A time series model for precipitation based on
disaggregation and lognormal point processes

Nikolaus Sebastian Ruf

Vom Fachbereich Mathematik der Universitiat Kaiserslautern
zur Verleihung des akademischen Grades Doktor der
Naturwissenschaften (Doctor rerum naturalium, Dr. rer. nat.)
genehmigte Dissertation

17. Juni 2008

Gutacher: Prof. Dr. Jiirgen Franke
Prof. Dr. Claudia Czado

D 386



ii



Abstract

In this thesis, we investigate a statistical model for precipitation time series recorded at a
single site. The sequence of observations consists of rainfall amounts aggregated over time
periods of fixed duration. As the properties of this sequence depend strongly on the length of
the observation intervals, we follow the approach of Rodriguez-Iturbe et. al. [37] and use an
underlying model for rainfall intensity in continuous time. In this idealized representation,
rainfall occurs in clusters of rectangular cells, and each observations is treated as the sum of
cell contributions during a given time period. Unlike the previous work, we use a multivariate
lognormal distribution for the temporal structure of the cells and clusters.

After formulating the model, we develop a Markov-Chain Monte-Carlo algorithm for fitting
it to a given data set. A particular problem we have to deal with is the need to estimate the
unobserved intensity process alongside the parameter of interest. The performance of the
algorithm is tested on artificial data sets generated from the model.
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Chapter 1

Introduction

If one asked a meteorologist what he thought of a statistical model for rainfall at a single site,
he would probably answer that he did not need such a thing for two reasons. Firstly, single
site models are not very useful for predicting the weather, even in relatively close proximity
and for short periods. Weather is a highly variable process, and measurements tend to be less
accurate the more extreme the events one tries to observe. Prediction requires a “big picture”
approach, taking into account multiple sites or spatial information like satellite data. And
secondly, there seems to be a bias against purely statistical models in meteorology. Black-box
models that do not rely on physics are not popular.

So why do we deal with this topic? The original motivation was to find a compact description
of rainfall over a small area for use in rainwater runoff studies. In this context, it is useful
if one can generate precipitation time series of arbitrary length that capture key features of
the real process like the distribution of wet and dry periods, or of the rainfall amounts during
a single storm. While we briefly discuss prediction and extensions to multi-site modelling in
the last chapter, the main purpose of our model is the simulation of localized events.

Before we talk about rainfall models, we give a brief review of the statistical concepts used
in this thesis in Chapter 2. The focus is on Markov-Chain Monte-Carlo (MCMC) methods,
in particular the Metropolis-Hastings algorithm. We provide an overview of its theoretical
background and discuss some implementation and diagnostic issues.

Chapter 3 introduces the rainfall model we want to analyze in the remainder of the thesis. It
is based on the work of Rodriguez-Iturbe et. al. [37] The general idea is to describe rainfall
as a sequence of rectangular pulses or cells, which results in a step function for the intensity
over time. The actual observations are treated as the aggregated contributions (integrals) of
these cells for each time interval. As the cell lengths and origins “live” in continuous time,
the resulting model is independent of the time scale of the observations. For a more realistic
description of actual rainfall, cells are only permitted to occur during certain periods called
storms, which leads to clustering. The origins of the storms and of the cells within each storm
form point processes, which are taken to be Poisson in the original work.

The novel part of our approach is that we are interested in adding an explicit correlation
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structure for the durations and lags of the cells and storms. As this is awkward to specify for
the exponential distribution, we use a multivariate lognormal model instead. One downside
of this choice is that the point processes for the origins are no longer Poisson, so we have to
deal with Monte-Carlo estimation of the associated weights.

Fitting the rainfall model to a given sequence of observations is difficult, as a simple para-
metric description is available only for the unobserved storm process. We are dealing with
a hierarchical model where the dependencies between adjacent layers of the process are
straightforward, but the relationship between the top layer (observations) and the bottom
layer (parameter) is not. Before we can estimate the parameter of interest, we need a “dis-
aggregation” step to reconstruct the storm process. We show how this can be accomplished
using the Metropolis-Hastings algorithm in Chapter 4. The central idea is to use reversible
jump MCMC as introduced by Green [22] to transform the unobserved process in accordance
with the parameters and observations.

In Chapter 5, we provide numerical results for artificial data generated from the model. It
turns out that the most general case is effectively overparametrized for a storm process that is
not directly observable. Thus, we investigate several variants of the process with restrictions
on the parameters that make them identifiable. As attempts to fit the model to real precip-
itation data were unsatisfactory, we briefly discussion the problems we encountered. In the
final Chapter 6, we treat possible changes to the model or algorithm, both to enable fitting to
real data and to extend the purpose of the model.



Chapter 2

Basic concepts

This chapter introduces notation and concepts necessary for understanding the rainfall model
and estimation algorithm. In particular, we give a brief review of Markov chain theory on
general state spaces and the Metropolis-Hastings algorithm.

2.1 Notation

Table 2.1 lists common symbols and expressions that are used throughout this thesis.

) 7

For the probabilistic notation, we use a tilde '~ to indicate the distribution of a random
variable X, while Px refers to the associated probability measure. The density or weights are
denoted by px. For example, let X be a standard normal random variable on the measure
space (R, £(R)). We may write

1 x?
X ~ N(0,1 Px((—00,0]) =0.5 = — - 2.1
0.1)  Px((-0.0) px(e) = oo (-5) @D
In case of a multivariate distribution Px y (x,y), we write Px y (z,dy) to denote the y-differ-
ential as dPx y (x,y) could be confusing. A bullet ’e’ is sometimes used as an abbreviation for
the argument. For example, Px (o) stresses that we are interested in the probability measure
but not a specific value for X.

2.2 Bayesian inference

We use a Bayesian framework for parametric models to fit the rainfall model developed in
Chapter 3. A thorough introduction to Bayesian statistics can be found e.g. in the book by
Bernardo and Smith [6], but the main idea is to treat the parameter of interest as a particular
realization of a random variable:
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Table 2.1: Some common expressions and abbreviations

Term Definition

0 a matrix or vector of zeros

1g characteristic function of set S

Corr(X,Y) correlation of random variables X and Y’

Cov(X,Y) covariance of random variables X and Y

E(X) expectation of random variable X

I, identity matrix in R™*"

L(R™) Lebesgue-measurable subsets of R™

MCMC Markov-Chain Monte-Carlo

MH Metropolis-Hastings (algorithm)

St cone of symmetric, positive definite matrices in R"*"
Std(X) standard deviation of random variable X

Var(X) variance of random variable X

XN mean of X1,..., Xy

ii.d. independent and identically distributed

log(z) for x € R”} is the vector of logarithms of the components of
tr(A) trace of matrix A (sum of diagonal entries)

| Al determinant of matrix A

|S| cardinality of set S
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Definition 2.1 Let (Q2,.A) and (O, B) be measure spaces with o-algebras A and B. We call
the observation space and O the parameter space.

An observation X is a random variable with values in €2 and a probability distribution Px (e|0)
— the model — depending on the unknown parameter 6 € O.

Given a prior distribution Py, the purpose of Bayesian inference is to determine key features
(moments, quantiles, etc.) of the posterior distribution Py(e|X).

In this context, Bayes’s theorem implies

Po(B]X) = % x px (X[0)ps(0) 22)

This can be read as a statement about how to modify beliefs about the parameter once obser-
vations are taken into account. The usual problem when dealing with expressions of the type
(2.2) is that the numerator can be easily evaluated at each point (X, #), while the denomi-
nator requires considerable numerical effort. A key advantage of the Metropolis-Hastings al-
gorithm we use for parameter estimation is that the posterior distribution needs to be known
only up to a scaling constant. Thus, it is customary to drop the normalization and specify
distributions only in terms of proportionality to a function of the parameters.

Remark 2.1 Bayesian inference depends on two important choices. Even if the model is correct
in the sense that it can adequately represent the data, the prior can still introduce a major bias.
This is not a problem for the model discussed in this thesis, as choosing priors with a large
variance results in a negligible distortion (see Section 2.3.4).

2.3 Probability distributions

As the way certain distributions are parametrized in the stochastic literature is not unique,
we want to review the ones used in this thesis briefly to avoid confusion. The expressions for
the densities were taken from [6]. In all cases, the underlying measure space is R respectively
R™ with the Lebesgue-measurable sets.

2.3.1 Uniform distribution

If S ¢ R™ has positive and finite Lebesgue-measure, we say that X € R™ has a uniform

distribution on S, written X ~ U(S), iff its density is px (z) = ]}S(;y)'
S

2.3.2 Normal and lognormal distributions

The random variable X € R has a normal distribution with mean p € R and precision A > 0
(inverse variance) iff its density is

px(z) = \/;eXp (—%(m - u)2> (2.3)
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In this case, we write X ~ N(u, ). The density of the standard normal distribution with
mean p = 0 and precision A = 1 is denoted by

2
o(z) := \/12_77 exp <—%> (2.4)

Extending this to the multivariate case, X € R" is normally distributed with mean vector
w € R™ and precision matrix A € S”, or X ~ N,,(u, A), iff its density at z € R™ is

(o) = () exp (507 1) @5

If we partition

X3 w1 A A
<X2> : <,U2> <A{2 A22

with consistent dimensions, the marginal distribution for X is
X1 ~ N(p1, A — AaAy AT) (2.7)
and the conditional distribution of X5 given X is
Xo| X1 ~ N(uz — gy ATy (X1 — p1), Aga) (2.8)

Note that in terms of precision, the matrix for the marginal distribution changes, while the
precision matrix of the conditional distribution is the associated submatrix. This observation
is reversed if we parametrize the distribution in terms of its covariance matrix.

We call X > 0 lognormally distributed with parameters 4 € R, A > 0 iff log(X) ~ N(u, A).
The transformation formula yields the density

Al A

px(x) = o exp <—§(log(x) — u)2> (2.9)

The expectation and variance of a lognormal random variable are

E(X) = exp (M + %) Var(X) = exp <2ﬂ + %) <exp G) - 1> (2.10)

Consequently, we call X € R’} a multivariate lognormal random variable with parameters
p € R™and A € S7 iff log(X) ~ Ny, (i, A). The resulting density at z € R™ is

I G L ) RyeRts

2m) i=1%i
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2.3.3 Gamma and Wishart distributions

We say that X > 0 has a gamma distribution with parameters o, 8 > 0 iff it has density

px(z) = Fﬁ(z)w“‘l exp(— Q) (2.12)

and write X ~ Gamma(c, ). Its expectation and variance are

« «

E(X) = Var(X) = — (2.13)
(X) 3 (X) 72
For our purpose, the correct multivariate extension of the gamma distribution is the Wishart
distribution. We say that X € S" is a Wishart random variable with parameters a > ;1 and
B e 8", or X ~ Wishart, («, B) iff the corresponding density at A € S is
[BI* | jja—tit
px(A) = g4I exp(—tr(BA) 2.14)
The density is integrated over the w distinct entries of A. To normalize, we need the

generalized gamma function
2 1-—
I (a k(k 1)H ( o+ z> (2.15)
=1

The expectation of A is
E(A) = aB™! (2.16)

To sample from a Wishart distribution, we use the following relation found e.g. in [6]:

Proposition 2.1 Let k > nand X, ..., X be i.i.d. N, (u, A). Then, the random variable

k

X = 30X - X (X

i=1

Xi)T 2.17)

is independent of X, and has the distribution X ~ Wishart,, (%51, 2).

2.3.4 Normal-Wishart conjugate priors

For a multivariate normal model, using a multivariate normal prior for the mean and a
Wishart prior for the precision results in posterior distributions of the same type:

Proposition 2.2 Let X = {Xj,..., Xy} where the X; are i.i.d. N,,(u, A). If we take as prior
distributions for the parameters

p~ Ny (v, L) A ~ Wishart, («, B) (2.18)
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their posterior distributions become

k
X, A ~N, ((L +kA)T! (LV + AZXZ) L+ k:A)

i=1

(2.19)

2

k
k 1
AX, i1 ~ Wishart,, <a + 5B+ D (X — (X — M)T)
=1

Proof The proof is elementary, but we include it here to demonstrate the usual technique
for deriving posteriors:

pu(z|X, A) o< pu(z)px (ol =z, A) (2.20)

PA(A|X, ) oc pp(A)px (o], A = A) (2.21)

1

o [A*5 5 exp (— r(BA) - 3 (X — ) TACK; - u))

k
) k 1 T
= A|X, u ~ Wishart, (a + §,B + 3 ;:1 (X —p)(X; — ) >

To identify the second density, we use the fact that

k k
(X — )T AX; — p) = tr (Z(Xz‘ = p)(Xi — M)TA> (2.22)

i=1 =1

Remark 2.2 A prior distribution that results in a posterior of the same general shape is called
a conjugate prior. This notion can be formalized to apply to all exponential families for which
sufficient statistics of fixed dimension exist [6]. However, since the normal-Wishart conjugate
prior is the only one we need, we include no general results here.

We want to look at some of the properties of the one-dimensional case, which is known as the
normal-gamma conjugate prior. Let X = {X;,..., X} be i.i.d. N(u, \) and assume as priors
for the parameters

w~ N(0,7) A ~ Gamma(s, s) (2.23)
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The values r, s > 0 are arbitrary choices for the prior precisions. By the above proposition,
the resulting posterior distributions are

AR X
(X, A ~N (Zl;l,wrm)

r—+ kA
(2.24)
P .
= - )2
A X, p ~ Gamma <s—|— 2,8—1— 5 ;(XZ n) )
If r is small relative to k, we have
— 1
E(puX,A) ~ Xy Var(pu|X, \) ~ Y (2.25)

Thus, p converges in probability to the maximum likelihood estimator and is asymptotically
unbiased. A similar result holds for A if s is small:

k k
Var (A X, p) =

Eie (Xi =) (S - w?)”

E(\X, p) ~ (2.26)

Here, we get convergence in probability to the inverse of the maximum likelihood estimator
for the variance.

2.4 Markov chains on general state spaces

This section summarizes the key concepts necessary for discussing MCMC methods. Markov
chains on general state spaces have been treated in detail by Revuz [35] and Nummelin [32].
This section is based for the most part on the more recent book by Meyn and Tweedie [30],
as well as an article by Tierney [41] that deals with application to MCMC sampling. A more
in-depth discussion of these methods can be found in [40], also by Tierney. The central limit
theorem is due to Kipnis and Varadhan [26], as suggested by Geyer [17].

2.4.1 Markov chains with invariant distributions

In the following, let { X}, },,cn be a stochastic process with values in the measure space (£2,.4)
with countably generated o-algebra A. The whole process is measurable w.r.t. the space
(N, AN), where AN denotes the joint o-algebra (not just the Cartesian product).

Definition 2.2 We call {X,,} a Markov chain iff forall n > 1
PXn (.|Xn—17 cee 7X0) = PXn(.|Xn—1) (227)

The initial distribution Py, is arbitrary.
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A function @ on Q2 x A is called a Markov transition kernel iff for all € Q andall A € A

Q(z,e) : A — [0,1] is a probability distribution on A
(2.28)
Q(e, A) : Q — R{ is A-measurable

A Markov chain is fully characterized by its initial distribution and a sequence of transition
kernels {Q,} such that for all A € A holds Px, (A|X,—1) = Qn(Xn—1,A4). We are especially
interested in the case where the transition probabilities do not depend on time:

Definition 2.3 A Markov chain {X,,} is called time-homogeneous iff there exists a Markov
transition kernel @ such that for all n > 1

Py, (A Xp_1) = Q(Xn_1, A) (2.29)

For a time-homogeneous chain, we define the iterated transition kernel Q" via induction as

Q'(x. 4) = Q. A) Q"(z, 4) = / Qy, Q" (x. dy) (2.30)

yeN

Note that Q™ (z, A) = Px, (A|Xo = z) is simply the n-step transition probability.

Our goal is to use Markov chains for Monte Carlo integration, i.e. to estimate functionals
of a distribution of interest by their sample averages. A necessary condition for this to be
meaningful is that all X,, have the same marginal distribution, at least asymptotically:

Definition 2.4 Let () be a Markov transition kernel and © any probability distribution. We say
that @ has invariant distribution = iff for all A € A holds

m(A) :/QQ(J},A)dﬂ'(QE) (2.31)

If {X,,} is a Markov chain with transition kernels {Q,} and = is an invariant distribution for
each Q,, we say that {X,,} has invariant distribution .

If { X, } has invariant distribution 7 and initial distribution Px, = 7, the marginal distribution
is also . L.e., we can shown by induction over n € N that for all A € A holds

Px, (A) = /QPXn(A|Xn—1 =u1z)dPx, ,(x)= /QQn(:U,A)dW(:U) =m(A) (2.32)

The Metropolis-Hastings algorithm we use for sampling is based on the following sufficient
condition for the existence of an invariant distribution:

Proposition 2.3 Let {X,,} be a Markov Chain with transition kernels {Q, }, and = a probability
measure on (£, A). If the detailed balance equation

Qn(x,dy)dn(x) = Qu(y, dr)dr(y) (2.33)

is satisfied for all n > 1 and all x,y € Q, 7 is an invariant distribution for {X,, }.
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This is easy to show using (2.33) and the fact that @,,(y, ®) is a probability distribution:
/ Qulz, A)dr(z) = / Qu(, dy)dr () (2.34)
€ e JyeA

— / Qu(y, da)dr(y) = (A)
yeA JxeQ

2.4.2 Ergodicity and asymptotic behavior

Results that rely on Px, = 7 are inadequate for our purpose, as we turn to MCMC methods
precisely because we are unable to sample from a given distribution x. Fortunately, it can
be shown that the distribution of a Markov chain converges to its invariant distribution (if it
exists) regardless of Px, under certain regularity conditions.

For the remainder of this section, let {X,} be a time-homogeneous Markov chain with tran-
sition kernel (). This is the case for which most convergence results have been established in
the relevant literature. It is also sufficient for our needs — although our algorithm does not
generate a time-homogeneous chain, all estimators are calculated from a sub-chain with this

property.

The usual condition used to establish a central limit theorem for Markov chain is ergodicity,
which means that the chain. ..

* has positive probability to reach all "sets of interest” (irreducibility).
* does reach any ”set of interest” infinitely often for all starting points (Harris recurrence).

* does not exhibit cyclic behavior (aperiodicity).
These notions can be formalized as follows:

Definition 2.5 1. The first return time of {X,,} on A € A is defined as
T4:=min{n >1: X, € A} (2.35)
By convention, we set 74 = oc if the chain never returns to the set A.

2. Let  be any measure on the space (2, A). We say that {X,} is p-irreducible iff for all
re€Nandall Ae A
W(A) >0= P(1ta <o0|Xp=2)>0 (2.36)

A Markov chain is called irreducible iff it is p-irreducible for some measure .

3. We call a probability measure 1) a maximal irreducibility distribution for { X, } iff any
irreducibility measure ¢ is absolutely continuous w.r.t. 1.

4. The chain {X,,} is called i-irreducible iff it is irreducible and v is a maximum irreducibil-
ity distribution.
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Definition 2.6 1. For A € A, the event that the chain visits A infinitely often is

Ra:= (] U {Xn €4} (2.37)

m=1n=m

2. A -irreducible chain {X,,} is called recurrent iff there exists a set H € Awith (H) =1
and for all A € A with 1)(A) > 0 holds

P(Rg|Xo=12)>0, z€q P(Rs|Xo=2)=1, z€H (2.38)

3. Arecurrent chain is called Harris recurrent iff for all A € Awith ¢(A) > 0and all x € Q
holds P(R4|Xo = x) = 1.

Definition 2.7 1. A collection of sets A1,..., Ay € A'is called a cycle of length d iff for all
i €{2,...,d} holds

PXn(Al’Xn—l c Ad) =1 PXn(Ai’Xn—l c Ai—l) =1 (239)

2. The period of {X,,} is the length of the largest cycle associated with the chain.

3. We call the chain {X,,} aperiodic iff it has period 1.
Definition 2.8 We call {X,,} ergodic iff it is irreducible, Harris recurrent, and aperiodic.

The usual approach in Markov chain theory is to show that ergodicity implies the existence of
an invariant distribution and a law of large numbers for averages of functionals of the chain.
Our situation is slightly different, as the chain we use for inference is guaranteed to have
an invariant distribution by construction. As a consequence, recurrence becomes redundant.
This can be seen from the following theorem found e.g. in [41]:

Theorem 2.4 Let {X,,} be an irreducible, time-homogeneous Markov chain with invariant dis-
tribution 7. Then, 7 is the unique invariant distribution of the chain, it is a maximal irreducibil-

ity distribution, and { X, } is recurrent.

While the theorem does not guarantee Harris recurrence, this is a mere technicality, as the
following results show (see e.g. [30]):

Definition 2.9 Let A € A.

1. The number of returns of {X,,} to A is

na=>» 1a(Xp) (2.40)
n=1



2.4. MARKOV CHAINS ON GENERAL STATE SPACES 13

2. We call A transient iff E(n4|Xo = x) < oo holds for all z € Q.
3. We call A absorbing iff Q(x,A) =1 forall z € A.

Theorem 2.5 Let {X,,} be recurrent with invariant distribution w. Then, there exist disjoint sets
H,N € Asuch that Q = HU N and

* N is transient with m(N) = 0.

* H is absorbing and has the Harris property Pix,\(Ru|Xo = x) =1 forallz € H.

The existence of H already follows from Definition 2.6. The important point is the absorbing
property. Assume that we generate a sample path from a recurrent chain such that Py, is
absolutely continuous w.r.t. w. Then, Theorem 2.5 guarantees that path remains inside the
Harris set H with probability 1 and all results for ergodic chains apply.

Ergodicity yields a strong law of large numbers and a convergence result for the transition
probabilities:

Theorem 2.6 Let {X,,} be an irreducible, time-homogeneous Markov chain with transition ker-
nel Q and invariant distribution .

1. Any measurable function f on (Q, A) with [, |f(x)|dr(z) < co satisfies

1 N
p (N;f(Xn) —>/Qf(y)d7r(y)

for w-almost all z.

2. If {X,,} is aperiodic, the iterated transition kernels converge to 7 in total variation norm,
ie.

lim (sup |Q"(x,A) —w(A)]) =0 (2.42)
N—oo gcA

for w-almost all z.

A proof from first principles can be found in the paper by Athreya, Doss, and Sethuraman [1].

Note that convergence of the kernel also implies convergence of the chain’s marginal distri-
bution. To see this, let ¢ > 0. By (2.42), there exists an index N, such that for all n > N,
holds sup g 4 |Q™(z, A) — m(A)| < e. Thus

sup |Px, (A) — w(A)| = sup (x,A) — m(A) dPx,(x) (2.43)

AcA AcA

< / sup |Q" (¢, A) — 7(A)| dPx, (x) < ¢
Q

AeA
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2.4.3 The Kipnis-Varadhan Central Limit Theorem

There are several ways to strengthen the conditions further to obtain a central limit theorem.
The version we want to use applies directly only to a chain that has reached a stable state:

Definition 2.10 The process {X,} is called (strictly) stationary iff the vectors (X;,,...,X;,)
and (X;, 4+, ..., Xi,+k) have the same distribution for all finite sets I = {iy,...,i;} C N and
all time shifts k € N.

A time-homogeneous Markov chain with invariant distribution 7 and Px, = 7 is an example
of a stationary process. This follows from (2.32) and the Markov chain’s conditional indepen-
dence of the past (2.27).

The following CLT is a special case of the results given by Kipnis and Varadhan in [26]:
Theorem 2.7 Let {X,} be a time-homogeneous, stationary, and ergodic Markov chain with

transition kernel Q and invariant distribution 7 satisfying the detailed balance equation (2.33).
Let f be any measurable function mapping (2, A) into (R, L(R)) such that

pim [ f@)dn(o) si= [ f@in(a) (2.44)
Q Q
exist. Then, if
L /N 2
02— Jim B { (Z(f(Xn) —u)) < o0 (2.45)
n=0
the estimator
| V-1
AN = nz:% f(Xn) (2.46)
converges in distribution as B
\/N“NU_ £ N(@,1) (2.47)

Under the conditions of the theorem, we can also write
o
ot =rg+2Y 1y <00 (2.48)
n=1

where the r,, are the autocovariances of the stationary sequence {f(X,)}, i.e.
rn = Cov(f(Xo), f(Xn)) (2.49)

Note that o is the spectral density of the stationary process at zero, which may be estimated
using a window estimator (see e.g. the book by Priestly [34]). However, we can exploit the
special structure of the process as shown by Geyer in [17]:
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Theorem 2.8 Under the conditions of Theorem (2.7) and with r, defined as in (2.49), the
sequence {S,,} given for m > 0 by

Sm = Tom + Tomt1 (2.50)
is positive, strictly decreasing, and strictly convex in m.

This leads to the following scheme for estimating o:

Definition 2.11 Let {X,} and f satisfy the conditions of Theorem (2.7). For N € N and
0 <n < N — 1, we estimate the autocovariances by

N—-n—1

. 1 _ _
P = N > (F(X%) = n) (f (Xign) — Fin) (2.51)
k=0
and the sequence { Sy, } by
SN =N il (2.52)
Let My € {0,..., [%52]} be the maximal index such that the sequence S}¥ to SY] is positive

and strictly decreasing. The initial monotone sequence estimator for the variance is

2Myn+1 My
Gh=ro+2 Y N =ro+2i+ ) SN (2.53)

As shown in [17], this is a consistent overestimate and thus suitable for calculating confidence
intervals:

Theorem 2.9 For 6% as in (2.53) and almost all sample paths of the chain holds

lim inf 6% > o? (2.54)

—00

Proof: We repeat the proof from [17] here, as we need a similar argument later:

By Theorem (2.6), we know that for all n» and m holds
S T SN g, (2.55)
As the true S,, are positive and strictly decreasing, this implies
My %5 o0 (2.56)

Let ¢ > 0. By Equation (2.48), there exists an M, > 0 such that

Mo
0'2—7”0—27‘1—225” <

m=1

(2.57)

[NON e
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Furthermore, (2.55) implies that there exists an Ny > 0 such that for all N > N, holds

Mo My . ¢
ro+2r +2) S -7y =27 —2> 8N <3 (2.58)
m=1

with probability 1. Thus, we get for sufficiently large N and almost all sample paths of the
chain that

My
ox =iy + 20 +2) SN >o% e (2.59)
m=1
which implies (2.54). [ |

The above result is still true if we exploit the convexity of {S,,} and base estimation on the
largest convex minorant of {S})}. However, Geyer reports that the extra computational effort
yields little improvement.

For a detailed proof why Theorem 2.7 applies to our situation, we need to relate the conver-
gence of probability measures to the convergence of the associated integrals:

Proposition 2.10 Let P and { P, },cn be probability measures on (2, A) such that the P, are
absolutely continuous w.r.t. P and converge in total variation norm, i.e.

lim (sup |P,(A4) — P(A)]) =0 (2.60)
N0 AeA

Let b > 0 and define

Fo:={f:Q—R: fis P-and P,-integrable for all n, and satisfies 0 < f < b P-a.e.}
(2.61)
For all € > 0 exists a N. > 0 such that for all n > N, and all f € F; holds

(2.62)

) dP,( /f )dP(z

Le., the P,-integrals of non-negative, bounded functions converge to the P-integral uniformly
w.r.t. the bound b.

Proof: Letb > 0,¢ >0, and f € F,. By the construction of the Lebesgue-Stieltjes integral,
we can choose a sequence {s,, } of measurable step functions which approximate f from below
in the following sense:

There exist disjoint sets Ay 1, ..., Ay j(n) € A, and constants ¢, 1, . . ., ¢, j(n) = 0 such that
j(n) j(n)
U Ani =0 ch ila,, (@ (2.63)

Furthermore, s, < f a.e. and

/an(x)dPn(ac)—/Qf(x)dPn(x) <

(2.64)

wl o
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W.l.o.g. each s, is also a good approximation of f w.r.t. the P-integral:

/an(ac)dP(x)—/Qf(x)dP(w) <

(If this is not the case, choose a step function s satisfying 0 < s < f and (2.65). The pointwise
maximum of s and s,, is a measurable step function with the desired properties.)

By (2.60) exists a N such that for all n» > N, and all A € A holds |P,(A) — P(A)| < . We
define

(2.65)

¢
3

Jy i ={i: P,(Ani) > P(Ani)} Ji={i: Py(An;) < P(An;)} (2.66)

and observe that for all n > N,

/ Sp(z) dPy,(x) — / sp(z) dP(x) (2.67)
Q Q
é Z Cn,i(Pn(An,i) - P(An,z)) + Z Cn,i(P(An,i) - Pn(An,z))
icJy ieJn
Pn UAn,z - P UAn,z +bP UAn,z _Pn UAnz E
ey icdp ieJn ieJm 3
Using (2.64), (2.65), and (2.67), we obtain for all n > N,
x) dPy( / f(z)dP(x x) dP,( / n(x) dP,(x) (2.68)
+ / sp(xz) dPy,(x) — / Sp(z) dP(x)
Q Q
+ / s() dP(x) — / F@)dP@)| < ¢
Q Q
|

The previous proposition is sufficient to extend Theorem (2.7) to Markov chains with an
arbitrary starting distribution:

Corollary 2.11 Let {X,,} be a time-homogeneous, ergodic Markov chain with marginal distri-
butions { P, } and invariant distribution 7 satisfying the detailed balance equation (2.33). Let f
be any measurable function mapping (2, A) into (R, L(R)) such that

W= / f(z)dr(x) s:= [ f(x)*dr(z) (2.69)
Q

exist for all n. Furthermore, let {X,,} be a Markov chain satisfying the conditions of Theorem
2.7 with the same invariant distribution . If o2 defined as in (2.45) is finite, the estimator

L =
N = ~ Z (2.70)

=0

3
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converges in distribution as

\/NﬂNU_ £ N(@,1) (2.71)

Proof: We can assume w.l.0.g. that i = 0. As the variance o2 is the same as in Theorem
(2.7), we need to show for

1 N-1
QY =R (w0, -y an-1) = > flan) (2.72)
n=0

that vV Njiy = WN()N(O, e ,XN_l) has the same asymptotic distribution as vy (Xo, ..., Xn—1)-
For this purpose, define truncated averages for M < N as

YM,N - QM-N _, R, (l’M, ... ,:EN_l) \/1_ Nz:l f(:L'n) (2.73)
Note that for fixed M > 1 holds
A}iinooE((yN(f(o, o XNe1) = N (X Xven)?) 2.74)
M-1 2

Le., the expressions converge in mean square and therefore also in distribution.

Let e > 0. As P, converges to 7, we can apply Proposition (2.10): there exist an M, such that
for all n > M, and all functions f which satisfy 0 < f < 1 and are integrable w.r.t. P, and 7

holds
/ f(z)dP,( / f(z)dm(x

Let B € L£(R). The previous equation implies for all N > M, that

<€ (2.75)

’P ’}/]\/[67 (XM67-- XN 1) S B) P(’YME,N(XMea"'7XN—1) S B)‘ (276)

‘ / P((Xa, - Xnv-1) € 7if w(B)Xo, = 2) dPy,, ()

<€

—/QP((XME,...,XN_l) € Mn.n(B)Xu, = z) dn(x)

as the time-homogeneous Markov chain structure of {X,,} and {X,,} ensures that the condi-
tional probabilities are identical and depend only on the lag N — M..

As we can write

|P(y~ (X0, ..., Xn-1) € B) = P(yn(Xo, ..., Xn_1) € B)| (2.77)
<|P(yn(Xo,..-, XN-1) € B) = P(ym. N(Xo; - -, XN-1) € B)|
+ [ P(ym., N (Xo, ... Xn-1) € B) = P(yu.N(Xo, ..., Xn_1) € B)|

+ |P(var. v (Xo, .., Xn—1) € B) — P(yn(Xo, ..., Xn-1) € B)|

equations (2.74) and (2.76) are sufficient to establish convergence. [ |
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Remark 2.3 Note that we can estimate o2 as in Definition (2.11) if we replace X,, by X,,. The
proof of Theorem (2.9) relies only on the law of large numbers, Theorem (2.7), which is also
satisfied by {X,,}.

2.5 The Metropolis-Hastings algorithm

In the previous section, we considered conditions under which a Markov chain can be used for
Monte Carlo estimation. Generating a suitable chain is possible via the Metropolis-Hastings
(MH) algorithm. This sampling scheme was introduced by Metropolis et. al. [29] and later
adapted for a more general context by Hastings [24]. The algorithm relies on the detailed
balance equation (2.33) to ensure that the chain has the desired invariant distribution.

Algorithm 2.1 Let 7 be the distribution on the probability space (€2, A) from which we want
to sample, let Q(x, A) be any transition kernel on the same space, and let f be a w-measurable
function such that

. /Q F(2)dr(z) (2.78)

exists. Given a starting value X, and a desired sample size N, we construct a Markov chain
{X,,} with invariant distribution 7 as follows:

1. Sample a proposal X, .1 from Q(X,,e).
2. Set Xpy1 = Xn-l—l with probability min(1, a(X,,, Xn+1)) and X, +1 = X, else, where

dr(y)Q(y, dzr)

dr(2)Q(x, dy) (279)

a(z,y) =
3. Repeat 1. and 2. Ny + N times, until the last N values of the chain resemble a stationary
process.

Estimate p as
No+N

,:L::% > F(Xn) (2.80)

n=No+1

Remark 2.4 1. The sequence of Ny initial values which are discarded is called the burn-in
period of the sampler.

2. If 7 and Q(x, ) have density or weights p respectively q(x,e), the quotient o can be ex-
pressed in the more usual form

p(X)a(X, X)
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To employ the algorithm, we need to be able to evaluate the density or weights at each
point. However, as « is a quotient, we do not need to worry about proper scaling. Le., if
m = Py(e|X), equation (2.2) implies that we have to deal only with the prior and model
distributions.

The algorithm generates an ergodic chain with invariant distribution 7 under minimal condi-
tions. The following are sufficient and easily ensured in practice:

Proposition 2.12 Let {X,,} be a Markov chain generated by the Metropolis-Hastings algorithm
2.1 with starting point X, drawn from Px,. If Q(z,e) has a positive density w.r.t. 7 for all
x € ), the chain is w-irreducible and aperiodic with invariant distribution .

These points are discussed e.g. in [41] or [40]. The proof is included here to illustrate how
the quotient rule enforces detailed balance regardless of the proposal distribution:

Proof: To see that 7 is the invariant distribution of the chain, we verify that it satisfies the
detailed balance equation (2.33), which is sufficient by Proposition 2.3. The transition kernel
of the chain for any value X,, and set A € A can be written as

PXn+1(A|XTL) = Amin(lva(Xnay))Q(dey) (2.82)
ye

T 1y (Xas) (1 - min(La(Xn,y))@(Xn,dy))

yeN

The first term is the probability to propose a candidate in A and accept it. The second term is
the probability to reject any proposal and stay at X,,, provided X,, € A. This can be written
in differential form using a §-distribution for the point-mass:

dPx, ., (y| X, = x) = min(1, a(z, y))Q(z, dy) (2.83)

#ou) (1= [ min(l,ale.0)Qe.d))

yeN

Note that the definition of o implies
min(1, oz, y))Q(x, dy)dr(x) = min(1, ay, 2))Q(y, dz)dm(y) (2.84)

as either min(1, a(x,y)) or min(1, a(y,x)) (or both) have value 1. Thus, multiplying (2.83)
by m(x) yields

dPx, ., (y| X, = x)dr(x) = min(1, a(z,y))Q(x, dy)dr(x) (2.85)
+ain(o) (1= [ min(La(e)QG. )
yeN
= min(1, a(y, z))Q(y, dx)dn (y)

+8,( (1 —/ min(1, a(y, z ))Q(y,dw)>
=dPx,,, (x| X, = y)dr(y)
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which is the detailed balance equation (2.33) as required.

Let x € Q and A € A with 7(A) > 0. The chain is 7-irreducible as

L(z,A) > P(X; € Al Xy =x) > min(1, a(z,y))Q(z,dy) >0 (2.86)
yeA

Similarly, we get for all n that P, (A|X,, = x) > 0, which implies aperiodicity. [

Under the above conditions, Theorem 2.4 guarantees that the chain is also recurrent.

2.5.1 Choosing a proposal distribution

The shape of the proposal distribution ) has a major impact on the speed of convergence of
the Markov chain to a stationary state. Two situations in particular are problematic:

* The proposals have a low likelihood w.r.t. 7, resulting in a high rejection rate and a
chain that remains at the same value for many iterations.

* The changes to the state of the chain are very small. While this will often result in a
high acceptance rate, the chain still needs a long time to explore the entire parameter
space. This is especially problematic if the starting value is unlikely w.r.t. .

Unfortunately, there is a trade-off between the two cases, as bigger changes tend to have a
lower acceptance probability and vice versa.

2.5.1.1 Blocking and the Gibbs sampler

Blocking is a basic technique for improving the performance of the MH-algorithm. It is dis-
cussed in detail in the relevant literature, e.g. in [40], in the article by Gilks et. al. [19] in
[18], or in the book by Chen et. al. [7] where it is called grouping. The general idea is to
generate new states of a multivariate distribution by sequential updating of blocks (groups)
of components conditional on all others:

Example 2.1 Assume that we want to sample from m = Py(e|Z) in the Bayesian inference
problem (2.2), and that the parameters can be partitioned as 6 = (61, 62). We can decompose
the densities or weights at the point x = (x1,x2) as

po(x|Z) o pg, (x1|Z, 02 = x2)pg, (22| Z) (2.87)

If we draw a candidate 6, from some proposal density q1(01,9|Z,0,), the acceptance probability
is governed by . .
oy, 0) = o, (0112, 92)(]1(91,9~1|Z, 02)
o, (01|12, 02)q1(61, 612, 02)
As terms that do not depend on 61 cancel, the rate of acceptance will often be higher than for a
simultaneous update of both components.

(2.88)
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Using the MH-acceptance probability for each update results in a chain which preserves de-
tailed balance, although it is no longer necessarily time-homogeneous or aperiodic. However,
the sub-chain we get if we take only the elements of the chain after each complete update
cycle will be. Note that the block updates do not need to follow a fixed schedule; random or
mixed schemes are also admissible.

Choosing how to block components is often suggested by the model. For example, in a mul-
tivariate normal model, the means can be treated as one block and the precision matrix as
another. Ideally, the conditional distribution is of a known form, i.e. one from which we can
sample directly. In this case, we can choose ¢; (0, élyz, 02) = pgl(élyz, f2) and achieve an
acceptance probability of 1. A scheme of this type is called a Gibbs sampler, a name proposed
by Geman and Geman when they applied it to Gibbs distributions on a lattice [16].

2.5.1.2 Other methods for improving convergence

The algorithm developed in Chapter 4 uses Gibbs sampling for the means of the lognormal
distribution driving our rainfall model. Unfortunately, the model structure does not permit
such a sampler for the precisions except in simplified cases, as the conjugate prior properties
of Section 2.3.4 are destroyed. However, we can choose a factor of the posterior density that
is proportional to a Wishart density and use it to define a proposal distribution. This leads
to an MH-algorithm where the proposal density cancels part of the likelihood in the quotient
«a. The approach works as long as the posterior distribution is characterized closely by its
Wishart part, since the acceptance rate will be close to 1. Unfortunately, this is not always
true, and the algorithm can get stuck at the same value for many iterations.

It should be noted that a Gibbs sampler can also converge slowly, although it never gets stuck.
While the blocks are updated using their true posterior distribution, this happens conditional
on the current state of the model. And if part of this is misspecified, the sampler can remain in
an unlikely region (w.r.t. the stationary distribution) of the parameter space for a long time.

A common technique for improving a slow sampler is reparametrization (see e.g. the article
by Gilks and Roberts [20] in [18]). The basic idea is to transform the parameters in order
to minimize their posterior correlation. Orthogonal search directions allow the sampler to
explore the parameter space more quickly. Since de-correlation requires a linear transform,
it is easy to implement for normally distributed components — the posterior stays normal.
It is less clear how to handle distributions which are not invariant under linear transform.
Another drawback is that one has to know the posterior correlation at least approximately, or
reparametrization can worsen the situation by introducing additional dependencies.

We tested reparametrization for the normally distributed components of our model, using a
correlation matrix estimated from previous iterations of the algorithm. This did not yield any
significant improvement, as the algorithm’s main problem seems to be identifying precisions
based on a Wishart prior. And while it would be possible to specify a linear transform for
the log-precisions (to maintain non-negativity), dependencies between mean and precision
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parameters result in complicated posteriors. Thus, we do not include reparametrization in
the algorithm presented in Chapter 4.

Remark 2.5 Blocking and reparametrization are special cases of multi-grid Monte Carlo meth-
ods, which treat the parameter space in a coordinate-free manner. Given a (sufficiently rich) class
of transforms on this space, a new proposal for 0 is generated by applying a randomly chosen
transform to the current state. A treatment of multi-grid Monte Carlo can be found in the article
by Liu and Sabatti [28] or in [7].

To prevent the precision sampler from getting stuck, we decided to use alternating proposal
distributions for the diagonal entries of the precision matrix. Our algorithm switches ran-
domly between a sampler based on density approximation and a normal random walk on the
log-precisions. The latter is centered on the current value and has a small variance. Thus,
many proposals stay close to the current value, resulting in a high acceptance rate and keep-
ing the sampler in motion. For details of the implementation, see Section 4.3.8.

2.5.2 Convergence diagnostics

Working with an MCMC sampler, we need a way to determine the length of the burn-in period
and the total length of a run. In particular, we are interested in whether the Markov chain
has reached its stationary state, and how well it is mixing. Some models permit mathematical
analysis to make such assessments in advance, but given the complexity of our model, we
only want to look at techniques that are universally applicable. All of them focus on the
monitoring of output from the sampler, either the parameter 6 itself or some other statistic of
the Markov chain.

The first analysis step is to look at plots of the parameter values for each iteration of the sam-
pler and their autocorrelation functions. This will give a first indication of how many values
should be discarded, and whether it is advisable to thin the chain. But there are problem-
atic cases. For example, a process with several spontaneous shifts in the mean and slowly
decaying sample autocorrelations could be non-stationary or just slowly mixing. In fact, if we
monitor multiple parameters, some plots may appear stationary, while others clearly indicate
that the chain has not converged. Gelman and Rubin provide strong arguments that infer-
ence from a single run is not sufficient to establish convergence in practice [15]. They give an
example with multiple parallel chains where each individual process appears stationary but
has a distinct mean from the rest. The lesson is that one should consider multiple summaries
taken from several runs when assessing convergence if possible. Unfortunately, our algorithm
for fitting the rainfall model requires substantial computation time so that we can provide
only few results for parallel runs.

We employ two different methods for analyzing convergence. The first is based on confidence
intervals for 6, which we can construct using Corollary 2.11. If we have 2N parameter samples
available, let I; be a J-confidence interval derived from the first NV values, and I a § interval
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based on samples N + 1 to 2N. Under the hypothesis that the process is stationary, we know
that

I.e., we have a level-vy test for non-stationarity. We can use it to compare parts of a single
sequence or from two independent sequences. Unfortunately, it is based on the variance
estimator 63 of Definition 2.11. Thus, the level is by no means guaranteed for a slow mixing
sampler.

The second method is developed by Gelman and Rubin for analyzing the output from multiple
runs in [14]. We only employ the simplified version given by Gelman in [13] which does not
correct for the uncertainty introduced by estimating the posterior means and variances:

Definition 2.12 Consider K sequences of estimators for the parameter § € R?, each of length
L. Denote them by {#*'},, where k € {1,...,K}andl € {1,...,L}.

The between-sequence variance for the i-th component of 0 is

)

. L &
Bli= = D0, = 07’ (2.90)
k=1

Here, the first average is taken over the L values of each sequence, whereas the second is take
over all values and sequences.

The within-sequence variance is

K L
; 1 kol okl (2
W= oSS - (), 2.91)
K(L-1) kzzl ; L
Together; these yield the estimated potential scale reduction

o JL=-1)Wi+ B
PSR; := \/ G (2.92)

The values B* and W* are unbiased estimates for the posterior variance of §; under station-
arity. If we generate starting points from a distribution which is overdispersed compared to
the posterior, B is an overestimate. On the other hand, W is an underestimate, as no single
chain will have explored the entire parameter space after finitely many iterations. Therefore,
the posterior scale reduction is an upper bound on the relative reduction of the standard de-

viation for (1911c ’l) , that could be attained if the chain was allowed to run longer. Gelman
suggests that a potential scale reduction of 1.2 for all quantities of interest should be taken to
indicate convergence.

The book by Chen et. al. [7] contains an overview of several tools for analyzing the conver-
gence behavior of a chain, including the posterior scale reduction criterion.



Chapter 3

The lognormal rainfall model

The rainfall model introduced in this section is an attempt to capture the behavior of precip-
itation data at a single point (rain-gauge readings or radar-data for a small area) over time.
The observations consist of the amount of rainfall recorded during periods of fixed length.
This results in a distribution with a continuous component on R~ and a point mass at O.

Unfortunately, many properties of the data depend strongly on the length of the observation
interval. For example, observations recorded at 10 minute intervals have a high probability
to be 0, while the point mass may be negligible for monthly data. We follow the approach
of Rodriguez-Iturbe et. al. [37] and try to address this problem by disaggregation. The rain-
fall intensity is treated as a continuous function over time, while the observations are the
aggregated amounts per time interval. Thus, the intensity process is formally independent
of the length of the observation periods. Of course, the intensities are estimated from the
observations, so the precision of the estimator depends on the time scale.

It is well known that the duration and intensity of rainstorms are negatively correlated. See
e.g. the article by Bacchi et. al. [2] for a model focusing on this property. We also want to be
able to incorporate short-range dependencies of this kind. On the other hand, there seem to
be no meaningful long-term dependencies except for seasonal effects. These are taken into
account only in so far that model is fitted to data from a single season.

3.1 The rainfall process

The model treats rainfall intensity as a step function. Rain is assumed to occur in cells of
constant intensity. These may overlap to produce heavier precipitation. Cells are grouped
into storms, i.e. periods during which rainfall may occur. The following definition of a rainfall
process is based on the model proposed by Rodriguez-Iturbe et. al. in [37] and [38]:

Definition 3.1 A rainfall process II is characterized by
e The time scale = > 0 [min].
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* The number T > 1 of observation periods of length .
* The number M > 1 of storms.
* The duration X! > 0 [min] of storm i, i € {1,...,M}.

* The lag X} > 0 [min] between the origins of storms i and i + 1, i € {1,...,M — 1}.
Storm M also has an associated lag X3!, but we require that it places the origin of the
(unobserved) successor after the end of the observation period.

* The number M*® > 1 of cells in storm i, i € {1,..., M}.
* The duration X{"j > 0 [min] of cell j in storm i, j € {1,..., M*}.

* The lag Xé’j > 0 [min] between the origins of cells j and j + 1 in storm i,
j€{l,...,M"—1}. The last cell of each storm is assigned a lag X;"Ml that would place
its (non-existent) successor after the end of the storm.

* The depth (intensity) D% > 0 [mm/min] of cell j in storm i, j € {1,..., M*}.

From this, we derive the storm and cell origins

i—1 7j—1
0 =3 X} 0% =0"+Y X3 (3.1)
=1 =1
and the rainfall aggregates for t € {1,...,t}
Y= LUX P AXYLADYY) =) 0,0 + X0 [(t — D tr)| DY (3.2)
i=1 j=1
We write
4 X - X . -
X="1 X ="t X = {(X*, {x" :
M = {M'} D := {D"/} 0 := {(0",{0"})} Y = {Yi}

and identify the rainfall process by I1 = (Y, D, O, X, M, M, T, T). It is also convenient to denote
the total number of cells by

M .
M=% M (3.4)
i=1
A rainfall process is said to be consistent iff

oM <1r <OM 4+ xM (3.5)
Vi: O"M' <O 4 X < OPM' 4 XM
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Figure 3.1: Storm process and aggregation
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Remark 3.1 1. The first storm is assumed to start at time t = 0, while the first cell of each
storm starts at the storm’s origin. Thus, the storm origins and the cell origins within each

storm form a non-general point process.

2. The consistency condition ensures that M and M* actually are the correct number of storms
and cells. Prospective successors are placed beyond the end of the observation period or
storm. In terms of simulating a storm process, the condition actually defines M and M*:

To generate a single storm, we first sample the duration X{ and then generate a sequence
of cell lags X21’1, X21’2, etc. until we reach an index jo satisfying

Ol < O + X < OV 4 X7 (3.6)

By setting M equal to jo, we get a consistent cell process for storm 1.

Figure 3.1 shows a storm process and the resulting aggregates. For a consistent process, the
storms mark periods where cells may start, whereas the cells contribute the actual precipi-
tation. A cell may last longer than the storm it belongs to, and cells and storms may freely
overlap. Nesting cell processes within the storm process leads to a clustering of rain cells,
which appears to describe the behavior of actual rainfall reasonably well [38].

A wide range of precipitation models can be fitted within the framework defined above. In
[37], the components of X and D are treated as independent exponentials. The major ad-
vantage of this model is that the distribution of the storm and cell origins is easily tractable,
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as the number of events in a given period is Poisson distributed. Unfortunately, there exists
no multivariate extension of the exponential distribution that allows for a straightforward
specification of a covariance structure. Some suggestions how to model correlation in this
framework are given in [2], in [38], or in the technical report by Granville and Smith [21].
The latter is of particular interest to us, since they also use MCMC methods for estimation.

We want to use a different approach and specify a multivariate lognormal distribution for the
elements of X. More specifically, we assume for storm 7 and cell j

Xi
X3
Xy
by

log f, A ~ Na(p, A) (3.7)

An A
Afy Az
of size 2 x 2. The storm quantities X" are treated as i.i.d. with distribution

Xz'
] 1
° (Xé)

The parameters describing the marginal distribution of the first two components can be de-
rived from (2.7):

with mean p = (u1,...,p04)7 € R* and A = ( ) € G4, partitioned into submatrices

,LL,A ~ Ng(ﬂ,AH) (38)

po= (Z;) Ayy = Ay — ApA AT (3.9

The cell quantities are i.i.d. conditional on the duration and lag of their storm:

X 4 4
log <X%,j> ‘ X' py A~ No (', Agz) (3.10)
2

According to (2.8), the conditional mean is

- M3 17 (log(XY) — m
at = — A A ; (3.11)
<M4> 2 <1og(X2) — M2
Cell depths are not included in the lognormal framework, but sampled from a uniform distri-
bution independent of all other quantities:

D™~ U(0,2¢) (3.12)

where ¢ is some intensity scale [mm/min].

The reason for treating cell depth independently of the temporal structure is identifiability. As
long as a rain cell is contained in a single observation period, its contribution to that period’s
total is equal to its duration times its depth. However, the product of two lognormals is again
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lognormally distributed. IL.e., a joint lognormal model could not distinguish between depth
and duration in this case, and would use five parameters (two means, three (co)precisions) to
describe a quantity that can be fully characterized by two. While these considerations suggest
a constant intensity, variable cell depths result in lower rejection rates for storm structure
transforms in the MCMC algorithm and lead to better mixing for the sampler. The uniform
distribution was chosen for ease of use.

Remark 3.2 There is some evidence in real data sets that the rain rate averaged over a suffi-
ciently large area is approximately lognormally distributed conditional on the presence of rain.
A theoretical justification for the lognormality of rain rate can be found in the works of Kedem
and Chiu [25] as well as Pavlopoulos and Kedem [33].

Our model does not reproduce this exactly, as the rainfall amount in a period is equal to the sum
of several lognormals multiplied with uniforms. Nevertheless, we expect to obtain a distribution
with a similar extremal behavior.

We denote the actually observed rainfall amounts by Z;, t € {1,...,T}, and treat them as a
distorted version of the aggregates Y;. The error distribution is assumed to be unsystematic,
i.e. E(Z]Y;) = Y. It has to account for both the errors of measurement and the errors
introduced by the simplifying assumptions of the model. No attempt is made to distinguish
between the two. The Z; are assumed to be 0 iff Y; = 0 and independent lognormals with
unknown precision scale ¢ > 0 else:

1
g 201, > 0~ N (log(¥i) = 11— pi6.7) ) (3.13)
The term p((, 7) is defined as
~1
p(¢,7) = <log <E + 1)) (3.14)
which yields
E(Z,|Y)) =Y, Var(Z,|Y;) = Yf% (3.15)

As it is easier to handle, the estimation algorithm consistently parametrizes the model in
terms of p((, 7) and retrieves ¢ from the output.

Remark 3.3 For rain gauge readings, the error of measurement is higher during periods of
intense precipitation. The distribution of Z; was chosen to take this into account, i.e. the standard
deviation is proportional to the true rainfall amounts. In other words, the relative standard

deviation is constant for Y; > 0:

Std(Z¢|Y2) T
—=,/= 3.16
Y, c (3.16)

Note also that the value of ¢ does not depend on the time scale 7. For example, if we transform
the observations to a timescale of 27 by adding pairs of observations, we get

o1 7 9
Var< 2l Ry 1, Yar, Yar1 > 0, Yoy > o) =7 (3.17)
Yor1 Yo

¢
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Table 3.1: Model variants

Model Description dim(0)

I The full model as per Definition 3.2. 15
(parameters y € R*, A€ 54, ( €R)

I A is treated as a diagonal matrix. 9
(parameters p € R*, A € R%, ( € R)

II1 Means p; and ju4 are matched via typical number of cells K. 11
(parameters ur € R®, Ap € $3, Ays € Ry, ( €R)

v As model III, with diagonal A. 8
(parameters pr € R3, A € RY, ( €R)

\Y Cell durations are uncorrelated with the other quantities. 12
(parameters u € R*, Ap € 33, A3 3 € RT, (€ R)

VI Only storm duration and cell lags have non-zero correlation. 10

(parameters p € R*, Aq 1 to Ay, A1 g, ( ER)

As real world data frequently contain missing observations, we include that possibility in our
model, denoting the set of unknown measurements by U C {1,...,T}. These need to be
estimated alongside the rainfall process and its governing parameters.

We can now formulate the complete model as
Definition 3.2 The lognormal rainfall model comprises

* a consistent rainfall process I = (Y, 0,D, X, M, M, T, T) with average cell intensity .
* observations Z := {Z,}, where {Z;};cy are missing values.

 parameters 0 := (u, A, p((,7)).

The interaction of these quantities is determined by Definition 3.1, as well as Equations (3.7),
(3.12), and (3.13).

Fitting this model to a data set requires that we estimate (D, X, M, M) alongside the param-
eters §. We show how to do this using MCMC methods in Chapter 4.

3.2 Simplifying the model

The relatively high dimension of the parameter makes it difficult to obtain a good fit via the
MH-algorithm in reasonable time. Thus, we want to look at some simplifications that reduce
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the dimension of the parameter while preserving the general framework. These variations
are identified by Roman numerals, with model I being the full model (see Table 3.1):

3.2.1 Model II: Uncorrelated quantities

An obvious way to simplify the model is to assume uncorrelated storm and cell quantities X,
i.e. to treat A as a diagonal matrix. In this context, we write A = diag(\1,...,\s). Since
we choose the lognormal model precisely because we want to detect correlations, this reduc-
tion has no practical value. However, it is useful for testing the estimation algorithm, as it
simplifies many calculations.

3.2.2 Models III and IV: Matched means

Numerical trials show that the algorithm is unable to accurately identify the parameters as-
sociated with the cell process if the average duration of the cells is less than 7. Depending on
the starting point, we may get parameter sets favoring a few long or many short cells. This is
especially problematic as the computational effort increases with the number of cells in the
estimated process.

We can address this by introducing additional dependencies among the parameters. If pos-
sible, the number of cells per storm should remain reasonably small. Our approach is to fix
a typical number of cells per storm K and treat the mean parameter for the cell lag as a
function of those for storm duration. Let

o? := Var(log(X1)|0) = (A1, o3 := Var(log(X27)[0) = (A1) a4 (3.18)

The number K is considered to be ’typical’ in the sense that we match the means
E(X{|0) = ZX 710 (3.19)

If the duration of a storm and the sum of K cell lags have the same mean, we expect that
'most’ storms have close to K cells. Note that we do not condition X37 on X, as we use the
additional assumption that the lags are uncorrelated with the other elements of X. In partic-
ular, variations in rainfall intensity between storms are attributed uniquely to cell duration.

Matching the means yields the equation

ot o
exp | p1 + > = Kexp | pga + > (3.20)

which is solved by

— 0
pa(pn, 0%, 03) == g+~ 5 — log(K) (3.21)
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The model is now parametrized in terms of ugr € R, Ag € 53, and A4 4 > 0 which satisfy

KR Ar 0
= A= (3.22)
a <:u4(/j’17 U%J Uz)) < Q A474>

This approach reduces the dimension of the parameter vector 0 := (ugr, Agr,p(¢,7)) from
15 to 11. However, with K, we incur one additional parameter which has to be specified in
advance.

Like model II, model IV is merely a test case where we use mean matching in conjunction
with diagonal A.

Remark 3.4 While it is possible to match both the means and variances of X} and ZJKZ L X5,
this approach did not perform well in numerical trials.

As for choosing a typical number of cells, we use K = 10 to generate artificial data with a
reasonably small total number of cells. Deciding on the correct value for real data is part of the
problem of choosing a starting parameter we treat in Chapter 5.

3.2.3 Model V: Uncorrelated cell durations

The matched means approach is attractive from a computational point of view as it keeps the
number of cells small, but it may not be a good representation of the real process. A more
natural way to model a higher rainfall intensity for short storms would be to increase the
frequency of cells instead of their duration. The difference between the two descriptions is
negligible only if the average cell duration is much shorter than r. Thus, we also want to
investigate the properties of an alternative model, where the cell durations are independent
of the remaining quantities, while the lags are not. The precision matrix becomes

Aig A 0 Ay
Ao Ao 0 Aoy

A= ’ 3.23
0 0 Aszz O ( )
Aig Aoy 0 Agy
In the context of model IV, we also write
Mg A Ay 5
Ap= A2 Aoo Aoy R = | p2 (3.24)
Mg Aoy Agg 14

No additional dependencies are introduced for the means, which makes this model easier to
implement than mean matching, but it requires 12 parameters instead of 11.



3.3. PRIOR DISTRIBUTIONS 33
3.2.4 Model VI: Limited correlation

The last model we consider uses but a single non-zero correlation parameter for storm dura-

tion and cell lags:

Aip O 0 Ay
0 Axp O 0
0 0 Aszz O

Aig O 0 Ayg

A= (3.25)

For model V, we write

A1 Aig L1
AR — ’ ’ R = (3.26)
<A1,4 Agg H 14
With 10 parameters, this is the smallest variant of the model which is non-trivial in the sense
that it can reproduce the effect of a higher rainfall intensity for short storms.

3.3 Prior distributions

To carry out estimation within the Bayesian framework of the MH algorithm, we need to
specify suitable prior distributions for the components of §. Since we are working with the
lognormal distribution, we use the normal-Wishart conjugate prior of Proposition 2.2 for the
mean and precision of the logarithmic quantities.

In the full model I, we choose independent components for u:
pu ~ N(0,7) (3.27)
The precision matrix A characterizing X is distributed as
A ~ Wishart4(2.5, v/sly) (3.28)

The reason for this choice of parameters is that « = 2.5 eliminates the determinant of A from
the density (see 2.14), while 3 = /s, means that the precision of the diagonal elements is
proportional to s. In the one-dimensional case, the resulting gamma distribution is usually
parametrized via « = § = s, which yields expectation 1 and precision s. Unfortunately, this
choice cannot be extended to our situation, as the four-dimensional Wishart distribution is
only defined for a > 1.5.

Finally, the error precision p((, 7) for the observations is assumed to satisfy
p(¢,7) ~ Gamma(s, s) (3.29)

The prior precisions r and s need to be chosen sufficiently small to allow for a wide range of
likely parameters.
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3.3.1 Priors for the simplified models

The simplified models use the same distribution (3.27) for the means as model I, except that
14 in models IT and IV is given by the deterministic relationship (3.21) and does not require
a separate prior.

In models II and IV where A = diag(Aq,...,\4), the precisions are are taken to be indepen-
dently gamma-distributed as

Ak ~ Gamma(s, s) (3.30)

Models III, V, and VI also use this prior for the precision of those components which are
uncorrelated with the rest, while the reduced precision matrix A is Wishart:

I+1
Ap ~ Wishart, (% \/E.rl) (3.31)

where [ = 3 for model III or V, and | = 2 for model VI.

3.4 The full probability model

Taken together, Definition 3.2 and the prior distributions of the previous section define a
probabilistic model suitable for Bayesian inference. It can be decomposed as

Pz Y X,M,Mo(®)
= pZ(O‘Y, H)ﬂf(D,X) (Y)pD(o]M, M)px(.’M, M, Q)pM(O’M, H)pM(O‘H)pg(O) (332)

The factors are determined by our previous choice of distributions. For the components with
density, we obtain

1

) (3.33)

X _pGT) og(z) —lo _ 1 2
e t:g;o <1 Blzt) —log(ys) + 2P(C>T)>

N}

pe({a Y = {m},0) = ( 11 ﬂ{oﬂ%)) ( I - <p(§§:)>

zZ
t:y:=0 t:y: >0 t

Y M2 110 9 (dP)
po({d M, 0 =TT ] =% = (-39
i=1j=1
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M
px({(a’, {z"7})}IM, M, 0) pr |9)HpXi,j(wi’lei=wi,9) (3.35)

() (B2 (M%) (T

1 4 . ;
X exp <—§ Z(log(z’) — )" A11 (log(a") — ﬂ))

»

=1
M M?
xexp | ==Y > (log(z™7) — i")" Agy(log(a™7) — ji')
i=1 j=1
po(z, A, q) = pu(@)pa(A)Pp(c,r) () (3.36)

T285+8 s—1

4
q T
T )T (25)T(s) P (‘5 kZ:l x} —V/str(A) - sq)

These expressions correspond to the choice of (log)normal distributions for the Z; in (3.13),
(X%, X%7) in (3.7), and u in (3.27), the choice of a uniform distribution for the D%J in (3.12),
and the choice of Wishart resp. Gamma distributions for A in (3.28) and p(¢, 7) in (3.29).
The general forms and relevant properties of the appropriate distributional families are sum-
marized in Section 2.3.

Unfortunately, there is no closed-form solution for the weights of M and M. We show how
they can be estimated by Monte-Carlo simulation in Section 4.4 from relationships based on
the consistency condition (3.5):
) (3.37)
M

pu(mlf) = <ZX2<TT<ZX2
(o) = T1p {5 w0 < xi < 3 xp o
i=1 Jj=1 i=1

Finally, the indicator function 1 yx p)(Y) enforces the deterministic relation ¥; = f;(X, D) in
the sense of (3.2).

For the reduced models, the expressions in (3.35) and (3.36) simplify in a canonical manner,
as one or more entries of A are fixed to 0. Likewise, the matched means used in models III and
IV are easily included in the model likelihood: the mean vector reduces to three dimensions
and 4 is replaced by its representation in (3.21). Note that the latter change means that
the posterior distributions of ;4 and A conditional on X become more complicated, but this is
discussed in Chapter 4.

A representation of the model as a directed acyclic graph (DAG) is shown in Figure 3.2. It
includes the fixed parameters ¢, r, and s. The (redundant) origins O and the number of
periods T' are missing, as their role is obvious. The graph can be read as follows:
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* squares represent known quantities, including those that have to be chosen in advance.
* the bold square represents the observations.

* circles represent unknown quantities.

* the dashed box contains the parameters of interest.

* shadowed boxes represent multiple, independent copies of the same structure.

* bold lines represent stochastic dependencies.

* thin lines represent deterministic dependencies.

A motivation for expressing stochastic beliefs in directed graphs can be found in the article by
Lauritzen and Spiegelhalter [27], while [18] contains several examples used for developing
MCMC models. A DAG allows us to quickly identify conditional dependencies, e.g. it can be
seen from Figure 3.2 that Z is conditionally independent of X given Y.
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Figure 3.2: The model as a directed acyclic graph
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Chapter 4

Parameter estimation using
Markov-Chain Monte-Carlo

In this chapter, we formulate an MCMC-algorithm for estimating the parameter § and the
unknown quantities (D, X, M, M) of the lognormal rainfall model introduced in Chapter 3.
This involves choosing a starting point, specifying an update scheme, and deciding on how to
sample from the conditional distributions that arise.

4.1 Starting values

The algorithm needs starting values for 0, M, M, X, and D. At least in theory, 6 can be
chosen arbitrarily, although a gross misspecification will result in slow convergence or prevent
convergence due to numerical issues. In Chapter 5, we propose a heuristic for a reasonable
choice based on properties of the data set.

The requirements for the remaining quantities are more strict, as they need to be consistent
with the observations. We use the following scheme to generate a process that “explains” Z:

* FEach uninterrupted sequence of non-zero observations forms a single storm. A storm
starts at the beginning of the first time period it covers and stops at the end of the last
period. The lag of a storm to its successor is equal to the difference of origins, or to the
difference to 7' + 1 for the last storm.

To bring the process in line with the heuristic for choosing the first 4, later versions
of the algorithm allow gaps of zero precipitation within the initial storms. A storm is
terminated only by a dry period exceeding a certain length.

* Unknown observations are assigned a single cell. Without this ’seeding’, the algorithm
can take a long time before it is able to place storms in the unobserved period.

39
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* If time period ¢ has non-zero precipitation, it is assigned [%] cells. This is the average
number of cells of length 7 required to generate the observed precipitation. For com-
putational reasons, this number can be capped to avoid excessively many cells in the
initial process.

* Cell depths are drawn from a U(0, 2¢) distribution per (3.12). Cell origins are uniformly
distributed in the first half of the observation period they belong to and end at a time
point uniformly distributed on the second half. This yields an average cell length of 7.

Exception: The first cell of each storm starts at its origin and has a duration drawn from
U(0, 7). This is necessary to satisfy the assumption that O* = O%! for all storms i.

e All cells belonging to a storm are sorted in ascending order of their origins, which
determines their lags. The last cell of each storm gets a lag that would place the next
cell 1 minute after the storm ends.

Remark 4.1 1. The model assumes that the first observation period has non-gzero precipita-
tion, so any initial zero observations need to be dropped.

2. The cell durations are randomized to avoid a degenerate process with sample variance 0.
The same could happen for the storm durations if all wet periods have the same length, but
this is highly unlikely.

The process generated in this manner is consistent but tends to be highly atypical for the
lognormal model. To obtain a more regular state, we fix § during the first few iterations of
the algorithm and only transform the storm structure. Without this measure, the starting
parameter would have virtually no impact on the process.

4.2 General outline of the estimation algorithm

The storm process and observations are estimated using an MH-type algorithm as introduced
in Section 2.5. During each iteration of the scheme, we perform two major update steps:

1. Sample the parameters # conditional on the storm process and observations.

2. Transform the storm process (and resample missing observations) conditional on # and
the observations.

These steps are further divided into subsamplers operating on suitable blocks of unknown
values, several of which admit a Gibbs sampler (see Section 2.5.1.1). The decomposition of
the full model likelihood into conditional distributions (3.32) plays a major role in identifying
such blocks and calculating the acceptance probability for the MH-proposals. Estimators for 6
and Y are obtained by averaging over the values in the chain after a suitable burn-in period.
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4.3 Parameter updates

The update schemes for 1 and A depend on the variant of the model we want to use. Fix-
ing some or all of the correlations to 0 simplifies the calculations considerably, whereas the
matched means of Section 3.2.2 introduce additional terms. The sampler for { stays the same
in all cases, as it depends only on Y and Z.

4.3.1 Model II: Sampling ;. and diagonal A

We start with Model 1II, as it is the most simple. For A = diag(\i,...,\s), all parameter
updates can be done via Gibbs sampling, as we are dealing with ordinary normal-gamma
priors (see Section 2.3.4).

The posterior distributions for the parameters describing storm behavior (k£ € {1,2}) are

A S0 log(X7)
r+ M)\k

uky{X;},M,Ak~N< ,r+M)\k>

4.1)

M
, M 1 ,
Me{ XL} M, pg; ~ Gamma (s + -8 + 3 g (log(X3) — ,uk)2>
i=1

For the cell parameters (k € {3,4}), we get

A oM S log(X77 )
r+ M)\k

e {X57 1, M, M, ~N< ,T+M)\k>

4.2)

N Wi 1 M M N
Ml {07} ML M, pug ~ Ganmma s+ s+ 5 > 0D (log(XG ) — ju)?
i=1 j=1

One iteration of the Gibbs sampler for i and A simply consists of drawing a new value for
each component from these distributions.

4.3.2 Model I: Sampling 1, and A in the full model

For the full model, the posterior distributions become more involved. The mean vector p
is still normally distributed and permits a Gibbs sampler, but the precision matrix A is only
approximately Wishart. This is due to the imbalance in the model, where each vector of storm
quantities X? affects the distribution of several cell quantities X %7,
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To express the distributions that arise, it is convenient to introduce the following expressions:

Si,j,: log(Xi)
© \log(X*)

Si_ fi’l
5 . (gé,l)

S &’
oo g

0 =€ — o= (5} 1> o = (5%) (4.3)
0y oy
st 0
il
Si._ 0y §id = 0
0 6;”
O 54"7
All 0 4x4 T A12A2_21A{2 Aqo
= €R = Q3 A = 4.4
Q1 ( 0 Q) Q2 = Q3 A22Q3 AT Ay 4.4)
Qs := (Ayy Ay, I)
Note that
Q1=A—-0Q2 Qs(& —p) =7 — i (4.5)

In particular, Q3 multiplied with the difference vector 6/ yields the difference for the cell
quantities w.r.t. the conditional mean /i as per (3.11). This allows us to express the posterior
density for p as

pu(Z"X,M,M, A) (46)
o pu(x)p{xi (o| M, pu =2, N)pyxiay (o { X"}, M, M, pn =z, A)
M M
x exp | —= | ra x—i-z (€ — )T Qi (e — +ZZ ¢ —2)T Qa6 — )
=1 j=1

which yields the distribution

M M?
ux,M,M,A~N4< (Q Zé“JerZZE” ,Q 4.7)

i=1 j=1

with precision matrix
Q:=rly+MQ + MQ,y (4.8)

As this is a normal distribution, we can use a Gibbs sampler to update p in a single step.
Unfortunately, the same is no longer true for A:

pA(A‘Xa M7 Ma M) X pA(A)p{XZ}(.’MnuaA = A)p{XhJ}(.’{XZ}ﬂ M7 M7M7A = A) (49)

This is not a Wishart distribution, as A undergoes some non-linear transforms — see the
definitions of A;; in (3.9) and Q- in (4.4). Instead of updating the entire matrix at once, it is
more convenient to sample the components A1, Ago, and Ao conditional on everything else.
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If we consider A;; instead of A;;, we get

Pi,, (AIX, M, p) = pa,, (A + Ay AL X, M, ) (4.10)
A+ ApAAT, A
o pA 12T 22 12 12 X, M, i
A12 Ago

M
M 1 I AVABY/
x |A]2 exp <— tr(yv/sA) — 3 2(5 ) A5>
To be precise, we would have to add an indicator function that is 1 iff the full matrix A is
positive definite. We leave this out for the sake of simplicity, but have to keep in mind that
we are dealing with a truncated Wishart density. L.e., we get a Gibbs sampler where the new
value is generated by rejection sampling from

M

; M+3 1L

A1 |X, M, ~ Wishart, <T+ Valy + 5 > 5@(52)7“) (4.11)
i=1

Proposals are accepted as long as they preserve positive definiteness, and the new A;; can be
obtained from A;; via (3.9).

For Ass, the posterior density is

Phgs (AIX, M, M, i, A1, Adg) (4.12)

All A12
X PA Ag; A

M
’All — A A™ 1A ‘ 2 ‘A’ 2 exp <— tr(\/EA) + % Z((SZ)TAHA 1A (V)

i=1

X, M, M, My AH s A12>

X

M M
exp ( Z Z ézd TA éZJ ))

’lljl

M
= ’All — AN A™ 1A ‘ 2 ‘A’ 2 exp <— tr(\/EA) + % Z((SZ)TAHA 1A (V)

i=1

X

M M?
exp ——ZZ (607 + ATIAL DT A5 + A7TATL Y
i=1 j=1
M

o |A1 — A AT AL ¥ 1A Y exp <— tr(v/sA) — % > (M= 1)(8) T A ATIAT, 5’)

i=1

’lljl

M M?
X exp ( ZZ (6%) TAéw)

The form of the density suggests drawing a proposal Ay from

- +3 M
Agg|X, M, M, i ~ Wishart Sl + = Z > 5t ()T (4.13)

zlyl
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For this move, the acceptance probability is governed by

M
o A—1AT 2
[A1n — AipAyy A12|> (4.14)

a(Ag2, Ag) := < Ao
11

1 M
X exp <§Z(M (AL T (A — A)AL 5%)

i=1
As for A1, the proposal can be rejected outright if the resulting A is no longer positive definite.

The posterior density for A;s is

pA12(A’X7M7M7,u7A117A22) (415)

Ay A
X PA AT A22

M M M
o [A11 — Adg) AT exp (; D (M= 1)(F)TANG AT =S Z<5i>TA5i’f)

i=1 i=1 j=1

X, M, M, I, A11> A22>

It is easier to find a suitable proposal distribution if the entries of A1, are sampled individually.
If at least one storm has two or more cells, the posterior for A; 3 is

PALs (2| X, M, M,y Ay, Aoz, Mg, Aoz, Ao g) (4.16)

~ r o Ay
Proi\ Ay Aoy

r Mg\, z A3
x |A11 — 1A '
H (Az,s A2,4> 22 <A1,4 Aoy

Aas Z (4.17)

1,3 ‘=
[Aga| <

X, M, M, pu, Aq1, Ao, A1,4, A2,3, A2,4>

using

1 & (M -1) <
S z:: W(A1,4A3,4(5 D2 (Moalsa — Aaghaa)dy' o) — o7 25 ¥

Thus, we can draw a proposal A; 3 from
Ay 3| X, M, M, 1, Ao, Ay g, Aoz, Ao g ~ N(vy 3, m13) (4.18)
which has an acceptance probability determined by
A A 1 (A A
Agp — [ Dr3 D A 1,3 23
Asz Ay Mg Aoy

|A1]

(4.19)

(A1 3,A13) =
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The remaining parameters are sampled in a similar manner. The means and variances for the
normal proposals belonging to A; 4, Ag 3, and Ay 4 are

A
M= o Z )2 (4.20)

1 (M? —1) &
V4= — Z 7(/\1,31\3,4(5 ) (A2 3A3 41— A 4A3 3)5 5Z ' Z ' Z 5 i

oz i= oo Y (M —1)(551)?

1 (M?—1) &
vyg = — Z e (A2aA3 4 (051 + (AraAsa — A1 sAgg)dy'oy') — o' Z 057

_ A3 iyl
T2,4 = |A22| Z(M ]‘)(52 )

M?

1 M — i, 5
V9.4 ZEZ:: ( |A22| )(A23A34(5 ) (A13A34—A14A33)5 5 1 12573

The acceptance probabilities for these samplers look similar to (4.19), except that the appro-
priate entry of the matrix Aj5 has to be replaced by its proposal in the numerator of a. As
before, a proposal is only admissible if A stays positive definite.

Remark 4.2 In case all the M' are equal to 1, the posterior does not resemble a normal distri-
bution. We do not examine this special case further, as our implementation of the algorithm does
not allow storms with a single cell (see Section 5.1.2).

One iteration for updating ;. and A under model I consists of drawing x and Aj; from their
posterior distributions, as well as generating proposals and checking acceptance for the re-
maining components of A.

4.3.3 Model IV: Sampling 1 and diagonal A for matched means

Again, we look at the simple variant with diagonal A before the full version. If p4 is treated
as a function of the other parameters as per (3.21), the components of the remaining mean
vector pup still have a normal posterior distribution. However, the posterior for two of the
precisions is no longer gamma.
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Consider first

Pun (%X, M, M, Ar) (4.21)
X Py (2)P iy (1M 1 = 2, M)p xigy (oM, M, pi1 =, A, M)

M
1 .
X exp ( 3 (rx + A\ Z(log(X{) - w)2>>
Pyt v 2
X exp 74 Z V”J (O’%, az) - :L')

using
(2 2 i.j of —of o 1 2 1
V¥ (o1, 07) = log(Xy’) + + log(K) o] = — oy =— (4.22)
2 A1 A4
This posterior is normal, so we can use a Gibbs sampler that draws from
w1 X, M, M, A\ (4.23)
M 2M Tog(XT) + A M Vii(o?, 03 _
N 12— log(X}) 422 12 (of 4),r+M)\1+M)\4
r+ MM + M)\4

The means po and pg are not affected by the change in the model, they can be generated as
shown for model II in Section 4.3.1.

For )\, we obtain

P ($|X7 Mmeul) (4.24)

X Py (‘T)p{X{}(.’Mnul? )‘1 = fL’)p{X;’,j}(O‘M, M7,U17 )‘l =, )\4)
M

s+M_ x 7
x 2512 “Lexp (—sw -3 Z(log(Xl) — u1)2>

i=1
M M?

X exp ——ZZ Vi (2 — )

=1 j=1

This is not a gamma distribution, but we can draw a proposal \; from
N M 1 X ,
A |X, M,y ~ Gamma <s + sty > (log(X}) — u1)2> (4.25)
i=1

The acceptance probability depends on

M M?
(A1, A1) = exp ZZ (VWY 02) — )? — (VAT 02) — m1)?) (4.26)

=1 j=1
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While \; and A3 can be sampled as for model II, the posterior distribution for )\, is

p)\4($|X7M7M7,u17>\1) (427)
X p)\4(x)p{X;j}(.‘M7 M7 M1, )‘17 )‘4 = ‘T)
s+ -1 “ii log(X47) L og(K) Su
X T exp ST 5 22 og(X, 1 A og Y
Again, this suggests a gamma proposal drawn from
5\4’)(71\/-[7‘2\4'711’517)‘1 (428)
i | MM N 1 2
i,
~ Gamma | s + 7,34— 522:1 (log(X2 ) — py — N —|—log(K)>
=1 j=
with an acceptance probability determined by
< M M
[0 )\ 7)\ = eX - — —=— (4-29)
(A1, A1) p<8)\4 8)\4>

4.3.4 Model III: Sampling ; and arbitrary A for matched means

As in the previous section, treating 14 as a function of the other parameters does not change
the fact that the remaining mean vector pur has a normal posterior. And not surprisingly, the
precisions are no longer exactly Wishart.

First, we define some auxiliary expressions similar to those used for model I:

A1 Agae < Ar12AF 15
Ap =: ’ A = Ay - —= (4.30)
5 <A£12 Az ol " Az 3
N Xi o Vii(ot, of)
#=log | Xj Vii(o?,03) = 0
X7? 0

X AR,12A%

A 0 s R,12 A

Q1R = ( %’11 6) eR¥™ Qo= NA33Q5 rQsr = ( N3 R’12> (4.31)
= AR,12 A3,3

A%, :
@3,R = ( s 1) Qua,r = diag(A44,0,0)

Note also that we can calculate the covariance 0% from

- 11)2,2
of = (AR,lll)l,l =73

A
( — (4.32)
(Ara)11(Ar11)22 — (Ar11)1
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By (2.8), the conditional distribution of log(X;)*’ given X is

o AL log(X?) —
log (X1 | X%, A ~ N [ g — —FA2 [OBLAT = 1) ) 4.33
og(X1)"| X", u <,U3 Ao \log(X1) — 1o 3,3 ( )

This allows us to express the posterior density for up as
p#R($|X7M7M7 AR) (434)
X Py (@)p(xiy (oM, pr = 2, AR)p(xisy (o{ X'}, M, M, ug = x, AR)

M
X exp <—% (chx + Z(f%l - w)TQLR(fgl - x)))

i=1

1 M Mo o
x exp | —3 YN (€ — )T Qar(§y — )
i=1 j=1
1 & M oy
x exp | =5 > (VW(0},08) = 2)"Qu (V™ (0}, 0F) — x)

Il
—

(2

Ly

The resulting posterior distribution is normal with

,uR\X, 1\/I7 M,AR (435)
M M M N N
~ N [ Q' [ Do Qurth + D> (Quréy +QurV(at,03) | . Qr
i=1 i=1 j=1

and precision matrix
Qr =713+ MQ1r+ M(Qa,r + Qur) (4.36)
This permits a single-step Gibbs update for .

For A, we follow decomposition approach similar to the one used in Section 4.3.2:

pAR(A|X7M7M7 IUR) (437)
X PR (A)pyxiy(o| M, Ap = A, ur)
X p{Xi,j}(.‘{Xl},M,M, AR = A7MR)p{Xévj}(.’M7 M7 AR = AaMR)

As before, we update A r,11 instead of Aq;:

Phpa, (AIXS M, M, 1, A2, Ag3, Ay a) (4.38)
AR,12A£,12
X PAR ( (A " TA3’3 AR’H) ‘ X, M, M7M7AR,127A3,37A4,4>
AR 1o As 3

M
M 1 SiNT 4 Fi
x |A]2 exp <—tr(\/§A) -5 ;(5 ) A5>
Ay & uoo
x exp |~ NN (Vi (0t 03) - ju)?

i=1 j=1
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If we draw a proposal A R,11 from

~ M+3 1 M .o
Ap11|X, M, ju ~ Wisharty < 5 VsI + 3 > 5%(5’)T> (4.39)
=1

the acceptance probability is determined by

M M
. > A . o
oA, Arn) = exp (2 >3 (VR 08) — ) - (VVI(5E,0F) - m>2>) (4.40)

i=1 j=1

The posterior density for Ag 3 is

PAs s (‘T‘Xa M, M7M7A117AR,12) 4.41)
A A
X PAR < <A¥711 R’12> X, M,Ma#,An,AR,m)
R,12 €T
M
ApioAL 51?7 m= 1L g
x [AR11 — o R |z 2 exp [ —v/s2 — o Z(MZ - 1)(A£,1252)2

i=1

i=1 j=1

X exp (2 ZZ((%])Z)

If we draw a proposal A373 from

~ M+2 1 M oM
A3z 3| X, M, M, pn ~ Gamma 5 /s + 3 Z (5;’])2 (4.42)
i=1 j=1
the acceptance probability depends on
i Ar11 — 7AR’/1~\23A3R'12
a(A33,A33) := - - (4.43)
AR 1]
1 1\ &
X ex - — M —1)(AL ,6%)?
p <<2A3,3 2A3,3> ;( )( R,12 ) )
The components of Ag 12 are updated individually. The posterior densities are
pAl,S ($|X7 M7M7/L>A117A2,37A3,3) (444)
1 x B TR,1,3
- _ b hD _ 2
x |AR11 Ras <A273> (33 A2,3> exp ( (x —vR13) )
pA2,3 ($|X7 M7M7/L>A117A1,37A3,3) (445)

M

2

T
exp (—ﬁ(:n - 1/3273)2)

> 2

Ar11 — ﬁ (A;’?)) (A1,3 :L')
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with parameters

M
1 , ;
TR1s = > (M= 1)) (4.46)
3353
M ; i1 ¢i,1 M
1 (M* —1)Ag 307 05 il i
v = : + 0y 527
18 TR1,3 ; A3 ! Z ’
1 & -
T = M —1)(551)?2
R,2,3 Aos ;( )(657)
M ; 0,1 ¢i,1 M
1 (MZ — 1)A1 351’ 52’ il i
v = : + 0y 57
fo2,3 TR2,3 ; A3 2 ]Z::l 3
If we draw a proposal Ay, 3 for k € {1,2} from
Ap 3| X, M, M,y As g3, A33 ~ N(VR k3, TR ,3) (4.47)
the acceptance probability is determined by
- < %
~ AR,ll - AR’}\2317\3R’12
Oé(Akg,, Ak73) = < (448)
AR 1]

As for model I, the case where all storms have but a single cell does not concern us.

The posterior distribution for A4 4 is

pA4,4 (‘T‘XJ M7 M7 H, AR) (449)
X PAsy (‘,L')p{Xé’J}(qM? Mv 12 ARa A4,4 = 33)

M M?

— 2 2 J—

s+ -1 r i.j o1 M

oc 72 " exp —sw—§;2<log(X2 )—M1—7+log(K)> "3
i=1 j=

We can generate a proposal A4 4 from a gamma distribution

Ay a|X, M, M, 11, Ag (4.50)
M M?

2
~ Gamma , 8+ = Z Z <log XQ’J —p1— = + 10g(K)>

21]1

and accept the new value with a probability depending on

~ M M
a(Aga,As4) :=exp <8A44 Y ) (4.51)
; 4,4

As in Section 4.3.2, we need to test the new A for positive definiteness after each component
update, rejecting any proposals that destroy the property.
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4.3.5 Model V: Sampling i and A for uncorrelated cell duration

This variant is a straightforward reduction of model I, where three of the coprecisions are
fixed to 0. As above, we begin by defining some auxiliary expressions:

Xz'

A A . AR 12AL - 1
Ag =: Tll R,12 AR711 = A1 — M EJ = log X% (4.52)

Ap1p Aaa Agy X

2

< A AT
QiR = Ari 0} ¢ paxs Q2,r = “an Aro (4.53)
’ 0 0 ’ Agﬂ Ayg

The conditional density for iz can be derived as in (4.6):

Pug (X, M, M, AR) o< exp <—% (mc x + Z 5}21 )T Q1 (521 - x))) (4.54)
i=1

M M;

X exp ——ZZﬁ QZR(S — )

=1 j=1

The resulting posterior distribution is once again normal

M M?
pr|X, M, M, Ap ~ N [ Q7' QlRZsR +QarY Y &7 | Qnr (4.55)
i=1 j=1
with
QR = 7"[3 + MQLR + MQZ,R (456)

This yields a Gibbs sampler for ;.z, while the remaining mean parameter u3 can be sampled
from (4.2) as for model II.

To update Ag, we use the same decomposition as before. First, we sample [XR,H from its
Wishart posterior (cp. (4.10)):

M
1 .. ..

PA .y (AIXS M, ) o |A|% exp (— tr(yv/sA) — 3 Z((SZ)TACSZ) (4.57)

i=1

Thus, we can draw a new submatrix from
M+3 1

AR711|X, M, mo~ Wishartg <T, \/512 + 5 Z 5Z(5Z)T> (458)

i=1

and accept if the modified A i remains positive definite.
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The posterior density for A4 4 can be found from (4.12):

pA4,4(x’X7M7 MnuaAllaAlZ) (459)
M
Ar1oA% 5|2 = 1y y y
o Ay — R E o (—x/gw ~ 5 D (M= 1)(0") " Ag 12AT, 16"
T
. M M
1,512
X exp —522(52 )
=1 j=1
If we draw a proposal f&474 from
~ M+ 2 1 ijn2
R4 a X, M, M, ~ Gamma, | ==, V5 + 5 ; ;(52 ) (4.60)

the acceptance probability for the MH-sampler is given by

A AR’12A£,12
11 — 7[\
4,4

Ayl

a(Agg,Ags) =

Mg — A L .
exp | =23 (M- 1) (A 1560 |  (4.61)
2044000 ’

As usual, the proposal needs be rejected if the resulting matrix A is not positive definite. The
parameter A3 3 can be sampled from (4.2) as given for model II.

Finally, proposals for the coprecisions can drawn from a normal distribution similar to (4.18):
ApalX, M, M, 1, Mg gy Aaa ~ N(VR g, TR k) (4.62)

The parameters are defined as

M
1 ; i1\2
= M —1)(6; .63
TRE = F ;:1( )(6;) (4.63)
M ; M

1 (M' = DAG_k)a g1 i i1 i, j

VR = — E e S E 54!

R,k TRE P A4’4 1 Y2 k = 4

The resulting MH-sampler has an acceptance probability of the same form as (4.19), provided
the matrix remains positive definite.

4.3.6 Model VI: Sampling i and A with a single correlation coefficient

This model is even simpler than number V, as it includes only a single non-zero coprecision
value. Our auxiliary expressions become

) A2, g X
A=A ——= b =1o il- (4.64)
1,1 1,1 Ao 94 g <X2,J
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< A2

Al 1 0 Lt Al 4

Q1R = < ’ > Q2R = <A4’4 ’ (4.65)
0 0 1,4 A4,4

The conditional density for pup is

M
Pug (X, M, M, AR) o< exp <—% (chx + Z(f%l — x)TleR(ggl — x))) (4.66)

i=1

M M;
1 i .
xexp | =3 d D (€ - 2T Qur(€E — )
i=1 j—1

Again, up is sampled from its normal posterior

M M
pr|X, M, M, AR ~ N (QlegR +Qar Y Y &7 | Qnr (4.67)
i=1 j=1
with
Qr:=rlb+ MQir+ MQ2r (4.68)

The remaining mean parameters u» and u3 can be sampled from (4.1) respectively (4.2) as
for model II.

The precision sampler uses the same decomposition as before. We sample ]\1,1 from its
Wishart posterior:

M
M T %3\ 2
Pi,, (@X, M, p) o< z2 exp (—\/Ex -5 E (07) ) (4.69)

i=1

Thus, we can draw a new marginal precision from

M
. M+2 1ol
A 1)X, M, i~ Gamma ( 5 Vs + 3 ;:1 (01) ) (4.70)

and accept if the modified Ay remains positive definite.

The posterior density for A4 4 is

PAga (X, M, M,y Ag 1, Agg) (4.71)
A2, 7 A, M M M
- = = _ i _ 7.]
x |A1q . ) exp | —v/sx o Z(M 1)(07) Z Z
=1 i=1 j=1
If we draw a proposal A4 4 from
) M ML
A474‘X, M, M, u, A171 , A174 ~ Gamma ’J 4.72)
=1 j= 1
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the acceptance probability for the MH-sampler depends on

M
A1 1— & i 2 (~ ) M
~ ’ A4,4 A14 A44—A44 . <
Aga,Nyyg) = _ b ME—1)(6%)? 4.73
a(Aga,As4) Al exp ( 9N 11A1s ;( )(01) ) ( )

As usual, the proposal has to be rejected if the resulting Ay is not positive definite.

The parameters A, 5 and A3 3 can be sampled from the same distributions as for model II, i.e.
(4.1) and (4.2).

Finally, proposals for the coprecision can drawn from a normal distribution similar to (4.18):
Ay a|X, M, M, 1, Mgy ~ N(vg,mr1) 4.74)

The parameters are defined as

M
1 ‘ ,
TR1 = Y (M= 1)) (4.75)
4453
1 Mo oM
VR,I = _ﬂ-_ Zéiyl 262.7
RIS 4

The resulting MH-sampler has an acceptance probability of the same form as (4.19), provided
the precision matrix remains positive definite.

4.3.7 Sampling ¢

As ( is the scale parameter defining the precision p((, 7) of the observation errors, it is conve-
nient to perform the update in terms of p({, 7).

If we denote the index set of non-zero observations by
G:={tef{l,...,T}: Z; > 0} (4.76)

equations (3.13) and (3.29) almost yield a Gamma posterior distribution for p(¢, 7):

Pp(¢,m) (1‘|Y, Z) X Pp(¢,r) (w)pz(0|Y,p(C, T) = l‘) (477)
s+@—1 x 2 |G|
x z°T 2 Thexp (—sw ~5 ;(log(Zt) —log(YV))” — .

We can sample from this distribution using a MH-step with proposals p(¢, 7) drawn from

PG TIZ,Y ~ Gamma ( L 23 om0 - 1og<n>>2> (4.78)

2
teG
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and acceptance probability determined by

(6. 567 = oo (e = ) 479)

If the proposal is accepted, solving (3.14) gives us the associated ( as

_ T 80
R e (450

4.3.8 Random walk updates for the precisions

Numerical trials show that the precision updates that do not use Gibbs sampling can get stuck
at the same value for many iterations. This happens if the true posterior density deviates too
much from the gamma or Wishart distributions used for generating proposals. To improve
mixing, we alternate between the sampler developed above and random walk updates for the
diagonal entries of A. During each iteration, either scheme is chosen with a 50% probability.

To ensure that the precisions remain strictly positive, we sample proposals from a lognormal
distribution that is equivalent to a normal random walk on the log-parameters. The variance
of the Gaussian increments is taken to be equal to the posterior variance, estimated from
the 500 previous iterations of the algorithm (if available). This ensures a reasonably high
acceptance probability. In fact, if the sampler is in a state where most proposals get rejected,
the estimated variance decreases, leading to smaller changes and a lower rejection rate.

4.3.8.1 Model I: Precision updates for arbitrary A

The proposal distributions for the diagonal entries of A are all of the same form
log(Ag) | Akk ~ N(log(Ag), L) (4.81)

where L, is a suitable precision parameter (see above). The corresponding «’s can be calcu-
lated using (4.9):

M
2

Ay Aro 1T
’ ) — ApASSA
~ ‘ <A1,2 A2,2> 12522 2

A
a(Ai11, A = - : (4.82)
(A1, M) |A11] A

)

. 1M
X exp ((Al,l — Al,l) <\/§ + 5 Z(éivl)2>>

i=1
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A1 Ao
T A12 A5 A
(Mg, Ra) = ‘(Alvz Am) R , (4.83)
(e} 2,27 272 L |A11| A2 9 .

M
2

i=1

- 1 M
X exp ((Ag,g —Aop) (\/g + 3 2(531)2>>

~ -1 2 M
A11 — A12 <ﬁ3,3 ﬁ3,4> A{Z A3,3 A374 : )
34 44 Azs Agg As s

)

a(A33,A33) := o] ol Ass (4.84)
M Ros Asa)
X ex M SV Ay | AL — 33 7334 AL G
p ;( ) ) 12 22 <A374 A
| MM
xexp | (Az3 —Az3) \/§+§Z (057)
=1 j=1
M
Ass Ass) ’
A1 — Ago A3 3 A3’4 AT, Azz Azy
. 34 Aig Asy Auy Ay
Oé(A474, A4,4) = < ’ (485)

DO =

S Ags Asa)
X exp YO A | Agy — (0 Afyd
M

M
X exp (<A4,4 —Asa) (ﬁ + % > > ) )2) )

i=1 j=1

Note that the alphas do not depend on the value of L, as the lognormal proposal densities
cancel out in the quotient, except for the term 2’“ = Of course, a large variance leads to a

greater number of unlikely proposals and a higher rejection rate.

As for the samplers based on the Wishart distribution, any proposal needs to be rejected if the
resulting A is not positive definite.
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4.3.8.2 Model IV: Precision updates for diagonal A with matched means

As )\ and A3 permit a Gibbs sampler, only the other two precision parameters use the random-
walk update. Proposals are drawn from

log(A1)|A1 ~ N(log(A1), L1) log(A4)|As ~ N(log(As), Ls) (4.86)

with suitable precisions. The acceptance probabilities can be derived from (4.24) and (4.27).
They depend on

~ s-‘,—% M
< A ~ 1 ,
a(A,Ap) = ()Ti) exp (()\1 - A1) <s + 3 Z(log(X{) — ,u1)2>> (4.87)
i=1
A M M . M M S
xexp | T (DD (VIO o) —m)® = DY (VAT of) — )
i=1 j=1 i=1 j=1
~ 8+E - —
e (M) MM
a(Ag, A\g) = ()\4) exp <8/\4 85\4> (4.88)
- 1 MM . 1 2
xexp ([ (M —M) | s+5 3 <1og(X;J) —p gyt 10g(K)>
i=1 j=1

Since A is a diagonal matrix, positive definiteness is assured.

4.3.8.3 Model III: Precision updates for arbitrary A with matched means

As for the full model without mean matching, we use (4.81) as our proposal distribution. The
acceptance probabilities can be derived from (4.37) and (4.49). They depend on

Mg Mg\ Amadh,,

Avs A iz Az ™ (4.89)

, = - : 4.89
alhis,Aa) AR 1] A1

_ 1L
X exp ((Al,l —Avq) (\/g + B 2(5’171)2>>

i=1

Apg oL & iji2 2 2 ij(x2 2 2
X exp T’ZZ((V’ (01,0%) — )" — (V" (61, 0%) — p11)”)

i=1 j=1
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Arp Arp)  AriAf,

Moo, A Mz A2z o (4.90)

Aug) = - : 4.90
a(A22,MA22) R Nos

_ 1M
X exp ((Ag,g — A272) (\/g + 5 2(591)2>>

i=1

Apg oL ij2 2 2 ij(x2 2 2
X exp T’ZZ((V’ (01,0%) — )" — (V™ (51, 0%) — m)”)

i=1 j=1

i ‘All - 7AR’Z\§’12 Rus My
A33,A33) = — ’ 4.91
(A3 3,A33) R <A3,3> (4.91)
1 1\ &
X e - M — DAL . 512
Xp ((21\3,3 2A3,3> ZZ:;( )(AR,120") )
_ 1 M M?
xexp | (As3—Asz3) | Vs+ 3 Z (657)?
i=1 j=1
~ s+ﬂ - J—
- A ? M M
(Aga,A14) = <ﬁ> exp <8A44 - 8fx—> (4.92)
) ) 4.4
B 1 M M o 0_2 2
xexp | (Ana = Aaa) [ 5+ 3 3 <log(X§’]) — 1 - 71 + 10g(K)>
i=1 j=1

As usual, any proposal has to be rejected if the resulting A is no longer positive definite.

4.3.8.4 Model V: Precision updates for uncorrelated cell durations

For model V, we can use the same lognormal proposals as for the full model, except that A3 3
can be sampled from its gamma posterior distribution. If we draw proposals from (4.81) for
k € {1,2,4}, the acceptance probabilities for the MH-samples can be derived as in (4.82),

(4.83), and (4.85):
A Mg\ Araedh,,
~ Ao Ao Ad

a(Ai1, A = z d (4.93)
(A11,A10) Al A,

1=1

. 1
X exp ((Al,l — Al,l) <\/§ + 5 Z(éivl)2>>
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A Arg)  AreAf,

Ao, A Aip Mg e (4.94)

Ag) = / ’ 4.94
a(A22,MA22) Al Aos

1Y,
X exp ((AQ 9 — A2 2) (\/7 + 5 2(5371)2>>

AR 12AR 12
All - A
4,4

(Mg g, Ay y) = _ 44 4.95
(Aga,M44) o <A4,4> (4.95)

M
xexp | [ oo — —=— | SO = 1)(AF 1,5)?
2A4,4 2/\4’4 i1 ’

. M M
><eXP<(1\4,4A44 (\/_—I- ZZ ’] ))

i=1 j=1

Once again, we need to reject any proposal that leads to A not being positive definite.

4.3.8.5 Model VI: Precision updates for limited correlation

Model VI uses the same lognormal proposals as the full model, but only for A;; and Ay 4,
as the other two precisions permit a Gibbs sampler. If we draw proposals from (4.81) for
k € {1,4}, the acceptance probabilities can be derived as in (4.82) and (4.85):

i AfLN\ 2 i

~ 1,1 — A&

a(Ar1, M) = ( Ay 44) Aii (4.96)
1 M

X exXp ((Al 1— Al 1) (\/7 + 5 2(5171)2>>
i=1
A A2, % M
- 1,1~ % A B2
(Mg, Mg ) = TAM (ﬁ) (4.97)

As before, we need to check whether A remains positive definite and reject any proposal that
destroys the property.
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4.3.8.6 The random-walk sampler for ¢

As in Section 4.3.7, we update the precision p((, 7) instead of the scale parameter . If we
draw a proposal from

log(p(C,7))[p(¢, ) ~ N(log(p(¢, 7)), Le) (4.98)
with suitable L, the acceptance probability for the move depends on
o181
oo () “olells ) o
xexp( ¢, 7) ¢, T <s+ Zlog Zy) — log(Y?)) ))
teG

4.4 Weight estimators

One drawback of the lognormal point-process model is the lack of analytic solutions for the
distribution of M and M. Exponentially distributed lags would yield Poisson weights which
have a simple explicit form, but we have to resort to a smoothed Monte-Carlo estimator.

To estimate the distribution of the number of storms M, we draw S independent samples of

lognormals {X;’(l)}, cees {X;’(S)} from the marginal distribution of the storm lags
(A1)t
1og(X5)[0 ~ N ( 2, (Ai1)11 — o2 (4.100)
(A11)2,2
Then, we count how many times exactly m storms occur during the observation period:
Ko 1= Hse {1,...,8}: ZX2 <TT<ZX’(S H (4.101)
=1

Due to the consistency condition for the storm lags (3.5), the relative frequencies "z are
estimators for the weights of the distribution of M given in (3.37).

The empirical mode of the weight distribution is denoted by

my = arg mgyf Em, (4.102)

For some initial bandwidth W > 1 and a scaling constant L > 1, we estimate weights by local
averaging. The bandwidth increases linearly with the distance to the empirical mode:

m+dm
Zma—;(l,m—dm) Km
S(1+ 2dp,)

du(m|f) = (4.103)

=W + {MJ (4.104)
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We divide all values by the full range (1 + 2d,,), even if we are near 1 where fewer counts
are available for averaging. Dividing by the actual number of counts can result in an artificial
mode at 1, which may seriously distort the behavior of the algorithm.

As the weights ¢ do in general not sum up to 1, we rescale to get estimators

drr(m|0)

y 0) := .105
SR> D) (410

A similar scheme can be used to obtain estimators for the probability weights of cell counts
per storm. The major difference is that the time horizon is drawn from the distribution of the
storm durations, and that the cell lags have to be sampled conditional on this duration.

Remark 4.3 Local averaging with variable bandwidth is necessary for computational reasons,
as the samples are highly dispersed. This is especially problematic in the case of cell counts,
where the length of the observation period is also variable. Thus, a small overall bandwidth
yields an estimated weight of 0 for many values in the tails of the distribution. On the other
hand, a large bandwidth adapted to the tails underestimates the weights near the mode(s) due
to oversmoothing.

4.5 Storm structure transforms

The quantities ¥ := (Y,D, X, M, M) and the unknown observations {Z;},cy are updated
using a reversible jump MH-scheme. One iteration of this method works as follows:

1. Choose a transform from a specified list of operations on .
2. Apply the transform to the current state to generate a proposal process.

3. Accept the change with a probability given by the usual quotient of likelihoods and
proposal distributions.

Reversible-jump MCMC was introduced by Green [22]. Some applications are discussed e.g.
in [7] or in the book by Friihwirth-Schnatter [12], while Granville and Smith apply it to
rainfall disaggregation [21] using an extended version of the model found in [38].

The critical issue is of course the choice of transforms, which must satisfy several conditions:

* Any conceivable state of the model can be reached by a finite sequence of transforms.
* The process needs to remain consistent (as per Definition 3.1) at all times.

* Each transform needs to be reversible (by itself or another transform), so the probabili-
ties to move from one state to its proposed successor and vice versa are non-zero.
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Furthermore, the change per transform should be relatively small, so that the proposed moves
have a reasonably high acceptance probability.

We use six operations to manipulate the storms and cells:

1. Add a cell to an existing storm.

2. Remove a cell from an existing storm.
3. Split one storm into two adjacent ones.
4. Merge two adjacent storms into one.

5. Update the duration of a storm.

6. Update the depth and duration of a cell.

Remark 4.4 Operation 1 is reversible by 2 and vice versa. The same is true for 3 and 4. Opera-
tion 5 and 6 can each reverse themselves. The first four transforms already allow us to generate
any number of storms and cells in arbitrary positions. The last two updates are included for
numerical reasons:

The algorithm is able to identify the position of the storms much more quickly than that of the
cells. Thus, mergers and splits become rare events after a few iterations and another transform
is necessary to allow duration to respond to changes in 6.

On the other hand, cell transforms usually have lower acceptance probabilities than changes to
the storm structure, as they have to “explain” the observations Z via the aggregates. During the
initial iterations of the algorithm, the average intensity of the cell process tends to be less than
its expected value 1. Operation 6 improves the fit of the cell process to the observations and thus
the rate of convergence of the average towards t.

In our implementation of the algorithm, operations 1 to 5 are performed in a random order
for several thousand iterations:

* Operation 1 and 2 are each chosen with probability p; > 0.
* Operation 3 and 4 are each chosen with probability ps > 0.

* Operation 5 is chosen with probability p3 > 0.

Obviously, we need to require 2p; + 2ps + p3 = 1. Pairs of reverse transforms get the same p;
so it cancels when calculating the quotient for the acceptance probability. As the cell process
is more difficult to fit, p; for the cell transforms should be the largest of the three. For the
same reason, operation 6 is not included in the random scheme. Instead, it is applied several
times per cell in a separate update step.
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The remainder of this section is a detailed description of the six transforms. All quantities
associated with a proposed process ¥ are marked with a tilde. To express the acceptance
probabilities for a move from one state to the next, we use the index set

T={te{l,....,T}: Y, #£Y;} (4.106)

of observation periods where the aggregates change due to the transform.

The acceptance probabilities for the moves are given for the full model. If using one of the
reduced models II-VI, the expressions can often be simplified considerably. But as this is
mainly an issue of how to implement the algorithm efficiently, we do not give model-specific
versions of the o’s here.

4.5.1 Add a cell

This operation adds a new cell to an existing storm without changing the absolute position
of other cells. Select a storm index iy and an index jy — 1 for the predecessor of the new cell
from the Laplace distributions on {1,..., M} and {1,..., M} respectively. The proposal ¥
is constructed from ¥ in the following manner:

o M := M, M := M + 1, and for i # ig: M* := M".

e Forall i: X' := X",

» Fori #igand all j: X%/ := X%, Db .= Db,

* For j < jo—1: X0J := X100 Dio:i .= Do,

+ Sample X"+Jo from (3.10) conditional on X%, and sample D%/ from (3.12).

o xjodo~t —— _—
10,Jo—1 .— o o t0,Jo—1 .— 1)to,Jo—
* X T X;odo—l _ X;OJO , D =D :

 For j > jo: Xi0J .— XioJ—l’ Diosd .— pioi—1
e Forall t: Y; := Y; + |[Of0do, Oiodo X109 A [(¢ — 1), tr]| Dioo.

New values Z; fort € TN U are sampled from (3.13).

The move can be rejected outright if )N(éo’jo_l < 0 or if cell jy starts after the end of storm i,
as these would be inconsistent with the model. Else, the transition probability is determined
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by (3.32) and the probability of adding/subtracting the chosen cell:

pz(Z[Y,0)pp (D)px (X|M, M, 0)pn (M| M, 6)
pz(Z]Y,0)pp (D)px (XM, M, 0)pm (M| M, 0)
Pl Liedny P2y (Zt]Y1,0)
M(Mi0—1)
plpxi,j(XiO’JO'XiO’@)Htei"mUpZt(ZtD?t’e)
UMM
- 1T 2= (Z|Y2,0) | pxis (X901 X70, 9)ppyi (M7]6)

Z Y, i (X10:d0=1] X0 ¢ i(Miol|
teT\UpZt 1Yz, ) pxii( | X0, 0)pas: (M]0)

o (V,2,0,7) = (4.107)

The densities for Z; and X%/ can be derived explicitly from the distributions in (3.13) and
(3.10), and we have seen how to get weights for M* in Section 4.4.

Remark 4.5 Note that a cell may never be added before the first cell of a storm. This is consistent
with the next operation, as the first cell of a storm can never be removed.

4.5.2 Remove a cell

This transform removes an existing cell without changing the absolute position of other cells.
Select a storm index iy and an index j, — 1 for the predecessor of the cell to be removed from
the Laplace distributions on {1,..., M} and {1,..., M% — 1} respectively. The move can be
rejected outright if M = 1, as no cell can have fewer than 1 cell. Construct ¥ from ¥ as
follows:

o M :=M,M?o = Mo —1, and for i # ig: M*:= M".
e Foralli: X' := X".
s Fori #igand all j: X% := X%I D .= Db,

e For j < jo — 1: X%0J := X0 Do .= DiosJ,

o xjodo~t —— _—
. i0,jo—1 . o o i0,j0—1 .— 1)io,jo—
X - X;O’jo_l +X;odo , D =D :

e For j > jo: X0 := X0+l pDio.j .— pioj+1,
e Forall t: Y; := Y; — |[O%0do, Qfowdo  X1090) O [(t — 1), tr]| Do,
Additionally, new values Z, have to be sampled from (3.13) for ¢t € TNU.

The transition probability is determined by

(I, Z,11,Z) = oy (11, Z, 11, Z)~* (4.108)

Remark 4.6 The first cell of a storm can never be removed, as we require each storm to start
with a cell (see Remark 3.1).



4.5. STORM STRUCTURE TRANSFORMS 65

4.5.3 Split one storm into two adjacent ones

This operation splits one storm into two adjacent ones without affecting the position of
other storms or of any of the cells. Select a storm index iy from the Laplace distribution
on {1,...,M}. The cells of this storm will be split among the new storms iy and io + 1. First,
define

io 10,J io+1 if 4
klzz{max{j.]E{Z,...,M FAOW0I <Ot i gy < M (4.109)

Mo ifig =M

If no such &, exists, reject the move as no split into adjacent storms is possible. Else, sample
U ~ U(0,0%*1 — O%) and take as first cell for the new storm iy + 1 the one with index

g1 := argmin{O0" : 0" — 0" > U} € {2,... k1 } (4.110)
j

The probability of choosing j; is

o xban
P =) = Bk o (4.111)
L.e., it is more likely that the storm is split at a position where the cells are far apart.
The last cell mq for the new storm i is selected from {j; — 1,51 + 1,..., M} with geometri-
cally decreasing probability. Thus, if
g:{0,...,M"° — 5} - {j1 — 1,51 +1,..., M} (4.112)
, ji—1 ifj=0
J . .
i+ ifj>0
the weights for choosing m are
l)j+1
P(mo = g(j)) = 2 (4.113)

- (pt

This way, splits that result in little overlap between the new storms are proposed more often.
As we expect clustering of wet periods to be a evident in the data, these should yield a higher
acceptance rate.

If mg > j1 + 1, we need to distribute the cells with intermediate indices between the two new
storms. Sample 8 € {0,1}™ ~1~! with independent Bernoulli components 3; ~ B (1, 3).
Partition the cells of storm 4, into two new storms as follows:

So = {177]1_1}U{j1+lﬁl:0}u{m0} (4.114)
Sii={j1}U{ji+1: B =1}U{mo+1,...,M"}
and define counts
hy:A{1,...,|S]} — S, 1€{0,1} (4.115)

such that O%-m(1) <« Qw2 < ... < Oiol(Si) The last cell of the new storm iy + 1 has the
index m; := max(S1). We can now define the proposal process ¥ via
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e M:=M+1and

MY if1<i<ig

|So| if i =1y

M= 4.116
’51’ ifi=149+1 ( )
M= ifig+1<i< M
e Fori < ipandall j: Xt := X, X4 := X%J, Db = Db,
e Fori>ig+1andall j: X := X!, Xt .= Xi~Li D = pi—LJ,
* If mp < my, sample X;O’Mio from its marginal distribution
log (X5 *"™)10 ~ N(ua, (A1) 1)) (4.117)
and draw V ~ U(0, X;O’Mio). Now define
X{o — Oio,mo TV — Oio X{O'ﬁ'l = Oio + Xio _ OiOJI (4118)
X{O,Mio — Xioﬁno Xvio-ﬁ-l,]\;ﬁO+1 .— xio+lm
[)Z'O,Mio .— [io,mo f)io-l-l,MiOH .— Diomi
e If mg > mq, sample X;OJFlMiOH from its marginal distribution (same as (4.117)), draw
; orig+1
V ~ U0, X0t fand set
Ko xio Kot .= Qo |y _ oo (4.119)
XiOvMiO = X'0,mo X;O"_l’]‘zﬂ(ﬁl = Xi()+1,m1
Dio M . pyio,mo Dio+LMOT . pyigmy
e Set X;o .— Qo1 — O and X;'()Jrl — Ol 4 X{'o _ Oiost,
* For j < M:
o xio:ho(d) L R
i0,J . 1 i0,J .— pioho(f)
X" = (Oio,ho(j—i-l) _ pioho) D"+ .= pro:ho (4.120)
s For j < Miotl:
o+l . Ximhl(j) DiotLi . piohi(j) (4.121)
"\ 0iohiG+1) _ ok () o '
It is convenient to define
XiO’MiO if mg < mq
L= { 30“ - (4.122)
X3P if mg > my
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The acceptance probability is given by
s (I, 1) = px (X|M, M, §)pni (MM, )par (M 6)
px (XM, M, 0)pn (M|M, 0)par (M]0)
. MO0k — 00) (1~ G2
(M 1) py eyt () res om0 )
(T2 pcea (X041, 0) ) (TTJE pes (K10 ¥19[ X041, )
1) pxs (X709 | X0, 0)
« pxi(XiOW)pxi(XiOHW) pMi(MiOW)pMi(MiOHW)
pxi(X™[0) pai(M0]6)
pu(i1jp) (07 =09 (1 = (%)Mio_ﬁH) L
o (M) o1 (1)7 o)+ masm=i=D) o)

(4.123)

Remark 4.7 1. The construction in (4.118) and (4.119) ensures the consistency condition
(3.5). Note that each storm ends before the time where the lag of its last cell would place
its successor.

2. It is possible to drop storm Mt from the fitted process in case it starts after time T.

4.5.4 Merge two adjacent storms into one

This transform merges two adjacent storms into a single one without affecting the position of
other storms or of any of the cells. Select a storm index i from the Laplace distribution on
{1,..., M —1}. This storm will be merged with its successor. If we define a counting function
for the cell indices

p:{l,..., M 4 MO — {(ig, 1),... (ig, M), (ig + 1,1),..., (ig + 1, M)} (4.124)

satisfying OP(1) < OP2) < ... < Op(MO+M0FY) "wve can construct IT from II as follows:

e M:=M —1and

M? if1<i<ig
M= { M4 Mot jf i =4, ~ (4.125)
Mt ifig+1<i<M

e Fori <igandall j: X?:= X%, X .= X% Dbl = Db,
e Fori >igandall j: X' := X'+l X .= XitLi Did = pithi,

o (max(X{, 0041 + X i)
X% = Xéo N X§°+1
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* For j < M™ define

X0 .— Xf(j) Diod .— prl) (4.126)
— \orG+D) — or() o '
as well as XM .— xp(M0) anq pio, M . pp(M0)

The move can only be rejected outright if there is but a single storm left. Otherwise, the
acceptance probability is given by

oy (I TT) = a3(IL, 11) 1 (4.127)

4.5.5 Update the duration of a storm

This operation changes the duration of as storm without affecting any of the other storms or
cells. Select a storm index iy from the Laplace distribution on {1,..., M} and sample X}
from the marginal distribution of the storm’s duration conditional on its lag:

o i , )
log(X0)| X0, 6 ~ N (Ml - {AHF (log(X2) — pp), [AH]M) (4.128)
11)1,1

If Xi0 < O0:M"™ _ Oio the move is infeasible as the storm can no longer contain all its cells..
Else, construct ¥ from ¥ by replacing X° with X{°. Also, sample L from

log(L)[6 ~ N(pa, (A™1)1}) (4.129)
and set the lag of the last cell to
XM . oo 4 Xio 4 [, — QoM (4.130)
The acceptance probability is

- i0, M0 xio,M"0 _ (i _ X9 i (X0:J| X0 ¢
s (I, 1) = 2O X = O 0) T 2! X", 6) (4.131)
pr (O, M +X§°’MO — Qo — Xi“]@ pXZJ (X °’J|X 0,0)

Remark 4.8 1. To satisfy the consistency condition (3.5), the lag of the last cell in storm
io needs to extend beyond the end of the storm. But the exact distribution of the cell lag
conditional on survival for at least O + X% — O"0-M" minutes can only be evaluated
numerically. Thus, (4.130) uses an approximation assuming ’lack of memory’ in the dis-
tribution. Of course, this would only be correct for exponentially distributed cell lags, but
the MH-algorithm permits any proposal.

2. Note that the terms of the product over j in (4.131) cancel for j < M™ if the X* and X*J
are independent.
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4.5.6 Updating cell depth and duration

This transform changes the depth and duration of a cell without affecting other cells or storms.
The conditional distribution of the duration for cell 7 in storm 7 can be derived from (3.10):

LIV Yid vl i A i,j i
log(X}7)[X57, X0 ~ N (m = 3, Qog(X57) — ), Ag,s) (4.132)

)

To update cell j in storm 4, we draw a new duration X ij from the above, as well as a depth
proposal from the prior distribution D"/ ~ U(0,2.). We also need to generate new values Z7
for the unknown observations in 7N U. The new aggregates Y; become

Y; :=Y; — [[0%,0% + X7 N [(t = 1)7, tr]| D™ (4.133)
+([0%, 0% + X0 [(t — 1)7, t7]| DY

The acceptance probability for the new process U arising from a single cell update is

0.2.5.7) pz(Z[Y ., 0)pp (D)p s (X17|X57, X7, 6) 130
« sy &y o - .
’ P2(ZIY  0)pp(D)p i (X7 X57 X7, 6)
2LpX”(dewa XZ )HteTmUpZt(Zt’Y;h )
X
2LpX”( J|X )/ XZ )HteTnUpZt(Ztu/b )

— H pZt Zt‘}/;fa
-y P2 pz,(Z|Yz,0) )
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Chapter 5

Implementation and results

We tested the algorithm on artificial instances generated from the lognormal model of Chap-
ter 3. While we did perform some trials with real precipitation records, the results were
unsatisfactory, so this section focuses mainly on the artificial data. In particular, we try to
assess the speed of convergence and compare the fitted model with the input data.

Most of the figures and tables belonging to this chapter can be found in Appendices A and B.

5.1 Implementation issues

Before analyzing the results, we want to discuss some of the problems and questions that
arose during implementation.

The main algorithm was programmed in C++, using the NEWRANO2B library written by
Robert Davies [9] to generate normal, uniform, and gamma distributed random numbers.
The figures and summary statistics were generated with MATLAB.

5.1.1 Choice of the starting parameter ¢

We have seen in Chapter 2 that the asymptotic behavior of the MH-algorithm does not de-
pend on the starting point. However, a bad choice of the parameter increases the time until
the Markov chain reaches a stationary state. In worst case, it can actually prevent conver-
gence due to numerical issues. E.g., a badly conditioned precision matrix can be numerically
singular. Also, preliminary tests showed that the algorithm has problems dealing with a low
starting precision for the storm durations and cell lags. In this situation, it tends to fit a few
very long storms to the data instead of assigning a storm to each cell cluster.

Our heuristic for generating the starting parameters is given below. Any mention of \; refers
to the marginal precisions for the storm and cell quantities, which are not identical to Ay ;, in
case of non-zero correlation (see (2.7)).
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Observation error: For the artificial data sets, we use the true precision scale (. The trials
with real data use ¢ = 6000, which is equivalent to a 10% relative standard deviation
for hourly observations according to (3.16).

Storm parameters: The storm parameters can be estimated from the observations by a sim-
ple clustering heuristic. The idea is to select a gap length | € N and treat two wet
periods as belonging to the same storm if they are separated by at most [ dry periods.
Specifically, we define an index set

Sli={t:Y; >0AVse{l,....1+1}: Y, =0} = {sﬁ,...,slMO} (5.1

of precipitation events that precede a gap of length (I + 1)7 or larger. For this purpose,
assume that observations beyond time T'r have a value of 0. The s! identify the times
when storms end. In particular, M is the initial number of storms.

We can assume w.l.o.g. that the s! are sorted in ascending order and define a second
sequence of time points as

th=1 th:=min{t > s, : ¥; > 0} tﬂvjoﬂ =T+1 (5.2)

fori € {2,...,Mp}. These identify the periods when storms start. The durations and
lags are now fitted as

(XD = (st +1—thr (X = (¢, — )7 (5.3)

This allows us to estimate /i} and 5\2 as the sample mean and inverse sample variance
of {log((X})")} for k € {1,2}. Note: we actually subtract 3 from the durations and lags
before calculating the estimators to avoid overestimating the means.

To find a suitable gap length, we can either plot the resulting storms or the estimators
5\2 for different values of [. The chosen value [y should yield relatively high precisions
that remain constant close to /. Use gﬁg and /A\f,f as starting values for u; and A.

Cell parameters: For the artificial data, we use \3 = Ay = 1, calculate u, from the mean
matching equation (3.21) using the true value of K, and set u3 = p4. This is a very
rough estimate, but it appears to be sufficiently close for using the algorithm.

For the real data, we use A\3 = A\; and \; = \g, as we are unsure of the correct shape
parameter. This choice assumes self-similarity for the storm and cell processes, i.e. the
durations or lags for both would have the same relative deviation at different scales. We
calculate 4 based on (3.21) with K = 100 cells and choose u3 such that the average
cells duration is 10 minutes. This choice means that the average cell is longer than the
average cell lag in all cases.

Correlation: For models I to IV, the starting parameter treats all quantities as uncorrelated,
i.e. the initial A is a diagonal matrix. As the algorithm has problems identifying a
correlation between storm duration and cell lag, we introduced a correlation of 0.5 for
models V and VI, as well as for the fit of model VI to the real data.
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Figure 5.1: Gap length and starting precisions
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Remark 5.1 The gap heuristic attempts to identify storms by forming clusters of wet periods. The

assumption is that short sequences of dry periods (Y; = 0) occur within storms, while sequences
. . . . . . o . l l

of at least | dry periods lie between storms. This gives rise to the definition of the s; and t;. We

can also use them to estimate the position of the storm origins as

OH =t —1)r (5.4)

If we assume that clustering of wet periods is evident in the data, there should be a range of
choices of | where the ’short’ dry spells are all shorter than [ periods and all long’ ones are
longer. In particular, the st and ¢, as well as il and /A\fLC remain constant for all values of | in
a certain range. By choosing ly from this interval, the heuristic should be able to identify the
storms reasonably well.

Figure 5.1 shows the precision estimates derived from the heuristic for one of the artificial data
sets. The gap length is increased between 0 and 24 hours in 1 hour steps, although T was actually
equal to 10 minutes. In the example, we chose a gap of 4 hours — the middle point of the 2—-6
hour interval where both estimators are constant. In Figure 5.2, we see clusters resulting from
this choice for part of the data set.



74 CHAPTER 5. IMPLEMENTATION AND RESULTS

Figure 5.2: Initial storms with 4 hour gaps
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5.1.2 Other considerations

To start the algorithm, we actually need to specify more parameters than just the initial value
for 6. Here is a list of the most important ones:

Cell intensity: While we know the true ¢ for the artificial data, we need to choose a rea-
sonable value for the real precipitation records. This is critical, as our first test runs
did show that the behavior of the algorithm is very sensitive to misspecification. We
estimated . using trial and error, with the following heuristic as a guideline:

If {V;} is an aggregate process with average cell intensity . and {V;} is a process with
the same ¢ and ¢ = 1, the fact that the uniform distribution on the interval [0, ] is scale
invariant implies

E(Y;]0) = L E(Y;]0) Var(Y;|6) = 2 Var(Y;|0) (5.5)

These equations allows us to obtain a rough a-priori estimate for the mean intensity
by comparing a process generated from the starting parameter § and . = 1 with the
observations. We actually used the sample mean and variance for the observations
Z conditional on rain, but they satisfy (5.5) asymptotically for large sample sizes. If
the quotient of the two expectations is not close to the square-root of the quotient of
variances, the starting parameter is clearly far from the true 6 and should be modified.
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Prior precisions: The precision parameters  and s for the prior distribution of  and A (see
Section 3.3) need to be specified. We used r = s = 0.01 for the trials with artificial data
and I to IV. To ensure that the problems the algorithm has with identifying correlation
do not stem from an overly restrictive prior, we lowered the values to 0.001 for models
V and VI, including the runs with real data.

Transition probabilities: As we have discussed in Section 4.5, we want the algorithm to
attempt more structural transforms on the cells than on the storms. We used the prob-
abilities p; = po = 35% (add or subtract a cell) and p3 = ps = p5 = 10% (split or merge
a storm, update its duration).

Number of iterations: A necessary condition for fast convergence of the main algorithm is
that each subsampler converges quickly to its stationary limit conditional on the current
state of the process. This can be improved by an intelligent choice of the proposal
distribution, but ultimately, it means that the samplers need to perform sufficiently
many iterations to be able to explore the parameter space. On the other hand, we
do not want too spend too much computation time on sampling values conditional on
parameters that are ’far from the truth’.

Keeping the above in mind, we have found that the following iteration counts for the
subsamplers are sufficient for one iteration of the main algorithm:

e The parameter 6 is updated 5,000 times.

* The weights py; and p,,: are estimated from 100,000 samples each. Additional
smoothing is required (see Section 4.4).

* The storm and cell transforms 1-5 are repeated 200,000 times with a random
transform chosen at each instant.

* Each cell has its duration and length resampled 100 times using transform 6. We
increased this to 1000 samples for models V and VI, including the real data, as
this improves the ability of the algorithm to identify the correlation between storm
duration and cell lags.

Burn-in period: The test runs show that the burn-in period should be at least 200K iterations.
We could not reach this in all cases, as the algorithm exceeded its allocated processing
time on some combinations of processes and starting parameters.

Another important question is whether to impose bounds on the parameters to avoid numer-
ically instable states. We found this necessary for the precision matrix A when dealing with
model V or VI. More precisely, we chose to limit the marginal variances and not the diagonal
entries of A, as a bound on these would still permit arbitrarily large variances if the matrix was
close to singular. All marginal variances were bounded below by 0.1 to prevent a degenerate
process with quantities which are practically constant. The upper bounds for the artificial
data were set to 2.0 in all cases (the true value is %, see below). In case of the real data, we
tested several sets of bounds but none of them yielded a stable starting configuration.
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The bounds do not affect the theoretical validity of the algorithm, as they are equivalent to
truncating the range of the priors. We want to fit a model where cells are clustered into
distinct storms, so we can exclude any parameters that describe a different behavior.

Another limitation we impose in the final version of the program is a lower bound of 2 for the
storm and cell counts M and M*. Any proposed transform that would result in such a process
is rejected. This guarantees that the normal proposal distribution we use for the sub-diagonal
entries of A is always correct (see Section 4.3) and allows us to calculate sample variances
for diagnostic output. The effect on the estimates is negligible as long as the data set exhibits
clustering of wet periods, i.e. many storms with several cells each are necessary to explain
the observations.

5.2 Generating artificial data

We generated several artificial data sets by simulating processes according to the lognormal
rainfall model. This way, we may assess how well the algorithm performs if the model as-
sumptions are true. Our test instances were constructed as follows:

* The observation period for each set is taken to be 7" = 150, 000 minutes or approximately
104 days. This is slightly more than a season’s worth of data.

* To test how sensitive the algorithm is with regards to changes in the length of the
observation period, we generated two processes for each combination of parameters in
the test. One data set has 15,000 observations in 10 minute intervals, the other has
2,500 hourly observations.

* We chose an error scale ( = 1,000, which yields a relative standard deviation of 10%
for observation intervals of length 7 = 10 minutes by (3.16). As initial attempts showed
that the parameter is hard to estimate correctly, all tests were repeated with ¢ fixed
to its true value. This assumption can be justified in practice if the reliability of the
measurements is known.

* As we had no prior knowledge of likely values for A, we chose a multiple of identity
for testing the simplified model with diagonal A. Setting A\, = 3 seems to produce a
reasonable range of values. The 99% quantiles of the resulting lognormal distributions
are larger by a factor of 14.7 than their 1% quantiles.

* For the full model, we introduce a correlation of —0.5 between storm duration and cell
durations, as we expect an effect of this kind in real data. The marginal variances are
still equal to % as above:

4

D=

(5.6)
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Table 5.1: Parameters used to generate artifical data

Quantiles
Quantity Log-mean* Value Expectation 1% 5% 95% 99%
Storm duration H log(180) — & 180 min 39.8 58.9 393.8 583.7
Storm lag o log(2880) — & 48 h 10.6 15.7 105.0 155.7
Cell duration, short U3 log(10) — ¢ 10 min 22 33 219 324
”, long log(30) — & 30 min 6.6 98 656 973
Cell lag I log(18) — ¢ 18 min 40 59 394 584
* The marginal log-variance is § in each case.

The same data sets used for fitting model I were also used for model III, to allow for
a direct comparison of the performance. Models V and VI were instead tested with a
precision matrix introducing positive correlation between storm duration and cell lag:

4 00 -2 100 3
1
A0 30 0 A Lfo1r oo 5.7)
0 03 0 310 0 1 0
-2 0 0 4 $ 00 1

The means for the logarithmic storm duration and lag were chosen to give somewhat
plausible numbers (3 hours and 48 hours respectively). As we want cell clustering to be
evident in the data sets, the storm durations are significantly shorter than the lags.

We use two different choices for i3, resulting in average cell lengths of 10 or 30 minutes.
This allows us to study how accurate the parameter estimates is if the unobservable
quantities in X are of similar size or markedly smaller than the observation period.

The parameter y, is chosen such that it satisfies the assumption of matched means with
an average number of K = 10 cells per storm (see (3.21)). Thus, we can test the models
with and without matching on the same data sets.

Some properties of the chosen parameters ; and A are summarized in Table 5.1. We use the

following scheme to classify the data sets and possible model fits:

1. The parameters used to generate the process are denoted by

(A) no correlation (models II and IV), short cells.
(B) no correlation (models IT and IV), long cells.
(C) correlation between storm and cell quantities (models I and III), short cells.

(D) correlation between storm and cell quantities (models I and III), long cells.
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(E) correlation between storm quantities and cell lag (models V and VI), short cells.

(F) correlation between storm quantities and cell lag (models V and VI), long cells.
2. For the length of the observation period, we use

(1) 10 minute intervals.

(2) 1 hour intervals.
3. The constraints on the fitted model are given as

(a) no mean matching (models I, II, and V), variable (.
(b) no mean matching (models I, II, and V), fixed (.
(c) mean matching (models IIT and IV), variable (.

(d) mean matching (models III and IV), fixed (.

(e) no mean matching, limited correlation (model VI), fixed (.

For example, ’Ala’ refers to the test run using the data set with uncorrelated quantities, short
cells, and 10 minute intervals. The fitted model uses diagonal A, no mean matching, and
treats ¢ as an unknown parameter. Also, recall that the models with mean matching fix
A14 = Ay =0, i.e. the correlation structure for classes C and D depends on the model.

Table B.1 shows the 30 combinations that were actually tested. If an entry is marked ’alt,
we initiated a second run with a different starting parameter. The # for the first run was
generated by the heuristic in Section 5.1.1. For the second trial, we multiplied these values
by 0.9, which already constitutes a drastic misspecification of the storm durations and lags.
We want to use the repeat runs to assess the impact of the starting parameter on the behavior
of the algorithm. Also, the posterior scale reduction criterion for convergence requires output
from multiple parallel runs (see Section 2.5.2).

5.3 Numerical results

In this section, we discuss the results of our numerical trials. As multivariate precision ma-
trices are difficult interpret, we invert the estimated A and present the results in terms of the
marginal variances o7 and correlations py . For the latter, indices are assigned in a manner
consistent with previous notation, e.g. Corr(X}, X3) = p; 2 and Corr(X?, Xi’j ) = p13-

When dealing with the question of convergence for an MCMC algorithm, a common recom-
mendation is to consider other summary statistics of the chain than just the parameter of
interest. We include the total number of cells M in our analysis, as well as the normalized

intensity average for the cells:
Mi

. 1 M .
D::W;ZDJ (5.8)

=2
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The expectation of this quantity is close to 1 under the model. If D for the fitted process
deviates considerably from 1, we know that distribution of the cell lags and/or durations has
not been correctly identified yet. In this case, the transforms for adding or removing cells will
result in a large proportion of cells whose mean intensity deviates considerably from their
supposed average of ..

5.3.1 Results for artificial data

Most of the test runs were made on computers with Athlon 2.2 GHz processors. Computation
was limited to 300 hours of CPU time or 500,000 iterations of the main sampler, including
burn-in. As shown in Table B.1, most of the A-D runs reached more than 450,000 itera-
tions. Note that simplifying the model and fixing ¢ both speed up computation considerably,
while the additional cell depth updates for models V and VI (case E-F) take more time.
Where possible, we use 300,000 burn-in iterations for the final estimator. To assess whether
this is sufficient, we compare estimates based on iterations 150,001-300,000 with those for
300,001-450,000. These are denoted by 150K’ and 300K’ respectively. If a data set has fewer
samples available, the number of burn-in iterations is reduced as indicated in the table.

As the values of the Markov Chain are highly correlated, we calculate estimators from a
thinned chain using 1 out of every 100 iterations. This is not necessary if we consider the
central limit theorem (2.11), which compensates for high correlation, but the resulting em-
pirical distribution is a better approximation of the posterior density.

The first step in evaluating the performance of the algorithm is the graphical analysis of
the output from the sampler. We consider trace plots for the parameters, the corresponding
autocorrelation functions (ACF), and kernel density estimates for the posterior density. These
figures take up a lot of space, so we limit the analysis to a few representative instances:

(Ala) Model II, short cells, variable ¢, diagonal A, 10 min intervals.
(Figures A.1-A.4)

(C1d) Model III, short cells, fixed ¢, mean matching, restricted A, 10 min intervals.
(Figures A.5-A.10)

(C2d) Model 111, short cells, fixed ¢, mean matching, restricted A, 1 h intervals.
(Figures A.11-A.14)

(D1d) Model III, long cells, fixed ¢, mean matching, restricted A, 10 min intervals.
(Figures A.15-A.18)

(F2b) Model V, long cells, fixed (, restricted A, 1 h intervals
(Figures A.19-A.24)

Figures for the full model I are not included, as the test runs show that it is clearly over-
parametrized (see the discussion of the tabulated results below). We focus on models III and
V, as these appear to be the most useful for practical purposes.
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A first observation that applies to all instances and parameters is that the samplers do not as
a rule converge to the ’true values’ indicated in the trace plots. However, these are merely the
values used for generating the sample processes. As we are dealing with normal-Wishart pri-
ors, even knowledge of the underlying process X would only yield convergence to a (slightly
biased) maximum likelihood estimator. And for short samples, this can deviate markedly
from the true parameter. Given that we do not observe X itself, the best result we can expect
is that the sampler frequently assumes values in the neighborhood of the ’'true value’, which
is indeed the case for most instances.

As for the different parameters controlling the model, we can draw the following conclusions
from the graphical analysis:

* The sampler for the precision scale ¢ has a high variance even for the simple case Ala,
and its is unclear whether it has reached a stationary state after 150K iterations (Figure
A.1). As the other parameters for this instance appear to converge much faster, it seems
that the exact value of ( does have a negligible effect on the behavior of the algorithm.
The slow convergence would thus be due to a relatively flat likelihood in terms of the
variance scale. For this reason, the other instances we consider for the graphical analysis
use a fixed value for (.

* The trace plots, ACFs, and kernel density estimates for the posterior distribution of the
1. show that the sampler converges very fast for the simple model II with no correlation
(Figure A.2), and reasonably quickly for all instances of model III (Figures A.5, A.11,
and A.15). For the latter, 150K burn-in iterations appear to be insufficient, in particular
for the C2d case where we can clearly see that the sampler is stuck in a local maximum
for some time. Model V shows an upward trend for 3 and u4 towards the end of the
run (Figure A.19), indicating that even 300K burn-in iterations may not be enough at
the coarse 1 h time scale.

All parameter values are reasonably close to the ’true value’, except in the case of C2d.
For the latter, the local maximum found early in the run is close, but the algorithm
eventually settles into a quite distinct state. Again, this seems to be a problem with the
1 h time scale: a less structured process appears more likely as fewer details are visible
at this resolution.

The density estimates support the conclusions from the trace plots in all cases. From the
ACF plots, we see that thinning with a step size of 100 yields effectively independent
means for the storm durations and lags in the simple case of model II, but the means
for the cell quantities still exhibit a moderately high correlation. The same can be
observed for the other instances, except that for model III, the coupling of p; and py
introduces non-zero correlation for p; as well. Note that the extremely high correlation
for C2d is due to the process getting stuck in a local maximum for a while, which is an
instationarity (at least numerically).

* The results for the variances o7 are very similar to those for the means (Figures A.3,

A.6, A.12, A.16, A.20). In particular, 150K burn-in iterations do not appear sufficient
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for the instances with correlated quantities.

* For models III and V, where correlation between some storm and cell quantities is per-
mitted, the samplers give good qualitative results. Even for the 1 h time scale, the
samplers are near zero where no correlation exists and have the right sign otherwise.
Only the absolute magnitude of the correlation is usually underestimated. For D1d, the
sampler for p; 3 appears to converge to the true values of -0.5, but the remaining two
correlation parameters are farther from O than for the other instances. Of course, this
may be due to the fact that input data has sample correlations that are further from
zero than for the other instances.

* No trace plots or ACFs are included for the processes Cld and F2b using alternate
starting parameters, but we compare the kernel density estimates after 300K burn-in
iterations for the two sets of starting parameters. In case of C1d, a marked difference
exists between the original and alternative starting parameters for ;; and all cell pa-
rameters (Figure A.8). We shall see later that this is likely due to the fact that the
alternative starting parameter fixes the precision scale to ¢ = 900, whereas the original
run has ¢ = 1000. However, we cannot rule out at this point that the sampler has not
convergence after 300K burn-in iterations. At least in case of F2b, there are hardly and
differences between the original and alternative sampler (Figure A.22).

* The remaining plots do not deal with the parameters themselves, but with their impact
on the model (Figures A.4, A.9, A.10, A.14, A.18, A.23, and A.24). If we consider the
normalized intensity average D, we see that the fitted density estimate has a peak close
to 1 for Ala, C2d, and D1d, while Clc and F2b have peaks slightly to the left, meaning
that the algorithm prefers cells with below average contribution for the model. This is
another indicator of possible lack of convergence for these instances.

We also compare the average number of cells for the process reconstructed by the algo-
rithm with the number for the original process on which the estimation is based. This
is done both in terms of a kernel density estimate for output from the sampler, as well
as for 3 independent resamples using the fitted parameter. In all cases, the mode of
the fitted distribution is far from the true value, although the latter is not completely
unlikely. As the resampled values themselves show a high variability, we cannot draw a
definite conclusion here.

Finally, we look at the behavior of the observations for the original and fitted parame-
ters. To do this, the duration of wet and dry periods in the original data is compared to
that of three resamples using the estimated #. The same is done for the rainfall intensity
conditional on rain. Comparisons are made using kernel density estimates and boxplots
for the log-quantities.

For the simple model II, the distributions of the average duration of wet periods are very
similar for the original process and the resamples, and completely indistinguishable for
the amounts. The durations of the dry periods are quite distinct at first glance, as
the resamples have a bimodal density, whereas the original is unimodal. However, the



82

CHAPTER 5. IMPLEMENTATION AND RESULTS

left mode is located exactly at the log of the observation scale of 10 minutes, i.e. the
apparently major difference is (mostly) a problem of limited resolution:

There are two kinds of dry periods in the model — short gaps between cells in an
ongoing storm, and longer gaps between storms. This should result in a bimodal density,
provided enough of the shorter gaps are large enough to contain an entire observation
interval. However, the original parameter for Ala results in a probability for this event
that is too small to yield a distinct second peak, whereas the estimated parameter does.

For the two C1d processes, the originals and resamples cannot be distinguished at all,
which may mean that we do not have lack of convergence after all. The remaining
processes result in fits that are almost as good, although the distribution for the duration
of dry periods varies the most (due to the ’instability’ of the left peak).

From the graphical analysis alone, we can conclude the following:

The true value of ( is difficult to estimate, but its impact on the behavior of the other
parameters appears to be relatively small.

150K burn-in iterations appear insufficient for instances with correlated quantities,
300K iterations should be used.

For the 1 h observation periods, the true parameters cannot be reconstructed exactly, as
we lose some information in the aggregation process.

The algorithm provides an estimator that describes the observable quantities like the
length of wet and dry periods or the aggregated rainfall amounts very well. This is true
even for hourly observations, where the estimators do not resemble the ’true values’.

Results for all test runs are available in tabulated form in Tables B.2-B.47. Each table shows
the true values of the parameters that were used to generate a sample, as well as the starting
parameters assigned by the heuristic of Section 5.1.1. The resulting estimators are presented
both in the form of a median and credible interval (10% and 90% quantile of the posterior
distribution), and as a mean and 95% confidence interval based on the central limit theo-
rem (2.11). For those instances where a second run was made using an alternative starting
parameter, we also determine the potential scale reduction (2.92) to assess convergence.

As the data for the remaining runs mostly supports the findings from the graphical analysis,
we keep the discussion brief and merely highlight some particular points of interest:

* Even though the estimated values for ( differ drastically from the true precision scale,

the difference in the results for the instances with variable and fixed ¢ is comparatively
small. Considering this, as well as the decrease in computation time that results from a
fixed value (Table B.1), it seems reasonable to exclude ¢ from estimation.



5.3. NUMERICAL RESULTS 83

* As stated above, the full model I is effectively overparametrized. This can be seen from
Tables B.2 and B.3 showing the results for the Cla and C1b runs. Both samplers choose
a correlation structure that is completely different from the one used to generate the
artificial observations. On the other hand, the estimators for models III and V with
restricted precision matrix A are all able to determine the sign of the single non-zero
correlation correctly. Those with long (30 min average) cells on a 10 min time scale
even yield the correct absolute value (Tables B.16 and B.17), while the others tend to
underestimate it.

There appears to be a tendency in the D1 and all E models to assign a positive correla-
tion p; » between storm duration and lag. But as noted above, this may actually be true
for the sample correlation of the artificial data sets being used.

* By far the best reconstruction of the true parameter is found for the data sets with long
cells and 10 min observation intervals (Tables B.16, B.17, B.38, B.39, and B.46). In all
other cases, the resolution seems to be too limited to reconstruct the cell parameters
exactly. The coarse grid means that certain processes appear more likely, even though
they do not replicate the fine structure belonging to the original parameters. But as
we have seen in the graphical analysis, they can still yield a good description of the
observations at that time scale.

* A direct comparison of parallel runs using alternative starting parameters shows no
appreciable difference for the Alc, Clc, E2b, and F1b instances (Tables B.22, B.10,
B.37, and B.40), neither in terms of credible (confidence) intervals, nor in terms of
potential scale reduction. However, differences are evident for A1d, C1d, E1b, and F2b
(Tables B.25, B.13, B.34, and B.43). For the first two, the distinguishing factor is that
the ’c’ runs use a variable value for {, whereas it is fixed to 1,000 resp. 900 in the
’d’ runs. This supports our claim that we do not have lack of convergence after 300K
iterations, but that the process merely prefers slightly different parameters conditional
on specific values of (. For Elb, the effect may be the same, but made worse by the
short length of the available run. For the F2b data, the only apparent cause is the 1 h
time scale, although the E2b run was not affected in the same manner.

5.3.2 Real precipitation data

After ensuring that the algorithm can identify parameters for a process conforming to the
model, the next step was to test it on real precipitation data. For this purpose, we used
precipitation data recorded hourly at two meteorological stations in Rheinland-Pfalz during
the years 2003 and 2004. As the model does not include seasonal variations, the first step in
preparing the data was to visually identify periods where the rainfall distribution appears to
be homogeneous. For each individual station, this is the case for May to July and for October
to December, although there is a marked difference between stations.

The next issue was finding a suitable starting parameter, as well as an average cell intensity
¢ and — for models III and IV - a typical number of cells K. Unfortunately, we did not find a
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satisfactory solution to this problem. Experimenting with several choices for 6, «, and possibly
K showed that the process fitted by the algorithm depends strongly on the choice of .. For
small values, the number of storms becomes very large as almost each interval of non-zero
precipitation is assigned its own storm. Conversely, a larger . results in very few storms of
extreme length. Either way, no meaningful clustering occurs. Also, there appears to be no
middle ground — the algorithm falls from one extreme into the other as the average cell
intensity rises above a certain threshold.

All trials using real data resulted in a degenerate state of the model or lack of convergence of
the sampler. We do not want to present any of the results here, but merely point out some of
the difficulties and likely causes:

* The time scale of the available data is too coarse. Hourly observations do not permit
identification of a correlation structure that enables clustering. E.g., we are unable to
distinguish between an intense 5 minute shower and a moderate 45 minute rainstorm.
Recall that we already saw that the algorithm underestimates the correlation between
storm duration and cell lag for the artificial data if the cells are not longer than the
observation interval.

* The storm durations and lags have a very high variance, which means that clusters
are difficult to identify. This is amplified by the previous problem, as the algorithm is
unable to introduce sufficient variation in the frequency with which cells occur in storms
of widely different length.

* The lognormal distribution may not be a good approximation for the true distribution
of the storm and cell lags. At the very least, it yields an extremely flat likelihood as the
variance increases, which means that the algorithm may converge slowly or even fail to
converge for numerical reasons.

* As . is so critical, it should be estimated along with ; and A.

Unfortunately, we are as yet unable to provide satisfactory solutions to these problems, al-
though some suggestions regarding the last two issues are made in Chapter 6.

In principle, the model is comprehensive enough to reproduce the features of precipitation
we are interested in. Figure A.25 shows the distribution of wet and dry periods, distribution
of rainfall amounts, and sample observations for real data and some artificial processes. As
the latter have not been fitted to the former, the quantities are not closely matched, but the
processes do appear to be of the same kind. Note that the observations have been rescaled
for better comparison (the maxima are equal to 1).

5.4 Summary

We have seen that the full model specified in Chapter 3 is effectively overparametrized, at
least for the resolution and amount of data we have available. This suggests simplifying
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the model in various ways as discussed in Section 3.2, as well as treating the non-critical
parameter ( as a constant.

With the above restrictions, the algorithm appears to reach stationary state on artificial data
generated from the correct model in at most 300K iterations. The estimated parameters are
sensitive to the time scale and cannot reproduce fine structures on a scale smaller than the
observation interval. Actually recovering the input parameters requires that the cells are on
average longer (e.g. 3 times) than this period. However, the parameters always describe the
process well in terms of the observations Z.

Unfortunately, the algorithm does not work on real precipitation records. In its present form,
it is not suitable for the statistical analysis of hourly rainfall data.
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Chapter 6

Further considerations

In the last chapter, we look at how the ideas presented in this thesis could be developed
further. We suggest changes to the model and briefly address the question of prediction.

6.1 Changes to the model

The modifications discussed below fall into two categories. The first are changes to the distri-
butions that might enable fitting parameters to real precipitation data, while the second are
suggestions for extending the scope of the model.

6.1.1 Variant distributions for X

The framework for precipitation time series presented in Chapter 3 can support a variety
of probabilistic models. We settled on the lognormal distribution to describe the process X
due to its flexibility and explicit correlation structure. One downside of this choice is the
resulting point processes do not possess an analytic solution for the distribution of events per
time interval. While we have shown how to approximate these weights in Section 4.4, the
Monte-Carlo scheme requires substantial computation time.

A second problem is that the distribution of extreme lags is likely wrong. The lognormal
density can be fitted closely to most unimodal, non-negative distributions near the mode, but
its asymptotic behavior is different from e.g. the exponential or gamma case. This might even
be a contributing factor to our inability to properly fit the lognormal model to real data. If
the exponential distribution is a better model for the lags, its heavier tails would lead us to
overestimate the variance of log-lags in the lognormal approximation.

While there is no multivariate extension of the exponential distribution that treats correlation
explicitly, one could try to combine the advantages of the Gaussian and the exponential model

87
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using a copula approach. We decompose the joint distribution for the components of X as

Plog(xi) 1og(x7:3) (71, T2, T3, 4|0, R) (6.1)
=C (Plog(Xf)(x:l’e%Plog(Xé)(x2’9)7Plog(xi’j)(wi))w)?Plog(xé’j)(wﬁl‘g)‘ R)

Here, C is the 4-variate Gaussian copula with correlation matrix R, and the marginals are
arbitrary distributions characterized by some parameter vector 6. For exponential lags, the
log-quantities need to follow a distribution of the Gumbel type. The cell and storm durations
can still be treated as lognormal if desired. An introduction to copulas can be found e.g. in
the book by Nelsen [31], while the Gumbel distribution plays a role in extreme value statistics
and life testing (see e.g. Barlow and Proschan [3]). A more recent treatment of both topics
in the context of financial statistics can be found in the book by Franke et. al. [11]

With exponential lags, the storm origins are distributed according to a Poisson process, which
is much easier to handle than the lognormal point process. The conditional distribution of
the cell origins will of course not follow any classical model.

6.1.2 Other models for cell depth

Cell depth is another area where a different distribution could lead to improvements. We
argued in Chapter 3 that the depths should be left out of the lognormal framework to avoid
overparametrization. Treating them as constant is not feasible numerically, as it enforces an
almost deterministic relationship between cell lengths and observations. Instead, we chose
the uniform distribution on [0, 2:] for ease of use. Two points in its favor are that it depends
on a single parameter and that it is invariant under multiplication. The latter motivates the
heuristic (5.5) for estimating «. An alternative with the same two properties is the exponential
distribution with parameter % Also, since it is not bounded above, it could make it easier for
the algorithm to fit cells to events with high precipitation.

More importantly, as mentioned in Chapter 5, the behavior of the algorithm depends critically
on the right choice of (. This suggests that . should be treated as part of the estimation
problem, replacing the less critical ¢ as part of 6.

6.1.3 Inclusion of covariates

So far, we have fitted the rainfall model to observed precipitation without taking into account
other meteorological data. But ambient temperature, atmospheric pressure, humidity, wind
speed, etc. are often recorded alongside rainfall and will be dependent to some degree. Other
interesting candidates for covariates are periodic functions of the time or date to capture daily
or seasonal variations in the climate.

Assume that we are given d exogenous variables recorded as a vector V; € R? for each time
period t. A straightforward way to include them in the lognormal model is to express the
mean y in terms of the covariates via linear regression. One question that arises immediately
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is how to link the rainfall process to the discrete records V := {V;}. Fitting an unobserved
temperature process, a wind process, etc. similarly to the rainfall process X seems impractical.
A simpler approach would be to base the mean for each storm and cell on the value of V; at

its origin. Let
i i
t(i) == [2—‘ t(i,j) = [O —‘ (6.2)

T T

This allows us to define local means as
[ty = B1Vy) [ = ByVyi ) — Mg Aly(log(X7) — i) (6.3)

where B;, By € R>*? are matrices of (unknown) regression coefficients. The distribution of
X' is now taken to be
log(X")[V, 6 ~ Na(jijg, A1) (6.4)

instead of (3.8). The distribution of X*/ conditional on X, which was previously given by
(3.10), is replaced by
log(XZ’J)‘XZ,V,Q ~ Ng(ﬂléj,Agg) (65)

Note that we can assume w.l.o.g. that the first entry of each V; equals 1 to include a constant
term in the regression model. If we use normal priors for the entries of B; and B,, the
posterior distribution for i (4.6) factorizes into normal posteriors for the coefficients. As this
approach requires four parameters for each covariate, we need to limit ourselves to the most
essential ones. A technique like principal components analysis should be applied to reduce
the dimension of the exogenous component to a manageable level. Methods of this type are
discussed e.g. in the book by Draper and Smith [10].

Given the difficulties we had with estimating A in the model without covariates, it does not
seem practical to give them a direct influence on the distribution of the precision matrix. As
for the different distributions discussed in the previous section, the regression approach can
still be used w.r.t. an appropriate parameter.

6.1.4 Extension to multiple sites

Our original motivation for looking at the time-series approach to precipitation was to create
a tool for simulating rainwater runoff in urban planning. For meteorological analysis on a
larger scale, single site models are not adequate, although they can be used as building blocks
for a spatial model. In this section, we only consider locales which are both small enough to
be treated as planar and uniform enough to have no systematic variations in precipitation
(there are no mountains, etc.).

Given observations {Z!}; at multiple locations a; € R?, [ € {1,..., S}, we want to predict the
rainfall intensity at an unobserved site or estimate the total amount over a larger area. To
do this, we need a model for spatial dependence. Usually, this is done by requiring spatial
stationarity or homogeneity of the process. This is essentially the same as stationarity (cp.
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Definition 2.10), except that the joint distribution of the observations at different sites remains
the same under spatial shifts. In practice, we require only weak homogeneity, i.e. the means,
variances, and correlations for any set of points in the plane are invariant under a shift in
location. A special class of homogeneous spatial processes are isotropic processes, where the
joint distribution for observations at two sites depends only on their distance. An introduction
to spatial statistics can be found in in the book by Ripley [36].

While isotropy is a very restrictive assumption, it can be used for modeling together with
a coordinate transform. The isotropic model is than fitted on the basis of the transformed
locations. An example of this approach can be found in the thesis by Griinder [23], where
a model for pollution measurements is developed that decomposes the observations into a
long-term average and fluctuations that are isotropic under an elliptical transform. The long-
term effects are estimated using a regression surface approach, a technique known as kriging
in geostatistics. For rainfall modeling on a small scale, the situation is different in so far that
we can assume a constant baseline of 0 (no precipitation) and are only interested in finding a
homogeneous model for the short-term changes. This, too, can be fitted with kriging methods
if additional constraints on the regression functionals are observed. A spatio-temporal model
of this type is developed and applied to rainfall estimation by Stroud et. al. in [39]. It uses
kernel-based regression in a state-space framework.

A simple way to combine the approach of [39] with the local rainfall models we have studied
in this thesis is the following: Let K i be the two-dimensional Gaussian kernel with correlation
matrix R, and let {Y'} be independent aggregate processes in the sense of definition (3.2),
which we associate with the ;. The rainfall intensity at any other point ag € R? and time ¢ is
taken to be

L
ﬁ(ao) = Z }/;SIKR(CLO — CLl) (66)

=1
This expression converges to a homogeneous spatial process in ag as the number of kernels
in a bounded neighborhood of a( goes to infinity. It is only isotropic if the kernel is spherical,
i.e if R is a multiple of identity. Note that in general Y;(a;) # Y/, as the rainfall observed at
a; is actually the aggregated contribution from all / processes. Accordingly, the observations
{Z!} made at the sites q; are not distorted versions of the {Y;'} but of the {¥;(a;)}. We
also need to relax the assumption that Z; = 0 <= Y; = 0 we made in Section 3.1 to
Sr,Zb=0 <= Y/, Y} = 0. This accounts for the situation where only some stations
register rainfall. In this case, any recorded zeros need to be treated as very small observations.

To fit the joint model, we need to consider all sites simultaneously, and estimate R alongside
the other unknown parameters. More involved models are possible, e.g. we could associate a
kernel with each individual cell and allow its scale to change depending on cell depth.

The kernel interpolation is somewhat unsatisfactory, as it arbitrarily allocates precipitation to
the observation sites. In doing so, they gain a special status that is not justifiable outside the
model. In fact, the average cell frequency may depend greatly on the number and proximity
of the sites. Rainfall in an area with many gauges will be distributed evenly among them,
while an isolated station is “responsible” for most of the precipitation recorded there.
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Similar to how the disaggregation approach uses a representation independent of the time
scale, we can attempt to “dislocate” rainfall in space. The cells are no longer tied to a specific
location but allowed to occur anywhere, or even to move. Of course, this increases the
complexity of the model considerably, as we have to specify the location and behavior of the
cells. A discussion of spatio-temporal models and their relation to single-site point-process
models can be found in an article by Cox and Isham [8].

6.2 Prediction

Once the model is fitted to a data set, we can use it to predict future precipitation. Besides
being an important question in meteorology, this can be used to validate the model — or to
show its limitations. We did not study the accuracy of such forecasts, but we want to give at
least an idea of how they can be obtained. As the algorithm can handle unknown observa-
tions, we can use it to estimate future rainfall simply by increasing 7'. But this approach is
computationally expensive and only advisable for short time periods. The long term behavior
of the model can be determined much more efficiently by numerical integration.

Once we have identified the model parameters, it is not necessary to restrict ourselves to
discrete observations recorded at a certain time scale 7. Instead, we consider prediction in
terms of the expected rainfall intensity over time. This can easily be converted to observation
forecasts at any desirable scale by integration.

Definition 6.1 For the rainfall model of Definition 3.1, the intensity function is defined as

M M?

I(x) =) %" Di’jﬂ[om,oi»wrxi’j](x) ©7

i=1 j=1

where z € [0,T7].

The function I(z) is the total depth of all cells which are ’active’ at time x. Note that for
te{1,...,T} holds

tT

Y, :/ I(x)dx (6.8)

(t=1)7
As the individual storms in the model are independent, forecasting can be split into two
distinct problems. The first is to estimate the future impact of storms originating during the
observation period. We refer to this as the short term forecast. By contrast, the long term
forecast tries to assess the effect of storms that start after the last recorded observation.

The two problems can be solved almost separately. The only connection is that the long term
forecast depends on the distribution of the origin of the first storm starting after time 7’7
conditional on the observations. I.e., the long term forecast depends on the storm lags during
the observation period, but not on the storm durations or cell quantities.
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6.2.1 Short term forecasts
With the short term forecast, we want to determine

¢ the effect of known storms on the expected intensity beyond the time T'7.

* the distribution of the origin of the first storm to start after time 7'7.

Our estimation algorithm can be modified to handle both tasks. To assess the effect of known
storms, we need to run it with fixed parameter 6 and record the contribution of storms beyond
time 7T'r. This should not be done in terms of aggregates, but as an average intensity function
on a sufficiently fine grid to mesh with the long term forecast. We also need to decide on a
time horizon for the records after which the impact of existing storms is negligible. But this is
not difficult, as we can derive an upper bound for the storm duration from our estimate for 6.

To obtain the distribution of the origin for the first storm outside the observation period, we
need to track its value as an additional variable. The algorithm we have developed so far
does not support this, as it keeps the origin fixed at time 77 + 1. But a separate update step
for the lag of storm M, similar to the transforms of Section 4.5, is easily included:

6.2.1.1 Update the lag of the last storm

This operation changes the lag of the last storm, without affecting anything else. Sample X’é‘/f
from its distribution conditional on the duration of the storm:
[A1i]y

log(X3")|X7",0 ~ N <M2 Ryl 2 (log(X 1) — ), [[\11]2,2> (6.9)
11]2,2

The move can be rejected outright if OM + X3! < T'r, as this would contradict the fact that
storm M is the last. Else, the acceptance probability for the move is given by

M
T Pacia (XM XM 0)

6.10
pXZJ XM’] XM 9) ( )

This expression reduces to 1 (a Gibbs sampler) in the simplified model with diagonal A.

6.2.2 Long term forecast

To analyze the long term behavior of the model, we need to modify its representation. So
far, we have worked with a finite number M of storms occurring in the time interval [0, 7'7].
Now, we are interested in the behavior of storms beyond that period. Thus, we assume in the
following that the set {X*} is an infinite family of i.i.d. random variables.

The cell quantities { X%/} for each storm i are treated in the same manner. Le., each storm
has an infinite number of cells, but only those whose origins lie in [0?, O¢ + X?] contribute
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to precipitation. This modification is not strictly necessary, but it simplifies calculations as we
do not have to condition the distribution of the cell lags on the number of cells.

Using the new representation, the intensity function becomes

Ix)=_ ) Di’j]l[oi,f,oidmi’j](x)1[0i70i+X’1"} (0") (6.11)
=1 j—1
oo 0 j—1
i,j 7,0
= Z Z D ]]l[max(o z—0t— J) min(X?,z—0%)] <Z X2 )
i=1 j=1 =1

The reformulation uses equation (3.1), which relates lags and origins. As the storm origins
converge to infinity with probability 1, the sum has only finitely many non-zero terms. To
show that its expectation exists, we use the relation

0<I(x)< mZn 0100 (@) | D 10,0113 (0™) (6.12)

The D%/ are bounded above by 2: as they are uniformly distributed on [0, 2:], and the indicator
functions are replaced by indicators for supersets. Note that

E(1j0i 00) (Z)@ <z > (6.13)

<P(Mle{l,...,i—1}: X, <zf)
= P(X1 < xye)l V= pi?

j-1
E(Lj 0iqxi(0™)]0) = P <Ol + ZXQ’] <O+ X

=1
0)

j—1
=P <Z X,7 < X}
< P(Xyt < X{oy Tt = pl

0) (6.14)

=1

Thus, the expectation of the infinite sums in (6.12) can be bounded above by geometric series
and we get

0 < E(I(x)|6) <2LZE 0i 00 ZE 0,0i+x1(0")[0) (6.15)
< 20
~ (1 =po)(1 —p1)

To calculate the expectation numerically, we use the alternate formulation given in (6.11). If
we define

< o0

f(aa b, c, d) = ]l[max(O,a—b),min(c,a)} (d) (6.16)
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the expectation can be written as
o oo 00 ‘ _ Jj—1 '
o> [Ty (f (;c 0 x X1, ZX;J>
=170 =1 =1

The quantities for storm ¢ can be replaced with those for storm 1 as they are independent of
O'. This allows us to estimate f without referring to the distribution of O’. Given a grid

o', 9) dP(0%6)  (6.17)

I''={nh:ne{0,...,N}} (6.18)

with grid size h > 0 and N + 1 points, we calculate the expected intensity in three steps:

1. Estimate the function

o) j—1
Y (f (y’Xf”’XtZX%”)
j=1

=1

9) (6.19)

for each y € I by Monte Carlo integration. Le., we draw samples (X{)*, {(Xll’j)k}j,
and {(X;”)k}j with k& € {1,..., K} for sufficiently large K and j € {1,...,j,} where
jr satisfies

Je—1 Jk
P ERUENC SHLEDNC el (6.20)
=1 =1

Using the index sets

7j—1
M} = {jE{l,...,jk} f<y,(X1’] xHE ST (xah ): } (6.21)
1

=

we can estimate g(y) on I" as

(6.22)

|~
M=
s

k=1

2. Calculate the distribution of each O’ on I as the i — 1-fold convolution of the lognormal
lag density with itself. Do this until a cutoff point i, where the total mass remaining on
I' is negligible.

3. Estimate the expected intensity for each x € T" by
2)0) ~ LZ / g(z — 0 dP(0'|6) (6.23)

where the integrals are again solved numerically on the grid. As P(O'|0) puts all mass
on the origin, the first integral is equal to §(z).

This procedure yields the expected intensity given that the first storm starts at t = 0. If we
replace the distribution of O' by the conditional distribution for O*+! derived from the short
term forecast, we can use the scheme for a general long term forecasts.
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Figure 6.1: Long term prediction for artificial data
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6.2.3 Some numerical results

The scheme for the long term forecast was implemented in MATLAB. The results in this section
were calculated on a grid with A~ = 1 minute and using K = 10,000 iterations to estimate g.
Computation only takes a few minutes on a regular PC.

First, we want to look at the function ¢ itself. This has a nice interpretation — it is the
expected number of cells that contribute to precipitation at time y for a storm that starts at
time 0. If we multiply it with the intensity scale ., we get an average precipitation curve
for storms under the model. The left plot in Figure 6.1 shows ¢ for the parameters used
to generate the artificial data sets A and C of Section 5.2. As set C assumes a negative
correlation between the duration of storms and cells, we expect fewer active cells on average
as the distance from the origin increases. This is evident in the picture.

In the right plot of Figure 6.1, we see the mean intensity F(I(z)) for the same two choices
of the parameter #. As we assume O' = 0, the curve initially resembles g(z), but as time
progresses, the contribution of other storms becomes dominant. Judging from (6.23), we
would expect to see a series of decreasing peaks at regular intervals. This is due to the fact
that the iterated convolution density of the storm lags has an ever increasing variance and
’smears’ copies of g across the positive real line. However, the variance in the example is so
large that E(I(z)) resembles a constant very quickly. For comparison, Figure 6.2 shows the
expected intensity for lag precision Az 2 € {3, 30,300, 3000}.



Appendix A

Numerical results — Figures
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Figure A.1: Error precision scale ¢ for trial Ala (Model 1)
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Figure A.2: Mean parameters j, for trial Ala (Model II)
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Figure A.3: Variances a,% for trial Ala (Model II)
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Figure A.4: Rainfall characteristics for trial Ala (Model II)
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20 0.012
osterior density
— True value Posterior approximation
18 1 True value
001 Samples based on estimate |
16 :
14
% 2 0.008 J
] g
£ £
Z z
g g
EY z
g 10 % 0.006 L
5 5
3 3
g s g
M £ 0.004 E
6
4
0.002 L
2
0 0
094 096 098 1 102 104 106  1.08 500 550 600 650 700 750 800
Normalized intensity average Total number of cells
05f L
ot /\ e :E """""" !
0.4 \(\ ]
2 035 L
: S sy I I YR 1
2 oaf E
=l
2
£ 025 L
3
T
2 L ] I TN I R R
N semele I- :E |
<
0.15F \ L
Original process
0.1F — Time scale tau 1
— Samples based on estimate I' |
< orginalfp F------4 |  pe-meeeemeo---
0.05f \ 1
4.5

3 35 4 5 5
Log-length of wet periods [min]

Original process
— Time scale tau
— Samples based on estimate samplel [ | 0 peeeemmmmieeeaaoo s .I ]
osf
@ 04f
g sample} | | E
3
g
>
% 03F
2
5
3
2 ’ i
E sample} | | bkeeee--- E
< o2}
0.1fF
originalt | pe-------o | L
. = -
-4 -2 0 2 4 6 8 12 14 16 2 3 4 5 6 7 9 10
Log-length of dry periods [min] Log-length of dry periods [min]
0.4F 3
Original process
—— Samples based on estimate s ok I_ _______ | - - ]
0.35F L ample -
03} L
2
€ oosl ] sampie} b-| | be------ Jeans wrwe s 1
3
g
2
2 0.2} 4
5
3
T
| o T oo = - .
g
0.1f L
0.05} / ] Original | I- L |o-oo-o+ o + + 4
= .
18 ~16 =y “12 ~10 ) = o o 1 15 2.5 ] 4 45
Rainfall log-amounts for intervals with rain [mm] Rainfall log-amounts for intervals with rain [mm] X107



101

Figure A.5: Mean parameters py, for trial C1d (Model III)

Short cells, fixed ¢, mean matching, restricted A, 10 min intervals
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Figure A.6:

Short cells, fixed ¢,
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Figure A.7: Correlations py,; for trial C1d (Model III)

Short cells, fixed ¢, mean matching, restricted A, 10 min intervals
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Figure A.8: Comparing the estimators for trials C1d and C1d alt (Model III)

Short cells, fixed ¢, mean matching, restricted A, 10 min intervals
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Figure A.9: Rainfall characteristics for trials C1d and C1d alt (Model III) — Part 1
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Figure A.10: Rainfall characteristics for trials C1d and C1d alt (Model III) — Part 2
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Figure A.11: Mean parameters yy, for trial C2d (Model III)

Short cells, fixed ¢, mean matching, restricted A, 1 h intervals
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Figure A.12: Variances a,% for trial C2d (Model III)

Short cells, fixed ¢, mean matching, restricted A, 1 h intervals
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Figure A.13: Correlations py, ; for trial C2d (Model III)

Short cells, fixed ¢, mean matching, restricted A, 1 h intervals
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Figure A.14: Rainfall characteristics for trial C2d (Model III)
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Figure A.15: Mean parameters yuy, for trial D1d (Model III)

Long cells, fixed ¢, mean matching, restricted A, 10 min intervals

— Trace plot
— True value

g g
g £ 07 g
s g g5
3 Sos g
i i :

8 G4
2 209 H
E s <

2
5 g N
B g g
g Eog
2 8

w 2]

Q02|

'— Posterior density, 150K burn-in
| Posterior denity 300K burn-in
L e e =
1 | N N N N N N N N N N N N N N A
500 1000 1500 2000 2500 3000 0 2 4 6 8 10 12 14 16 18 20 475 48 4.85 49 4.95 5 5.05 51 515 52
Iterations after 150K burn-in, step size 100 Lag, step size 100 Mean storm log-duration mu(1)

Trace plot
Tue value

N

=

Mean storm log-lag mu(2)
2

Kernel density estimate

ACF for mean storm log-lag mu(2)

02 — Posterior density, 150K bur-in
i Posterior denity 300K burn-in
o1 — True value
PR— A | 2 Sy
T b T _
500 1000 1500 2000 2500 3000 o 2z 4 & 8 2 14 16 18 2 76 8 7.9 8 81
Iterations after 150K burn-in, step size 100 Lag, step size 100 Mean storm log-lag mu(2)
race plot 9
Tue value
09| §
08 7
g g
H £ 07] g4
§ g £
T 2 o o
5 3 25
3 i 7
g 5
o o 8
= 3
H 04 N
<
g H
E 3
503
6
<02 E : 2) Posterior density, 150K burn-in
Posterior denity 300K burn-in
True value
0.1] 1]
] [EAEEERERARR AR
205 S S A A A
500 1000 1500 2000 2500 3000 0o 2 4 6 2 14 16 18 2 305 31 .15 ¥ 33 33% 34
Iterations after 150K burn-in, step size 100 Lag, step size 100 Mean celllog-duration mu(3)
— Trace plot
— True value
| g
09
8
08
- ! ! < 7
g I | | F”\ ' o] °
1 H 2
£ o £
§ 199 g
5 >
g 2 g 5
) 30 5
8 E 3
g 8 0.4] T4
8 £ 5
= 5 M
i 03] 3
9
<
02| 2
— Posterior density, 150K burm-in
Posterior denity 300K burn-in
04 1 — True value
T 1T
500 1000 1500 2000 2500 3000 0 2 4 6 8 2 14 16 18 20 25 255 6 27 275 28 285
Iterations after 150K burn-in, step size 100 Lag, step size 100 Mean cell log-lag mu(4)



112

APPENDIX A. NUMERICAL RESULTS — FIGURES

Figure A.16: Variances O']% for trial D1d (Model III)

Long cells, fixed ¢, mean matching, restricted A, 10 min intervals
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Figure A.17: Correlations py,; for trial D1d (Model III)

Long cells, fixed ¢, mean matching, restricted A, 10 min intervals
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Figure A.18: Rainfall characteristics for trial D1d (Model III)

Long cells, fixed ¢, mean matching, restricted A, 10 min intervals
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Figure A.19: Mean parameters yy, for trial F2b (Model V)

Long cells, fixed ¢, restricted A, 1 h intervals
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Figure A.20: Variances O']% for trial F2b (Model V)

Long cells, fixed ¢, restricted A, 1 h intervals
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Figure A.21: Correlations py, ; for trial F2b (Model V)
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Figure A.22: Comparing the estimators for trials F2b and F2b alt (Model V)

Long cells, fixed ¢, restricted A, 1 h intervals
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Figure A.23: Rainfall characteristics for trials F2b and F2b alt (Model V) — Part 1

Kernel density estimate

Kernel density estimate

Kenel density estimate

Kemnel density estimate

Long cells, fixed ¢, restricted A, 1 h intervals

Starting parameter according to the heuristic

3

14 10
— Posterior density
—— True value L '— Posterior approximation
12 45 / —— True value E
Samples based on estimate
4 4
10
35 1
2
E
8 = 3 4
F
=
2 25 B
6 3
T 2 1
8
4 15 q
. ]
2
0.5 E
0.85 0.9 0.95 1 1.05 0 200 300 400 500 600 700 800
Normalized intensity average Total number of cells
Alternative starting parameter
14 x10°
— Posterior density 5
—— True value — Posterior approximation
— True value
12 45 Samples based on estimate
. ]
10
35 E
&
g
8 % 3 1
g
=
g 2s \ 1
6 3 \
T o2 1
§
4 15 E
. ]
2
0.5 1
0
0.85 0.9 1 1.0 11 0 200 400 600 800 1000 1200 1400 1600 1800
Normalized intensity average Total number of cells
Starting parameter according to the heuristic
i sameer I- ----- |:D -------- | ]
0.8
semeer I- o -I:D --------- | ]
0.6
samplef +  fF=-=-=-=-=-1 |  F-=--=---=--- q
0.4F e I- |:D -I
Original process
—— Time scale tau
—— Samples based on estimate
0.2fF
cranely I- ----- |:D --------- -I ]
. _
35 4 4.5 5 5.5 6.5 7 4 45 5 5.5 6 6.5
Log-length of wet periods [min] Log-length of wet periods [min]
Alternative starting parameter
T sameer * I- ----- |:D -------- | ]
D
[oF:] 3 \
semeer * I- ----- |:D -------- | ]
0.6fF
Samplef fp=========o4  bkeeeeeeeaoaa 4
o4r ? I- S -I
Original process
—— Time scale tau
0.2f —— Samples based on estimate
/ Original I- -------------- -I 1
0
4 6.5 7 4 4.5 6 6.5

4.5 5 55
Log-length of wet periods [min]

5 55
Log-length of wet periods [min]

119



120 APPENDIX A. NUMERICAL RESULTS — FIGURES

Figure A.24: Rainfall characteristics for trials F2b and F2b alt (Model V) — Part 2
Long cells, fixed ¢, restricted A, 1 h intervals
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Figure A.25: Rainfall characteristics for real data and model output
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Appendix B

Numerical results — Tables

Table B.1: Artificial data — Instances and run lengths

Model Inst. Iterations | Model Inst. Iterations | Model Inst. Iterations
I Cla 370,700 1\Y Alc 500,000 \Y Elb 248,700
Clb 284,100 alt 500,000 alt 199,700
1I Ala 498,400 Ald 500,000 E2b 313,200
Alb 496,900 alt 500,000 alt 313,100
A2a 432,000 A2c 500,000 F1b 207,300
A2b 388,100 A2d 500,000 alt 195,300
il Clc 500,000 Blc 456,900 F2b 356,100
alt 500,000 Bld 465,700 alt 375,600
cid 500,000 B2c 282,800 VI Ele 269,100
alt 500,000 B2d 500,000 E2e 307,000
C2c 423,800 Fle 201,400
cad 500,000 F2e 321,100

Dlc 484,200

D1d 489,400

D2c 500,000

D2d 500,000

The number of burn-in iterations depends on the total run length:
400K-500K iterations: 300K burn-in
300K-400K iterations: 250K burn-in
250K-300K iterations: 200K burn-in
<250K iterations: 150K burn-in
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Table B.2: Data set Cla (Model I)

Short cells, variable ¢, full A, 10 min intervals
Thinning with step-size 100, 250K burn-in iterations

Value Posterior quantiles | Confidence interval*
Parameter Start True | 10% 50% 90% | 2.5% Mean 97.5%
¢ 1,000 1,000 | 142 228 388 | 232 251 270
11 5.04 503| 499 511 525| 511 5.12 5.13
1o 7.78 780 | 7.60 7.74 7.89 | 7.73 7.74 7.75
3 2.40 214 | 133 1.72 2.01 1.58 1.69 1.80
g 2.40 272 | 1.84 229 2.60 | 213 2.25 2.37
o? 0.33 0.33 | 0.37 0.47 0.61 | 047 0.48 0.49
o3 0.46 033 | 045 057 0.75| 0.58 0.59 0.60
o3 1.00 0.33| 028 040 0.59 | 0.38 0.42 0.46
o3 1.00 0.33| 042 0.62 1.04| 059 0.68 0.78
P1,2 0.00 0.00 | -0.05 0.14 0.33 | 0.13 0.14 0.15
P13 0.00 -0.50 | -0.17 0.11 0.30 | 0.02 0.08 0.15
P1,4 0.00 0.00 | 0.17 0.38 0.50 | 0.31 0.35 0.40
P2,3 0.00 0.00 | -0.11 0.02 0.15| 0.01 0.02 0.04
P24 0.00 0.00 | -0.16 -0.03 0.10 | -0.05 -0.03 -0.01
P3,4 0.00 0.00| 031 046 0.59| 042 045 0.48
M 999 524 | 544 663 893 656 695 734
D 0.81 100 | 096 099 1.02| 0.99 0.99 0.99
* The bounds for the components of ¢ form a joint 95% confidence interval.




Table B.3: Data set C1b (Model I)

Short cells, fixed ¢, full A, 10 min intervals

Thinning with step-size 100, 200K burn-in iterations

Value Posterior quantiles | Confidence interval*
Parameter Start True | 10% 50% 90% | 2.5% Mean 97.5%
¢ 1,000 1,000
1 5.04 503]| 502 516 529| 513 5.15 5.17
2 778 780 | 7.53 775 791 | 762 7.71 7.79
"3 2.40 214 | -0.19 065 1.17| 0.20 0.56 0.91
L 2.40 2.72 | -0.04 1.05 1.67 | 0.51 0.92 1.32
o? 0.33 0.33 | 0.28 0.39 0.56 | 0.39 0.42 0.44
o3 0.46 033 | 043 0.59 094 | 0.50 0.77 1.04
o3 1.00 033| 065 093 1.45]| 0.84 1.02 1.20
o3 1.00 033 1.12 1.72 294 | 148 1.92 2.35
P1,2 0.00 0.00 | -0.12 0.10 0.32 | 0.07 0.11 0.14
P13 0.00 -050| 0.15 0.24 034 | 023 0.24 0.25
P1,4 0.00 0.00 | 0.30 040 049 | 0.38 0.39 0.41
P2,3 0.00 0.00 | -0.06 0.05 0.16 | 0.04 0.05 0.07
P24 0.00 0.00 | -0.07 0.05 0.16 | 0.03 0.05 0.06
P34 0.00 0.00 | 0.27 0.42 057 | 0.37 0.42 0.48
M 991 524 | 1031 1483 2736 | 1426 1725 2025
D 0.81 1.00| 098 1.00 1.01| 1.00 1.00 1.00

* The bounds for the components of § form a joint 95% confidence interval.

125



126 APPENDIX B. NUMERICAL RESULTS — TABLES

Table B.4: Data set Ala (Model II)

Short cells, variable ¢, diagonal A, 10 min intervals

Thinning with step-size 100, 300K burn-in iterations

Value Posterior quantiles | Confidence interval*
Parameter Start True | 10% 50% 90% | 2.5% Mean 97.5%
¢ 1,000 1,000 | 155 280 662 | 259 381 502
11 5.08 503|503 515 528 ]| 515 5.16 5.16
12 792 780|781 793 806| 792 793 7.93
3 2.43 214 | 1.82 195 2.07| 1.93 1.95 1.96
g 2.43 2.72 | 247 2.60 271 | 2.58 2.59 2.61
o? 0.31 033 | 0.30 0.39 0.52 | 040 0.40 0.41
o3 0.43 033 | 032 0.42 0.55| 042 0.43 0.43
o3 1.00 0.33| 028 036 045]| 035 0.36 0.37
o3 1.00 0.33 | 0.31 037 045]| 037 0.37 0.38
M 978 507 | 528 570 630 | 572 577 583
D 0.84 100|098 101 103]| 100 1.01 1.01

* The bounds for the components of ¢ form a joint 95% confidence interval.




Table B.5: Data set A1b (Model II)

Short cells, fixed ¢, diagonal A, 10 min intervals

Thinning with step-size 100, 300K burn-in iterations

Value Posterior quantiles | Confidence interval*

Parameter Start True | 10% 50% 90% | 2.5% Mean 97.5%
¢ 1,000 1,000

11 5.08 503|503 516 528 | 516 5.16 5.17
12 792 780|780 793 8.06| 792 793 7.94
3 2.43 214 | 171 182 1.93 1.79 1.82 1.84
g 2.43 2.72 | 236 247 256 | 2.44 2.46 2.48
o? 0.31 033 | 0.30 041 055 041 0.42 0.43
o3 0.43 0.33 | 0.32 042 0.56| 0.42 0.43 0.44
o3 1.00 033|031 040 0.52] 039 041 0.43
o3 1.00 033|035 042 049 | 041 042 0.43
M 978 507 | 592 634 682 | 630 636 642
D 0.84 100|098 1.00 1.03]| 100 1.01 1.01

* The bounds for the components of ¢ form a joint 95% confidence interval.
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Table B.6: Data set A2a (Model II)

Short cells, variable ¢, diagonal A, 1 h intervals

Thinning with step-size 100, 300K burn-in iterations

Value Posterior quantiles | Confidence interval*
Parameter Start True | 10% 50% 90% | 2.5% Mean 97.5%
¢ 1,000 1,000 | 605 1635 5556 | 2223 2569 2914
11 535 503|511 520 530| 520 5.20 5.21
1o 781 780|757 7.70 7.83 | 7.69 7.70 7.71
3 2.74 214 | 283 294 312 | 294 2.96 2.98
g 2.74 2.72 | 3.68 3.71 3.83 | 3.71 3.74 3.76
o? 0.40 0.33 | 0.20 0.27 0.35 | 0.27 0.27 0.28
o3 0.36 0.33 | 0.39 0.50 0.66 | 0.51 0.51 0.52
o3 1.00 0.33 ] 0.16 0.28 0.41 | 026 0.28 0.30
o3 1.00 0.33 ] 0.01 0.02 0.05| 0.02 0.03 0.04
M 478 621 | 257 291 300 | 278 284 289
D 091 100|096 100 1.05| 1.00 1.00 1.01

* The bounds for the components of # form a joint 95% confidence interval.




Table B.7: Data set A2b (Model II)

Short cells, fixed (, diagonal A, 1 h intervals

Thinning with step-size 100, 250K burn-in iterations

Value Posterior quantiles | Confidence interval*
Parameter Start True | 10% 50% 90% | 2.5% Mean 97.5%
¢ 1,000 1,000
11 5.35 5.03 | 5.16 5.27 537 | 5.26 5.27 5.27
1o 781 780|758 770 782| 769 7.70 7.71
3 2.74 214 | 291 3.00 3.12| 299 3.01 3.02
g 2.74 2.72 | 3.63 3.72 3.79 | 3.71 3.72 3.73
o? 0.40 033 | 0.21 0.28 0.37 | 0.28 0.29 0.29
o3 0.36 0.33 | 0.38 0.49 0.65| 0.50 0.51 0.52
o3 1.00 0.33| 0.08 0.17 0.26| 0.16 0.17 0.19
o3 1.00 0.33| 0.02 0.04 0.10| 0.04 0.05 0.06
M 429 621 | 266 287 306 | 284 287 289
D 091 100|095 099 1.03| 099 0.99 0.99

* The bounds for the components of ¢ form a joint 95% confidence interval.
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Table B.8: Data set Clc (Model III)

Short cells, variable ¢, mean matching, restricted A, 10 min intervals
Thinning with step-size 100, 300K burn-in iterations

Value Posterior quantiles | Confidence interval*
Parameter Start True | 10% 50% 90% | 2.5% Mean 97.5%
¢ 1,000 1,000 | 184 416 2370 | 480 874 1267
1 5.04 5.03 | 492 5.00 5.07 | 4.99 5.00 5.01
% 7.78 780 | 7.55 7.70 7.85 | 7.69 7.70 7.71
"3 2.40 214 | 2.13 222 230 | 2.20 2.22 2.23
L 2.40 2.72| 2.67 274 2.80| 2.73 2.74 2.74
o? 0.33 033] 031 039 0.51| 039 040 0.40
o3 0.46 033 | 049 0.63 0.83]| 0.64 0.65 0.66
cr% 1.00 033 | 0.18 0.24 0.30| 0.23 0.24 0.25
o3 1.00 033 ] 027 032 0.37| 031 0.32 0.32
P1,2 0.00 0.00 | -0.13 0.06 0.25| 0.05 0.06 0.07
P13 0.00 -0.50]|-0.50 -0.39 -0.27 | -0.40 -0.39  -0.37
P23 0.00 0.00|-0.13 -0.01 0.12 | -0.02 -0.01 0.00
M 979 524 | 514 541 568 | 538 541 544
D 0.83 1.00| 094 096 099 | 096 0.96 0.96
* The bounds for the components of ¢ form a joint 95% confidence interval.




Table B.9: Data set Clc alt (Model III)

Short cells, variable ¢, mean matching, restricted A, 10 min intervals

Thinning with step-size 100, 300K burn-in iterations

Value Posterior quantiles | Confidence interval*
Parameter Start True | 10% 50% 90% | 2.5% Mean 97.5%
¢ 900 1,000 | 149 254 501 243 314 385
1 4.53 5.03| 497 504 511 5.03 5.04 5.04
% 6.70 780 | 753 7.69 7.84 | 7.68 7.69 7.70
"3 2.16 214 | 2.15 224 232 | 2.23 2.24 2.25
L 2.16 272 | 270 276 2.82| 2.75 2.76 2.77
o? 0.37 033| 028 035 045| 035 0.36 0.36
o3 0.51 0.33 | 0.51 0.64 0.85| 0.66 0.66 0.67
cr% 1.11 033 | 0.17 0.23 0.30 | 0.22 0.23 0.24
o3 1.11 033 ] 027 031 0.36| 031 0.32 0.32
P1,2 0.00 0.00 | -0.09 0.10 0.28 | 0.09 0.10 0.11
P13 0.00 -0.50|-0.52 -0.40 -0.27 | -0.41 -0.40 -0.39
p2,3 0.00 0.00|-0.15 -0.02 0.11 ] -0.03 -0.02 -0.01
M 1,072 524 | 505 528 553 526 529 531
D 0.86 1.00| 094 096 099 | 096 0.96 0.97

* The bounds for the components of ¢ form a joint 95% confidence interval.
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Table B.10: Comparison of Clc and Clc alt (Model III)

Short cells, variable ¢, mean matching, restricted A, 10 min intervals

Thinning with step-size 100, 300K burn-in iterations

Clc Clc alt
True | Posterior quantiles | Posterior quantiles Scale reduction*
Parameter Value | 10% 50% 90% | 10% 50% 90% | 150K 300K 450K
¢ 1,000 | 184 416 2370 | 149 254 501 | 1.22 1.10 1.08
1 5.03 | 492 5.00 5.07| 497 504 5.11 1.03 1.03 1.05
2 780 | 755 770 785 | 753 7.69 7.84| 1.00 1.01 1.00
s 214 | 213 222 230 | 215 224 232| 1.05 1.05 1.04
L 2,72 | 2.67 2.74 280 | 270 2.76 282 1.02 1.02 1.02
o? 033 031 039 051 028 035 045| 1.00 1.01 1.02
o3 033 | 049 0.63 083 | 051 0.64 0.85 1.00 1.00 1.00
o3 033 | 0.18 0.24 0.30]| 0.17 0.23 0.30 1.03 1.00 1.00
o3 0.33 | 027 032 0.37| 0.27 031 036| 1.00 1.00 1.00
P1,2 0.00 | -0.13 0.06 0.25]|-0.09 0.10 0.28 1.01 1.03 1.03
P1,3 -0.50 | -0.50 -0.39 -0.27 | -0.52 -0.40 -0.27 1.00 1.01 1.00
P23 0.00 | -0.13 -0.01 o0.12 | -0.15 -0.02 0.11 | 1.00 1.00 1.00
M 524 514 541 568 505 528 553 1.17 1.12 1.11
D 1.00| 094 09 099 | 094 096 099 | 1.00 1.00 1.00

* Values less than 1.2 can be taken as an indicator of convergence.




Table B.11: Data set C1d (Model III)

Short cells, fixed ¢, mean matching, restricted A, 10 min intervals

Thinning with step-size 100, 300K burn-in iterations

Value Posterior quantiles | Confidence interval*
Parameter Start True | 10% 50% 90% | 2.5% Mean 97.5%
¢ 1,000 1,000
1 5.04 503 | 484 493 5.00| 492 492 4.93
%) 7.78 780 | 751 7.68 783 | 7.67 7.68 7.68
"3 2.40 2.14 | 196 2.07 216 | 2.05 2.06 2.08
L 2.40 2,72 | 255 2.62 269 | 2.61 2.62 2.64
o? 0.33 033| 030 0.38 049| 039 0.39 0.40
o3 0.46 0.33 | 049 0.64 0.85]| 0.65 0.66 0.67
cr% 1.00 033 | 0.28 035 0.42 | 0.34 0.35 0.36
o3 1.00 0.33] 033 039 045| 038 0.39 0.40
P12 0.00 0.00|-0.08 0.09 0.27]| 0.09 0.09 0.10
P13 0.00 -0.50]|-0.40 -0.28 -0.17 | -0.30 -0.28  -0.27
P23 0.00 0.00|-0.09 0.02 0.14| 0.01 0.02 0.04
M 980 524 | 560 590 624 | 587 591 596
D 0.79 1.00| 095 098 1.01| 098 098 0.98

* The bounds for the components of ¢ form a joint 95% confidence interval.
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Table B.12: Data set C1d alt (Model III)

Short cells, fixed ¢, mean matching, restricted A, 10 min intervals
Thinning with step-size 100, 300K burn-in iterations

Value Posterior quantiles | Confidence interval*
Parameter Start True | 10% 50% 90% | 2.5% Mean 97.5%
¢ 900 1,000
7 4.53 5.03| 489 497 504 | 496 497 4.98
% 6.70 7.80 | 752 7.68 7.84 | 7.67 7.68 7.69
"3 2.16 214 | 2.05 214 223 | 2.13 2.14 2.16
L 2.16 272 | 2.62 2.68 274 | 2.67 2.68 2.69
o? 037 033| 029 037 047 | 037 0.38 0.38
o3 0.51 0.33 | 0.51 0.64 0.84| 0.65 0.66 0.67
cr% 1.11 033 | 0.24 030 0.40| 0.29 0.31 0.33
o3 1.11 033 ] 030 035 040 | 035 0.35 0.36
P1,2 0.00 0.00 | -0.09 0.09 0.26 | 0.08 0.09 0.10
P13 0.00 -0.50|-0.44 -0.33 -0.23 | -0.34 -0.33  -0.32
P23 0.00 0.00|-0.12 -0.01 0.11 | -0.02 -0.01 0.00
M 1,033 524 | 531 556 582 | 553 557 561
D 0.87 1.00| 094 097 1.00| 097 0.97 0.97
* The bounds for the components of ¢ form a joint 95% confidence interval.




Table B.13: Comparison of C1d and C1d alt (Model III)
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Short cells, fixed ¢, mean matching, restricted A, 10 min intervals

Thinning with step-size 100, 300K burn-in iterations

Cld C1d alt
True | Posterior quantiles | Posterior quantiles Scale reduction*
Parameter Value | 10% 50% 90% | 10% 50% 90% | 150K 300K 450K
1 503 | 484 493 500 | 489 497 5.04 1.02 1.05 1.06
2 780 | 751 768 783 | 752 7.68 7.84| 1.00 1.00 1.00
"3 214 | 196 2.07 216 | 2.05 2.14 223 1.18 1.24 1.25
L 2,72 | 255 2.62 269 | 262 268 274 1.10 1.17 1.19
o? 0.33 ] 030 038 049 | 029 037 047| 1.06 104 1.01
o3 033 | 049 064 085| 051 0.64 0.84 1.00 1.00 1.00
cr% 033 | 0.28 035 0.42)| 0.24 0.30 0.40 1.01 1.03 1.05
o3 0.33 ] 033 039 045 030 035 040]| 1.04 107 1.10
P1,2 0.00 | -0.08 0.09 0.27 | -0.09 0.09 0.26 1.00 1.01 1.00
P13 -0.50 | -0.40 -0.28 -0.17 | -0.44 -0.33 -0.23 | 1.28 1.20 1.15
P23 0.00 | -0.09 0.02 0.14 | -0.12 -0.01 0.11| 1.07 103 1.00
M 524 | 560 590 624 | 531 556 582 | 1.20 1.28 1.35
D 1.00| 095 098 1.01| 094 097 1.00| 1.00 1.05 1.05

* Values less than 1.2 can be taken as an indicator of convergence.
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Table B.14: Data set C2c (Model III)

Short cells, variable ¢, mean matching, restricted A, 1 h intervals
Thinning with step-size 100, 300K burn-in iterations

Value Posterior quantiles | Confidence interval*
Parameter Start True | 10% 50% 90% | 2.5% Mean 97.5%
¢ 1,000 1,000 | 346 1057 4601 | 1459 1893 2328
1 5.19 5.03 | 5.06 5.09 5.12| 5.09 5.09 5.09
2 789 780 | 772 7.84 796 | 7.83 7.84 7.85
"3 2.53 214 | 1.55 1.69 1.82 1.67 1.68 1.70
L 2.53 272 | 288 289 290 | 2.89 2.89 2.89
o? 0.28 033]| 0.16 0.21 028 | 021 0.22 0.22
o3 0.32 033| 030 0.39 0.53| 039 041 0.43
cr% 1.00 033 | 094 1.18 146 | 1.16 1.19 1.21
o3 1.00 0.33| 0.01 0.01 0.01| 0.01 o0.01 0.01
P12 0.00 0.00|-0.14 0.05 0.24| 0.04 0.05 0.07
P13 0.00 -0.50|-0.24 -0.16 -0.07 | -0.17 -0.16 -0.15
P23 0.00 0.00 | -0.13 -0.04 0.06| -0.05 -0.04 -0.03
M 375 505 517 522 540 516 526 536
D 0.92 1.00| 097 1.00 1.03| 1.00 1.00 1.00
* The bounds for the components of ¢ form a joint 95% confidence interval.




Table B.15: Data set C2d (Model III)

Short cells, fixed ¢, mean matching, restricted A, 1 h intervals

Thinning with step-size 100, 300K burn-in iterations

Value Posterior quantiles | Confidence interval*
Parameter Start True | 10% 50% 90% | 2.5% Mean 97.5%
¢ 1,000 1,000
1 5.19 5.03 | 5.08 512 515 | 5.12 5.12 5.12
%) 7.89 780 | 7.74 785 796 | 7.85 7.85 7.86
"3 2.53 214 | 1.74 185 196 | 1.84 1.85 1.85
L 2.53 272 | 293 294 295 | 294 2.94 2.94
o? 0.28 033 | 020 0.25 0.33| 0.26 0.26 0.26
o3 0.32 033 | 0.29 0.38 0.49 | 0.38 0.39 0.39
cr% 1.00 0.33 | 0.65 0.82 1.03| 0.82 0.83 0.84
o3 1.00 0.33 | 0.01 0.01 0.01| 0.01 o0.01 0.01
P1,2 0.00 0.00 | -0.08 0.11 0.29 | 0.10 0.11 0.12
P13 0.00 -0.50]|-0.33 -0.24 -0.15| -0.24 -0.24  -0.23
P23 0.00 0.00|-0.19 -0.09 0.01]| -0.09 -0.09 -0.08
M 364 505 | 504 508 511 506 508 509
D 0.93 1.00| 097 1.00 1.03| 1.00 1.00 1.00

* The bounds for the components of ¢ form a joint 95% confidence interval.
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Table B.16: Data set D1c (Model III)

Long cells, variable ¢, mean matching, restricted A, 10 min intervals
Thinning with step-size 100, 300K burn-in iterations

Value Posterior quantiles | Confidence interval*
Parameter Start True | 10% 50% 90% | 2.5% Mean 97.5%
¢ 1,000 1,000 | 522 693 903 | 663 705 747
1 5.24 5.03| 497 504 511 | 504 5.04 5.05
2 783 780 | 772 7.81 790 | 7.81 7.81 7.82
"3 2.57 3.23 | 3.20 326 331 | 3.25 3.26 3.26
L 2.57 272 | 266 272 2.78 | 2.72 2.72 2.73
o? 0.27 033| 029 038 049| 0.38 0.39 0.39
o3 0.28 033 | 0.21 0.27 035 0.27 0.28 0.28
cr% 1.00 0.33 | 026 0.30 0.35]| 0.30 0.30 0.31
o3 1.00 033 ] 036 041 047 | 041 041 0.42
P1,2 0.00 0.00 | 0.17 0.34 0.48 | 0.32 0.33 0.34
P13 0.00 -0.50]|-0.61 -0.53 -0.46| -0.54 -0.53  -0.53
P23 0.00 0.00|-0.25 -0.14 -0.01| -0.14 -0.14 -0.13
M 1,673 583 547 572 598 570 573 575
D 090 1.00| 098 1.00 1.02| 1.00 1.00 1.00
* The bounds for the components of ¢ form a joint 95% confidence interval.




Table B.17: Data set D1d (Model III)

Long cells, fixed ¢, mean matching, restricted A, 10 min intervals

Thinning with step-size 100, 300K burn-in iterations

Value Posterior quantiles | Confidence interval*
Parameter Start True | 10% 50% 90% | 2.5% Mean 97.5%
¢ 1,000 1,000
1 5.24 5.03 | 494 5.01 5.08| 5.00 5.01 5.02
2 783 780 | 771 780 7.89| 7.79 7.80 7.80
"3 2.57 3.23 | 3.18 3.23 3.28 | 3.22 3.23 3.23
L 2.57 272 | 2.62 2.68 274 | 2.67 2.68 2.68
o? 0.27 033 | 028 035 045| 035 0.36 0.36
o3 0.28 033 | 0.21 0.27 035 0.27 0.28 0.28
cr% 1.00 033 | 0.24 0.29 0.34| 0.28 0.29 0.30
o3 1.00 033 ] 036 042 0.49 | 042 0.42 0.43
P1,2 0.00 0.00 | 0.15 0.32 0.47 | 0.31 0.31 0.32
P13 0.00 -0.50]|-0.61 -0.53 -0.46| -0.54 -0.53  -0.53
p2,3 0.00 0.00 | -0.24 -0.13 -0.01| -0.13 -0.13 -0.12
M 1,673 583 | 583 608 633 605 608 610
D 0.90 1.00| 097 1.00 1.02| 0.99 1.00 1.00

* The bounds for the components of ¢ form a joint 95% confidence interval.
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Table B.18: Data set D2¢c (Model III)

Long cells, variable ¢, mean matching, restricted A, 1 h intervals
Thinning with step-size 100, 300K burn-in iterations

Value Posterior quantiles | Confidence interval*
Parameter Start True | 10% 50% 90% | 2.5% Mean 97.5%
¢ 1,000 1,000 | 250 377 664 | 409 436 463
1 5.37 5.03 | 5.08 5.18 5.28 | 5.16 5.18 5.20
% 7.68 780 | 7.54 764 7.73| 7.63 7.64 7.64
"3 2.69 3.23 | 293 3.10 3.37 | 3.09 3.13 3.17
L 2.69 272 | 289 297 3.07| 2.96 2.97 2.99
o? 0.24 033| 0.19 024 033| 024 0.25 0.26
o3 0.27 0.33 | 0.26 0.32 041 ]| 0.32 0.33 0.33
cr% 1.00 0.33 | 0.30 0.62 0.84| 0.56 0.60 0.64
o3 1.00 0.33 | 0.01 0.02 0.26| 004 0.06 0.08
P1,2 0.00 0.00 | -0.05 0.12 0.28 | 0.11 0.12 0.13
P13 0.00 -0.50|-0.32 -0.20 -0.12 | -0.23 -0.22  -0.20
P23 0.00 0.00 | -0.13 -0.03 0.07 | -0.03 -0.03 -0.02
M 766 663 | 556 622 698 | 619 627 636
D 1.04 1.00| 097 100 1.03| 1.00 1.00 1.00
* The bounds for the components of ¢ form a joint 95% confidence interval.




Table B.19: Data set D2d (Model III)

Long cells, fixed ¢, mean matching, restricted A, 1 h intervals

Thinning with step-size 100, 300K burn-in iterations

Value Posterior quantiles | Confidence interval*
Parameter Start True | 10% 50% 90% | 2.5% Mean 97.5%
¢ 1,000 1,000
1 5.37 5.03 | 5.19 528 536 | 5.27 5.28 5.28
% 7.68 780 | 7.54 7.63 7.73 | 7.63 7.63 7.64
"3 2.69 3.23 | 3.34 344 354 | 3.43 3.44 3.45
L 2.69 272 | 286 297 3.08| 2.96 2.97 2.98
o? 024 033| 026 035 048] 036 0.36 0.37
o3 0.27 033 | 026 0.32 041 | 0.33 0.33 0.33
cr% 1.00 033 | 0.10 0.19 0.30| 0.18 0.20 0.21
o3 1.00 033 ] 026 036 049 | 036 0.37 0.38
P1,2 0.00 0.00 | -0.22 -0.05 0.14 | -0.05 -0.04 -0.03
P13 0.00 -0.50|-0.56 -0.41 -0.26 | -0.42 -0.41 -0.40
p2,3 0.00 0.00 | -0.07 0.09 0.26 | 0.08 0.09 0.10
M 724 663 508 555 603 553 555 557
D 1.02 1.00 | 096 099 1.02| 099 0.99 0.99

* The bounds for the components of ¢ form a joint 95% confidence interval.
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Table B.20: Data set Alc (Model IV)

Short cells, variable ¢, mean matching, diagonal A, 10 min intervals

Thinning with step-size 100, 300K burn-in iterations

Value Posterior quantiles | Confidence interval*
Parameter Start True | 10% 50% 90% | 2.5% Mean 97.5%
¢ 1,000 1,000 | 125 196 358 191 230 269
11 5.08 503|497 504 511 | 504 504 5.05
12 792 780|781 792 805| 792 793 7.93
3 2.43 2.14 | 1.99 2.08 216 | 2.07 2.08 2.09
g 2.43 272 | 271 278 285 | 2.77 2.78 2.78
o? 0.31 0.33 | 0.26 0.34 0.44 | 0.35 0.35 0.35
o3 0.43 033 | 032 0.42 0.55| 042 0.43 0.43
o3 1.00 033|026 034 045]| 034 0.35 0.36
o3 1.00 0.33 | 0.23 0.27 0.32| 0.27 0.27 0.28
M 993 507 | 479 504 533 504 505 507
D 0.84 100 | 098 1.01 1.04| 1l.01 1.01 1.01

* The bounds for the components of ¢ form a joint 95% confidence interval.




Table B.21: Data set Alc alt (Model IV)

Short cells, variable ¢, mean matching, diagonal A, 10 min intervals

Thinning with step-size 100, 300K burn-in iterations

Value Posterior quantiles | Confidence interval*
Parameter Start True | 10% 50% 90% | 2.5% Mean 97.5%
¢ 900 1,000 | 135 229 399 | 227 253 278
11 453 503|496 5.04 511 | 503 5.04 5.05
1o 6.70 780|780 793 805| 792 793 7.93
3 2.16 214 | 203 212 221 | 2.11 2.12 2.13
g 2.16 2.72 | 2.69 276 2.84 | 2.75 2.76 2.77
o? 0.35 0.33 | 0.28 0.36 0.46 | 0.36 0.37 0.37
o3 0.47 0.33 | 0.32 042 0.56| 0.42 0.43 0.44
o3 1.11 033|025 032 041| 032 0.33 0.34
o3 1.11  0.33 | 0.27 031 0.37] 031 0.31 0.32
M 1,079 507 | 473 500 530 499 501 504
D 0.85 1.00 | 097 1.00 1.02| 1.00 1.00 1.00

* The bounds for the components of ¢ form a joint 95% confidence interval.
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Table B.22: Comparison of Alc and Alc alt (Model IV)

Short cells, variable ¢, mean matching, diagonal A, 10 min intervals
Thinning with step-size 100, 300K burn-in iterations
Alc Alc alt

True | Posterior quantiles | Posterior quantiles Scale reduction*
Parameter Value | 10% 50% 90% | 10% 50% 90% | 150K 300K 450K
¢ 1,000 | 125 196 358 | 135 229 399 | 1.00 1.02 1.01
1 5.03 | 497 5.04 511|496 5.04 5.11 1.03 1.01 1.01
2 780 | 781 792 805|780 793 8.05| 1.00 1.00 1.00
3 2.14 | 199 208 216 2.03 212 221 | 1.04 1.04 1.05
L 272 | 2.71 278 285 | 2.69 276 2.84 1.05 1.03 1.02
o? 0.33 | 0.26 0.34 0.44 | 028 0.36 046 | 100 1.01 1.01
o3 0.33 ] 032 042 055|032 042 0.56 1.00 1.00 1.00
o3 0.33 | 0.26 0.34 045 | 0.25 0.32 041 1.01 1.01 1.00
o3 0.33 | 0.23 0.27 0.32 | 0.27 0.31 0.37| 107 1.08 1.11
M 507 | 479 504 533 | 473 500 530 1.00 1.00 1.00
D 1.00 | 098 1.01 104|097 100 102| 1.10 1.07 1.07
* Values less than 1.2 can be taken as an indicator of convergence.




Table B.23: Data set Ald (Model IV)

Short cells, fixed ¢, mean matching, diagonal A, 10 min intervals

Thinning with step-size 100, 300K burn-in iterations

Value Posterior quantiles | Confidence interval*
Parameter Start True | 10% 50% 90% | 2.5% Mean 97.5%
¢ 1,000 1,000
11 5.08 503|491 499 506 | 498 499 4.99
12 792 780|780 793 805| 792 793 7.93
3 2.43 214|195 202 210 | 2.01 2.02 2.04
g 2.43 2.72 | 2.65 2.71 277 | 2.71 2.71 2.72
o? 0.31 0.33 | 0.28 0.36 048 | 0.37 0.38 0.38
o3 0.43 0.33 | 0.32 042 0.56| 0.42 0.43 0.44
o3 1.00 0.33 | 0.32 0.38 046 | 037 0.38 0.40
o3 1.00 0.33|0.27 031 0.36] 031 0.31 0.32
M 993 507 | 506 529 553 526 529 532
D 0.84 100 | 098 1.01 1.03| 1l.01 1.01 1.01

* The bounds for the components of ¢ form a joint 95% confidence interval.
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Table B.24: Data set Ald alt (Model IV)

Short cells, fixed ¢, mean matching, diagonal A, 10 min intervals

Thinning with step-size 100, 300K burn-in iterations

Value Posterior quantiles | Confidence interval*
Parameter Start True | 10% 50% 90% | 2.5% Mean 97.5%
¢ 900 1,000
1 4.53 5.03| 494 501 509 501 5.01 5.02
2 6.70 780|780 793 805| 792 793 7.93
"3 2.16 2.14 | 1.99 206 213 ]| 2.05 2.06 2.07
L 2.16 2.72 | 2.66 272 278 | 2.71 2.72 2.73
o? 0.35 033 | 0.29 0.37 0.48 | 0.37 0.37 0.38
o3 0.47 033 | 032 042 0.55| 042 0.43 0.44
o3 1.11 033 ] 026 032 039]| 032 0.33 0.34
o3 1.11 033 ] 030 035 040| 035 0.35 0.36
M 980 507 | 503 524 547 522 525 527
D 0.79 1.00| 097 1.00 1.02| 1.00 1.00 1.00

* The bounds for the components of § form a joint 95% confidence interval.




Table B.25: Comparison of Ald and Ald alt (Model IV)

Short cells, fixed ¢, mean matching, diagonal A, 10 min intervals

Thinning with step-size 100, 300K burn-in iterations

Ald Ald alt
True | Posterior quantiles | Posterior quantiles Scale reduction*
Parameter Value | 10% 50% 90% | 10% 50% 90% | 150K 300K 450K
1 5.03 | 491 499 506|494 501 509 1.05 1.03 1.00
2 780 | 780 793 805|780 793 8.05| 1.00 1.00 1.00
"3 214 | 1.95 202 210|199 206 2.13 1.03 1.00 1.01
L 2.72 | 2.65 2.71 277 | 2.66 2.72 278 1.20 1.16 1.07
o? 0.33 | 0.28 0.36 048 | 0.29 0.37 0.48 1.00 1.00 1.00
o3 0.33 | 0.32 042 056|032 042 0.55 1.00 1.00 1.00
o3 0.33 ] 0.32 0.38 0.46 | 026 0.32 039 123 1.14 1.14
o3 0.33 ] 0.27 0.31 036 030 035 040 | 121 129 1.24
M 507 | 506 529 553 | 503 524 547 1.12 1.09 1.03
D 1.00 | 098 101 103|097 100 102| 1.16 1.07 1.07

* Values less than 1.2 can be taken as an indicator of convergence.
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Table B.26: Data set A2¢ (Model IV)

Short cells, variable ¢, mean matching, diagonal A, 1 h intervals

Thinning with step-size 100, 300K burn-in iterations

Value Posterior quantiles | Confidence interval*
Parameter Start True | 10% 50% 90% | 2.5% Mean 97.5%
¢ 1,000 1,000 | 449 1198 4242 | 1723 1975 2226
11 535 503|531 541 551| 540 541 5.42
1o 781 780|757 7.70 7.83 | 7.69 7.70 7.71
3 2.74 2.14 | 236 2.52 267 | 2.50 2.52 2.53
g 2.74 272 | 3.00 3.14 3.28 | 3.13 3.14 3.16
o? 0.40 033 | 0.28 0.37 049 | 0.38 0.38 0.39
o3 0.36 0.33 ] 0.39 049 0.64| 0.50 0.51 0.51
o3 1.00 0.33 ] 0.06 0.24 043 | 022 0.24 0.27
o3 1.00 0.33 | 0.20 0.30 0.44 | 030 0.31 0.32
M 466 621 | 405 449 495 | 447 449 452
D 090 100|096 100 1.03| 1.00 1.00 1.00

* The bounds for the components of # form a joint 95% confidence interval.




Table B.27: Data set A2d (Model IV)

Short cells, fixed ¢, mean matching, diagonal A, 1 h intervals

Thinning with step-size 100, 300K burn-in iterations

Value Posterior quantiles | Confidence interval*
Parameter Start True | 10% 50% 90% | 2.5% Mean 97.5%
¢ 1,000 1,000
11 535 503|528 536 544 | 536 536 5.37
o 7.81 780 | 758 7.71 7.83 | 7.70 7.71 7.71
3 2.74 214 | 232 245 258 | 244 2.45 2.46
g 2.74 2.72 | 296 3.08 3.20| 3.07 3.08 3.09
o? 0.40 033 | 0.25 0.32 0.42 | 0.32 0.33 0.33
o3 0.36 0.33 | 0.38 0.49 0.64 | 0.50 0.50 0.51
o3 1.00 0.33 | 0.17 0.29 0.44 | 0.29 0.30 0.31
o3 1.00 0.33 | 0.18 0.28 0.40| 0.28 0.29 0.30
M 466 621 | 430 472 513 | 470 472 474
D 090 100|096 099 1.03| 099 0.99 0.99

* The bounds for the components of ¢ form a joint 95% confidence interval.
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Table B.28: Data set Blc (Model IV)

Long cells, variable ¢, mean matching, diagonal A, 10 min intervals

Thinning with step-size 100, 300K burn-in iterations

Value Posterior quantiles | Confidence interval*
Parameter Start True | 10% 50% 90% | 2.5% Mean 97.5%
¢ 1,000 1,000 | 581 707 871 693 717 741
11 520 503|496 504 512| 504 504 5.05
12 789 780|776 789 802| 788 7.89 7.90
3 2.53 3.23 | 3.22 3.28 335 | 3.28 3.28 3.29
g 2.53 2.72 | 2.71 2.77 283 | 2.76 2.77 2.77
o? 0.27 033 | 0.30 0.39 0.51 | 0.39 0.40 0.40
o3 0.42 033 | 032 041 0.55| 042 0.43 0.43
o3 1.00 033|027 032 038 032 0.33 0.34
o3 1.00 0.33| 029 0.34 040| 0.34 0.34 0.35
M 1,503 455 | 444 465 488 | 464 465 467
D 0.88 1.00 | 091 094 096 | 094 0.94 0.94

* The bounds for the components of ¢ form a joint 95% confidence interval.




Table B.29: Data set B1d (Model IV)

Long cells, fixed ¢, mean matching, diagonal A, 10 min intervals

Thinning with step-size 100, 300K burn-in iterations

Value Posterior quantiles | Confidence interval*

Parameter Start True | 10% 50% 90% | 2.5% Mean 97.5%
¢ 1,000 1,000

11 520 5.03| 494 502 509 | 501 5.02 5.02
12 789 780|777 789 801| 788 7.89 7.90
3 2.53 3.23 | 3.16 3.22 3.28 | 3.21 3.22 3.23
g 2.53 2.72 | 2.69 275 280 | 2.74 2.75 2.75
o? 0.27 033 | 0.30 0.38 0.51 | 0.39 0.39 0.40
o3 0.42 0.33 | 0.32 041 0.56| 0.42 0.43 0.44
o3 1.00 0.33 | 0.32 0.39 047 | 038 0.39 0.41
o3 1.00 033|028 033 039]| 032 0.33 0.34
M 1,503 455 | 459 478 497 | 477 478 480
D 0.88 1.00 | 091 094 096 | 094 0.94 0.94

* The bounds for the components of ¢ form a joint 95% confidence interval.
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Table B.30: Data set B2c (Model IV)

Long cells, variable ¢, mean matching, diagonal A, 1h intervals

Thinning with step-size 100, 200K burn-in iterations

Value Posterior quantiles | Confidence interval*
Parameter Start True | 10% 50% 90% | 2.5% Mean 97.5%
¢ 1,000 1,000 | 186 265 379 | 268 276 284
11 535 503|497 506 514| 505 5.06 5.07
o 780 780|773 780 788 )| 780 7.80 7.81
3 2.65 3.23 | 2.44 270 294 | 2.67 2.70 2.72
g 2.65 2.72 | 2.44 2.57 271 | 2.56 2.57 2.59
o? 0.20 0.33 | 0.09 0.14 0.20| 0.13 0.14 0.15
o3 0.20 033 | 0.18 0.23 0.30| 0.23 0.24 0.24
o3 1.00 0.33 | 1.06 148 199 | 145 1.50 1.56
o3 1.00 033|034 049 0.70| 0.50 0.51 0.53
M 678 564 | 521 559 597 | 556 559 561
D 1.02 1.00 | 098 1.01 1.04| 1.00 1.01 1.01

* The bounds for the components of ¢ form a joint 95% confidence interval.




Table B.31: Data set B2d (Model IV)

Long cells, fixed ¢, mean matching, diagonal A, 1h intervals

Thinning with step-size 100, 300K burn-in iterations

Value Posterior quantiles | Confidence interval*
Parameter Start True | 10% 50% 90% | 2.5% Mean 97.5%
¢ 1,000 1,000
H1 5.35 503 | 5.17 526 535| 5.25 5.26 5.27
o 780 780|772 781 789 | 780 781 7.81
3 2.65 3.23 | 335 356 3.74| 3.53 3.55 3.57
g 2.65 272 | 282 298 3.13| 297 2.98 2.99
o? 0.20 0.33 | 0.32 045 0.63| 0.46 0.47 0.47
o3 0.20 033 | 0.17 0.22 0.29 | 0.23 0.23 0.23
o3 1.00 0.33 | 0.06 0.19 042 ] 020 0.22 0.25
o3 1.00 0.33 | 0.29 041 0.57 | 041 042 0.43
M 650 564 | 409 463 520 | 462 465 467
D 1.06 1.00 | 094 098 1.01| 098 0.98 0.98

* The bounds for the components of ¢ form a joint 95% confidence interval.
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Table B.32: Data set E1b (Model V)

Short cells, fixed ¢, restricted A, 10 min intervals
Thinning with step-size 100, 150K burn-in iterations

Value Posterior quantiles | Confidence interval*
Parameter Start True | 10% 50% 90% | 2.5% Mean 97.5%
¢ 1,000 1,000
1 5.08 5.03 | 5.11 525 541 | 5.24 5.26 5.27
2 775 780 | 7.67 777 787 | 7.76 7.77 7.78
3 2.43 214 | 1.09 1.38 1.57 | 1.26 1.35 1.44
L 2.43 272 | 146 1.82 2.06 | 1.70 1.78 1.87
o? 031 033] 035 048 0.68| 048 0.50 0.53
o3 0.33 033 | 0.23 031 040 | 0.31 0.31 0.32
cr% 1.00 033 | 043 0.54 0.69 | 0.51 0.55 0.59
o3 1.00 033 ] 1.04 133 176| 124 1.37 1.50
P1,2 0.00 0.00 | -0.15 0.06 0.29 | 0.04 0.06 0.09
P14 0.75 050| 0.19 027 035]| 026 0.27 0.28
P24 0.00 0.00 | -0.09 -0.01 0.08|-0.01 -0.01 0.00
M 1,155 553 | 919 1064 1317 | 1044 1100 1155
D 0.79 1.00| 098 1.00 1.02| 1.00 1.00 1.00
* The bounds for the components of # form a joint 95% confidence interval.




Table B.33: Data set E1b alt (Model V)

Short cells, fixed ¢, restricted A, 10 min intervals

Thinning with step-size 100, 150K burn-in iterations

Value Posterior quantiles | Confidence interval*
Parameter Start True | 10% 50% 90% | 2.5% Mean 97.5%
¢ 900 1,000
1 4.57 503 | 530 540 5.50 | 5.38 5.40 5.41
2 697 780 | 767 7.77 7.87)| 7.76 7.77 7.79
(3 219 214 | 053 0.77 099 | 069 0.76 0.83
L 2.19 272 | 087 110 1.33 1.04 1.11 1.17
o? 0.34 033]| 019 025 0.33| 024 0.25 0.26
o3 0.37 033 | 0.23 0.30 0.39 | 0.29 0.30 0.31
cr% 1.11 0.33 | 0.68 0.82 1.00 | 0.80 0.83 0.87
o3 1.11 033 ] 1.77 198 200 | 191 1.93 1.95
P12 0.00 0.00| 0.03 0.23 0.40| 0.19 0.22 0.24
p1,4 0.75 050| 0.09 0.16 0.23| 015 0.16 0.17
p2,4 0.00 0.00 | -0.06 -0.01 0.06 | -0.01 -0.00 0.00
M 1,157 553 | 1444 1680 1970 | 1641 1696 1752
D 0.85 1.00| 098 1.00 1.02| 1.00 1.00 1.00

* The bounds for the components of # form a joint 95% confidence interval.
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Table B.34: Comparison of E1b and E1b alt (Model V)

Short cells, fixed ¢, restricted A, 10 min intervals
Thinning with step-size 100, 150K burn-in iterations
Elb E1b alt

True | Posterior quantiles | Posterior quantiles | PSR*
Parameter Value | 10% 50% 90% | 10% 50% 90% | 150K
1 503 | 5.11 525 541 | 530 540 5.50 1.89
%) 780 | 767 7.77 7.87 | 767 7.77 7.87 1.00
3 214 1.09 138 157 | 053 0.77 0.99 | 2.76
L 272 | 146 1.82 206 | 0.87 1.10 1.33 3.10
o? 0.33 ] 035 048 068 | 019 0.25 0.33| 2.00
o3 033 | 0.23 031 040 | 023 0.30 0.39 1.01
cr% 0.33 | 043 054 0.69 | 068 082 1.00| 2.06
o3 0.33 | 1.04 133 176| 1.77 198 200 | 3.35
P1,2 0.00 | -0.15 0.06 0.29 | 0.03 0.23 0.40 1.37
P14 0.50 | 0.19 0.27 035| 0.09 0.16 0.23| 1.80
P2,4 0.00 | -0.09 -0.01 0.08 | -0.06 -0.01 0.06 | 1.00
M 553 | 919 1064 1317 | 1444 1680 1970 | 2.81
D 1.00 | 0.98 1.00 1.02| 098 1.00 1.02| 1.01
* Values less than 1.2 can be taken as an indicator of convergence.




Table B.35: Data set E2b (Model V)

Short cells, fixed ¢, restricted A, 1 h intervals

Thinning with step-size 100, 250K burn-in iterations

Value Posterior quantiles | Confidence interval*
Parameter Start True | 10% 50% 90% | 2.5% Mean 97.5%
¢ 1,000 1,000
1 5.27 5.03 | 5.33 547 561 | 546 5.47 5.49
2 788 780 | 781 792 803 | 791 792 7.93
3 2.63 214 | 1.71 197 219 | 1.92 1.96 2.00
L 2.63 272 | 1.88 2.25 2.58 | 2.18 2.24 2.30
o? 0.32 033]| 030 041 0.57| 041 0.42 0.44
o3 0.34 033 | 0.24 0.30 041 | 0.31 0.32 0.32
cr% 1.00 0.33 | 0.11 0.13 0.22 | 0.15 0.15 0.16
o3 1.00 0.33] 1.53 186 199 | 1.78 1.80 1.83
P1,2 0.00 0.00 | 0.15 0.34 0.51 | 0.32 0.34 0.36
p1,4 0.75 050 | 0.12 0.22 0.31| 021 0.22 0.23
P24 0.00 0.00|-0.03 0.05 0.14| 0.05 0.06 0.06
M 430 487 | 489 610 764 | 602 620 638
D 0.88 1.00| 097 1.00 1.04| 1.00 1.01 1.01

* The bounds for the components of ¢ form a joint 95% confidence interval.
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Table B.36: Data set E2b alt (Model V)

Short cells, fixed ¢, restricted A, 1 h intervals
Thinning with step-size 100, 250K burn-in iterations

Value Posterior quantiles | Confidence interval*
Parameter Start True | 10% 50% 90% | 2.5% Mean 97.5%
¢ 900 1,000
U1 4.75 5.03 | 532 545 559 | 544 5.45 5.46
o 709 780| 781 791 8.02| 791 791 7.92
3 2.37 214 | 1.75 2.03 2.25 1.97 2.01 2.06
g 2.37 272 | 192 231 2.68 | 225 2.31 2.38
o? 0.35 033 | 028 0.39 0.54| 039 0.40 0.41
o3 0.37 033 | 0.24 0.31 0.42 | 0.31 0.32 0.33
a§ 1.11 0.33 | 0.11 0.13 0.22 | 0.14 0.15 0.16
o3 1.11 033 | 144 183 199 | 172 1.76 1.80
P12 0.00 0.00 | 0.03 0.25 0.44 | 0.22 0.24 0.27
P1,4 0.75 050 | 0.14 0.21 0.31| 0.21 0.22 0.23
P24 0.00 0.00 | -0.05 0.03 0.12| 0.03 0.04 0.04
M 467 487 | 457 577 744 | 570 590 610
D 093 1.00| 097 1.01 1.04| 1.00 1.01 1.01
* The bounds for the components of # form a joint 95% confidence interval.




Table B.37: Comparison of E2b and E2b alt (Model V)

Short cells, fixed ¢, restricted A, 1 h intervals

Thinning with step-size 100, 250K burn-in iterations

E2b E2b alt
True | Posterior quantiles | Posterior quantiles PSR*
Parameter Value | 10% 50% 90% | 10% 50% 90% | 150K 300K
w1 503 | 533 547 561 | 532 545 559 1.02 1.00
1o 780 | 7.81 792 8.03| 781 791 8.02| 1.00 1.00
3 214 | 1.71 197 219 | 1.75 2.03 2.25 1.01 1.00
g 272 | 1.88 225 258 | 192 231 268 1.02 1.01
o? 0.33 | 030 041 0.57| 028 039 054 | 1.03 1.00
o3 033 | 024 030 041 | 0.24 031 042 1.00 1.00
o§ 033 | 0.11 0.13 0.22| 0.11 0.13 0.22 1.00 1.00
o3 033 ] 1.53 186 199 | 144 183 199 | 1.03 1.01
P1,2 0.00 | 0.15 0.34 0.51 | 0.03 0.25 0.44 1.03 1.00
P1,4 0.50 | 0.12 0.22 031 0.14 021 0.31| 1.00 1.00
P24 0.00 | -0.03 0.05 0.14|-0.05 0.03 0.12| 1.00 1.00
M 487 | 489 610 764 | 457 577 744 | 1.02 1.00
D 1.00 | 097 1.00 1.04| 097 1.01 1.04| 1.00 1.00

* The bounds for the components of # form a joint 95% confidence interval.

159



160 APPENDIX B. NUMERICAL RESULTS — TABLES

Table B.38: Data set F1b (Model V)

Long cells, fixed ¢, restricted A, 10 min intervals
Thinning with step-size 100, 150K burn-in iterations

Value Posterior quantiles | Confidence interval*
Parameter Start True | 10% 50% 90% | 2.5% Mean 97.5%
¢ 1,000 1,000
1 5.18 5.03 | 5.02 5.13 525 ]| 5.12 5.13 5.14
2 7.72 780 | 758 769 780 | 7.68 7.69 7.70
"3 2.50 3.23 | 3.06 3.13 3.19 | 3.12 3.13 3.14
L 2.50 2.72 | 248 257 2.66 | 256 2.57 2.58
o? 0.25 033 ] 033 042 055 043 0.44 0.45
o3 0.35 033 | 0.33 041 0.52| 041 0.42 0.43
cr% 1.00 033 | 0.33 0.38 045 | 0.38 0.39 0.40
o3 1.00 033 ] 061 0.75 093] 0.73 0.76 0.80
P1,2 0.00 0.00 | -0.02 0.15 0.31 | 0.13 0.15 0.16
P14 0.75 050 | 0.18 0.26 0.34| 025 0.26 0.27
P24 0.00 0.00| 0.03 0.11 0.18| 0.10 0.10 0.11
M 1,790 553 | 583 609 640 | 607 610 614
D 0.85 1.00| 091 093 095| 093 0.93 0.93
* The bounds for the components of ¢ form a joint 95% confidence interval.




Table B.39: Data set F1b alt (Model V)

Long cells, fixed ¢, restricted A, 10 min intervals

Thinning with step-size 100, 150K burn-in iterations

Value

Posterior quantiles

Confidence interval*

Parameter Start True | 10% 50% 90% | 2.5% Mean 97.5%
¢ 900 1,000

1 466 5.03| 503 514 526 | 513 5.14 5.15
142 694 780 | 756 7.67 7.80| 7.66 7.67 7.68
(3 225 323 | 3.06 314 320 | 3.12 3.13 3.15
I 225 272 | 248 257 265| 256 257 2.58
o? 0.28 033 | 030 0.38 0.50| 0.38 0.39 0.41
o3 039 033 | 034 042 0.55| 042 0.43 0.45
o3 1.11 033 | 030 037 044 | 035 0.37 0.39
o3 1.11 0.33 | 0.58 0.71 0.88 | 0.68 0.72 0.75
P1,2 0.00 0.00 | -0.06 0.13 0.29 | 0.11 0.13 0.15
p1,4 0.75 050 0.14 0.22 0.29 | 020 0.22 0.23
p2,4 0.75 0.00 | 0.01 0.09 0.17| 0.08 0.09 0.10
M 1,879 553 | 587 614 644 | 611 616 620
D 092 100 | 090 093 095| 093 0.93 0.93

* The bounds for the components of ¢ form a joint 95% confidence interval.
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Table B.40: Comparison of F1b and F1b alt (Model V)

Long cells, fixed ¢, restricted A, 10 min intervals
Thinning with step-size 100, 150K burn-in iterations
F1b F1b alt

True | Posterior quantiles | Posterior quantiles | PSR*
Parameter Value | 10% 50% 90% | 10% 50% 90% | 150K
1 5.03 | 5.02 5.13 525 | 503 5.14 5.26 1.00
2 780 | 7.58 7.69 780 | 756 7.67 7.80 | 1.00
3 3.23 | 3.06 3.13 3.19| 3.06 3.14 3.20 1.03
L 2.72 | 248 257 266 | 248 257 2.65 1.02
o? 0.33 ] 033 042 055| 030 0.38 0.50 | 1.05
o3 033 | 033 041 052 034 042 0.55 1.00
cr% 033 | 0.33 0.38 045 | 030 0.37 0.44 1.06
o3 0.33 ] 061 0.75 093 | 058 0.71 0.88 | 1.02
P1,2 0.00 | -0.02 0.15 0.31 | -0.06 0.13 0.29 1.01
P14 0.50 | 0.18 0.26 0.34| 0.14 0.22 0.29 | 1.06
P2,4 0.00 | 0.03 0.11 0.18| 0.01 0.09 0.17 | 1.04
M 553 | 583 609 640 | 587 614 644 | 1.02
D 1.00 | 091 093 095| 090 093 095 | 1.00
* Values less than 1.2 can be taken as an indicator of convergence.




Table B.41: Data set F2b (Model V)

Long cells, fixed ¢, restricted A, 1 h intervals

Thinning with step-size 100, 250K burn-in iterations

Value

Parameter Start True

Posterior quantiles

10% 50% 90%

Confidence interval*

2.5% Mean 97.5%

5.11 5.24 5.37
7.74 7.83 791
3.29 3.71 4.10
270 3.14 3.53

5.23 5.24 5.25
7.83 7.83 7.84
3.63 3.70 3.77
3.05 3.13 3.21

0.20 0.28 0.38
0.19 0.23 0.30
0.13 0.26 0.49
092 1.33 1.82

0.28 0.29 0.30
0.24 0.24 0.24
0.26  0.29 0.31
1.31 1.34 1.38

-0.26 -0.04 0.17
0.10 0.21 0.31
-0.11 -0.00 0.11

-0.06  -0.04 -0.02
0.20 0.21 0.22
-0.01 -0.00 0.01

¢ 1,000 1,000
I 538  5.03
142 7.83  7.80
143 2.65 3.23
[i4 2.65  2.72
o2 0.14 033
o2 021 033
o3 1.00  0.33
o2 1.00 0.33
P12 0.00  0.00
P14 0.75  0.50
2.4 0.00  0.00
M 676 513
D 1.02  1.00

245 332 469
0.93 097 1.02

332 347 362
097 097 0.98

* The bounds for the components of ¢ form a joint 95% confidence interval.
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Table B.42: Data set F2b alt (Model V)

Long cells, fixed (, restricted A, 1h intervals
Thinning with step-size 100, 250K burn-in iterations

Value Posterior quantiles | Confidence interval*
Parameter Start True | 10% 50% 90% | 2.5% Mean 97.5%
¢ 900 1,000
1 4.84 5.03 | 5.13 527 540 | 5.25 5.26 5.28
2 705 780| 774 7.83 792 | 7.83 7.83 7.84
3 2.38 3.23 | 3.03 3.70 4.08 | 3.46 3.62 3.77
L 2.38 2.72 | 2.36 3.08 3.50| 2.84 2.99 3.14
o? 0.16 033| 024 033 045| 033 0.34 0.35
o3 0.24 033 | 0.19 0.23 0.31| 0.24 0.24 0.25
cr% 1.11 033 | 0.12 0.20 047 | 0.23 0.25 0.28
o3 1.11 033 ] 1.00 141 188 | 1.39 1.42 1.46
P1,2 0.00 0.00 | -0.24 -0.04 0.16 | -0.05 -0.04 -0.02
P14 0.75 050| 0.13 0.23 0.33| 0.22 0.23 0.24
P2,4 0.00 0.00|-0.10 0.01 0.12| 0.00 0.01 0.02
M 671 513 | 248 342 605 359 396 434
D 1.06 1.00 | 094 098 1.02| 098 0.98 0.98
* The bounds for the components of § form a joint 95% confidence interval.




Table B.43: Comparison of F2b and F2b alt (Model V)

Long cells, fixed ¢, restricted A, 1 h intervals

Thinning with step-size 100, 250K burn-in iterations

F2b F2b alt
True | Posterior quantiles | Posterior quantiles PSR*
Parameter Value | 10% 50% 90% | 10% 50% 90% | 150K 300K
w1 5.03 | 5.11 524 537 | 513 527 540 1.30 1.12
o 780 | 7.74 783 791| 774 7.83 792| 1.01 1.00
3 3.23 | 3.29 3.71 410 3.03 3.70 4.08 1.76 1.27
g 2.72 | 2.70 3.14 3,53 | 236 3.08 3.50 1.85 1.32
o? 0.33 | 0.20 028 0.38]| 024 033 045| 124 1.01
o3 033 | 0.19 0.23 030 | 0.19 0.23 0.31 1.01 1.01
o§ 0.33 | 0.13 0.26 0.49 | 0.12 0.20 047 1.26 1.09
o3 033 ] 092 133 182 | 1.00 1.41 1.88| 147 1.27
P1,2 0.00 | -0.26 -0.04 0.17 | -0.24 -0.04 0.16 1.05 1.01
P1,4 0.50 | 0.10 0.21 0.31| 0.12 0.20 0.47 | 1.00 1.02
P24 0.00 | -0.11 -0.00 0.11 | -0.10 0.01 0.12 | 1.00 1.00
M 513 | 245 332 469 | 248 342 605 | 130 1.16
D 1.00 | 093 097 1.02| 094 098 1.02| 1.22 1.06

* Values less than 1.2 can be taken as an indicator of convergence.
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Table B.44: Data set Ele (Model VI)

Short cells, fixed ¢, p1,4 # 0, 10 min intervals
Thinning with step-size 100, 200K burn-in iterations

Value Posterior quantiles | Confidence interval*
Parameter Start True | 10% 50% 90% | 2.5% Mean 97.5%
¢ 1,000 1,000
11 5.08 503|506 517 528 | 516 517 5.18
2 7.75 780|766 775 784| 774 7.75 7.76
s 2.43 3.23 | 147 159 1.72| 1.56 1.59 1.63
I 243 272|201 217 232 213 2.6 2.19
o? 0.31 033 | 0.31 0.40 0.52 | 0.40 0.41 0.42
o3 0.33 0.33 | 0.26 0.32 0.42 | 0.33 0.33 0.34
o3 1.00 0.33| 040 048 0.58 | 047 0.49 0.51
o3 1.00 033|071 086 1.02| 084 0.86 0.88
P1,4 0.75 050 | 029 036 043 | 035 0.36 0.37
M 1,136 553 | 785 863 949 | 852 866 880
D 0.81 100|098 1.00 1.03| 1.00 1.00 1.00
* The bounds for the components of ¢ form a joint 95% confidence interval.




Table B.45: Data set E2e (Model VI)

Short cells, fixed ¢, p1.4 # 0, 1h intervals

Thinning with step-size 100, 250K burn-in iterations

Value

Posterior quantiles

Confidence interval*

Parameter Start True | 10% 50% 90% | 2.5% Mean 97.5%
¢ 1,000 1,000

I 5.27 503 | 528 540 553 | 540 540 5.41
2 7.88 780|780 791 801 | 790 791 7.92
13 263 214|139 176 206 | 1.67 1.74 1.80
I 263 272|172 219 262| 209 218 2.26
o? 0.32 033|028 0.38 0.53| 038 0.40 0.41
o3 0.34 033|025 033 044 | 033 0.34 0.35
o3 1.00 0.33 | 0.13 023 044 | 0.24 0.26 0.28
o3 1.00 033|089 123 163 | 1.19 1.24 1.29
P1,4 0.75 050 | 020 0.28 0.38| 0.27 0.28 0.29
M 390 487 | 534 708 977 704 736 767
D 094 100 | 097 1.00 1.03| 1.00 1.00 1.00

* The bounds for the components of ¢ form a joint 95% confidence interval.
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Table B.46: Data set Fle (Model VI)

Long cells, fixed ¢, p1.4 # 0, 10 min intervals
Thinning with step-size 100, 150K burn-in iterations

Value Posterior quantiles | Confidence interval*
Parameter Start True | 10% 50% 90% | 2.5% Mean 97.5%
¢ 1,000 1,000
11 518 5.03 | 5.03 515 527| 514 5.15 5.16
2 7.72 780|757 768 780 | 767 7.68 7.69
3 2.50 3.23 | 3.01 3.09 3.15]| 3.07 3.09 3.11
I 2,50 2.72 | 248 257 265| 255 2.56 2.57
o? 0.25 033|037 046 060 046 0.48 0.49
o2 035 033|034 043 0.56| 044 045  0.46
o3 1.00 0.33| 0.33 040 0.48 | 0.38 0.40 0.42
o3 1.00 0.33 | 0.45 0.52 0.60| 0.51 0.52 0.53
P1,4 0.75 050 | 025 0.32 040 | 031 0.32 0.33
M 1,779 553 | 604 631 667 | 629 634 638
D 0.87 100 | 091 093 095| 093 0.93 0.93
* The bounds for the components of ¢ form a joint 95% confidence interval.




Table B.47: Data set F2e (Model VI)

Long cells, fixed ¢, p1.4 # 0, 1 h intervals

Thinning with step-size 100, 250K burn-in iterations

Value

Posterior quantiles

Confidence interval*

Parameter Start True | 10% 50% 90% | 2.5% Mean 97.5%
¢ 1,000 1,000

I 5.38 503|518 527 536| 527 527 5.28
2 783 780|775 784 792| 783 784 7.84
13 265 323|250 3.06 3.62| 298 3.05 3.12
m 265 272|224 275 331 | 269 276 2.83
o? 0.14 033 ] 0.12 0.16 0.23]| 0.17 0.17 0.17
o3 0.21 033]0.19 024 031] 024 0.25 0.25
o3 1.00 033|026 058 1.05| 0.57 0.63 0.69
o3 1.00 0.33 | 0.34 0.67 1.04| 0.64 0.69 0.73
P1,4 0.75 050 | 0.14 0.24 034 | 023 0.24 0.24
M 626 513 | 344 531 770 530 550 571
D 1.06 1.00 | 0.95 099 1.02 | 0.98 0.99 0.99

* The bounds for the components of ¢ form a joint 95% confidence interval.
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