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`ba]TvACaITUDPBEk¢D�g�X<VPBC�/T¼F:T�º0KwV,AEKLD/?I^mK<^NHUDP?IHUTUBE?]T�F}�tKLACa£ACaITy^nACG(F:k¹D�g%ACa]Ty\]BEDPoIVPo]K<XLKLACK<T�^OD�g�ºPTUBEk}BWV�BET
TUº/TU?0AE^�9:=@?¢ACaIK<^bAET�
jAf��TN\]BET�^CTU?0A�^nD/uvTNBET�^CG]XLAE^t�taIK<HWa}HUVP?¢o(TND/o:AEVPKL?]T�F�o0k�V�\]\IXLkjK<?]��X<VPBC�/TOF]TUºjK<V�ACK<DP?
ACT�HWa]?]Kw­0G]T�^�AEDyACa]Td^nACGIF]kÂD�g|F:K
��GI^CK<DP?¢\]BEDjHUT�^E^nT�^U9

`ba]T¼oIVP^CK<H¼BET�^CG]X�AOKL?£ACaIK<^+V�BET�VÂK<^Ni:HWa]K<XwF:TUB�� ^fACaITUDPBETUu VPo(D/G:A+X<VPBC�/TÀF:TUºjKwV,AEKLD/?I^fDPg�^EHUV�X<T�FMF:D,�t?
��BCD,�t?IK<VP?�uyDPACK<DP?-9�� K�AEa}ACaIK<^fACa]T�DPBETUuÁDP?]TvHUVP?¹HUV�XwH
GIX<V�ACTNAEa]TÀT�
j\�DP?ITU?0ACKwV�X�F:T�H�V�k�BWV,AET�^bg$D/Bm\]BEDPo �V�oIKLX<K�AEKLT�^OD�g%AEa]Tvg$DPBEu

P (
√
εB ∈ A)

g$DPB
ε ↓ 0

�ta]T�BCT
B
K<^NV���BCD,�t?IK<VP?¹uyD�ACK<DP? V�?IF

A
K<^+V¢^nTUA

D�g�\IV,AEaI^U9Z`ba]Kw^OBCT�^nGIX�A+K<^O�/TU?]T�BEVPXLKw^nT�F}ojk¢ACa]Ty«]BETUKwF:X<KL? � � TU?0A���TUX<X�ACa]T�DPBEk¢ACD�ACa]TyHUV/^nTvD�g�^nACD:HWaIV/^xAEK<HF:K
��T�BCT�?0ACKwV�X|T�­0GIV�ACK<DP?I^+�tKLACa�^Cu�V�X<X|?]DPKw^CTP9-`ba]TyAEa]TUD/BCkMF]T�^EH
BEKLo�T�^+a]D,��^nD/XLG]ACK<DP?I^+DPgbV¢^nACD:HWaIVP^nACKwHF:K
��T�BCT�?0ACKwV�XZT�­0GIV�ACK<DP?�XLK<³PT
dXt = b(X) � dt+

√
ε dBDP?¢V���
:T�F�ACK<uyTNKL?0AETUBEº�VPX

[0; t]
o�TUaIV�º/Tmg$D/B�^nu�VPXLX

ε
9

=@?¹AEa]Ty\]BET�^CTU?0AmAET�
jAN��Ty\]XwVPHUT¼D/G]B+u�V�K<?¹g$D:H
GI^+D/?¹AEa]T�HUVP^CTvD�g�^nACBEDP?]�¢F:BEK�g�ANK<?I^nACT�V/F¹DPg�^CuyVPXLX
?]D/K<^CT��:K©9 T/9]DP?¢^CDPX<G:ACK<DP?I^bDPg�AEa]Td^xAED:HWaIVP^nACKwH+F:K���TUBETU?0AEK<VPXZT�­0GIV,AEKLD/?

dXϑ
t = ϑb(Xϑ) � dt+ dB

g$DPB+XwV�BE�PT
ϑ
9-¡m^nK<?]�¢VÂAEKLuyT�HWaIV�?I�PTÀD/?]T¼H�V�?MACBWV�?I^ng$DPBEuÁACa]T�HUV/^nT¼D�g�^nACBEDP?I��F:BEK�g�ANK<?0ACD�ACa]T�HUV/^nT¼D�g

^CuyVPXLXZ?IDPKw^nT��:o]G:A�G]?:g$D/BnAEG]?IV�ACTUX<kÂAEa]TNBET�^CG]X�AEKL?I�vT�­0GIV,AEKLD/?�Kw^tF:T��(?]T�F�DP?¢VvACK<uyTNKL?0AETUBEº�VPXZ�ta]D/^CT+XLT�?]��AEa
F:T�\(T�?IF]^ODP?}AEa]Tv\IV�BWV�uyT
AETUB

ε
��^CDÂACaITv«IBCT�K<F:X<K<? � � TU?0A��UTUX<X�ACa]T�DPBEk¢H�V�?]?ID�AmT�VP^CKLX<k¢o(TyV�\I\]XLK<T�F}ACDÂAEa]TACK<uyT � HWaIV�?I�PT�F�\]BED:H
T�^E^�9� TN�tKLX<X�F:T�BCK<ºPTdVyXwV�BE�PTNF:T�ºjK<V�ACK<DP?¢BCT�^nGIX�A�g$D/BtACaITdo(T�aIV�ºjKLD/G]BtD�g

Xϑ
t

g$DPB���
jT�F
t
�taITU?

ϑ
o(T�H
DPuyT�^

XwV�BE�PTNojk¢GI^nK<?]�lV�F:K
��T�BCT�?/AmACT�HWa]?]Kw­/GITP9�`ba]Td\]BEDjD�g[GI^CT�^�ACa]TÀg�VPHJAmACaIV�Am��TÀ³j?]D,� ACaIT¼F:T�?I^nKLAxk¢D�g�ACaIT
F:Kw^xAEBCK<o]G:AEKLD/?¹D�g

Xϑ �tKLACa£BCT�^n\�T�H
A�ACDlACa]T�� KLT�?]TUBOuyT�VP^CG]BETdDP?¢AEa]TÀ\(V,ACa£^n\IV/H
TNg$BEDPuÁAEa]TvROK<BE^EV�?ID,º
g$DPBEuÀGIX<VI9]�f^E^nG]uyK<?]�

b = gradΦ
AEa]K<^fF:TU?I^CKLAxklKw^

ϕ = exp
(

ϑF − ϑ2G
)

�tKLACa
F = Φ(0) − Φ(Bt) +

1

2

∫ t

0

∆Φ(Bs) ds

V�?(F
G =

1

2

∫ t

0

b2(Bs) ds.

«]D/BmXwV�BE�PT
ϑ
AEa]TdAETUBEu

ϑF
H�V�?¹o�Tv?]TU�/XLT�HJACT�F¹V�?(F}��T¼HUV�?MGI^nTÀACa]TyV�\I\]BCD�
:K<u�V,ACK<DP?

P (Xϑ
t ∈ A) ≈

E
(

exp(−ϑ2G)1A(Bt)
) 9-`baITvBEK<�Pa0AOa(V�?IF ^nKwF:TyD�g�ACa]Kw^+BETUXwV,ACK<DP? HUVP?£o�T�H
DP?(^nKwF:TUBET�F£VP^+V�c�V�\IX<V/H
T

ACBWV�?(^xg$D/BCu�D�g
G
��ACa]TyXwV�BE�PT¼F]TUºjK<V�ACK<DP?¹o�TUa(V�º0K<DPGIBmDPg

P (Xϑ
t ∈ A)

g$D/B
ϑ → ∞ HUVP?¹o�TvT�
:\]BCT�^C^CT�F

K<?¹ACT�BCu�^mD�g[AEa]TdAWV�K<X � o�TUaIV�ºjK<DPG]BmD�g[AEa]K<^+c�V�\]XwVPHUTNACBWV�?I^ng$DPBEu¢9�¡m^nK<?]��Vl`�V�G]o�TUBEK<VP?}ACaITUDPBETUu���T¼H�V�?
ACBWV�?(^nXwV,AETd­/GIT�^nACK<DP?I^mV�o�DPG:A�AEa]Kw^tAEVPKLX�o(T�aIV�ºjKLD/G]B�K<?0ACDl­0G]T�^xAEKLD/?I^fVPo(D/G:A�ACaITdo(T�aIV�ºjKLD/G]B�DPg�AEa]T¼F]K<^nACBEK �o]G:AEKLD/?¢D�g

G
?]T�V�BbACaITNDPBEKL�/KL?-9

«]D/XLX<D,�tK<?]�lAEa]Kw^+\]BCD/�PBWV�uyuyT¼��TyaIV�ºPT¼ACD¢T�^xAEKLu�V,AET�\]BEDPoIVPo]KLX<KLACK<T�^OD�g�ACa]Tvg$D/BCu
P (G < ε)

g$D/B
^CuyVPXLX

ε
9(`ba]T¼BEVP?IF:DPu º,V�BEK<VPo]XLT

G
Kw^f^Cu�V�X<X��ta]T�?}ACaIT¼��BCD,�t?IK<VP?�uyD�AEKLD/?M^C\(T�?IF]^�uyD0^xAfDPg|ACa]TÀACK<uyT

?]T�V�BmVP?MT�­/GIKLX<KLoIBCK<G]u�\(D/KL?0A+D�g|AEa]TvF]BCKLg�A
b
9Z`�DlT�^xAEKLu�V,AETdAEa]T¼\IBCD/oIV�o]K<X<K�AEKLT�^tg$DPBmACaIK<^OTUº/TU?0Af��T¼a(V�ºPT

ACD}^nACGIF]k}Ax��D¢F:K
��T�BCT�?0AÀVP^C\(T�HJAE^ �Z«�KLBW^xAEXLk���ACa]T�\IBCD:H
T�^C^OaIV/^mACD¢BCT�VPHWaMACa]TyT�­0G]K<X<KLo]BEK<G]u \�DPK<?0A+º/TUBEk
­0G]KwHW³0X<kP9�`ba]Kw^fHUVP?}o(TdACBET�V,AET�F¢�tKLACa}AEa]Tda]T�XL\MD�g%i:HWa]K<X<F]TUB�� ^bAEa]TUD/BCT�u¢9(��?(F¹^nT�H
D/?IF:X<k��ID/?IH
TN?IT�V�BfACa]T
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T�­0G]K<X<KLo]BEK<G]u¶\�DPK<?0A�ACa]TN\IBCD:H
T�^C^ba(VP^bAEDÂ^xAWV�klH
X<D/^CTOACDyACaIK<^f\(D/KL?0A�uyD/^nA�D�g�ACa]TdACK<uvT/9	��T�BCTN��TdHUVP?¢GI^nT
`�V�k0X<DPBmV�\]\]BED�
:KLu�V�ACK<DP?�D�g�ACa]TvF:BEK�g�AmACDÂBETU\]XwVPHUT+ACa]T¼\]BEDjHUT�^E^t�tKLACaMVP?£µmBC?I^nACT�KL? � ¡fa]XLT�?jo(T�HW³l\]BED:H
T�^E^ ��ta]KwHWa�Kw^tu¼GIHWa�T�VP^CKLT�BbACDy��DPBE³��tK�AEa-9

`ba]Tvo]G]K<X<F]KL?]�¢o]X<D:HW³:^fg$D/BOACa]Kw^N\]BEDjD�g�VPBCTvF:TUº/TUX<DP\�T�F F:G]BEKL?]��ACaIT��(BE^nAdHWaIV�\:AETUBW^U9�`ba]T �I?IVPX|BCT �^CG]X�ANV�o�DPG]AfACaIT¼XwV�BE�PTÀF]TUºjK<V�ACK<DP?¹o�TUa(V�º0K<DPGIBmDPg
Xϑ

t

g$DPB+^xAEBCD/?]��F:BEKLg�AOKw^f\IBCT�^nT�?/AET�F¹V/^�AEa]TUD/BCT�u {:9<;�z
ACD/�PTUACa]T�Bt�tK�AEa�Ax��DyH
DPBEDPX<XwV�BEKLT�^U9

`ba]TvACT�
jA+Kw^N^nACBEGIHJAEG]BCT�F£V/^Og$DPX<XLD,��^�9Z`ba]T �IBW^xAdHWaIVP\:ACT�BO�/KLº/T�^+V¢HWaIV�BWVPH
ACT�BCKw^CV�ACK<DP?¹DPg�F:K
��GI^nK<DP?
\]BED:H
T�^E^CT�^fV/^m^CDPX<G:AEKLD/?I^fDPg%^xAED:HWaIVP^nACKwHÀF:K
��TUBETU?0ACKwV�X�T�­0GIV�ACK<DP?I^�9 � Tv�tKLX<X�D/?]X<k¢HUDP?I^CKwF:TUBOT�­0GIV�ACK<DP?I^mD�g
ACaIT+g$DPBEu

dXt = b(Xt) � dt+ σ(Xt) � dBt,�ta]KwHWa£X<T�V/F¹AED}¸¹V�BE³PD,ºjKwV�?¹^CDPX<G:ACK<DP?I^�9Z`ba]T�HWaIV�\]ACTUBN^CG]uyu�V�BEK<^CT�^+^CDPuyTyBCT�^nG]XLAE^+VPo(D/G:A+ACa]T�^nTy\]BED �H
T�^C^CT�^�9
`ba]T�^CT�H
D/?IF HWaIV�\:AETUB+�PK<ºPT�^+V�º/TUBEk¹^naIDPBCA+K<?0ACBED:F:GIHJAEKLD/?£K<?0ACD�ACaIT¼AEa]TUD/BCkMD�g�XwV�BE�PTyF:T�º0KwV,AEKLD/?I^�9

� TÀ\]BET�^CTU?0Af^CDPuyTNACDjD/X<^�g$BCD/u¶AEa]TÀX<K�AETUBWV,AEG]BCT��]�tKLACaM^C\(T�H
KwV�X�TUuy\]aIV/^nKw^�D/?¢ACT�HWaI?]K<­0G]T�^��ta]KwHWa}�tK<XLX�o(T
GI^CT
g$G]X��ta]TU?¹VP\]\]X<KLT�F�ACD�g�VPuyKLX<KLT�^�DPg�F:K
��GI^nK<DP?M\]BCD:HUT�^E^nT�^U9]��T�H�V�GI^CTdF:K
��G(^nK<DP?}\]BED:H
T�^C^CT�^tVPBCTdHUDPuy\]X<T�

DPo]�xT�HJAW^���XwV�BE�PTÀF]TUºjK<V�ACK<DP?£BCT�^nG]XLAE^OHUVP?Mo�T�V�\]\]X<K<T�F¹D/?MF:K
��T�BCT�?0A+X<TUº/TUXw^U9�� Tv�/KLº/TÀBET�^CG]XLAE^OV�o�DPG:AOACa]T
o�TUaIV�ºjK<DPG]BtDPg|^nAEV�ACK<DP?IVPBCk�F:K<^nACBEK<o]G:ACK<DP?(^t�ta]TU?¢AEa]TÀF:BEKLg�Afo(T�H
D/uvT�^�^nACBEDP?]� �]V�o�DPG:AfT�uy\]KLBEKwHUV�X�F:K<^nACBEK<o]G �ACK<DP?(^t�ta]TU?�AEa]TN\]BEDjHUT�^E^bK<^bD/oI^CTUBEºPT�F�D,ºPT�BbXLD/?]�vACK<uvTNK<?0ACT�BCº,V�Xw^ �]V�?IF¢V�o�DPG]AtACa]TN\IV�ACaI^bDPg�AEa]Td\]BED:H
T�^C^
�ta]T�?�AEa]TN?]D/K<^CT+K<^t^Cu�V�X<X'9

·�aIVP\:ACT�Bf_yK<^mF:TUº/D�AET�F�ACDÂVP?}T�
]V�uy\]X<T��IACa]TyµmBC?I^nACT�KL? � ¡fa]XLT�?jo(T�HW³l\]BED:H
T�^E^bKw^tACaIT¼^CDPX<G:ACK<DP?¢D�g�AEa]T^nACD:HWaIVP^nACKwH+F:K
��T�BCT�?/AEK<VPXZT�­0GIV�ACK<DP?
dXt = −αXt � dt+ dBtg$DPBO^nD/uyTN\(D0^nKLACK<ºPTd\(V�BWV�uyT
AETUB

α
9���T�H�V�GI^CTND�g�AEa]T¼^CKLuy\]X<TÀ^nACBEGIHJAEG]BETND�g�ACa]T¼\]BEDjHUT�^E^tKLAfK<^f\(D0^C^CK<o]XLTdACD

HUVPX<HUG]XwV,ACTÀuyV�k�ACaIKL?]�0^fT�
:\]XLKwH
KLACX<k¢a]TUBETP9�� T¼F:T�BCK<ºPTÀVP?¹XwV�BE�PTdF:T�º0KwV,AEKLD/?¹BET�^CG]X�Afg$DPBmACa]T¼o(T�aIV�ºjKLD/G]BfDPg
Xt

g$DPB ��
:T�F
t ∈ 
 �ta]TU?MACa]Tv\IV�BWV�uyTUACTUB

α
o(T�H
DPuyT�^mXwV�BE�PT/9(`ba]Kw^OK<^+V�^nK<uy\]XLK
�IT�FMº/TUBW^nK<DP?}DPg%DPG]B

u�V�K<?¢BCT�^nG]XLA�9
=@?}HWaIV�\]ACTUBtr���TN\]BET�^CTU?0AfV�`�V�G]o�TUBEK<VP?lAEa]TUD/BCT�u¶DPg�T�
j\�DP?ITU?0ACKwV�XZAxkj\�TÀVP^tVP?]D�AEa]TUB�ACDjDPXZAED�DPo:AWV�K<?

XwV�BE�PTNF:TUºjKwV,AEKLD/?}BCT�^nG]XLAE^�9I`ba]TdACa]T�DPBETUu¶\IBCD,ºjKwF:T�^�V�HUDP?]?IT�HJAEKLD/?}o(TUAx��T�TU?�ACaITÀo�TUaIV�ºjK<DPG]BtDPg|VÂ\]BCD/oIV �o]K<XLKLAxk}F:Kw^xAEBCK<o]G:AEKLD/?}?]T�VPB�ACaITÀDPBEK<�PK<?¢VP?IF�ACaIT¼c�VP\]XwVPH
T+AEBEVP?I^ng$DPBEu ?]T�V�B�K<? �I?IK�Axk/9�¡m^nK<?]��AEa]TdAEa]TUD/BCT�u
V�X<X<D,��^�G(^bACD�F:T�F:GIH
TNBET�^CG]XLAE^bX<KL³/T

lim
ε↓0

ε · logP

(∫ t

0

B2
s ds ≤ ε

)

= − t2

8

�ta]T�BCT
B
K<^NV¢��BED,�t?]K<VP?MuyD�AEKLD/?-9-�f^NVP? VP\]\]X<K<H�V,AEKLD/?£��TvF]TUBEKLº/TyV�XwV�BE�PTvF:TUºjKwV,ACK<DP?£ACaITUDPBETUu g$DPB

��BCD,�t?IK<VP?�\(V,ACa(^f�tKLACaM^Cu�V�X<X
L2 � ?]DPBEu¢9(`ba]T¼X<V/^xAf\(V�BCAmD�g[HWaIVP\:ACT�Bfr�F:TUBEKLº/T�^�VlBCT�^nGIX�AmVPo(D/G:AmGI\]\(T�BV�?(FlX<D,��T�BbXLK<uyK�AW^tKL?�AEa]Td`�VPG]o�TUBEK<VP?lAEa]TUD/BCT�u�9

`ba]TdHUTU?0ACBWV�XZ\IVPBnA�DPg�AEa]Kw^tACT�
jAfK<^fHWaIV�\:AETUBf{]9	��T�BCTN��TdH
D/uÀo]K<?]TNu�V�?jkÂBET�^CG]XLAE^bg$BEDPu¶ACa]Td\IBCT�º0K<DPG(^
HWaIVP\:ACT�BE^fACD�F:TUBEKLº/TdAEa]T¼XwV�BE�PT¼F:TUºjKwV,ACK<DP?MBCT�^nG]XLAOg$DPBmACa]Tvo(T�aIV�ºjKLD/G]BfDPg[ACaIT¼T�?IF:\�DPK<?/A+D�g%V�F:K
��G(^nK<DP?
G]?IF]TUBf^nACBEDP?]�yF:BEK�g�A�9]= A�AEBEVP?I^n\IKLBET�^�ACa(V,AfV¼Axkj\]K<H�V�X-\(V,ACa¢G]?(F:TUB�^nACBEDP?]��F:BEKLg�AfV�?IF��tKLACa¢�PK<ºPT�?�T�?IF:\�DPK<?/A
BEG]?I^mACD,�bV�BWF]^fVP?MT�­/GIKLX<KLoIBCK<G]u \�DPK<?/A+D�g%ACa]TyF:BEK�g�Ad­0G]KwHW³0X<k���^nAEV�k:^�AEa]TUBETvG]?0ACK<X|?]T�VPBfAEa]T¼T�?IF¹DPg[ACaIT
ACK<uyTÀK<?0ACTUBEº,V�X �(VP?IF¢DP?]X<k�ACa]T�?¹uyD,ºPT�^f­/GIK<HW³jX<klAEDÂACaITd�PK<ºPT�?}TU?IF:\�DPK<?0A�9�`ba]TÀK<?]KLACKwV�X�V�?IF �(?IV�X�\]KLT�H
T�^
D�g�AEa]TÀ\IV�ACa¹H�V�?}o�TdACBET�V�ACT�F��tKLACa i:HWa]K<X<F:T�B�� ^tAEa]TUD/BCT�u VPo(D/G:Af\IV�ACaj�tK<^CTdXwV�BE�PTdF:T�ºjK<V�ACK<DP?I^bg$D/Bm^EHUVPXLT�F
F:D,�t? ��BED,�t?]KwV�?£uvDPACK<DP?-9Z`ba]TyuyKwF]F:X<T�\]KLT�H
TyD�g�T�VPHWa£\IV,AEa H�V�? o(TvAEBCT�V,ACT�FM�tKLACa£ACaITy`�V�GIo(T�BCKwV�?
ACaITUDPBETUuÁg$BEDPu HWaIVP\:ACT�BfrI9 � TÀ�/KLº/T¼^CTU\IVPBEV�ACTdBET�^CG]XLAE^fg$DPBmACa]TvHUVP^CTÀDPg%V,ACACBWVPHJAEKL?I��F:BEK�g�ANV�?(F¢g$DPBmACa]T
HUV/^nT+DPg�BETU\�TUX<XLK<?]��F:BEK�g�A�9

·�aIVP\:ACT�B+q��PK<ºPT�^mVP?]D�AEa]TUBNVP\]\]X<K<H�V,ACK<DP?£D�g�X<VPBC�/T¼F:T�º0KwV,AEKLD/?MBET�^CG]XLAE^ ��?(V�uyTUX<k}ACD¢F:TUACTUBEuyKL?IT¼AEa]T
T�
:\�DP?]T�?0ACKwV�X�F:T�H�V�k�BWV,AETdg$D/BfAEa]Tv�bV�k/T�^�BEKw^n³¢�ta]T�?£^CTU\IVPBEV�ACK<?]��Ax��D�F:K
��T�BCT�?0Am\]BED:H
T�^E^CT�^�9�ijK<?IHUTÀAEa]T
�bV�kPT�^�BEKw^n³ÂKw^�VyuyT�V/^nGIBCT+D�g�a]D,� H
X<D/^CTmAEa]Td\]BEDPo(V�o]K<XLKLAxklF:Kw^nACBEKLo]G]ACK<DP?I^tDPg�AEa]TNAx��Dv\IBCD:H
T�^C^CT�^tVPBCT��jACa]Kw^
BWV,ACTNF:T�^CHUBCK<o�T�^ba]D,� g�VP^nAb��TNHUVP?��0V�K<?lK<?:g$DPBEu�V,AEKLD/?�VPo(D/G:AtACa]TN\IBCD:H
T�^C^CT�^�ojkÂX<DjDP³jKL?I�vV�AtACa]TN\IV�ACaI^�9

«�KL?(V�X<XLk¹HWaIVP\:ACT�B¼�ÂF]T�^EH
BEKLo�T�^N^CDPuyT¼ACT�HWaI?]K<­0G]T�^+�ta]KwHWa£a]T�XL\ AED�T�
:\(T�BCK<uyTU?0AO�tKLACa*BWV�BET¼T�ºPT�?/AW^
g$DPB+F:K
��G(^nK<DP?£\]BCD:HUT�^E^nT�^�ojk}uyT�V�?(^fDPg�H
D/uv\IG:ACT�BO^CKLu¼G]XwV,ACK<DP?(^U9��£TyF:T�^CHUBCK<o(T¼ACaIT¼s[GIXLT�B � ¸¹V�BEG]k0V�u�VuyT
AEa]D:FMAED}^nK<uÀG]XwV,AET�^nD/XLG:AEKLD/?I^OD�gb^xAEDjHWa(VP^nACKwHvF]K���TUBETU?0ACKwV�X|T�­0GIV,AEKLD/?I^U9�=@?²^CG]oI^CT�­0G]TU?0Ad^CT�HJAEKLD/?I^OD�g
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HWaIVP\:ACT�Bd�Â��TvF:T�^CHUBCK<o�T¼a]D,� ACa]TyK<uv\�DPBCAEVP?IH
Ty^EV�uy\]X<KL?]��uyT
ACaIDjF HUVP?£o�TvGI^nT�F¹AED�T�^xAEKLu�V�ACT�^nu�VPXLX
\]BEDPoIVPo]K<XLKLACK<T�^+V�?(FMa]D,� ACa]TyBETx�xT�HJACK<DP? uyT
AEa]D:F H�V�?£o(T�GI^CT�FMACD}^EV�uy\]X<Tvg$BCD/u H
D/?IF:KLACK<DP?IVPX�F]K<^nACBEK �o]G:AEKLD/?I^O�ta]TUBETdAEa]TyH
DP?(F:K�AEKLD/?¹aIV/^fº/TUBEk�X<D,�´\]BEDPoIVPo]KLX<KLAxkP9�«�K<?IVPXLX<k¢��TvF:T�^EH
BEKLo�TÀaID,� ACa]Tyc�VP?]�PT�º0K<?
uyT
AEa]D:F�H�V�?�o(TNG(^nT�FlAED�^CVPuv\IXLT+\IV�ACaI^tDPg�VyF:K
��G(^nK<DP?¢�tKLACa¢�PK<ºPT�?�T�?IF�\(D/KL?0A�9

`ba]TNAWV�o]X<TÀV�Af\IV��/Tdz/{yT�
:\]X<VPKL?(^�^nD/uyTÀ^nkju¼o(D/X<^�VP?IF}^CDPuyTd?]DPAEV,AEKLD/?}GI^CT�F�ACaIBCD/G]�Pa]D/G:AtACaITdACT�
jA�9
`ba]T�BCT+Kw^tV�Xw^nD�V�?�K<?IF:T�
��ta]KwHWa�uyK<�Pa0A�a]TUX<\�ACD�VPH�H
T�^C^�ACaIT+ACT�
jA�9
=t�tKw^naMACDÂAEaIV�?I³}uÀk}^nGI\(T�BCºjKw^nD/BfY[BED�g$T�^C^CDPB �d9�º�9 � TUK ��^��PHW³/TUB�g$D/BOVPXLX�a]Kw^Oa]TUX<\£VP?IF¹^CG]\]\�DPBCAmK<?

�tBEK�AEKL?]�vAEa]K<^tACT�
jAfVP?IF�¸MV�BCACK<? �mV�K<BCT�Bbg$DPBta]Kw^tVPF:ºjKwH
T/9



q � ����� ����������� ���



� �������	��

�

� ��� �>	 �b��� � �
� � �Á	 	���	

`ba]Kw^tK<?/AEBCD:F:G(HJACD/BCkÂHWa(V�\:AETUBt�tK<XLX�^CG]uyu�V�BEK<^CTN^nD/uyTOBET�^CG]XLAE^tVPo(D/G:AfF:K
��GI^CK<DP?¢\]BEDjHUT�^E^nT�^��j�ta]KwHWa¢��T+�tK<XLX
GI^CTÀXwV,AETUB�9�¸}k}u�VPKL?¹BET
g$T�BCT�?IH
T¼a]TUBETÀKw^mACa]T¼o(DjD/³}D�g[º�9 �£T�K
��^ �/HW³PTUBmV�?IF � KL?]³jX<TUB�� � ��z/~�� 9�µfACa]T�B
GI^CT
g$G]X�BCTUg$TUBETU?IHUT�^tV�BETOACa]TNo�DjDP³:^tDPg��NV�BWV,A���V/^�VP?IF}ija]BETUº/T�� �di:zI;�� �(D�g�=@³/T�F]VyVP?IF � V�AEV�?(V�o�T�� = �� /z�� �
V�?(FlDPg|i0AEBCDjD:HW³ÂV�?(F��[VPBEV/F:aIVP?��Qi��+��z�� 9

`ba]T�BCT�V�BETyu�V�?jk¹�bV�kj^mAED¹HWaIV�BWVPH
ACTUBEKw^nTvF:K���GI^CKLD/?*\]BCD:HUT�^E^nT�^U9�=@? ACa]Kw^+AEa]T�^CK<^d��Ty�tK<XLX[G(^nTyAEa]T
HWaIVPBEV/HJACT�BCKw^EV,ACK<DP?lD�g�VyF:K
��GI^nK<DP?¢\]BED:H
T�^C^bVP^�AEa]Td^CDPX<G:ACK<DP?�D�g�ACa]Td^nACD:HWaIV/^xAEK<HOF:K
��T�BCT�?0ACKwV�X-T�­/G(V,ACK<DP?

dXt = b(Xt) � dt+ σ(Xt) � dBt � ;/9L;� 
g$DPBm^nD/uvTNK<?]KLACKwV�X�º�VPXLGIT

X0 ∈ L1 �I�ta]TUBET B Kw^fV�?
n � F:KLuyT�?I^nK<DP?(V�X-��BCD,�t?IK<VP?�uyD�AEKLD/? � b : 
 d → 
 d K<^^CDPuyTNF:BCKLg�Atg$G]?IH
ACK<DP? �(V�?IF

σ : 
 d → 
 d×n K<^bAEa]TdF:K
��G(^nK<DP?}H
DjT"!�HUKLT�?0A�9`ba]Tdo(VP^CK<HÀBCT�^nG]XLAE^mV�o�DPG:AOT�
:Kw^xAETU?IHUTÀV�?IF¹G]?]Kw­/GITU?]T�^C^mD�g[^CDPX<G:ACK<DP?I^�g$DPBmACa]Kw^mT�­0GIV,AEKLD/? � AEa]TUD/BCT�uy^=#�À9Q8:9 r�V�?IF�=#�À9 _]9<;Og$BCD/u$� = �� Pz��% bV�BET+VP^�g$DPX<X<D,��^��
�d��.j�I�,.j�  '&' )(�*,+"-

b : 
 d → 
 d .0/21 σ : 
 d → 
 d×n 3 +�4�5 / -76 /'8 5 8�9�:;9<. -76 9%=�> -%?@+BADCE5�FG-%?4�5 /H1 6I-J6K5 /
‖σ(x)‖2 + ‖b(x)‖2 ≤ K

(

1 + |x|2
) = 50C .�LIL x ∈ 
 d � ;/9 8M 

= 5�C 9 5�N�+ K > 0 :O.�/H1PL +"- E|X0|2 < ∞ QBR ?S+ / -%?@+T4�5�CUCE+ 9JV 5 /21 6 / A�W�XZY[? .�9\.�9 5 L]8 -76K5 / FG6I-%?
E|Xt|2 <∞ = 5�C .�LIL t ≥ 0 Q

�d��.j�I�,.j�  2&w2�(,*^+"-
b : 
 d → 
 d .�/21 σ : 
 d → 
 d×n 9". -J6 9I=�> -%?@+ = 5 LIL 50FG6 / A L 5_4 .�L *G6 V'9 4`?a6I-Ib4�5 /H1 6I-J6K5 /2cd= 50Ce+"f�+<C > N ∈ g -%?@+"CE+Z6 9e. KN > 0

FG6I-%?
‖σ(x) − σ(y)‖2 + ‖b(x) − b(y)‖2 ≤ KN |x− y|2 = 50Ce+"f�+<C > x, y ∈ KN � ;/9 _d 

F^?@+"CE+
KN

6 9 -I?S+h4 L 5 9 + 1i3�.0LIL FG6I-I?jC .D1 6 8�9 N QkR ?S+ / -I?S+h4�5�CUC`+ 9JV 5 /21 6 / APW�XZYl? .�9h.T8a/ 6Km 8 + 9 -7CE5 / A9 5 L]8 -J6K5 / Q
� TN�tKLX<X�uyD/^nACX<k�HUDP?I^CKwF:TUBbAEa]TÀHUV/^nTN�taITUBET

B
K<^mV

d � F:KLuyT�?I^nK<DP?(V�X���BED,�t?]K<VP?luyD�AEKLD/?}V�?IF σ(x) =
Id
g$DPBOV�X<X

x ∈ 
 d 9I= g�AEa]TU?}g$D/B�T�
]VPuv\IXLT b Kw^��/XLD/oIV�X<X<klc-K<\I^EHWa]K�A����(K'9 TP9IACa]T�BCTdKw^fV c > 0
�tKLACa |b(x) −

b(y)| < c|x− y| g$D/B�V�X<X x, y ∈ 
 d �:AEa]TU?¢��T+aIV�ºPT
‖σ(x)‖2 + ‖b(x)‖2 ≤ 12 +

(

‖b(x) − b(0)‖+ ‖b(0)‖
)2

≤ 1 + 2c2|x− 0|2 + 2b2(0)

≤ max(1 + 2b2(0), 2c2)
(

1 + |x|2
)

V�?(F
‖σ(x) − σ(y)‖2 + ‖b(x) − b(y)‖2 ≤ 0 + |x− y|2g$DPBmV�X<X

x, y ∈ 
 d �IK©9 T/9]T�­0GIV�ACK<DP?I^d;P9Q8¼VP?IF ;P9 _ya]DPXwF¢V�?IF�AEa]TNACaITUDPBETUu�^t�/GIV�BWV�?0AETUTmACa]TdT�
:K<^nACT�?IH
TNDPg�VG]?]Kw­0G]Td^CDPX<G:ACK<DP?�KL?�AEa]K<^tH�VP^CTP9

�
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ijD/uvTUACK<uyT�^bKLA�K<^tG(^nTUg$G]XZACDyBET�^EHUVPXLTNF:K
��G(^nK<DP?¢\]BED:H
T�^E^CT�^�9j`baIK<^ba]T�XL\(^tGI^bg$D/BtT�
]V�uy\]X<T��jAEDyACBWV�?I^C\(D/BnA
F:K
��G(^nK<DP?I^fDP?¢AEKLuyTÀK<?0ACT�BCº,V�Xw^

[0; t]
g$DPBOF:K
��T�BCT�?/Amº�VPXLGIT�^�DPg

t
ACDlVÂHUDPuyuyDP?¹^EV�uy\]X<TÀ^C\IVPHUTP9(`baIK<^mHUV�?o�TdF:DP?]T+�tKLACa�ACaIT+g$DPX<XLD,�tK<?]�yXLT�uyuyVI9

3 .j��� 5} '& � & *^+<-
c > 0 .0/21 X 3 + .\9 5 L]8 -J6K5 / 5 = -%?@+BWaXBY

dX = b(X) � dt+ σ dB.

X�+�
 / +e-%?@+hCE+ 9 4 .0L + 1BV CE5 4�+ 9�9 Y 3<> Yt = Xct/
√
c = 50Ch+<f�+<C > t ≥ 0 : .�/ +<F�� CE50F / 6 .�/ N�5�-J6K5 / B̃3"> B̃t = Bct/

√
c = 50C .�LIL t ≥ 0 .�/H1P.�/ +<F 1 CU6 = -�
O+ L 1�3<> b̃(x) =

√
c · b(√c · x) = 5�C .0LIL x ∈ 
 d Q

R ?@+ / -I?S+ V C`5 4�+ 9`9 Y 9 5 L f�+ 9 -I?S+BW�XZY
dY = b̃(Yt) � dt+ σ dB̃.

)+�,�-��¨ & ��k�ACa]T¼oIVP^CK<HÀ^CH�V�X<KL?]��\IBCD/\(T�BnAxk�D�g[��BCD,�t?]KwV�?¢uyD�AEKLD/?¢ACa]T¼\]BEDjHUT�^E^
B̃
V/^�F:T��I?]T�FMV�o�D,ºPT

Kw^tV���BED,�t?]KwV�?�uvDPACK<DP?-9]«IDPB�VP?0kl\IV�K<BbD�g|^xAEDP\]\]K<?]�vACK<uyT�^
S
V�?(F

T
�tK�AEa

S < T
AEa]T+g$DPX<XLD,�tK<?]�ya]D/X<F]^�9

YT − YS =
1√
c

(

XcT −XcS

)

=
1√
c

(

∫ cT

cS

b(Xt) dt+ σBcT − σBcS

)

c · s = t
=

1√
c

∫ T

S

b(Xcs) c ds+ σ
1√
c
BcT − σ

1√
c
BcS

=

∫ T

S

√
cb(

√
cYs) ds+ σ(B̃T − B̃S).

`ba]Kw^t\]BED,ºPT�^[AEa]TdH
XwV�K<u¢9 � ­0T�F' 
`ba]T+oIV/^nKwHNHWaIV�BWVPH
ACT�BCKw^CV�ACK<DP?ÂDPg�BETUº/TUBW^nK<o]X<TOF]K���GI^CKLD/?I^tKw^�ACa]TNg$D/XLX<D,�tK<?]�vACa]T�DPBETUu �:�ta]KwHWa��/DjT�^boIV/HW³

ACD�VyBET�^CG]XLAbDPg��mDPX<uyDP�PD/BCD,º�90�´F:T
AWV�K<XLT�F�\IBCDjD�g�K<^b�/KLº/TU?�g$DPBtT�
:VPuy\]XLT+K<? � �|D��/z0�"� 9
�d��.j�I�,.j�  '&<�;(l*^+<-

b : 
 d → 
 d 3 +e*;6 V'9 4�?�6I-%bT4�5 / -J6 /S8 5 8�9�: B . � CE50F / 6 .0/ N�5�-J6K5 / FG6I-I?f .�L]8 + 9 6 / 
 d : .�/21 X .\9 5 L 8 -76K5 / 5 = -I?S+BW�XZY
dX = b(X) � dt+ dB

FG6I-%?
X0 ∈ L2 Q R ?S+ / -%?@+ = 5 LIL 50FG6 / A	4`5 /21 6I-76K5 /@9 . CE+ +�m 8 6If .0L + / - c� ��� R ?@+ V CE5_4`+ 9�9 X 6 9 CE+"f�+<C 9 6 3"L +eFG6I-%? 9 - . -76K5 /2. C >�1 6 9 -JCU6 3<8 -J6K5 / µ Q� 6 ��� R ?@+"CE+e6 9e. =�8a/ 4"-76K5 / Φ: 
 d → 
 FG6I-I?

b = −∇Φ : dµ = exp(−2Φ(x)) dx .�/H1
∫

�
d

exp
(

−2Φ(x)
)

dx = 1.

µfg%H
D/G]BW^nTÀACa]TyH
D/?IF:KLACK<DP?
b = − gradΦ

F]T
ACT�BCuyK<?]T�^fACaITv\�D�AETU?0ACKwV�X
Φ
D/?]XLk}GI\¹ACD¢VlHUDP?I^nAEVP?0A�9

ijD}�ta]T�?]TUº/TUB
exp(−2Φ)

K<^NK<?0ACT��PBWV�o]X<T���DP?ITÂHUV�?*VPFIF V�?]D/BCu�VPXLKw^nK<?]�}H
D/?I^nAEV�?0A+ACD
Φ
�ZAED¹HWaIV�?I�PT

exp(−2Φ)
K<?0ACD�Vy\]BEDPoIVPo]K<XLKLAxkÂF:TU?(^nKLAxkP9

`ba]TÀH�VP^CTND�g[F:K
��G(^nK<DP?¹\IBCD:H
T�^C^CT�^b�taITUBETNACa]TvF:BEK�g�AfKw^fVÂ�PBWVPF:K<TU?0AfV�?(F�ACa]TvF:K���GI^CKLD/?¹H
DjT<!ÂHUKLT�?/AmK<^
H
D/?I^nAEV�?0AfKw^mT�^C\(T�H
KwV�X<XLk�T�V/^nk��Io�T�HUVPGI^CTd��T¼HUV�?MT�
:\]X<K<HUK�AEXLk}HUVPX<HUG]XwV,ACTdACa]TvF:TU?I^CKLAxk�DPg|ACa]TvF:K<^nACBEK<o]G:ACK<DP?
D�g�ACaITd\]BEDjHUT�^E^nT�^b�tK�AEa}BCT�^n\�T�H
A�ACD � K<TU?ITUB�uyT�V/^nGIBCT/9I`ba]Tdo]K<�ÂVPF]º�VP?0AEV��/T+D�g�g$DPBEuÀG]XwV � ;/9 r� �o(T�XLD,� K<^ �ACa(V,A�KLAfF:DjT�^b?]DPAfH
DP?0AWV�K<?ÂACaITd^xAEDjHWa(VP^nACKwHmK<?0ACT��PBWV�X�g$BCD/u ACaITÀROKLBW^CVP?]D,ºyg$DPBEuÀGIX<VyV�?jk�uyDPBETP9

3 .j��� 5¹ 2&w¤ & *^+"-
B 3 + . (Ft) �

� CE5�F / 6 .�/ N�5�-J6K5 / .0/21TL +<- X 3 + .T9 5 L]8 -J6K5 / 5 = -%?@+ 9 - 5_4`? .�9 -J6K4
1 6 � +<CE+ / -J6 .�L +�m 8S. -J6K5 /

dXt = b(Xt) � dt+ dBt

X0 = 0.



z

� 8 CU-I?S+<CUN�5�CE+ L +"- Φ: 
 d → 
 3 +e-JF 5T-76IN�+ 9 4�5 / -76 /'8 5 8�9UL]>P1 6 � +<CE+ / -J6 .D3"L +hFG6I-I? b = − gradΦ .�/H1
L +"- b 3 + *;6 V29 4`?a6I-Ib�4�5 / -76 /'8 5 8�9 QOR ?S+ / -%?@+ 1 6 9 -JCU6 3<8 -J6K5 / 5 = X 5 / Ft

? .�9 .P1 + /S9 6I- > ϕt
FG6I-%?	CE+ 9JV +�4"--#5�-I?S+���6K+ / +"CBNT+ .�9U8 CE+ :;1 +�
 / + 1�3">

ϕt(ω) = exp
(

−Φ(ωt) + Φ(ω0) −
∫ t

0

v(ωs) ds
) = 5�C .�LIL ω ∈ C

(

[0;∞), 
 d
) � ;/9 r� 

F^?@+"CE+
v = 1

2

(

(∇Φ)2 − ∆Φ
) : 6 Q + Q = 5�C +"f�+"C > A ∈ Ft

F + ? . f�+

P (X ∈ A) =

∫

A

ϕ(ω) d � (ω).

)+�,�-��¨ & `ba]TlF]TU?I^CK�Axk£D�g L(X)
DP? Ft

K<^dHWa(V�BWVPHJAETUBEK<^CT�FMojk¹ACaITlROKLBW^CVP?]D,º}g$D/BCu¼G]X<V � ^nT�T�TP9 �I9^CT�HJAEKLD/?*;�~]9Q8vD�g � � ��zP~��% J9�`ba]TÀc�KL\(^CHWa]KLA�� � HUDP?0ACK<?jG]KLAxkÂD�g b �PK<ºPT�^�ACa]T¼?]T�HUT�^E^CVPBCklKL?0ACT��PBWV�o]K<X<K�AxklHUDP?IF]K �ACK<DP?(^ � ^CTUT��IT/9 �(9IH
D/BCD/XLXwV�BEKLT�^O;P9<;dV�?IF*;/9 8vDPg � �|D �0z0�"�% J9ZijD���TdDP?]X<kla(V�ºPT+ACD�HWa]T�HW³lACaIV�A ϕt
V/^fF:T��I?]T�F

K<? � ;P9 rd �^EV,ACKw^ �IT�^
ϕt(X) = exp

(

∫ t

0

b(Xs) dXs −
1

2

∫ t

0

b2(Xs) ds
)

.

= A��(� ^�g$D/BCu¼G]XwVÀ�/KLº/T�^

dΦ(X) = gradΦ(X) � dX +
1

2
∆Φ(X) � dt

= −b(X) � dX +
1

2
∆Φ(X) � dt

V�?(Flo�T�H�V�GI^CT+D�g

b(X) � dX − 1

2
b2(X) � dt = −dΦ(X) − 1

2

(

(∇Φ(X))2 − ∆Φ(X)
) � dt

= −dΦ(X) − v(X) � dt
��TO�/T
A

ϕt(X) = exp
(

−Φ(Xt) + Φ(X0) −
∫ t

0

v(Xs) ds
)

= exp
(

∫ t

0

b(Xs) dXs −
1

2

∫ t

0

b2(Xs) ds
)

.

ijDyTUº/TUBEk0ACa]K<?]�yK<^b\IBCD,º/T�FZ9 � ­0T�F' 
½m¾ 5 �²±���.  2&� 2& »¼����&�� 5 ���y�����'¨©� & �fTUBETÀ��TÀaIV�º/T¼^CDPuyTdº/T�HJAEDPB

b ∈ 
 d �tK�AEa b(x) = b
g$DPB+V�X<X

x ∈ 
 d 9�� K�AEa�ACa]TN?]DPAEV�ACK<DP?�g$BCD/u¶X<TUuyu�V�;/9 {¼��T+�PT
A
Φ(x) = −b · x
b(x) = − gradΦ(x) = b

v(x) =
1

2

(

(∇Φ)2 − ∆Φ
)

(x) =
b2

2V�?(F�HUDP?IHUXLGIF]T

ϕt(ω) = exp
(

−Φ(ωt) + Φ(ω0) −
∫ t

0

v(ωs) ds
)

= exp
(

b · (ωt − ω0) −
b2

2
t
)

.

`ba]Kw^�HUV/^nTOKw^tT�^C\(T�H
KwV�X<XLklT�VP^Ck��jo�T�H�V�GI^CT
v
K<^fH
DP?(^xAWV�?0A�V�?IFlACajGI^bAEa]TdF:T�?I^nKLAxkÂKw^tVvg$G]?IH
ACK<DP?¢D�g�DP?]X<k�ACaIT

TU?(F:\(D/KL?0A�DPg�ACaITN\IV,AEa-9



;�~ ������� ��� ����� � �
	�	 � � � ����� � � ��� � � � �

½m¾ 5 �²±���.  2&w2 & �d��.¹�y�,��&���.j�'�-�W������.j���%.j���*±��,�-�/.0&�& & ��TUBETd��TÀaIV�º/T
b(x) = −αx g$D/Bm^CDPuyT

α > 0
9]¡f^CK<?]�yACa]TN?ID�AEV�ACK<DP?�D�g�XLT�uvu�V¢;/9 {¼V��0V�K<? �:��T+�/T
A

Φ(x) =
α

2
x2 − d

4
log

α

π
b(x) = − gradΦ(x) = −αx

v(x) =
1

2

(

(∇Φ)2 − ∆Φ
)

(x) =
1

2
(α2x2 − αd).

`ba]TÀ^nACBWV�?I�PTNH
D/?I^xAWV�?0AtKL?¢AEa]TÀF:T��I?]KLACK<DP?}DPg
Φ
u�V�³/T�^

exp(−2Φ)
Vy\]BCD/oIV�oIKLX<K�Axk�F:TU?(^nKLAxk��]?(V�uyTUX<kÂAEa]T

F:T�?I^nKLAxklDPg�Vv?]D/BCu�VPX-F:K<^nACBEK<o]G:ACK<DP?¢�tKLACa¹HUD,º�VPBCKwV�?(H
Tfu�V�ACBEK�

1/2α · I 9I`ba]TN\]BED:H
T�^E^tH
D/BCBET�^C\�DP?IF:K<?]�¼ACDACaIK<^�F]BCKLg�A�K<^bBETUº/TUBW^nK<o]X<TOVP?IF�aIVP^�Vy^nAEV�ACK<DP?IVPBCkÂF:Kw^nACBEKLo]G]ACK<DP?
µ
9I`ba]TNX<TUuyu�V¼�/KLº/T�^�ACaITdF:TU?I^CKLAxk

ϕt(ω) = exp
(

−α
2

(ω2
t − ω2

0 − t · d) − α2

2

∫ t

0

ω2
s ds

)

.



� �������	��
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� � ��� � � ��� � � �	�b� �>	

=@?¹AEa]Kw^mHWaIVP\:ACT�Bm=f��VP?/AfACD�BCT�º0K<TU�´^CDPuyTdAEDjDPXw^����ta]KwHWa£V�BETÀV�º,V�K<XwV�o]X<TNACD¢^nACGIF:k¢XwV�BE�PTÀF]TUºjK<V�ACK<DP?I^mD�g
F:K
��G(^nK<DP?£\]BCD:HUT�^E^nT�^U9�¸}k}u�V�K<?£^CDPG]BWH
T¼a]TUBETÀKw^mACa]Tyo�DjDP³¢D�g�emTUu¼o(D¢V�?(F	��T�K�AEDPG]?]K � e
�ZzP �� 9�µfACa]T�B
GI^CT
g$G]X�BCTUg$TUBETU?IHUT�^�KL?(H
X<GIF:T+ACaITNo(DjDP³:^bDPg�emTUGI^EHWa]T�X-V�?IF¢i0ACBEDjD:HW³ � e+i: /z���V�?(F�F]TU? ��DPX<XwV�?IF:T�Be� �fDPXw~P~�� 9

�
��� �����������������! "�#�
`ba]Kw^m^CT�H
ACK<DP?}g$D/BCu¼G]XwV,ACT�^bACaIT¼oIV/^nKwHNXwV�BE�PTÀF]TUºjK<V�ACK<DP?}\]BEK<?IH
K<\]X<T¼V�?(F}�PK<ºPT�^tACaITÀoIV/^nKwHdF:T��I?]KLACK<DP?-9Z«]D/B
F:TUAEV�K<Xw^t^nT�TmAEa]TNBET
g$TUBETU?(H
T�^b�/KLº/TU?�V�o�D,ºPTP9

! .%$����$���'�(� 2)&' '& � � 5 ��.¢¨ ������������� Kw^mVyg$GI?IHJAEKLD/?
I : X → [0;∞]

DP?¹V �mV�GI^EF:DPB��MAEDP\�DPX<DP�/K<H�V�X
^C\IVPHUT X ���ta]K<HWaMK<^fXLD,��TUBf^CTUuyK � HUDP?0ACK<?jG]DPG(^��(K'9 TP9(�ta]TUBET¼VPXLX�ACa]T¼XLT�ºPTUX�^nTUAE^ {x ∈ X | I(x) ≤ c } g$DPB
c ≥ 0

VPBCTNH
X<D/^CT�FlKL? X 9�� BEV�ACTOg$G]?IH
ACK<DP? I : X → [0;∞]
K<^tH�V�X<XLT�F�V 6��-�-� � 5 ��.�¨ ������������� �:KLg[V�X<X�ACa]T

X<TUºPT�X-^nTUAE^ {x ∈ X | I(x) ≤ c } g$DPB c ≥ 0
V�BET+H
DPuy\IV/HJAtK<? X 9

=@?}AEa]K<^mAET�
jAmAEa]T�^n\(VPH
T X �tK<XLX�Axkj\]KwHUVPXLX<k¢o(TvTUKLACa]T�BfAEa]Tys[GIHUXLKwF:T�VP?£^C\IVPHUT 
 n D/BOVl\IV,AEa£^C\IVPHUTX<KL³/T
C
(

[0;∞), 
 d
) 9

! .%$����$���'�(� 2 &w2 & ��g�VPuvK<X<k
(µε)ε>0

D�gb\]BEDPoIVPo]KLX<KLAxk}uvT�VP^CG]BET�^+DP?²V �fVPGI^EF:DPB��²ACD/\(D/XLD/�PKwHUV�X
^C\IVPHUT X Kw^d^EV,ACKw^ �IT�^mACaIT � 5 �,6�.M��./7-� 5 ���'�(��±��,�����P��±��'. � D/Bd^na]D/BnAETUB ��ACa]TÂc�efY� N�tK�AEa BWV,AETvg$G]?IH �ACK<DP?

I : X → [0;∞]
�:KLg�AEa]T+g$DPX<XLD,�tK<?]�vAx��DvT�^xAEKLu�V�ACT�^baIDPXwF �

lim sup
ε↓0

ε logµε(A) ≤ − inf
x∈A

I(x) � 8]9L;� 
g$DPBtT�ºPT�BCkÂHUXLD0^nT�F�^CT
A

A ⊆ X VP?IF
lim inf

ε↓0
ε logµε(O) ≥ − inf

x∈O
I(x) � 8]9 8M 

g$DPBtT�ºPT�BCk�D/\(T�?¢^CT
A
O ⊆ X 9

ijD/uvTUACK<uyT�^tKLAfKw^fF:K !ÂH
G]XLA�ACDlDPo:AWV�K<?¢Vvg$GIXLX�c�emY�VP^�F]T�^EH
BEKLo�T�F¢K<?¢ACa]T¼F:T��I?IK�AEKLD/? �Io]G]AfK�AmK<^f\(D0^C^CK �o]X<T+ACDy�PTUA�Vy��T�V�³Âc�emY�9
! .%$����$���'�(� 2)& � & = g[ACaIT¼G]\I\(T�BOo�DPGI?IF¹K<?£F:T��I?]KLACK<DP?*8:9Q8�DP?IXLk¢a]D/X<F]^fg$DPBNVPXLX�H
D/uv\(VPHJA � K<?I^nACT�V/FD�g[VPXLX�H
X<D/^CT�FS �^nTUAE^ �]ACaITU?}AEa]Tdg�VPuvK<X<k

(µε)ε>0
^EV,AEK<^ �IT�^�ACa]T ¥À. 5 ��� 5 ��6�.���.07-� 5 ��������±��,�����P��±��'. � DPB^Ca]DPBCA �jAEa]TN��T�V�³Âc�efY� 
9

� ��T�V�³¹c�emY HUV�?£o(T�^nACBETU?]�PACa]T�?]T�F¹ACD¢VÂg$GIXLX[c�efY �tKLACa£ACa]Tya]T�XL\£D�g%AEa]Tvg$DPX<XLD,�tK<?]��c-TUuyu�V��
�ta]KwHWa�Kw^�VyF:K<BCT�HJA�H
D/?I^CT�­0G]TU?(H
T+D�g�XLT�uyuyV�;/9 8]9L;� ÀK<? � e&��zP ��©9

;P;



;�8 ����� � ��� ��� ��� � ����� � ��� �
� ��� ��� �

! .%$����$���'�(� 2 &L�^& � g�VPuvK<X<k
(µε)ε>0

D�gt\]BEDPo(V�o]K<XLKLAxk¹uyT�V/^nGIBCT�^NDP?²V �fVPGI^EF:DPB���ACD/\(D/XLD/�PKwHUVPX
^C\IVPHUT X Kw^ .0¾Z±%�(��.j����� 5 ����°M���'6(��� KLg�g$DPBtTUº/TUBEk

α > 0
AEa]TUBETNT�
:Kw^xAW^tVvHUDPuy\IV/HJA�^nTUA

K ⊆ X �tK�AEa
lim sup

ε↓0
ε logµε(X \K) < −α.

3 .j��� 5�2 &� 2&^*,+"-
(µε)ε>0

3 + .0/ +	� V 5 / + / -76 .0LIL]> -76 A�?�- =<. N�6 L]> 5 =�V CE5 3`.M3 6 L 6I- > N�+ .�9U8 CE+ 9 Q�
 = -I?S+8_VDV +"C 3 5 8a/H1 � 8:9<;_ ?S5 L 1�9;= 50C .0LIL 4`50N VS. 4"- 9 +"- 9�: -I?S+ / 6I- .0L 9 5h?@5 L 1�9G= 5�C .�LIL 4 L 5 9 + 1�9 +"- 9 Q
�
� � ��
 ��
 ������� �  ���  �����
��
`ba]T�BCTÂVPBCTyu�V�?jk}AED0D/X<^ �-�ta]KwHWa²V�BETyGI^nTUg$G]X[K<?*ACa]TÂVPBCT�V�D�gbX<VPBC�/TvF:T�ºjK<V�ACK<DP?I^ ��V�?(F£�taIK<HWa²HUVP?£o�T
g$DPBEuÀGIX<V�ACT�F£�tKLACa]D/G:A¼H
D/?I^CK<F:T�BCK<?]�}V¢^n\�T�HUK���Hy\]BCD/o]X<TUu¢9�¸}D0^xAdDPg�AEa]T�BCT�^nGIX�AW^Na]TUBET�a]T�XL\ ACD}G(^nTÂV
T�
:\�DP?]T�?0ACKwV�XZBWV,ACT+�ta]KwHWa�K<^�VPXLBET�V/F:k�³j?]D,�t? �:ojklH�V�BEBCkjK<?]�¼KLA�D,ºPT�B%AEDÂVyF:K���TUBETU?0Af^CK�AEGIV,AEKLD/?-9

`ba]T+g$D/XLX<D,�tKL?I���jg$BET�­0G]TU?0AEXLk�GI^nT�F}c-T�uvu�V�^Ca]D,��^�ACa(V,AtACaITdT�
:\�DP?]T�?/AEK<VPX-BWV,ACTNDPg�V�^CG]u K<^[�xGI^xAfACa]T
u�V 
:K<uÀG]u DPg�AEa]TNK<?IF:K<º0KwF:GIVPXZBEV�ACT�^U9

3 .j��� 5�2)&�2)& � 5�C .�/S> =<. N�6 L]> 5 = 
 / 6I-#+ L]> N .�/S>O=�8a/ 4"-76K5 /@9 f1, . . . , fn : 
 +→ 
 +

F + ? . f�+

lim inf
ε↓0

ε log
(

n
∑

k=1

fk(ε)
)

≥ max
k=1,...,n

(

lim inf
ε↓0

ε log fk(ε)
)

.�/H1

lim sup
ε↓0

ε log
(

n
∑

k=1

fk(ε)
)

= max
k=1,...,n

(

lim sup
ε↓0

ε log fk(ε)
)

.

� DPACTOACaITdVP^Ck0uyuyT
AEBCklo(TUAx��T�TU?�ACa]T ≥ V�?IF�ACaIT
=
^nK<�P?�9:= A�K<^tT�VP^CkyACDÂHUDP?I^nACBEGIHJAtT�
:VPuy\]XLT�^��:�taITUBETVÂ^nACBEK<H
AfK<?]T�­0GIVPXLKLAxk�aIDPXwF]^�g$D/B�AEa]T �IBW^xA+HUV/^nT/9I`ba]TÀ?IT�
jAmX<TUuyu�V�K<XLX<GI^nACBWV,ACT�^tAx��Dl^C\(T�H
KwV�X�H�VP^CT��(�ta]TUBET

��TOa(V�ºPT+T�­0GIVPXLKLAxkyg$DPBto�D�AEa�o�DPGI?IF]^�9
3 .j��� 5£2)& � & *^+<-

f, g : 
 + → 
 +
3 +�-7F 5 =�8a/ 4<-J6K5 /S9T.�/H1 .�9�9U8 N�+T-I? . - +"6I-%?@+"C�5 / +P5 =-%?@+�-JF 5 4`5 /21 6I-76K5 /@9 lim supε↓0 ε log g(ε) ≤ lim infε↓0 ε log f(ε)

50C
lim supε↓0 ε log g(ε) <

lim infε↓0 ε log
(

f(ε) + g(ε)
) ?@5 L 1�9 Q R ?@+ / F + ? . f�+
lim inf

ε↓0
ε log

(

f(ε) + g(ε)
)

= lim inf
ε↓0

ε log f(ε)

.�/H1
lim sup

ε↓0
ε log

(

f(ε) + g(ε)
)

= lim sup
ε↓0

ε log f(ε).

)+�,�-��¨ � VM 
9-«�K<BW^xAdVP^E^CG]uyT lim supε↓0 ε log g(ε) ≤ lim infε↓0 ε log f(ε)
9-«]BEDPu X<TUuyu�V}8:9Q8Â��T

³j?]D,�
lim infε↓0 ε log

(

f(ε) + g(ε)
)

≥ lim infε↓0 ε log f(ε)
9�µm?£ACa]T�DPACa]T�BNaIV�?IFMg$DPBNT�ºPT�BCk

c >
lim infε↓0 ε log f(ε)

V�?IF�TUº/TUBEk
E > 0

��T �I?IF}VP?
ε < E

�tKLACa
f(ε) < exp(c/ε)

V�?(F �]ojklHWa]DjD/^CK<?]�
ε^CGa!ÂH
K<TU?0ACX<kl^CuyVPXLX �IVPX<^CD¼�tKLACa

g(ε) < exp(c/ε)
9Ii:Dv��TdHUVP?�HUDP?IHUXLG(F:T

lim inf
ε↓0

ε log
(

f(ε) + g(ε)
)

≤ lim inf
ε↓0

ε log
(

2 exp(c/ε)
)

= c

g$DPBmV�X<X
c > lim infε↓0 ε log f(ε)

9(`ba]Kw^�\IBCD,º/T�^�ACaIT �IBW^xAmHUX<VPKLu¢9�`ba]TÀ^CT�H
D/?IF¢H
XwV�K<u Kw^fV�F]KLBET�H
AmH
D/?I^nT �­0G]TU?(H
T+D�g�XLT�uyuyV�8]9 8]9
� o2 � D,�
V/^C^CG]uyT lim supε↓0 ε log g(ε) < lim infε↓0 ε log

(

f(ε) + g(ε)
) V�?(F�HWa]DjD0^nTNV

c ∈ 
 �tK�AEa
lim sup

ε↓0
ε log g(ε) < c < lim inf

ε↓0
ε log

(

f(ε) + g(ε)
)

.
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`ba]T�?¢ACa]T�BCTdT�
:K<^nAE^mV�?
E > 0

^nGIHWa�AEaIV,Amg$DPB�T�ºPTUBEk
ε < E

��TdaIV�º/TNo(DPACa
f(ε) + g(ε) > 2 exp(c/ε)V�?(F

g(ε) < exp(c/ε)
9�·�DP?(^nT�­/GITU?0ACX<k¹��T �I?IF

f(ε) > exp(c/ε)
g$D/BdV�X<X

ε < E
V�?IF£AEa0G(^+ACa]TX<D,��T�BNXLK<uyK�A¼^EV,AEK<^ �IT�^

lim infε↓0 ε log f(ε) ≥ c
g$DPBdV�X<X

c < lim infε↓0 ε log
(

f(ε) + g(ε)
) 9�`ba]K<^

\]BED,ºPT�^
lim infε↓0 ε log

(

f(ε) + g(ε)
)

≤ lim infε↓0 ε log f(ε)
V�?IF¢VP�/V�K<?��tK�AEa�AEa]T �IBW^nAbT�^xAEKLu�V�ACT+g$BEDPu

X<TUuyu�Vy8]9 8¼��T+�PT
AtAEa]TNT�­0GIVPXLKLAxk�g$D/BbACa]T+X<D,��T�B�o�DPGI?IF]^�9
«]BEDPu¶ACa]Tv^nT�H
D/?IF�\IV�BCAfD�g|X<TUuyu�Vl8:9Q8v��Td³j?]D,� AEaIV,AmACa]TÀBEV�ACT+g$DPBfACa]Tv^nGIu Kw^tAEa]Tdu�V 
:K<uÀG]uÁD�g

ACaITNKL?IF]KLºjKwF:GIV�X�BEV�ACTP9:��T�H�V�GI^CT+D�g
lim sup

ε↓0
ε log g(ε) < lim inf

ε↓0
ε log

(

f(ε) + g(ε)
)

≤ lim sup
ε↓0

ε log
(

f(ε) + g(ε)
)

ACaITNuyV 
:KLu¼G]u uÀG(^xAtAEa]TU?¢o�TdV,AnAWV�K<?]T�Flg$DPB
lim supε↓0 ε log f(ε)

9]`baIK<^�HUDPuy\]X<T
AET�^�ACaITN\]BCDjDPgx9
� ­0T�F' 

«]D/B�g$G:ACG]BETNBET
g$TUBETU?(H
T+��TN^nAEV�ACT+ACaITmg$D/XLX<D,�tK<?]�yoIVP^CK<HOT�^xAEKLu�V,AETP9
3 .j��� 5�2)&<�,& *^+<-

c1, . . . , cn ∈ 
iQ R ?@+ /
c21
α1

+ · · · + c2n
αn

≥ (c1 + · · · + cn)2
∑n

k=1 αk

= 5�C .0LIL α1, . . . , αn > 0 .�/H1 +�m 8S.�L 6I- > ?@5 L 1�9 6 = .0/21 5 /SL]> 6 = -I?S+<CE+h6 9h. λ ∈ 
 FG6I-%?
λαk = ck

= 50C
k = 1, . . . , n Q

)+�,�-��¨ & c-TUA
a =

∑n
k=1 αk

�
pk = αk/a

�IV�?IF
dk = ck/pk

g$DPB
k = 1, . . . , n

9I`ba]T�? ∑n
k=1 pk = 1V�?(F � TU?I^CTU?�� ^bK<?]T�­0GIVPXLKLAxkÂ�/KLº/T�^

n
∑

k=1

c2k
pk

=

n
∑

k=1

pkd
2
k ≥

(

n
∑

k=1

pkdk

)2

=
(

n
∑

k=1

ck

)2 � 8]9 _d 
�ta]T�BCT+T�­0GIVPXLKLAxkÂa]D/X<FI^bDP?]X<k�g$DPB

d1 = · · · = dn
9IemKLºjKwF:KL?I� � 8]9 _d %ojk a \]BCD,º/T�^�ACaITdH
XwV�K<u�9 � ­0T�FS 

� BET�^CG]XLAm^CDPuyTU�taIV�AO^CKLuyK<X<VPB�AEDlX<TUuyu�V�8:9Q8yKw^�AEa]Tdg$D/XLX<D,�tK<?]�I9(= Am�PK<ºPT�^fVP?¹G]\]\�TUBOo(D/G]?IF¢g$D/BfAEa]T
T�
:\�DP?]T�?0ACKwV�XZBWV,ACT+DPg�Vy\]BED:F:GIHJA�9

3 .j��� 5�2 &w¤ & *^+"-
f1, . . . , fn : 
 + → 
 +

.0/21 lim supε↓0 ε log fk(ε) = −c2k = 5�C k = 1, . . . , n Q*^+<-
α1, . . . , αk > 0 QOR ?@+ / -I?S+ = 5 LIL 5�FG6 / A	+ 9 -J6IN . -#+ ?@5 L 1�9"c

lim sup
ε↓0

ε log

n
∏

k=1

fk(αkε) ≤ −
(
∑n

k=1 ck
)2

∑n
k=1 αk

.

)+�,�-��¨ & `�V�³jKL?I�ÀAEa]TN\]BEDjF]GIHJA�D/G:AtD�g�ACa]TNX<DP�0V�BEK�AEa]u ��T �I?(F

lim sup
ε↓0

ε log

n
∏

k=1

fk(αkε) ≤
n
∑

k=1

lim sup
ε↓0

ε log fk(αkε)

=

n
∑

k=1

1

αk
lim sup

ε↓0
ε log fk(ε)

= −
n
∑

k=1

1

αk
c2k.

��\I\]XLkjK<?]�yACaITNT�^nACK<uyV�ACTOg$BEDPu X<TUuyu�VÂ8:9 r¼\IBCD,º/T�^�ACa]TdHUX<VPKLu¢9 � ­0T�F' 
`ba]Tvg$DPX<X<D,�tKL?]�¢X<TUuyu�V¢�tKLX<X|AEG]BC?*D/G:A+ACD}o�T�ºPTUBEk¹GI^CT
g$GIX|g$DPBN\]BED,ºjKL?I��G]\I\(T�BdX<VPBC�/TvF]TUºjK<V�ACK<DP?

o�DPG]?IFI^U9(= Ama]T�XL\I^�ACDÂ^C\]X<K�A+V�?}G]\]\�TUBmo(D/G]?IF¢K<?0ACDlV �(?]K�AETd?jG]uÀo�TUBmD�g[HUV/^nT�^��I�ta]K<HWa}K<?¢ACGIBC?}a]T�XL\(^tACD
V�\I\]XLklXLT�uvu�VÂ8]9 8]9j`baIK<^bAEBCKwHW³ÂKw^bKLX<X<GI^xAEBEV�ACT�F�ojk�AEa]TN\]BEDjD�g�DPg�\]BEDP\�D/^CKLACK<DP?}8:9 �No�TUX<D,�N9
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3 .j��� 5�2)&w® & � 5�Ce+ . 4`? δ > 0
-%?@+"CE+Z6 9e. 
 / 6I-#+ 9 +"- Dδ

n ⊆
{

α ∈ 
 n
≥0

∣

∣ α1 + · · · + αn = 1 + δ
}

FG6I-%?
{

(ε1, . . . , εn) ∈ 
 n
≥0

∣

∣ ε1 + · · · + εn ≤ ε
}

⊆
⋃

α∈Dδ
n

{

(ε1, . . . , εn) ∈ 
 n
≥0

∣

∣ εj ≤ αjε
= 50C j = 1, . . . , n

}

= 5�C .0LIL ε > 0 Q
)+�,�-��¨ & c-TUA

δ > 0
9]��T�H�V�GI^CTOACa]Td^CKLuy\]X<T�
�K<^�HUDPuy\IV/HJA �jAEa]TdH
D,º/TUBEKL?I�

{

(x1, . . . , xn) ∈ 
 n
≥0

∣

∣ x1 + · · · + xn ≤ 1
}

⊆
⋃

α∈ � n
≥0

‖α‖1=1+δ

{

(x1, . . . , xn) ∈ 
 n
≥0

∣

∣ xj < αj
g$D/B

j = 1, . . . , n
}

HUVP?¹o�T¼BET�F:G(H
T�F}ACD�V �I?]KLACTvDP?]T/9�i:Dl��T¼HUVP?MHWa]DjD/^CTÀV �I?]KLACTy^nTUA
Dδ

n

^nG(HWa}ACaIV�AmAEa]TvKL?IHUXLG(^nK<DP?M^nACK<X<X
a]D/X<F]^f�ta]TU?¢AEa]TdG]?IKLD/?¹K<^fDP?]X<kÂAWV�³/TU?}D,ºPT�B

α ∈ Dδ
n

9(¸¹G]X�AEKL\IXLkjK<?]�lo�D�AEa¹^nKwF:T�^f�tK�AEa
ε > 0

�/KLº/T�^bAEa]TH
XwV�K<u¢9 � ­0T�F' 
c-T�uyuyVÂ8]9 {¼Kw^tGI^CT
g$G]X �IKLg|DP?]TdH�V�?�T�
:\]X<DPKLAm^CDPuyT+³0K<?IF¢DPg�K<?IF:T�\(T�?IF:TU?(H
TÀ^nACBEGIHJAEG]BETP9I`ba]T+g$D/XLX<D,�tK<?]�

\]BEDP\�D/^CK�AEKLD/?¢g$T�V�ACG]BET�^mV�oIVP^CKwHdV�\]\IXLKwHUV�ACK<DP?}�ta]KwHWaM^Ca]D,��^tAEa]TÀu�VPHWaIKL?]T�BCk�V,AO��D/BC³�9]=@?MHWa(V�\:AETUBO{���T
�tK<XLX-G(^nTOACaIK<^tKwF:T�V¼K<?}VvuvD/BCTNHUDPuy\]X<K<H�V,ACT�F�^CKLACGIV�ACK<DP?-9

)+�,�I±��(&��$������� 2 & 1 &,*,+"-
X1, . . . , Xn

3 +Z6 /H1 + V + /21 + / - :'V 5 9 6I-76If�+eC .0/21 5�N f . CU6 .M3<L + 9 FG6I-I?
lim sup

ε↓0
ε logP

(

Xk ≤ ε
)

= −c2k

.�/H1
lim inf

ε↓0
ε logP

(

Xk ≤ ε
)

= −b2k
F^?@+"CE+

bk, ck ≥ 0 = 50C k = 1, . . . , n Q�R ?@+ / F + ? . f�+
lim sup

ε↓0
ε logP

(

X1 + · · · +Xn ≤ ε
)

≤ −(c1 + · · · + cn)2.

.�/H1
lim inf

ε↓0
ε logP

(

X1 + · · · +Xn ≤ ε
)

≥ −(b1 + · · · + bn)2.

)+�,�-��¨ & c-TUA
δ > 0

VP?IF
Dδ

n

V/^bKL?¢X<TUuyu�Vy8]9 qI9]`ba]Kw^t�PK<ºPT�^

P
(

X1 + · · · +Xn ≤ ε
)

≤
∑

α∈Dδ
n

P
(

X1 ≤ α1ε, . . . , Xk ≤ αkε
)

.

«]D/BbACa]TÀKL?IF]KLºjKwF:GIV�X�ACT�BCu�^t��TdHUVP?�G(^nTNX<TUuyu�VÂ8:9Q{:9Ic�T
A
lim supε↓0 ε logP

(

Xk ≤ ε
)

= −c2k
�tKLACa

ck ≥ 0
9I`ba]TU?���TN�PT
A

lim sup
ε↓0

ε logP
(

X1 ≤ α1ε, . . . , Xk ≤ αkε
)

= lim sup
ε↓0

ε log

n
∏

k=1

P
(

Xk ≤ αkε
)

≤ − (c1 + · · · + cn)2

1 + δ
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g$DPBtT�ºPT�BCk
α ∈ Dδ

n

9I¡m^nK<?]�yXLT�uyuyVÂ8]9 8À��TdH
DP?(H
X<GIF:T
lim sup

ε↓0
ε logP

(

X1 + · · · +Xn ≤ ε
)

≤ max
α∈Dδ

n

lim sup
ε↓0

ε logP
(

X1 ≤ α1ε, . . . , Xk ≤ αkε
)

≤ − (c1 + · · · + cn)2

1 + δ
g$DPBtT�ºPT�BCk

δ > 0
V�?(FlAEajGI^

lim sup
ε↓0

ε logP
(

X1 + · · · +Xn ≤ ε
)

≤ −(c1 + · · · + cn)2.

«]D/BtACaITdXLD,��TUBto�DPGI?IF¢XLTUA
lim infε↓0 ε logP

(

Xk ≤ ε
)

= −b2k
�tK�AEa

bk ≥ 0
9I«IBCD/u¶X<TUuyu�Vl8:9 r���T

³j?]D,��AEaIV,A���TN^naIDPG]XwF�HWaID0D0^nT
αk
\IBCD/\(D/BnAEKLD/?IV�X�ACD

bk
K<?�D/BEF]TUB�ACD��/T
Ato(T�^xA�\�D/^E^CKLo]X<T+o(D/G]?IF �

lim inf
ε↓0

ε logP
(

X1 + · · · +Xn ≤ ε
)

≥ lim inf
ε↓0

ε logP
(

Xk ≤ bk
b1 + · · · + bn

ε, k = 1, . . . , n
)

= lim inf
ε↓0

ε log
n
∏

k=1

P
(

Xk ≤ bk
b1 + · · · + bn

ε
)

≥
n
∑

k=1

b1 + · · · + bn
bk

lim inf
ε↓0

ε logP
(

Xk ≤ ε
)

= −
n
∑

k=1

b1 + · · · + bn
bk

b2k

= −(b1 + · · · + bn)2.

`ba]Kw^�H
D/uy\]XLTUACT�^�ACa]TN\]BEDjD�gx9 � ­0T�F' 
`ba]TdBETUu�VPKL?]K<?]�y\IVPBnAfDPg�ACa]Kw^f^CT�H
ACK<DP?¹^CG]uyuyVPBCKw^CT�^t^CDPuyTdK<uv\�DPBCAEVP?0A�BCT�^nG]XLAE^�g$BCD/u AEa]TÀX<K�AETUBWV,AEG]BCT/9

`ba]TÂHUDP?0ACBWVPH
ACK<DP? \]BCK<?IHUKL\]X<TÂV�X<X<D,��^���AED¢ACBWV�?I^ng$DPBEu V�?²c�efY´D/? D/?]TÂ^C\IVPHUT¼AED¹V�?]DPACa]T�Bd^n\(VPH
T�ojk
uyT�VP?I^fDPg%VlHUDP?0ACK<?jG]DPGI^fu�V�\]\]K<?]�(9�`ba]T¼g$DPX<X<D,�tKL?]�ÂACa]T�DPBETUu � AEa]TUD/BCT�uÁr(9 8]9L;ÀKL? � e&��zP ��% m^xAWV,ACT�^�AEa]TBET�^CG]X�A�9

�d��.j�I�,.j� 2 & ¿ � 4�5 / -JC . 4"-76K5 /TV CU6 / 4<6 VHL + � Q *,+"- X .0/21 Y 3 +�� .08�9<1 5�C ��-#5 V 5 L 5`AD6K4 .0L 9JVS. 4�+ 9h.0/21
f : X → Y 3 + . 4�5 / -J6 /S8 5 8�9^=�8a/ 4"-J6K5 / Q�� 5 /S9 6 1 +<C . Ad5 5 1 C . - + =�8a/ 4<-J6K5 / I : X → [0;∞] Q� . � � 5�Ce+ . 4�? y ∈ Y 1 + 
 / +

I ′(y) = inf
{

I(x)
∣

∣ x ∈ X , f(x) = y
}

.

R ?@+ / I ′ 6 9Z. Ad5 5 1 C . - + =�8a/ 4<-J6K5 / 5 / Y Q� 3 � 
 = I 4�5 / -7CE5 L 9 -%?@+ * X�� .�9�9 5_4"6 . -#+ 1 FG6I-I? . =<. N\6 L > 5 = V CE5 3`.M3 6 L 6I- > N�+ .�9U8 CE+ 9 (µε)
5 / X : -I?S+ /

I ′
4�5 / -JCE5 L 9 -%?@+ *,X�� .�9�9 5_4<6 . - + 1 FG6I-%?	-%?@+ =<. N�6 L]> 5 =GV CE5 3�.D3 6 L 6I- > NT+ .�9�8 C`+ 9 (µε ◦ f−1)

5 / Y Q
= g
f
K<^f?]D�AOKL?,�xT�HJAEKLº/TNACa]T�?}ACaITÀu�V�\]\IKL?]���xX<DjD/^CT�^bK<?:g$DPBEu�V,ACK<DP?
	W9�`ba0G(^tACaITÀH
D/?/AEBEV/HJAEKLD/?�\IBCK<?IH
K<\]X<T

HUVP?¹AEBEVP?I^n\�DPBCANV�?*c�emY g$BEDPu V�XwV�BE�PTUB+^C\IVPHUTÀAED¢V�^CuyVPXLX<TUB+D/?]TP9Z`ba]T�eOV���^nD/? � R �PBnAE?]TUBmACaITUDPBETUu
F:DjT�^�AEa]TNDP\I\(D0^nKLACT/9:= A�a]TUX<\I^bAED¼AEBEVP?I^C\(D/BnA�V�?¢c�emY�g$BEDPu¶^Cu�V�X<XLT�Bb^C\IV/H
T�^�AED�V¼XwV�BE�PTN^C\IVPHUTP9
=@?¢DPBWF:TUB�AEDyg$DPBEuÀG]XwV,AET+ACa]T+AEa]TUD/BCT�u¶��TO?ITUT�F�AEa]TÀH
D/?IH
T�\:A�D�g|V�?�\]BED��xT�HJACK<ºPT+X<KLuyKLA�9�c-T
A

(J,≤)
o�T

Vv\IV�BCACKwV�X<X<kÂDPBWF:TUBET�F�^nTUA �I^CGIHWa�ACaIV�A��ta]TU?ITUºPT�B
i, j ∈ J

ACaITUBETOT�
:K<^nAE^tV
k ∈ J

�tK�AEa
i ≤ k

V�?IF
j ≤ k

9
� ±��,����.j�����$7(.�&�°-&U��.0� Kw^fVvg�V�uyK<XLk

(Yj)j∈J
D�g �mV�GI^EF:DPB��¹AEDP\�DPX<DP�PKwHUVPX-^n\(VPH
T�^��]ACDP�/T
AEa]TUB��tKLACa¹Vg�V�uyK<XLk

(pij)i,j∈J
DPg�HUDP?0ACK<?jG]DPGI^�u�V�\(^

pij : Yj → Yi
�I^CGIHWa�ACaIV�A

pik = pij ◦ pjk
�ta]T�?]TUº/TUB

i, j, k ∈ Y�tKLACa
i ≤ j ≤ k

9
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`ba]T ±��,����.j�����$7(.¢�'������� DPg�AEa]T¼^Ck:^xAETUu
(Yj , pij)i,j∈J

Kw^tACaITÀ^nGIoI^nTUA X D�g[VPXLX�TUX<TUuyTU?0AE^�g$BCD/u AEa]T
\]BED:F:GIHJA+^n\(VPH
T Y =

∏

j∈J Yj
�(�ta]KwHWaMV�BETÀH
D/?I^CK<^nACT�?/Am�tK�AEa}ACa]T¼u�V�\I^

pi,j
�(K©9 T/9�V

y = (yj)j∈J ∈ YKw^mK<? X �ZK�gbV�?IF}D/?]X<k}K�g
yi = pij(yj)

�ta]T�?]TUº/TUB
i < j

9-`ba]TyHUV�?IDP?]KwHUVPX�\]BED��xT�HJACK<DP?(^
pj : X → YjV�BETyF:T��I?IT�F£o0k

pj(y) = yj
9-`baITy^C\IV/H
T X Kw^OT�­0G]K<\]\(T�F �tK�AEaMAEa]TvACDP\�DPX<DP�/k¢KL?IF]GIH
T�F£ojk Y 9-`baITHUVP?]DP?IK<H�V�X�\]BCDP�xT�H
ACK<DP?I^OV�BET¼HUDP?0ACK<?jG]DPGI^Oo�T�H�V�GI^CTdAEa]TUkMVPBCTf�xGI^nAOAEa]TyBCT�^xAEBCKwHJAEKLD/?¹D�g�ACa]TyH
D/?0ACK<?0GIDPGI^

H
DjD/BEF:K<?IV�ACTOuyVP\I^ Y → Yj
ACDyAEa]TN^n\(VPH
T X 9`ba]TÀAxk0\IK<H�V�X�T�
]V�uy\]X<TÀa]T�BCT¼K<^

J
o�TUK<?]�lAEa]Ty^nTUAmD�g%VPXLX �I?IK�AETv^CG]oI^CT
AW^fDPg%V�?MK<?0ACT�BCº,V�X

[0; t] ⊆ 
 �
�tKLACa}AEa]Tv^CT
AOKL?(H
X<GI^nK<DP?¹V/^�AEa]TÀ\(V�BCACKwV�X�D/BEF]TUBEKL?]�(9(`ba]T¼\]BED��xT�H
ACK<ºPTd^Ck:^xAETUu�K<^fACaITU?}AEa]TÀg�VPuyKLX<k¢D�g[V�X<X
�I?]KLACTvF:K<uvT�?I^CKLD/?IV�X�^n\IV/H
T�^ 
 j g$DPB �I?]KLACT¼^CT
AW^ j ⊆ [0; t]

�IK©9 T/9Ig$D/B
j ∈ J

9�=@?¢ACaIK<^OHUV/^nT+AEa]TÀ\]BED��xT�HJAEKLº/T
X<KLuyKLA X K<^NACa]TÂ^C\IVPHUT�D�gtV�X<X|g$G]?IH
ACK<DP?I^

[0; t] → 
 ��T�­0G]K<\]\(T�F*�tK�AEa ACa]T�AEDP\�DPX<DP�/k¹D�gb\(D/KL?0Ax�tKw^nT
H
D/?jºPTUBE�PT�?IH
T/9

`ba]TNg$D/XLX<D,�tK<?]��ACaITUDPBETUu � AEa]TUD/BCT�u�rI9 q]9<;NKL? � e&��zP 0�I �T�
:\]XwV�K<?I^�a]D,� AEDÂACBWV�?(^n\�DPBCAfV�?Mc�efY g$BCD/u
ACaITd^n\IV/H
T�^ Yj

AED¼AEa]TN\]BED��xT�HJACK<ºPTOX<KLuyKLA X 9
�d��.j�I�,.j� 2 & Ã ( � X . F 9 5 / ����� CU- / +"C � *^+"- (µε)ε>0

3 + . =<. N�6 L]> 5 = V C`5 3�.D3 6 L 6I- > NT+ .�9U8 CE+ 9 5 / X Q� 9�9U8 N�+e-%? . - = 5�C�+ . 4`? j ∈ J
-%?@+ V C`5 3�.D3 6 L 6I- > N�+ .�9U8 CE+ 9 (µε ◦ p−1

j )ε>0
5 / Yj

9<. -76 9%=�> -I?S+B*,X��FG6I-%?iAd5 5 1 C . -#+ =�8a/ 4"-76K5 / Ij Q R ?S+ / -%?@+ =<. N�6 L]> (µε)
9". -76 9 
�+ 9 -%?@+e* X�� 5 / X FG6I-%? . Ad5 5 1 C . -#+=�8a/ 4"-J6K5 / I :G1 +�
 / + 1�3<>

I(x) = sup
{

Ij(pj(x))
∣

∣ j ∈ J
} = 50C .0LIL x ∈ X Q

��?ID�ACaITUB+KLuy\�DPBCAEVP?/A+AED0D/X|K<^OAEa]T��[V�BWVPF]aIV�? c-TUuyu�V � `ba]T�DPBETUu r(9 _I9L;vKL? � e
��z/ ��% J9-c�T
A
Zε

o(T
BWV�?IF:D/u º,V�BEK<VPo]X<T�^ �(AWV�³jK<?]�¢º�VPXLGIT�^NK<? ACa]T�BETU�/G]X<VPBOACDP\�DPX<DP�/K<H�V�X|^C\IVPHUT X ��V�?IF X<T
A

µε
o(TyAEa]T�XwV��

D�g
Zε
9

�d��.j�I�,.j� 2)&' ��;( ��� . C .M1 ? .0/ *,+"N\N . � W 8_VDV 5 9 +\-I? . - (µε)
9". -J6 9 
�+ 9 -I?S+Z*,X���FG6I-I? . Ad5_5 1C . - + =�8a/ 4<-J6K5 / I : X → [0;∞] : .�/21�L +<- ϕ : X → 
 3 + .�/S> 4�5 / -76 /'8 5 8�9;=�8a/ 4"-76K5 / Q � 9�9U8 NT+ =�8 CU-%?@+"C+"6I-I?S+<CB-I?S+Z- . 6 L 4�5 /H1 6I-J6K5 /

lim
M→∞

lim sup
ε↓0

ε logE
(

exp(ϕ(Zε)/ε)(ϕ(Zε) ≥M)
)

= −∞,

5�CB-%?@+ = 5 LIL 5�FG6 / APN�5�N�+ / - 4�5 /21 6I-76K5 /h= 5�C 9 5�N�+ γ > 1 :
lim sup

ε↓0
ε logE

(

exp(γϕ(Zε)/ε)
)

<∞.

R ?@+ /
lim
ε↓0

ε logE
(

exp(ϕ(Zε)/ε)
)

= sup
x∈X

(

ϕ(x) − I(x)
)

.

�
�
	 �
��
���� ��� �&��� � �
�! �#� �#�����  �� �!�  �� � �! "�#���
=@?¢ACaIK<^m^nT�HJACK<DP?¢��TN�tKLX<X�\IBCD,º/T+V�^CK<uv\IXLTdXwV�BE�PTNF:T�ºjK<V�ACK<DP?}\]BEKL?(H
K<\]XLTN�taIK<HWa¹F:T�^CHUBCK<o�T�^bAEa]TÀVP^Ckjuy\:ACDPACKwH
o�TUaIV�ºjK<DPG]BbD�g�ACaITd^xAWV,ACK<DP?(V�BEkÂF:K<^nACBEK<o]G:ACK<DP?�D�g|VyF:K
��GI^CK<DP?¢\]BEDjHUT�^E^��ta]TU?�ACaITdF:BCKLg�A�o�T�H
D/uyT�^t^nACBEDP?]�/TUB�9

`ba]TN\]BEDjD�g��tKLX<X�o�T¼V�^CK<uv\IXLTÀVP\]\]X<K<H�V,AEKLD/?�DPg�ACa]TÀc�V�\]XwVPHUT � Y[BEKL?IHUKL\IXLT��:�ta]K<HWa}Kw^tg$D/BCu¼G]XwV,ACT�F�KL?¢AEa]Tg$DPX<X<D,�tKL?]��X<TUuyu�V]9�`ba]Kw^�Kw^�^nK<uyKLXwV�B�ACD�AEa]Th�[VPBEV/F:aIV�?�X<TUuyu�V � AEa]TUD/BCT�u�8]9L;�~M J9��£Td�/KLº/TdV�?}K<?IF:T�\(T�? �F:T�?/A�\IBCDjD�g�a]TUBET��:o�T�H�V�GI^CTOACa]TN\IBCDjD�g�K<^t^CK<uv\IXLTdVP?IFl?ITUºPT�BnAEa]TUX<T�^E^b�PK<ºPT�^b^nD/uvT+K<?I^CKL�/a/A�9
3 .j��� 5}2 &� � 2& � * .�V2L . 4�+ V CU6 / 4"6 V2L + � *,+"- A ⊆ 
 d 3 +\NT+ .�9�8 C .D3"L + .�/H1 ϕ : 
 d → 
 3 + .N�+ .�9U8 C .D3"L + =�8a/ 4<-J6K5 / FG6I-%? ∫

A � −ϕ(x) dx <∞ Q R ?S+ / F + ? . f�+

lim
ϑ→∞

1

ϑ
log

∫

A
� −ϑϕ(x) dx = − ess inf

x∈A
ϕ(x).



� ��� � ��� � � � � 	 ��� � � � ��� ����� ��� � � � ��� ��� ����� ��� � ;��

)+�,�-��¨ & efT�?]D�AETÀAEa]T�c-TUo�T�^C�PGITÀuyT�V/^nG]BETvo0k
λd 9Z«�K<BW^xANHWa]DjD/^CT c > ess infx∈A ϕ(x)

9�`ba]TU?£��T
aIV�º/T

λd{x ∈ A | ϕ(x) < c } > 0
V�?IF�ACajGI^

lim inf
ϑ→∞

1

ϑ
log

∫

A
� −ϑϕ(x) dx ≥ lim inf

ϑ→∞

1

ϑ
log
(

� −ϑcλd{x ∈ A | ϕ(x) < c }
)

= −c.

`ba]Kw^ta]D/X<F]^�g$D/B�V�X<X
c > ess infx∈A ϕ(x)

�(�ta]KwHWa��/KLº/T�^

lim inf
ϑ→∞

1

ϑ
log

∫

A
� −ϑϕ(x) dx ≥ − ess inf

x∈A
ϕ(x).

«]D/B
ess infx∈A ϕ(x) = −∞ TUº/TUBEk/AEa]K<?]�lKw^+H
X<T�V�B�9Z�f^E^nGIuvT

ess infx∈A ϕ(x) > −∞ 9�`baITU? o0k
VPFIF:KL?I�lV�H
D/?I^xAWV�?0A�AED

ϕ
��TÀH�V�?¹VP^E^CG]uyT

ess infx∈A ϕ(x) = 0
�tK�AEa]DPG:AOXLD0^C^�D�g|�PT�?]TUBWV�X<K�Axk/9I��T�H�V�GI^CT

� −ϑϕ(x) g$DPB ϑ→ ∞ H
D/?0º/TUBE�PT�^�VI9 ^�9:uyDP?]DPACDP?IK<H�V�X<XLk�g$BEDPu V�o�D,ºPTmACDyACaITNKL?IF]K<H�V,ACD/B�g$G]?IHJAEKLD/?}D�g�ACa]Td^CT
A
{x ∈ A | ϕ(x) = 0 } V�?IF�Kw^bo(D/G]?IF:T�F�o0kÂACa]TNK<?0ACTU�/BEVPo]X<Tmg$GI?IHJAEKLD/? � −ϕ(x) ��TNaIV�º/T

lim
ϑ→∞

∫

A
� −ϑϕ(x) dx = λd{x ∈ A | ϕ(x) = 0 }

≤ λd{x ∈ A | ϕ(x) ≤ 0 } ≤
∫

A
� −ϕ(x) dx <∞

V�?(FÂAEa0G(^t��T+�/T
AtACaITOGI\]\(T�B�o�DPG]?IF

lim sup
ϑ→∞

1

ϑ
log

∫

A
� −ϑϕ(x) dx ≤ 0 = − ess inf

x∈A
ϕ(x).

� ­0T�F' 
�f^+VP? VPXLuyD/^nAfAEBCK<ºjK<VPX|H
DP?(H
X<GI^nK<DP?£D�g�ACa]T�c�VP\]XwVPH
T¼\]BEKL?IHUKL\IXLTy��TvH�V�?£F]TUBEKLº/TvV�X<VPBC�/T¼F:T�ºjK<V�ACK<DP?

\]BEKL?(H
K<\]XLTvg$D/Bd^xAWV�?IF]VPBEFM?]DPBEu�V�X|F:Kw^xAEBCK<o]G:AET�F BWV�?IF:D/u º,V�BEK<VPo]XLT�^OKL? 
 9-`ba]Kw^+Kw^+KLX<XLG(^xAEBEV�ACT�F£K<?£AEa]Tg$DPX<X<D,�tKL?]�yH
D/BCD/XLXwV�BEkP9
»¼�I�,����� 5 ��° 2 &� ]2)& 
 = X 6 9e.\9 - .0/21D. C 1�/ 50CUN .0L C .�/H1 50N f . CU6 .D3"L + : -I?S+ /

lim
ε↓0

ε logP (
√
εX ∈ A) = − ess inf

x∈A

x2

2

= 5�C +"f�+"C > NT+ .�9U8 C .M3<L + 9 +<- A ⊆ 
iQ
)+�,�-��¨ & `ba]TNF:Kw^xAEBCK<o]G:AEKLD/?¢D�g √

εX
aIVP^tF:T�?I^CK�Axk

ψ0,ε(x) =
1√
2πε

exp
(

−x
2

2ε

)

.

`bajGI^b�tKLACa
ϑ = 1/ε

AEa]TNc�VP\]X<V/H
T+\]BEKL?(H
K<\]XLT+�/KLº/T�^

lim
ε↓0

ε logP (
√
εX ∈ A) = lim

ε↓0
ε log

∫

A

exp
(

−x
2

2ε

)

dx− lim
ε↓0

ε log
√

2πε

= − ess inf
x∈A

x2

2
+ 0.

� ­0T�F' 
½m¾ 5 �²±���. 2)&' '& c-T
A

B
o(TyV�DP?]T � F:K<uyTU?I^CK<DP?IVPX���BED,�t?]K<VP?}uyD�ACK<DP?�9�`baITU? Bt

Kw^NR+V�GI^E^nKwV�?£F:K<^ �ACBEK<o]G:ACT�F �tK�AEa²T�
:\(T�HJAWV,ACK<DP?
0
V�?(F£º,VPBCKwV�?IHUT

t
9�¡m^nK<?]�¢AEa]TÂH
D/BCD/XLXwV�BEk¢��TÂH�V�? T�
]V�uyK<?]TyACa]T�XwV�BE�PT

F:T�º0KwV,AEKLD/?�o�TUa(V�º0K<DPGIB�DPg�AEa]TNTUº/TU?0A {|Bt| > c} g$DPB c→ ∞ 9�� K�AEa
ε = 1/c2

��T+aIV�º/T
|Bt| > c ⇐⇒ √

ε · Bt/
√
t ∈
{

x ∈ 

∣

∣ |x| > 1/
√
t
}
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� ��� ��� �

V�?(FÂAEa0G(^
lim

c→∞
1

c2
logP

(

|B1| > c
)

= − 1

2t
.

«]D/BmHUDPuy\IV�BEKw^nD/?}�tK�AEa¹T�
]V�uy\]X<Tv8]9 8Âo(T�XLD,� ��T¼VPX<^CDÂ?]DPACT¼ACaIV�AfACaIT¼\]BEDPo(V�o]K<XLKLAxk�D�g |Bt| < ε
g$DPB

ε ↓ 0
F:T�HUV�k:^b^nX<D,��T�B�ACaIVP?�T�
j\�DP?ITU?0ACKwV�X<XLk/9 �£TNa(V�ºPT

lim
ε↓0

ε2 logP
(

|B1| < ε
)

= lim
ε↓0

ε2 log

∫ ε

−ε

1√
2π �

−x2/2 dx

= lim
ε↓0

ε2 log
(

2ε
1√
2π

)

= 0.

`ba]T+u�V�K<?¢BCT�^nG]XLAtD�g�ACa]Kw^�^CT�HJAEKLD/?�Kw^�V/^�g$DPX<XLD,��^�9
�d��.j�I�,.j� 2 &� � ([*^+"-

Φ: 
 d → 
 3 + 1 6 � +<C`+ / -76 .M3<L + .�/21i9U8 4�? -%? . - exp(−2Φ(x))
6 9�.

V C`5 3�.D3 6 L 6I- >	1 + /@9 6I- > 5 / 
 d Q *,+"- Φ 3 + 3 5 8a/21 + 1 = CE5�N 3 + L 5�F[FG6I-%?
Φ∗ = inf{Φ(x) | x ∈ 
 d } >

−∞ Q � 6 /2.0LIL]>TL +<- b = − gradΦ 3 + *G6 V'9 4�?�6I-%bh4�5 / -76 /'8 5 8�9 QR ?@+ / = 5�Ce+<f�+"C > ϑ ≥ 1
-%?@+ 9 -#5 4�? .�9 -J6K4 1 6 � +<C`+ / -76 .0L +`m 8S. -J6K5 /

dXϑ = ϑ b(Xϑ) � dt+ dW
? .�9Z.�9 - . -J6K5 /H. C >�1 6 9 -7CU6 3"8 -J6K5 / µϑ

.0/21 = 50Ce+"f�+<C > NT+ .�9�8 C .D3"L + 9 +"- A ⊆ 
 d F + ? . f�+
lim

ϑ→∞

1

ϑ
logµϑ(A) = − ess inf

x∈A
2
(

Φ(x) − Φ∗
)

.

)+�,�-��¨ & ���0V�K<? �:X<T
A
λd F:TU?ID�ACT+AEa]Tdc-T�o(T�^n�/G]T+uyT�VP^CG]BETmD/? 
 d V�?(F�F:T��I?]T

Zϑ =

∫

�
d

exp
(

−2ϑΦ(x)
)

dx.

`ba]T�?���T+aIV�ºPT
Zϑ =

∫

{Φ>0}
exp
(

−2ϑΦ(x)
)

dx+

∫

{Φ≤0}
exp
(

−2ϑΦ(x)
)

dx

≤
∫

{Φ>0}
exp
(

−2Φ(x)
)

dx+ λd{Φ ≤ 0} · exp(−2ϑΦ∗)

<∞.

¡f^CK<?]�
Zϑ

��TNHUVP?�F:T��I?]T
Φϑ = ϑ · Φ + ln

√
Zϑ
9]`ba]Kw^t?]T�� \�D�ACT�?0ACKwV�X-aIV/^

∫

exp(−2Φϑ) dx =

∫

exp(−2ϑΦ) exp(− lnZϑ) dx = 1

V�?(F
− gradΦϑ = −ϑ gradΦ = ϑ · b.��k��mDPX<uvD/�PD/BCD,º�� ^bACa]T�DPBETUu � ACa]T�DPBETUu ;/9 r� �AEa]Ty\]BEDjHUT�^E^

Xϑ Kw^+BCT�ºPTUBW^CKLo]X<T¼VP?IF£aIVP^+V¢^xAWV,AEKLD/?IV�BEkF:Kw^xAEBCK<o]G:AEKLD/?
µϑ
�tKLACa}F:TU?(^nKLAxk

exp(−2ϑΦ)/Zϑ
9

¡f^CK<?]�vACa]Kw^�F:T�?I^nKLAxkÂ��T+�PT
A

lim
ϑ→∞

1

ϑ
logµϑ(A) = lim

ϑ→∞

1

ϑ
log

∫

A

exp(−2ϑΦ(x))
1

Zϑ
dx

= lim
ϑ→∞

1

ϑ
log

∫

A

exp
(

−2ϑΦ(x)
)

dx− lim
ϑ→∞

1

ϑ
logZϑ

= − ess inf
x∈A

2Φ(x) + ess inf
x∈ � d

2Φ(x),

�ta]T�BCTNAEa]TÀXwVP^nAfX<KL?ITdK<^OVÂHUDP?I^CT�­0G]T�?IH
TNDPg[XLT�uvu�Vl8]9L;/;P9I«�K<XLX<K<?]�lK<?¢ACa]TvF:T��(?]K�AEKLD/?¹D�g
Φ∗

�I?]Kw^naIT�^tAEa]T
\]BEDjD�gx9 � ­0T�F' 



� � � � ��� � � � � 	 ��� ��� � � � � ��� � � � � ��� ��� � ��� ��� � ;�z

��D�AEa �jACa]TNX<TUuyu�VyV�?IF�AEa]T+ACa]T�DPBETUu a(V�ºPTOBCT�^nG]XLAE^bDPg�AEa]TOg$DPBEu

lim
ϑ→∞

1

ϑ
logµϑ(A) = − ess inf

x∈A
I(x) � 8]9 r� 

g$DPB+V�X<X�uyT�VP^CG]BWV�o]X<TÀ^CT
AW^
A ⊆ 
 d VP?IF}g$D/BO^CDPuyTdg$GI?IHJAEKLD/? I 9Z�f^E^nG]uyT¼ACaIV�A+VÂg�V�uyK<XLk}DPg%uyT�VP^CG]BET�^aIV/^tACaITÀ\]BEDP\�TUBCAxk � 8:9 rd 
9�`ba]T�?}��T¼HUV�?MGI^nT infx∈A I(x) ≤ ess infx∈A I(x)

AEDl�PTUA�ACaITÀGI^CGIV�X�G]\]\�TUB
o�DPG]?IF�g$BEDPu AEa]TNXwV�BE�PT+F:TUºjKwV,ACK<DP?�\]BEKL?(H
K<\]XLT��:g$DPB�HUXLD0^nT�F�^CT
AW^

A ⊆ 
 d ��T+aIV�º/T

lim sup
ϑ→∞

1

ϑ
logµϑ(A) = − ess inf

x∈A
I(x) ≤ − inf

x∈A
I(x).

µm?¹AEa]TyD�AEa]TUB+aIVP?IFM��TyF:DP?-� A+�PT
A+AEa]TyXLD,��TUBOo(D/G]?IF£KL?MACa]Ty�/TU?]T�BEVPX�H�VP^CTP9�µm?]X<k}KL?*HUV/^nT¼ACaIV�AN��T
aIV�º/T

infx∈O I(x) = ess infx∈O I(x)
g$DPBOTUºPT�BCk�DP\�TU?M^CT
A

O ⊆ 
 d ��TP9 �I9(K�g I Kw^mHUDP?0ACK<?jG]DPGI^ �]��T¼H�V�?H
D/?IH
X<GIF:TOAEa]TNXLD,��TUBbo�DPG]?(F
lim inf
ϑ→∞

1

ϑ
logµϑ(O) ≥ − inf

x∈O
I(x)

g$DPBtT�ºPT�BCkÂD/\(T�?}^nTUA
O � VPH
ACGIVPXLX<klK<?�ACa]Kw^�HUV/^nT+��TNaIV�ºPT+T�ºPTU?�T�­0GIVPXLKLAxklaITUBET_ J9�ijD�V,A�X<T�VP^nAtg$DPB�HUDP?0ACK<?jG �DPG(^bBEV�ACTOg$G]?IH
ACK<DP?I^
I
AEa]TdH
D/?IF:KLACK<DP? � 8]9 r� �KLuy\]X<KLT�^bACaITdc�emYh�tKLACa¢BWV,AETmg$GI?IHJAEKLD/? I 9`ba]T+Kw^t?]D�AbAEBCG]TNK<?��PTU?ITUBWV�X©9:= g���T+aIV�ºPT+V�?¢c�emY KL?�AEa]T+g$DPBEu D�g�F:T��(?]K�AEKLD/?¹8:9Q8 �jACaITU?�ACa]TNX<K<uvKLA

lim
ϑ→∞

1

ϑ
logµϑ(A)

F:DjT�^b?ID�A�?]T�H
T�^E^EV�BEKLX<k�T�
:Kw^xA�9]�´^nTUA
A
�ta]TUBET+��T+aIV�º/T

inf
x∈A◦

I(x) = inf
x∈A

I(x),

K©9 T/9]�ta]TUBETOACa]TNX<K<uvKLAfF:DjT�^bT�
:K<^nA �]Kw^tHUVPXLX<T�F�V �P�������'�Z�����E°²&�.0� DPg�AEa]TNBWV,ACTOg$G]?(HJACK<DP?�9

�
��� �
��
���� ��� �&����� �  �� "� � � �  �� ���  ��� �! "�#���
`ba]TyTUuy\]K<BEK<H�V�X|F:Kw^xAEBCK<o]G:AEKLD/?£DPg�V�BCT�ºPT�BE^CKLoIXLTvF:K���GI^CKLD/? HUDP?jºPT�BC�/T�^�ACD�ACa]T�^nAEV�ACK<DP?IVPBCk¹F:Kw^nACBEKLo]G]ACK<DP?
�ta]T�?

t→ ∞ 9]=@?lAEa]Kw^�^nT�HJAEKLD/?���TN�tKLX<XZ�PK<ºPTNVvXwV�BE�PT+F:TUºjKwV,ACK<DP?�BET�^CG]X�Abg$D/BbACa]Kw^�HUV/^nT/9
`ba]T .j�²±��$�,�'� 5 �|����&��U�,�$�����������

Lω
t ∈ Prob( 
 d)

DPg[V�\]BEDjHUT�^E^
X
�tKLACa¹º,V�X<G]T�^�K<? 
 d K<^OF:T��(?]T�Fojk

Lω
t (A) =

1

t
λd
{

s ∈ [0, t]
∣

∣ ωs ∈ A
} g$DPB�VPXLX

ω ∈ C
(

[0;∞), 
 d
) �
A ∈ B( 
 d),

�ta]T�BCT
λd F:T�?]D�AET�^tAEa]T d � F:KLuyT�?I^nK<DP?(V�X�c-TUo�T�^C�PGITduyT�VP^CG]BETP9�ijKL?(H
T Lt

K<^mVÂu�V�\]\IKL?]�lg$BCD/u¶AEa]TÀ\(V,ACa
^C\IVPHUT

C
(

[0;∞), 
 d
) K<?0ACD

Prob( 
 d)
��TvH�V�?¹GI?IF:TUBW^nAEV�?(F

Lt
VP^OVlBWV�?IF]DPu�\]BEDPoIVPo]KLX<KLAxk}uvT�VP^CG]BET

�tKLACa}H
D/BCBET�^C\(D/?IF:K<?]�v\]BCD/oIV�oIKLX<K�AxkÂ^C\IV/H
T
C
(

[0;∞), 
 d
) 9

c-TUA
X
o�TdVyBETUºPT�BE^CK<o]XLT+F:K
��G(^nK<DP?¢\]BED:H
T�^E^b�tKLACa}^xAWV,AEKLD/?IV�BEklF:Kw^xAEBCK<o]G:AEKLD/?

µ
9]=@?�ACa]Kw^�^CK�AEGIV,AEKLD/?�AEa]T �DPBETUuÁq]9Q8:9Q8:;+D�g|emTUGI^EHWa]TUX�V�?IF}i0AEBCDjD:HW³ � eOi] Pz���V�\]\IXLK<T�^�9I`ba]Td?ID�AEV�ACK<DP?�ACaITUBETNK<^�VÂXLKLAnAEXLTdoIK�AmF]K���TUBETU?0A

g$BEDPuÁDPG]BW^��IACa]T�KLB
V
Kw^�D/G]B

2v
VP?IF

U
ACaITUBET¼H
D/BCBET�^C\�DP?IF]^�AED

2Φ
a]T�BCT/9�`baITNACa]T�DPBETUu�T�
:\]BET�^E^CT�^bAEa]T

BWV,ACTN�tKLACa¢AEa]Tda]T�XL\}DPg�ACa]TÀemK<BCKwHWa]X<T
A�g$D/BCu E � HJgx9(o(T�XLD,�  ��I�ta]KwHWa}K<^fVP^E^nD:H
KwV,AET�F��tK�AEa}ACaITd\]BEDjHUT�^E^ X �
F:T��I?]T

JE : Prob( 
 d) → [0;∞]
o0k

JE(ν) :=

{

E(f, f),
KLg
ν � µ

�tK�AEa
dν = f2dµ

g$DPB�V
f ∈ D(E)

�(VP?IF
+∞ T�X<^CTP9

�d��.j�I�,.j� 2 &� j�;(G*^+<-
Pν

3 +�-%?@+ 1 6 9 -7CU6 3"8 -76K5 / 5 =T. C`+<f�+<C 9 6 3"L + 9 5 L 8 -76K5 / 5 = -%?@+ 9 -#5 4�? .�9 -76K4
1 6 � +<CE+ / -J6 .�L +�m 8S. -J6K5 /

dXt = b(Xt) � dt+ dBt � 8]9 {M FG6I-%?j6 / 6I-J6 .�L�1 6 9 -7CU6 3"8 -J6K5 / L(X0) = ν .�/H1T9 - . -J6K5 /2. C >i1 6 9 -JCU6 3<8 -J6K5 / µ Q X�+ 
 / + v = (b2 + div b)/2.�/H1�.�9�9U8 NT+e-I? . - {x ∈ 
 d | v(x) ≤ c } 6 9 4`50N VS. 4"- = 50Ce+ . 4`? c ≥ 0 Q�� 5 /@9 6 1 +"C Prob( 
 d)
+�m 8 6 VDV + 1



8�~ ����� � ��� ��� ��� � ����� � ��� �
� ��� ��� �

FG6I-%? -%?@+\F + .�� -#5 V 5 L 5`A >j.0/21 -I?S+ � 50CE+ L � σ � .�L Ad+ 3 C . QBR ?@+ / JE 6 9\. Ad5 5 1 C . -#+ =�8a/ 4<-J6K5 / .�/H1 -I?S+
= 5 LIL 5�FG6 / AT* X��l?@5 L 1�9"c

− inf
Γ◦
JE ≤ inf

ν∈Prob(
�

d)
lim inf
t→∞

1

t
logPν

(

{ω | Lω
t ∈ Γ }

)

≤ sup
ν∈Prob(

�
d)

lim sup
t→∞

1

t
logPν

(

{ω | Lω
t ∈ Γ }

)

≤ − inf
Γ
JE

= 5�C .0LIL N�+ .�9U8 C .M3<L + 9 +"- 9 Γ ⊆ Prob( 
 d) Q
`ba]TNemKLBEK<HWaIXLTUA � g$DPBEu E g$D/BbACa]TN\IBCD:H
T�^C^ X HUVP?�o�TdH
D/?I^xAEBCG(HJACT�F�V/^�g$DPX<XLD,��^�9a�fKwV

Ptf(x) = Ex

(

f(Xt)
)

g$DPBOV�X<X
x ∈ 
 d V�?IF}VPXLX t ≥ 0

��Td�/T
A+VÂ^xAEBCD/?]�PX<k¢H
DP?0AEKL?jG]D/GI^tDP\�TUBWV,AEDPBf^CTUuyK<�PBEDPG]\
(Pt)t≥0

DP?¢AEa]T
^C\IVPHUT L2( 
 d,B( 
 d), µ)

9I`ba]TN�/TU?]T�BEV�ACDPB
L
D�g�ACa]Kw^t^CTUuyKL�/BCD/G]\¢^CV�ACKw^ �IT�^

Lf = b · ∇f +
1

2
∆f

g$DPBdVPXLX
f ∈ C2

c ( 
 d)
9���T�HUVPGI^CT

X
Kw^+BCT�ºPTUBW^CKLo]X<T���AEa]T��PT�?]TUBWV,AEDPB

L
Kw^N^nT�X�g � VPF,�xDPK<?/A�9 � D,��F:T��I?ITÂV­0GIVPF]BEV�ACKwH�g$D/BCu E0

ojk
E0(f, g) :=

1

2

∫

�
d

∇f · ∇g dµ
g$DPB�VPXLX

f, g ∈ C∞
c ( 
 d, 
 )

9
3 .j��� 5�2 &� ]¤)& *,+"-

X 3 + . C`+<f�+<C 9 6 3"L + 9 5 L]8 -J6K5 / 5 = -%?@+ZW�XZY � 8:9Q{D FG6I-%?P*G6 V'9 4`?a6I-Ib � 4�5 / -76 /'8 5 8�91 CU6 = - b : 
 d → 
 d .�/H1\9 - . -76K5 /2. C >�1 6 9 -JCU6 3<8 -J6K5 / µ QOR ?@+ / -%?@+ m 8S.D1 C . -J6K4 = 50CUN E0
9<. -76 9 
O+ 9

E0(f, g) = (−Lf, g)µ

= 5�C .0LIL f, g ∈ C∞
c ( 
 d) : F^?S+<CE+ ( · , · )µ

6 9 -%?@+ 9 4 .�L . C V CE5 1�8 4"-�5 / L2( 
 d,B( 
 d), µ) Q
�tHUHUDPBWF:K<?]�lAED�ACa]T�DPBETUu��¼9 8P_�DPgbª�TUT�F V�?(F*i:KLuyDP? � ªfiI��8��%BCT�^n\�9�ACa]T�DPBETUu qI9 8]9 z�D�gtefT�GI^EHWa]TUX

V�?(F¹i0ACBEDjDjHW³ �IACa]Tv­/G(VPF:BWV,AEK<HOg$D/BCu E0
aIVP^mVÂH
X<D/^CG]BET (E ,D(E)

) 9��£TÀaIV�ºPT
f ∈ D(E)

KLg%V�?(F¢DP?]X<k�KLg
ACaITUBETvVPBCT

fn ∈ C∞
c ( 
 d)

V�?IF
g1, . . . , gd ∈ L2( 
 d,B( 
 d), µ)

�tKLACa
fn → f

V�?(F
∂jfn → gj

KL?
L2( 
 d,B( 
 d), µ)

g$DPB
n→ ∞ VP?IF

j = 1, . . . , d
9]=@?�ACa]Kw^�H�VP^CTO��T+�PTUA

E(f, f) = lim
n→∞

E0(fn, fn) =
1

2

∫

�
d

d
∑

j=1

g2
j dµ.

�
��� � � � ����
 � �
� � ��� �

� a]K<XLT+AEa]TN\]BETUºjK<DPGI^t^CT�H
ACK<DP?I^�AEBCT�V,ACT�FÂAEa]TNXwV�BE�PT+F:TUºjKwV,ACK<DP?�o�TUaIV�ºjK<DPG]BtDPg�^CDPuyTNF:TUBEK<ºPT�Fl\]BEDP\�TUBCACK<T�^bD�g
Vy\]BED:H
T�^E^ �]K�AOK<^fV�Xw^nD�\�D/^E^nK<o]X<TNACDÂHUDP?I^CKwF:TUBtAEa]TdXwV�BE�PTdF:T�ºjK<V�ACK<DP?¢o(T�aIV�ºjKLD/G]B�DPg�AEa]Td\]BED:H
T�^C^bKLAE^CTUXLg �(K©9 TP9
g$DPBbAEa]TdF:Kw^xAEBCK<o]G:AEKLD/?¢D�g�AEa]TN\]BED:H
T�^E^CT�^�\IV,AEaI^bDP?�AEa]Td^n\(VPH
TOD�g|V�X<X-^EV�uy\]X<TO\(V,ACa(^U9

`ba]TNoIV/^nKwHOX<VPBC�/TNF:TUºjKwV,ACK<DP?�BET�^CG]X�A�aITUBETNK<^fi]HWa]KLXwF:T�B�� ^�ACa]T�DPBETUuÁV�o�DPG:A�XwV�BE�PTNF:T�º0KwV,AEKLD/?I^�g$DPB�^EHUVPXLT�F
F:D,�t?}��BCD,�t?IK<VP?�uyD�AEKLD/? � ^CTUT+ACaITUDPBETUu�{:9Q8:9<;+KL? � e
�ZzP ��% J9���k

C0([0; t], 
 d)
��TdF:TU?]DPACT+AEa]TÀ^C\IVPHUTND�g

V�X<X-H
D/?0ACK<?0GIDPGI^�g$G]?(HJACK<DP?(^
ω : [0; t] → 
 d ^xAWV�BCACK<?]�yKL?¢~��IT�­0G]K<\]\(T�F��tK�AEa�AEa]Td^CG]\]BETUuÀGIu ?]DPBEu¢9

�d��.j�I�,.j� 2 &� :® � W)4`?a6 L 1 +"C � Q *,+"- B 3 + .	9 - .�/21M. C 1 � CE50F / 6 .�/ NT50-76K5 / Q � 50C ε > 0 L +"-
� ε

3 +�-%?@+ L . F 5 = -I?S+ 9 4 .�L + 1 1 50F / V CE5 4�+ 9�9 √εB Q R ?@+ / -%?@+iNT+ .�9�8 C`+ 9 � ε
9". -J6 9%=�> 5 /

(

C0([0; t], 
 d), ‖ · ‖∞
) .0/ * X�� FG6I-%?TAd5 5 1 C . - + =�8a/ 4<-J6K5 /

I(ω) =

{

1
2

∫ t

0
|ω̇s|2 ds,

6 = ω 6 9e.D3<9 5 L]8 -#+ L]> 4�5 / -76 /'8 5 8�9�:G.0/21
+∞ + L 9 + Q
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½m¾ 5 �²±���. 2)&�2)& ·�DP?I^CKwF:TUBNV�DP?]T � F:K<uyTU?I^CK<DP?IVPX���BED,�t?]K<VP?¹uyD�AEKLD/?£D/?¹ACaIT¼AEKLuyTyK<?/AETUBEº,V�X [0; t]
9

� TÂHUV�?*GI^CTli:HWa]K<XwF:TUB�� ^OAEa]TUD/BCT�u ACD¹H�V�XwH
G]XwV,AETvACa]TÂT�
:\(D/?]TU?0ACKwV�X[F]T�HUV�kMBEV�ACT�^+DPg�AEa]T�\]BEDPoIVPo]K<XLKLAxk
P
(

‖B‖∞ > c
) g$D/B

c→ ∞ 9
� KLACa

ε = 1/c2
��T+aIV�ºPT

sup
0≤s≤t

|Bs| > c ⇐⇒ √
εB ∈

{

ω
∣

∣ |ωs| > 1
g$D/B�^nD/uyT

s ∈ [0; t]
}

=: A

V�?(Flo�T�H�V�GI^CT
A
K<^�VyHUDP?0ACK<?jG]K�Axk�^nTUA�D�g�AEa]TNBWV,ACTOg$G]?(HJACK<DP?

I
��T �I?IF

lim
c→∞

1

c2
logP

(

‖B‖∞ > c
)

= lim
ε↓0

ε logP
(√
εB ∈ A

)

= − inf
{1

2

∫ t

0

ω̇2
s ds

∣

∣

∣ ω ∈ A
}

= −1

2

∫ t

0

1/t2 dt = − 1

2t
,

�ta]T�BCTN��TNGI^CT�F�ACaITNg�VPH
A�ACaIV�A�ACaITdKL?��IuÀG]uÁKw^fV,ACAEVPKL?]T�F�g$DPB
ωs = s/t

9�·�DPuy\IVPBCK<?]�vACaIK<^f�tK�AEa}T�
]V�u �\]X<TÀ8:9<;+��T+?]DPACKwH
T+ACa(V,AtACaITNT�
:\(D/?]TU?0AEK<VPXZBEV�ACTOg$DPB
sup0≤s≤t |Bs| > c

Kw^bAEa]Td^CVPuyT+V/^�ACa]TNT�
:\(D/?]TU?0ACKwV�X
BWV,ACTOg$D/BbACa]TNT�ºPTU?0A |Bt| > c

9
µm?¢ACaITÀD�AEa]TUBfaIV�?IF¹K�AOK<^f?]D�Af\�D/^E^CKLo]X<TdAED�ACBET�V�A

P
(

‖B‖∞ < ε
) g$DPB

ε ↓ 0
AEa]TÀ^EV�uyTd�bV�kP9�i:KL?IHUT

��TOa(V�ºPT
sup

0≤s≤t
|Bs| < ε ⇐⇒ 1

ε
B ∈

{

ω
∣

∣ sup
0≤s≤t

|ωs| < 1
}

a]T�BCT��I��TN��D/G]X<F¢?ITUT�F�AEa]TdXwV�BE�PTdF:T�ºjK<V�ACK<DP?¢o(T�aIV�ºjKLD/G]Btg$D/BtACa]T¼o]X<D,�t? � GI\¢��BED,�t?]KwV�?�uvDPACK<DP?}K<?I^nACT�V/FD�g|g$D/BfAEa]TdAEa]Ty^CH�V�X<T�F � F:D,�t?}��BCD,�t?]KwV�?}uyDPACK<DP?-9��£TvHUVP?MF:TUBEK<ºPTNAEa]T¼XwV�BE�PTdF]TUºjK<V�ACK<DP?¹o�TUa(V�º0K<DPGIBfD�gACaIK<^N^C\(T�H
KwV�X�TUº/TU?0A+?]TUº/TUBCACa]T�XLT�^C^ �(o�T�H�V�GI^CTyV�? T�
:\]X<K<HUK�AOg$DPBEuÀG]XwVlg$DPBOACa]Ty\]BEDPo(V�o]K<XLKLAxk¢K<^+³j?]D,�t?�9(=@?
^CT�HJAEKLD/? �¼9 { � \-9I_Pr08D %D�g � «]TUX$�j;<��K�A�Kw^t^Ca]D,�t?lAEaIV,A

P
(

|Bs| ≤ ε
g$DPB�VPXLX

s ∈ [0; t]
)

=
4

π

∞
∑

n=0

1

2n+ 1
exp
(

− (2n+ 1)2π2

8ε2
t
)

sin
((2n+ 1)π

2

)

.

`ba]TdF:D/uyKL?IV�ACK<?]�vACT�BCu K<?�ACa]Kw^�^CG]u¶Kw^
4

π

1

2 · 0 + 1
exp
(

− (2 · 0 + 1)2π2

8ε2
t
)

sin
((2 · 0 + 1)π

2

)

=
4

π
exp
(

− π2

8ε2
t
)

�ta]KwHWa�HUDPBEBCT�^n\�DP?(F]^�ACD
n = 0

9]«IDPBbACaIT+AEV�K<X-DPg�ACaITd^nG]u ��T �I?(FlAEa]TNT�^nACK<u�V,AET
∞
∑

n=1

1

2n+ 1
exp
(

− (2n+ 1)2π2

8ε2
t
)

sin
((2n+ 1)π

2

)

≤
∞
∑

n=1

exp
(

− (2n+ 1)2π2

8ε2
t
)

≤
∞
∑

n=1

exp
(

−π
2t

2ε2
n
)

=
exp
(

−π2t
2ε2

)

1 − exp
(

−π2t
2ε2

)

V�?(FÂAEa0G(^
lim sup

ε↓0
ε2 log

4

π

∞
∑

n=1

1

2n+ 1
exp
(

− (2n+ 1)2π2

8ε2
t
)

sin
( (2n+ 1)π

2

)

≤ −π
2t

2
< −π

2t

8
.

¡f^CK<?]�yXLT�uvu�VÂ8]9 _¼��TN�/T
A
lim
ε↓0

ε2 logP
(

‖B‖∞ < ε
)

= lim
ε↓0

ε2 log
4

π
exp
(

− π2

8ε2
t
)

= −π
2t

8
.

`ba]Kw^NH
D/KL?IHUK<F]T�^m�tK�AEaMAEa]T�H
DPBEBET�^C\(D/?IF:K<?]�lBET�^CG]XLAmg$BEDPu X<TUuyu�V}8:9 _lK<?�� c-Kw~];U� 9-`ba]Tyo�TUaIV�ºjK<DPG]BOa]TUBET
Kw^OF]K���TUBETU?0A+ACaIVP?MK<?£T�
]V�uy\]X<Ty8]9L;/9�`ba]Ty\]BEDPo(V�o]K<XLKLAxk¢D�g

sup0≤s≤t |Bs| < ε
F:T�H�V�k:^fT�
j\�DP?ITU?0ACKwV�X<XLk

g$DPB
ε ↓ 0

�taIKLX<TOACa]TN\]BEDPo(V�o]K<XLKLAxk�g$D/B |Bt| < ε
F:DjT�^b?]DPA�9
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�´�/TU?]T�BEVPXLKw^CV�ACK<DP?�D�g�ACaITUDPBETUu�8:9<;�qyKw^tAEa]TÀ^CD � HUV�X<X<T�F¢«]BETUKwF:X<KL? � � TU?0A���TUX<X�`ba]T�DPBEk � ^CTUT¼HWaIV�\:AETUBm{]9 qD�g � e
��z/ ��-g$D/BfV�F:TUAEV�K<X<T�F�T�
:\]XwV�?IV�ACK<DP?' 
9I`ba]T�BCT��]DP?]TdHUDP?I^CKwF:TUBW^tV�^xAED:HWaIVP^nACKwHNF:K
��T�BCT�?/AEK<VPX-T�­0GIV�ACK<DP?¢D�gACaIT+g$DPBEu
dXε

t = b(Xε
t ) � dt+

√
ε dWt

g$DPB
t ∈ [0; 1]

�]V�?IF
Xε

0 = 0,

�ta]T�BCT
b : 
 → 
 K<^�G]?]KLg$DPBEuvX<k�c�KL\(^CHWa]KLA��/9a�fKwV�V�?¢V�\]\IXLKwHUV�ACK<DP?�D�g�ACa]TdHUDP?0ACBWVPH
ACK<DP?l\IBCK<?IH
K<\]X<TNDP?]TNH�V�?

H
D/?IH
X<GIF:TOg$BEDPu AEa]TUD/BCT�u 8:9<;�q¼AEa]T+g$DPX<XLD,�tK<?]�vBCT�^nGIX�A�9
�d��.j�I�,.j� 2)&' 1 � � CE+"6 1�L 6 / � �T+ / -Ib_+ LIL � Q R ?@+ =<. N�6 L]> (Xε

t ) 9". -76 9 
�+ 9 -I?S+B*,X�� 6 / C0[0; t]
FG6I-I?

-%?@+ Ad5 5 1 C . - + =�8a/ 4<-J6K5 /

I(ω) =

{

1
2

∫ t

0
|ω̇s − b(ωs)|2 ds,

6 = ω ∈ H1
:G.0/21

+∞ + L 9 + Q
«]D/BtACaITÀ\]BEDjD�g �]AEa]TÀHUDP?0ACBWVPH
ACK<DP?¢\]BEKL?IHUKL\IXLTdKw^fVP\]\]X<KLT�F¢ACDÂACa]Tdu�VP\

F : C0[0; t] → C0[0; t]
�ta]TUBET

f = F (g)
K<^tF:T��I?]T�FlAED�o(T+AEa]TNG]?]Kw­0G]TN^nD/XLG]ACK<DP?�D�g�ACa]TND/BEF:K<?IVPBCkÂF:K
��TUBETU?0ACKwV�XZT�­/G(V,ACK<DP?

f(t) =

∫ t

0

b(f(s)) ds+ g(t)
g$D/B�V�X<X

t ∈ [0; 1]
9

«]GIBnAEa]TUBt�/TU?]T�BEVPXLKw^CV�ACK<DP?I^�V�BET+\(D0^C^CK<o]XLT��:TP9 �I9jAED¼AEa]TdHUV/^nT+DPg�AEa]Tdi:efs
dXε

t = b(Xε
t ) � dt+ √

εσ(Xε
t ) � dWt

g$DPB
t ∈ [0; 1]

�]V�?IF
Xε

0 = x,

�ta]T�BCT
x ∈ 
 d � b : 
 d → 
 d K<^fG]?]KLg$DPBEuyXLk¢c-K<\I^EHWa]K�A����IVP?IF¢�ta]T�BCTÀVPXLX�H
D/uv\�DP?ITU?0AE^tDPg�ACa]Tdu�V�ACBEK�
 σV�BET+o(D/G]?IF:T�F �]G]?IK�g$D/BCuyX<klc-K<\I^EHWa]K�A��NH
DP?0AEKL?jG]D/GI^�g$G]?IH
ACK<DP?I^�9
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	 ��� �����������������! "�#�
c-TUA

B
o�T¼V

d � F:KLuyT�?I^nK<DP?(V�X���BED,�t?]KwV�?¢uyD�ACK<DP?¹VP?IF α > 0
o�T¼V�BET�VPX�º,V�X<G]T�F¢\(V�BWV�uyT
AETUB�9I`ba]TU?¹ACa]T

^CDPX<G:ACK<DP?�D�g�ACa]TN^nACD:HWaIV/^xAEK<H+F:K
��T�BCT�?0ACKwV�XZT�­0GIV�ACK<DP?
dXt = −αXt � dt+ dBt, � _I9L;� 
X0 = x0 ∈ 
 d

Kw^�HUVPXLX<T�F�ACaIT �y�,��&U��.0�'�-�W������.j���%.j��� ±��,�-�/.0&�& �tKLACa}\IVPBEVPuyT
ACT�B
α
VP?IF¢^xAWV�BCA�KL?

x0 � ^CTUT��:g$DPB�T�
]V�u �\]X<T��]º�9 � TUK ��^��PHW³/TUBtV�?IF � K<?]³jXLT�B � � ��z/~�� �]\-9-;�~M J9]¸¹D/^nACX<kÂ��T+�tK<XLX�H
DP?(^nKwF:TUBbAEa]TdHUV/^nT
x0 = 0

9
¡f^CK<?]�ÂAEa]TÀBET�^CG]XLAE^fg$BCD/u�HWa(V�\:AETUBv;ÀKLAOKw^mHUXLT�V�BfACaIV�AmAEa]K<^OT�­/G(V,ACK<DP?}a(VP^OVÂG]?]Kw­0G]Ty^nD/XLG:AEKLD/?-9���G]A

GI^CKL?I�¼AEa]TNº,V�BEK<V�ACK<DP?�D�g�H
DP?(^xAWV�?0AE^buyT
AEa]D:F���TNHUVP?�T�ºPT�?�T�
j\IXLKwH
KLACX<k�^CDPX<ºPTmACa]Kw^tT�­/G(V,ACK<DP?�9]c-T
A

Xt = � −αtX0 +Bt − α

∫ t

0
� −α(t−s)Bs ds

DPBtT�­0G]KLº,VPXLT�?/AEXLk
Xt = � −αtX0 +

∫ t

0
� −α(t−s) dBs � _I9 8M 

g$DPBOV�X<X
t ≥ 0

9(`baITU?¹KLAmKw^�T�VP^CklAEDlHWa]T�HW³�ACa(V,AfAEa]TÀ\IBCD:H
T�^C^
X
F:T��(?]T�F¢ojk�ACa]Kw^ �(Kw^fV�^nD/XLG:AEKLD/?}D�g�ACaIT

i:ems � _I9L;� J9�«�K<�PGIBCTd_I9L;d^Ca]D,��^ �Iº/TN\IV,AEaI^�DPg[V�?£µmBE?I^xAETUK<? � ¡�a]X<TU?jo�T�HW³Â\]BED:H
T�^C^t�tKLACa}\(V�BWV�uyT
AETUB α =
1
V�?IF¢^nAEVPBnAtK<?�~I9
= g���TdF:T��I?]TOACa]TN\�D�AETU?0ACKwV�X

Φ: 
 d → 
 VP^

Φ(x) =
α

2
|x|2 − d

4
log

α

π

g$D/B�V�X<X
x ∈ 
 d �

ACaITU?�ACa]TdF]BCKLg�A
b(x) = −αx HUV�?¢o�TNT�
:\]BET�^E^nT�FlV/^ b = − gradΦ

V�?IF���T �I?(F

exp
(

−2Φ(x)
)

=
(α

π

)d/2

exp
(

−α|x|2
)

=
1

(

2π 1
2α

)d/2
exp
(

−|x|2
2 1

2α

)

.

� KLACa¹AEa]TUD/BCT�u�;P9 rl��T¼HUVP?MH
D/?IH
X<GIF:TÀACaIV�AmAEa]Tv\]BCD:HUT�^E^
X
Kw^fBETUº/TUBW^nK<o]X<TÀV�?(F}aIVP^OV

d � F]KLuyTU?(^nK<DP?IVPX?]D/BCu�V�X-F]K<^nACBEKLoIG:ACK<DP?¢�tKLACa¹H
D,º,VPBCKwV�?IHUTmu�V�ACBEK�
 1
2αId

V/^bK�AW^�^nAEV,AEKLD/?IV�BEklF:Kw^nACBEKLo]G]ACK<DP?-9I«IBCD/u HWaIVP\:ACT�BN;
��T+VPXLBET�V/F:k�³j?]D,��AEa]TdF:T�?I^nKLAxkÂDPg�AEa]TdF:Kw^xAEBCK<o]G:AEKLD/?�D/?�AEa]TN\IV�ACa¢^n\IV/H
T��

ϕt(ω) = exp
(

−α
2

(ω2
t − ω2

0 − t · d) − α2

2

∫ t

0

ω2
s ds

)

. � _I9 _d 

8�_
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�A 8 C`+ 9 ?S5�F 9 
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	 � � ���!� �#�	� � �� � �
=@?MHWaIVP\:ACT�BO{Â��Td�tK<X<X�VP?I^C��T�BtACa]TÀg$DPX<XLD,�tK<?]�l­0G]T�^xAEKLD/? ���taIV,AOK<^fACa]T¼X<VPBC�/TÀF:T�º0KwV,AEKLD/?I^�o�TUa(V�º0K<DPGIBfD�g
ACaITvT�?IF:\�DPK<?0A

Xt
DPg�V�F:K���GI^CKLD/?£\IBCD:H
T�^C^ ��K�g���TvK<?IH
BET�V/^nTÀACa]T�F:BEK�g�A�
�«]D/BNV�?�µmBC?I^nACT�KL? � ¡fa]XLT�?jo(T�HW³\]BED:H
T�^E^�ACa]Kw^tuyT�VP?I^�ACa(V,A���TOBETU\IX<V/H
TOACa]TdHUDP?I^nAEVP?0A

α
�tK�AEa

ϑα
g$D/B

ϑ > 0
VP?IFÂAWV�³/T

ϑ→ ∞ AEa]TU?-9
c-TUA

Xϑ o(TvACaITy^CDPX<G:AEKLD/?MD�g � _I9L;� m�tK�AEa£\IVPBEVPuyT
ACT�B ϑα VP?IFM^nAEVPBnA+KL?*~]9Z`ba]Ty\]BED:H
T�^C^maIVP^mAEa]TF:T�?I^nKLAxk

ϕϑ
t (ω) = exp

(

−ϑα
2

(ω2
t − ω2

0 − t · d) − ϑ2α2

2

∫ t

0

ω2
s ds

)

= exp
(

ϑF (ω) − ϑ2G(ω)
)

�tKLACa
F (ω) =

α

2
(ω2

0 − ω2
t + d)

V�?(F

G(ω) =
α2

2

∫ t

0

ω2
s ds.

`ba]TÀH�VP^CTND�g[V�?£µmBE?I^nACT�KL? � ¡�aIXLT�?0o�T�HW³�\]BEDjHUT�^E^tKw^�T�^C\�T�H
KwV�X<X<k�^CKLuy\]X<Tda]T�BCT��Io�T�HUVPGI^CTd��TÀ³0?ID,� AEa]TT�
:\]X<KwH
KLAmF:Kw^xAEBCK<o]G:AEKLD/?�DPg
Xϑ

t

9I= AfK<^fV
d � F:K<uvT�?I^CKLD/?IV�X�R+VPGI^E^nKwV�?¢F:Kw^xAEBCK<o]G:AEKLD/?��tKLACa}T�
:\(T�HJAEV�ACK<DP?}~�V�?IFH
D,º,VPBCKwV�?IHUTfu�V,AEBCK



Σ =
1

2αϑ

(

1 − exp(−2αϑ t)
)

· Id

� ^CTUT¼g$DPB+T�
:VPuy\]XLTy^CT�HJAEKLD/?£ I9 _�D�g � ��BE?��,r��I 
9-¡f^CKL?I��AEa]Tyc�V�\IX<V/H
TvY[BCK<?IHUKL\]X<T � X<TUuyu�V�8]9L;/;_ fDP?]TyHUVP?T�V/^nK<X<kl^nT�TOACaIV�A
lim

ϑ→∞

1

ϑ
logP (Xϑ

t ∈ A) = − ess inf
x∈A

αx2 � _I9 r� 
g$DPB�VPXLX

t > 0
a]D/X<FI^U9 � D�ACT+AEaIV,AtAEa]Kw^tBEV�ACTNF:DjT�^b?ID�A�F:TU\�TU?(F�D/? t 9

��T�BCTÀ��T¼��VP?/AmACD��PK<ºPTÀVP?]D�AEa]TUBm\]BCDjDPg�g$D/BfAEa]TvDP?]T � F:K<uyTU?I^CK<DP?IVPX�HUV/^nT��(�ta]KwHWaMF:DjT�^�?]DPAOGI^CTdAEa]TT�
:\]X<KwH
KLA+F:Kw^nACBEKLo]G]ACK<DP?MDPg
Xϑ

t

o]G:AdHUVP?¹o�T¼�/TU?]T�BEVPXLKw^nT�F�ACD�uvD/BCT¼�PT�?]TUBWV�X�F:BCKLg�A �ITUXwF]^
b
9Z`�D�T�V/^nTÀACa]T

?]DPAEV,AEKLD/?���T+DP?]X<klHUDP?I^CK<F]TUBbACaITdHUVP^CT
t = 1

9]«]D/BCu¼G]XwV � ;���;P9 z]9 �0 [g$BCD/u � �ti:z/q���^nAEV�ACT�^

Ex

(

exp
(

−γ
2

2

∫ t

0

B2
s ds

)

;Bt ∈ dz
)

=

√
γ

√

2π sinh(tγ)
exp
(

− (x2 + z2)γ cosh(tγ) − 2xzγ

2 sinh(tγ)

)

,



� � � � � ��� ��� � � � �
	�� 8P{

�ta]KwHWa��/KLº/T�^
∫

1A(ω1) exp
(

−ϑ2α
2

2

∫ 1

0

W 2
s ds

)

d � (ω)

=

∫

A

√
ϑα

√

2π sinh(ϑα)
exp
(

−z
2ϑα cosh(ϑα)

2 sinh(ϑα)

)

dz

K<?�D/G]B�HUV/^nT/9:`ba]K<^�K<^tVv�PT�?]TUBWV�X<Kw^CV�ACK<DP?lDPg�AEa]T¼·�V�uyTUBEDP? � ¸¹VPBnAEKL? � «IDPBEuÀG]XwV
E
(

e−λ
R

1
0

B2
t dt
)

=
(

cosh
√

2λ
)−1/2

� ^CTUT � ª��Oz/z�� ��HWaIV�\]ACTUB �m=  J9 �£TlVPBCTyK<?0ACTUBET�^nACT�F KL? ACaITÂT�
:\�DP?]T�?/AEK<VPX|AEVPKLXw^NDPg�AEa]K<^dT�
:\]BET�^E^nK<DP?£g$DPB
ϑ→ ∞ 9

ªtT�HUV�X<X<KL?]�¼ACaITdF:T��I?IK�AEKLD/?I^

sinh(x) = � x − � −x

2

VP?IF
cosh(x) = � x + � −x

2��TOD/oI^CTUBEºPTmACaIV�AtACa]T�BCTNV�BETNH
D/?I^xAWV�?0AE^
0 < c1 < c2

�tK�AEa

c1 � −αϑ/2 ≤
√
α

√

2π sinh(ϑα)
≤ c2 � −αϑ/2 g$DPB�V�X<X

ϑ > 1
9 � _I9 {M 

� `baITNº�VPXLGITv;+Kw^�V�BEo]KLACBWV�BEk��:V�?jk�\�D/^CK�AEKLº/T+?0GIuÀo�TUB���DPG]XwF�F:DI9  ���Xw^nD���T �I?IF
cosh(ϑα)

sinh(ϑα)
= � ϑα + � −ϑα

� ϑα − � −ϑα
−→ 1

g$DPB
ϑ→ ∞ 9 � _]9 qM 

��T�H�V�GI^CT � _]9Q{D bVP?IF � _]9 qM �V�BET+KL?(F:TU\�TU?IF]TU?0A�D�g|V�?IFlACajGI^�G]?]KLg$DPBEu KL?
z
��TNHUV�?¢H
D/?IH
X<GIF:T

lim
ϑ→∞

1

ϑ
log

∫

1A(ω1) exp
(

−ϑ2α
2

2

∫ 1

0

W 2
s ds

)

d � (ω)

= lim
ϑ→∞

1

ϑ
log

√
ϑ

∫

A

√
α

√

2π sinh(ϑα)
exp
(

−z
2α

2
· cosh(ϑα)

sinh(ϑα)
· ϑ
)

dz

= lim
ϑ→∞

1

ϑ
log

∫

A

exp
(

−α
2
ϑ− z2α

2
ϑ
)

dz

= − ess inf
z∈A

(α

2
+
z2α

2

)

= −α
2

(1 + ess inf
z∈A

z2). � _I9Q�D 
`ba]Kw^tKw^�ACa]TdV/^nkjuy\:ACDPACKwHOo(T�aIV�ºjKLD/G]B�g$DPBbACaIT

exp(ϑ2G)
ACTUBEu¢9

� D,� �:��TdH
D/?I^CK<F:T�BbACa]Tdg$G]XLX�F:TU?(^nKLAxklojk �]ACACK<?]�ÂK<?¢ACa]T+g�V/HJAEDPB
exp(ϑF )

9(`ba]Kw^tKw^tT�V/^nk�o(T�HUV�G(^nTOACaIT
g$G]?IH
ACK<DP?

F
DP?]X<klF:T�\(T�?IF]^tD/?lAEa]TNTU?IF]\(D/KL?0A

z
D�g�ACa]TN\IV�ACa-9��£TN�/T
A

lim
ϑ→∞

1

ϑ
logP (Xϑ

1 ∈ A)

= lim
ϑ→∞

1

ϑ
log

∫

1A(ω1) exp
(

ϑF (ω) − ϑ2G(ω)
)

d � (ω)

= lim
ϑ→∞

1

ϑ
log

√
ϑ

∫

A

√
α

√

2π sinh(ϑα)

· exp
(α

2
(1 − z2) · ϑ− z2α

2
· cosh(ϑα)

sinh(ϑα)
· ϑ
)

dz

= lim
ϑ→∞

1

ϑ
log

∫

A

exp
(

−α
2
ϑ+ (

α

2
− z2α

2
) · ϑ− z2α

2
ϑ
)

dz

= − ess inf
z∈A

αz2.



8�q ����� � ��� � � � ��� � ��� � � ��� � ��� � � � �	� � � ��� � � � ��� � �

`ba]Kw^tKw^�ACa]TNT�
j\�T�H
ACT�F�BET�^CG]XLA�9
�f^duvT�?0ACK<DP?]T�F VPo(D,º/TvACa]TÂ^nAEV�ACK<DP?IVPBCkMF]K<^nACBEKLoIG:ACK<DP?

µϑ
D�g�ACa]T�µmBE?I^nACT�KL? � ¡�aIXLT�?0o�T�HW³M\]BCD:HUT�^E^�tKLACa¹\IVPBEVPuyT
ACT�B

ϑα
Kw^fV

d � F:KLuyT�?I^nK<DP?(V�X�R+VPGI^C^CKwV�?¹F:Kw^xAEBCK<o]G:AEKLD/?}�tK�AEa¹uyT�VP?¹~ÂV�?IF}HUD,º,V�BEK<VP?IH
T+u�V �ACBEK

 1
2ϑαId

9�`bajGI^tAEa]TdBET�^CG]XLA�g$BCD/u¶AEa]TUD/BCT�u�8]9L;�_�H
D/KL?IHUK<F]T�^t�tKLACa}AEa]TÀXwV�BE�PTdF]TUºjK<V�ACK<DP?¢BET�^CG]X�AOV�o�DPG:A
R+V�G(^C^CK<VP?�F]K<^nACBEKLoIG:ACK<DP?I^�g$BEDPu H
DPBEDPX<XwV�BEk�8]9L;�8dK<?�ACa]Kw^�H�VP^CTP9]¡f^CK<?]�yTUKLACa]T�BtBCT�^nG]XLA���T �(?IF

lim
ϑ→∞

µϑ(A) = − inf
z∈A

αz2

g$DPBmTUº/TUBEkluyT�V/^nG]BWV�oIXLTN^CT
A
A ⊆ 
 9�ijK<?IH
TÀACa]TdBEK<�Pa0AfaIVP?IF}^nKwF:TÀHUDPK<?IH
KwF:T�^t�tK�AEa}ACaITÀBWV,ACT+g$BEDPu � _I9 r� �g$DPB�VP?jk

t > 0
ACa]TNXwV�BE�PT+F:TUºjKwV,AEKLD/?�o�TUaIV�ºjK<DPG]BbDPg�AEa]TN\(D/KL?0A

Xϑ
t

g$DPB
ϑ→ ∞ K<^tACa]Td^EV�uyTNVP^�ACaITNX<VPBC�/T

F:T�º0KwV,AEKLD/?�o�TUa(V�º0K<DPGIB�DPg�AEa]Td^nAEV,AEKLD/?IV�BEkÂF:Kw^xAEBCK<o]G:AEKLD/?-9
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=@?}AEa]K<^OHWaIVP\:ACT�Bf��T¼^nACGIF:k�g$D/Bf\�D/^CK�AEKLº/TÀBWV�?IF:D/u º,VPBCKwV�o]X<T�^tACa]TvBCT�X<V�ACK<DP?}o�T
Ax��TUT�?¢ACa]Tvo(T�aIV�ºjKLD/G]B�DPg
ACaIT¼c�VP\]XwVPH
T+AEBEVP?I^ng$DPBEu ?]T�V�B�K<? �I?IK�Axk}V�?(F�ACa]TvF:K<^nACBEK<o]G:ACK<DP?M?]T�VPB �UT�BCD(9(`ba]T�DPBETUu�^tD�g|AEa]Kw^f³jK<?IF}V�BET
HUVPXLX<T�F�`�V�G]o�TUBEK<VP?lAEa]TUD/BCT�u�^U9

� BCT�^nGIX�A�DPg�F:Td��BEG]K �x?¢^Ca]D,��^�ACaIV�A

E( � −λX) ∼ � r
√

λ g$DPB
λ → ∞ V�?IF

P (X ≤ ε) ∼ � s/ε g$DPB
ε ↓ 0

V�BETyKL?²^CDPuyT�^nT�?I^CT�T�­0G]K<º�VPXLT�?0ANVP?IF �PK<ºPT�^OV¢BETUXwV,AEKLD/?£o�T
Ax��TUT�? ACa]TÂHUDP?I^nAEVP?/AW^
r
VP?IF

s
9 � T��PK<ºPT

^CaIV�BE\¹o�DPG]?IFI^fg$D/BfAEa]TvG]\]\�TUBNV�?IFMXLD,��TUBmXLK<uyK�AW^mg$DPBOACa]Kw^OBCT�X<V�ACK<DP?-9�`ba]T�^nT¼BCT�^nG]XLAE^m�tK<XLX�ACGIBC?£DPG:AOACD
o�T¼V�\�D,��T�Bng$GIX-ACDjD/X�AED�F:TUACTUBEuyKL?ITNACa]T¼X<VPBC�/TÀF:T�º0KwV,AEKLD/?}o(T�aIV�ºjKLD/G]B�DPg[BEVP?IF:DPuÁº,V�BEK<VPo]X<T�^t�ta]T�BCTdACa]T
c�VP\]XwVPH
TmACBWV�?(^xg$D/BCu Kw^b³j?]D,�t?-9

� ��� � 

� ���� �� ��� � �
� 
 �#� 
 �
«]BEDPu F:Td��BCG]K �x?-� ^t`�VPG]o�TUBEK<VP?lAEa]TUD/BCT�u ��TNH�V�?�T�VP^CK<XLklHUDP?IHUXLG(F:TOACa]T+g$D/XLX<D,�tKL?I�vBET�^CG]XLA�9

�d��.j�I�,.j� �^&� ( *^+<-
X ≥ 0 3 + . C .�/H1 5�N f . CU6 .D3"L + .0/21 A .0/ +<f�+ / - FG6I-%? P (A) > 0 QOR ?@+ / -%?@+L 6IN�6I-

r = lim
λ→∞

1√
λ

logE( � −λX · 1A)

+ �D6 9 - 9 6 =e.�/H1 5 /SL > 6 =
s = lim

ε→0
ε logP (X ≤ ε, A)

+ �D6 9 - 9B.�/H1 6 / -I?a6 9 4 .�9 +ZF + ? . f�+ s = −r2/4 Q
)+�,�-��¨ & =@? `baITUDPBETUu rI9<;�8:9 z�g$BEDPu � �tR+`t 0�_�[XLTUA

α = −1
�
φ(x) = 1/x

�
ψ(x) = 1/x2 �-VP?IF

B = |s| 9�`ba]Kw^f�/KLº/T�^tAEa]T¼H�VP^CTdD�g A = Ω
9�«]D/Bm�/TU?]T�BEVPX�^CT
AE^

A
��T¼^C�tKLAEHWa}AEDÂACaITÀuyT�V/^nG]BET

Q( · ) =
P ( · ∩ A)/P (A)

V�?IF�AEa]T¼HUDPBEBCT�^n\�DP?IF]KL?]�yT�
j\�T�H
AEV�ACK<DP?-9�`ba]K<^fBCT�F:GIHUT�^bAEa]TÀHUV/^nTÀD�g|�PT�?]TUBWV�X
A
ACDyACaIT

�IBW^xA�H�VP^CTP9 � ­0T�F' 
� a]K<XLTÂF]T�V�X<K<?]�¢�tK�AEa T�
:\]BCT�^C^CK<DP?I^OX<KL³/T¼AEa]T

P (X ≤ ε, A)
V�o�D,ºPTv��Ty�tK<XLX[g$BCT�­/GITU?0ACX<k¹GI^CTyACa]Tg$DPX<X<D,�tKL?]�¼ACBEK<º0KwV�X-^EHUVPXLK<?]�y\]BEDP\�TUBCAxkP9

3 .j��� 5Â�,&�2)& � . � � 9�9U8 N�+B-I? . - s = limε↓0 ε logP (X ≤ ε)
+	�M6 9 - 9 Q R ?@+ /h= 5�C +"f�+"C > c > 0 : F +? . f�+

lim
ε↓0

ε logP (cX ≤ ε) = sc

8/�



8�  ������� ��� � � � � � � � � � �
� � ��� � ����� � �

.�/H1
lim
ε↓0

ε logP (X ≤ cε) = s/c.

� 3 � R ?@+ 9". N�+ZCE+ L . -76K5 /@9 ?@5 L 1 = 5�CB-I?S+ lim sup .0/21 -%?@+ lim inf Q
� � � � � ��� � � �#� � �������� ��#� � �
�������� ��� � � �����

L
2 ��� �#� �

=@?¢ACaIK<^�^CT�H
ACK<DP?¢��TN�PK<ºPTdV �IBW^xAfVP\]\]X<K<H�V,AEKLD/?�DPg�AEa]TÀ`�V�G]o�TUB�ACa]T�DPBETUu g$BEDPuÁ^nT�HJAEKLD/?�r(9L;/9]��k�V�\I\]XLkjK<?]�
ACaIT+ACa]T�DPBETUu AED¼AEa]TNBWV�?IF:D/u º,V�BEK<VPo]X<T

X =

∫ t

0

B2
s ds

�ta]T�BCT
B
Kw^mVP?MD/?]T � F:K<uvT�?I^CKLD/?IV�X���BED,�t?]KwV�?}uyD�AEKLD/?¹��T¼HUVP?MF:T�BCK<ºPTvV�?Mc�efY g$DPB+��BED,�t?]KwV�?}\IV�ACaI^H
D/?IF:KLACK<DP?]T�FÂAED�aIV�ºPT+^CuyVPXLX

L2 � ?]DPBEu¢9`ba]T��IBW^xA+^xAETU\MDPg[ACaIK<^+\]BEDP�/BEVPuyuvTÀK<^fACD¢HUVPX<HUG]X<V�ACT¼ACa]T¼AEVPKLXw^OD�g[AEa]Tyc�V�\IX<V/H
TdAEBEVP?I^ng$DPBEuÁDPg
X
9

«]D/BCu¼G]XwV � ;P9 z]9 �0 %g$BCD/u$� �ti:zPq_��^nAEV�ACT�^

Ex

(

exp
(

−γ
2

2

∫ t

0

B2
s ds

)

;Bt ∈ dz
)

= ϕ(x; t, z)

�ta]T�BCT
ϕ(x; t, z) =

√
γ

√

2π sinh(tγ)
exp
(

− (x2 + z2)γ cosh(tγ) − 2xzγ

2 sinh(tγ)

)

.

«]D/BfV�^nAEV�BCACK<?]�y\�DPK<?/A
x
�IuyT�VP^CG]BEVPo]X<T+^CT
AW^

A1, . . . , An ⊆ 
 �IVP?IF ��
:T�F�ACK<uyT�^
0 < t1 < · · · < tn = tACaITd¸¹V�BE³PD,ºy\]BEDP\�TUBCAxkÂD�g���BCD,�t?]KwV�?�uyD�ACK<DP?��PK<ºPT�^�ACa]T�?

Ex

(

exp
(

−γ
2

2

∫ t

0

B2
s ds

)

1A1(Bt1) · · · 1An
(Btn

)
)

=

∫

A1

· · ·
∫

An

ϕ(x; t1, z1)ϕ(z1; t2 − t1, z2)

· · ·ϕ(zn−1; tn − tn−1, zn) dzn · · · dz1.
� TÀV�BET+DP?]X<k�K<?0ACT�BCT�^xAET�F�KL?¢AEa]TdT�
j\�DP?ITU?0ACKwV�X�AEV�K<Xw^tD�g�ACaIK<^fT�
:\]BET�^E^nK<DP?�g$DPB

γ → ∞ 9�«�K<BW^xAfD/oI^CTUBEºPTACa(V,AtACaITUBET+VPBCTNHUDP?I^nAEVP?/AW^
0 < c1 < c2

V�?(F
G > 0

�tKLACa

c1 � −γt/2 ≤ 1
√

2π sinh(γt)
≤ c2 � −γt/2 g$DPB�VPXLX

γ > G
9

`ba]T�?���TNHUVP?�GI^CTOACa]TNBETUXwV,AEKLD/? |2xy| ≤ x2 + y2 AED��PT
A
(x2 + z2)

2
· cosh(γt) − 1

sinh(γt)
≤ (x2 + z2) cosh(γt) − 2xz

2 sinh(γt)
≤ (x2 + z2)

2
· cosh(γt) + 1

sinh(γt)

g$DPB�VPXLX
x, z ∈ 
 9c-TUA
ε > 0

9]��T�HUVPGI^CTmDPg
cosh(γt) ± 1

sinh(γt)
= � γt + � −γt ± 1

� γt − � −γt
−→ 1

g$D/B
γ → ∞ 9

��T+H�V�?�ACa]T�? �I?IF¢V
γ0 > 0

�]^CGIHWa�ACaIV�A��ta]TU?]T�ºPT�B
γ > γ0

ACa]TNT�^xAEKLu�V�ACT
(x2 + z2)

2
· (1 − ε) ≤ (x2 + z2) cosh(γt) − 2xz

2 sinh(γt)
≤ (x2 + z2)

2
· (1 + ε)



� � � � � � � � � 	 ��� ��� ��� � �
� � � � ��� ��� � ��� � � � � �
L2 � ����� � 8�z

a]D/X<F]^�g$D/B�V�X<X
x, z ∈ 
 9 �£TdHUDP?IHUXLGIF]T

lim sup
γ→∞

1

γ
logEx

(

exp
(

−γ
2

2

∫ t

0

B2
s ds

)

1A1(Bt1) · · · 1An
(Btn

)
)

≤ lim
γ→∞

1

γ
log γn/2cn2

∫

A1

· · ·
∫

An

� −γt1/2 exp
(

−γ x
2 + z2

1

2
(1 − ε)

)

· � −γ(t2−t1)/2 exp
(

−γ z
2
1 + z2

2

2
(1 − ε)

)

· · · ·

· � −γ(tn−tn−1)/2 exp
(

−γ z
2
n−1 + z2

n

2
(1 − ε)

)

dzn · · · dz1

= lim
γ→∞

1

γ
log

∫

A1

· · ·
∫

An

exp
(

−γtn/2− γ(x2/2 + z2
1 + · · ·

· · · + z2
n−1 + z2

n/2)(1− ε)
)

dzn · · · dz1.
� DPACTyAEa]TÂ^n\�T�HUK<VPX[B �PX<TvDPg�AEa]T�TU?(F:\(D/KL?0A tn = t

9 � K�AEa*ACa]T�aITUX<\²D�g%AEa]Tlc�V�\]XwVPHUTv\IBCK<?IH
K<\]X<T � ^CTUTX<TUuyu�Vy8]9L;/;_ ���T+H�V�?¢HUVPX<HUG]X<V�ACTOACaITNXLK<uyK�A�D/?�AEa]TNBEKL�/a/AbaIVP?IF¢^nKwF:TOACD��/T
A

lim sup
γ→∞

1

γ
logEx

(

exp
(

−γ
2

2

∫ t

0

B2
s ds

)

1A1(Bt1) · · · 1An
(Btn

)
)

≤ − ess inf
z1∈A1,...,zn∈An

(

t/2 + (x2/2 + z2
1 + · · · + z2

n−1 + z2
n/2)(1 − ε)

)

.

g$DPB�VPXLX
ε > 0

V�?(FÂAEa0G(^

lim sup
γ→∞

1

γ
logEx

(

exp
(

−γ
2

2

∫ t

0

B2
s ds

)

1A1(Bt1) · · · 1An
(Btn

)
)

≤ − ess inf
z1∈A1,...,zn∈An

(t/2 + x2/2 + z2
1 + · · · + z2

n−1 + z2
n/2).

� H
D/uv\IXLTUACTUX<k�VP?IV�X<DP�/DPGI^�HUVPX<HUG]XwV,ACK<DP? � G(^nK<?]�vACa]TNX<D,��TUBbo(D/G]?IF]^tg$BCD/u¶V�o�D,ºPT� [�/KLº/T�^

lim inf
γ→∞

1

γ
logEx

(

exp
(

−γ
2

2

∫ t

0

B2
s ds

)

1A1(Bt1) · · · 1An
(Btn

)
)

≥ − ess inf
z1∈A1,...,zn∈An

(t/2 + x2/2 + z2
1 + · · · + z2

n−1 + z2
n/2).

V�?(FÂAEDP�PTUACa]T�BbACa]Kw^�^Ca]D,��^

lim
γ→∞

1

γ
logEx

(

exp
(

−γ
2

2

∫ t

0

B2
s ds

)

1A1(Bt1) · · · 1An
(Btn

)
)

= − ess inf
z1∈A1,...,zn∈An

(t/2 + x2/2 + z2
1 + · · · + z2

n−1 + z2
n/2).

� r(9L;� 

»¼�I�,����� 5 ��° �^& � &)*^+<-
B 3 + . 5 / + � 1 6IN�+ /S9 6K5 /2.0L � C`5�F / 6 .0/�� 5�-J6K5 / Q R ?S+ /

lim
ε↓0

ε · logPx

(∫ t

0

B2
s ds ≤ ε,Bt ∈ A

)

= − (t+ x2 + ess infz∈A z
2)2

8

= 5�C +"f�+"C > x ∈ 
 .�/H1 +"f�+"C >h9 +"- A FG6I-I?
P (Bt ∈ A) > 0 .0/21 6 /�VS. CU-J6K4 8aL . C

lim
ε↓0

ε · logP

(∫ t

0

B2
s ds ≤ ε

)

= − t2

8
.

)+�,�-��¨ & ijTUAnACK<?]�
λ = γ2/2

KL?¢T�­/G(V,ACK<DP? � r(9L;� ��PK<ºPT�^

r = lim
λ→∞

1√
λ

logEx( � −λ
R

t

0
B2

s ds · 1A(Bt)) = − 1√
2

(t+ x2 + ess inf
z∈A

z2).

� D,� ��T�HUVP?£G(^nT¼ACa]TÂ`�V�GIo(T�BmAEa]TUD/BCT�u ACD��PTUA+ACa]T �IBW^nAOT�­/G(V�X<K�Axk/9-`ba]T�^nT�H
DP?(FMH
XwV�K<u g$D/XLX<D,��^Oo0k
AEVP³jKL?]�

x = 0
VP?IF

A = 
 9 � ­0T�FS 



_P~ ������� ��� � � � � � � � � � �
� � ��� � ����� � �

��ANV �IBW^nAO�/X<VP?IH
T¼K�ANu�V�k¹^nT�TUu ^nACBWV�?]�/TdAEaIV,AOACa]TyBWV,AETÀKw^N­/G(VPF:BWV,AEK<HÀKL?MACa]TyK<?/AETUBEº,V�X�XLT�?]��AEa
t
9

��G:ANACaIT�g$DPX<XLD,�tK<?]�¢a]T�G]BCKw^nACKwHyBCT�ºPT�VPX<^mAEaIV,AdAEa]Kw^dVPH
ACGIVPXLX<kMu�V�³/T�^N^CTU?I^CT��Z�tBEKLACTyACaIT�ACK<uyTÂKL?0AETUBEº�VPX
[0; t]

VP^fACa]TyF:Kw^$�xD/KL?0AOG]?]K<DP?MDPg[KL?0AETUBEº�VPX<^
I1, . . . , In

VP?IFMV/^C^CG]uyTNg$DPBmACaIT¼uyDPuyT�?/AOACa(V,AfAEa]TvTUºPT�?0AE^
∫

Ik
B2

s ds < ε
V�BETyV/^nkjuy\:AED�ACKwHUVPXLX<k}K<?IF:TU\�TU?(F:TU?0A�9�«]G]BCACaITUBNKLAduyVP³PT�^N^nT�?I^nTvAED¢V/^C^CG]uyTvACaIV�ANACa]T

H
D/?0ACBEKLo]G]ACK<DP? D�gtV�?*KL?0AETUBEº�VPX
Ik
ACD�AEa]TÂK<?/AETU�/BEVPX ∫ t

0 B
2
s ds

K<^N\IBCD/\(D/BnAEKLD/?IV�X�ACD}KLAE^dXLT�?]��AEa-9�ijD}��T
H
D/?I^CK<F:T�B

lim
ε↓0

ε · logP

(

n
⋂

k=1

{

∫

Ik

B2
s ds ≤

|Ik|
t

· ε
}

)

= −1

8

n
∑

k=1

|Ik|2 t/|Ik| = −1

8
t2,

�ta]T�BCTyAEa]T�BEV�ACT�^+��T�BCTÂH�V�XwH
G]XwV,AET�F£GI^nK<?]�¢AEa]Tl^EHUV�X<K<?]�¢\]BCD/\(T�BnAxk¹g$BCD/u X<TUuyu�V¢rI9Q8:9-`ba]TÂBET�^CG]XLAdK<^
ACaITv^EV�uyT¼V/^�AEa]TvBEV�ACTÀ�taIK<HWa¹��Tv�PD�Amg$DPBmACa]T¼g$G]X<X�KL?0ACT�BCº,VPX'9ZijD�ACa]Ty­0GIVPF:BWV,AEK<HÀF:TU\�TU?IF]TU?IHUk}DP?

t
Kw^

H
D/uy\IV,AEKLo]X<TÀ�tKLACa¹ACa]TyVP^E^nGIuv\]ACK<DP?¢ACa(V,AfAEa]TyH
DP?0AEBCK<o]G:AEKLD/?I^�DPg|ACa]T¼KL?0ACT�BCº,VPX<^
I1, . . . , In

V�BETÀVP^Ckjuv\ �ACDPACKwHUVPXLX<kÂK<?IF:TU\�TU?(F:TU?0AfV�?(F�\IBCD/\(D/BnAEKLD/?IV�X�ACDvAEa]TNKL?0AETUBEº�VPXZXLT�?]��AEa-9
½m¾ 5 �²±���. �^&� 2& � K�AEa}ACaITda]TUX<\¹DPg|HUDPBEDPX<X<VPBCk�r(9 _Â��TdH�V�?}BETU\]BED:F:GIH
T+AEa]TÀBET�^CG]XLAE^tDPg|T�
]V�uy\]X<T¼8:9Q8

g$DPBOAEa]T
L2 � ?]D/BCu K<?I^nACT�V/F¹DPg%ACaITy^CG]\]BETUu¼G]u ?]D/BCu¢9Z`ba]TyT�
:\�DP?]T�?/AEK<VPX�BEV�ACTvD�g

P
(

‖B‖2 > c
) g$DPB

c→ ∞ Kw^tV��/VPKL?¢HUVPX<HUG]XwV,ACT�Fl�tKLACa¹i:HWaIKLXwF:TUB�� ^%AEa]TUD/BCT�u¢9�� K�AEa
ε = 1/c2

��T+aIV�ºPT
∫ t

0

B2
s ds > c2 ⇐⇒ √

εB ∈
{

ω
∣

∣

∫ t

0

ω2
s ds > 1

}

=: A.

`ba]TNBWV,AETfg$G]?(HJACK<DP?
I(ω)

G]?IF]TUBtAEa]TdH
D/?I^xAEBEVPKL?0A ∫ t

0
ω2

t dt = β
Kw^tuyKL?IKLu�V�X�g$D/BbACa]T+g$GI?IHJAEKLD/?

ω̃
�tK�AEa

ω̃s =
√

2β/t sin(sπ/2t)

g$DPB�VPXLX
s ∈ [0; t]

V�?IF���TO�/T
AtAEa]TNuyKL?]K<u�V�X-º,VPXLG]T

I(ω̃) =
1

2

∫ t

0

2β

t
· π

2

4t2
cos2

(sπ

2t

)

ds =
βπ2

8t2
.

`bajGI^�ACaITd^nTUA
A
K<^tVyH
D/?0ACK<?0GIK�Axkl^CT
A�DPg�AEa]TNBEV�ACTOg$G]?IH
ACK<DP?}V�?(F���T �I?IF

lim
c→∞

1

c2
logP

(

‖B‖2 > c
)

= lim
ε↓0

ε logP
(√
εB ∈ A

)

= − inf
{1

2

∫ t

0

ω̇2
s ds

∣

∣

∣ ω ∈ A
}

= − inf
β>1

βπ2

8t2
= − π2

8t2
.

`ba]Kw^NKw^ÀH
D/?I^CK<^nACT�?/Ad�tKLACa�ACa]TÂBET�^CG]XLAE^NDPgtT�
]V�uy\]X<Tl8:9Q8:9�i:KL?IHUT�ACaITÂTUº/TU?0A ‖B‖2 > c
K<uy\]XLK<T�^

‖B‖∞ > c/
√
t
��TNT�
:\(T�HJA

lim
c→∞

1

c2
logP

(

‖B‖2 > c
)

≤ lim
c→∞

1

c2
logP

(

‖B‖∞ > c/
√
t
)

=
1

t
lim

c→∞
1

c2
logP

(

‖B‖∞ > c
)

V�?(F�K<?IF:T�T�F�ACaITÀH
D/BCBET�^C\(D:F:K<?]�vBEV�ACT�^tV�BET −π2/8t2
g$DPBtAEa]TNXLTUg�AfaIVP?IF¢^nKwF:TdV�?(F −4/8t2

g$D/BbACa]TÀBCK<�Pa0A �aIVP?IF¢^nKwF:TP9
`ba]T+XwV�BE�PT+F:TUºjKwV,ACK<DP?�o�TUaIV�ºjK<DPG]BbD�g ‖B‖2 < ε

g$DPB
ε ↓ 0

Kw^�F:T�^EH
BEK<o(T�FlojklHUDPBEDPX<X<VPBCkyrI9 _]9 � TN�PTUA

lim
ε↓0

ε2 logP
(

‖B‖2 < ε
)

= lim
ε↓0

ε2 logP
(

∫ t

0

B2
s ds < ε2

)

= − t2

8
,
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� � � � ��� ��� � ��� � � � � �
L2 � ����� � _];

�ta]KwHWa¹BETU\]BED:F:GIH
T�^tAEa]T¼HUDPBEBCT�^n\�DP?IF]KL?]��BET�^CG]XLAfg$BEDPu�X<TUuyu�V�8:9 _�DPg � c�K<~I;U�©9Z�f�/V�K<? �(��TvHUV�?£H
DPuy\IVPBCT
ACaIK<^t�tKLACa¢AEa]TNBET�^CG]X�AW^bg$BEDPu¶T�
]V�uy\]X<TN8]9 8]9�� a]T�?]TUº/TUBt��TNaIV�ºPT ‖B‖∞ < ε/

√
t
��TdV�Xw^CDva(V�ºPT ‖B‖2 <

ε
VP?IF�ACajGI^b��Td^na]D/G]XwFlaIV�º/T

lim
ε↓0

ε2 logP
(

‖B‖2 < ε
)

≥ lim
ε↓0

ε2 logP
(

‖B‖∞ < ε/
√
t
)

= t lim
ε↓0

ε2 logP
(

‖B‖∞ < ε
)

.

`ba]TNBET�^CG]XLAE^�g$BEDPu VPo(D,º/TOVP?IF�g$BCD/u¶T�
:VPuy\]XLTd8]9 8vV�BET −t2/8 g$D/BtACa]TNX<T
g�AmaIV�?IF�^CK<F:TdVP?IF −π2t2/8
g$DPB

ACaITNBCK<�Pa0AtaIV�?(F�^CK<F]T��I^CDyTUºPT�BCk0AEa]KL?I� �]AW^bACD/�PTUACa]T�B���TUX<X©9
c�V�ACT�BO��T��tK<XLX[?ITUT�FMACaIT�BCT�^nG]XLAE^dD�gt·�D/BCD/XLXwV�BEk¢rI9 _�G]?]KLg$DPBEuvX<kMK<? ACa]T�K<?]KLACKwV�X%HUDP?IF]K�AEKLD/?

x
9�`�D

VPHWaIKLº/T+ACa]Kw^fGI?]K�g$D/BCuyKLAxk���TdGI^CTÀV�º/TUBW^nK<DP?�D�g%�f?IF:T�BE^CDP?-� ^tK<?]T�­0GIVPXLKLAxk � ACaIK<^mK<^mH
D/BCD/XLXwV�BEk�{yK<?¹��?IF]TUB �^CDP?-� ^bDPBEKL�/KL?(V�X�\IV�\�TUBe� ��?(FI{P{_�% �
3 .j��� 5��^&L�^&l*^+"-

(Xs)0≤s≤t
.�/H1 (Ys)0≤s≤t

3 +\-JF 5 9 + V@. C .D3"L + � .�8�9�9 6 .�/�V CE5 4�+ 9�9 + 9\.�/H1
k ∈ [0; 1]

FG6I-%?
E(Xs) = kE(Ys)

.�/21 Cov(Xr, Xs) = Cov(Yr, Ys) = C(r, s) = 5�C .0LIL 0 ≤ r, s ≤ t Q� 9�9U8 N�+B-I? . - C 6 9 4�5 / -76 /'8 5 8�9 QOR ?S+ /
P
(

∫ t

0

X2
s ds ≤ ε

)

≥ P
(

∫ t

0

Y 2
s ds ≤ ε

)

.�/H1
P
(

sup
0≤s≤t

|Xs| ≤ ε
)

≥ P
(

sup
0≤s≤t

|Ys| ≤ ε
)

= 5�C .0LIL ε > 0 Q
3 .j��� 5Â�,&�¤)& *^+<-

B 3 + . 5 / + � 1 6IN�+ /S9 6K5 /2.0L � CE50F / 6 .0/�� 5�-J6K5 /�.�/H1 A ⊆ 
 4 L 5 9 + 1 Q R ?@+ /
lim
ε↓0

ε · log sup
x∈A

Px

(

∫ t

0

B2
s ds ≤ ε

)

= − inf
x∈A

(t+ x2)2

8
.

)+�,�-��¨ & c-TUA
x, y ∈ A

�tKLACa
0 < |x| < |y| 9I`ba]T�?�X<TUuyu�VyrI9 r�V�\]\IXLK<T�FlACD X = B+|x| � Y = B+|y|V�?(F

k = |x/y| VP?IF�ACa]Td^CkjuyuvTUACBEkÂD�g���BCD,�t?]KwV�?�uyD�ACK<DP?��PK<ºPT�^

Px

(

∫ t

0

B2
s ds ≤ ε

)

≥ Py

(

∫ t

0

B2
s ds ≤ ε

)

. � r(9 8M 
� D,� HWa]DjD/^CT x ∈ A

�tKLACa |x| = inf{ |y| | y ∈ A } 9]`ba]TU?�AEa]TNT�^nACK<u�V,ACT � rI9Q8D ��PK<ºPT�^

Px

(

∫ t

0

B2
s ds ≤ ε

)

= sup
y∈A

Py

(

∫ t

0

B2
s ds ≤ ε

)

V�?(FÂAEa]TdH
XwV�K<u g$D/XLX<D,��^��tK�AEa¢HUDPBEDPX<X<VPBCkyr(9 _I9 � ­0T�F' 

c-TUA X o(TdACa]TÀ^C\IV/H
TND�g|V�X<X-u�V�\(^
ω : [0; t] → 
 ^nGIHWa�AEaIV,A

ω0 = 0
T�­0G]K<\]\�T�F¢�tKLACa¢AEa]TNACD/\(D/XLD/�Pk

D�g�\�DPK<?/Ax�tKw^CT+HUDP?jºPT�BC�/TU?IHUTP9]µm? X F:T��I?]T+AEa]T+g�V�uyK<XLk
(Pε)ε>0

D�g�uvT�VP^CG]BET�^bojk

Pε(A) = �
(

A
∣

∣

∣

∫ t

0

W 2
s ds ≤ ε

)

g$DPB�VPXLXZuyT�VP^CG]BEVPo]X<T
A ⊆ X 9

�d��.j�I�,.j� �^&<®;( �O/ -I?S+ 9JVS. 4�+ X -I?S+ =<. N�6 L]> (Pε)ε>0
9". -J6 9 
�+ 9 -%?@+Z* X�� FG6I-%? -%?@+ AM5_5 1 C . - +

=�8a/ 4"-J6K5 /
I(ω) = sup

{

(t+ 2ω2
t1 + · · · + 2ω2

tn
+ ω2

t )2/8− t2
∣

∣ n ∈ g , 0 < t1 < · · · < tn < t}
= 5�C .0LIL ω ∈ X Q
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)+�,�-��¨ & «IDPBOuyT�VP^CG]BWV�o]X<TÀ^CT
AW^
A1, . . . , An ⊆ 
 VP?IF ��
jT�F¢ACK<uyT�^

0 < t1 < · · · < tn = t
ACa]T

`�V�G]o�TUBbAEa]TUD/BCT�u rI9<;NV�\]\]X<K<T�FlACD�T�­0GIV�ACK<DP? � r(9L;� %�/KLº/T�^

lim
ε↓0

ε · logP
(

(Bt1 , Bt2 , . . . , Btn
) ∈ A1 ×A2 × · · · ×An

∣

∣

∣

∫ t

0

B2
s ds ≤ ε

)

= lim
ε↓0

ε · logP
(

Bt1 ∈ A1, Bt2 ∈ A2, . . . , Btn
∈ An,

∫ t

0

B2
s ds ≤ ε

)

− lim
ε↓0

ε · logP
(

∫ t

0

B2
s ds ≤ ε

)

= −
(

t+ ess inf
z∈A1×A2×···×An

(2z2
1 + · · · + 2z2

n−1 + z2
n)
)2
/8 + t2/8. � r(9 _d 

¡f^CK<?]�
An = 
 ��TvHUV�?¹F]BCD/\¢ACa]TyVP^E^nGIuv\]ACK<DP?

tn = t
V�?IF}VPBCBEK<ºPTdV,AmACa]TÀg$DPX<XLD,�tK<?]�ÂBET�^CG]XLA�9�«]D/BmV�X<X

uyT�V/^nG]BWV�oIXLT+^nTUAE^
A1, . . . , An ⊆ 
 VP?IF ��
:T�F�ACK<uyT�^

0 < t1 < · · · < tn ≤ t
��T+aIV�ºPT

lim
ε↓0

ε · logP
(

(Bt1 , Bt2 , . . . , Btn
) ∈ A1 ×A2 × · · · ×An

∣

∣

∣

∫ t

0

B2
s ds ≤ ε

)

= − ess inf
z∈A1×A2×···×An

It1,...,tn
(z)

�ta]T�BCT
It1,...,tn

: 
 n → 
 +

K<^tF]T��I?]T�F�o0k

It1,...,tn
(z) =

1

8

{

(

t+ 2z2
1 + · · · + 2z2

n

)2−t2, KLg
tn < t

�(V�?IF
(

t+ 2z2
1 + · · · + 2z2

n−1 + z2
n

)2−t2 g$D/B
tn = t

9
� KLACa£ACa]TvT�
]H
T�\:ACK<DP?MD�g[AEa]T¼T�?IF:\�DPK<?0A

t
AEa]TyVPHJAEGIV�X�\�D/^CK�AEKLD/?I^fDPg[ACaIT

ti
aIV�ºPT¼?]DlK<?��IGITU?IHUT¼D/?¹ACaIT

BWV,ACT/9-`ba]T�TU?(F:\(D/KL?0A
t
Kw^N^n\�T�HUK<VPX �-o�T�H�V�GI^CTyACaIT�\]BCD:HUT�^E^NF:DjT�^+?]DPAd?]TUT�FMAED}BCTUACG]BE? ACD�ACaITÂDPBEKL�/KL?

­0G]KwHW³0X<klV�g�ACTUBmVyº0Kw^CK�A�K<?
An

V,AtAEKLuyT
t
�I^CDÂV,AtAEa]TNTU?(F�DPg�ACa]TNK<?0ACTUBEº,V�X-KLA�Kw^��nHWaIT�V�\�TUB 	mAED�o(T+g�VPBfV��bV�k

g$BEDPu AEa]TNDPBEKL�/KL?�9
��T�H�V�GI^CTOACa]TdBWV,AET+g$G]?IH
ACK<DP?

It1,...,tn

Kw^fHUDP?0ACK<?jG]DPGI^b��Td�/T
AfV�?}c�efY�D/? 
 n VP^tK<?¢ACa]TÀBCT�uyVPBC³lDP?\IVP�PTy;�zI9j«IBCD/u ACaIK<^t��TdHUVP?��/T
AbACaITdc�emYhD/?�ACa]TN\IV�ACa¢^n\(VPH
T+�tKLACa¢BWV,ACTOg$G]?(HJACK<DP?
I(ω) = sup

{

It1,...,tn
(ωt1 , . . . , ωtn

)
∣

∣ n ∈ g , 0 < t1 < · · · < tn ≤ t}
ojkMV�\I\]XLkjK<?]��ACa]TÂeOV���^CDP? � R ��BCAC?]T�BfAEa]TUD/BCT�u V�o�DPG]AdX<VPBC�/TvF:T�ºjK<V�ACK<DP?I^Og$D/BN\]BCDP�xT�H
ACK<ºPTvXLK<uyK�AW^ � ^CTUTACaITUDPBETUuÁ8:9 zM J9 � ­0T�F' 

� DPACTvACa(V,A+ACa]T�BWV,AETvg$G]?IHJAEKLD/? I KL?£ACa]TyAEa]TUD/BCT�u �tK<XLX�Axkj\]KwHUVPXLX<k}AEVP³PTvK�AW^NK<? �IuÀGIu g$DPBdV�?]D/? �H
D/?0ACK<?0GIDPGI^O\IV�ACa
ω
9-�f^E^nG]uyT

ω
Kw^+H
D/?/AEKL?jG]D/GI^+V�?IF£?]D/? � ��TUBEDI9�c-TUA ε = ‖ω‖∞/2

9�`baITU? ��T �I?IF
K<? �I?]KLACT�XLk}u�V�?jk}F:Kw^xAEKL?(HJAfAEKLuyT�^

t
�tKLACa

ω2
t > ε2

V�?(F¢ACajGI^
I(ω) = +∞ 9ZijKL?(H
T

I
Kw^

+∞ g$DPBm?]DP? ��UT�BCD �(HUDP?0ACK<?jG]DPGI^tg$G]?IHJAEKLD/?I^mK�AO�tKLX<X�?ID�Afo�TÀ\�D/^E^nK<o]X<TdAEDÂ\]BED,ºPT+ACaIT¼^EV�uyTNACaITUDPBETUuÁ�tKLACa X BETU\IX<V/H
T�F
ojk (

C( 
 +), ‖ · ‖
) 9

� �
	 � ��� 
 � �#��� � ��� 
 � �  �  � �
`ba]TyBETUu�V�K<?]K<?]�l\IVPBnA+D�g%ACa]Kw^NHWaIV�\]ACTUBNHUDP?0AEVPKL?I^fACaITv\IBCDjD�g�D�g�VlACa]T�DPBETUu VPo(D/G:ANG]\]\�TUBNV�?IF£X<D,��T�B
X<KLuyKLAE^mKL?MACa]Tv`�VPG]o(T�BCKwV�?¢AEa]TUD/BCT�u¢9(=@?MHUDP?0ACBWVP^nA�AEDÂACaITUDPBETUuÁrI9<;NAEa]T¼BET�^CG]XLAfD�g|AEa]Kw^O^CT�H
ACK<DP?¹VP\]\]X<KLT�^
�tKLACa]D/G:AfV�?jklV/^C^CG]uy\:ACK<DP?�DP?�ACaITdF:K<^nACBEK<o]G:ACK<DP?¢DPg

X
9

�d��.j�I�,.j� �^& 1 (�*,+"-
X ≥ 0 3 + . C .�/H1 50N f . CU6 .D3"L + .0/21 A .0/ +"f�+ / -�FG6I-I? P (A) > 0 Q X�+�
 / +-%?@+ 8_VMV +"C .0/21�L 50F +<C L 6IN�6I- 9

r̄ = lim sup
λ→∞

1√
λ

logE( � −λX · 1A) .�/H1 C
� = lim inf

λ→∞

1√
λ

logE( � −λX · 1A)

.�9 F + LIL,.�9
s̄ = lim sup

ε→0
ε logP (X ≤ ε, A) .�/H1 9� = lim inf

ε→0
ε logP (X ≤ ε, A).

R ?@+ / −r̄2/4 = s̄ .�/H1 = 5�CZ-I?S+ L 50F +<C L 6IN�6I- 9 F + ? . f�+e-I?S+ 9 ? . C V + 9 -J6IN . - + 9 − C� 2 ≤ 9� ≤ − C� 2/4 Q



� ��� � � � � � � � � ��� � � � � � � � � ��� _P_

)+�,�-��¨ & �m^�K<?¢ACa]Td\IBCDjD�g�D�g�AEa]TUD/BCT�u¶rI9<;NKLAfK<^fTU?]D/G]�Pa�AEDlH
D/?I^nKwF:T�BbACa]TvHUVP^CT
A = 
 9�«�KLBW^xAm?]D�AETACa(V,A �Zo�T�H�V�GI^CT

X
Kw^m\�D/^CKLACK<ºPT���AEa]TyT�
:\�T�HJAWV,AEKLD/?

E( � −λX)
T�
:K<^nAE^Og$D/BNV�X<X

λ ≥ 0
V�?(F¹Kw^NVl?jG]u¼o(T�Bo�T
Ax��TUTU?¢~�V�?(FM;/9IijDÂV�X<X�ACa]TNº,VPXLG]T�^

r̄
� C � �

s̄
�(V�?IF 9� �tKLX<X-o�TN?]TU�0V,ACK<ºPT/9`ba]T+T�^nACK<u�V,AET

s̄ ≤ −r̄2/4 g$DPX<XLD,��^�g$BEDPu AEa]TNT�
:\�DP?]T�?0ACKwV�X-¸¹VPBC³/D,ºvK<?]T�­/G(V�X<K�Axk �]c-TUA
ε > 0

9]«]BEDPu
E( � −λX ) ≥ � −λεP

(

� −λX ≥ � −λε
)

= � −λεP
(

X ≤ ε
)

��TO�/T
A
P (X ≤ ε) ≤ � λεE( � −λX )

VP?IFlACajGI^
ε logP (X ≤ ε) ≤ ε

(

λε+ logE( � −λX)
) g$D/B�V�X<X

λ ≥ 0
9

«]D/B
λ = r̄2/4ε2

AEa]TNo�DPG]?IF�o�T�HUDPuyT�^
ε logP (X ≤ ε) ≤ r̄2/4 + ε logE( � −Xr̄2/4ε2

).

`�V�³jKL?I�vGI\]\(T�BtXLK<uyK�AW^t��TN�PT
A

s̄ = lim sup
ε↓0

ε · logP (X ≤ ε) ≤ r̄2

4
+ lim sup

ε↓0
ε · logE( � −Xr̄2/4ε2

)

=
r̄2

4
− r̄

2
lim sup

ε↓0

2ε

|r̄| logE( � −X(r̄/2ε)2)

=
r̄2

4
− r̄

2
· r̄ = − r̄

2

4
.

ªtT�\]X<V/H
K<?]�yV�X<X-G]\]\�TUBtX<KLuyKLAE^tK<?�ACa]TN\IBCT�º0K<DPG(^tV�BE�PG]uyTU?0Ab�tK�AEa¢XLD,��TUBbX<KLuyKLAE^t�/KLº/T�^ 9� ≤ − C� 2/4
9

� uyD/BCTÀH�V�BET
g$G]X�V�?(V�X<kj^CKw^�Kw^f?]T�H
T�^C^EV�BEkÂAEDl\]BED,ºPT
s̄ ≥ −r̄2/4 9 �£TyHUVP?}T�
:\]BET�^E^ r̄ ºjK<VÂACa]TvX<D,��T�BAEVPKLXw^bD�g

X
�

r̄ = lim sup
λ→∞

1√
λ

logE( � −λX)

= lim sup
λ→∞

1√
λ

log

∫ 1

0

P ( � −λX ≥ t) dt

t =
�
−u

= lim sup
λ→∞

1√
λ

log

∫ ∞

0

P (X ≤ u/λ) � −u du

= lim sup
ε↓0

ε log

∫ ∞

0

P (X ≤ uε2) � −u du.

`ba]TÀF]T��I?]KLACK<DP?¢DPg
s̄
�PK<ºPT�^tACaIV�Atg$DPB�T�ºPTUBEk

δ
�tKLACa

0 < δ < |s̄| ACa]T�BCTNT�
:K<^nAE^�VP? E > 0
�I^CGIHWa�ACaIV�A�g$DPBTUº/TUBEk

η < E
��T+aIV�ºPT

P (X ≤ η) ≤ η−3/2 � (s̄+δ)/η .=���VP?/AbAEDvG(^nTOACaITNBCT�X<V�ACK<DP?
∫ ∞

0

zu−3/2 exp
(

−z
2

u
− u
)

du =
√
π � −2z .

=@?�ACa]TdHUDP?0ACT�
jAbDPg�AEa]TdV�o�D,ºPTOT�^nACK<u�V,ACT+AEa]Kw^t�PK<ºPT�^
∫ ∞

0

P (X ≤ uε2) � −u du ≤
∫ E/ε2

0

(ε2u)−3/2 exp
(

−
(

√

|s̄+ δ|
ε

)2 · 1

u
− u
)

du

+

∫ ∞

E/ε2

1 · � −u du

≤ ε−3 ε
√

|s̄+ δ|
√
π � −2

√
|s̄+δ|/ε + � −E/ε2

`ba]Td^CG]u Kw^�F:D/uvK<?IV�ACT�F�ojk�ACaIT �IBE^nAtACT�BCu �]^CDy��T+�PTUA
r̄ ≤ −2

√

|s̄+ δ| �taITU?]T�ºPTUB
0 < δ < |s̄|

V�?(FÂAEa0G(^
r̄ ≤ −2

√

|s̄| 9]��T�HUVPGI^nT+o�D�AEa � r̄ VP?IF s̄ �]VPBCT+?]T��/V,AEKLº/TfAEa]Kw^�^naID,��^ s̄ ≥ −r̄2/4 9



_�r ������� ��� � � � � � � � � � �
� � ��� � ����� � �

«�KL?(V�X<XLk��I��TdHUV�?}\IBCD,º/T − C� 2 ≤ 9�P9�¡f^CKL?I��ACa]T¼T�^nACK<u�V,ACT � −λx ≤ 1[0;ε](x) + � −λε1(ε;∞)(x)
g$DPBfVPXLX

x ≥ 0
�tKLACa

λ = | 9 � |/ε2 �PK<ºPT�^
E
(

� −|s|X/ε2) ≤ P (X ≤ ε) + � −| 9� |ε/ε2

P (X > ε) ≤ P (X ≤ ε) + � −| 9� |/ε.

��T�H�V�GI^CTÀg$D/BOACa]TÂ^CT�HUDP?IF¹ACTUBEu K<?MAEa]T�^nGIu ACa]T�X<K<uvKLA
limε↓0 ε log � −| 9� |/ε = −| 9� | T�
:K<^nAE^ �Z��T�H�V�?H
D/?IH
X<GIF:T

−| C� |√| 9� | = lim inf
ε↓0

ε logE
(

� −|s|X/ε2)

≤ max
(

lim inf
ε↓0

ε logP (X ≤ ε) , lim
ε↓0

ε log � −| 9� |/ε
)

= max
(

−| 9� | , −| 9� |) = −| 9� |.
`�V�³jKL?I�y^E­0GIV�BET�^�AEa]TNT�^nACK<u�V,ACT+o�T�HUDPuyT�^ C� 2 ≥ | 9� | V�?IF�uÀG]XLACK<\]X<K<H�V,AEKLD/?��tKLACa −1

�PK<ºPT�^�AEa]TNBET�^CG]X�A�9
`ba]TNG]\I\(T�Bfo�DPG]?IF¢D/? 9� Kw^f^CaIVPBC\ �:o�T�H�V�GI^CTNK<?¢ACa]TÀH�VP^CTND�g�ACa]T�DPBETUu rI9<;N��TNaIV�º/T+T�­0GIV�X<KLAxkÂACaITUBETP9

`ba]TÀg�VPHJAOACa(V,AfAEa]TvXLD,��TUBmo(D/G]?IF}g$D/B�AEa]T¼X<D,��TUBfX<K<uvKLA 9� K<^O^CaIV�BE\¹Kw^m^Ca]D,�t?}ojk�ACa]TvT�
]V�uy\]X<T¼V�AfAEa]TTU?(F�DPg�AEa]K<^f^nT�HJACK<DP?�9 � ­0T�F' 
»¼�I�,����� 5 ��° �^& ¿ & � /H1 +"CB-%?@+ .�9�9U8 N V -76K5 /@9 5 = -%?@+�5�C`+<N�� Q�� F + ? . f�+ r̄ = −2

√

|s̄| .�/H1 = 5�Ce-%?@+L 50F +<C L 6IN�6I- 9 F + ? . f�+ -I?S+ 9 ? . C V + 9 -J6IN . - + 9 −2
√

| 9� | ≤ C
� ≤ −

√

| 9� | Q
)+�,�-��¨ & µm?

(−∞; 0]
AEa]Tyu�V�\

x 7→ −
√

|x| Kw^N^nACBEK<H
ACX<k}uvD/?]D�AEDP?]KwHUVPXLX<k¢KL?(H
BET�VP^CK<?]�I9�`bajGI^Og$DPB
r, s ≤ 0

��TNaIV�ºPT
s ≤ −r2 K�g[VP?IF�DP?]X<klKLg −√|s| ≤ r

9(�f\]\]X<kjKL?]�yAEa]Kw^tACDyAEa]TdBET�^CG]XLAE^tDPg�AEa]TUD/BCT�u¶rI9 �\]BED,ºPT�^%AEa]TdH
D/BCD/XLXwV�BEkP9 � ­0T�F' 
� DPACT+AEaIV,AtAEa]TUD/BCT�u¶rI9 �vF:DjT�^�?]D�AfF:K<BET�HJAEXLk�KLuy\]X<k�ACa]T�DPBETUu r(9L;/9]= g�ACa]TNX<KLuyKLA

s
g$BCD/u ACaITUDPBETUu¶rI9<;

T�
:Kw^xAW^��jAEa]TU?¢��T+�PT
A
s ≤ − C � 2/4 ≤ −r̄2/4 = s,K©9 T/9IAEa]TÀX<KLuyKLA

r
V�Xw^CDÂT�
:Kw^xAW^fV�?(F}^CV�ACKw^ �IT�^

s = −r2/4 9���G]AmKLg[��TÀV/^C^CG]uyTNAEaIV,A r T�
:K<^nAE^ �IAEa]TU?¹ACa]T�D �BETUu r(9Q�ÀDP?IXLkÂ�/KLº/T�^
−r2 ≤ 9� ≤ s̄ = −r2/4V�?(Fl��TdHUVP?]?]D�A�F:K<BET�HJAEXLk�H
DP?(H
X<GIF:TOACaIV�AtACa]TNX<K<uvKLA

s
g$BEDPu ACa]T�DPBETUu r(9L;+T�
:Kw^xAW^U9

`ba]T+g$D/XLX<D,�tKL?I��T�
]V�uy\]X<Td^naID,��^bACaIV�A�g$DPBm�PT�?]TUBWV�XZBWV�?IF]DPu¶º,VPBCKwV�o]X<T�^
X
AEa]TÀX<D,��T�Bto(D/G]?IF − C� 2 ≤9� DP?�ACa]TNX<D,��TUBbXLK<uyK�A 9� Kw^�^na(V�BE\-9

½m¾ 5 �²±���. �^&w2 & c-T
A
s < 0

V�?IF
(εn)n∈ � 0

o�TÀV�^xAEBCKwHJAEXLk�F:T�HUBCT�VP^CKL?I�y^CT�­0G]T�?IH
TN�tKLACa
ε0 = ∞ VP?IF

limn→∞ εn = 0
9(`ba]TU?���T+aIV�º/T
∑

n∈ �

(

� −|s|/εn−1 − � −|s|/εn

)

= � −|s|/ε0 − lim
n→∞ �

−|s|/εn = 1 − 0 = 1

V�?(Fl��TdHUVP?�F:T��I?]TdVvBWV�?IF:D/u º,V�BEK<VPo]XLT
X
�tK�AEa¢º�VPXLGIT�^bK<?�AEa]Td^CT
A { εn | n ∈ g } o0k

P (X = εn) = � −|s|/εn−1 − � −|s|/εn

g$DPB�VPXLX
n ∈ g 9]`ba]Kw^tBWV�?IF]DPu º,V�BEK<VPo]X<TOa(VP^

P (X ≤ ε) =

∞
∑

n=n(ε)

(

� −|s|/εn−1 − � −|s|/εn

)

= � −|s|/εn(ε)−1

�tKLACa
n(ε) = min{n ∈ g | εn ≤ ε } V�?IF¢HUDP?I^CT�­0G]T�?/AEXLk

ε logP (X ≤ ε) = −|s| ε

εn(ε)−1
.
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��k�F]T��I?]KLACK<DP?}DPg
n(ε)

��TdaIV�ºPT
εn(ε) ≤ ε < εn(ε)−1

9�`ba]Kw^fVPXLX<D,��^tGI^�ACDlH�V�XwH
G]XwV,AET+ACa]T¼T�
:\(D/?]TU?0AEK<VPX
AEVPKLX�BEV�ACT�^ 9� = s

V�?IF �Io(T�HUV�G(^nT
s
Kw^t?]T��/V,AEKLº/T��

s̄ = s · lim infn→∞ εn/εn−1
9

·�a]DjD/^CK<?]��F:K���TUBETU?0Am^CT�­0G]T�?IH
T�^
(εn)

X<T�V/F]^bAEDlF:K
��T�BCT�?/Amº�VPXLGIT�^bg$D/B
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�(V�?(F C � 9(«]D/B�DPGIB�T�
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X<T
A
q < 1

V�?IFMF:T��I?IT
εn = qn g$D/BmV�X<X n ∈ g 9�`ba]TyV�o�D,ºPTdHUVPX<HUG]XwV,ACK<DP?¹^Ca]D,��^ 9� = s

V�?IF
s̄ = qs

9
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r̄ = −2
√

q|s| VP?IF C� ∈ [−2
√

|s|;−
√

|s|] 9��£TÀ��VP?/AbAEDyg$G]BnAEa]TUBfT�
]V�uyK<?]T C�j9I`ba]Tc�VP\]XwVPH
TmACBWV�?(^xg$D/BCu DPg
X
HUVPX<HUG]X<V�ACT�^tVP^

E( � −λX) =
∑

n∈ �
� −λqn(

� −|s|/qn−1 − � −|s|/qn)

=
∑

n∈ �
� −λqn−|s|/qn−1(

1 − � −|s|(1−q)/qn)

.

��T�H�V�GI^CT+D�g
exp(−|s|(1 − q)/qn) → 0

g$DPB
n → ∞ ��TNaIV�ºPT

1/2 < 1 − exp(−|s|(1 − q)/qn) < 1
g$DPB

^CGa!ÂH
K<TU?0ACX<klXwV�BE�PT
n
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n(λ)
ojk

qn(λ) ∈ [q
√

|s|/λ;
√

|s|/λ) 9�� KLACa f(x) = exp(−λx − q|s|/x)��TOa(V�ºPT
E( � −λX ) > exp

(

−λqn(λ) − |s|/qn(λ)−1
)1

2
=

1

2
f(qn(λ))

g$DPBO^nG@!�HUKLT�?0ACX<k�XwV�BE�PT
λ
9���T�HUV�G(^nT

f
Kw^�K<?IH
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(0;
√

q|s|/λ] V�?(F}F:T�HUBCT�VP^CKL?]��D/?
[
√

q|s|/λ;∞)
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f
DP?

[q
√

|s|/λ;
√

|s|/λ) o0k}KLAE^Oº,V�X<G]T�^fD/?¹ACaIT¼o�DPG]?(F]V�BEKLT�^U9�`ba]Kw^X<T�VPFI^�ACD
E( � −λX) >

1

2
min

(

f(q
√

|s|/λ), f(
√

|s|/λ)
)

=
1

2
exp
(

−(1 + q)
√

λ|s|
)

g$DPB�^CGa!ÂH
K<TU?0AEXLk�X<VPBC�/T
λ
9I`�V�³jKL?I�¼X<D,��T�BbXLK<uyK�AW^t��TN�/T
A

−
√

|s| ≥ C� ≥ −(1 + q)
√

|s|
�ta]T�BCTOACaIT �IBE^nAtKL?IT�­0GIV�X<KLAxklH
D/uvT�^�g$BCD/u ACaIT+ACa]T�DPBETUu D/BtT�­0G]K<º�VPXLT�?0ACX<k

− C� 2 ≤ 9� ≤ − C � 2/(1 + q)2.
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q
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Xt

DPg�^CDPX<G:ACK<DP?I^fD�gACaIT 
 � º,VPXLG]T�F�^nACD:HWaIV/^xAEK<H+F:K
��TUBETU?0ACKwV�XZT�­/G(V,ACK<DP?
dXϑ

s = ϑb(Xϑ
s ) � ds+ dBs

DP?
[0; t]

Xϑ
0 = z ∈ 
 � {]9L;� 

g$DPBtXwV�BE�PTOº,V�X<G]T�^
ϑ
9

`ba]TÀ^CKLACGIV�ACK<DP?¹a]T�BCTÀK<^mF:K���TUBETU?0Amg$BCD/u AEa]T¼^CKLACGIV�ACK<DP?}K<?}ACa]Tv«]BETUKwF:X<KL? � � TU?0A���TUX<X�AEa]TUD/BCT�u�9(=@?¹DPGIBHUV/^nT+AEa]TÀX<TU?I��ACa
t
DPg�ACa]T¼KL?0ACT�BCº,VPX�Kw^���
:T�F ��VP?IF¢KL?(^xAET�VPF

ϑ
�/D0T�^bACDlKL? �(?]K�Axk/9Zµm?ITÀHUVP?}BCT�^CH�V�X<TNT�­0GIV �ACK<DP? � {:9<;_ �VP^�g$D/XLX<D,��^U9]emT��(?]T Y ϑ

s = Xϑ
s/ϑ

g$DPB�VPXLX
s ∈ [0;ϑt]

9]`baITU?¢ojklX<TUuyu�V�;/9 _¼AEa]TN\]BEDjHUT�^E^
Y ϑ K<^Vy^nD/XLG]ACK<DP?�D�g�ACa]TÀi:ems

dY ϑ
s = b(Ys) � ds+

1√
ϑ
dBs

D/?
[0;ϑt]

Y ϑ
0 = z

V�?(Fl��TNaIV�ºPT
P (Xϑ

t ∈ A) = P (Y ϑ
ϑt ∈ A).`ba]TvBCT�^CH�V�X<T�F}\IBCD/o]XLT�u�XLDjDP³:^muyDPBET¼^CKLuyK<X<VPBfAEDlAEa]Tv^CKLACGIV�ACK<DP?¹g$BEDPuÁAEa]T�«]BETUKwF:XLK<? � �£T�?0A��UT�XLX�AEa]TUD/BCk��o�T�HUVPGI^CTv?ID,� ACaITv?IDPKw^nT�F:T�H
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DP?
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Xϑ
t

�ZV/^C^CG]uyKL?I�
Xϑ

0 = 0
V�?IF

b = −∇Φ
��T+�PT
A

P (Xϑ
t ∈ A) =

∫

1A(ωt) exp
(

ϑF (ω) − ϑ2G(ω)
)

d � (ω)

�ta]T�BCT

F (ω) = Φ(ω0) − Φ(ωt) +
1

2

∫ t

0

∆Φ(ωs) ds
VP?IF

G(ω) =
1

2

∫ t

0

b2(ωs) ds.

= A+�tKLX<X�ACG]BE?MD/G:A ��ACa(V,AOACa]TvDP?]X<k}\IV�ACaI^m�ta]KwHWa£H
D/?0ACBEKLo]G]ACTdg$D/BOACa]TvX<VPBC�/TÀF:T�º0KwV,AEKLD/?I^Oo(T�aIV�ºjKLD/G]B
D�g
Xϑ

t

V�BETdACaID/^CT����ta]KwHWa£H
D/BCBET�^C\�DP?IF�AED�º/TUBEk�^Cu�V�X<X�º,VPXLG]T�^fDPg
G
9-`ba]Kw^+HWaIV�\:AETUB+H
DP?(^nKw^xAW^fDPg|ACa]BETUT
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]V�uyK<?]TOACa]Td^CKLACGIV�ACK<DP?�ACaIV�A ∫
b2(ωs) ds

Kw^�^CuyVPXLX
D,ºPT�BtVyXLD/?]��KL?0AETUBEº�VPX-D�g�ACK<uyTP9�`ba]K<^��tKLX<X-o�TdGI^CT�F�ACD�AEBCT�V,AbACaITdu�V�K<?�\IKLT�H
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TOACa]TNT�º,V�X<GIV,AEKLD/?�DPg�ACaITNBEV�ACTOg$G]?IH
ACK<DP?�ACDÂVvº,V�BEK<V�ACK<DP?IVPX�\]BCD/o]X<TUu¢9

`ba]T¼³PTUk�g$DPBOTUº,VPXLGIV�ACK<?]��AEa]T¼BWV,AETNg$G]?IH
ACK<DP?£KL?¹\IBCD/\(D0^nKLACK<DP?M{]9 _�o�TUX<D,�´Kw^�AEa]TÀg$D/XLX<D,�tK<?]�ÂX<TUuyu�V]9
� TdF:T
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ACK<DP?-9

3 .j��� 5}¤ &� 2&;*^+"-
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 → [0;∞) 3 + . V 5 9 6I-76If�+ : -JF 5�-76IN�+ 9 4�5 / -J6 /S8 5 8�9UL]>	1 6 � +"CE+ / -J6 .D3"L +=�8a/ 4"-J6K5 / FG6I-%? lim inf |x|→∞ v(x) > 0 .�/H1 m ∈ 
 FG6I-I?

v(x) = 0
6 =�.�/21 5 /'L]> 6 = x = m .�/H1

v′′(m) > 0 Q � 5�C a, z ∈ 
 .0/21 β ≥ 0 1 +�
 / +

Ma,z,β
t =

{

ω ∈ C[0; t]
∣

∣

∣
ω0 = 0, ωt = a− z,

1

2

∫ t

0

v(ωs + z) ds = β
}

.�/H1
J(a, z) =

1

4

(

∣

∣

∫ m

z

√

v(x) dx
∣

∣+
∣

∣

∫ a

m

√

v(x) dx
∣

∣

)2

.

� 5 /S9 6 1 +<CZ-%?@+ZC . -#+ =�8a/ 4"-76K5 /
It(ω) =

{

1
2

∫ t

0 |ω̇|2 ds, 6 = ω 6 9e.D3<9 5 L]8 -#+ L]> 4�5 / -76 /'8 5 8�9�:;.0/21
+∞ + L 9 + .

*^+<-
K1,K2 ⊆ 
 3 +h4`50N VS. 4"- 9 +"- 9 FG6I-I? m /∈ K1 ∩K2

.0/21 B ⊆ 
 +
3 + 3 5 8a/H1 + 1 FG6I-%? 0 ∈ B QOR ?@+ /F + ? . f�+

inf
{

It(ω)
∣

∣

∣ ω ∈
⋃

β∈B

Ma,z,β
t

}

−→ 1

supB
J(a, z) = 5�C t → ∞,

8a/ 6 = 50CUN L > 50f�+"C a ∈ K2
.�/H1 z ∈ K1 Q

3 .j��� 5�¤)&�2)&,*^+<-
Ma,z,β

t
3 + .�9 6 / L +"N\N .�� Q��MQ R ?S+ /\= 5�C +<f�+"C > VS. 6IC K1,K2 ⊆ 
 5 = 4�5�N VS. 4"-

9 +<- 9 -%?@+ 9 +"-
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⋃
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⋃
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⋃
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AW^
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t

��TOa(V�ºPT
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⋃

z∈K1

{

ω ∈ C[0; t]
∣

∣

∣ ω0 = 0, ωt + z ∈ K2,
1

2

∫ t

0

v(ωr + z) dr ≤ 1
}

.
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�:DPB
1

2

∫ t

0

v(ωr + z) dr > 1

g$DPBtT�ºPT�BCk
z ∈ K2

�]K'9 TP9
inf

z∈K2

1

2

∫ t

0

v(ωr + z) dr > 1

o�T�HUVPGI^CT
K2

K<^+HUDPuy\IVPH
AOVP?IF
v
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B(ω, ε)
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 → 
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lim sup
t→∞

lim sup
ε↓0

sup
z∈K1

ε logPz
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2

∫ tε

0

b2(Bs) ds ≤ ε,Btε ∈ K2
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4
inf

z∈K1

inf
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∣

∣
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|b(x)| dx
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∣

∣
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m

|b(x)| dx
∣

∣
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ε logPz
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b2(Bs) ds ≤ ε,Btε ∈ O
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(

∣

∣
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z

|b(x)| dx
∣

∣ +
∣

∣

∫ a
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|b(x)| dx
∣

∣
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(√
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εB̃r + z) dr ≤ 1

)

= P
(√

εB̃ ∈
⋃

a∈K2

⋃

β≤1

Ma,z,β
t

)

V�?(FÂAEa0G(^

sup
z∈K1

Pz

(

Btε ∈ K2,
1

2

∫ tε

0

b2(Bs) ds ≤ ε
)

≤ P
(√

εB̃ ∈
⋃

z∈K1

⋃

a∈K2

⋃

β≤1

Ma,z,β
t

)

.
� {]9 8M 

«]BEDPu X<TUuyu�V¹{:9Q8l��Ty³j?]D,�´AEaIV,ANAEa]TÂ^nTUA ⋃
z∈K1

⋃

a∈K2

⋃

β≤1M
a,z,β
t

Kw^dHUXLD0^nT�F¹K<?£AEa]Ty\IV,AEa
^C\IVPHUT (

C0[0; t], ‖ · ‖∞
) �I^CDy��TNHUVP?�VP\]\]X<k�i:HWa]K<XwF:TUB�� ^�AEa]TUD/BCT�u � AEa]TUD/BCT�u 8:9<;�qd %ACDy�PTUA

lim sup
ε↓0

ε log sup
z∈K1

P
(√

εB̃ ∈
⋃

z∈K1

⋃

a∈K2

⋃

β≤1

Ma,z,β
t

)

≤ − inf
{

It(ω)
∣

∣

∣ ω ∈
⋃

z∈K1

⋃

a∈K2

⋃

β≤1

Ma,z,β
t

}

= − inf
z∈K1

inf
a∈K2

inf
β≤1

inf
{

It(ω)
∣

∣ ω ∈Ma,z,β
t

}

.

«�KLBW^nAfVP^E^nG]uyT
m ∈ K1 ∩K2

9(emT��I?]TdACa]T¼\IV,AEa
ω
ojk

ωs = 0
g$D/BfV�X<X

s ∈ [0; t]
9(`baITU?¹H
X<T�VPBCX<kl��T

aIV�º/T
ω ∈Mm,m,0

t

g$DPBtT�ºPTUBEk
t
V�?IF¢^CKL?IHUT+��T �I?IF

It(ω) = 0
��T+aIV�º/T

inf
{

It(ω)
∣

∣

∣ ω ∈
⋃

β∈B

Ma,z,β
t

}

= 0
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g$DPB�VPXLX
t ≥ 0

9(µm?�ACa]T+D�AEa]TUBta(V�?IF���TOa(V�ºPT
J(m,m) = 0

9
µfACaITUBE�tK<^CT+ACa]T¼TUº,V�X<GIV�ACK<DP?¢D�g|AEa]TdK<? �IuÀGIuÁKw^OF:DP?]TÀKL?}X<TUuyu�V�{]9L;/9I¡f^CKL?I�

v(x) = b2(x)
��Td�/T
A

v′′(m) = 2(b′(m))2 > 0
VP?IF�g$DPBtT�ºPTUBEk

η > 0
��TNHUVP? �I?IF¢V

t0 > 0
�]^nG(HWalAEaIV,A

inf
β≤1

inf
{

It(ω)
∣

∣ ω ∈Ma,z,β
t

}

≥ J(a, z) − η

g$DPB�VPXLX
z ∈ K1

�
a ∈ K2

V�?(F
t ≥ t0

9]`ba]Kw^t�PK<ºPT�^
lim sup

ε↓0
ε log sup

z∈K1

P
(√

εB̃ ∈
⋃

z∈K1

⋃

a∈K2

⋃

β≤1

Ma,z,β
t

)

≤ − inf
z∈K1

inf
a∈K2

inf
m∈N

J(a, z) + η

= −1

4
inf

z∈K1

inf
a∈K2

(

∣

∣

∫ m

z

|b(x)| dx
∣

∣+
∣

∣

∫ a

m

|b(x)| dx
∣

∣

)2

+ η

g$DPBtT�ºPT�BCk
η > 0

9]`�DP�/T
AEa]TUBt�tKLACa�ACaITNBCT�X<V�ACK<DP? � {:9Q8D �AEa]K<^b\IBCD,º/T�^�ACa]TNGI\]\(T�B�o�DPG]?IF-9«]D/B+ACa]T�X<D,��TUBNo�DPG]?IF ��Tyg$DPX<XLD,� ACa]T�^CVPuvTy\]BED:H
T�F:G]BETP9 � KLACa]D/G:AÀX<D/^E^+D�gb�PTU?ITUBWV�X<K�Axk¹��T�HUVP?
VP^E^CG]uyTmAEaIV,A

O
Kw^bo(D/G]?IF:T�FZ9	��T�BCTN��T+�PTUA

Pz

(

Btε ∈ O,
1

2

∫ tε

0

b2(Bs) ds ≤ ε
)

≥ Pz

(

Btε ∈ O,
1

2

∫ tε

0

b2(Bs) ds < ε
)

= P
(√

εB̃ ∈
⋃

a∈O

⋃

β<1

Ma,z,β
t

)

�ta]T�BCTOACaITd^nTUA
⋃

a∈O

⋃

β<1

Ma,z,β
t =

{

ω ∈ C[0; t]
∣

∣

∣ ω0 = 0, ωt ∈ O − z,
1

2

∫ t

0

b2(ωr + z) dr < 1
}

Kw^dDP\�TU?§KL? (
C0[0; t], ‖ · ‖∞

) 9�i:D¹��T�HUV�?²G(^nT�AEa]TlX<D,��TUBNo�DPG]?IF²g$BCD/u�i:HWaIKLXwF:TUB�� ^+ACa]T�DPBETUu�V�?IF
X<TUuyu�Vy{]9L;OAED �I?]Kw^na�ACa]TN\IBCDjD�gx9 � ­0T�F' 

»¼�I�,����� 5 ��° ¤ &L�^& � /21 +"CB-I?S+ .�9�9U8 N V -76K5 /@9 5 = V CE5 V 5 9 6I-J6K5 / � Q � F + ? . f�+

lim
η↓0

lim inf
t→∞

lim inf
ε↓0

ε log inf
m−η≤z≤m+η

Pz

(1

2

∫ tε

0

b2(Bs) ds ≤ ε,Btε ∈ O
)

≥ −1

4
inf
a∈O

(

∫ a

m

|b(x)| dx
)2

= 5�C +"f�+"C > 5 V + /j9 +"- O ⊆ 
iQ
)+�,�-��¨ & «]D/B

z ∈ 
 F:T��I?]T

Mz
t =

{

ω ∈ C[0; t]
∣

∣

∣ ω0 = 0, ωt + z ∈ O,
1

2

∫ t

0

b2(ωs + z) ds < 1
}

.

c-TUA
δ > 0

9Z·�a]DjD0^nTvV�?
ω̃ ∈ Mm

t

�tKLACa
It(ω̃) < inf{ It(ω) | ω ∈ Mm

t } + δ
9���T�H�V�GI^CT

O
Kw^fD/\(T�?

V�?(F
b
V�?(FlAEa]TNK<?/AETU�/BEVPX�VPBCTNHUDP?0ACK<?jG]DPGI^b��TNHUVP? �I?(F}V�?

E > 0
�I^CGIHWa�ACaIV�Atg$DPBtT�ºPTUBEk

η < E
ACaITNoIV�X<X

Bη(ω̃) ⊆ C0([0; t], 
 )
K<^�HUDP?0AEVPKL?IT�F�KL?¢V�X<X-D�g�ACa]Td^CT
AW^

Mz
t

g$D/B
m− η < z < m+ η

9I`baIK<^b�/KLº/T�^

lim inf
ε↓0

ε log inf
m−η≤z≤m+η

Pz

(1

2

∫ tε

0

b2(Bs) ds ≤ ε,Btε ∈ O
)

= lim inf
ε↓0

ε log inf
m−η≤z≤m+η

Pz

(√
εB ∈Mz

t

)

≥ lim inf
ε↓0

ε log inf
m−η≤z≤m+η

Pz

(√
εB ∈ Bη(ω̃)

)

.
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V�?(FlGI^CK<?]�li:HWa]K<X<F]TUB�� ^�ACaITUDPBETUu V�?IF�ACaITNBCT�X<V�ACK<DP?
− inf

{

It(ω)
∣

∣ ω ∈ Bη(ω̃)
}

≥ −It(ω̃) > − inf
{

It(ω)
∣

∣ ω ∈ Mm
t

}

− δ

��T �(?IF

lim inf
ε↓0

ε log inf
m−η≤z≤m+η

Pz

(1

2

∫ tε

0

b2(Bs) ds ≤ ε,Btε ∈ O
)

≥ − inf
{

It(ω)
∣

∣ ω ∈ Bη(ω̃)
}

> − inf
{

It(ω)
∣

∣ ω ∈ Mm
t

}

− δ.

� D,� ��TÀHUVP?}TUº,V�X<GIV,AETNACaITdKL?��IuÀG]u�D/?¢ACa]TdBEK<�Pa0AfaIVP?IF}^nKwF:TÀV/^t��TÀF:KwF}KL?}\IBCD/\(D0^nKLACK<DP?¹{:9 _]9 �£T
�PTUA

lim inf
t→∞

lim inf
ε↓0

ε log inf
m−η≤z≤m+η

Pz

(1

2

∫ tε

0

b2(Bs) ds ≤ ε,Btε ∈ O
)

≥ −1

4
inf
a∈O

(

∫ a

m

|b(x)| dx
)2

− δ

g$DPBtT�ºPT�BCk
η < E

9I`�V�³jK<?]�vACa]TNX<K<uvKLA
δ ↓ 0

�I?IK<^Ca]T�^�AEa]TN\]BED0DPgx9 � ­/T�FS 

��T
g$D/BCT+��TdHUV�?¢\]BED,ºPT+X<TUuyu�VÂ{:9<;��]��TN?]T�T�F¢^nD/uyTN\]BCT�\IV�BWV,AEKLD/?I^�9]«]DPB�ACa]TNBETUu�V�K<?]K<?]��\IVPBnA�DPg�AEa]K<^
^CT�HJAEKLD/?¢��TdV/^C^CG]uyTOACa]BEDPG]�/a]DPG]A�AEaIV,A

v
K<^�?]DP? � ?]T��/V,AEKLº/TNV�?IF�Ax��D¼AEKLuyT�^fH
D/?0ACK<?0GIDPGI^CXLkÂF]K���TUBETU?0ACKwV�oIXLTV�?(FÂAEaIV,A

a, z ∈ 
 V�BET ��
jT�FZ9
�}�(� 5 ��������� «]D/B

x, y ∈ 
 ��TÀ�tKLX<X��tBEK�AET
[x; y]

g$D/B�AEa]TÀH
X<D/^CT�F�K<?0ACTUBEº,V�X-o�T
Ax��TUT�?
x
VP?IF

y �
KL?¢AEa]T

HUV/^nT
x < y

ACa]Kw^tKw^�ACD�o�TNBCT�VPF�VP^
[y;x]

K<?I^nACT�VPFZ9
�f^tV��IBW^nAf^xAETU\�ACD,�bV�BWF]^�ACa]TN\]BEDjD�g�D�g�X<TUuyu�VÂ{:9<;+��T+�/T
AtBCKwF�D�g�ACa]TN\IVPBEVPuyT
ACT�B

β
9

3 .j��� 5�¤)&�¤)& *^+<- {0} ⊂ B ⊆ 
 +
3 + 3 5 8a/H1 + 1 Q � 9�9U8 N�+B-I? . -

lim
t→∞

inf
{

It(ω)
∣

∣ ω ∈ Ma,z,1
t

}

= J(a, z)

L 5_4 .�LIL]>T8a/ 6 = 50CUN 6 / a, z ∈ 
iQ R ?S+ / L +<N�N .�� Q�� ?@5 L 1�9 Q
)+�,�-��¨ & c-TUA

β > 0
9I«IDPB

ω ∈ C0[0; t]
F:T��I?]T

ω̃ ∈ C0[0; t/β]
o0k

ω̃r = ωrβ
g$DPB�VPXLX

r ∈ [0; t/β]
9

`ba]T�?���T+aIV�ºPT
ω̃0 = 0

�
ω̃t/β = ωt

�IV�?(F

1

2

∫ t/β

0

v(ω̃r + z) dr
s = rβ

=
1

β
· 1

2

∫ t

0

v(ωs + z) ds.

`bajGI^
ω 7→ ω̃

Kw^�VvDP?]T � AED � DP?]TOu�V�\]\]K<?]�vg$BEDPu Ma,z,β
t

DP?0ACD
Ma,z,1

t/β

9
��T�H�V�GI^CTmDPg

It/β(ω̃) =
1

2

∫ t/β

0

˙̃ω2
r dr =

β2

2

∫ t/β

0

ω̇2
rβ dr

s = rβ
=

β

2

∫ t

0

ω̇2
s ds = βIt(ω)

��T �(?IF
inf
{

It(ω)
∣

∣ ω ∈Ma,z,β
t

}

=
1

β
inf
{

It/β(ω)
∣

∣ ω ∈Ma,z,1
t/β

}

.
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� D,�
XLTUA z ∈ K1
V�?(F

a ∈ K2
9�ijKL?(H
T

m /∈ K1 ∩K2
TUºPT�BCk�H
DP?0AEKL?jG]D/GI^b\IV,AEa

ω
�tKLACa

ω0 = 0
VP?IF

ωt = a− z
aIV/^

1

2

∫ t

0

v(ωs + z) ds > 0,

ACaITd^nTUA
Ma,z,0

t

Kw^bTUuy\:Axk�KL?�ACaIK<^�H�VP^CTNV�?IF���T �(?IF

inf
{

It(ω)
∣

∣

∣ ω ∈
⋃

β∈B

Ma,z,β
t

}

= inf
β∈B\{0}

inf
{

It(ω)
∣

∣ ω ∈Ma,z,β
t

}

= inf
β∈B\{0}

1

β
inf
{

It/β(ω)
∣

∣ ω ∈ Ma,z,1
t/β

}

.

� D,�
XLTUA K1,K2 ⊆ 
 o�TdH
DPuy\IV/HJA�9]c-T
A
η > 0

V�?IF�HWa]DjD/^CT+V
t0 > 0

�tKLACa
∣

∣

∣inf
{

It(ω)
∣

∣ ω ∈Ma,z,1
t

}

− J(a, z)
∣

∣

∣ ≤ η supB

g$DPB�VPXLX
t > t0

�
z ∈ K1

�(V�?IF
a ∈ K2

9]`ba]TU?�g$DPBtT�ºPT�BCk
t > t0 supB

VP?IFlT�ºPT�BCk
β > 0

��T+aIV�ºPT
∣

∣

∣inf
{

It(ω)
∣

∣

∣ ω ∈
⋃

β′∈B

Ma,z,β′

t

}

− 1

β
J(a, z)

∣

∣

∣

=
∣

∣

∣

1

β
inf
{

It(ω)
∣

∣ ω ∈ Ma,z,1
t/β

}

− 1

β
J(a, z)

∣

∣

∣ ≤ η · supB

β
·�a]DjD/^CK<?]�

β = supB
�/KLº/T�^
∣

∣

∣inf
{

It(ω)
∣

∣

∣ ω ∈
⋃

β∈B

Ma,z,β
t

}

− 1

supB
J(a, z)

∣

∣

∣ ≤ η

g$DPB�VPXLX
t > t0 supB

�
z ∈ K1

�(V�?IF
a ∈ K2

9(��T�HUVPGI^nT
η
��V/^�VPBCoIK�AEBEVPBCkyAEa]K<^ �(?]K<^Ca]T�^bACa]TN\IBCDjD�gx9

� ­0T�F' 
��T�H�V�GI^CT

It(ω + z) = It(ω)
��TNHUVP?�^Ca]KLg�AfTUº/TUBEk�\IV,AEalg$BEDPu

Ma,z,1
t

ojk
z
V�?IF��PTUA

inf
{

It(ω)
∣

∣ ω ∈Ma,z,1
t

}

= inf
{

It(ω)
∣

∣

∣ ω0 = z, ωt = a,
1

2

∫ t

0

v(ωs) ds = 1
}

.

«]D/BtACaITNuvD/uyTU?0AfVP^E^nGIuvT+AEaIV,AtAEa]TUBETNKw^�Vy\IV,AEa
ω̃
�tKLACa

It(ω̃) = inf
{

It(ω)
∣

∣ ω ∈ Ma,z,1
t

} 9(c�V,ACT�Bt��T
�tK<XLX�^naID,� �]ACa(V,AO^CGIHWa¹VP?

ω̃
K<?}g�V/HJAOF]D0T�^�T�
jKw^nA�9�=@?¹DPBWF:TUB�ACDlT�º,V�X<GIV,AETNACa]T¼BEV�ACTNg$GI?IHJAEKLD/?

It
g$D/B�ACaIK<^

\IV�ACa
ω̃
�(��T¼^CDPX<ºPT+AEa]TÀs%G]XLT�B � c�VP�PBWV�?]�/T+T�­0GIV,AEKLD/?I^ � ^nT�TÀ^CT�HJAEKLD/?�;�8vDPg � R+«�q/_��I �g$DPBmT�
jACBETUu�VPX�º,V�X<G]T�^D�g

It
G]?IF:T�BbACa]TdHUDP?I^nACBWV�K<?0A

K(ω) =
1

2

∫ t

0

v(ωs) ds
!
= 1

V�?(Fl�tKLACa�ACaITNo(D/G]?IF]VPBCklHUDP?IF]K�AEKLD/?I^
ω0 = z

V�?IF
ωt = a.

��T�H�V�GI^CT
v ∈ C2( 
 )

��T¼HUVP?}GI^CTdACaITUDPBETUu ;dg$BEDPu�^CT�HJAEKLD/?�;�8]9L;NDPg � R+«�q/_���AED �I?(F �IAEaIV,Amg$DPBOTUº/TUBEk
T�
jAEBCT�uyVPX-\�DPK<?/A

ω
D�g
I
GI?IF:TUB�ACa]Td�/KLº/TU?¢H
DP?(^xAEBEVPKL?0AE^�AEa]TUBETNKw^�V�H
D/?I^xAWV�?0A

λ
�(^CGIHWalAEaIV,A

ω
^CDPX<ºPT�^�ACa]T

T�­0GIV�ACK<DP?I^
ω̈s = λv′(ωs)

g$D/B�V�X<X
s ∈ (0; t]

�]VP?IF
ω0 = z � {:9 _PVd 

1

2

∫ t

0

v(ωs) ds = 1 � {:9 _�o' 
ωt = a. � {:9 _PH_ 

s 
:Kw^xAETU?IHUTdD�g%^CDPX<G:ACK<DP?(^��:AEa]T¼VPG:ACD/?]DPuyD/GI^�^CT�H
D/?IF¢DPBWF:T�B�T�­0GIV�ACK<DP? � {]9 _/VM tF]T�^EH
BEKLo�T�^�ACa]TduyDPACK<DP?D�g�VlH
XwVP^E^CK<H�V�X�\(V�BCACKwH
X<TÀDP?MACa]TvBET�V�X�X<KL?]TvK<?¹ACaIT¼\�D�AETU?0ACKwV�X −λv 9Z`ba]TyF:K���TUBETU?0AEK<VPX�T�­/G(V,ACK<DP?£HUV�?Mo(T



� � � � ��� � ��� � � � ��� � 	�� ��� � � � � ��� r/_

BET�F:GIHUT�F£ACD}VP?*VPG:ACD/?]DPuyD/GI^ �IBW^xANDPBWF:T�BNT�­0GIV,AEKLD/?£K<? ACa]T�\IX<VP?]T��tK�AEa*ACa]T�G(^nGIVPX�ACBEK<HW³ ��F]T��I?]K<?]�
x(s) = (ωs, ω̇s)

V�?(F
F (x1, x2) =

(

x2, λv
′(x1)

) ACa]T+T�­0GIV�ACK<DP?�o(T�H
D/uvT�^
ẋ(s) = F (x(s))

g$DPB�VPXLX
s ∈ [0; t]

9
ijT�TNTP9 �I9]^CT�HJAEKLD/?¢{]9 _vDPgO� �bª� Pz���g$DPB�F:TUAEV�K<Xw^U9]��T�H�V�GI^CT

v′
V�?IF�ACajGI^

F
Kw^tXLD:H�V�X<XLklc�KL\(^CHWa]KLA��NHUDP?0ACK<?jG]DPGI^ �

g$DPBfTUºPT�BCkl\IV�K<B
ω0 = z

�
ω̇0 = v0

DPg�K<?]KLACKwV�X�HUDP?IF]K�AEKLD/?I^�V�?(F�T�ºPT�BCkÂo�DPGI?IF:T�F�BETU�/KLD/?���T �I?IF}VyG]?IK<­0G]T^CDPX<G:ACK<DP?}DPg|ACa]T�µOefs V�AmX<T�V/^xAfGI\}ACDlACa]T¼o(D/G]?IF]VPBCk�D�g|AEaIV,AOBCT��PK<DP? � ^CTUTÀACa]T�DPBETUu� �KL?£^nT�HJACK<DP?¹qI9 z
D�g � ��ªf Pz_�% J9

`ba]T�BCTdVPBCTOAx��DÂF:TU�/BCT�T�^tDPg�g$BETUT�F:DPuÁKL? � {:9 _PVd �o(T�HUV�G(^nTN��TdHUVP?¹HWa]DjD/^CT ω̇0
V�?(F

λ
9(=@?¢ACa]TNg$D/XLX<D,� �K<?]�Â��TN�tKLX<X�^Ca]D,� �:AEaIV,A�AEa]TdAx��DÂVPFIF:K�AEKLD/?IV�X�H
DP?(F:K�AEKLD/?I^ � {:9 _�o' tVP?IF � {]9 _/H  ��/GIV�BWV�?0ACT�TOACa]T¼T�
:K<^nACT�?IH
TD�g|VvG]?]Kw­0G]TN^nD/XLG:AEKLD/?lAEDyACa]Td^Ck:^xAETUu � {:9 _M 
9«]D/B

λ = 0
AEa]TNDP?]X<kl^CDPX<G:ACK<DP?�D�g � {:9 _PVM �VP?IF � {:9 _PH_ %Kw^t�/KLº/TU?lojk ωs = z+(a− z)s/t

g$DPB
0 ≤ s ≤ tV�?(F�HUDP?I^CT�­0G]T�?/AEXLklKL?�ACaIK<^�H�VP^CTm��T+aIV�ºPT

1

2

∫ t

0

v(ωs) ds = t · h(z, a)

�tKLACa
h(z, a) =

{

1
2(a−z)

∫ a

z
v(x) dx,

KLg
a 6= z

�]VP?IF
1
2v(z)

TUXw^CTP9
ijK<?IH
T

m 6= K1 ∩ K2
�
z ∈ K1

��V�?(F
a ∈ K2

��TdaIV�º/T
h(z, a) > 0

g$DPBmTUº/TUBEk
z ∈ K1, a ∈ K2

V�?(F
o�T�HUVPGI^CT

K1 × K2
K<^OH
D/uv\(VPHJAm��T �I?IF

c = inf(z,a)∈K1×K2
h(z, a) > 0

9I=@?}AEa]Tdg$D/XLX<D,�tK<?]�lVP^E^CG]uyT
t > 1/c

9:`ba]TU?¢��TO³j?]D,� g$BCD/u � {]9 _Po' �ACa(V,AtTUº/TUBEkl^nD/XLG]ACK<DP?�D�g � {]9 _d %a(VP^ λ 6= 0
9

`ba]TNK<?0ACTUBE\]BET
AWV,ACK<DP?�VP^bAEa]TNuyD�AEKLD/?�DPg�V�HUX<V/^C^CKwHUV�X�\IVPBnAEK<HUXLTNaITUX<\I^tGI^bAED�F:T
AETUBEuvK<?]T+AEa]Tdo�TUaIV�ºjK<DPG]B
D�g�ACaIT+^CDPX<G:AEKLD/?I^U9 � TdHUVP?�G(^nTdHUDP?I^CTUBEº,V,ACK<DP?�D�g�TU?]T�BC�/k��]��T�HUV�G(^nTOD�g

∂s

(1

2
ω̇2

s − λv(ωs)
)

= ω̇sω̈s − λv′(ωs)ω̇s = ω̇s

(

ω̈s − λv′(ωs)
) ����� ���	�

= 0

��TOa(V�ºPT
1

2
ω̇2

s − λv(ωs) =
1

2
ω̇2

0 − λv(ω0) =: E
g$D/B�V�X<X

s ∈ [0; t]
9 � {:9 rd 

`ba]Kw^fHUDP?I^CTUBEº,V,ACK<DP?¢XwV��´F:T�^EH
BEKLo�T�^�ACa]Tv^n\�TUT�F�g$DPBOV�?jk�\�DPK<?0AfD�g|AEa]TÀ\(V,ACa �]ACaIT¼^C\(T�T�F}DPg�AEa]TÀ\(V,ACa£V,A
\�DPK<?/A

ωs
Kw^

|ω̇s| =
√

2(E + λv(ωs)). � {]9 {M `bajGI^�ACaITNBEV�ACTOg$G]?IH
ACK<DP?
It
HUV�?�o�TNT�
:\]BET�^E^nT�FlVP^tV¼g$G]?(HJACK<DP?¢DPg

E
V�?IF

λ
V/^�g$DPX<XLD,��^�9

It(ω) =
1

2

∫ t

0

ω̇2
s ds =

∫ t

0

E + λv(ωs) ds

= tE + 2λ, � {:9 qM 
�ta]T�BCT

λ
VP?IF

E
VPBCTNF:TUACTUBEuyKL?IT�F�o0k�T�­0GIV�ACK<DP?I^ � {]9 _Po' bV�?(F � {:9 _PH  
9��T�H�V�GI^CTÀDPg�BETUXwV,ACK<DP? � {]9 r� f��T��I?IF ��AEaIV,Ad�ta]T�?]TUº/TUB

ω
Kw^NV�^CDPX<G:AEKLD/?£DPg � {:9 _PVM f��T¼aIV�º/T E ≥

−λv(ωs)
g$DPBmVPXLX

s ∈ [0; t]
VP?IF�ACaITÀ\IV�ACaMH�V�?}DP?IXLk¢^xAEDP\¹VP?IF¢ACGIBC?¹V�Am\�DPK<?/AW^

x
�tK�AEa −λv(x) = E

9
c-TUA

x ∈ 
 o(Ty^CGIHWaMV�\(D/KL?0ANV�?IF£VP^E^nG]uyT
v′(x) = 0

9�`baITU?
η
�tKLACa

ηs = x
g$D/BOVPXLX

s ≥ 0
K<^mACaIT

G]?]Kw­0G]T¼^CDPX<G:AEKLD/?}D�g � {:9 _PVM t�tK�AEa η0 = x
VP?IF

η̇0 = 0
9 � D,�´VP^E^nG]uyTNAEaIV,A ωs = x

g$D/BO^CDPuyT
s > 0

9
`ba]T�?

(ωs−r)r∈[0;s]
K<^OV�Xw^CDlVl^CDPX<G:ACK<DP?MD�g � {:9 _PVd t�tKLACa£^nAEVPBnAOKL? x VP?IF¹K<?]KLACKwV�X�^n\�TUT�FM~���^CDl��TÀaIV�º/T

ωs−r = ηr = x
g$DPB�V�X<X

r ∈ [0; s]
9I`ba]Kw^�^Ca]D,��^�ACaIV�AfVv\(D/KL?0A

x 6= z
�tKLACa

E = −λv(x) VP?IF v′(x) = 0HUVP?]?]DPAmo�TÀBET�VPHWaIT�F¢ojk}Vl^CDPX<G:ACK<DP?
ω
DPg � {:9 _PVM J9�`bajGI^m�ta]TU?ITUºPT�BOVÂ?]DP? � H
D/?I^nAEV�?0Af\(V,ACa£BCT�VPHWa]T�^�V�?

x ∈ 
 �tKLACa
E = −λv(x) AEa]TU?}��T+aIV�ºPT ω̈s = λv′(ωs) 6= 0

VP?IF�ACa]TN\IV�ACa}V�X<�bV�kj^bHWaIVP?]�PT�^bF:KLBET�H
ACK<DP?ACaITUBETP9(«�K<�PG]BETÀ{:9<;+KLX<X<GI^xAEBEV�ACT�^bAx��DÂF]K���TUBETU?0Af³jK<?IF]^�DPg�^CDPX<G:AEKLD/? �]DP?ITd�ta]TUBET
ωs
uyD,ºPT�^buyDP?]DPACDP?IK<H�V�X<XLk

V�?(FlD/?]TN�ta]TUBETOACa]TN\(V,ACa�BET�VPHWaIT�^bVv\(D/KL?0A
b
�tK�AEa −λv(b) = E

V�?(FlAEG]BE?I^�ACa]T�BCT/9
ijK<?IH
TdACa]TyF:K
��T�BCT�?/AEK<VPX�T�­/G(V,ACK<DP? � {:9 _PVd bK<^OV�G]ACDP?IDPuyDPGI^fV�?IF¹^CK<?IH
TvVÂ^nD/XLG]ACK<DP? ω HWaIVP?]�PT�^�F:K<BCT�H �ACK<DP?¢T�ºPTUBEk�AEKLuyTNKw^tBCT�VPHWa]T�^bVy\(D/KL?0A

x
�tKLACa −λv(x) = E
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xz

−λv(x)
E
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z

−λv(x)

E
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«�KL�/G]BET�{:9<;�� R ?a6 9 
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) Q � 50-I? 9 5 L]8 -J6K5 /@9 9 - . CU- . - z ∈ K1
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t
9

=@?¢DPBWF:TUBbAED �I?IF�ACaITd\IV,AEa¢�ta]K<HWa¢uyK<?]KLuyKw^nT�^tAEa]TNBEV�ACT+g$G]?(HJACK<DP?
It
��TN?]TUT�F�ACD�³PT�TU\�ACBWVPHW³ÂDPg�AEa]T

F:K
��T�BCT�?0A�\(D0^C^CKLoIXLTOACBWVPHUT�^�D�g�ACaITN\IV,AEa-9I«]D/BbACa]TNBETUu�VPKL?]K<?]�v\IV�BCAtD�g�ACa]Kw^�^CT�H
ACK<DP?���T+GI^CT+ACa]T+g$D/XLX<D,�tK<?]�
?]DPAEV,AEKLD/?-9(`baITd\IV,AEa

(ωs)0≤s≤t
K<^m^CVPK<F�AEDÂaIV�º/T �U� 5 �/.

T = (x0, x1, . . . , xn)
�ta]T�?

ω0 = x0
�
ωt =

xn
�IV�?IF�AEa]TN\IV�ACa

ω
uvD,º/T�^buyDP?ID�ACD/?]KwHUV�X<X<kÂKL?}T�K�AEa]TUBmF:KLBET�H
ACK<DP?�g$BEDPu

xi−1
AED
xi
g$D/B

i = 1, . . . , n
K<?

DPBWF:T�BbVP?IF¢HWaIV�?I�PT�^bF:K<BET�HJAEKLD/?�D/?]X<klV,AbACaITN\(D/KL?0AE^
x1, . . . , xn−1

9 � TNGI^nT+AEa]TdV�oIo]BCT�ºjK<V�ACK<DP?

|T | =

n
∑

i=1

|xi − xi−1|

g$DPBOAEa]T�XLT�?]��AEaMDPg%ACaIT¼AEBEV/H
TyV�?IF ^CDPuyT
AEKLuyT�^OKwF:TU?0AEK�g$k
T
�tKLACa£ACa]T�^CT
A ⋃n

i=1[xi−1, xi]
D�gbH
D,º/TUBET�F

\�DPK<?/AW^bACD��tBEKLACT
minT

�
maxT

�
v|T

�(DPB
infx∈T v(x)

9�«]D/Bt\(D0^nKLACK<ºPT+g$GI?IHJAEKLD/?I^
f : 
 → 
 ��TNGI^CT+ACa]T

?]DPAEV,AEKLD/?
∫

T

f(x) dx :=

n
∑

i=1

∣

∣

∫ xi

xi−1

f(x) dx
∣

∣.

`ba]TyV�oI^CDPX<G:AETdº,V�X<G]T�^+V�BETNAWV�³PT�?}ACD�u�V�³/TNACa]TvK<?/AETU�/BEVPX�\�D/^CK�AEKLº/T¼T�ºPTU?M�ta]TU?
xi < xi−1

9�= g�V�^nD/XLG �ACK<DP?
ω
D�g � {:9 _PVM �aIV/^bACBWVPHUT T = (x0, x1, . . . , xn)

�IACa]Kw^tAEa]TU?¢K<uy\]XLK<T�^�ACaIV�A
v(x1) = · · · = v(xn−1) =

−E/λ V�?IF¢T�VPHWa}DPg�AEa]T x1, . . . , xn−1
K<^fTUKLACa]T�B

minT
DPB

maxT
9I��T
Ax��TUT�?¢ACa]TÀ\(D/KL?0AE^

xi
ACaITÀ\IV�ACa

Kw^O^nACBEKwHJACX<k}uyDP?]DPACD/?]K<H��(K©9 TP9ZV,g�AETUBOACa]Ty^nAEV�BCAmK<?
z
KLAOD0^CHUKLX<XwV,ACT�^ ��TUBEDlD/BmuyDPBETdAEKLuyT�^mo�T
Ax��TUT�?

minTV�?(F
maxT

o(TUg$DPBETÀKLAOBET�V/HWa]T�^
a
V�AfAEKLuyT

t
9�¡m^nK<?]��ACa]Kw^O?]D�AWV,AEKLD/?¹��TvHUVP?}g$DPBEuÀG]XwV,AETdAEa]TÀg$D/XLX<D,�tK<?]�c-T�uyuyVI9

3 .j��� 5�¤)&w® &,*^+<-
λ,E ∈ 
 .0/21�. -JC . 4`+ T = (x0, . . . , xn) 3 + A06If�+ / Q R ?S+ / -I?S+ = 5 LIL 50FG6 / A�-JF 54�5 /H1 6I-J6K5 /@9 . C`+ +�m 8 6If .�L + / - Q� ��� R ?@+ 8a/ 6Km 8 + 9 5 L]8 -76K5 / ω : [0; t] → 
 5 =

ω̈s = λv′(ωs)
= 5�C .�LIL s ∈ [0; t]

FG6I-I? 6 / 6I-J6 .�L 4�5 /H1 6I-J6K5 /S9 ω0 = z .0/21 ω̇0 = sgn(x1 − x0)
√

2(E + λv(0))
? .�9 -JC . 4�+ T .�/H1

9 5 L f�+ 9 � {:9 _�o' .0/21 � {]9 _/H  Q� 6 ��� ��+B? . f�+ x0 = z : xn = a : E = −λv(xi)
= 5�C i = 1, . . . , n − 1 : .�9 F + LIL^.�9 E > −λv(x) = 5�C.�LIL minT < x < maxT :;.0/21 -%?@+ VS. 6IC (λ,E) 9 5 L f�+ 9

∫

T

v(x)
√

E + λv(x)
dx =

√
8 � {]9Q�,Vd 
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∫

T

1
√

E + λv(x)
dx =

√
2t. � {:9 ��o2 

)+�,�-��¨ & �f^E^nG]uyTvACaITyHUDP?IF]K�AEKLD/?I^mg$BCD/u
(j)
9-`ba]T�?

ω
Kw^+V�^CDPX<G:AEKLD/?MD�g � {]9 _/VM ��AEa]TUBET�V�BETdACK<uyT�^

t0, t1, . . . , tn
�tKLACa

ωti
= xi

g$DPB
i = 0, . . . , n

V�?IF¢o�T
Ax��TUT�?¢ACa]TNAEKLuyT�^
ti
ACa]T¼\]BCD:HUT�^E^tuyD,ºPT�^buyD/?]D �ACD/?]KwHUV�X<X<kP9]«]D/B�V�?jkÂK<?0ACTU�/BEVPo]X<T��j\(D0^nKLACK<ºPTOg$G]?(HJACK<DP?

g : 
 → 
 ^CG]oI^nACKLACG:AEKLD/?¢GI^nK<?]� � {:9Q{D �kjKLT�X<FI^
∫ t

0

g(ωs) ds =

n
∑

i=1

∫ ti

ti−1

g(ωs) ds

=
n
∑

i=1

∫ xi

xi−1

g(x)
dx

sgn(xi − xi−1)
√

2(E + λv(x))

=

∫

T

g(x)
√

2(E + λv(x))
dx. � {]9  d 

��\I\]XLkjK<?]� � {:9  M %ACDyAEa]TOg$G]?IHJAEKLD/? g = v
�/KLº/T�^

1
� ��� � � �
=

1

2

∫ t

0

v(ωs) ds
� ��� �	�
=

1√
8

∫

T

v(x)
√

E + λv(x)
dx.
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∫ t

0

1 ds
� ��� �	�
=

1√
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∫ a

0

1
√

E + λv(x)
dx,
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D/?IF:KLACK<DP? � K �E J9(«]DPB i = 1, . . . , n
F:T��(?]T+ACa]T+g$GI?IHJAEKLD/?

Fi
ojk

Fi(x) =
1√
2

∣

∣

∫ x

xi−1

1
√

E + λv(x)
dx
∣

∣

g$DPBmV�X<X
x
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Ax��TUT�?

xi−1
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xi
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Fi
K<^��I?]KLACTÀo�T�H�V�GI^CTND�g � {:9 ��o' ��(^nACBEK<H
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 ojk

ω(s) = F−1
i (s− ti−1)

g$DPB�V�X<X
s ∈ [ti−1, ti]

9
� TN�tKLX<X-\]BED,ºPT��/AEaIV,A

ω
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ωti
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VP?IF
ωt = xn = a

9
��T�H�V�GI^CT+ACa]T

Fi
V�BETÀF:K
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ω̇s =
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ω
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ω̈s =
sgn(xi − xi−1)

2
√

2(E − λv(ωs))
· 2λv′(ωs) · sgn(xi − xi−1)

√

2(E − λv(ωs)) = λv′(ωs),

�IBW^xAOo(TUAx��T�TU?¢AEa]T
ti
V�?IF}ACa]T�?¹DP?}AEa]TÀ�taIDPX<TÀK<?/AETUBEº,V�X

[0; t]
9�`bajGI^

ω
BET�VPXLX<k�^CDPX<ºPT�^bACaIT¼F:K
��T�BCT�?0ACKwV�X

T�­0GIV�ACK<DP?�g$BCD/u � �E 
9¡f^CK<?]�vACa]Td^CG]oI^nACKLACG:AEKLD/?
1

2

∫ t

0

v(ωs) ds =
1√
8

∫

T

v(x)
√

E + λv(x)
dx

VP^bK<?�ACa]T �(BE^nAt\IV�BCA �:��TNV�Xw^nDy�PTUAtoIVPHW³ � {:9 _�o' %g$BEDPu � {:9 �,Vd W9 � ­0T�F' 

� D,� ��TdaIV�º/TNBCT�F:GIH
T�F�ACa]T¼\]BEDPo]X<TUuÁD�g[uyK<?]KLuyKw^nK<?]�
It(ω)

g$D/Bm^CDPX<G:ACK<DP?I^
ω
D�g|ACaIT¼^Ckj^nACT�u � {:9 _M ACDvAEa]TN\]BEDPo]X<TUu DPg�uyK<?]K<uvKw^CKL?]�

It(E, λ) = tE + 2λg$DPB�^CDPX<G:AEKLD/?I^
(E, λ)

DPg�AEa]Td^nk:^nACT�u � {]9Q�D J9«]D/BtVvACBWVPH
T
T
F:T��I?IT

HT =
{

(E, λ)
∣

∣ E ≥ − inf
x∈T

λv(x)
}

⊆ 
 2

V�?(FÂg$G]BCACaITUBEuvD/BCTNF:T��I?]T+AEa]T+g$G]?IH
ACK<DP?I^
f, g : Ht → [0;∞]

ojk

f(E, λ) =

∫

T

1
√

E + λv(x)
dx

V�?(F
g(E, λ) =

∫

T

v(x)
√

E + λv(x)
dx.

«�KL�/G]BET¼{:9Q8yK<XLX<GI^nACBWV,ACT�^tAEa]T¼F:D/u�V�K<?
HT

9���DPACa¢g$G]?(HJACK<DP?(^mVPBCT �(?]K�AETÀK<?}ACaITÀK<?/AETUBEKLD/BfDPg|ACa]TvF:DPu�V�K<? �
o]G:AOHUV�?¢o�TNKL?��I?]KLACTÀV�A�ACa]TNo�DPGI?IF]V�BEkP9(`ba]TNT�­0GIV�ACK<DP?I^ � {:9 �0 bVPBCT+T�­0G]K<º,V�X<TU?0AtACD f(Eλ, λ) =

√
2t
VP?IF

g(E, λ) =
√

8
9Z«]D/Bm\(V,ACa(^m�taIK<HWa HWaIV�?]�/TÀF:K<BCT�HJAEKLD/?£V,AN^CDPuyTÀ\�DPK<?0AO��TÀ�tK<XLX �I?(F£^CDPX<G:ACK<DP?(^

(E, λ)D�g � {]9Q�D ���ta]KwHWa¹X<V�k¢D/?}ACa]Tvo�DPG]?IFIV�BEk�DPg HT
9Z«]D/Bm\(V,ACa(^f�ta]KwHWaM�/D�^nACBWV�K<�Pa0A�g$BEDPu

z
ACD
a
��TÀ�tK<X<X

�I?IF¢^CDPX<G:ACK<DP?(^
(E, λ)

K<?�AEa]TNK<?/AETUBEKLD/BbD�g
HT

9
3 .j��� 5}¤ & 1 &�*^+<-

t > 0 .�/21 T 3 + . -7C . 4�+ = C`5�N z ∈ 
 - 5
a ∈ 
 9U8 4�? -%? . - v|T 6 9 / 50-4�5 /S9 - .�/ - QOR ?@+ / -I?S+<C`+B6 9Z. - NT5 9 -O5 / + 9 5 L]8 -J6K5 / (E, λ)

5 = � {]9Q�D Q
)+�,�-��¨ & «]D/B

E > − infx∈T λv(x)
��TyH�V�?²HWa]DjD/^CTyV�?

E∗
o�T
Ax��TUT�? − infx∈T λv(x)

VP?IF
E
9

`ba]T�?
v(x)/(E∗ + λv(x))3/2 K<^OV�?}K<?0ACT��PBWV�o]X<TNG]\]\�TUBOo(D/G]?IF¢DPg v(x)/(e + λv(x))3/2 g$DPBmVPXLX e K<?MV

(E − E∗) �@� TUK<�Pajo�DPG]BEa]DjD:F�D�g E 9�ijDÂ��TdHUVP?}GI^CT+ACa]TNAEa]TUD/BCT�u VPo(D/G:AfK<?/AETUBWHWaIV�?I�PK<?]�vACa]TÀc�TUo�T�^C�PG]T �K<?/AETU�/BEVPX��tKLACa}F:T�BCK<º,V,AEKLº/T�^�ACDy�/T
A
∂

∂E
g(E, λ) = −1

2

∫

T

v(x)
(

E + λv(x)
)3/2

dx < 0.

ijDlg$DPBOTUºPT�BCk
λ
ACa]Tvu�V�\

E 7→ g(E, λ)
Kw^m^nACBEK<H
ACX<k}F:T�HUBCT�VP^CKL?]�ÂVP?IF¢AEa]TUBET¼H�V�?¹o�TvV�AmuyD/^nAmD/?]T

Eλ�tKLACa
g
(

Eλ, λ
)

=
√

8
9



� � � � ��� � ��� � � � ��� � 	�� ��� � � � � ��� rj�

λ0

E

− inf
x∈T

λv(x)

HT

«�KL�/G]BETy{]9 8�� R ?a6 9 
�A 8 CE+\6 LIL]8�9 -JC . -#+ 9 -%?@+ 1 50N . 6 / HT
5 = -I?S+ =�8a/ 4"-76K5 /@9 f .�/21 g QBR ?@+ 1 5�N . 6 / 6 9�8a/ �3 5 8a/H1 + 1 6 / 1 6ICE+�4<-J6K5 /S9 λ → ∞ .0/21 E → ∞ Q 
 - 6 9T3 5 8a/H1 + 1B= CE5�N 3 + L 5�F 3"> λ 7→ − infx∈T λv(x)

:F^?�6K4�?	6 9 +`m 8S.�L -#5 −λ supx∈T v(x)
= 50C λ ≤ 0 .�/H1 - 5 −λ infx∈T v(x)

= 50C λ ≥ 0 Q
� KLACa*ACaIT�a]TUX<\²D�g�ACa]TlKLuy\]X<K<HUK�AÀg$G]?IHJAEKLD/?*ACa]T�DPBETUu ��TÂHUVP?²HUV�XwH
GIX<V�ACTyACaITÂF:TUBEKLº,V�ACK<ºPT�D�g

Eλ
9

=@?0ACT�BEHWaIVP?]�PK<?]�¼ACa]TNK<?0ACT��PBWV�X��tK�AEa�ACa]TdF:T�BCK<º,V,AEKLº/TOV/^tV�o�D,ºPT+��T+�/T
A
∂

∂λ
Eλ = −

∂
∂λg(Eλ, λ)
∂

∂E g(Eλ, λ)

= − (− 1
2 )
∫

T
v2(x)

(

Eλ + λv(x)
)−3/2

dx

(− 1
2 )
∫

T v(x)
(

Eλ + λv(x)
)−3/2

dx

= −
∫

T v
2(x) dµ(x)

∫

T v(x) dµ(x)�ta]T�BCT
µ
K<^�AEa]TN\]BEDPoIVPo]KLX<KLAxkÂuyT�VP^CG]BET��j�tKLACa}F:TU?(^nKLAxk

dµ

dx
=

1

Z

(

Eλ + λv(x)
)−3/2

V�?(FÂAEa]TN?]DPBEu�V�X<K<^EV,AEKLD/?�HUDP?I^nAEVP?/AtKw^
Z =

∫

T

(

Eλ + λv(y)
)−3/2

dy.

«]GIBnAEa]TUBEuyDPBETfg$D/B
(E, λ) ∈ (HT )◦

��T+aIV�ºPT
∂

∂E
f(E, λ) = −1

2

∫

T

(

E + λv(x)
)−3/2

dx = −Z
2V�?(FÂAEa0G(^

∂

∂λ

(

f(Eλ, λ)
)

=
∂f

∂E
(Eλ, λ) ·

∂

∂λ
Eλ +

∂f

∂λ
(Eλ, λ)

=
Z

2
·
∫

T v
2(x) dµ(x)

∫

T
v(x) dµ(x)

− Z

2

∫

T

v(x) dµ(x)

=
Z

2
·
∫

T v
2(x) dµ(x) −

(∫

T v(x) dµ(x)
)2

∫

T
v(x) dµ(x)

≥ 0.
s%­0GIVPXLKLAxk}��D/G]XwF}DP?]X<k}a]D/X<F¢g$D/BOACa]TyHUV/^nT¼D�g�HUDP?I^nAEVP?/A

v|T
9-ijD�ACaIT¼u�V�\

λ 7→ f(Eλ, λ)
K<^+^nACBEK<H
ACX<k

K<?IH
BET�V/^nK<?]�yV�?IFlACa]T�BCTdH�V�?�o(TdV�AtuvD0^xA�D/?]T
λ
�tKLACa

f
(

Eλ, λ
)

=
√

2t
9I`ba]Kw^ �I?]Kw^Ca]T�^bAEa]TN\]BEDjD�gx9

� ­0T�F' 
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3 .j��� 5�¤)& ¿ & *^+<-
T . -JC . 4�+ZFG6I-%? m ∈ T .0/21 t ≥ 2|T |/

∫

T
v(x) dx Q R ?@+ / +�m 8S. -76K5 / � {]9Q�D ? .�9.\9 5 L]8 -J6K5 / (E, λ)

FG6I-%?�FG6I-I?
E, λ > 0 Q

)+�,�-��¨ & emT��I?]T
λ∗ = (

∫

T

√

v(x) dx)2/8
V�?IF�VP^E^CG]uyT

0 < λ ≤ λ∗
9]`ba]T�?¢��T+aIV�º/T

g(0, λ) =

∫

T

v(x)
√

λv(x)
dx =

1√
λ

∫

T

√

v(x) dx ≥
√

8.

V�?(FÂAEa]TdF:DPuyK<?IV,AET�F¢H
D/?jºPTUBE�PT�?IH
TfACa]T�DPBETUu �/KLº/T�^
lim

E→∞
g(E, λ) = 0.

`bajGI^�g$DPB�VPXLX
0 < λ ≤ λ∗

ACa]T�BCTNT�
jKw^nAE^tV�?
Eλ ≥ 0

�tK�AEa
g(Eλ, λ) =

√
8
9

��T�H�V�GI^CTmDPg
g(0, λ∗) =

√
8
��T+aIV�º/T

Eλ∗ = 0
9(«IV,AEDPG-� ^bX<TUuyu�VÀAEa]TU?¢�/KLº/T�^

lim inf
λ↑λ∗

f(Eλ, λ) ≥
∫

T

1
√

λ∗v(x)
dx.

��T�H�V�GI^CT
v
Kw^O\(D0^nKLACK<ºPTyV�?IF

v(m) = 0
��TvaIV�ºPT

v′(m) = 0
V�?IF

v′′(m) ≥ 0
9Z`ba]T�?£ojk¹`�V�k0X<DPB�� ^ACaITUDPBETUu ACa]T�BCT�T�
:K<^nAE^dV

c > 0
V�?IF*V}H
X<D/^CT�F K<?0ACTUBEº,V�X

I ⊆ 
 �tK�AEa
m ∈ I ⊆ T

�-^nGIHWa AEaIV,A
v(x) ≤ c2(x−m)2

g$DPB�VPXLX
x ∈ I

9]`ba]TUBET
g$D/BCT+��T �I?IF
∫

T

1
√

v(x)
dx ≥

∫

I

1
√

c2(x−m)2
dx =

∫

I

1

c|x−m| dx = +∞

V�?(FÂAEa0G(^
λ 7→ f(Eλ, λ)

K<^tVyHUDP?0ACK<?jG]DPGI^�g$GI?IHJAEKLD/?��tKLACa
lim
λ↑λ∗

f(Eλ, λ) = +∞.

µm?�ACa]TNDPACa]T�BtaIV�?IF�o�T�H�V�GI^CT+D�g
g(E0, 0) =

√
8
��T+aIV�ºPT

E0 = (
∫

T
v(x) dx)2/8

9IijDyg$D/B
λ = 0

��T
�PTUA

f(E0, 0) =

∫

T

1√
E0

dx =

√
8

∫

T
v(x) dx

|T |.
`�DP�PTUACa]T�B�ACa]Kw^�^Ca]D,��^��jAEaIV,Atg$D/B�V�X<X

t ≥ 2|T |
∫

T v(x) dxACaITUBETOT�
:K<^nAE^�Vy^CDPX<G:ACK<DP?
(Eλ, λ)

�tKLACa
f(Eλ, λ) =

√
2t
9 � ­0T�FS 

3 .j��� 5¢¤ & Ã & R ?@+"CE+ . CE+ /S8 N 3 +<C 9 ε, c1, c2 > 0 :G9�8 4�?j-%? . -�-%?@+ = 5 LIL 5�FG6 / AP?S5 L 1�9"c � 5�Ch+"f�+"C >-JC . 4�+ T 9 - . CU-76 / A�6 / K1
: + /21 6 / A	6 / K2

:O.0/21 f_6 9 6I-J6 / A	-%?@+ 3�.�LIL Bε(m)
-%?@+"CE+\6 9�.i/ 5 / � +"N V - >�:4 L 5 9 + 1 6 / -#+"CUf .0L A ⊆ 
 :�9�8 4�?�-%? . - A ⊆ T : |A| = ε .0/21 F + ? . f�+ c1 ≤ v(x) ≤ c2

= 5�Ce+"f�+"C > x ∈ A Q
)+�,�-��¨ & ��T�H�V�GI^CT

m /∈ K1 ∩K2
TUKLACa]T�B

K1
DPB
K2

aIV/^tVv\(D0^nKLACK<ºPTNF:Kw^xAWV�?IHUTOg$BCD/u
m
9(c-T
A

ε
o�TNDP?IT

ACaIKLBWF�D�g�ACa]Kw^�F:Kw^xAWV�?IHUTP9IemT��(?]T
A′ = {x ∈ 
 | ε ≤ |x −m| ≤ 2ε } VP?IF�XLTUA c1 = inf{ v(x) | x ∈ A′}V�?(F

c2 = sup{ v(x) | x ∈ A′} 9s%V/HWa}ACBWVPHUTÀ^xAWV�BCACK<?]�ÂK<?
K1

�(T�?IF:K<?]�lK<?
K2

��V�?IF}ºjKw^nKLACK<?]�lACa]TvoIV�X<X
Bε(m)

TUKLACa]T�BOHUBCD0^C^CT�^
[m −

2ε;m − ε]
DPB

[m + ε;m + 2ε]
9�c-TUA

A
o(TvAEa]TvHUBCD0^C^CT�F¹KL?0ACT�BCº,VPX'9�`ba]TU?*H
X<T�VPBCX<k |A| = ε

V�?(FMV�?(F
o�T�HUVPGI^CTODPg

A ⊆ A′ ACa]TNT�^xAEKLu�V,AET�^�g$D/B v DP? A a]DPXwFZ9 � ­0T�FS 
3 .j��� 5�¤ &� � & � 50C +<f�+<C > η > 0

-%?@+"CE+Z6 9 . t1 > 0 :;9U8 4�?�-I? . - F^?S+ / +<f�+"C t ≥ t1
: T 6 9 . -7C . 4�+

= CE50N z ∈ K1
- 5
a ∈ K2

FG6I-%?
m ∈ [z; a] .�/H1 (E, λ) 9 5 L f�+ 9 � {]9Q�D : -I?S+ / F + ? . f�+
∣

∣

∣It(E, λ) −
1

4

(

∫

T

√

v(x) dx
)2∣
∣

∣ ≤ η.
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)+�,�-��¨ & `ba]Kw^fH�VP^CT+K<^fKLX<XLG(^xAEBEV�ACT�F¢K<?¢ACaITdXLTUg�AfaIVP?IF¢KLu�VP�PTND�g �I�/G]BETÀ{:9<;P9I��T�H�V�GI^CT
m ∈ [z; a]

VP?0k
\IV�ACa�g$BCD/u

z
ACD
a
u¼GI^nA�º0Kw^CK�A

m
VP?IF�ACajGI^t��T �I?IF

E > −λv(m) = 0
9]`bajGI^�AEa]TNDP?]X<kl\�D/^E^CKLo]X<TOACBWVPHUTK<?�AEa]Kw^�HUV/^nTOK<^

T = (z, a)
�:o�T�HUVPGI^CTmAEa]TN\]BED:H
T�^E^bH
D/G]X<F�D/?]XLkÂACG]BE?�V�A�\(D/KL?0AW^

x
�ta]TUBET −λv(x) = E

9
� D,�
XLTUA η > 0

9IemT��I?]T
L = sup

{

|a− z|
∣

∣ z ∈ K1, a ∈ K2

} 9]`ba]T�?¢��T+�PTUA
√

2t =

∫

T

1
√

E + λv(x)
dx ≤

∫ a

z

1√
E
dx ≤ L√

E

V�?(FÂAEa0G(^
E ≤ L2

2t2
.

ijDy��T+H�V�? �I?IF¢V
t1 > 0

�tKLACa
E · t < η � {]9 zd �ta]T�?]TUº/TUB

t ≥ t1
9

·�a]DjD/^CK<?]�
A
�
c1

�IV�?IF
c2
V/^bKL?¢X<TUuyu�Vy{]9 zv��T+�PT
A

√
8 =

∫

T

v(x)
√

E + λv(x)
dx ≥

∫

A

c1√
E + λc2

dx =
c1|A|√
E + λc2

V�?(FÂAEa0G(^
λ ≥ c21|A|2 −E

8c2
≥ c21|A|2 − L2/2t2

8c2
.

ijDy��T+H�V�?}HWa]DjD/^CT+Vv^Cu�V�X<X
c3 > 0

VP?IF�KL?IHUBCT�VP^CT
t1
ACD�VPHWa]K<TUº/T

λ > c3
�taITU?]T�ºPTUB

t ≥ t1
9

��T�H�V�GI^CTmDPg
lim
E↓0

∫

T

v(x)
√

E + v(x)
dx =

∫

T

√

v(x) dx

��T+H�V�? �I?IF¢V
c4 > 0

�tKLACa
∫

T

v(x)
√

E + v(x)
dx ≥

√

1 − η/J(z, a)

∫

T

√

v(x) dx

g$DPB�VPXLX
E ≤ c4

9I=@?IH
BET�V/^nT
t1
G]?0ACK<X

L2

2t2c3
< c4

V�?(FÂAEa0G(^
√

8 =

∫

T

v(x)
√

E + λv(x)
dx

≥ 1√
λ

∫

T

v(x)
√

L2/2t2λ+ v(x)
dx

≥ 1√
λ

∫

T

v(x)
√

c4 + v(x)
dx

≥ 1√
λ

√

1 − η/J(z, a)

∫

T

√

v(x) dx

g$DPB�VPXLX
t ≥ t1

9(ijD/XLºjK<?]�vACa]Kw^bg$D/B
λ
��T+�/T
A

2λ ≥ (1 − η/J(z, a))J(z, a) = J(z, a) − η. � {]9L;�~M 
��T�H�V�GI^CT

E
Kw^t\�D/^CK�AEKLº/TO��TNV�Xw^nD��I?IF

√
8 =

∫

T

v(x)
√

E + λv(x)
dx ≤ 1√

λ

∫

T

√

v(x) dx

V�?(FÂAEa0G(^
2λ ≤ J(z, a). � {:9<;P;� 
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«]D/B�ACa]TNBWV,AETmg$GI?IHJAEKLD/?
It
T�­/G(V,ACK<DP? � {]9L;�~M %�PK<ºPT�^
It(E, λ) = E · t+ 2λ ≥ J(z, a) − η

V�?(FlT�­/G(V,ACK<DP?(^ � {:9 zM �VP?IF � {:9<;P;� [�/KLº/T
It(E, λ) = E · t+ 2λ ≤ J(z, a) + η

g$DPB�VPXLX
t > t1

9 � ­0T�F' 
3 .j��� 5�¤ &� � '& � 50C +<f�+<C > η > 0

-%?@+"CE+Z6 9 . t2 > 0 :;9U8 4�?�-I? . - F^?S+ / +<f�+"C t ≥ t2
: T 6 9 . -7C . 4�+

= CE50N z ∈ K1
- 5
a ∈ K2

FG6I-%?
m /∈ [z; a] : .�/H1 (E, λ) 9 5 L f�+ 9 � {]9Q�D : -I?S+ / F + ? . f�+
∣

∣

∣It(E, λ) −
1

4

(

∫

T

√

v(x) dx
)2∣
∣

∣ ≤ η.

)+�,�-��¨ & `ba]Kw^NHUVP^CTvK<^+K<XLX<GI^nACBWV,AET�F£KL? ACaITvBEK<�Pa0ANaIV�?IF£K<uyVP�PTvD�g �I�PG]BET�{:9<;P9-��T�H�V�GI^CTÀAEa]Ty\IV,AEa
aIV/^fAED�HWa(V�?]�/T¼F:K<BCT�HJAEKLD/?M��T¼�tK<XLX|a(V�ºPT

E < 0
K<?MAEa]Kw^OH�VP^CTP9 � KLACa]D/G:ANXLD0^C^OD�g��PTU?ITUBWV�X<K�Axk¢��TvH�V�?

VP^E^CG]uyT+ACaIV�A
m < a, z

9��£T¼H�V�X<X�V�º,V�X<G]T
b ∈ 
 VPF:uyKw^C^CK<o]XLTÀK�g|KLAmX<KLT�^�K<?¢ACa]TdK<?0ACT�BCº,V�X

(m; min(a, z))V�?(F¢K�g%V/F]F:KLACK<DP?IVPXLX<k
v(x) > v(b)

g$DPBOV�X<X
x > b

a]DPXwF]^�9(«IDPBmV/F:uyK<^E^CKLo]X<Tdº,V�X<G]T�^
b
H
D/?I^CK<F:T�BtACaITdACBWVPHUT

T = (z, b, a)
VP?IF�F:T��I?IT

hz,a(b) = 2

∫

(z,b,a)
1√

v(x)−v(b)
dx

∫

(z,b,a)
v(x)√

v(x)−v(b)
dx
.

¡f^CK<?]��`�V�kjX<DPBtV�\]\IBCD�
:K<uyV�ACK<DP?�VP^bK<?�X<TUuyu�VÂ{:9  ��:D/?]TN^nT�T�^�AEaIV,Atg$D/B
b → m

ACa]TN?jG]uyT�BEV�ACDPBtHUDP?jºPT�BC�/T�^ACD
+∞ VP?IF�ojklF:DPuyK<?IV,AET�F¢H
D/?jºPTUBE�PT�?IH
TmACaITdF:TU?]D/uyKL?IV�ACD/B�H
DP?jº/TUBE�PT�^%ACD ∫

(0,m,a)

√

v(x) dx
9�i:D

h
K<^

VyH
D/?/AEKL?jG]D/GI^�g$G]?IH
ACK<DP?¢�tKLACa
hz,a(b) → ∞ g$DPB

b→ m
9

c-TUA
ε
�
c1

��VP?IF
c2
V�?(F

A
o�TÂVP^+K<?*XLT�uyuyV}{]9 zI9 �£TÂ��DPGIX<F£XLK<³PTvAED �I?IF*V

b ∈ Bε(m)
�tKLACa

hz,a(b) = t
�]^CDy��TN?ITUT�F�V�?�G]\]\�TUBfo(D/G]?IF�DP?

inf
b∈(m;m+ε)

ha,z(b) � {:9<;�8M 
�ta]KwHWa�Kw^tG]?IK�g$D/BCu K<?

a
V�?(F

z
9 �£T �(?IF

hz,a(b) ≤ 2
supz∈K1,a∈K2

∫

(z,b,a)
1√

v(x)−v(b)
dx

∫

A
c1√
c2
dx

. � {]9L;�_M 
��T�H�V�GI^CT

v′′(m) > 0
VP?IF

lim inf |x|→∞ v(x) > 0
��T�HUVP? F:T�H
BET�V/^nT

ε
AED}TU?I^CG]BET¼AEaIV,A

v′(x) ≥
v′′(m)(x −m)/2

g$D/BfV�X<X
x ∈ [m;m + ε]

VP?IF
v(x) ≥ v(m + ε)

g$DPBmV�X<X
x ≥ m + ε

9�¡f^CKL?I�Â`�V�kjX<DPB�� ^
ACaITUDPBETUu V��/VPKL?���TN�/T
A

v(x) − v(b) = v′(ξ)(x − b) ≥ v′′(m)(b−m)

2
(x− b)

g$DPB�^CDPuyT
ξ ∈ [b;x]

g$DPB�VPXLX
x ∈ [m;m+ ε]

9]`bajGI^t��T+H�V�?¢H
D/?IH
X<GIF:T
∫

(z,b,a)

1
√

v(x) − v(b)
dx

≤ 2

∫ m+ε

b

1
√

v′′(m)(b−m)
2 (x− b)

dx

+

∫ z

m+ε

1
√

v(m+ ε) − v(b)
dx+

∫ a

m+ε

1
√

v(m+ ε) − v(b)
dx

≤ 2

√

2

v′′(m)(b−m)
·
√
m+ ε− b

+ 2
1

√

v(m+ ε) − v(b)
sup
{

|x−m|
∣

∣ x ∈ K1 ∪K2

}

.

� {]9L;�rd 



� � � � ��� � ��� � � � ��� � 	�� ��� � � � � ��� {:;

`ba]T¼BCK<�Pa0AfaIVP?IF}^CK<F:T¼D�g � {:9<;Ur� �K<^mKL?(F:TU\�TU?IF]TU?0AmDPg a V�?(F z 9�ijDÂ��T¼H�V�?¢AEVP³PTNAEa]TÀK<? �Iu¼G]u�D,ºPT�BfV�X<X
b ∈ (m;m+ ε)

V�?(F�G(^nT � {]9L;�_M %ACDy�/T
AtACaITNG]?]KLg$DPBEu G]\]\�TUB�o�DPGI?IF�DP? � {:9<;�8M W9�·�VPXLX�AEa]K<^�o(D/G]?IF t2 9� D,�´X<T
A t > t2
9Z`ba]TU?Mg$DPBOTUº/TUBEk

z ∈ K1
VP?IF

a ∈ K2
��TyHUV�? �I?IFMV

b ∈ (m;m + ε)
�tKLACa

hz,a(b) = t
9]«IG]BCACa]T�BfF:T��(?]T

λ > 0
ojk

√
λ =

1√
8

∫

(z,b,a)

v(x)
√

v(x) − v(b)
dx

V�?(F
E
ojk

E = −λv(b).`ba]T�?�g$D/BbACa]T+AEBEV/H
T
T = (z, b, a)

AEa]T�^CTNº,V�X<G]T�^
E
V�?IF

λ
^CDPX<ºPT

E + λv(b) = 0,
∫

(z,b,a)

v(x)
√

E + λv(x)
dx =

1√
λ

∫

(z,b,a)

v(x)
√

v(x) − v(b)
dx =

√
8

V�?(F
∫

(z,b,a)

1
√

E + λv(x)
dx =

1√
λ

∫

(z,b,a)

1
√

v(x) − v(b)
dx =

√
2t.

«]D/B
t→ ∞ ��T+aIV�ºPT

b→ m
G]?]KLg$DPBEuyXLklKL?

a
VP?IF

z
�

λ→ 1

8

(

∫

(z,m,a)

v(x)
√

v(x) − v(m)
dx
)2

=
1

8

(

∫

(z,m,a)

√

v(x) dx
)2

,

V�?(F�VP�/V�K<?
E → 0 � ACa]Kw^bACK<uyT+g$BCD/u¶o�TUX<D,�  J9]`ba]Kw^t�/KLº/T�^

It(E, λ) =
1

2

∫

T

√

2(E + λv(x)) dx → 1

4

(

∫

(z,m,a)

√

v(x) dx
)2

�ta]KwHWa�\IBCD,º/T�^�ACa]TNX<TUuyu�V]9 � ­0T�F' 
� KLACa£VPXLX�AEa]T�^CTÀ\]BETU\(V�BWV,ACK<DP?(^�K<?M\]XwVPHUTÀ��TvVPBCTd?ID,� BCT�VPF:k�ACD¢HUVPX<HUG]XwV,ACTÀACa]TyVP^Ckjuy\:ACDPACKwHdX<D,��T�B

o�DPG]?IF�g$BEDPu X<TUuyu�VÂ{:9<;P9
)+�,�-��¨ � DPg[XLT�uyuyV�{:9<;_ 
9(��T�H�V�GI^CTdD�g|X<TUuyu�V�{]9 {y��TÀH�V�?¹BET�^nACBEK<H
AfDPGIBE^CTUX<ºPT�^�ACDÂAEa]T¼H�VP^CT β = 1

�
K©9 T/9]��T+aIV�º/TfAED�\]BED,ºPT

lim
t→∞

inf
{

It(ω)
∣

∣ ω ∈ Ma,z,1
t

}

= J(a, z)

X<DjH�V�X<XLklG]?]KLg$DPBEuvX<kÂK<?
a, z ∈ 
 9c-TUA

K1,K2 ⊆ 
 o�T¼HUDPuy\IVPH
Am�tKLACa
0 /∈ K1 ∩ K2

V�?IF
η > 0

9�«IG]BCACa]T�BCuyDPBETdX<T
A
z ∈ K1

VP?IF
a ∈ K2

9
�f^E^CG]uyT �IBE^nAtACaITÀHUV/^nT

m ∈ [z; a]
9I«IBCD/u¶X<TUuyu�VÂ{:9<;�~v��TN�/T
AfV

t0 > 0
�I^nG(HWa�AEaIV,Atg$D/B�TUº/TUBEk

t >
t0
AEa]TUBETdT�
:Kw^xAW^fV�^CDPX<G:ACK<DP?

(E, λ)
DPg � {:9 �0 bg$DPBtAEa]TdAEBEV/H
T T = (z, a)

�tKLACa ∣
∣It(E, λ) − J(a, z)

∣

∣ ≤ η
9

`ba]Kw^
t0
DP?]X<k�F]TU\�TU?IF]^bD/?

K1
V�?IF

K2
�Io]G:A�?]DPA�DP?

z
V�?IF

a
9

� D,� V/^C^CG]uyTdAEa]TyHUVP^CT m /∈ [z; a]
9Z«]BEDPu�X<TUuyu�V�{]9L;/;d��TvVP�/V�K<?¹�/T
AOV

t0 > 0
�Z^CGIHWa}AEaIV,A+g$DPB

TUº/TUBEk
t > t0

ACa]T�BCT¼T�
:Kw^xAW^fVl^CDPX<G:AEKLD/?
(E, λ)

D�g � {:9 �0 �g$D/BOV�ACBWVPH
T T = (z, x1, a)
�tK�AEa ∣

∣It(E, λ) −
J(a, z)

∣

∣ ≤ η
VP?IF

t0
DP?]X<klF:T�\(T�?IF]^tD/?

K1
VP?IF

K2
�]oIG:A�?]D�A�D/?

z
VP?IF

a
9

=@?*TUKLACa]T�BÀHUV/^nTy��TÂHUVP? G(^nT�X<TUuyu�V¹{:9 q�ACD¹H
D/?IH
X<GIF:T��ZACa(V,ANACaITUBET�T�
:K<^nAE^ÀV�?
ω
�-�ta]KwHWa²^nD/XLº/T�^

� {]9 _/VM � � {:9 _�o2 �]V�?(F � {:9 _PH_ W9I��T�H�V�GI^CTmDPg � {:9 qM �AEa]Kw^b\IV,AEa�a(VP^
∣

∣It(ω) − J(a, z)
∣

∣ ≤ η.

c-TUA
c = inf

{

It(ω)
∣

∣ ω ∈ Ma,z,1
t

} 9-��T�H�V�GI^CTdAEa]Ty\IV,AEa
ω
H
DP?(^xAEBCGIH
ACT�F��xGI^nAN?]D,�´K<^+o�D�AEa �ZK<?

Ma,z,1
t

V�?(F�VPoI^CDPX<G:ACT�XLk�H
DP?0AEKL?jG]D/GI^��:��TdaIV�º/T
c < ∞ 9(c�T
A

Mn = Ma,z,1
t ∩ {ω | It(ω) < c + 1/n } 9



{P8 ��� � � ��� � � � � �
	�	 ��� � ��� � � � ��� � ��� ��� � � � �
	��

��T�H�V�GI^CT
Ma,z,1

t

K<^mH
X<D/^CT�F}VP?IF
It
K<^mV��PDjD:F�BEV�ACTNg$G]?(HJACK<DP? �]ACaIT¼^CT
AE^

Mn
V�BETdH
DPuy\IV/HJA �I?]D/? � T�uy\:Axk��V�?(FM^EV,ACKw^ng$k

Mn ⊇ Mn+1
g$DPBOTUº/TUBEk

n ∈ g 9-ijDlAEa]TvKL?0ACT�BE^CT�H
ACK<DP? M =
⋂

n∈ � Mn
K<^OV��0V�K<?¹?]D/? �TUuy\:Axk/9-��T�HUVPGI^CTÀTUº/TUBEk

ω̃ ∈ M
a(VP^

It(ω̃) = c
�Z��Ty^nT�T���ACaIV�A+ACa]T�BCTyK<?¹g�VPH
ANT�
:K<^nAE^+V�\IV�ACa

ω̃
g$DPB

�ta]KwHWa¢ACa]T¼KL?��IuÀG]u�Kw^fV�AnAEVPKL?IT�FZ9�«]BEDPu ACa]T¼s[G]X<TUB � c�V��PBWV�?I�PTOuvTUACa]D:F}��Td³j?]D,� �IACaIV�A
ω̃
VPX<^CDl^CDPX<ºPT�^

T�­0GIV�ACK<DP?I^ � {]9 _/VM � � {:9 _�o' ���VP?IF � {:9 _PH  J9�«IBCD/u XLT�uyuyV/^O{]9 q�V�?IF£{:9 �y��T¼³j?]D,� �(ACaIV�AmAEa]Ty^nD/XLG:AEKLD/?¹Kw^
G]?]Kw­0G]T��(^nD

ω̃
u¼GI^xAfHUDPK<?IH
KwF:T+�tKLACa¢DPG]Bt\(V,ACa

ω
H
DP?(^xAEBCGIH
ACT�F�VPo(D,º/TOVP?IFl��T+�PTUA

∣

∣

∣
inf
{

It(ω)
∣

∣ ω ∈Ma,z,1
t

}

− J(a, z)
∣

∣

∣
≤ η

g$DPB�VPXLX
z ∈ K1

�
a ∈ K2

V�?(F
t ≥ t0

9IijK<?IH
T
η > 0

�bVP^tV�BEo]KLACBWV�BEkvACa]Kw^�H
D/uy\]XLTUACT�^�ACa]TN\]BEDjD�gx9 � ­0T�FS 

�
� � ��� ���� "�	� � 
��&� � � 
 ���
�� �" ����  "� �
=@?¢ACaIK<^m^nT�HJACK<DP?}��TN�bV�?0A�ACDÂ^nACG(F:klAEa]TÀT�ºPT�?/AtAEaIV,Afg$DPBm^CDPuyTdF:BEKLg�A�g$G]?IH
ACK<DP?

b : 
 → 
 AEa]TdK<?0ACTU�/BEVPX
1
2

∫ t

0
b2(Bs) ds

Kw^O^nu�V�X<X©9(=@?MHUDP?0ACBWVP^nA�AEDlAEa]TÀ\]BETUºjK<DPGI^O^CT�HJAEKLD/?¹a]T�BCTd��T¼VPBCTvH
D/?I^nKwF:T�BCK<?]�ÂX<DP?]�ÂACK<uvT
K<?/AETUBEº,V�Xw^��:o]G]A�aIV�ºPTO?]DÂH
D/?IF:KLACK<DP?I^bD/?lAEa]T �I?IVPXZ\(D/KL?0A�9

`ba]T¼\]BCDjDPg[GI^nT�^m`�V�kjXLD/BfV�\I\]BCD�
:K<u�V,ACK<DP?}VPBCD/G]?IF¢AEa]T ��TUBED/^�DPg
b
AEDlBET�F:GIHUTdAEa]TÀ\]BEDPoIXLT�u AEDÂAEa]T

HUV/^nT¼D�g[X<KL?IT�V�B
b
�ta]KwHWaM�bVP^mV�X<BCT�VPF:k¢^nACGIF:K<T�FMKL?²·�DPBEDPX<X<VPBCk�rI9 _]9�=@?MD/BEF:T�B�AEDlu�V�³/TdACaITv`�V�kjXLD/BmV�\ �\]BED�
:KLu�V,AEKLD/?¹��DPBE³}��TvaIV�ºPTv?]T�T�F£G]\]\�TUBNo�DPG]?IFI^+DP?¹AEa]T�\]BEDPoIVPo]K<XLKLAxk¢ACaIV�A+ACa]Ty\]BED:H
T�^E^OXLT�V�ºPT�^mV?]T�KL�/a0o�DPGIBCa]DjD:FÂDPg�AEa]T �UT�BCDvD�g

b
9]`ba]Kw^tKw^b�PK<ºPT�?�ojk�AEa]T+g$DPX<XLD,�tK<?]�yX<TUuyu�V]9

3 .j��� 5�¤ &� ]2)&,*^+<-
B 3 + . � CE5�F / 6 .�/ NT50-76K5 /@: a, t > 0 : .�/H1 v : 
 → 
 3 + . =�8a/ 4"-76K5 / FG6I-I?

v(x) ≥ x2 ∧ a2 = 50CZ+"f�+<C > x ∈ 
iQ�R ?S+ / F + ? . f�+

lim sup
ε↓0

ε log sup
x∈ �

Px

(

∫ t

0

v(Bs) ds ≤ ε, sup
0≤s≤t

|Bs| > a
)

≤ −1

8

(

t+
1

2
a2
)2

.

=@?£ACa]Tyg$D/XLX<D,�tKL?I��X<TUuyu�VP^+��Ty�tKLX<X|DP?]X<k¹?]T�T�FMACa]Tyg�V/HJA+ACa(V,ANACaIT
lim sup

g$BCD/u ACaIT�XLT�uvu�V�Kw^
^nACBEK<H
ACX<k¢^Cu�V�X<XLT�BfAEaIV�? −t2/8 9���ANV �IBW^nAm�PXwV�?(H
TÀKLAN^nT�TUu�^mHUXLT�V�BfACaIV�AmAEa]K<^OKw^�AEBCGIT���o(T�HUVPGI^nT¼��TvV�BET
H
D/?I^CK<F:T�BCK<?]�Â^Cu�V�X<X-º,V�X<G]T�^fD�g

ε
�]ACaITÀTUº/TU?0A {∫ t

0
v(Bs) ds ≤ ε} g$DPBWH
T�^�ACa]TÀ\]BCD:HUT�^E^bACDl^C\�TU?IF}uyD0^xA�DPgACaITNACK<uyTN?]T�VPBf~�V�?IF¢^CDvACa]TdT�ºPT�?/Af^Ca]D/G]X<F�Axkj\]KwHUVPXLX<kÂD:HUHUG]BtACD/�PTUACa]T�Bt�tK�AEa {sup0≤s≤t |Bs| ≤ a} o]G:A?]DPA��tK�AEa {sup0≤s≤t |Bs| > a} 9IijDyBET�HUVPXLX<K<?]�vHUDPBEDPX<X<VPBCkyr(9 _vDP?ITO��DPGIX<F��PG]T�^C^�AEaIV,AtAEaIV,A

lim sup
ε↓0

ε logP
(

∫ t

0

v(Bs) ds ≤ ε
)

= lim sup
ε↓0

ε logP
(

∫ t

0

v(Bs) ds ≤ ε, sup
0≤s≤t

|Bs| ≤ a
)

≤ lim sup
ε↓0

ε logP
(

∫ t

0

B2
s ds ≤ ε

)

= −1

8
t2

V�?(F�ACaIV�AfACaIT¼H
D/?IF:KLACK<DP?
sup0≤s≤t |Bs| > a

�tK<X<X�H�V�GI^CTdV�?MV/F]F:KLACK<DP?IVPX�HUD/^nAf�ta]KwHWa}uyVP³PT�^tACaIK<^mBEV�ACT
^CuyVPXLX<TUB�ACaIVP? −t2/8 9�·�DP?jºPT�BnAEKL?]�vAEa]K<^fK<F]T�VyK<?/AEDlVvg$DPBEu�V�X-\IBCDjD�g�ACGIBC?I^�DPG:A�AED�o(T¼H
G]u¼o(T�BE^CDPuyTdV�?(F��T+F]T
g$TUB�ACa]TN\]BEDjD�g�ACDvACa]TNT�?IF�D�g�ACa]Kw^�^CT�HJAEKLD/?-9

�	�IBW^xAfHUDP?I^CT�­0G]T�?IH
TOD�g�XLT�uyuyV�{]9L;�8dKw^bACaIT+g$DPX<XLD,�tK<?]�y^xAWV,ACT�uyTU?0A�9
3 .j��� 5�¤)&' � & � 50CZ+"f�+"C > a > 0 .0/21 +"f�+"C > x ∈ (−a/

√
2; +a/

√
2)
F + ? . f�+

lim
ε↓0

ε logPx

(

∫ t

0

B2
s ds ≤ ε, sup

0≤s≤t
|Bs| ≤ a

)

= lim
ε↓0

ε logPx

(

∫ t

0

B2
s ds ≤ ε

)

= −
(

t+ x2
)2

8
.
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)+�,�-��¨ & `baIT¼^CT�H
D/?IF}T�­/G(V�X<K�Axk�K<^m\]BED,ºPT�F�K<?£HUDPBEDPX<X<VPBCklrI9 _]9���\]\]X<kjKL?I�lX<TUuyu�V�{:9<;�8¼AEDÂAEa]TÀg$GI?IH �ACK<DP?
v(x) = x2 ��TN^CTUTOACa(V,A

lim sup
ε↓0

ε logPx

(

∫ t

0

B2
s ds ≤ ε, sup

0≤s≤t
|Bs| > a

)

≤ −1

8

(

t+
1

2
a2
)2

< lim inf
ε↓0

ε logPx

(

∫ t

0

B2
s ds ≤ ε

)

.

`bajGI^b��T+H�V�?¢GI^CT+XLT�uvu�V�8:9 _¼ACD�\]BED,ºPTmACaIT �(BE^nA�T�­0GIVPXLKLAxkP9 � ­0T�F' 
=@?�ACa]TN\]BEDjD�g�D�g�XLT�uvu�V�{:9<;�8À��TN�tKLX<XZGI^CT+ACa]T+g$D/XLX<D,�tKL?I�vHUDPG]\]X<K<?]��V�BE�PG]uyTU?0A�9
3 .j��� 5¢¤ &� j�,& � 6If�+ / x, y ∈ 
 FG6I-I? |x| ≥ |y| F +�4 .0/ 4�?@5_5 9 +\-7F 5 � CE50F / 6 .0/ N�5�-J6K5 /S9 Bx

.�/H1 By 5 /�. 4�5�N�N�5 /�V C`5 3�.D3 6 L 6I- >\9JVS. 4�+eFG6I-%? Bx
0 = x : By

0 = y : .�/H1 |Bx
t | ≥ |By

t | = 5�C .0LIL t ≥ 0 Q
)+�,�-��¨ & c-TUA

Bx o�TdV�?jkl��BCD,�t?IK<VP?luyD�AEKLD/?��tKLACa}^nAEVPBnAtK<? x VP?IF B o(TÀVP?]D�AEa]TUBbDP?ITNDP?�ACa]Td^EV�uyT
\]BEDPoIVPo]K<XLKLAxkÂ^n\(VPH
T��:o]G:A��tKLACa¹^nAEVPBnAtK<?

y
9IemT��I?IT+ACa]Td^nACD/\]\]K<?]�vACK<uvT

T
ojk

T = inf
{

t ≥ 0
∣

∣ |Bx
t | = |Bt|

}

V�?(F¹AEa]TyBEVP?IF:DPu�º,V�BEKwV�o]X<T
σ
ojk

σ = 1
KLg
Bx

T = BT
VP?IF

σ = −1
TUXw^nT/9-`ba]TU?£ACa]Ty\]BED:H
T�^C^

ByF:T��I?]T�F�ojk
By

t =

{

Bt
KLg
t ≤ T

�]V�?IF
BT + σ(Bx

t −Bx
T )

KLg
t > T

Kw^�V���BCD,�t?]KwV�?�uyD�ACK<DP?¢�tKLACa |By
t | < |Bx

t |
g$D/B

t < T
V�?(F�T�K�AEa]TUB

By
t = Bx

t

D/B
By

t = −Bx
t

g$D/B
t ≥ T

9
`ba]Kw^t\]BED,ºPT�^[AEa]TdH
XwV�K<u¢9 � ­0T�F' 

`ba]T+u�V�K<?¢BCT�^nG]XLAtD�g�ACa]Kw^�^CT�HJAEKLD/?�Kw^bAEa]T+g$DPX<XLD,�tK<?]�v�PT�?]TUBWV�X<K<^EV,AEKLD/?lDPg�X<TUuyu�VÂ{:9<;�_]9
)+�,�I±��(&��$������� ¤ &� ]¤)& *^+<-

b : 
 → 
 3 + .�1 6 � +<CE+ / -J6 .D3"L + =�8a/ 4"-76K5 / FG6I-I? b(0) = 0 : b′(0) 6= 0 .0/21
lim inf |x|→∞ |b(x)| > 0 Q R ?@+ / = 5�C +"f�+"C > η > 0

F + ? . f�+

lim
ε↓0

ε · logP
(1

2

∫ t

0

b2(Bs) ds ≤ ε, sup
0≤s≤t

|Bs| ≤ η
)

= lim
ε↓0

ε · logP
(1

2

∫ t

0

b2(Bs) ds ≤ ε
)

= − |b′(0)|2t2
16

.

)+�,�-��¨ & ·�a]DjD0^nTÀ^CDPuyT
0 < δ < |b′(0)| 9�¡f^CKL?I��ACa]Tv`�V�kjX<DPBbg$D/BCu¼G]X<V b(x) = b′(0) · x + o(x)

��T
�I?IF¢VP?

a > 0
�tK�AEa
(

|b′(0)| + δ
)2
x2 ≥ b2(x) ≥

(

|b′(0)| − δ
)2
x2 g$D/B�V�X<X

x ∈ [−a; a] 9 � {:9<;�{M 
� KLACa]D/G:AOX<D/^E^�DPg[�PT�?]TUBWV�X<K�Axk���T¼u�V�k�V/^C^CG]uyTNACa(V,A

a
Kw^f^Cu�V�X<XLT�B�ACa(V�?

η
VP?IF¹V�Xw^CDl^nu�VPXLX�TU?]D/G]�Pa¢AED

\�TUBEuvKLA |b(x)| ≥ a
(

|b′(0)| − δ
) g$DPB�VPXLX

x ∈ 
 �tK�AEa |x| > a
9

� TOa(V�ºPTOACD�HUVPX<HUG]XwV,ACTOAEa]TNT�
:\�DP?]T�?/AEK<VPXZBEV�ACT�^bD�g

P
(1

2

∫ t

0

b2(Bs) ds ≤ ε
)

= P
(1

2

∫ t

0

b2(Bs) ds ≤ ε, sup
0≤s≤t

|Bs| ≤ a
)

+ P
(1

2

∫ t

0

b2(Bs) ds ≤ ε, sup
0≤s≤t

|Bs| > a
)

.

� {]9L;�qM 
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	��

� a]T�?]TUº/TUB
sup0≤s≤t |Bs| ≤ a

��TdHUVP?�VP\]\]BED�
jK<u�V,AET
b(x)

ojk
b′(0)x

V/^bKL? � {]9L;�{D W9(`ba]K<^b�/KLº/T�^

P
(1

2

∫ t

0

(

|b′(0)| + δ
)2
B2

s ds ≤ ε, sup
0≤s≤t

|Bs| ≤ a
)

≤ P
(1

2

∫ t

0

b2(Bs) ds ≤ ε, sup
0≤s≤t

|Bs| ≤ a
)

≤ P
(1

2

∫ t

0

(

|b′(0)| − δ
)2
B2

s ds ≤ ε, sup
0≤s≤t

|Bs| ≤ a
)

.

��D�AEa�o�DPG]?(F]^tD�g�ACaIK<^bT�^xAEKLu�V,AETdHUVP?�o�TNaIV�?(F:XLT�F�GI^nK<?]�

lim
ε↓0

ε logP
(

∫ t

0

cB2
s ds ≤ ε, sup

0≤s≤t
|Bs| ≤ a

)

= −c · t
2

8
,

�ta]KwHWa�Kw^�VyH
D/?I^CT�­0G]TU?(H
T+D�g�XLT�uvu�VÂ{]9L;�_¼VP?IFÂAEa]Td^EHUV�X<K<?]�y\]BCD/\(T�BnAxk�r(9 8]9
«]D/B�ACa]TNX<D,��T�Bbo(D/G]?IF�ACa]Kw^t�/KLº/T�^

lim inf
ε↓0

ε logP
(1

2

∫ t

0

b2(Bs) ds ≤ ε
)

≥ lim inf
ε↓0

ε logP
(1

2

∫ t

0

b2(Bs) ds ≤ ε, sup
0≤s≤t

|Bs| ≤ a
)

≥ −
(

|b′(0)| + δ
)2

16
t2

�ta]T�?]TUº/TUB
δ > 0

9]«IDPBbACaITNG]\]\�TUB�o�DPG]?(F���T �I?IF

lim sup
ε↓0

ε logP
(1

2

∫ t

0

b2(Bs) ds ≤ ε, sup
0≤s≤t

|Bs| ≤ a
)

≤ −
(

|b′(0)| − δ
)2

16
t2. � {]9L;,�0 

emT��I?]T
v(x) = b2(x)/

(

|b′(0)| − δ
)2 9-`ba]T�? ojk¹D/G]BdHWa]D/K<HUTvDPg

a
��T�aIV�ºPT

v(x) ≥ x2 ∧ a2 VP?IFX<TUuyu�Vy{]9L;�8ÀACDP�/T
AEa]TUBb�tKLACa¢rI9Q8¼�PK<ºPT�^

lim sup
ε↓0

ε logP
(1

2

∫ t

0

b2(Bs) ds ≤ ε, sup
0≤s≤t

|Bs| > η
)

≤ lim sup
ε↓0

ε logP
(1

2

∫ t

0

b2(Bs) ds ≤ ε, sup
0≤s≤t

|Bs| > a
)

≤ −1

8

(

t+
1

2
a2
)2

(

|b′(0)| − δ
)2

2

< −
(

|b′(0)| − δ
)2

16
t2.

� {]9L;� M 

¡f^CK<?]��DP?]X<kÂAEa]TdXwVP^nA�ACaIBCT�TNXLK<?]T�^fD�g�T�­0GIV�ACK<DP? � {]9L;� M ���Td^nT�TNACaIV�A�ACaITdG]\]\�TUB�o�DPGI?IF�g$DPB � {:9<;�qd �K<^F:D/uvK<?IV�ACT�F�ojk � {:9<;��D �VP?IFlg$BCD/u XLT�uyuyVÂ8]9 _¼��TN�PT
A

lim sup
ε↓0

ε logP
(1

2

∫ t

0

b2(Bs) ds ≤ ε
)

≤ −
(

|b′(0)| − δ
)2

16
t2

g$DPB�VPXLX
δ > 0

9]c-TUAnACK<?]�
δ ↓ 0

�(?]K<^Ca]T�^�ACa]TN\]BEDjD�g�D�g

lim
ε↓0

ε · logP
(1

2

∫ t

0

b2(Bs) ds ≤ ε
)

= − |b′(0)|2t2
16

.

¡tAEKLX<Kw^nK<?]�ÂX<TUuyu�V�8]9 _�VP�/V�K<? �(o]G:AfAEa]Kw^�AEKLuyTÀ�tKLACa¹ACa]TÀg$G]XLX�T�­0GIV�ACK<DP? � {:9<;� M �V�Xw^nD�\]BED,ºPT�^bACaIT �IBW^xA
T�­0GIVPXLKLAxkÂDPg�ACaITN\]BCD/\(D0^nKLACK<DP?�� ^tHUX<VPKLu¢9 � ­0T�F' 
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� KLACa*ACaIT�a]TUX<\²D�g�ACa]T�V�o�D,ºPTyH
DPGI\]XLK<?]�¹VPBC�/G]uyTU?0AN��TÂH�V�?*�PTUANACa]T�g$D/XLX<D,�tK<?]�¢BCT��I?]TUuyT�?/AdDPg
\]BEDP\�D/^CK�AEKLD/?�{]9L;�{:9

3 .j��� 5¢¤ &� :® &^*^+"-
b : 
 → 
 3 + .�1 6 � +"CE+ / -J6 .D3"L + =�8a/ 4"-76K5 / FG6I-%? b(0) = 0 : b′(0) 6= 0 .�/H1

lim inf |x|→∞ |b(x)| > 0 Q R ?@+ / = 5�C +"f�+"C > η > 0
F + ? . f�+

lim
ζ↓0

lim inf
ε↓0

ε · log inf
−ζ<z<ζ

Pz

(1

2

∫ t

0

b2(Bs) ds ≤ ε, sup
0≤s≤t

|Bs| ≤ η
)

= − |b′(0)|2t2
16.�/H1

lim sup
ε↓0

ε · log sup
y∈ �

Py

(1

2

∫ t

0

b2(Bs) ds ≤ ε, sup
0≤s≤t

|Bs| ≤ η
)

= − |b′(0)|2t2
16

.

)+�,�-��¨ & � Td^xAWV�BCA�ojkl\IBCD,ºjK<?]�ÀAEa]TdH
XwV�K<u¶VPo(D/G:AbACa]T
lim inf

9]¡m^nK<?]��\]BEDP\�D/^CKLACK<DP?�{]9L;�{d��T �I?IF

lim inf
ε↓0

ε · log inf
−ζ<z<ζ

Pz

(1

2

∫ t

0

b2(Bs) ds ≤ ε, sup
0≤s≤t

|Bs| ≤ η
)

≤ lim
ε↓0

ε · logP0

(1

2

∫ t

0

b2(Bs) ds ≤ ε, sup
0≤s≤t

|Bs| ≤ η
)

= − |b′(0)|2t2
16g$DPBtT�ºPT�BCk

ζ > 0
9

� D,�
XLTUA κ > 0
V�?(F�HWaID0D0^nT+V

δ > 0
�tK�AEa

−
(

|b′(0)| + δ
)2 (t+ δ2)2

16
> − |b′(0)|2t2

16
− κ.

�f^�KL?�ACa]TN\IBCDjD�g�D�g�\]BEDP\�D/^CK�AEKLD/?�{:9<;�{¼��TNHUV�?�GI^CTN`�V�kjX<DPBtV�\]\IBCD�
:K<uyV�ACK<DP?lACD �I?IF¢V�?
a > 0

�tK�AEa
b2(x) ≤

(

|b′(0)| + δ
)2
x2

g$DPB�VPXLX
x ∈ [−a; a] 9 � KLACa]D/G:AfX<D/^E^�DPg��/TU?]T�BEVPXLKLAxk���TOu�V�klV/^C^CG]uyT a ≤ min(2δ, η)

9
c-TUA

ζ < a/2
V�?IF

z ∈ [−ζ; +ζ] 9�`baITU?*��T�H�V�? GI^nTyX<TUuyu�V}{:9<;Ur�ACD}HWa]DjD/^CT¼Ax��D}��BCD,�t?IK<VP?uyD�AEKLD/?I^
Bζ VP?IF Bz �tKLACa Bζ

0 = ζ
�
Bz

0 = z
�]V�?IF |Bζ

t | ≥ |Bz
t |
g$D/B�V�X<X

t ≥ 0
9�� T �I?IF

P
(1

2

∫ t

0

b2(Bz
s ) ds ≤ ε, sup

0≤s≤t
|Bz

s | ≤ η
)

≥ P
(1

2

∫ t

0

b2(Bz
s ) ds ≤ ε, sup

0≤s≤t
|Bz

s | ≤ a
)

≥ P
(1

2

∫ t

0

(

|b′(0)| + δ
)2

(Bz
s )2 ds ≤ ε, sup

0≤s≤t
|Bz

s | ≤ a
)

≥ P
(1

2

∫ t

0

(

|b′(0)| + δ
)2

(Bζ
s )2 ds ≤ ε, sup

0≤s≤t
|Bζ

s | ≤ a
)

g$DPBtT�ºPT�BCk
z ∈ [−ζ; +ζ] �IVP?IFÂAEajGI^

lim inf
ε↓0

ε · log inf
−ζ<z<ζ

Pz

(1

2

∫ t

0

b2(Bs) ds ≤ ε, sup
0≤s≤t

|Bs| ≤ η
)

≥ lim inf
ε↓0

ε · logPζ

(1

2

∫ t

0

(

|b′(0)| + δ
)2
B2

s ds ≤ ε, sup
0≤s≤t

|Bs| ≤ a
)

=
1

2

(

|b′(0)| + δ
)2

lim inf
ε↓0

ε · logPζ

(

∫ t

0

B2
s ds ≤ ε, sup

0≤s≤t
|Bs| ≤ a

)

.
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	��

��T�H�V�GI^CT
ζ < a/2 < δ

��TNHUVP?�G(^nTNX<TUuyu�V�{:9<;�_ÀACD��PTUA

lim inf
ε↓0

ε · log inf
−ζ<z<ζ

Pz

(1

2

∫ t

0

b2(Bs) ds ≤ ε, sup
0≤s≤t

|Bs| ≤ η
)

≥ −1

2

(

|b′(0)| + δ
)2 (t+ ζ2)2

8

≥ −1

2

(

|b′(0)| + δ
)2 (t+ δ2)2

8

> − |b′(0)|2t2
16

− κ

g$DPB�VPXLX-^CGa!ÂH
K<TU?0AEXLk�^nu�V�X<X
κ > 0

9Ic-TUAnAEKL?]�
ζ ↓ 0

H
D/uy\]XLTUACT�^�ACa]TN\]BEDjD�g�D�g�AEa]T �IBW^xAfHUX<VPKLu¢9
«]D/B�ACa]Td^CT�HUDP?IF�H
XwV�K<u �IBW^nAb?ID�ACTOAEaIV,A

lim sup
ε↓0

ε · log sup
y∈ �

Py

(1

2

∫ t

0

b2(Bs) ds ≤ ε, sup
0≤s≤t

|Bs| ≤ η
)

≥ lim sup
ε↓0

ε · logP0

(1

2

∫ t

0

b2(Bs) ds ≤ ε, sup
0≤s≤t

|Bs| ≤ η
)

= − |b′(0)|2t2
16

,

V��0V�K<?lojkl\IBCD/\(D0^nKLACK<DP?¢{:9<;�{:9
c-TUA

κ > 0
V�?(F�HWa]DjD0^nT

δ > 0
�tK�AEa

−
(

|b′(0)| − δ
)2 t2

16
< − |b′(0)|2t2

16
+ κ.

¡f^CK<?]��`�V�kjX<DPBtV�\]\IBCD�
:K<uyV�ACK<DP?���TNHUVP? �(?IF¢V�?
a > 0

�tKLACa
b2(x) ≥

(

|b′(0)| − δ
)2
x2

g$DPBdVPXLX
x ∈ [−a; a] VP?IF£o0k£HWa]DjD/^CKL?]� a ^Cu�V�X<X|TU?]D/G]�Pa ��TyH�V�? �I?IF*V}^CuvDjDPACa �-VP?/AEK<^CkjuyuvTUACBEK<H��

uyDP?]DPACD/?]TOg$G]?IHJAEKLD/?
ϕ : 
 → 
 �tK�AEa |b(x)| ≥ |ϕ(x)| g$D/B�V�X<X x ∈ 
 VP?IF

ϕ′(0) = |b′(0)| − δ
9

¡f^CK<?]�vACa]TdHUDPG]\]X<K<?]��V�BE�PG]uyTU?0AtV�?IF�\]BEDP\�D/^CKLACK<DP?�{]9L;�{ÀVP�/VPKL? �:��T+�PTUA

lim sup
ε↓0

ε · log sup
y∈ �

Py

(1

2

∫ t

0

b2(Bs) ds ≤ ε, sup
0≤s≤t

|Bs| ≤ η
)

≤ lim sup
ε↓0

ε · log sup
y∈ �

Py

(1

2

∫ t

0

ϕ2(Bs) ds ≤ ε, sup
0≤s≤t

|Bs| ≤ η
)

≤ lim sup
ε↓0

ε · logP0

(1

2

∫ t

0

ϕ2(Bs) ds ≤ ε, sup
0≤s≤t

|Bs| ≤ η
)

= −
(

|b′(0)| − δ
)2

t2

16

< − |b′(0)|2t2
16

+ κ

g$DPB�VPXLX
κ > 0

9]`�V�³jK<?]�vACa]TNX<K<uvKLA
κ ↓ 0

H
D/uv\IXLTUACT�^�AEa]TN\]BEDjD�gx9 � ­0T�FS 
s[º/TUBEk/AEa]K<?]�¼X<T
g�AfACD�F:Dy?]D,� �:Kw^bACD�VPFIFlAEa]TN\]BEDjD�g�DPg�X<TUuyu�VÂ{:9<;�8]9
)+�,�-��¨ � D�g[X<TUuyu�V�{:9<;�8M J9 �£Tv?]TUT�F¢ACD �I?IF¹VP?¹G]\]\�TUBOo�DPG]?IFMDP?}AEa]TÀT�
:\(D/?]TU?0ACKwV�X�BWV,ACTdg$DPBmACa]T\]BEDPoIVPo]K<XLKLAxk�D�g�ACa]TNT�ºPT�?/A

Aε =
{

∫ t

0

v(Bs) ds ≤ ε, sup
0≤s<t

|Bs| > a
}

,
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∫ 1

0 B
2
s ds ≤ 0.05 .�/21 -I? . - F +�? . f�+ sup0≤s≤1Bs > 1 Q �O/ +P4 .�/ 9 +�+�-%? . - -%?@+�- >`V 6K4 .0LHV@. -I? 8a/21 +"C-%?@+ 9 +�4�5 /H1 6I-J6K5 /@9 CE+ . 4`?S+ 9 6I- 9 N . �M6IN 8 N / + . Ce-I?S+h+ /21 5 = -I?S+e6 / - +"CUf .0L Q R ?�6 9h3 +�? . f_6K5 8 C 
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�ta]KwHWa}K<^�G]?]KLg$DPBEu K<?¢ACa]TÀKL?]KLACKwV�X�\(D/KL?0A
B0 = x

9�«�K<BE^nAfF:T��I?]TNAx��D�KL?0AETUBEX<V/H
T�F¢^CT�­0G]T�?IH
T�^tD�g[^nACDP\I\]KL?I�ACK<uyT�^
(Sj)j∈ �

VP?IF
(Tj)j∈ � 0

ojkÂXLTUAnAEKL?]�
T0 = 0

VP?IF
Sj = inf

{

s > Tj−1

∣

∣ |Bs| ≥ a
}

Tj = inf
{

s > Sj

∣

∣ |Bs| = a/2
}

g$DPBmV�X<X
j ∈ g 9]= g�ACaITdKL?IK�AEK<VPX-\(D/KL?0A B0 = x

aIVP^ |x| > a
��TNaIV�º/T

S0 = 0
VP?IF |BS0 | > a

9]s 
]HUTU\:A�g$D/B
ACaIK<^m��TÀaIV�ºPT |BSj

| = a
9�«]D/B

s ∈ [Sj ;Tj ]
��TÀaIV�ºPT |Bs| ≥ a/2

VP?IF¢AEa0G(^
v(Bs) ≥ a2/4

9�µmG:AW^nKwF:T
ACaIT�^CTNKL?0ACT�BCº,VPX<^���TOa(V�ºPT |Bs| < a

V�?(FÂAEa0G(^
v(Bs) ≥ B2

s

9I`baITUBET
g$DPBETO��TNHUVP?�HUDP?IHUXLG(F:T
{

∫ Tj

Sj

v(Bs) ds ≤ ε
}

⊆
{

∫ Tj

Sj

a2/4 ds ≤ ε
}

=
{

Tj − Sj ≤ 4ε/a2
}

V�?(FÂg$D/B
d > 0

VPX<^CD
{

∫ Sj

Tj−1

v(Bs) ds ≤ ε, Sj − Tj−1 ≥ d
}

⊆
{

∫ Sj

Tj−1

B2
s ds ≤ ε, Sj − Tj−1 ≥ d

}

⊆
{

∫ Tj−1+d

Tj−1

B2
s ds ≤ ε

}

.

�f^tVP?�VPo]o]BETUºjKwV,ACK<DP?¢F:T��I?]T
J = d2t/a2e + 1

9�� TN��VP?/A�ACDÂ^C\]X<K�AtAEa]Td^CT
A
Aε K<?0ACDvACa]T+Ax��Dy\IV�BCAE^

Aε =
(

Aε ∩ {TJ ≤ t}
)

∪
(

Aε ∩ {TJ > t}
)

.

`ba]T �IBW^nA+\(V�BCANHUDPBEBCT�^n\�DP?(F]^mACD�ACa]TÂH�VP^CTvACaIV�ANACa]T�BCT�V�BET�V,ANX<T�VP^nA
J
T�
:HUG]BW^nK<DP?I^OG]\ AED¢ACa]TyX<TUºPT�X

|Bs| = a
V�?(FMAEa]TU?*oIV/HW³}ACD |Bs| = a/2

o�T
g$DPBETvACK<uyT
t
9�«]D/BNACaIK<^dH�VP^CTy��T��tK<XLX%�PT
AÀVP?£GI\]\(T�B

o�DPG]?IF D/?MAEa]T�\]BEDPoIVPo]KLX<KLAxk}g$BCD/u ACaITyg�VPHJA+AEaIV,ANAEa]T�\]BEDjHUT�^E^+aIVP^OAED¢uvD,º/T¼º/TUBEk}g�VP^nAdF:G]BEKL?I��AEa]TK<?/AETUBEº,V�Xw^
[Sj ;Tj ]

9�`ba]Tv^nT�H
DP?(F}\IV�BCAmHUDPBEBCT�^n\�DP?IFI^bACDlACa]TvHUVP^CTNAEaIV,AmACa]T�BCT¼K<^mV,AmX<T�V/^xAODP?]TÀo]G:AOACaIV�A
ACaITUBET¼V�BETÀV�AfuyD/^nA

J − 1
^nG(HWa}T�
]H
G]BW^CKLD/?I^U9�`ba]Kw^fHUV/^nTÀK<^muyDPBETÀF:K !�HUG]XLA ��o(T�HUVPGI^nTÀ��T¼aIV�ºPTNAEDÂAWV�³PT

ACaITNKL?0ACT�BCº,VPX<^bo�T
Ax��TUT�?lAEa]TNT�
]H
GIBE^CKLD/?I^�KL?0AEDyV/HUHUDPG]?0A�9
«�KLBW^nAtHUDP?I^CKwF:TUB�ACaITdHUVP^CT

TJ ≤ t
9 ��T�BCTN��T+aIV�ºPT

Aε ∩ {TJ ≤ t} ⊆
{

J
∑

j=1

∫ Tj

Sj

v(Bs) ds ≤ ε
}

⊆
{

J
∑

j=1

(Tj − Sj) ≤ 4ε/a2
}

.
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K<\]XLT+��T �I?IF
Px

(

Tj − Sj ≤ ε
)

≤ P
(

sup
0≤s≤ε

Bs > a/2
)

= 2P
(

Bε > a/2
)

= 2P
(√
εB1 > a/2

)

g$DPBdVPXLX
x ∈ 
 9-`ba]T�o(VP^CK<H¼X<VPBC�/TvF]TUºjK<V�ACK<DP? BCT�^nGIX�A+g$DPB+AEa]TÂ^nAEV�?(F]V�BWFM?IDPBEuyVPX|F:K<^nACBEK<o]G:ACK<DP? DP? 


� HUDPBEDPX<X<VPBCkÂ8]9L;�8D �?]D,� �/KLº/T�^

lim
ε↓0

ε · log sup
x∈ �

Px

(

Tj − Sj ≤ ε
)

≤ −1

2

(

a/2
)2

= −a
2

8
.

=@?�ACa]Kw^�^CK�AEGIV,AEKLD/?���TNHUVP?�VP\]\]X<kl\]BEDP\�D/^CK�AEKLD/?�8]9Q�dACDy�/T
A
lim sup

ε↓0
ε log sup

x∈ �
Px

(

Aε ∩ {TJ ≤ t}
)

≤ lim sup
ε↓0

ε logPx

(

J
∑

j=1

(Tj − Sj) ≤ 4ε/a2
)

=
a2

4
lim sup

ε↓0
ε logPx

(

J
∑

j=1

(Tj − Sj) ≤ ε
)

≤ −a
2

4

(

J
∑

j=1

a√
8

)2

≤ −1

8

(

t+
1

2
a2
)2
.

� {]9L;�zM 

� D,�´HUDP?I^CK<F]TUB�AEa]T¼H�VP^CT TJ > t
9Z·�a]DjD0^nT

n ∈ g �tK�AEa
n > 2J

V�?IF
ε > 0

�tK�AEa
4ε/a2 < t/n

9
emT��I?]T

∆t = t/n
�]ACaIT¼K<?0ACTUBEº,V�Xw^

I1 = [0; ∆t]
VP?IF

Ik =
(

(k − 1)∆t; k∆t
] g$DPB

k = 2, . . . , n
�(ACa]T

K<?IF:T�
¢^nTUA
Q =

{

(k1, . . . , k`) ∈ g `
∣

∣

∣ ` ∈ {1, . . . , J}, 1 ≤ k1 ≤ · · · ≤ k` ≤ n
}

,V�?(FÂAEa]TNTUº/TU?0A
Aε

(k1,...,k`)
= Aε ∩

{

Sj ∈ Ikj

g$DPB
j = 1, . . . , `

VP?IF
S`+1 > t

}

.`ba]T�?���T+aIV�ºPT
Aε ∩ {TJ > t} =

⋃

q∈Q

Aε
q .

·�a]DjD/^CT
(k1, . . . , k`) ∈ Q

9Z�f^O��T¼aIV�º/T¼^CTUT�?£V�o�D,ºPTdACa]T�H
D/?IF:KLACK<DP? ∫ Tj

Sj
v(Bs) ds ≤ ε

K<uv\IXLK<T�^
Tj − Sj ≤ 4ε/a2 ≤ ∆t

9I`bajGI^bDP?
Aε

q

��T+aIV�ºPT
Sj − Tj−1 ≥ max

(

(kj − kj−1 − 2)∆t, 0
)

=: dj−1 � {]9 8P~M g$DPB
j = 1, . . . , ` − 1

�I�ta]T�BCTd��TdGI^CTdAEa]T¼HUDP?jºPT�?0ACK<DP?
k0 = 0

9I= g
k` < n

AEa]TU?M��TdG(^nTy{:9Q8�~�V�Xw^CDyg$DPB
j = `

VP?IFl��T+aIV�ºPT
t− T` ≥ max

(

(n− k` − 2)∆t, 0
)

=: d`.«]D/B
k` = n

K�A+�tK<XLX�ACG]BE?¹D/G:A�ACa(V,A+��Td?ITUT�F}ACDÂAEBCT�V,A�AEa]TvBCK<�Pa0AfT�?IF:\�DPK<?/AOD�g|AEa]TÀK<?0ACTUBEº,V�X�^n\�T�HUK<VPXLX<k��
a]T�BCT+��T+F]T��I?]T

d`−1 = max
(

(n− k`−1 − 3)∆t, 0
) 9

c-TUA
δ > 0

VP?IF¢F:T��(?]T
Dδ

2`+1

VP^bK<?¢XLT�uyuyV�8]9 qI9]«]DPB
α ∈ Dδ

2`+1

g$GIBnAEa]TUBfF]T��I?]T

Aαε
(k1,...,k`)

=
{

∫ S1

T0

v(Bs) ds ≤ α1ε,

∫ T1

S1

v(Bs) ds ≤ α2ε, S1 ∈ Ik1 ,

999
∫ S`

T`−1

v(Bs) ds ≤ α2`−1ε,

∫ T`

S`

v(Bs) ds ≤ α2`ε, S` ∈ Ik`
,

∫ t

T`

v(Bs) ds ≤ α2`+1ε, S`+1 > t
}
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KLg
k` < n

V�?IF

Aαε
(k1,...,k`)

=
{

∫ S1

T0

v(Bs) ds ≤ α1ε,

∫ T1

S1

v(Bs) ds ≤ α2ε, S1 ∈ Ik1 ,

999
∫ S`

T`−1

v(Bs) ds ≤ α2`−1ε, S` ∈ In, S`+1 > t
}

TUXw^CTP9]`ba]T�?���T+aIV�ºPT
Aε ∩ {TJ > t} =

⋃

q∈Q

Aε
q ⊆

⋃

q∈Q

⋃

α∈Dδ
2`+1

Aαε
q .

�f^E^CG]uyT �(BE^nAbACa]TdH�VP^CT
k` < n

9]`baITU?¢��T+�/T
A

Px

(

Aαε
(k1,...,k`)

)

≤ Px

(

∫ T0+d0

T0

B2
s ds ≤ α1ε, T1 − S1 ≤ 4α2ε/a

2, S1 ∈ Ik1 ,

999
∫ T`−1+d`−1

T`−1

B2
s ds ≤ α2`−1ε, T` − S` ≤ 4α2`ε/a

2, S` ∈ Ik`
,

∫ T`+d`

T`

B2
s ds ≤ α2`+1ε, S`+1 > t

)

.

� D,�
��TNG(^nTOACaITd^xAEBCD/?]��¸¹V�BE³PD,ºy\]BEDP\�TUBCAxk�D�g|��BCD,�t?]KwV�?�uyD�ACK<DP?�g$D/BbACa]Td^nACD/\]\]K<?]�vACK<uvT�^ Sj
V�?IF

Tj
9

��T�H�V�GI^CT |BTj
| = a/2

V�?IF |BSj
| = a

V�BETdF:T
AETUBEuvK<?]Kw^xAEK<H¼V�?IF�AEa]T¼��BED,�t?]KwV�?¢uyD�ACK<DP?}Kw^f^CkjuyuvTUACBEK<H
��TO�/T
A

Px

(

Aαε
(k1,...,k`)

)

≤ Px

(

∫ T0+d0

T0

B2
s ds ≤ α1ε, T1 − S1 ≤ 4α2ε/a

2, S1 ∈ Ik1 ,

999
∫ T`−1+d`−1

T`−1

B2
s ds ≤ α2`−1ε, T` − S` ≤ 4α2`ε/a

2, S` ∈ Ik`

)

·P a
2

(

∫ d`

0

B2
s ds ≤ α2`+1ε

)

≤ Px

(

∫ T0+d0

T0

B2
s ds ≤ α1ε, T1 − S1 ≤ 4α2ε/a

2, S1 ∈ Ik1 ,

999
∫ T`−1+d`−1

T`−1

B2
s ds ≤ α2`−1ε, S` ∈ Ik`

)

·P0

(

sup
0≤s≤4α2`ε/a2

Bs > a/2
)

·P a
2

(

∫ d`

0

B2
s ds ≤ α2`+1ε

)

.
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ªtT�\(T�V,ACK<?]�vACaIT�^CT+Ax��D�^nACTU\(^�g$DPB
j = `− 1, . . . , 0

�I?IVPXLX<kÂ�PK<ºPT�^

Px

(

Aαε
(k1,...,k`)

)

≤ Px

(

∫ d0

0

B2
s ds ≤ α1ε

)

·
∏̀

j=1

P a
2

(

∫ dj

0

B2
s ds ≤ α2j+1ε

)

·
∏̀

j=1

P0

(

sup
0≤s≤4α2jε/a2

Bs > a/2
)

.

=@?}DPBWF:T�B�ACD�GI^CTdXLT�uyuyV�8:9Q{y��TdaIV�ºPTdACDlH�V�XwH
G]XwV,AETdACaITÀK<?IF:K<º0KwF:GIVPX�BWV,AET�^bg$D/BfAEa]Tdg�V/HJAEDPBW^tDP?}AEa]T
BEKL�/a/A � a(V�?IF�^nKwF:TP9(¡f^CKL?]��HUDPBEDPX<X<VPBCkyrI9Q{¼��T+�/T
A

lim
ε↓0

ε · log sup
x∈ �

Px

(

∫ d

0

B2
s ds ≤ ε

)

= −1

8
d2. � {]9 8];_ 

¡f^CK<?]�vACa]TNBET �IT�HJAEKLD/?�\]BEK<?IH
K<\]X<T+VP?IF�ACa]T+oIV/^nKwH+^CH�V�X<KL?I�v\IBCD/\(T�BnAxk�DPg���BED,�t?]K<VP?luyD�AEKLD/?���T �I?IF
P0

(

sup
0≤s≤4ε/a2

Bs > a/2
)

= 2P
(

B4ε/a2 > a/2
)

= 2P
(
√

4ε/a2B1 > a/2
)

= 2P
(√
εB1 > a2/4

)

.`ba]T¼X<VPBC�/TdF:TUºjKwV,ACK<DP?M\]BCK<?IHUKL\]X<TNg$D/BfAEa]T¼^nAEVP?IF]V�BWF¢?]D/BCu�V�X�F:Kw^xAEBCK<o]G:AEKLD/?}DP? 
 � H
D/BCD/XLXwV�BEk�8:9<;�8M b?]D,��PK<ºPT�^
lim
ε↓0

ε · logP0

(

sup
0≤s≤4ε/a2

Bs > a/2
)

= −1

2

(

a2/4
)2

= −1

8

(a2

2

)2

. � {]9 8/8D 
� D,�
��TNH�V�?¢V�\]\]X<kÂX<TUuyu�VÂ8:9Q{NAED��PTUA�AEa]TdH
D/uÀo]K<?]T�FlBWV,AETP9]`ba]TNBET�^CG]XLAbKw^

lim
ε↓0

ε log sup
x∈ �

Px

(

Aαε
(k1,...,k`)

)

≤ − 1

1 + δ

1

8

(

∑̀

j=0

dj + n1
a2

4
+ `

a2

2

)2

,

�ta]T�BCT
n1 =

∣

∣

{

j = 1, . . . , `
∣

∣ dj > 0
}∣

∣

9���T�HUVPGI^CTdT�V/HWa}D�g|ACaIT¼K<?0ACTUBEº,V�Xw^
[Sj ;Tj ]

HUV�?MaIV�ºPTÀVÂ?]DP? �TUuy\:Axk�KL?0AETUBW^nT�HJACK<DP?¢�tKLACa¹V�A�uvD0^xAtAx��D�D�g�ACaIT
n
K<?0ACT�BCº,V�Xw^

Ik
��TNaIV�ºPT ∑`

j=0 dj ≥ n − 2J
V�?IF�AEa0G(^

n1 ≥ 1
9IijDy��T �I?(F

lim
ε↓0

ε log sup
x∈ �

Px

(

Aαε
(k1,...,k`)

)

≤ − 1

1 + δ

1

8

(n− 2J

n
t+

a2

4
+ `

a2

2

)2 � {]9 8P_M 
g$DPB�VPXLX

α ∈ Dδ
2`+1

V�?IF�V�X<X
δ > 0

9
� D,� VP^E^CG]uyT k` = n

9I`ba]Kw^fH�VP^CT+K<^m^nK<uyKLXwV�B �:o]G:Af?ITUT�FI^fV�?}V/F]F:KLACK<DP?IVPX�V�BE�PG]uyT�?/AbAED�AEVP³PTNHUVPBCTNDPg
ACaITÀHUV/^nT

t ∈ [S`;T`)
9 ��TUBETN��T+H�V�?¢?]D�X<DP?]�/TUBtGI^CT � {]9 8/8D %g$DPB�ACa]TNK<?0ACTUBEº,V�X [S`;T`)

9�`�Dy��DPBE³lV�BEDPGI?IF
ACaIK<^t��TNF:T��(?]TdVy^xAEDP\]\]K<?]�vACK<uyT

R
ojk

R = inf
{

s ≥ max(T`−1, (n− 2)∆t)
∣

∣ |Bs| = a/2
}

.ROK<ºPTU?¹ACa]T¼TUºPT�?0A
Aαε

(k1,...,k`)

ACa]T¼\]BCD:HUT�^E^fHUVP?]?]DPAfaIV�ºPT |Bs| > a/2
g$D/BmVÂ\�TUBEK<DjF¹D�g�ACK<uyT¼DPg�X<TU?I��ACa

∆t
VP?IF�GI^nK<?]�vACaITd^n\�T�HUK<VPX�F:T��(?]K�AEKLD/?�DPg

d`−1
g$DPBbAEa]Kw^�HUV/^nTO��TN�/T
A

T` − 1 + d`−1 ≤ R ≤ S`
9

ijK<uyKLXwV�BbAED¼AEa]TND�AEa]TUB�H�VP^CT+��T+�PTUAbACa]T�?

Px

(

Aαε
(k1,...,k`)

)

≤ Px

(

∫ T0+d0

T0

B2
s ds ≤ α1ε, T1 − S1 ≤ 4α2ε/a

2, S1 ∈ Ik1 ,

999
∫ T`−2+d`−2

T`−2

B2
s ds ≤ α2`−3ε,

T`−1 − S`−1 ≤ 4α2`−2ε/a
2, S`−1 ∈ Ik`−1

,
∫ T`−1+d`−1

T`−1

B2
s ds ≤ α2`−1ε, S` −R ≤ 4α2`ε/a

2, S` ∈ In

)

.
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¡f^CK<?]�vACa]Td^nACBEDP?]��¸¹VPBC³/D,ºy\]BCD/\(T�BnAxkyg$D/BbACa]Td^nACD/\]\]K<?]�vACK<uyT
R

�IBW^xAt�/KLº/T�^

Px

(

Aαε
(k1,...,k`)

)

≤ Px

(

∫ T0+d0

T0

B2
s ds ≤ α1ε, T1 − S1 ≤ 4α2ε/a

2, S1 ∈ Ik1 ,

999
∫ T`−2+d`−2

T`−2

B2
s ds ≤ α2`−3ε,

T`−1 − S`−1 ≤ 4α2`−2ε/a
2, S`−1 ∈ Ik`−1

,
∫ T`−1+d`−1

T`−1

B2
s ds ≤ α2`−1ε

)

·P0

(

sup
0≤s≤4α2`ε/a2

Bs > a/2
)

.
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��TNH�V�?¢H
DP?0AEKL?jG]TN^C\]XLKLAnAEKL?I��D�g�ACTUBEu�^tVP^bK<?�ACa]T �IBW^nAtH�VP^CTOACDy�PTUA

Px

(

Aαε
(k1,...,k`)

)

≤ Px

(

∫ d0

0

B2
s ds ≤ α1ε

)

·
`−1
∏

j=1

P a
2

(

∫ dj

0

B2
s ds ≤ α2j+1ε

)

·
∏̀

j=1

P0

(

sup
0≤s≤4α2jε/a2

Bs > a/2
)

.

¡f^CK<?]�yT�­0GIV,AEKLD/?I^ � {]9 8];_ � � {:9Q8P8M �VP?IF�XLT�uvu�VÂ8]9 {vVP^bK<?�ACa]T �IBW^nAfHUVP^CTO��TN�/T
A

lim
ε↓0

ε log sup
x∈ �

Px

(

Aαε
(k1,...,k`)

)

≤ − 1

1 + δ

(

`−1
∑

j=0

dj + n1
a2

4
+ `

a2

2

)2

≤ − 1

1 + δ

1

8

(n− 2J − 1

n
t+ `

a2

2

)2

� {]9 8�rd 

g$DPBOV�X<X
α ∈ Dδ

2`+1

V�?IFMV�X<X
δ > 0

9 � DPACTdAEaIV,AOKL?MACa]Kw^OHUVP^CT n1 = 0
K<^m\�D/^E^nK<o]X<T

�
ACa]Kw^fD:H�H
G]BW^�K<?}ACaIT

HUV/^nT
` = 1

V�?IF
S1 ∈ In

�]o(T�HUVPGI^nT
In
�bVP^�ACaITNKL?0ACT�BCº,VPX���T+ACBET�V�ACT�F�^C\(T�H
KwV�X<XLk/9

`�D�T�^xAEKLu�V�ACTyACaIT�G]\]\�TUBdT�
j\�DP?ITU?0ACKwV�X|BWV,AETvDPg
Aε ∩ {TJ > t} �tKLACa*XLT�uyuyV¹8]9 8���Ty?]TUT�FMAEDH
D/uy\IV�BETOVPXLX-ACa]T+BWV,ACT�^�g$BCD/u {:9Q8�_vV�?(F¢{]9 8�rI9 � TN�PT
A

lim sup
ε↓0

ε log sup
x∈ �

Px

(

Aε ∩ {TJ > t}
)

= max
q∈Q

max
α∈Dδ

2`+1

lim sup
ε↓0

ε logPx

(

Aαε
q

)

≤ − 1

1 + δ

1

8

(n− 2J − 1

n
t+

a2

2

)2

g$DPBOV�X<X
δ > 0

V�?IF¢XwV�BE�PTNT�?]DPGI�Pa
n
�(�taITUBET+ACa]T¼X<VPBC�/T�^nA�o(D/G]?IF}HUVPuyTNg$BCD/u¶AEa]TÀH�VP^CT

` = 1
�
k1 = n

9
c-TUAnAEKL?]� �(BE^nA

δ ↓ 0
V�?IFlACaITU?

n→ ∞ ^na]D,��^

lim sup
ε↓0

ε logPx

(

Aε ∩ {TJ > t}
)

≤ 1

8

(

t+
a2

2

)2
. � {]9 8/{D 

��?ID�ACaITUB�V�\I\]XLKwHUV�ACK<DP?�D�g�XLT�uvu�VÂ8]9 8À�PK<ºPT�^�ACa]TNG]\I\(T�Bto(D/G]?IF�g$DPB
P (Aε)

9I¡f^CKL?I�yACa]T+T�^nACK<u�V,AET�^ � {:9<;�zM V�?(F � {:9Q8P{D ���T �I?IF
lim sup

ε↓0
ε log sup

x∈ �
Px(Aε) ≤ 1

8

(

t+
a2

2

)2
.
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ACK<DP?£ACD �I?IVPXLX<kMF:T�BCK<ºPTvACaITyc�efY g$D/BOACa]T
TU?(F:\(D/KL?0A

Xϑ
t

D�g�ACa]Td^CDPX<G:ACK<DP?�D�g
dXϑ

s = ϑb(Xs) � ds+ dBs
DP?

[0; t]

Xϑ
0 = z ∈ 
 � {]9 8PqM 

g$DPB
ϑ→ ∞ 9(`ba]TNu�V�K<?�BET�^CG]XLAbKw^bAEa]TUD/BCT�u {:9<;�zvV,AtAEa]T+TU?IF�D�g�ACaIK<^�^CT�H
ACK<DP?-9
� TdVP^E^nG]uyT

b = −Φ′ g$D/B�V C2 � g$G]?IH
ACK<DP? Φ: 
 → 
 �tKLACa¢o�DPG]?(F:T�F¢^CT�H
D/?IF¢F:TUBEK<º�V�ACK<ºPT Φ′′ 9]`ba]TU?ACaITdF:BCKLg�A
b
K<^�c�KL\(^CHWa]KLA��NHUDP?0ACK<?jG]DPGI^tVP?IFlACa]TÀi:ems � {]9 8PqM %aIVP^tVvG]?IK<­0G]Td^CDPX<G:ACK<DP? Xϑ 9

�}�(� 5 ��������� `�DÂV�º/DPKwF�HUDPuy\]X<K<H�V,AET�F�V�?IF�aIVPBEFlACD�BET�V/FlT�
j\IBCT�^C^CKLD/?I^bK<?¢^Cu�V�X<X-\]BEKL?0At��Td^nD/uvTUACK<uyT�^
�tBEK�AET

(A)
g$D/BbACa]TNK<?IF:KwHUV�ACDPBbg$GI?IHJAEKLD/?�DPg�AEa]TNTUº/TU?0A

A
F:G]BEKL?]�vAEa]K<^f^nT�HJACK<DP?�9

3 .j��� 5M¤)&' 1 &�*^+<-
Φ: 
 → 
 3 + . C2 � =�8a/ 4<-J6K5 / FG6I-I? 3 5 8a/21 + 1 Φ′′ .�/21�L +"- b = −Φ′ Q� 9�9U8 N�+Z-I?S+<C`+ 6 9 .�/ m ∈ 
 FG6I-I?

b(x) = 0
6 = .�/21 5 /'L]> 6 = x = m .0/21 lim inf |x|→∞ |b(x)| > 0 Q� 8 CU-I?S+<C .�9�9U8 NT+Z-%? . -G-I?S+<C`+Z6 9Z. C . - + =�8a/ 4"-76K5 / I : 
 → [0;∞]

FG6I-I?

lim inf
ϑ→∞

1

ϑ
logE

(

exp(−ϑ
2

2

∫ t

0

b2(ωs) ds)1O(Bt)
)

≥ − inf
x∈O

I(x)

= 5�C +"f�+"C > 5 V + /j9 +"- O ⊆ 
 .0/21

lim sup
ϑ→∞

1

ϑ
logE

(

exp(−ϑ
2

2

∫ t

0

b2(ωs) ds)1K(Bt)
)

≤ − inf
x∈K

I(x)

= 5�Ch+"f�+<C > 4�5�N VS. 4"- 9 +"- K ⊆ 
iQ � 50C ϑ > 0 L +"- Xϑ 3 + .�9 5 L 8 -76K5 / 5 = -%?@+ W�XZY � {]9 8PqM FG6I-%? 9 - . CU-6 / Xϑ
0 = 0 Q R ?@+ /\= 5�C ϑ → ∞ -I?S+ =<. N\6 L]> (Xϑ

t )ϑ
9". -J6 9 
�+ 9 -%?@+ F + .�� *,X�� FG6I-%?	C . - + =�8a/ 4"-76K5 / J :F^?@+"CE+

J
6 9Z1 +�
 / + 1�3<>

J(x) = Φ(x) − Φ(0) − 1

2
· t · Φ′′(m) + I(x).

)+�,�-��¨ & «]BEDPu c-TUuyu�V�;P9Q{¼��T+³j?]D,��AEa]TdF:T�?I^nKLAxkÂDPg�ACaITdF:K<^nACBEK<o]G:ACK<DP?¢DPg�ACaIK<^�^CDPX<G:AEKLD/?
Xϑ

t

�

P (Xϑ
t ∈ A) =

∫

1A(ωt) exp
(

ϑF (ω) − ϑ2G(ω)
)

d � (ω) � {:9Q8/�D 
�ta]T�BCT

F (ω) = Φ(ω0) − Φ(ωt) +
1

2

∫ t

0

Φ′′(ωs) ds
V�?IF

G(ω) =
1

2

∫ t

0

b2(ωs) ds.

«�KLBW^nA�XLTUA
O
o(TdD/\(T�? �

x ∈ O
V�?IF

δ > 0
9I`baITU?}��TdHUV�? �(?IF}V�?

η
�tKLACa

0 < η < δ
�
Bη(x) ⊆ O

�
V�?(F |Φ(y) − Φ(x)| ≤ δ

g$DPB�VPXLX
y ∈ Bη(x)

9(emT��I?]T

F ∗(x) = Φ(0) − Φ(x) +
1

2
tΦ′′(m).



� ��� � ��� � � � � 	 ��� ��� � �	� ��� � � ��� qP_

`ba]T�?���T �I?IF

lim inf
ϑ→∞

1

ϑ
logP (Xϑ

t ∈ O)

≥ lim inf
ϑ→∞

1

ϑ
logP (Xϑ

t ∈ Bη(x))

= lim inf
ϑ→∞

1

ϑ
log

∫

1Bη(x)(ωt) exp
(

ϑF (ω) − ϑ2G(ω)
)

d � (ω)

≥ lim inf
ϑ→∞

1

ϑ
log

∫

1Bη(x)(ωt) exp
(

ϑ(F ∗(x) − 2δ) − ϑ2G(ω)
)

·
(

|F (ω) − F ∗(x)| ≤ 2δ
)

d � (ω)

= F ∗(x) − 2δ + lim inf
ϑ→∞

1

ϑ
log

∫

1Bη(x)(ωt) exp
(

−ϑ2G(ω)
)

·
(

|F (ω) − F ∗(x)| ≤ 2δ
)

d � (ω).

��klF:T��I?]KLACK<DP?¢D�g
F ∗(x)

��TOa(V�ºPT
∣

∣F (ω) − F ∗(x)
∣

∣ =
∣

∣Φ(0) − Φ(ωt) +
1

2

∫ t

0

Φ′′(ωs) ds

− Φ(0) + Φ(x) − 1

2
tΦ′′(m)

∣

∣

≤
∣

∣Φ(x) − Φ(ωt)
∣

∣+
1

2

∫ t

0

∣

∣Φ′′(ωs) − Φ′′(m)
∣

∣ ds.

`bajGI^b�ta]T�?]TUº/TUB
ωt ∈ Bη(x)

V�?IF ∣
∣F (ω) − F ∗(x)

∣

∣ ≥ 2δ
��T �I?IF

1

2

∫ t

0

∣

∣Φ′′(ωs) − Φ′′(m)
∣

∣ ds ≥ 2δ − δ = δ.

��T�H�V�GI^CT
Φ′′ K<^bo�DPG]?(F:T�F�ACaITdV�o�D,ºPTOT�^nACK<uyV�ACT+K<uv\IXLK<T�^bAEaIV,A���TNHUVP? �I?(F�VP?

ε > 0
�tKLACa

∣

∣

∣

{

s ∈ [0; t]
∣

∣ |ωs −m| ≥ δ/t
}

∣

∣

∣
> ε

g$DPBmV�X<X-\IV,AEaI^
ω
�tK�AEa

ωt ∈ Bη(x)
V�?IF ∣

∣F (ω) − F ∗(x)
∣

∣ ≥ 2δ
9]��T�HUV�G(^nT

m
Kw^bAEa]TNDP?]X<k ��TUBEDyD�g

b
VP?IF

o�T�HUVPGI^CT
lim inf |x|→∞ |b(x)| > 0

��TNaIV�ºPT
inf
{

b2(x)
∣

∣ |x−m| ≥ δ/t
}

> 0,

K©9 T/9I��TdHUV�? �I?(F}V
g > 0

�tK�AEa
G(ω) > g

g$DPBmV�X<X-\IV,AEaI^
ω
�tK�AEa

ωt ∈ Bη(x)
V�?(F ∣

∣F (ω) − F ∗(x)
∣

∣ ≥
2δ
9]`�DP�/T
ACaITUBbACaIK<^b�/KLº/T�^

lim sup
ϑ→∞

1

ϑ
log

∫

1Bη(x)(ωt) exp
(

−ϑ2G(ω)
)

(|F (ω) − F ∗(x)| > 2δ) d � (ω)

≤ lim sup
ϑ→∞

1

ϑ
log

∫

exp
(

−ϑ2g
)

d � (ω)

= −∞.

ijDy��T+H�V�?¢GI^CT+XLT�uvu�V�8:9 _¼ACDÂHUDP?IHUXLGIF]T

lim inf
ϑ→∞

1

ϑ
log

∫

1Bη(x)(ωt) exp
(

−ϑ2G(ω)
)

d � (ω)

= lim inf
ϑ→∞

1

ϑ
log

∫

1Bη(x)(ωt) exp
(

−ϑ2G(ω)
)

(|F (ω) − F ∗(x)| ≤ 2δ) d � (ω)
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V�?(Fl�/T
A

lim inf
ϑ→∞

1

ϑ
logP (Xϑ

t ∈ O)

≥ F ∗(x) − 2δ + lim inf
ϑ→∞

1

ϑ
log

∫

1Bη(x)(ωt) exp
(

−ϑ2G(ω)
)

d � (ω)

≥ F ∗(x) − 2δ − inf
y∈Bη(x)

I(y)

≥ F ∗(x) − 2δ − I(x)

g$DPB�VPXLX
δ > 0

9]c-TUAnACK<?]�
δ ↓ 0

�/KLº/T�^

lim inf
ϑ→∞

1

ϑ
logP (Xϑ

t ∈ O) ≥ F ∗(x) − I(x)

V�?(FÂAWV�³jKL?I�¼AEa]Td^CG]\]BETUuÀGIu D,ºPT�BbVPXLX
x ∈ O

DP?�ACa]TNBEK<�Pa0AtaIV�?IF�^CK<F:TN\IBCD,º/T�^%ACa]TNX<D,��T�Bbo(D/G]?IFZ9
� D,� XLTUA K ⊆ 
 o�TÂH
D/uv\(VPHJAdVP?IF

δ > 0
9-«]DPBNT�VPHWa

x ∈ K
��TyH�V�? �I?IF*V�?

η > 0
�tKLACa

|Φ(y) − Φ(x)| ≤ δ
�ta]TU?]T�ºPT�B

y ∈ Bη(x)
9-��T�HUVPGI^CT

I
K<^OX<D,��T�Bm^CTUuyK � HUDP?0ACK<?jG]DPGI^m��T¼HUVP?£V/^C^CG]uyT

I(y) ≥ I(x) − δ
g$D/BNTUºPT�BCk

y ∈ Bη(x)
ojk¹HWa]DjD/^CKL?I�

η
^Cu�V�X<X|TU?]D/G]�Pa�9�¡m^nK<?]��ACaITyHUDPuy\IV/HJAC?IT�^E^D�g

K
��TvH�V�?MHUD,ºPTUB

K
�tKLACa*V �I?IK�AETv?jG]u¼o(T�BmDPg�^CGIHWa¹oIVPXLXw^���AEa]TUBETvVPBCT

x1, . . . , xn ∈ K
V�?(F

0 <
η1, . . . , ηn < δ

�tKLACa
K ⊆

n
⋃

k=1

Bηk
(xk)

V�?(F¢ACa]T�VPo(D,º/TÀVP^E^nGIuv\]ACK<DP?¹D/?
Φ
V�?(F

I
aIDPXwF}g$DPBOT�V/HWa

k
9�«]D/B

k = 1, . . . , n
HUDP?I^CKwF:TUB

F ∗(xk)
VP^

F:T��I?]T�F¢VPo(D,º/TP9:`ba]Kw^bACK<uyTN��T �I?IF
lim sup

ϑ→∞

1

ϑ
logP (Xϑ

t ∈ K)

≤ lim sup
ϑ→∞

1

ϑ
log

n
∑

k=1

P (Xϑ
t ∈ Bηk

(xk))

= max
k=1,...,n

lim sup
ϑ→∞

1

ϑ
log

∫

1Bηk
(xk)(ωt) exp

(

ϑF (ω) − ϑ2G(ω)
)

d � (ω).

��T�H�V�GI^CT
F
Kw^bo(D/G]?IF:T�F�D/? {ωt ∈ Bηk

(xk)} ��T+H�V�?�GI^CTNXLT�uvu�V�8:9 _yVP^tVPo(D,º/TfAEDyHUDP?IHUXLG(F:T

lim sup
ϑ→∞

1

ϑ
log

∫

1Bηk
(xk)(ωt) exp

(

ϑF (ω) − ϑ2G(ω)
)

d � (ω)

= lim sup
ϑ→∞

1

ϑ
log

∫

1Bηk
(xk)(ωt) exp

(

ϑF (ω) − ϑ2G(ω)
)

· (|F (ω) − F ∗(xk)| ≤ 2δ) d � (ω)

g$DPB
k = 1, . . . , n

9]`ba]K<^��PK<ºPT�^

lim sup
ϑ→∞

1

ϑ
logP (Xϑ

t ∈ K)

≤ max
k=1,...,n

lim sup
ϑ→∞

1

ϑ
log

∫

1Bηk
(xk)(ωt) exp

(

ϑF (ω) − ϑ2G(ω)
)

· (|F (ω) − F ∗(xk)| ≤ 2δ) d � (ω)

≤ max
k=1,...,n

lim sup
ϑ→∞

1

ϑ
log

∫

1Bηk
(xk)(ωt) exp

(

ϑ(F ∗(xk) + 2δ) − ϑ2G(ω)
)

·
(

|F (ω) − F ∗(xk)| ≤ 2δ
)

d � (ω)

≤ max
k=1,...,n

F ∗(xk) + 2δ

+ lim sup
ϑ→∞

1

ϑ
log

∫

1Bηk
(xk)(ωt) exp

(

−ϑ2G(ω)
)

d � (ω).
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� D,�
��TNH�V�?�GI^nTOAEa]TNG]\]\�TUB�o�DPGI?IF�DP?�ACa]TNBWV,AETODPg�AEa]TNKL?0AETU�PBWV�X-VP?IF�DPG]B�HWa]D/K<HUT+D�g ηk
AEDy�PT
A

lim sup
ϑ→∞

1

ϑ
logP (Xϑ

t ∈ K)

≤ max
k=1,...,n

F ∗(xk) + 2δ − inf
y∈Bδ(xk)

I(y)

≤ max
k=1,...,n

F ∗(xk) + 2δ − I(xk) + δ.

V�?(FlX<T
ACACK<?]�
δ ↓ 0

�I?]Kw^Ca]T�^�AEa]TN\]BED0DPg�g$D/B�H
DPuy\IV/HJA�^CT
AE^�9 � ­0T�FS 
`�Dl�PTUAfAEa]T¼GI\]\(T�B+o(D/G]?IF}g$D/B+�PTU?ITUBWV�X�HUXLD0^nT�F¹^CT
AE^m��T¼aIV�º/TNACD¢^Ca]D,�´T�
:\�DP?]T�?/AEK<VPX�AEKL�/a0AC?]T�^C^mD�g

ACaIT L(Xϑ
t )

�]K©9 T/9]��T+aIV�º/TfAEDÂ^naID,� ACaIV�Atg$DPBtT�ºPTUBEk
α ∈ 
 ACa]T�BCT+T�
:Kw^xAW^tV�H
D/uv\(VPHJA�^CT
A

Kα
�I^CGIHWalAEaIV,A

lim sup
ϑ→∞

1

ϑ
logP (Xϑ

t /∈ Kα) < −α.

`ba]T¼G]\]\�TUBOo(D/G]?IF¢g$D/BOVPBCo]KLACBWV�BEk�HUXLD0^nT�F}^nTUAE^m��D/G]XwF�ACa]T�?¹g$DPX<X<D,�
g$BEDPu�X<TUuyu�Vl8:9<;P9-·�DPBEDPX<XwV�BEk�{:9Q8�~
o�TUX<D,�
^Ca]D,��^tVy^nKLACGIV�ACK<DP?��ta]TUBETOACa]Kw^t��DPBE³:^U9

= A+K<^mKL?0AETUBET�^nACK<?]�ÂAED�?]DPACT¼ACaIV�AO��T¼H�V�?¹X<T�VPBC?£^nD/uvTv\]BEDP\�TUBCACK<T�^fD�g
I
g$BEDPuÁACa]Tvg�V/HJAOACaIV�A

J
Kw^mV

BWV,ACTÀg$G]?IH
ACK<DP?-9Z�f^+VlBEV�ACTdg$GI?IHJAEKLD/?
J
Kw^m\�D/^CKLACK<ºPTP9ZijD���TvHUV�? H
D/?IH
X<GIF:TÀACaIV�AmAEa]TÀg$GI?IHJAEKLD/?

I
g$BCD/u

ACaITNXLT�uvu�VvuÀG(^xAf^EV,AEK<^ng$k
I(x) ≥ −Φ(x) + Φ(0) +

1

2
· t · Φ′′(m)

g$DPB�VPXLX
x ∈ 
 9`ba]Tvg$DPX<X<D,�tKL?]��X<TUuyu�V�Kw^NV��PT�?]TUBWV�X<K<^EV,AEKLD/?¹D�gbH
D/BCD/XLXwV�BEk�r(9 _I9Z= ANa]TUX<\I^OACD}F:TUACT�BCuyK<?]TyACa]TyBWV,AET

g$G]?IH
ACK<DP?
I
�ta]KwHWa�K<^t?ITUT�F]T�FlACDÂV�\I\]XLklXLT�uvu�VÂ{]9L;,�j9

3 .j��� 5�¤ &� ¿ &^*^+<-
m ∈ 
 .0/21 b : 
 → 
 3 + . C2 � =�8a/ 4<-J6K5 / FG6I-I? b(x) = 0

6 = .�/21 5 /'L]> 6 =
x = m : b′(m) 6= 0 : .�/H1 lim inf |x|→∞ |b(x)| > 0 Q R ?@+ / = 5�C .�/'> 4�50N VS. 4"- 9 +<- K ⊆ 
 F + ? . f�+

lim sup
ε→0

ε logP
(1

2

∫ t

0

b2(Bs) ds ≤ ε,Bt ∈ K
)

≤ −1

4
inf
a∈K

(

∣

∣

∫ m

0

|b(x)| dx
∣

∣ +
1

2
|b′(m)|t+

∣

∣

∫ a

m

|b(x)| dx
∣

∣

)2

.�/H1 = 5�C .�/'> 5 V + /j9 +<- O ⊆ 
 F + ? . f�+

lim inf
ε→0

ε logP
(1

2

∫ t

0

b2(Bs) ds ≤ ε,Bt ∈ O
)

≥ −1

4
inf
a∈O

(

∣

∣

∫ m

0

|b(x)| dx
∣

∣ +
1

2
|b′(m)|t+

∣

∣

∫ a

m

|b(x)| dx
∣

∣

)2

.

)+�,�-��¨ & �m^�V�?}V�oIo]BCT�ºjK<V�ACK<DP?¢F:T��I?IT
v(x) = b2(x)/2

g$DPBfVPXLX
x ∈ 
 9I«]D/BtACaITd\]BED0DPg�DPg�AEa]TdG]\I\(T�Bo�DPG]?IF¢HWa]DjD0^nTNV�H
D/uy\IVPH
At^CT
A

K
�]X<T
A

δ, τ > 0
VP?IF¢HWa]DjD/^CT

Dδ
3

VP^tK<?¢XLT�uyuyVÂ8]9 qI9]`ba]TU?¢g$D/B
ε < t/2τ��TOa(V�ºPT

{

∫ t

0

v(Bs) ds ≤ ε,Bt ∈ K
}

⊆
⋃

α∈Dδ
3

{

∫ ετ

0

v(Bs) ds ≤ α1ε,

∫ t−ετ

ετ

v(Bs) ds ≤ α2ε,

∫ t

t−ετ

v(Bs) ds ≤ α3ε,Bt ∈ K
}

.
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� BCKLACK<?]�
(A)

g$DPBtAEa]TNKL?(F:K<H�V,AEDPBbg$G]?IH
ACK<DP?}DPg
A
VP?IF�GI^nK<?]�vACaITÀ^xAEBCD/?]�y¸¹V�BE³PD,º�\]BEDP\�TUBCAxkÂDPg���BED,� �?]KwV�?�uyD�ACK<DP?�AEa]K<^��PK<ºPT�^

P
(

∫ t

0

v(Bs) ds ≤ ε,Bt ∈ K
)

≤
∑

α∈Dδ
3

E
(

(
∫ ετ

0 v(Bs) ds ≤ α1ε)(
∫ t−ετ

ετ v(Bs) ds ≤ α2ε)

E
(

(
∫ t

t−ετ
v(Bs) ds ≤ α3ε,Bt ∈ K)

∣

∣ Ft−ετ

)

)

=
∑

α∈Dδ
3

E
(

(
∫ ετ

0 v(Bs) ds ≤ α1ε)(
∫ t−ετ

ετ v(Bs) ds ≤ α2ε)

EBt−ετ

(

(
∫ ετ

0
v(Bs) ds ≤ α3ε,Bετ ∈ K)

)

)

=:
∑

α∈Dδ
3

p(α, ε)

� D,� X<T
A α ∈ Dδ
3

o�T ��
:T�F£V�?IF
a > 0

9��£Ty^C\]XLKLAOACa]TyH
D/BCBET�^C\(D/?IF:K<?]��TUº/TU?0Afg$GIBnAEa]TUBOojk¢F]K<^nACK<? ��PGIK<^Ca]K<?]�yACa]TdAx��DÂH�VP^CT�^ {
supετ≤s≤t−ετ |Bs −m| > a

} VP?IF {
supετ≤s≤t−ετ |Bs −m| ≤ a

} 9�i:KL?IHUT
DPuyKLAnAEKL?]�Â^CDPuyTNH
D/?IF:KLACK<DP?I^bu�VP³PT�^�AEa]TN\]BEDPoIVPo]KLX<KLAxk�DP?]X<klXwV�BE�PT�B���T+�PT
A

p(α, ε) ≤ p1(α, ε) + p2(α, ε)

�tKLACa
p1(α, ε) = sup

y∈ �
Py

(

∫ t−2ετ

0

v(Bs) ds ≤ α2ε, sup
0≤s≤t−2ετ

|Bs −m| > a
)

V�?(F

p2(α, ε) = P
(

∫ ετ

0

v(Bs) ds ≤ α1ε, |Bετ −m| ≤ a
)

· sup
y∈ �

Py

(

∫ t−2ετ

0

v(Bs) ds ≤ α2ε, sup
0≤s≤t−2ετ

|Bs −m| ≤ a
)

· sup
|z−m|≤a

Pz

(

∫ ετ

0

v(Bs) ds ≤ α3ε,Bετ ∈ K
)

.

`�DlHUVPX<HUG]X<V�ACTÀACa]T¼BEV�ACTNg$D/BfAEa]T¼^CG]u
p1(α, ε) + p2(α, ε)

��T¼aIV�ºPTNAED�H�V�XwH
G]XwV,AETNACa]TvBWV,ACT�^�DPg|ACa]T
K<?IF:K<º0KwF:GIVPXZACT�BCu�^�9]c-TUA

η > 0
9]«]D/B

p1
��TdHUV�?�GI^CT+XLT�uvu�VÂ{]9L;�8NAEDv�/T
A

lim sup
ε→0

ε log p1(α, ε)

≤ lim sup
ε→0

ε log sup
|y−m|<a/2

Py

(

∫ t−η

0

v(Bs) ds ≤ α2ε, sup
0≤s≤t−η

|Bs −m| > a
)

,

≤ − 1

8α2

(

t− η +
1

2
a2
)2

.

ijK<?IH
T+g$D/B ��
:T�F
η
AEa]Kw^�BWV,ACT+o�T�HUDPuyTdV�BEo]KLACBWV�BEky^Cu�V�X<X-�ta]T�?

a
o(T�H
DPuyT�^bX<VPBC�/T��:��T+H�V�?}HWa]DjD/^CT

a
XwV�BE�PT

TU?IDPG]�/alAEaIV,AtAEa]TNBEV�ACT+D�g
p1(α, ε) + p2(α, ε)

Kw^�F:D/uyKL?IV�ACT�Flojk
p2
9

`�D�ACBET�V�AfACaIT
p2
� AETUBEu���TvV�\]\]X<k�XLT�uvu�V�8:9Q{yg$DPBfACa]TvBWV,ACTÀD�g%VÂ\IBCD:F:GIH
A�9�«]BEDPuÁ\]BEDP\�D/^CK�AEKLD/?M{:9 _

��TO³j?]D,� ACa]TNK<?IF:K<ºjK<F]GIV�X-BWV,AET�^

lim sup
ε→0

ε logP
(

∫ ετ

0

v(Bs) ds ≤ ε, |Bετ −m| ≤ a
)

≤ −1

4

(

∫ m

0

|b(x)| dx
)2

· r21(τ)



� ��� � ��� � � � � 	 ��� ��� � �	� ��� � � ��� q0�

V�?(F

lim sup
ε→0

ε log sup
|z−m|≤a

Pz

(

∫ ετ

0

v(Bs) ds ≤ ε,Bετ ∈ K
)

≤ −1

4
inf

a∈K

(

∫ a

m

|b(x)| dx
)2

· r22(τ)

�ta]T�BCT
limτ→∞ r1(τ) = limτ→∞ r2(τ) = 1

�(V�?IF�XLT�uyuyV�{]9L;�q¼�/KLº/T�^

lim sup
ε→0

ε log sup
y∈ �

Py

(

∫ t−2ετ

0

v(Bs) ds ≤ ε, sup
0≤s≤t−2ετ

|Bs −m| ≤ a
)

≤ lim sup
ε→0

ε log sup
|y−m|<a/2

Py

(

∫ t−η

0

v(Bs) ds ≤ ε, sup
0≤s≤t−η

|Bs −m| ≤ a
)

≤ −|b′(m)|2(t− η)2

16
.

¡f^CK<?]�yXLT�uvu�VÂ8]9 {À��TN�/T
AbACaITdH
DPu¼o]K<?]T�F�BEV�ACT
lim sup

ε→0
ε log p2(α, ε)

≤ − 1

1 + δ

(1

2

∣

∣

∫ m

0

|b(x)| dx
∣

∣ · r1(τ)

+
1

4
|b′(m)| · (t− η) +

1

2
inf

a∈K

∣

∣

∫ a

m

|b(x)| dx
∣

∣ · r2(τ)
)2

g$DPB�VPXLX
α ∈ Dδ

3

9
`ba]T+BWV,ACTOg$D/BbACa]Td^CG]u¶D,º/TUBbV�X<X

α ∈ Dδ
3

HUVP?�o�TNT�^nACK<u�V,AET�F��tK�AEa�X<TUuyu�VÂ8:9Q8:9]`baITOBET�^CG]XLA�K<^

lim sup
ε→0

ε logP
(

∫ t

0

v(Bs) ds ≤ ε,Bt ∈ K
)

≤ − 1

1 + δ

(1

2

∣

∣

∫ m

0

|b(x)| dx
∣

∣ · r1(τ)

+
1

4
|b′(m)| · (t− η) +

1

2
inf

a∈K

∣

∣

∫ a

m

|b(x)| dx
∣

∣ · r2(τ)
)2

g$DPB�VPXLX
η > 0

�
δ > 0

�]V�?IF
τ > 0

9]c-T
ACACK<?]� �I?IVPXLX<k
τ → ∞ �

δ ↓ 0
�]V�?IF

η ↓ 0
�PK<ºPT�^

lim sup
ε→0

ε logP
(1

2

∫ t

0

b2(Bs) ds ≤ ε,Bt ∈ K
)

≤ −1

4

(1

2

∣

∣

∫ m

0

|b(x)| dx
∣

∣ +
1

2
|b′(m)|t+ inf

a∈K

∣

∣

∫ a

m

|b(x)| dx
∣

∣

)2

.

`ba]Kw^t\]BED,ºPT�^[AEa]TNG]\]\�TUB�o�DPGI?IFZ9
«]D/BtACaITÀX<D,��T�B�o(D/G]?IF ��c-TUA

ζ, η, τ > 0
VP?IF

α1, α2, α3 ∈ 
 �tK�AEa
α1 + α2 + α3 = 1

9�`ba]TU?}g$D/B
ε < t/2τ

��T+aIV�º/T
{

∫ t

0

v(Bs) ds ≤ ε,Bt ∈ O
}

⊇
{

∫ ετ

0

v(Bs) ds ≤ α1ε, |Bετ −m| < ζ
}

∩
{

∫ t−ετ

ετ

v(Bs) ds ≤ α2ε, |Bt−ετ −m| < η
}

∩
{

∫ t

t−ετ

v(Bs) ds ≤ α3ε,Bt ∈ O
}
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V�?(FÂAEa0G(^t��T+�/T
A

P
(

∫ t

0

v(Bs) ds ≤ ε,Bt ∈ O
)

≥ E
(

(

∫ ετ

0

v(Bs) ds ≤ α1ε, |Bετ −m| < ζ
}

)

·
(

∫ t−ετ

ετ

v(Bs) ds ≤ α2ε, |Bt−ετ −m| < η
)

·E
(

(

∫ t

t−ετ

v(Bs) ds ≤ α3ε,Bt ∈ O
)

∣

∣

∣ Ft−ετ

))

≥ E
(

(

∫ ετ

0

v(Bs) ds ≤ α1ε, |Bετ −m| < ζ
)

·E
(

(

∫ t−ετ

ετ

v(Bs) ds ≤ α2ε, |Bt−ετ −m| < η
)

∣

∣

∣
Fετ

))

· inf
m−η<y<m+η

Py

(

∫ ετ

0

v(Bs) ds ≤ α3ε,Bετ ∈ O
)

≥ P0

(

∫ ετ

0

v(Bs) ds ≤ α1ε,Bετ ∈ (m− ζ;m+ ζ)
)

· inf
m−ζ<z<m+ζ

Pz

(

∫ t−2ετ

0

v(Bs) ds ≤ α2ε, |Bt−2ετ −m| < η
)

· inf
m−η<y<m+η

Py

(

∫ ετ

0

v(Bs) ds ≤ α3ε,Bετ ∈ O
)

.

«�KLBW^nA�AWV�³/TOX<D,��TUBbT�
:\�DP?]T�?/AEK<VPX-BWV,ACT�^�g$DPB
ε ↓ 0

9]`ba]TNX<D,��T�BbT�
:\(D/?]TU?0AEK<VPXZBEV�ACT+D�g�ACa]TNX<T
g�A � a(V�?IF¢^CK<F:TKw^f�/BCT�V,ACT�BtDPBmT�­0GIV�X�ACDlACa]Tv^nG]u�DPg|ACa]T¼XLD,��TUB�BWV,AET�^tDPg|ACa]T¼BCK<�Pa0A � aIVP?IF}^CK<F:T/9(`ba]Kw^mKL?]T�­0GIV�X<K�Axk�a]D/X<F]^g$DPB�VPXLX
η, τ > 0

VP?IF
α1, α2, α3 ∈ 
 �tKLACa

α1 + α2 + α3 = 1
9

`ba]T�?�X<T
A
τ → ∞ 9�� TNACBET�V�AtACa]TdACa]BETUT+AETUBEuy^fDP?�ACaITdBCK<�Pa0A�aIVP?IF}^CK<F:TNK<?IF:K<ºjK<F]GIV�X<XLk/9(«�K<BE^nAtACT�BCu �

g$BEDPu¶c�TUuyu�Vy{]9L;+��T+³0?ID,�

lim
τ→∞

lim inf
ε↓0

ε logP0

(

∫ ετ

0

v(Bs) ds ≤ α1ε,Bετ ∈ (m− ζ;m+ ζ)
)

≥ − 1

α1

1

4
inf

m−ζ<a<m+ζ

(

∣

∣

∫ m

0

|b(x)| dx
∣

∣ +
∣

∣

∫ a

m

|b(x)| dx
∣

∣

)2

= − 1

α1

1

4

(

∣

∣

∫ m

0

|b(x)| dx
∣

∣

)2

· r1(ζ)

�ta]T�BCT
limζ↓0 r1(ζ) = 1

9
ijT�H
DP?(F¢ACT�BCu ����TvHUV�?MuyVP³PTÀACa]Tv\]BEDPoIVPo]KLX<KLAxk�^Cu�V�X<XLT�Bfojk¢BCT�\]X<V/H
K<?]�

t − 2ετ
�tKLACa

t
9�`baITU?¹AEa]T

ACT�BCu K<^b?IDvX<DP?I�PTUB
τ � F:TU\�TU?(F:TU?0AmVP?IFlG(^nK<?]��X<TUuyu�Vy{]9L;�qÀ��T+�PTUA

lim inf
ε↓0

ε log inf
m−ζ<z<m+ζ

Pz

(

∫ t−2ετ

0

v(Bs) ds ≤ α2ε, |Bt−2ετ −m| < η
)

)

≥ − 1

α2

|b′(m)|2
16

t2 · r2(ζ)
�ta]T�BCT

limζ↓0 r2(ζ) = 1
9

`ba]K<BEFlACT�BCu �:GI^CK<?]�ÂH
D/BCD/XLXwV�BEkÂ{:9 r¼��TN�PTUA

lim inf
ε↓0

ε log inf
m−η<y<m+η

Py

(

∫ ετ

0

v(Bs) ds ≤ α3ε,Bετ ∈ O
)

≥ − 1

α3

1

4
inf
a∈O

(

∫ a

m

|b(x)| dx
)2

· r3(η)

�ta]T�BCT
limη↓0 r3(η) = 1

9



� ��� � ��� � � � � 	 ��� ��� � �	� ��� � � ��� qPz

·�DPu¼o]K<?]KL?I�ÀAEa]T+ACa]BETUTNBWV,AET�^���TO�/T
A

lim inf
ε↓0

ε logP
(

Bt ∈ O,

∫ t

0

v(Bs) ds ≤ ε
)

≥ − 1

α1

1

4

(

∣

∣

∫ m

0

|b(x)| dx
∣

∣

)2

· r1(ζ)

− 1

α2

|b′(m)|2
16

t2 · r2(ζ)

− 1

α3

1

4
inf
a∈O

(

∣

∣

∫ a

m

|b(x)| dx
∣

∣

)2

· r3(η).
V�?(FlX<T
ACACK<?]� �IBW^xA

ζ ↓ 0
V�?IFlACaITU?

η ↓ 0
k0K<TUXwF]^

lim inf
ε↓0

ε logP
(

Bt ∈ O,

∫ t

0

v(Bs) ds ≤ ε
)

≥ − 1

α1

(1

2

∫ m

0

|b(x)| dx
)2

− 1

α2

( |b′(m)|
4

t
)2

− 1

α3

(1

2
inf
a∈O

∫ a

m

|b(x)| dx
)2

g$DPB�VPXLX
α1, α2, α3 ∈ 
 �tKLACa α1 + α2 + α3 = 1

9
·�a]DjD/^CK<?]�¼D/\:ACK<u�V�X

α1
�
α2

�]V�?IF
α3
VP^tF:T�^CHUBCK<o(T�FlK<?¢XLT�uyuyV�8]9 ry��TO�/T
A

lim inf
ε↓0

ε logP
(

Bt ∈ O,
1

2

∫ t

0

b2(Bs) ds ≤ ε
)

≥ −
(1

2

∣

∣

∫ m

0

|b(x)| dx
∣

∣+
|b′(m)|

4
t+

1

2
inf
a∈O

∣

∣

∫ a

m

|b(x)| dx
∣

∣

)2

= −1

4

(

∣

∣

∫ m

0

|b(x)| dx
∣

∣+
|b′(m)|

2
t+ inf

a∈O

∣

∣

∫ a

m

|b(x)| dx
∣

∣

)2

.

`ba]Kw^�H
D/uy\]XLTUACT�^�ACa]TN\]BEDjD�gx9 � ­0T�F' 
`ba]Tdu�VPKL?}BET�^CG]XLAfD�g�ACaIK<^OHWaIV�\]ACTUBfK<^�ACa]TÀg$DPX<XLD,�tK<?]�yACaITUDPBETUu ACD/�PTUACa]T�B��tK�AEa}ACaIT¼H
D/BCD/XLXwV�BEK<T�^t{:9Q8�~

V�?(F�{]9 8];P9
�d��.j�I�,.j� ¤ &� Ã ( *^+<-

Φ: 
 → 
 3 + . C3 � =�8a/ 4"-76K5 / FG6I-I? 3 5 8a/21 + 1 Φ′′ .0/21 b = −Φ′ Q � 9�9U8 N�+-%?@+"CE+Z6 9Z.0/ m ∈ 
 FG6I-I?
b(x) = 0

6 =e.�/H1 5 /'L]> 6 = x = m : b′(m) 6= 0 : .�/21 lim inf |x|→∞ |b(x)| > 0 Q
R ?@+ / = 5�C +"f�+"C > t > 0

-%?@+ 9 5 L]8 -76K5 / Xϑ 5 =
dXϑ

s = ϑb(Xϑ
s ) � ds+ dBs

= 50C s ∈ [0; t] : .�/H1
Xϑ

0 = z ∈ 

9". -J6 9 
�+ 9 -%?@+ = 5 LIL 5�FG6 / APF + .�� * X�� cD= 50C +<f�+<C > 4�5�N V@. 4<- 9 +<- K ⊆ 
 F + ? . f�+

lim sup
ϑ→∞

1

ϑ
logP (Xϑ

t ∈ K) ≤ − inf
x∈K

Jt(x)

.�/H1 = 5�C +"f�+"C > 5 V + /j9 +<- O ⊆ 
 F + ? . f�+

lim inf
ϑ→∞

1

ϑ
logP (Xϑ

t ∈ O) ≥ − inf
x∈O

Jt(x),

F^?@+"CE+Z-%?@+eC . -#+ =�8a/ 4"-J6K5 / 6 9
Jt(x) = V m

z (Φ) − Φ(z) + t(Φ′′(m))− + V x
m(Φ) + Φ(x). � {:9Q8� d 
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	�	 ��� � ��� � � � ��� � ��� ��� � � � �
	��

=@?¹AEa]T¼ACa]T�DPBETUu
V b

a (Φ)
F:TU?ID�ACT�^�AEa]TvACDPAEV�X�º,V�BEK<V�ACK<DP?¹DPg

Φ
o�T
Ax��TUT�?

a
V�?IF

b
9�= A+H�V�?¹o�TyKL?0ACT�B �\]BET
AET�F�VP^�ACaIT �nHUD/^nA 	ODPg�AEa]TN\]BEDjHUT�^E^��PDPK<?]�vg$BEDPu

a
AED
b
9]��T�HUVPGI^CT

b = −Φ′ ��TOa(V�ºPT

V b
a (Φ) =

∣

∣

∫ b

a

|b(x)| dx
∣

∣

g$DPBmV�?jk
a, b ∈ 
 9I`ba]TN?]DPAEV,AEKLD/? (Φ′′(m))−

F:TU?]DPACT�^bACa]TN?ITU�/V�ACK<ºPT+\IVPBnA�DPg
Φ′′(m)

�]K©9 T/9
(Φ′′(m))− =

0
KLg

Φ′′(m) ≥ 0
V�?(F

(Φ′′(m))− = |Φ′′(m)| KLg Φ′′(m) < 0
9I`ba]Kw^fH�V�?}o�TÀKL?0AETUBE\]BCTUACT�F�V/^tAEa]T��CH
D/^nA 	D�gt^nAEV�kjKL?I��?]T�V�B

m
g$D/BdV�GI?]K�A¼D�g%AEKLuyT/9�`ba]Kw^+ACT�BCu D/?]X<kMD:HUHUG]BE^ ��K�g�ACaIT�T�­0G]K<XLK<o]BEKLG]u \(D/KL?0A

m
Kw^

G]?I^nAEVPo]X<TP9
)+�,�-��¨ & ijKL?(H
TvACa]TyBWV,AETdg$G]?IH
ACK<DP?

Jt
Kw^OKL?jº,V�BEK<VP?0AmG]?IF]TUBd^C\IVPHUT¼^Ca]K�g�AW^+��TyHUVP?M�tKLACa]D/G:ANXLD0^C^mD�g

�PT�?]TUBWV�X<KLAxk�V/^C^CG]uyT
z = 0

ojk¢BETU\]XwVPHUKL?]�
Φ
�tK�AEa¹ACaITv^Ca]KLg�ACT�F¹g$G]?IH
ACK<DP?

Φ( · + z)
V�?IFM^xAWV�BCACK<?]�ÂAEa]T

i:ems�K<?¹~]9�i:KL?IHUTduyD/^nA�D�g�ACaITd��D/BC³���V/^tV�X<BCT�VPF:k�F:DP?ITNKL?¢AEa]TÀ\]BETUºjK<DPGI^t^CT�H
ACK<DP? �IACa]TÀ\]BCDjDPg�HUDP?I^CK<^nAE^DP?IXLkÂDPg�AEa]BETUTN^xAETU\I^�9
«�KLBW^nAtF]T��I?]T

H(x) =
1

4

(

∣

∣

∫ m

0

|b(y)| dy
∣

∣+
1

2
|b′(m)|t+

∣

∣

∫

[m;x]

|b(y)| dy
∣

∣

)2

=
1

4

(

V m
0 (Φ) +

1

2
|b′(m)|t+ V x

m(Φ)
)2

V�?(F
v(x) = b2(x)/2

g$DPBNV�X<X
y ∈ 
 9-«]BEDPu X<TUuyu�V}{:9<;� ���Tv³j?]D,� AEaIV,A+g$DPBNT�ºPT�BCk¹HUDPuy\IVPH
Ad^nTUA

K ⊆ 
 ��TOa(V�ºPT

lim sup
ε→0

ε logP
(

∫ t

0

v(Bs) ds ≤ ε,Bt ∈ K
)

≤ − inf
a∈K

H(a)

V�?(FÂg$D/BtTUºPT�BCklDP\�TU?¢^nTUA
O ⊆ 
 ��T+aIV�ºPT

lim inf
ε→0

ε logP
(

∫ t

0

v(Bs) ds ≤ ε,Bt ∈ O
)

≥ − inf
a∈O

H(a).

ijT�H
DP?(F �:XLTUA
I(x) = 2

√

H(x) = V m
0 (Φ) +

1

2
|b′(m)|t+ V x

m(Φ)

g$DPB�VPXLX
x ∈ 
 9(`ba]TU?�g$DPBtT�ºPTUBEkl^CT
A A ⊆ 
 ��T �I?IF

−2

√

∣

∣− inf
x∈A

H(x)
∣

∣ = −2
√

inf
x∈A

H(x) = − inf
x∈A

I(x)

V�?(F�HUDPBEDPX<X<VPBCkyrI9  yV�X<XLD,��^�GI^tACD�H
D/?IH
X<GIF:T

lim sup
ϑ→∞

1

ϑ
logE

(

exp(−ϑ2

∫ t

0

v(ωs) ds)1K(Bt)
)

≤ − inf
x∈K

I(x)

g$DPBtT�ºPT�BCkÂHUDPuy\IVPH
A�^nTUA
K ⊆ 
 VP?IF

lim inf
ϑ→∞

1

ϑ
logE

(

exp(−ϑ2

∫ t

0

v(ωs) ds)1O(Bt)
)

≥ − inf
x∈O

I(x)

g$DPBtT�ºPT�BCk�D/\(T�?¢^CT
A
O ⊆ 
 9«�KL?(V�X<XLkÂ��TNHUVP?�G(^nT+X<TUuyu�VÂ{:9<;��NACDÂH
D/?IH
X<GIF:TOAEaIV,AtAEa]T+g�V�uyK<XLk

(Xϑ
t )ϑ>0

^CV�ACKw^ �(T�^�ACaITN��T�V�³Âc�emY
�tKLACa¢BEV�ACTOg$G]?IH
ACK<DP?

Jt(x) = Φ(x) − Φ(0) − 1

2
· t · Φ′′(m) + I(x)

= Φ(x) − Φ(0) + V m
0 (Φ) + t(Φ′′(m))− + V x

m(Φ).

`ba]Kw^�H
D/uy\]XLTUACT�^�ACa]TN\]BEDjD�gx9 � ­0T�F' 
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ROK<ºPTU?¢AEa]T¼^CK<�P?¹DPg
b′(m)

ACa]T¼BEV�ACTNg$G]?(HJACK<DP?Mg$BCD/u¶AEa]T¼ACa]T�DPBETUu�HUV�?}o�Ty^nK<uy\]XLK
�IT�F}o(T�HUVPGI^nTdACa]T
F:BEK�g�A

b
a(VP^tD/?]XLk�DP?IT �UTUBEDI9]`baITNg$DPX<XLD,�tK<?]��H
D/BCD/XLXwV�BEkÂF:T�^CHUBCK<o(T�^bACaITÀHUV/^nTNDPg

b′(m) < 0
�]�ta]KwHWa¢HUDPBEBCT �^C\(D/?IF]^bAEDÂV,AnAEBEV/HJAEKL?]�ÂF]BCKLg�A�9(=@?�AEa]Kw^fHUV/^nTOAEa]Td��T�V�³�c�emY�g$BCD/u AEa]TNACaITUDPBETUu HUV�?¢o�TÀ^nACBETU?]�PACa]T�?IF�ACD

ACaIT+g$G]XLX�c�emY�9
»¼�I�,����� 5 ��° ¤)&�2 �,&[*,+"-

Φ: 
 → 
 3 + . C3 � =�8a/ 4"-76K5 / FG6I-%? 3 5 8a/21 + 1 Φ′′ .0/21 b = −Φ′ Q� 9�9U8 N�+T-I?S+<C`+�6 9P.�/ m ∈ 
 FG6I-I?
b(x) = 0

6 =P.0/21 5 /SL]> 6 = x = m : b′(m) < 0 : .0/21
lim inf |x|→∞ |b(x)| > 0 Q � 8 CU-I?S+<CUN�5�CE+ L +<- Xϑ 3 +Z-%?@+ 9 5 L]8 -76K5 / 5 =

dXϑ
t = ϑb(Xt) � dt+ dBt,

Xϑ
0 = z ∈ 
 . � {]9 8PzM 

R ?@+ / -I?S+ = 5 LIL 5�FG6 / A	4 L . 6IN 9 ?S5 L 1Mc. � � 50C +<f�+<C > t > 0
-%?@+ =<. N\6 L > (Xϑ

t )ϑ>0
= 50C ϑ → ∞ 9". -J6 9 
�+ 9 -%?@+ F + . � *,X�� 5 / 
 FG6I-%?	C . - +

=�8a/ 4"-J6K5 /
Jt(x) = 2

(

Φ(x) − Φ(m)
) = 50C .�LIL x ∈ 
iQ � {]9 _/~M 

3 � 
 = b 6 9 N�5 / 50- 5 / + : -%?@+ / -%?@+ =<. N�6 L]> (Xϑ
t )ϑ>0

9". -76 9 
�+ 9 -%?@+ =�8aLIL *,X��[FG6I-%?	C . -#+ =�8a/ 4"-J6K5 / Jt Q
)+�,�-��¨ & VM bijK<?IHUTN��TNVP^E^CG]uyTmAEaIV,A

m
Kw^bAEa]TNDP?]X<k ��TUBEDvDPg�AEa]TdF:BEK�g�A

b
�]g$DPB

b′(m) < 0
AEa]T+\(D/KL?0A

mKw^bACa]TÀuvK<?]K<uÀG]uÁD�g
Φ
9]=@?¢AEa]K<^fHUVP^CT+��TNa(V�ºPT

V m
z (Φ) = Φ(z) − Φ(m)

�
V x

m(Φ) = Φ(x) − Φ(m)
V�?(F

Φ′′(m) > 0
�]^CDvACa]TNBWV,AETfg$GI?IHJAEKLDP?¹^CK<uv\IXLK
�IT�^�AEDyACa]TNT�
:\]BCT�^C^CK<DP?l�/KLº/TU?�KL?�g$DPBEuÀGIX<V � {]9 _/~M W9o' b`�D�^xAEBCT�?]��AEa]TU?�ACaITN��T�V�³Âc�emY�ACDyAEa]T+g$G]X<X�c�emY ��TOa(V�ºPTOACDÂHWa]T�HW³�ACaITNT�
:\(D/?]TU?0AEK<VPX�ACK<�Pa0AC?]T�^C^

H
D/?IF:KLACK<DP?�g$BCD/u X<TUuyu�VÂ8:9<;��:K©9 T/9:��TNaIV�º/TfAED�^na]D,� ACaIV�Atg$DPBtT�ºPTUBEk
c > 0

ACaITUBETOKw^�VP?
a > 0

�tK�AEa

lim sup
ϑ→∞

1

ϑ
logP

(

|Xϑ
t −m| > a

)

< −c. � {:9 _];� 
� TNGI^nTNV�HUDPuy\IV�BEKw^nD/?lV�BE�PG]uyT�?/AbAEDvD/o:AEVPKL?�ACaIK<^tT�^xAEKLu�V�ACTP9

¡f^CK<?]�yACa]T¼VP^E^nG]uy\:AEKLD/?
lim inf |x|→∞ |b(x)| > 0

VP?IF�ACaITUDPBETUu ;P9 r���T �(?IF�ACaIV�A�ACaIT¼i:ems � {]9 8PzM aIV/^�V�^xAWV,AEKLD/?IV�BEklF:Kw^xAEBCK<o]G:AEKLD/?}�tK�AEa¹F:TU?(^nKLAxk
exp
(

−2ϑΦ(x)
) 9(c-T
A

Xϑ o�T¼V�^CDPX<G:ACK<DP?¢DPg � {:9Q8�zd ��tK�AEa^nAEV�BCAfK<?
z
V�?IF

Y ϑ o(TvVl^nAEV,AEKLD/?IV�BEk�^CDPX<G:AEKLD/? �(o�D�AEa¹�tKLACa¹BET�^C\(T�HJAmACDÂAEa]T¼^EV�uyTv��BED,�t?]KwV�?¢uyD�AEKLD/?-9`ba]T�?���T+�PTUA�AEa]TdF:TUACTUBEuyKL?IK<^nACKwHNF:K
��T�BCT�?/AEK<VPXZT�­0GIV�ACK<DP?
d

dt
(Xϑ

t − Y ϑ
t ) = ϑ

(

b(Xϑ
t ) − b(Y ϑ

t )
)

g$DPBbAEa]TÀF:K
��TUBETU?IHUTOo�T
Ax��TUT�?�ACa]Td\IBCD:H
T�^C^CT�^�9:«�KLBW^xAfV/^C^CG]uyT
Xϑ

0 − Y ϑ
0 ≥ 0

9I��T�HUV�G(^nTOg$DPB
Xϑ

t − Y ϑ
t = 0ACaITNBCK<�Pa0AtaIV�?(F�^CK<F]TNº�VP?]Kw^na]T�^��jAEa]TN\]BED:H
T�^E^

Xϑ
t − Y ϑ

t

HUV�?¢?]T�ºPT�BbHWa(V�?]�/TOKLAE^t^CK<�P?¢V�?IF¢^nAEV�k:^�\(D0^nKLACK<ºPT/9
ijK<?IH
T

b
Kw^tF:T�HUBCT�VP^CKL?]�v��TNaIV�ºPT

b(Xϑ
t ) − b(Y ϑ

t ) ≤ 0
V�?(Fl��TdHUVP?�HUDP?IHUXLGIF]T

0 ≤ Xϑ
t − Y ϑ

t ≤ Xϑ
0 − Y ϑ

0 .

«]D/BbACa]TdH�VP^CT
Xϑ

0 − Y ϑ
0 ≤ 0

��TdH�V�?�KL?0ACT�BEHWa(V�?]�/TfAEa]TNBCD/XLT�^�D�g
X
V�?(F

Y
AED�DPo:AWV�K<?lAEa]TNT�^nACK<u�V,ACT

0 ≤ Y ϑ
t −Xϑ

t ≤ Y ϑ
0 −Xϑ

0 .

·�DPu¼o]K<?]KL?I�¼AEa]T�^CTOAx��D�H�VP^CT�^b�PK<ºPT�^
|Y ϑ

t −Xϑ
t | ≤ |Y ϑ

0 −Xϑ
0 | = |Y ϑ

0 − z|.
¡f^CK<?]�

|Xϑ
t −m| ≤ |Xϑ

t − Y ϑ
t | + |Y ϑ

t −m|
≤ |z − Y ϑ

0 | + |Y ϑ
t −m|

≤ |z −m| + |Y ϑ
0 −m| + |Y ϑ

t −m|



��8 ��� � � ��� � � � � �
	�	 ��� � ��� � � � ��� � ��� ��� � � � �
	��

xm
ϕ

b

lim inf
x→−∞

b(x) > 0

lim sup
x→∞

b(x) < 0

«�KL�/G]BET¼{:9 r�� R ?�6 9 
^A 8 CE+h6 LIL]8�9 -7C . -#+ 9 -%?@+ V 50- + / -J6 .�L^8�9 +�5 =\. 4�5�N VS. CU6 9 5 / -I?S+�5�CE+"N = 5�C 9 5 L 8 -76K5 /@9 5 = -%?@+W�XZY � {]9 8PzM Q R ?S+h-%?�6K4 �PL 6 / +h6 9 -I?S+\50CU6 A06 /H.�L�1 CU6 = - b Q R ?S+\-I?a6 /�L 6 / + 6 9 -%?@+ / +<F 1 CU6 = - ϕ Q R ?@+ 9 5 L]8 -J6K5 /= 5�C 1 CU6 = - b 9 ?S5 8aL 1P3 + 4 L 5 9 +"CB- 5 m -%? .0/ -I?S+ 9 5 L]8 -J6K5 / = 50C 1 CU6 = - ϕ Q
��T+H�V�?¢H
D/?IH
X<GIF:T

P
(

|Xϑ
t −m| > a

)

≤ P
(

|Y ϑ
0 −m| + |Y ϑ

t −m| > a− |z −m|
)

≤ P
(

|Y ϑ
0 −m| > a− |z −m|

2

)

+ P
(

|Y ϑ
t −m| > a− |z −m|

2

)

= 2P
(

|Y ϑ
0 −m| > a− |z −m|

2

)

.

� D,�
XLTUA c > 0
9]`ba]T�?¢GI^nK<?]�vACaITUDPBETUuÁ8:9<;�_¼��TdH�V�? �I?IF¢V�?

a > 0
�tKLACa

lim
ϑ→∞

1

ϑ
logP

(

|Y ϑ
0 −m| > a− |z −m|

2

)

≤ −c
V�?(FlGI^CK<?]�yACa]TdVPo(D,º/TmT�^xAEKLu�V�ACT+��T+�/T
A

lim
ϑ→∞

1

ϑ
logP

(

|Xϑ
t −m| > a

)

≤ −c.
ijK<?IH
T+AEa]Kw^�Kw^bACa]TÀT�
:\(D/?]TU?0AEK<VPXZACK<�Pa0AC?IT�^E^tH
DP?(F:K�AEKLD/? � {:9 _];� ���TdH�V�?¢GI^CTNXLT�uyuyVÂ8]9L;OAEDlF:TUBEK<ºPTOACa]Tdg$G]XLXc�emY V�?IF�AEDyHUDPuy\]X<T
AET+ACa]TN\]BEDjD�gx9 � ­0T�F' 

�l.j� 5 ���-& & ;_ � D�AET�ACa(V,A¼K<?²AEa]K<^¼HUV/^nT�AEa]TlBWV,AET�g$G]?IH
ACK<DP?�Kw^dK<?IF:T�\(T�?IF:T�?/AvD�gtAEa]TlK<?0ACTUBEº,V�XX<TU?]�PACa
t
9]��T�HUVPGI^CTO��T+aIV�ºPT

lim inf |x|→∞ |b(x)| > 0
ACaITN\(DPACTU?0AEK<VPX

Φ
HUDP?jºPT�BC�/T�^%ACD

+∞ g$DPB |x| → ∞V�?(F
Jt
Kw^fVv�PDjD:F�BEV�ACTOg$G]?IH
ACK<DP?-9(=@?�g�V/HJAtAEa]TdBWV,ACTOg$G]?(HJACK<DP?¹HUDPK<?IH
KwF:T�^t�tK�AEa�ACa]TdBWV,AETOg$G]?IHJAEKLD/?}D�g�ACa]T

c�emY�g$D/B�AEa]T¼^nAEV�ACK<DP?IVPBCk�F:K<^nACBEK<o]G:ACK<DP?¹g$BCD/u¶AEa]TUD/BCT�u�8]9L;�_]9(`baIK<^mu�V�³PT�^�^CTU?I^CT��(o(T�HUV�G(^nTÀg$DPBm^nACBEDP?I�
F:BEK�g�A���T+��D/G]XwFlT�
j\�T�H
AtACa]TN\IBCD:H
T�^C^�AED�BCT�VPHWaÂAEa]TNT�­0G]K<X<KLo]BEK<G]u¶º/TUBEkÂ­/GIK<HW³jX<kP9

8D b¡m^nK<?]��AEa]TÀV/^C^CG]uy\:ACK<DP?(^tDP?
b
��TdHUVP? �I?IF}V�uyDP?ID�ACD/?]KwHUV�X<X<klF:T�HUBCT�VP^CKL?I���]F:K
��T�BCT�?0ACKwV�o]X<TNg$G]?IH �ACK<DP?

ϕ : 
 → 
 �taIK<HWa}^EV,ACKw^ �IT�^
|b(x)| ≥ |ϕ(x)| g$DPB�VPXLX

x ∈ 

V�?(FlaIV/^

ϕ′(m) < 0
9]`ba]Kw^tKw^bKLX<X<GI^xAEBEV�ACT�F�K<? �(�PG]BETd{:9 rI9

��T�H�V�GI^CTvACa]TÂF:BEKLg�A
b
\]GI^Ca]T�^+AEa]TÂ\]BED:H
T�^C^N^nACBEDP?]�/TUB+AED,��VPBEF]^

m
AEaIV�?*AEa]TÂF:BEK�g�A

ϕ
F:DjT�^ �-D/?]T

H
D/G]XwF¢�PG]T�^C^bAEaIV,Am�ta]TU?
Y ϑ Kw^fVÂ^CDPX<G:ACK<DP?¢DPg�AEa]T¼i:ems��tKLACa¹F:BEKLg�A ϑϕ K<?I^nACT�VPF�D�g ϑb ��TN��DPG]XwF¢aIV�º/T

P
(

|Xϑ
t −m| > a

)

≤ P
(

|Y ϑ
t −m| > a

) 9�`ba]K<^f��D/G]XwF}^na]D,�
ACa(V,Afg$D/B �I?(F:KL?I�lV�?}G]\I\(T�Bmo�DPG]?(F¢DP?
P
(

|Xϑ
t −m| > a

) ��TNH
DPGIX<F��tKLACa]D/G:A�XLD0^C^bDPg��/TU?]T�BEVPXLKLAxklVP^E^CG]uyT
b
ACD�o�TNuyDP?]DPACD/?]K<H�V�X<XLkÂF]T�H
BET�V/^nK<?]�(9

`ba]T�?M\IVPBnA+o' fD�g�HUDPBEDPX<X<VPBCk}{:9Q8�~���DPGIX<F£V�\]\]X<k¹V�?(F¹��TÀ��DPG]XwF¹�/T
AOACa]T¼g$G]X<X[c�emY
K<? {]9 8P~ÂTUº/TU?}g$D/B
?]D/? � uyD/?]D�AEDP?]T+F:BEK�g�Atg$G]?(HJACK<DP?(^ b 9
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½m¾ 5 �²±���. ¤)&' '& «IDPBmACa]TlµmBE?I^nACTUK<? � ¡�a]X<TU?jo�T�HW³�\]BEDjHUT�^E^f��TÀa(V�ºPT Φ(x) = αx2/2
9�`bajGI^ �(GI^CK<?]�

H
D/BCD/XLXwV�BEk � {]9 8P~M ���TO�/T
AbACaITNBEV�ACTOg$G]?IH
ACK<DP?
Jt(x) = αx2

�ta]KwHWa�HUDPK<?IH
KwF:T�^b�tK�AEa�AEa]TN\]BETUºjK<DPGI^bBET�^CG]XLA�g$BEDPu g$DPBEuÀG]XwV � _]9 rd J9
`ba]TNHUV/^nT+DPg�BETU\�TUX<XLK<?]��F:BEK�g�A �IK©9 T/9:D�g

b′(m) > 0
K<^tF:T�^CHUBCK<o�T�F�KL?�ACaIT+g$DPX<XLD,�tK<?]�yH
DPBEDPX<XwV�BEkP9

»¼�I�,����� 5 ��° ¤)&�2Z 2&[*,+"-
Φ: 
 → 
 3 + . C3 � =�8a/ 4"-76K5 / FG6I-%? 3 5 8a/21 + 1 Φ′′ .0/21 b = −Φ′ Q� 9�9U8 N�+T-I?S+<C`+�6 9P.�/ m ∈ 
 FG6I-I?

b(x) = 0
6 =P.0/21 5 /SL]> 6 = x = m : b′(m) > 0 : .0/21

lim inf |x|→∞ |b(x)| > 0 Q R ?@+ / = 5�C +"f�+"C > t > 0
-%?@+ 9 5 L]8 -76K5 / Xϑ 5 =

dXϑ
s = ϑb(Xs) � ds+ dBs

= 5�C s ∈ [0; t] :G.0/21
Xϑ

0 = z ∈ 

9". -J6 9 
�+ 9 -%?@+ZF + .�� * X�� 5 / 
 FG6I-%?j4�5 /S9 - .�/ -GC . -#+ =�8a/ 4<-J6K5 /

Jt(x) = 2
(

Φ(m) − Φ(z)
)

− tΦ′′(m). � {:9 _/8M 
)+�,�-��¨ & =@?¢AEa]T¼H�VP^CT

b′(m) > 0
AEa]Td\�DPK<?/A

m
K<^�ACa]T¼u�V 
:KLu¼G]u¶DPg

Φ
VP?IF¢o�T�HUVPGI^CTdD�g

V m
z (Φ) =

Φ(m) − Φ(z)
�
V x

m(Φ) = Φ(m) − Φ(x)
V�?IF

Φ′′(m) < 0
��T+�PTUA

Jt(x) =
(

Φ(m) − Φ(z)
)

− Φ(z) − tΦ′′(m) +
(

Φ(m) − Φ(x)
)

+ Φ(x)

= 2
(

Φ(m) − Φ(z)
)

− tΦ′′(m)

g$DPB�VPXLX
x ∈ 
 9 � ­0T�F' 

�l.j� 5 ���-& & `ba]TyH
D/BCD/XLXwV�BEk�^Ca]D,��^fACaIV�AOK<?£ACa]TyHUV/^nT¼D�g%BETU\�TUX<XLK<?]�¢F:BEK�g�AOACa]TvBWV,ACT¼g$G]?IH
ACK<DP? F:DjT�^
?]DPAmF:TU\�TU?(F¢DP?

x
9�=@?}\IV�BCACKwH
GIX<VPBtK�AfKw^�?ID�AfV��/D0D:F�BWV,ACT+g$GI?IHJAEKLD/?-9(�fX<^CDÂK<?�AEa]Kw^fHUV/^nTNKLAfKw^�K<uy\(D0^C^CKLoIXLT

ACD�^nACBETU?]�PACa]T�?�ACa]T+��T�V�³�c�emY AEDyACa]T+g$GIXLX�c�efY�o�T�H�V�GI^CTN��T+aIV�º/T

lim
ϑ→∞

1

ϑ
logP (Xϑ

t ∈ 
 ) = 0 6= 2
(

Φ(m) − Φ(z)
)

− tΦ′′(m).

½m¾ 5 �²±���. ¤)&�2)& «IDPB
ϑ > 0

H
DP?(^nKwF:TUB�AEa]Td^nD/XLG]ACK<DP?�D�g�ACa]Tdi:ems
dXϑ

t = ϑXϑ
t � dt+ dBt,

Xϑ
0 = z ∈ 
 . � {]9 _/_M 

`ba]Kw^mACK<uvTvAEa]TyT�­0G]K<XLK<o]BEKLG]u \(D/KL?0Ad~lKw^OG]?I^nAEVPo]XLT��-VP^O^nDjD/?£VP^mAEa]Ty\]BCD:HUT�^E^fX<T�V�º/T�^O~ÂAEa]T�F:BCKLg�AN�tKLX<X
F:BEKLº/T+K�A�g$GIBnAEa]TUBfVP?IF�g$G]BCACa]T�BfV���V�k/9 ��TUBETN��TNaIV�ºPT

Φ(x) = −x2/2
VP?IF�GI^nK<?]�ÂHUDPBEDPX<X<VPBCkÂ{:9Q8:;+��TdHUVP?

F:TUACTUBEuyKL?IT+ACa]TNBWV,AETfg$G]?(HJACK<DP?�g$D/BbACa]TNXwV�BE�PTNF:T�º0KwV,AEKLD/?�o�TUa(V�º0K<DPGIB�DPg
Xϑ

t

VP^
Jt(x) = t+ z2. � {]9 _Prd 

�f^fKL?¹ACa]TyHUV/^nTdDPg�ACa]TÂµmBC?(^xAETUK<? � ¡fa]X<TU?jo(T�HW³l\]BED:H
T�^C^ � ^CTUTÀ\(V��PTv8,rd t��TÀH�V�?MVP?IF¢�tK<XLX�T�
:\]X<K<HUK�AEXLkF:TUACTUBEuyKL?IT¼AEa]T�F:Kw^xAEBCK<o]G:AEKLD/?£DPg
Xϑ

t

VP?IFMº/TUBEK�g$k¢AEa]T�^nD/uyTU�taIV�A+^CG]BE\]BCKw^CKL?]��BET�^CG]X�Ad{:9 _�r�u�V�?jGIVPXLX<kP9
ijK<?IH
T+AEa]TdF:T�BCK<º,V,ACK<DP?�D�g�g$DPBEuÀG]XwV � _I9 8M �F]K<F�?]DPAtF]TU\�TU?IF¢D/?lAEa]Td^nK<�P?�D�g�ACa]TdF]BCKLg�A���TN�/T
A

Xt = � ϑtz +

∫ t

0
� ϑ(t−s) dBs. � {]9 _0{D 

��T�H�V�GI^CTfAEa]TÀi:ems � {]9 _/_M �K<^bX<K<?]T�VPB �:��T+³0?ID,��ACa(V,A Xϑ
t

a(VP^tV�R+V�GI^E^CK<VP?�F:Kw^nACBEKLo]G]ACK<DP?¢V�?IF�g$BEDPu � {:9 _/{D ��T �(?IF�ACa]TNT�
j\�T�H
AEV�ACK<DP?
µ = E(Xϑ

t ) = � ϑtz
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V�?(FÂAEa]TNº,V�BEK<VP?IH
T

σ2 = E
(

(Xϑ
t − µ)2

)

= E
(

(

∫ t

0
� ϑ(t−s) dBs

)2
)

=

∫ t

0
� 2ϑ(t−s) ds =

1

2ϑ
( � 2ϑt − 1).

`bajGI^�g$DPBtT�ºPT�BCkÂuyT�VP^CG]BEVPo]X<TO^CT
A
A ⊆ 
 ��T+aIV�ºPT

P (Xϑ
t ∈ A) =

1√
2πσ2

∫

A

exp
(

− (x− µ)2

2σ2

)

dx

=

√

ϑ

π

(

� 2ϑt − 1
)−1/2

∫

A

exp
(

−ϑ ( � −ϑtx− z)2

1 − � −2ϑt

)

dx.

� D,�
��TNH�V�?}HUVPX<HUG]X<V�ACTOACaITNT�
:\(D/?]TU?0AEK<VPXZBEV�ACT�^bDPg�AEa]K<^fT�
:\]BET�^E^nK<DP?lg$DPB ϑ → ∞ 9I«]D/BbACa]TN?]D/BCu�VPXLKw^ �K<?]��H
DP?(^xAWV�?0At��T �I?IF
lim

ϑ→∞

1

ϑ
log

√

ϑ

π

(

� 2ϑt − 1
)−1/2

= −1

2
2t = −t.

= g
A ⊆ 
 K<^to�DPGI?IF:T�F �:ACa]T�?

sup
x∈A

∣

∣

∣

( � −ϑtx− z)2

1 − � −2ϑt
− z2

∣

∣

∣ −→ 0

g$DPB
ϑ→ ∞ V�?(FÂAEa0G(^bg$DPB�HUDPuy\IVPH
A�^nTUAE^

K ⊆ 
 ��T �I?IF

lim
ϑ→∞

1

ϑ
logP (Xϑ

t ∈ K)

= −t+ lim
ϑ→∞

1

ϑ
log

∫

K

exp(−z2) dx = −(t+ z2).

«]D/BNDP\�TU?*^nTUAE^
O ⊆ 
 ��T�HUV�?*HWa]DjD/^CTyV�?jk}o(D/G]?IF:T�F*^nG]o(^nTUA

A ⊆ O
�tK�AEa*?]DP? � �UT�BCD�c-T�o(T�^n�/G]TuyT�V/^nG]BET��jAEDy�PT
A

lim inf
ϑ→∞

1

ϑ
logP (Xϑ

t ∈ O)

≥ lim inf
ϑ→∞

1

ϑ
logP (Xϑ

t ∈ A)

= −t+ lim
ϑ→∞

1

ϑ
log

∫

A

exp(−z2) dx = −(t+ z2).

`ba]Kw^tBETU\]BED:F:GIH
T�^�ACa]TNBET�^CG]XLA�g$BEDPu ACa]TdHUDPBEDPX<X<VPBCkvg$DPBbAEa]Kw^�^n\�T�HUK<VPX-HUV/^nT/9
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TvKLAOAED
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� ��� �
��
 � ����
�� �  ����
� TvHUDP?I^CK<F]TUBOAx��D�uyT�HWaIVP?]K<^Cu�^�AED��/TU?]T�BEV�ACTvV�^nACD:HWaIV/^xAEK<HÀ\]BCD:HUT�^E^���TP9 �I9(Ax��D¢F:K
��T�BCT�?0A+F:BEKLg�A �IT�X<FI^��
�ta]KwHWa¹V�BET+KL?IF]T�
:T�F¢ojk�VÂ\IV�BWV�uyT
AETUB

ϑ ∈ Θ = {0, 1} 9]«IDPB ϑ ∈ Θ
X<T
A

P ϑ
t = L(X)

∣

∣

Ft

o(TÀACa]TdXwV�� D�g
ACaITdH
DPBEBET�^C\(D/?IF:K<?]�À\]BED:H
T�^C^

Xϑ DPoI^CTUBEºPT�FÂG]\�ACDvAEKLuyT t 9`ba]T Ä 5 °�.0&À�,��&��
B(λ, t)

�tK�AEa}V¼\IBCK<DPBEkÂF:Kw^xAEBCK<o]G:AEKLD/?
λ ∈ Prob(Θ)

K<^�F]T��I?]T�Flojk

B(λ, t) =

∫

min
ϑ∈Θ

dλϑP
ϑ
t

dPt
dPt

�ta]T�BCT
Pt = λ1P

1
t + λ0P

0
t

9��f^E^nG]uyK<?]�ÂAEaIV,AmACa]TvF:Kw^xAEBCK<o]G:AEKLD/? L(Xt)
∣

∣

Ft

D/?}ACa]T¼\IV,AEaM^C\IVPHUTdaIVP^OV
F:T�?I^nKLAxk

ϕϑ
t

�tK�AEa�BET�^C\�T�HJAbAED � K<TU?ITUB�uyT�V/^nGIBCT � ��T �I?IF
B(λ, t) = λ1P

1
t (λ1ϕ

1
t < λ0ϕ

0
t ) + λ0P

0
t (λ1ϕ

1
t ≥ λ0ϕ

0
t ). � qI9L;� 

`bajGI^
B(λ, t)

H�V�?£o(TÂ^CTUT�?£VP^mAEa]TvACD�AWV�X�\]BEDPoIVPo]K<XLKLAxk}D�g�TUBEBCD/B�g$DPBdV�X<KL³/TUX<KLa]DjD:F¹BWV,AEKLD�ACT�^xA+g$D/BmAEa]T
\IVPBEVPuvTUACT�B

ϑ
�(�taITUBET

ϑ
K<^OHWa]D0^nT�?¹BEVP?IF:D/uvX<k¢VPHUHUDPBWF:K<?]�yACDlACa]TyF:Kw^xAEBCK<o]G:AEKLD/?

λ
9Z«�K<�PG]BET¼qI9L;d�/KLº/T�^mV

�PT�DPuyT
AEBCKwHmKL?0ACT�BC\IBCTUAEV,AEKLD/?�DPg�AEa]Td�bV�kPT�^�BEK<^C³ÂK<?�ACa]Kw^t^nKLACG(V,ACK<DP?�9
� TO�bV�?0AbACDÂH�V�XwH
G]XwV,AETOACa]TNT�
j\�DP?ITU?0ACKwV�X-F:T�HUV�k�BWV,AET�^

lim
t→∞

1

t
logB(λ, t) � q]9Q8D 

D�g�ACaITÀ�bV�kPT�^�BEK<^C³�9I`ba]Kw^tBWV,ACTNKw^tuyT�V/^nGIBCT+D�g|a]D,� g�VP^nAtACa]T¼��V�k/T�^bBEK<^C³lF:T�HUV�k:^b�ta]T�?¢ACa]TND/oI^nT�BCº,V�ACK<DP?
ACK<uyT

t
AETU?IF]^fACDlKL? �(?]K�Axk/9Z`ba0G(^�KLAmKw^mV�uyT�VP^CG]BCTÀD�g|a]D,� T�V/^nk�ACa]TÀAx��Dl\]BCD:HUT�^E^nT�^�HUVP?}o(Tv^nT�\IV�BWV,AET�F

ojklX<DjDP³jKL?I�vD/?]X<k�V,AfACa]Td\(V,ACa(^U9I� ºPTUBEkÂ?]T��/V�ACK<ºPTN�bV�kPT�^bBEKw^n³ÂK<?IF:KwHUV�ACT�^��IACaIV�AtACa]Td\IBCD:H
T�^C^CT�^tVPBCT+º/TUBEk
F:K
��T�BCT�?0ANVP?IF}AEajGI^+T�V/^nk¢AED�F:Kw^nACK<?]�PG]Kw^Ca �-V��bV�k/T�^mBCKw^n³¢AEaIV,ANKw^+H
X<D/^CTÀAED ��TUBEDlK<?IF:KwHUV�ACT�^+\IBCD:H
T�^C^CT�^
�ta]KwHWa�VPBCTN^CKLuyK<X<VPB�9

=@?*H
DPBEDPX<XwV�BEk¢{]9 q�D�gB� � ��zj� �[KLA+Kw^N^Ca]D,�t?MAEaIV,ANKLg�AEa]TyXLK<uyK�AdK<? � q]9Q8D mT�
jKw^nAE^ ��ACa]T�? KLAdF:DjT�^+?]DPAF:T�\(T�?IF}DP?
λ � T�
]H
T�\:A�g$DPBfACa]T¼\IV,AEa]DPX<DP�/K<HÀHUVP^CT�^ λ0 = 0

D/B
λ1 = 0

 J9�ijDÂ��T¼HUVP?¹HWa]DjD/^CT+g$DPBmT�
]V�u �\]X<T
λ = (1/2, 1/2)

AED�HUV�XwH
GIX<V�ACTOACa]TNBWV,AET��:�ta]KwHWa¢�PK<ºPT�^

B(t) := B
(

(1/2, 1/2), t
)

=
1

2
P 0

t (ϕ0
t ≤ ϕ1

t ) +
1

2
P 1

t (ϕ0
t > ϕ1

t )

��{
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Ω

λ1ϕ
1
t

λ0ϕ
0
t

B(λ, t)
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^A 8 CE+Z6 LIL]8�9 -JC . -#+ 9 -%?@+ Ad+�5�N�+<-JCU6K4e6 / - +"C V CE+"- . -J6K5 / 5 = -%?@+ � .0> + 9 CU6 9 � Q R ?@+ -7F 5i4 8 CUf�+ 9. C`+�-I?S+�F +<6 A�?�-#+ 1 1 + /@9 6I-76K+ 9 5 = -%?@+ 1 6 9 -JCU6 3"8 -76K5 /@9 5 / -I?S+ V CE5 3`.M3 6 L 6I- >�9JV@. 4`+ Ω Q R ?@+ � .�> + 9 CU6 9 � 6 9 -%?@+9 6 b_+ 5 = -%?@+ ? . -#4`?S+ 1i. CE+ . Q�
 - 6 9 L . C7AM+e6 = -%?@+ 1 6 9 -7CU6 3"8 -76K5 /@9 . CE+ 9 6IN�6 L . C Q
V�?(FlGI^CK<?]��XLT�uyuyV�8]9 8¼��TO�/T
A

lim
t→∞

1

t
logB(λ, t) = max

(

lim
t→∞

1

t
logP 0

t (ϕ0
t ≤ ϕ1

t ),

lim
t→∞

1

t
logP 1

t (ϕ0
t > ϕ1

t )
) � qI9 _d 

g$DPB�VPXLX
λ ∈ Prob(ϑ)

9
��T�BCTN��TdH
D/?I^CK<F:T�BtAx��D�BCT�ºPTUBW^CKLo]X<TNF:K
��GI^CK<DP?I^t�tKLACa¹F]K���TUBETU?0AmF:BEKLg�A �ITUXwF]^�9(«IDPB

ϑ ∈ Θ = {0, 1} XLTUA
Φϑ : 
 d → 
 o�TNAx��DvACK<uvT¼H
DP?0AEKL?jG]D/GI^nX<klF:K
��TUBETU?0ACKwV�o]X<T��

bϑ = − gradΦϑ �(V�?IF Xϑ o(TdV�^CDPX<G:ACK<DP?¢DPgACaITÀi:efs
dXϑ = bϑ(Xϑ) � dt+ dB

Xϑ
0 = 0.

� qI9 r� 

«]BEDPu¶XLT�uvu�V�;P9Q{¼��T+³j?]D,� ACa]TNT�
j\IXLKwH
KLAbg$DPBEu¶D�g�ACa]TdF]TU?I^CK�AEKLT�^
ϕϑ

t

9I`ba]TUk�HUV�?¢o�TNF:T��I?IT�F�ojk

ϕϑ
t (ω) = exp

(

−Φϑ(ωt) + Φϑ(0) −
∫ t

0

vϑ(ωs) ds
)

g$DPBmV�X<X
ω ∈ C

(

[0;∞), 
 d
) �ta]T�BCT

vϑ =
(

(∇Φϑ)2 − ∆Φϑ
)

/2
9]��T�HUVPGI^CT+ACa]TNT�
j\�DP?ITU?0ACKwV�XZg$GI?IHJAEKLD/?}K<^

uyDP?]DPACD/?]K<H�V�X<XLk�K<?IHUBCT�VP^CKL?]� �0ACa]TNT�ºPTU?0A
ϕ0

t (X
0) ≤ ϕ1

t (X
0)
K<?¢T�­0GIV,AEKLD/? � q]9 _M �HUVP?�o�TNT�
:\]BET�^E^CT�FlV/^

−Φ0(X0
t ) + Φ0(X0

0 ) −
∫ t

0

v0(X0
s ) ds ≤ −Φ1(X0

t ) + Φ1(X0
0 ) −

∫ t

0

v1(X0
s ) ds

DPBtT�­0G]KLº,VPXLT�?/AEXLk�VP^
1

t

∫ t

0

(

v1 − v0
)

(X0
s ) ds+

1

t

(

Φ1 − Φ0
)

(X0
t ) − 1

t

(

Φ1 − Φ0
)

(X0
0 ) ≤ 0. � q]9Q{�Vd 

`ba]TND/\]\(D0^nKLACT+T�ºPTU?0A
ϕ0

t (X
1) > ϕ1

t (X
1)
o�T�H
D/uyT�^

1

t

∫ t

0

(

v1 − v0
)

(X1
s ) ds+

1

t

(

Φ1 − Φ0
)

(X1
t ) − 1

t

(

Φ1 − Φ0
)

(X1
0 ) > 0. � q]9Q{,o2 

=@?¹D/BEF:T�B�AED�H�V�XwH
G]XwV,AETNACa]TvBWV,ACTÀg$DPBmACa]Ty�bV�kPT�^tBCKw^C³�����TÀaIV�º/TNACD¢H
D/?I^nKwF:T�BfXwV�BE�PTÀF:T�ºjK<V�ACK<DP?I^fg$DPB
ACaIT�TUºPT�?0AE^ � qI9 {PVM OV�?(F � q]9Q{,o' 
9-=@?*�PT�?]TUBWV�X�ACaIK<^NKw^dV¢F:K !ÂH
G]XLAÀ\]BEDPo]X<TUu¢9-`ba]Tyg$D/XLX<D,�tK<?]�¢T�
]V�uy\]X<TK<XLX<GI^nACBWV,ACT�^�ACa]TN\IBCD:H
T�F:G]BETfg$D/B�VyºPT�BCkÂ^CKLuy\]X<TdHUV/^nT/9

½m¾ 5 �²±���. ®,&� � ·�D/?I^nAEV�?0AÀF:BEKLg�A� J9
�f^E^nG]uyTyAEaIV,Ad��T�aIV�ºPT ��
:T�F*ºPT�H
ACD/BE^
b0, b1 ∈ 
 d �tKLACa

bϑ(x) = bϑ
g$DPBNV�X<X

x ∈ 
 d 9Z«]BEDPu T�
]V�uy\]X<T�;/9L;¼��Tv³j?]D,�´ACa(V,A+��TvaIV�ºPT
Φϑ(x) = −bϑ · x VP?IF

vϑ(x) = |bϑ|2/2 a]T�BCT/9(`bajGI^bAEa]T¼F:T�?I^CK�AEKLT�^ ϕϑ DP?]X<k�F]TU\�TU?IF¢D/?¢ACa]TdT�?IF:\�DPK<?0A Xϑ
t

D�g�ACa]TÀ\IV,AEa¹V�?IF
��TO�/T
A

ϕ0
t (X

0) ≤ ϕ1
t (X

0) ⇐⇒ b1 + b0

2
· (b1 − b0) − 1

t
X0

t · (b1 − b0) ≤ 0.
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��T�H�V�GI^CTfAEa]TdF:BEK�g�A�Kw^�HUDP?I^nAEVP?/A
bϑ
ACa]TNº,V�X<G]T

X0
t

Kw^ N (t ·b0, t) � F:Kw^xAEBCK<o]G:AET�F �]ACajGI^ X0
t /t

Kw^ N (b0, 1/t) �F:Kw^xAEBCK<o]G:AET�F²VP?IF£ACa]TlVPo(D,º/T�H
DP?(F:K�AEKLD/?*uvT�V�?I^NACaIV�A
X0

t /t
Kw^dH
D/?/AWV�K<?]T�F K<? ACa]TÂa(V�XLg � \]XwV�?IT��tK�AEa?]D/BCu�V�XZº/T�H
ACDPB

b1 − b0
�ta]KwHWa¢F:DjT�^b?]DPAfH
DP?0AWV�K<?lAEa]TNºPT�HJACD/B

b0
9(·�D/BCD/XLXwV�BEkÂ8:9<;�8¼�PK<ºPT�^

lim
t→∞

1

t
logP

(

ϕ0
t (X

0) ≤ ϕ1
t (X

0)
)

= −1

2

∣

∣

∣

b1 + b0

2

∣

∣

∣

2

= −|b1 − b0|2
8V�?(F�Vyº/TUBEkÂ^nK<uyKLXwV�B�H�V�XwH
G]XwV,AEKLD/?�V�Xw^CDy^Ca]D,��^

lim
t→∞

1

t
logP

(

ϕ0
t (X

1) > ϕ1
t (X

1)
)

= −|b1 − b0|2
8

.

`bajGI^bo�D�ACa¢BWV,AET�^�g$BEDPu AEa]TNBCK<�Pa0AtaIVP?IF�^CKwF:TND�g � qI9 _d �H
DPK<?IHUK<F:TNVP?IF���T+�PTUAbACa]TNBET�^CG]XLA

lim
t→∞

1

t
logB(λ, t) = −|b1 − b0|2

8
.

emT
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��
=@?¢ACaIK<^O^nT�HJAEKLD/?���TÀF:TUACT�BCuyK<?]TNACaITdT�
:\�DP?]T�?/AEK<VPX�BWV,AET+g$DPB�AEa]TÀF:T�HUV�k�D�g�ACa]Tv�bV�kPT�^bBEKw^n³��ta]TU?MF]K<^nACK<? ��PGIK<^Ca]K<?]�vAx��DlµmBE?I^xAETUK<? � ¡�a]X<TU?jo�T�HW³�\]BED:H
T�^E^CT�^��tK�AEa}F:K���TUBETU?0A�\IVPBEVPuyT
ACT�BE^ α0

V�?IF
α1
9

�f^m��TdaIV�ºPT¼^nT�TU?¹K<?MHWaIVP\:ACT�Bm_��(ACaIT¼F:T�?I^nKLAxk¢D�g%V
d � F:K<uvT�?I^nK<DP?(V�X�µmBE?I^nACT�KL? � ¡�aIXLT�?]o(T�HW³�\IBCD:H
T�^C^�tKLACa¢\IV�BWV�uyTUACTUB

αϑ
D/?lAEa]TN\IV,AEa}^n\IV/H
T+Kw^

ϕϑ
t (ω) = exp

(

−αϑ
ω2

t

2
− 1

2

∫ t

0

α2
ϑω

2
s − αϑ ds

)

.

`ba]T+BETU\]BET�^CTU?0AEV�ACK<DP?�D�g�AEa]TNTUº/TU?0A
ϕ0

t (X
0) ≤ ϕ1

t (X
0)
g$BEDPu � q]9Q{�VM �o�T�HUDPuyT�^

α2
1 − α2

0

2

1

t

∫ t

0

(X0
s )2 ds− α1 − α0

2
d+ (α1 − α0)

(X0
t )2

2t
≤ 0

V�?(F�V/^C^CG]uyKL?I�
α0 > α1 > 0

��TNHUVP?¢F]KLºjKwF:T+o0k
α1 − α0 < 0

AEDv�/T
AbACaITdH
DP?(F:K�AEKLD/?
α1 + α0

2

1

t

∫ t

0

(X0
s )2 ds− d

2
+

(X0
t )2

2t
≥ 0. � q]9 qPVd 

`ba]T�F:Kw^xAEBCK<o]G:AEKLD/?MDPg%ACaITv\IBCD:H
T�^C^
X
H
DP?jº/TUBE�PT�^�ACD¢V

d � F]KLuyTU?(^nK<DP?IVPX[R+V�GI^E^nKwV�? F:Kw^xAEBCK<o]G:AEKLD/?£�tKLACaT�
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lim
n→∞

1

n
logP 0

(

m̂n ∈ A1
)

= log inf
0<λ<1

ρ(π(λ)). � qI9 zd 
� KLACa�ACa]TNaITUX<\�DPg�AEa]T+g$DPX<X<D,�tKL?]�vTUX<TUuyT�?/AWV�BEkÂX<TUuyu�V¼��TNHUVP?lAEBEVP?I^xg$T�BbACa]Kw^tBET�^CG]XLA�AEDyDPG]B�^CK�AEGIV,AEKLD/?-9

3 .j��� 5l® &�2)& *^+<-
(an) 3 + .\9 +�m 8 + / 4`+h5 = V 5 9 6I-J6If�+eCE+ .�LH/'8 N 3 +"C 9 QOR ?@+ /

lim inf
t→∞

1

t
log

∞
∑

n=1
� −t t

n

n!
an ≥ exp

(

lim inf
n→∞

1

n
log an

)

− 1

.�/H1

lim sup
t→∞

1

t
log

∞
∑

n=1
� −t t

n

n!
an ≤ exp

(

lim sup
n→∞

1

n
log an

)

− 1.

)+�,�-��¨ & �tHUHUDPBWF:K<?]�ÀAEDÂi0ACK<BCX<K<?]�I� ^�g$DPBEuÀG]XwVv��T+aIV�º/T

n! ∼
√

2π
nn+1/2

� n
,

�ta]T�BCT ∼ K<?IF:KwHUV�ACT�^��:AEaIV,AbAEa]Td­0G]D�AEKLT�?/A�DPg�o�D�AEa¢^CKwF:T�^tHUDP?jºPT�BC�/T�^%ACD
1
VP^
n→ ∞ 9I`bajGI^b��T+�PTUA

� −t t
n

n!
an ∼ � −ttn � n

nn

an√
2πn

= exp
(

−t− n logn+ n log t+ n+ log
an√
2πn

)

= exp
(

t
(

−1 − n

t
log

n

t
+
n

t
+
n

t
cn
)

)

� qI9L;�~M 
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�ta]T�BCT
cn =

1

n
log

an√
2πn

.

��T�BCTvAEa]Tl­0G]D�AEKLT�?0A+DPg�o�D�AEa²^nKwF:T�^ÀF:DjT�^+?]DPAÀF:TU\�TU?IF*D/?
t
��K'9 TP9ZAEa]TlHUDP?jºPT�BC�/TU?IHUTdg$DPB

n → ∞ K<^
G]?]KLg$DPBEu K<?

t
9

� D,�
=��bV�?0AbACD�T�
:\]BCT�^C^�AEa]TNBEKL�/a/A�a(V�?IF¢^CK<F:TNV/^�V¼g$G]?IHJAEKLD/?}D�g n/t 9:=@?¢DPBWF:TUBbAEDÂF:DÂ^CDyF]T��I?]T+AEa]Tg$G]?IH
ACK<DP?
g
ojk

gc(x) = −1− x log x+ x+ x · cg$DPBNVPXLX
x > 0

9-`ba]Kw^mg$G]?IH
ACK<DP?*K<^+uyD/?]D�AEDP?]KwHUVPXLX<k}KL?(H
BET�VP^CK<?]�lK<?
c
9 �£Ty�tK<XLX|G(^nTyKLANACD��PT
ANo�DPG]?(F]^

DP? � qI9L;�~M �K<?�AEa]Td^CK�AEGIV,AEKLD/?��ta]T�?�ACa]Td^CT�­0G]T�?IH
T (cn)n∈ �
Kw^bo(D/G]?IF:T�FZ9(ijK<?IHUT

g′c(x) = − logx− x

x
+ 1 + c = c− logx,

ACaIT¼F:T�BCK<º,V,ACK<ºPT
g′c
Kw^m^nACBEK<H
ACX<k�F]T�H
BET�V/^nK<?]�y�tKLACaMV ��TUBEDlV,A

x = � c
9�`bajGI^

gc
V,ACAEV�K<?I^fK�AW^f�/XLD/oIV�X-u�V 
jK �uÀGIu V,AbAEa]TN\(D/KL?0A

� c
9]`baITNº�VPXLGITODPg�AEa]TNu�V 
:K<uÀG]u Kw^

gc( � c) = −1 − � c log � c + � c + � c · c = � c − 1.

� D,�
XLTUA a = lim infn→∞
1
n log an

VP?IF
ε > 0

9]`ba]TU?�AEa]TUBET+K<^�VP?
N ∈ g �tK�AEa

1

n
log

an√
2πn

> a− ε
g$DPB�VPXLX

n ≥ N.

��T�H�V�GI^CTÀX<TUuyu�V�8]9 8ÂDP?]X<k}V�\]\]X<K<T�^mACD �I?]KLACT�^nGIuy^ ����Tv�tKLX<X|^n\IXLKLAmAEa]TvKL? �(?]K�AETv^CG]u�g$BEDPuÁACaITyHUX<VPKLu
K<?/AEDvACa]Td^CG]uyu�V�?IF]^tg$DPB

n = 1, 2, . . . , N − 1
V�?IFlACa]TNBETUu�VPKL?]K<?]�vAEVPKLX©9]«]D/B

n < N
��T �I?(F

lim
t→∞

1

t
log � −t t

n

n!
an = −1 + lim

t→∞
n

t
log t+ lim

t→∞
1

t
log

an

n!
= −1 + 0 + 0 = −1

V�?(Fl�tKLACa
nt = b � a−ε · tc ��TNH
DP?(H
X<GIF:TOg$DPBbAEa]T+AEVPKLX

lim inf
t→∞

1

t
log

∞
∑

n=N
� −t t

n

n!
an

≥ lim inf
t→∞

1

t
log
(

� −t t
nt

nt!
ant

)

= lim inf
t→∞

1

t

(

t
(

−1− nt

t
log

nt

t
+
nt

t
+
nt

t

1

nt
log

ant√
2πnt

)

)

≥ lim inf
t→∞

ga−ε

(

nt/t
)

= ga−ε

(

� a−ε
)

= � a−ε − 1
g$DPB�VPXLX

ε > 0

K©9 T/9
lim inf
t→∞

1

t
log

∞
∑

n=N
� −t t

n

n!
an ≥ � a − 1.

c-T�uyuyV�8]9 8¼�PK<ºPT�^�?]D,��AEa]TNBCT�^nGIX�A�9I��T�HUVPGI^CTmDPg
ea−1 > −1

ACa]T �IBW^nA
N−1

AETUBEuy^tVPBCT+?]DPAtKLuy\�DPBCAEV�?0A
V�?(FÂAEa]TNBEV�ACT+Kw^�F:T
AETUBEuyKL?]T�FlojklACa]T+AWV�K<X'9

� D,�
XLTUA b = lim supn→∞
1
n log an

V�?IF
ε > 0

9]`ba]T�?�AEa]TUBET+K<^tVP?
N ∈ g �tK�AEa

1

n
log

ann
2

√
2πn

< b+ ε
g$DPB�VPXLX

n ≥ N
9

«]D/BtACaITdG]\]\�TUBmo(D/G]?IF}��TNaIV�ºPT+AEDÂH
D/?I^nKwF:T�BfV�X<X-AETUBEuy^�KL?¢AEa]TNAEVPKLX �Iu¼G]XLACK<\]XLkjK<?]��AEa]TÀ?jG]uyTUBWV,AEDPB�VP?IF
F:T�?]DPuyK<?IV,AEDPBbD�g�T�­0GIV�ACK<DP? � q]9<;�~d ��tK�AEa n2 ^Ca]D,��^ �jACaIV�A�DP?]TNHUVP?�HWaID0D0^nT N X<VPBC�/TfAEDyDPo:AWV�K<?

� −t t
n

n!
an ≤ 1

n2
exp
(

t
(

−1− n

t
log

n

t
+
n

t
+
n

t

1

n
log

ann
2

√
2πn

)

)

· (1 + ε)
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g$DPBmV�X<X
n ≥ N

9 � =@?I^xAET�V/F�DPg 1/n2 ��TdH
D/G]XwF�a(V�ºPTNHWa]D/^CTU?¢V�?jk�D�ACaITUB�^CG]uyuyVPo]X<TÀ^nT�­0G]TU?IHUTP9  b`ba]TU?¢��TaIV�º/T

lim sup
t→∞

1

t
log

∞
∑

n=N
� −t t

n

n!
an

≤ lim sup
t→∞

1

t
log

∞
∑

n=N

1

n2
exp
(

tgb+ε(n/t)
)

(1 + ε)

≤ lim sup
t→∞

1

t
log
(

(

∞
∑

n=N

1

n2

)

exp
(

tgb+ε( � b+ε)
)

(1 + ε)
)

= � b+ε − 1
g$DPB�VPXLX

ε > 0
�

K©9 T/9
lim sup

t→∞

1

t
log

∞
∑

n=N
� −t t

n

n!
an ≤ � b − 1.

¡f^CK<?]�yXLT�uvu�VÂ8]9 8¼V��0V�K<? �:��TNVPX<^CDy�PT
AbAEa]Td^nT�H
D/?IFl\(V�BCAbDPg�AEa]TdH
XwV�K<u¢9 � ­0T�F' 
� KLACa�ACa]TNaITUX<\�DPg�AEa]TNXLT�uyuyVy��T+�PTUA�AEa]TNu�V�K<?¢BCT�^nG]XLAtD�g�ACa]Kw^�^CT�HJAEKLD/?-9
�d��.j�I�,.j� ®,& � ( *,+"-

X0, X1 3 +Z-JF 5�6ICUCE+ 1�8 4"6 3<L + : +�m 8 6If .�L + / -O4�5 / -76 /'8 5 8�9 -J6INT+ � . C � 50f�4�? . 6 /@9FG6I-%? 
 / 6I-#+ 9 - . -#+ 9JVS. 4�+ S .0/21 AM+ / +"C . -#5�C 9 q0, q1 ∈ 
 S×S Q � 8 CU-I?S+<C .�9`9U8 N�+ qϑ
ii = −1 = 50C .�LIL

i ∈ S Q � 50C λ ∈ [0; 1] L +"-�-%?@+\N . -JCU6 � π(λ) 3 + 1 + 
 / + 1	.�9\.M3 50f�+ .0/21iL +"- ρ 1 + / 50- +\-%?@+ 9JV +�4"-7C .�LC .M1 6 8�9 Q R ?S+ / -%?@+ � .0> + 9 CU6 9 � B(t) = 50CZ-I?S+ 9 + VS. C . -76K5 / 5 = X0 .0/21 X1 ? .�9 + � V 5 / + / -J6 .�L 1 +�4 .�> C . - +

lim
t→∞

1

t
logB(t) = inf

0<λ<1
ρ(π(λ)) − 1.

)+�,�-��¨ & ijG]o(^xAEK�AEG:ACK<?]��Y�T
AETUBfi:HWa]T���T�X'� ^tBET�^CG]XLA � q]9 zM %g$DPB�¸MV�BE³PD,ºÂHWaIVPKL?I^bK<?0ACDyX<TUuyu�VvqI9 8¼�/KLº/T�^

lim
t→∞

1

t
logP 0

t

(dP 1
t

dP 0
t

≥ 1
)

= exp
(

log inf
0<λ<1

ρ(π(λ))
)

− 1

= inf
0<λ<1

ρ(π(λ)) − 1.

��?(V�X<DP�PD/GI^�DP?]TNVPX<^CDy�PT
AW^

lim
t→∞

1

t
logP 1

t

(dP 1
t

dP 0
t

≤ 1
)

= exp
(

log inf
0<λ<1

ρ(π(λ))
)

− 1

= inf
0<λ<1

ρ(π(λ)) − 1.

¡f^CK<?]�yXLT�uvu�VÂ8]9 8 �I?]Kw^naIT�F�ACa]TN\IBCDjD�gx9 � ­0T�F' 
«�KLBW^nAb?ID�ACKwH
T+AEaIV,A �IK<?}H
DP?0AEBEV/^xAbACDyAEa]Td¸¹VPBC³/D,ºÂHWaIV�K<?�H�VP^CT��jAEa]TdBWV,ACTNH�V�?]?]DPAfF:BEDP\�o(T�XLD,� −1

9(µm?
VÂHUXLD0^nT�B�XLDjD/³lAEa]K<^fK<^m?]DPAm^nGIBC\]BEKw^nK<?]�I9(�f^m��TÀ^EV�� KL?}AEa]TÀ\IBCDjD�g�D�g[X<TUuyu�VÂqI9 8��]ACaITdº,V�X<G]T −1

Kw^[�xGI^nA
ACaITÀT�
:\�DP?]T�?0ACKwV�X�BWV,AET+g$DPBfACa]T¼TUºPT�?0A �]AEaIV,AfACa]T¼\]BCD:HUT�^E^taIVP^f?]DN�xG]uy\ � DPBOV,AmuyD0^xA N �xGIuv\(^` �G]\}ACDACK<uyT

t
9]=@?�ACaIK<^mHUVP^CT+D�g|H
D/G]BE^CT+��TdH�V�?]?ID�A��/V�ACa]T�B�V�?jkÂK<?:g$DPBEu�V,AEKLD/?lAEDÂF:K<^nACK<?]�/G]K<^Ca}o�T
Ax��TUTU?�AEa]T+Ax��D

\]BED:H
T�^E^CT�^�9
`bajGI^�ACaITd^nKLACGIV�ACK<DP?�K<^fVP^�g$DPX<X<D,��^��:�ta]T�?lAEa]TN\]BED:H
T�^E^CT�^tV�BETOºPTUBEkl^CKLuyK<X<VPB �jAEa]TU?�AEa]TNBEV�ACT

ρ
g$DPBtAEa]T

^CTU\IVPBEV�ACK<DP?¢D�g|AEa]TÀT�uÀo�T�F]F:T�F¹¸¹VPBC³/D,º�HWaIVPKL?I^fK<^OH
X<D/^CTNAEDl~lVP?IF�ACa]TvBWV,ACTdg$DPB�AEa]T¼HUDP?0ACK<?jG]DPG(^tACK<uyTHUV/^nT+Kw^
� ρ − 1 ≈ ρ

�]K'9 TP9IK�A�Kw^tuyD/^nACX<k�F:TUACT�BCuyK<?]T�F�ojkÂACaIT+ACBWV�?I^CK�AEKLD/?�uyT�HWaIV�?]Kw^Cu�9I=@?�AEa]TdHUV/^nT+DPg�º/TUBEk
F:K
��T�BCT�?0Af¸¹V�BE³PD,ºÂHWaIVPKL?(^��:D/?lAEa]TND�AEa]TUB�a(V�?IF �

ρ
K<^t^CK<�P?]K
�(HUVP?0ACX<kl^nu�VPXLX<TUBbACaITU?}~�V�?IF�g$D/B�H
DP?0AEKL?jG]D/GI^

ACK<uyTN��T+�/T
AtACaITNBEV�ACT
� ρ − 1 ≈ −1

9 �fTUBET+ACa]T+BWV,AETOKw^tu�V�K<?]X<klF:TUACTUBEuyKL?IT�F�ojk�ACa]Tb�xGIuv\¢uyT�HWa(V�?]Kw^nu¢9
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1

2

3

0 10 20 30 40

«�KL�/G]BETÂq]9 _�� R ?@+ 1 6 . A0C . N 9 ?S5�F 9 5 / + VS. -%? 5 =P. 4�5 / -J6 /S8 5 8�9 -J6INT+ ��. C � 5�f 4`? . 6 /@: AM+ / +"C . -#+ 1 3"> -%?@+-JC .�/S9 6I-J6K5 / N�+�4`? .�/ 6 9 N = CE5�N +	� . N V2L +�� Q���Q R ?S+Pm 8 + 9 -J6K5 / 6 9�: F^?@+"-I?S+<CT-%?@+ V C`5 4�+ 9`9 ? .�9 Ad+ / +<C . -#5�C q05�C
q1 Q
½m¾ 5 �²±���. ® &�2)& `ba]K<^OT�
:VPuy\]XLTyF:T�uvD/?I^nACBWV,ACT�^��(ACa(V,AN�PK<ºPT�?}ACa]TvAEBEVP?I^nKLACK<DP?£u�V,ACBEKwH
T�^mKLA+Kw^OT�V/^nk

ACD�T�
:\]X<K<HUK�AEXLk}H�V�XwH
G]XwV,AETNACa]TvT�
:\�DP?]T�?0ACKwV�X�F]T�HUV�k�BWV,ACT�^tg$D/BfAEa]T¼�bV�kPT�^tBEK<^C³�9�·�DP?(^nKwF:TUBfACa]T¼ACBWV�?(^nKLACK<DP?
u�V,AEBCKwH
T�^

π1 =





0 1/3 2/3
2/3 0 1/3
1/3 2/3 0





V�?(F
π0 =





0 2/3 1/3
1/3 0 2/3
2/3 1/3 0



 .

emT��I?]K<?]�
π(λ) VP^OV�o�D,ºPTd��TÀ�/T
AmACa]Tv^n\�T�H
ACBWV�X�BEV/F:KLG(^ ρ(π(λ)) = (21−λ + 2λ)/3

VP?IF¹HUDP?I^CT�­0G]T�?/AEXLk
inf0<λ<1 ρ(π

(λ)) = ρ(π1/2) =
√

8/3
9I«IBCD/u Y�TUACTUBNi:HWa]T���T�X'� ^�BET�^CG]XLAm��Td�PTUA�ACaIT¼F:T�HUV�k�BEV�ACTdDPg�AEa]T

�bV�kPT�^�BEKw^n³�g$D/BbACa]Td^CTU\(V�BWV,ACK<DP?lD�g�ACa]T+Ax��D�H
DPBEBET�^C\(D/?IF:K<?]�¼F:Kw^EH
BET
ACTOAEKLuyTd¸¹VPBC³/D,ºÂHWaIV�K<?I^ �

lim
n→∞

1

n
logB(λ, n) = log(

√
8/3) ≈ −0.059.

`ba]Td�/TU?]T�BEV�ACD/BE^�g$D/B�ACaIT¼H
D/BCBET�^C\�DP?IF:K<?]�ÂHUDP?0ACK<?jG]DPGI^tACK<uvTv¸¹V�BE³PD,º�HWaIV�K<?I^�VPBCT
qϑ = πϑ − I

g$DPB
ϑ ∈ {0, 1} 9]«�K<�PG]BETÀqI9 _yK<XLX<GI^nACBWV,AET�^�D/?]TdK<?I^nAEV�?0AEK<V�ACK<DP?¢D�g�ACaIK<^m\]BEDjHUT�^E^U9(«]BEDPu ACa]T�DPBETUu qI9 _Â��Td³j?]D,�
ACaITNBEV�ACTOg$DPBbAEa]Td^nT�\IV�BWV,AEKLD/?lDPg�ACaITdH
DP?0AEKL?jG]D/GI^�ACK<uyTd¸¹V�BE³PD,º�HWaIVPKL?I^�9:= A�Kw^

lim
t→∞

1

t
logB(t) = inf

0<λ<1
ρ(π(λ)) − 1 =

√
8/3− 1 ≈ −0.057.
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=@?¢ACaITd\]BEDjHUT�^E^tD�g|G]?(F:TUBW^xAWV�?IF]KL?]�ÂHUDPuy\]X<K<H�V,AET�F¢^xAED:HWaIVP^nACKwH+uyT�HWaIVP?]K<^Cu�^�H
D/uy\]G:ACT�Bm^CKLu¼G]XwV,ACK<DP?(^�HUVP?
o�T¼V�GI^CT
g$GIX�AED0D/X'9�`ba]T¼VPBCT�VyD�g[XwV�BE�PTdF:T�ºjK<V�ACK<DP?}\]BEDPo]X<TUu�^t\IX<V/H
T�^m^n\�T�HUK<VPX�HWa(V�X<XLT�?]�PT�^ta]TUBETP9���T�HUVPGI^CT
ACaIT¼�ta]D/XLTÀ\(D/KL?0A+D�g[XwV�BE�PTÀF:T�ºjK<V�ACK<DP?}\]BEDPo]X<TUu�^mK<^fACD�aIV�?(F:XLT¼T�
jACBETUuyT�XLk}^CuyVPXLX�\]BEDPoIVPo]K<XLKLACK<T�^ �I?IVPKLº/T
V�\I\]BCD0VPHWa]T�^tAETU?IF¹ACD�g�V�K<X�aITUBETP9ZijDPuyTy^nD/XLG:AEKLD/?I^fACD�ACa]TvBCT�^nGIX�AEKL?]��\]BEDPo]X<TUu�^OV�BETÀK<XLX<GI^nACBWV,ACT�F¹K<?¹AEa]T
g$DPX<X<D,�tKL?]�vT�
]VPuv\IXLT�^U9

`ba]TNT�VP^CkÂ��V�kÂACD�T�^nACK<u�V,AETNACa]TN\IBCD/oIV�o]K<X<K�AxkÂDPg[V�?¢TUº/TU?0AtK<^�ACD��PT�?]TUBWV,AET+uyVP?jkÂBEVP?IF:D/u ^EV�uy\]X<T�^ �
ACD}HUDPG]?0A+ACa]T�?jG]u¼o(T�BND�gbD:HUH
GIBCBETU?IHUT�^mD�g�ACa]T�T�ºPT�?/ANK<? ­0G]T�^xAEKLD/? �-V�?(F �(?IV�X<XLk¹ACD¢GI^CT¼AEa]T�XwV�� D�g
XwV�BE�PTd?jG]u¼o(T�BE^fACD�T�^nACK<uyV�ACTÀACa]Tv\]BEDPoIVPo]KLX<KLAxk��tKLACaMACa]T¼BCT�X<V�ACK<ºPTNg$BET�­0G]T�?IH
k/9�`ba]Kw^O��D/BC³:^t��TUX<X�K�g[AEa]T
\]BEDPoIVPo]K<XLKLAxkÂKw^tBCT�VP^CDP?IVPo]X<kÂX<VPBC�/TP9]��G:A�KLg

n
Kw^bACaITdu�V 
:KLu¼G]u¶?jG]u¼o(T�B�D�g[^EV�uy\]X<T�^�AEa]TÀH
D/uy\]G:ACT�B��tK<XLX

�PT�?]TUBWV,AETdK<?}ACa]TÀACK<uyT¼��T¼VPBCTd�tK<X<XLK<?]�ÂAEDl�bV�KLA �IACa]Kw^OuvTUACa]D:F}��DP?�� AO��D/BC³lg$DPBO\]BCD/oIV�oIKLX<K�AEKLT�^f^Cu�V�X<XLT�B
ACa(V�?

1/n
�jo�T�H�V�GI^CTOAxk0\IK<H�V�X<XLkÂ��T+��D/G]XwF�D/oI^CTUBEºPTf?ID�DjH�H
G]BEBETU?IHUT�^�D�g�ACa]TNT�ºPTU?0A�9

��?ID�ACaITUBf\IBCD/o]XLT�u D:H�H
G]BW^t�ta]T�?¹DP?]TdACBEKLT�^tACD�^CVPuv\IXLTÀV/HUHUDPBWF:KL?I�yACDlVÂHUDP?IF]K�AEKLD/?IV�X�F:K<^nACBEK<o]G:ACK<DP?�9
`ba]TdT�VP^Ck��bV�k�AED�F:D�AEa]Kw^�Kw^tACDd�xGI^xA+^CVPuy\]XLTdg$BCD/u¶AEa]TNg$G]X<X�F]K<^nACBEKLoIG:ACK<DP? ��V�?IF}ACDÂBETx�xT�HJAfT�ºPTUBEklº,VPXLG]T
�ta]KwHWaMF:DjT�^O?]DPAmuyTUTUAmAEa]TyH
DP?(F:K�AEKLD/?-9���G]AmAEa]TU? �ZVP�/V�K<? �IACa]Kw^O�tKLX<X�DP?]X<k¢��D/BC³�K�g%ACa]Tv\]BEDPoIVPo]KLX<KLAxk�Kw^
?]DPAmAED0D¢^CuyVPXLX ��o(T�HUVPGI^nT¼D�AEa]TUBE�tK<^CTÀ��Tv�tKLX<X��xGI^xANaIV�º/TdAED�BETx�xT�HJA+TUºPT�BCk¢^EV�uy\]X<TvVP?IF¹�/T
A+?]Dlº,V�X<G]T�^
�ta]KwHWa�uyT�T
AtACaITdH
DP?(F:K�AEKLD/?-9

`ba]Kw^tHWaIV�\]ACTUBf\]BCT�^nT�?0AE^t^CDPuyT+uvTUACa]D:F]^tg$BCD/u ACaITNXLKLACT�BEV�ACG]BET+�ta]K<HWa}VPBCT+GI^CT
g$G]X�ACD�D,º/TUBWH
DPuyTfACa]T�^nT
\]BEDPo]X<TUu�^�9

� ��� �
��
 � ����
 � � � �&� � ��� � � � 
 �������
`ba]TNoIV/^nKwHOuyT
ACaIDjF�AED�?jG]uyTUBEK<H�V�X<XLkl^CDPX<ºPTN^nACD:HWaIV/^xAEK<H+F:K
��T�BCT�?0ACKwV�XZT�­0GIV�ACK<DP?I^�K<^bAEa]TNs[G]X<TUB � ¸¹V�BEG]k/VPu�VuyT
AEa]D:F£D/BN^xAEDjHWa(VP^nACKwHÀs[GIXLT�BNuvTUACa]D:FZ9�`ba]TyuvTUACa]D:F Kw^���g$D/BNT�
]V�uy\]X<T��ZF:T�^CHUBCK<o(T�FMK<?l� �+Y�zPz�� 9 �£T
HUVP?¢GI^nTdACa]Kw^�uyT
AEa]D:F¢ACD��/TU?]T�BEV�ACTNBWV�?IF]DPu¶\(V,ACa(^bg$BCD/u¶AEa]TÀ^CDPX<G:ACK<DP?¢DPg|V�i:efsf9�`ba]TÀBCT�^nG]XLAE^�D�g�ACa]T
^CG]oI^CT�­0G]TU?0Am^CT�H
ACK<DP?I^OHUVP?¢ACa]T�?¹o�T¼GI^CT�F�AEDlT�^xAEKLu�V,AETÀ\]BEDPo(V�o]K<XLKLACK<T�^fDPBfACDl^EV�uy\]X<Tdg$BEDPu�H
D/?IF:KLACK<DP?IVPX
F:Kw^xAEBCK<o]G:AEKLD/?I^�9

·�DP?(^nKwF:TUB�AEa]Td^xAED:HWaIVP^nACKwH+efK
��T�BCT�?0ACKwV�XZT�­0GIV�ACK<DP?
dXt = b(Xt, t) � dt+ σ(Xt, t) � dBt

g$DPB
0 < t ≤ T � �j9<;_ 

X0 = z ∈ 
 d,

�ta]T�BCT
B
Kw^OV

d � F:KLuyT�?I^nK<DP?(V�X���BED,�t?]KwV�?}uyD�AEKLD/? � b : 
 d × 
 + → 
 d Kw^m^CDPuyTvF:BCKLg�Afg$GI?IHJAEKLD/? �ZV�?IF
σ : 
 d × 
 +→ 
 d×n K<^tACa]TdF:K
��GI^nK<DP?¢H
DjT"!�HUKLT�?0A�9ijD/XLG:AEKLD/?I^�ACDÂACa]Kw^tuyT
AEa]D:F}HUV�?¢o�TÀV�\I\]BCD�
:K<u�V,ACT�F�V/^bg$DPX<X<D,��^��:X<T
A

N ∈ g VP?IF
∆t = T/N

9I`ba]T�?
F:T��I?]T

X̃0 = z

 /{



 Pq ��� � � ��� ��� � ��� � � � � � ��� ����� � ����� � � � � �	�����

V�?(FlKLACT�BEV�ACK<ºPTUX<k

X̃n = X̃n−1 + b
(

X̃n−1, (n− 1)∆t
)

· ∆t+ σ
(

X̃n−1, (n− 1)∆t
)

ξn ·
√

∆t

g$DPB
n = 1, . . . , N

�(�ta]TUBET
ξ1, . . . , ξN

VPBCT
d � F]KLuyTU?(^nK<DP?IVPX �IK'9 K'9 FZ9�^xAWV�?IF]VPBEF�?]D/BCu�V�X�BEVP?IF:DPu¶º�VPBCKwV�oIXLT�^U9

`ba]T�?�AEa]TÀF:Kw^nACBEKLo]G]ACK<DP?¢D�g
X̃0, X̃1, . . . , X̃N

K<^�VP?}V�\]\]BED�
:KLu�V�ACK<DP?�g$DPBbACaITÀF:Kw^xAEBCK<o]G:AEKLD/?�DPg�AEa]Tdº,V�X<G]T�^
X0, X1·∆t, . . . , XN ·∆t

9
µm?]TyD�g�ACaIT�oIVP^CK<HvBET�^CG]XLAE^NV�o�DPG]ANACa]Kw^NuyT
AEa]D:F*K<^OAEa]T�g$DPX<X<D,�tKL?]��ACaITUDPBETUu �-�taIK<HWa K<^ÀV}F:KLBET�H
A

H
D/?I^CT�­0G]TU?(H
TOD�g�ACa]T�DPBETUu ;�~]9Q8:9Q8Ng$BEDPu � �+Y%z/z��©9
�d��.j�I�,.j� 1 &' )(;*^+<-

X 3 + .i9 5 L]8 -J6K5 / 5 = � �j9<;_ = 50C . � C`5�F / 6 .0/ NT50-76K5 / B Q X\+ 
 / + ξn =
(Bn∆t −B(n−1)∆t)/

√
∆t .0/21�L +"- X̃n

: n = 0, . . . , N 3 + 1 + 
 / + 1�3"> -I?S+ Y 8aL +"C � ��. C 8a>D. N . N�+<-%?@5 1FG6I-%? 9 -#+ V 9 6 b_+ ∆t = T/N .�9e.D3 5�f�+ Q � 8 CU-I?S+<CUN�5�C`+ .�9�9U8 NT+B-%? . -
∣

∣b(x, t) − b(y, t)
∣

∣+
∣

∣σ(x, t) − σ(y, t)
∣

∣ ≤ K1|x− y|
∣

∣b(x, t)
∣

∣+
∣

∣σ(x, t)
∣

∣ ≤ K2

(

1 + |x|
)

∣

∣b(x, s) − b(x, t)
∣

∣+
∣

∣σ(x, s) − σ(x, t)
∣

∣ ≤ K3

(

1 + |x|
)

|s− t|1/2

= 5�C .�LIL x, y ∈ 
 d .0/21i.0LIL s, t ∈ [0;T ] : F^?S+<C`+h-%?@+�4�5 /S9 - .�/ - 9 K1
: K2

:�.�/21 K3
1 5 / 5�- 1 + V + /215 / N Q R ?S+ / -I?S+<C`+h6 9T. 4�5 /S9 - .0/ - K4

: F^?a6K4`?�6 9�.0L 9 5P6 /H1 + V + /21 + / - 5 = N : 9U8 4`? -%? . -O-%?@+eY 8aL +"C.`VMV CE5 �M6IN . -76K5 / X̃ 9". -76 9 
�+ 9
E
(

|XT − X̃N |
)

≤ K4∆t
1/2.

`ba]TNAEa]TUD/BCT�uÁ^Ca]D,��^ �:ACa(V,AfAEa]Tds[GIXLT�B � ¸¹V�BEG]k0V�u�VyuyT
ACaIDjF¢�/KLº/T�^mV�\IV,AEaj�tK<^CTdV�\]\IBCD�
:K<uyV�ACK<DP?�ACDACaITd^nD/XLG:AEKLD/?-9]`ba]TNT�
j\�T�H
ACT�FlT�BCBEDPBb�PDjT�^�ACD �UT�BCDy�tKLACa¢DPBWF:TUB
0.5
9

½m¾ 5 �²±���.}1 &' '& «]DPBOAEa]T�µmBE?I^nACT�KL? � ¡�aIXLT�?0o�T�HW³¢\]BED:H
T�^C^m�tK�AEa£\(V�BWV�uyT
AETUB α ��T¼aIV�ºPT b(x, t) =
−αx VP?IF σ(x, t) = 1

g$D/B+VPXLX
x ∈ 
 �

t ≥ 0
9Z`ba]T�HUDP?IF:KLACK<DP?(^mDPg%AEa]TvACa]T�DPBETUu V�BET¼^EV,AEK<^ �IT�F¹g$D/B

K1 = α
�
K2 = max(1, α)

VP?IF
K3 = 0

�I^CDvACa]TNs[GIXLT�B � ¸¹V�BEG]k0V�u�VduyT
AEa]D:F��tKLX<X�H
D/?jºPTUBE�PTm\IV,AEaj�tK<^CTP9`ba]T+BET�^CG]X�AtDPg�Vv?jG]uyTUBEK<H�V�X-^CKLu¼G]XwV,ACK<DP?��tKLACa
∆t = 0.005

Kw^�^Ca]D,�t?�KL? �I�PGIBCTN_]9<; � \IVP�PTd8,r� J9

� � � � � �	�&�!� �#��� 
 � � � ���" � �
=@uy\(D/BnAWV�?IHUTvi:VPuy\]XLK<?]��K<^OVÂº,V�BEKwV,ACK<DP?}DPg%¸}DP?0AET � ·�V�BEXLDl^EV�uy\]X<K<?]���(�ta]TUBETÀ��TÀGI^CT¼^CDPuyT¼³0?ID,�tXLT�F:�PTV�o�DPG]AfACaIT¼K<?0ACTU�/BEV�ACT�F�g$G]?IHJAEKLD/?¹AED�BET�F:G(H
TdAEa]TÀº,VPBCKwV�?IHUTÀDPg|ACa]TvT�^nACK<u�V,ACT/9�`baIK<^OKw^fGI^CT
g$GIX ��o�T�HUVPGI^CT
^CuyVPXLX�º,V�BEKwV�?IHUTÀuyT�VP?I^+^nu�V�X<X�TUBEBCD/BE^fKL?£ACaITvT�^xAEKLu�V�ACTP9Z`ba]TyoIV/^nKwHU^mD�g%ACa]Kw^+uyT
ACaIDjF V�BETÀT�
:\]X<VPKL?IT�F
K<? � � �� Pq��©9

�f^E^CG]uyT+ACaIV�A
X,X1, X2, . . .

K<^mV�?¢K©9 K©9 F-9�^CT�­0G]T�?IH
TNDPg�BWV�?(F:DPu º�VPBCKwV�oIXLT�^�V�?IF
f
K<^mVyuyT�VP^CG]BWV�o]X<T

g$G]?IH
ACK<DP?-9(��V/^nKwH+¸}DP?0AET � ·�V�BEXLD¼KL?0ACT��PBWV,AEKLD/?lGI^CT�^�AEa]TNX<V��
D�g�X<VPBC�/Tm?jG]u¼o(T�BE^bK<?�ACa]T+g$D/BCu¶D�g
1

n

n
∑

k=1

f(Xk) −→ E
(

f(X)
)

. � �:9 8M 

`ba]Ty^nGIu D�g[AEa]TvXLTUg�A+a(V�?IF£^nKwF:TvK<^OGI^CT�F VP^OV�? V�\]\]BED�
:KLu�V�ACK<DP?¢g$DPBOAEa]T¼T�
:\(T�HJAEV�ACK<DP?£DP?¹AEa]TyBCK<�Pa0A
aIVP?IF¢^nKwF:TP9]`baITd^n\�TUT�FlDPg�HUDP?jºPT�BC�/TU?IHUTfKw^tF:T
AETUBEuvK<?]T�F�ojk�AEa]TNº,V�BEK<VP?IH
T+DPg�ACaITNXLTUg�A � aIV�?IF¢^CK<F]T��

Var
( 1

n

n
∑

k=1

f(Xk)
)

=
1

n
Var
(

f(X)
)

. � �:9 _d 

� D,�
XLTUA Y1, Y2, . . .
o(TdVP?]D�AEa]TUB�^CT�­0G]T�?IH
T+D�g�K©9 K©9 F-9]BEVP?IF:D/u º,V�BEK<VPo]XLT�^��:^CGIHWa�ACaIV�AtACa]TÀF]K<^nACBEKLoIG:ACK<DP?

D�g
Yk
aIV/^tVyF:TU?I^CKLAxk

g
�tKLACa¢BCT�^n\�T�H
AbACDyACaITdF:K<^nACBEK<o]G:ACK<DP?�D�g

X
�

g =
dL(Yk)

dL(X)

g$D/B�V�X<X
k ∈ g 9



� � � � � � � ����� � ����� � � � � � � � �  0�

`ba]T�?�AEa]TNXwV�� D�g�X<VPBC�/Tm?jG]u¼o(T�BE^b�/KLº/T�^
1

n

n
∑

k=1

f(Yk)

g(Yk)
−→ E

(f(Y1)

g(Y1)

)

� �:9 r� 

=

∫

f(y)

g(y)
g(y)dL(X)(y)

= E
(

f(X)
) � �:9 {M g$DPB

n → ∞ 9Z���/VPKL? �(AEa]T�^nGIu D�g[AEa]TyXLTUg�AdaIV�?(FM^CK<F:T�H�V�?Mo�TyGI^CT�FMV/^+V�?£VP\]\]BED�
:KLu�V,AEKLD/?}g$DPBOAEa]T
T�
:\�T�H
AEV,AEKLD/?¹DP?MACa]T¼BCK<�Pa0AOaIV�?IF£^nKwF:T/9�`ba]Tvº,V�BEK<VP?IH
TÀD�g

f(Yk)/g(Yk)
Kw^+^nu�VPXLX �(KLg

f
V�?(F

g
V�BETÀV�\ �\]BED�
:KLu�V,AETUX<k�\]BEDP\�DPBCACK<DP?IVPX(AEDyT�VPHWa�D�AEa]TUB�9]`ba]TNo�DPG]?(F]V�BEkÂHUV/^nT+Kw^

g(y) =
f(y)

E
(

f(X)
) .

`ba]T�?¢VPXLX�AEa]TNK<?:g$DPBEu�V,ACK<DP?¢V�o�DPG]A
E
(

f(X)
) Kw^tV�X<BET�VPF]kÂH
DP?0AWV�K<?]T�F�KL?

g
VP?IF

f(Yk)

g(Yk)
= E

(

f(X)
)

Kw^tH
DP?(^xAWV�?0Abg$DPB�V�X<X
k ∈ g 9µfg|H
DPGIBE^CTOACa]Kw^tAEBCKwHW³�F:DjT�^t?]D�AfHWa(V�?]�/TmAEa]TdD/BEF:T�BtD�g�ACaITNuvTUACa]D:FZ9�`ba]Tdº,V�BEKwV�?IHUTODPg�AEa]TdT�^xAEKLu�V,AET

Kw^
Var
( 1

n

n
∑

k=1

f(Yk)

g(Yk)

)

=
1

n
Var
(f(Y1)

g(Y1)

)

, � �:9 qd 
K©9 T/9IAEa]TduyT
AEa]D:F}K<^m^xAEKLX<X�D�g|DPBWF:TUB

1/
√
n
��o]G:AO^CDPuyTUACK<uvT�^�D/?]TÀHUVP?¹HWa]DjD/^CTdVyg$G]?IH
ACK<DP?

g
ACDÂD/o:AEVPKL?¹V

uÀG(HWa�o�T
ACACTUBmH
DP?(^xAWV�?0AtKL?�ACaITNº�VPBCKwV�?(H
TP9
� TvVPBCTvKL?0AETUBET�^nACT�FMKL? T�^nACK<u�V,AEKL?]��ACaITv\IBCD/oIV�o]K<X<K�Axk¢D�g�ACa]TvTUº/TU?0A {X ∈ A} g$D/B+V�uyT�V/^nG]BWV�oIXLT^CT
A
A
�IK'9 TP9:K<?�ACa]TdH�VP^CT

f = 1A
9 ��TUBET+ACaIT+¸¹DP?0ACT � ·�VPBCX<D¼uyTUACa]D:F � �:9 8M %o�T�HUDPuyT�^

1

n

n
∑

k=1

1A(Xk) −→ P (X ∈ A)

V�?(FÂAEa]TNº,V�BEK<VP?IH
T � �:9 _d %g$DPBbACaIK<^tT�^xAEKLu�V�ACT+K<^

σ2��� = Var
( 1

n

n
∑

k=1

1A(Xk)
)

=
1

n

(

P (A) − P (A)2
)

.

`�DÂu�V�³PT¼KLuy\�DPBCAEVP?IH
Tv^CVPuv\IXLK<?]�ÂGI^CT
g$GIX�g$D/B
P (X ∈ A) ≈ 0

�(��T¼HWaID0D0^nTÀBEVP?IF:DPuÁº,V�BEK<VPo]X<T�^
Yk�tKLACa

P (Yk ∈ A) � P (X ∈ A)
9(`baITOK<uy\(D/BnAWV�?IHUTN^CVPuv\IXLK<?]�yuyT
ACaIDjF � �j9 rd �K<^

1

n

n
∑

k=1

1A(Yk)

g(Yk)
−→ P (X ∈ A)

g$DPB
n→ ∞

V�?(FÂAEa]TdH
D/BCBET�^C\(D/?IF:K<?]�vº�VPBCKwV�?(H
Tmg$BCD/u � �:9 qd �o(T�H
DPuyT�^

σ2����� = Var
( 1

n

n
∑

k=1

1A(Yk)

g(Yk)

)

=
1

n
Var
(1A(Yk)

g(Yk)

)

=
1

n

(

E
(1A(X)

g(X)

)

− P (A)2
)

.

`ba]T�BWV,AEKLD}DPg�AEa]TÂº,V�BEKwV�?IHUT�^Og$DPBdACa]T�KLuy\�DPBCAEV�?(H
TÂ^EV�uy\]X<KL?]�}uyTUACa]D:F²V�?(F ACa]Tl¸¹DP?0ACT � ·�VPBCX<DuyT
AEa]D:F�Kw^
σ2�����

σ2���
=
E
( 1A(X)

g(X)

)

− P (A)2

P (A) − P (A)2
.

= g
g
K<^bXwV�BE�PT+D/?

A
ACaIK<^tBWV,AEKLDyo�T�HUDPuyT�^�^Cu�V�X<X �:K©9 TP9]K<?�ACa]T�^nTdH�VP^CT�^�ACa]TÀT�^nACK<uyV�ACTOg$BEDPu AEa]TNK<uv\�DPBCAEVP?IH
T

^EV�uy\]X<KL?]�yuyT
AEa]D:F�aIVP^tVvo�T
AnAETUB�º,VPBCKwV�?IHUTP9



 P  ��� � � ��� ��� � ��� � � � � � ��� ����� � ����� � � � � �	�����

plain Monte−Carlo sampling

0.0010 0.0015 0.0020 0.0025 0.0030 0.0035 0.0040 0.0045
0

10
0

20
0

importance sampling

0.0010 0.0015 0.0020 0.0025 0.0030 0.0035 0.0040 0.0045

0
40

0
10

00

«�KL�/G]BET£�j9<;�� R ?�6 9 
�A 8 CE+ 6 LIL]8�9 -7C . - + 9 -%?@+ f . CU6 .�/ 4`+�CE+ 1�8 4"-J6K5 /@: F^?a6K4`? 4 .�/ 3 + . 4`?a6K+<f�+ 1 3"> 1 + V2L 5 > 6 / A6IN V 50CU- .0/ 4�+ 9<. N VHL 6 / A Q 
 / -%?@+ 8_VDV +"C V 6K4"- 8 C`+ 9 F +T+ 9 -J6IN . -#+h-%?@+ V C`5 3�.D3 6 L 6I- > -%? . - . � CE5�F / 6 .�/ NT50-76K5 /+ �d4�+�+ 1�9 -%?@+ L +<f�+ L 3 3 + = 5�CE+h-76IN�+ � 3"> AM+ / +"C . -76 / A .�9<. N VHL +T5 = � ������� � CE50F / 6 .0/PVS. -%? 9�: 9". N V2L + 1 FG6I-I?.i9 - + V 9 6 b_+�5 = DT = 0.001 :�.�/21 4�5 8a/ -J6 / A�?@50F N .�/S> 5 = -I?S+ 9 +�CE+ . 4`? . f .0L]8 + ADCE+ . -#+<Ch-I? .�/ � QZR ?@+8_VDV +"C V 6K4"- 8 CE+�AD6If�+ 9 -I?S+�?a6 9 -#5`A0C . N = 50CP-%?@+ 1 6 9 -7CU6 3"8 -J6K5 / 5 = � � ��� + 9 -J6IN . - + 9 AM+ / +"C . - + 1 6 / -I?a6 9 F .0> Q
R ?@+ L 5�F +"C V 6K4"- 8 CE+hAD6If�+ 9 -I?S+�?a6 9 - 5`A0C . N = 5�C � � ��� + 9 -J6IN . - + 9 5 3 - . 6 / + 1�3"> -I?S+P6IN V 50CU- .0/ 4�+ 9". N VHL 6 / AN�+<-%?@5 1Z= CE5�N$+ � . N V2L + �_Q��dQ � A . 6 / + . 4�? + 9 -J6IN . - +�6 9 4 .0L 4 8aL . -#+ 1Z= CE5�N .�9". N V2L +P5 = � ������� V@. -I? 9`: 3"8 -5 / + 4 .�/ 9 +`+�-%? . -e-I?S+ + 9 -J6IN . - + 9 5 3 - . 6 / + 1 3"> 6IN V 50CU- .0/ 4�+ 9". N V2L 6 / A . CE+	N 8 4�? 3 +"-7-#+"C�4�5 / 4�+ / -JC . -#+ 1
. C`5 8a/21 -%?@+e-I?S+`50CE+"-76K4 .�L f .�L]8 + 2.69 · 10−3 Q
½m¾ 5 �²±���.�1 &w2 & `�DÂAET�^nAmAEa]TÀK<uy\(D/BnAWV�?IHUT¼^EV�uy\]X<KL?]��uyT
ACaIDjF¹��TÀACBEk�AEDlGI^CTvK�AmACDlT�^xAEKLu�V�ACT¼ACa]T\]BEDPoIVPo]K<XLKLAxk��jAEaIV,A�V���BCD,�t?IK<VP?ÂuyD�ACK<DP?¢T�
:HUTUT�F]^�ACa]TNX<TUº/TUX

3
o�T
g$DPBETOACK<uyT�;P9 � TdF:T��I?IT

A =
{

ω : [0; 1] → 

∣

∣ sup
0≤t≤1

ωt > 3
}

.
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P (X ∈ A) = P
(

sup
0≤t≤1

Xt > 3
)

= 2P (X1 > 3) = 0.00269. . . .
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Yt = Xt + bt
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g(ω) =
dL(Y )

dL(X)
(ω) = exp(b · ωt − b2/2).
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f
VP?IFMV�?jG]uÀo�TUB

λ ≥ 1
�tK�AEa

λf ≥ g
�]�ta]TUBET+��TdH�V�?}V�X<BET�VPF]kÂ�PT�?]TUBWV,AETOBWV�?(F:DPu º,VPXLG]T�^tVPH�H
DPBWF:K<?]�vACDyAEa]TN\]BEDPoIVPo]KLX<KLAxkF:T�?I^nKLAxk

f
9I`�D�^CVPuy\]XLTOg$D/BbACa]TdF:T�?I^CK�Axk

g
D/?]T+aIVP^�AEDy\(T�Bng$D/BCu AEa]T+g$DPX<X<D,�tKL?]��^nACT�\I^U9

^nACT�\ ;��b�PTU?ITUBWV,ACT+VyBWV�?IF:D/u º,V�X<G]T
X
V/HUHUDPBWF:KL?I�dACD

f^nACT�\}8��b�PTU?ITUBWV,ACT+VyBWV�?IF:D/u º,V�X<G]T
U
�:G]?]KLg$DPBEuyXLk�F:K<^nACBEK<o]G:ACT�F�DP?

[0; 1]^nACT�\¢_��bK�g
U · λf(X) > g(X)

�/D¼oIV/HW³�ACD�^nACT�\ ;
^nACT�\�r �bTUuyK�A

X��T�H�V�GI^CTmKLA��PK<ºPT�^b^nD/uvT+K<?I^CKL�/a/AW^b=�BETU\IBCD:F:GIHUTfAEa]TN\]BEDjD�g�DPg�AEa]T+ACaITUDPBETUu¶a]TUBETP9
)+�,�-��¨ & ROK<ºPT�?�AEa]Tdº,V�X<G]TNDPg

Xn
�(K�AfKw^�V/HUH
T�\:ACT�F¢�tK�AEa}\]BEDPoIVPo]KLX<KLAxk

g(Xn)/λf(Xn)
9�ijDyAEa]TNACDPAEVPX

\]BEDPoIVPo]K<XLKLAxkyACaIV�A
Xn

Kw^tVPH�H
TU\]ACT�F �]K<^

P
(

λUnf(Xn) ≤ g(Xn)
)

=

∫

X

g(x)

λf(x)
f(x) dµ(x) = 1/λ.
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N
K<^O�/TUDPuyTUACBEK<H�V�X<XLk¢F:Kw^xAEBCK<o]G:AET�F£�tK�AEaM\IVPBEVPuvTUACT�B

1/λ
V�?IF¹g$DPBOTUºPT�BCk}^CT
A

A ∈ F V�?IF
n ∈ g ��T+�PT
A

P (Xn ∈ A,N = n) =

∫

A

(

1 − 1

λ

)k−1 g(x)

λf(x)
f(x) dµ(x)

=
(

1 − 1

λ

)k−1 1

λ
·
∫

A

g(x) dµ(x).
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n
�PK<ºPT�^

P (XN ∈ A) =
∑

n∈ �
P (Xn ∈ A,N = n) =

∫

A

g(x) dµ(x).
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ϕ
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A
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ϕ
VP?IF��ta]TUBET

��TvH�V�?M�/TU?]T�BEV�ACT¼BEVP?IF:DPu�º,V�X<G]T�^m�taIK<HWa V�BET¼F:Kw^xAEBCK<o]G:AET�F VPH�H
DPBWF:K<?]��AED
ϕ
9-«]D/BOACa]TyV�X<�PD/BCKLACa]u���T

HWa]DjD/^CTmACa]TdF:T�?I^CK�AEKLT�^
f
VP?IF

g
�tKLACa

f(x) =
ϕ(x)1A(x)
∫

A ϕdP

V�?IF
g(x) =

1A(x)

P (A)
.

��T�H�V�GI^CT
A
a(VP^fVÂa]KL�/a¹TU?IDPG]�/a}\]BCD/oIV�oIKLX<K�Axk��tBnA�9

ϕ
��TÀHUVP?¹�PTUAm^CVPuy\]XLT�^fV/HUH
D/BEF]KL?]�yAED

f
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?IVPKLº/TyVPXL�/DPBEK�AEa]u¢9Z`ba]TÂF:TU?(^nKLAxk
g
Kw^+ACa]TÂF]TU?I^CK�AxkMD�g�ACa]TÂHUDP?IF:KLACK<DP?(V�X|F:Kw^xAEBCK<o]G:AEKLD/? �taIK<HWa*��TyVPBCT

K<?/AETUBET�^nACT�FlK<?-9I«IDPB
λ
��TNHUV�?¢HWa]DjD/^CT

λ = ess sup
x∈A

g(x)/f(x) =

∫

A
ϕdP

P (A) ess infx∈A ϕ(x)
.
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AEa]Tv\]BCD/oIV�oIKLX<K�AEKLT�^
P (A)V�?(F ∫

A ϕdP
K<?¢DPBWF:TUB�ACDÂVP\]\]X<kÂKLA �:AEa]TdH
D/?IF:KLACK<DP?

λUf(X) ≤ g(X)
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Uϕ(X) ≤ ess inf

x∈A
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f
����TÀ?ITUT�FMKL?MACa]TvuyT�VP?

1/
∫

A
ϕdP

º,VPXLG]T�^t�ta]KwHWa}V�BET+F]K<^nACBEKLoIG:ACT�F}VPHUHUDPBWF:K<?]�ÀAED
ϕ
9I«]BEDPu¶ACa]Td\IBCDjD�g�V�o�D,ºPT+��TN³0?ID,��ACa(V,A�K<?

ACaITNACa]T�DPBETUu ACa]TÀ?0GIuÀo�TUB
N
DPg|?]T�HUT�^E^CVPBCkÂK<?]\]G]Am^CVPuy\]XLTÀº�VPXLGIT�^�Kw^t�/TUDPuyTUACBEK<H�V�X<XLk�F:K<^nACBEK<o]G:ACT�F¢�tK�AEa

\IVPBEVPuvTUACT�B
1/λ

9]`ba]TNuyT�V�?�º,V�X<G]TNKw^
E(N) = λ

9�ijD�KL?�ACaITNuvT�V�?¢��TOa(V�ºPTmACD��PT�?]TUBWV,AET

m =
1

∫

A ϕdP
· λ =

1

P (A) ess infx∈A ϕ(x)
� �:9  d 

º,V�X<G]T�^mF:Kw^xAEBCK<o]G:AET�F¹V/HUH
D/BEF]KL?]�yAED
ϕ
K<?¹DPBWF:TUB�ACDl�/T
AfD/?]Tdº,V�X<G]TvF:K<^nACBEK<o]G:ACT�F¹VPH�H
D/BEF:K<?]�yAED

g
9�= g

ϕ
K<^

H
D/?IH
T�?0ACBWV,ACT�FÂ?]T�V�B
A
AEa]K<^fHUV�?�o�TNuÀGIHWa�o(TUAnAETUBtAEaIV�?�ACaITNº�VPXLGIT

1/P (A)
g$BCD/u ACa]TN?(V�K<ºPT+V�X<�PDPBEKLACa]u¢9

½m¾ 5 �²±���.}1 & � & �£TyHUVP?MGI^CTÀAEa]TyBCTn�xT�H
ACK<DP?¹uyT
AEa]D:F¹AED�^CK<uÀG]XwV,AETvV���BCD,�t?]KwV�?¹¸¹D�ACK<DP?£DP?MACa]T
ACK<uyTÂK<?/AETUBEº,V�X

[0; t]
HUDP?IF]K�AEKLD/?]T�F DP? AEa]T�TUº/TU?0ANACaIV�A ∫ t

0 B
2
s ds < ε

g$DPBdV}^Cu�V�X<X[º,V�X<G]T�D�g
ε
VP?IF

|Bt| ≤ c
g$D/B�^nD/uyT

c > 0
9

��T�H�V�GI^CT+ACa]TÀKL?0ACT��PBWV�X�HUDP?IF]K�AEKLD/?}K<^fDP?]X<k�^EV,AEK<^ �IT�F�g$DPB�\IV�ACaI^f�ta]KwHWa¹^xAWV�k�uyD/^nAfDPg�AEa]TNAEKLuyTÀ?IT�V�B
ACaITÀDPBEK<�PK<? �]��TdGI^CTÀV�? µmBE?I^nACT�KL? � ¡�aIXLT�?0o�T�HW³�\]BEDjHUT�^E^bACD�^CVPuv\IXLTNAEa]TÀD/BCK<�PK<?IVPX-BEVP?IF:D/u¶\IV�ACaI^�9�«IBCD/u
g$DPBEuÀGIX<V � _I9 _d f��Ty³j?]D,�´ACa(V,ANACaITyF]TU?I^CK�AxkMD�gtV�?MD/?]T � F:K<uyTU?I^CKLD/?IV�X%µmBE?I^nACTUK<? � ¡�a]X<TU?jo�T�HW³}\]BED:H
T�^C^�tKLACa¢\IV�BWV�uyTUACTUB

α > 0
K<^

ϕt(ω) = exp
(α

2
(t− ω2

t ) − α2

2

∫ t

0

ω2
s ds

)

g$DPB�VPXLX
ω ∈ C([0; t], 
 )

9�µm?lAEa]Td^CT
A

Aε =
{

ω ∈ C([0; t], 
 )
∣

∣

∣

∫ t

0

ω2
s ds < ε, |ωt| ≤ c

}

��T �(?IF
ess inf
x∈Aε

ϕt(x) = exp
(α

2
(t− c2) − α2

2
ε
)

.

`bajGI^fg$BCD/uÁHUDP?IF:KLACK<DP? � �j9 �0 t��TvH
DP?(H
X<GIF:T��IACaIV�Am��T¼^Ca]DPGIX<F}V/HUH
T�\:AOVÂ\IV,AEa¹D�g|AEa]TyµmBE?I^nACTUK<? � ¡�a]X<TU? �o�T�HW³Â\]BED:H
T�^C^ �:K�g�KLA�K<^bK<?
Aε

V�?IF�VPFIF:K�AEKLD/?IV�X<X<kl^CV�ACKw^ �(T�^

U exp
(α

2
(t−X2

t ) − α2

2

∫ t

0

X2
s ds

)

≤ exp
(α

2
(t− c2) − α2

2
ε
)

DPBtT�­0G]KLº,VPXLT�?/AEXLk
U ≤ exp

(

−α
2

(c2 −X2
t ) − α2

2

(

ε−
∫ t

0

X2
s ds

)

)

.

� Td��VP?0AtACDÂ³/TUTU\�AEa]TduyT�VP?}?0GIuÀo�TUB�DPg|^EV�uy\]X<T�^�GI^nT�F�g$BCD/u T�­0GIV,AEKLD/?¹�:9  �^Cu�V�X<X'9��f^E^nGIuvT
c2 <

t
�]?]D,�N9]��T�HUV�G(^nTOD�g

m =
1

P (Aε) ess infx∈Aε
ϕ(x)

=
1

P (Aε)
exp
(α2

2
ε− α

2
(t− c2)

)

=
1

P (Aε)
exp
((

α
√

ε/2 − (t− c2)/
√

8ε
)2

−
(

t− c2
)2
/8ε
)

��TO�tK<X<XZACa]T�?}HWa]DjD/^CT
α =

t− c2√
8ε

·
√

2

ε
=
t− c2

2ε
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m∗(ε) =
exp
(

−(t− c2)2/8ε
)

P (Aε)
.

¡f^CK<?]�yXLT�uvu�Vyr(9 _¼��TdH�V�?¢H
D/?IH
X<GIF:T

lim
ε↓0

ε logm∗(ε) = −
(

t− c2
)2
/8− lim

ε↓0
ε logP (Aε) =

t2 − (t− c2)2

8
.
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^EV�uy\]X<T�^tV/HUH
D/BEF]KL?]�¼ACD

f �

;�_P~/ ];�_
V/HUH
T�\:ACT�F�^EV�uy\]X<T�^ ~ zI;Ur

ijD�ACaIK<^NKw^+DP?ITvDPg%AEa]T�HUVP^CT�^O�ta]T�BCTvAEa]T�BCTn�xT�H
ACK<DP? uvTUACa]D:F£��D/BC³:^+­0G]KLACTy��T�XLX �Zo]G:ANAEa]T�?IVPKLº/TvVP\ �\]BED/V/HWaÂg�V�K<Xw^U9
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¡f^CK<?]��ACa]T�s[GIXLT�B � ¸¹V�BEG]k0V�u�VÂg$BEDPu ^nT�HJACK<DP?��j9<;y��D/BC³:^O��TUX<X�g$DPBNDPBWF:K<?IV�BEk¹^nACD:HWaIVP^nACKwHyF:K
��T�BCT�?/AEK<VPX
T�­0GIV�ACK<DP?I^ �IoIG:AmKLAmF:DjT�^f?]D�A+V�X<XLD,�
ACD�^CVPuv\IXLTÀVÂ\]BCD:HUT�^E^�H
D/?IF:KLACK<DP?]T�F¢DP?¹V��/KLº/TU?}º,V�X<G]TNg$D/B�ACaITÀTU?(F
\�DPK<?/A�9I=@?}D/BEF:T�BbACDl^CK<uÀG]XwV,AET+ACa]Td\IBCD:H
T�^C^fH
DP?(F:K�AEKLD/?]T�F�D/?�AEa]TdT�?IF¢\(D/KL?0A � V�o]BEK<F]�PT_ ��]��TN?]TUT�F¢uvD/BCT^CDP\]a]Kw^nACKwHUV,AET�F�uyT
ACaIDjFI^U9I`baIK<^t^CT�H
ACK<DP?¢F:T�^EH
BEKLo�T�^t^CGIHWa}VvuyT
ACaIDjF-9

`ba]TvoIVP^CKwHÀ\]BEK<?IH
K<\]X<TvG(^nT�F¹a]T�BCTvK<^OAEa]T�c�VP?]�PT�º0K<?MuyTUACa]D:F �-�m^C^CG]uyTÀAEaIV,AN��Ty��VP?/AmACD}^EV�uy\]X<T
g$BEDPu Vy�/KLº/TU?�\]BEDPoIVPo]KLX<KLAxk�F:Kw^xAEBCK<o]G:AEKLD/?

µ
�tKLACa}F:T�?I^CK�Axk

ϕ
D/? 
 d 9(`ba]TU?}��TdH
D/?I^nKwF:T�BbACa]TÀ^nACD:HWaIV/^xAEK<HF:K
��T�BCT�?0ACKwV�XZT�­0GIV�ACK<DP?

dZt = grad logϕ(Zt) � dt+
√

2 dBt. � �:9 zd «]BEDPuÁAEa]TUD/BCT�u ;/9 r���T¼³j?]D,� �IAEaIV,AmACa]Kw^O\]BEDjHUT�^E^�aIV/^
µ
VP^mK�AW^m^nAEV�ACK<DP?IVPBCk¢F:Kw^xAEBCK<o]G:AEKLD/?-9Z�f^E^nG]uyK<?]�

TUBE�PD:F:KwH
KLAxkÂg$D/B
Z
��TvHUVP?¹V�\]\]BED�
:KLu�V�ACT+ACaIT¼F:Kw^xAEBCK<o]G:AEKLD/?

µ
ojk�^CK<uÀG]XwV,AEKL?]��Vl^CDPX<G:ACK<DP?}DPg � �:9 zd tV�?IF
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AEVP³jKL?]�
Zt
g$DPBOX<VPBC�/T

t
��VP?IF}��TÀHUVP?MV�\I\]BCD�
:K<u�V,ACTNT�
:\(T�HJAEV�ACK<DP?I^ ∫

f dµ
ojk�?jG]uyT�BCKwHUVPXLX<k�T�º,V�X<GIV,AEKL?]�

1
T

∫ T

0 f(Zt) dt
g$D/BtX<VPBC�/T

T
9]efTUAEV�K<Xw^�V�o�DPG:AbAEa]K<^�uvTUACa]D:F¢HUVP?�o�T+g$DPGI?IF�KL? � ªt·�z/z�� 9

«]D/BmHUDP?I^nAEVP?/AW^
c ∈ 
 ��TÀaIV�º/T

grad log(cϕ) = grad(log c + logϕ) = grad logϕ
��K©9 T/9���T¼H�V�?

F:TUACTUBEuyKL?IT+ACa]TdF:BEKLg�A�g$D/BtACaITNi]efs � �j9 zM �TUº/TU?�K�g|��TOD/?]X<kÂ³j?]D,��AEa]TdF:TU?(^nKLAxk ϕ GI\�AED�VvHUDP?I^nAEVP?0A�9� D,� VP^E^nGIuvTO��TN��VP?/A�ACDÂ^CK<uÀG]XwV,AET+^CDPX<G:AEKLD/?I^bD�g
dXt = f(Xt) � dt+ dBt

g$DPB
0 < t ≤ T

X0 = a ∈ 
 , � �:9L;�~M 
�ta]T�BCT

B
Kw^dV

1 � F:K<uvT�?I^CKLD/?IV�X|��BCD,�t?IK<VP?£uyD�AEKLD/?²V�?IF f : 
 → 
 Kw^d^CDPuyT�F:BCKLg�Adg$G]?(HJACK<DP? ��o]G:A
H
D/?IF:KLACK<DP?]T�F¢DP?

XT = b ∈ 
 9 � T¼H�V�?}�PTUAOVP?¹V�\]\]BED�
:KLu�V�ACK<DP? (X̃0, X̃1, . . . , X̃N ) ∈ 
 N+1 D�g�AEa]TG]?IHUDP?IF]K�AEKLD/?]T�F¹^CDPX<G:AEKLD/?}º0KwV�s[GIXLT�BmuyT
AEa]D:FZ9
X̃ = (X̃1, . . . , X̃N )

Kw^OV�BEVP?IF:D/u º/T�HJAEDPB�K<? 
 N �tK�AEa
F:T�?I^nKLAxk

ϕ(x1, . . . , xN ) =
1

(2π∆t)N/2
exp
(

−
N
∑

n=1

(

xn − xn−1 − f(xn−1)∆t
)2

2∆t

)

�ta]T�BCT+��TOG(^nT
x0 = a

V/^bV�?}V�o]oIBCT�º0KwV,AEKLD/?-9:`ba]TNH
D/?IF:KLACK<DP?IVPX-F:TU?I^CKLAxklD�g�ACa]TNº/T�H
ACDPB
(X̃1, . . . , X̃N−1)

�
H
D/?IF:KLACK<DP?]T�FlD/?

X̃N = b
Kw^bAEa]TU?

ϕ(x1, . . . , xN−1|xN = b) = c exp
(

−
N
∑

n=1

(

xn − xn−1 − f(xn−1)∆t
)2

2∆t

)

�ta]T�BCT�D/?MAEa]TÂBEKL�/a/ANaIVP?IF*^nKwF:T
x0 = a

�
xN = b

�-VP?IF
c
K<^+AEa]T�?]D/BCu�V�X<Kw^nK<?]�}H
D/?I^xAWV�?0A �Z�taIK<HWa

u�V�³/T�^�ACaIT+g$G]?IHJAEKLD/?}V¼\IBCD/oIV�o]K<X<K�AxklF]TU?I^CK�Axk�V��/VPKL?�9 �£TN�bV�?0AbACD�V�\I\]XLkÂACa]Tdc�V�?]�/TUºjKL?�uyT
AEa]D:FlAEDyACa]Kw^
\]BEDPoIVPo]K<XLKLAxkÂF:TU?(^nKLAxkP9

emT��I?]T
I(x1, . . . , xN−1) =

N
∑

n=1

(

xn − xn−1 − f(xn−1)∆t
)2

2∆t
,

ACaITU?¹AEa]TyF:BCKLg�AOg$DPBmACa]Tyc�VP?]�PT�º0K<?¹T�­/G(V,ACK<DP?MK<^
grad logϕ( · |xN = b) = − grad I

V�?IFM��T¼�PTUAfACaIT
c�VP?]�PT�ºjKL?�T�­0GIV�ACK<DP?

dZ̃s = −∇I(Z̃s) � ds+
√

2dB̃s.«]D/BfV
(N − 1) � F:K<uyTU?I^CK<DP?IVPX���BCD,�t?]KwV�?�uyD�AEKLD/? B̃ 9(=�G(^nT s g$DPB�AEa]TNAEKLuyTÀK<?¢ACaITÀc�VP?]�PT�º0K<?¢T�­0GIV�ACK<DP?a]T�BCTOACDÂF]K<^nACK<?]�PGIK<^Ca�KLAtg$BEDPu AEa]T+ACK<uyT

t
K<?�ACa]TÀi:ems � �:9L;�~M W9��T�H�V�GI^CT¼aITUBETv��T�V�BET¼D/?]X<k¹KL?0AETUBET�^nACT�F£K<?£AEa]TÂ^nAEV,AEKLD/?IV�BEk¹F:Kw^xAEBCK<o]G:AEKLD/?£DPg�AEa]Kw^di:efs ����TyH�V�?

g$BETUTUX<k�BCT�^CH�V�X<TmAEKLuyTdK<?}AEa]TÀc�VP?]�PT�ºjKL?¢T�­0GIV�ACK<DP?-9(�tg�ACT�B�AEa]T
s � ACK<uvTdACBWV�?I^ng$DPBEu�V,ACK<DP? Zs = Z̃s/∆t

V�?IF
Bs = B̃s/∆t

��T+�/T
AbACa]TÀi]efs

dZs = − 1

∆t
∇I(Zs) � ds+

√

2

∆t
dBs. � �:9L;/;_ 

�ta]T�BCT
B
Kw^tV�?]DPACa]T�B

(N − 1) � F]KLuyTU?(^nK<DP?IVPX-��BCD,�t?]KwV�?�uyD�ACK<DP?�9]�´F:KLBET�H
A�HUV�XwH
GIX<V�ACK<DP?��PK<ºPT�^

− 1

∆t
∂nI(x) =

xn+1 − 2xn + xn−1

∆t2

− f(xn)f ′(xn)

− f(xn) − f(xn−1)

∆t
+ f ′(xn)

xn+1 − xn

∆t
� �:9L;�8D 

�ta]T�BCTv��TyV��0V�K<?¹GI^CTvACa]T�V�oIo]BCT�ºjK<V�ACK<DP?I^
x0 = a

V�?(F
xN = b

9Z`ba]TyBCT�VP^CDP?}g$D/BOBET�^EHUVPXLK<?]�lACa]T
s �ACK<uyTÀKw^��(ACa(V,Am?ID,�
AEa]T��IBE^nA�AETUBEuÁD/?¢ACa]TvBEKL�/a/AmaIV�?IFM^nKwF:TdKw^mVlF:K<^EH
BET
AEK
��T�F}º/TUBW^nK<DP?¢DPg|ACa]Tvc�V�\IX<V/H
T

DP\�TUBWV,AEDPB�VP?IF¢DP?]T¼H
DPGIX<F¢a]D/\(TdACaIV�A�g$DPB
N → ∞ AEa]T

(N − 1) � F:K<uyTU?I^CK<DP?IVPX�i:ems � �:9L;/;_ tHUDP?jºPT�BC�/T�^ACD�V�^nACD:HWaIV/^xAEK<Hm\IV�BCACKwV�X-F]K���TUBETU?0ACKwV�XZT�­0GIV,AEKLD/?�D/? 
 +× [0;T ]
9

`ba]T¼uvTUACa]D:F¢AED�^CKLu¼G]XwV,ACTvVl^CDPX<G:ACK<DP?
X
D�g|ACaITyi:ems � �j9 zM fH
DP?(F:K�AEKLD/?]T�F¹DP?}AEa]TÀT�?IF¹\�DPK<?0A XT��DPBE³j^�?]D,�´VP^tg$D/XLX<D,��^�9(«�KLBW^nAmHUVPX<HUG]X<V�ACTNAEa]T¼HUDPBEBCT�^n\�DP?(F:KL?I�yF]BCKLg�Amg$D/B�AEa]T¼c�V�?]�/TUºjKL?¢T�­/G(V,ACK<DP?}G(^nK<?]�
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g$DPBEuÀGIX<V � �:9L;�8D W9�`baITU? GI^nTvAEa]K<^NF]BCKLg�ANACD}^CKLu¼G]X<V�ACTyV¢^nD/XLG:AEKLD/? Z DPg%ACaITli:efs � �j9<;P;_ J9�`ba]TyKL?IK�AEK<VPXº,V�X<G]T

Z0
K<^+V�BEo]KLACBWV�BEkP9Zµm?]TvHUDPG]XwF ��g$DPBOT�
]VPuv\IXLT���G(^nTvXLK<?]T�V�BOKL?0ACT�BC\�DPXwV,AEKLD/?Mo�T
Ax��TUT�?¹ACaIT

a
V�?(F

b
9

� D,�´�/T
A Zs
g$D/BOVlX<VPBC�/TNACK<uyT

s
9Z`ba]TU?MACa]TyH
D/uy\(D/?]TU?0AE^

Zs,1, . . . , Zs,N−1
V�BET¼VP?MV�\I\]BCD�
:K<u�V,ACK<DP?

g$DPB
X1·∆t, . . . , X(N−1)·DT

9�µfg|H
DPGIBE^CTfAEa]TN\]BEDPo]X<TUu¶�tK�AEa�AEa]Kw^tuyT
ACaIDjF�Kw^�ACD �I?(F��/DjDjF�º,V�X<G]T�^bDPg
s
9

µm?]T¼uvTUACa]D:F¹ACDl?jG]uyT�BCKwHUVPXLX<k�^CDPX<ºPTÀACa]T�i:ems � �j9<;P;_ �K<^fACD�GI^CTdAEa]T¼s%G]XLT�B � ¸¹VPBCG]k0V�u�VyuyT
AEa]D:FZ9� DPACTÀACaIV�Afg$DPBfACa]Kw^OuyT
ACaIDjFM­/GIK�AET¼Vl^Cu�V�X<X�^nACT�\M^nK �UT¼KL? s � F:K<BCT�HJAEKLD/?}K<^m?]T�HUT�^E^CVPBCk��]K<?¹DPBWF:TUBfACDÂ³/TUT�\ACaITÀuyT
AEa]D:FM^nAEV�oIXLT/9(= g|AEa]T¼BEG]?]?IKL?]�lACK<uyTÀD�g|AEa]Tv\]BCD/�PBWV�u K<^OV�?¹K<uy\(D/BnAWV�?0A�g�V/HJACD/B �(ACaITU?¹uyT
AEa]D:F]^
X<KL³/TNACa]TÀKLuy\]X<K<HUK�AOs[G]X<TUB � ¸MV�BEG]k/VPuyV¼uyT
AEa]D:F}DPBtAEa]Tv·�BWV�?]³ �@� KwHWa]DPXw^CDP?�^EHWa]T�uvTÀ�ta]K<HWa¹VPXLX<D,� �/BCT�V,AETUB^nACTU\}^CK
��T�^bK<?

s � F:K<BCT�HJACK<DP?�uyKL�/a0A�o(TdV/F:º,V�?0AEVP�PTUD/GI^�9
½m¾ 5 �²±���.¹1 &<� � µmBC?(^xAETUK<? � ¡fa]X<TU?jo(T�HW³}o]BEK<F:�/T�^� J9 � T�HUVP?MGI^CTvACa]TyuyT
AEa]D:F£F:T�^CHUBCK<o�T�F£KL?£ACa]Kw^

^CT�HJAEKLD/?MAED}^nK<uÀG]XwV,AETy\IV,AEaI^Og$BCD/u�ACa]T�µmBE?I^nACT�KL? � ¡�aIXLT�?0o�T�HW³}\IBCD:H
T�^C^O�tKLACa*�PK<ºPT�?MK<?]KLACKwV�X%VP?IF �(?IV�X
º,V�X<G]T�^�9

·�DP?(^nKwF:TUB�AEa]TÀi:ems
dXt = −αXt � dt+ dBt

g$DPB
0 < t < 1�tKLACa

α > 0
VP?IF¹o�DPGI?IF]V�BEk¢H
DP?(F:K�AEKLD/?I^

X0 = a
V�?(F

X1 = b
9Z`ba]T�?M��TÀaIV�º/T

f(x) = −αx V�?(FT�­0GIV�ACK<DP? � �:9L;�8D �o(T�H
D/uvT�^

− 1

∆t
∂nI(x) =

xn+1 − 2xn + xn−1

∆t2

− α2xn

+ α
−xn+1 + 2xn − xn−1

∆t

= (1 − α∆t)
xn+1 − 2xn + xn−1

∆t2
− α2xn.

«�KL�/G]BETd�:9 _y^Ca]D,��^�ACa]TNBET�^CG]XLAtD�g|V¼?jG]uyT�BCKwHUVPX-^nK<uÀG]XwV,AEKLD/?�G(^nK<?]�vACa]Kw^tuyT
AEa]D:FZ9
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1A
ACa]TNK<?IF:KwHUV�ACD/Bbg$G]?IHJAEKLD/?¢D�g�AEa]Td^CT
A

A
�IK'9 TP9

1A(x) = 1
K�g
x ∈ A

VP?IF
1A(x) = 0

T�X<^CT
(A)

ACa]TNK<?IF:KwHUV�ACDPBbg$GI?IHJAEKLD/?�DPg�AEa]Td^nTUA
A
�]G(^nT�FlKLg

A
Kw^�V�?¢H
D/uy\]XLKwHUV�ACT�FlT�
j\IBCT�^C^CKLD/? � \IV��/T+q08D 

Bδ(x)
ACa]TND/\(T�?�o(V�X<XZ�tK�AEa�BWVPF]KLGI^

δ
V�BEDPGI?IF

x

B(λ, t)
ACa]T��bV�kPT�^fBEKw^n³¢g$D/BmAEa]T�^nT�\IV�BWV,AEKLD/?¹D�g�Ax��D�\]BED:H
T�^E^CT�^ �(D/oI^nT�BCº/T�F}GI?/AEKLX�AEKLuyT

t
��g$D/B+V�\]BEKLD/BCk

F:Kw^xAEBCK<o]G:AEKLD/?
λ � \-9��P{D 

B( 
 d)
ACa]Td��D/BCT�X � σ � VPXL�/TUo]BWVND/? 
 d

C0([0; t], 
 d)
ACaITd^n\IV/H
T+D�g�V�X<X�H
D/?0ACK<?0GIDPGI^�g$G]?IH
ACK<DP?I^tg$BCD/u ACa]TNK<?0ACT�BCº,V�X

[0; t]
KL?0ACD 
 d � \IVP�PTd8�~d s 
:\

(λ)
AEa]TNT�
:\�DP?]T�?/AEK<VPX-F:Kw^xAEBCK<o]G:AEKLD/?��tKLACa¢\IVPBEVPuyT
ACT�B

λ

Id
ACa]T

d× d
KwF:T�?/AEK�AxkluyV�ACBEK�


Kr
ACa]TdHUXLD0^nT�Flo(V�X<XZ�tK�AEa�BWVPF]KLGI^

r
V�BEDPG]?(FÂAEa]TNDPBEKL�/KL? �

Kr = {x | |x| ≤ r } 9
λd ACa]T d � F:KLuyT�?I^nK<DP?(V�X-c-T�o(T�^n�/G]T+uyT�VP^CG]BET � \-9-;�qM 
g ACa]TN?(V,ACGIBEVPXZ?0GIuÀo�TUBW^

1, 2, 3, . . .

g 0
ACa]TN?(V,ACGIBEVPXZ?0GIuÀo�TUBW^bKL?IHUXLG(F:KL?I�¼AEa]T �UT�BCD �

0, 1, 2, . . .

N (µ, σ2)
AEa]TÀR+V�G(^C^CK<VP?�F]K<^nACBEKLoIG:ACK<DP?¢�tKLACa¢T�
:\�T�HJAWV,AEKLD/?

µ
V�?IF�º,V�BEK<VP?IH
T

σ2

Prob( 
 d)
ACa]Td^C\IV/H
TOD�g|V�X<XZ\]BCD/oIV�oIKLX<K�AxkluvT�VP^CG]BET�^�DP? 
 d


 +

ACa]TN\�D/^CKLACK<ºPT+BCT�V�XZ?jG]u¼o(T�BE^ �:K'9 TP9 
 + = [0;∞)

ρ(A)
AEa]Td^C\(T�HJACBWV�XZBWVPF]KLGI^�DPg�AEa]TNu�V,ACBEK



A
�]K©9 T/9jACa]TNu�V 
jK<uÀGIu¶D�g�ACa]TdVPoI^CDPX<G:ACT+º,V�X<G]T�^bDPg�AEa]TNTUK<�PT�? �º,V�X<G]T�^bDPg

A

s ∧ t ACa]TNuyK<?]KLu¼G]u¶DPg�AEa]TN?jG]uÀo�TUBW^
s
VP?IF

t

s ∨ t ACa]TNu�V 
:K<uÀG]u¶D�g�ACa]TN?jG]u¼o(T�BE^
s
VP?IF

t

V b
a (f)

AEa]T+ACDPAEV�X�º�VPBCKwV,AEKLD/?lDPg�ACaIT+g$G]?IHJAEKLD/?
f
o�T
Ax��TUT�?

a
VP?IF

b � \-9(q/zM 
� ACa]T � K<TU?ITUBtuyT�V/^nG]BET+DP?�ACa]TN\(V,ACa}^C\IVPHUT
� ε

ACa]TNXwV�� DPg�^EHUVPXLT�F�F:D,�t?¢��BCD,�t?IK<VP?luyD�AEKLD/? � \-9(8�~d 
bxc ACa]TNXwV�BE�PT�^xAbKL?0AETU�PT�B�^nu�VPXLX<TUBbDPBtT�­0GIV�X�AED¼AEa]TNBET�V�XZ?jG]u¼o(T�B x
dxe ACa]Td^Cu�V�X<XLT�^xAtK<?/AETU�/TUBt�PBET�V�ACT�B�D/BtT�­0GIV�X�AEDyACa]T+BET�VPXZ?0GIuÀo�TUB x
x+, x−
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