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Abstract

In this paper we consider the problem of decomposing an integer matrix into a weighted sum of
binary matrices that have the strict consecutive ones property. This problem is motivated by an
application in cancer radiotherapy planning, namely the sequencing of multileaf collimators to
realize a given intensity matrix. In addition we also mention another application in the design of
public transportation. We are interested in two versions of the problem, minimizing the sum of
the coefficients in the decomposition (decomposition time) and minimizing the number of matrices
used in the decomposition (decomposition cardinality). We present polynomial time algorithms
for unconstrained and constrained versions of the decomposition time problem and prove that
the (unconstrained) decomposition time problem is strongly N P-hard. For the decomposition
cardinality problem, some polynomially solvable special cases are considered and heuristics are
proposed for the general case.

Keywords: Decomposition of integer matrices, consecutive ones property, multileaf collimator
sequencing, radiotherapy.
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1 Introduction

Definition 1.1. A binary matrix is a (strict) consecutive ones matrix, or C1 matrix for
short, if the ones occur consecutively in a single block in each row.

Let K be an index set of all M x N consecutive ones matrices and K’ C K. We consider the
following problem. Given an M x N matrix A = (an,,) with non—negative integer entries, find

a “good” C1 decomposition, i.e. non—negative integers ap,k € K’ and M x N C1 matrices
Y* k € K such that

A= Yt (1)

ke’

In the following, we often use M :={1,..., M}, N ={1,..., N + 1} For each of the C1 matrices
Y there exist 8, € N',rk € A such that Y* = (y% ) is given by

Y =1=tF <n<rk vme M. (2)
Using [p,q) :={i € N': p <i < ¢} Cl matrices Y* can be written as

YE =Y (%, r* Nmer.

m’ ' m

2 5 3
E le 1.2. For A =
xample or ( 3 5 9 )

111 01 1 010
A=2 1 2
(111)+(110)+ (010)

is a possible decomposition defined by

(1) e
(1) -

a1:2 Oé2:1 Q3 =

The representation of Y2 in terms of intervals is Y2 =Y ( E’ ;L; ) )

It should be noted that the definition of C1 matrices is usually more general than ours: Any
0-1 matrix which can be transformed by column permutations into a matrix where all ones occur
consecutively in the rows (see, e.g., Booth and Lucker (1976)). For this reason our definition
contains the word strict which we will, however, delete subsequently.

C1 decompositions can be used in various applications, two of which are introduced next.

Application 1.3 (Radiation Therapy Planning). In intensity modulated radiation therapy
(IMRT) planning, A is a matrix that describes the intensity distribution across a radiation beam.
These intensity matrices can be found, for instance, with the multicriteria approach to radiation
therapy planning of Hamacher and Kiifer (2002). In Figure 1 some intensity matrices are shown as
greyscale coded grids. Black represents no radiation, the lighter the color the higher the radiation
intensity.

Radiation according to an intensity matrix is delivered by multileaf collimators (MLC). Radi-
ation is blocked out by pairs of metal leaves moved into the beam from left and right (black areas
in the three rightmost squares in Figure 2). It can, however, pass through the opening between
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Figure 1: IMRT with intensity matrices represented as checker-board schemes.

ELE

03302200 00001100 000O0O0OOCOO 01100000
005586 441 00111000 00001111 00111110
033352522 000O01T111 000O0OOCODO 01111100
04465520 00011110 01110000 0601111100
03323220[=2/00011110|+|00O00O0M1000(+3/01 100000
05511100 01100000 00011100 01100000
03300000 000O0OOOO0 000O0O0OOCODO 01100000
03322220 00011110 000O0O0OOCOO 01100000
111422 22 00001111 1717110000 00010000

Figure 2: Realization of an intensity matrix by overlaying radiation fields with different MLC
configurations.

the leaves (white areas). By irradiating each of the MLC configurations for a certain amount of
time (= intensity) the intensity matrix is realized.

Obviously, possible left /right leaf configurations can be represented by C1 matrices Y*. If ay,
is the duration of irradiation with a particular leaf configuration then (1) defines the realization
of the intensity matrix. More details can be found, for instance, in Baatar and Hamacher (2003),
Boland et al. (2003), Ahuja and Hamacher (2004), Engel (2003), Kalinowski (2003).

Application 1.4 (Stop design in public transportation Hamacher et al. (2001), Schobel
et al. (2002), Ruf and Schébel (2003)). Consider a set P of customers and a set S of potential
sites for installing a stop in a public transportation system. Assume it is required that each
customer has a stop not further away than a distance r. This can be written as dist(p, s) < r for
all p € P with respect to some s € S.
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The stop design problem can be written as a set covering problem as follows.

min cx
st. Ax > 1
z € {0,1}S]

1 ifdist(p,s) <r
0 otherwise

Obviously, the stops should be located along existing lines of the public transportation system.
Figure 3 shows that, depending on the topology, A may be C1 or not. The circles indicate all
points at distance r from customer p. Possible stop locations are indicated by crosses and are
defined by intersections of the circles with the lines.

where A = (aps)per With aps = {
SES

Figure 3: Two instances of the stop design problem.

The coefficient matrix of the first instance (left part of Figure 3),

111 1000O0O0O0
0111111000
A=]10 01111000 0],
0000111110
0000O0O0OO0OT1TT1]1

is obviously C1. Since C1 matrices are totally unimodular (Nemhauser and Wolsey, 1988), the set
covering problem is polynomially solvable. The coefficient matrix

1110011
A=101 1 1 1 0 0
0001111

of the second instance (right part of Figure 3) on the other hand is not C1 (neither in the strict
sense used in this paper nor in the weak sense). It can, however, be written as a sum of C1 matrices
— a fact which is used in Ruf and Schébel (2003) to solve large instances of the set covering problem
efficiently.

In this paper we consider two objective functions which can be used to evaluate a given C1
decompositions of type (1), the decomposition time
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DT (a) := Z ay, (3)

ke’

and the decomposition cardinality
DC(a) := [{ag : ar > 0} (4)

In the case where X' = K (unconstrained decomposition) we will show in the next section
that the minimization of DT («) can be achieved in linear time. Specific choices of K’ with
important applications and resulting polynomial algorithms to minimize DT '(«) are discussed in
Section 3. That minimizing DC(«) defines an N P-hard problem is shown in Section 4. In that
section we also present some ideas on heuristics for minimizing DC(«).

2 Linear Algorithm for Unconstrained Decomposition Time

In this section we assume throughout that X' = K, i.e., all C1 matrices are allowed in the de-

composition (1). Note that the number of C1 matrices is exponential in the number of rows of
A.

Given the integer matrix A = (amyn)m=1....sr, we define the M x (N + 1) difference matrix
n=1,...,N

dmn = Omn — Gm,n—1- (5)

Here @m0 = am,nt1 := 0 for all m € M.

Definition 2.1. For m € M let P, := {{ : ame > 0} and Q,, := {r : am, < 0}. Then
Lo :=A{[l,7): £ € Pp, r € Qp,} is the list of crucial intervals in the C'1 decomposition.

Lemma 2.2. For every m € M

DLyi=Y ame= Y (—amr) (6)

1EPm r€EQm

is a lower bound for the decomposition time of the m-th row A, of A.

Proof. Whenever a,,¢ > 0 any C1 decomposition needs to use intervals with left boundary in ¢ at
least Gy,¢ times. Adding over P, yields the result. It is clear that Zne n Gmn =0 for all m. O

Since any C1 decomposition of A implies a C1 decomposition of its rows, we get the following
result.

Lemma 2.3.

DT := max DT, (7)
meM

is a lower bound for the decomposition time of A.

Subsequently, we assume that every L,, is kept as a lexicographically sorted list and that P,,
and Q,, are sorted in increasing order.

Next, we will show how crucial intervals can be extracted from £, to get a minimum decom-
position time algorithm for each row A,, of A.
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Algorithm 2.4 (Extraction Procedure for Row Matrices).
Input: Row A, of A
Lists Py, and Q,,

Output: Decomposition A, = ZkK:"‘l ok YE with minimal decomposition time,

L., list of crucial intervals contributing to the decomposition

(1.) Initialize k :=1, Ly, :== 0
(2.) Choose first entry € in P, and first entry r € Qu,
Ly =L, U{[¢,7)}
(3.) Set Y =[0,r), ok = min{@me, —am:r}
Ay = Ay — ok YE
(4.) If Ay, =0 output K, :=k
Remove £ from Py, if afn = Gme, and T from Q,, if afn = — Q-

Set k:=k+1 and goto (2.)

In each iteration at least one element is removed from P,, U Q,,, C N, such that the algorithm
performs O(NN) iterations. Since each iteration is done in constant time, the extraction procedure
is a linear time algorithm. The resulting decomposition time is

=

m

DT() =Y ar= > ame= Y —dmr

=1 LEP, r€EQm

B

so that the lower bound of Lemma 2.2 is attained.

For each m € M the output of Algorithm 2.4 includes a list L,,, of intervals which define the
C1 row matrices used in the decomposition of row A,,. The next algorithm puts these intervals
together to define a minimum decomposition time C1 decomposition of A. Since the decomposition
times DT («) of rows are in general different this putting together requires the usage of degenerate
intervals I,,, = [¢*  rF ) with ¢ =rk
Algorithm 2.5 (Unconstrained Minimum C1 Decomposition Time).

Input: Integer Matriz A

Output: Decomposition A = ZkK:Al arY® with minimal decomposition time
(1.) Form=1,....M
apply Algorithm 2.4 to obtain list L., of crucial intervals
with oy, (I) VI € Ly,

)

(2.) Set k=0
(3.) While A # 0 do
k:=k+1

a) Choose I,,, € L, Vm € M
(where I, =0 and a(I,,) = 00 if Ly, =0)
b) Set Y* =Y (I,..., 1)
ap = mingepm a(Iy)
A:=A—aq,Y*
c) Set a(Ip,) == a(ly) — ap
Ly = Ly)\{In} if a(In) =0
(4.) Output K5 :=k and A = ZkK:Al apY®

If m* € M is an index in which the lower bound DT of Lemma 2.3 is attained, L,,~ # 0 will
be maintained throughout the algorithm and thus ZkK:Al ar = DT,,» = DT. Hence the algorithm
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provides an optimal solution of the minimum decomposition time problem. Its complexity is
O(NM). Tt should be noted that a more efficient way to implement Algorithm 2.2 would include
an update of DT starting DT = maxm,em DT, until DT = 0 thus avoiding the time consuming
update of A. An analogous observation holds for Algorithm 2.4.

32 0 01
100 3 5

< 3 -1 -2 01 -1

A<1 -1 0 3 2 5)
with the lower bounds DTy = 4, D15 = DT = 6 from Lemmas 2.2 and 2.3. As output from
Algorithm 2.4 we obtain

Example 2.6. Consider A = ( > . Thus

Ly :=1{[1,2),[1,3),[5,6)} withal =1, a? =2, a® =1

and
Ly :=1{[1,2),[4,6),[5,6)} withas =1, a3 =3, a3 = 2.

Algorithm 2.5 provides the C1 decomposition

v o) s (hon o) e
vo=v(f9) = (booi1) ==
e r(f0) = (H08 ) e
vio= Y<[5,6)> - (8 8 8 8 (1)> g =2

with K4 = 4 and ZkK:Al ay = 6 = DT. Note that any degenerate interval [¢ 1) with ¢k = rk
can be used to present the empty set 0.

It should be noted that the minimal C1 decomposition time would also be obtained by the
network flow algorithm of Ahuja and Hamacher (2004). The latter algorithm and Algorithm 2.5
justify the “Sweep Algorithm” by Bortfeld et al. (1994) which is widely used in the sequencing of
multileaf collimators for the realization of intensity matrices in radiation therapy (see Application
1.3) and which — to the best of our knowledge — was not proved to be optimal before 2003.

Note that A can be written as difference A = L — R of non—negative integer matrices Land R

defined as follows: L := (&fnn)m,eﬁ, R:= (&
ne

r .
mn) mEM with
") neN

dfnn = max{0, Gmn — Gm.n-1}, (8)

ar, = max{0,amn-1— Amn}

Using this notation we can rewrite (6) as

DLy = Y db,= > an, (9)

neN neN

and the minimal decomposition time in the unconstrained case is

(10)
neN neN

In the next section we show that this representation of A is essential to solve constrained
decomposition time problems.
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3 Constrained Decomposition Problem

In some applications, C1 matrices have to satisfy certain constraints, i.e., K’ C K. For example,
in the radiotherapy application mentioned in Section 1, the mechanics of the multileaf collimator
require that left and right leaves in adjacent rows must not overlap.

Definition 3.1. Cl matrix Y = Y ([(n,, "m))mem is called a shape matrix if

Em—l <Tm and Tm—1 2 Em

holds for all m =2, ..., M.

In this section we consider decomposition of A into shape matrices to minimize decomposition
time. We shall see that crucial intervals (Definition 2.1) and degenerate intervals are not sufficient
to solve this problem. We may have to consider split crucial intervals, too. Let K’ be an index set
of all shape matrices.

There might not exist a decomposition of A into shape matrices, obtained by using crucial
intervals, which is an optimal solution of min{DT (a) : A = ", ., i, Y*}.

For example

1000 0 0 1

. 11 1 1 111

001 00 O0O0

001 01 0O

can be decomposed in the following way:
10 000 0O 0000 O0O0°1 [1,2) [7,8)
111 1 0 0 0 0 000111 [1,5) [5,8)
A= + = +

001 0 O0O0O0 000 O0OO0O0O [3,4) [6,6)
001 0 O0O0O0 0000100 [3,4) [5,6)

with DT (a) = 2. Note that crucial interval [1,8) of the second row is split into two intervals and

a degenerate interval is used in row three.
We have A =L — R:

0

[N

cooco

0
0
1
1

0
—1
—1

= ooo

oo

cocor

[SR=NE

cooco

= =oo

cococo

= ooo

cooco

coor

cooco

N

cooco

cocor

cooo

= =oo

cooco

= ooo

cooco

[SR=J

Therefore, crucial intervals can be alternatively defined as [¢,,, rm), where £, and rp,
spond to the column indices of non—zero entries in row m of L and R, respectively.

corre-

A shape matrix decomposition of A using crucial (and degenerate) intervals yields a decom-
position time of at least 3. However, if we change the entries in the fifth column, second row and
sixth column, third row of L and R simultaneously from 0 to 1 and use the alternative definition
of crucial interval, we obtain the intervals [1,5) and [5,8) for the second row and the degenerate
interval [6,6) in the third row, which are used in the above shape matrix decomposition of A with
decomposition time 2 (which is the maximal row sum in both the modified L and R). Note also
that the degenerate interval in row three of Y2 cannot be chosen arbitrarily. Because of [5,8) in
row two and [5,6) in row four, only [5,5) and [6,6) are possible.

We proceed to show that this can always be done.
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Theorem 3.2. A has a decomposition with decomposition time DT («) if and only if there exist

M x (N + 1) matrices L = (!,

L—-R

z": afnk
k=1
DT(a) = Y ay

ke’

mn

mn

= A

n
T

E Ak

k=1

n
T

E am—l,k

k=1

E ¢ E r
Can_ Qn

Y]

Y

Proof. “=" Let a decomposition

be given. We consider the matrices L = (a,,,) and R = (aZ,,,) obtained by

It is clear that (14) holds.

we get

Amn — Am,n—1

= Vp,m € M
neN neN
A= Z akYk
ke’

4 — E
amn - A,

k —
Lk =n

k —
Tm=n

From the elementwise presentation of the decomposition

Amn = Z ag + Z f,

Lk <n<rk, ok =n
T,)fn >n
Am,n—1 = E ag + E (73
tk <n<rk, ok <n
rk =n

~ Y a-Ya

¢k =n ek <n
rk >n rk =n
= g g + E aE | —
ok =n ok =n ok <n
Tfn>n Tfnzn Tfnzn

k — k —
£r =n rk=n

Thus L and R satisfy (11).

) and R = (al,,) with non—negative elements such that

Vm e M\ {1}, Vn e N

Vm e M\ {1}, Vn e N

Dot Y o
ya
= g ak—g Q= Oy — Q)

ek =n

k —
Top ="

For any m € M and n € N, with m > 2, consider the set of shape matrices used in a
decomposition with intervals [¢¥ 7% ) where 7%, < n. By definition of shape matrices each

interval [¢¥ 7% ) in a shape matrix Y* has a corresponding [¢¥

m)'m

that

mr'm

k
gmfl

< r

k
e

k
m—1""m—1

) in row m — 1 such
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Hence {Y* : 7k <n} C{Y* : ¢k | <n} and we conclude

Z ap < Z Qg
(k <n

k
T Sn m—1>

Consequently, we get
n n
¢
Z X1k = Z Xk
= k=1

k=1
i.e., conditions (12) holds. Using a similar observation with ¢5¥, <% | we can derive (13).

“<” Let L and R be matrices L and R such that (11) — (14) hold. Let O‘fnem and ay,,. ,m e M
be the first non—zero elements in the rows of matrices L and R, respectively, i.e.,

1<n</t,=a,=0 and afnem>0,

1<n<r,=a,,=0 and a,. >0

From (11) we get for all n € A

n

Z Uy — i Qi = Amn (15)
k=1

k=1

and a,,, > 0. Therefore,

yields that
by < Ty VYm e M.

Moreover, from (12) and (13) it follows that

Em—l S Tm,s
gm S T"m—1

for all m e M\ {1}.
Therefore,

[fla Tl)

[£23 TQ)

yl=Y ,

[gma TM)

is a shape matrix. We choose
— 4 £ r r
o) = mm{oewl, e Oy Oy - .,onTM} .

Replacing O‘fnem and ay,,. . m = 1,...,M, by O‘fnem —ap and ap,,.  —ap in L and R,

respectively, we get matrices L’ and R’ which satisfy again (12), (13) and (16).

Thus by repeating the above procedure until the matrices L and R simultaneously become
zero matrices, due to (14), we obtain a set of shape matrices Y1, ..., Y* with corresponding
Afy..., 0.
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As a final step, we show that this decomposition yields the matrix A. By our construction,
left and right boundary of the intervals are defined according to non—zero elements of matrices

L and R respectively. Therefore

n
Y4
E Ak = E A,
k=1

tk <n
n
T —
E Qe = E AL .
k=1 rk <n

On the other hand,

Thus due to (15)

i.e.

O

According to Theorem 3.2 solving the decomposition time problem is equivalent to finding one
of the pairs of non—negative integer matrices L and R which corresponds to an optimal solution.
The following observation helps us to reduce the complexity of the problem. Using the denotation
of (8), introduced at the end of Section 2,

dfnn = max{(); Amn — am,nfl}

ar., = max{0;amn-1— Amn}

we get for matrices L and R, which satisfy (11) — (13),

~L ~r 4 r

Cn = Cmp = Gmn — Amn—1 = Qpp = Q-
and
V4 ~/
O
r ~r
mn 2 Qg

forallm € M, n e N.
ya . ~¢ ~ . . .
Thus we can represent «,,,, and «;,, in terms of &;,,,, and &;,,,, by using a single variable wy,,

4 ~

Ay = Qpup + Winn (17)
T _ ~T
amn - amn + Wmn

where w,,, > 0 and integer.
According to (14) the total decomposition time is, in terms of L and R,

N+1 N+1 N+1 N+1

Zafnk: denk—i-Zwmk:DTm—i— Zwmk
k=1 k=1 k=1

k=1
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where m is the index of any row of A. Therefore, we can use theorem 3.2 to formulate the
decomposition time problem as the following integer linear programming problem (DT-IP)

min DT («)
N+1

s.t. DT+ > wmi = DI(a) Ym e M (18)
k=1

M=
o)X}
3‘(\
-

+

(]
g
;

s
vV

NE
jo)
33
>
+

(]
g
s

VneN, Vme M\ {1}  (19)

k=1 k=1 k=1 k=1
DA+ wmk = D dh i+ > wmork VR EN, Yme M\ {1} (20)
k=1 k=1 k=1 k=1
Wmn > 0 integer YmeM, VneN

Note that the formulation of (DT-IP) is redundant since (18) follows from (19) and (20) with
n = N + 1 and can be dropped. The minimization of DT'(«) is then equivalent to minimizing
ZkN;ll wmy, for any choice of m € M, i.e. (DT-IP) is equivalent to, e.g.,

N+1
{min Z Wk : (19),(20), Win > 0, integer} .

In the following we show that these integer programming problems can be solved by a combinatorial
algorithm in polynomial time.

The feasible solutions of (DT-IP) have the following property which will be essential in the
development of an efficient algorithm.

Lemma 3.3. Let W = (Wmn) be a feasible solution of (DT-IP). If for any column p, w, =

(Wip, Wap, . . . ,pr)T, there exists w = (w1, ..., wx)T > 0 such that wp > W and
P p—1 P p—1
~0 _ ~ _
E Qpp_1; + E Win—1k + Wm—1 2> E Qe + E Wik + Wi,
k=1 k=1 k=1 k=1
P p—1 P p—1
~f _ ~ _
Zamk+zwmk + Wy 2> Za:n,l,k-l-Zwm_l,k—i-wm_l
k=1 k=1 k=1 k=1
for all m = 2,...,M then replacing columns w, and wpy1 of W by w and wp41 + wp — W,

respectively, we get a feasible solution of (DT-IP) with the same objective value as W.

Proof. The sum of the columns (vectors) @ and wpi1 + wp, — @ is the same as it was before,
Wpt1 + wp. Therefore, this replacement does not change the objective function value and it may
only affect the constraints of (DT-IP) corresponding to n = p. By the given condition on @ these
are satisfied. O

Based on Lemma 3.3 , we solve (DT-IP) recursively by solving a sequence of multiobjective
integer programs (SP,), n = 1,...,N + 1, in which the input data is defined by the output of
(SPg), k <n. (SP,) is as follows.
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Win
Wan
min
WMn
s.t. DTL;, _{+wm-1,n > DTR, +wnn Vm e M\ {1} (21)
DTL}, + Wy, > DTR} | +Wn-1, VYmeM\{1l} (22)
Wmn > 0 integer YmeM,VneN
Here
n n—1
DTLy, = > ab,+ > why,
k=1 k=1
n n—1
DTR}, = Y @+ Y wh
k=1 k=1
where (w},, w3, ..., wk )7 is the optimal solution of (SPy), k < n.
Due to (16) and (17) we get
DTL" > DTR" VYme M (23)

a property which we will use later on.
The next result shows that (SP,) is, indeed, well posed and that (SP,), n € N, yields an
optimal solution of (DT-IP).

Proposition 3.4. (SP,) has a unique Pareto optimal solution.

Proof. We show the result by contradiction. Assume that there exist two different Pareto optimal
solutions @ = (Win, ..., Wrm) and © = (Win, ..., Wpm) to (SP,). Consider w = (wip, wap, .- .,
Wy ) defined by

Wmn = min{wmn; wmn}v

ie,wsSwand w S w.
Consider the constraints of (SP,) corresponding to an arbitrary m

DTL" |+ Wm-1m > DTR" + wnn,
DTL™ +wnyn > DTR™ | +wWm_1.n.
If
Wm—-1,n = wm—l,n;
Wmn = Wmn
or
Wm—-1,n = Wm—1,n,
Wmn = Wmn

then the inequalities hold since w and w are feasible solutions.
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If W1, = Wrm—1,n a0d Wy = Wiy, then from

wmfl,n Wm—1,n>

<
it follows that

DTL", |+ Wm-1.n
DTL™ + Wy

DTR", + Wpn
DTR", | + b1

DTR™ + W,

>
> DTRy,_i + Wm—1n,

>
>

i.e., w is a feasible solution of (SP,) and because w S W, w < W that contradicts that @, w are
Pareto optimal solutions. |

Algorithm 3.5 (Minimum C1 Decomposition Time into Shape Matrices).
Input: Matriz A

Output:  Decomposition of A into shape matrices with min DT ()

(1.) Compute &', ar .. ¥ m,n.
(2.) Forn=1toN+1
Solve (SP,) ( with Algorithm 3.6)
(3.) Compute matrices L and R; and DT («)
(4.) Set k:=0
(5.) While DT («) # 0 do
Consider leftmost non-zero elements
O‘fnem and ag,,. » m=1,...,M, in each row of L and R
k=k+1

Extract shape matrix
Y* =Y ([l ")) mert with
Qg = min{a{el, ceey afwM N LY
Set DT (o) :== DT (o) — aupe
Update L and R.
end while

It remains to show how to solve (SP,), n € . This can be done by the following combinatorial
algorithm.

Algorithm 3.6 (Solving (SP,)).

Input: DrrLr DTR:, Vm=1,...,M.
Output: w vm=1,...,.M

(1.) W =0, Vm=1,.... M
(2.) Form =2 to M do

if DTLY, + wpmpn < DTR)Y 1 + Wim—1n
then Wy == DTR}, | — DTL} + wpm—1p
else A(m)
end for
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Function A(p)
if DTLY_| +wy_1,n < DTRY +wy,
then wp—1,n := DT Ry — DT Ly + wp,
ifp>3
thenp:=p—1
A(p)
end if
end if

end Function

Theorem 3.7. Algorithm 3.6 finds the optimal solution of (SP,) in O(M?) time. Algorithm 3.5
solves (DT-IP) in O(NM?) time.

Proof. Obviously, the time complexity of Algorithm 3.6 is O(M?). If we can prove that Algorithm
3.6 solves (SP,) to optimality, the time complexity of Algorithm 3.5 is O(NM?). Hence the
validity of Algorithm 3.6 remains to be shown. We do it by induction.

m = 1 : We do not have any constraints, except wy,, > 0. Therefore, the initialization wy, = 0
is the optimal solution.

m = 2 : In this case we have just two constraints

DTRY + way,, (24)
DTR} +wy,, (25)

DTL? 4wy,

>
DTLY + wo, >

and by initialization wy,, = wa, = 0 is the lower bound on the values of wy, and ws,. We
will tighten these lower bounds next to obtain a feasible solution for (SP,) which is thus
optimal.

e Case 1: DTLY < DTR}. Then wy, = DTR} — DTLY from step (2.) is a lower
bound by (24) and (25); and satisfies DT RS + wan, = DTRY + DITR} — DTLy <
DTR} + DTR? — DTR} = DTR? < DTLY, due to (23). Hence (w1, = 0,way) is
feasible.

e Case 2: DTLY > DTR?}. Then way, = 0 is the lower bound due to (24) and (25). The
lower bound for wy,, is tightened using Function A(2)

— If DTL? < DT R then using (23) wy, = DT R} — DTLY satisfies DTR? + w1, =
DTR? + DTR} — DTL? < DTRY} + DTR} — DTR? = DTR} < DTLY such that
(w1n, wa, = 0) is feasible.

— If DTL} > DTRY then (w1, = 0,ws, = 0) is feasible.

m < M: Assume that Algorithm 3.6 yields the optimal solution of (SP,) for all m < M.

m = M: Running the algorithm until m = M — 1, in the loop (2.), we get by the induction
hypothesis the optimal solution to (SP,) defined for rows 1,..., M — 1. This solution can

serve as a lower bound for wy,,, m = 1,...,M — 1 of problem (SP,) defined for rows
1,..., M. Now we tighten this bound with respect to constraints

DTL%_l +wp—1n 2 DTR?M + W, (26)

DTL% + WMrIn Z DTRRI—I + wM—l,n (27)

which contain variable was,,.
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o Case 1: If DTLY, < DITR};_; + wprr—1,, then the lower bound for wasy, is warm, =
DTRY,_+wy—1—DTLY,, which satisfies both inequalities since DT R}, +DT Ry, _;+
wyr—1,n — DTLY < DTRY, + DTRY,_{ +wy—1,n — DTRY, = DTRY,_; +wapr—1,n <
DTLY, | +wp—1,, due to (23).

o Case 2: If DTLY, > DT RY,;_{ + war—1,n then wary, =0

— If the (26) is satisfied then the algorithm terminates
— Otherwise, i.e., if
DTLY  +wp—1,n < DTRY;

then we increase(tighten) the lower bound for wps_1 , found in the previous step:
Wy—1m = DTRY, — DTLY, .

The increase of value wps—1, can affect only two constraints for m = M and
m = M — 1 where wps_1,y, is on the right hand side. The first of these inequalities,
namely (27), holds by the choice of wp;—1,, and (23). The second one is

DTLy o+ wm—2mn > DTRY_ | +Wai—1n-

If this holds an optimal solution is obtained. Otherwise, the algorithm updates the

lower bound for wps—2,, and checks the inequalities where wps_2 5, is on the right
hand side.

The algorithm iterates the above procedure until all updated lower bounds are feasible for
(SP,). Thus we have the optimal solution.

O
Example 3.8.
5 10 6
A= 4 1 1
7 0 0
The corresponding matrices
5 5 0 0 0 0 4 6
L=1|14 0 0 0 |, R=10 3 0 1
7 0 0 O 0 700

of A are defined according to (8). Solving iteratively subproblems (SP,) we get the optimal
solution to (DT-IP). In the table below we show the input data and solutions of subproblems
(SPn)

n=1: Input: DTL} =5, DTL=4, DTLY=T,
DTRi =0, DTRy=0, DTRY=0
Output:  wj,; =0, m=1,2,3
n=2: Input: DTL3? =10, DTL% =4, DTL:=T,
DTR? =0, DTR3=3, DITR}=17
Output:  wjy =0, why =0, w3y = 3
n=3: Input: DTL3 =10, DTL3=17, DTL}=T,
DTR3 =4, DTR3=6, DITR}=17
Output: w53 =0, m=1,2,3
n=4: Input: DTL{=10, DTL}=1, DTL§ =17,
DTR} =10, DTR;=7, DITR}j=17
Output:  wi, =0, wiy =3, wiy =3




3 CONSTRAINED DECOMPOSITION PROBLEM 16

For n = 2 we have DT'L3 = 4 and DTR3 = 7, therefore w3, is set to 3. No further changes
to w are necessary. For n = 4 DTL‘Q1 =7 > DTR‘% = 10 thus wgy > 3. This results in
DTRS 4+ waq = 10 > DTL3 = 7 and wj, = 3. Since all inequalities are satisfied, w3, = 3, too.

Using the solution of (DT-IP)

0 0 0O
W = 03 0 3
0 0 0 3
we compute the matrices
5 5 0 0 0 0 4 6
L= 4 3 0 3 |, R= 0 6 0 4
7 0 0 3 0 7 0 3

which correspond to an optimal solution of the decomposition time problem with DT («) = 10.
Extracting shape matrices, with respect to the most left non-zero elements of L and R, we get the
following decomposition

NN NN W

Y! = Y

Y2 = Y

I

Y3 =Y

N = NN

Yt = Y

I

Y? = Y

EFE VM F OO N EF N NN N R R
N N S S S e e e e e e e N SN N
I
O OO R OO, OO KO F H= =
SO H O KR F OO, OOKFEO O -
OO R O, P OO, OO FHOOO
Q
w
|
—

s

with K4 =5 and Yo% a = 10 = DT.

In the next section we need the following proposition to find some easily solvable instances of
the decomposition cardinality problem.

Proposition 3.9. If A is a positive integer multiple of an integer matriz B, i.e. A = pB,
p > 0 and integer, then for the decomposition time problem the integer multiple of an optimal
decomposition of B is also an optimal decomposition for the matrix A.

Proof. Obviously, the integer multiple of any decomposition of B is a decomposition of A and
A = pB. Therefore, for the unconstrained case, the statement follows immediately from Lemmas
2.2 and 2.3 and Algorithm 2.5. For the constrained case, observe that if we neglect the integrality
of the coefficients ay, k € K’, then the statement follows from the (DT-IP) formulation with
respect to A and B. On the other hand, Algorithms 3.5 and 3.6 yield an integer solution only due
to integrality of the input matrix. This completes the proof. o
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4 Decomposition Cardinality is NP-hard

While the decomposition time problem is solvable in linear time, the (unconstrained) decompo-
sition cardinality problem min{DC(«) : A = ), ;- aryx} turns out to be NP-hard. This was
proved by Burkard (2002) for matrices with at least two rows using a reduction from subset sum.
In the following we will strengthen his result.

Theorem 4.1. The C1 decomposition cardinality problem is strongly NP-hard, even for matrices
with a single row.

Proof. The decision version of the C1 decomposition cardinality problem is as follows:

C1 Decomposition-Cardinality (DC)
Input: Matrix A = (a1,...,an), K € N
Output: Does there exist a decomposition of A into at most K C1 (row) matrices?

We reduce (DC) to the following well-known strongly NP-complete problem (see Garey and
Johnson (1979) ).

Three Partitioning (3-PART)
Iput:  B,Q€N; b,...,bsg € Nwith 7% b; =QBand £ <p; < £
Output: Does there exist a partitioning of {b1,...,b3q} into triples T1,...,Tq

such that ZbeTq b=Bforallg=1,..Q7

We define

e N :=14Q,

o a, = Z?:l bj, if n S SQ
(4Q —n+1)B, ifn > 3Q,

e K :=30Q.
Claim: DC has YES output <= 3-PART has YES output.

“<”For j=1,...,3Qlet g € {1,...,Q} be such that b; € T,. A feasible output for DC is given
by intervals [j, 3Q + ¢+ 1), j =1,...3Q and a; = b; (see Figure 4).

“=" By the definition of a, it cannot have a decomposition with cardinality smaller than 3@
since b; > 0,j = 1,...,3Q. Consider a solution of DC given by intervals I; = [l4,74) and
coefficients oy, ¢ = 1,...,3Q, such that the sum of the interval lengths is maximized. We
derive the following properties.

1. For all p,q € {1,...,3Q} {4 # rp. Otherwise we can replace I, and I, by I, := I, U I,
with o, := min{a,, a,} and I} := I; with aj := a; — aj, to get a C1 decomposition
with larger interval lengths.

2. Without loss of generality ¢, = ¢ for all ¢ =1, ...,3Q. This follows since a; < az < ... <
azg and some interval has to start in gq.

3. 7 >3Q forall g =1, ...,3Q. Otherwise, we have a contradiction to 1 and 2 with [, = r,
for some p=1,...,3Q.

4. ry # 3Q + 1. Otherwise some ¢, = 3Q) + 1 would be needed since azg = azg+1. This
would contradict 2.



4 DECOMPOSITION CARDINALITY IS NP-HARD 18

Hence all intervals end in r, € {3Q +2,...,4Q + 1}. Define triples 11, ...,Tg by
b €T, < r;=3Q+j+1.

By definition of azg+;, the sum of the b; € T, equals B. This is obviously true for j = @,
since azg+qQ = asg = B. For j = @ —1,...,1 this follows by an inductive argument.

O

o
]

6 5 6 9 10 8 5 7 5 8 5 6

Ty T, T3 T3 T4 T, T3 T T4 Ty T4 Ty

A= 6 11 17 26 36 44 49 56 61 69 74 80 80 60 40 20
(04
6 [ |
8 = |
6 —na
5 [ n
8 [ |
7 [ ]
6 [ ] |
9 = u
5 [ |
10 = u
5 = ]
5 [ |

Figure 4: 3-PART « DC with B = 20,Q = 4.

Corollary 4.2. Even if L and R are matrices known to correspond to an optimal solution of the
DC problem, the problem of finding that optimal decomposition (with respect to the DC objective)
is strongly NP-hard.

Proof. Follows from the proof of Theorem 4.1 where intervals of maximal lengths are used. There-
fore, no intervals [¢1,71) and [f2, 7o) with r; = ¢5 exist implying that W = 0 and thus L = L and
R=R. O

In some cases DC, however, can be solved in polynomial time.

Proposition 4.3. If A is a positive integer multiple of a binary matriz then the C1 decomposition
cardinality problem can be solved in polynomial time for the constrained and unconstrained case.

Proof. Observe that for binary matrices, DT (o) = DC/(«) since «y is binary for all k € K.
Hence, if matrix A is a binary matrix then we can use Algorithm 3.5 (for the unconstrained case
Algorithm 2.5) to solve the decomposition cardinality problem.

Let A be an integer multiple of a binary matrix B, i.e., A = pB. Then from any decomposition
of B, multiplying by p, we get a decomposition of A with the same cardinality. Therefore, if B
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yields an optimal solution of the DC problem for A then using Algorithm 3.5 (for the unconstrained
case Algorithm 2.5) we can find in polynomial time a decomposition of B and consequently a
decomposition of A. We complete the proof by showing that for any decomposition of A there
exists a decomposition of B with the same or a smaller cardinality. Consider any decomposition
of A. Without loss of generality we can assume that

ko K
A=Yty > v
k=1 k=ko+1

where ap < pforall k=1,...,ky. Let A’ and B’ be matrices defined as

K ko
A = A—p Z Yk:ZozkYk
k=ko+1 k=1
K
B = B- Y Y~
k=ko+1

Then A’ = pB’ since B is binary and A = pB. Consider any optimal DT decomposition of B’

Note that for B, DT = DC = k;. Then from Proposition 3.9 follows that pk; < 220:1 g,
which implies that k; < kg since by our assumption ay < p for all k = 1,...,kg. Therefore, the
decomposition of B
K k1
B= Y YF4> YR
k=ko+1 k=1
has smaller cardinality than the decomposition of A. O

Next we develop heuristics for the DC problem. As we have seen in the proof of Theorem 3.2
each non-zero element of matrices L and R needs a corresponding matrix used in a decomposition
of A. Therefore, the number of non-zero elements in each row of matrices L and R is as a lower
bound of the decomposition cardinality problem. Consequently, the maximum of these lower
bounds is the best one obtainable in this way for given matrices L and R. If we use L and R, (17)
yields the following lower bound for the decomposition cardinality problem

DC(a) > {minko : ko >|{ad,, 1, #0, n€ N} for all m € M and § € {¢,r}}.

We propose the following “greedy” algorithm based on the intuitive idea that “if decomposition
time DT () is small and coefficients of the decomposition are in average high then decomposition
cardinality is small”. Based on this, first we solve (DT-IP) to find matrices L and R, which yield
the minimum DT'(a), then each time we extract a shape matrix with maximum possible coefficient
such that the residual of matrices L and R again present a decomposition. Recall that in the proof
of Theorem 3.2 and consequently in the Algorithm 3.5 we used leftmost non-zero elements in the
rows of L and R, which preserve conditions (12), (13) and (16). If for any extraction of a shape
matrix these conditions are maintained then the residual matrices represent a decomposition.

Let us introduce (M — 1) x N matrices A and A defined as follows

n n
— _ l r
Gmn = Y Ve = D Ot (28)
k=1 k=1

n n

~ _ 4 r

Amn = Z Q1 — Z Ok (29)
k=1 k=1
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for allm € M\ {M} and n € N'\ {N +1}.
Then conditions (12), (13) and (16) for residual matrices of L, R and A can be written in
terms of A and A, respectively, as

mn > a  Yn: by <n<rpy1, YmeM\{M} (30)
mn > a  Yn: Lpp <n<ry, YmeM\{M} (31)
Umn > Vn: by, <n<rp, Vm e M, (32)

where « is the coefficient corresponding to the extracted shape matrix Y ([¢y,, 7m))meam. Therefore,
to extract a shape matrix in a greedy way, we need to solve the following problem (max —a).

max «
s.t. (30), (31), (32)

by, < Tmy1 Vme M\ {M} (33)

lbnt1 < T Ym e M\ {M} (34)

b < T VYmeM (35)

by > Ym e M (36)

Uy > @ Ym e M (37)

by T € N vm e M

In Baatar and Hamacher (2003) CPLEX 7.0 was used to solve mixed integer formulation of
(max —a). Since the computation time were prohibitively large we propose in the following a
combinatorial approach, which produces objective values superior to these of Alfredo and Siochi
(1999), Xia and Verhey (1999) and Bortfeld et al. (1994).

Algorithm 4.4 (Greedy Approach to the Constrained Decomposition Cardinality
Problem).

Input: Matriz A
Output: Decomposition of A into shape matrices

(1.) Compute DT («) and matrices L and R using Algorithm 3.6
(2.) Compute A, A according to (28) and (29)
(3.) Initialize o := min{max,en{al,, : ad, <a}: meM,dsc{tr}}
Set k:=0
(4.) While DT () # 0 do
(4.1.) Fa#1l

then Form =1 to M do

I i={lp, @) = (32),(35) — (37)}
If I,, = {0} then GO TO (4.9.)

end For
(4-2.) m=1
(4.5.) While m # M do
If m <1 then
m:=1
[01,71) :=lexmin{[p,q) : [p,q) € 1}
end If

Remove all intervals [p, q), from Iy, with ¢ < £y,
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If I, 41 = {0} then GO TO (4.9.)
Find lexmin{[p,q) : [p,q) € Im+1} such that
*lm<q, pP<Tm
® dmp > foralln: 0, <n<gq
® dpmp > a foralln: p<n<r,
If such an interval [p,q) exists
then m:=m+1
[lm+1,Tm+1) = [P, q)
else
Iy := I \ {[lm, ™m)}
If I, = {0} then GO TO (4.9.)

elsem:=m-—1

end If

end while (4.3.)
(4-4.) Setk:=k+1
(4.5.) Extract shape matriz Y* =Y [y, "m))mem

with coefficient ay, := «

(4.6.) Update A,L,R, A, A
(4.7.) Set DT () := DT (o) — ag,
(4.8.) Form=1to M do

Remove intervals which do not satisfy
(82),(36) and (37) from I,

end for
If I, # {0} for all m € M then GO TO (4.2.)
else extract shape matrices until DT (a) =0
(use most-left-non—zero elements of L and R)
end If
(4.9.) a=a-—1
(4.10.)  end while (4.)
End.

Algorithm 4.4 considers iteratively all possible values of « in the while loop (4.). Whenever
a =1, i.e., the maximal possible coefficient is one for any extraction the number of shape matrices
is equal to the decomposition time. Therefore, the algorithm uses the leftmost non-zero elements
of matrices L and R to extract shape matrices. If o # 1 then in each iteration for each row m it
constructs the set of intervals I,,, defined by conditions (32), (35)—(37). In the while loop (4.3.)
these sets are iteratively reduced with respect to conditions (30), (31), (33) and (34) such that the
first elements of these sets form a shape matrix or some of the sets become empty.

If there exists a shape matrix the algorithm extracts it end repeats the procedure again to find
the next shape matrix with the same coefficient. When there is no possibility to extract a shape
matrix with coefficient «, a is updated in (4.9.) and the above procedure is repeated for the new
value of a.

Example 4.5. Consider the matrix A given in Example 3.8. Using the matrices

5 5 0 0 0 0 4 6
L=1|14 3 0 3 |, R=[0 6 0 4
7 0 0 3 0 7 0 3
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found in this example, we can compute

- 5 4 4 . 4 7 3
A == A =
( 400 ) : ( 711 )
According to (3.),(4.1.)—(4.2.) the minimum of the maximal elements in rows of matrices L and
R is a =4 and we get

L = {[153)7[174)’[2’3)7[274)}
I, = {[152)}
I; = {[1’2)}

The first elements of these sets satisfy conditions (30), (31), (33) and (34), i.e., we can extract a
shape matrix

[1,3) 110
Y = v 2| = [100], ax=4
[1,2) 100

Updating interval sets, using conditions (32), (36) and (37), with respect to residual matrices

3
)

1 6 6 1 500 000 6
A=[o0 1 1], L=03 0 3|, R=|02 0 4
300 300 3 030 3

we get Iy = I3 = {}. Considering the next possible value of @ = 3 we get the following sets

L= {[2,4)}
I, = {[474)}
I3 = {[172)5[4’4)}

We can exclude [1,2) from I3, since it does not satisfy conditions (33) and (34) with [4,4) € L.
The remaining intervals form the shape matrix

01 1
Y2 = v 44| = 000, ax=3
00 0

[2,4) 01 1

Y = Y| [2,2) = 00 0], ag=2
[1,2) 1 00
[1,4) 11 1

Yt = Y| 2,4 = 01 1], aa=1
[1,2) 1 00

So we have a alternative decomposition of A with smaller number of shape matrices compared
with the decomposition in Example 3.8.

We can use our greedy approach for unconstrained DC problems since we can compute the
matrices L and R as follows:
L=L+W R=R+W



4 DECOMPOSITION CARDINALITY IS NP-HARD 23

where W is any matrix with positive integer entries such that

E:MM:DTfUm
neN

for all m € M. For instance, we can choose W such that each row m of W has not more than
one non-zero element which corresponds to the maximum element among the elements of the
corresponding rows of L and R and has a value equal to DT — DT),.

Problem (max —a) now becomes

max 8]
s.t. (32),(35), (36), (37)
bopy Tn € N VYmeM

Thus, the greedy algorithm for the the unconstrained decomposition cardinality problem is as
follows.

Algorithm 4.6 (Greedy Approach to Unconstrained Decomposition Cardinality Prob-
lem).

Input: Matriz A
Output:  Decomposition of A into C1 matrices

(1.) Compute DT, DTy,,, m € M

(1.) Compute matrices L and R

(2.) Initialize o := min{max,en{al, : ol <a}:VmeM,§c{{r}}
(3.) Set k:=0

(4. While DT # 0 do

Form =1 to M do

I = {lp,q) : (32),(35) — (37)}
If I,, = {0} then GO TO (4.7.)

end For
(4.1.) Fa#1
then

(4.2.) Set ki =k +1
(4.8.) Extract C1 matriz Y* =Y (b, 7m))mem

with coefficient ay, := «

where [ly,, ) is the first element of I,
(4.4.) Update A, L, R
(4.5.) Set DT := DT — «y,
(4.6.) Form=1to M do

Remove intervals which do not satisfy
(32),(36) and (37) from I,
end for
If I, # {0} Vm € M then GO TO (4.2.)
else  extract C1 matrices until DT = 0
(use first elements of Ip,, m € M)
(4.7.) a:=a—1
(4.8.) end while (4.)
End.




REFERENCES 24

References

Ahuja, R. and Hamacher, H. (2004). Linear time network flow algorithm to minimize beam-
on-time for unconstrained multileaf collimator problems in cancer radiation therapy. Revised
version under review in Networks.

Alfredo, R. and Siochi, C. (1999). Minimizing static intensity modulation delivery time using an
intensity solid paradigm. International Journal of Radiation Oncology, Biology, Physics, 43(3),
671-680.

Baatar, D. and Hamacher, H. (2003). New LP model for multileaf collimators in radiation ther-
apy planning. In Proceedings of the Operations Research Peripatetic Postgraduate Programme
Conference ORP?, Lambrecht, Germany, pages 11-29.

Boland, N., Hamacher, H., and Lenzen, F. (2003). Minimizing beam-on time in cancer radiation
treatment using multileaf collimators. Networks, 43(4), 226-240.

Booth, K. and Lucker, G. (1976). Testing for the consecutive ones property, interval graphs
and graph planarity using PQ-tree algorithms. Journal of Computer and System Science, 13,
335-379.

Bortfeld, T., Boyer, A., Kahler, D., and Waldron, T. (1994). X-ray field componsation with
multileaf collimators. International Journal of Radiation Oncology, Biology, Physics, 28(3),
723-730.

Burkard, R. (2002). Open Problem Session, Oberwolfach Conference on Combinatorial Optimiza-
tion, November 24-29, 2002.

Engel, K. (2003). A new algorithm for optimal MLC field segmentation. Technical report, De-
partment of Mathematics, University of Rostock.

Garey, M. and Johnson, D. (1979). Computers and Intractability — A Guide to the Theory of
NP-Completeness. W.H. Freeman and Co., San Francisco, CA.

Hamacher, H. and Kiifer, K.-H. (2002). Inverse radiation therapy planing — A multiple objective
optimization approach. Discrete Applied Mathematics, 118, 145-161.

Hamacher, H., Liebers, A., Schoébel, A., Wagner, D., and Wagner, F. (2001). Locating
new stops in a railway network. FElectronic Notes in Theoretical Computer Science, 50(1).
www.elsevier.nl/entcs/volume50.html.

Kalinowski, T. (2003). An algorithm for optimal MLC field segmentation with interleaf collision
constraints. Master’s thesis, University of Rostock, Germany.

Nembhauser, G. and Wolsey, L. (1988). Integer and Combinatorial Optimization. Wiley-Interscience
Series in Discrete Mathematics and Optimization. John Wiley & Sons, New York.

Ruf, N. and Schobel, A. (2003). Set covering problems with the almost consecutive ones property.
Technical report, Department of Mathematics, University of Kaiserslautern.

Schobel, A., Hamacher, H., Liebers, A., and Wagner, D. (2002). The continuous stop location
problem in public transportation networks. Technical Report 81, Department of Mathematics,
University of Kaiserslautern. Submitted to Transportation Science.

Xia, P. and Verhey, L. (1999). Multileaf collimator leaf sequencing algorithm for intensity modu-
lated beams with multiple segments. Medical Physics, 25, 1424-1434.



