes Schreyer’s frame up to level k. It places that k on place
Reslen. As in Figure 3.8, ADD_seq computes a syzygy matrix and places it on place Syz. Generate fires after
consuming the tokens from Syzygy, Res, and Input. It then produces a token of type syzygy matrix on place
Input and a control token on Cntrl as well. Furthermore, it appends a new syzygy matrix to Res. Transition
generate updates k by decrementing by 1 each time it fires. Finally, Resolution fires when k reaches 1 on place
Reslen by consuming a token from place Res and places it on the place 1ist. Note that this token represents the
list of syzygies up to homological degree k.
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Figure 3.9: Petri-net for resolutions with two phase addition.
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Figure 3.10: Petri-net for resolutions until desired degree with two phase addition.
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Chapter 4

Modular Methods for Birational
Geometry and Rational Curves

The goal of this chapter is to demonstrate the use of modular methods in birational geometry. We rely on and add to
the work of [BBMRR24] on a massively parallel framework for modular methods for polynomial data structures and
its applications. Building on the work of [B6h99], our outcomes are modular algorithms to lift specified differentials
in a free resolution, to parametrize rational normal curves, as well as plane (singular) rational curves.

4.1 Introduction

The classification of algebraic varieties up to birational equivalence is a key technique in algebraic geometry. In
this chapter, we demonstrate the use of modular methods in birational geometry by adding to the results of
[BBMRR24], where a massively parallel modular framework for algebraic geometry building on the SINGULAR/GPI-
SPACE framework has been developed. The algorithms under consideration in [BBMRR24] are mainly a modular
Buchberger implementation, as well as computing images and inverses of rational maps. We add to this effort
by computing certain Ext modules via modular methods. This amounts to lifting a specific differential in a free
resolution of the coordinate ring of the variety. It turns out that in this setting modular methods are quite useful,
since we do not have to lift the complete resolution. In fact, our implementation allows the user to specify which
differentials should be lifted. Our main application for computing those Ext modules, building on the algorithms
described in [B6h99], is to determine anticanonical maps for rational normal curves. This, in turn, has applications
to the parametrization of plane (singular) rational curves.

This chapter is structured as follows: Section 2 gives a short account on modular methods, Section 3 gives a short
account on the work of [BBMRR24], which builds the massively parallel framework GSPC-MODULAR for modular
methods based on SINGULAR/GPI-SPACE framework, and Section 4 describes the parametrization algorithms and
their underlying algorithms, and Section 5 their parallel versions. Finally, in Section 6 we present timings for
computing anticanonical maps, and parametrizing rational normal curves, as well as plane rational curves.

4.2 FError Tolerant Modular Methods

A key challenge in algebraic computations over the rational numbers, in particular in algorithms building on
Buchberger’s algorithm for computing Grobner bases, is the issue that intermediate expressions can be significantly
larger than the final answer [Arn03]. Modular methods have proven useful to work around intermediate coefficient
growth. See, for example, [Arn03],[IPS11], [BDFP15], [BDLP18]. The type of modular methods we consider here
(there are also p-adic techniques) typically starts out with a deterministic algorithm over the rationals (for example,
computing reduced Grobner bases), which can also be executed over finite fields. The rational input is then reduced
modulo a choice of distinct primes, the actual computation is done over finite fields, and the Chinese remainder
theorem and the Farey map are used for rational reconstruction. By reducing modulo a prime not used so far,
one can test with high probability that a sufficient number of finite field results has been incorporated in the
final result so that it can be lifted to the correct result over the rationals. This yields a randomized algorithm.
By developing and applying a verification to the reconstructed result over the rationals, we can provide results
which are mathematically proven to be correct. A second benefit of modular methods is the potential for parallel
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computations. Typically, parallelism was only exploited for the computations over finite fields, while [BBMRR24]
extends the use of parallelism to the Chinese remaindering, Farey lifting, and stabilization testing to determine
(with high probability) that the lifted result is indeed the result over the rationals. We start out by a short account
on rational reconstruction as applied by us, while the subsequent section discusses parallelism in this context.

Example 7. To compute

7
+ —
6

1.2
2 3
we first reduce the input modulo our choice of primes 5,7,11.

Z/5 x ZJT x ZJA1 =  7/385

;5 — (3 . 1 ., 86)
+
P — 1z . 3 ., 8)
I
(2 , 0 , 3) +~— 322

We then execute our algorithm (in this case addition) in the product ring, and use the Chinese Remainder Theorem
to lift modulo the product of the primes.

We now have to reconstruct a rational number from 322.

4.2.1 Rational Reconstruction

Under certain conditions, we can reconstruct a rational number. The rational number reconstruction Algorithm 13

is based on the following theorem !.

Theorem 6. [BDFLP16] For every integer N, the N-Farey map

{Z €Q|ged(a,b) =1 = ged(b, N) a], [p] < (NQ_ 1)} > Z/N

18 injective.
Example 8. Let us apply this theorem to our example stated in the motivation.
{% € Q| ged(a,b) =1 = ged(b, 385)|al, [b] < 14} ~ 7,/385

T 3.
6

Let us summarize the basic strategy to apply the rational reconstruction method in order to get a rational
number.

1. Let us suppose p1,...,p, are distinct primes over which we want to do computation.

2. After doing computation over Z/p;, we lift to N = p;.---.p, using the Chinese remainder theorem
Z[py %+ x Z[p, ~ Z|N.
3. We compute the preimage (if it exists ) of the lift with respect to the Farey map.

4. The final step is to check the validity.

(a) We must choose N sufficiently large (that is, the Q-result is to be contained in the domain of the Farey
map).

(b) None of the primes p; are bad, see its definition on 14.
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Algorithm 13 Rational reconstruction

Input: a product of distinct primes N =py,-...-p, and a tuple (71,...,7,) € Z/p1 x -+ x Z[pp.
Output: a rational reconstruction of a representative of (71,...,7,) in Z/N.
1: use the Chinese remainder isomorphism to lift the tuple (r1,...,7r,) € Z/p1 x -+ x Z[p, to F € Z|N.
2: compute a shortest vector (a,b) in the lattice Ay, = ((N,0), (r,1)) c Z2.
3: verify the result as true or false.
4: if the verification gives true then
5 return ¢
6: else
7 return false

Remark 6. If Algorithm 13 returns false, the procedure can be repeated by:
o Selecting a new prime ppy1 ¢ {P1,---,Pn}-
o Updating the product to N' = N -p,41 = 1'1;‘;11 D
« Computing a new representation in [1}-1 Z/p;.
o Reapplying the algorithm.

The algorithm will eventually produce a correct result when sufficiently many good primes are included (outnumbering
the bad primes).

Definition 14. [BDFLP16] A prime p is called bad (with respect to a fized algorithm and input) if the result over
Q does not reduce modulo p to the result over Z|p.

Classification of Bad Primes

Following [BDFLP16], we specify various types of bad primes that can occur during the computations and describe
their influence on the design of algorithms.

1. When applying the modular technique, it can occur that the input modulo p may not be valid. For example,
to compute % + %, if one takes p = 2, this is not valid. But this is a harmless error, as we can detect it early.

2. Another type of error is the failure in the time of the algorithm (e.g., the matrix may not be invertible modulo
p). Although this wastes computational resources, the issue is identified before reconstruction, preventing
incorrect results.

3. The third type of error is that a computable invariant with a known expected value (e.g., Hilbert function,
dimension) can be wrong. In this case, we have to do expensive tests for each prime, even though a set of bad
primes is usually finite. But it ensures correctness before reconstruction.

4. The fourth type of error is that a computable invariant with an unknown expected value (e.g, leading ideal in
the Grobner basis computation) is wrong. To detect this by a majority vote, we have to compute and store
the value of the invariant for all modular results, but it remains manageable before reconstruction.

5. Any other error that occurs is serious. We cannot detect this type of error in the earlier stage. So it might
lead to the lift not terminating when adding more primes.

4.2.2 FError-tolerant reconstruction

Our goal is to reconstruct the Q-result § from the modular result 7 € Z/N in the presence of bad primes. Our

technique will be to find an element (x,y) with % = ¢ in the lattice A = ((N,0),(r,1)) c Z2. The following theorem

says that all shortest vectors in the lattice A = ((N,0), (r,1)) c Z?* are a multiple of (a,b) provided that a*+b* < N.
Theorem 7. [BDFP15] For all (x,y) € A with 2% + y*> < N, we have

v

! Algorithm 13 is adapted from [BDFP15].
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The theorem follows from:

Lemma 8. [BDFP15] All (x,y) € A with 2 +y*> < N are collinear.

4.3 Massively Parallel Modular Methods

Implementations of modular methods in specific use cases like those in [IPS11], [BDLP18] always follow a partic-
ular pattern. Building on error tolerant reconstruction, this pattern was formulated in [BDFP15] for polynomial
input/output data along the following lines:

1. Compute the result over Z/p; for distinct primes py,...,p, by applying the algorithm under consideration to
the reductions of the input modulo the p;. We avoid primes which are bad in the sense that the reduction of
the input is not well-defined.

2. Use the Chinese remainder isomorphism
ZIN = Z[pyx...xZ]p,

to lift the modular results to Z/N where N = py--p,. For polynomial data we lift coefficient by coefficient.
This requires a well-defined identification of the terms in the different modular results. For example, we
might be lifting a tuple of polynomials or a reduced Grébner basis of an ideal or module. In the latter case,
identification of the generators is via their lead monomials. This, in turn, requires consistency of the leads,
which can be achieved by a weighted majority vote on the set of leading monomials.

3. Compute the preimage of the lift with respect to the N-Farey map, for polynomial data again coefficient by
coefficient.

4. Check the result by reducing modulo a prime not used so far and comparing with the respective result of the
algorithm modulo this prime. If not increase the size of the set of primes. By using error tolerant lifting, we
can make sure that this process terminates, provided the set of bad primes for running the algorithm on a
given input is finite.

5. Verify the correctness of the lift.

This approach will yield the correct result, provided the Q-result is contained in the domain of the N-Farey map),
and provided none of the p; is bad.

In [BBMRR24], a massively parallel framework for modular computations with polynomial data has been devel-
oped and implemented in form of a package for the SINGULAR/GPI-SPACE framework. This modular framework
provides generic modular methods for deterministic algorithms with only finitely many bad primes, and is usable for
a wide range of applications in commutative algebra and algebraic geometry. It has been applied, for example, to
computing Grébner bases, and images and inverses of rational maps. Since our use cases for rational curves fit into
the picture, we will make use of the modular framework, thus adding more use cases. Note that our use cases will in-
clude computing images and inverses of rational maps, though as subalgorithms. Hence, we will not make use of the
above-mentioned modular implementations, but rather modularize our entire algorithm under consideration only
reconstructing the result at the very end. We now give a brief overview of the modular toolbox from [BBMRR24].
For execution in the SINGULAR/GPI-SPACE framework [Béh+21], the modular toolbox is implemented in form
of a Petri net. We recall that a Petri net is a bipartite graph consisting of places holding token with data and
transitions, which implement the computations. Transitions are fired by consuming one token from each of their
input places and put one token on each output place. Transitions are only enabled if each of its input places holds
a token. Then the Petri net is executed by firing random enabled transitions. Parallelism is achieved by firing
multiple transitions at the same time, including also the same transitions multiple times. In the figure places are
shown as circles, tokens as dots, and transitions as boxes. Arrows which are dashed depict read-only access, double
arrow indicate that the transition can deposit multiple tokens at the same time (including no tokens). Conditions
on tokens accepted by transitions are written inside the boxes.
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The main Petri net from [BBMRR24] is depicted in Figure 4.1 in a simplified and color coded form. The
initializing transition of the net is shown in gray, the generation of tasks is shown in cyan, the actual computation
in blue, Chinese remainder lifting in orange, stabilization testing and verifying in yellow, transitions accepting a
result are shown in green, while transitions asking for an improvement of a result are shown in red. Clouds indicate
subnets. The net contains various places containing structureless tokens to balance the different computational
steps. The transitions GenPrimes produces on demand prime numbers in batches. Those are paired by Generate
with the input data, checking whether the prime is a well-defined modulus. The main computation happens in
Compute in a data parallel way. A certain percentage of the results are stored for use in the stabilization test, while
the test is lifted via the Chinese remainder theorem. This is done in parallel in the subset Lift until a certain
number of prime factors in the modulus is reached. Only consistent results are joined by lifting. Further CRT lifting
is done in the subnet Lift/Add which also adds the result to the so-called Accumulator token. If the result an the
accumulator token are inconsistent, the accumulator is replaced by the result, hence realizing a weighted majority
vote. The accumulator is then passed to the stabilization test. If the test succeeds the accumulator is passed on for
a potential verification. Otherwise it is put back to the accumulator place, similarly if the verification would fail.
The modular result used for stabilization testing is discarded.

The yellow Verify transition implements the verification which is done through a combination of two conditions
tested over Q: Suppose ¢ = (fo,..., fn) : P! - C is the computed map. Substitution F(fo,..., f,) = 0 confirms
that the image lies on the curve C, and birationality deg(¢) = deg(C') rules out constant maps or proper covers,
thus providing a certificate that ¢ : P! -» C' is birational. If either check fails, the red Continue transition (guard:
Verify = false) routes the accumulator back for further lifting. Note that in all examples of parametrizing rational

curves in this thesis, both checks were satisfied.
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Figure 4.1: The main Petri net of GSPC-MODULAR.
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4.4 Algorithms for the Parametrization of Rational Curves

4.4.1 Motivation and Historical Background

A rational normal curve of degree n is a smooth, irreducible, non-degenerate curve in projective space P™ that is
isomorphic to the projective line P'. Thus, there exists a birational morphism P! - C. Such a morphism is called
a parametrization of C. An irreducible projective curve C is rational if and only if p(C) =0 2.

The embedding of P! into P? as a rational normal curve of degree d is given by the Veronese embedding V1,d,
which is defined as follows:

vid:[zorxi] = [yoryr - yal,

where each y; is a homogeneous polynomial of degree d in zg and x;. The image of v; 4 is the rational normal
curve C of degree d. The defining ideal I(C') of rational normal curve C' is minimally generated by set of all 2 by
2 minors of Hankel matrix of the form:

o X1 T2 -t Xd-1

(rm Ty X3 v T )

The coordinate ring of C' is a Cohen-Macaulay having depth and Krull dimension both equal to 2.

We can extracts combinatorial invariants such as Betti numbers, Euler characteristics, Hilbert polynomials etc.,of
projective varieties through its minimal free resolutions[Eis05],[Eis13]. The rational normal curves, in particular
being determinantial variety is minimally resolved by Eagon-Northcott complex [EN62],[Eis13]. For more about
Eagon-Northcott complex, we refer to [Eis13, A 2.6]. Betti diagrams of Rational normal curves C' in P”, more
precisely that of defining ideal I(C') have the following form [KM23]:

0 1 2 3 7 n—-1
01 O 0 0 0 0
Ljo () 20) 3() -~ i(%) -~ (=1()

Table 4.1: Betti table of the ideal I(C).

For a planar irreducible projective curve C c P2, the following are equivalent:
e ( is rational.
« p(C)=0.

e For all m € N, there exist birational transformations C' - C,,,, where C,,, c P™ is the rational normal curve of
degree m (the image of P! under the Veronese embedding v : P* — P™).

Given a rational normal curve C' ¢ P™, an anticanonical map ¢:C — Cy can be applied to project C into a
lower-dimensional space, giving a new rational normal curve C; c P"2 that is isomorphic with a given curve. By
iterating this process, the ambient dimension of the curve iteratively decreases.

o For odd n, repeated projections eventually reduce to the curve isomorphic to P*.

o For even n, the process terminates with a conic in P?.

Note that an RNC is an irreducible, non-degenerate, degree n curve in P". To motivate the construction, we start
with planar curve cases. Let a planar rational curve C' be given by a birational morphism

(Dg: Dy :PBy):PE - C
with homogeneous polynomials ®q, &1, Py € Q[T, T ] of the same degree and without a common divisor. Setting
a:Q[Xo, X1, Xo] = Q[To, T1], a(Xi):= 4,

we have ker(a) = (F) for an irreducible F' € Q[ Xg, X1, X2] and C = V(F).

2Here, p(C) denotes the arithmetic genus of the curve C. For a proof of the criterion see, for example, [Har13, Ch IV, Example 1.3.5].
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Conversely, if a planar rational curve C = V(F') of degree n with a homogeneous polynomial F' € Q[ Xg, X1, X2] of
degree n is given, one can ask whether there exists a parametrization (®q : ®; : Po) with homogeneous polynomials
Dy, D1, Py € Q[Ty, T ] of the same degree, and whether such a parametrization can be found using an algorithm.
Such a parametrization is called a rational parametrization.

The answer was given by Hilbert and Hurwitz in their work Uber die diophantischen Gleichungen vom Geschlecht
Null (1889) [HH90]. If n is odd, it is always possible to find a rational parametrization. If n is even, there exists a
birational morphism Cy - C' with coefficients in Q, where Cy c P? is a conic with an equation in Q[Yo, Y1, Y2].

The statement that the birational transformation Co — C has coefficients in Q means that it can be represented
by (@ : &1 : P3) with &; from the homogeneous coordinate ring of Cy, where ®; are represented by elements of
Q[Yo,Y1,Ys], all having the same degree. A rational parametrization of C exists if and only if one exists for Cs.
This is the case if and only if C5 has a rational point. Otherwise, a parametrization of C exists with coefficients in
a quadratic algebraic extension of Q.

The following sections are based on the diploma thesis of J. Bohm [Boh99]. Hilbert and Hurwitz described an
algorithm to compute a parametrization of C' with coefficients in QQ or in a quadratic algebraic extension of Q if this
is unavoidable. The groundwork for this was laid by M. Noether in his work Rationale Ausfihrung der Operationen
in der Theorie der algebraischen Funktionen (1883) [Noe84|, where an algorithm was provided to compute a basis
of the degree-m part of the adjoint ideal of C with coefficients in Q for any m € Ny.

Some of the main approaches to computing a rational parametrization of C' are discussed as follows:

1. Max Noether’s work: Noether provided an algorithm to compute a basis of the degree-m part of an adjoint
ideal of C with coefficients in Q for any m e Ng3.

2. The Algorithm of Hilbert and Hurwitz (1889) [HH90):

e A basis of the degree-(n — 2) part of an adjoint ideal of C' typically (and for the largest adjoint ideal
always) provides a birational transformation

(I):C_’Cn—%

where C),_o IP’@‘Q is a rational normal curve, then C,,_5 can then be projected to a planar rational curve
D,,_o c P? of degree n — 2 using a birational morphism

™ Cn—2 - Dn—2'

e The algorithm computes the composition 7 o ®. Iteratively applying this process gives a birational
transformation C' — P! if n is odd, or C — C5 for a conic Cy c P? if n is even. The inverse of this
transformation yields a birational morphism

PL->C or Co->C
with coefficients in Q.

3. The Algorithm by Sendra and Winkler (1997) [SW97]:

From the adjoint ideal, families of 2 smooth points each on C' are computed. Such a family is understood to
be a radical ideal

I cQ[Xo,X1,X2],
such that V(1) consists of two distinct smooth points on C' (these points do not necessarily have to be rational
points of C).
By choosing

-4 -3
% for even n, or n? for odd n

such pairs of points as base points of the linear system of adjoints of degree n — 2, one obtains a birational

transformation
C—-Pt or C-Cs.

The inverse of this birational transformation yields a birational morphism
P(%: - C or 02 -

with coefficients in Q.

3 An adjoint of C is a curve which passes with sufficiently high multiplicity through the singularities of C (for the definition of adjoint
ideals, see, for example, [BDLP18]).
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4. The Algorithm by Mark van Hoeij (1997) [Hoe97]:

This algorithm first constructs the integral closure C[C'] of C[C"] in C(C") for a suitable affine curve C’ that
is birationally equivalent to C. This is done by specifying an integral basis by, .. .,b,-1 € C(C"), such that
Cl]®) = C[a]by + -+ + Cl2]by-1,

where it is possible to ensure that by, ..., b, 1 have coefficients in Q. From this, a g5 is directly computed,
and with it, a birational transformation C' — Cs is obtained, regardless of whether n is even or odd. This
transformation is then inverted.

5. The following algorithm is adapted from [B6h99].

Using the adjoint ideal, one obtains a birational transformation
d:C —~ Cn_g

to a rational normal curve C,,_o C ]P’E’? Canonical divisors on C,,_5 are of the form —P; — P, with two points
Py, P, on C,_5. We consider two such points which, assuming the (quadratic) generators of I(C,_2) have
coefficients in Q, are represented by n — 3 additional linear equations with coefficients in Q that define the
linear system of hyperplanes in P2 passing through these points.

This system cuts out a complete linear series of degree m — 4 and dimension n — 4, yielding a birational
transformation
Cn—2 - C(n—4

to a rational normal curve C,_4 C IP’E"‘, along with generators of I(C),-4) with coeflicients in Q.
Iteratively, one obtains a birational transformation
C—->Chg— IP’}C, if n is odd,

or a birational transformation

C - Chg — Oy,
to a conic Cy C P(%, if n is even, with inverses
IP’}C -C or Cy—-C
with coefficients in Q.
Instead of inverting the birational transformation
C—>Cho—=Pt or C—Cphy—Cy

one computes a rational parametrization of the rational normal curve C)p_o over ]P’(lc or a conic Cj.

Finally, the transformation
- Cn—Q

is inverted, yielding a birational morphism
Pt ->C or Cy—C
with coefficients in Q.

Both steps are particularly simple since—except in special cases—only bilinear equations from the ideal of
the graph of the respective birational transformation need to be considered. To invert the transformation
C — C,,_2, one uses the Hilbert—Burch matrix of the adjoint ideal.

The implementation is based on the SINGULAR/GPI-SPACE framework for massively parallel computations in
computer algebra [DGPS24], and can be found at the Github repository [gsp24], and our package builds on the
generic modular framework [BBMRR24] as implemented in [gsp23].
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4.4.2 Algorithms for Computing Images and Inverses of Rational Maps

This section gives algorithms to compute the image and inverse of a rational map. Algorithm 14 and 15 are adapted
from [Boh24] and [BBMRR24] respectively.

Algorithm 14 Image of a rational map

Input: Rational map _ _
D:X=V(I)cPg Py, te (fo(t):...: fult))

with I c k[to,...,tm] a prime ideal and f; € k[to, ..., tm]/]
Output: Ideal S c k[zy,...,z,] defining the closure of the image of the rational map ®.
1: Compute the ideal
Ty

J:<I,minor52(:§c0 7 ))CQ[tO,...,tm,mo,...,wn].
0 o fa

2: Compute S = (J: (fo,...,fn)")nK[xg,...,2,]
3: return S.

Algorithm 15 Inverse of rational map

Input: A rational map o o
O:X = V(I) PR P, b (fo(t) i TulD)

with X irreducible and f, € K[to,...,t,]/I(X). Denote by R the homogeneous coordinate ring of X.
Output: If ® is birational, the S-module of the representatives of the inverse of the rational map ®, where S is
the homogeneous coordinate ring of the image of ®. If this is not the case, return false.

1: Set the ideal
Zn,

J:(minorSQ(?O 7 ))Ck[to,...,tm,xo,...,xn]
0 o fa

2: Compute a Grobner basis respecting an elimination ordering for t,...,t,, of the ideal of the graph

G:(I+J):(f07'~'7fn)oo Ck[tf))"'atmaxf)a"'axn]'

3: Compute the ideal of the image
Gnk[xo,...,zn] ck[xo,...,T0n],

and set S' to be the homogeneous coordinate ring of the image.
4: Define a weak Jacobian dual matrix 1 over S such that the entries of 1 - (t0-~~tm)T are the bidegree (1,s)
generators of the ideal G, for s > 1.
Compute a matrix p over S such that im(p) = ker(v))
if dim(R) = dim(S) then

if rankpac(s)() then

if im(y') = ker(p') then
Compute a matrix 4 such that im(3) = ker(¢)) ¢ S™** over S.

10: return im(3).
11: return false.

4.4.3 Algorithm for Parametrizing Rational Normal Curves

Algorithm 16 is for the parametrization of rational normal curves*. The essential idea is the following: for a rational
normal curve C in P?, map it by an anticanonical map iteratively. If n is odd, we end with P!, and then take
the inverse of the composition; for n even, we end with a conic on P?, which also can be parametrized (it may be
necessary to take a field extension).

4Algorithm 16 is adapted from [B5h99]
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Algorithm 16 Parametrization of a Rational Normal Curve
Input: Let K be a subfield of k. Let n > 3. Let C' c P} be a rational normal curve, i.e., I(C) = (q1,...,q)x with

deg(g;)=2and | = % Assume q1,...,q € K[ Xo,..., X,].

Output: A parametrization « of the rational normal curve C.
Li=n, In={(q, ., q) K-
2: while 7 >3 do
R:= K[Xo,. ..,Xi],R, = I([}/Q7 ,}/i_g].
coker(MT) == Ext" ' (R/I;, R(~i - 1)).
Determine a kernel vector (oo, ..., d;_2)T of M; ® R/I;, where ¢ € R/I;.
Define the homomorphism « : R" = R/I; by a(Y;) = ¢; for all j=0,...,i-2.
Set I;_5 = ker(a).
Replace Y with X in I;_».
1:=1—2.
10: if i =2 then
11:  Replace X with Y in L.
12:  Set R:= K[Yp,Y1,Ys].
13: 7:=79+ 2.
14: while i <n do
15 Nz = My, where z = (Xo,...,X;)T and y = (Y,...,Yi2)T.
16: if i=3 then

17: Set the parametrization: v := (T, T1).

18: elseif i=4 then

19: N:=N@®R/L.

20:  else

21: N := N(v). Note: For even n, N has entries in R/I; for odd n, in K[7y,11].

22:  v:=ker(N).
23:  ti=4+2.
24: 7 is a parametrization of C' over P}, (for odd n) or over a conic Cy c P2 (for even n).

Theorem 9. Let M be a finitely generated module over R = K[x1,...,z,]. Then the top non-zero Ext module is
the cokernel of the transpose of the last syzygy matriz in the minimal resolution of M.

Remark 7. We can obtain M as the last syzygy matriz in the minimal resolution of R/I(C), where I(C) is ideal
of the rational normal curve in P™.

Algorithm 17 Parametrization of Plane Rational Curves

Input: A projective plane curve C' defined by a homogeneous polynomial F(x,y,2).
Output: A rational parametrization ¢ of the curve C.
1: Compute the adjoint ideal of the curve C.
2: Use the adjoint ideal to map C to a rational normal curve via ¢rNc.
3: Compute a parametrization v of the rational normal curve.
4: Determine the composition ¢ = (¢rnc) ™t 0 7.
5: return ¢.

4.5 Performance

This section evaluates the performance of the gspc_modular package, which is implemented in SINGULAR/GPI-
SPACE and can be found at [gsp24], through a series of computational experiments. The focus is on assessing the
algorithm’s efficiency and scalability when parameterizing rational normal curves (RNCs) in projective space, and
plane rational curves®.

5polynomial ring can be declared in SINGULAR as ring S = 0, (x0,...,x9),dp;, which defines S = Q[x,...,z9] with degree reverse
lexicographical ordering.

53



4.5.1 Anticanonical Maps

We compare timings for different examples that are generated by minors using SINGULAR in Table 4.4, where we
can see that our gspc_modular implementation is faster than the implementation from SINGULAR. We provide a
speed up graph for Ex1 in Fig 4.2, and also timing comparisons in Table 4.2.

Example 1

Listing 4.1: Anticanonicalmap

system("random", 10 );

ring S=0,(x0,x1,x2,x3,x4,x5,x6,x7,x8,x9) ,dp;

matrix m[2][9]=x0,x1,x2,x3,x4,x5,x6,x7,x8,x1,x2,x3,x4,x5,x%x6,x7,x8,x9;

ideal rNC=minor (m,2) ;

ideal I=randomid(maxideal (1) ,10,11);

map f=S,I[1..10];

ideal RNC=f(rNC);

rtimer=0;
system ("--ticks-per-sec" ,1000); // set timer resolution to ms
int t=rtimer;

rncAntiCanonicalMap (RNC) ;

print ("timer");

rtimer-t;

Ex AntiCanonicalMap over Q AntiCanonicalMap over Z,, gspc_AntiCanonicalMap (6
p =32003 cores)
1 136.0 3.1 8.1

Table 4.2: Performance Comparison of AntiCanonicalMap with timing (in seconds)

Ex | 1 Core | 3 Core | 6 Core
1 62.5 8.2 8.1

Table 4.3: Timing results (in seconds) for different core counts
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Speed-up curve
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Figure 4.2: gspc_modular__AntiCanonicalMap.

Example 2

Listing 4.2: Anticanonicalmap

//Ezamplel
system ("random", 10 );
ring S=0,(x0,x1,x2,x3,x4,x5,x6,x7,x8,x9,x10) ,dp;
matrix m[2][10]=x0,x1,x2,x3,x4,x5,x6,x7,x8,x9,x1,x2,x3,x4,x5,x6,x7,x8,x9,x10;

ideal rNC=minor (m,2);

ideal I=randomid(maxideal (1) ,11,11);
I;

map f=S,I[1..11];

ideal RNC=f(rNC);

rtimer=0;

system("--ticks-per-sec" ,1000); // set timer resolution to ms
int t2=rtimer;

rncAntiCanonicalMap (RNC) ;

print ("timer");

rtimer-t2;

//Ezample3

system ("random", 10 );

ring S=0,(x0,x1,x2,x3,x4,x5,x6,x7,x8,x9,x10,x11) ,dp;

matrix m[2][11]=x0,x1,x2,x3,x4,x5,x6,x7,x8,x9,x10,x1,x2,x3,x4,x5,x6,x7,x8,x9,x10,x11;
ideal rNC=minor (m,2);

ideal I=randomid(maxideal (1) ,12,11);

map f=S,I[1..12];

ideal RNC=f(rNC);

rtimer=0;

system("--ticks-per-sec" ,1000); // set timer resolution to ms
int té4=rtimer;

rncAntiCanonicalMap (RNC) ;

print ("timer");
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34

rtimer-t4;

Example AntiCanonicalMap| AntiCanonicalMap gspc_modular
over Q over Zy, p = 32003 (6 cores)
1 136 137 3045 8052
2 765082 10845 17899
3 2733907 23012 157437

Table 4.4: Performance Comparison of AntiCanonicalMap with timings (in milliseconds).

4.5.2 Parameterizing Rational Normal Curves

In this subsection, we provide timings for parameterizing RNCs in projective space P™ using gspc_modular. We
provide a speed up graph for Ex1 in Fig 4.3 and also timing comparisons in Table 4.6. We also provide the minimal
resolution and the Betti diagram via SINGULAR. From Formula 4.1, we can verify that the Example Ex1 is also
a rational normal curve. Moreover, we give timing comparions in Table 4.8, and a speed up graph in Figure 4.4.
Note that we generate these example using SINGULAR.

Listing 4.3: Example RNC1

Example 9.:

system("random", 10 );

ring R=0,(z(1..10)),dp;

ring S=0,(t0,t1),dp;

ideal I=randomid (mazideal (9),10,5);
map f=R,I[1..10];

setring R;

ideal RNC= kernel (S, f);

ideal L=RNC;

list #=1l4st (12,3,20,20,30);
rtimer=0;

system("--ticks-per-sec",1000); // set timer resolution to ms
int t=rtimer;

def re = gspc_modular_parametrization_C(L,gc,#);

setring re;

im;

rtimer-t;

print ("timer");

//Verify that it <s RNC

ideal l=sm[1][1],4m[1][2],im[1][3],im[1][4],im[1][5],im[1][6],<m[1][7],
im[1][8], im[1][9], im[1] [10];

map g=R,1[1..10];

g (RNC) ;

def fO0 = mres(L, 0);

f0;

1 36 168 378 504 420 216 63 8
R <-- R <-- R <-- R <-- R <-- R <-- R <-- R <-- R
0 1 2 3 4 5 6 7 8
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Figure 4.3: gspc_modular_parametrization for the Example RNC1.

print (betts (f0), "betti");

0 1 2 3 4 5 6 7 8
0 1 - - - - - - - -

1 - 36 168 378 504 420 216 63
total 1 36 168 378 504 420 216 63 8

1 Core | 3 Core | 6 Core
Example RNC1 53.6 22.6 16.8

Table 4.5: Timing results (in seconds) for different core counts for Example RNCI1.

gspc_modular (6 cores) | Singular
16.8 480.0

Table 4.6: Timing results (in seconds) for Example RNCI.

Listing 4.4: Example RNC2

Example 10.:
system("random", 10 );

ring S=0,(z0,zl,z2,23,z4,z5,26,27,28,29,210,x11),dp;

matriz m[2][11]=20,z1,22,23,24,z5,26,27,28,29,210,z1,z22,23,24,z5,26,27,28,29,210,x11;
ideal rNC=minor(m,2);

ideal I=randomid (mazideal (1) ,12,11);

map f=S,I[1..12];

ideal RNC=f(rNC);

ideal L=RNC;

def LO=mres (L,0);
LO;
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Speed-up curve

Speed-up

—e— Speed-up

3

Number of cores

Figure 4.4: gspc_modular_ parametrization for the Example RNC2.

1 55 330 990 1848 2310 1980 1155 440 99
10
§ G== @ d== & g— - [ — s <-- Cp— Cpe— o — & <=
&
0 1 2 3 4 5 6 7 8 9
10
print (betti (LO), "betti");
0 1 2 3 4 5 6 7 8 9 10
0 1 - - - - - - - - -
1 = 55 330 990 1848 2310 1980 1155 440 99 10
total: 1 55 330 990 1848 2310 1980 1155 440 99 10
1 Core 3 Core | 6 Core
RNC minor | 1964632 | 673521 | 603767

Table 4.7: Timing results (in milliseconds) for different core counts for Example RNC2.

gspc_modular (6 cores)

Singular

603 767

3700054

Table 4.8: Timing results (in milliseconds) for Example RNC2.

4.5.3 Parameterizing Plane

Curves

In this subsection, we provide timings for parameterizing plane curves with a series of random examples in SINGU-
LAR/GPI-SPACE. Furthermore, we compare with SINGULAR over Q. For plane curves C' defined by a homogeneous
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Figure 4.5: gspc_modular_ parametrization for the plane curve Ex1.

and irreducible f, we compute the adjoint ideal, then the rational normal curve (RNC), then we apply the anti-
canonical map iteratively, and we compose with the adjoint map and compute the inverse. We use normal.lib and
ideal quotients to compute the adjoint ideal in char p, while paraplanecurves.1lib uses a computation in char 0
relying on the fast integral basis algorithm from [BDLP18]. We provide timings in Table 4.10, we have a speed up
graphs for both examples in Fig.4.5, and in 4.6.

Example 1

Listing 4.5: plane curve of even degree

system("random", 10 );

ring R = 0,(x,y,z),dp;

poly F = y~8-x"3*x(z+x)"5;

ideal I=randomid(maxideal (1) ,3,31);
map g=R,I[1..3];

poly f=g(F);

Example 2

Listing 4.6: plane curve of odd degree

system ("random", 10 );

ring R = 0,(x,y,2z),dp;

poly f= y~9-x"5x%(z+x) "4;

ideal I=randomid(maxideal (1) ,3,31);
map g=R,I[1..3];

poly F=g(f);
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Table 4.9: Timing results (in seconds) for different core

degree | 1 Core | 3 Core | 6 Core
Ex1 8 17.7 7.3 5.3
Ex2 9 21.7 8.2 6.3

Speed-up curve

counts.

Speed-up

3

Number of cores

Figure 4.6: gspc_modular_ parametrization for the plane curve Ex2.

. parametrization parametrization parametrization
degree adjoint from (w/o adjoint) from from using gspc_modular
paraplanecurves.lib . . N
paraplanecurves.lib | paraplanecurves.lib (6 cores)
Ex1 8 63.0 54.3 117.0 5.4
Ex2 9 182.0 70.0 252.0 6.5

Table 4.10: Timings (in seconds) for adjoint ideals and parametrizations from paraplanecurves.lib, and
parametrizations using gspc_modular (6 cores).
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Chapter 5

Summary and Future Work

The goal of this thesis is to develop a massively parallel framework for homological constructions such as syzygies and
free resolutions. We have presented various frameworks for syzygies and hence free resolutions. The computation
of free resolutions is at the core of algorithmic commutative algebra and algebraic geometry with a multitude
of applications in mathematics and applied areas. Massively parallel methods are enabling computer algebra
to handle large-scale problems. This thesis explores massively parallel methods for computing syzygies and free
resolutions of finitely generated modules over polynomial rings. We develop an algorithm with parallel structures,
which is based on the ideas of Schreyer’s method. A further level of parallelism is achieved in characteristic zero by
developing a modular strategy for free resolutions, and homological computations based on those. As an application,
computations in birational geometry are investigated, in particular, modular techniques for parameterizing rational
curves. Another direction of our work is the extension of the parallel resolution algorithm to resolutions over the
exterior algebra.

As a key step, we develop a novel massively parallel method based on Schreyer’s refined algorithm for computing
syzygies, reformulating Schreyer’s refined algorithm using the language of Petri nets. Inspired by Schreyer’s original
ideas, the 1iftTree algorithm allows one to ignore lower-order terms in the computation of the generators of the
syzygy module. The 1iftTree algorithm recursively calls the SubLIFT algorithm, which computes tails of leading
syzygies. We develop an iterative algorithm that is then formulated as a Petri net, enabling the parallel computation
of tails in terms of graph expansion. We prove correctness and termination. We also describe a massively parallel
algorithm to collect the terms in an efficient way.

The implementation of the algorithm relies on the SINGULAR/GPI-SPACE framework, a task-based workflow
management system that uses Petri nets for coordination. The computer algebra system SINGULAR is used as a
C++ library for computations.

Our implementation gspc_res significantly outperforms the well-established and highly efficient fres method
in SINGULAR, which is a benchmark implementation in computer algebra, in examples of interest, see Table 1.1.

Building on Hilbert’s foundational work on the parametrization of rational curves, we develop massively paral-
lel modular methods for computing anticanonical maps (through free resolutions), parametrizing rational normal
curves, and finally, parametrizing (singular) rational curves, as well as a verification theorem. Our implementation
in the SINGULAR/GPI-SPACE framework scales efficiently with the number of cores, offering significantly better
performance than previous implementations. We note that the modular tools for birational geometry are appli-
cable beyond the parametrization problem. Through our applications, we demonstrate the effectiveness of the
SINGULAR/GPI-SPACE framework in coordinating parallel computations in computer algebra.

Our experimental results show that our gspc_modular method is faster than sequential on SINGULAR. For
example, Table 4.4 summarizes the timings for different examples to compute anticanonical maps. Our imple-
mentation is faster than SINGULAR over characteristic zero. Moreover, Table 4.3 shows that our gspc_modular
implementation is faster than SINGULAR to compute parameterizations of rational normal curves. Table 4.8 shows
our implementation is faster than SINGULAR to compute parametrizations. Table 4.10 shows that gspc_modular
is faster than SINGULAR.

While our main work lies in commutative algebra, we can extend our framework for resolutions to non-
commutative settings by adapting our data structures and computational building blocks. However, work in this
non-commutative setting, particularly over the exterior algebra, is ongoing, and further development is part of our
planned future work.
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Appendix A

Implementations

A.1 C++ Code for Syzygies and Resolutions

The following C++ code relying on the library version of SINGULAR is written to compute syzygies and resolu-
tions. Initially, the implementation was developed in the SINGULAR interpreter. It was then rewritten using C++
for improved performance and to streamline its use for parallel computations using the SINGULAR/GPI-SPACE
framework.

Listing A.1: C++ code for computing syzyygies and resolutions

NO_NAME_MANGLING

std::string singular_template_compute_StdBasis(std::string const& res
, std::string const& needed_library
, std::string const& base_filename)

{
init_singular (config::singularLibrary().string());
load_singular_library(needed_library);
std::pair<int, lists> Res;
std::pair<int, lists> out;
std::string ids;
std::string out_filename;
ids = worker ();
//std::cout << ids << " in singular_..._compute" << std::endl;
Res = deserialize(res, ids);
ScopedLeftv args(Res.first, 1lCopy(Res.second));
std::string function_name = "stdBasis";
out = call_user_proc(function_name, needed_library, args);
out_filename = serialize(out.second, base_filename);
return out_filename;

}

NO_NAME_MANGLING
std::string singular_template_Init( std::string const& input) {

return input;

NO_NAME_MANGLING
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matrix lcm_mod(ideal G) {
int a = 0, b =0, i =0, j =
ideal G_copy = idCopy(G);
int r = IDELEMS(G_copy);

0;

matrix 1 = mpNew(r, r);
poly s10 = NULL;

poly t10 = NULL;

for (a = 1; a < r+1; a++) {

for (b = 1; b < r+1; b++) {

i = p_GetComp(G->m[a-1],
j = p_GetComp(G->m[b-1],
s10 = pHead(G->m[a-1]);

pSetComp (s10, 0);
pSetmComp (s10) ;

t10 = pHead(G->m[b-1]);
pSetComp (t10, 0);
pSetmComp (£10) ;

poly lcm_poly = p_Lecm(s10, t10,
pSetCoeff0(lcm_poly, nInit(1));
if (1 == j) {
MATELEM(1, a, b) =
} else {
MATELEM(1, a, b) = NULL;
}
}
}
p_Delete(&s10, currRing);
p_Delete(&t10, currRing);
return 1;
}
ideal leadSyz(ideal f) {
int a = 0, b =0, j =0, k= 0;
poly s = NULL, t = NULL;
ideal f_copy = idCopy(f);
int r = IDELEMS(f_copy);
ideal L = idInit (0, 1);
matrix M = mpNew(r, r);
for (a = 1; a < r+1; a++) {
for (b = 1; b < r+1; b++) {
poly lcm = p_Lcm(pHead(f_copy->m[b-1]),
pSetCoeff0(lcm, nInit(1));
MATELEM(M, a, b) = pp_Divide(lcm,
}
}
int cc 0;
for (int i 2; i < r+1; i++) {
for (j = 1; j < i; j++) {
poly tO = pCopy(MATELEM(M, j, i));

p_SetComp (tO,
p_SetmComp (tO0,

i, currRing)
currRing) ;

pp_Divide (lcm_poly,
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currRing) ;
currRing) ;

currRing) ;

t10,

pHead (f _copy->m[b-1]1),

pHead (f_copy->m([a-1]),

currRing) ;

currRing) ;

currRing) ;




100 t = pCopy(t0);
101
102 for (k = 0; k < IDELEMS(L); k++) {

103 s = (poly)L->m[k];

104 bool ¢ = p_DivisibleBy(pHead(s), t, currRing);

105 if (C == TRUE) {

106 t = NULL;

107 break;

108 } else {

109 bool d = p_DivisibleBy(pHead(t), s, currRing);
110 if (d == TRUE) {

111 ideal tmp = id_Delete_Pos(L, k, currRing);
112 idDelete (&L) ;

113 L = tmp;

114 k——;

115 cCC——;

116 }

117 }

118 }

119

120 if (t != NULL) {

121 if (cc >= IDELEMS(L)) {

122 ideal tmpL = idInit(cc + 1, 1);
123 for (int i = 0; i < cc; i++) {
124 tmpL->m[i] = pCopy(L->m[il);
125 L->m[i] = NULL;

126 }

127 idDelete (&L) ;

128 L = tmpL;

129 }

130 L->m[cc] = pCopy(t);

131 cc++;

132 p_Delete (&t, currRing);

1 }

134 }

135 }

139 return L;

140 |}

112 | ideal Sec_leadSyz(ideal £0) {
143 int r = IDELEMS(f0);

44 poly s = NULL, t = NULL;

145 int cc 0;

146 ideal L = idInit (0, 1);

147 ideal f_copy = idCopy (£0);
148 matrix M = lcm_mod(f_copy);

150 for (int i = 2; i < r+1; i++) {
151 for (int j = 1; j < i; j++) {
152 poly t0 = MATELEM(M, j, i);

153 if (t0 != NULL) {
154 p_SetComp(t0, i, currRing);
155 p_SetmComp (t0, currRing);

156 t = pCopy(t0);

159 for (int k = 0; k < IDELEMS(L); k++) {
160 s = (poly)L->m[k];
161 if (s != NULL && t !'= NULL) {
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if (p_DivisibleBy(pHead(s), t, currRing)) {
t = NULL;
break;

} else if (p_DivisibleBy(t, pHead(s), currRing)) {
ideal tmp = id_Delete_Pos(L, k, currRing);
idDelete (&L);

L = tmp;
k--3
BB==%
}
}
}
if (t != NULL) {
if (cc >= IDELEMS(L)) {
ideal tmpL = idInit(cc + 1, 1);
for (int i = 0; i < cc; i++) {
tmpL->m[i] = pCopy(L->m[il);
L->m[i] = NULL;
}
idDelete (&L) ;
L = tmpL;
}
L->m[cc] = t;
cc++;
}

}

idDelete ((ideal*) &M) ;

return L;

lists aLL_LEAD (ideal f) {
lists J = (lists)omAllocOBin(slists_bin);

J->Init (2);
ideal f_copy = idCopy(f);
int n = rVar(currRing) ;

ideal F = leadSyz(f_copy);

ideal F_copy = idCopy (F);
J->m[0].rtyp = IDEAL_CMD;
J->m[0] .data = f_copy;
J->m[1] . rtyp = MODUL_CMD;
J->m[1] .data = F_copy;

int cc = 2;

for (int t = 0; t < n; t++) {
ideal temp = Sec_leadSyz(F_copy);

bool b = idIsO(temp);

if (b == FALSE) {
F_copy = idCopy(temp);
temp = NULL;

} else {
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break;

if (cc >= 18ize(J) + 1) {
int newSize = cc + 1;
lists tmplL = (lists)omAllocOBin(slists_bin);
tmpL->Init(newSize) ;

for (int i = 0; i < cc; i++) {
tmpL->m[i].rtyp J->m[i] . rtyp;
tmpL->m[i] . data J->m[i] . data;

}
omFreeBin(J, slists_bin);
J = tmpL;
}
J->m[cc].rtyp = MODUL_CMD;
J->m[cc].data = F_copy;

cct+;

return J;

NO_NAME_MANGLING
std::pair<int, lists> ALL_LEAD_GPI(leftv args) {
// Extract Token
lists Token = (lists) (args->Data());
// Extract Token.data
lists tmp = (lists) (Token->m[3].Data());
// Extract def f=Token.datal[1]
ideal f = (ideal)tmp->m[0].Data();
ideal f_copy = idCopy (£f);

lists J = aLL_LEAD(f_copy);
= 1Size(J) + 1;

int r
lists LLT = (lists)omAllocOBin(slists_bin);
LLT->Init (4); // type token

lists temp = (lists)omAllocOBin(slists_bin);

temp->Init (1) ;

for(int k = 0; k < r; k++) {
lists Ld = (lists)omAllocOBin(slists_bin);

Ld->Init(4); // type token
lists t = (lists)omAllocOBin(slists_bin);

t->Init (2);
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t->m[0] . rtyp
t->m[1] . rtyp

STRING_CMD; t->m[0].data = strdup("generators");
STRING_CMD; t->m[1].data = strdup("SchFrame");

Ld->m[0] . rtyp
Ld->m[1].rtyp

RING_CMD; Ld->m[0].data = currRing;
LIST_CMD; Ld->m[1].data = t;

Ld->m[2] .rtyp RING_CMD; Ld->m[2].data = currRing;

t = (lists)omAllocOBin(slists_bin);

t->Init (2);

t->m[0] . rtyp = LIST_CMD; t->m[0].data = 1Copy(J);
t->m[1].rtyp INT_CMD; t->m[1].data = (voidx*) (long) (r);
Ld->m[3] .rtyp = LIST_CMD; Ld->m[3].data = t;

lists field_names = (lists)omAllocOBin(slists_bin);

field_names->Init (r);
for (int s = 0; s < r; s++) {
field_names->m[s].rtyp
field_names->m[s].data

STRING_CMD;
omStrDup (" generator") ;

LLT->m[0] .rtyp = RING_CMD; LLT->m[0].data = currRing;

// Assign fieldnames to LLT
LLT->m[1].rtyp LIST_CMD;
LLT->m[1].data field_names;

LLT->m[2].rtyp RING_CMD; LLT->m[2].data = currRing;

temp->m[k].rtyp
temp->m[k].data

LIST_CMD;
1Copy (Ld);

// Prepare the final field names
lists t= (lists)omAllocOBin(slists_bin);
t->Init(r+1);

for (int s = 0; s < r; s++) {
t->m[s].rtyp = STRING_CMD;
t->m[s].data = omStrDup((const char*)LLT->m[1].data);

}

// Append "total_number_generator"
t->m[r].rtyp = STRING_CMD;
t->m[r].data = omStrDup("total_number_generator");

LLT->m[1].rtyp = LIST_CMD;
LLT->m[1] .data =t;

// Final data preparation
lists final_data = (lists)omAllocOBin(slists_bin);

final_data->Init(r + 1);
for (int k¥ = 0; k < r; k++) {
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106

final_data->m[k].rtyp
final_data->m[k].data

LIST_CMD;
temp->m[k].data; // Transfer data from temp

}

final_data->m[r].rtyp
final_data->m[r].data

INT_CMD;
(voidx*) (long) (r + 1); // Set total count

LLT->m[3].rtyp = LIST_CMD;
LLT->m[3] . data final_data;

return {r, LLT};

NO_NAME_MANGLING

std::tuple<std::vector<std::string>, int, long> singular_template_ ALL_LEAD(std::string

>

{

>

const& input_filename
std::string const& needed_library
std::string const& base_filename)

init_singular (config::singularLibrary().string());
load_singular_library(needed_library);
std::pair<int,lists> input;

std::pair<int, lists> out;

std::string ids;

ids = worker ();
//std::cout << ids << " in singular_..._compute" << std::endl;
input = deserialize(input_filename ,ids);

ScopedLeftv args( input.first, 1Copy(input.second));

auto start_computation = std::chrono::high_resolution_clock::now();
out = ALL_LEAD_GPI(args.leftV());
lists u = (lists)out.second->m[3].Data();

std::vector<std::string> vec;
int total_gemnerator;

// Iterate through each element of the outer list
for(int i (0); i<1Size(u); i++)

{
auto Outname=serialize((lists)u->m[i].Data(), base_filename) ;
vec.push_back(Outname) ;
}
auto end_computation = std::chrono::high_resolution_clock::now();

auto computation_time
=std::chrono::duration_cast<std::chrono::nanoseconds >(end_computation -
start_computation).count ();

total_generator = 1Size(u); // Assuming u contains the computed generators
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auto total_runtime=computation_time;

return {vec, total_generator ,total_runtimel};

}

NO_NAME_MANGLING

std::pair<int, lists> LEAD_GPI(leftv args) {
// Extract Token
lists Token = (lists) (args->Data());

// Extract the first element (f)
lists tmp = (lists) (Token->m[3].Data());

int counter =0;

int r0 =0;

int r=0;

int c=0;

// ideal LT=NULL;
ideal LT = nullptr;

// Check if f is an ideal or a vector

if (tmp->m[0].Typ() == IDEAL_CMD) {
ideal f_copy = idCopy((ideal) (tmp->m[0].Data())); // Create a deep copy of f
LT = leadSyz(f_copy);

r = IDELEMS(LT);
C=r;

r0 = IDELEMS(f_copy);
idDelete (&f_copy); // Clean up copy
counter = 1;//counter=1

} else if (tmp->m[0].Typ() == VECTOR_CMD) {

ideal mM = (ideal) (tmp->m[4].Data());
ideal mM_copy =idCopy (mM) ;

rO0 =IDELEMS (mM_copy); // Set row count for matrix

LT = Sec_leadSyz(mM_copy);
r = IDELEMS(LT);
c=r;

idDelete (&mM_copy) ;

counter = (int) (long)tmp->m[6].Data();

// Prepare the LLT token

lists LLT = (lists)omAllocOBin(slists_bin);
LLT->Init (4); // Initialize with 4 fields
lists temp = (lists)omAllocOBin(slists_bin);
temp->Init(r);

ideal sM = idInit(c, r0); // Initialize the smatrix
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lists Ld =NULL;

for (int k = 0; k < r; k++) {
// Create a new token Ld
id_Delete (&sM, currRing); // Delete the existing sM
sM = idInit(c, r0); // Reinitialize sM

Ld (lists)omAllocOBin(slists_bin); // Reinitialize Ld
Ld->Init(4); // Initialize with 4 fields

lists t = (lists)omAllocOBin(slists_bin);

t->Init (2);

t->m[0] . rtyp = STRING_CMD; t->m[0].data = omStrDup("generators");

t->m[1] . rtyp STRING_CMD; t->m[1].data = omStrDup("Sparse_LeadSyz_matrix");

Ld->m[1].rtyp
Ld->m[0] . rtyp
Ld->m[2].rtyp

LIST_CMD; Ld->m[1].data = t;
RING_CMD; Ld->m[0].data = currRing;
RING_CMD; Ld->m[2].data = currRing;

// matrix sM = mpNew(rO, c);
poly s_lift = (poly)LT->m[k]; // Retrieve the lifted polynomial

int 1_k p_GetComp(s_1lift, currRing);
poly 1lm = pHead(s_lift);

pSetComp (1m, 0);

pSetmComp (1m) ;

poly C=sM->m[k];

poly Ci=p_Vec2Poly(C,1_k,currRing);
C=p_Sub(C,Ci,currRing);

poly Cil= pCopy(lm);
p_SetComp(Cl,1_k,currRing);
p_SetmComp (C1, currRing) ;

C=p_Add_q(C, pCopy(Cl), currRing);

sM->m[k]=C;

// Prepare Ld data

t = (lists)omAllocOBin(slists_bin);
t->Init (7);

t->m[0] .rtyp = VECTOR_CMD;
t->m[0].data = pCopy(s_lift);
t->m[1].rtyp = SMATRIX_CMD;
t->m[1] .data = sM;

t->m[2] .rtyp = INT_CMD;

t->m[2] .data = (void*) (long)l_k;
t->m[3].rtyp = INT_CMD;
t->m[3].data = (voidx) (long) (k+1);

t->m[4] . rtyp = MODUL_CMD;
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t->m[4] .data = idCopy (LT);

t->m[5] . rtyp = INT_CMD;
t->m[5].data = (void*) (long) (counter);
t->m[6].rtyp = INT_CMD;
t->m[6].data = (void*) (long) (counter);

Ld->m[3].rtyp
Ld->m[3].data

LIST_CMD;
t;

// Set fieldnames[k] to "generator"

lists field_names = (lists)omAllocOBin(slists_bin);
field_names->Init (r);
for (int s = 0; s < r; s++) {

field_names->m[s].rtyp
field_names->m[s].data

STRING_CMD;
omStrDup (" generator") ;

}
LLT->m[0] .rtyp = RING_CMD;
LLT->m[0] .data = currRing;

// Assign fieldnames to LLT
LLT->m[1] . rtyp LIST_CMD;
LLT->m[1] .data field_names;
LLT->m[2] .rtyp = RING_CMD;

LLT->m[2] .data = currRing;
temp->m[k].rtyp = LIST_CMD;
temp->m[k].data = 1Copy(Ld);

pDelete (&Ci) ;
pDelete (&C1) ;

// Clean up temporary lists
omFreeBin(t, slists_bin);
omFreeBin(field_names, slists_bin);

}

// Prepare the final field names
lists final_field_names = (lists)omAllocOBin(slists_bin);
final_field_names->Init(r + 1);
for (int s = 0; s < r; s++) {
final_field_names->m[s].rtyp = STRING_CMD;
final_field_names->m[s].data omStrDup ((const char*)LLT->m[1].data);

}

// Append "total_number_generator"

final_field_names->m[r].rtyp STRING_CMD;
final_field_names->m[r].data = omStrDup("total_number_generator");
LLT->m[1] . rtyp LIST_CMD;

LLT->m[1] .data final_field_names;

// Final data preparation

lists final_data = (lists)omAllocOBin(slists_bin);

final_data->Init(r + 1);

for (int k = 0; k < r; k++) {
final_data->m[k].rtyp = LIST_CMD;
final_data->m[k].data = temp->m[k].data; // Transfer data from temp
temp->m[k].data = NULL; temp->m[k].rtyp=DEF_CMD;
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599

600

601

602

603

604

605

606

607

608

609

610

final_data->m[r].rtyp
final_data->m[r].data

INT_CMD;

LLT->m[3].rtyp = LIST_CMD;
LLT->m[3] . data final_data;

// Clean up sM,Ld and temp
id_Delete (&sM, currRing);
omFreeBin(Ld, slists_bin);
temp->Clean (currRing) ;

return {r, LLT};

NO_NAME_MANGLING

std::tuple<std::vector<std::string>, int, long> singular_template_LEAD (const

std::string& input_filename,
const std::string& needed_library,
const std::string& base_filename)
{
// Initialize Singular and load library
init_singular (config::singularLibrary().string());
load_singular_library(needed_library);

// Debugging: Print worker ID
std::string ids = worker ();

// Deserialize input data
std::pair<int, lists> input;

input = deserialize (input_filename, ids);

// Prepare arguments
ScopedLeftv args(input.first, 1Copy(input.second));

std::pair<int, lists> out;

auto start_computation = std::chrono::high_resolution_clock

out = LEAD_GPI(args.leftV());

// Extract list from the output
lists u = (lists)out.second->m[3].Data();

std::vector<std::string> vec;
int total_generator;
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654 total_generator = 1Size(u);
655 for(int i (0); i<total_generator; i++)

657 {

659 auto Outname=serialize((lists)u->m[i].Data(), base_filename);
660
661

662 vec.push_back (Outname) ;

663 }

664 // Free memory after usage

665 u->Clean (currRing) ;

666

667 auto end_computation = std::chrono::high_resolution_clock::now();
668 auto computation_time

=std::chrono::duration_cast<std::chrono::nanoseconds >(end_computation -
start_computation) .count ();

670 auto total_runtime=computation_time;

677 return {vec, total_generator, total_runtimel;

65 | NO_NAME_MANGLING

6s7 | lists pOLY_List (poly £0)

688 {

689 int r = pLength(£0);
690 lists S = (lists)omAllocOBin(slists_bin);
691

692 if (r == 0)

69 {

694 S->Init (0) ;

695 return S;

696 ¥

697

698 S->Init(r);

700 for (int k = 0; k < r; k++)

701 {

702 // Set the type of the entry
03 S->m[k].rtyp = POLY_CMD;

06 // Get the current leading term
707 poly headTerm = pHead (£0);

08 if (headTerm != NULL) {

709 S->m[k].data = headTerm;

711 } else {
712 std::cout << "Warning: pHead(f0) returned NULL at index " << k << std::endl;
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// Move to the next term in the polynomial
fO0 = pNext (£0);

/7
if

Check if fO is NULL before accessing it
(£f0 == NULL)

break;

return S;

NO_NAME_MANGLING
// For vectors
lists vector_List (poly £0)
{
int r = pLength(£f0);

lists S = (lists)omAllocOBin(slists_bin);

if (r
{

== 0)
S->Init (0);
return S;

}

S->Init(r);

for (int k = 0;
{

k < r; k++)

// Set the type of the entry

S->m[k].rtyp = VECTOR_CMD;

// Get the current leading term (monomial)
poly headTerm = pHead(£f0);

if (headTerm != NULL)
{
S->m[k].data = headTerm;
} else {
std::cout << "Warning: pHead(f0) returned NULL at index "
}

// Move to the next term in the polynomial
f0 = pNext (£0);

// Check if fO0 is NULL before accessing it
if (£0 NULL)
{

break;
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7T ¥

779 return S;

7s0 | NO_NAME_MANGLING
700 | poly LOT(poly gO, ideal S1)

701 | {

792

793 poly t = NULL;

794 int i = 0;

795 poly LOT = pCopy(g0);

796

.

798

799 while (gO!= NULL)

800 {

801 for (i = 0; i < IDELEMS(S1); i++)
802 {

803 t = pHead(g0O); // Leading term of g0
804

805 bool ¢ = p_DivisibleBy(S1->m[i], t, currRing);
80

808 if (¢ == TRUE)

809 { // Check normal form

810

811

812 LOT = p_Sub(LOT, pCopy(t), currRing);
813 break;

814 }

815 }

816

817 g0 = p_Sub(g0, pCopy(t), currRing);
818

819 }

820

821 return LOT;

s22 | }

s24 | NO_NAME_MANGLING
s25 | poly LOT_2(poly gO, ideal S1, lists J, int level)

s26 | {

828 int r = IDELEMS(S1); // Get the number of generators in FO

829 ideal FO = (ideal)J->m[level-1].Data(); // Get the module FO from J[levell
830 poly LOT = pCopy(g0);

831 poly t = NULL;

832 int i = 0;

834

836 while (gO!= NULL)

837 {
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838 for (i = 0; i < r; i++)

839 {

840 t = pHead(g0); // Leading term of gO

841

842 bool ¢ = p_DivisibleBy(pHead(FO->m[i]), t, currRing);
84

844

845 if (¢ == TRUE)

846 { // Check normal form

847

848

849 LOT = p_Sub(LOT, pCopy(t), currRing);
850 break;

851 }

852 }

854 g0 = p_Sub(g0, pCopy(t), currRing);

- }

858 return LOT;

w0 |}

s65 | NO_NAME_MANGLING
sé6 | int coM(ideal f, poly s, poly t) {

869 int i=0;

870 int j=0;

871 int isTrue = O0;

872 //i = leadexp(s) [nvars(basering) + 1];
873 i= p_GetComp (s, currRing);

875 //j = leadexp(t) [nvars(basering) + 1];
876 j= p_GetComp (t,currRing) ;

878 //poly s10 = leadmonomial(s);

880 poly s10= pHead(s);

881 pSetComp (s10,0) ;

882 pSetmComp (s10) ;

883 pSetCoeff (s10,nInit (1)) ;

884 //poly t10 = leadmonomial (t);

885 poly t10= pHead(t);

886 pSetComp (t10,0) ;

887 pSetmComp (t10) ;

888 pSetCoeff (t10,nInit (1));

890 poly sfi=pp_Mult_qq(s10,pHead(f->m[i-1]),currRing);//should leadmonom
891

893 poly tfj=pp_Mult_qq(t10,pHead(f->m[j-1]),currRing); //should leadmonom
894

895 int c¢c= p_Cmp(sfi,tfj,currRing);

898 if (C==1) {
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900 isTrue = 1;
901 } else if ((c==0) && (i > j))

902 {

903 isTrue = 1;
904 } elsedq

205 isTrue=0;

906 }

907

208 return isTrue;

909 }
910
911
912
013 | NO_NAME_MANGLING

914 | int coM2(ideal f, poly s, poly t, lists J, int k) {

916 int i=0;

917 int j=0;

918 int isTrue = O0;
919 poly f1=NULL;
920 poly g1=NULL;
921 poly F1=NULL;
922 poly G1=NULL;
923 int 1=0;

924 int i1=0;

925 int i2=0; // Loop and index variables
926 f=1f 5

930 // Compute initial indices and monomials for the vectors s and t
931 i= p_GetComp (s, currRing) ;

932 j= p_GetComp (t,currRing);

933 // std::cout << "get comp of s="<<i<< std::endl;

934 // std::cout << "get comp of t="<<j<< std::endl;

935 poly s10= pHead(s);

936 pSetComp (s10,0) ;

937 pSetmComp (s10) ;

938 pSetCoeff (s10,nInit (1)) ;

939 poly t10= pHead(t);

940 pSetComp (t10,0) ;

941 pSetmComp (t10) ;

942 pSetCoeff (t10,nInit (1)) ;

943 ideal M=(ideal)J->m[k-1].Data();// M =J[2]

944 f1 = pp_Mult_qq(s10, M->m[i-1], currRing);//should be leadmonomial
945 gl = pp_Mult_qq(t10, M->m[j-1], currRing);

946
947 // Iterate from level k down to 2
948 for (1 = k; 1 >= 2; 1--) {

949
951 i1l = p_GetComp(£fl,currRing);
952 i2 p_GetComp (gl, currRing);

954 // Compute indices for current level
955 if (1 == k) {

958 ideal N=(ideal)J->m[1-2].Data();
960 poly £10= pHead (f1);
961 pSetComp (£10,0) ;
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962 pSetmComp (£10) ;

963 pSetCoeff (£10,nInit (1));
964 poly gl0= pHead(gl);

965 pSetComp (g10,0) ;

966 pSetmComp (g10) ;

967 pSetCoeff (g10,nInit (1)) ;

968 F1 = pp_Mult_qq(pHead(£f10),N->m[il1-1], currRing) ;//should leadmonomial
969 Gl = pp_Mult_qq(pHead(gl10), N->m[i2-1],currRing);//should leadmonomial
970 } else {

971 ideal K=(ideal)J->m[1-2].Data();

973 i1l = p_GetComp (F1,currRing);
974 i2 p_GetComp (G1, currRing) ;

976 poly F10= pHead(F1);
977 pSetComp (F10,0) ;

078 pSetmComp (F10) ;

979 pSetCoeff (F10,nInit (1)) ;

980 poly G10= pHead(G1);

081 pSetComp (G10,0) ;

982 pSetmComp (G10) ;

983 pSetCoeff (G10,nInit (1)) ;

084 F1 = pp_Mult_qq(pHead(F10), K->m[il1-1], currRing);
986 Gl = pp_Mult_qq(pHead(G10), K->m[i2-1], currRing);
989

90 }

)91 ¥

993 Fi=pHead (F1);
994 Gl=pHead (G1) ;

996 int d= p_Cmp(F1,G1l,currRing);

1000 if ( == 1) {

1001 isTrue = 1;

1002 } else {

1003 if ((d==0) && (i > j)) {
1004 isTrue = 1;
1005 } else {

1006 isTrue=0;

1007 }

1008

1009 }

1010

1011

1012

1013

1014

1015 return isTrue;

016 | }
1017
1018
1010 | poly phi(poly s, ideal £f)
1020 {

022 | poly g = NULL;
1023 poly 1lm_s = pHead(s);

79




1024

1025

1026

1027

1028

1029

1030

1031

1032

1033

1034

1035

1036

1037

1038

1039

1040

1041

1042

1043

1044

1045

1046

1047

1048

1049

1050

1051

1052

1053

1054

1055

1056

1057

1058

1059

1060

1061

1062

1063

1064

1065

1066

1067

1068

1069

1070

1071

1072

1073

1074

1075

1076

1077

1078

1079

1080

1081

1082

1083

1084

1085

pSetComp (1lm_s,0) ;
pSetmComp (1m_s) ;
int gl= p_GetComp(s,currRing);

g=pp_Mult_qq(lm_s ,f->m[gl-1], currRing);//g:=psi(s)
return(g);

}

NO_NAME_MANGLING

lists liftTree(ideal f,

int r = IDELEMS(f);
poly g = NULL;
// int i = 0;

int k = 0;

int q = 0;

g= phi(pCopy(s),idCopy(£));//g:=psi(s)

poly g_copy = pCopy(g);

poly 10T=LOT(g_copy, f);//poly TO = LOT(g, £f);

poly TO=p_Sub(pCopy(g),pCopy(10T),currRing);

lists T=pOLY_List(TO); //lists T =
poly ml1 = NULL;
poly m = NULL;

int C = 0;

int t_size = 1Size(T)+1;

lists TT = (lists)omAllocOBin(slists_bin);

TT->Init (t_size);

poly s_v = NULL;//vector s_v
for ( k = 0;

; k < t_size; k++) {
poly t =

(poly)T->m[k].Data();// poly t=T[k]

for (q = 0; q < r; gq++) {

bool ¢ = p_DivisibleBy(pHead(f->m[ql), t,

80

poly s) { //poly s is singular vector

(lists)pOLY_List (TO)->Data();

// Allocate memory for empty list TT

// Initialize TT with size t_size

currRing) ;




1086

1087

1088

1089

1090

1091

1092

1093

1094

1095

1096

1097

1098

1099

1100

1101

1102

1103

1104

1105

1106

1107

1108

1109

1110

1111

1112

1113

1114

1115

1116

1117

1118

1119

1144

1145

1146

1147

ml=pp_Divide (t,pHead (f->m[q]),
m = ml;//m=ml;
p_SetComp(m,q+1, currRing);
p_SetmComp (m, currRing) ;

S_V=m;

C = coM(f, s, s_v);

TT->m[k].rtyp = VECTOR_CMD;
TT->m[k].data=s_v;

break;

return TT;

NO_NAME_MANGLING

currRing) ;

lists 1iftTree2(ideal f, poly s, lists J, int level) {

//ideal f is singular module
int r = IDELEMS(f);
poly g=NULL; //vector g

g= phi(pCopy(s),idCopy(£f));//g:=psi(s)

poly g_copy = pCopy(g);

poly 10T=LOT_2(g_copy,f,J,level);

poly TO=p_Sub (pCopy(g),pCopy(10T),currRing);

lists T = vector_List(TO0); //list T =vector_List (TO)

int t_size = 1Size(T)+1;

poly s_v=NULL; //vector s_v
poly m=NULL;
poly m1=NULL;
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1158

1159

1160

1161

1162

1163

1164

1165

1166

1167

1168

1169

1175

1176

1179

1180

1181

1182

1183

1184

1185

1186

1187

1188

1189

1190

1191

1192

1193

1194

1195

1196

1197

1198

1199

1207

1208

1209

int lambda=0;
int k=0;
lists TT = (lists)omAllocOBin(slists_bin);
TT->Init(t_size);

ideal fO=(ideal)J->m[level-1].Data();//

for (k = 0; k < t_size; k++){
poly t = (poly)T->m[k].Data(); //vector t=T[k]

for (lambda 0; lambda <= r; lambda++) {

int a = p_GetComp(t,currRing);
int b = p_GetComp(fO->m[lambdal, currRing) ;
if (a==b){

bool d = p_DivisibleBy(pHead (fO->m[lambdal]), t, currRing);

if (d==TRUE) {

ml = pp_Divide (pHead(t), pHead(f0->m[lambdal),
m = ml;//m=mil;

p_SetComp(m,lambda+1l, currRing) ;
p_SetmComp (m, currRing) ;

S_v=m;

int c= coM2(f0, s, s_v, J,level);
if (c==1)
{
TT->m[k].rtyp = VECTOR_CMD;
TT->m[k].data=s_v;; //TT[cll=m=*f[lambdal

break;
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1213 return TT;

1218 | NO_NAME_MANGLING

1210 | std::pair<int, lists> LIFT_GPI(leftv args) {
1220 // Extract the Token

1221 lists Token = (lists) (args->Data());

1224 // Extract tok

1225 lists tok = (lists) (args->next->Data());

1226 // Extract TT

1227 lists TT = (lists) (args->next->next->Data());

1229 // Token.data

1230 lists tmp = (lists) (Token->m[3].Data());
1231 // tok.data
1232 lists tmpl

1233 // TT.data

1234 lists tmp2

(lists) (tok->m[3].Data());

(1lists) (TT->m[3].Data());

1236 // TT.datal[6]
1237 int counter = (int) (long)tmp2->m[5].Data();
1238 int colmn = (int) (long)tmp2->m[3].Data();

1240 // J = tok.datal[1]
1241 lists J = (lists) (tmpl->m[0].Data());

1244 // vector s = TT.datal[1]
1245 poly s = (poly)tmp2->m[0].Data();

1248 ideal 1 = nullptr;

1249 ideal LL = nullptr;

1250 int rO = 0, ¢ = 0, 1l_size = 0;

1251 // Determine the ideal or vector type and get the corresponding data
1252 if (tmp->m[0].Typ() == IDEAL_CMD) {

1253 1 = (ideal)J->m[1].Data();

1255 1 _size = IDELEMS(1);

1256 r0 = IDELEMS ((ideal) (tmp->m[0].Data()));
1257 c = l_size;

1258 } else if (tmp->m[0].Typ() == VECTOR_CMD) {
1259 int level = counter;

1261 1 = (ideal)J->m[level - 1].Data();
1262 1_size = IDELEMS(1l);

1263 r0 = l_size;

1264 LL = (ideal)J->m[level].Data();

1265 ¢ = IDELEMS(LL);

1266 } else {

1267 std::cerr << "Error: Unsupported command type." << std::endl;
1268 return {0, nullptr};

1271 lists 1L = nullptr;
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1299

1300

1301

1302

1303

1304

1305

1306

1307

1308

1309

1310

int r = 0;

if (tmp->m[0].Typ() == IDEAL_CMD) {
ideal f_copy = idCopy((ideal) (tmp->m[0].Data())); // Create a deep copy of
poly s_copy = pCopy(s); // Copy polynomial s to prevent modification

1L = liftTree(f_copy, s_copy); // Call 1iftTree with copies
idDelete (&f_copy); // Clean up copy
pDelete (&s_copy); // Clean up polynomial copy

r = 1Size(1L) + 1;
} else if (tmp->m[0].Typ() == VECTOR_CMD) {
ideal M_copy = idCopy((ideal)tmp->m[1].Data()); //M_copy is smatrix
poly s_copy = pCopy(s); // Copy polynomial s
lists J_copy = 1lCopy(J); // Deep copy of lists J

1L = liftTree2(M_copy, s_copy, J_copy, counter);

// Clean up copies
idDelete (&M_copy) ;
pDelete (&s_copy);

r = 1Size(1L) + 1;
}

// Prepare the LLT token

lists LLT = (lists)omAllocOBin(slists_bin);
LLT->Init(4); // Initialize with 4 fields
lists temp = (lists)omAllocOBin(slists_bin);
temp->Init(r);

lists Ld = NULL;

// Iterate to fill in data
ideal sM = idInit(c, r0);

for (int k = 0; k < r; k++) {

id_Delete (&sM, currRing); // Delete the existing sM
sM = idInit(c, r0);
// Create a new token Ld

Ld = (lists)omAllocOBin(slists_bin); // Reinitialize Ld
Ld->Init(4); // Initialize with 4 fields

lists t = (lists)omAllocOBin(slists_bin);

t->Init (2);

t->m[0] . rtyp = STRING_CMD; t->m[0].data = omStrDup("generators");
t->m[1].rtyp STRING_CMD; t->m[1].data = omStrDup("Sparse_matrix_Lift");

Ld->m[1].rtyp
Ld->m[0] .rtyp
Ld->m[2].rtyp

LIST_CMD; Ld->m[1].data = t;
RING_CMD; Ld->m[0].data = currRing;
RING_CMD; Ld->m[2].data = currRing;

poly s_lift = (poly)lL->m[k].Data(); // Retrieve the lifted polynomial
int 1_k = p_GetComp(s_lift, currRing);

poly 1lm = pHead(s_1lift);
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3

pSetComp (1m, 0);
pSetmComp (1m) ;

poly C=sM->m[colmn-1];
poly Ci=p_Vec2Poly(C,1_k,currRing);

C= p_Sub(C,Ci,currRing);

poly Ci= pCopy(p_Mult_q(pISet(-1), pCopy(lm), currRing));

p_SetComp(C1,1_k,currRing) ;
p_SetmComp (C1, currRing) ;

C=p_Add_q(C, pCopy(Cl), currRing);
sM->m[colmn-1]=C;

// Prepare Ld data

t = (lists)omAllocOBin(slists_bin);

t->Init (7);
t->m[0] . rtyp = VECTOR_CMD;

t->m[0] .data = pCopy(p_Mult_q(pISet(-1), s_1lift, currRing));

t->m[1].rtyp = SMATRIX_CMD;
t->m[1] .data = sM;

t->m[2] .rtyp = INT_CMD;

t->m[2] .data = (void*) (long)l_k;
t->m[3].rtyp = INT_CMD;
t->m[3].data = (void*) (long)colmn;

// Assign data to Ld based on the command type
if (tmp->m[0].Typ() == IDEAL_CMD) {
t->m[4] .rtyp = MODUL_CMD;
t->m[4].data = J->m[1].Data(); // J[2]
} else if (tmp->m[0].Typ() == VECTOR_CMD) {
int level = counter;
t->m[4] . rtyp = MODUL_CMD;

t->m[4] .data = J->m[level].Data(); // Ld.datal[5]=J[level+1];

t->m[5] . rtyp = INT_CMD;
t->m[5].data (void*) (long) counter;
t->m[6].rtyp INT_CMD;
t->m[6].data (voidx*) (long) counter;

Ld->m[3].rtyp
Ld->m[3] . data

LIST_CMD;
t;

// Set fieldnames[k] to "generator"

lists field_names = (lists)omAllocOBin(slists_bin);

field_names->Init (r);

for (int s = 0; s < r; s++) {
field_names->m[s].rtyp = STRING_CMD;
field_names->m[s].data = omStrDup("generator");

LLT->m[0].rtyp RING_CMD;
LLT->m[0] .data = currRing;

// Assign fieldnames to LLT
LLT->m[1].rtyp = LIST_CMD;
LLT->m[1] .data = field_names;
LLT->m[2].rtyp RING_CMD;
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1396 LLT->m[2] .data = currRing;
1397 temp->m[k].rtyp LIST_CMD;
1398 temp->m[k].data 1Copy (Ld) ;
1399 pDelete (&Ci) ;

1400 pDelete(&Cl);

1401

1402
1403
1404 // Clean up temporary lists
1405 omFreeBin(t, slists_bin);

1406 omFreeBin(field_names, slists_bin);

1407

1408 }

1409

1410 // Prepare the final field names

1411 lists final_field_names = (lists)omAllocOBin(slists_bin);

1412 final_field_names->Init(r + 1);

1413 for (int s = 0; s < r; s++) {

1414 final_field_names->m[s].rtyp = STRING_CMD;

1415 final_field_names->m[s].data = omStrDup((const char*)LLT->m[1].data);
1416 }

1417

1418 // Append "total_number_generator"

1419 final_field_names->m[r].rtyp = STRING_CMD;

1420 final_field_names->m[r].data = omStrDup("total_number_generator");

1421 LLT->m[1].rtyp = LIST_CMD;
1422 LLT->m[1] . data final_field_names;

1424 // Final data preparation

1425 lists final_data = (lists)omAllocOBin(slists_bin);

1426 final_data->Init(r + 1);

1427 for (int k¥ = 0; k < r; k++) {

1428 final_data->m[k].rtyp = LIST_CMD;

1429 final_data->m[k].data = temp->m[k].data; // Transfer data from temp
1430 temp->m[k].data=NULL; temp->m[k].rtyp=DEF_CMD;

1431 }

1433 final_data->m[r].rtyp
1434 final_data->m[r].data

INT_CMD;
(voidx*) (long) (r + 1); // Set total count

1436 LLT->m[3].rtyp = LIST_CMD;
1437 LLT->m[3] . data final_data;

1439 // Clean up sM,Ld and temp
1440 id_Delete (&sM, currRing);

1442 omFreeBin(Ld, slists_bin);
1443 temp->Clean (currRing) ;
1444 1L->Clean(currRing) ;

1446 return {r, LLT};

1451 | NO_NAME_MANGLING

1452 | std::tuple<std::vector<std::string>, int, long> singular_template_LIFT(const
std::string& input_filename,

1453 const std::string& all_lead,

1454 const std::string& lead,

1455 const std::string& needed_library,

1456 const std::string& base_filename, unsigned long N)
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1458 // Initialize Singular and load the necessary library
1459 init_singular (config::singularLibrary().string());

1460 load_singular_library(needed_library);

1461
1462
1463

1464 // Debugging: Print worker ID

1465 std::string ids = worker();

1466

1467 // Deserialize input data

1468 std::pair<int, lists> input;

1469 std::pair<int, lists> Lead;

1470 std::pair<int, lists> All_Lead;

1471

1472 input = deserialize(input_filename, ids);
1473 A1l Lead = deserialize(all_lead, ids);
1474 Lead = deserialize(lead, ids);

1475
1476 // Prepare arguments

1477 ScopedLeftv args (input.first, 1Copy(input.second));

1478 ScopedlLeftv arg(args, All_Lead.first, 1Copy(All_Lead.second));
1479 ScopedLeftv argl(arg, Lead.first, 1lCopy(Lead.second));

1480

1481 std::pair<int, lists> out;

1482

1483 // Measure Computation Time

1484 auto start_computation = std::chrono::high_resolution_clock::now();
1485

1486

1487 // Direct call to LIFT_GPI

1488 out = LIFT_GPI(args.leftV());

1489
1490
1491 // Extract the result list from the output
1492 lists u = (lists)out.second->m[3].Data();
1493 std::filesystem::path oldPath(lead);

1494
1105 |1f (std::filesystem::exists(oldPath)) {

1496 std::filesystem::path newPath = oldPath.parent_path() / (std::to_string(N) +
".ssi");

1497
1498 if (!std::filesystem::exists(newPath)) {

1499 try {

1500 std::filesystem::rename (0ldPath, newPath);
1501

1502 } catch (const std::filesystem::filesystem_error& e) {

1503 std::cerr << "Error renaming file: " << e.what() << std::endl;

1504 }

1505 } else {

1506 std::cerr << "File with new name already exists: " << newPath.string() <<
std::endl;

1507 }

1508 |} else {

1509 std::cerr << "File does not exist: " << lead << std::endl;

1510 | }

1511

1513 std::vector<std::string> vec;
1514 int total_gemnerator;

1516 // Iterate through each element of the outer list and serialize it
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1517 for(int i = 0; i < 1Size(u); i++) {
1519 auto Outname = serialize((lists)u->m[i].Data(), base_filename);

1521 vec.push_back (Outname) ;

1522 }

1523 // Free memory after usage

1524

1525 total_generator = 1Size(u); // Assuming u contains the computed generators
1526 u->Clean (currRing) ;

1527 auto end_computation = std::chrono::high_resolution_clock::now();

1528 auto computation_time

=std::chrono::duration_cast<std::chrono::nanoseconds >(end_computation -
start_computation).count ();
1529 auto total_runtime=computation_time;

1531 return {vec, total_generator, total_runtimel;

1530 | lists oneSublift(ideal f, poly s)
1540 {
1541

1542 int r = IDELEMS(f);

NULL;
NULL;

1544 poly h
1545 poly g
1546
1547 // int i
1548 int k
1549 int q

0;

o o |

1550

1551 h= phi(pCopy(s),idCopy(£f));//h:=psi(s)

1553 g=p_Sub(h,pHead (h),currRing) ;

1555 poly g_copy = pCopy(g);
1556 poly 10T = LOT(g_copy, £);
1557 poly TO=p_Sub(pCopy(g),pCopy(10T),currRing);

1559 lists T=pOLY_List (TO);
1560
1561
1562 poly ml1 = NULL;
1563 poly m = NULL;
1564
1565 int t_size =1Size(T) + 1;

1566

1568 lists TT = (lists)omAllocOBin(slists_bin);
1569
1570 if (t_size==0)
1571 {

1572 TT->Init (0) ;

1574 return TT;
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1588

1589

1590

1591

1592

1593

1594

1595

1596

1597

1598

1599

1600

1601

1602

1603

1604

1605

1606

1607

1608

1609

1610

1611

1612

1613

1614

1615

1616

1617

1618

1619

}

1

else

-

TT->Init (t_size) ;

currRing) ;

}
for (k = 0; k < t_size; k++)
{
poly t = (poly)T->m[k].Data();// poly t=TI[k]
for (q = 0; q < r; q++)
{
bool ¢ = p_DivisibleBy(pHead(f->m[ql), t,
if (¢ == TRUE)
{
// Perform polynomial division
mi=pp_Divide (t,pHead (f->m[ql),
m = ml; //m=ml;
p_SetComp(m,q+1, currRing) ;
p_SetmComp (m, currRing) ;
TT->m[k].rtyp = VECTOR_CMD;
TT->m[k].data = m;
break;
}
}
}
return TT;
ists subLiftTree2(ideal f, poly s, lists J,

// Initialize variables

int r = IDELEMS(f);

poly g = NULL;

poly h = NULL;

poly H = NULL;

ideal fO0 = (ideal)J->m[level-1].Data();

h= phi (pCopy(s),idCopy(£f));//h:=psi(s)

H= phi (pCopy(s),idCopy(£0));//H:=psi(s)

// Subtract the head of H from h
g = p_Sub(h, pHead(H), currRing); // g
poly g_copy = pCopy(g);

// Compute the LOT (List of Terms) of g with respect to f and J at the given level

poly t0O = LOT_2(g_copy, £, J, level);

int level) {

= h - lead(H)
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1639 // Subtract the LOT from g to get TO

1640 poly TO = p_Sub(g, pCopy(t0), currRing);
1641
1642 // Convert TO into a list of vectors
1643 lists T = vector_List(TO0);

1644
1645
1646 // Initialize the result list TT with the size of T
1647 int t_size = 1Size(T)+1;

1648 lists TT = (lists)omAllocOBin(slists_bin);
1649 if (t_size==0)
1650 {

1651 TT->Init (0) ;
1652
1653 return TT;
1654

1655

1656 } else

1657 {

1658 TT->Init (t_size) ;
1659

1660 }

1661
1662
1663 poly m = NULL;
1664 poly ml1 = NULL;

1666
1667
1668 for (int k = 0; k < 1Size(T)+1; k++) {
1669

1670 poly t = (poly)T->m[k].Data();
1672 for (int lambda = 0; lambda < r; lambda++) {

1674 int a = p_GetComp(t, currRing);
1675 int b = p_GetComp(fO0->m[lambdal, currRing);

1679 // Check if the components match and if the normal form is O
1680 if (a == b) {

1681

1682 bool ¢ = p_DivisibleBy(pHead (f0->m[lambdal), t, currRing);
1683 if (c==TRUE) {

1684

1685 ml = pp_Divide (pHead(t), pHead(fO->m[lambdal), currRing);
1686

1687 // Copy ml to m and set its component

1688 m = ml;

1689 p_SetComp(m, lambda+l, currRing);

1690 p_SetmComp(m, currRing);
1691
1692
1693 TT->m[k].rtyp
1694 TT->m[k].data

1695

VECTOR_CMD;
m;

1696 break;
1697 }

1698 }

1699 }

1700 }
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1702 // Return the result list TT
1703 return TT;

1704 | }

1705
1706 | NO_NAME_MANGLING

1707 | std::pair<int, lists> SubLIFT_GPI(leftv args) {
1708 // Extract the Token

1709 lists Token = (lists) (args->Data());

1710

1712 // Extract tok

1713 lists tok = (lists) (args->next->Data());

1714 // Extract TT

1715 lists TT = (lists) (args->next->next->Data());

1717 // Token.data

1718 lists tmp = (lists) (Token->m[3].Data());
1719 // tok.data

1720 lists tmpl = (lists) (tok->m[3].Data());
1721 // TT.data

1722 lists tmp2 = (lists) (TT->m[3].Data());

1724 // TT.datal[6]
1725 int counter = (int) (long)tmp2->m[5].Data();
1726 int colmn = (int) (long)tmp2->m[3].Data();

1728 // J = tok.datal[1]
1729 lists J = (lists) (tmpl->m[0].Data());

1732 // vector s = TT.datal[1]
1733 poly s = (poly)tmp2->m[0].Data();

1735 ideal 1 = nullptr;
36 ideal LL = nullptr;
1737 int rO = 0, ¢ = 0, 1l_size = 0;

1739 if (tmp->m[0].Typ() == IDEAL_CMD) {

1740 1 = (ideal)J->m[1].Data();

1741 1_size = IDELEMS(1l);

1742 r0 = IDELEMS((ideal) (tmp->m[0].Data()));

1743 c = 1l_size;
1744 } else if (tmp->m[0].Typ() == VECTOR_CMD) {
1745 int level = counter;

1746 1 = (ideal)J->m[level - 1].Data();

1747 1_size = IDELEMS(1);

1748 r0 = 1_size;

1749 LL = (ideal)J->m[level].Data();

1750 c = IDELEMS(LL);

51 } else {

1752 std::cerr << "Error: Unsupported command type." << std::endl;
1753 return {0, nullptr};

1756 lists 1L = nullptr;
1757 int r = 0;

1759 if (tmp->m[0].Typ() == IDEAL_CMD) {
1760 ideal f_copy = idCopy((ideal) (tmp->m[0].Data())); // Create a deep copy of f
1761 poly s_copy = pCopy(s); // Copy polynomial s to prevent modification
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1798

1799

1800

1801

1802

1803

1804

1805

1806

1807

1808

1809

1810

1811

1L = oneSublift (f_copy, s_copy);
idDelete (&f_copy) ;
pDelete (&s_copy) ;

r = 1Size(1lL) + 1;
} else if (tmp->m[0].Typ() == VECTOR_CMD) {
ideal M_copy = idCopy((ideal)tmp->m[1].Data()); //M_copy is smatrix

poly s_copy = pCopy(s);
lists J_copy = 1lCopy(J);

1L = subLiftTree2(M_copy, s_copy, J_copy, counter);
// Clean up copies

idDelete (&M_copy) ;

pDelete (&s_copy);

//1Delete (&J_copy);

r = 1Size(1L) + 1;

}

if (r == 0) {
// std::cerr << "Warning: 1L is empty. Returning empty result." << std::endl;
lists empty_list = (lists)omAllocOBin(slists_bin);
empty_list->Init (4);
empty_list->m[0].rtyp = RING_CMD;
empty_list->m[0].data = currRing;
// Initialize field names
lists field_names = (lists)omAllocOBin(slists_bin);
field_names->Init(1); // Initialize with 1 field
field_names->m[0].rtyp = STRING_CMD;
field_names->m[0].data = omStrDup ("empty");
empty_list->m[1].rtyp = LIST_CMD;
empty_list->m[1].data = field_names;
empty_list->m[2].rtyp = RING_CMD;
empty_list->m[2].data = currRing;
// Create an empty list for ‘final_data‘
lists final_data = (lists)omAllocOBin(slists_bin);
final_data->Init (1);
final_data->m[0].rtyp = INT_CMD;
final_data->m[0].data = (voidx)(long)0; // Indicate no generators found
empty_list->m[3].rtyp = LIST_CMD;
empty_list->m[3].data = final_data;
return {0, empty_list};

}

// Prepare the LLT token

lists LLT = (lists)omAllocOBin(slists_bin);
LLT->Init(4); // Initialize with 4 fields
lists temp = (lists)omAllocOBin(slists_bin);
temp->Init (1) ;

// Allocate sM and Ld outside the loop
ideal sM = idInit(c, r0); // Initialize the submodule
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1825 lists Ld = NULL; // Initialize Ld

1826

1827 for (int k = 0; k < r; k++) {

1828 id_Delete (&sM, currRing); // Delete the existing sM

1829 sM = idInit(c, r0);

1830

1831 Ld = (lists)omAllocOBin(slists_bin); // Reinitialize Ld
1832 Ld->Init(4); // Initialize with 4 fields

183

1834 lists t = (lists)omAllocOBin(slists_bin);

1835 t->Init (2);

1836 t->m[0] . rtyp = STRING_CMD; t->m[0].data = omStrDup("generators");
1837 t->m[1] . rtyp = STRING_CMD; t->m[1].data = omStrDup("Sparse_matrix_SubLIFT");
1838

1839 Ld->m[1] .rtyp = LIST_CMD; Ld->m[1].data = t;

1840 Ld->m[0] .rtyp = RING_CMD; Ld->m[0].data = currRing;

1841 Ld->m[2] .rtyp = RING_CMD; Ld->m[2].data = currRing;

1842

1843

1844 poly s_lift = (poly)lL->m[k].Data(); // Retrieve the lifted polynomial
1845 int 1_k = p_GetComp(s_lift, currRing);

1846

1847 poly 1lm = pHead(s_1lift);

1848 pSetComp (1m, 0);

1849 pSetmComp (1m) ;

1850

1851 poly C = sM->m[colmn - 1];

1852 poly Ci = p_Vec2Poly(C, 1_k, currRing);

1853 C = p_Sub(C, Ci, currRing);

1854

1855 poly C1 = pCopy(p_Mult_q(pISet(-1), pCopy(lm), currRing));
1856 p_SetComp(C1l, 1_k, currRing);

1857 p_SetmComp (C1, currRing);

1858

1859 C = p_Add_q(C, pCopy(Cl), currRing);

1860 sM->m[colmn - 1] = C;

1861

1862 // Prepare Ld data

1863 t = (lists)omAllocOBin(slists_bin);

1864 t->Init (7);

1865 t->m[0] . rtyp = VECTOR_CMD;

1866 t->m[0] .data = pCopy(p_Mult_q(pISet(-1), s_1lift, currRing));
1867 t->m[1] .rtyp = SMATRIX_CMD;

1868 t->m[1] .data = sM;

1869 t->m[2] .rtyp = INT_CMD;

1870 t->m[2] .data = (void*) (long)l_k;

1871 t->m[3].rtyp = INT_CMD;

1872 t->m[3].data = (void*) (long)colmn;

187¢

1874 // Assign data to Ld based on the command type

1875 if (tmp->m[0].Typ() == IDEAL_CMD) {

1876 t->m[4] .rtyp = MODUL_CMD;

1877 t->m[4].data = J->m[1].Data(); // J[2]

1878 } else if (tmp->m[0].Typ() == VECTOR_CMD) {

1879 int level = counter;

1880 t->m[4] .rtyp = MODUL_CMD;

1881 t->m[4] .data = J->m[level].Data(); // Ld.datal[5]=J[level+1];
1882 }

188

1884 t->m[5].rtyp = INT_CMD;

1885 t->m[5].data = (void*) (long)counter;

1886 t->m[6] . rtyp = INT_CMD;
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1887 t->m[6].data = (void*) (long) (counter);

1888

1889 Ld->m[3].rtyp = LIST_CMD;

1890 Ld->m[3] .data = t;

1891

1892 // Set fieldnames[k] to "generator"

1893 lists field_names = (lists)omAllocOBin(slists_bin);
1894 field_names->Init (r);

1895 for (int s = 0; s < r; s++) {

1896 field_names->m[s].rtyp = STRING_CMD;

1897 field_names->m[s].data = omStrDup ("generator");
Lo }

1899
1900 LLT->m[0].rtyp RING_CMD;
1001 LLT->m[0] .data = currRing;
1902

1903 // Assign fieldnames to LLT

1904 LLT->m[1] .rtyp = LIST_CMD;
1905 LLT->m[1] .data = field_names;
1906 LLT->m[2] .rtyp = RING_CMD;
1907 LLT->m[2] .data = currRing;

1908

1909 // Set data for LLT

1910 temp->m[k].rtyp LIST_CMD;

1911 temp->m[k].data 1Copy (Ld) ;

1912 pDelete(&Ci);

1913 pDelete (&C1) ;

1914 omFreeBin(t, slists_bin);

1915 omFreeBin(field_names, slists_bin);

1916
1917
1918
1919 }
1920
1921 // Prepare the final field names

1922 lists final_field_names = (lists)omAllocOBin(slists_bin);
1923 final_field_names->Init(r + 1);
1924 for (int s = 0; s < r; s++) {
1925 final_field_names->m[s].rtyp
1926 final_field_names->m[s].data
1927 }

1928
1929 // Append "total_number_generator"

1930 final_field_names->m[r].rtyp = STRING_CMD;

1931 final_field_names->m[r].data = omStrDup("total_number_generator");
1932 LLT->m[1] .rtyp LIST_CMD;

1033 LLT->m[1] .data = final_field_names;

1934
1935 // Final data preparation

1036 lists final_data = (lists)omAllocOBin(slists_bin);

1937 final_data->Init(r + 1);

1038 for (int k = 0; k < r; k++) {

1939 final_data->m[k].rtyp = LIST_CMD;

1940 final_data->m[k].data = temp->m[k].data; // Transfer data from temp
1941 temp->m[k].data=NULL; temp->m[k].rtyp=DEF_CMD;

1942 }

STRING_CMD;
omStrDup ((const char*)LLT->m[1].data);

1944 final_data->m[r].rtyp
1045 final_data->m[r].data
1946
1947 LLT->m[3].rtyp = LIST_CMD;

1048 LLT->m[3].data final_data;

INT_CMD;
(void*) (long) (r + 1); // Set total count
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1949
1950 // Clean up sM and Ld

1951 id_Delete (&sM, currRing);
1952
1953 omFreeBin(Ld, slists_bin);

1954 temp->Clean(currRing); // Clean up temp list
1955 1L->Clean(currRing) ;

1956
1057 return {r, LLT};
1958 }

1959
1960
1961
1962
1963
1064 | NO_NAME_MANGLING

1965 | std::tuple<std::vector<std::string>, int, long> singular_template_SUBLIFT (const
std::string& input_filename,

1066 | const std::string& all_lead,

1967 | const std::string& lead,

1968
1060 | const std::string& needed_library,

1970 | const std::string& base_filename ,unsigned long N)
1971
w72 |{ // Initialize Singular and load library

1973 init_singular (config::singularLibrary().string());
1974 load_singular_library(needed_library);

1975

1976 // Debugging: Print worker ID

1977 std::string ids = worker ();

1978 // std::cout << "Path"<<lead << std::endl;
1979

1980 // Deserialize input data

1981 std::pair<int, lists> input;

1982 std::pair<int, lists> Lead;

1083 std::pair<int, lists> All_Lead;

1984

1985 //auto start_deserialize = std::chrono::high_resolution_clock::now();
1986 input = deserialize (input_filename, ids);
1987 All _Lead = deserialize(all_lead, ids);

1988 Lead = deserialize(lead, ids);

1989
1990
1991 // Prepare arguments

1992 ScopedlLeftv args(input.first, 1lCopy(input.second));

1993 ScopedLeftv arg(args,All_Lead.first, 1Copy(All_Lead.second));
1994 ScopedLeftv argl(arg,Lead.first, 1lCopy(Lead.second));

1995
1996
1997 // Call Singular procedure
1098 std::pair<int, lists> out;
1999
2000
2001 // Measure Computation Time

2002 auto start_computation = std::chrono::high_resolution_clock::now();
2003
2004
2005 out = SubLIFT_GPI(args.leftV());
2006
2007 std::filesystem::path oldPath(lead);
2008

2009 if (std::filesystem::exists(oldPath)) {
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2010 std::filesystem::path newPath = oldPath.parent_path() / (std::to_string(N) +
" SSi")}

2012 if (!std::filesystem::exists(newPath)) {

2013 try {

2014 std::filesystem::rename (01ldPath, newPath);
2015

2016 } catch (const std::filesystem::filesystem_error& e) {

2017 std::cerr << "Error renaming file: " << e.what() << std::endl;

2018 }

2019 } else {

2020 std::cerr << "File with new name already exists: " << newPath.string() <<
std::endl;

2021 }

2022 } else {

2023 std::cerr << "File does not exist: " << lead << std::endl;

2024 }

2027 std::vector<std::string> vec;
2028 int total_generator=0;

2029 // Extract list from the output
2030 lists u=NULL;

2032 u = (lists)out.second->m[3].CopyD();
2035 if (1Size(u)==0)
2036 {

2037 u->Clean(currRing) ;

2039 return{{},0,0};

2040 }

2041

2042

2043 total_generator = 1Size(u);

2044 for (int i = 0; i < total_generator; i++) {

2045 vec.push_back(serialize ((lists)u->m[i].Data(), base_filename));
2046 }

2047

2048

2049 auto end_computation = std::chrono::high_resolution_clock::now();

2050 auto computation_time
=std::chrono::duration_cast<std::chrono::nanoseconds>(end_computation -
start_computation).count ();

2054 auto total_runtime=computation_time;

2056 // Free memory after usage
2057 | u->Clean(currRing) ;

2058
2059 return {vec, total_generator, total_runtimel;
2060
2061 }
2062
2063
2064
2065
2066

2067
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2068

2069

2078

2079

2080

2081

2082

2083

2084

2085

2086

2087

2088

2089

2090

2091

2092

2093

2094

2095

2096

2097

2098

2099

2100

2101

2102

2103

2104

2105

2106

2107

2108

2109

2110

2111

2112

2113

2114

2115

2116

2117

2118

2119

void sum_InplaceAdd(ideal a, ideal b, const ring R)

{

// Perform the addition in place, modifying ’a’

for (int k = IDELEMS(a) - 1; k >= 0; k--)

{
// Add corresponding elements of ’a’ and ’b’ and store the result back into
a->m[k] = p_Add_q(a->m[k], p_Copy(b->m[k], R), R);

NO_NAME_MANGLING
std::pair<std::string, long> singular_template_reduce(const std::string& Red,

const std::pair<int, int>& ranges,
int N,

const std::string& needed_library,
const std::string& base_filename)

init_singular (config::singularLibrary().string());
load_singular_library(needed_library);

std::filesystem::path basePath = std::filesystem::path(Red).parent_path();
std::string ids = worker();

std::pair<int, lists> Gb = deserialize(Red, ids);

lists Gb_data = (lists) (Gb.second);
lists tmpLl = (lists) (Gb_data->m[3].Data());

ideal C = nullptr;

int counter = 0;

int r=0; int c=0;

poly vec = NULL;

leftv L = nullptr;

std::pair<int, lists> input_part;
std::string filename;

auto start_addition = std::chrono::high_resolution_clock::now();
int start = ranges.first;
int end = ranges.second;

bool foundValidFile = false;

for (int i = start; i <= end; ++i) {
filename = (basePath / (std::to_string(i) + ".ssi")).string(Q);
if (!std::filesystem::exists(filename)) {
continue;

}

foundValidFile = true;

input_part = deserialize(filename, ids);
lists token = (lists)input_part.second;

lists tmpL = (lists) (token->m[3].Data());

if (L '= nullptr) {
L = nullptr;

}

if (vec != NULL) {
vec = NULL;
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2130 }
2131 vec = (poly)tmpL->m[0].Data();
2132 counter = (int) (long) tmpL->m[5].Data();

2134 if (tmpL1->m[0].Typ() == IDEAL_CMD) {

2135 r = IDELEMS((ideal) (tmpL1->m[0].Data()));
2136 L = &tmpL->m[4];

2137 ¢ = IDELEMS((ideal)L->Data());

2138 } else if (tmpL1->m[0].Typ() == VECTOR_CMD) {
2139 ideal t = (ideal) (tmpL1->m[4].Data());

2140 r = IDELEMS (%) ;

2141 L = &tmpL->m[4];

2142 ¢ = IDELEMS((ideal)L->Data());
214 }

2145 ideal A = (ideal)tmpL->m[1].Data();

2147 if (C == nullptr) {

2148 C = idCopy (4);

2149 id_Normalize(C, currRing);
2150 } else {

2151 sum_InplaceAdd(C, A, currRing);
2152 id_Normalize(C, currRing);

215 }

2154

2155 idDelete (&A) ;

2156

2157 try {

2158 std::filesystem::remove (filename) ;

2159 } catch (const std::filesystem::filesystem_error& e) {

2160 std::cerr << "Failed to delete " << filemame << ": " << e.what() <<

std::endl;

2161 }

2162 }

216

2164 // If no valid files were found in the range, return an empty list structure

2165 if (!foundValidFile) A{

2166 // std::cerr << "Warning: No valid files found in range [" << start << "," <<
end << "]JI" << std::emndl;

2167

2168 // Create an empty list

2169 lists empty_list = (lists)omAllocOBin(slists_bin);

2170 empty_list->Init (4);

2171

2172 empty_list->m[0].rtyp = RING_CMD;

2173 empty_list->m[0].data = currRing;

2174

2175 // Initialize field names

2176 lists field_names = (lists)omAllocOBin(slists_bin);

2177 field_names->Init(1); // Initialize with 1 field

2178 field_names->m[0].rtyp = STRING_CMD;

2179 field_names->m[0].data = omStrDup ("empty");

218

2181 empty_list->m[1].rtyp = LIST_CMD;

2182 empty_list->m[1].data = field_names;

2183

2184 empty_list->m[2].rtyp = RING_CMD;

2185 empty_list->m[2].data = currRing;

2186

2187 // Create an empty list for ‘final_data‘

2188 lists final_data = (lists)omAllocOBin(slists_bin);

2189 final_data->Init (1) ;
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2190 final_data->m[0].rtyp = INT_CMD;

2191 final_data->m[0].data = (voidx*) (long)0; // Indicate no generators found
2192
2193 empty_list->m[3].rtyp = LIST_CMD;
2194 empty_list->m[3].data = final_data;

2195

2196 std::string empty_filename = "empty_data';
2197 return {empty_filename, O0};

2198 }

2199

2200

2201

2202 lists output = (lists)omAllocOBin(slists_bin);

2203 output->Init (4);

2205 lists t = (lists)omAllocOBin(slists_bin);
2206 t->Init (2);

2207 t->m[0].rtyp STRING_CMD; t->m[0].data
2208 t->m[1] .rtyp = STRING_CMD; t->m[1].data

strdup (" generators") ;
strdup ("FirstSyz_smatrix");

LIST_CMD; output->m[1].data = t;
RING_CMD; output->m[0].data currRing;
RING_CMD; output->m[2].data currRing;

2210 output->m[1].rtyp
2211 output->m[0].rtyp
2212 output->m[2].rtyp

2214 t = (lists)omAllocOBin(slists_bin);

2215 t->Init (7);

2216 t->m[0] . rtyp = VECTOR_CMD; t->m[0].data = vec;

2217 t->m[1].rtyp SMATRIX_CMD; t->m[1].data = C;

2218 t->m[2] . rtyp INT_CMD; t->m[2].data = (voidx*) (long)r;
2219 t->m[3].rtyp INT_CMD; t->m[3].data = (voidx*) (long)c;

2221 if (tmpL1->m([0].Typ() == IDEAL_CMD || tmpL1->m[0].Typ() == VECTOR_CMD) {
2222 t->m[4] .rtyp = MODUL_CMD; t->m[4].data = L->CopyD();

2223 }

2224 t->m[5] . rtyp = INT_CMD; t->m[5].data = (void*) (long)counter;

2225 t->m[6].rtyp INT_CMD; t->m[6].data (voidx*) (long) (counter + 1);

2227 output->m[3].rtyp = LIST_CMD; output->m[3].data = t;

2229 int cmd_nr;

2230 blackboxIsCmd ("token", cmd_nr);

2231 std::string out_filename = serialize_with_N(output, base_filename ,N);
2232 auto end_addition = std::chrono::high_resolution_clock::now();

2233 auto addition_time =
std::chrono::duration_cast<std::chrono::milliseconds>(end_addition -
start_addition).count ();

2234 // logFile << "Total Addition Time: " << addition_time << " ms\n";

2235 // logFile.flush();

2236 // logFile.close();

2238 return {out_filename, addition_timel};
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NO_NAME_MANGLING

std::pair<std::string, long> singular_template_ADD_Seq(const std::string& Red,
int N,int Nplus,
const std::string& needed_library,
const std::string& base_filename)

init_singular (config::singularLibrary().string());
load_singular_library(needed_library);

std::filesystem::path basePath = std::filesystem::path(Red).parent_path();

std::string ids = worker();
std::pair<int, lists> Gb = deserialize(Red, ids);

auto start_computation = std::chrono::high_resolution_clock::now();

lists Gb_data = (lists) (Gb.second);
lists tmpLl = (lists) (Gb_data->m[3].Data());

ideal C = nullptr;
int counter = 0;
int r=0;int c¢=0;
poly vec = NULL;
leftv L = nullptr;
std::pair<int, lists> input_part;
std::string logFilePath = "/home/santosh/gspc-res/example_dir/Smatrix_timing.log";
std::ofstream logFile(logFilePath, std::ios::app);
if (!'logFile.is_open()) {
std::cerr << "Error: Failed to open log file at " << logFilePath << "!I" <<
std::endl;
return {"", 0};

for (int i = Nplus+1l; i <= N+Nplus; i++) {
// Iterate from 1 to N to match "1.ssi", "2.ssi", etc.

// Comnstruct the full path for i.ssi files within the same folder as Red
std::string filename = (basePath / (std::to_string(i) + ".ssi")).string();

if (!std::filesystem::exists(filename)) {

// std::cerr << "File not found: " << filename << ". Skipping this
iteration." << std::endl;
continue; // Skip to next iteration
}
input_part = deserialize(filename, ids);
lists token = (lists)input_part.second;

lists tmpL = (lists) (token->m[3].Data());

// At this point, L might still point to tmpL or token, so mneed to ensure
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it’s safe to free it
if (L != nullptr) {
L = nullptr; // Reset L to prevent any dangling pointers

}

if (vec!=NULL){
vec=NULL;

}

vec = (poly)tmpL->m[0].Data();
counter = (int) (long)tmpL->m[5].Data();
if (tmpL1->m[0].Typ() == IDEAL_CMD) {
// Handle case where ‘f¢ is an ideal
r = IDELEMS ((ideal) (tmpL1->m[0].Data()));

L=&tmpL->m[4];
¢ = IDELEMS((ideal)L->Data());

} else if (tmpL1->m[0].Typ() == VECTOR_CMD) {
// Handle case where ‘f‘ is a vector
ideal t=(ideal) (tmpL1->m[4].Data());

r = IDELEMS(t);
L=&tmpL->m[4];

¢ = IDELEMS ((ideal)L->Data());
}
ideal A = (ideal)tmpL->m[1].Data();

if (C == nullptr) {
C = idCopy (A);
id_Normalize(C, currRing);

else {
sum_InplaceAdd(C, A, currRing);
id_Normalize(C, currRing);

}
idDelete (&A);
try {
std::filesystem::remove(filename) ;
} catch (const std::filesystem::filesystem_error& e) {
std::cerr << "Failed to delete " << filename << ": " << e.what() <<
std::endl;
}
}
lists output = (lists)omAllocOBin(slists_bin);

output->Init (4);

lists t = (lists)omAllocOBin(slists_bin);
t->Init (2);
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2399

2400

2401

2403

2404

2405

2406

2407

2408

2409

2410

t->m[0].rtyp
t->m[1] . rtyp

STRING_CMD; t->m[0].data = strdup("generators");
STRING_CMD; t->m[1].data = strdup("FirstSyz_smatrix");

output->m[1].rtyp = LIST_CMD; output->m[1].data = t;
output->m[0].rtyp = RING_CMD; output->m[0].data = currRing;
output->m[2] .rtyp = RING_CMD; output->m[2].data = currRing;

t = (lists)omAllocOBin(slists_bin);
t->Init (7);

t->m[0].rtyp
t->m[1] . rtyp
t->m[2].rtyp
t->m[3].rtyp

VECTOR_CMD; t->m[0].data = vec;
SMATRIX_CMD; t->m[1].data = C;

INT_CMD; t->m[2].data = (void*) (long)r;
INT_CMD; t->m[3].data = (voidx*) (long)c;

if (tmpL1->m[0].Typ() == IDEAL_CMD) {
t->m[4] . rtyp=MODUL_CMD; t->m[4].data= L->CopyD();//Tok.datal[5]

}

else if (tmpL1->m[0].Typ() == VECTOR_CMD) A
t->m[4] . rtyp=MODUL_CMD; t->m[4].data= L->CopyD();//Tok.datal[5]

}

t->m[5].rtyp
t->m[6].rtyp

INT_CMD; t->m[5].data
INT_CMD; t->m[6].data

(voidx*) (long) counter;
(void*) (long) (counter + 1);

output->m[3].rtyp = LIST_CMD; output->m[3].data = t;

int cmd_nr;
blackboxIsCmd ("token", cmd_nr);

std::string out_filename=serialize (output,base_filename);

auto end_computation = std::chrono::high_resolution_clock::now();

auto computation_time =
std::chrono::duration_cast<std::chrono::milliseconds>(end_computation -
start_computation).count ();

logFile << "Total Sequential Addition Time: " << computation_time << " ms\n";

logFile.flush();

logFile.close();

rKill (currRing) ;
return {out_filename, computation_timel};

NO_NAME_MANGLING

std::string singular_template_Generate(const std::string& res,
const std::string& syz,
const std::string & needed_library,
const std::string& base_filename)

init_singular (config::singularLibrary().string());
load_singular_library(needed_library);
std::pair<int,lists> Res;

std::pair<int,lists> Syz;

std::pair<int, lists> out;

std::string ids;

std::string out_filename;

ids = worker ();
Res = deserialize(res,ids);
Syz = deserialize(syz,ids);
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ScopedLeftv args( Res.first, 1lCopy(Res.second));
ScopedLeftv arg(args,Syz.first, 1Copy(Syz.second));

std::string function_name = "Generate_GPI";
out = call_user_proc(function_name, needed_library, args);
out_filename = serialize(out.second, base_filename);

return out_filename;

A.2 XPNet description of the Petri nets for computing syzygies

Here, we give the xpnet code used in GPI-SPACE to describe the Petri nets for computing syzygies and free

resolutions.

Listing A.2: XPNet for computing syzygies and resolutions

<defun name="template">
<!-- Struct definitions -->
<struct name="Std_basis">
<field name="InputGB" type="string"/>
<field name="ngen" type="int"/>
</struct>
<struct name="lifting">
<field name="lead_Syz" type="string"/>
<field name="1lift" type="string"/>
<field name="leadsyz_count" type="int"/>
</struct>

<in name="base_filename" type="string" place="place_base_filename"/>
<in name="library_name" type="string" place="place_library_name"/>
<in name="input" type="string" place="place_initiate"/>
<out name ="OUTPUT" type ="string" place ="place_Final_Syz"/>

<net>
<place name ="place_initiate" type ="string"/>
<place name ="place_input_GB" type ="string"/>

<place name="place_base_filename" type="string"/>
<place name="place_library_name" type="string"/>
<place name ="place_All_Lead" type ="string"/>
<place name="place_lead" type="string"/>
<place name="place_Tau" type="string"/>

<place name ="place_Syz" type ="string"/>

<place name ="place_Final_Syz" type ="string"/>

<place name="place_M" type="unsigned long">
<token><value >300UL</value></token>
</place>

<place name="place_start_pool" type="unsigned long">
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16 </place>

18 <place name="place_Init_N" type="unsigned long">
) <token><value>300UL</value></token>
50 | </place>

53 <place name="place__Pool" type="unsigned long">
55 | </place>

57 | <place name ="place_StartTime" type ="long"/>

59 <!-- Transition: StartTime -->

60 <transition name="StartTransition">
61 <defun>

62 <out name ="c" type ="control"/>

63 <in name="input" type="string"/>
64 <out name="output" type="string"/>

66 <out name="start_time" type="long"/>

67 <module name="singular_template"
function="StartTime (input ,c,output,start_time)">

68 <cinclude href="interface/template_interface.hpp" />

69 <cinclude href="util-generic/dynamic_linking.hpp"/>

70 <cinclude href="iostream"/>

71 <cinclude href="chrono"/>

72 <code><![CDATA[

73 auto computation_time = std::chrono::high_resolution_clock::now();
74 auto duration = computation_time.time_since_epoch();

6 start_time=
std::chrono::duration_cast<std::chrono::nanoseconds >(duration).count () ;

78 output=input;

79 11></code>

80 </module >

81

84

85 </defun>

86 <connect-in port="input" place="place_initiate"/>

88 <connect-out port="output" place="place_input_GB"/>
89 <connect-out port="c" place="place_control"/>

91 <connect-out port="start_time" place="place_StartTime"/>
92 </transition>

98 <!-- Transition: INIT_Fill In -->
99 <transition name="INIT_Fill">
100 <defun>

101
102 <out name="outgoing" type="list"/>

103 <inout name="N" type="unsigned long"/>
104

105

104




<module name="singular_template" function="INIT_Fill (outgoing ,N)">
<cinclude href="interface/template_interface.hpp" />
<cinclude href="util-generic/dynamic_linking.hpp"/>
<cinclude href="iostream"/>
<cinclude href="chrono"/>
<code><![CDATA[

// Fill outgoing with the next batch
for (unsigned long k =1; k <= N; k++) {

outgoing.emplace_back(k);
// std::cout << "batch_start:"<<k << std::endl;

11></code>
</module>

</defun>

<connect-in port="N" place="place_Init_N"/>
<connect-out port="N" place="place_start_pool"/>

<connect -out-many port="outgoing" place="place__Pool"/>

</transition>

<l-- Transition: StartFill In -->
<transition name="Fill">
<defun>

<out name="outgoing" type="list"/>
<inout name="N" type="unsigned long"/>
<in name="kl1" type="unsigned long"/>

<in name="M" type="unsigned long"/>
<in name="k2" type="unsigned long"/>
<module name="singular_template" function="Fill_IN(outgoing ,k2,N,M,k1)">
<cinclude href="interface/template_interface.hpp" />
<cinclude href="util-generic/dynamic_linking.hpp"/>
<cinclude href="iostream"/>
<cinclude href="chrono"/>
<code><![CDATA[

// Fill outgoing with the next batch

for (unsigned long k =N+1; k <= N+M; k++) {
outgoing.emplace_back(k);

N=N+M;

]11></code>
</module>
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168 <condition>

169 ${k2} :1t: 300UL:and:${k1} :eq: OUL

170 </condition>

171 </defun>

172 <connect -number -of ~tokens port="k1" place="place_drainage_control"/>

174 <connect-read port="M" place="place_M"/>

175 <connect -number -of ~tokens port="k2" place="place__Pool"/>
176 <connect-in port="N" place="place_start_pool"/>

177 <connect-out port="N" place="place_start_pool"/>

179 <connect-out-many port="outgoing" place="place__Pool"/>

181 </transition>

188 | <place name="place_control_All_Lead" type="control">
189 <token><value>[]</value></token>
100 | </place>

192

193 | <place name="place_length_Res" type="int">

105 | </place>
196
197 <!-- transition_compute-->
198
199 <transition name="All_Lead">

200 <defun>

201 <require key="worker" mandatory="true"/>

203 <in name="library_name" type="string"/>
204 <in name="base_filename" type="string"/>

206 <out name="QUTPUT" type="1list"/>

207 <inout name ="C" type="control"/>
208 <out name ="counter" type="int"/>
200 <in name ="init" type ="string"/>

210 <module name="singular_template"

211 require_function_unloads_without_rest="false"

212 function="Al1l1l_Lead (init, OUTPUT,C, counter,library_name,
base_filename) ">

213 <cinclude href="interface/template_interface.hpp" />

214 <cinclude href="util-generic/dynamic_linking.hpp"/>

215 <cinclude href="vector"/>

216 <cinclude href="iostream"/>

217 <cinclude href ="string"/>

218 <cinclude href="1list"/>

219 <cinclude href="numeric"/>

220 <cinclude href="chrono"/>

221 <code><![CDATA[

222 //std::cout <<"All_LeadSyz_Input:"<<init<< std::endl;

223 auto start_computation = std::chrono::high_resolution_clock::now();

224 std::tuple<std::vector<std::string>, int, long> out =
RESOLVE_INTERFACE_FUNCTION (
singular_template_ALL_LEAD) (init,library_name,
base_filename) ;
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std::vector<std::string> vec = std::get<0>(out);
counter = std::get<i>(out);
// auto runtime = std::get<2>(out);

for(int i (0); i<vec.size(); i++)
{

// std::cout << "SchFrame_Success:"<<vec[i] << std::endl;

OUTPUT . emplace_back (vec[i]);

}
std::cout << "place_SchFrame_counter: " << counter << std::endl;
// std::cout << "total_runtime_SchFrame = " << runtime << " nanoseconds"
std::endl;

11></code>
</module>
</defun>
<connect-read port="library_name" place="place_library_name"/>
<connect-read port="base_filename" place="place_base_filename"/>
<connect-read port="init" place="place_input_GB"/>
<connect-in port="C" place="place_control_All_Lead"/>

<connect-out port="counter" place="place_length_Res"/>
<connect -out-many port="0UTPUT" place="place_All_Lead"/>
<connect-out port="C" place="place_Empty_control"/>

</transition>

<place name="place_control" type="control">

</place>
<!-- Transition 1: lead -->
<transition name="LEADSYZ">
<defun>

<require key="worker" mandatory="true"/>
<in name="library_name" type="string"/>
<in name="base_filename" type="string"/>
<in name="input" type="string"/>
<in name ="s" type ="control"/>

<out name="0UT" type="1list"/>

<module name="singular_template"

require_function_unloads_without_rest="false"
function="leadsyz (input ,s,0UT,library_name ,base_filename)">

<cinclude href="interface/template_interface.hpp" />

<cinclude href="util-generic/dynamic_linking.hpp"/>

<cinclude href="vector"/>

<cinclude href="iostream"/>

<cinclude href ="string"/>

<cinclude href="1list"/>
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294

295

296

297

298

299

300

<cinclude href="numeric"/>
<cinclude href="chrono"/>

<code><![CDATA[

auto computation_time = std::chrono::high_resolution_clock::now();
std::tuple<std::vector<std::string>, int, long> out =
RESOLVE_INTERFACE_FUNCTION (singular_template_LEAD)
(input, library_name, base_filename) ;
std::vector<std::string> vec = std::get<0>(out);
int total_generator = std::get<1>(out);

auto end_computation = std::chrono::high_resolution_clock::now();

auto computation_duration =
std::chrono::duration_cast<std::chrono::nanoseconds >(end_computation
- computation_time).count ();

for(int i (0); i<total_generator; i++)
{
//std::cout << "leadSyz_Success:"<<vec[i] << std::endl;
OUT . emplace_back(vec[il]);

//std::cout << "leadSyz_Success:"<<vec[i] << std::emndl;
//std::cout << "SubliftleadSyz_Success:"<<vec[i] << std::endl;

}

// std::cout << "LeadSyzTiming:= " << computation_duration<< "
nanoseconds" << std::endl;

11></code>

</module>
</defun>
<connect-read port="library_name" place="place_library_name"/>
<connect-read port="base_filename" place="place_base_filename"/>
<connect-read port="input" place="place_input_GB"/>
<connect-in port="s" place="place_control"/>
<connect -out-many port="0UT" place="place_lead"/>

</transition>

<place name ="place_StartTime_LIFT" type ="long"/>
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<place name="place_control_StartTime_LIFT" type="control">
<token><value>[]</value></token>
</place>

<!-- Transition: StartTime -->
<transition name="StartTransition_LIFT">
<defun>
<in name ="c" type ="control"/>
<in name="in" type="string"/>

<out name="start_time" type="long"/>
<module name="singular_template" function="StartTime_ LIFT(c,in,start_time)">
<cinclude href="interface/template_interface.hpp" />
<cinclude href="util-generic/dynamic_linking.hpp"/>
<cinclude href="iostream"/>
<cinclude href="chrono"/>
<code><!'[CDATA[
auto computation_time = std::chrono::high_resolution_clock::now();
auto duration = computation_time.time_since_epoch();

start_time=

std::chrono::duration_cast<std::chrono::nanoseconds>(duration).count () ;

11></code>
</module>

</defun>
<connect-read port="in" place="place_lead"/>
<connect-in port="c" place="place_control_StartTime_ LIFT"/>

<connect-out port="start_time" place="place_StartTime_LIFT"/>

</transition>

<!-- Transition 2: LIFT-->

<transition name="LIFT">
<defun>
<require key="worker" mandatory="true"/>

<in name="needed_library" type="string"/>
<in name="base_filename" type="string"/>

<in name ="lead" type = "string"/>

<in name ="N" type= "unsigned long"/>
<in name ="all_lead" type= "string"/>
<in name ="input_name" type= "string"/>

<out name ="LIFT" type= "list"/>

109




<module name="singular_template"
require_function_unloads_without_rest="false"
function="LIFT (input_name,lead,all_lead,LIFT ,needed_library,6base_filename ,N)"
<cinclude href="interface/template_interface.hpp" />
<cinclude href="util-generic/dynamic_linking.hpp"/>
<cinclude href="vector"/>
<cinclude href="iostream"/>
<cinclude href ="string"/>
<cinclude href="1list"/>
<cinclude href="chrono"/>

<code><![CDATA[
// std::cout << "in singular _PetriNet_.._LIFT" << std::endl;

std::tuple<std::vector<std::string>, int, long> out =
RESOLVE_INTERFACE_FUNCTION(singular_template_LIFT)
(input_name ,all_lead, lead, needed_library, base_filename,N);

std::vector<std::string> vec = std::get<0>(out);
int total_generator = std::get<i1>(out);

for(int i (0); i<vec.size(); i++)

{
//std::cout << "LIFT_Success:"<<out.first[i] << std::endl;
LIFT.emplace_back(vec[i]);

]1></code>
</module>

<connect-read port="needed_library" place="place_library_name"/>
<connect-read port="base_filename" place="place_base_filename"/>
<connect-read port="input_name" place="place_input_GB"/>
<connect-read port="all_lead" place="place_All_Lead"/>
<connect-in port="lead" place="place_lead"/>

<connect-out-many port="LIFT" place="place_Tau"/>

<connect-in port="N" place="place__Pool"/>

</transition>
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189

190

191

192

194

195

196

198

199

500

501

<!-- Transition: EndTime -->
<transition name="EndTime_LIFT">
<defun>
<in name="start_time" type="long"/>
<in name="k2" type="unsigned long"/>

<module name="singular_template" function="EndTime_ LIFT(start_time ,k2)">
<cinclude href="interface/template_interface.hpp" />
<cinclude href="util-generic/dynamic_linking.hpp"/>
<cinclude href="iostream"/>
<cinclude href="chrono"/>
<code><![CDATA[
auto computation_time = std::chrono::high_resolution_clock::now();
auto duration = computation_time.time_since_epoch();
long current_time =
std::chrono::duration_cast<std::chrono::nanoseconds >(duration).coun

auto end_timer = current_time - start_time; // Calculate elapsed time
std::cout << "Calculate LIFT: = " << end_timer << " nanoseconds" <<
std::endl;

11></code>
</module>

<condition>

${k2} :eq: OUL

</condition>
</defun>

<connect-in port="start_time" place="place_StartTime_ LIFT"/>

<connect -number -of ~tokens port="k2" place="place_lead"/>

</transition>

<place name="place_control_StartTime_SubLIFT" type="control">
<token><value>[]</value></token>
</place>

<place name ="place_StartTime_SubLIFT" type ="long"/>
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<!

<t--

-- Transition: StartTime -->
<transition name="StartTransition_SubLIFT">
<defun>
<in name ="c" type ="control"/>
<in name="in" type="string"/>

<out name="start_time" type="long"/>
<module name="singular_template" function="StartTime_SubLIFT(c,in,start_time)">
<cinclude href="interface/template_interface.hpp" />
<cinclude href="util-generic/dynamic_linking.hpp"/>
<cinclude href="iostream"/>
<cinclude href="chrono"/>
<code><!'[CDATA[
auto computation_time = std::chrono::high_resolution_clock::now();
auto duration = computation_time.time_since_epoch();

start_time=

std::chrono::duration_cast<std::chrono::nanoseconds>(duration).count () ;

11></code>
</module >

</defun>
<connect-read port="in" place="place_Tau"/>
<connect-in port="c" place="place_control_StartTime_SubLIFT"/>

<connect-out port="start_time" place="place_StartTime_SubLIFT"/>

</transition>

Transition 4: SubLIFT-->

<transition name="SubLIFT">
<defun>
<require key="worker" mandatory="true"/>

<in name="needed_library" type="string"/>
<in name="base_filename" type="string"/>

<in name ="all_lead" type= "string"/>
<in name ="input_name" type= "string"/>
<in name="place_Tau" type="string"/>
<in name ="N" type= "unsigned long"/>

<out name ="LIFT" type= "list"/>

<module name="singular_template"
require_function_unloads_without_rest="false"

function="SUBLIFT (input_name ,place_Tau,LIFT,all_lead,needed_library,base_file
<cinclude href="interface/template_interface.hpp" />
<cinclude href="util-generic/dynamic_linking.hpp"/>

<cinclude href="vector"/>

<cinclude href="iostream"/>
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590

591

592

594

595

596

598

599

600

601

602

603

604

605

606

607

608

609

610

618

619

<cinclude href ="string"/>
<cinclude href="1list"/>
<cinclude href="chrono"/>

<code><![CDATA[

// std::cout << "in singular _PetriNet_.._SubLIFT" << std::endl;

std::tuple<std::vector<std::string>, int, long> out =
RESOLVE_INTERFACE_FUNCTION(singular_template_SUBLIFT)
(input_name ,all_lead,place_Tau, needed_library, base_filename,N);

std::vector<std::string> vec = std::get<0>(out);
int total_generator = std::get<1>(out);

for(int i (0); i<vec.size(); i++)

{
//std::cout << "SUBLIFT_Success:"<<out.first[i] << std::endl;
LIFT.emplace_back(vec[i]);

11></code>

</module>
</defun>
<connect-read port="needed_library" place="place_library_name"/>
<connect-read port="base_filename" place="place_base_filename"/>
<connect-read port="input_name" place="place_input_GB"/>
<connect-read port="all_lead" place="place_All_Lead"/>
<connect-in port="place_Tau" place="place_Tau"/>

<connect-out-many port="LIFT" place="place_Tau"/>

<connect-in port="N" place="place__Pool"/>

</transition>
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660

661

662

663

664

665

667

668

669

<!-- Transition: EndTime -->
<transition name="EndTime_SubLIFT">
<defun>
<in name="start_time" type="long"/>
<in name="k2" type="unsigned long"/>

<module name="singular_template" function="EndTime_SubLIFT(start_time ,k2)">
<cinclude href="interface/template_interface.hpp" />
<cinclude href="util-generic/dynamic_linking.hpp"/>
<cinclude href="iostream"/>
<cinclude href="chrono"/>
<code><![CDATA[
auto computation_time = std::chrono::high_resolution_clock::now();
auto duration = computation_time.time_since_epoch();
long current_time =
std::chrono::duration_cast<std::chrono::nanoseconds >(duration).coun
auto end_timer = current_time - start_time; // Calculate elapsed time

std::cout << "Calculate SubLIFT: = " << end_timer << " nanoseconds"
<< std::endl;
11></code>
</module>

<condition>

${k2} :eq: OUL

</condition>
</defun>

<connect-in port="start_time" place="place_StartTime_SubLIFT"/>
<connect -number -of ~tokens port="k2" place="place_Tau"/>

</transition>

<place name="place_Add_control" type="control">
</place>

<place name="place_drainage_control" type="control">
</place>
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<place name="place_Empty_control" type="control">

</place>
<!-- Transition: Empty -->
<transition name="Empty">
<defun>
<out name ="N" type ="control"/>
<in name ="IN" type ="control"/>
<out name ="drain" type ="control"/>

<in name="k2" type="unsigned long"/>
<in name="k3" type="unsigned long"/>
<in name="k4" type="unsigned long"/>

<module name="singular_template" function="Empty(N,k2,k3,k4,IN,drain)">
<cinclude href="interface/template_interface.hpp" />
<cinclude href="util-generic/dynamic_linking.hpp"/>
<cinclude href="vector"/>
<cinclude href="iostream"/>
<cinclude href ="string"/>
<cinclude href="1list"/>
<cinclude href="chrono"/>
<code><![CDATA[
// std::cout << "Empty:"<<""<< std::endl;

11></code>
</module>

<condition>

${k2} :eq: OUL :and: ${k3} :eq: OUL :and: ${k4} :eq: OUL

</condition>

</defun>

<connect -number -of ~tokens port="k2" place="place_control"/>
<connect -number -of -~tokens port="k3" place="place_Tau"/>
<connect -number -of -tokens port="k4" place="place_lead"/>

<connect-in port="IN" place="place_Empty_control"/>
<connect-out port="N" place="place_Add_control"/>
<connect-out port="drain" place="place_drainage_control"/>

</transition>
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771 <!-- Transition: Drainage-->
772 <transition name="Drainage">

773 <defun>

774

775 <in name ="N" type ="control"/>

776 <in name ="IN" type ="unsigned long"/>

779

781

782 <module name="singular_template" function="Drainage(N,IN)">
783 <cinclude href="interface/template_interface.hpp" />
784 <cinclude href="util-generic/dynamic_linking.hpp"/>
785 <cinclude href="vector"/>

786 <cinclude href="iostream"/>

787 <cinclude href ="string"/>

788 <cinclude href="1list"/>

789 <cinclude href="chrono"/>

790 <code><![CDATA[

03 11></code>
794 </module >

796

798

799

800 </defun>

801

802

80

804 <connect-in port="IN" place="place__Pool"/>
805

806

807 <connect-read port="N" place="place_drainage_control"/>
808

809

810

811 </transition>

812

81

814

815 <place name="place_Add_Enable" type="string"/>
81¢€

817 <place name="place_ncores" type="int">

818 <token><value>6</value></token>

si0 | </place>

823 <!-- Transition: Enable_Add-->

824 <transition name="Enable_Add">

825 <defun>

826

827 <in name ="N" type ="unsigned long"/>
828 <in name ="r" type ="int"/>

829 <in name ="IN" type ="control"/>

830 <out name="out" type="list"/>

831 <out name="c" type="control"/>

116




858

859

860

880

890

891

892

<module name="singular_template" function="Enable(N,IN,r,out,c)">
<cinclude href="interface/template_interface.hpp" />
<cinclude href="util-generic/dynamic_linking.hpp"/>
<cinclude href="vector"/>
<cinclude href="iostream"/>
<cinclude href ="string"/>
<cinclude href="1list"/>
<cinclude href="chrono"/>
<code><![CDATA[

int n = N / r;
int remainder = N % r;
// std::vector<std::pair<int, int>> ranges;

int start = 1;
for (int i = 0; i < r; ++i) {
int end = start + n - 1 + (i < remainder ? 1 : 0);
std::string range_str = "[" + std::to_string(start) + "," +
std::to_string(end) + "1";
// std::cout << "Generated range: " << range_str << std::endl;
out .push_back (range_str);
start = end + 1;

¥
]1></code>
</module>

</defun>

<connect-in port="IN" place="place_Add_control"/>
<connect-read port="r" place="place_ncores"/>

<connect -out-many port="out" place="place_Add_Enable"/>
<connect-in port="N" place="place_start_pool"/>
<connect-out port="c" place="place_control_Add_Seq"/>

</transition>

<place name="place_control_Add_Seq" type="control">
</place>
<place name="place_Pool_Add" type="int">

</place>

<place name="place_startFill_control" type="control">
<token><value>[]</value></token>

</place>
<!-- Transition: StartFill_Sequential_ADD -->
<transition name="Fill_Seq_Add">
<defun>
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894

895

896

897

898

899

900

901

902

903

904

905

906

907

908

909

910

940

941

942

944

945

946

947

948

949

950

<out name="outgoing" type="list"/>
<in name="N" type="int"/>
<in name="k1" type="control"/>

<module name="singular_template" function="Fill_IN_Add (outgoing ,N,k1)">

<cinclude href="interface/template_interface.hpp" />
<cinclude href="util-generic/dynamic_linking.hpp"/>
<cinclude href="iostream"/>

<cinclude href="chrono"/>

<code><![CDATA[

// Fill outgoing with the next batch
for(int k =1; k <= N; k++) {

outgoing.emplace_back (k) ;
// std::cout << "batch_start:"<<k << std::endl;

]1></code>
</module>

</defun>

<connect-read port="N" place="place_ncores"/>
<connect-in port ="k1" place="place_startFill_control"/>

<connect -out-many port="outgoing" place="place_Pool_Add"/>

</transition>

<!-- Transition 5: ADD-->
<transition name="Add1">
<defun>

<require key="worker" mandatory="true"/>

<in name="library_name" type="string"/>
<in name="base_filename" type="string"/>
<in name="N" type="int"/>

<in name="range" type="string"/>

<in name="input" type="string"/>

<module name="singular_template"
require_function_unloads_without_rest="false"

function="ADD(library_name, base_filename, input,range,N)">

<cinclude href="interface/template_interface.hpp" />
<cinclude href="util-generic/dynamic_linking.hpp"/>
<cinclude href="iostream"/>
<cinclude href="sstream"/>

<cinclude href="chrono"/>

<code><![CDATA[

auto computation_time = std::chrono::high_resolution_clock:
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960
961
962
963
964
965
966
967
968

969

988

989

990

991

992

993

994

995

996

997

998

999

1000

1001

1002

1003

1004

1005

1006

1007

1008

1009

1010

1011

1012

1013

int start, end;
char discard;

// Parse single range "[n,n+k]"
std::istringstream range_stream(range);
range_stream >> discard >> start >> discard >> end >> discard;

std::vector<std::pair<int, int>> range_pair = {{start, end}};

// std::cout << "Parsed range: {" << start << ", " << end << "}" << std::endl;

auto result =
RESOLVE_INTERFACE_FUNCTION(singular_template_reduce) (input ,{start,
end},N,library_name, base_filename
) g
auto end_computation = std::chrono::high_resolution_clock::now();
auto computation_duration =

std::chrono::duration_cast<std::chrono::nanoseconds >(end_computation -

computation_time) .count () ;

auto s = result.first;

11></code>
</module>
</defun>
<connect-read port="library_name" place="place_library_name"/>
<connect-read port="base_filename" place="place_base_filename"/>
<connect-read port="input" place="place_input_GB"/>

<connect-in port="range" place="place_Add_Enable"/>
<connect-in port="N" place="place_Pool_Add"/>

</transition>

<!-- Transition Seq_Add-->
<transition name="Add_seq">
<defun>

<require key="worker" mandatory="true"/>

<in name="library_name" type="string"/>
<in name="base_filename" type="string"/>
<out name="s" type="string"/>
<in name ="N" type ="int"/>
<in name="k2" type="unsigned long"/>
<in name="c" type="control"/>
<in name="input" type="string"/>

<module name="singular_template"
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1015

1016

1017

1018

1019

1020

1021

1022

1023

1024

1025

1026

1027

1028

1029

1030

1031

1032

1034

1035

1036

1037
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1039

1040

1041

1042

1043

1044

1045

1046

1047
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1049

1050
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1055

1056

1057

1058

1059

1060

1061

1062

1063

1064

1065

1066

1067

1068

1069

1070

1071

require_function_unloads_without_rest="false"
function="ADD_Seq(library_name, base_filename,input,s,N,k2,c)">
<cinclude href="interface/template_interface.hpp" />
<cinclude href="util-generic/dynamic_linking.hpp"/>
<cinclude href="iostream"/>
<cinclude href="chrono"/>

<code><![CDATA[
auto computation_time = std::chrono::high_resolution_clock::now();
auto result =
RESOLVE_INTERFACE_FUNCTION(singular_template_ADD_Seq) (input,N,library_name
base_filename
) §
auto end_computation = std::chrono::high_resolution_clock::now();
auto computation_duration =
std::chrono::duration_cast<std::chrono::nanoseconds >(end_computation -

computation_time).count () ;

s = result.first;

std::cout << "Add_seq:" << s << std::emndl;

]11></code>

</module>
<condition>

${k2} :eq: OUL

</condition>
</defun>
<connect -number -of -tokens port="k2" place="place_Pool_Add"/>
<connect-read port="library_name" place="place_library_name"/>
<connect-read port="base_filename" place="place_base_filename"/>

<connect-read port="input" place="place_input_GB"/>

<connect-in port="N" place="place_ncores"/>
<connect-in port="c" place="place_control_Add_Seq"/>

<connect-out port="s" place="place_Syz"/>

</transition>

<!-- Transition: EndTime -->
<transition name="EndTime_Syz">
<defun>

<in name="start_time" type="long"/>
<inout name="computed_output" type="string"/>
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1100

1101

1102

<module name="singular_template"
function="EndTime_Syz (start_time,computed_output)">
<cinclude href="interface/template_interface.hpp" />
<cinclude href="util-generic/dynamic_linking.hpp"/>
<cinclude href="iostream"/>
<cinclude href="chrono"/>
<code><![CDATA[
auto computation_time = std::chrono::high_resolution_clock::now();
auto duration = computation_time.time_since_epoch();
long current_time =

std::chrono::duration_cast<std::chrono::nanoseconds>(duration) . count
auto end_timer = current_time - start_time; // Calculate elapsed time
std::cout << "Calculate Syz: = " << end_timer << " nanoseconds" <<
std::endl;

]1></code>
</module>

</defun>

<connect-in port="start_time" place="place_StartTime"/>
<connect-in port="computed_output" place="place_Syz"/>

<connect-out port="computed_output" place="place_Final_Syz"/>

</transition>

</net>
</defun>

A.3 Computing Anticanonical map

For computing anticanonical maps, we use the SINGULAR library paraplanecurves.lib, and the Petri nets from
https://github.com/singular-gpispace/modular.

Listing A.3: Computing Anticanonical map

//This is modular implementaion of computing anticanonical map

proc modular_parametrization_C(token input, token in_prime)
"USAGE: 1iftPhi(token input, token in_prime, token phi); input token
RETURN: a token output containing a free resolution of the input
NOTE: The types token are defined. This procedure is
intended to be called as a transition procedure inside the
workflow."

LIB "paraplanecurves.lib";

def br = basering;
int p in_prime.datal[1];
def I = input.datal[l];
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0

def 1lbr = ringlist(br);
1br[1] = p;

def rp = ring(lbr);
setring rp;

def I = imap(br,I);
option(redSB);
//attrib(I,"isSB",1);

I = std(I);

ideal f=rncAntiCanonicalMap(I);

list 1s;

matrix sO[1][size(£f)];
for (int k = 1; k <= size(f); k++) {
sO[1, k] = f[k];

1s[1] = sO;

setring br;

list 1s = fetch(rp,ls);

//ideal I = 1s[1];

token output;

output.fieldnames = list("resolution","modulus",

"numberofprimes","hash") ;

output.datal[1l] = 1s;

output.data[2] = bigint(p);

output.data[3] = int(1);

output.data[4] = hashresolution(ls);
// output.data[4] = hashlead(I);

return (output) ;

A.4 Parametrizations for plane curve

For rational parametrizations of plane curves, we use the SINGULAR library paraplanecurves.lib, and the Petri
nets from https://github.com/singular-gpispace/modular.

Listing A.4: Parametrizations for plane curve

proc adjId(poly f£)
{
LIB "normal.lib";
poly dhf = subst(f,var(3),1);
def Roriginal = basering;
list rl = ring_list(Roriginal);
r1[2] = list(var (1), var(2));
r1[3] = list(list("dp",1:2),list("C",0));
def Rdummy = ring(rl);
setring Rdummy;
poly f = imap(Roriginal, dhf);
list nor = normal (f);
ideal IB = nor[2][1];
poly d = nor[2][1][size(nor[2][1]1)];
ideal fd = £, 4d;
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ideal IBf = IB, f;

ideal AI = quotient(fd, IBf);
//"#### IB:"; IB;
//"##H##E d:", d;

setring Roriginal;

ideal AI = imap (Rdummy ,AI);
//"####E AL :"; AT;

return (AI);
}

This is for plane curve of eben degreee

proc modular_parametrization_Conic (token input, token in_prime)
"USAGE: 1iftPhi(token input, token in_prime, token phi); input token
RETURN: a token output containing a free resolution of the input
NOTE: The types token are defined. This procedure is
intended to be called as a transition procedure inside the
workflow."

{
// LIB "paraplanecurves.lib";

def br = basering;
int p = in_prime.datal[1l];
ideal RNc = input.datal1];

poly f = RNc[1];

// Create modular ring

def 1lbr = ringlist(br);
lbr[1] = p;

def rp = ring(lbr);
setring rp;

// Transfer data to modular ring

poly f=imap (br,f);
ideal adj=adjId(f);

adj=homog(adj,var(3)); //needed to do
option(redsSB);

adj=std(adj);

// Compute rational normal curve map
def R1= mapToRatNormCurve (f, adj);
setring (R1);

RNC;

// ideal phO = rncAntiCanonicalMap (RNC);
def Rc = rncItProjEven (RNC) ;

PHT;

setring Rc;

CONIC;
setring rp;
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s1 |map g = R1, adjl[1l..size(adj)];

s3 | // Compose map
s1 | ideal phCom= g(PHI);

s¢ | // Compute inverse birational map
s7 |def Rn= invertBirMap (phCom, ideal(f));
ss | setring Rn;

90 | psi;

92 | ideal CONIC=fetch(Rc,CONIC) ;

93 list 1s;

94 matrix sO[1][size(psi)];

95 for (int k = 1; k <= size(psi); k++) {
06 sO[1, k] = psilk];

97 }

98 1s[1] = sO0;

99 matrix s[1][1];
100 S[1,1]=CUNIC;
101 1s[2]=s;

102

104
105
106
107
108
109 | //create the target ring

110

112 |def 1b = ringlist (Rn);
113 1b[1] = 0;
114 def RO = ring(lb);

116 setring RO;
117 ideal psi = imap(Rn,psi);
118 list 1ls=fetch(Rn,ls);

120 // Prepare output token

122 token output;

123 output.fieldnames = list("Lifted_map", "modulus", "numberofprimes", "hash");
124 output.data[1] =1s; // The lifted map in the new modularized ring

125 output.data[2] = bigint(p);

126 output.data [3] int (1) ;

127 output .data [4] hashresolution(1ls);

129 // Debug: Write final lifted map

132 // Return the output token
133 return (output) ;

137 | THis for Parameterization for plane curve of 0dd degree

110 | proc modular_parametrization_P1(token input, token in_prime)
141 "USAGE: 1iftPhi(token input, token in_prime, token phi); input token
142 RETURN: a token output containing a free resolution of the input
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143 NOTE: The types token are defined. This procedure is
144 intended to be called as a transition procedure inside the
145 workflow."

118 | LIB "paraplanecurves.lib";

150 | def br = basering; // Store base ring

151 [int p = in_prime.datal[1]; // Get prime p from input
152 | def RNc = input.datal[1];

155 | ideal adj=RNc[1..size(RNc)-1];

154 | poly £ = RNc[size(RNc)]; // Get input ideal RNc

157 | // Create modular ring

150 | def 1br = ringlist(br);
160 | 1br [1] P;

61 |def rp = ring(lbr);

162 | setring rp;

614 | // Transfer data to modular ring
165 | ideal adj= imap(br,adj);
166 | poly f=imap(br,f);

171 | // Compute rational normal curve map
172 | def R1= mapToRatNormCurve (f, adj);
173 | setring (R1) ;

175 | RNC H
177 | ideal PHI = rncItProj0dd(RNC);

170 | setring rp;

150 | map g=R1,adj[1l..size(adj)];

151 | ideal phCom=g(PHI) ;

152 |def Rn= invertBirMap (phCom, ideal(f));

11 | setring Rn;

186 | psi;

150 | 1ist 1s;

190 |matrix sO[1] [size(psi)];

o1 | for (int k = 1; k <= size(psi); k++) {
192 sO[1, k] = psilk];

193 }

194 1s[1] = s0;

195

108 // Store the matrix in a list

202 | //create the target ring
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205
206
207

208

209

def 1b = ringlist (Rn);
1b[1] = 0;
def RO = ring(1lb);

setring RO;
ideal psi = imap(Rn,psi);
list 1ls=fetch(Rn,ls);

// Prepare output token

token output;

output.fieldnames = list("Lifted_map", "modulus", "numberofprimes", "hash");
output.data[1] =1s; // The lifted map in the new modularized ring
output.data[2] = bigint (p);

output.data [3] int (1) ;

output.data [4] hashresolution(ls);

// Debug: Write final lifted map

// Return the output token
return (output) ;

A.5 Rational Parametrizations

For rational parametrizations of rational normal curves, we use the SINGULAR library paraplanecurves.lib, and
the Petri nets from https://github.com/singular-gpispace /modular.

Listing A.5: Rational Parametrizations

proc modular_invertBirMap(ideal JO, ideal I) {

def Roriginal = basering;
int n = nvars(Roriginal);
int m = size (JO);

// Initialize the graph
list rl = ring_list(Roriginal);

int k;
for(k = 1; k <= n; k++)
' r1[21[k] = "x("+string(k)+")";
foi(k = 1; k <= m; k++)
{ rl1[2] [k+n] = "y ("+string(k)+")";
}

r1[3] = list(list("dp", 1:(n + m)), list("C", 0));
def Rbig0 = ring(rl);

setring RbigO0;

ideal I = fetch(Roriginal, I);

ideal JO = fetch(Roriginal, JO);

ideal mi = maxideal (1);
print ("mi=") ;print (mi);
ideal xv = mil[1..n];
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print ("ideal xv=");print(xv);

ideal yv = mil[n+1..n+m];

print ("m=") ;print(m) ;print ("n=") ;print (n);
print ("ideal yv=");print(yv);

matrix HM[2] [m] = concat (transpose(yv) ,transpose(J0));
ideal graph = sat(I+minor (HM,2),J0) [1];
graph = sat(graph,xv) [1];

intvec Hgraph = hilb(graph,1);
setring Roriginal;
r1[3]= 1list(list("dp",1:n),list("dp",1:m),1list("C",0));
def Rbig = ring(rl);
setring Rbig;
ideal graph = imap(RbigO,graph);
graph = std(graph,Hgraph);
ideal xv = imap(Rbig0,xv);
/*The ideal J defines the image of phix*/
ideal J = graph;
for(k = 1; k <= n; k++)

{

J = subst(J,xv[k],0);

}
J = compress (J);
/*now we start inverting phi to psix*/
matrix relpsi = diff (xv,graph);
for(k = 1; k <= n; k++)

{

relpsi = subst(relpsi,xv[k],0);
}
relpsi = compress(relpsi);

list rl = ring_list(Rbig);

list rl2 = rl[2];

r1[2] = list(rl2[n+1..n+m]);

r1[3]= list(list("dp",1:m),list("C",0));

def Rtarget = ring(rl);

setring Rtarget;

ideal J = imap(Rbig,J);

gqring RtargetmodJ = std(J);

matrix relpsi = imap(Rbig,relpsi);

relpsi = syz(transpose(relpsi));

ideal psi = submat(relpsi,l..nrows(relpsi),1);

setring Rtarget;

ideal psi = imap(RtargetmodJ,psi);

export (J,psi);

int p = printlevel - voice + 3;

dbprint (p,"// ’invertBirMap’ created a ring together with two ideals J and psi
dbprint (p,"// Supposing you typed, say, def RPn = invertBirMap(phi,I);");
dbprint(p,"// you may access the ideals by typing");

dbprint (p,"// setring RPn; J; psi;");

return (Rtarget) ;

//This is for Parameterization for RNC with even dimensional case
proc modular_parametrization_C(token input, token in_prime)
"USAGE: 1iftPhi(token input, token in_prime, token phi); input token
RETURN: a token output containing a free resolution of the input
NOTE: The types token are defined. This procedure is
intended to be called as a transition procedure inside the
workflow."
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94 LIB "paraplanecurves.lib";

95 def RO=basering;

96 int p = in_prime.datal[1l];

o7 def RNC = input.datal[1l];

08 def 1br = ringlist(RO);

lbr [1] = p;

100 def rp = ring(lbr);

101 setring rp;

102 def RNC = imap(RO,RNC);

104 //def I = input.datal[2];

105 def Rc = rncItProjEven(RNC);
106 PHI;

107

108 setring Rc;
109

110

111 CONIC;

112

11:

114

115 setring rp;

120 // Compute inverse birational map

121 def Rn = modular_invertBirMap (PHI, RNC);
122 setring (Rn) ;

123 psi;

127 ideal CONIC=fetch(Rc,CONIC);

129 list 1s;

130 matrix sO[1] [size(psi)];

131 for (int k = 1; k <= size(psi); k++) {
132 sO[1, k] = psilk];

133 }

134 1s[1] = s0;

135 matrix s[1][1];

136 s[1,1]=CONIC;

137 1s[2]=s;

142 //create the target ring

145 def 1b = ringlist(Rn);
146 1b[1] = 0;

147 def R1 = ring(lb);
148 setring R1;

149 ideal psi = imap(Rn,psi);
150 list 1ls=fetch(Rn,ls);

152 // Prepare output token

154 token output;
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155 output.fieldnames = list("Lifted_map", "modulus", "numberofprimes", "hash");
156 output.datal[1] =1s; // The lifted map in the new modularized ring

157 output.data[2] bigint (p);

158 output.data[3] int (1) ;

159 output .data [4] hashresolution(1ls);

161 // Debug: Write final lifted map

164 // Return the output token
165 return (output) ;

171 | This is for Parameterization for RNC with 0dd

173 | proc modular_parametrization_C(token input, token in_prime)

174 "USAGE: 1iftPhi(token input, token in_prime, token phi); input token
175 RETURN: a token output containing a free resolution of the input

176 NOTE: The types token are defined. This procedure is

177 intended to be called as a transition procedure inside the

178 workflow."

7o | {

180 LIB "paraplanecurves.lib";

181 def br = basering;

182 int p = in_prime.datal[1l];

183 def RNC = input.datal[1];

184

185 def 1lbr = ringlist(br);

186 1br [1] = p;

187 def rp = ring(lbr);

188 setring rp;

189 def RNC = imap(br,RNC);

190

191 ideal f=rncItProj0dd (RNC) ;

192

193

194

195 // Compute inverse birational map

196 def Rn = modular_invertBirMap (f, RNC);
197 setring (Rn) ;

198 psi; // Assume ‘psi‘ is computed in Rn as part of the birational map computation.
199

200

201

203 list 1s;

204 matrix sO[1] [size(psi)];

for (int k = 1; k <= size(psi); k++) {
206 sO[1, k] = psil[k];

207 }

208 1s[1] = sO;

216 //create the target ring
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def 1b = ringlist(Rn);
1b[1] = 0;
def RO = ring(lb);

setring RO;
ideal psi = imap(Rn,psi);
list ls=fetch(Rn,ls);

// Prepare output token

token output;

output.fieldnames = list("Lifted_map", "modulus", "numberofprimes", "hash");
output.data[1] =1s; // The lifted map in the new modularized ring
output.data[2] = bigint(p);

output.data [3] int (1) ;

output.data [4] hashresolution(ls);

// Debug: Write final lifted map

// Return the output token
return (output) ;

A.6 Xpnet for Resolutions

This is the xpnet code to implement the iteration over the homological degree to compute resolutions.

Listing A.6: Resolutions XPNet File

<defun name="template">
<!-- Struct definitions -->
<struct name="Std_basis">
<field name="InputGB" type="string"/>
<field name="ngen" type="int"/>
</struct>
<struct name="1lifting">
<field name="lead_Syz" type="string"/>
<field name="1lift" type="string"/>
<field name="leadsyz_count" type="int"/>
</struct>

<in name="base_filename" type="string" place="place_base_filename"/>
<in name="library_name" type="string" place="place_library_name"/>
<in name="input" type="string" place="place_initiate"/>
<out name ="QUTPUT" type ="string" place ="place_list_syzygies"/>

<net >
<place name ="place_initiate" type ="string"/>
<place name ="place_input_GB" type ="string"/>

<place name="place_base_filename" type="string"/>
<place name="place_library_name" type="string"/>
<place name ="place_All_Lead" type ="string"/>

<place name="place_lead" type="string"/>
<place name="place_Tau" type="string"/>
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<place name ="place_Syz" type ="string"/>

<place name ="place_input" type ="string"/>

<place name="place_M" type="unsigned long">
<token><value >300UL</value></token>
</place>

<place name="place_start_pool" type="unsigned long">
</place>
<place name="place_Init_N" type="unsigned long">

<token><value >300UL</value></token>
</place>

<place name="place__Pool" type="unsigned long">

</place>
<place name ="place_StartTime" type ="long"/>
<!-- Transition: StartTime -->
<transition name="StartTransition">
<defun>

<in name="input" type="string"/>
<out name="output" type="string"/>

<out name="start_time" type="long"/>
<module name="singular_template" function="StartTime (input,output,start_time)">
<cinclude href="interface/template_interface.hpp" />
<cinclude href="util-generic/dynamic_linking.hpp"/>
<cinclude href="iostream"/>
<cinclude href="chrono"/>
<code><![CDATA[
auto computation_time = std::chrono::high_resolution_clock::now();
auto duration = computation_time.time_since_epoch();

start_time=
std::chrono::duration_cast<std::chrono::nanoseconds>(duration).count () ;

output=input;

11></code>
</module >
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</defun>
<connect-in port="input" place="place_initiate"/>

<connect-out port="output" place="place_input"/>

<connect-out port="start_time" place="place_StartTime"/>
</transition>

<!-- transition_Init-->

<transition name="Initiate">
<defun>
<require key="worker" mandatory="true"/>

<in name="input" type="string"/>
<out name="output" type="string"/>
<out name ="res" type ="string"/>
<out name ="c" type ="control"/>

<module name="singular_template"
require_function_unloads_without_rest="false"
function="Init(res,c, input, output)">
<cinclude href="interface/template_interface.hpp" />
<cinclude href="util-generic/dynamic_linking.hpp"/>
<code><![CDATA[
output = RESOLVE_INTERFACE_FUNCTION(singular_template_Init)

res=output;
11></code>
</module>
</defun>

<connect-in port="input" place="place_input"/>
<connect-out port="output" place="place_input_GB"/>
<connect-out port="res" place="place_Res"/>
<connect-out port="c" place="place_control"/>

</transition>

<!-- Transition: INIT_Fill In -->
<transition name="INIT_Fill">
<defun>

<out name="outgoing" type="list"/>
<inout name="N" type="unsigned long"/>

(input) ;

<module name="singular_template" function="INIT_Fill(outgoing ,N)">

<cinclude href="interface/template_interface.hpp" />
<cinclude href="util-generic/dynamic_linking.hpp"/>
<cinclude href="iostream"/>

<cinclude href="chrono"/>

<code><![CDATA[
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154 // Fill outgoing with the next batch
155 for (unsigned long k =1; k <= N; k++) {
156 outgoing.emplace_back (k) ;

160 1]1></code>
161 </module>

165 </defun>

167 <connect-in port="N" place="place_Init_N"/>
168 <connect-out port="N" place="place_start_pool"/>

170 <connect-out-many port="outgoing" place="place__Pool"/>

172 </transition>

178 <!-- Transition: StartFill In -->

179 <transition name="Fill">

180 <defun>

181

182 <out name="outgoing" type="list"/>

183 <inout name="N" type="unsigned long"/>

184 <in name="k1" type="unsigned long"/>

185

186 <in name="M" type="unsigned long"/>

187 <in name="k2" type="unsigned long"/>

188 <module name="singular_template" function="Fill_IN(outgoing,k2,N,M,k1)">
189 <cinclude href="interface/template_interface.hpp" />

190 <cinclude href="util-generic/dynamic_linking.hpp"/>
191 <cinclude href="iostream"/>

192 <cinclude href="chrono"/>

193 <code><![CDATA[

195 // Fill outgoing with the next batch

196 for (unsigned long k =N+1; k <= N+M; k++) {
197 outgoing.emplace_back (k) ;

198
199 }

200
201 N=N+M;
203 11></code>

204 </module>

207 <condition>

208 ${k2} :1t: 300UL:and:${k1} :eq: OUL
209 </condition>
210 </defun>

211 <connect -number -of ~tokens port="kl1" place="place_drainage_control"/>

213 <connect-read port="M" place="place_M"/>
214 <connect -number -of ~tokens port="k2" place="place__Pool"/>
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<connect-in port="N" place="place_start_pool"/>
<connect-out port="N" place="place_start_pool"/>

<connect -out-many port="outgoing" place="place__Pool"/>

</transition>

<place name="place_control_All_Lead" type="control">
<token><value>[]</value></token>
</place>
<place name="place_length_Res" type="int">
</place>
<!-- transition_compute-->
<transition name="All_Lead">
<defun>

<require key="worker" mandatory="true"/>

<in name="library_name" type="string"/>
<in name="base_filename" type="string"/>

<out name="QUTPUT" type="list"/>

<in name ="C" type="control"/>
<out name ="counter" type="int"/>
<in name ="init" type ="string"/>

<module name="singular_template"
require_function_unloads_without_rest="false"
function="A1ll_Lead (init, OUTPUT,C, counter,library_name, base_filename)">
<cinclude href="interface/template_interface.hpp" />
<cinclude href="util-generic/dynamic_linking.hpp"/>
<cinclude href="vector"/>
<cinclude href="iostream"/>
<cinclude href ="string"/>
<cinclude href="1list"/>
<cinclude href="numeric"/>
<cinclude href="chrono"/>
<code><![CDATA[

auto start_computation = std::chrono::high_resolution_clock::now();
std::tuple<std::vector<std::string>, int, long> out =

RESOLVE_INTERFACE_FUNCTION( singular_template_ALL_LEAD)

(init ,library_name, base_filename);

std::vector<std::string> vec = std::get<0>(out);
counter = std::get<1>(out);

for(int i (0); i<vec.size(); i++)

{
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277 OUTPUT . emplace_back(vec[i]);

279 }

280

281

282 11></code>

283 </module>

284 </defun>

285 <connect-read port="library_name" place="place_library_name"/>
286 <connect-read port="base_filename" place="place_base_filename"/>
287 <connect-read port="init" place="place_input_GB"/>

288 <connect-in port="C" place="place_control_All_Lead"/>

291 <connect-out port="counter" place="place_length_Res"/>
292 <connect -out-many port="0UTPUT" place="place_All_Lead"/>

206 </transition>

301 | <place name="place_control" type="control">

3 | </place>

304

305

306 <!-- Transition 1: lead -->
307 <transition name="LEADSYZ">

308 <defun>

309 <require key="worker" mandatory="true"/>
310 <in name="library_name" type="string"/>
311 <in name="base_filename" type="string"/>
312 <in name="input" type="string"/>

313 <inout name ="s" type ="control"/>

314 <in name ="len" type="int"/>

317 <out name="0UT" type="list"/>

319 <module name="singular_template"

320 require_function_unloads_without_rest="false"

321 function="leadsyz (input ,s,0UT,library_name ,base_filename ,len)">
322 <cinclude href="interface/template_interface.hpp" />

323 <cinclude href="util-generic/dynamic_linking.hpp"/>

324 <cinclude href="vector"/>

325 <cinclude href="iostream"/>

326 <cinclude href ="string"/>
327 <cinclude href="1list"/>
328 <cinclude href="numeric"/>

329 <cinclude href="chrono"/>
331 <code><![CDATA[

auto computation_time = std::chrono::high_resolution_clock::now();
334 std::tuple<std::vector<std::string>, int, long> out =
RESOLVE_INTERFACE_FUNCTION (singular_template_LEAD)

335 (input, library_name, base_filename) ;
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std::vector<std::string> vec = std::get<0>(out);
int total_generator = std::get<1>(out);

auto end_computation = std::chrono::high_resolution_clock::now();

auto computation_duration =

std::chrono::duration_cast<std::chrono::nanoseconds >(end_computation

- computation_time).count ();

for(int i (0); i<total_generator; i++)

{

OUT.emplace_back (vec[i]);

]1></code>
</module>

<condition>
${len}:gt:1
</condition>

</defun>

<connect-read port="library_name" place="place_library_name"/>
<connect-read port="base_filename" place="place_base_filename"/>
<connect-read port="input" place="place_input_GB"/>

<connect-in port="s" place="place_control"/>

<connect -out-many port="0UT" place="place_lead"/>

<connect-out port="s" place="place_Empty_control"/>
<connect-read port="len" place="place_length_Res"/>

</transition>

<!-- Transition 2: LIFT-->

<transition name="LIFT">
<defun>
<require key="worker" mandatory="true"/>

<in name="needed_library" type="string"/>
<in name="base_filename" type="string"/>

<in name ="lead" type = "string"/>

<in name ="N" type= "unsigned long"/>
<in name ="all_lead" type= "string"/>
<in name ="input_name" type= "string"/>

<out name ="LIFT" type= "list"/>

<module name="singular_template"
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411

412

require_function_unloads_without_rest="false"
function="LIFT(input_name,lead,all_lead,LIFT ,needed_library ,base_filename ,N)"
<cinclude href="interface/template_interface.hpp" />

<cinclude href="util-generic/dynamic_linking.hpp"/>

<cinclude href="vector"/>

<cinclude href="iostream"/>

<cinclude href ="string"/>

<cinclude href="1list"/>

<cinclude href="chrono"/>

<code><![CDATA[
// std::cout << "in singular _PetriNet_.._LIFT" << std::endl;
std::tuple<std::vector<std::string>, int, long> out =

RESOLVE_INTERFACE_FUNCTION (singular_template_LIFT)
(input_name ,all_lead, lead, needed_library, base_filename,N);

std::vector<std::string> vec = std::get<0>(out);
int total_generator = std::get<1>(out);

for(int i (0); i<vec.size(); i++)

{

LIFT.emplace_back(vec[i]);

]1></code>
</module>

<connect-read port="needed_library" place="place_library_name"/>
<connect-read port="base_filename" place="place_base_filename"/>
<connect-read port="input_name" place="place_input_GB"/>
<connect-read port="all_lead" place="place_All_Lead"/>
<connect-in port="lead" place="place_lead"/>

<connect-out-many port="LIFT" place="place_Tau"/>

<connect-in port="N" place="place__Pool"/>

</transition>
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<!-- Transition 4: SubLIFT-->

<transition name="SubLIFT">
<defun>
<require key="worker" mandatory="true"/>

<in name="needed_library" type="string"/>
<in name="base_filename" type="string"/>

<in name ="all_lead" type= "string"/>
<in name ="input_name" type= "string"/>
<in name="place_Tau" type="string"/>
<in name ="N" type= "unsigned long"/>

<out name ="LIFT" type= "list"/>

<module name="singular_template"
require_function_unloads_without_rest="false"
function="SUBLIFT (input_name ,place_Tau,LIFT,all_lead,needed_library,bbase_file
<cinclude href="interface/template_interface.hpp" />
<cinclude href="util-generic/dynamic_linking.hpp"/>
<cinclude href="vector"/>
<cinclude href="iostream"/>
<cinclude href ="string"/>
<cinclude href="1list"/>
<cinclude href="chrono"/>

<code><![CDATA[

// std::cout << "in singular _PetriNet_.._SubLIFT" << std::endl;
std::tuple<std::vector<std::string>, int, long> out =
RESOLVE_INTERFACE_FUNCTION (singular_template_SUBLIFT)

(input_name ,all_lead, place_Tau,needed_library, base_filename,N);

std::vector<std::string> vec = std::get<0>(out);
int total_generator = std::get<1>(out);

for(int i (0); i<vec.size(); i++)

{

LIFT.emplace_back(vec[i]);

]11></code>
</module>
</defun>

<connect-read port="needed_library" place="place_library_name"/>
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<connect-read port="base_filename" place="place_base_filename"/>
<connect-read port="input_name" place="place_input_GB"/>
<connect-read port="all_lead" place="place_All_Lead"/>
<connect-in port="place_Tau" place="place_Tau"/>
<connect -out-many port="LIFT" place="place_Tau"/>

<connect-in port="N" place="place__Pool"/>

</transition>

<place name="place_Add_control" type="control">

</place>

<place name="place_drainage_control" type="control">

</place>

<place name="place_Empty_control" type="control">

</place>
<!-- Transition: Empty -->
<transition name="Empty">
<defun>
<out name ="N" type ="control"/>
<in name ="IN" type ="control"/>
<out name ="drain" type ="control"/>

<in name="k2" type="unsigned long"/>
<in name="k3" type="unsigned long"/>
<in name="k4" type="unsigned long"/>

<module name="singular_template" function="Empty(N,k2,k3,k4,IN,drain)">
<cinclude href="interface/template_interface.hpp" />
<cinclude href="util-generic/dynamic_linking.hpp"/>
<cinclude href="vector"/>
<cinclude href="iostream"/>
<cinclude href ="string"/>
<cinclude href="1list"/>
<cinclude href="chrono"/>
<code><![CDATA[
// std::cout << "Empty:"<<""<< std::endl;

11></code>
</module>

<condition>
${k2} :eq: OUL :and: ${k3} :eq: OUL :and: ${k4} :eq: OUL
</condition>

</defun>
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<connect -number -of ~tokens port="k2" place="place_control"/>
<connect -number -of -~tokens port="k3" place="place_Tau"/>
<connect -number -of ~tokens port="k4" place="place_lead"/>

<connect-in port="IN" place="place_Empty_control"/>
<connect-out port="N" place="place_Add_control"/>
<connect-out port="drain" place="place_drainage_control"/>

</transition>

<!-- Transition: Drainage-->
<transition name="Drainage">
<defun>

<in name ="N" type ="control"/>
<in name ="IN" type ="unsigned long"/>

<module name="singular_template" function="Drainage(N,IN)">
<cinclude href="interface/template_interface.hpp" />
<cinclude href="util-generic/dynamic_linking.hpp"/>
<cinclude href="vector"/>
<cinclude href="iostream"/>
<cinclude href ="string"/>
<cinclude href="1list"/>
<cinclude href="chrono"/>
<code><![CDATA[

11></code>
</module>
</defun>

<connect-in port="IN" place="place__Pool"/>
<connect-read port="N" place="place_drainage_control"/>

</transition>

<place name="place_Add_Enable" type="string"/>

<place name="place_ncores" type="int">
<token><value>6</value></token>

</place>
<l-- Transition: Enable_Add-->
<transition name="Enable_Add">
<defun>
<inout name ="N" type ="unsigned long"/>
<in name ="r" type ="int"/>
<in name ="IN" type ="control"/>
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642 <out name="out" type="list"/>

644 <module name="singular_template" function="Enable(N,IN,r,out)">
645 <cinclude href="interface/template_interface.hpp" />

646 <cinclude href="util-generic/dynamic_linking.hpp"/>

647 <cinclude href="vector"/>

648 <cinclude href="iostream"/>

649 <cinclude href ="string"/>

650 <cinclude href="1list"/>

651 <cinclude href="chrono"/>

652 <code><![CDATA[

654 int n = N / r;
655 int remainder = N % r;
656 // std::vector<std::pair<int, int>> ranges;

658 int start = 1;

659 for (int i = 0; i < r; ++i) {

660 int end = start + n - 1 + (i < remainder ? 1 : 0);

661 std::string range_str = "[" + std::to_string(start) + "," +

std::to_string(end) + "]1";

663 out .push_back (range_str);
664 start = end + 1;

665 }

666 ]]></code>

667 </module>

669 </defun>

673 <connect-in port="IN" place="place_Add_control"/>

674 <connect-read port="r" place="place_ncores"/>

675 <connect -out-many port="out" place="place_Add_Enable"/>
676 <connect-in port="N" place="place_start_pool"/>

678 <connect-out port="N" place="place_nplusN"/>

679

680 </transition>

681

682

683 <place name="place_control_Add_Seq" type="control">
684

685 </place>

686

687 <place name="place_Pool_Add" type="int">

6s0 | </place>
690
601 | <place name="place_startFill_control" type="control">
692 | <token><value>[]</value></token>

603 | </place>

605 | <place name="place_nplusN" type="unsigned long">

606 | </place>

697

698 <!-- Transition: StartFill_Sequential_ADD -->
699 <transition name="Fill_Seq_Add">

700 <defun>

702 <out name="outgoing" type="list"/>
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<in name="N" type="int"/>
<in name="k1" type="control"/>
<in name="n" type="unsigned long"/>
<out name="c" type="control"/>
<module name="singular_template" function="Fill_IN_Add(outgoing ,N,k1l,n,c)">
<cinclude href="interface/template_interface.hpp" />
<cinclude href="util-generic/dynamic_linking.hpp"/>
<cinclude href="iostream"/>
<cinclude href="chrono"/>
<code><![CDATA[

// Fill outgoing with the next batch
for(int k =n+1; k <= n+N; k++) {
outgoing.emplace_back(k);

11></code>
</module>

</defun>

<connect-read port="N" place="place_ncores"/>

<connect-in port ="k1" place="place_startFill_control"/>
<connect-read port="n" place="place_nplusN"/>

<connect-out port="c" place="place_control_Add_Seq"/>
<connect -out-many port="outgoing" place="place_Pool_Add"/>

</transition>

Transition 5: ADD-->

<transition name="Add1">
<defun>
<require key="worker" mandatory="true"/>

<in name="library_name" type="string"/>
<in name="base_filename" type="string"/>
<in name="N" type="int"/>

<in name="range" type="string"/>

<in name="input" type="string"/>

<module name="singular_template"

require_function_unloads_without_rest="false"
function="ADD(library_name, base_filename,input,range,N)">
<cinclude href="interface/template_interface.hpp" />
<cinclude href="util-generic/dynamic_linking.hpp"/>
<cinclude href="iostream"/>
<cinclude href="sstream"/>
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<cinclude href="chrono"/>
<code><![CDATAT[

auto computation_time = std::chrono::high_resolution_clock::now();

int start, end;
char discard;

// Parse single range "[n,n+k]"
std::istringstream range_stream(range);
range_stream >> discard >> start >> discard >> end >> discard;

std::vector<std::pair<int, int>> range_pair = {{start, end}};

auto result =
RESOLVE_INTERFACE_FUNCTION(singular_template_reduce) (input ,{start,
end},N,library_name, base_filename
)
auto end_computation = std::chrono::high_resolution_clock::now();
auto computation_duration =
std::chrono::duration_cast<std::chrono::nanoseconds>(end_computation -
computation_time) .count () ;

auto s = result.first;

11></code>
</module>
</defun>
<connect-read port="library_name" place="place_library_name"/>
<connect-read port="base_filename" place="place_base_filename"/>
<connect-read port="input" place="place_input_GB"/>

<connect-in port="range" place="place_Add_Enable"/>
<connect-in port="N" place="place_Pool_Add"/>

</transition>

<!-- Transition Seq_Add-->
<transition name="Add_seq">
<defun>

<require key="worker" mandatory="true"/>

<in name="library_name" type="string"/>
<in name="base_filename" type="string"/>
<out name="s" type="string"/>
<in name ="N" type ="int"/>
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<in name ="Nplus" type ="unsigned long"/>
<in name="k2" type="unsigned long"/>

<in name="c" type="control"/>

<in name="input" type="string"/>

<module name="singular_template"
require_function_unloads_without_rest="false"
function="ADD_Seq(library_name, base_filename, input,s,N,k2,c,Nplus)">
<cinclude href="interface/template_interface.hpp" />
<cinclude href="util-generic/dynamic_linking.hpp"/>
<cinclude href="iostream"/>
<cinclude href="chrono"/>

<code><![CDATA[

auto computation_time = std::chrono::high_resolution_clock::now();

auto result =
RESOLVE_INTERFACE_FUNCTION(singular_template_ADD_Seq) (input ,N,Nplus,librar]
base_filename
) §
auto end_computation = std::chrono::high_resolution_clock::now();
auto computation_duration =
std::chrono::duration_cast<std::chrono::nanoseconds >(end_computation -
computation_time).count () ;

s = result.first;

]11></code>

</module>
<condition>

${k2} :eq: OUL

</condition>
</defun>

<connect -number -of -tokens port="k2" place="place_Pool_Add"/>
<connect-read port="library_name" place="place_library_name"/>
<connect-read port="base_filename" place="place_base_filename"/>
<connect-read port="input" place="place_input_GB"/>

<connect-in port="Nplus" place="place_nplusN"/>

<connect-read port="N" place="place_ncores"/>

<connect-in port="c" place="place_control_Add_Seq"/>

<connect-out port="s" place="place_Syz"/>

</transition>
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<place name="disable_generate" type="control">

</place>
<!l-- Transition 11: Generate-->
<transition name="Generate">
<defun>

<in name="library_name" type="string"/>
<in name="base_filename" type="string"/>
<inout name="len" type="int"/>
<in name="syz" type="string"/>
<in name="ds" type="control"/>
<in name="res" type="string"/>

<out name="Res" type ="string"/>

<in name="input" type="string"/>

<out name="M" type ="unsigned long"/>
<out name="N" type ="unsigned long"/>
<out name ="Input" type="string"/>
<out name="c" type ="control"/>

<in name="drainage" type ="control"/>
<out name="addFill" type ="control"/>

<module name="singular_template" function="Generate(ds,res,library_name,
base_filename, Res, input,Input,len, c,syz,addFill ,M,N,drainage)">
<cinclude href="interface/template_interface.hpp" />
<cinclude href="util-generic/dynamic_linking.hpp"/>
<cinclude href="iostream"/>
<code><![CDATA[

Res=
RESOLVE_INTERFACE_FUNCTION (singular_template_Generate) (res,syz,library_name,
base_filename
)8
Input=syz;
M=300UL;
N=300UL;
c={};

len=len-1;

11></code>
</module>

</defun>

<connect-read port="library_name" place="place_library_name"/>
<connect-read port="base_filename" place="place_base_filename"/>

<connect-in port="input" place="place_input_GB"/>

<connect-in port="res" place="place_Res"/>

<connect-in port="syz" place="place_Syz"/>

<connect-in port="ds" place="disable_generate"/>

<connect-out port="Input" place="place_input_GB"/>

<connect-out port="c" place="place_control"/>

<connect-out port="Res" place="place_Res"/>

<connect-inout port="len" place="place_length_Res"/>

<connect-out port="addFill" place="place_startFill_control"/>

<connect-out port="M" place="place_M"/>

<connect-out port="N" place="place_Init_N"/>

<connect-in port="drainage" place="place_drainage_control"/>

</transition>
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012 | <place name ="place_Res" type="string"/>

914 | <place name ="place_list_syzygies" type="string"/>
915 | <place name="place_Schres" type="string">
946 </p1ace>

015 | <transition name="Resolution">
949 <defun>

952 <inout name="s" type="string"/>
954 <in name="len" type="int"/>

956 <module name="singular_template" function="resolution(s,len)">
957 <cinclude href="interface/template_interface.hpp" />

958 <cinclude href="util-generic/dynamic_linking.hpp"/>

959 <cinclude href="iostream"/>

960 <code><![CDATA[

961
962
963 ]1></code>
964 </module>

965 <condition>
966 ${1len}:eq:1
967 </condition>
968
969

970
972 </defun>

974 <connect-in port="s" place="place_Res"/>

976 <connect-out port="s" place="place_Schres"/>

978 <connect-in port="len" place="place_length_Res"/>
979
9s0 | </transition>
981

982

984

985 | <!'-— Transition: EndTime -->

9s6 | <transition name="EndTime_Resolutions">

987 <defun>

988 <in name="start_time" type="long"/>

989 <inout name="computed_output" type="string"/>

990
991
992 <module name="singular_template"
function="EndTime_Resolutions (start_time, computed_output)">

993 <cinclude href="interface/template_interface.hpp" />

994 <cinclude href="util-generic/dynamic_linking.hpp"/>

995 <cinclude href="iostream"/>

996 <cinclude href="chrono"/>

997 <code><![CDATA[

998 auto computation_time = std::chrono::high_resolution_clock::now();
999 auto duration = computation_time.time_since_epoch();

1000 long current_time =
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1001

1002

1003

1004

1005

1006

1007

1008

1009

1010

1011

1012

1013

1014

1015

1016

1017

1018

1019

1020

1021

1022

1023

std::chrono::duration_cast<std::chrono::nanoseconds>(duration).count (
auto end_timer = current_time - start_time; // Calculate elapsed time

std::cout << "Res: = " << end_timer << " nanoseconds" << std::endl
11></code>
</module>

</defun>

<connect-in port="start_time" place="place_StartTime"/>
<connect-in port="computed_output" place="place_Syz"/>

<connect-out port="computed_output" place="place_list_syzygies"/>

</transition>

</net>
</defun>
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