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Abstract

Grey-box modelling deals with models which are able to irdggthe following two kinds
of information: qualitative (expert) knowledge and qutative (data) knowledge, with equal
importance. The doctoral thesis has two aims: the impromepfen existing neuro-fuzzy ap-
proach (LOLIMOT algorithm), and the development of a new elathss with corresponding
identification algorithm, based on multiresolution anay@vavelets) and statistical methods.
The identification algorithm is able to identify both hidddifferential dynamics and hysteretic
components.

After the presentation of some improvements of the LOLIM@joathm based on readily
normalized weight functions derived from decision trees investigate several mathematical
theories, i.e. the theory of nonlinear dynamical systenddgssteresis, statistical decision the-
ory, and approximation theory, in view of their applicatyilior grey-box modelling. These
theories show us directly the way onto a new model class andiéntification algorithm.
The new model class will be derived from the local model neksdhrough the following
modifications: Inclusion of non-Gaussian noise sourcdgyahce of internal nonlinear dif-
ferential dynamics represented by multi-dimensional feattions; introduction of internal
hysteresis models through two-dimensional “primitiveduons”; replacement respectively
approximation of the weight functions and of the mentionadtirdimensional functions by
wavelets; usage of the sparseness of the matrix of the waed#icients; and identification of
the wavelet coefficients with Sequential Monte Carlo methdfe also apply this modelling
scheme to the identification of a shock absorber.
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Abstrakt

Grey-Box-Modellierung beschéftigt sich mit Modellen, direder Lage sind folgende zwei
Arten von Information Uber ein reales System gleichbedeltanzubeziehen: qualitatives
(Experten-)Wissen, und quantitatives (Daten-)Wissere Dissertation hat zwei Ziele: die
Verbesserung eines existierenden Neuro-Fuzzy-Ansat£aisIfOT-Algorithmus); und die
Entwicklung einer neuen Modellklasse mit zugehdérigem tifikations-Algorithmus, basie-
rend auf Multiskalenanalyse (Wavelets) und statistisdflethoden. Der resultierende Iden-
tifikationsalgorithmus ist in der Lage, sowohl verborgentebentialdynamik als auch hyste-
retische Komponenten zu identifizieren.

Nach der Vorstellung einiger Verbesserungen des LOLIMQJeAthmus basierend auf
von vorneherein normalisierten Gewichtsfunktionen, dieeaner Konstruktion mit Entschei-
dungsbaumen beruhen, untersuchen wir einige mathemafi$aorien, das sind die Theorie
nichtlinearer Systeme und Hysterese, statistische Egithehgstheorie and Approximations-
theorie, im Hinblick auf deren Anwendbarkeit fiir Grey-Bbledellierung. Diese Theorien
fuhren dann auf direktem Wege zu einer neuen Modellklasdederen Identifikationsalgo-
rithmus. Die neue Modellklasse wird von Lokalmodellnetewesm durch folgende Modifika-
tionen abgeleitet: Einbeziehung von nicht-Gaul3schen ¢kauellen; Zulassung von inter-
ner nichtlinearer Differentialdynamik repréasentiert dumehrdimensionale reelle Funktio-
nen; Einfihrung interner Hysterese-Modelle mittels zwaghsionaler ,Stammfunktionen®;
Ersetzung bzw. Approximation der Gewichtsfunktionen uadetwahnten mehrdimensiona-
len Funktionen durch Wavelet-Koeffizienten; Ausnutzung dénnbesetztheit der Wavelet-
Koeffizienten-Matrix; und Identifikation der Wavelet-Kdéiefenten mit Sequentiellen Monte
Carlo-Methoden. Wir wenden dieses Modellierungsschema daf die Identifikation eines
Stolidampfers an.
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Overview

Grey-box models for nonlinear systems

The task of building mathematical models is the translatiboertain interesting properties
of a real system into mathematical equations. To execusetéisk, it is necessary to have
access to information about the real system one wants toImohis information is of three
kinds (see e.g. Bernardo [2003]). First of all, it is necegsa have knowledge (K) about the
real system, be it structural knowledge on the construafdhe system, physical knowledge
gained by first principles, or be it historically adopted emnepl knowledge. The second kind
of information is data (D) taken from deliberately planneg&riments on the system. The
third kind is more comprehensive: it consists in the assionpt(A) we have to make on the
relationship of model and system, for example about theectmess of our model.

Depending on the influences of these three kinds of infolsnaturing the building of our
model, we distinguish roughly between several model tyf&iace the assumptions (A) of
the correctness of our model generally have to be made fonadlel types, the distinction
is along the other two kinds of information, namely knowledH) and data (D). Looking at
the extreme poles, we on one side have models which are biylby using knowledge (K),
called the white-box models, and on the other side, the nsogleich are to be estimated by
experimental data (D). In reality, models do not belong taotly one type. Generally all kinds
of information have to be applied, but often there is a teogeowards one of these extrema.

White-box models thus subsume all kinds of (ordinary oripBrtlifferential equations de-
rived from first principles. Another example is the rule-ddsnodels like e.g. realized by
fuzzy-systems, or more general by expert systems. Conyebdgck-box models are mainly
given by parameterized model classes, e.g. consist of e@tibns of simple basis functions
respectively basis models (compare Sjoberg et al. [1998]Janlitsky et al. [1995]). The
parameters occurring in theses models have to be identésanated) through useful data.
Into these classes also the neural networks may be countedh wome years ago gained
much attention similar to the fuzzy-systems. A problem esning neural networks as well
as fuzzy-systems is that from a mathematical viewpointgtioe not exist well founded un-
derlying theories for their convergence behaviour esgigaia high dimensions and in the
presence of noise. Because of their conceptual simplicgy aire nevertheless very popular
within the engineering and technical communities.

A third kind of model type is called grey-box model. This tygpetually subsumes all mod-
els in-between the two extremes of white- and black-box nsodé&s already mentioned, a
model development process is always driven by both prionkedge and experimental data,
hence principally all models are in some respect grey-bodeatso As an example we men-
tion models consisting of differential equations whereesavparameters occurring in these
equations are not known and have to be extracted from thersylsy data-based methods.
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Conversely, when models are built by a basis-function aggrpone can and has to choose
these basis functions according to the properties of thesgséem. To do the right choice,
one needs knowledge about the system.

Grey-box modelling, as we want to have it understood, is &blategrate both kinds of
information: qualitative knowledge and quantitative @anowledge with equal importance.
We have to provide two means: a model class and a corresgpittintification algorithm.
Both are equally important and have to fit to each other.

In this thesis we want to pursue a mainly non-parametric@ggr. Non-parametric in the
case of model identification means that we do not just estiradixed number of scalar pa-
rameters. Instead, the models come from classes with ebl@mamber of parameters, and
this number (corresponding to the model size) has to be awaras well. It appears that the
methods used in the literature for non-parametric grey+oxlelling are not easily treated
with mathematical investigations. With the existing metboevery system identification re-
duces to the solution of the following problem:

» Approximate a multi-dimensional real function which isokvm only on irregular dis-
tributed and finitely many values, these values being auttitly disturbed by noise and
errors.

These errors are measurement errors which are unavoidainig the data acquisition process
(data errors), as well as unmodelled system influences (neodes), or disturbances (from
inside or outside). In all cases, it seems that the most alapnocedure to handle these in
detail unknown errors is the usage of stochastic processaaddelling. Often, errors are
simply assumed to be Gaussian noise (if not neglected atdddt in many cases may not be
sufficient.

As an example for grey-box modelling we mention the so-datleuro-fuzzy systems.
These consist of a combination of fuzzy-system and neurtstark, and can thus be used
for the purpose of grey-box modelling. Both fuzzy-systemd aeural networks are used as
approximators. In both cases, one tries to approximate ldusetion which is defined on
several variables (multi-dimensional function) by a wegghsum of one-dimensional (and
thus easier to handle) real functions. This problem is ¢josennected with (and is actually
a generalization of) Hilbert’s 13th problem where a solut{tor continuous functions) was
given by Kolmogorov and Arnol'd in 1957 (see appendix). Taigginally purely theoreti-
cal concept showed not to be practically applicable, bex#us mentioned one-dimensional
functions could not be computed explicitly. Both fuzzy4®yss and neural networks try to
overcome these problems.

In the case of fuzzy-systems, predefined data points — tlieggven through the modelled
rule base — are interpolated by fuzzy-logic. Fuzzy-logia generalization of the usual two-
valued logic through accounting also for intermediatedagvalues. In contrast, the neural
networks can be seen as a formalization of the structureiofatrains. This formalization
was given by McCulloch and Pitts already in 1943. Hecht-d#aland Funahashi could show
in the 1980s that an approximation of a multi-dimensional fanction using the so-called
three-layered feedforward network, is principally pobsifd hree-layered neural networks re-
semble the solution found by Kolmogorov and Arnol’'d. Theieaseveral problems: How to
find the right complexity of the network (number of neurondg)®v to identify the parameters
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(weights)? How can errors and disturbances be treated? #iellythe introduction of the
backpropagation algorithm some success could be achidvedbackpropagation algorithm
is nothing else than a local optimization algorithm basedhengradient of the real function
realizing the neural network, regarded as function on tharpaters. The optimization is thus
only done locally and depends strongly on the choice of titeairparameters. The initial
parameters are usually chosen randomly, whereas them@nseixist precise descriptions on
how to choose them (e.g. with respect to the right probaigtributions; without the choice
of a probability distribution it is not possible in reality apply random selections). The orig-
inal steepest descent method is known to be extremely slbereTare methods which fasten
the convergence, like Newton or quasi-Newton methods (gpeS@berg et al. [1994]), but
nevertheless they still seem to be seldom used in applicatio

Neuro-fuzzy systems inherit this backpropagation albaritbut the initial values of the
parameters are determined in a more constructive way. 3necparameters are mainly part
of the fuzzy-rule system, they can be initialized via a-primowledge. Another possibility
is the successive addition of new rules, for example bytsgdian old rule into two or more
derived rules. Also the inverse procedure is reasonaldantrging of two or more rules into
one. These split-and-merge algorithms appear also inrdrftesettings.

We want to show in this thesis that the mentioned methodgzyfgystems coupled with
neural networks) can be replaced by other mathematicalhg munded ones. Furthermore,
after doing this, an essentially larger class of nonlingatesns can be identified. This doctoral
thesis has two aims:

* the improvement of an existing neuro-fuzzy approach (U@QIT algorithm), and

 the development of a new model class with correspondingtifigation algorithm,
based on multiresolution analysis (wavelets) and stegisthethods.

Altogether the following theories play a role:
* theory of nonlinear dynamical systems and hysteresis,
* statistical decision theory,
* approximation theory.

The structure of this thesis is as follows: After the preagah of the improvements of
the LOLIMOT algorithm, we want to describe the mentionedoties in the view of their
application for grey-box modelling in the subsequent cheptThese theories show us directly
the way onto the new model class and its identification allyorj presented in the last chapter.

Local model networks (chapter 1)

We first want to investigate in this thesis the model classipgesl by the local model networks
which serve equally well for black-box and grey-box modé&ism the local model networks
also the new model class will be derived. The correspondiegtification algorithm is the
so-called LOLIMOT algorithm (Nelles [2001]). LOLIMOT stds for “LOcal Linear MOdel
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Tree”. Local model networks (see also Johansen and Mumaiyh§1997]) represent a gen-
eralization of the basis-function approach. The basis etégmin this case are not functions
but (linear) dynamic models. These models are weighted @perposed in such a way that in
certain parts of the regime space (this is where the globdleiloes) mainly only one basis
model is “active”. In this way the name “local” models for thasis models is justified. The
LOLIMOQOT algorithm produces successively a more and morepierglobal model: begin-
ning with only one basis model, it iteratively divides thgirae space and identifies the newly
obtained local models. Since the superposition of the glinecal models is done through
nonlinear weight functions, the overall global model is Inogar. Principally, the linearity of
the basis models — meant is the linearity with respect toripats — is not essential for the
identification procedure; it is only necessary that the p@tars occurring in the basis models
are linear. This is also the case for polynomial models. Tgerahm works equally well for
this kind of models.

We will provide some improvements on the original algorithior this reason the weight
functions, originally normalized Gaussian bell functipage replaced by decision-tree based
weight functions. These are already normalized, i.e. tloesnfa non-negative partition of
the unity. They do not need to be forced to normality. Exattilg procedure leads to some
problems when using the Gaussian bells. The introductigdhetlecision-tree based weight
functions enables further improvements: more flexibleipamns of the regime space (orig-
inally, the only divisions possible have been axis-pataltees), the application of pruning
methods (this means the “resection” of the model tree whiirally could only grow) and
the introduction of gradient-based optimization procegurThen the transfer from an over-
all NARX model to an overall NOE model (better suited for slation) is possible without
problems. The local model networks thus approach even rheradural networks, and simi-
lar to their case mathematical convergence results arevadable. Nevertheless, an optimal
approximation cannot be expected, the algorithm works sahoptimal. Although it seems
to be quite stable, at least if linear basis models are ubedgstriction to these models may
lead to many divisions of the regime space and thus to veryptmmmodels. Conversely, the
usage of polynomials of higher degree may lead to instadsldiuring the estimation of the
coefficients.

A further extension of the algorithm for the estimation ofteresis models will be pre-
sented in the following chapter.

Theory of nonlinear dynamical systems and hysteresis (chapter 2)

The focus here lies on the nonlinearity. Recently, more anckrapplications gain attention
wherein hysteresis plays a major role (see e.g. Visintif41p Hysteresis in its broadest sense
can be seen as the dependence of two signals occurring ipdtegrssuch that this dependence
concerns the whole history of the system. This very broadiiein should be sharpened to
extreme cases to make investigations possible; otherwisaNy every system could be sub-
sumed under this definition. Therefore one focusses in massscon rate-independent hys-
teresis. Itis in some way an extreme opposite of the usutdsgswith differential dynamics:
signals which follow rate-independent hysteresis are grtam way independent of the veloc-
ities these signals occur with. Since changes of the vglacg mathematically equally well
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described by time transformations, rate-independencgus/a&ent to the invariance of the
system against every time transformation. In reality tkiseane case will occur quite seldom,
but for theoretical investigations the restriction to tkirsd of hysteresis enlightens matters. In
the literature, the notion of hysteresis is often used ig testricted sense of rate-independent
hysteresis. One of the most popular models for (a specidl) kahhysteresis is the Preisach
model. For an incorporation of Preisach hysteresis intoalewetwork models see Kirchmair
[2002].

A further extension of the LOLIMOT algorithm was done by appg it to hysteresis mod-
els of Preisach type. Therefore some kind of primitive fiorcof the Preisach function was
used, which can be identified with exactly the same methotlsealinear models in the orig-
inal algorithm. Though some examples of hystereses couiddified exactly, the above
mentioned problems of the original LOLIMOT algorithm appeghalso in this case. Further-
more, a reasonable coupling of differential-dynamical hysteresis models appeared to be
difficult. Generally, the usage of state space models (widddm states) is not possible with
the existing algorithms. For these reasons, a further dpweént or even complete rearrange-
ment of model and algorithm seemed necessary.

Statistical decision theory (chapter 3)

Decision theory is a branch of probability theory and death the question which decisions
can be made under uncertainty and how reliable these desiar@ (an introduction can be
found in Berger [1980] or, newer, in Robert [2001]). Decrsibeory is closely connected with
the Bayesian interpretation of probability theory. The 8sign interpretation of probability
theory (in some way represented already by Laplace, lat&dmsey, de Finetti and Savage)
led in the past (and is still leading) to quarrels betweeriBagesians” and the “Frequentists”
(the latter ones represented by Fisher, Pearson, Neyman).

One main point criticized on the Bayesian approach is thesssty to introduce a-priori
knowledge. But this actually must be seen as an advantdyer than as a disadvantage. The
frequentist viewpoint, which consists of the opinion thatatistical analysis must be based
on the pure data and not on a possibly subjective prior kriydeleads often to senseless
assumptions and unnecessary conservative and even witimgtes (examples can be found
in Jaynes [1976]). Contributing to this, in frequentistlpability, statements are only allowed
to be done for random experiments which are principally aggigle arbitrarily often in the
same way. The Bayesian approach is much more flexible: to\ead@ble (belonging to a
random experiment or not), a distribution can be assignedtHis reason virtually every data
set is useful (it does not need to be a random sample of a raedpariment and also does
not need to be “sufficiently large”).

In the course of the mentioned quarrels, trials were unkientto show Bayesian probability
theory as the only reasonable theory serving to the modeadtiruncertainty (known as Cox’s
theorem, see e.g. Jaynes [1990] and Arnborg and Sj6din [ROD@spite some gaps in the
original proofs it seems that this task has been treatedessfidly, albeit the definition of
“reasonable theory” always stays to be somewhat arbithampis sense the fuzzy-logic drops
out as an alternative theory. Indeed, the fuzzy-logic mtesia plentitude of possibilities (so,
there exist several different fuzzy-logics), but does movme any means to decide which of

XXI



Overview

these logics should be used under which circumstances.nimasn, if one accepts the above
mentioned “reasonable” assumptions, then there is onlypmssible answer: the logic as
induced by the Bayesian probability theory.

In system identification, parameter estimation in statecspaodels can be done with
Bayesian methods. A sever problem occurring is that apam fiiscrete or normal linear
state space models, an analytic formula for the estimafitimechidden states is not available.
Even in linear normal models, the joint estimation of hiddeates and parameters is difficult.
An estimate can only be approximated by numerical methau$ paomising candidates for
such methods are the nowadays investigated SequentiaeNGarto (SMC) methods (some-
times also called particle filters; see e.g. Kiinsch [2005]).

Approximation theory (chapter 4)

Approximation theory (see e.g. DeVore [1998]) investigdtee possibilities for the approx-
imation of a complicated real function by other simpler rieadctions called approximants,
and their convergence properties. The questions arisag ar

* Which functions are suited to be used as approximants?
» Which functions can be approximated therewith?
* How good is this approximation?

Nonlinear approximation theory (the approximants are akém from a vector space but from
a manifold) is represented in the one-dimensional case ligaat two classes of approxi-
mants: splines (with free knots) and wavelets. In the omeedisional case both approaches
lead to equivalent conclusions. In higher dimensions (ihgr@imated function is multi-
dimensional) this analogy breaks down, and it appears lileathteory is no longer applicable
to splines. Concerning wavelets, the theory is transpasédyher dimensions without prob-
lems. Thus, the question for the right approximants seentsetdecided in favour of the
wavelets. The other two questions mentioned, which funstman be approximated and how
well this is done (i.e. how fast is the convergence?), camisevared by the theory of Besov
spaces. These spaces can be obtained as interpolationsadé¢$spaces and encompass large
classes of functions. Through the combination of theseettireories, namely approximation,
wavelet, and Besov space theory, which at first look do nahgeehave something in com-
mon and which have developed independently, a powerful axddfé tool is gained for the
approximation and analysis of finite-dimensional real fiores. A similar theory for neural
networks used as approximants does not exist, and someaveegegults indicate that such
strong propositions as they exist for wavelets are not toxpeaed (see e.g. Hush [1999]).
This is even more true for the approximation by means of fdegyc: here not even an ap-
propriate algorithm exists.

We mentioned above that three theories play a major rolasrhiesis: theory of nonlinear
dynamical models and hysteresis, statistical decisionrthbased on Bayesian probability
theory, and approximation theory in connection with watgeleA combination of the first
two theories may be done with the Sequential Monte Carlo atesthOn the other hand, the
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combination of Bayesian probability theory and wavelets siaccessfully applied in the field
of image processing, both to the compression of (real diaal) images and to the removal
of noise (denoising); see Abramovich et al. [1998]. The ialymoint can be found in the fact
that the same technique which is used in function approxanatith wavelets is also applied
to the compression and denoising of images: the so-calteghblding. The effectiveness of
this technique is guaranteed by two important propertiegasielets:

* the sparsity of the wavelet coefficient matrix and
 the decorrelation of the wavelet coefficients.

Exactly these properties lead to a new model class with spording identification algorithm.

The third possible combination of the above mentioned ttiveeries essential for the thesis
is the usage of wavelets for system identification. This terashingly a seldom appearing
combination in the literature. For example, Hasiewicz [PJ0gses wavelets for the identifica-
tion of Hammerstein models. This model type is a simple fofmamlinear modelling, done
by a serial connection of a nonlinear static and a linear ayoa model. The static partin this
case is realized by a wavelet approximation whereas tharlithgnamical part is treated with
the usual identification procedures of linear systems theArcomplete different approach
is given by the Unified Transform (UT) as presented in Feual.gR006], a generalization
of the Laplace, Laguerre, Hambo (Heuberger et al. [2003|), @her transforms given for
Linear Time Invariant (LTI) systems. The Unified Transforhows properties closely related
to the wavelet transform. It is however only applicable toelir systems. Nevertheless, a
combination with the here presented methods could be sttege

The new model class (chapter 5)

The new model class will be derived from the local model neksdhrough the following
modifications:

 |nclusion of non-Gaussian noise sources;

» Allowance of internal nonlinear differential dynamicgresented by multi-dimensional
real functions;

* Introduction of internal hysteresis models through twmehsional “primitive func-
tions”;

* Replacement respectively approximation of the weightfiams and of the mentioned
multi-dimensional functions by wavelets;

» Usage of the sparseness of the matrix of the wavelet casftii

 |dentification of the wavelet coefficients with SMC methods
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Overview

The justification of these rearrangements is based upoftsedithe above mentioned theo-
ries. The new model class enables the identification of aengéisdly larger class of systems.
Of course, these systems can further on have differenyiaduthical properties, but also hys-
teresis properties and hidden states may now be incorgordtkis enhanced flexibility is

payed on the other side by an increased effort necessatydadéntification. Once identified,
the models are extremely fast during the simulation: Theetwresulting after the identifi-

cation of the parameters consist mainly of recurrent lirfiftar banks (the same filter banks
used with the fast wavelet transform FWT, which is known tddster than the fast Fourier
transform FFT).
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Notations

| :=r : definition of the left hand sidkeby the right hand side

#A: number of elements of a finite s&t

CA: complement of the sé (in a larger sef)

AU B: disjoint union of the setd andB

N :={0,1,2,3,...} set of natural numbers including 0

N*:={1,2,3,...} set of natural numbers excluding 0

R: set of real numbers

R0 := {x€ R | x> 0}: set of positive real numbers

R.g:= {x eR ] X > O}: set of non-negative real numbers

R:=RU {—00,+00}: set of real numbers including negative and positive infinit

C: set of complex numbers

g(x) := g(x): complex conjugate
(2(7): square summable sequences cer
L?(IR): square integrable functions dt

L?(Q,u): square integrable functions d with respect to a measuye (defined on ao-
algebraes on Q)

(f,g) := [ f(x)g(x)dx scalar product oh?

Lp

loc(T-X): locally p-integrable functions fronT to X

CO(RY): set of all continuous and bounded functidnsRY — R (or C)

S': transpose of the matri®

1a(X) := { é’ gl.z;(ee' A characteristic function of the sét

Pr(A|E): probability of the event A given the event E
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Notations

X ~ p(x): X is distributed according tp(X)

g(x) oc h(x): g(x) is proportional tc(x)

EP[h(X)] := [h(X)p(x)dx expectation oh(x) under the densitp(x)
Eg[h(y)]: expectation ofi(y) under the distributioy ~ f(y| )

E™h(0)|y]: expectation oh(0) under the posterior distribution &, (6 |y), given the
prior 11

X1 X1,y Xn OF (X1,...,Xn)

A = B: there are constan,C, > 0 such thaC1A < B < CA

XXVi



1 Introduction: Grey-box models
and the LOLIMOT algorithm

This chapter wants to give a first introduction into the maipi¢s of this thesis. These topics
are centred around the LOLIMOT algorithm, a simple and rstigridentification algorithm
for local model networks. Local model networks will be déised as a generalization of the
concept of linear combinations of basis functions. Someheftopics presented in a rather
informal way in the present chapter will be revisited in thdsequent chapters, where pre-
cise mathematical formulations and generalizations Walldynamical systems, nonlinearity,
parameter identification, atomic decompositions (of whadal model networks are a special
case), approximation theory.

Nevertheless, some fundamental notions of graph theorgsgpecially a precise definition
of decision trees will be given already in the present chafitbe structure of decision trees
allows for the construction of normalized weight functievisich can replace the weight func-
tions originally used in the LOLIMOT algorithm. We consid®so the application of a gradi-
ent based optimization method to locally optimize the pat@ns obtained by the LOLIMOT
algorithm. This method enables some further improvemdrttssoLOLIMOT algorithm, like
the ability to use basis models other than ARX models, moxdbilke partitions of the regime
space, and a pruning method.

Overview In the first section we describe (exemplified through a sinspleck absorber)
the relations between real systems and their models, fguea several model schemes like
white-, black- and grey-box models. We treat local modeMoets with the LOLIMOT algo-
rithm as special nonlinear models with corresponding narametric identification algorithm.
We then describe problems arising with this identificaticimesne and possible improvements.
Some of these improvements that are easily implementalilbayoresented in greater detail.

Contributions
» Analysis of the problems occurring with LOLIMOT algorithm

» Simple improvements given by incorporation of decisimetbased weight functions
and gradient based local optimization algorithm;

» Further improvements based on the previous ones: incatiparof NOE model struc-
ture, and pruning.
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1.1 Systems and models

1.1.1 Nonlinear dynamical systems and model schemes
Shock absorber as example of a nonlinear system

Looking inside We take a look inside a shock absorber as it is used in everfsearfig-
ure 1.1). We recognize a wide variety of different parts wiifferent physical properties. The
main part consists of a cylinder which surrounds a movaldtpi Moved by a shock from
outside, the piston presses oil inside the cylinder thraufgbles in the wall, thus dampening
oscillations. A spring pushes the piston back to its origpwsition, and a rubber stopper pre-
vents the piston from plugging against the walls of the dginwhen shocks are too strong.
Thus, the shock absorber comprises the interaction of tleamécal movements of rigid bod-
ies, the visco-elastic dynamics of fluids, the elastic behawf spring-damper systems, the
deformations of elasto-plastic materials, etc. If one wdrb simulate all these effects based
on the equations representing the physical laws that galkierimdividual parts, a complicated
coupling of solvers for algebraic differential equatioosjinary nonlinear differential equa-
tions and partial differential equations would be needdte Gomputational complexity would
be very high.

Looking from outside In contrast, looking from outside onto the shock absorberpnly
are aware of the phenomenological properties. We obsepectslike nonlinear stiffness,
like nonlinear viscous damping when the shock absorber ¢gegk with high frequencies,
like hysteretic effects when excited with low frequenciest we are not able to assign these
phenomena to the individual parts of the shock absorberreTéast also classes of mathe-
matical equations describing these more phenomenologiopkrties of the shock absorber.
The knowledge in this case is of a more qualitative naturgeErments with corresponding
measurements have to be done to gain the necessary quaniitdrmation needed to be
able to decide for the right equations and exact parameters.

Figure 1.1: Schematic view inside a shock absorber

Nonlinear systems and adequate models Nonlinear dynamical systems like the shock
absorber play an important role in technical, biologicaddmal, and social life and sciences.
In all these disciplines where individual parts interadiine and space in a complex way, one
tries to build models of the systems to get insight into th@&ire complexity of these systems
forces one to use computers for simulation, analysis, antr@oof the systems, and this in

turn cannot be done without adequate models of the givensgesadéms. This adequacy of
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the models can be seen under different aspects. Thus, tmeim@iest may be in exactness
or interpretability of the model, in the necessity of simpled fast computations, in models
which are robust against uncertainties concerning thesyst the model, in the ability to use
the models to make prognoses of future behaviour or in thécabity as underlying basis
for control tasks.

When dealing with simulations of reality, we are concernéti at least two “systems”: the
real systemand the mathematical system reflecting the behaviour ottllesystem, called the
modelof the real system. The real system is what we find in realitig. governed by the laws
of nature, may it be a physical, chemical, biological or abgsystem. The model tries to mimic
the behaviour of the real system. The model is representageisof mathematical equations
which we believe describe the laws of nature, at least up tad@guate approximation. To
test our believes, we need to apply experiments on the retdrsyand to compare the results
to the results predicted by the model.

Information relating real system and model Thus, our information about the real sys-
tem in relation to its model consists of three kindaor knowledgeabout the real system like
physical phenomena or structuayserved datariven from experiments, angssumptions
on the adequacy of our model. We return to these three kinoidayfnation in more detail in
chapter 3.

We want to take for granted that our assumptions on the oelathetween real system and
model are correct. But how can we incorporate the other tywegyof information into our
model, the prior knowledge and the data? These two typedahmation lead to two different
ways of modelling.

White-box models If we model the a-priori knowledge about the structure ofdhstem,
we try to directly translate this knowledge into mathematequations. Ideally, these equa-
tions already give the model. Since we have a complete insighthe way our system works
and because we use this to build the model, this kind of madedlied awhite-box model
White-box models try to make a more or less exact image of tlysipal laws and behaviour
of the given real system. Model structures belonging ini® ¢ategory are ordinary or partial
differential equations and their discrete counterpassiifference equations, as well as differ-
ential algebraic equations (used in multi-body systenisy; expert systems or fuzzy systems
may be mentioned.

Black-box models In contrast, when using measurements gained by experirnaritse
real system to build the model, these measurements alonetdpve us any insight into the
real system, and also no understanding of how the systensvimbtought into the construc-
tion of the model. Therefore, this type of model is calleBlack-box model Black-box
models are mainly provided by weighted combinations of gana specialized basis func-
tions (prominent examples are artificial neural networkS8enerally speaking, we have to
choose out of an often parameterized set of possible mduaisitodel which fits optimally to
the measured data. We are concerned with an optimizatidigmo The parameters (as e.g.
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included in the basis functions or appearing through thglktdunctions) have to be identified
using measured data taken from the real system.

Advantages and disadvantages The different model schemes have different advantages
and disadvantages. The white-box structures provide exadels. But with increasing com-
plexity of the real system also the complexity of the modet@ases and with this the efforts

in time and costs for both implementing and running the mo@el the other side, the (non-
interpretable) black-box models often need by far less efrttentioned efforts. The disad-
vantage of this model scheme is the difficulty to introduceynkinds of phenomenological

or qualitative knowledge one surely has got about the restegy. This may lead to badly
identified parameters. One should note that each expericaaneveal only a small aspect of
the behaviour of a complex system. Our measurements aleneeaer sufficient to build a
model. We always need to add some more of our knowledge aheglystem.

Grey-box models Of course, the notions of white- and black-box models aralisigc
ones. In reality, modelling is always something in betwdesé two extremal views: Even
if we have some structural insight into our real system andvamt to apply white-box mod-
elling, we often do not know the exact parameters in the ddraquations. These parameters
have to be identified via measurements and optimization.rédersibly, the set of possible
models for black-box modelling is often guided by some kremgle about the phenomeno-
logical behaviour of the given system. In all cases, we angadly using a model type called
grey-box modelwhich constitutes a mixture between white- and black-badeh schemes
(see figure 1.2).

Whitebox ﬁ Greybox _

White-box Modelling: Black-box Modelling:

Measured data used

Physical knowledge used

+ Differential equations, Parameter identification,
Fuzzy Systems Neural Nets

-+: very high interpretability +: Simulation very fast
e —: needs exact knowledge of system e —: notinterpretable
Figure 1.2: White-box and Black-box models compared

Examples of grey-box models are neuro-fuzzy systems or-pagsical models (e.g. Sj6-
berg [2000], Lindskog and Ljung [1995]).

Linearity and nonlinearity A nice property of systems inearity. The characterizing
property of dinear systemis that:
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(i) if the system is excited with inpu resulting in an outpug;, and on the other side with
input uz resulting in the outpuyy, then the superposed input + ux will result in the
superposed outpyt + y»; and

(if) if the system is excited with the inputresulting in an outpuy, then the scaled inputu
will result in the scaled outputy.

Summarized, a superposition of several scaled inputs @slilt in a corresponding superpo-
sition of scaled outputs. If this property is not necesgdiilfilled, the system is called a
nonlinear system

In real systems, linearity is often only approximately giwe certain ranges of excitements
of the system. An example may be a spring. If a relatively sfoete is applied to the spring
by pulling on a loose end while the other end is fixed, the dispinent of the former end is
in a fairly linear relationship to the applied force; buthktforce increases, the displacement
will be bounded to some maximal position, and a kind of saitbmaeffect occurs: this is a
nonlinear behaviour. Nevertheless, this effect may stilbscribed by a nonlinear differential
equation. This is not anymore possible if the force even nmme@ases: then the spring looses
its property of being elastic, and irreversible plasticaefations show an even more nonlinear
effect. Such plastic effects are common to materials liksbeu, and lead at the end to long-
memory effects called hysteresis which cannot be captureddinary differential equations.

The aim of this thesis Grey-box models provide the possibility to include both gihy
cal knowledge for structural modelling and data knowledwgetlie choice, identification and
adaptation of the included parameters. Our aim in this shissio answer at least partly the
guestion: How is it possible to build models out of struckorgphenomenological knowledge
together with measured data driven from experiments in tesyaic way? The provision of
model types for grey-box modelling of nonlinear systemsetbgr with appropriate identifi-
cation algorithms is the aim of this thesis. Our focus willdmephenomenological models for
nonlinear dynamical systems. Therefore we will provide sl@thsses for several phenomena
(such as nonlinear differential dynamics or hysteresiggtioer with algorithms which allow
to choose in some way an optimal or nearly optimal model whtstio given measurements.

What is needed? Generally speaking, at first we need a mathematical foriat@diz (model
or model scheme) of dynamical systems which is able to desseveral nonlinear phenom-
ena like:

 nonlinear differential dynamics,
* hysteresis effects,
* etc.

We need secondly an identification algorithm which adapsibdel to data (measurements)
obtained from a given real system through experiments {iiiteation). At last, we also need
an implementation into a computer programme.
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Shock absorber revisited Returning to the shock absorber example, we are aware that
modelling the physics is very complicated and time consgmiwWhereas white-box mod-
els are too complicated, black-box models are too restrictaicerning the incorporation of
phenomenological aspects. Halfway between both of themoaaté the grey-box models:
simpler models based on more phenomenological considasatihich can easily be adapted
after measurements are available.

1.1.2 Properties of systems and models
Deterministic and stochastic models

The identification of a model by measured data is complichtethe problem that measured
data are always disturbed by errors. The sources of theses amne different. We have:

* Measurement errors due to restrictions of measuremeipeent,
* Model errors due to unmodelled phenomena (like aging,etc.)
* Noise originating from outside or inside the system,

* etc.

Therefore, each identification algorithm must be robustresgalata errors. To deal with
disturbed data and errors, we must include these errorsountenodels. One can find two
possibilities to do this:

» Deterministic: We assume that our data are given by a function which is aiffeloy
some (usually bounded) function.

» Stochastic: We assume that our data are given by a stochastic procegspeduvith a
probability distribution.

In this chapter we specialize on systems which can be destchi a finite superposition
of linear difference equations. There is no hidden dynamies all quantities determining
the dynamical behaviour of the systems are observable fugside. Furthermore, all noises
are assumed to be Gaussian (or simply neglected). Thissallswo use a relatively simple
algorithm. In the following chapters, we will subsequentiiglen our systems and models.

Static and dynamical systems

When is a system a dynamical system? What makes the difieterstatic systems? Shortly
said: Dynamical systems evolve in time. Mathematicallyndel of) the time may be given
by valued out of a subset” of R. Let further be given a s& of inputsu € % and a sef” of
outputsy € #'. A stochastic model for static systenis given by a probability measure orwa
algebra of” conditioned on the input € %/. This reduces to a simple functidn % — %
defined on the input domai#® with values in the output domai¥ in the deterministic
case. IfZ and% themselves depend on the tinté, and if for some times$; andt, the
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corresponding inputs(t;) andu(ty) are equalu(ty) = u(tz), then the corresponding outputs
y(t1) andy(tp) are equally distributed, and in the deterministic case #qusl,y(t1) = y(t2).

For dynamical systemghis may not be true. Here, we have to use stochastic presess

in the deterministic case, an operaloto describe the system. For now, we want to consider
dynamical systems given by

y(t) ;=) +V() forallte 7 CR

whereV (t) is the noise process which is usually assumed to be ,smafibine sense. Thus,
the outputy(t) at timet does not depend on the inpult) at timet only, but on the whole
functionu: .7 — %, which we sometimes denote ly-) if we want to emphasize that
it is a function. For real systems, we surely expect that ame t the system outpuy(t)
does actually only depend on inputér) in the past and the present,<t, but not in the
future T > t. This causality aspect and some others necessary to defiranital systems
in a plausible way will be treated axiomatically in chaptdoPthe deterministic case, and in
chapter 3 for the general stochastic case. There, we wélguokefinition of dynamical systems
covering a wide variety of real and theoretical systemswnglin time. For now, we will be
content with the sloppy definition given above by the inputpait operatof” and the noise
procesd/. In this chapter we always assur#eto be them-dimensional Euclidean spa&d",
me NN, and similarly? to be thed-dimensional Euclidean spat¥'.

Time-continuous and time-discrete models

One distinguishes between models where the time domaiis R (or an interval onR),
called(time)-continuous modelsor models whereZ = Z (or an interval ofZ), called(time)-
discrete modelsSince observations are anyway almost always given onlgdare discrete
time points, it is usually enough to consider time-discratalels.

Predictors and error function

Our aim is to construct a model which fits best to the real syst@ften, this fitting is measured
by means of some kind @rror function e: .# — R where.# is some model class. The
simplest possibility is to use some norm on the differendevben measured outputof the
real system and some predicted outpof & given modek.:

e(X) = |ly(:) = 9O)|l forall e 7.
For example, if the predictor is given by the operdior.e.

y(t) = (Tu(-)(®),

and the datey are realizations of (u(-))(t) +V(t), then the differenceg(t) — y(t) is just a
realization of the noise proce¥st).

If the right model is unknown and we are looking for the besdeian .7 fitting to the
data, we may choose a modebut of the model class# which minimizes the error function
e. In most cases, this se# of proposal models is given by a parameterized family of nsde
In the next subsection we show some examples of how to oltammodel classes.
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1.1.3 Separation of dynamics
Inner and outer dynamics

As mentioned earlier, the measured outy(tif of a dynamical system or the predicted output
y(t) of the model at time does not only depend on the input) at the actual timé but also
on previous inputsi(T) for T <t, and the system is described by means of an operatoth

y(t) = (Tu()) ().
To get a better grip on such an operator, we decompose ithet(dynamicalktate transition
operatorg and a (staticputput functionn:

M=no¢  with  x(t):=¢(u(-))(t) and yt):=n(x)),

thus introducing(internal) statesx taken from somestate domainZ". In this chapter we
also assumeZ” to be equal to some Euclidean spdg® It is of course always possible
to decompose an operatbrin this way, one just has to choosE = # andn the identity
function. But for a model to be atate space modeir state space systenone requires
additionally that the state(t) at a timet has accumulated all information from the history of
the system necessary to determine the output of the systeralbas all future states. Then
the choiceZ” = % is in most cases not justified. We distinguish two cases:eEitfe states
X(t) depend exclusively on past and present inptg, T <t, on past outputg(7), T < t, of
the real system, and on past outpg(ty,t < t, of the model via a multi-dimensional function;
then we say the model exhibitaiter dynamics Or else the states are not observable from
outside; then we say the model exhibiteer dynamicsand the states af@dden

State transitions In the general case wher®" is different from? with states which
are not visible from outside, one often gains enough flexybihat also the state transition
operator can be defined by means of a static recursive fundtichis case, the stai€t + 1)

at timet + 1 exclusively depends on the state) at timet and on the inputi(t) at timet. The
operatorg is thus given through state transition functiony : 2" x % — 2 and aninitial
statexp € 2" at some initial timep € .7. We are then able to computé ) recursively, at least
for all t > tp. In the case of discrete models showing outer dynamics wherstates consist
of afinite number of past inputs and outputs, this is always possible.

Difference dynamics Outer dynamics in the discrete case is usually giveuliffgrence
dynamics also calledapped delaysHere the components of the state vestar.2” = R" are
delayed inputs and outputs; if the outputs are the outputiseofeal system (measurements),
the states are defined as

X(t) = (u(t),u(t—1),...,ut—ny),y(t—1),....y(t—ny)) .

The overall model (with noise process) is then caN&RX (NonlinearAutoRegressive with
eXternal input) model ononlinear equation error model If we instead take the delayed
model outputs, we get

X(t) = (U(t),ut—1),...,utt—ny), Yt —1),....yt —ny)) ",
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ut) S y“)...
Zjl <_> e(t)

Static )7('[) —11{—-1 —1
. Model z Hz 1z Y]
z = delay of the signal |—-

by one time step, e.g.
(zlu)(t) =ut—1)

Figure 1.3: Tapped Delays

which yields the so-calletlOE (NonlinearOutput Error) model (see figure 1.3). In both
cases the natural numbeygandny denote the maximal number of steps we have access to of
the input respectively output values in the past.

Simulation There is a fundamental difference between these two mogdektgoncerning
the inputs into the model. We defined the input into the systerfunctionsu(-) : .7 — %.

For the NARX model, this is not correct. When looking at thérdgon of X, we see that we
need the actual inputgt),u(t—1),...,u(t —ny), but we need as well the measured(!) outputs
y(t—1),...,y(t —ny). So the real input into the system is defined by functions ties with
values given by pairfu,y) € % x %

ORI R (TORTO)!
In the case of the NOE model, the measured outputs are notdeaad we simply have
Y(-) == NO%u()).

Thus, if we want tasimulatethe model without recourse to measured output data, we oeed t
replace all occurring measured outpytsy thesimulated outputsy, (depending om alone,
and not ony). In the case of the NARX model, we have thus obviousty y,, whereas in
the NOE modely = y,. Since the model choice (parameter identification) is doitk the
predictory’(using measured output data), it is probable that the uséN@B& model will lead

to better simulation results than the use of an ARX model.

Initial values We still need some more information: initial values for thatsx at the
initial time to. If we start our computations at ting, the valuesu(t),u(t—1),...,u(t —ny)
andy(t—1),...,y(t —ny) may not be defined, and the valugs—=1),...,J(t —ny) are surely
not defined. For this reason, we have to fix them in advance anith@m as additional inputs
into the model. In both cases, the initial stage= X(to) looks like:

T
X0 = (ut07 Ug—1,- -+ Utg—nys Yio—15 - - - 7Yt0—ny)
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with
utoauto—lw"?uto—nu € %7 yto—lv"'7yto—ny € @

The predicted/simulated output is then defined for all titnegy. We denote the set formed
by these times by, :

Ty ={te 7 |t>tg}  forsometge 7.

When depending on the initial tintg and initial statexg, we write the operatol aslt, x,.
The predicted outpwt(7) = Ny, x, (u(+)) is thena may(*) : %, — %/, or shortey(-) € %o,
(One actually needs only input function§) € % %o and output functiong(-) € %))

Linear models Let now% := R™and% := RY. Linearity of the NARX models (in this
case one simply calls them ARX models) is then given whenfsrm= 1

-
N(x(t)) = A(u(t),ut—1),....u(t —ny)) +B(y(t —1),....y(t —ny))

with matricesA € R4+l andB € RI*MY. In the general casg > 1 andm > 1, we needn
matricesA; € R+l j =1 ... m, andd matricesBj € R, j=1,....d. Then:

m d
nxt)) = _ZlAi(ui(t),ui(t— 1),... uit—nu)) + 3 Bj(yj(t— 1),...yit=ny)) ",

=1

ui(7) andy;j(t) being the components of the vectarg) andy(1), respectively. All these
components can be rearranged suchxhsta column vector of dimension

n:=m-(ng+1)+d-ny,

and the coefficients of the andB;j can be gathered intodhx n matrix 6. We thus can simply

write
y(t) :=n(x(t)) = Ox(t).
The case for the linear NOE model (called OE model) is sintrigplacey by y).

Both model types have a special property: theylarear on the inputs. If we have two
input functionsu™ (-),u®(.) € = R™, and a scalak € R, then the sunu®(-) +ul®(.) as
well as the produch u(l)(-) are again iz, and the linearity property requires the following
equations to hold:

M (ua() +u2(-) =T (ua(-)) +T (u2()),
F()\ Ul(->) :)\I'(ul(-)).

This does not mean anything else but that the input-outpertadrl” is a linear operator. The
linearity for the ARX and OE models is easily established.

There exists a broad and well developped theory for the iiigation of continuous and
discrete linear models (see e.g. Ljung [1999]). We are éstexd in nonlinear systems. In the
next section, we describe how nonlinear systems may bevaitiiltlinear building blocks, or,

10
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reversing the direction, how nonlinear systems can be dposed into these linear building
blocks.

The ARX model has an additional linearity. Here, also the eh@llinear in the parameters.
This is not true for the OE model, because in the forn@xé) the x(t) depends also on the
parameter® (remember thak(t) contains past model outputs which obviously depend on
the parameters of the model!'). The linearity in the pararseiéthe ARX model makes the
identification of these parameters extremely easy. Onbalirregression has to be applied.
The disadvantage of this model is the need for measured sutpthe real system. This may
be available in some control settings, but for applicathsre simulation of the real system
is needed without having access to measurements duringmioéasion run, this model is not
adequate. Here, the OE model must be used. But identificafitime parameters is more
involved and can be done only using iterative algorithms.

1.1.4 Linear combinations of basis functions and networks

Linear combinations of basis functions We follow Sjoberg et al. [1995]. We consider
the case where the output mafx) is nonlinear. In this case, a usual method is to approximate
n by alinear combination of basis functiongy:

n(x) ~ Zaknk(x>~

These basis functiong do not necessarily have to be functional bases (like orthnatbases
of a Hilbert space). The key is to determine the basis funstiz. In most cases, they are
derived from another basis functiork through translations and dilations:

Nk(X) == K (% B, W) = K(X_ M‘)

where this equation has to be interpreted more or less syoalipl Thescale parametef
refers thus to a scale or directional property)pf whereas théocation parametery, denotes
a location or position of thgy.

Basis functions in the scalar case Examples in the scalar (single-variable) case, i.e.
xe€ R, are:

* Fourier seriesk(X) = cogX); the corresponding linear combination is then the Fourier
series expansion, with/By corresponding to the frequencies apdo the phase.

* Piecewise constant functions: Takes the characteristic function of the unit interval:

K(X) = 1 ifo<x<1,
"] 0 else.

Take further e.gy := Cpk and B¢ := Cp with a constan€, € R™. With ay := n(Cak),
the linear combination

11



1 Introduction: Grey-box models and the LOLIMOT algorithm

yields then a piecewise continuous approximation of similar result can be obtained
by using a smooth version of the characteristic functiog, e.

1 —X2/2
= —0
) V21T

K(X

bl

the Gaussian bell function.

« Avariant of the last example is the following: Take the wstép function

_ [0 ifx<0,
KX)'=9 1 ifx>0.

This gives similar results as the previous example, bectneseharacteristic function
of the unit interval can be obtained by the difference of thepgunctions. A smooth
version is thesigmoid function

with similar results.

One can distinguish two classes of basis functions on aesiggiable; the discrimination is
done according to the variability of thg’s, given by the behaviour of the gradient

() = 10,

One has:

* Local basis functions their gradientn; has a bounded support or at least vanishes
rapidly at infinity; thus, the variations are essentiallybded to some interval.

* Global basis functions their gradientr); has infinite support with values- 0 (these
may be bounded or not).

The Fourier series provides global basis functions, wisetlea other examples are based on
local basis functions.

Basis functions in the multi-dimensional case In the multi-dimensional cas& € R"
with n > 1), the basis functiongy are multi-variable functions which are often derived from
a single-variable mother basis functisnThe following constructions can be found:

» Tensor product Let be givenn single-variable basis functionﬁgl), . .,nlgn), then the
multi-variable basis functiony given by the tensor product construction is defined by

the product

(1)

(%) = n} "

(X1) - M (*n)-

12



1.1 Systems and models

» Radial construction Let k be an arbitrary single-variable function. Then the radial
construction of multi-variable basis functions is given by

M(X) = N(%; B W) = K([Ix—=wdlg)  forxe R
wherey € R" and||-|| 5 is a norm depending of, e.g.

X[ g, = /X" Bex

with By a positive definite matrix of scale parameters dependink) on

 Ridge construction Let k be a single-variable function. Then for g € R" and
¥ € R, aridge functionis given by

k(%) := k(% B W) = K(Bd X+ W), forxe R™

Examples falling in the above mentioned categories are ts/esigmoidal or radial basis
networks, kernel estimators, B-splines, hinging hyperg& projection pursuit regression,
and even Fuzzy models (compare to Sjoberg et al. [1995] adlitsBy et al. [1995]). Several

of them will be presented in later chapters.

Neural networks If we write the linear combination of basis functions in thiglstly dif-
ferent form

n
=y akk (B x+w),  foraxeR, B,k € R"
r=s]

(which is nevertheless equivalent to the previously givepression), we have exactly the
equation of amultilayer networkwith onehidden layer The hidden layer, where “hidden”
means “not accessible from outside”, is given by the fumstigy := Kk (BX+ ). Accessible
from outside is the input layer given by the input= (x1,...,%,) ", and the output layer,
the valuen (x). We could now increase the number of layers by repeating ribeepure of

building linear combinations: Writel) := x, Blfl) = Bk andylgl) = W, denote the outputs of

the basis functions by
X = k(B XY 4y ),
2)

and collect them into a vectaf?) := (x
the next layer, and so on,

X = ke (BT iy for By e RN,
The basis functions

R3S )

..,xéz))T. Now this value is taken as the inputinto

k(xXD; BNy = k(B TXD 4y

constitute thus theth hidden layer. The output Iayer of &irhidden-layer network is finally
given by

n
=3 ax,  for ag € R.

Nevertheless, the most common multilayer networks cordgalg one hidden layer and are
thus equivalent to linear combinations of basis functions.

13



1 Introduction: Grey-box models and the LOLIMOT algorithm

Recurrent neural networks In contrast to feedforward neural networks where the con-
nections are directed from the inputs to the outpugsurrent neural networkshave also
feedback connections (loops) and show a dynamical behavitve backward transitions of
the signals usually occur at the next time-step. If the mesurnetwork is represented as a
feedforward network with additional feedback connectionly going from the outputs to the
inputs of this feedforward network, then this recurrentweek is called to be ircanonical
form. In this special case we are again in the situation of outeadycs, as with the NARX
and NOE models. The NOE model can be seen as a special kincbofeat neural network in
canonical form. In contrast to the NOE model, recurrent alenetworks usually have hidden
nodes which are not accessible from outside. It may alsodiesttime nodes of the input and
output layers of the feedforward network are not availalenfoutside.

It should be noted that every recurrent neural network carebgranged such that it is
in canonical form (see [Nerrand et al., 1993]). These nete ltlaen exactly the form of a
state space model, where the state transition fungtierealized by the feedforward neural
net. Such neural nets may also be obtained by semi-physmaéiimg, where some phys-
ical knowledge on the system is given by differential equaiand the unknown parts are
modelled as black box with neural networks. After discieian, the resulting difference
equations can be interpreted as a recurrent neural netwaodkafterwards can be rearranged
into the canonical form (see Dreyfus and Idan [1998]).

1.2 Local model networks

Local model networks were developed in different fields wdifferent names. Nelles [2001]
mentions also the names Takagi-Sugeno fuzzy-models, topgragime based models, piece-
wise models and local regression, coming from disciplifesrneural networks, fuzzy logic,
statistics, and artificial intelligence, with close linkstultiple model, mixture of experts, and
gain scheduling approaches (see also Johansen and Muni#ty{$997]).

Definition

A local model network (LMN)is a parallel superposition of partial models which become
local models by localizing weights (see figure 1.4). Mathecadly, a parallel superposition
of the partial models is just given by summing up the outp@these models. Since differ-
ent partial models should be valid for different parts in stete space, weight functions are
introduced which provide this localizing effect:

N
(Fu)(t) == kZlak(t>(rkU)(t>

where thd; are the local models amal : .7 — R are the weight functions. If we write the
partial models in state space form with joint state traasifunction,

(M) () =m(x(®)),  k=1,....N,  x(t) = (¢u)(t),

14



we have

1.2 Local model networks

N
(Fu)(t) = kzlak(t)nk(x<t)>~

In this definition, the weights are time dependent. The uapptoach is to restrict this depen-
dency on the “active regime”, i.e. one assumes also a decsitigo

at) =we(x(t)), k=1,...,N.

In this case, the weight functions are calledime based weight functiond'he overall local
model network in state space form with regime based weigfdtfans is then

network.

N
(Fu)t) = kZka(X(t))nk(X(t))~

We usually want to assume this form of local model networksing the terminology of
artificial neural networks, the single local models aremftalledneuronsof the local model

Weight Function
(,Regime)

O

Local

é__

Linear
Model

| Neuron of a Local Model Network |

Figure 1.4: Local Model Network and Neuron

tions on the weight functionsy : 2" — R:

Weights To provide a better interpretability of local model netwsrkve put some condi-

N
Z Wi (X) =1 and wg(x)>0  forallxe 2.
K=1

We call such weight functionsormalized The local model network is thus a convex combi-
nation of the partial models.

15



1 Introduction: Grey-box models and the LOLIMOT algorithm

Parameters Usually weight functionsv, and output functiongy are given by parameter-
ized families, i.e.:

Wi (X) =w(x 6) and  nx) =n(x6])

where 6 and Gg are usually taken from Euclidean spaces. These parametees@iori
unknown and must therefore be identified. For the identiboaprocess it is important to
know how they are involved in the equations. Here lies thenndéference between weight
functionswy and output functiongy: The parameterg/ of the weight functions are assumed
to be nonlinear, whereas the parame@h)f the output functions are linear parameters.

Regression vector Under the assumption that the parameﬂﬁare linear, one can decom-
pose each output function into a scalar producﬂ@)fand a vectoh(x), calledregression
vector. It is usually assumed that the functibf is known and computable. We thus have the
output functions

n(x6r) = 67" h (x).

In this way, also e.g. polynomial models can be summarizettuthe term “linear model”,
then understood as linear with respect to the regressiciomMet(x). It should be noted that
with this interpretation, there is no difference any moreseen our models which are linear
in the parameters and the usually so-called linear modets: are linear with respect to the
regression vectdn (x).

Linear partial models If we take the functiom” to be the identity, then the output function
Is linear with respect to the states 2. If additionally the state transitiog is also a linear
operator, the partial models are called linear. Models lingar output function can be written
in the form

n(x6) = Gng.
But it should be observed that this linearity, i.e. the Imyavith respect to the statesc 27, is

not necessary for identification purposes. Here, only tiesliity in the parameters is decisive.
Often, one considers affine-linear models with an additiooastant:

n(x ;) = GgTXnL Bo-

One could also use polynomials of a higher degree. For exgnmpiiimensiond = 2, we have
the second order polynomials

N (% 6]) = &G +baxe + 6o + doa + 8o + fi

with 9|? := (@&, bk, Ck, dk, &, fk) € RRS.
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1.2 Local model networks

Normalized radial basis functions We return to the parameterized weight functions
Wi(x) :=w(x; ) for k=1,...,N. We have to fulfill the normalizing conditions mentioned
above. Given any set of parameterized functiss 6)'), k= 1,...,N, we are able to force
these functions to fulfill the normalizing conditions by fjumermalizing them. Doing this, the
normalizedweight functions are

gy . (X 6
w(x 6¢') = ZE\l:lVNV(X; 9}"’)'

A possible choice foware theradial basis functiongGauss bells)

(100 — ) "B (%) - )

wherehV : 2" — R™ denotes a known function. For some state 2" the imageh"(x) is
calledregime vector In the simplest case, allk are diagonal, and the parameters are

O = (i, 0k) € R"x (RN, 5y :=diag1/0y, ..., 1/0%n).

W(x; 8) := exp(

Decision trees and regimes We have two kinds of parameters: tlogation parameters
Uk and thescale parametergi. Both can be computed from a given rectangular partition
of the regime spac® := h"(.2"). If the regime spac# is a hypercuboid, such a partition
is given by a disjoint union of subsets W which are by itself hypercuboids. The partition
is described easily by a decision tree (a detailled defimiud! follow in subsection 1.4.1).
Both, an example of a partition for a 2-dimensional regimacepl and the corresponding
decision tree are shown in figure 1.5.

The parametergy andoy are then chosen as follows:

* L. as the middle point of thke-th regime,

* Oy. proportional to the edge lengths of tkth regime.

An example of the resulting global model given by a local maugwork is shown in
figure 1.6, together with the partial models. In this figutee partial models are restricted
to their regimes, but actually they are valid over the whelgime space. The localization is
provided only by the weight functions (the weight functi@rs not shown in the figure).

Remark: We have derived local model networks as a generalizatiomefbasis function
approach such that the weight functions correspond to tieatiparametergy of the basis
function decomposition

Zakrlk(x)~

The partial model$ 'y correspond then to the basis functiops With the same right we

could have done it in the opposite way: the weight functiamsthe basis functions, and the
parametersr, are generalized to the partial mod€ls This ambiguity in interpretation may
be a hint that the separation into weight functions and @lariodels is not a natural but only
a pragmatical one: it separates the nonlinear from the lipasameters. In chapter 5 we
will reunite both weight functions and partial models intasis functions given by a wavelet
decomposition.
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1 Introduction: Grey-box models and the LOLIMOT algorithm

Decision tree describing Resulting partitioning
the regime partitioning of the regime space
17
1
B €
FALSE TRUE FALSE TRUE
D E
A Yy >0.25 ) E
A
FALSE TRUE
B C 0
0 1 ¢

Figure 1.5: Decision tree and corresponding partition efrégime spact’

Partial models Resulting global model
(restricted to regimes) after weighted superposition

Figure 1.6: Partial models and global model
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1.3 The LOLIMOT algorithm

1.3 The LOLIMOT algorithm

Given input/output data of a real system, how can we idefatifystruct a local model network
fitting to these data? THeOLIMOT algorithm serves to this purpose. The term LOLIMOT
stands folLO cal LI nearMO del Tree. The algorithm was developed by Oliver Nelles (Nelles
[1997], see also Nelles [2001]).

The algorithm The idea behind the algorithm is simple: beginning with aarall iden-
tified global linear model the algorithm divides this modwebi two local linear models, each
of them reigning on its own regime. They are identified sejeyan their respective regime
and superposed in a smooth way. In the next step, out of thedelsthe one is chosen which
fits worst to the data. This model is further divided into twemwnlocal models. This proce-
dure will be repeated iteratively until a certain stoppimnigecion is fulfilled (see figure 1.7 on
the left). The algorithm is greedy in the sense that in eaep gtpicks out the best choice
available during this step. It is nevertheless not guaeghtbat this choice is also the best
choice concerning the overall model because a decisionrmade will never be revised. The
resulting model is thus not optimal. The algorithm worksyofibm coarse to fine, a step
backwards is not possible. If one draws a picture of the geiogrs of models created during
a run of the algorithm, one recognizes a growing tree-likecstire. On the root we will find
the first global linear model, its descendant branches datghe models produced in the
first division step and so going on onto the leaves where thieedocal models are located.
A similar picture could be drawn concerning the underlyiegime spaces where the local
models live on. Then the resulting tree will have the samécsire but its branching points
will be labelled with the regimes resulting from the paditing of the regime space (see the
right part of figure 1.7). If we put together all regimes on li@ves we get a disjoint union of
the complete regime space.

Choice of local model and split The critical points of the algorithm are the decisions
it has to make: the choice of the local model to split, and theision how the split should
be done. The choice of the model is based oreanr function which measures the error
between the output of a considered local model and the maasmts observed on the real
system. Basis for the error functi@(l") of the global model is the simulated NOE-output
g(t):

(M) = ly(-) -y()l5= Zly(t) -J()%

The error functione (k) for one local modelk for somek is then obtained via a certain

weighting ofe:
& (M) = Zwk(X(t))Mt) —y(v)2.

In this way an error for each local model is obtained and thdehwith largest error will be
chosen. The second decision to make is much more involvedtdsplit optimally the chosen
model into two new models? This actually comes back to ddusethe regime of the chosen
model is to be partitioned into two disjoint regimes. Of c®jrwithout any restrictions on the
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1 Introduction: Grey-box models and the LOLIMOT algorithm

possible splits this is a far too difficult problem. In theginal algorithm, the regime space is
always a hypercuboid in the vector spat® Only splits which are given by an axis-parallel
hyperplane are allowed. Splitting the original hypercuabioi the first step of the algorithm
results thus in two new hypercuboids. These hypercuboidseadivided in the same way.
We see that the regimes are always hypercuboids. But theewwohipossible splits, say: the
number of possible hyperplanes intersecting a given hyeid, is still too high. Therefore
the original algorithm does allow only splits which dividée hypercuboid into two equal-
sized halves. This procedure is calldghadic partitioning The number of possible splits is
thus drastically reduced: If the regime space is lyindrih only the choice betweemsplits
remains. The algorithm just tests all these splits, idexstithe local models, computes the
error function for all these models, and chooses the splithvigields the smallest overall
error. Apart from splitting the hypercuboids only once itwm new hypercuboids, aldo— 1
splits intok equal-sized hypercuboids are possible (Nelles [1997]).

Begin with
one regime

X X r 1. Iteration\
Find regime
with largest error
f 2. Iteration\
r 3. Iteration\
Choose best

partition ]

r 4., Iteration\

Test all
partitions

Stopping-
criterium
fulfilled?

No

Figure 1.7: The LOLIMOT algorithm (left); example of a growg tree structure and partition-
ing of regime space (right)

Identification of local ARX models

Another question is how to identify the local models. Thissfion is of course strongly
related to the question of which model type is used for thallocodels. In the original
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1.3 The LOLIMOT algorithm

algorithm linear ARX models constitute these local modélsey have the advantage that
they are not only linear in the input of the model, but alsal #ns is much more important,

in the parameters which have to be identified. So, simpletinegression can be used for
identification. Of course, when combining the local modelstglobal model, one has to
modify the identification algorithm slightly. Nelles [19P@roposes two types of parameter
estimation procedures (see also Nelles [2001]): globahasion and local estimation. Before
going into details we fix some notational conventions. Giadéocal model network

N

(Fu)(t) = 5 wh(X(t))(X(t))

k=1

with local ARX models, we may write
nk(X(t)) = 61 (x(t))

with d x n-matrix 6, andn x 1 regression vectdr? (x(t)) (d being the dimension of the output
space? andn being the dimension of the regression spéce- h'1(.27)). The estimation can
be done for each component of the outpaeparately. Th¢-th component corresponds to the
j-th rows of the matriceég. For notational convenience we therefore assume in thewollg
thatd = 1. The matriceﬁli7 are then Xx nrow vectors. For general, the procedures have to
be repeated times.

Global estimation For the global estimation procedure one needs to recoghiettie
parameterﬁg remain linear in the global model:

N

(Fu)(t) =y w(x(1) N7 (x(1) = 3 67 (wi(x(t)h(x(1))) =D(t)8""
k=1 k=1

2

with the 1x Nnrow vector
en ::(95,...,9(})

and the Ix Nnrow vector
D(t) := (wl(x(t))h”(x(t))T,...,WN(x(t))h”(x(t))T).

The global estimation procedure estimates in each iterdatie complete parameter vector
6" = (61",...,6,(1’) by the least squares method: we have to find the parametesr\@tt
which minimizes the error function
e(l) =[ly =Vl
where we assume that we are givdrmeasurementg(tj) and corresponding model outputs
y(tj) and set
: M & ot M
y:=yt)jzs and  yi=Y(t);
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1 Introduction: Grey-box models and the LOLIMOT algorithm

The number of measuremerikhas to be greater than the number of scalar paramiiers
The model outputg(fj) lead to a system of equations

§=D6""

with theM x Nn-matrix

D(iM)

The optimal parameteé” minimizing the error function can be attained by the solutbthe
so-called normal equations: A

0" =(D'D)"ID"y.
If the matrix D is ill-conditioned, the inversion ofD"D)~! leads to numerical instabilities

and one should use other methods, e.g. using the pseudseye(computed by means of
the singular value decompositionBj and setting

67" =Dly.
The computational complexity of the inversion of the matiiX D) is
O((N)*),

the computation of the pseudo-invei3&is even more involved. For generdl> 1 we have
thus at least the complexity
O(d(Nn)3).

Local estimation The local estimation procedure uses the fact that in eachlMOI
iteration the parameters change only locally: a split atréexe produces two new modelg,,
andrly, at the childreru; anduy of u. The parameters of the corresponding output functions
Nk, andny, have to be identified, the parameters of the other local nsagehain unchanged.

If the weight functions were disjunct (not overlapping)stprocedure would be equivalent to
global estimation. In the case of overlapping weight fumtsi (as the normalized Gaussian
bell functions are), an error is introduced which is assutodzk negligible. Local estimation

is done by weighted least squares, the weights being givéimbyeight functions: for a given
local model

(Tku) (t) = wie(X(1)) 8 (x(1)) = 6] (ic(X(t))h(x(1))) = Di(t)6 '

with the 1x n row vector
Di(t) 1= wi(x(t))h(x(t)) T,

we want to find the X n row vector6, which minimizes the error function

1y = ¥ll2w
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1.3 The LOLIMOT algorithm

where||-|| 2w, denotes the weighted square norm

IZlow, == VZ Wiz  forze RM,

with theM x M diagonal matrix

W = diag(wi(X(t1)), . .., Wi(X(tm)))-

Now M has only to be greater thamn Defining theM x n-matrix

Dk(ta)

Dy (t
Dy := (tz) ,

Di(tm)

the weighted least squares estimator is given by
)" = (DL WD) 1D, Wiy.

Also here, the matrix we have to invert may be ill-conditidnend we could e.g. use the
pseudo-inverséW,Dy)" leading to

8] " = (WiDy) 'Wyy.

The computational complexity for the matrix inversionst(nging the pseudo-inverse) in-
volved in estimatingv local models is now only

oMn®),
and for generatl > 1 we have thus a complexity of
o(dmnd).

One has gained a factor bf?: the complexity of the LOLIMOT algorithm with local estima-
tion grows only linearly with the number of local modd#s Similar arguments hold when
using the pseudo-inverse.

Modelling of uncertainties It should be noted that, in the LOLIMOT algorithm, the un-
certainties like measurement or process noise are only lleddenplicitly. The LOLIMOT
algorithm separates the estimation problem into two stepsstructure and the parameter op-
timization. The structure optimization is given by the donstive determination of the (non-
linear) weight parameters, whereas the parameter optiimzeoncerns the regression step for
the (linear) parameters of the local models. As alreadyasdll997] notes, for the structure
optimization the NOE-error is used, whereas for the param@timization the ARX-error
is used. In this sense, the overall error is hybrid, and egsoraing Gaussian errors in the
outputs, the estimation is biased. Nelles [1997] pointstbeatpossibility of a later iterative
NOE-optimization with iterative (e.g. gradient-basedjalthms.
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1 Introduction: Grey-box models and the LOLIMOT algorithm

Stopping criterion The algorithm will stop if some stopping criterion is ful&tl. This
could be after a fixed number of steps or better by applyingesstatistical or information
theoretical model selection criterion.

Model selection Model selection is of general interest, and we shortly redeme of the
most common model selection criteridlodel selectionusually aims at an optimal choice
concerning the trade-off of goodness-of-fit versus modeimexity. This is a bias/variance
trade-off: Inference under models with too few parameter lwa biased, while models with
too many parameters may lead to identifications of effecishvactually belong to the noise
(Burnham and Anderson [2004]). Model selection shouldefoee be seen as a regularization
technique. This trade-off is obtained by adding a suitaleleatizing term to the regression
error and by selecting the model and parameters that miaithig augmented term. A special
case of model selection is variable-selection in regresdio the following, we assume that
n datays,...,y, are observed, and one wants to choose a model out of.@set possible
models, indexed by parameter vectérs O. In this setting, models and parameters are in a
one-to-one relation. A two-step procedure is necessarmgt,Fine has to choose the model
structure (given by the dimensignof the parameter vectd; selections step) and then, one
has to estimate the values of the parameters (estimatipnste Foster and George [1994]).
In some situations, e.g. in wavelet regression (see chdptehere is a maximal valum
for the dimension of the parameters (e.g. wavelet coeffis)emhich plays a réle for some
information criteria.

The model selection criteria reviewed here are all basedaamum likelihood estimation
(for alternative Bayesian approaches see chapter 3J(@8y) we denote the likelihood of the
parametei@ given the data which is to be maximized. If we assume Gaussian innovations
with unknown variances?, then the log-likelihood can be given in terms of the Meana8qu
Error, because in this case

10208 n n
2.0+ i 0 2_ 10
log/(8,0%;y) = 2i:§ e 2Ioga 2Ioan
with
&(0) :==yi—Vi(0)

(see e.g. Ljung [1999]). Thus, & is assumed to be known, minimizing 6@, o2;y) es-
sentially results in minimizing
& =ly-9lI5=¢.

Maximum likelihood estimation leads to choosing the higlpessible dimension. Therefore,
the model selection criteria based on maximum likelihoaghllg add a term which penalizes
the model complexity, e.g. the dimension of the parametetove

The earliest model selection criterium is tAkaike Information Criterion, AIC, Akaike
[1973]. Itis given by maximizing the term

log?(6;y) —p

and originated as a method to minimize the expected Kulthaskler distance of the fitted
model to the true model (see e.g. Foster and Stine [1997]¢ AIR criterium is known to
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1.4 Problems and possible improvements

overfit when presented with data originating from a finitexdnsional model: it yields models
with too many parameters. Tlgayesian Information Criterion, BIG also calledSchwarz’s
Information Criterion, SIC (Schwarz [1978]) has a larger penalty term compared to ti Al
and avoids this overfitting. The BIC/SIC is given by maximgi

log¢(6;y) — glog n.
The resulting models are thus more parsimonious than tHaséed with AIC. The BIC was
derived by Schwarz [1978] as a limiting case of Bayesiamestrs, hence the name; but
it should be noted that the criterion itself is not Bayesians(not depending on any prior
distributions, cf. chapter 3).

Among the model selection criteria which assume a maximaiberm of parameter di-
mensions is th&isk Inflation Criterion, RIC, of Foster and George [1994]. It is obtained by
maximizing

log?(6;y) — plogm

and is based on considerations of the risk inflations, ientaximum increase in risk due to
selecting rather than knowing the ,correct” model. The sémendplogm was obtained by
Donoho and Johnstone [1994] for hard thresholding in theestof wavelets, see chapter 4.

There are many other model selection criteria, and there zest one: Different classes of
problems yield different optimal selection criteria. T@ere several trials for unification of
these different criteria, e.g. Foster and Stine [1997] us@formation-theoretical approach
where a model is seen as a reduction (compression) of thevelolsgata, and model selection
Is thus the task to look for the best compression in termseohtimber of bits which is needed
to describe the models (parameters) selected and the atezbualues. The different model
selection criteria then result from different model represtions.

1.4 Problems and possible improvements

For some nonlinear systems, the LOLIMOT identification alipon has shown to work well.
But nevertheless, problems with this identification schanmge concerning:

* the identifiability of models,

* the estimation of the parameters,

the use of prior knowledge,

* the convergence of the global model,

the extrapolation behaviour,

the model size (humber of parameters).
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1 Introduction: Grey-box models and the LOLIMOT algorithm

In the following sections we will discuss each of these pos#parately and provide some
possible solutions. While in this chapter we sketch someendiate improvements which alter
the original algorithm only slightly, we will present basieories which lead to an alternative
algorithm in the subsequent chapters. This new algorithiib@iable to identify a wider range
of nonlinear systems with a better justification of its use#ss regarding nonlinearity and
non-normality (non-Gaussian noises). The price to be it it needs more resources for
identification, like computation time and computer mem@&muyt once identified, the resulting
model is much more compact and so faster during simulatian the original one. We will
come back to all this in the chapters 2 to 5. For the time beiggdiscuss shortly problems
and possible improvements of the original LOLIMOT algomnithand discuss afterwards in
more detail the easier ones of them.

Limited types of models

Problem The original LOLIMOT algorithm uses only ARX models deriviedm determin-
istic difference equations. These models cannot handtgroemory effects (like hysteresis),
as will be explained in chapter 2. The ARX models look back ihe past only a fixed num-
ber of time steps. This fixed number is given by the valyeandny. The modelling of long
memory effects like hysteresis needs typically a memoryctviig not restricted in size. An-
other point already mentioned is that ARX models are not sgtied for simulation purposes
because they are based on measured outputs of the real sylstemare often not available.

Possible solutions A solution is to provide a wider range of basic models and doations
of them, e.g. for hysteresis, and to include OE models forukition purposes (based on
calculated output).

As an example of the incorporation of a long memory effecukeimention the Preisach
model as basis model. The Preisach model requires a satcejeesentation string(t)
which has to be updated at each time gtef memory element for the storage of this string
could replace the tapped delay structure used for differetymamics in the original local
model network, see figure 1.8 and compare to figure 1.3 on pabfeeSstate(t) is then given
by this representation stringt). This idea will be developed in more detail in chapter 2.

Least squares estimation not suited for nonlinear identification

Problem The original algorithm uses a linear weighted least squét83 algorithm for
parameter identification. This is equivalent to Maximumaelikood (ML) estimation if the
parameters are linear and model as well as data errors assi@auThis estimation provides
also confidence intervals for the estimated parameterbelparameters areot linear or the
data error is10t Gaussian, then the least squares estimation is only appatedy valid. There
is no possibility to say how good this approximation is in a@ete application. For strong
nonlinearities, parameter estimation and confidenceviakeican be completely wrong. We
will go into more details concerning the estimation problerohapter 3.
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u(t t
( ) System ’ y( ),
Preisach g(t)
Memory
r(t): String of local r(t) Static . y(t)
increasing minima my Model
and decreasing maximaMy

Figure 1.8: Separation of dynamics with Preisach memory

Possible solutions To solve this problem, use stochastic models like stoohatdie space
models or more general graphical models, also called beéeforks, and replace the least
squares estimation by an estimation more suited for thid &inmodels, e.g. Bayesian esti-
mation in combination with decision theory. We give a skgticlea where the difference lies
between deterministic and stochastic models in table 1.1.

Deterministic Models| Stochastic Models Knowledge
Used
Given by Qperators on Stochastic Pocesseg
Hilbert spaces
Data Error Bounded White Noise Data
Estimation Inversion Bayes Inference (Black Box)
+ +
Regularization Loss function
(“lll-Posed Problem”)| (“Unstable Problem”)
ADrion Structural
priorl Regqularit Prior Distributions White B
knowledge g y (White Box)

Table 1.1: Deterministic versus stochastic models

Very restricted usage of prior knowledge

Problem Prior knowledge is used only to decide the model type. No shrass and reg-
ularity properties of the real system or signals are usede [0bal model network and its
identification algorithm provide a black-box model whiclyisite black. The only grey ingre-
dient is the interpretability of the local models. But netibat these local models are actually
also black-box models. There is also no way to put consgainthe parameters.
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1 Introduction: Grey-box models and the LOLIMOT algorithm

Possible solutions A solution may be to use regularization techniques in therdanh-
istic case or Bayesian techniques where prior knowledgeogigied by prior distributions.
Bayesian statistics may be used as “stochastic regulianiZaBayesian probability theory is
treated in chapter 3.

A short word concerning the notion of regularization: Asrguvéentification or estimation
process must be seen as an inverse problem, i.e. as a prolvlera the result is given and
the cause is sought, one has to be careful because slighg errthe given results can lead
to arbitrarily large errors in the estimated causes (“isgaand ill-posed problems”). Instable
algorithms arise if no care is taken. To circumvent theseabikties, regularization methods
must be applied. These methods consist usually in appraxighthe original problem by a
family of slightly modified but stable problems. To do thisyways prior knowledge about
the sought solution is needed. In deterministic settinigis, prior knowledge is given by
smoothness conditions on the solution like differentigpilln Bayesian settings, the prior
knowledge is always given by prior distributions for the gbuvalues.

Convergence and convergence rates

Problem Very few is known about the convergence properties of adifiteural networks
with activation functions of sigmoidal or radial basis skaps the local model network can
be interpreted as a special kind of neural network, the sarrae in this case.

Possible solutions Our solution will be to use wavelets and multiresolutionlgsia. For
these issues, an elaborated mathematical theory existsyarelets are successfully used for
nonlinear approximation of functions. Approximation thgoffers here good convergence re-
sults, and the functions which can be well approximated aagacterized by well-understood
function spaces, the Besov spaces. These in turn can bectdrazed by sparsity proper-
ties of wavelet coefficients. The close interconnectiortezben these three different theories,
wavelet theory, approximation theory, and functional gsial will be treated in chapter 4.

How can function approximation help for system identifioa# The answer is given by the
separation of the dynamics. In the case of difference basgeia like ARX models we only
have to identify the static functiong : 2"~ — /. In the above mentioned case of Preisach
hysteresis basis models, we will show in chapter 2 that a &ingrimitive function can be
derived which completely describes the Preisach model.oth bases, the identification of
the model is reduced to the identification of a function

f:2——R" with2 CRY

or, better said, the approximation of this function. Thisum can be done by the established
methods of Constructive Approximation for functions, deped in Approximation Theory.
The main idea for the identification dfis:

» For allme N, choose nested seXg, of functions mapping? to R".

* Chooseam e IN and a functiorg € Xy, which approximates best (in a certain sense).
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1.4 Problems and possible improvements

Extrapolation behaviour of model is extremely bad

Problem The normalization procedure of weight functions leads texpected effects in
the extrapolation area, that is the area of the regime spatséde the hypercuboid which is
used for identification. Even regimes inside the interpoiatrea have distorted boundaries.
More details will be shown in a subsequent section.

Possible solutions Since the problem lies in the normalization procedure, dwoeils try
to avoid it and to use weight functions which are already radized by themselves.

A possibility to produce readily normalized weight funcetgis easily derived when we
translate the LOLIMOT decision tree into fuzzy rules. Wel\ollow an idea of Eva Barrena
(see [Barrena Algara, 2007]). The decision tree can belatausstep by step into correspond-
ing fuzzy rules. Interpreting the binary operateiin an adequate way, for example as fuzzy
operator, we get normalized smooth weight functions. Mara subsequent section of the
present chapter.

Models are too large

Problem Due to the restrictions of the subdivision algorithm (apérallel and dyadic sub-
divisions) the size of the global model can be very large. Bgrge model size we mean
a model with many local models and thus many parameters. i Imst favourable because
it reduces interpretability and increases computatior ttaring simulation. The algorithm
does not work on scales, and so the parameters do not decaydlsize increases, so these
parameters cannot be neglected (no thresholding is pegs®he reason for the large model
sizes is that the algorithm works only from “coarse to fine”.

Possible solutions As solution, again the use of wavelets may help: MultireBofuanal-
ysis works on scales. Another possibility is the developmoépruning methods: “from fine
to coarse”, as well as the development of more flexible sukidns: not axis-parallel and/or
non-dyadic subdivisions. More details will be given in sssubsequent section in this chapter.
Summary of improvements of the LOLIMOT algorithm

We summarize the possible improvements:
» More flexible basic models (hysteresis, simulation),

» Stochastic models,

Bayesian estimation (“stochastic regularization”),

* Normalized weight functions and/or wavelets,

Mulitresolution analysis,

* Nonlinear approximation,
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1 Introduction: Grey-box models and the LOLIMOT algorithm

» More flexible decision trees (subdivisions),
* Pruning (coarse to finendfine to coarse).

The immediate improvements of the LOLIMOT algorithm in thdssequent sections will
be:

* We want to allow more splits, not only dividing the cuboidsa two equal halves, but
providing other split ratios or even diagonal splits.

« We will add a gradient based optimization algorithm to opzie the parameters of the
whole model, especially

— the parameters belonging to the weight functions,

— the parameters belonging to the local models, especialy elianging the model
type from ARX to OE.

» We will provide a pruning mechanism which cuts away unnsassbranches of the
tree.

All these modifications of the original LOLIMOT algorithm viof course yield a longer
computation time. But they will also establish smaller medee. the global model will need
less partial models than with the original algorithm to peri the same accuracy. Anyhow,
we did not implement the proposed improvements becausevattethese improvements the
LOLIMOT algorithm is not able to identify systems with lorigre memory like hysteresis.

1.4.1 Decision trees und weight functions

Our aim now is to define normalized weight functions usin@cliy the structure of decision

trees. We first provide the necessary graph-theoreticaldations, eventually turning to a
definition of decision trees suited to our purposes. It istbasy to construct normalized and
flexible weight functions.

Finite graphs

In this section we provide the basic notions of graph thedmctvare needed here. The graph
terminology differs more or less among different author$oordifferent usages. We follow
roughly Lauritzen in Barndorff-Nielsen et al. [2001] fortlyraph terminology.

Definition of graphs We begin with the definition of graphs.
Definition 1.1 (Graphs)

* We call a pair G= (V, E) a (finite) graph, if V is a finite set and E_V x V is a binary
relation of V. We call V theertices(or nodeg, and E theedgeqor links) of the graph
G. Given an edgéu,v) € E, the vertices u and v are called teadverticef this edge.
The graph G is calledompletaf E =V x V.
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1.4 Problems and possible improvements

» We call an edg€u,Vv) € E undirectedif the reversed relatiorfv,u) is also in E. We
write then u~ v and call u and weighboursof each other. We denote the set of all
neighbours of a vertexa@aV bynegu).

» We call an edgéu, v) € E directedif (v,u) € E is notin E. We write u- v. In this case,
u is called theparentof v, and v is called thehild of u. We denote the set of all parents
of a node u= V bypa(u) and the set of all children of u bgh(u).

* We call the graph Qundirectedif all edges are undirected, i.e. if the relation E is
symmetric. We call the graph @rectedif all edges are directed.

* We call an edg€u,u) € E for some w= V aloop. A Graph without loops is called a
simple graph

Graphs are often pictured as points representing the geXtievhich are connected by lines
and arrows according to the relations given by the edgés ifor a directed edggu,v) € E,
an arrow is drawn with the head pointing in directionvoff an edge(u,v) € E is undirected,
then this edge and its reversed edgei) € E are pictured as only one line connecting the
pointsu andv, without arrow head (see figure 1.9).

Figure 1.9: A graph with 8 vertices and directed and undageidges

Definition 1.2 (Subgraphs and Cliques)et G= (V,E) be a graph. We call &= (A, Ea)
a subgraphof Gif ACV and s CEN(AxA). If Ea=EN(AxA) then we call G the
subgraph of Gnducedby A. A maximal complete subgraph is caltdidjue of G.

The subgrapl@éa may contain the same vertex set as the gi@phe.V = A, but possibly
fewer edges. Cliques will occur in chapter 3 in connectiotingraphical models.
Degree Counting the ingoing and outgoing edges of a given verteddea the notion of

the degree of a vertex.

Definition 1.3 (Degree of a vertex)Let G= (V,E) be a graph, and let & V be a vertex. We
define theoutdegreed,; of u to be the number of its children,

dout 1= #ch(u) = #{v | u— v},
theindegreed;, of u to be the number of its parents,

din 1= #pau) = #{v|v— u},
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1 Introduction: Grey-box models and the LOLIMOT algorithm

and thedegreed of u to be the number of its neighbours,
d:=#neu) =#{v|u~v}.

(We denote the number of elements in a finiteAbly #A.)

Paths in a graph We can follow several edges inside a graph. We get paths ariescy
The definitions differ slightly from author to author; we Wik them as follows:

Definition 1.4 (Paths, cycles, trails)Let G= (V,E) be a graph. A sequendep,...,U,) of
pairwise distinct verticesgdl...,u, € V with ne IN is called path of length n if all binary
relations (uj,ui+1), i =1,...,n—1, are in E. Acycleis a path (uo,...,uy) With up = up.

In contrast, a sequenadel, . ..,uUn) of pairwise distinct verticesgy...,un € V with ne IN is

calledtrail of length nif foralli=1,...,n—1either(u; — Uj;+1), (Ui+1 — U;) Or (Ui ~ Uj+1).

The graph G is callecconnectedif for each uv € G there exists a trailup, ...,u,) with

Up = u and y, = v. A maximal connected subgraph induced by G will be calledraected
componenbf G.

Paths and cycles thus follow always the direction of the sdgel do not cross itself. A
trail may go against the direction, but still does not crassli. The graph in figure 1.9 has 3
connected components.

Acyclic graphs: DAGs and trees Graphs without cycles are important in many appli-
cations. In chapter 3 we will consider graphical models, statistical models based on an
underlying graph. An important case is given by the follogvitefinition:

Definition 1.5 (Directed acyclic graph (DAG))A graph is called adirected acyclic graph
(DAG) if all edges are directed and there are no (directed) cycles.

Whereas DAGs exclusively have directed edges, forestsraad &re undirected:

Definition 1.6 (Forests and trees)We call anundirectedgraph G:= (V, E) a forestif it has
no cycles. We call G treeif G has no cycles and is connected.

The connected components of a forest are thus trees. Theenesany equivalent characteri-
zations of trees which can be found in every book on graphryh&de will just mention:

Theorem 1.1: Let G= (V,E) be an undirected connected graph. The following conditions
are equivalent:

(a) Gisatree,i.e. G has no cycles.
(b) We haveV =#E — 1.

(c) For arbitrary vertices uv € V there exists at most one path from u to v.
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Rooted trees Until now we have no ordering on the set of vertices in ourdréeees are
undirected graphs by definition, and thus an ordering cabaaterived by the direction of
edges. To enforce an ordering on a given t&ee (V,E), we only need to choose one vertex
out ofV which shall be on the top of the tree. We will call this vertbg toot of the tre&.

Definition 1.7 (Rooted tree) We call the pair T= (G, r) arooted treeif G = (V,E) is a tree
and reV is a vertex, called theoot of G. Thecanonical ordering> of (G,r) is then defined

by
e u>vforuveV ifulies onthe path fromrtov.

For simplicity, we often suppress mentioning the ro@nd often call alread( a rooted
tree. It is easy to prove that the canonical ordering is iddaeordering on the verticds As
usual, one writesi > vif u>vbutu#v,u<vif v>u, andu<vif v> u. The ordering>
has an additional property: itis directed (as ordering),for each two vertices,v € V, there
Is a vertexw € V suchw > u andw > v (one simply may choose =r).

With this ordering>, we may construct an associatéidectedgraphG*(V,E*) which is
directed according to>: The verticesV are the same, and the directed edge> v is in
E* if and only if u ~ v andu > v. We will often switch between these two graphs without
mentioning. With this interpretation, we may say: Given aeaeu c V of a treeT = (G,r)
with G := (V, E), the vertices which lie directly aboveare theparentsof u,

pa(u) = {veV | v>uand there is no vertex € V with v > w > u},
and the vertices lying directly beloware thechildren of u,
ch(u) = {veV |u>vand there is no vertew € V with u > w > v}.

We can distinguish two kinds of vertices in a rooted tree:

Definition 1.8 (Inner vertices and leaves) et T= (G,r), G= (V,E), be a rooted tree and let
u eV be avertex. We call uleaf if ch(u) = 0, andinner vertex(or inner node) else.

We usually denote the set of all leaves of a rooted Trd®y .+, and the set of all inner
nodes ofT by .44. In this way, we get the disjoint union

V=407,

In a rooted tree, there exists at most one parent for eackxuerOtherwise, if we assumed
that there are two different parentsandvs, then, since the ordering is directed, there would
exist a third vertex with v > v; andv > v». In this way we would have constructed a circuit,
from u via v1 to v and back viav, to u. But circuits are not allowed in trees, thus we have
at most one parent. And most vertices have indeed a parentothr is the only exception.
It has no parent by definition (because it is on the top of tldeimng), and again since the
ordering is directed, for each vertexhere exists a vertexwith v > u andv > r. It follows
v =r from the last assertion, and thug u from the first one, so must either be equal to the
root, or it has a parent (lying on the path franto r).

Each vertex of a rooted tree can be assigned to a certain level
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1 Introduction: Grey-box models and the LOLIMOT algorithm

Definition 1.9 (Height and levels of a rooted treelet T = (G, r) be a rooted tree.

(a) We call the set VC V the set of vertices dévell with | € IN, if V|, contains all vertices
v € V such that the path from r to v has length I.

(b) Theheighth € IN of T is the length of a maximal path in T beginning at the root r.

Thus: The root builds the level 0, its children level 1, thehildren level 2, and so on. On
the “highest” leveh, the height ofT, we find only leaves. But leaves can of course also appear
on other levels.

k-ary trees As further enrichment of structure of rooted trees we wanintmduce an
enumeration of the neighbours of an arbitrary veriexV.

Definition 1.10(Enumerations) Let (G, r) be a rooted tree with G= (V,E). Anenumeration
or orientationq := (qu)uev Of (G, r) is given by a family of maps

Qu: ne(u) — NU{—1},
which assigns to each neighbour of u an integer such that

(a) the number-1 is assigned to the parentv of u, i.g(q) = —1if palu) = {v} and
(b) the map g is injective.

We call the enumeratiostrict if the image of eachgis equal either to{—l, 0,1,....d— 2}
orto {0,1,...,d—1} where d= degu is the degree of u.

Given an enumeration, we can assign to each vertexarunique strindp(v) = (by,...,by)
with length # = | equal to the level of andb; € IN for eachi = 1,...,| in the following way:
We take the patlr = vp,v1,...,vi_1,v{ = V) from the rootr to the vertixv, and set

bi = qVifl(Vi)7

that isb; is the number of; with respect to its pareng_;. We will call this theassociated
string of the vertexv and the enumeration (We will use the associated strings in chapter 4
in connection with wavelet packets.) The root has alway$ = (), the empty string.

Definition 1.11 (k-ary trees) Let T = (G,r) be a rooted tree. We call T dul or proper)
k-ary tree if the root r has degree k and all other vertices haveezittegree k- 1 or degree 1.

Recall that the leaves are the vertices with degree 1. Thirsnalr vertices of a fulk-ary
tree except the root have degiee 1. There is also the nanteregular tree for this kind of
tree used in the literature, but we want to avoid it becaussgalar graphis a graph where
eachvertex has degrek, and so the definitions are not congruent. We will often diog t
word full (or proper) in the above definition, but it shouldimentioned that in other contexts
the meaning ok-ary could be that each vertex haismostdegreek+ 1. The most prominent
k-ary tree is théinary tree, wherek = 2 (see figure 1.10).

For a fullk-ary treeT = (G,r) with G = (V,E) and enumeratiog, we usually assume that
this enumeration is strict. Considering a binary tree andden € V, we use the notioteft
child for the childv with qy(v) = 0 andright child for the childv with qy(v) = 1.
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Root

Figure 1.10: Binary trees with strict enumeration (the ésaare pictured as squares; the num-
bers—1 from the vertices to the parents are suppressed; the as=swstring for
each node can directly be read by moving along the path fremmabt towards
the node)

Probability trees As a last ingredient we want to add a weight to the edges.

Definition 1.12 (Edge weights and probability trees)et G= (V,E) be a tree. Anedge
weightw on G is just a non-negative map:\# — R~g such that for the undirected edges
(u,v) € E the following symmetry condition holds:

* w((u,v)) = w((v,u).

We say the edge weightiermalizedif the edge weights to the children of u sumupto 1, i.e.

w(u,v) = 1.
vech(u)

A probability tree(T,w) is a rooted tree T= (G, r) together with a normalized edge weight w.

Decision trees We are now ready to define the notion of a decision tree in aggey:

Definition 1.13 (Decision trees) Let T := (G,r) with G= (V,E) be a rooted treeQQ a set,
andd : Q xE — R amap. Then T is calledecision treeon Q with decision mapd if the
following condition holds:

* For eachw € Q, the mapd(w, -) is a normalized edge weight on G.

Theassociated family of weight functionéwy)uey with wy, : Q — R is recursively defined
by
* W (w) =1forall we Q (wherer is the root),

e Wy(w) =wWy(w)-d(w,(v,u)) if vdenotes the parent of u.

Thus, for each fixedv € Q, T together withd(w, -) is a probability tree. We usually con-
sider onlyfull binary decision trees If we additionally fix a strict enumeratiofgy)ycv, then
we are able to distinguish for each inner vernteetween a left and a right child, i.e. the child
with number 0 and 1, respectively, sayandv;. We then have a left edde, vp) and a right
edge(u,v1), as well as a left edge weight-, (u,vp)) and right edge weighd(-, (u,v1)). From
the definition of decision trees we get

o(- (U, o)) + (-, (uva)) = 1,
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1 Introduction: Grey-box models and the LOLIMOT algorithm

such that it is enough to provide one of these maps (we usagheedge weight!), which
equally well might be assigned to the vertgXy defining

u(-) i=o(:, (U, ).

We call thes&),’s the componentf the decision ma@. This is the way we have pictured
the decision map in the forgoing sections (for example inrégu5 on page 18). It follows

O(,(uv1))=a(-) and  3(,(uvo)) =1—-&().

The component§, of the decision map are thus defined for all inner nades 47.

Decision trees and logic If the components of the decision map are boolean functions,
I.e. the image consists of the two-element&gtl},

d:Q— {01} forallue A4,

then boolean logic tells us that the operator 1appearing in the above equation for the
left edge decision map is exactly thN@T operator of boolean logic. It is then clear why
the left edge of an inner node can be labelled b¥ALSE and the right edge labelled by
TRUE. The associated weight functions of the decision tree sgortethen boolean functions
Wy Q— {O, 1}. If we return to the general decision maps with images on th@evnterval
[0,1], we could use fuzzy logic to interpret the decision treedally. Here, thel0T operator

is still defined by 1- -. The labelsALSE andTRUE still make sense.

Decision trees and weight functions We will now show a simple lemma concerning
the associated weight functions. It says that each decisg@T actually builds a family of
probability treesT,, indexed byw € Q.

Lemma 1.1: LetQ be a non-empty set and let* (G,r), G= (V,E), be a decision tree with
decision map. Let(wy)uev be the associated family of weight functions. Then theviatig
holds:

(a) Forallu eV and allw € Q we have y(w) > 0.

(b) For an arbitrary ue V letch(u) denote the (finite) set of children of u. Then we have for
all we Q

Wy (W) = Wy(w) if ch(u) # 0.
vech(u)

(c) Let Zr denote the set of leaves of T. Then we have fawadl Q:

W\/( (J)) - 1.
VEXT
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Proof. We fix an arbitraryw € Q.

(a) If a vertexu has no parent, them,(w) =1 > 0. If u has a parent then we may assume by
induction thatw,(w) > 0 and thuswvy(w) = w(w) - d(w, (v,u)) > 0 becausd(w, (v,u)) > 0
by definition.

(b) From the definition ofw, for eachv € ch(u) we get:
Wy(w) = wy(w) - 6(w, (U, V),
and thus it follows:
Wy (W) = Z Wy () - 0(w, (u,v)) = wy(w) - Z o(w, (u,v)) =wy(w)
vech(u) vech(u) vech(u)
becausg yechy) 0(w, (U,V)) = 1 according to the definition aF.

(c) We proceed by induction over the heidhaf the treeT. Forh = 0 we have exactly the one
noder which is root and leaf, and we have

\% = Wy =1
vngWW) W ()

for all w € Q by definition. For the induction step 1&_; denote the subtree generated by
the vertices in the levels up to— 1, i.e. the tree where the leaves of the last lévahd the
corresponding edges are removed. The definition of the edsdaveights shows that for all
u € Typ_1 the weights coincide with those associated WithThe induction hypothesis yields

then
Wy(w) = 1.

h—-1
We have a partition af/%, , into two sets

Z={ueZ ,|chuy=0inT} and %:={ue.Z, ,|chu)£0inT}.

The leaves inZ7 are then given by the disjoint union

fT = glUUue.fz ch(u).
From this it follows that
> Wy(w)= % wy(w)+ > W(w)
ue. T ue.Zy ue.2» vech(u)
= Z Wy (w) + Z Wy ()
ue.A ue.?

= ; Wy(w) =1

h-1

where we have usgth) with
Wy (@) = Wu(w)
vech(u)

for eachu € % and eachw € Q. O
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As an immediate consequence of this lemma we get:

Theorem 1.2: Let Q be a non-empty set and let= (G,r), G= (V,E), be a decision tree
with decision map. Let (wy)uev be the associated family of weight functions. Then the
family (Wy)ue . i.€. the family of weight functions associated with thevésaof T, provides

a normalized family of weight functions. O

We call this family(wy)uc # thedecision tree based weight functioms Q induced by the
decision tredl’ and the decision mag.
To be able to write the weight functions in a different waylborary decision trees, we need
the complement operator
c:[0,1] —[0,1], X+—1-—X.

It is strongly monotonously decreasing, i.e.
X<y = ¢(x)>c(y) for all x,y € [0,1],
and involutory, i.e.
cc(x))=x  forallxe|0,1].
By the latter property it follows (using operator notation)

(x) = ld(X) = X ne N, neven
1l c(x)=1-x nelN,nodd

where we set, as usual)(x) := Id(x) := x, and recursivleyc"(x) = c¢(c"%(c)) forn € N~
{0}

Letu € .Z7 be a leaf of a binary decision trde= (G,r), G= (V,E), and(uy, ..., un) with
Up = r andu, = u the path from the roatto the leafu. Then itis easy to see by induction that

n—1

Wy(w) = ; i (Us1) 5, ()

whereq, :V — {O, 1} denotes for each nodec V the enumeration of the (binary) decision
treeT.

Examples of decision tree based weight functions We proceed now with special
realizations of families of decision tree based weight fioms in the case of a binary decision
treeT. We only need to define the components of the decision magpr.each inner node
u € 47 we have to fix

o:Q—10,1].

Examples: 1. ChooseQ := RY for somed € IN, and assign to each inner nodes %t a
vectoray € RY and a real numbdB, € R. Then asplitting rule is defined by

q(w):=(ajw>py) forallweQ

where we interpret- as a binary operatar : R x R — {0,1} with values O FALSE)
and 1 {RUE). The resulting decision tree based weight functions aga the characteristic
functions describing a partition € = RY into a finite set of polyhedra.
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1.4 Problems and possible improvements

2. Ifin the previous example we choose especially the veagit® be unit vectors,
aue{a|i=1....d}
with -
g cRY, (a)j::{ cl) '(;'S(:J,
then we get a partition d2 into hypercuboids with axis-parallel edges.

3. We may also ,fuzzyficate" the operator to get smoother weight functions. Following
Barrena Algara [2007], we do this by first choosing a sigmaitttions: R — [0, 1], i.e.
sis a monotonously increasing and continuous function with

S(x) — 0 forx — —oo and  s(x) — 1forx— +oo.

We then define
Su(w) = s(ay w—Pu).
We may especially choose thagistic function

B 1
14 eX

s:R—10,1], s(X) :

This function is well-known as the solution of the so-callegistic differential equation or
as the usual activity function for neural networks. For thgidtic function, the additional

property
1—s(x) =s(—Xx)

holds, and the decision map is thus given by
5(w, (u,v1)) = du(w) = s(ay w— Pu)

and
S(w, (u,v0)) = 1— dy(w) = S(Bu— 0y w).

The decision tree based weight functions presented in ¢uison are based on an idea of
Eva Barrena [Barrena Algara, 2007]. Her idea is the appiinadf so-called fuzzy-less and
fuzzy-greater operators in the splitting rules occurringlecision trees. Barrena uses these
modified decision trees, callebft operator decision trees (SOD;Tipr the purpose of clas-
sification: exactly the task decision trees have been imekfdr. In her thesis, Eva Barrena
investigates the improvements of SODTSs over the usualp’tdscision trees with hard split-
ting rules. She already defines what we call probabilitygr@gkere: possibility trees), and
also the weight functions we called decision tree basedhdigictions. Here, in this the-
sis, we want to use her weight functions for local model neks@nd thus in the LOLIMOT
algorithm. All proofs concerning probability trees and idesn tree based weight functions
can already be found in Eva Barrena’s thesis. We have imloktlden in our framework,
trying to unify these concepts with the original concepsdlis local model networks and the
LOLIMOT algorithm on one side, and on the other side to retieas the differences.
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1 Introduction: Grey-box models and the LOLIMOT algorithm

Smooth decision tree based weight functions for the LOLIMOT algorithm

As already mentioned, the normalized Gaussian weight immetoriginally used for local
model networks and the LOLIMOT algorithm have some sevadliantages.

Reactivation One of the disadvantages is the uncertainty about the balragutside the
prescribed data area. Here, the normalization of the Gausgight functions causes effects
which are called reactivation. That means, one of the wédigittions reappears unexpectedly
in some region far outside the data area. To avoid this, BI§ll897] proposes to freeze the
values given at the borders of the data area when going eut3ile phenomenon already
appears in the 1-dimensional case with two unnormalizedhtéunctions

1(x— )2 .
W._exp<—§07i2), =12,
with uq #£ o, 01 # 02 andoy, 0o > 0. If we assume e.gi; < Lo, thenw; constitutes the left
andws the right regime. One would expect that for alk Ly the weightw; dominatesws,
i.e.wy(X) > wp(X), and that on the other side far> L, we would havew; (x) < wa(x). We
will show that this is not possible: If we take a look at thos@psx € R wherew; andw, are
equally valid, i.e.

e -304) o -3 ).

then from the bijectivity of the exponential function it folvs that this is equivalent to

(Xx—p)?  (x—pip)?

2 2
01 )

and this in turn is equivalent to

2 2
A(X) = (o1(x— 2))* — (G2(x— 1)) * = 0.
We thus have to determine the zeros of the quadratic polyal@tx). They are given by

o1l — O o1l + o
X = 1H2 2H1 and Xp — 1H2 2[11.
01— 0y 01+ 0>

They exist because; # 0> andoy, 0, > 0. They are not equal, because from

(01— 02) (012 + O241) — (01 + 02) (T1pl2 — O241) _ 20102(H1 — H2)

22 2 _ 2
01 —0; 0y —0;

Xo—X1 =
itis easily seen tha; = x, if and only if u; = L». Also, we see, under the assumptian< L,

thatx; < xg if and only if 01 < 0>.
The derivativey (x) := dq(x)/dx of the above polynomial is given by

q(x) = 2((0f — 02)x— Of o + 02 141
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1.4 Problems and possible improvements

and inserting; andx, results in

o (x1) = 20102(kz — pia) # O

and
d (x2) = 20102(p1 — H2) # O,

respectively. Concluding, we see that at the poiitandx,, and only at these points, the
dominant weight changes.
The derivative of the weight functiong at the crossing points, andx, are given by

d

G0 g =w06) (),

and sincewy (Xj) = wo(Xj) >0, j = 1,2, we have that

d
&(Wz(x) —Wl(x))]X:Xj >0
if and only if
Xi — Xi —
X 2N2+ j 2111>0.
) 01
Since
H1— H2 if =1,
Xj—H2  Xj—H1 0102
Tz T2 Y e-m
2 1 if =2,
0102

we have that the sign of
d

W2 —wa (X)) |y

depends only on the sign pb — up: atx;, we have the opposite sign, andxat we have the
same sign. In our case, the signuf— p; is positive, and we observe thatatthe dominance
of the weight functions changes fromp(x) > w;(X) for all x < x1 to wa(X) < wy(x) for all
X with X3 < X < Xp, and it changes again & to wy(Xx) > wy(x) for all x > X,. This is the
reactivation ofw, at the left side. (We considered the non-normalized weighttions, but
the dominance does not change after normalization).

Other problems Another problem is the fast (exponential) convergence to aatside of
the data area of all weight functions, which finally bringsla¢ weight functions numerically
to zero. During normalization, a division by zero occurs.t Buen inside the data area,
the normalized Gaussian weight functions may show uneggesttapes: there occur bumps
and curls in the overlapping areas. Another disadvantagigeismpossibility to rotate the
Gaussian functions around their middlepoints without [aymging the neighbouring areas.
This overlapping would even aggravate the former mentiggredllems. So it is practically
not easy to obtain areas with oblique borders.

41



1 Introduction: Grey-box models and the LOLIMOT algorithm

To avoid all these problems, we apply the decision tree basgght functions as another
kind of weight functions for the LOLIMOT algorithm. It is notecessary to normalize them,
because they already build a partition of one through trastruction. So, all the problems
caused by normalization do not appear.

To use this kind of weight functions for the LOLIMOT algonith) we just have to compute
them via the binary decision trees constructed during theofuhe LOLIMOT algorithm. It
is clear that we thus get only rules of the fooq w > B, with ay = & for some unit vectoe,
or at mosta, = og for some chosen positive constanas in the original algorithm. We will
provide some possibilities to loosen these restrictiorisaend of the present chapter.

In figure 1.11 a comparison of the different weight functishown through colour plots
with an example.

Interpretation as Fuzzy rules If, asin the second example of the previous sectign: g
for some unit vectog, then, the decision tree based weight functions can bethjiteanslated
into Fuzzy rules using so-called Fuzzy operators. FollgMBarrena Algara [2007], we define
the Fuzzy operatorg by

> RxR— R, Xx>sy:=s(Xx—Y)

with

S(z) = =2

InterpretingAND as multiplication andi0T x as 1— x and settingk > y:=Xx>gyandx <y:=
NOT(x>Yy):=1—(x>gy) for all x,y € R, we can for example transform the weighted basis
function

W, g) - F(4n, r)
with

W(W1, Y2) = (1= (Y1 >50.5)) - (Y >50.5) - (Y1 >50.25)
= (1—s(yn—0.5))s(y — 0.5)s(yn — 0.25)
into the Fuzzy-rule

IF NOT sy >0.5 AND (b > 0.5 AND (> 0.25 THEN f(yu, yb)

(see figure 1.12; the weight function corresponds to the@asal yields the third Fuzzy rule).
One could as well reverse the procedure.

Generalization to oblique borders Giving up the restrictiorry, = g, we get areas with
oblique borders. By replacing for example the first conditiothe weight function considered
above, i.e.

W(yn, §p) = (1— (Y1 >s0.5)) - (Y >50.5) - (Yn >50.25)
= (1—s(yn—0.5))s(¢> — 0.5)s(y — 0.25),
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Figure 1.11: Weight functions: Gauss (top), Normalized §3gmiddle), Decision Tree Based
(bottom); shown are respectively the weight functions cheaf the five regimes,
and (in the respective lower right corner) the dominantmegs
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Decision tree describing
the regime partitioning

Extracted Fuzzy rules

IF NOT (> 0.5 AND NOT () > 0.5 THEN A

IF NOT (> 0.5 AND yp > 0.5
AND NOT gy > 0.25 THEN B

FALSE TRUE FALSE TRUE IF NOT ¢ > 0.5 AND ¢» > 0.5
AND ¢ > 0.25 THEN C
A HESS P & IF > 0.5 AND NOT () > 0.75 THEN D
FALSE TRUE IF ¢y > 05 AND ¢n > 0.75 THEN E
B Cc

Figure 1.12: Extraction of Fuzzy rules from a decision tree

we still could write something like
IF NOT oiyn+azp > AND ¢, > 0.5 AND (1 > 0.25 THEN f(yn,yn),

but this contradicts the philosophy of Fuzzy theory to tesath dimension separately.

1.4.2 Gradient based optimization

We develop in this section the application of a gradient 8dseal optimization method for
the local model networks, in addition to the constructivehod realized by the LOLIMOT
algorithm. The local optimization methods always requisetsg values. The parameters
constructed by the LOLIMOT algorithm may serve to this pwgoThe idea of an iterative
after-optimization of the local model network obtained hg LOLIMOT algorithm appears
already in Nelles [1997].

Problem formulation The problem we want to solve is an optimization problem: Let
Q be a set and : Q — R be a function, then we want to find a valag € Q such that
f(w") is minimal (or maximal) with respect to all valuésw), w € Q. We will restrict our
investigations to the case that we want to find a minimum. Th&mum can be found by
the same method using the functietf instead off. If f is a complicated function, then this
problem is very difficult. An easier problem is to find a locahimum whenQ := R" and

the functionf is differentiable with respect tw € Q. Gradient based optimization starts with
an initial valueay and uses the gradient dfto find the direction pointing downwards. The
initial value wy is updated to the value; by making a step towards this direction. These steps
are repeated, always going downward, thus producing a sequs, ws, wy, . .. which (under
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1.4 Problems and possible improvements

certain conditions concerning the size of the steps) cgagto the next local minimum. The
method thus pictured uses the steepest descent directioiingoagainst the gradient. There
are better choices of directions when information abouttheature of the functiorf around
the pointsaw is taken into account. This leads to the Newton and Quasitbledirections
(explained in detail later).

Different initial valueswy will lead to different local minima, and it should be cleaathve
never can be sure that we have found the global minimum. Nesless, this method the
method used for the ,training” of neural networks, known askpropagation. As mentioned,
we always need an initial value; with neural networks, theahvalue is mostly chosen ran-
domly. Surprisingly, in the neural network literature thgpiortant step of looking for the right
distribution of these random values is rarely addressedpadh one has necessarily to de-
cide for one distribution when implementing the algoritthmother surprising fact is that the
backpropagation algorithm is in praxis often implementsithg the steepest descent method,
resulting in an unnecessarily slow convergence. It can $terfi@d without much effort using
Quasi-Newton steps. Here, also ideal step sizes are knowmwil\lescribe this in more de-
tail in the following sections. Concretely spoken, we chetbe Levenberg-Marquardt descent
direction and the Armijo step size.

In our case, the arguments subject to optimization are thenpeters of our model. Since
the local model networks obtained by the LOLIMOT algorithre designed in a way such
that they are differentiable with respect to the parameieis possible to apply a gradient
based algorithm. Our functiofis in this case an error function measuring the error between
model and real system. The derivatives of this error fumctidll be computed by means
of the chain rule. In contrast to the usual backpropagatigorghm of neural networks we
apply a feedforward computation. This is necessary becawseverall approach is an output
error (NOE) approach better suited to simulation purposes,Nerrand et al. [1993]. In the
mentioned article, the algorithm we use is called undicketgorithm.

Identification set and validation set The error function compares computed output to
measured output that is necessarily noisy and disturbedvdidl that the parameters are too
much adapted to this noise (in neural network theory thisaled overfitting), we have to
take some precautions. This is done by dividing the set osomeanents’ into three disjoint
sets, theédentification set(training set)s'9€" thevalidation sets’Vad, and thetest sets’™est
respectively. The identification set serves to the estonatif the parameters, whereas the
validation set is used to check against a too strong fittinthefoptimized parameters to the
data of the identification set. The test set will be untoual&d after the identification to test
the quality of the identified model.

If we denote the cardinality of the sefdd"and&Vald py N := #&£'9eMt andM := #&Vald,
respectively, we are able to compute the difference betwesssured (observed) and com-
puted (estimated) data with respect to each of the£&88tand£Valid by means of quadratic
error functions. Thus, for all parameteétss © we define with respect to the identification set
&'dentthejdentification error

1 2
W(0) (= — —[(u; 06
WOi=ay 3, e
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1 Introduction: Grey-box models and the LOLIMOT algorithm

and with respect to the validation s€Y2d thevalidation error

W (0) = on > \y—r(u;g)lz.

(u7y) c&Valid

In both cased™ denotes the parameterized model. The optimization algarithanges the
parameter® in such a way that the identification erid(6) decreases with every optimiza-
tion step. The observation of the validation eNdy (0) guarantees that no overfitting of the
parameters to the identification data taken fréti*" occurs. Because of the bias-variance
decomposition of the complete expected error (see e.gefjdt al. [1994], section 6.3) an
overfitting of the parameter® can therefore be detected by a beginning increase of the vali
dation erroMi(8). The observation of the error plot helps to decide when thigngation
procedure should be stopped.

Application to local model networks

We give now a detailed description of the application of thedgent based optimization for
local model networks.

Given data Let &%= {(uy,y1),...,(un,yn)} be a finite set of input/output measure-
ments of the real system taken at tintes: ... < t, respectively. These measurements may
as well come from several, sayexperiments from the real system, starting at times

V. ez,

le.
1 1 2 2 r r
(tr, ) = (g, &2 g
wherel, ..., |, are the length of the experiments. For a given parameteonect

0:=(61,...,65) €@=RI
let further be

Yi(6) :=T(u(-); 0)(t) :=T o00) otk (U(-); 0)(t),  k=1,...,N,

0o %o

the corresponding output of the parameterized model wherenttial timest((,p(k)) and initial

valuesxép(k)) are with respect to the indgx(k) € {1,...,r} being the maximap such that

t) <t
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Gradient of the error function We define the following error function depending on the
parameter$ € O:

N
Wn(0): 2N Z |Vic— Yk(6) Z [y — T (u(-); 8) (8|

The derivative of this error functiovy (6) with respect to the parameter vectbis computed
by

N
(6) = g5 () =~ 5 (T 0():8) () 5T ()1

Essential for the computation of this derivative thereigrine computation of the gradient of
the model with respect t6, i.e. we need to compute for &l=1,... N the(1 x d) vectors

75T U8)(00 = ( 5T U B0, S UL )

As an abbreviation for these gradients we denote them by

Y(0) = %I‘(u(-); 0)(ty) forallk=1,...,N

and their components by
17} .
W j(0) = %F(u();e)(tk) forallk=1,...,Nandj=1,...,d.
J

We fix now ak € {1,...,N} and consider the computation of the componestg(6) for all
j=1,...,d. According to the definition of a local model network, our rebd(u(-); 6)(tx) is
given by

N N
9(6) =T (U0): O)(t) = 5 wh(x(1); 6) (13 8) = 5 wix(t); 81 (x(0: €

resulting in the derivative

\ Q

N
P j(0) = ) F(u(-);0)(tk) = aiej _;W(X(tk); 6")n (x(t); ")

z

06 N (x(t); 67) +w(x(t); ") - 90

forall j=1,...,d.
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1 Introduction: Grey-box models and the LOLIMOT algorithm

Gradient of partial models We continue with the derivative of the partial models

n(x(t);6") = 8" "x(t)

with linear parameter@i”. It is given by

on(xt);8") 96" 'x(t) ,068"\T o T OX(t)
L) “(0@) SR BT

with
08"\ 7 x(t), if (6" =6,
(0—GJ> X(t) = { 0, else,
where(6), for somel € IN shall denote a component of the vec8. Concerning

0x(t)/ 065,

we have to be aware that also the state vex(ipy at timet, may depend o);. If we choose
ARX models as partial models, i.e.

X(t) = (u(t),ut—1),...,utt—ny),y(t—1),....yt —ny)) ",

this is not the case, and the derivatti(ty)/d6; is always equal to 0. In contrast, with OE
models as partial models, i.e.

X(t) = (u(t),u(t—1),...,u(t —ny),y(t—1;6),....9(t—ny; 6)) ",
the corresponding derivative is given by

OX(ty)
96,

oy(tk—1;0) oy(t — ny; 6))T'

::<QOV”,Q 56 a0

The derivatives
0y(t;0)
(99]'

for T <ty

can be recursively computed, as longras t(gp) if txy = t,gp) for some 1< p <r and some
0 <k < lp; one has to provide the initial values

9y(t;0)
06,

fort < t(()p)

for the other cases.
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Gradient of weight functions The derivation of the weight functions is a bit more in-
volved. We have two possibilities: the original weight ftinos consisting of normalized
Gaussian bell clocks, and the decision tree based weightifuns. We look at the two possi-
bilities separately.

» Possibility 1: We may think of the original weight functions as being assigjto the
leaves of a given decision trde= (G, r). If for every leafu € #& the non-normalized
weight is denoted by,(t; 8Y), then the normalization procedure yields

Wy (t; 6%)
ZVGXT WV(t’ BW) ‘

wy(t; 8%) =

By assuming differentiability of all non-normalized wetgtunctionswj,(t; 8") with
respect ta@", we obtain the derivative of the normalized weight functiduy:

0

9 S5t 0%) - 3 Wt 0%) — il 6%) - S 5 spea(t; 6
gow ‘

(Sve.zs W(t; OW))2

t;0%) = (
In particular, we choose as non-normalized weight funstibie Gaussian bell functions

(6% = exp (5 040) — ) Zul(0) 1))

(we suppress the usual constant factor which is without eleyance due to the normal-
ization procedure) withy, € RY and a symmetric positive definite matiiy € R4,
together building the paramete®'. SinceZ, is positive definite, the square root
¥1/2 ¢ R9%d exists and is also symmetric and positive definite. We tioeeefirite

Xu(t; 8%) := 23 2(x(t) — pu)

which leads to
0 (0:8") = exp( —53u(t %) (1 6 ).

As derivative with respect t8" we obtain

0 - 1o . . 0 .
09wWU(t’ V) = —exp(—éxu(t, 0" "xy(t; GW)) Xu(t; BW)TaGWXU(t, oY)
_— _ J .
= —Wy(t; 8")xy(t; BW)TdQqu(t, ov).

Inserting this into the above given derivative of the noiiead weight functiom(t; 6%),
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we obtain
wit; 0% — (= WG0(6.0") T 5exu(t6")) - Tue o Walt; 07)
2wyt _
08" (Sve.z W(t; 8%))°
B Wu(t; 0%) - Sve o5 (=W (t; 6"))xu(t; QW)T#XV(U 6")
(Sve.zs Wy(t; OW))?
=Wu(t6%) - | —xu(t;0%) —oax(t;0%)
0
. oW .o T _Y . AW
+vg%w\,(t,6 IXv(t; 6) dGWXV(t’e )]
We find also:
Ixu(t;0%) 172 (OX(t) Oxu(t;0%) 172 0X(1)

wherex(t) may depend on the parameters, as mentioned earlier.

* Possibility 22 We use the weight functions associated with a given fulabjrdecision
treeT = (G,r), G= (V,E), with the parameterized components of the normalized edge
weights given byd,(-; 6%) for each inner vertex € .45. We have seen that the weight
function for a leafu € %+ can be written as

n—1
Wu(t, 9W> = % Cqui (ui+l) dJi (t, 6W>

where(up, ..., Un) with up = r andu, = u denotes the path from the rooto the leafu,
whereq, denotes for each nodec V the enumeration of the (binary) decision tiege
where

c:[0,1] — [0,1], x+—1-—X,

and where&j, are the components of a decision mapToBy assuming again differen-
tiability of the componentsy(t; 6"Y) with respect td8", we obtain for the derivative of
the weight functiorw, for a leafu € %1, with (up, ..., u,) being the path from to u,

as:
0 gm0 auw)is. 1™y, [ U5 p gw
qu(t,e >:i— oWt (O (t; 6 ))'JI_LC : (y; (t;6™))
i
1 1
:n (_1)qui(ui+l) 5_ dj_(t-QW).n Cqui(qu)(dj.(t'QW))
. deW 1 ! I_L j ] .
1= ];I
j
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In particular, in this case we may choose the logistic fuorcti

Au(t; QW) = S(CXJX(t) —Bu) = 1+ exﬁ—(jl]—X(t) +Bu)

wherea, € RY andf3, € R constitute the paramete@¥'’. If we define
xu(t; 8Y) == a x(t) — By,
we can write this as

du(t; 6") = s(xu(t; 6")) = 1+ exp(—lxu(t; 6v))

Since

7

9(X) = —s(X) = S(X) (1 (X)) = S(YS(~),

the derivative o, with respect ta@" is in this case given by

ST au(6:0") = S(xu(t;0") (L~ SOt 8%))) 5rult: 6%
= St 0"))c(s(x(t;0)) 5 u(t:6)
= Bt 0Y)C(Bu(t; 0%)) =2 x,(t; 6%).

oow

Inserting this into the above given derivativevaf(t; 6"), we obtain

0 0" = 5 ()0 0 g ) 1] iU, %))
aeWWU( 4 )_ e (_ ) aew i( ’ Jll i y
J#i
n-1 p)
= 3 (~1)W U, (1 6")e(d (1 6")) 5 s (8 6Y)

o6v

. cuj (Uj+1)(6u‘ (t; 9W)>.
[L ,
J#i
Here, we want to use the fact that

c(x)-x=ct(x)-c°(x) = c(x)-ct4(x) forqe {0,1},

and can thus write

8 (t; 6")c(8, (1 0")) = c(4-2) (& (1 %)) 64 (4+2) (&, (1 "),
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The termci(Y%+1)( g, (t;6W)) is the term which is missing in the last product of the
above derivation; we can include it there, and the producbives equal tav,(t; 6%).

We get:
4 w w o Qu; (Ui+1) ~1—qu; (Uir1) w J w
- . —1) Y HUi+1) o+ Gy (Y1
Fgntlti0) =Wl 6%) 5 (~1B (4 e (84 (t:0")) 5 g (t: 6")

n—1 0
=wy(t; 6") - [ (184 (t;6%)) Faw%u (t:6")
Qu;

Z; 8 (t; 6% mxu<t 9W>]

Qu; (Uiy1)=
w - J w - w 4 w
:wu<t;e>>-[ > gvalte) - %mwmmw]

Qu; (ui+l) 0 .
Additionally, we find that

Oxu(t;0%) _ 7 IX(t)

_ Oxu(t;0%)  +ox(t)
aday Y day,

+X(t and =q
® B B,

-1

We see that in both cases the derivative of the weight funst®itself a function on the weight
functions and the basis weight functions or the compondiiteealecision maps, respectively.
This can be effectively used in implementations.

Computation of the Levenberg-Marquardt descent direction Our presentation fol-
lows now Sjoberg et al. [1994]. The general formula for thdatp of the parameter vectér
in one optimization step is the following:

oMW = 6 + up,

whereu > 0 denotes thstep sizeand the(d x 1) vectorp denotes thelescent directionWe
can generally take everyl x 1) vectorp which fulfills

V{(B)p<0

as descent directiolV( being the derivative with respect &of the error function/y). One
usually choosegp to be of the form

pi=—R(6)V(6)"
with (symmetric) positive definite matriR(6). Then, alsdR(8) 1 is positive definite, and

Vi(8)p =~V (B)R(8) v{,(8)T <0
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holds. The easiest choice fR(6) here is of course thed x d) unity matrix

p= -V (0)" is then calledyradient descent directionBut the choice of this descent direc-
tion leads to a quite slow convergence of the procedure. mtrast, it is known that near a
local minimum of the error functiokiy(0), theNewton descent direction

p=—-V{(8)"W(8),

R(6) :=W(6)
with
d2
V(8) = 555V (6).
results in an essentially better convergence speed. Tolbéabpply the Newton direction,
the computation of the second derivative (Hesse ma¥{{)f) is necessary, which in turn
may lead to numerical problems. Nevertheless, we alwaysnethe positive definiteness of
the matrixR~1(8) for every descent direction, which is not guaranteed focti@ceR(0) :=
V{(0) if B is far away from the minimum. This is the reason why instea¥pf6) one
chooses the positive definitd x d) matrix

N N
H(8) = 3 (7T U0r0M) (55 oNw) = 5 vk

with the (1 x d) vectorsyy := %F(u(-); 0)(tx) for k=1,...,N. This choice is guided by the
decomposition

N
Wi0) =5 5 (om0 0)t0) (srue)0)w)

— Nkzl (V=T (u(-); 9)<tk))ﬁr<u('); 0)(t)
. 1 N 92
=H(0) - N > (k=T (u); 9>(tk>)ﬁr(U(->; 0) (t)-

The choiceR(0) := H(0) is called theGaul3-Newton descent directiorBut, if the matrix
H(0) is ill-conditioned, the inversion dfi (8) may lead to problems, which can be avoided
by the combination of the gradient direction with the Gaufiafton direction:

R(O) :=H(6)+dl forad > 0.

This is the so calletlevenberg-Marquardt descent directiaand is the one we choose for our
optimization.
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Remark: The Levenberg-Marquardt descent direction is actuallyltkionov regularization
of the linearization of the operator

N
(F(u(~); ')(tk))kzl '@ — RN
at the pointd € © (see Engl et al. [2000], S. 285).

The optimal choice of theegularization paramete® is still an open problem. According
to Engl et al. [2000] it shouldn’t be chosen too small. It ispible to compute the necessary
inversion of the matriR(8) directly or by means of the singular value decompositioR(&).

Computation of the Armijo step size After the decision for the gradient descent di-
rection has been made, the question for the choice of thesstepu > 0 arises. The ideal
step size using the Newton descent direction or the correBpg approximations near a local
minimum isy = 1. Butif 8 is too far away from this minimum, the step size can be tocelarg
in this case the errdvy may even increase. To avoid this, it should be guaranteedtiha
inequality

WN(B+1p) <Vn(B)+auVy(8)p

holds for a (fixed)x € (0, %), which for smally > 0 always can be fulfilled (see e.g. Werner
[1992Db], p. 165ff). The choice af inside the above interval guarantees the superlinear con-
vergence of the quasi-Newton procedure. Pmmijo step sizecan be found as follows: Be-
ginning with the step sizgg = 1 the above inequality will be tested and the step size iveist
decreased until the inequality is fulfilled. Here, one clesos

HUsi1 € [Ius,ups] withO< |l <u<lands=0,1,....

If one chooseb:=u:=pforap € (0,1), one getu = p°, wheresis the smallest non-negative
integer with

WN(B+p°p) <Wn(8) +ap®Vy(8)p.

We may set e.gx :=1/4 andp := 1/2. Remark that (at least) after some optimization steps
the step size obtains the optimal vajue- 1.

Complying with constraints of the parameters Some parameters have to follow con-
straints, for example scaling parametenseed to be positive. After an update of the parameter
vector@ by means of

"= 6+ up

these constraints for the components98f" may be broken. To ensure complying with the
constraints, we use the following method: We think eachmpater;, j = 1,...,d, which
shall be constraint to the open $etC R, as an image of a bijective differentiable function

iR —1j.
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Thus6; = Z;(6 ) holds for a pre- |mag€J ={j () i). We get the map
X1 {1(x1)
iRy —lyx-xlg, x= o — (X)) = : ,
Xd a(Xa)

such tha = () for 6:= (61,...,64)" and@ := (64,...,64)" = 1(8) holds. The advan-
tage of the newly introduced parameté[sks that they do not need to obey any constraints. We
may therefore updaté instead off. After the application of, the constraints with respect
to the original parameters will be fulfilled automaticly. & bpdate fo is

6"W:— 6 + [Ip,

where here the step size and the descent directiom with respect to the transformed pa-
rameter vectof have to be computed in the same way as was described abode e
update-rule for the original paramete= {(0) follows then to be:

"= 7(6") = (0 + 1p) = L (L H(8) + iP).
Considering the error function with respectéo
Vn(B) :=Wnol(6),

the descent directiop is given by

I . _
pi=—R(B) 1 W (0) = —R(®) - W(Z(8)
with o o
():=H(8)+35l, 5>0
Here, we set
_ N _ _
H(8) =y 3 (55T U1 @)60) (55M 0@ )
LS 6@ @@
_Nkzl k( ) l.Uk( )
with B 3 B
Bi(8) = =T (u():2(8)) (1.

00
It follows from the chain rule that the gradient of the erronétionV{,(8) := dVn(6)/06 i