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Chapter 1

Introduction

This dissertation deals with two main subjects. Both are strongly related to boundary problems for
the Poisson equation and the Laplace equation, i.e., the homogeneous Poisson equation. The oblique
boundary problem of potential theory is treated in Chapter 3, while the limit formulae and jump relations
of potential theory are investigated in Chapter 4. Consequently we divide the introduction into two parts.

1.1 The Oblique Boundary Problem for the Poisson Equation

The main subject of Chapter 3 are existence results for solutions to the outer oblique boundary problem
for the Poisson equation. It is based on the article [GR06], in which a theory for deterministic as well
as stochastic inhomogeneities and solutions to the regular inner problem is provided. The problem is
called outer problem because it is defined on an outer domain ¥ C R™. This is a domain ¥, having the
representation ¥ = R™\D where 0 € D is a bounded domain. Consequently, 9% divides the euclidean
space R™ into a bounded domain D, called inner domain, and an unbounded domain ¥, called outer
domain. A problem defined on D and 0D is called inner problem. The Poisson equation in the domain
is given by

Au = f,
and the oblique boundary condition by
(a, Vu) + bu = g.
This condition is called regular if the equation
[{a,v)| > C >0,

holds on 0%, or 0D respectively, for a constant 0 < C' < oco. A classical solution corresponding to
continuous a, b, g and f of the outer oblique boundary problem for the Poisson equation is a function
u € C%(X) N CY(X) which fulfills the first two equations and is regular at infinity, i.e., u(z) — 0 for
|x] — oo. Existence and uniqueness result for a classical solution to the regular outer oblique boundary
problem for the Poisson equation are already available, see e.g. [Mir70, Section 23]. In order to allow
very weak assumptions on boundary, coefficients and inhomogeneities, we are interested in weak solutions.
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Due to our technique, we do not have to consider a regular outer problem. In [GR06] an existence and
uniqueness result for the weak solution to the inner regular oblique boundary problem is presented.
To be more precisely, if 9% is a Chl-boundary of a bounded domain X, [{a,v)| > C > 0 on 9%,

@ e HVO(9X;R"), L € Lo(9%) and ess infyy (ﬁ - %divag(ﬁ — 1/)) > 0, then for every

{a,v) (a,vy

ooy € H=22(9%) and f € (H"*(2)) there exists one and only one u € H"“?(X) fulfilling the weak
formulation. Additionally the solution depends continuously on the data. Beside from some results for
Sobolev spaces defined on submanifolds, the crucial point in the proof is to show coercivity of the bilinear

form related to the weak formulation. Therefore we use a Poincaré inequality, namely

/<vu, Vu) d/\”+/ w?*dH" ' > C </ u? d/\”+/(Vu,Vu) dA"),
2 ) 2 2

for all u € HY2(X). For details see the reference given above. Important is, that this Poincaré inequality
is only available for bounded domains, so we can not apply the same techniques to the outer setting.
Before we go to the outer problem we prove a regularization result for the inner problem. This well be
used later on in order to prove the main results of this article. If 9% is a C%*!-boundary of a bounded
domain X, ﬁ —v € H>>®(0%;R"), @{’u) € HY>° (oY), sy € Hz22(9%) and f € L2(X), we are able to
show that the weak solution is even a strong solution, i.e., u € H?2(X). In the proof we show that the
weak solution fulfills the requirements of a regularization result for the weak Neumann problem, taken
from [Dob06].

Then we tackle the outer problem. Our approach in order to provide a weak solution is transforming this
problem to a corresponding inner problem, using the Kelvin transformation. This transformation defines
for each outer domain ¥ an inner domain 2% via

oK = {x‘x c 2} u{o}.

||
In turn, we get for each function v defined on X a function v by

1 T
v(x) = WU(W)’

for all x € X. The first transformation leaves the regularity of 9% invariant, while the second has the
important property )
x
for all u € C2(XX). Our idea is to use this transformations in order to provide a weak solution. We trans-
form the outer problem into a corresponding inner problem, then solve this problem and finally transform
the weak solution of the inner problem to a function defined in the outer domain. The transformations
T1(f) and T»(g) of the inhomogeneities as well as T3(a) and Ty (b) of the coefficients can be identified by
standard calculus. The problem is to find the right function spaces and then to extend the transformations
to these spaces. In order to identify them we have to take care of two main aspects. First, the image spaces
under the transformations have to fulfill the requirements of the existence and uniqueness result for the
regular inner problem. Otherwise we cannot apply the solution operator for the inner problem. Second,
the transformations should be continuous. Otherwise the weak solution of the outer problem will not de-
pend continuously on the inhomogeneities. We are able to show that the spaces H _%’2(82) for the bound-
I
ary inhomogeneity, (H \lz’|22,|x\ 3 (E)) for the domain inhomogeneity and H , (%) for the weak solution,

[z|2 7 T=]




1.1. THE OBLIQUE BOUNDARY PROBLEM FOR THE POISSON EQUATION 11

are a suitable choice. Here we have Sobolev spaces equipped with weighted Lebesgue measures. Under
this conditions we are able to prove that if . is an outer C1'!-domain, a € H»**(9%; R") and b € L>°(9Y),

fulfilling |((T3(a)) (), 75 (y))| > C > 0 and ess infyyx {% — Ldivygx (% - VK)} >0,
/ .

for each g € H-$2(9%) and f € (H\lg;fz,w@)) , there exists u = K (S, 1, (T1(f), Ta(9))) with

we H'? | (¥) fulfilling the continuity estimate

|z|2 " Tz]

1, <C ’ 1 .
ol < (11, oy + 1y
This continuity estimate enables us to provide a Ritz-Galerkin method later on. Furthermore we can
show that if ¥ is an outer C*'-domain and ¢ € H*>*(9%;R") and b € H">*(9%), f € L}, »(¥) and

g € H22(9%) we have u € H*? | ,(2) for the weak solution to the outer problem. Additionally, it ful-

IR
fills the classical formulation almost everywhere and a corresponding continuity estimate holds. Because
of the Kelvin transformation we get a transformed non admissible direction for the oblique vector field
a. For R? we can explicitly calculate this direction. It only depends on the geometry of the surface 9X.

In Chapter 2 we define the function spaces we will use in Chapter 3. This are mainly the spaces of smooth
functions and spaces of weakly differentiable functions. We introduce Sobolev spaces on submanifolds
and Sobolev spaces equipped with weighted Lebesgue measures. Furthermore, we present some impor-
tant results about these spaces. Chapter 3 is organized as follows. In Section 3.1 we present the weak
theory for the regular inner problem including an existence and uniqueness result for a broad class of
inhomogeneities. Except of the regularization result at the end of the section, this are mainly the results
contained in my diploma thesis, published in [Ada75]. In Section 3.2 we start with the investigation of
the outer problem. We introduce transformations which will be used in order to transform the outer
problem to a corresponding inner problem. Also some important properties of those transformations are
proved. They will be important in Section 3.3. Here we state the outer problem and in the following
we will be able to prove the existence of a weak solution for a very general class of inhomogeneities.
The modified regularity condition on the oblique vector field, which occurs because of the Kelvin trans-
formation is investigated separately in Subsection 3.3.2. Finally, we state some results about stochastic
inhomogeneities and a Ritz-Galerkin approximation method in Subsection 3.3.3 and Subsection 3.3.4,
respectively. Both are implemented, using the techniques and results from [GRO06]. The applicability to
problems from geomathematics is shown in Subsection 3.3.5.

Our analysis of the outer problem is motivated by problems from geomathematics. Here oblique bound-
ary problems arise frequently, because in general the normal of the Earth’s surface does not coincide with
the direction of the gravity vector. Therefore, the oblique boundary condition is more suitable then a
Neumann boundary condition. For details see [Bau04] or [Gut08].

The main progress achieved in Chapter 3 can be summarized by the following core results:

e A regularization result for a strong solution to the regular inner problem, i.e., u € H*%(%), is
proved, see Theorem 3.1.6.

e The transformation of the outer oblique boundary problem for the Poisson equation to a corre-
sponding inner problem is provided. Important properties of this transformation are proved, see
Lemmata 3.2.3, 3.2.7, 3.2.11, 3.2.13 and 3.2.14.
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e The existence of a weak solution to the outer problem under weak assumptions on coefficients and
surface for a large class of inhomogeneities is proved, see Theorem 3.3.2.

e An existence result for a strong solution under additional regularity assumptions is proved and the
connection to the classical problem is established, see Theorem 3.3.4.

e The transformed condition on the oblique vector field is investigated, see Subsection 3.3.2.

e Stochastic inhomogeneities as well as an existence result for the stochastic weak solution are im-
plemented. Additionally a Ritz-Galerkin approximation method for numerical computations is
provided. Moreover, the results are applicable to problems from Geomathematics. These results
are contained in Subsections 3.3.3-3.3.5.

Outlook

In Chapter 3 we prove the existence of a weak solution to the outer oblique boundary problem for the
Poisson equation. Therefore we introduce several transformations. We prove for the transformation of
the space inhomogeneity f

! ’
Ty (HL (D) — (HY2(55)).
This transformation is not bijective, i.e.,
! ’
(k) ) # 25
Finding a Hilbert space V', such that the transformation
Ty :V — (HY2(=K),

is bijective would lead to the existence of a weak solution for a even larger class of inhomogeneities.
Moreover we have for the transformation K of the weak solution to the inner problem

K:HY(K) - HYY (%),

o2 T

where we have again
K (HY(x5) £ H? | ().

2 Ta]

||

Finding a Hilbert space W such that
K :HY (25 - w,

is bijective, would give us uniqueness of the solution and more detailed information about the behavior
of u and its weak derivatives, when x is tending to infinity. Additionally, we would be able to define a
bijective solution operator for the outer problem. This could be used to find the right Hilbert spaces,
such that a Poincaré inequality is available. Consequently the Lax-Milgram Lemma would be applicable
directly to a weak formulation for the outer setting, which can be derived similar to the inner problem.
Then we might have to consider a regular outer problem, because the tangential direction is forbidden
for the oblique vector field, if we want to derive a weak formulation, see Section 3.1. In turn we get rid
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of the transformed regularity condition on g, investigated in Subsection 3.3.2. The results achieved by
this dissertation are then still an alternative in order to get weak solutions for tangential a. Moreover,
the availability of a Poincaré inequality would lead to existence results for weak solutions to a broader
class of second order elliptic partial differential operators in outer domains. See [Alt02, Chapter 4] for
such second order elliptic partial differential operators for inner domains. Another part that could be a
subject of further investigations are the conditions on the coefficients of the boundary condition, i.e.,

as well as the modified regularity condition on g, i.e.,

(T5(a)) (v), V™ (y))| > C > 0.

Moreover, a generalization to other boundary conditions, e.g. Dirichlet, Neumann or Robin boundary
conditions, might be implemented if desired. Finally, a generalization to surfaces with more complex
geometry, e.g. non connected domains, non connected boundaries or outer domains ¥ containing the
origin, might be possible.

1.2 Limit Formulae and Jump Relations of Potential Theory

In Chapter 4 we prove the convergence of the limit formulae and jump relations of potential theory in
several norms. More precisely, we investigate the potential of the single layer U; and the potential of the
double layer Us, defined by

0L [F)(x) = /32F<y> L am(y),

|z —y]
GIFI@) = [ Pl)ge——

Fly)=—2——— dH%(y),
s Vo o=y W

for all # € R3\0%, where ¥ is an outer domain in R® and F is a given function on 9%, called layer
function. An outer domain ¥ divides R? into a bounded connected inner domain D and an unbounded
connected outer domain R3\D = ¥.. Furthermore, we investigate the first order normal derivatives of U;
and Us. The limit formulae describe the behavior of these potentials when approaching the surface 0X.
In general the limit formulae are different when approaching either from the inner or the outer space.
These circumstance is called jump relation and can be obtained by the results for the limit formulae.
Therefore we restrict ourselves to the limit formulae, while the jump relations can be computed easily
by taking either the difference or the sum of the corresponding limit formula. Note that U; and Us are
analytic, harmonic functions as well in the inner as in the outer space, even for outer C2-domains %
and continuous F'. Non the less we need additional regularity assumptions in order to prove that the
limits, when approaching to the surface, exist. We need the potentials to be Holder continuous, then we
know that a unique Hoélder continuous continuation onto 0% exists. If we want to prove the convergence
in C™(9%)-norm, also the derivatives have to be Holder continuous. These properties can be ensured
for sufficiently smooth surface 9% and F. From literature we know that for outer C?-domains ¥ and
continuous F' we have

lim Uy[Fl(x £1v(z)) = U [F)(z), Yz € 0%,

T—0+t
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Tli,%l+ %[F](m trv(z)) = %[F](x) F2nF(z), Ve oz,
Tlinol+ Us[Flx £ tv(x)) = Us[F)(z) £ 2rF(x), Vz € 0%,
8U2 aUQ
TLI&W[F](x:I:TV(a:)) = W[F](x)’ Vo € 0.

uniformly in € 9%. The first three formulae can be found in [FM04], while we had to prove the last
formula, using results from [CK83] and [Sch31b]. In this case we have to assume F € C1(9X). We can
even prove that this convergence holds in C%#(9%)-norm, provided the additional assumptions

F e C"*(9%) for formula 1,
F € 0% (0%) for formulae 2 and 3,

are fulfilled, where 0 < 8 < a < 1. Moreover, we are able to prove that these formulae stay valid in
C™(0%)-norm for an outer C™*+1*-domain ¥ and in C™#(9¥)-norm for an outer C™*2-domain ¥ if

FeCm™1*0x%) for formula 1,
F e C™(0x%) for formulae 2 and 3,
F e 0m™tho(9x) for formula 4,

where m > 1 and 0 < 8 < a < 1. In the proofs we mainly use results, taken from [Giin57]. The
convergence in C™(9%)-norm is basic for the convergence in the Sobolev spaces H™?(9%). Another
result, which is essential in the proof of our main result is the convergence of Uy, Us in L?(9%)-norm
proved in [Ker80], [Geh70] and [Fre80]. We have this convergence for each outer C2-domain ¥ and each
F € L?(0%). The main result of the article is the following. We prove the convergence of the formulae
above in H™?2(9%) under the conditions

F € H™?(9¥) and ¥ an outer C"™"*-domain for formula 1,
F e H™2(9%) and ¥ an outer C™%-domain for formulae 2 and 3,

F € H™?2(9%) and ¥ an outer C"™"*-domain for formula 4.

Therefore we use the BLT Theorem, which provides us an unique extension of the potential operators
from C™(9%) onto H™?(dY), provided we are able to prove that these operators are continuous in
H™2(9Y)-norm on that dense subset. Therefore we estimate the potential operators on parallel surfaces
OX*™ by a constant independent of 7 > 0. The advantage is that we avoid the singular integrals when
is itself an element of the surface. But the problem is to get a constant independent of 7 > 0. Therefore
we use the mappings from the surface to R?, translate differentiation with respect to x to differentiation
with respect to y and apply integration by parts to transfer the differential operators to the layer function
F'. Furthermore we have to use a reduction result derived from a transformation formula for the Laplace
operator. This helps us to get rid of higher order derivatives in direction y3 which can not be treated
with help of integration by parts, because we are only integrating over the variable y; and y,. In the
last section we prove that the results from Chapter 4 are applicable to geomathematics. We prove that
the system of mass point representations as well as the systems of inner and outer harmonics are dense
in H™2(9%) for arbitrary m € N. With help of the results proved in Section 4.5 and Section 4.6, we

are able to define U™ [F] for each F € (H™2(0%)) and 7 € [0, 7], where ¥ is an outer C™"2-domain.
Moreover we are able to prove that the limit formula for U; even holds in this abstract setting. This
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enables us to extend the result from [FMO03] and [FMO04] about the density of the function systems in
L2(0).

In Chapter 2 we give the definitions of the surfaces and function spaces we will use, as well as some
properties of them. Furthermore, we formulate results which will be important tools in the proofs of the
main results. Chapter 4 is organized as follows. In Section 4.1 we define the layer potentials as well as
their first order normal derivatives. These will be subject of our investigation in the following sections.
Also some basic properties are stated. In Section 4.2 we state the limit formulae of potential theory for
the first time, pointwisely and uniformly, i.e., in C°(9¥)-norm. These results will be the basis of our
further considerations. They are mainly taken from literature, except of the limit formula for aa[{f. In
Section 4.3 we present the first of our three main results. This is the convergence of the limit formulae
in C™(0%)-norm. The second one follows in Section 4.4 as the extension to the convergence even in the
Holder spaces C™P(9%). Section 4.5 is essential for the proof of the convergence in H™?(9¥)-norm,
which is proved in Section 4.6. It contains the convergence in L?(9%), which is published in [Ker80]
as well as in [Fre80] and has its origin in [Geh70]. Moreover, an important result about the continuity
of the potential operators with respect to the L?(X)-norm is stated and proved. Finally we prove the
density of several function systems from geomathematics in H™2(9%) as well as the limit formula of U;

for F € (Hm>2(az))' in Section 4.7.

The main progress achieved in Chapter 4 can be summarized by the following core results:

e The convergence of the limit formula for 2Y2 pointwisely, in C°(9%)-norm and in L?(9¥)-norm is

ov
proved, see Theorem 4.2.2.

U,
ov

and % in C™(9%)-norm, m > 1 is proved,

e The convergence of the limit formula for Uy, Us,
see Theorem 4.3.3.

e Moreover this convergence is shown to be even a convergence in C™”(9%)-norm, m > 0 and
0 < B <1, see Theorem 4.4.1.

e Finally, the convergence in H"™2(9%) with F € H™2(0%) for Uy, F € H™*12(9%) for 22 and U,

and F € H™+22(9%) for %UDZ is proved, see Theorem 4.6.1.

e An application of the limit formulae to geomathematics is given. We prove that the systems of
mass distributions and outer harmonics, which are known to be dense in L?(9Y), are even dense
in H™2(9%), m € N, for an outer C*™~!l.domain X, see Theorem 4.7.8. We also prove that
the system of inner harmonics is dense in H™?2(9%). Moreover we extend U; to an operator on

/

€ (H™?(9x)) and we prove that the limit formula for U; even holds in this setting.

Outlook

In Chapter 4 we use the transformation formula of the Laplace operator for harmonic functions, in
order to reduce second order normal derivatives of a given function F' to a sum of first order normal
derivatives of F', tangential derivatives of I’ as well as F' itself. Using this technique, it is possible to
reduce arbitrary normal derivatives of the potentials of the n-th layer on 9% to tangential derivatives
of Uy, Us as well as of their first order normal derivatives, applied to tangential derivatives of F'. Then
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all results contained in this dissertation might be translated to the limit formulae, and consequently
the jump relations, for all remaining potentials, using the results and techniques presented. For details
see also [Miil51], where the author uses this technique in order to get the jump relations for arbitrary
derivatives of n-layer potentials. If we want to provide this results we are faced with two main problems.
Of course, we have to identify the tangential differential operators at first. But then we also have to
investigate the coefficient functions, because the operators are defined on the parallel surfaces 0X*7 and
may depend on 7. Then also the convergence of these operators, when 7 tends to zero, as well as the
limiting operators, have to be investigated. An elementary approach has been done in the master thesis
by M. Omari, cf. [Oma09], which I co-supervised. Another task might be the regularity assumptions in
H™2(9%) norm. When comparing the results to those in C™(9%) norm, we see that we have at least
one order higher assumptions on F' and X. It might be possible to achieve our techniques in such a way
that we get assumptions in H™2(9¥) norm of the same strength as in C™(9¥) norm. One possibility is
to investigate the convergence of the the potentials

UIRI@) = | F ) g o=l

i = 1,2 and x € R®\0X. Therefore results form [FM04, Paragraph 3.3.2] might be a starting point.
The next point we want to mention concerns the jump relations. We were mainly interested in the limit
formulae and took the jump relations as corollary. If one is interested only in the jump relations, there
is the possibility to prove results under much weaker assumptions as for the limit formulae. The simple
reason is that the singular integrals for x € 9% do not occur in the jump relations. For such results see
[FM04] where jump relations in C°(d%) norm are proved, [Miil51] where jump relations in C™(9%) norm
are proved, or [Ker80] where jump relations in L?(9¥) norm are proved. In Section 4.7 we prove that
the system of mass point representations and the outer harmonics are dense in H™?(9%). Application
of these results to geomathematical problems is left to be implemented. In [FMO03] or [FMO04], where the
authors prove these function systems to be dense in L?(9Y), it is also proved that the normal derivatives
of the function systems are dense in L?(9X). Density of the normal derivatives in H™?(9%) seems also
be provable from our point of view. Therefore it might be necessary to have %, Uy : H™2(0%) —
H™2(9%). Moreover the density of oblique derivatives of the treated function systems in H™?2(9%) for
F € H™?(9%) could be point of further research. It is left to investigate how far the results of this
dissertation can be generalized to this case. Such a result would be an achievement for numerics of the
oblique boundary problem for the Laplace equation, because until now density is only proved in the pre
Hilbert space (C%*(0%), ] - ||r2(ax)), see [FMO04, Section 3.3.3]. Also an extension of our results to other
function systems might be possible, c.f. [FM04]. In [FK80] the density of the system of mass point
representations in C%®(9Y) is proved. With help of the results from Chapter 4 it might be possible to
extend this result to C™#(9X). Another possible application are boundary problems for the Poisson
equation, see e.g. [CK83] and [Giin57]. Here we would end up with some singular integral operators. At
the end of this outlook we want to mention that a extension to the more general Lyapunov surfaces is
possible, see e.g. [Glin57] or [Mic72]. Moreover a generalization to R™ might be possible, although it is
not required from the view of geomathematical applications and there is only few literature.



Chapter 2

Preliminaries

This chapter contains the definitions and lemmata which will be used in the following chapters to derive
the main results of this dissertation. In Chapter 2 we denote constants by cp,co,..., while we use
C1,C5, ... in Chapter 3 and Chapter 4. Because the constants in Chapter 4 will not depend on those
from Chapter 3, we start again with C7,C5,... in Chapter 4. Vector valued functions, except of the
normal vector field, are denoted by underlined letters and the euclidean scalar product of z,y € R" is
denoted by (z,y), while |z| is the euclidean norm. All functions are assumed to be real or real vector
valued. The dual paring of I’ € H' and G € H is denoted by g (F,G)u or F(G), respectively.

2.1 Domains and Surfaces

We start with the definition of the surfaces and domains.

Definition 2.1.1. 90X C R is called a C"™*-surface, m € N and 0 < o < 1 and X is called a bounded
C™“-domain, if and only if

e Y is a bounded subset of R™ which is a domain, i.e., open and connected,

e There exists an open cover (U;);,_; y of 0¥ and corresponding C"™
-diffeomorhisms ¥; : BX"(0) — Uy, i = 1,..., N, such that

; : BY(0)— U;NO%,
v, Bf (0) = U;Nx,

where BY"(0) denotes the open unit ball in R”, i.e., all € R” with |z| < 1. BY(0) denotes the set
of all z € BY"(0) with z,, = 0, B{"(0) denotes the set of all z € BY"(0) with x,, > 0 and B; (0)
denotes the set of all z € B} (0) with z,, < 0.

On the other hand ¥ is called an outer C"“-domain, if and only if ¥ C R" is open, connected and
representable as ¥ := R™\D, where D is a bounded C"™“-domain such that 0 € D. Consequently,

0¥ = 0D is also a C™*-surface. ¥; is called C"“-diffeomorphism if and only if it is bijective, (\IJi)j €

17
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cme (Bﬂfn (O))7 (\I'Z-_l)j e Ccme (Ul), j =1,2,3 and we have for the determinant of the Jacobian Matrix

of ¥;, Det(DW¥;) # 0 in BY"(0). Furthermore, we find a C*°-partition of (w;), ;. on X corresponding
to the open cover (U;), ;< provided by [Alt02, Lemma 2.19]. T

For this definition and further details see e.g. [Dob06] or [GTO01]. 9% is a compact doublepointfree
(n — 1)-dimensional C"™“-submanifold with 9(9X) = 0, i.e., 9% is a closed manifold. Let Vyx denote
the gradient on 0% and T'(9%) the tangent space of 0¥. Because 0% is a submanifold of R™, we consider
elements of T(0X) as vectors in R™. Furthermore we can find orthonormal vector fields {t;,...,t,_1}
on 9%, generating T'(9%). As well ¢;, 1 <i < n — 1 as the outer unit normal vector v are C™~!-vector
fields. H"~! denotes the (n — 1)-dimensional Hausdorff measure on 9%, see [Alt04, Section 5.7], and A"
the Lebesgue measure in R™. Throughout this dissertation we assume at least a Lipschitz boundaries,
i.e., C%!-boundaries 9. Then we have v € L>(9%;R"). For each differentiable function F, defined on
0%, we have

n—1

VonF =Y t,0, F.

i=1
The definition is independent of the basis chosen. For details see e.g. [Alt04]. We have the following for
C™“-gurfaces.

Lemma 2.1.2. Let 03 be a C™%surface, m € N, m € N, a € [0,1]. Then 9% is a C"™#-surface, provided
it holdsn <mand n+ 6 <m+ a.

Proof. For the proof we refer to [CK83] or [GT01, Section 6.2]. O

In Figure 1, such a C"*-surface is illustrated.

R'ﬂ

Figure 1: C"™*-surface

Note that some geomathematical relevant examples are even C'°°-surfaces, e.g. a sphere or an ellipsoid.
At next, we define integration over 9.
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Definition 2.1.3. The integral over a C%!-surface 9% of a function F is defined by:

N
| P@an @) = [ @ 0P @ 0) ) v @),
0% =i Jre
The functions J; are defined by
= 2
Jf(a:’) = Z (ij(z’))
i=1
for all 2/ € BE"'(0), j = 1,..., N, where Jf(x’) is the determinant of the matrix D¥;(z’,0) when

suppressing the last column and the line with index k.

The integral is independent from the choice of (U;), ;< n, (Wi);<;<y and (¥;), ., . Furthermore
we have the following result for the functions J;. o o o

Lemma 2.1.4. Ifet 0Y. be a C™“-gsurface, 0 < a <1 and m > 1. Then we have
Jj € CmY(BE"(0)) for all j € {1,..., N} with

0<d <)< d < o0,
for all 2/ € BE" ' (0), j=1,...,N.

Proof. This follows by the definition of J; if we use the fact that Det(DV;(x)) is bounded on B}"(0)

and that |Det(DV;(z))]| is strictly positive for on BR"(0) by Definition 2.1.1 and the expansion formula
for determinants. For further details see e.g. [DL88, Appendix Chapter IV]. O

Boundaries of outer C™%domains in R3

In the last part of this subsection we give some further definitions and properties for outer C™“-domains
in R3. Therefore, let & be at least an outer C?-domain in R3, if not stated otherwise. For such a domain
we have the following.

Lemma 2.1.5. Let ¥ be an outer C?-domain. We find a constant 0 < 7y < oo such that the parallel
surfaces 0X7 := {x + TV(I)’Q? € 82} are well defined for all 7 € [—79,79] in the sense that for each

x € 0¥ there exists exactly one y € 9% such that z = y + 7v(y). Additionally we have v(z) = v(y) for
x € 9%, where y = z + 7v(x) € X" and v denotes the normal vector field of 9X.

Proof. We have to choose 7y such small that 1 — 279H + T(?K remains positive on 0%, where H is he
mean curvature of 93 and K is the Gaussian curvature of 9X. For details we refer to [CK83, Section 2.1]
or [FM04, Section 3.1.1]. O
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For the rest of this paragraph as well as in Chapter 4 we fix for each outer C?-domain in R3, 0 < 79 < 00
as a constant such that Lemma 2.1.5 holds and z £+ 7v(x) ¢ 9% for all x € 9% and 7 € (0, 79]. We define

B,(0%):= |J o¥.
TE[—70,70]

At next, we define for each C™“-surface 9% in R? two tangential vectors as well as the normal vector
forming an orthonormal basis of R? at each point z € 9%. Before we close this section with the final
lemma, we illustrate the set B, (9%) in the following figure.

RS

normal direction

Figure 2: B, (0%) for an outer C™-domain

Lemma 2.1.6. Let 9% be a C™“-surface, m € N, m > 1, o € [0,1]. We define

ti(z) = Soi i) (1 %:) (¥ (@)
) | Zf\il w; () (10, (U, (2))] ’

and

S wi@) (@29 (¥ (@) )

)

. S wi@) (@0 (07 @) @) (@),
Ly xX) =
S wi@) (@) (¥ (@) — (@) (1 (@),

for all z € 9X. Then we set

Ti.
—_

g
—
8
~—
—
&
S
N
—~
&

L
—
8
~—
~
~—
~_—

() X ty(z)
v(z) = ——————+,
D @) (o)
for all z € 9. We have v,t1,ty € C™~1(9Y). Finally, we define vector fields v, ¢; and ¢, on B, (%) by
v(iz 4+ Tv(x)) = v(x),
l(x)ﬂ
2(117),

for all z € 9%, 7 € [—70, 7o)
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Proof. Note that for each y € B,,(9%) there exists one and only one z € 93 and 7 € [—79, 70] such that
y =z + 7v(x). Consequently the definitions above are well defined. The regularity follows immediately
by the definition of the vector fields together with the regularity of the mappings and Lemma 2.2.9. For
i=1...,N we can alternatively define v(¥;) on U; by

81\111'(56, 0) X 81\111(1‘,0)

v(U,;(z,0)) = |01%;(z,0) x 81‘111'(%0)‘7

forall z € BHF (0), because the mappings ¥;( -, 0) are at least C!-diffeomorphisms from B]Fz (0) to U;NO%
and consequently 0¥, and 92; are as well elements of T'(0X) as linear independent. O]

2.2 Function Spaces

We go on by introducing the function spaces which will be important in the following. We start with the
classical spaces of smooth functions and compactly supported smooth functions.

Definition 2.2.1. Let ¥ be a bounded or an outer C%!-domain. We define

C*(¥) = {F:X—R|0;'...0;"F is continuous on ¥
for all multi indices (s1,...,$,) € N*},
C*[R") := {F:¥—>R|9;'...0;"F is continuous on R"
for all multi indices (s1,...,$,) € N"},
Co(R™) = {F € C°(R")|supp(F) is a compact subset of R"}},
C®(0%) = {F|62’F e C’OO(]R”)} .

Here supp(F") denotes the support of the function F, i.e., all z € R™ for which F'(z) # 0 and F|,,
denotes the restriction of the function F' to 9. Next we introduce Sobolev spaces on bounded and outer
C%!-domains ¥ as well as on C"™!-surfaces 0.

Definition 2.2.2. Let ¥ be a bounded C%!-domain and r € N. We define

H2E) = {F:S—>ROM---03"FeLl*%) foralloag +...+a, <1},
T N 2
1F | zrrz sy = Z Z 10 F |72 (5
|a|=0 i=1

Let ¥ be an outer C%!-domain and g1, 02, 03 be continuous, positive functions defined on ¥. We define

L2 (%) {F : ¥ — R|F is measurable with /Z F2(2)0}(z)d\"(z) < oo} ,

H? (%)

01,02

2 2 .
{FelL (S)0F el (X),1<i<n},
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Hy0(B) = {F €Ly (D)0iF € L, (%)
and 9;0;,F € L2 (¥),1<j,i <n},
%
Pl = ([ Pod@oe)
1
n 2
||F|\H;i%92(z) = <||F||2Lgl(z) + Z ||5iF|2Lg2(z)> .
i=1
1
n n n 2
HFH%f’%%(E) = HFH%ZJE) +y ||3z‘F||ig2 SR ||3i8jFH%g3(z:)
i=1 i=1 j—1

Let 0% be a C%!-surface and (wi)lgiSN be the C*°-partition of unity of 03 corresponding to the open
cover from Definition 2.1.1. For a function F' defined on 9% we obtain a function 6;F defined on R*~!
by:
F)(W;(y,0) ye B (0)
eiF — (wz 7 ) 1 )
) { 0 otherwise.

Let now 8% be a C™!'-surface, m € N. Furthermore let s € R, r € N, with s < m+ 1 and 0 < r < m.
Then we define

H*2(0Y) = {F:0% > R|§;F € H?R" "), 1<i<N},
H"®(0Y) = {F:X—>R[|§;FeH™R""),1<i<N},
N 3
I Flgs20m) = (Z ||9¢F||§{S,2(Rn1)> ,
=1
[F|[ o on) = MaX0<s)+..4s, 1<r1<i<N {GSS SUP grn-1 () (o5 "-521119iF|)},

where HOP(9Y) is identical with LP(9Y), p € {2,00}. The spaces H*2(9X) and H™?(X) are Hilbert
spaces, while the spaces H™>(9X) are Banach spaces with respect to the norms given above, see e.g.
[AdaT75], [DL88] or [Dob06].

The spaces H*?(R""1) are defined via the Fourier transformation, see e.g. [SR91]. Differentiation
in the definition above has to be understood in sense of weak differentiation. Furthermore we have the
following for the weighted Sobolev and Lebesgue spaces.

Lemma 2.2.3. The spaces H2?, , (¥), H}:?, (¥) and L2 (X) are Hilbert spaces with respect to the

' X o 01,02,03 01,02
norms given in Definition 2.2.2.

Proof. Clearly all norms are induced by a scalar product. So the spaces are pre Hilbert spaces and it is
left to show that they are complete. We start with L2 (X). Let (fn), ey € L2 (¥) be a Cauchy sequence
in L2 (). Then (fn01),cy is a Cauchy sequence in L?*(X). Because L*(X) is a Hilbert space, we find

a f € L*(%) such that f,01 — f in L*(¥) for n tending to infinity. Then we have L € L2 (%) with

01

fn — é in L2 (X) for n tending to infinity. Consequently L2 (X) is complete, i.e., a Hilbert spaces.
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Assume now that we have a Cauchy sequence (gn), oy in H,:%,,(X) and a Cauchy sequence (hy,),

in Hgfmm(E). Then we have Cauchy sequences (gn)neN, (hn)neN in Lgl(E), (&-gn)neN, (8ihn)neN in

L2,(%) for i = 1,...,n and (9;0;hn), cy in L2 (¥) for i,j = 1,...,n. Consequently we find limiting
functions g, h € Lzl(E), gi,h; € ng (¥) and hj; € LES(E) for each of this Cauchy sequences. All what
is left to show is that g; = 0;9, hy = 0;h and hj; = 0;0;h in sense of weak differentiation. We treat the

case for H)?, (X), H2?,, ,.(X) can be done in the same way. Let R, := XN (x?zl]xi,xi + 1[), where

x € Z" is arbitrary. We have
1Elmr2(r,) < ming, {01, 02 I Fll g1, sy

for all F' € Hy?, (¥). This yields that (g,),cy is a Cauchy sequence in H"?(R,) and we find a limiting
function § in the Hilbert space H''?(R,). On one side we have g, — § and 9;g, — 0;§ in L?(R,). On
the other side g, — G and 9;g, — g; in L?(R,.), because

1l L2 R,y < ming, {e1}[Fl[Lz (),

1GlL2(r,) < ming, {1 Gl (5),
forall F € L2 (¥) and G € L2 (¥). This yields g; = 8;g on R, outside a set N, of \"-measure 0. Finally
gi = 0;g on ¥ outside the set N := |J,cyn (Ne UOR,), which has A"-measure 0 and the proof is done. []

Additionally, the product and chain rule of differentiation are also available for weakly differentiable
functions.

Lemma 2.2.4. Let U C R™ be open. Let F € H™P(U), G € H™1(U), %—i— % =1,1<p,q < oo and

m € N be given. Then F'-G € H™(U) and the weak derivatives can be computed by the product rule.
Furthermore, let ¥ : U — U be a C%!-diffeomorphism and H € HY?(U) be given. Then HoW € H'?(U)
and the weak derivatives can be computed using the chain rule. Furthermore the transformation formula

for the integral holds for all H € LP(U), i.e., Ho ¥ € LP(U) and

[ H@av @) = [ @) DeDW))|x" ().
U U

Proof. This result is taken from [Alt02, Lemma 2.24 and Lemma 2.25]. O

For the definition of the spaces H™P(U), m € N, 1 < p < oo, for arbitrary open sets U C R", we
refer to [Alt02]. Next we give an useful isomorphism between the spaces H™°(U) and C™~b1(U)
Lemma 2.2.5. Let U C R"™ be open and bounded. Then the embedding

Id: C*Y(U) — HL(U),

is an isomorphism for each k € N, in the sense that each F € H**1(U) posses an unique representative
in CH1(T).

Proof. This result is taken from [Alt02, Lemma 8.5]. O
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We proceed with a result about several equivalent norms on L?(9%).

Lemma 2.2.6. Let 9% be a C%!-surface and L?(9%) defined by Definition 2.2.2. Then we have that the
three norms

[N

N
||FHL2(62) = (Z ||9iF||%2(Rnl)> ,
1=1

Flisom = ([ Po)amw)

2

[F7205) = (Z (¥ LZ(BR" 1(0))> ’

for all F € L?(9Y), are equivalent.
Proof. We have

SIS

[ EllL2(os) = Z ||w )||L2 Rn-1) < 201”71% (‘I’i)Ji”iz(Rn—l)

< max{ci} . F2(y)dH" ™ (y) = [IF |12 o3

and

N

1120 = an W) < D AIFAWIZ, s o)) < max{bHIFI 5 os)
i=1

for all F' € L? (0%), where we used the constants from Lemma 2.1.4 and the fact that 0 < w; < 1 for
i=1,...,N. It is left to proof that HF||*L*2(82) < c3||Fl|z2(ox), for a constant 0 < c3 < oo and all

F € L?(9%). We start to estimate

b
(T (ZF 1(0) =3 [ 0D )
_Z/Bwl Wil O (i, 0)aX™ +Z sy (7 O O P00 )
= wi iy, 2(W,(y, n-l

—Z R L SRR

5> s O D, 0N ),

=1 j=1,j#1

We use the transformation Tj; : ¥ (U; NU; NIX) — BE"7'(0), defined by Tij(x) == \I/J71 (¥;(z)) for all
e vt (U;NU; N9%) C B]F”fl(O). By the chain rule for C'-mappings as well as the product rule for
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the determinant we find

0 < min

 Det(DTy)| <
\I/;l(UmUjmaz)‘ et(DTs)| < max

——— | Det(DT};)| < oo.
\I’;I(UmU,-naz)l et(DTyy)| < o0

Note that all terms in the integral are positive. We get by using the transformation formula for the
integral

(HFan 82))2
—Z s 1(0) (4,0)) F2(W,(y, 0))ax" (1)

+Z 27& / o) O 0D
—i s O D000 )

+Z 27& / (o) U H 0 P 0D IDADT 0 0

<[ w0 P )N )
—|—Zmax =10 maz)|Det DT;))| Z /B S (y,0)F%(¥(y,0))d\" " (y)

Jj=1,j#1
N
<2 (1+

max——————~|Det(DT};)| ) - / wi (Wi (y,0))F2(T;(y, 0))dA" " (y
Z¢ P (s ) )Z s ) U OV (W30, )X )

Furthermore we divide each set U; N U; N 0% into two sets
Vij i ={zeU;nU; ﬂ@E!wi(x) < wj(z)},
Wij = {[L’ cU; N Uj ﬂ@E!wl(x) > Wj(l’)}.

Starting like above, we have
N

,Z/Bgn—l wi(qji(:‘/?O))FQ(\I/i(y’0))d)\n—1(y)

) Z /B ( (1, 0) F*(Wi(y, 0)dA" (y)

D3P / (W, 0))wi (g, 0) P (Wi (y, 0)dX" ! (y)

r—1
i=1j=1,5#i B (0

N
- ’LU2 \Y, 2 i(y, n—1
;/Bff“(o) P (i, ODF(Wily, )X (y)
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IN
[]=
g
=N
=
—~
s
=
!
™)
s
—~~
&
(=)
~
3
>
3
L
—~
N

+Z ‘ > ‘([I,ﬂ(vu)wj(qjj(y»0))wi(\11j(y70))F2(\Ilj(y7O))|Det(DTij)|d)\n1(y)
+/B$n_1(0) w; (Wi (y, 0))F=(¥;(y, 0))dA™™ (y))
N
2 ) 2 , ne1
S;/Bff"l(o) w; (U, (y,0))F=(V;(y,0)dA\" " (y)

N N
- . 2 . 2 . n—1
XY (g P OT) L 0 0D 1 0)N )

+ /ngl(o) wf(\lfi(y,O))FQ(\I/Z-(y,0))d)\"_1(y)).

Finally we find that
N
= 1 - g
e (Z( + , Z maxqz;l(UmUjmaz)|Det(DT”)|)>

. (i (Nv+ > max Sy [Det(DT5:)]) ),

i=1 J=1,j#1 I

is a possible choice. O

Whenever we use an equivalent norm, we neglect the equivalence constants to simplify the computa-
tions and avoid confusion. Before we present some important features of Sobolev functions defined on
submanifolds we close this section with the following remark.

Remark 2.2.7. (i) The definition of the spaces on 9% above is independent from the choice of (U;); ;< n>
(wi)y<i<n and (¥;); ;. n- Moreover C* (%) is dense in H"*(X) for all r € N if ¥ is assumed to be a
bounded C%!-domain. If ¥ is an outer C%!-domain we have that C’g"(R")‘E is dense in H™?%(Y).

Moreover, if 9% is a C™*lsurface, then we have that C°°(9X) is dense in H*?(9Y) for all s € R,
s < m+ 1, see [Ada75]. e.g. [Fic48]. For more details about Sobolev spaces see e.g. [Ada75], [DL8§] or
[Dob06].

(ii) There are many ways to introduce the spaces H*?(9%) on a C™!-surface 9%, s < m + 1. Some
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examples for equivalent norms on L?(9Y) are given in Lemma 2.2.6. More details can be found in e.g.
[DL88]. In this dissertation we will use the following scalar product on L?(9%) given by

(F,G)r205) = aEF(y)-G(y)dH”_l(y),

for F,G € L?(0%). We introduce the spaces H%2(9X) on a C™!'-surface 9%, 0 < s < m + 1, as follows.
Identify each function F' € L?(9Y) with a linear continuous functional on H*?2(9Y), defined by

F(G) = - F(z)-G(z)dH" (),

/

for all G € H*?(9%). Then (H*?(9X)) is defined as

(H*2(0%)) = LQ(GZ)’

)
R

where

[F(G)
1E o203y 3= SUPeen=20%) @ 2 om

In this way we end up with the space H~*2(9%) defined in the previous definition, see [Dob06]. Therefore
we will keep the notation H~*2(9%). We get the following chain of rigged Hilbert spaces, called Gelfand
triple.

H*%(0%) C L*(9%) c H %%(9%),

densely and continuously. Additionally we have for the duality product

H-205) (), G) ez (ox) = /a F(z)- G(x)dH" *(z),
b

for all F e L?(0¥). Analogously, we introduce (HY2(X))" if ¥ is a bounded C%'-domain as well as

(H‘lag’f2 o3 (Z)) if ¥ is an outer C%'-domain. Then we get the Gelfand triples given in the next part of
this remark.

(iii) In Chapter 3 we will use three different Gelfand triples. Namely, this are

’

H"Y () c L*(%) Cc (H*(D)) ,

for bounded C%!-domains,

’

HYZ L o(2) € LEp(S) (ngﬁz,‘zla(z)) :

for outer C%!-domains and ) )
Hz2(0%) C L*(0%) ¢ H 2%(9%),

for C%1-surfaces.
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(iv) For a bounded C%!-domain ¥ and F € H'2?(X), tr(u) denotes the trace of F' on 9%. Here tr :
HY2(X) — L%(0%) is the unique continuous operator having the property

tr(F) = Flos forall F e C’O(i) N H1’2(E),

see [Alt02, Section A.6.6], where 3 means the closure of 3. The statement also holds if 3 is an outer
C%1-domain and if we replace H?(X) by H.? (2).

01,02

Holder spaces on subsets of R?

We close this section with the definition of the function spaces of Holder continuous differentiable functions
defined on open subsets U C R? as well as on surfaces ¥ C R3. This spaces will be important in Chapter
4.

Definition 2.2.8. Let U C R3 open. For n € N and 3 € [0, 1] we define the spaces

Cc'(U) := {f:U—>Rfis continuous on U},
{f()()xyGU:r#y}<oo}

= P

fec®U)ls

~—

CnU) = {f: U - R|07 03207 f € CO(U) for allvwith71+72+73§n},

U”W):JGCW)3W?@VEUWWHmﬂ7mm%+w+%:n}

feC’U)|su {f()()%yer#y}<W},

|z —yl?
f:U —R(0]'03203° f € CO(TU) for all v with v; + v + 73 < n},

c™(U) =
CmB(0) =

{
{
{
CO(T) = { #:T — R|f is continuous on U} ,
{
{
{

fe (U)o o302 f € COBT) for all v with v1 + 72 + 75 = n} .

The spaces defined on U are normed vector spaces, while the spaces defined on U are Banach spaces, see
[A1t02, Section 1.6], with the norms

Iflles@) = sup{If(@)l|z € U},

z) —
Illcoswy = levwy +su { POy e v 24}
Ifllenwy = > [107'03203° fllcoqw).
y1+v2+7v3=0
I fllens@wy = I fllen-1@) + Z 1071952 93° fllco.6 vy,

Y1+v2+7v3=n

| loo, :=swp {If@)[o € T},
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f(x) = f(y =
chmwy=W}mm+$m{|%lyé”&wer#y,
||chn(U) = Z ||8¥182728§’3f\\00(ﬁ),
Y1+v2+7v3=0
I lens@y = Wfllen@y+ D 10705703 fllcon -

Y1+7v2+73=n

Now, let 9% be a C"™*-surface, m,n € N, n <m, 5, € [0,1] and n + 8 < m + «. Then we define the
spaces

CmA(9D) = {f Y- R’f(\lli( - -,0) € C™B(BE(0)),i =1, .. .,N} .

The spaces C"™*(9X) are Banach spaces, see [GT01, Section 6.2], when equipped with the norms

N

||fHC"=B(32) = Z Hf(\IJZ( Ty C 70))”07%6 BER?2(0))?
(B1™(0))

=1

These definition is independent of (¥;)1<i<n, (Ui)i<i<ny and (w;)i<i<ny. Furthermore C*(0%) C
C™8(0%) for all n + B < m + a. Consequently C™P(9%) N H*2(9Y) is dense in H*2(9Y%) for s < m.

We have the following result about the spaces C™(9%).

Lemma 2.2.9. Let 0¥ be a C"™%-surface, m € N, a € [0,1]. Assume we have f,g € C"™*(9%). Then
f+g, f-g€C™0%) and f € C™A(9X) for all n € N, n < m, and 3 € [0, 1], such that n + 3 < n + a.
Furthermore we have

If+glleme@sy < ¢ ([[fllomaos) + lglomaes))
If - glloma@sy < clfllemaos) - lgllemeos),
<

Ilfllcneax) Al fll e (o5)-

for a constant 0 < ¢} < oo, i = 1,2, 3, depending on f and g.
Proof. For f € C™(9%) we have f € C™P(9%) for n < m and 3 € [0, 1], see [Giin57, Section 2]. Finally,

[f(z) = Fy)] |f(x) = f(y)

_ -6
_x—ya .
w—yp Y @~y

b

for all z,y € BDFQ (0), proves the last statement of the lemma. We use the following estimates in order to
estimate the Holder constants for f + g and f - g

[f (@) +g9(@) = @) = g(@)] _ |f(@) = F@)] | lg(@) = g(2)]

|z —yl® T |-yl |z —yl®

g(@) —g(y)

|z —yl®

)

|f(z) - g(x) = f(y) - 9(w)|
|z —yl|*

1) = W)l

|z —yl*

< f(z) +9(y)-
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for all z,y € B¥'(0). Using the lincarity of the differentiation, the product rule as well as the last
statement of this lemma, also this part of the proof is done. So we are able to find an 0 < ¢§ < oo
such that the lemma holds. Details can also be found in [GT01, Section 6.2] and [Giin57, Sections 2 and
18]. O

We want to mention, that continuous functions on compact sets as well as Holder continuous functions
on open sets U are equicontinuous, see e.g. [Giin57, Section 2]. For such functions we find unique
continuations onto U. The final lemma of this subsection states this existence of a unique continuation,
which is even a Holder continuous function up to the boundary.

Lemma 2.2.10. Let 9% be a C"%-surface, m € N, m > 2, a € [0,1]. Furthermore let f € C™#(D)
and g € C’j’ﬁ(R?’\D), n € N, 8 € [0,1]. Then there exists a unique continuation of f and g to ¥ with
f€C™P(D) and g € C™P(R3\D).

Proof. These results can be found in [Giin57, Sections 2 and 18] and [GTO01, Section 6.2]. O

2.3 Properties of Sobolev Spaces on Submanifolds

At next we give some useful lemmata about the spaces defined in the previous section.

Lemma 2.3.1. Let 9% be a C%!-surface. One has that
Vos : H22(0%) — H™22(9%; T(0%)),
is continuous, i.e., there exists 0 < ¢5 < oo such that

IVosFl 1. S csl|Fll

(T (8% 32 (93)

for all F € H22(9%).

Proof. For the proof see [GR06, Lemma 2.2.4]. O

For inner domains we have a Poincaré inequality, which is missing for outer domains.
Lemma 2.3.2. For all F € HY2?(X) the following inequality is valid

/ (VE,VF)d\" + / F2dH" ' > ¢4 ( / F2d\" + / (VF,VF) d)\"),
b o)) b b

for a constant 0 < ¢g < 0.

Proof. For the proof see [GR06, Lemma 2.7]. O
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We go on with a lemma about the traces on the boundary of functions from Sobolev spaces defined
in inner or outer domains.

Lemma 2.3.3. Let X be a bounded or on outer C%!-domain. For all F € H%“?(X) one has tr(F) €
Hz22(9%) with

[[r (F)] < crllFllarae),

H22(93)

where 0 < ¢; < co. Conversely, for all F € H2:2(9%) there exists a I € H"2(X) such that tr(F) = F
and

I1Flgr2m) < 08||F||H%,2(8E),
where 0 < cg < 0.

Proof. For the proof see [GR06, Lemma 2.2.5]. O

We can prove an analogon to Lemma 2.3.3 for weighted Sobolev spaces introduced in Definition 2.2.2.

Lemma 2.3.4. Let ¥ be an outer C%'-domain and p;,02 > 0 continuous functions on 3. For all

F e H}?, (¥) one has tr(F) € H32(9%) with

6Py 2 ) < 10l Pl sy
where 0 < ¢y < 00.

Proof. For simplicity we write F' instead of tr(F) in the following. So we have to show that

|F||H%’2(8E) < CIOHF”HéﬁQQ(Zy

with a constant 0 < ¢19 < 00. Assume 0 < R < oo such that % C Bg(0) and choose a w € C§°(B2r(0))
with w = 1 on Bgr(0). Such a w exists, see [Alt02]. We obviously have Fw = F on 9X. Additionally
Fw € H*2(X) and consequently, using Lemma 2.3.3, we can estimate

1132 o, = 1P < |[Fwlmracs).

1.5
H27(9%)

Because g1 and gy are strictly positive on ¥ N Byr(0) we have that i and é are bounded on this

compact set. So, we can finish the proof by estimating

||F||H%’2(82) < 010||F||H;fw(2)7

where ¢y is the maximum of the continuous functions g; and g2 on the compact set ¥ N Bog(0). O

The next lemma states an useful estimate of the dual paring.
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Lemma 2.3.5. Let ¥ be a bounded C%!-domain. We have

2@ G iz | < IFlm 2@ Gl ey

for all F € H?(X) and all G € (H172(E))/. Let 9% be a C%1-surface. We have

(F,G) <|F

H32(x) H22(%) H%’2(E)HGHH*%’2(E)’

for all F € H22(%) and all G € H~22(X). Let ¥ be a outer C%!-domain. We have

Hy:? 2(2)<Fa G>(Héfgz(2))/ < ||F|‘H;i392(2)||G‘|

e1,e

(o2 ()
for all F € HL2 (%) and all G € (H12, (%)) .

Proof. We have the dense embeddings of the function spaces into the respective dual spaces. Consequently
[BK95, Section 1.1] gives the claimed inequalities. O

We proceed with a result about multiplier functions in H 22 (0%).

Lemma 2.3.6. Let 9% be a C%l-surface, F € H22(d%) and G € H*(d¥). Then we have for a
constant 0 < ¢g < o0

IGE] < ool P

H72(0%)"
Proof. For the proof see [GR06, Lemma 2.2.6]. O

1
H2?(9x%)

Next we prove a result analogous to Lemma 2.3.6 for distributions in H~2-2(9%).

Lemma 2.3.7. Let % be a C%l-surface, F € H-2:2(9%) and G € HY>®(9%). Then we have FG €
—2:2(9%) with
Gy 2y < oGl s

where 0 < ¢g < 00 is the constant from Lemma 2.3.6 and F'G is defined by
FG(H) := F(GH),
for all H € H22(9%).

Proof. Since GH € H22(9%) by Lemma 2.3.6 we have that FG € H~2:2(9%), as defined above, is well
defined. The corresponding estimate follows by the definition and the estimate from Lemma 2.3.6. [

We close the section with the definition of the divergence on submanifolds as well as some important
properties of it.



2.4. TOOLS FROM (FUNCTIONAL) ANALYSIS 33

Lemma 2.3.8. Let 9Y be a C%'-surface and {t,,...,t,_;} be an orthonormal basis of T(9X). For all
F,G € H22(9%) and H € H-*(9%; T(0%)) we have that divs(H) € L>®(9%) and

n

_ 1 . n_l
; H%12(32)<Fﬂu (VazG)ﬁHf%,z(az) =3 /82 dives(H)FGdH" ",

where the divergence on 0% is defined by

n—1

divos(H) := > (t;, 0, H).

i=1

This definition is independent of the basis chosen, see [Alt04, Section 8.2]. Furthermore, if 93 is a
Cllsurface and H € H?*°(9%) we have divs(H) € HY>(9X).

Proof. For the proof of the first statement see [GR06, Lemma 2.2.6]. The last statement can be proved
analogously, using the fact that we find t; € H*°(9%;R") for a Ctl-surface 9%, see e.g. [Alt04]. O

2.4 Tools from (Functional) Analysis

The tensor product is the essential tool for implementing stochastic inhomogeneities in Chapter 3. Let
H, and H, be real Hilbert spaces and define for each ¢; € Hy and ¢o € Hy a bilinear form ¢; ® ¢o on
Hl X H2 via

P1 @ P2(h1,2) 1= (D1, %1) H, - (D2, %2) H,»

for all ¢, € Hy and ¢9 € Hs. Let ® be the set consisting of all finite linear combinations of such bilinear
forms. We define a scalar product (-, -)g by

(01 ® b2, 93 @ Pa)a = (P1,P3) 1,y * (B2, Pa) Hy s

for all ¢1,¢3 € Hi, ¢2,04 € Hy and extend it by linearity to ®. This bilinear form is well defined and
positive definite, see [RS72, Proposition I1.4.1].

Definition 2.4.1. Let H; and Hy be real Hilbert spaces. We define H; ® Hs as the completion of ®
under (-, -)¢. H; ® Hy is called tensor product of Hy and Hs.

We have the following lemma.

Lemma 2.4.2. If (¢,),cy and (¢m,),,cy are orthonormal bases for H; and Hj respectively, then
(60 @ %¥m),, men is an orthonormal basis of Hy @ Ha.

Proof. For the proof of this lemma we refer to [RS72, Proposition 11.4.2]. O

Furthermore we have the following useful isomorphisms.
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Lemma 2.4.3. Let (My, 1) and (Ms, pi2) be measure spaces such that L2(My, uy) and L?(Ms, us) are
separable and H a separable real Hilbert space. Then:

e There is an unique isomorphism from L?(Mj, 1) ® L*(Ma, po) to L2(My x My, 11 ® po) such that
f®gr f-g, where f-g(z1,22) = f(z1) - g(z2) for all (z1,22) € My x M.

e There is an unique isomorphism from L?(Mjy, 1) ® H to L?(My, u1; H) such that f @ ¢ — f - ¢,
where f - ¢(z) = f(z)- ¢ for all z € M;.

e There is an unique isomorphism from L2(M; x Ma, py @ po) to L2(My, puy; L?(Ma, pz)) such that
(z,y) — f(z,y) is mapped to z — f(z, -).

Proof. For the proof of this lemma see [RS72, Theorem I1.4.10]. O

We go on with the Lax-Milgram Lemma, which is used to provide the solution operator for the inner
problem in Chapter 3.

Lemma 2.4.4. Let X be a real Hilbert space and mappings

a : XxX-—>R,

F . X >R,
are given such that
la(z,y)| < cullzllxllylx,
la(z,2)] > cwllzllk,
[F(x)] < cslllx,

for 0 < ¢11, €12, c13 < 00. Then the equation
a(z,y) = F(z), forallze X,
has one and only one solution y € X. Moreover we have
lyllx < cizers.

Proof. For the proof see [Alt02, Section 4.1]. O
The following lemma is known as the BLT Theorem and follows from the Hahn-Banach Theorem.

Lemma 2.4.5. Let X,Y be Banach spaces and T': Z — Y a linear bounded mapping defined on a dense
subset Z C X. Then there exists exactly one linear bounded mapping T : X — Y such that T(z) = T(z)
for all z € Z. Additionally the operator norm remains invariant, i.e., HTHL(X;y) = [T L(z;v), where
L(X;Y) and L(Z;Y) are the spaces of linear bounded mappings form X to Y and Z to Y, respectively.

Proof. For the proof of this lemma see [RS72, Theorem 1.7]. O



2.4. TOOLS FROM (FUNCTIONAL) ANALYSIS 35

We finish this section with two more lemmata which allows us to interchange differentiation with
other limiting processes. The first one is about differentiation of sequences.

Lemma 2.4.6. Let (X, || - ||x)and (Y, - ||y) be a Banach spaces such that Y C X and || f||x < c14/f]lv
for all f € Y where 0 < c14 < 00. If (fy), ey C Y is a sequence and g € X, h € Y with f,, — g in X and
fn—hinYthenh=ge€Y and f, - ginY.

Proof. Assume
lim ||fn - gHY =0,
n—oo
with g € Y. Because || f, — gllv < c14]|fn — g]|x we have
lim an - gHX =0,
n—oo
lim |[fn = hllx =0,
n—oo

for g,h € X. Because X is a Banach space, the limit of a convergent sequence is a unique well defined
element of X. Consequently we get g = h in X. O

The following lemma drops as a corollary.

Lemma 2.4.7. Let 9% be a C™%surface, m € N, a € [0, 1], and (f5,)nen C C°(9%), such that
lim || f, — fllcogox) =0,
n—oo

for f € C%9%). If (fu)nen C C™P(0X), n € N, n < m, 8 € [0,1], with n + 8 < m + « is convergent in
C™P(9%), then we have f € C™#(9%) and

lim || f, — fllgn.eam) = 0.
n—oo

Proof. This follows as a special case of Lemma 2.4.6 because the spaces are fulfilling the requirements,
see Definition 2.2.8. O

The second one deals with differentiation of parameter integrals.

Lemma 2.4.8. Let f, % eC® (Bﬂﬁ4 (0)) and f, % be equicontinuous, ¢ € {1,2}. Furthermore let the
parameter integral F' be defined by

F($1,$2) ¢:/ ) f($1,$2ay17y2)d>\2(y17y2),
B (0)

for all z € B (0). Then we have F € C* (B]FQ (0)) with

oF 0
3y, (21, 22) :/BR2(0) 35 (1, 22,91, y2)dN* (y1, y2).-
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Proof. This is a standard result from Analysis for parameter integrals, see e.g. [Heu02]. O

2.5 Some Notions from Probability Theory

In this section we want to give some definitions which are needed in Chapter 3. Only in this section, in
Subsection 3.3.3 and in Subsection 3.3.5, . denotes a sigma algebra instead of a space domain in R™.

Definition 2.5.1. Let (2,3, P) be a probability space and (R, B(R) be the set of real number together
with its Borel o-algebra. Every measurable function

X: Q- R,

is called random wvariable. For random variables X and Y we define

E[X] := Jo X dP, if X € L'(Q,P), (expectation value)
cov(X,Y) := E[(X - E[Y])-(Y - E[X])], if X,Y € L*(Q, P), (covariance)
var[X] := cov(X, X), if X € L*(Q,P), (variance)
o(X): ++/var[X], if X € L*(Q,P). (standard deviation)

Furthermore we define Gaussian random variables as follows. For details see [Bau02].

Definition 2.5.2. A random variable X having the following distribution

(y—m?

227 dA\'(y),

1
PXeAd)=— / e”
V2mro? Ja
is called Gaussian random variable with expectation value p and variance o2 > 0. For 02 = 0 we define
X(w) := p for all w € Q to be the Gaussian random variable with expectation value p and variance 0.

We set ) )
Ao = e~ 5 d\(y).

One has
Q R

for all H € L*(R,7*°") and a Gaussian random variable X with expectation value y and variance 2.

2.6 Function Systems from Geomathematics

In this section we introduce some function systems from geomathematics which will be used in the
applications of Chapter 4. Namely this are the system of mass point representations, i.e., the fundamental
solutions of the Laplace operator, and the system of inner as well as outer harmonics. We start with a
definition.
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Definition 2.6.1. Let ¥ be an outer C%!-domain. A set of points (7k) ey C X such that the properties
o dist((wr)pen,2) >0,
o Let € C?(X) with AF =0in ¥ and F(z;) =0 for all k € N. Then F =0 in ¥,

are satisfies, is called fundamental system in X. Furthermore, a set of points (v),y C D such that the
properties

o dist((z)en, D) >0,
e Let F € C?(D) with AF =01in D and F(x) =0 for all k € N. Then F =0 in D,

are satisfies, is called fundamental system in D. For each fundamental system (zy),.y we define a
corresponding system of mass point representations given by

=)
|z — - | keN.

Let ¥ be an outer C*-domain. Then for example (zj),cy is a fundamental system if it is a dense
subset of each domain I such that T is a strict subset of ¥ or D, respectively. If (7k) ey is a dense subset
of AT for such a T or a dense subset of a parallel surface 9X%7, 7 € (0, 7g], then it is also a fundamental
system. These examples and definitions are taken from [FMO04, Section 2.3.2]. At next we define the
systems of inner and outer harmonics.

Definition 2.6.2. The space of spherical harmonics of degree n is defined by

Harm,, (0BF’ (0)) :={ F

{ ‘BB]RB( )’F : R? — R is a homogeneous
0
1

polynomial of degree n, AF =0 on R?’}.

Let (Yok)p—o1. k=1...2041 C ]}2(3B[1Rs (0)) such that {Y,,1,...,Yy 2041} forms an orthonormal basis of
halrmm((?B]{§3 (0)), for all m = 0,1,..., and 0 < & < co. Then we define the system of outer harmonics
(Hgnfl k by

/) n=0,1,...;k=1,..., 2n+1
n+1
« 1 x
He = (L) Zyu(E
—n—l,k(x) (|l‘|> o n7k(‘x|)’

for all € R3. Furthermore, we define the system of inner harmonics (Hf; k.) by
"/ n=0,1,...;k=1,....2n+1
lz|\" 1 x
> (x)=— | =Y,i(—),
n,k:( ) (Oé o ’ﬂ7k(|x|>

for all z € R3.

Furthermore we have the following series expansion which will be important in Section 4.7.
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Lemma 2.6.3. Let 0 < a < oco. Furthermore let Hz’j and Hznfl,j be given by Definition 2.6.2. Then
we have the following series exrpansion

2n+1

1 >~ 4my Y .
z—yl 2 2n + 1 Y Hp(@)HY, (),
n=0 k=1

forx e BES (0) and y € R?’\W-

Proof. This is a standard result about the inner and outer harmonics and is contained in e.g. [FM04]. O

For more details about this function systems and their properties we refer also to [FMO04].



Chapter 3

The Oblique Boundary Problem for
the Poisson Equation

In this chapter we prove existence and uniqueness results for solutions to the outer oblique boundary
problem for the Poisson equation under very weak assumptions on boundary, coefficients and inhomo-
geneities. Main tools are the Kelvin transformation and the solution operator for the regular inner
problem, provided in [GR06]. Moreover we prove regularization results for the weak solutions of both,
the inner and the outer problem. We investigate the non-admissible direction for the oblique vector field,
state results with stochastic inhomogeneities and provide a Ritz-Galerkin approximation. The results are
applicable to problems from Geomathematics, see e.g. [Bau04] and [FM02].

3.1 The Inner Regular Oblique Boundary Problem

In this section we present the theory of weak solutions to the regular oblique boundary problem for
the Poisson equation for inner domains. Although the weak problem can be formulated for bounded
C%!-domains, in order to prove the existence of an unique weak solution we need at least a bounded
CY'-domain. Consequently we assume ¥ C R” throughout this section to be such a domain, if not
stated otherwise. At first we give the definition of the regular oblique boundary problem together with
the definition of the classical solution.

Definition 3.1.1. Let ¥ be a bounded C'''-domain, f € C°(%), g,b € C°(9%) and a € C°(X;R"™) be
given, such that

(a(z),v(z))| > C1 >0, (3.1)

for all € 9%, where 0 < C; < oo. Finding a function u € C?(X) N C(X) such that

Au=f in %, (3.2)
(@, Vu) +bu =g on 0%,

is called inner regular oblique boundary problem for the Poisson equation and u is called classical solution.

39
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Because of the condition (3.1) the problem is called regular. It just means that the vector field a is
non tangential to 9% for all x € 9X. Now we derive the weak formulation. Due to [Alt02, Lemma 2.21],
one has that

Au=f inX
if and only if
/EnAud)\” = /Enfd)\" for all n € C§° (%)
if and only if
/ nAud\" = / nfd\" for all n € C°(2).
b by
Additionally on X the following Green formula is valid, see [GTO01, Section 2.4]:

/wadAu/E(w,vw) d/\”:/a 20 apn,

> aV

for all ¢ € C%(X) N CL(X) and p € C>°(X). This yields for a classical solution

0 _
/ Nl g1 f/<V77,Vu> A" = / nfd\"  for all n € C ().
ox OV pX b)
Now we transform the boundary condition
(@, Vu) +bu=g on 0%,
to the form
0
(a, V>$u +{a—{(a,v)v) - Vosu) +bu =g on 0.

Using equation (3.1) we divide by (a,v) # 0 to get the equivalent boundary condition

st (g =) osu)+ pu= s on om

Plugging this condition into the equation above, we get the following formulation of the regular oblique
boundary problem for the Poisson equation which is equivalent to the formulation given in Definition
3.1.1, see [GRO6]. Let the assumptions from Definition 3.1.1 be fulfilled. We want to find a function
u € C%*(¥) N CL(T) such that

g b “ .
LG~ gy~ Vs

/(Vn,Vu>d)\”f/nfd>\":O for all n € C*(X).
) )

The transformation of the boundary term is shown in Figure 3.
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R™

Figure 3: Transformation of the oblique boundary condition

Finally, we are weakening the assumptions on data, coefficients, test function and solution. We give the
weak formulation of the inner regular oblique boundary problem to the Poisson equation, summarized in
the following definition.

Definition 3.1.2. Let ¥ be a bounded C''-domain, a € HV*°(9%;R") fulfilling condition (3.1), b €
L(d%), g € H 22(d¥) and f € (H1’2(Z))I. We want to find a function u € H?(X) such that

n

g a;
1 n, ——— — 1 U—V‘,(Vazu)'> —
H3em) < {a,v) >H5“‘<82> ; H2Hom) < (av) /42 om)

b _
/E(VT] . VU) d\" — /(‘92 77<a V>udHn 1 —H1.2(%) <77, f>(H1‘2(Z))/ = O7 (34)

for all n € HY2(X). Then u is called a weak solution of the inner regular oblique boundary problem for
the Poisson equation.

All terms in the definition above are well defined, see [GR06]. We have the following existence and
uniqueness result for the weak solution.

Theorem 3.1.3. Let X be a bounded CYl-domain, a € HV*°(0%;R™), fulfilling condition (3.1), and
b e L>(9%) such that:

. 1. a
ess infyx <W,V> - idlvaz(m - 1/)> > 0. (3.5)

Then for all f € (H1’2(E))/ and g € H=22(9%) there exists one and only one weak solution u € H“2(X)
of the inner regular oblique boundary problem for the Poisson equation. Additionally one has for a
constant 0 < Cy < 00!

lullzrr2(sy < Coll[ fll (2 (myy + HQHH—%J(@E))' (3.6)
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Proof. The main tool in this proof is the Lax-Milgram lemma. As mentioned several times before, the
proof of this lemma can be found in [GRO06]. More detailed proofs can be found in [Ras05]. O

We state some properties of the weak solution in the following remark.

Remark 3.1.4. Condition (3.5) can be transformed into the equivalent form

1
(a,v)b > 5((@, I/>)2diVaE (ﬁ - 1/> H"'-almost everywhere on 9%.
a, Vv

If divgy (ﬁ — V) = 0 H" '-almost everywhere on 9%, one has for H" '-almost all x € 9% the

condition from the classical setting, see for example [GT01] where an existence and uniqueness result for
the classical solution is provided. Furthermore for a = v, i.e., the Robin problem, the condition reduces
to:

b>0 H" l-almost everywhere on 0.

Finally we define for each bounded C'!*!'-domain ¥, a € H»*(9%;R") and b € L*°(9%), fulfilling condi-
tions (3.1) and (3.5), a continuous invertible linear solution operator Si;b by

i (HY2(R)) x H22(93) — HY(3),
igr,lb(fv g) =,

where u is the weak solution provided by Theorem 3.1.3. In addition this means that the inner weak
problem is well posed.

We proceed with the following regularization result for the weak solution to the Neumann problem
for the Poisson equation.

Lemma 3.1.5. Let © C R” be a bounded C2-domain. Then for all f € L2(X) and g € H22(9X) there
exists one and only one u € H*%(X) fulfilling

#32(om) <77,9>H7%,2(8E) - /EW??,VU) dN" =202y (0, ) (12 (myy =0 (3.7)
for all n € HY2(X). Moreover the a priori estimate

lullirzagsy < Cs (I z2es) + 19130 ) (3.8)
holds for a constant 0 < C5 < oco.

Proof. This result is taken from [Dob06, Section 9.4]. O

Using this result we are able to prove an analogous theorem for the regular oblique boundary problem.
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Theorem 3.1.6. Let ¥ C R™ be a bounded C*1-domain, a € H>*(9%;R"™) and b € HY>°(9X). Then

for all f € L2(X) and g € H22(9%), the weak solution u € HY2(X) to the inner regular oblique boundary
problem for the Poisson equation, provided in Theorem 3.1.3, is even in H?2(X). Furthermore we have
the a priori estimate

lullzrzagsy < Ca(I sy + 9] 3.0 ) (3.9)
for a constant 0 < Cy < 0.

Proof. Assume f € L2(X) and g € H22(9%). Let u € HY2(X) be the weak solution provided by Theorem
3.1.3. We have

_ 9 _ - 4 .

1=1

b — n
—/ n—m-u dH™ - / <V’I7,VU> d\ —HL2(%) <’l7, f>(H1v2(Z))/
oz (a,v) by
g / b n—1
- 1.5 m, - n udH
Hz(9%) < <@7 l/>> ’l'z(az) ox <Q7 V>
a
+ divg 7—VudH”71—/ Vn,Vu d)\"—/ d\"
/62772 dz:(@’y> ) 2( 1, Vu) zfn

g b 1. a n—1 n
= n +n u+n=divgy(—— — v)udH —/ Vn, Vu) d\
/az ) et TRy ) SN

—/Efnd)\" = —/2<V77,Vu) d)\”—/zfnd)\”

g b 1 . a _ n—1
+/6277 <<a7 v) * (a, V>u+ 2dwaz(<g> v) V)u) A

=:g*

_15
H™22(9%)

for all n € HY2(X), using Lemma 2.3.8. Furthermore Lemma 2.3.6 yields that
g

’ o (o~ atvont g =) v

for a constant 0 < C5 < co. Consequently g* € H%’Z(ﬁE). So u is the weak solution for the Neumann

problem with inhomogeneity f € L%(X) and ¢g* € H=2(9%). Consequently Lemma 3.1.5 yields u €
H?2(X) and the first part of the proof is done. For the estimate we start from inequality (3.8) for the
Neumann case above and estimate like follows

< C ( . A ),
ihon) S 5 (Iull 32 o) + 19155 25,

lullizzcs) < Ca (I 2y + 19"y 3.2 ) < Co(IFl1220s) + Csllgl
+Csllull 32 o5 ) <Cs (||f||L2(E) +Gsllgll 32y + CSC7||U||H1’2(E))
< Ca(If 2wy + Csllgl 3.2 ) + CorCo (I vy + 9112 ) )

=Cy (||f||L2(E) + HgHH%*Q(E)Z)) ’

H%2(5%)

using the trace theorem from Lemma 2.3.3. O
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The final lemma of this section verifies that the weak solution is really related to the original problem.

Lemma 3.1.7. Let u € H>?(X) be the weak solution to the inner regular oblique boundary problem for
the Poisson equation, provided by Theorem 3.1.6. Then we have

Au=f A" — almost everywhere in 3, (3.10)
(@, Vu) +bu =g H"! — almost everywhere on 9X. (3.11)

Such a solution we call strong solution to the inner regular oblique boundary problem for the Poisson
equation.

Proof. The proof of this lemma can be found in [GR06, Proposition 3.6]. O

3.2 Transformations

In this section we define the transformations which will be needed in order to transform the outer oblique
boundary problem for the Poisson equation to a corresponding regular inner problem. Then we will
apply the solution operator in order to get a weak solution in the inner domain. This solution will be
transformed with help of the Kelvin transformation to a function defined in the outer domain. In the
next section we will finally prove that this function solves the outer problem for sufficiently smooth data
almost everywhere, which gives the connection to the original problem. The whole procedure is illustrated
in the following figure.

S{t;ut
Outer problem : X ‘ (f.9) (_’;) u
| Kx Ty | Ty T K
SE
Inner problem: £ ‘ (T1(f), T2(9)) T R® v

We proceed in the following way. First we define the Kelvin transformation K of the outer domain ¥ to
a corresponding bounded domain %, At next the Kelvin transformation K of the solution for the inner
problem will be presented. Finally we define the transformations 77 and 75, for the inhomogeneities as
well as T3 and Ty for the coefficients. We will also show that the operators K, T7 and Ty are continuous.
The consequence is that our solution operator

S (fr9) =K (SiTr;,(g),n(b) (Tl(f)aT2(f))) ,

forms a linear and continuous solution operator for the outer problem. Because all main results assume
¥ to be at least an outer C''-domain, we fix ¥ in this section as such a domain, if not stated otherwise.
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3.2.1 Kelvin Transformation of the Domain

Aim of this subsection is to transform the outer domain ¥ to a bounded domain X%. The tool we use
is the so called Kelvin transformation Ky for domains, which can be found in [Wal71, Section 1.2]. We
introduce the Kelvin transformation for outer C'''-domains in the following definition.

Definition 3.2.1. Let ¥ be an outer C'''-domain and = € ¥ be given. Then we define the Kelvin

transformation Kx(z) of x by
x

K = —. 3.12
o) = o (3.12)

Furthermore, we define ¥ as the Kelvin transformation of ¥ via
S = Ky (2) U {0} = {Kg(x)‘x es}u{o}. (3.13)

From this point on, we fix the notation in such a way that £% always means the Kelvin transformation
of 3. The following figure illustrates the Kelvin transformation of 3.

R?

I
|
N

0 05 1 15

Figure 4: Kelvin transformation of ¥

We have the following lemma about the Kelvin transformation K.

Lemma 3.2.2. We have Ky € C®(R"\{0}; R"\{0}) with K = Idgn\{o}. Furthermore we have

C6|l"_2n,

<
< Crla| 2!

[Det(D(Kx))(x)]
|0i|Det(D(Ks)) ()|l

for all x € R"\{0}, 1 <i <n, where 0 < Cg,C7 < 0.
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Proof. The first two statements about the Kelvin transformations are obvious by the definition. For the
first estimate we compute the Jacobian matrix of Kx(z) = ﬁ We have

1 z? .
D(KE)“ = W_2W’ ’L€{1,...,n},
D(KZ)IJ = -2 ‘;li’ Z#.]v Z7.]6{17"'7n}7

for all 2 € R"\{0}. Now we use the Leibniz formula in order to compute the determinant

Det(D(Kx))(@)] = | Y sign(0)D(Kn)ieq) - - DIKS)no(m)]
ocE€Sym,,
< Y DK IDE ) o)
oE€Sym,,
3 " n —2n
< Z T | =03z,
ocE€Sym,, |(L‘|

for all z € R™\{0}, where Sym,, denotes the set of all permutation of the set {1,...,n}. This proves the
claimed estimate. For the second estimate we obtain that Det(D(Ky)) is either positive or negative on
whole z € R™\ {0}, because Ky, is an invertible C*-mapping. Consequently |Det(D(Ky))| is differentiable.
W.lo.g. we assume Det(D(Kyx)) to be positive. We have

1 x2 x; x; a3
9iD(Kx)i = av(—2 ’>=—2 g H4Tg +8T,
' b \lzl2 Tl o e N
9, D(K) oL ol R R
; )i = 0| — —2—L | =— , g U 3aN
" lzl> "zt 2|t |l

;T XT;T;T . . .
8Z‘D(K2)j/€ = 0 <_2 |J:E|4k) =38 |xj|6 ka J 7é k, ]7k € {la s an}\{l}7

for all 1 <4 < n. Finally we compute

|0i|Det(D(Kx)) ()|l
|0:Det(D(Kx)) ()|

0 Y sign(e)D(Ex)ioq) - - - - DIES)na(n)

o&€Sym,,
< Y D 10D(Ks)je)
o€Sym,, j=1
1D(Ks)iomy] -+ ID(Ks)j—10(-)|  [ID(Ks)j410G+0)] -+ - - [DES ) no(n)]
< n- n[g"—1|x|—2n+214‘x|—3 < (n_|_ 1)!3n-&-2|$|—2n—17

for all z € R™\{0}, again with help of the Leibniz formula and the product rule of differentiation. O
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Furthermore we have the following lemma.

Lemma 3.2.3. Let ¥ an outer C%!-domain. Then X% is a bounded C%!-domain. Moreover we have that
O¥K = K5 (9%). Furthermore, if . is an outer C*!'-domain, we have that XX is a bounded C':1-domain.

Proof. We prove the first statement. Therefore, we have to show that £X is a bounded domain and that

there exist an open cover (Uf);<;<n of 95K as well as C*'-mappings (WX : B} (0) — Uf)1<;<ny and

K\~l. 7K _, gR" : K(pR" ! _ 7K K
((\pi) LUK — B (0))19§N with UK (BE" 1 (0) x {0}) = UX N 9K and

(\IliK)_l (UK noxE) = BE"'(0) x {0}, respectively. It is obvious that OSX = Kx,(d%). Because the
Kelvin transformation Ky : R™\ {0} — R™\ {0} is continuous and K% = Idgs\ (o} it maps open sets to
open sets. So we can define an open cover of ¥ via

UK .= Ks(U;), 1<i<N,
where (U;)1<;<n is the open cover of 9X. Furthermore the mappings
UK (2) i= K (¥i(2)) and (T5) 7" (2) == U Y (Kx(2)) fulfill UK o (VX)) =1dy, and (U5)' 0 UK =
Idgz» (). We have ¥;(B; B} 1( 0) x {0}) = UK NOZK and U, H (UK NOXK) = BE"7(0) x {0}, respectively.
It is left to verify is that these are C*!-mappings. We use the isomorphisms
CHY(BY (0);Ui) = H>>(BY" (0); Uy),
C*!(Us; B (0 ))g (UwBR (0)),
CHY(BY(0); Uf) = B> (B (0); US),
c2H U BRW( 0))=H (UK BY"(0)).
fori € {1,..., N}, see Lemma 2.2.5. Additionally we have
dist(9%,0) > 0,
dist(9%K,0) > 0.

This yields that KTp : ¥ — ¥ is a bounded C'*®-diffeomorphism. Now we can apply chain and product
rule for functions from Sobolev spaces, see Lemma 2.2.4, to get

(WN)ciey € HS<(BE (0);UK) = €2} (BY (0);UF),
((w)™), . ¢ H*USBY ()= UF; BT ),

for i € {1,...,N}. In the same way, the statement for outer C''*!-domains ¥ can be proved, and the
proof is done. O

Remark 3.2.4. There are geometric situations in which X% can be computed easily. For example if
0 is a sphere around the origin with radius R, then 9L is a sphere around the origin with radius R~!.
Furthermore, if 9% C R? is an ellipse with semi axes a and b around the origin, then X% is also an
ellipse around the origin with semi axes ¢! and b~'.
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3.2.2 Kelvin Transformation of the Solution

In this subsection we introduce the operator K. This is the so called Kelvin transformation for functions.
It transforms a given function u, defined in ©% to a function K (u), defined in X. In addition, it preserves
some properties of the original function. We will state some of these properties. So, after this subsection
it will be clear why we choose exactly this transformation. It will also be clear how we have to choose
the transformations 77, ...,7Ty in Subsection 3.2.3. We start with a definition.

Definition 3.2.5. Let & be an outer Ct'-domain and u be a function defined on . Then we define
the Kelvin transformation K(u) of u, which is a function defined on X, via

K(u)(x) = ——su(

for all x € X.

Important is that this transformation acts as a multiplier when applying the Laplace operator. Note
that —(n — 2) is the only exponent for |z| which has this property. We have the following lemma.

Lemma 3.2.6. Let X be an outer C*!-domain and u € C?(XX). Then we have K (u) € C?(X) with

1 T
A(K(u))(x) = W(AU)(W%
for all x € X.
Proof. For the proof of this lemma see [Wal71, Paragraph 2]. O

As already mentioned above we will apply K to functions from H2(XX). So we want to find a
normed function space (V, || - ||v) such that

K:HY2ER) v

defines a continuous operator. It turns out that the weighted Sobolev space H'} 4 (%) is a suitable
|2 Tz]

choice. We have the following result.
Lemma 3.2.7. Let ¥ be an outer C1'-domain. For u € H?(XX) let K(u) be defined by equation
(3.14) for all x € 3. Then we have that

K:HY(x%) - H'YY (%)

[ |2 T

is a continuous Operator, i.e., K is linear with

K@z e < Csllullmae, (3.15)

=2 Tz

for all u € H2(XK), where 0 < Cg < 0o. Moreover K is injective.



3.2. TRANSFORMATIONS 49

Proof. By the definition of K injectivity is obvious. Now let v € H'2(XX) be given. We have to prove

| K (u )HH12 < CSHUHHL?(ZK)a
lll( )
=

where the constant 0 < Cs < oo is independent of u. With help of the chain and product rule of
differentiation for Sobolev spaces, see Lemma 2.2.4, K(u) is a weakly differentiable function. Due to the
transformation formula for integrals we have

K | o

= [K(u ||L21 JFZ‘W ||L2 (=)

Tel? B
- /E<|x|71t2“(|xx|2)> |x|4d)\n +z=:/< (IxI" ? (|;|2))> de)
_ /m% FOLAC +Z/< . )+(8W)2(#)m%

+4Z@u e |2 |§fi4+2(2*")| ‘Qnu(| |2)(3¢u)(W)

S (T

|2

~ $25U n X X €T;XT
Z a u 2 2) Qnig 742(6 u)( 2)(8 )( Q)Ti_g
2 Rl 2 B
- " x 22ziz.,
E R SR )] o W g K g I v U
2y 2 (N 2P P | Tal
< [ (N (@)
- T SV AN N
+Z/ <(2 P ) O o) e
1 1 €T T
—4(2—n>g<aju><ﬁ>u<#>w%ﬂ— > 0 0 () s

"> (O30)() O ><|j|2>x|jn+2>w<x>

J=1 m=1,m#j

- / w22 (y) et (D (K (1))l AN () +
Z / ( n)?ly PR (y) + (00 () Iyl
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+4zau ()l +2(2 = m)ly P uly) (0:0) (1)

—4(2—n) Z(@'U)(y) My —4 Z )()ly**?
+4Z > mt) (Y )|y|2"+2>Det(D(Kz(y)))ldA"(y)
j=1m=1m+#j

IA

[l 22 (nic) +

Z/EK ((2 —n)2u?(y) + (Ou)?(y)|y|?

+4Z (05w W)lyl* + 2(2 = m)lyllu()]| (@) (y)]

M:

—42=n) p_10@;u)(y)lluly IIyI*4Z|5u @) ()l Iyl

1

ay |<aju><y>||<amu><y>|y|2>cw<y>

j=1m=1,m#j

<.
=

< CyllullFesx

where Cy only depends on n and sup,csx{|y|} < oo. O

3.2.3 Transformation of Inhomogeneities and Coefficients

This subsection provides the remaining transformations 711, ...,7Ty. In the first part we treat 77, which
transforms the inhomogeneity f of the outer problem in ¥ to an inhomogeneity of the corresponding
inner problem in ©%. Assume f to be a function defined on ¥. We want to define the function T;(f) on
Y& such that

Au(z) =T (f)(z), xeXF, (3.16)
implies that
AK(uw)(y) = fly), yeX. (3.17)

Using Lemma 3.2.6 we are able to define T} for functions defined on ¥ as follows.

Definition 3.2.8. Let ¥ be an outer C*''-domain and f be a function defined in ¥. Then we define a
function T (f) on X by
1 x

L) = e () (3.18)

for all z € XX\{0} and T3 (f)(0) = 0.
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The next lemma summarizes the most important properties of this transformation.

Lemma 3.2.9. T; is well defined and fulfills the relation described by equations (3.16) and (3.17).
Furthermore, T defines a linear continuous isomorphism

Ty : LY, (2) — L2(55),
with (Tl)_l = T1~

Proof. The first statement follows immediately by using Lemma 3.2.6. In order to prove that T; is well
defined we will show

1T ()2 mxy < Cﬁ”fHL‘sz(z),

for all f € L|2$|2(E) and
||T1(f)||L‘2m‘2(z) < Col[ fllp2(zx)s

for all f € LIZxIZ(E)' Cs is the constant from Lemma 3.2.2. We have

T 1 x

2 _ 1 el ? ) = 20 & iy
e = [ (Gl () @) = [ P )
- / 27+ £2()|Det (D(Ks)) (4)|dN" () < Co / W2+ £ () ]2 dAn )

= Co /EK PWlyl*d"(y) = CllfllZ2 (s

The other direction can be proved in a completely analogous way. Bijectivity is obvious by the definition,
consequently 77 defines a continuous isomorphism and the proof is complete. O

We want to generalize our inhomogeneities in a way similar to the inner problem. This means we
have to identify a normed vector space (W, || - ||w), such that

’

Ty W — (HY(25)) ,

defines a linear continuous operator. Additionally, because of Lemma 3.2.9, we want to end up with a
Gelfand triple
U C L{,.2 (%) CW.

Consequently Lfmlg(z) should be a dense subspace. Using the following lemma, we will be able to prove

/

that the space (Hlij‘zz ‘w|3(2)> is a suitable choice.

Lemma 3.2.10. Let ¥ be an outer C''-domain. The operator
J: HY2(2K) — H|1z7|22 (o2 (X) defined by
X _
J(u)(x) = U(W) “|z["7% - [Det(D(Kx))(z)], = €%,

for u € H2(XX), is a continuous linear operator.
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Proof. First of all, we want to mention that J is well defined. |Det(D(Kyx))| > 0 in ¥ and consequently it
is differentiable, see Lemma 3.2.2. Additionally, the product rule as well as the chain rule of differentiation
is available for weakly differentiable functions, see Lemma 2.2.4. So J(u) defines a weakly differentiable
function in X. The operator J is obviously linear. So it is left to prove

”J(U)HH‘LTQ o3 () < Collull mrz(sxy,
for a constant 0 < Cg < co. The estimate

||J(U)||i‘2m‘2(z) < CG||u||§{1,2(gK),

can be derived analogous to the estimate in the proof of the Lemma 3.2.9. So, it remains to estimate the
weak derivatives for 1 <47 < n. We do this in the following way

10:( (u))”L2

- [ (a (u ) Jal"2 - [Det(D (Kz))($)|>)2|$|6d/\n($)
(vt

||
- [ (o (0 |"_2)‘|Det(D(KZ))($)|

+u(

W).m"— - 9;|Det(D |> |z[°dA" ()
= /Z((n—2)|x” u(| |2> [Det(D(Kx)) ()|

+|$|"‘40iU(T) [Det(D(Kx))(x)|

225“| )il IDet(D(K) (@)

Jj=1

X

2
Ful) a2 0Dt (D)) ) Jaf' " o)

2 o | 3U el | 4 wl(——
< (Ce+Cr) /Z<|n 22| 7" ul( |)+|\ |Diul( |)
+22|$| "0 (e |2)Jrlﬂfl " S\UI(‘ B ) |2]°d\" ()
= 2
< (CG+C7)/E nlel (o +3Z\$| ol |2) d\"(z)
< (Cs+Cy)? /En2|x|’2”|u| (— YA (x +3Z/ 2| 72210, ul? (—)d/\”( )

of?
= (Cot CoP( [ n P uP () Det(D() (w)]ax" )
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+3 Z; /E ‘y|2n+2‘aju|2(y)|Det(D(KZ))(y)|d)\n(y)) 2

< (Cs+ Cr)*(n* + 9nsup{|y[*ly € EK})H“H%N?(zKy

O

’

Now we are able to extend our definition of 73 to elements of (H le"i \wls(E)) . Before we go to the
next lemma, it might be useful to recall the Gelfand triple, given in Remark 2.2.7 (iii) by

’

He j4ga () € L (B) (ngpr(z)) '

Lemma 3.2.11. Let ¥ be an outer C*!'-domain. We define a continuous linear operator

/

T1 : L‘Qx‘Q(E) - (HLQ(EK)) )

by
TN 0= [ TN Dh@ N @), he B (3.19)
for f € L%z‘z(E), where L|2x|2(2) is equipped with the norm | - H(H1’2 (E))/. There exists a linear
|22, |23

bounded continuation ,
T : (H‘;ﬁ’lrlz(m) — (H2 ()

i.e., we are able to find 0 < C1g < oo such that

1T (Nl are2eryy < ClOHf”(Hl,z MS(Z))', (3.20)

lz|2,

/!
for all f € (H|117|22 Il_‘_g(Z)) .
Proof. Obviously the operator T7, as defined above, is well defined on the set
Lfmlz(z) C (HllgE’IQ2 II\S(Z)> because T} : folz(Z) — L2(2%), see Lemma 3.2.9, and

||T1(f)||(H1,2(2K))/ < ||T1(f)||L2(EK)7

for f € Lfmlg(E). Moreover it is linear on this dense subset. We will show that

||T1(f)H(H1,2(EK))/ < C9||f||(H112 (E))/7

212,23
for all f € walg(Z). Then the BLT theorem, see Lemma 2.4.5, gives us an unique linear continuation to

/
(H‘lag’f2 2] (Z)) with same bound. We compute for f € L‘Qzlz(E) and h € H"?(XK)

(T ()R] =

| mm@hiae

1 T s
/ZK Wf(w)h(x)w\ (z)
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-| L2 pa s mion )| =| [ foumimidtan)

W,y 1IN, o S ol sy Ilaee,

2
|22, ]2|3 =121 |z]2,]2|3

using Lemma 3.2.10. But this yields

1T ()l (2 (mxyy = sup (T () (R)] < Col £l .
) 2 (2) Al 1.2 ey =1 CrRe)

O

The second part of this subsection contains the transformations for the boundary inhomogeneity g
and the coefficients @ and b. This means we want to find transformations 75, T5 and T4 such that

(T5(a)) (), Vu(z)) + (Ta(b)) (z)u(z) = (T2(g)) (), (3:21)
for all z € OXK, yields that

{a(y), V((K(w)) () + b(y)u(z) = g(y), (3.22)

for all y € OXK. We start with the transformation T(g) of g.

Definition 3.2.12. Let ¥ be an outer C'**'-domain and g be a function defined on 9%. Then we define
a function Ty(g) on XX by

(Ta(9)) (x) = g(#x v € 95K, (3.23)

Again we recall a Gelfand triple from Remark 2.2.7 (iii), namely
H22(9%) C L2(0%) C H22(9%).

T5 has the following properties.

Lemma 3.2.13. Let X be an outer C':1-domain. We have that
T, : L*(0%) — L*(0%5),
T, : H?%(0%) — H>?(0K),
define linear, bounded isometries with (73)~! = T». Moreover we define a continuous linear operator

T, : L*(8%) — H22(9xK),

by
Too) (1) = [ Tola) (o) a (). e B4 o%) (324)
by
for g € L?(9%), where L?(9Y) is equipped with the norm || - ”H—%»Q(az)' Hence there exists a continuous
continuation

Ty : H 32(9%) — H™3%(95K),
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i.e., we have for a constant 0 < C1; < 00

T2 (9 -2 <Cullgll,-1. (3.25)

(oK) — (8%)’
for all g € H™22(9%).

Proof. Obviously (T5)~! = T, and the operators are linear. At first we consider T, applied to g €

L*(9%). Let (¥;),.,n be the mappings from 9% and (I‘;’Ilil\") be those from X%, Furthermore
<i< il" J1<i<nN
let (w;),<;<n be a C>-partition of unity on 9% corresponding to (U;), ;< - Then (wiK)gigN defined
by
wi(z) = wz(‘jz) ze UL,
for 1 <i < N, is a C>®-partition of unity on XX, corresponding to the open cover (UiK)lgigN' Details
can be found in the proof of Lemma 3.2.3. Now we compute
1T2(g ||L2(8EK Z [|wi (W) ))(‘I’i)HZLz(Rn—l)
al U,
Z (|\I, |2)||L2(]R" 1y = Z lwf (W) - 9T )21y = 191122 (03)-
i=1 i=1

For Ty applied to H %’2(82) we compute the norm in the following way, using an equivalent definition of
the H22(9%K) and H22(d¥) norms. [Dob06, Section 6.10 and Definition 9.39] yields

lgll? 5 = llgll72(on)

(02K)

N \I/K(x O)) (\Ile(:%O))'Q n—1 n—1

|z —y|™

2 _
||9||H%,2(82) = ||9||L2(az)

3 Ui(2,0)) = g(Wi(y, ) 1ty 1ynt
+z—:1/ O /B o jz —y|" X" (2)dA™ ™ (y),

for Lipschitz boundaries, i.e., %% and 9% are C%!'-boundaries. Now we can estimate

IT2(9)I2, 5 = | T2(9) 12 o5

(85K)
N U, (2,0) Ui (y,0) (2
+Z/Rn 1(0)/Rn ) e O)llzx)yTﬁm( (i) A" (@) dA T (y)
= HQH%Z(BE)
+i / / (,0) = g( Wi D oo a1y
BE" "1 (0) J BE" 1(0 lz —y|"
= \\9\\272

H220%)
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for g € H22(9%). It is left to prove the continuity of

Ty (L120%), | - | ) = H 4295,

H™%2(93)

For g € L2(0%) C H~22(d%) we use the definition of the integral on % and %K from Definition 2.1.3.
Furthermore we have
0< Cra < Ji(y), I (') < C13 < %,

for y' € B]anl (0) and constants 0 < C3,C13 < 00, see Lemma 2.1.4. Now we can start to estimate

T2(9)(h)| =

/ To(g)()h(@)dH" " (z) / 9(=rg)h(@)dH" ™ (@)
XK InK |x|

K(yK (. M K () K (A" (o
/Rn_l w;* (W5 (f,o))g(l\pff(x/70)‘2)h(\:[li( ,00)JE (2 )dA™ 1 (2

-

s
I
-

(W, (2 (! \I/i(x',()) . JlK(xl) A n—=1l(p/
/mez(\lu( (i GG gE) - gy AT ()

M-

.
Il
-

=:Q; (V] (x))

N
T _
| @h( QA @) < 3 ol sy [ QT .5
1=1

-

i=1

Because 9% and consequently 9% are C%!-surfaces, we have w;Q; € H»*(dX). So using Lemma 2.3.6
and the the fact that T is isometric between H22(9%) and H22(0%K) we get

T2 (9] < N9l 2 gy 01 e

for all g € L?(0%) and h € Hz? (0xX). Using the BLT Theorem, see Lemma 2.4.5, again this proves the
assertion. |

Closing this section, we give the definitions of the transformations 75 and Ty as well as their most
important properties in the final lemma of this subsection.

Lemma 3.2.14. Let ¥ be an outer C%'-domain. We define the operators T3 and Ty via

T3 : H?*®(0%) — H>>*(9xK),

=lz|" (a Ly a 2 e. )e T K .
(Ta(a))) = ol (a5 -2 (a( ) e e ) . w0 (3.26)
fora € HQ’OO(GE) and
Ty : HY“®(0%) — HY>< (%K),
= |z|" 2. o ) e e x K .
@) @) = el (o) + 2= (al Ta)) . acos (3.27)

for b € HY>(9%),
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where e, denotes the unit vector in direction  and a € H 2’“(82) for Ty. Furthermore we have
T3 : HY@(0%) — HY>(0nK),
Ty : L™®(0%) — L>(0%5),

if 3 is an outer C1'-domain and a € H>°(9%) for Ty. All these operators are well defined and give the
relation formulated by equations (3.21) and (3.22).

Proof. 1t can be verified easily using the product rule for Sobolev functions that the operators are well
defined. In order to verify the relation given by equations (3.21) and (3.22), we compute the gradient of

K (u) for u € C(X). We have K (u) € C'(2K) and we have

V((K(w))(z))
= Vi)
= Vi) + e V)

2—n T 1 T T T
= WU(W):E+ 7|x|"—2 (V(u)(W)) o <81|x|2"”7an|:c?>
= e = (VO ) o (), V()

2—n T 1 T
G ) e V)

2 T
T |n+261u(| |2)Jc1x— _W8HU(W)xnx

2—n T 1 T 2 T

= Wu(w)x + WVU(W) T e <Vu(|x|2),x> x.

for all x € 0X. o denotes the Matrix multiplication. Plugging this into the boundary condition on 0% we
get

(a(e), VK (u)(2)) + b(a) - K (u)(z)
2—n x 1 T
MW@WM*@@WWW

|.Z“" |.Z“"
2 b(x) x

e (= V) o) + e

>

= {(Frat) - ) - vu)
+ (|b|(f_)2 + <a(w)7w>2_n) u(ﬁ)

[

.27 x

P

for all z € 9X. If we now use equation (3.21) together with (3.23) we will get equation (3.22) and the
proof is done. O
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3.3 The Outer Oblique Boundary Problem of Potential Theory

This is the main section of Chapter 3. It presents a solution operator for weak solutions to the outer
oblique boundary problem for the Poisson equation. In the first subsection we provide an existence
result. The weak solution to the outer problem will be the Kelvin transformation K (v) of the weak
solution to the corresponding regular inner problem v. Next we state a regularization result for the
weak solution. Thus the connection between the weak solution and the original problem is established.
Then we discuss the transformed regularity condition on the oblique vector field. After we implemented
stochastic inhomogeneities and provided a Ritz-Galerkin approximation, we show the applicability to
problems from Geomathematics with some examples in the last subsection.

3.3.1 Weak Solutions to the Outer Problem

In this subsection we want apply the solution operator of the inner regular problem in order to get a
weak solution of the outer problem. Therefore we will use a combination of all the operators defined in
the previous sections and subsections. In order to avoid confusion we denote the normal vector of 9% by
v and the normal vector of 90X by vX. With the same reasoning as for the inner setting, we assume %
to be at least an outer C'*'-domain if not stated otherwise. We start with the classical formulation of
the outer oblique boundary problem for the Poisson equation in the following definition.

Definition 3.3.1. Let ¥ be an outer C''-domain, f € C°(X), b,g € C°(9%) and a € C°(9%;R™) be
given. A function u € C%(X) N C!(X) such that

Au(z) = f(z), forallzeX, (3.28)
(a(z) - Vu(z)) +b-u(z) = g(x), forallxe dx, (3.29)

is called classical solution of the outer oblique boundary problem for the Poisson equation.
Now we state the main result of this chapter.

Theorem 3.3.2. Let X be an outer Ctl-domain. Furthermore let a € HY®(0X;R"™), b € L>®(9%),
/
gEe H 22(9%) and f € (H‘lgg’f2 |$|3(2)) , such that

[(T5(a)) (), " ()| > Cra >0, (3.30)
| Lo 1 (D@
ess infayx {W 2d a5 (<T3(a), g )} > 0, (3.31)

for all y € LK, where 0 < C14 < 0o. Then we define

wi= S (f,9) = K (SE 0.0 (T1 (1) T2(9))) (3.32)

as the weak solution to the outer oblique boundary problem for the Poisson equation from Definition 3.3.1.
Sg}}f is injective and we have for a constant 0 < Ci5 < 00

lollars < € (I gy 4190, 3am, ) (3.33)

EIRARED] EIENE]
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Proof. Lemma 3.2.3 yields £X to be a bounded C''-domain. Furthermore, because of Lemma 3.2.14
and condition (3.30) we have that T3(a) € H%*(0X%;R") and condition (3.1) is fulfilled. Additionally
T,(b) € L>®(9%). So S;f;( Ta(b) 18 well defined, see Remark 3.1.4. Injectivity follows by the injectivity of
!
the operators K, Ty, T5 and ST?,(@ ) Ta(p)- Lemma 3.2.11 and Lemma 3.2.13 yields T3 (f) € <H|1a£\22,\x|3(2K)>

and Th(g) € H = 2:2(9%K). Consequently we can apply the solution operator for the regular inner problem
to get a Weak solution v € H12(XK) by

V= Siﬁ(g),n(b) (T1(f), T2(9)) »

see Theorem 3.1.3. Using Lemma 3.2.7, we get u := K (v) € HY , (X). Finally, we use the continuity

“2’1

estimates from Lemmata 3.1.3, 3.2.7, 3.2.11 and 3.2.13, to obtain

HU||H12 s
ﬁf ﬁ

< CQCSHlaX{Clo,Cll} (f||(H12 . ‘3(E)>/ + ||g||H52(62)> .

We will need the following lemma in order to prove a regularization result for the outer problem.

Lemma 3.3.3. Let ¥ be an outer C''-domain and u € H*?(XX) be given. Then we have K(u) €
H>? 1(Z) and
Tf2 Tl

IE@lg2e (s < Crsllull e,

1
2 To] !

[Ed]

for a constant 0 < C1g < oo independent of u, i.e., K : H22(XK) — H*? | L (%) defines a continuous

[w|2 T=]”?

operator.

Proof. Due to Lemma 3.2.7 we only have to estimate ||0;0; K (u)||r2(x) for 1 <4,j < n. But this can be
done easily by using the techniques as in the proof of Lemma 3.2.7. We have

10,0, KT p(u)]|72(x)

- /E<aj ((2_71)@16(';'2)

o7 QZ (B SElﬂfz)) e
x 1
- / (2 = n)zu(—5)0i () +
. |27 ]
(2= )0, (0l )+ 0,((00) () o + (O () )

n n 2
=23 0i{(Oh) (o)) ity — 22 (Ou) (1 |2>aj<|§|fg>> A" ()

k=1
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- /g<(”_2>”l () +

(@) (-5 Zi +Zal Y BT o by ()L

|$‘2 |x‘n+2 | |2 ‘x|n+4 ‘ |2))|x|n+2

T nw; T 1 T

+ 37 (@i05u)( | ‘”|2 ) gt~ gz Q) () 0 - 2 =) pruls)
=1

[ER

-~ RN x i
k=1

- x XTi;T
—2 Z(ajakuxW)) |$|,H’f4

n n n 2
xlac Tl {E .’E](E Tl n
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+
iM-
11

- It

(0iu)(y)(0;0ku)(y)

3
3

NE

+ (0:0;u) (y) (Ox01u) (y )) [yl =" dA" (y)

% =1

)

-
<.

Il

-
~
Il

=

S C]_G||UHH2,2(EK).

Now the proof is finished. O

Now we are able to state the following regularization result, based on the regularization result for
the inner problem, see Theorem 3.1.6. The following Theorem shows, that the weak solution, defined by
Theorem 3.3.2, is really related to the outer problem, given in Definition 3.3.1.

Theorem 3.3.4. Let ¥ be an outer C*'-domain, a € H>*°(9%;R"™), b € HL*°(9%) such that (3.30)
and (3.31) holds. If f € LIIP(E) and g € H22(X) then we have u € H*? | (X)), for u provided by

EEREE
Theorem 3.3.2, and

Au = f, (3.34)
(a, Vu) +bu =g, (3.35)

almost everywhere on ¥ and 0%, respectively. Furthermore we have an a priori estimate

b=z, (o < Cro (1o + 119l 32 ) (3.36)

le|2” T=T

with a constant 0 < C1g < 00. Such a solution we call strong solution to the outer oblique boundary
problem for the Poisson equation.

Proof. Using Lemmata 3.2.3, 3.2.9, 3.2.13 and 3.2.14, we find the requirement of Theorem 3.1.6 to be
fulfilled. Consequently we have v € H*?(2K) and

Av(z) = Ti(f)(z), for almost all z € £X,
(T3(a)(x), Vo(z)) + Ty(b)(z) -v(z) = Ta(g)(z), for almost all z € ILK.

Furthermore, this yields v € H*? ,(2), by Lemma 3.3.3, and

ERNES

Au(y) = f(y), for almost all y € X,
(a(y), Vu(y)) +b(y) -uly) = g(y), for almost all y € O%,

by the choice of the transformations. O
As a consequence we have that if the data in Theorem 3.3.4 fulfills the requirements of a classical

solution, see e.g. [Mir70, Section 23], the solution u provided by Theorem 3.3.2 coincides with this
solution. We close the subsection with a final remark.
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Remark 3.3.5. It would also be possible to derive a weak formulation and to prove that the weak
solution, provided by Theorem 3.3.2, fulfills it. This would require additional regularity assumptions on
a, b and X. Additionally, we would have to forbid tangential directions for the oblique vector field a and
we would end up with a regular outer oblique boundary problem. Since we would still have to use the
Kelvin transformation, there is no advantage in such a formulation at this point.

3.3.2 The Condition on the Oblique Vector Field

Analogously to the regular inner problem, we have condition (3.31), which is a transformed version of
(3.5) and gives a relation between a and b, depending on the geometry of the surface 9X. Moreover
condition (3.30) is a transformed version of (3.1) and gives the non admissible direction for the oblique
vector field a. For the regular inner problem, (3.1) states the tangential directions as non admissible
for the oblique vector field. For the outer problem the direction depends as well on the direction of
the normal vector v(y) at the point y € 93 as on y itself. In this subsection we will investigate this
dependency in detail. Using the definition of T35 we get

(o -2z o]

for almost all z € X, This is equivalent to

y € GEK) ‘<a(|£2),v}<(:v)> -2 <a(|5|2),ez> <€I7VK(I)>‘ > Cy > 0,

for all z € 9% and 0 < (3 < 0o. We use the formula

winjo1

(y,2)

lyl - |2|
for vectors in R", where Z, , denotes the angle 0 < Z, , < 7 between y and z. Now, we can rewrite
condition (3.30) in the equivalent form

=:cos(Zy,2),

|Q(%)| - c08(Zg(z),ux) — 2 |g(ﬁ)| ~cos(42(m)£z) . cos(égz,l,x) > Cy > 0,
and finally
‘cos(lg(w)ﬂ,x(x)) —2-co8(Za(a)e,) cos(lgw,,x(m))‘ > (o > 0, (3.37)

for all x € 9XX and constant 0 < Ca1, Cas < 0o independent of . This equation only states a condition
on the direction of a, not on its modulus. Going to R? we can explicitly compute the non admissible
direction resulting from condition (3.30). We can write

c08(Zg(z),vx (7)) = cos(Zg(a).e, £ ZQMK@))
= COS(ZQ(JE)’QI) . COS(ZEWVK(I)) F sin(ig(z)’gz) . sin(égw,,x(x)),

using an addition theorem for trigonometric functions, where the sign of the angle depends on the
geometric positions of the three vectors %, e, and a, to each other. Plugging this into equation (3.37),
the non admissible direction is described by

c0s(Zg(a).e,) - cos(lgm)yx(w)) F sin(Ly(a) e, ) - sin(lgw,jx(w)) =2 co8(Ly(a)e,) COS(lgm}VK(I)),
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which leads to
:Fsin(ég(x)&) . Sin(lgm,v}((m)) = Cos(ég(w)gz) . COS(ng,uK(z))a

Fixing Z, ,x(,) as a given geometric constant only depending on z, we define

Cas(z) == cos(lgw,,x(w)),
024(1') = Sin(égz’,,x(z)).

So we can write the condition on g in the equivalent form
¥Cg4(x)sin(4g(z)£z) = ng(x)cos(lg(z)’gz).

Finally, the transformed non admissible direction is characterized by

if Coua(z) # 0 and Zy(y),, = 5 if Cos(x) = 0. Generally, transforming the problem to an inner setting
transforms the conditions for the coefficients @ and b. There are circumstances in which we have the
same non admissible direction as for the inner problem, i.e., the tangential directions are non admissible.
For example, this is the case if OX is a sphere around the origin. In Figure 5 the situation for ¥ C R? is
illustrated, the dashed line indicates the non admissible direction, which occurs because of the transformed
regularity condition (T3(a), ) > C14 > 0, see (3.30).

Figure 5: Non-admissible direction for the outer problem

3.3.3 Stochastic Inhomogeneities

In this subsection we implement stochastic inhomogeneities as well as stochastic weak solutions. For the
inner problem stochastic inhomogeneities are already implemented, see [Ras05] or [GR06]. We will now
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provide them for the outer setting. We start by defining the spaces of stochastic functions. As already
mentioned above, we denote in this subsection the sigma algebra by 3, while space domains in R™ an
their boundaries are denoted by I' and O, respectively. So, let I' be an outer C*'-domain and (€2, %, P)
a probability space, arbitrary but fixed, such that L?(€2, P) is separable. We define

(w22, 1<r>>Q:L2<ﬂ,P>®H2f L),

PEMEN |2 =]’

<H112 1 (p)) =L%(Q,P)@ H2 |, (I),

[z|2 7 Tl Ja |2 Ta]

( 2 o ) =L2(Q, P) @ L2, 2(T),
) =L*(Q, P) (H|1z7\227\m\3(r))/»

HQ 2(aT) :=L2(Q, P) @ H2(aT),

L3(0T) :=L*(Q, P) ® L*(oT),

Hg *2(9T) :=L%(Q, P) @ H~+2(dT).

Because all spaces above are separable, see e.g. [Ada75], we can use the isomorphisms to Hilbert space

valued random variables, see Lemma 2.4.3. We have the following main result of this section.

Theorem 3.3.6. Let ' be an outer CY'-domain. Furthermore let a € HY(OT;R™), b € L*(dT),
g€ Hg 32 (0') and f € (H‘lagf2 ] (F))Q, such that (3.30) and (3.31) holds. Then we define

u( ) ) _Sout(f( ,w),g(~,w)), (3'38)

for dP-almost all w € Q. w s called stochastic weak solution to the outer oblique boundary problem for
the Poisson equation. Furthermore we have for a constant 0 < Cas < 00

U < (C: . r 4+ 1 3.39
|| ||<le L) <O (11, oy * ol o) (3.39)
Q

|I|? [a]

Proof. Using the isomorphisms stated in Lemma 2.4.3 we apply Theorem 3.3.2 and the proof is done. [

Finally, we have the following result for a stochastic strong solution.

Theorem 3.3.7. Let I be an outer C*'-domain, a € H>*°(9T;R™), b € H->°(AT') such that (3.30) and
1
(3.31) holds. If f € ( ‘xlg(f‘))ﬂ and g € Hé’Z(F) then we have

€ (H212 a1 1(F)) , for w provided by Theorem 3.5.6, and
[]2 7 Tl Q
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for A\"-almost all x € T, for H" -almost all y € OT and for P-almost all w € Q. Furthermore, we have
an a priori estimate

<C ( f A ) 3.42
||u||<H2‘12 LI(F)> < Cz HfH(LﬁTp(F))Q+||g||Hé’2(6F) (3.42)
’ Q

|z]2 =]

with a constant 0 < Cog < 00. Such a solution we call stochastic strong solution to the outer oblique
boundary problem for the Poisson equation.

Proof. Using the isomorphisms stated in Lemma 2.4.3 we apply Theorem 3.3.4 and the proof is done. [

Remark 3.3.8. Alternatively we can use the stochastic solution operator Sf}bm( f»g) for the stochastic

inner problem, provided by [GR06, Theorem 4.4.]. Therefore we have to define transformations for
inhomogeneities and solution between the stochastic spaces. Then we define the stochastic weak solution
to the outer problem by

wi= K (SEE) 40 (TR0, TE(9))

and we end up with the same stochastic weak solution and the same results about its properties.

3.3.4 Ritz-Galerkin Approximation

In this subsection we provide the Ritz-Galerkin method which allows us to approximate the weak solution
of the outer problem with help of a numerical computation. Therefore we use the approximation of the
weak solution to the corresponding inner problem, provided by [GRO06, Section 6] and [Alt02, Section
7.23]. Now assume ¥ to be an outer Cl'l-domain. Furthermore let a € HY*°(0%;R"), b € L>®(9Y),

/
ge H 22(9%) and f € (H‘lm"lz2 ]2 (E)) , such that condition (3.30) and condition (3.31) is fulfilled. We
want to approximate the weak solution u to the outer oblique boundary problem, provided by Theorem

3.3.2. Let a and F be defined by

- Ts(a); K >

i, v) = 32 Ny ey~ Vi (Vosv)i —

Y ;m (8Z)< (Ts(a), v¥) (Vozv) 4203
T4(b) 1

Vn, Vv d)\"—/ NV dH"

/E( ) oz (T3(a), V)
._ T»(g)

F(n) T HZ(0%) <777 W b =gy (0, T () (12 myy

for n,v € HL2(SK).

Lemma 3.3.9. Let (V,,)nen be a increasing sequence of finite dimensional subspaces of H1:2(XK),

i.e., Vi, C Vyu1 such that V, = HY2(XX). Then there exists for each n € N an unique v, € V,,
with:

neN

a(n,v,) = F(n) forall n € V,.
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Proof. For the proof see [GR06, Lemma 6.1]. O

Lemma 3.3.10. Let d := dim(V},) and (¢k), <<, be a basis of V;,. Then v, € V,, from Lemma 3.3.9
has the following unique representation o

d
Un = Z hipi,
i=1

where (h;)1<i<q is the solution of the linear system of equations given by

d
Zajihi:Fj 1§]§d
i=1
Here a;; = a(p;, ;) and Fj := F(p;).
Proof. For the proof see [GR06, Lemma 6.2]. O

The following lemma from Céa proves that the sequence (v, )nen really approximates the solution v.

Lemma 3.3.11. Let v be the weak solution provided by Theorem 3.1.3 to the corresponding inner
problem in ¥ and (v,,),en taken from Lemma 3.3.9. Then:

[ = vl sy < %dist(v, V) =50 0. (3.43)

Proof. For the proof of this lemma see [GR06, Lemma 6.3]. O

Consequently we have

Theorem 3.3.12. Let u be the weak solution provided by Theorem 3.3.2 to the outer problem and v,
(Vn)nen taken from Lemma 3.8.11, both corresponding to a, b, g, f and X, given at the beginning of this
subsection. Then:

n—oo

= K (un) |12y < Cg%dist(v, V,) "= 0. (3.44)

Proof. This follows using equation (3.43) from the previous lemma together with the continuity of the
Kelvin transformation, see Lemma 3.2.7. The constants c;; and cjo are the constants from the Lax-
Milgram Lemma, see Lemma 2.4.4, corresponding to a and F' from the beginning of this subsection. [J

Remark 3.3.13. An analogous approximation for the stochastic weak solution is available, using the
results from Subsection 3.3.3, this subsection as well as [GR06, Section 6].
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3.3.5 Geomathematical Applications and Examples

In this subsection we give examples for stochastic data. This may be used in geomathematical applications
in order to model noise on measured values. In the following we give the examples for the outer problem.
They are also suitable for the inner problem, see [GR06]. Again we denote the sigma algebra by ¥ as
usual, in order to avoid confusion. For the domains we replace ¥ by I' and 9% by 0T

Gaussian inhomogeneities

We choose the probability space (2,%, P), such that X;, 1 < i < ng, are P ® A"-measurable and
Y;, 1 <j < na, are P® H" '-measurable with X;(-,z), « € T, and Y;(-,z), z € 9I', Gaussian random
variables with expectation value 0 and variance f2 (z) or variance g?,j (x), respectively. Here f,, € lem‘g (r)

and g,, € L*(9T). We define:
f(wvx) = fﬂ(w) + ZXZ'(W>$>7 g(w,x) = g#(.%') + Zyj(wﬁx)a
i=1 j=1

where f, € wa(F) and g, € L*(9T). To use such kind of inhomogeneities we must show
fel?!OQxT,Paz/*-A") and gecL*Qxadl,P® H" ).

Lemma 3.3.14. For f,, f,, € LIQw‘Q(F), 1 <i<mny one has that f € L2 (A x T, P ® |z|*- \").

Proof. For the proof see [GR06, Proposition 5.1]. O

Lemma 3.3.15. For g, g,, € L?(0T'), 1 < j < ny one has that g € L*(Q x T, P @ H"™1).

Proof. For the proof see [GR06, Proposition 5.1]. O

Gaufl-Markov model

Here we refer to [FMO02] in which an application of the Example from the previous paragraph can be
found. The authors use a random field

hw,z) := H(z) + Z(w, x)
to model an observation noise, where x € 9B1(0) C R? and w € Q with (€2, %, P) a probability space.
Here one has that Z(-,z), © € 9B1(0), is a Gaussian random variable with expectation value 0 and
variance o2 > 0. Additionally H(x) € L?(0B1(0)) and the covariance is given by:
COV(Z('? xl)? Z(7 x?)) == K(xl, 1’2),

where K : 9B1(0) x 9B;1(0) — R is a suitable kernel.
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> =

Figure 6: Data with Gaussian noise

Two geophysically relevant kernels are for example

M
2 1
3 ”4: Po((z1-22) 0< M < oo,

n=1

02
Kl(l'l,l'g) = (M+1)2
2

Ko(x1,x2) )exp(fc(xl - T9)).

exp(—c
P,,1 <n < M, are the Legendre polynomials defined on R. The noise model corresponding to the second
kernel is called first degree Gau~Markov model. If one chooses a P ® H" '-measurable random field Z,
then h fulfills the requirements of Lemma 3.3.15. Existence of a corresponding probability measure P is
provided in infinite dimensional Gaussian Analysis, see e.g. [For05].

Noise model for satellite data

In this paragraph we give another precise application, which can be found in [Bau04]. Here the authors
are using stochastic inhomogeneities to implement a noise model for satellite data. Therefore random
fields of the form

m

are used, where z € 9I' C R3 and w € Q with (£, ¥, P) a suitable probability space. Here dI" could be for
example the earth’s surface and we are searching for harmonic functions in the space outside the earth.
Z; are Gaussian random variables with expectation value 0 and variance o? > 0 and h; fulfilling the
assumptions of Lemma 3.3.14, respectively Lemma 3.3.15. If one chooses (2, X, P) as (R™, B(R), fyggg;j ),
where:

Adoi = -t e~z AT Y gAm,
oL (2m)mdet(A)

a;; = cov(Z;,Z;) 1<i,5<m,
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one has a realization of Z; as the projection on the i-th component in the separable space
L2 (Rm 0,0; )

’ chm;i j
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Chapter 4

Limit Formulae and Jump Relations
of Potential Theory

In this chapter we combine the modern theory of Sobolev spaces with the classical theory of limit formulae
and jump relations of potential theory. Also other authors proved the convergence in Lebesgue spaces
on 0% for integrable functions, see for example [Fic48], [Giin57] or [Ker80]. The achievement of this
paper is the L?(0Y) convergence for the weak derivatives of higher orders. Also the layer functions F
are elements of Sobolev spaces and JY is a two dimensional suitable smooth submanifold in R?, called
C™*-surface. We are considering the potential of the single layer, the potential of the double layer and
their first order normal derivatives. Main tool is the convergence in C"™(9%) which is proved with help
of some results taken from [CK83], [FMO04], [Kel67] and [Sch31b], together with a result from [Giin57].
Additionally, we need a result about the limit formulae in L?(9%), which can be found in [Ker80], and
a reduction result which we found in [Miil51]. Moreover we prove the convergence in the Holder spaces
C™#(9Y). Finally we give an application of the limit formulae and jump relations. We generalize a
density results from geomathematics, see [FK80], [FM03] and [FMO04], based on the results proved before.

Therefore we also prove the limit formula of U; for F € (H mﬂ(f)z)) . During this chapter we always
consider outer domains in R3, defined in Definition 2.1.1. Moreover, we assume ¥ to be at least to be an
outer C%2-domain if not stated otherwise.

4.1 Definition and Properties of the Layer Potentials

In this section we define the potential of the single layer, the potential of the double layer as well as their
first order normal derivatives. This four potentials will be subject of this dissertation and their limit
when approaching to the surface 9% will be investigated in several norms during the next sections. In
this section we give the definition as well as some important properties of them.

Definition 4.1.1. Let F' € C°(9%), where ¥ is an outer C?-domain. The potential of the single layer
on 0%, denoted by Uy [F] is defined by

Ui[F)(z) = 82F<y>ﬁdaz<y>

71
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for all z € R3\0X. The potential of the double layer on 9%, denoted by Us[F] is defined by

0 1
WiF)a) = [ P dos)

for all z € R3\9X. F is called layer function.

This two potentials have the following property.

Lemma 4.1.2. Let F € C°(9%) where ¥ is an outer C2-domain. We have U; [F], Us[F] € C>°(R3\0%)
and

AU [F|(z) =

Oa
AU[F](x) =0,

for all z € R3\0%. Furthermore, U; and Us are regular at infinity, i.e., Uj(z) — 0 and Us(z) — 0 for |z|
tending to infinity.

Proof. Both, the proof of this lemma and the definition above can be found in [FMO04]. O

Now we give the final definition of this section. Recall the definition of the normal vector field on
B, (0%) in Lemma 2.1.6.

Definition 4.1.3. Let F' € C°(9Y), where ¥ is an outer C?-domain. We define the first order normal
derivative of U; [F], denoted by %[F], and the first order normal derivative of Us[F], denoted by %[F],
via

oUy

ﬁ[F](x) = (v(z), VUi (2)[F]),
%[F](w) = (v(x), VUs(z)[F)),

for all x € B, (0X)\0X.

4.2 Pointwise and Uniform Convergence

In this section we state the limit formulae of potential theory, pointwise and uniformly on 9%. The most
results presented in this section are well known from literature. In this cases we give references instead
of proofs.

Definition 4.2.1. Let ¥ be an outer C?-domain, F' € C°(9%) and F € C1*(9%), 0 < a < 1, for %[F],
respectively. For x € 0% we define:

F@) = [ F<y>ﬁd82<y>,
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U, R 1 _ o 1

- x - denotes the vector product in R3. All integrals are well defined, at least as Cauchy principal
value, see for example [FM04] or [Kel67]. The existence of Uy, Us and the normal derivative of U; on
0% can be found in [FM04] and [Giin57, Paragraph 5]. The existence of the normal derivative of Uy on
0% and its given representations are proved in [CK83] and [Sch31b]. Now we state the limit formulae of
potential theory.

Theorem 4.2.2. Let X be an outer C?-domain, F' € C°(9%) and F € C1*(9%), 0 < a < 1, for %[F],
respectively. The limit formulae of potential theory are given by

Tlinol+ O[F|(z £mv(z)) = UL[F](z), Vz € 9%,
Ji%ﬂ %[F](x trv(z)) = %[F](x) F2nF(z), Vredx,
li,%l+ Us[Flx £ tv(x)) = Us[F)(z) £ 2rF(x), Ve 0%,
8U2 aUZ
tim W[F](x + 7T (z)) W[F](x), Vo € 0%.

The convergence is even uniformly in x € 93.

Proof. For all formulae except of the last one, we refer to e.g. [CK83]. We only have to prove the lemma
for the last formula. Due to results from [CK83, Theorem 2.23] we obtain all terms to be continuous on
0% for all 7 € (0,79]. Additionally the authors prove:

. 1
lim VU3[F)(z £ 7v(x)) = —/ {Vx, [VosF(y),v(y)]| dH?(y) + 27V ax F(z),
e os | Ty
uniformly in « € 0X. In turn, results from [Sch31b] yield

_ o

£y [F](x), Vze€dx,

on 0%. This gives
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for all x € 9%, and we have proved

. 0Uy _0U;y
Tlirég W[F](l" +rv(z)) = W[F](x)v
uniformly for all z € 9%. Thus we are done. O

Because we want to prove these limit formulae for several norms, we define for each of them a family
of operators in the following lemma.

Lemma 4.2.3. Let X be an outer C2-domain. Furthermore, let FF € CY(0X) and F € C*(9%), a €

(0,1], for ‘98[{12 [F], respectively. We define the following families of operators (L?” [F])re(o,m]’ 1=1,2,3,4,
by
LET[F) == U1[F)(z £ Tv(z)) — Ur (),
oU oU
+7 _ YY1 _ o
Ly7[F] = e [F](z £+ Tv(x)) 5 [F](z) £ 27 F (),
L;T[F] = Us[Fl(x £ 7v(x)) — Us[F)(x) F 27 F(x),
U oU-
+7 Y2 _ 2
LETIF) o= SRR o) — 21 (a),
for all z € 0% and 7 € (0, 79]. We have
lim LET[F)(x) =0, (4.1)

T—0t

forallz € 0¥ and i = 1,2, 3, 4. Furthermore, we have L?”[F] € C%0x%) fori=1,2,3,4 and all 7 € (0, 7o)
with

Tli%l+ ILE[F]lloocosy = 0, (4.2)

fori=1,2,3,4.

Proof. This follows by Theorem 4.2.2. O
We close the section with a remark.

Remark 4.2.4. It is easy to see, that the potentials perform certain jumps when either approaching
from the inner space or from the outer space. We can easily conclude the so called jump relations from
the corresponding limit formulae

i Uy[F)(e + 7)) ~ U1 [Fl(a — 7o) = 0,
i PR @) - L[| r(a)) = —dnF(a),
lim Us[Fl(x + 1v(z)) — Us[Fl(x —1v(z)) = 4nF(z),

T—0t
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for all x € 9¥. In Figure 7 the jump relation for Us[F] is illustrated. %[F | shows a similar behavior.
Since we are interested in the limit formulae, we will omit the jump relations to simplify the exposition
appreciably. They can be obtained directly without any additional considerations or conditions with help
of the triangle inequality. Further results about the jump relations can be found in e.g. [FMO04], [Ker80]
and [Miil69)].

R3
lim Uy (F)(x + ()
T—0+

lim U [F)(x — 7v(x))

T—0+

x—Tr(r) v e ok x4 Tr(r)

Figure 7: Boundary behavior of Us[F]

4.3 Limit Formulae in C"™(0%)

In this section we prove the convergence of the limit formulae in C™(9%)-norm. In particular, this will be
important in the last section for the proof of the main results of this dissertation. We need the following
result, taken from [Gin57].

Lemma 4.3.1. Let ¥ be an outer C™*+1:%-domain and F € C™*(9%),0<n<m,m >0,0< 3 < a < 1.
Then we have
U[F] € O™HB(D), (4.3)
Ui[F] € C"*H8(R3I\D). (4.4)
Let ¥ be an outer C™ 1% domain and F € C™*(9%),0<n<m+1,m>0,0< 3 < a < 1. Then we
have
Uo[F] € C™P(D), (4.5)
Us[F] € C™P(R3\D). (4.6)
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Proof. This can be found in [Glin57, Paragraph I1.19]. O

Remark 4.3.2. Note that even for integrable ' we have that U; as well as Us are analytic outside of
0Y.. But we need the Holder continuity to assure the existence of an unique continuous continuation onto
the boundary for Uy, Us and their derivatives.

Now we are able to prove the main result of this section.

Theorem 4.3.3. Let m € N, m > 1,0 < a <1 and ¥ be an outer C™ 1%_-domain. Furthermore let
F e Cm=1oy) fori=1, F € C™%(9%) fori= 2,3 and F € C™*12(9X) for i = 4. Then we have
LET[F] € C™(0%) fori=1,2,3,4 and all T € (0,79]. Furthermore

im 1L [Fllemas) = 0. (4.7)

Proof. Let 1 < m € N be arbitrary and the assumptions of the theorem be fulfilled. We define for z € 0%
and 7 € (0, 7]

VL [Fl(2) = TilF)(2) - Ui [Fl(a  70(2)),

VIFI(e) = 5 GLFI(0) = o Sl & 7o)
= (v(z), VU [F](2)) — (v(z £ Tv(x)), VU [F|(z + Tv(2)))
= (v(z), VUL[F|(2)) = (v(z), VUL [F](z £ Tv(2)))
= (v(z), VU1 [F](z) — VU1 [F|(z + Tv(2))),

VE [Fl(z) := Us[F](x) — Us[F)(z + Tv(2)),

4 0 oU,

VAIF(@) i= s OalFIe) - o sl (o)
= (v(z), VU3 [F|(x)) — (v(z £ Tv(x)), VU [F](x £ Tv(z)))
= (v(z), VU:[F|(z)) — (v(z), VU [F](z £ Tv(2)))
= (v(z), VU:[F|(z) — VU [F](z £ Tv(2))),

where U denotes the continuation of the function U, which is defined on ¥ or D, onto OX. This exists
and is uniquely determined by Lemma 2.2.10 and Lemma 4.3.1. By the assumptions on F and X%
as well as Lemma 4.3.1, we have that VI _[F] € C™(9%) for all 7 € (0,7), i = 1,2,3,4, because

Vi [FI(¥,) € C”"(BllR2 (0)) for j =1,..., N, as a composition of C"™-mappings. We will show that
i [V [Flllemox) =0,
for i =1,2,3,4. For i = 1,3 it suffices to prove
. 1,7,S
Tli%h HWi‘r [F}

loos22 0y = 05
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fori=1,3,j=1,...,N and 1 < |s| < m, where
WP [F)(@) =07 057 (TR TFI(W, (@) — T [F)(W5 (@) £ T(W;(2))),
W (F)(2) =07 03 (TRIFI(W;(2) — UalFI(W; (x) % r(W5())) )

for all x € B%Qz (0), 7€ (0,70],1 <s1+s2 <mandj=1,...,N. For simplicity we denoted ¥,(x,0) by
U,(x). For ¢ = 2,4 we have

IVE [Flllomasy =I(w(-), VOI[F](-) = VUL [F)(- £ 7v(-)))]

cm (82)

3
<[llomosy - D IOTIEF](-) = BUAFI(- £ 70(-))lomos),
k=1

IVE[Flllomasy =I(w(-), VOR[F](-) = VU[F)(- £ 7v(-)))]

cm (%)
3 —_—
<wlomosy - Y NOkT[F](-) = OkUs[FI(- £70(- )| omox),
k=1
Therefore it suffices in these two cases to prove that
o i)jvs —
Tlirng HWﬂ:T [F]HCO(B{@(O)) =0,

fori=2,4,j=1,...,N and 1 < |s| < m, where

T

WP F) (@) =07 05 (T FI(W(2)) — U FIW () & (5 (2))) ).

WL F)(2) =07 05 (TR IFIW,(2)) — O FI(W;(2) % (5 (2))) ).

T

for all x € B%{z(O), 7€ (0,719, 1 <s1+s2<m,j=1,...,N and k = 1,2,3. We can treat all cases,
independent of i, k and s, at the same time if we set

WA [F] = 0705 (UIFI(W,) — UiIF)(; & 7(2,)) ),

for all 7 € (0,7g], where U; can be obtained from the definitions of W{?'* above. In any case U; € C™ ()

and U; € C™(D), by the assumptions on F and ¥ due to Lemma 4.3.1 in combination with Lemma
2.2.10. We have
7,8
HVViT[F‘]||CO(BI{§2 (0))

—|105' 052 (TIIFI(w,) - ULFI(Y; + 70(¥,)))

”00<B]§2 (0))

1 41 el lrl
§01< > | (97052 05 THTFT ) (w;) - 0 95wy - o 0w

O<[r|<[s| [t |+... [t |=]s]

1 ars AT LN Irl ¢l
— (07 05 5 ULTFT ) (W o m(W5)) - 01 05 (W 7 (W)) - 010 057 (W5 70(95)) o s o

_ 1 1 L L
<Cy ( > | (97052 05 THTFT ) (w;) - 05 95wy .- o 0w

O<[r|<Is| [t |+...+ [t |=]s]
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(BF?(0))

+ ) > T”I\(c’??@?@?UAF])(% = r(0):

o< |r|< s, |t |+... |t |=|s| 1<p<|r|

— (07050 Ui F)) (W 4+ 7(W5)) - O 0w - 0055

tp+

1 41 P 4P p+1 |7 kgl
o 0 (V) - O 05 (w(wy)) o D5 Wy O O W e ))>

<<: :) " supyeon (07050 UilFl(@) - (9705205 Uil FI) (¢ + 7o() )

0<|r|<]s]

(I,

oms2 o) T 1)
+ > S (05 020U F) (9 + 7).
0<|r|<[s ¢! [+-..+ [t |=|s] 1<p<]r]

P+l

1 41 P 4D p+1 |7 kgl
o 05 (V) - O O (w(wy)) o D5 Wy O O W e ))>,

where we used the triangle inequality and broke down 97 95* (UZ— [F1(¥;) —U;[F)(¥, :I:TV(\IIj))) to a sum

of terms of the form

it oth il
(8{18528§3UiF]>(\I!j)-6182\11,» ol v, (4.8)
(07 0205 UL(F)) (¥ + o (,)) - aholw, . o aly;, (4.9)
(5 052 05 UL F) (W5 + () - 01105 (w(w J)).....aila;(y(q»))
Lt dlrl glrl
AT ol ol (4.10)

using the chain and product rule of differentiation. Cj is the maximal multiplicity which a single term
of (4.8), (4.9) or (4.10) can posses. Furthermore we added 1 for the case that ||¥;] < L

C'nL BR2 (0))
Note that we have H\IJJ‘HCm(Blf"’(o)) < o0 in any case, because ¥; € C™ (Blfi2 (O)) for all j € {1,...,N}.
Now all terms in the first sum converge to zero if 7 does, because 9]'05205*U;[F] is, as a continuous
function, uniformly continuous on the compact sets D and ¥ N B}lﬁs (0), where R > 0 is such large that

B,,(0%) C B%S (0). Each single norm in the second sum can be estimated by

Ul em ) - (lemoy + 1)+ (W llcun g oy + )™ for =7,

HUi[F]HCm (m) : (HVHC’”(BE) + 1)m : (||\1’J‘Hcm(B$2(0)) + l)m, for + 7.

Thus the second sum also converges to zero as 7 does. Consequently we proved
: $,J
lim W2 (F]

leos22 0y = 05

forall1<|s|]<mj=1,...,N and k =1,2,3. Using Lemma 4.2.2 for m = 0 we have proved

i [V (Flllomas) =O.
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Finally Lemma 2.4.6, or Lemma 2.4.7 respectively, gives

Ur[F](x) = U1[F](x),
0 oU,
—TH[F(@) = 5 HF)(x) F 20F (a),
Ua[Fl(a) = Us[F)(z) + 20 F (),
0 _0Us
$U2[F](93) = g[F](l‘),
for all x € 9%, which yields
i |EE [Flconas) = 0.
So we assume the theorem to be proved. O

4.4 Limit Formulae in Holder Norms

In this section we prove that, under slightly stronger assumption on ¥, the convergence of the limit
formulae in C™(93) even holds in C™#(9%)-norm. In order to prove it, we again use Lemma 4.3.1. We
come directly to the main result of this section.

Theorem 4.4.1. Let m € N, m > 0,0 < 8 < a <1, & be an outer C™2-domain. Furthermore, let
F e Ccm b9y fori=1,m>1, F € CO%*0%) fori=1, m =0, F € C™*(9%) fori = 2,3 and
F e C™Le(9%) for i = 4. Then we have LET[F] € C™P(9%) for i = 1,2,3,4 and all 7 € (0, 7).
Furthermore

i ILE[F]lermsom) = 0. (4.11)

Proof. At first we introduce the following equivalent definition of the Holder constant by

|f(y1) — f(y2)|

hol% ‘= su
5(f) p{ T

Y1, Y2 € 03, y1 # yz}

for all f € C%P(9%). In order to show the equivalence, we have to find constants 0 < C3,C% < oo such
that holg(f) < C3hols(f) and hély(f) < C3holg(f) for all f € C%P(O%), where hélg(f) is the Holder
constant of C*#(9Y), introduced by Definition 2.2.8. Because 9% is an outer C2-domain, we have that
U, and \11;1 are C%!-functions, for i = 1,..., N, and consequently we find constants 0 < C%,Ci < oo
with
@i (x1,0) — Wi(x2,0)| < C5f(21,0) — (w2,0)],
(U7 (1) = W7 (m2)| < Cilys — ),

for all z1, 9 € B]FQ (0) and y1,y2 € U;. Now we estimate

£ (Wi(21,0)) = f(Vi(x2,0))]
|(21,0) — (22,0)]?

holg(f) :sup{ 21,22 € Bﬂf2(0)7x1 # ;vg}
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[f(Wi(21,0)) = f(Wi(x2,0))|

<sup 3 ’331,.132 S B]iv (0),x1 # x2
( 1) |U;(x1,0) — ¥y(x2,0)|8
—(c3) Sup{M‘y ys € O, y1 £ y2} = hol5(f),

and consequently for C3 := 1+ vazl (Cé)ﬁ the desired condition is fulfilled. In turn we have

and C3 :=

hols(f) =sup { o) = |‘y1,y2 € 0¥,y # yz}

|y1 — Y2 \ﬁ

[f(Wi(21,0)) = f(Wi(x2,0))| R®
<Zsup{ (.1:170)_\1"(1‘2)0)'5 ‘$1,£L’2 EBl (0),.’E1 #CL’Q}

21,5 € B (0),21 # 25 § = hols(f),

<sup

[f(Wi(21,0)) = f(Vi(x2,0))] ‘
(&) b=l

1+ Zfil (Oi)ﬁ is a possible choice. In this proof we will work with this equivalent defi-

nition of the Hdélder constant, neglecting the equivalent constants to simplify the exposition. Now we
come to the proof of the theorem. Due to Lemma 4.3.1 together with the assumptions on F' and 3, we
have U, [F),Uy[F] € C™P(D), Ui[F],Us[F] € C™8(X), for i = 1,3, and VU,[F], VU;[F] € C™P(D),
VUL [F],VU[F] € C™P(X), for i = 2,4. Furthermore, Lemma 2.2.10 yields even U;[F],Us[F] €
C™B(D), Ui[F),Us[F] € C™P(X), for i = 1,3, and VU,[F], VU,[F] € C™F(D), VU,[F],VU[F] €
C™A(%), for i = 2,4. Moreover, we have

hOl@(

SC};C1<

+
o<|r

i[Fl(¢; £ 7v(¥5)))
kel \TI
3 h61ﬁ<(6f18§28§3Ui[F])(\11 4 ru(0;)) 000w, Lol ol >
0< || s],[¢1 [4... 4|t =]s|
> > Tp’hélﬁ<(3I13;23§3Ui[F])(‘1’jiTV(‘I’j))'
| SISl ¢+t eI = 5] 1<p<]r]

141 P 4P p+1l  4p+1 Irl el
ooy (wwy) ooy (vewy) ol ol w0l oy ))

<C4C4

<(||‘I’ lomamoy + )™ D ( |) h01ﬁ<<3?3§23§3Ui[F])(‘1/jiTV(%)))

0<|r|<[s|

+ (||‘I’J‘||Cmﬂ(3ﬂ§2 o) T D™ (Ivllemsos) +1)™

o<|r|<]

<cyciCy

<| ) S h015<(8f18§28§3Ui[F])(\11jﬁ:ﬂ/(\I/D)))
5|

1<p<|r|

(Ihw;]

emnsoy t 1) (Wlemsos) +1)"
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: ( ) (ﬁ) -hélg((a?agzagmﬂ)m iw(%»)

0<|rI<s|
m . 71 QT2 QT
+ 3 (Irl) 3 Tp-holﬁ<(al o 033Ui[F})(‘l/jiTV(\IJj))>>
o<iri<lsl N 1<p<n

m

(Il gmsosy +1)™

. ( 3 <|:’f|> - hol ((apayagwi[ﬂ) (- E1v(- ))>

:C}LCECI (”\IIJ Hcm,e(BgQ<2 (0)) + 1)

0<|r|<ls|
" 0<|§;Is <|T|> 1<§<:|T| T (<6?8§28§3Uim)(' = ))>>’

where ¢} are the constants from Lemma 2.2.9 and C1, U; are taken from the proof of Theorem 4.3.3. This
estimate holds also for 7 = 0, if we replace U; by U;. In any case, the Holder constants can be estimated
by c;||Us| CmB(SAB L 0%)) OF 3 ||Us| cm.s(p) respectively. Thus we find Uy [F](- £ 7v(-)), U2[F](- +

Tv(-)) € C™P(9%) for all T € [0,70]. Additionally we obtain that 0yUy[F|(- £ 7v(-)), kUs[F)(- £
Tv(-)) € C™P(9%), k =1,2,3, T € [0, 7] and thus we have that the functions (v(-), VU [F](- £7v(+))),
(v(-), VU[F](- £ 7v(-))) are elements of C™?(9%) for all 7 € [0, 7g], because of Lemma 2.2.9 and the
fact that v € C™P(9%) for an outer C™*2-domain, see Lemma 2.1.6 and Lemma 2.2.9. For i = 2,4 we
have

(v (), VUIF](-) = VOL[F](- £ 7v(- ) l[emosox)

3
<ci- ;- vllemsos) - Z 10;UL[F](-) = O;UL[F](- £ 7v(+))lloms(ax)

j=1

(v (), VU[F](-) = VU[F](- £ 7v(-))llcmosox)

3
<ci- & vllomsosy - Y N10;Ua[FI(+) = 8;Us[FI(+ £ 7v(+))llcms(ox),

j=1

with the constants from Lemma 2.2.9. So taking into account the results from Theorem 4.3.3, it is left
prove that

lim hélg (WE25[F]) = 0.

for all [s| =m,i=1,2,3,4and j =1,..., N, where Wiﬁs[F] is taken from the proof of Theorem 4.3.3.
Then

lim (VL [F]l[gmsos) =0,
T—0+
and with the same reasoning as in the previous proof we get

. +7
Tlir{ﬁ 1L [Fllomosos) = 0.
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Using the definition of W1?[F], we estimate similar as above to get
hols (WL F])
1 41 el ylrl
Sc}lCH( 3 holg ((8{18528§3Ui[F]) (T,)- 0102w, . ... 0 o,
0<IrI<|sl, e[+ [t =]

£

1 41 Ir|
— (07 02 UL ) (W & 7(wy)) - 0105 w5 - 0 6 qzj>

N 3 3 - hls ((a{'l 052052 U; [F]) (W) £ 70(y)):

0|7 <[] |8t [4..+[tI"|=[s| 1<p<|r|

D 4P p+1 . p+1 [l vl
aﬁa;%(y(\pj))-...-ailagz(y(\pj))-ail o5 w, .ot \1/]>>
1.2 m

<cuc;Ch <(|\I’j”(;m,ﬁ(31§2 ) + 1)

> (m) -hiol ((aflagwgsrmm)(%) — (o7 0520 UL ) (9, & w(%»)

o<irizis) \I
+ (||‘I’j||cm,e(31§2(o)) +1)" - (Ivllomson +1)"
m P 71 QT2 QT3
3 <|r|) 3y Tp-holﬁ<(al 032 Ui[F]>(\IJjj:TV(\I'j))>>

0<|r|<]s] 1<p<|r|
m

Sciczcl(H‘I’j||cm,a(3¥2(0)) + 1) ) (HVHCmﬁ(az) + 1)m

7|

2 ) 2

0<|r|<]s] 1<p<|r|

=ciciC1 (]|,

. ( > (m) - hils <(afla§2a§30‘i[ﬂ)(\11j> — (07 05205 UL ) (W, & w(\yj))>
0<|r[<|s]

7 b6l ((311352353 UZ-[F]> (U, + w(\pj))>>

emooy t D" (Wlemsos +1)"

| ( > (1) .hag<(arla;2a§3w)(-) - (00 ap a5 UilF)) - i”’“”)

0<|r|<s|
’ o§£|s <T|) 1S§T| T <(81T18528§3 Ui[F]) et ))> ) 7

where ¢} are again the constants from Lemma 2.2.9 and as well C; as Wif are taken from the proof of
Theorem 4.3.3. The Holder constants in the second sum can be estimated by ciHUiHCm,ﬁ(m), or
70

AU

cm.8(D) respectively, and consequently the sum converges to zero as 7 does. So it is left to show

tim b (07052 0 TLFI() — 02 020 UH[FI( - 7)) ) = 0.
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for all 0 < |r| < m. In each case we have that 087'05205*U;[F] € C%P(D) and 0]' 052052 U;[F] €
C*# (2N B, (8%)), for all 0 < 8 < a. So it suffices to show that for each Uy, := U(z) — U(x £ Tv(2)),
x € 0%, with U € C%#(D) and U € C*#(X N B,,(9%)) for all 0 < 3 < «a, we find

|Uir(3?) - Uir(y”
|z —y|?

lin%) hél;}(UiT) = lirr(l) (sup{ xr,y € 0¥, x # y}) =0,

and we are done with this proof. We have that

0ol (Ur) < 2 - max {hél%(ﬁ),halg(ﬁ)} < o0,

for all 7 € [0, 7], so we have at least the existence of the lim sup. Now assume
lim supT_,Ohélz(ﬁiT) =Cs > 0.
We can choose a sequence (7, )nen With 7,, — 0 for n — oo and

lim hél5(Usr,) = lim sup,_,ghdl5(Us,) = Cs.

n—oo

W.lo.g. we can assume that hélg(ﬁim) > % for all n € N. Then we find for every n € N a (z,,,y,, ) €
0% x 0¥ such that

|ﬁim (xTn) - Uim (ym)| Cs
> —.
|27, = yr, [P 2

Since 0% x 9% is closed and bounded we can drop to a subsequence (xmk Yty Jken converging to (Z,7) €
0% x 0% and a corresponding subsequence (7, )ren still converging to zero. We have to distinguish
two different cases. In the first case we have T # 3. Then we are able to find K € N such that
|Tr, = Yrn, | > @ =: C for all kK > K. Now we can estimate

‘Uirnk (xTnk) - UiTnk (yTnk )l
B

|$‘rn,c Y,

(U (ar,,) = Uler,, £ m,v(25,)) = (O@r,,) + Uyr, £ 00 yn,))]
|?

|x7—nk - yTnk

‘(U(xTnk) - U(x'rnk + Tnkl/(xTnk)))| + |(0(y'rnk) - U(yrnk + Tnky(yTnk)))| < 2077,
P TGy

<

b

where C is the Holder constant for U € C%#(D) or U € C%P(T), respectively. But now we have that

|(~]i7'nk (xmk) - Ui'rnk (ymk )| < 2077,
|:L.T"k ~ Yruy, ‘ﬁ a CGIH

— 0,

for k tending to infinity. This contradicts to

|Ui7'n (xm) - Uim (ym)| Cs
> a5
|27, = yr, [P 2
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for all n € N, and so this case can not occur. So it is left to investigate the second case where T = 7.
Here we estimate in the following way

|Ui7nk (xrnk ) — 0irnk (yTnk )|

“rTnk ~Yr, |8

|'Y*ﬁ |U3t7—nk (x‘rnk) - Uirnk (ymk )l

= Tr,, — Y7, —
B N o oy

|7*ﬁ |Uimk (CCT%) —Usr,, (ymk )l

Y-8
S 2C%,

:|17'rnk Y7, < |1"rnk_ Y7,

|37Tnk Y7,

where Cy is the Holder constant for U € C%7(D) or U € C%(X), with 8 < v < a. We have
kli»n;o |1"7—’n,k Y7, | =0.

Since v — > 0 this yields

|0:|:Tnk (m'rnk) - U:I:‘rnk (yT"lc)|

|xmk ~ Y7, |

< |x7"k - yrnk |’Y_62C7 - 07

for k tending to infinity. Like above this is a contradiction and since one of this two cases has to occur
our assumption must be wrong and the proof is done. O

4.5 Limit Formulae in L?(9Y)

In this section we present an important result published in [Ker80] and [Fre80] as well as some conse-
quences. The convergence prove in L?(9X) norm has its origin in [Geh70]. Lemma 4.5.1 contains the
convergence of the limit formulae for Uy [F], Us[F] and %[F ] in L?(9X) norm and is, together with the
results of convergence in C™(d%) norm, the basis for the results in the Sobolev spaces H™?2(9X). The
result about the adjoint operators are essential tools for the applications in Section 4.7. We state the
result about the convergence in L?(9%) which is taken from e.g. [Ker80].

Lemma 4.5.1. Let ¥ be an outer C?-domain and F € L?*(9%). We have LF7[F] € L?*(9%) for all
7€ (0,70), i = 1,2, 3, with

fim, LT [F)) 2 (os) = O (4.12)
Proof. This statement is proved in e.g. [Ker80]. O

Now we present a direct consequence of this lemma which will be one of the main tools in the proof
of our main theorem in Section 4.6.

Lemma 4.5.2. Let ¥ C R3 be an outer C?-domain and F € L?(9%). Then we have

[UL[F](- £ 7v()lz20s) < CollF||22(05)
[U2[F](- £ 1v()lz2(05) < CrollFllz2(05),
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i *
where 0 < Cy, Ch9 < oo are constants independent of 7 € [0, 70]. Furthermore, let (U™)* and (% T)

be defined by

/aE(UliT)*[F](y) -G(y) dH?(y) = / F(y) - D[G](y £ Tv(y)) dH?(y),

o%
6U1i7 * 2 oU, 2
[ (G ) 1w Gt rwyane) = [ Fu- SHew) )

for all 7 € [0, 7], F,G € L?(0%), i.e. the Hilbert space adjoint operators in L?(9%). We have

+7\* o 1
(U7 >[F]<y>f/82F< )

v |z £ Tv(z) — Y

T 4
(%2 AW = [ F@ az/a(z) B

for all y € 9%, 7 € [0, 7], F' € L?(9X), and
[(UET) [Fl| p205) < Cual|Fllp2 o).
U E= .
(5 ) (Fllzos) < Cazll Flliagosy,
for all F € L?(9%) and constants 0 < Cy1,C12 < oo independent of 7 € [0, 7o].

dH’ (@),

dH?(z),

z=ztTr(T)

Proof. A byproduct of the proof of Lemma 4.5.1 is

ILET[F)|| 1205y < Cusl|F |2 (o),

for all F € L?(9%), i = 1,2,3, with a constant 0 < C13 < oo independent of 7 € (0,70], see e.g.
[FK80] or [18, Theorem 3.1], as a result of the uniform boundedness principle. We easily find ||U1[F](- +

7'01/( . )||L2(82) < C14||FHL2(8Z) for F € L2(82) and so
|U1[F]l[z2(0%) = [UL[F] + UL [F](- £7ov(-) — Ur[F](- £ 70v(-)|r2(om)
LT[ p2om) + 1L F)(- £ 700( )| z2(0m) < (Crs + Cra) | Fl L2 (os)
for all F € L?(9%). Applying the triangle inequality one more time, we gain

NUL[F](- £ 7v()z2os) = IULF](- £7v(-) = UL [F] + Ur[F]| 12 (a5)
< |ILFT[Fllr2ox) + |UL[F]l 2ox) < (2C13 + Cra) | Fllz2(a5) = CollFll12(a5),

for all F € L?(9%) with 0 < Cy < 0o independent of T € (0, 7). Similar one can derive the estimate for

Us[F]. The formulae of the adjoint operators follow by elementary calculations c.f. [FMO04]. Moreover,

in [Ker80] Lemma 4.5.1 is also proved for the adjoint operators (L?”)*, i=1,2,3, 7 € (0,70], with an
analogous estimate for || (Lf”)* [F]||L2(o%)- So the remaining part of the proof can also be done by using

the arguments from above and we are done.

O

Although we will not use it, we want to mention that such an estimate also exists for % and (Uz)*.

It can be proved analogous to Lemma 4.5.2, using the results from [Ker80].
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4.6 Limit Formulae in Sobolev Spaces

This section contains the main result of this chapter. We prove the convergence of the limit formulae and
jump relations in the Hilbert spaces H™2(9%), m € N. Therefore we have to investigate the operators
LET defined in Lemma 4.2.3. In order to do this we will need the results from the previous sections. The
following theorem is the main theorem of this section.

Theorem 4.6.1. Let m e N, m > 1, a € (0,1] and

¥ be an outer C™ 1% -domain and F € H™?*(0%) fori =1,
¥ be an outer C™ 2 -domain and F € H™2(9%) fori = 2,3,
Y be an outer C™-domain and F € H™*2(9%) for i = 4.

Then the operators Lf” map to H™?2(0X) fori=1,2,3,4 and all T € (0,79]. Furthermore

i, 1L [F | o2 (o) = 0. (4.13)
Moreover, let X be an outer C?-domain and F € H*?(9X) fori =4 and m = 0. Then the operators LffT
map to L*(0%) for all 7 € (0,7] and

Tli%g |LET[F] || 2(o5) = 0. (4.14)

Proof. At first we prove the theorem for Lg”. Let F € C™*1(0Y) be given. We will show that
NU2[F](- £7v()|lmameos) < Cisl|Fllgmiizoxn),
where 0 < C15 < oo is a constant independent of 7 € (0, 7). Then we have
1U2[F]( )l o)
| ULF)(-) & 20F — Us[FI(- & 7(-)) F 20F + Ua[FI(- & 70())l|srmo8)
<ILETIF 2 (ox) + 27| F || g2 os) + 1U2[FI(- £ 70() || m2(om)
<H*(OL)||LFT[F]llcm (a5 + (C1s + 270)|| F|| rm+1.2 (5,

for all F € C™T1(9%). Since this has to hold for all T € (0, 7], C™T1(9X) C C™*(9X) and each outer
C™*+2.domain is also an outer C™*!8-domain, 3 € [0, 1], Theorem 4.3.3 yields

|U2[F]( )l zrme2os) < (Crs + 2m) | Fl| grmt1.2(ox)

and consequently
HL?:FT[FH Hm.2(9%) < (2015 + 27 + 1)||F||H7n+1,2(82)7

for all F € C™*1(9%). Thus, the BLT Theorem, see Lemma 2.4.5, gives the unique linear continuation

LT H™TL2(9%) — H™?(0Y),

with same bound. Finally, we have for arbitrary F' € H™12(9%X) and a sequence (F},), oy C C" ! (9X)
such that F,, — F in H™T12(9Y)

im 1257 (Pl rmagom) = i |LETIF] = LT[R + L7 [Fulll o)
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< TE,%& ILFT[F — Folllgrmz(osy + | L3 [Fo) | sz (o)
< Tlifgg 2(C15 + 27)||F — Fy || gmt12(o5) + H2(0) | L3 [Falll o (o5

:2(015 + 27T)HF — Fnlle+1’2(82)-
Because this holds for all n € N, the theorem for LE7[F] is proved. So it is left to show that

NU2[F](- £7v()|lmm2os) < Cisl|Fllgmiizosn),

for all F € C™T1(9%), where 0 < C13 < 0o is a constant independent of 7 € (0, 70]. We have

N
—;HUﬂF](‘I’( ) £ Tr(Pi(-)) HHM(BW )
N m
:;SIJZ;:OH@TW?UJFK () ETv(Wi(- ))||L2(Bue2 )
al - S1 9S2 8 1 2
"2 2 e L PO R T E A O oy
N m
=3 Y loro Z [ D)
0 1
() [W,() £ o (Wy( ) — 7] » )Jj(y)d)\2( w2, (5% (0))
N m N o
= 851852 ’LUj \I/j F \IJ]'
3 oy [l me)Rsw)
- 1 T g

052 () £ 7 (Wi )) — 0,0
<33 Boror(mn) [ w0 PG)

i,j=1s1+52=0 B¥(0)
0 1 | ,
oo (y) [ () £ Tv(T(-)) — q;j(y)|‘]ﬂ(y)d)‘ (y ))HL2 5% (gy)

<3 3 S () (e o i)

(0 () F (T () =2 !
" 95(0) [:( ) £ 7 (T3 ) — ()

N m S1 So s So
< Z Z <k1> <k2> [willem s

<oo

2
‘]J(y)dA ( )||L2(BK2(O))

87

(4.15)

(4.16)

(4.17)

(4.18)
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0 1 ,
ov(y) |;(-) £7v(¥,(-)) fq,j(y” Ji(y)dA*(y )HL2 (B¥(0)) (4.19)

Norog [ IRCCAHOA

by the binomial theorem, where ¥;(y) denotes ¥;(y1,y2,0). We used that ¥;, j = 1,...,N are C'-
diffeomorphisms and

0 —1
<a<\lf<y>>G> (¥;(y)) = DG(W;()(¥;(y)) = D(G(¥;(1)) (DV;(4)) " (¥, (1))

=:7(y)

for each function G, which is totally differentiable at the point ¥;(y). DG means the total differential of
G. Of course m is totally differentiable for each y € X as long as 7 # 0. Because for a C™+2-
surface 9%, v € C™T1(9Y), see Lemma 2.1.6, and by definition ¥; € C™*+2(BF*(0)), we consequently
have 7 € C™*+1(BR*(0)). Tt is left to estimate the single summands from the sum above. Before we start
the estimation, we modify the terms as follows and start with the case of |s| = 1, i.e., with terms of the
form

0 1

o(y) W () £ 7v(Ti(-)) — Us(y)]

for k € {1,2},4,j € {1,...,N}, F € C™"1(9%) and 7 € (0, 79] arbitrary but fixed. Using Lemma 2.4.8
we can interchange differentiation and integration as well as the order of differentiation to get

O /B 0 (25 () F(¥5(y)) Ji(y)dX*(y), (4.20)

0 9 1 .

o /B o w; (W5 () F(¥;(y)) 7)) (@) = ¥, (y)|Jj(y)d)\ (v)
g 0 1

R e E e e e )

We will now translate the differentiation with respect to z into a differentiation with respect to y. We
have

9 1 _ (W) £ v (V@) — 5(y), Ok (Wi(@) + 7 (Vi(2))))
Oy, [Wy(x) + Tv(Vy(2)) — V(y)| I‘I"(I)iTV(‘I’z(w) - ()P

9 1 _ (W) £ 7v(Vi(@) = ¥;(y), AV;(y))

Oy [Wi(x) £ T (Wi(z)) — V;(y))| Wi(x) £ 7v(Wi(2)) — ¥;(y)°

for k,1 = 1,2,3. Because Det(DV;(y)) # 0 for all y € BF*(0) we have that a basis of R? given by
{019;(y), 02V,(y), 05, (y)} for each y € B¥*(0). Consequently we find uniquely determined functions
a¥(z,y), ab(z,y) and af(x,y) such that

0 1 e, )a 1
Oy, Wi () £ r(Us (@) — U, ()] Y o [0 () £ 7o (W4 () — U5 ()]
(ay) ! k(e y) 2 !
Y S Wi () £ o (Wy(2) — O, () Y By [0 (2) £ (W (@) — U5 ()]

where a*(z,y) = (a¥(z,vy), a5(z,y), a5 (z,y))T can be computed by

a"(z,y) = —(DV;(y)) " O (W, (z) + 70(¥,(2))).
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Moreover, by the inversion formula for 3 x 3 matrices and the fact that ¥; is a C™*2-diffeomorphism,
we find the components of the matrix (D\IJJ»(y))_1 in C™+1(BY¥*(0)). This yields

af (z,y) =bf (y) - ¢} = (x)

with bF, cF =7 € C™+1(BE*(0)) for | = 1,2, 3. Additionally we have

k,i'r|

3
1
CcmH1(BY*(0)) = Zl ”(Dqu)pq HC’"’“(%)
p,q=
(19T s e, + NI 5757 )

So although cf’iT depends on 7, its norm is bounded by a constant independent of 7 € (0, 79]. Applying
the whole considerations to the term form (4.20), we get

<z w (U _ 9 1 _ )
o e PO s s )

dX*(y).

Ay [Wi(x) £ 7v(Wi(2)) — ¥, (y)]

For n,l € {1,2} we apply integration by parts. Note that because of the C*°-partition of the unity w;
the boundary integrals disappear. Consequently we get

0 9 1 ,
| ey GO0 s g A W)

= [ PO ) )

9 1
Y3 |Wi(x) + Tv(Wi(x)) — V;(y)]

2
30 [ () PO ) ) )

BF(0) O

d\*(y) (4.21)

n=1
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i 1
Qs |Vi(x) £ 7v(¥i(x)) — W (y)|

3 [ (PO @n@H @ o)

9 1
ys |Wi(z) £ 7v(Vi(x)) — ¥;(y)|

S [ () F ) )8 ()l 0)

B¥(0) 37% oy

d\*(y) (4.22)

d\*(y) (4.23)

1

|V (2) £ 7v(Pi(x)) — U (y)|d)‘ (v) (4.24)

dX\?(y) (4.25)

n=1
0 1

— d\*(y). 4.26
By 0 @) £ (W (@) — ¥, ()] ) (420

Before we go on, we modify (4.21) as follows. Consider the term

RO AR O EE
0? 1
dX*(y).

Tyg |Wi(x) £ Tv(Wi(r)) — \Il](y)|

We use the following transformation formula for the Laplace operator for twice continuously differentiable
functions H and C2-diffeomorphisms ¥, see e.g. [For07],

3

I e N G -
(A)(¥()) = ( PN (s V%)) (H(w(z).

This yields for harmonic functions
1 < @ 9
0=1|— — (g" g) H(¥(x)),
x@k;l@%( Vi) | ()

where g and g%/ are the well known differential geometric functions independent of 7 € (0, 79]. They are
defined by

(gkj)k,j:17273(x) = (O ¥ (2), 0;¥(x)),



4.6. LIMIT FORMULAE IN SOBOLEV SPACES 91

9(w) = Det (((915),_1 5.5(®)):

, —1
(gk])k,jzm,g(x) = (gkj(x))k,jzm,s’

for all z € BR3 (0). For details see [22, pp. 28]. All we need to know in the following is that g,¢"/ €

C™ Y (BE(0), k,j = 1,2,3, if we choose ¥ = U, i € {1,...,N}, for a C™*+2surface 9%, because they
are defined with help of the first order derivatives of the mapping ¥. Additionally we have ¢33 # 0 on

B¥(0) x {0}, because by the inversion formula for invertible 3 x 3 matrices we have

. Det<((gkj)k,j:1,2($))
g (z) = 7
Det (( (gkj)k7j:1,2,3(m))

for all z € B¥(0), and g(z) = Det(D¥;(z)) > 0 on B¥*(0). Furthermore, [7, Section 2.1] gives
Det (((gkj>k.j:1 2(3:)) on B¥(0). So rearranging the equation above with respect to 2~ y we get

82
~ g H (D))
B (R Ay ii #3) - | | (wia)
97Vg k.j= 18yj 8y k= y
1 g g5 02
@ ﬂZ Va5, gy | H¥@)
1 2 9 &9 )
+ 933\@ ;ng\/gay ;87 3\[ T%(H(W($))
o (2 v+ vl | ) L)
9%/g 9 vy j=19 g ay; Dys .

Applying this formula to the term given by (4.21) and using integration by parts for k,I = 1,2, we end
up with the following terms

- / L wi (W) F (W) (1) o ()65 ()¢5 ()
B (0)

9 1
Y3 |Wi(x) + Tv(Vi(2)) — W;(y)|

2
- / wi (5 () F(25(9))7; ()0 ()85 ()5 ()

dX*(y)

1 0 0 1
Fvam o OVIO) gy E ) he W 020

> / w; (U5 () F (W5 () T3 () 7 ()03 ()37 ()

2
k=17 B (0)
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d\*(y)  (4.28)

; Kl ii 1 2
Nz (9 (y)\/g(y)) Dor D1 [0 (2) o (T () = 0, (y)|d’\ (y)  (4.29)

d)\*(y)  (4.30)

v V) o e (490

t2 / w; (W5 () F(V5(9)) T () 7 (9)3 ()5 (y)

| " N ! :
i) o0 I OVI0) g g Ty W (432

[ w005 )8 ) )
B (0)

1 0 ([ 33 0 1
e o V) G e e )

Taking a closer look on (4.22)-(4.26) as well as (4.27)-(4.33), we find that all terms are covered by one of
the following two cases

d)\*(y)  (4.33)

1

Ny j x 2 )
1 GO0 G0 0y oy ) 439
i1 gtz . 9 1 ,
Sy 08 PO G005 g g YW, (4)

With 0 < 747 < 2,0 <t +8 <1, G € O™ (3152(0)), Gy € O™ (B%z(())) and Hy, Hy €

cm+l (B]{§2 (0)) For arbitrary 1 < |s| < m we now iterate the techniques presented above and end up

with the following types of terms

/ngz © 01 05% (F(¥(y))) G1(y)Hi () 0,(2) £ (0, (2)) — ¥, (9) d)\*(y), (4.36)
t1 gt , N 1 )
/Bﬁ*g(o) 0110%" (F(%5())) Galy) 33 W, () £ 7o (¥, () — \I,j(yﬂdA (¥), (4.37)
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with 0 < ri+rm <m+1,0<t +ta <m, G; € CO(BRz( ), Ga € Cl<BR2( )) and Hy,Hy €

Cc? (B]}§2 (0)) In order to reduce term (4.37) to the case of a double layer potential we use

and consequently

for each function which is totally differentiable in (y,0) € BE’(0). Recall that the total differentiability
is given for all 7 € (0, 79] as well as the definition of 7. Since 01¥; and 92¥; span the tangential space
Tos(y) and v is, as the normal vector, not an element of that space we have that 73(y) # 0 for all

y € BY*(0), because v(¥;(y)) = DV;(y)i7(y) on BY*(0). This now yields

i 1

0ys |V;(x) £ v (¥i(z)) — ¥;(y)|
e L0 1

_/Bm 0005 (F (Y5 )) G o) 5 5 T () = 7o, (2)) — ¥, )

3 L 8008 (FCE ) Gato) i)

dX*(y)

/ , 010y (F(¥,(y))) Ga(y) Ha(x)
B{(0)

AN’ (y)

A\

t

(
q(y) i 1 )
3(y) 0yq |Vi(x) £ v (¥ (2)) — ¥; (y)ld)‘ (y).

So using again integration by parts for ¢ = 1,2, we finally have to estimate the L2(B® (0))-norm of the
following two types of terms

€T 71 QT2 . 1 9
H( )/BRQ(O) 01' 0y (F(\I]J(y)))G(y)|\I’z(JC) (0 (2)) = \Ilj(y)|d)\ (y), (4.38)

) 1
I (y) |W;(z) £ v (T, (x)) — ¥, (y)|

H(z) / , 010y (F(¥5(y)) G(y) AN (y), (4.39)
B (0)

with 0 < |r| <m+1, G € C° (B]F2 (0)) and H € C? (B%QQ (O)) So in order to estimate the terms in
(4.19) we finally have to estimate the L2(BE (0))-norm of the terms (4.38) and (4.39). We have

. 71 QT2 . ! 2 2
V) f o 508 FO) 0 o g g O o

SO Bmz()ailagz (F(\I/j(y)))G(y)m,i(,)iw(q;li(.))_\pj(y)|

_ - 01 0y* (F(¥)) G

071052 (F(¥;)) G _
<tw, B EEDNE gyt ()
J

2
dA (y) HLZ(B%@ (0))

o \Ilj’l](\lll( ) £ (W(- )))||L2(B1$2(0))
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1G] oz 0y
— O Pl s 2 o),
o

o' 0y (F(¥y)) G
Jj

<Cyllxu; U L2os) < Co

where we used the equivalent norm on L?(9%) introduced in Lemma 2.2.6 and the constants from Lemma
4.5.2 and Lemma 2.1.4. Similar we estimate

r1 T2 9 1
||H()/;[§2(0) a1 a2 (F(\Ilj(y))) G(y)af/(y) |leL() ﬂ:TV(\I/l()) — \I/](y)|d)\2(y)HL2(BL{§2(O))

<IE( om0y,

0 1

. 71 QT2 . 2 2
|| BI{@(O) a1 a2 (F(\Ijj(y)))G(y) 8D(y) ‘\I/z() ﬂ:TV(\I/Z()) — \I,](y)|d)‘ (y)||L2(B]§ (0))
s gy | g5 s TS o 9P £ AU D
HaﬁU; o, ooy (F (Jj( i))G o \I/;l}( +70()) 2 o)

71 T2 . ||G|| HR2 (oY
01'0y° (F(V;))) G T 0wy < Cro co(B5*(0))

<C . oV’ .
<Ciollxu, 7, j o

[E Nl zzm+1.2(05)-

So recalling formula (4.19) we find Cj5 of the form

S1 S2

-y ¥ >3 (1) (32 wstems o+ ol S e (750) 1o (575

4,j=181+52=0 k1=0 ka=0

where G is a sum of products from the partial derivatives of ¥;, 7 and J; up to order m + 1 which can
be obtained from the considerations above. Similar H; consist of partial derivatives of ¥; and v up to
order m — 1. For |s| = 0 we can use Lemma 4.5.1 and so the proof for LZ7 is done. The argumentation
above translates to the case of L7, It even simplifies because we do not have to get rid of the normal
derivative at the beginning of the proof. More precisely we get the terms as in (4.19) without 0%@) and
thus we gain one iteration and consequently one order of differentiation, i.e. we can proof the convergence
for F € H™?2(9Y) and an outer C™ 1 domain 3. We need at least an outer C"+1:%-domain instead of
an outer C™*!-domain in order to ensure the convergence in C™(9%)-norm, which is used in the proof.
It is left to investigate LQiT and LffT. In order to apply the argumentation from LliT to L;tT and from
LgtT to LffT we have to make the following consideration to get rid of the normal derivative before we
can apply the techniques used in the previous part of the proof. We will illustrate this procedure at

. +7
Tli%l+ LT [Flllz2(05) = 0,

for F € H™t22(9%) and 9% a C™*3-surface. We have to prove
152

for all 7 € (0,79] with 0 < C16 < oo independent of 7. Then the argumentation from the beginning of
this proof applies and we are done. We have for z € 9%, 7 € (0,79] and F € C™+2(9%)

OUy
ov

( +7v())z2om) < CrollFllam+22(05),

- (@£ 1v(2) = (v(z), (VU2) (2 £ 70(2))) = (v(2 £ T0(2)), (VU2) (2 £ T1/(2)))
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0 1

z=xtTV(T) - <V(Z)’v o5 F(y) 81/(y) |Z _ y|dH (y)>

=(2), VUz(2))

z:wiru(m).
Because 7 # 0 we can interchange integration and differentiation, see Lemma 2.4.8, and we get

oU, o o 1 )

v oy wETVE) = o5 Fly )au(y) ov(z) |z — y\dH ) z=ztrv(z)
_ 0 (z2=yv(2) 1o
N F(y> 8u(y) ‘Z — y|3 H (y) z=xtTV(T)

_ ; /B gy PO E )

== Z > / >>F<%<y'>)8a,) (bj@’)cj(x) a‘; P %(y’n) D)

]R2
=1 j=1 (0

where b; and ¢; for j =1,2,3 and i € {1,..., N}, are defined by

-1

(be)(z,y") = (D¥;(y))
where (be)(z,y) = (bi(x)c1(y'), ba(z)e2(y'), bs(z)es(y’))T. Here the ¢; are even independent from 7 €
(0, 79]. Now we use integration by parts and the argumentation for L?j,” applies with one additional order

of differentiability for F and ¥. In the same way L3" can be reduced to L™, also with one additional
order of differentiability for F' and Y. Now the proof is complete. O

v(z),

Before we come to the applications in the next section, we want to state the following remark.

Remark 4.6.2. Due to the techniques used in the previous proof, we can see why a higher regularity of
F and X leads to a higher regularity of the corresponding potentials and their convergence. The reason
is that the integral kernel =gl allows us to translate differentiation with respect to z into differentiation
with respect to y. Then we can put the differential operators to F' and ¥; with help of integration by
parts.

4.7 Application of the Limit Formulae to Geomathematics

In this section we present an application of the limit formulae and jump relations to geomathematics.
The double and single layer potential as well as their limit formulae are important in geomathematics,
because they are used in order to generate wavelets. In [FMO03], such a wavelet approach to C? surfaces is
presented, using the convergence in L?(9%). Our goal is to prove density of certain function systems from
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geomathematics in the spaces H™?(9%). The main result is a direct consequence of the results proved
in this chapter and a generalization of the results contained in [FK80], [FMO03] and [FMO04]. Here the
authors prove that the function system of mass point representations and the function system of outer
harmonics are dense in L?(9%). The result is used in order to approximate solutions to the Dirichlet
problem for the Laplace equation, i.e., the homogeneous Poisson equation, in ¥ or D, respectively. We
prove that the function system of mass point representations as well as the function systems of inner and
outer harmonics are a dense subspace of H™?2(9X) for arbitrary m € N. For example, the results proved
in this section could lead to a faster convergence of those approximations. At first we state the result
from [FMO03] and [FM04], which we will extend in this section.

Lemma 4.7.1. Let ¥ be an outer C2-domain and (k) ey @ fundamental system in X or D. Then the
system of mass point representations
( : >
Tp— - ’
o= Vos/ ren

defined by Definition 2.6.1, is dense in L?(9%). Furthermore the system of outer harmonics

He ) :

( L gy n=0,1,...;k=1,....2n+1

defined in Definition 2.6.2, is dense in L?(9%).

Proof. For this result see e.g. [FMO04]. O

In this section we want to extend this result to the case of H™2(9%), m € N, m > 1. Moreover, we

prove the result also for the inner harmonics for H™2(9%), m € N. Before we can do this, we need to
*

prove several lemmata. At first we prove a result for the Hilbert space adjoints (U f”) of Uy with respect

to the L?(9%) scalar product, defined in Lemma 4.5.2. It states that the H™?2(9%)-norm of (Ui™)" [F]
can be estimated by the H™?2(9X)-norm of F with a constant independent of 7 € [0, 7).

Lemma 4.7.2. Let ¥ be an outer C™*2 domain, m € N, m > 1. Then for each 7 € [0, 7] we have
(UET)" : H™2(9%) — H™2(0%) with

| (UE) [Flzme2ox) < Crzl| Fllmm 25,
for all F € H™?2(9%) and 7 € [0, 7], where 0 < C17 < oo is a constant independent of 7 € [0, 7).

Proof. Tt is clear that the operators are linear. The desired estimate can be proved analogous to those
from Theorem 4.6.1. Therefore, we just want to mention the crucial points. Recall the proof of Theorem
4.6.1. Corresponding to (4.19), we now have to estimate the L?(9%)-norm of terms of the form

S1 HS2 Ww; . . 1
RO [ ooy O e

Ji(y)dX*(y),

for F € C™(0%), 0 < 51 + s3 < m, by the H™?(0X)-norm of F times a constant 0 < Cj7 < 00
independent of 7 € (0, 79]. Recall that we have
81\117; X 82\:[/1

V(\I]l) - ’81\111 X 82\]:/2‘|’
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foralli=1,..., N, see also Lemma 2.1.6, and we obtain the transformed terms

S1 52 w: (U . 1 . 2
ooy [, w0 gy g g )

for F e C™(0%), 0 < 51+ s2 <m and 7 € (0, 79], if we set

01V;(y) x 02W;(y)

UH(y) o= Wi(y) + T[01%:(y x 0205 (y)]

for all y € B¥(0). We have U*7 € Om+! (B]FS(O)) with Det(DW¥) > 0 on BF(0) for 7 € [0,7,] if
0< Té < 7g is small enough. Consequently

{009F7 (y), 0,057 (y), 050+ (y) }

forms a basis of R3 for each y € B¥ (0) and 7 € (0, 75], which is C™(B®’(0)) for the outer C™*+2-domain
¥ and bounded in C™ (B]Fz (0)) norm independent of 7. So we can translate differentiation with respect
to = to differentiation with respect to y by solving the linear system of equations

a¥(z, y) DU (y) = 9, V()

and get a solution with coefficient functions in C™ (BF2 (O)) For details see the proof of Theorem 4.6.1.

Now we apply integration by parts and apply the reduction methSod for the higher order derivatives
in direction y3. Note that we can do this because ¥*7 € C?(B} (0)) and the differential geometric

functions g, g’? and gpq are elements of Cm(B]f{3 (0)), 1 < p,q < 3, and also bounded in Cm(B]§2(O))

norm independent of 7 by their definition. Furthermore, g3 # 0 on B¥*(0) for 0 < 7 < 70 small enough.
So all techniques can be applied and we end up with terms of the form

1

T1 QT2 ) 2

1) [ 000 F ) 00 s (4.40)
T1 QT2 . a 1 2

H($) /BLfQ © a1 a2 (F(\I/j (y))) G(y) aﬁ(y) \‘Ih(y) + TV(\Ill(y)) . \Ijj(l’)| dA (y)7 (441)

where 0 < |r| <m, G € C° (B]FQ (O)) and H € C! (ng (O)) The vectorfield ¥ is defined analogous as
in Theorem 4.6.1 by
7= (DUF) (W),

on B%QQ (0). So we have v € C™ (B]{K2 (O)), with bounded norm independent of 7. With the reasoning

from the proof of Theorem 4.6.1, we can transform 8%3 to 8%(;;)’ because DW*™ has full range. The terms
(4.40) and (4.41) correspond to (4.38) and (4.39) in the proof of Theorem 4.6.1 and can be estimated

similar with help of the results about (Ui")" and (%jﬂ) from Lemma 4.5.2. For |s| = 0 we refer

directly to Lemma 4.5.2 and we are done. Recall that (U{)) f=Uis already treated in Theorem 4.6.1. [

’

Note that Uy [F] is self adjoint. Now we extend U; to an operator onto (H™?2(8%)) . This operator

’

is then defined as the Banach space adjoint of (Uf”)* in the Banach space (H™?(9%)) .
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Lemma 4.7.3. Let ¥ be an outer C™"2 domain, m € N, m > 1. Then we define for each 7 € [0,70] a
linear and bounded operator

UE  (H™2(0%)) — (H™*(0%)) |
by
UETIFI(G) = F ((UF7)"[6)), (4.42)

for all G € H™?(9%). We have that

||Uf‘LT[F]||(Hm,2(3E))' < ClSHFH(Hmﬂ(aE))/’

for all F' € (Hm’z(aE))l and 7 € [0, 7], where C}g and (UliT)* are taken from Lemma 4.7.2.

Proof. Due to Lemma 4.7.2 we have that UliT is well defined and we can estimate

UEFIG) = [F (UF) 161)| < 1F g somyy | (UE) (Gl oy

< 019‘|F||(Hm,2(32))’ ||G||Hm=2(82)7

for all F' € (H"“Q(aE))/ and G € H™?(9%). Thus the norm estimate holds. O

Using the results from Section 4.6, we are able to prove that the limit formula of U; even holds for
Fe (Hmﬂ(az)) .

Theorem 4.7.4. Let ¥ be an outer C™*2 domain, m € N, m > 1, and F € (Hm’Q((')Z)) . Then we have

,=0. (4.43)

. +7 0
Tlir& U [F] = Uy [F]H(Hm~2(82))

’ ’

Proof. Let F € (H™?(9%)) . Because L?*(0%) is dense in (H™?(9X)) , we can choose a sequence

’

(Fp)neny C L2(0X) with F,, — F in (Hmﬂ(az)) . We now estimate with help of Lemma 4.7.2

IUTT[F) - UL (gm0
<|UFTF] - Uf:T[Fn]||(Hm,2(az))

UL IFR] = ULFN gm ez oy
<L2C18||Frn — FH(Hm,z(aE))’ + | UET[F) — U?[F”]H(HW:Q(BZ))/'

"+ HUliT[Fn] - U{)[Fn]H(Hm-z(az))’

The first term converges to zero as n tends to infinity. For the second we have

HUliT[Fn] - U?[Fn]”(Hm,Z(ag))/
UL [Fa)(G) = UP[F)(G)]
Gl 1205
F((UT)[G) = Fa(UF) " [G)]
Gl 2 (03)

=SUPGeH™2(9%)

:SqueHm,Q (8%)
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B ‘faz (U ) [G](z) dH2 faz (Ul) (G](x) dH2(9C)‘
Tbaen o) ||G||Hm >6%)
. ‘faz Ur[Fy](z £v(z)) - Gz )dH2 faz Ur[Fy](z )G(a:)dH2(x)|
e [l
< |UL[FR](- £ v(-)) = Ui[Fa] (- )l z2o:) |Gl L2 (o5
bGen o) (G

'm,2(82)

<NULFA] (- £ v (-) = UilE ()l 2 om)

which converges to zero if 7 does, by Lemma 4.5.1. Here we used that we can replace the dual paring by
the L2?(0Y) scalar product, i.e., the integral over 9%, for F,, € L?(9%). Now the proof is done. O

We now define for m € N, m > 1, a differential operator D*™ : H™2(9%) — (H™? (82))/.
Lemma 4.7.5. Let m € N, m > 1, and /Z be a C™!-surface. Then we define the linear and bounded
operator D*™ : H™2(9%) — (H™?(9%)) by
D*"[F|(G) := (F,G) grm2(o5),
for all G € H™?2(9%).
Proof. Obviously we have
ID*™[F)(G)| = [(F,G)am2om)| < IFllmm2om) |Gllam2om), (4.44)

for all F,G € H™?2(9%) and the proof is done. O

Note that D?™ is the embedding of the canonical dual space of H™?(9%) into the dual space

(Hm’2(82))/ of H™2(9X) with respect to the L?(0X) scalar product. Moreover, we have the follow-
ing.

Lemma 4.7.6. Let m € N, m > 1, and ¥ be a C?™~ bl surface. Then for each F' € C°°(9X) there exists
a function D*™F € L?(9%) such that

D*™[F|(G) = (D*"F,G) 1255,
for all G € H™?(9Y), where D*™ is the operator, defined in Lemma 4.7.5.

Proof. We have by the definition of D?>™, see Lemma 4.7.5, that

N

D" [F](G) = <F7 G>H""’2(82) = Z<(wiF)(\I]i(y7 0))7 (wiG)(\IJi(yvo)»Hmﬁz(Blfz (0))
=1

0 ((wiF) (Wi(y, 0))) - 0 ((w,G)(Wi(y,0))) dX(y)
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N m

=33 [, (@) (Wi, 0)) - (wiG)(i(y,0)) dA*(y)

i=1 |s|=0 Y BY"(0)

N m

=5 [ P () 0)) P G006 )
i=1 |s|=0 !

N m ’U)(J))

== [ (o(wr o) (0 (@) S s Gl dH @)

Ik
—
Il
=

s

N m
= [ (- o 3 (0% (wir) 0w 0 ) “%) Gla) dH(2),

i=1 |s|=0

=:D2mF

which is a function in L*(9%), because F € C*>°(9%), ¥; € H2m:%( BE(0))) see Lemma 2.2.5, w; € C>(U;)
and 0 < ¢} < J; < ¢4 < 00, see Lemma 2.1.4. O

Consequently, D?™ is the extension of the differential operator defined above to a space of generalized
functions. We need one final lemma about the potential of the single layer.

Lemma 4.7.7. Let 0¥ be a C™tb%surface, m € Ny m > 1,0 < v < 8 < a < 1. Then for each
F € C™PA(9Y) there exists a G € C™~17(9%) such that

F=U,[G],
on 0X.

Proof. Let F € C™P(9%) be given. Then the unique solution U of the Dirichlet problem in D and ¥
with boundary value F has continuous normal derivatives on 93, see [CK83, Theorem 3.29], because
F e ¢™>(9%) c C1*(0%). We define

Ut ou-
- ov ov ’
for all z € 9%, where ‘93]—; denotes the normal derivatives on 9% of the solution in 3, denoted by U™,
or of the solution in D, denoted by U~. We know that U is given by the single layer potential U;|[G]
on R3 see [CK83, Theorem 3.30]. So U;[G] = F on 0% and it is left to show that G € C™~17(9%)

for some 0 < v < 3. Therefore we need to prove that %—lyji € C™m~17(9%). We know that Us[F] is a
harmonic function in C*°(R3\9Y) and so it solves the Neumann problem in D and ¥ with boundary
value 8U2 2[F] € C™~19(9%) for all 0 < § < 3, see Theorem 4.4.1. As shown in [CK83, Theorem 3.16 and
Theorem 3.25] this solution can be represented as a single layer potential Ui [H;] in D and Uy [Hs] in 3.
Moreover, [Giin57, p. 170] gives Hy, Hy € C™~17(9%) for all 0 < v < § < 3. We define two functions V
and W on R?\0% by

| Uh[Hi)(z) — Us[F)(z) + 4nU(z), z€ X,
ve={ S . e
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and
— Ui[Ha](z) — Us[F](), z €,
Wiz) = { UL [Ha)(x) — Us[F)(z) + 47U (x), « € D.
We have
Tlir(r)lJr V(z+1v(z)) — V(e —1v(z)) =0,
Tli}r(r)lJr Wz + tv(z)) — W(z — tv(z)) =0,

for all x € 0%, see Theorem 4.2.2. Furthermore we have V' =0 on D and W = 0 on X. Together this
yields V' as the unique solution of the homogeneous Dirichlet problem in ¥ and W as the unique solution
of the homogeneous Dirichlet problem in D. Consequently V and W are zero on all of R3. Using the
limit formulae we get

L0V oU, U, ou~*
0= lim (v +7v(r)) = 52 [Hi](0) + 5 = [Fl(x) = 4r 2 (2)
.0y U, oU T
=, =, @) = o Fl@) +angs (=)
_aUy U ot

—S ) - AFI@) + 4n (@),

for all x € 0¥ and analogously

ol oU, oUu~

L) (2) — Z2([F s =

(b)) — T2 () (w) + 470 =0,
for all z € 0X. Finally we have proved that %—gi equals an C™~17(9Y) function, because %[Hl],
UL [H,] and 92 [F] are elements of C™~17(0%), see Theorem 4.4.1, and the proof is done. O

Moreover, the function G from the previous lemma is uniquely determined, see [CK83, Theorem 3.30].
We finally extend Lemma 4.7.1 in the main result of this section.

Theorem 4.7.8. Let X be an outer C?-domain for m = 0, an outer C3-domain for m = 1, an outer
C*-domain for m = 2 and an outer C*™~'-domain for m € N, m > 3. Furthermore let (x1),cy be a
fundamental system in X or D. Then the system of mass point representations

< : )
‘xk_ | 0%/ keN

defined by Definition 2.6.1, is dense in H™?2(0X). Furthermore the system of outer harmonics

i) ,

( —n=Lk|gs n=0,1,...;k=1,...,.2n+1

defined in Definition 2.6.2, is dense in H™?2(9%) if 0 < v < oo is such small that BE}S (0) € D. Finally
the system of inner harmonics

o)
( k95 n=0,1,.sk=1,... 2041
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defined in Definition 2.6.2, is dense in H™?(0X) if 0 < v < oo is such large that D C Bllfs (0).

Proof. We want to use the fact that a subset S of a Hilbert space H is dense if and only if (F,G)y =
for all G € S yields F =0 in H. Therefore let F' € H™?(9%) be given. We have to show that

8 1
F(-), —— =0,
Tk — - |
ox/ Hm2(ox)

for all £ € N, where (), is a fundamental system in D or X,

F(-),H ‘ > —0,
< () Hi ox/ Hm2(o5)

or

F(-),H? ’ > —0,
< () o o/ Hm.2(ox)

foralln=0,1,...and k=1,...,2n+ 1, yields F = 0 in H™2(9%). We define the operator I : H™? —
C*(R3\0Y) via
8Z>Hm,2(82)

for all F € H™2(d%). We want to prove that I[F](z) = 0 for all z € D. First consider the function system
of mass point representations for a fundamental system (2y),y in D. Obviously we have I [F](zx) = 0
for all k E N, I[F] is an analytic function on R3\dX and AI[F](z) = 0 for all z € R3*\dX. Remember
that A = = 0, for all x # y, and we are allowed to interchange the order of differentiation. Thus

1
|z — |

I[F](x) := <F(~),

the fact that (7k) ey 18 @ fundamental system in D yields I[F F)(z) = 0 for all € D. Now consider the
function system of outer harmonics. Recall the series expansion from Lemma 2.6.3, given by

2n+1

1 — 4
2202”7‘::/1 Z 7n 1j(y)

|z — y

fory € 0¥ and z € B§3 (0) C D. For fixed z the series converges uniformly on 0% in y, see [FMO04, p.90].
Moreover, [Mar68, Satz 3.19] gives the convergence even in C™(9%) for arbitrary n € N. Thus

% > H™2(9%)

2n+1
< ,J( )Hzn 1,J(y)>
n=0 Jj=1 Hm™2(9%)

2n+1

_Z 27’L+1 Z n,]( )<F( ) Hzn 17J(y)>Hmﬂ2(8Z) :Oa

=1

I[F]<x>=<ﬁ<~>7 ! -

for all x € BES(O) C D, by the continuity of the scalar product. By analytic continuation we find
I[F](z) = 0 on D, see again [FMO04, p.91]. Analogously, we find I[F](z) = 0 on X for the inner harmonics
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or (m) Len corresponding to a fundamental system in 3. From now on the proof will not depend on
€

the function system any more. We define 17 : H™2(9%) — L?(9%) for all T € (0, 79] by
IFT[F)(x) := U[F](z — Tv(2)),

for all F € H™?2(0%). We have that I*7 is linear and bounded for each 7 € (0, 7]

B 1
ITET[F]| 25 =I1{F (), |>Hm=2(BE)HL2(8E)

|z £1v(z) —y

1
<Nl aom |1

) — y| ||Hmv2(82)‘

1
m”cw(az),

L2(9%)

<IN 2 o) H? (08)sup,e o5 |

because the supreme can be estimated by

1
SuprBZ” |z £ 70(z) — .|||Cm(82) < z £ rv(z) -y ”Cm(BTO(aZ)\B%(aZ)XaZ) < 0.

Now we can identify /=7 with a linear continuous mapping from H™2(9%) to (H’”’Q(GE))/ with help of
the embedding L?(9%) — (H™?(0%)) in form of regular distributions. Furthermore we have for each
7 € (0,79) and all F € C>(9%), that I*7[F] = U [D*"[F]] in sense of (H™2(9%)) because

IFTIF)(G) =((F(y), mme?(az)’G(fﬂ»m(az)
=((D*"F(y), W>L2(82)7G($)>L2(82)

=W [D*™ F)(x £ Tv(x)), G(2)) 12 (9%
=(UTT[D*"F)(x), G(x)) 12 (o)

=(D*"F(z), (UT")" [G(x)) 1205

=D*"F((U7)" [G) = U [D*"F)(G),

see Lemma 4.7.6. As well I*7 as U™ o D*™ are continuous operators from H™?2(9%) to (H™2(0%))
and both coincide on the dense subset C*°(9X) C H™?(d%). So we have that they are identical on all
of H™2(9Y) and we find

UFT[D*™[F]] = I*7[F] =0,

in sense of (Hm’z(ﬁE))/ for all 7 € (0,79]. Using the limit formulae in (Hm’2(82)),—norm, see Theorem
4.7.4, we get
=0.

i, [V [DPE]) - U [D" ) = T [UY(DP"[F)

|| (H™:2(9%)) ||(Hm 2(0%))

This gives ~
D*[F]((U7)" [G]) = D*™[F](UA[G]) =0,



104 CHAPTER 4. LIMIT FORMULAE AND JUMP RELATIONS OF POTENTIAL THEORY

for all G € H™2(JX), by the definition of (U?)" and consequently
<F, U, [GDHm,Z(aE) =0,

for all G € H™?2(9Y), by definition of the operator D*™. Due to Lemma 4.7.7 we have that the range
of Uy : H™2(9%) — H™?(9X) contains a dense subset of H™?(9%), namely C™*2(9%). Thus F =0 in
H™2(9%). Consequently the proof is done. O
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