The Inductive
Blockwise Alperin Weight Condition
for the Finite Groups

SLs(q) (31 (¢ — 1)), Ga(q) and *Dy(q)

Elisabeth Schulte

Vom Fachbereich Mathematik der Technischen Universitat Kaiserslautern
zur Verleihung des akademischen Grades Doktor der Naturwissenschaften
(Doctor rerum naturalium, Dr. rer. nat.) genehmigte Dissertation

1. Gutachter: Prof. Dr. Gunter Malle
2. Gutachter: Prof. Dr. Gerhard Hif3

Datum der Disputation: 16. Oktober 2015

D 386






Contents

Table of Contents

Preface

11

Introduction and Preparation

Characters and Blocks

1.1 Notation . . . . . . . . . .
1.2 Blocks of Finite Groups . . . . . . . . . . ...
1.3 Induction and Restriction of Characters . . . . . . . ... ... ... ....
1.4 Extendibility of Characters . . . . . . . . ... ... ... . ...

The Conjecture
2.1 Alperin’s Weight Conjecture . . . . . . . . . . .. ... ... ...,
2.2 The Blockwise Version . . . . . . . .. ... ..

Reduction Theorems
3.1 The Inductive Blockwise Alperin Weight Condition . . . . . . . . ... ...
3.2 Special Cases . . . . . . ..

Chevalley Groups and Finite Groups of Lie Type

4.1 Root Systems and Simple Lie Algebrasover C. . . . . . . . ... ... ...
4.2 Chevalley Groups . . . . . . . . . .
4.3 Finite Groups of Lie Type . . . . . . . . .. ..
4.4 Maximal Tori . . . . . . . . . . . e

The Special Linear Groups SL3(¢) for ¢ > 2 and 31 (¢ — 1)

Properties of SL3(q)

5.1 Construction of SL3(q) . . . . . . . . . . .
5.2 Weyl Group and Maximal Tori of SLg(q) . . . . . . . . ... ... ... ...
5.3 Automorphisms of SL3(q) . . . . . . ... oo

Blocks and Decomposition Numbers of SL3(q)

6.1 Conjugacy Classes and the Complex Character Table . . . . . . . ... ...
6.1.1 Conjugacy Classes . . . . . . . . . . i
6.1.2 Character Table . . . .. .. ... ... ... .. .. ...

6.2 Blocks and Decomposition Matrices . . . . ... ... ... ... ......

17
17
19

21
21
25

27
27
30
35
37

39

41
41
43
45




Contents

621 TheCase2#L|(g—1) . . . .« o it 52

6.22 The Case £ =2 . . . . . . . e 59

7 Action of Automorphisms 65
7.1 Action on the (Brauer) Characters of SL3(q) . . . ... ... ... ..... 65
7.2 Action on the Weights of SL3(q) . . . . . . . ... ... 67
7.2.1 Radical Subgroups . . . . . . . ... o 67

7211 TheCase2#/L|(g—1). ... ... ... ... .. ..... 68

7212 TheCasel=2. .. ... . . .. ... 69

7.2.2 B-Weights and the Action of Aut(G)p in the Case 2# ¢ | (¢—1) . . 80

7.2.2.1 The Principal Block By . . . . . ... ... ... ...... 82

7.2.2.2 The Blocks of Type By . . . ... ... .. ......... 83

7.2.2.3 The Blocksof Type B(_y . . .. ... .. .......... 86

7.2.3 B-Weights and the Action of Aut(G)p in the Case £ =2 . . . . . .. 87

7.2.3.1 The Principal Block By . . . . . .. ... ... .. ..... 90

7.2.3.2 The Blocksof Type B(y. . . .. .. ... .. ........ 91

7.2.3.3 The Blocks of Type B(_ ) . . ... ... .......... 93

8 Partitions and Equivariant Bijections 95
9 Normally Embedded Conditions 97
9.1 Results on Extendibility . . . . . . . ... ... o 0oL 97
9.1.1 Extendibility of (Brauer) Characters of SLz(q) . . . ... ... ... 98

9.1.2 Extendibility of Weight Characters . . . . . . . ... ... ... ... 100

9121 TheCase2# /| (qg—1). ... ... .. ... .... 100

9122 TheCasel=2. ... ... .. ... ... 104

9.1.3  Summary . . . . ... e e 105

9.2 Block Correspondence . . . . . . . . .. e 107

10 The Main Result for SL3(q) 111
IIT The Chevalley Groups Gs(q) for ¢ > 5 113
11 Properties of G2(q) 115
11.1 Construction of Ga(q) . . . . . . . . . . 115
11.2 Weyl Group and Maximal Tori of Ga(q) . . . . . .. ... ... ... ... 117
11.3 Relations in Ga(q) . . . . .« o oo 118
11.4 Automorphisms of Ga(q) . . . . . . . . . ..o 121

12 Action of Automorphisms 125
12.1 Action on the Brauer Characters of Ga(q) . . . . . . . . . ... ... . ... 125
12.1.1 The Case £ =2 . . . . . . . . . i it 125

1212 The Case £ =3 . . . . . . . . . . e 127

12.2 Action on the Weights of Ga(q) . . . . . . . . . .. .. L. 127
1221 The Case £ =2 . . . . . . . . . . i ittt 128

12.2.1.1 The Principal Block By . . . . . . . . .. ... ... .... 134

12.2.1.2 The Block Bs . . . . . .. . .. .. . o 135

12.2.1.3 The Blocks of Types Bi4, By, Bog and By, . . . . . . . .. 136

12.2.1.4 The Blocks of Types Bx, and Bx, . . . . . . . .. ... .. 136

12.2.2 The Case £ =3 . . . . . . . . . . . i i 137

II



Contents

12.2.2.1 The Principal Block By . . . . . . . ... ... ... .... 139

12.2.2.2 The Block By . . . . . . . . . . . .. ... 142

12.2.2.3 The Blocks of Types Biy, By, Bag and By, . . . . . . . .. 143

12.2.2.4 The Blocks of Types Bx, and Bx, . . . . . . ... ... .. 146

13 Partitions and Equivariant Bijections 147
14 The Main Result for Ga(q) 149
IV The Steinberg Triality Groups 2Dy4(q) 151
15 Properties of 3Dy(q) 153
15.1 Construction of 3Da(q) . . . . . . . o 153
15.2 Weyl Group and Maximal Tori of ®Dg(q) . . . . . . . .. .. ... ... ... 156
15.3 Automorphisms of 3D4(q) ............................ 158
15.4 Special Subgroups of ®Dy(q) . . . . . . . . ... 159
15.4.1 Ga(q) as a Maximal Subgroup of 2Dy(q) . . . . . . .. .. ... ... 159

15.4.2 Other Subgroups of 2Dy(q) . . . . . . . . . ... 160

16 Action of Automorphisms 161
16.1 Action on the Brauer Characters of 3Dy(q) . . . . . . . . .. . .. ... ... 161
16.1.1 The Case £ =2 . . . . . . . . . s e e 162

16.1.2 The Case £ =3 . . . . . . . . . e e 163

16.2 Action on the Weights of 3Dy(q) . . . . . . . . ... 164
16.2.1 The Case £ =2 . . . . . . . . . i s e 164

16.2.1.1 Blocks of Non-Abelian Defect . . . . . . . . . . . ... ... 164

16.2.1.2 Blocks of Abelian Defect . . . . . . . . . . .. . ... ... 166

16.2.2 The Case £ =3 . . . . . . . . o i e 167

16.2.2.1 Blocks of Non-Abelian Defect . . . . . . . . . . . ... ... 168

16.2.2.2 Blocks of Abelian Defect . . . . . . . ... ... ... ... 173

17 Partitions and Equivariant Bijections 189
18 The Main Result for Dy(q) 191
V Appendices 193
A Appendix for SL3(q) 195
A1 Characters of SL3(q),3t(¢g—1) . . . . . . . . .. 195
A2 Central Characters of SL3(q), 3t (¢ —1) . . . . .. ... ... ... . .... 197

B Appendix for Gy(q) 199
B.1 Conjugacy Classes of Ga(q) . . . . . .« o oo o 199
B.2 Characters of Ga(q) . . . . . . . . 201
B.3 Blocks and Decomposition Numbers of Ga(q) . . . . . . . .. ... ... .. 205
B.31 TheCasel =2 . . . . . . . . . . i e 205

B.32 TheCase =3 . . . . . . . . . . e 206




Contents

C Appendix for 3Dy(q)

C.1 Semisimple Classes of 2Dy(q) . . . . . . . . oo

C.2 Characters of 3Dy(q) .

C.3 Blocks and Decomposition Numbers of 3Dy(q) . . . . . . . . ... ... ...

C.3.1 The Case ¥ =2
C.3.2 The Case ¥ =3

List of Figures
List of Tables
Bibliography

Index

209
209
210
212
212
213

216

219

221

225

IV



Preface

The field of research giving rise to the problems considered in this thesis is the represen-
tation theory of finite groups. As the name suggests, this theory is concerned with the
examination of representations of finite groups, that is to say, group homomorphisms

X: G — GL,(K)

from a finite group G to a general linear group GL,,(K) over some field K. Their smallest
constituents, the irreducible representations, play a special role inasmuch as they may be
regarded as the basic building blocks of all representations. It is well-known that up to
isomorphism for any field K and any finite group G there exist only finitely many dis-
tinct irreducible K-representations of G. Moreover, there is a one-to-one correspondence
between the isomorphism classes of irreducible complex representations of G and the set
of its irreducible complex characters. Similarly, for fields K of positive characteristic the
isomorphism classes of irreducible K-representations of G are in bijection with the set of
wrreducible Brauer characters of G.

The irreducible complex characters of finite groups as well as their irreducible Brauer
characters are of considerable interest since, even though information may be lost by
passing from representations to characters, many properties of the group in question are
encoded in the set of its irreducible characters. Moreover, knowledge of the irreducible
complex and Brauer characters of a finite group may provide information about its sub-
groups, and vice versa, from information about irreducible characters of its subgroups it
might be possible to derive information about the group itself, which leads us to the topic
of this thesis.

Alperin’s weight conjecture is classified as a so-called global-local conjecture. This name
originates from the fact that for a prime ¢ the conjecture relates information about a finite
group G (global) to properties of ¢-local subgroups of G, that is, normalizers of ¢-subgroups
of G (local).

An (¢-)weight of G is defined as a pair (R, 1), where

* R is an f-subgroup of G, and

% 1) is an irreducible complex character of the normalizer Ng(R) containing R in its
kernel (that is, ¥(r) = (1) for all » € R) and satisfying

_|Ng(R) e
Y1), = TR

(that is, the ¢-part of the degree of 1 coincides with the ¢-part of the order of the
factor group Ng(R)/R).
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It is well-known that in this situation 1) may be considered as an irreducible character of
the quotient Ng(R)/R, so the above condition requests 1 to be of (¢-)defect zero when
regarded as a character of Ng(R)/R. The group G acts on the set of its (-weights by
conjugation, whence it is reasonable to speak about G-conjugacy classes of -weights of G.

Now the conjecture proposed by J. L. Alperin in 1986 on the Arcata Conference on
Representations of Finite Groups [Alp87] asserts that ...

... the number of G-conjugacy classes of £-weights of a finite group G equals the number
of its irreducible Brauer characters defined over characteristic £.

In addition to the original version of Alperin’s conjecture one can refine the assertion
as follows: The set consisting of both the irreducible complex characters of G and its
irreducible Brauer characters with respect to the prime ¢ may be partitioned into subsets
called the ¢-blocks of G. Moreover, each ¢-weight of G may be assigned to a unique ¢-block
of G, where the assignment is induced by Brauer block induction (cf. Sections 1.2 and 2.2).
If an (-weight (R,)) is associated to the ¢-block B, then (R,)) is called a B-weight of
G. As above, the group G acts by conjugation on the set of its B-weights. The blockwise
Alperin weight conjecture then suggests that ...

... for every £-block B of a finite group G the number of irreducible Brauer characters in
B coincides with the number of G-conjugacy classes of B-weights of G.

Since its proposal in 1986 Alperin’s weight conjecture has attracted a lot of interest
among group and representation theorists, and its validity has been confirmed for a wide
range of finite groups including those groups studied in this thesis. However, it has not
been possible so far to find a general proof of this conjecture for arbitrary finite groups.
Nevertheless, in recent years there has been considerable progress towards a solution for
this question, the central focus of this development being a reduction of the original
problem to a question on finite (quasi-) simple groups. The reduction theorem for the
blockfree version of Alperin’s conjecture was obtained by G. Navarro and P. H. Tiep in 2011
[NT11]. They give an inductive proof showing that if all finite non-abelian simple groups
satisfy a certain system of conditions, the so-called inductive Alperin weight condition,
then Alperin’s weight conjecture holds for any finite group. Two years later, in 2013,
B. Spéath [Spéal3] refined this result to achieve a reduction theorem for the blockwise
version of the weight conjecture along with a corresponding system of inductive conditions,
the inductive blockwise Alperin weight condition. As for the blockfree case, a verification
of these conditions for every finite non-abelian simple group would prove the blockwise
Alperin weight conjecture. Since the blockwise version of Alperin’s conjecture implies
the blockfree one, particular interest lies in the establishment of the inductive blockwise
Alperin weight condition for every finite non-abelian simple group. For such a finite non-
abelian simple group G, a prime ¢ dividing |G|, the universal ¢'-covering group X of G
and an ¢-block B of X this involves

x the construction of a certain partition of the set of irreducible Brauer characters
associated to B respecting the action of automorphisms of X,

% the construction of bijections between certain sets of irreducible Brauer characters in
B (coming from the above partition) and sets of B-weights of X equivariant under
the action of automorphisms of X,

x the verification of certain conditions regarding the extendibility of the irreducible
(Brauer) characters involved in the bijections above.
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The blockwise Alperin weight condition for a prime ¢ has already been proven to hold
for many of the 26 sporadic groups by work of various authors. Moreover, G. Malle gave its
verification in [Mall4] for the simple alternating groups as well as for the Suzuki and Ree
groups of types 2Ba, 2G5 and 2F,. B. Spéth proved it in [Sp#l3] for finite simple groups
of Lie type defined over characteristic ¢, and together with S. Koshitani in [KS14, KS15]
for £-blocks of cyclic defect. Apart from some special cases, the problem of establishing
the blockwise Alperin weight condition for finite simple groups of Lie type for all primes
dividing their order is still open for types other than 2By, 2Gy and 2F}.

By means of this thesis we wish to contribute to a verification of Alperin’s weight
conjecture by proving the inductive condition established by B. Spéth concerning the
blockwise version of the conjecture for three infinite series of finite simple groups of Lie

type:
* the special linear groups SL3(q) for prime powers ¢ > 2 with ¢ # 1 mod 3,
« the Chevalley groups Ga(q) for prime powers ¢ > 5, and
* the Steinberg triality groups ®Dy4(q) for arbitrary prime powers q.

The structure of this thesis is as follows: We divided our work into four main parts
and a fifth part consisting of appendices that provide information on irreducible characters
and decomposition numbers of the groups SL3(q), Ga(q) and 3D4(q).

In Part I we create a foundation for the later examination of the three infinite series
of finite simple groups specified above in view of the inductive blockwise Alperin weight
condition. Chapter 1 begins with an introduction of the notation applied throughout this
thesis and a recollection of notions related to group or character theory that play a role for
our purposes. Moreover, we give an overview over important results concerning character
and block theory.

A more detailed introduction to Alperin’s weight conjecture is given in Chapter 2,
and the above mentioned inductive condition by B. Spéath for the blockwise version of the
conjecture is presented in detail in Chapter 3, along with a summary of certain cases for
which the inductive blockwise Alperin weight condition has already been verified.

The simple groups in the infinite series we consider here belong to the class of finite
groups of Lie type. Regarding them as such allows us to benefit from the large machinery
of tools and knowledge that has been established for this class of groups over time. Hence,
we give an introduction to such groups in Chapter 4.

In Part II we establish the blockwise Alperin weight condition for the special linear
groups SL3(q) for prime powers ¢ > 2 with ¢ Z 1 mod 3. We start by giving an introduction
to these groups in Chapter 5 including a description of their automorphism group and
further structural properties.

Even though these are already known in principle, a need for more detailed information
motivates a description of the ¢-blocks and ¢-decomposition numbers of the groups SL3(q)
for certain primes ¢ in Chapter 6. This provides us with a convenient description of the
irreducible Brauer characters of SL3(q) with respect to those primes.

In Chapter 7 we then examine the action of automorphisms of SL3(g) on its Brauer
characters. Furthermore, in this chapter we determine the ¢-weights of SL3(g) in relevant
situations and study also their behaviour under the action of automorphisms of SL3(q).

We recall that a good understanding of the action of automorphisms of SL3z(g) on
its Brauer characters and weights is necessary to establish the partitions and equivari-
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ant bijections demanded by the inductive blockwise Alperin weight condition. These are
constructed in Chapter 8.
Subsequently, in Chapter 9 we prove that our partitions and bijections defined for
SL3(q) satisfy the extendibility requirements that are part of the inductive condition.
Then finally, in Chapter 10, Theorem 10.1, we obtain a proof of the inductive blockwise
Alperin weight condition for the groups SL3(q), ¢ > 2 with ¢ # 1 mod 3, for any prime
dividing their order as a summary of the results of the previous chapters.

Part IIT is dedicated to the study of the Chevalley groups Ga(q) for ¢ > 5. As for
the special linear groups, we begin our investigation by providing an introduction to these
groups in Chapter 11. Moreover, we describe their automorphism group and certain
properties inherent to the groups Ga(gq) being finite groups of Lie type.

Subsequently, in Chapter 12 we study the action of automorphisms of Ga(q) on its
irreducible Brauer characters and its weights. Both the decomposition numbers and the
weights for Gy(q) are already well-known and published in detail in a number of papers,
which facilitates our work here.

After having examined the behaviour of Brauer characters and weights of G2(q) under
automorphisms, we establish the partitions and equivariant bijections for the inductive
blockwise Alperin weight condition in Chapter 13.

As it turns out, for the groups G2(q) one may omit the verification of the extendibility
conditions for the characters involved in the constructed bijections. Thus, in Chapter 14
we can already summarize the results of the preceding chapters to obtain a proof of the
inductive blockwise Alperin weight condition for the groups Ga(q) with ¢ > 5 and all
primes dividing their order. This is given in Theorem 14.1.

Finally, in Part IV we examine Steinberg’s triality groups 2D4(q) in view of the in-
ductive blockwise Alperin weight condition. Chapter 15 begins with an introduction of
the groups ®Dy4(q) along with a description of their automorphism group and properties
characteristic to them as finite groups of Lie type. Moreover, we take a look at certain
subgroups of 3Dy4(q) that are of importance for our work. In particular, we note that Ga(q)
occurs as a maximal subgroup of 2Dy(q). Having studied the groups Ga(q) already, cer-
tain situations permit us to obtain results for 2D4(q) by reducing to questions concerning
problems in Ga(q).

In Chapter 16 we examine the behaviour of the irreducible Brauer characters and
weights of the groups 2Dy4(q) under the action of their automorphisms. Similarly as for
the groups Ga(q), the decomposition numbers and weights of 2Dy(q) are well-known. As
indicated above, a number of results concerning the action of automorphisms on weights
of 3Dy4(q) are obtained by reduction to Ga(q).

Knowledge of the action of automorphisms of 3Dy (q) on Brauer characters and weights
then enables us to construct the desired partitions and equivariant bijections for the in-
ductive blockwise Alperin weight condition in Chapter 17.

As for the groups Ga(q), the extendibility conditions may be omitted, such that at
this point sufficient results have been obtained to prove Theorem 18.1 in Chapter 18, the
inductive blockwise Alperin weight condition for Steinberg’s triality groups 3D4(¢) and all
primes dividing their order.
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Chapter 1

Characters and Blocks

Character and block theory of finite groups as well as finite group actions play prominent
roles throughout our study of the blockwise version of Alperin’s weight conjecture. For
the sake of consistency and transparency we recall certain notions and introduce notation
related to these topics here, which shall hence be fixed for the rest of this thesis.
Afterwards we summarize more or less well-known statements involving ordinary and
Brauer characters of groups that will be of importance in the course of this thesis. Since
a character’s affiliation to a block of the corresponding group and questions on its ex-
tendibility to larger groups play a major role in the inductive condition for the blockwise
Alperin weight conjecture (see Definition 3.2), our main focus will lie on these issues.

1.1 Notation

General Notation. Let us begin with some general notation. As is customary, for the
course of this thesis we use the following symbols:

e (C: the field of complex numbers with

» imaginary unit i € C satisfying i> = —1 and exp(27i) = 1, and

» z the complex conjugate of z € C;

e R: the field of real numbers;

e 7: the ring of integers;

e N: the set of natural numbers, where we always assume that 0 € N.
If x,y € Z\ {0} are non-zero integers, then we denote by

e gcd(z,y) the (positive) greatest common divisor of x and y.
For a matrix A we write

e AY to denote the transpose of A, and

o A = diag(ai,...,a,) if A is a square diagonal matrix of size n > 1 with diagonal
entries ay,...,an.

For a positive integer m € Z~( (and a prime number /) we denote by

e my,my € Z~q the uniquely determined positive integers satisfying m = mymy such
that my is a power of £ and my is prime to ¢,
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o &, (X) € Z[X] the m-th cyclotomic polynomial. These polynomials will be impor-
tant to us in the cases m € {1,2,3,6,12}, where, as is certainly known, we have

» P(X)=X -1,
» Do(X) =X +1,
» P3(X) = X2+ X + 1,
» Og(X) = X2 - X +1,

Certain well-known finite groups occur frequently throughout our work, whence we shall
decide on a fixed notation for these. Let n € N5g. Then we denote by

e (), the cyclic group of order n,
e G,, the symmetric group on n letters,
e Dy, the dihedral group of order 2n,

e GL,(K) or GLy(gq) the general linear group of degree n over some field K or over a
finite field consisting of ¢ elements, respectively,

e Sp,, (¢q) the symplectic group of degree n over a finite field consisting of ¢ elements.
Furthermore, we use the following symbols for certain products of groups:

e (G x H: the direct product of G and H;

e G x H: the semidirect product of G and H with H acting on G}

e (G o H: the central product of G with H;

e G H =2 G" x H: the wreath product of G and H < &,, n € Ny.

Let us now turn towards notation related to more specific aspects of group and character
theory. Henceforth, until the end of this section we suppose that G is a finite group.

Groups and Their Elements. For group elements g,h € G and a subgroup H < G
we adhere to the following notation:

e |G|: the cardinality of G;
e 0(g): the order of g;

[g,h] := g 'h~'gh: the commutator of g and h;

[G,G] :=([x,y] | z,y € G): the commutator subgroup or derived subgroup of G;

Z(G): the center of G;

Cg(h) = {zr € G | zha=! = h}: the centralizer of h in G;

Ng(H) = {z € G| zHx~' = H}: the normalizer of H in G;

|G: H| = |G|/|H|: the index of H in G,




1.1. Notation

e Aut(G), Inn(G), Out(G) = Aut(G)/Inn(G): the groups of automorphisms, inner
automorphisms and outer automorphisms of G, respectively.

Moreover, for a prime £ we denote by

® gy, gy € GG the uniquely determined elements satisfying g = geger = gerge such that
gr is of f-power order and gy has order not divisible by £;

e Syl,(G) the set of Sylow ¢-subgroups of G.

Apart from the cardinality, possibly the order of a group element, the index and the set
of Sylow subgroups, these notations are used in the same way for infinite groups.

Complex Characters. Let us recall that a complex (or ordinary) character of G is a
trace function afforded by a complex matrix representation of G, and that two characters
of G agree if and only if the associated complex representations are similar. We denote by

e Irr(G) the set of all irreducible complex characters of G, that is, the set of all trace
functions associated to the irreducible complex representations of Gj

o 1g € Irr(G) the trivial character of Gj
e ker(y) ={g9 € G| x(g9) = x(1)} the kernel of a character x of G.
For a subgroup H < G, a character x of G and ¢ € Irr(H) we denote by
. Resg(x), or simply x|p, the character of H obtained by restriction of x to H;

e Irr(G | v) the set of irreducible characters of G lying over ¢ € Irr(H), that is, the
set of all x € Irr(G) such that x|z has v as an irreducible constituent;

. Indg (), or simply 9, the induced character of G' given by the formula

= 777 X oo

zeG

Ind% (<)

for g € G, where 9(y) := (y) if y € H and ¢)(y) := 0 if y € G\ H. (Note that, in
more generality, one may define Ind% (1) in the same way if ¢ is not a character but
only a C-valued class function on H.)

Brauer Characters. Let us now recall the definition of a Brauer character of G. We
adhere to the construction given in [Nav98|. Let ¢ be a prime and let O denote the ring of
algebraic integers in C. Following [Nav98, Ch. 2] we fix a maximal ideal M of O containing
the ideal £O. Then by [Nav98, Lemma 2.1] the field F := O/M is an algebraic closure of
its prime field F, of characteristic ¢, and restriction to the group U of #-roots of unity in
C* of the natural epimorphism

0O —TF

induces an isomorphism between U and F*.
Henceforth, we shall denote by

e GO the set of all /-regular elements of G, that is to say, the set of all elements of G
whose order is coprime to £.
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We recall that the Brauer character ¢ afforded by an F-representation
X: G — GL,(F)

is a complex class function on G defined by

olg) =&+ - +&

for g € GO, where &1,...,&, € U are the preimages of the eigenvalues of X(g) under the
isomorphism *;;: U — F* (see [Nav98, p. 17]). Moreover, we recall that two irreducible
F-representations yield the same Brauer character if and only if they are similar. Note
that in general this does not extend to reducible F-representations of G if ¢ divides |G|
since in this case the group algebra FG is not semisimple.

From now on we denote by

e IBr/(G) the set of irreducible Brauer characters of G with respect to ¢, that is, the
set of Brauer characters afforded by the irreducible F-representations of G.

The kernel of a Brauer character ¢ of G afforded by an F-representation X is defined as
o ker(p) ={g € G| X(g9) = X(1)}.

Analogously to the case of complex characters, for a subgroup H < G, a Brauer character
¢ of G and ¥ € IBry(H) we set:

e Res%(p) or @i the restriction of ¢ to H;

e IBry(G | 9): the set of € IBry(G) such that o has ¢ as an irreducible constituent,
that is, the set of all irreducible Brauer characters of G lying over ¥;

e Ind%(¥), or simply 9, the induced Brauer character of G given by the formula
Ind% (9)(g) = Z Iz gx)
|H| zeG

for g € GY, where ¥(y) := 9(y) if y € H* and 9(y) := 0 if y € G°\ H°. (As
mentioned above for complex characters, this definition may as well be applied in
the case that ¥ is a C-valued class function on HY.)

Decomposition Numbers and Decomposition Matrix. Let £ be a prime as before.
If x is a complex character of G, then we denote by

e \" the restriction of x to the f-regular elements G©,

which yields a Brauer character of G (cf. [Nav98, Cor. 2.9]). Moreover, if x € Irr(G), then
we may write

e "= Y dyup for uniquely determined integers dy, € Zso (cf. [Nav98, p. 23]),
p€IBry(GQ)

which are called (¢-)decomposition numbers. The associated matrix (dyy)yelrr(G),pelBry (@)
is the (¢-)decomposition matriz of G.




1.1. Notation

Conjugacy Classes and Class Sums. Regarding the action of G on itself by conju-
gation we stick to the following notation:

o 19 :=g lag, 9z := gxg~! for x,g € G;

o [z]g:= {9 '2g | g € G}: the G-conjugacy class of an element z € G,

e CI(G): the set of G-conjugacy classes of Gj

o H ~g K: the subgroup H < G is G-conjugate to the subgroup K < G;

o C:= Y z €ZG: the class sum of a G-conjugacy class C € CI(G).
zeC

The set {C | C' € CI(G)} forms a C-basis of Z(CG), the center of the group algebra CG,
and an F-basis of Z(FG) (see, e.g., [Isa94, Thm. 2.4 and p. 271]), and if C1,Csy € CI(G)
and

C1Cy = Z aclczcé',
CeCl(G)

then clearly the structure constants ac,c,c are non-negative integers.

Central Characters. Let x € Irr(G) be afforded by a complex representation X. Then
the central character associated to y is the algebra homomorphism

o wy: Z(CG) — C, Cr wy(C) = C)!z(l()x),

Recall that the notion “central character” is derived from the fact that for C' € Cl(G) the
class sum C € Z(CGQ) is represented under X by the scalar matrix X(C) = wx(a)ﬂx(l),
where 1, (1) denotes the unity matrix of size x(1) (compare [Isa94, pp. 35/36]).

Let ¢ be a prime and F be defined as before. By [Isa94, Thm. 3.7] the value wx(é) eC
is an algebraic integer for every C' € CI(G), so it is reasonable to consider its image under
the epimorphism *: O — [ defined above. This yields an algebra homomorphism

o A\ Z(FG) — F, Cr+— A\ (C) :=w (C)*, for C e CIG)

(cf. [Nav98, p. 48]).

For ¢ € IBry(G) we may as well define an algebra homomorphism A,: Z(FG) — F:
If X is an F-representation yielding the Brauer character ¢, then we obtain an algebra
homomorphism

for C € CI(G) and z € C.

o )\,: Z(FG) — F induced by x(C) = )\W(a)]l@(l) for some scalar )\W(a) eF
(see [Nav98, pp. 48/49]).

Blocks and Defect Groups. Let £ be a prime. For the equivalence relation ~ on the
set Irr(G) U IBry(G) defined by

X~ if and only if Ay = Ay

for x,p € Irr(G) U IBry(G) we recall that the ¢-blocks of G are exactly the equivalence
classes of Irr(G) U IBry(G) under this relation (compare [Nav98, Def. 3.1]). For the de-
composition numbers introduced above it holds that d,, # 0 implies A, = A, so x and
¢ belong to the same ¢-block in this case (see [Nav98, Thm. 3.3]). We denote by
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e Bly(G) the set of ¢-blocks of G.
Moreover, for B € Bly(G) we use the following notation:
e \p: the algebra homomorphism associated to B, that is, Ap = Ay, for any ¢ € B;
o Irr(B) :=Irr(G) N B;
e IBr(B) :=IBr/(G) N B;
e k(B) :=|Irr(B)[;
o I(B) := | IBr(B)|.
For a (Brauer) character x € Irr(G) U IBry(G) we denote by
e bl(x) the ¢-block of G containing x.

The ¢-block bl(1¢) containing the trivial character of G is called the principal ¢-block of
G and will often be denoted by By.

Furthermore, we recall that for each ¢-block B of G there is a unique G-conjugacy
class of f-subgroups of G associated to it, the defect groups of B (see, for instance, [Nav98,
pp. 81/82]). If D < G is an ¢-subgroup of G, then we denote by

e Bly(G | D) the set of all ¢-blocks of G having D as a defect group.
The (¢-)defect of an ¢-block B of G is defined as
|Gle

e d(B) € Z> satisfying 1B min{x(1), | x € Irr(B)},

and a character y € Irr(B) with x (1), = |G|¢/¢%P) is called a height zero character of B.
For any defect group D of B its order is given by |D| = ¢%5) (see, e.g., [Nav98, Thm. 4.6]).

Group Actions. Suppose that X is a set with a finite group A acting on it. For z € X,
a € A and X' C X we denote by

e %z =aq.x, 2% = a~'. x the images of a applied to  from left and right, respectively;
o A, :={a € A|a.x =z} the stabilizer of x in A;
o °X':={a.x |z € X'} the image of X" under q;
e X'%:={a 'z |z € X'} the image of X’ under a™};
o Ax/:={a € A| X'® = X'} the stabilizer of X’ in A.
If, moreover, Y is an Ax/-stable set, then we denote by
e Ay, the stabilizer of y € Y in Ax/.

If A acts on the finite group G by automorphisms, then there is an induced action of A
on the set Irr(G) of irreducible characters of G via

e x“(g9) = x(a.g) for x € Irr(G) and a € A.

As an example consider the case where G is a normal subgroup of A and A acts on G by
conjugation. Then for a € A and g € G we have a.g = aga™!, and hence x*(g) = x(aga™1').
Analogously, one obtains an action of A on IBr,(G) for every prime #.

For g € G we denote by

e cy: GG, v gxg~ ', the automorphism of G induced by conjugation action of g,

where for g, h € G' the composition of ¢, and ¢y, is given by ¢, 0 ¢j, = cgp.
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1.2 Blocks of Finite Groups

Let G be a finite group and suppose that ¢ is a prime. In this section we provide a brief
selection of some well-known facts regarding block theory for G that will occur frequently
throughout this thesis.

We first recall that for a subgroup H of G and an algebraic closure F of the finite field
F; consisting of ¢ elements one may extend the algebra homomorphism \,: Z(FH) — F
associated to an ¢-block b € Bly(H) to a linear map

A Z(FG) —F, Cr—— Ny ( Z :U> for C' € CI(G).

zeCNH

If this map is an algebra homomorphism, then there exists a unique ¢-block B € Bly(G)
such that )\l? = Ap (see [Nav98, p. 87]), and we say that b” := B is defined and call it the
induced £-block. In this case the following holds by [Nav98, Lemma 4.13]:

Lemma 1.1. Let H be a subgroup of G and let b € Bly(H) such that b° is defined. Then
any defect group of b is contained in some defect group of b<.

Furthermore, the following criterion is an important result concerning the question as
to when induced blocks are defined (see, for instance, [Nav98, Thm. 4.14]):

Proposition 1.2. Let H be a subgroup of G and suppose that P is an £-subgroup of G
such that P Cg(P) € H C Ng(P). Then b€ is defined for any (-block b € Bly(H).

Moreover, the following statement can be found as an exercise in [Nav98, Ex. 4.4]:

Proposition 1.3. Let H be a subgroup of G with b € Bly(H) such that bC is defined. If
a € Aut(G), then b* = {x* | x € b}, where

x*(z) = x(a.x) forxz e H?,
is an £-block of H® such that (b*)C is defined and equals (b%).

So-called canonical characters occur frequently throughout the course of this thesis.
They are defined as follows:

Definition 1.4 (Canonical character). Let P be an (-subgroup of G and b € Bly(P Cg(P))
with defect group P. Then there exists a unique character 6 € Irr(b) such that P C ker(6)
(cf. [NT89, Lemma 5.8.12(ii)]). This character is called the canonical character of b.

Let us now turn to the main theorems of Brauer, which play a major role in the study
of blocks of finite groups. The first of these theorems asserts a relation between certain
¢-blocks of a finite group and those of an ¢-local subgroup (e.g. [Nav98, Thm. 4.17]):

Theorem 1.5 (Brauer’s first main theorem). Let P be an (-subgroup of G. Then the map
Bly(Ng(P) | P) — Bly(G | P), b — b, is a bijection.

Definition 1.6 (Brauer correspondent). Let P be an ¢-subgroup of G and B € Bl,(G | P).
The (according to Theorem 1.5) unique ¢-block b € Bl(Ng(P) | P) with b = B is called
the Brauer (first main) correspondent of B.

The first main theorem of Brauer may be extended to the following statement (see, for
instance, [Nav98, Thm. 9.7]):
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Theorem 1.7 (Extended first main theorem of Brauer). Let P be an {-subgroup of G and
B € Bly(G | P). There exists a unique Ng(P)-conjugacy class of £-blocks b € Bly(P Cg(P))
such that b = B. Moreover, all these (-blocks b have defect group P, and the Brauer first
main correspondent of B is given by BN¢®) for any such b.

Definition 1.8 (Root). Let P be an ¢-subgroup of G and B € Bl/(G | P). An ¢-block
b e Bly(PCg(P) | P) as in Theorem 1.7 is called a root of B.

We refrain from stating Brauer’s second main theorem here since it does not play a
role for our purposes. Instead, we continue with the third main theorem (see [Nav98,
Thm. 6.7]).

Theorem 1.9 (Brauer’s third main theorem). Let H be a subgroup of G and denote by
bo and By the principal £-blocks of H and G, respectively. If b € Bly(H) is such that bG s
defined, then b = By if and only if b = by.

For a proof of the following theorem we refer to [Nav98, Thm. 9.22]:

Theorem 1.10. Let P be an (-subgroup of G and let b be an (-block of P Cg(P) with
defect group P. Denote by T(b) the stabilizer of b in Ng(P). Then the induced £-block b®
has defect group P if and only the index |T'(b): P Cq(P)| is not divisible by £.

In certain situations we will need to decide whether two given ¢-blocks of G agree.
The following statement, which is given as an exercise in [Nav98, Ex. 4.5], turns out to
be a useful criterion. We recall that the defect groups of a conjugacy class C' € Cl(G) are
exactly the Sylow f-subgroups of the centralizers C(x) for x € C' (cf. [Nav98, p. 80]).

Proposition 1.11. Let By, By € Bly(G | P) for some {-subgroup P < G. Then By = By
if and only if Ap,(C) = Ap,(C) for every C € CI(G) with defect group P such that the
elements in C are of order prime to £.

Further important information is provided by Lemma 1.13 below, which can, for in-
stance, be found as Theorem 4.8 in [Nav98], and for which we need the following definition:

Definition 1.12 (¢-core). We denote by Oy(G) the largest normal ¢-subgroup of G and
call it the £-core of G. Note that Oy(G) is uniquely determined in G (e.g. [Gor80, p. 226)).

Lemma 1.13. Any defect group of any €-block of G contains Oy(G).

Finally, we recall the following notion concerning blocks of normal subgroups:
Definition 1.14. Let N be a normal subgroup of G and suppose that B is an ¢-block of
G and b is an ¢-block of N. Then by [Nav98, Thm. 9.2] the following two statements are
equivalent:

e If x € B, then every irreducible constituent of x|y belongs to a G-conjugate of b.

e There exists x € B such that x|y has an irreducible constituent lying in b.

In this situation we say that the ¢-block B covers b. (See also [Nav98, p. 193] for a different
(but equivalent) definition.)

10
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1.3 Induction and Restriction of Characters

In the following we consider questions concerning the induction and restriction of char-
acters of finite groups. In particular, we state some important results of Clifford theory
that will turn out as valuable tools for our work. Clifford theory establishes a relation
between the irreducible characters of a finite group and those of a normal subgroup. The
first result is the following statement on the behaviour of an irreducible character upon
restriction to a normal subgroup:

Theorem 1.15 (Clifford). Let N < G be finite groups and £ be a prime.

(i) Let x € Irr(G) and ¥ € Irr(N) be an irreducible constituent of Res§(x). Then for
t=|G: Gy| we have
t

RGS%(X) =ée- Zﬁla
i=1

where e € Ny and 91 =9, 99,...,9: denote the distinct G-conjugates of ¥.
(ii) Let ¢ € IBry(G) and 6 € IBry(N) be an irreducible constituent of Res§(p). Then

fort =|G: Gy| we have
t

Res§ () = e- Zﬁi,

i=1

where e € Nsg and 01 =0, 0s,...,0; denote the distinct G-conjugates of 6.

Proof. See, for example, [Isa94, Thm. 6.5] for (i) and [Nav98, Cor. 8.7] for (ii). O

A further major tool is the so-called Clifford correspondence. In general, induction
of an irreducible character of a finite group to some larger group does not again yield an
irreducible character. However, it turns out that in a particular situation irreducibility is
preserved by induction.

Theorem 1.16 (Clifford correspondence). Let N < G be finite groups and ¢ be a prime.
(i) Let ¥ € Irr(N). The induction map Indg19 induces a bijection
Irr(Gy | 9) — Irr(G | 9), @ +— Ind§ (¥).
In particular, the character Indg9 (1) is irreducible for every ¢ € Irr(Gy | 9).
(ii) Let 8 € IBry(N). The induction map Indge induces a bijection
IBr(Gy | 0) — IBry(G | 0), o+ Indg, ().
In particular, the character Indgg () is irreducible for every ¢ € IBry(Gp | 0).
Proof. See, for example, [Isa94, Thm. 6.11] for (i) and [Nav98, Thm. 8.9] for (ii). O
Let us now take a look at the decomposition of characters obtained by applying a

composition of the induction and the restriction map. We refer to [NT89, Thm. 3.1.9] for
the following statement:

11
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Theorem 1.17 (Mackey formula). Let H, K be subgroups of a finite group G. For an
irreducible character 6 € Irr(H) it holds that

Res% Ind% (0) = Z Ind®, . Resijgz ~x(0°),
ses

where S denotes a set of (H, K)-double coset representatives, that is, G is the disjoint
union | J,c gHsK.

As is well-known, for a finite group G the set Irr(G) of irreducible characters constitutes
an orthonormal basis of the C-vector space cfc(G) of C-valued class functions of G with
respect to the scalar product

(et Fe(G) X Fe(G) — €, (91, 92) — Kl;, S 01(9)03(9)
geG

(see, for instance, [Isa94, p. 21]). In particular, we may write a complex character i) of G
as

b= (dax

Xx€lrr(G)

so the multiplicity of x € Irr(G) as an irreducible summand of 1) may be determined by
means of the scalar product (_, )s. An important observation is the following statement,
which expresses the scalar product in G involving the induction of a class function of a
subgroup H < G as a scalar product in H (see, e.g., [Isa94, Lemma 5.2]):

Proposition 1.18 (Frobenius reciprocity). Let H < G be finite groups and suppose that
x and 9 are C-valued class functions on G and H, respectively. Then

(Ind (9), x)& = (9, Resf; (X)) -

In particular, x is an irreducible constituent of Indfl(ﬁ) if and only if x lies over 9.

1.4 Extendibility of Characters

Throughout this section we let G denote a finite group and suppose that £ is a prime. Let
us first summarize a few results concerning the question on when a (Brauer) character of
a normal subgroup of G is extendible.

Proposition 1.19. Let N be a normal subgroup of G.

(i) Let ¥ € Irr(N) be G-invariant. If for every prime r dividing the index |G: N| and
every N < P < G such that P/N is a Sylow r-subgroup of G/N there exists an
extension of ¥ to P, then ¥ extends to G.

(ii) Let ¢ € IBry(N) be G-invariant. If for every prime r dividing the index |G: N| and
every N < P < G such that P/N is a Sylow r-subgroup of G/N there exists an
extension of p to P, then ¢ extends to G.

Proof. Part (i) is Corollary 11.31 of [Isa94], part (ii) is [Nav98, Thm. 8.29]. O

12
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Proposition 1.20. Let N be a normal subgroup of G.
(i) Let ¥ € Irr(N) be G-invariant. If G/N is cyclic, then 9 extends to G.
(ii) Let ¢ € IBry(N) be G-invariant. If G/N is cyclic, then ¢ extends to G.
Proof. This is [Isa94, Problem 6.17] for (i). Part (ii) is [Nav98, Thm. 8.12]. O

If an extension of an irreducible (Brauer) character of a normal subgroup N of G is
known, then all extensions may be obtained by application of the following theorem (where
we refer to pp. 17/18 for an interpretation of the irreducible (Brauer) characters of the
quotient G/N as irreducible (Brauer) characters of G):

Theorem 1.21 (Gallagher). Let N be a normal subgroup of G.

(i) If x € Irr(G) satisfies ¥ := x|y € Irr(N), then the characters n-x for n € Irr(G/N)
are irreducible, distinct for distinct characters n, and are exactly the irreducible con-
stituents of 9.

(ii) If ¢ € IBry(G) satisfies ¢ := n € IBr¢(N), then the Brauer characters (3 -1 for
B € IBry(G/N) are irreducible, distinct for distinct 3, and are exactly the irreducible
constituents of .

Proof. Part (i) is [Isa94, Cor. 6.17], part (ii) can be found in [Nav98, Cor. 8.20]. O

As a corollary of Gallagher’s theorem, B. Spéath states the following result in [Spa09,
Rmk. 9.3(i)], which gives a criterion for when two irreducible characters of G extending
the same character of a normal subgroups coincide:

Corollary 1.22. Let N be a normal subgroup of G and ¢ € Irr(N), x1,x2 € Irr(G)
such that x1xy = xoy = V. If T C G is a subset of G satisfying (N,T) = G and
X1(u) = x2(u) # 0 for every uw € T, then x1 = x2.

Further extendibility results in the case that G is the semidirect product of two sub-
groups are given below. The first statement may also be found as Exercise 6.18 in [Isa94].

Lemma 1.23. Let G = N x S be a semidirect product of two finite groups N and S, and
let X € Irt(N) be a G-invariant linear character of N. Then X\ extends to G.

Proof. For n € N and s € S we set /)\\(ns) := A(n). We prove that X is a group homo-
morphism, in which case it constitutes a linear character of G extending A. Let hence
m,n € N and s,t € S. We have

~

A(msnt) = A(m(sns™1)st) = A(m(sns™1)) = Am)A*(n) = A(m)A(n) = A(ms)A(nt),
so A is a group homomorphism, and hence an extension of A to G as claimed. ]

Lemma 1.24. Suppose that G = N x S is a semidirect product of two finite groups N
and S. Moreover, let A be a group containing both N and G as normal subgroups. Then
for 0 € Irr(N) the following statements hold:

(i) The stabilizer of the induced character 8F in A is given by Age = AyS.

(i) If Gg = N and there exists an extension ] of 0 to Ay, then 0 4G s an extension of
QG to A@G.

13
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Proof. For part (i) we first observe that, since N < G, the induced character §¢ satisfies

0% N => 0.

SES

Now let € Age. Then x acts on N, so 6 € Irr(N), and we have (%)% = (§9)* = 9, so
by the previous observation there exists s € S such that 6% = 6°. Hence, 6*s"' = 0 and
x € ApS. Suppose now, conversely, that x = ys with y € Ay and s € S. Then

(69)7 = (69" = () = (6)° = o°,

and we conclude that x € Ayc. Since for y' € Ay, s’ € S we have s'y/ = y/'y/~1s'y’ with

y'~ls'y € G =N xS and N < Ay, it follows that any element of A4S may be written in
the form ys with y € Ay and s € S, so the claim follows.

(ii) According to Clifford correspondence, Theorem 1.16, the character 6% is irreducible
in the present situation. Following part (i) we have Aye = ApS and by assumption
Gg=N,s0 AgNS =GyNS =NNS = {1}, and hence |Ayc : Ag| = |S|. Therefore, if we
induce 6 to Ayc, then we obtain a character of degree

0 406 (1) = | Aga = Ag|0(1) = |S]6(1) = |G: N|6(1) = 6%(1)
with B B
(8 4) 16, 0%) = (6 ¢ ) x, O) v # 0
by Frobenius reciprocity, Proposition 1.18, and the fact that 0 is an irreducible constituent

of (5’496' )|4,» again by Frobenius reciprocity. Due to the equality of the degrees of 0 oG

and A% and the irreducibility of 6§, the character 0 4¢ must be an extension of §¢ to
Age. O

Lemma 1.25. Let N be a normal subgroup of G and let ¢ € Irr(N). If a is an auto-
morphism of G stabilizing N such that ¥* = 1, then the stabilizer Gy of ¥ in G is left
mvariant by a.

Proof. Let h € Gy and n € N. Then a(h) € G and

v*®(n) = v(a(h)na(h) ™)
= ¢(a(ha™ (n)h™))
= ¢*(ha”(n)h™")
= ¢(ha™ (n)h ™)
= W( “H(n))

P(a™(n))
=4 (n)
= ¥(n)
since for 9@ = 1) also @ = = 1. Thus, a(h) € Gy as claimed. O

Later on we will be interested in the action of Aut(G)p on the set IBr(B) of irreducible
Brauer characters of G belonging to an ¢-block B of GG, and moreover, in some cases the
question of extendibility of a Brauer character in B to its stabilizer in Aut(G)p arises. In
certain situations a particular shape of the /-decomposition matrix may be of assistance in
answering this question as the following two results show, for which we need to introduce
the notion of a basic set given below:

14
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Definition 1.26 (Basic set). Let B be an ¢-block of the finite group G. We call a subset

B C Irr(B) a basic set for B if {x" | x € B} forms a basis of the abelian group Y.  Zx".
x€lrr(B)

Lemma 1.27. Let B be an {-block of G and suppose that B C Irr(B) is a basic set for B.
Assume further that the £-decomposition matrixz for B is lower unitriangular with respect
to a suitable ordering of the characters in B and IBr(B), and that every character in B is
left invariant by Aut(G)p. Then every element in IBr(B) is left invariant by Aut(G)p.

Proof. Let | := [(B) denote the number of irreducible Brauer characters contained in B.
Then |B| = | and we may fix orderings B = {x1,...,x;} and IBr(B) = {¢1,..., ¢} of
B and IBr(B), respectively, with respect to which the decomposition matrix D for B is
lower unitriangular, so dy,s, = 1 for 1 < i < [ and dXz‘d)j =0forl1 <i<j<Ilif
D = (dy;,)1<ij<i- We prove by induction on k that every Brauer character ¢y is left
invariant by Aut(G)p.

Let k = 1. Then ¢; = X9, and since by assumption x; is invariant under Aut(G)p, so
is ¢1. Hence, let k > 1 and assume that ¢; is invariant under Aut(G)p for 1 <i < k. We
have

k—1
=1

so for a € Aut(G)p we obtain

k—1 k—1
B =0 =D dyo, 0t = (00 = Y dys i = r
=1 =1

as claimed, since (x9)* = (x{)? = x} by assumption and ¢¢ = ¢; for 1 < i < k by the
induction hypothesis. ]

Remark 1.28. From the proof above it becomes clear that the statement of Lemma 1.27
remains valid if one does not assume that every character in B is left invariant by Aut(G)p
but only that every x°, x € B, is left invariant by Aut(G)p.

Proposition 1.29. Suppose the assumptions of Lemma 1.27 and assume, moreover, that
G is simple. If every character in B extends to Aut(G)p, then every Brauer character in
IBr(B) extends to Aut(G)p.

Proof. Let the notation be as in the proof of Lemma 1.27 such that for 1 < k < [ we have
k-1
Xo =0k + Y dypbi-
i=1

Denote by xj an extension of yj to Aut(G)p, which exists by assumption, and let ¢ be an
irreducible £-modular constituent of )?2 Since G is assumed to be simple, we may embed
it as a normal subgroup of Aut(G) such that in particular G < Aut(G)p. Hence, we may
use Clifford theory, Theorem 1.15, to write

t
w|G’ =€ Z 9]'
j=1

for some irreducible constituent ¢ = 61 of ¢\, where e € Nxo, t = [ Aut(G)p: Aut(G)p
and 6q,...,0; are exactly the distinct Aut(G)p-conjugates of . But since ()?2)|G =2,

15
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we conclude that 0 is an irreducible constituent of X%, so 0 = ¢; for some 1 < i < k.
In particular, § is invariant under Aut(G)p by Lemma 1.27, so t = 1 and ¢ = ef.
Since (ig)‘g = Xg, we may choose the irreducible constituent ¢ of }2 such that ¢ is a
constituent of ¢;. But then by the considerations above we have ¢\ = eg¢y for some
e € N5g. Now dy, 4, = 1, so we must have e = 1, whence 7 is an extension of ¢, to
Aut(G) B- L]
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Chapter 2

The Conjecture

We are now ready to turn towards the central topic of this thesis. This chapter is aimed
at providing an introduction to Alperin’s weight conjecture. We give a definition of the
objects and notions involved and present Alperin’s hypothesis. Afterwards, we shall give
particular attention to the blockwise version of this conjecture, which will be the main
focus of the upcoming discussion.

2.1 Alperin’s Weight Conjecture

Alperin’s weight conjecture asserts that the number of irreducible Brauer characters of a
finite group may be determined by counting the number of conjugacy classes of so-called
weights for the finite group. Before defining these let us first recall the notion of a defect
zero character of a finite group:

Definition 2.1 (Defect zero character). Let G be a finite group and ¢ be a prime. If a
character x € Irr(G) satisfies x(1), = |G|s, then x is said to be of (¢-)defect zero or an
(¢-)defect zero character of G.

The set of ¢-defect zero characters of G will be denoted by dz;(G) in the following.
One should note that this set might be empty.

Remark 2.2. Let G be a finite group and ¢ be a prime. Following the definition of the
(-defect of an ¢-block of G, a character x € Irr(G) of ¢-defect zero must lie in an ¢-block
of G that has /-defect zero. Even more, it is the unique irreducible character of its ¢-block
since for an ¢-block B of G the following are equivalent (cf. [Nav98, Thm. 3.18]):

e B is of (-defect zero,

e there exists a character y € Irr(B) with x(1), = |G|y,
o |Irr(B)| =1,

e |Irr(B)| = |IBr(B)].

The same reference tells us that the restriction x° of y to the f-regular elements of G is
irreducible in this situation, such that we have IBr(B) = {x"}.

Let us now recall that for a finite group G with a normal subgroup N there exists a
natural one-to-one correspondence between the set of irreducible characters of the quotient
G/N and the set of those irreducible characters of the group G that are trivial on N, which
is given as follows:
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Chapter 2. The Conjecture

If x € Irr(G) is such that N C ker(y), then Y defined by X(gN) := x(g) for g € G is
an irreducible character of G/N.

Vice versa, if ¥ € Irr(G/N), then we obtain an irreducible character of G containing
N in its kernel by setting x(¢g) := X(¢gV). This is also called the inflation of ¥ to G.

An analogous one-to-one correspondence also exists for the irreducible Brauer charac-
ters of G with NV in their kernels and the irreducible Brauer characters of G/N.

Bearing this in mind we may now introduce the concept of weights of finite groups:

Definition 2.3 (¢-weights). Let G be a finite group, ¢ a prime and R an ¢-subgroup of
G. If p € Irr(Ng(R)) with R C ker(yp) is of ¢-defect zero when regarded as an irreducible
character of Ng(R)/R, then the pair (R, ) is called an (¢-)weight of G. The character 9
is called weight character.

Remark 2.4. Let G be a finite group and ¢ be a prime. If (R, ) is an f-weight of G, then
also

(R, )" == (R", ¢")

is an ¢-weight of G for every automorphism a € Aut(G). In particular, we observe that G
acts on the set of its f-weights by conjugation. For the G-conjugacy class of an £-weight
(R, ) we write [(R, ¢)]g. Moreover, the set of G-conjugacy classes of (-weights of G will
in the following be denoted by Wy(G).

Alperin’s weight conjecture [Alp87, p. 369] now reads as follows:

Conjecture 1 (Alperin, 1986). Let G be a finite group and ¢ be a prime. Then

[We(G)| = |1Br(G)].

Note that Definition 2.3 only requires the subgroup R of the finite group G giving rise
to an f-weight of G to be an ¢-group. However, it turns out that not every ¢-subgroup
of G qualifies to constitute the first component of an /-weight of G as we are about to
observe in Lemma 2.7 below.

Definition 2.5 (Radical subgroup). For a prime ¢ and a finite group G an {-subgroup R
of G is called a radical ¢-subgroup of G if R = Oy(Ng(R)). We also say that R is (¢-)
radical in G. The set of radical ¢-subgroups of G will be denoted by Rady(G).

Example 2.6. If G is a finite group and ¢ is a prime, then examples for radical £-subgroups
of G are the following;:

(i) R € Syly(G) is trivially ¢-radical in G;

(ii) if B is an ¢-block of G with defect group D, then D is ¢-radical in G (see, for instance,
[Nav98, Cor. 4.18));

(iii) if G is simple, or more generally, if Oy(G) = {1}, then {1} is ¢-radical in G.
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2.2. The Blockwise Version

Lemma 2.7. Let G be a finite group and £ be a prime. If (R, ) is an L-weight of G, then
R is a radical £-subgroup of G.

Proof. Since ¢ is of ¢-defect zero as an irreducible character of the quotient Ng(R)/R, the
¢-block of Ng(R)/R containing ¢ must have defect group {1}. But by Lemma 1.13 the
l-core Oy(Ng(R)/R) is contained in any defect group of any block of Ng(R)/R. Hence,

Oi(Na(R)/R) = {1},

or equivalently, R = Oy(Ng(R)) as claimed. O

2.2 The Blockwise Version

In this section we concern ourselves with the blockwise version of Alperin’s conjecture.
Each £-weight of a finite group G may be uniquely assigned to an ¢-block of G as we will
see below. The weight conjecture may then be refined to a question on the number of
irreducible Brauer characters and /-weights belonging to the ¢-blocks of G.

Definition 2.8 (B-weights). Let G be a finite group and ¢ be a prime. An ¢-weight (R, ¢)
of G belongs to a unique ¢-block of G in the following way: Let b be the ¢-block of Ng(R)
containing the weight character ¢. Then (R, ¢) is called a B-weight of G, where B := bC.

Remark 2.9. Let G be a finite group, ¢ a prime and B an ¢-block of G. In addition, we
suppose that (R, ¢) is a B-weight. Then for the ¢-weight (R, ¢%), a € Aut(G)p, we have

bl(w") = (bl(p)")" = (bl(p)“)* = B* = B

by Proposition 1.3. Thus, Aut(G)p acts on the set of B-weights of G. In particular, it
follows that the group G acts on the set of its B-weights by conjugation. We denote the
set of G-conjugacy classes of B-weights of G by W(B). Note that we drop the prime ¢ in
this notation since it is already inherent in the ¢-block B.

The blockwise version of Alperin’s conjecture [Alp87, p. 371] then asserts the following:

Conjecture 2 (Alperin, 1986). Let G be a finite group, ¢ a prime and B an £-block
of G. Then
IW(B)| = [1Br(B)].

Due to the fact that each f-weight of a finite group G is associated to a unique ¢-block
of G, the sets W(B), B € Bly(G), form a partition of Wy(G). Similarly, the sets IBr(B),
B € Bl(G), form a partition of IBry(G). This leads to the observation that the blockwise
variant of Alperin’s conjecture implies the blockfree version.

We are hence particularly interested in counting the number of weights belonging to a
block B of a finite group G. By [AF90, p. 3| the B-weights of G may be constructed in
the following manner:
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Chapter 2. The Conjecture

Construction 2.10. Let £ be a prime and B be an ¢-block of a finite group G. For a
radical £-subgroup R of G and an ¢-block b € Bly(RCg(R) | R) with b% = B we denote
by 6 the canonical character of b. Then for every ¢ € Irr(Ng(R)g | ) with

P(1)e
0(1)¢

= |Ng(R)o: RCa(R)|e

the pair

(R, Tnd\{ ) ()

constitutes a B-weight of G. As a result of Clifford correspondence, Theorem 1.16, distinct
characters 1 yield distinct B-weights.

Letting R run over a complete set of representatives for the G-conjugacy classes of
radical ¢-subgroups of GG, and for each such R letting b run over a complete set of repre-
sentatives for the Ng(R)-conjugacy classes of £-blocks b € Bly(R Cg(R) | R) with ¢ = B
provides all B-weights of G.

In general there can be various types of radical ¢-subgroups giving rise to ¢-weights
belonging to an ¢-block B. If, however, B is an f-block of abelian defect, then the situation
is more restrictive. Compare [An94a, pp. 24/25] for the following:

Lemma 2.11. Let ¢ be a prime and B be an £-block of a finite group G. Suppose, moreover,
that (R, ) is a B-weight of G. If B is an {-block of abelian defect, then R is a defect
group of B.

Proof. Denote by D a defect group of B. Following Construction 2.10 there exists an /-
block b € Bly(RCg(R) | R) such that B = b%, so by [NT89, Thm. 5.5.21] we may assume
that

Z(D)<Z(R) < R< D.

Thus, if D is abelian, then R = D is a defect group of B. O
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Chapter 3

Reduction Theorems

Even though Alperin’s (blockwise) weight conjecture has been verified for a broad range of
finite groups, it has not been possible so far to prove this conjecture in general for arbitrary
finite groups. As a step towards a solution of this problem, G. Navarro and P. H. Tiep
[NT11] reduced the conjecture to a question on finite (quasi-) simple groups, resulting in
the inductive Alperin weight condition. Following this lead, B. Spath [Spal3] presented
a system of inductive conditions, the inductive blockwise Alperin weight condition, and
proved that a verification of these for all non-abelian finite simple groups implies the
blockwise Alperin weight conjecture.

In the following we are interested in the inductive conditions for the blockwise version
of Alperin’s weight conjecture established by Spath. This is explained by the fact that
these conditions constitute a refinement of the conditions given by Navarro and Tiep,
which is to say, their verification implies a proof of the conditions required in the blockfree
reduction.

3.1 The Inductive Blockwise Alperin Weight Condition

There are several versions of the inductive blockwise Alperin weight condition (iBAW).
Apart from the original version given by Spéath in [Spéal3, Def. 4.1] there is also a ver-
sion treating only blocks with defect groups involved in certain sets of ¢-groups [Spal3,
Def. 5.17], or a version handling single blocks [KS14, Def. 3.2].

We state here the inductive condition for a single block. For a non-abelian finite simple
group this condition may then be verified block by block, this way proving the original
inductive condition for the whole group.

Notation 3.1. Let G be a finite group and ¢ be a prime.

(i) If @ is a radical ¢-subgroup of G and B an ¢-block of G, then we define the set

dz(N(Q)/Q, B) := {x € dz(N¢(Q)/Q) | bl(x)¢ = B},

where we regard x as an irreducible character of Ng(Q) containing @ in its kernel
when considering the induced ¢-block bl(x)®. One should observe that this set is in
one-to-one-correspondence with the set of all B-weights of G having ) as their first
component.

(ii) By Rady(G)/~a we denote a complete system of representatives for the G-conjugacy
classes of radical ¢-subgroups of G.
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Definition 3.2 ((iBAW) condition for an (-block [KS14, Def. 3.2]). Let £ be a prime, S a
finite non-abelian simple group and X the universal #'-covering group of S. Let B be an
¢-block of X. We say that the inductive blockwise Alperin weight (iBAW) condition holds
for B if the following statements are satisfied:

(i) (Partitions) There exist subsets IBr(B | @) C IBr(B) for @ € Rady(X) with the
following properties:

(1) IBr(B | Q)* =IBr(B | Q%) for every Q € Rady(X), a € Aut(X)p,
(2) IBr(B) = Ugerad, (x)/~x 1B(B | Q).

(ii) (Bijections) For every () € Rad,(X) there exists a bijection
Qg 1Br(B | Q) — dz(Nx(Q)/Q, B)
such that Q)Q((qﬁ)a = an (¢p%) for every ¢ € IBr(B | Q) and a € Aut(X)p.

(iii) (Normally Embedded Conditions) For every ) € Rady(X) and every Brauer
character ¢ € IBr(B | Q) there exists a finite group A(¢, Q) and Brauer characters
¢ € IBry(A(¢,Q)) and ¢ € IBre(N4(¢,0) (Q)), where we use the notation Q := QZ/Z
and Z := Z(X) Nker ¢, with the following properties:

(1) for X := X/Z the group A := A(¢, Q) satisfies X < A, A/ C4(X) = Aut(X)g,
Ca(X) =Z(A) and (1| Z(A)],

(2) b€ IBry(A) is an extension of the Brauer character of X associated with ¢,

(3) ¢ € IBry(N4(Q)) is an extension of the Brauer character of N+(Q) associated
with the inflation of Q7 (¢)? € IBry(Nx(Q)/Q) to Nx(Q),

(4) bl((Eu) = bl((qg’)|NJ(@)J for every subgroup J satisfying X < J < A.

(iv) If B is of ¢-defect zero, then Qﬁ}(zﬁo) — 1) for every ¢ € Irr(B), and ¢ = ¢/ for every
¢ € IBr(B | {1}).

Definition 3.3 ((iBAW) condition for S and £). Let ¢ be a prime, S a finite non-abelian
simple group and X the universal ¢-covering group of S. We say that the inductive
blockwise Alperin weight (iBAW) condition holds for S and ¢ if the (iBAW) condition
holds for every ¢-block of X.

Remark 3.4. For S, £ and X as above note that Spath gives a slightly different definition
of the (iIBAW) condition for S and ¢ in [Spal3, Def. 4.1]. However, the conditions de-
manded there immediately imply those stated in Definition 3.3, and vice versa, by [KS14,
Lemma 3.3] the (iIBAW) condition holds for S and ¢ in the sense of Spath if it holds for
some Aut(X)-transversal in Bl;/(X) in the sense of Definition 3.2. Thus, as a matter of
fact both definitions coincide.

Definition 3.5. We call a group K involved in a finite group H if there exist subgroups
Hy; < Hy < H such that K = Hg/Hl.

Due to the following theorem by Spéth [Spal3, Th. A] there is considerable interest in
verifying the (iBAW) condition for all finite non-abelian simple groups:
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Theorem 3.6 (Spath). Let G be a finite group and £ be a prime. Assume that every
non-abelian simple group S involved in G satisfies the (iIBAW) condition for £. Then
Congjecture 2 holds for every £-block of G.

Let us now state some observations which will later on allow us to construct partitions
and bijections as in parts (i) and (ii) of Definition 3.2 from an Aut(X)p-equivariant
bijection between IBr(B) and W(B), that is, from a bijection

Qp: IBr(B) — W(B)
with Qp(¢)* = Qp(¢?) for every a € Aut(X)p and ¢ € IBr(B).

Lemma 3.7. Let X be a finite group and £ be a prime. Moreover, let K € W(B) be an X -
conjugacy class of B-weights of X for some (-block B of X. Then for each Q € Rady(X)
there exists at most one 1 € dz(Nx(Q)/Q, B) such that for its inflation ¢ to Nx(Q) we

have K = [(Q,v)]x.

In particular, if K has a representative with first component given by a fized radical
(-subgroup @ € Rady(X), then this representative is uniquely determined by Q.

Proof. This is clear since for B-weights (Q, 1), (Q,12) of X with (Q,%1) = (Q,12)¢ for
some g € X, we have g € Nx(Q) and hence 19 = 10§ = /1. O

For an ¢-block B of a finite group X and a radical ¢-subgroup @@ € Rady(X) we use
the following notation in the lemma below:

B (Nx(Q), B) := {v € i®(Nx(Q)) | bl(¥)¥ = B},

where

I (Nx(Q)) := {¢ € r(Nx(Q)) | Q S ker(v), (1)¢ = [Nx(Q)/Q e},

i.e., Irr’(Nx(Q), B) consists of exactly those irreducible characters of Nx (Q) whose kernel
contains (), which have ¢-defect zero as characters of Nx(Q)/Q and which lie in ¢-blocks
of Nx(Q) that induce to B. These are exactly the inflations to Nx(Q) of the characters

in dz(Nx(Q)/@Q, B).

Lemma 3.8. Let X be a finite group, £ a prime and suppose that for an £-block B of X
we have a bijection

Qp: IBr(B) — W(B)

satisfying Qp(x)* = Qp(x®) for all x € IBr(B) and a € Aut(X)p. For every Q € Rad,(X)
we set

Br(B|Q):= U {05 ([(Q,v)]x)}

Peln®(Nx (Q), B)
and define a map
Qg : IBr(B| Q) — dz(Nx(Q)/Q, B),

X — 25(X),
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where Qp(x) denotes the unique (compare Lemma 3.7) element in dz(Nx(Q)/Q, B) whose
inflation 1 to Nx(Q) satisfies Qp(x) = [(Q,¥)]x. Then for every Q € Rady(X) and every
automorphism a € Aut(X)p it holds that

IBr(B | Q)" = IBr(B | Q")
and we have a disjoint union

IBr(B) = U 1B(BlQ),

QGRadg(X)/"‘X

so part (i) of Definition 3.2 is fulfilled for the £-block B. Moreover, the map Q)Q( s well-
defined, bijective, and satisfies part (ii) of Definition 3.2.

Proof. Let a € Aut(X)p, Q € Rady(X) and ¢ € Irt’(Nx(Q), B). By assumption we have

Qp(Q5' ([(Q,¥)]x)") = (25" ((Q,¥)]x)* = [(Q, )%,

SO

Q5@ ¥)]x)* = Q5 ((Q% v*)]x),

and we obtain

IBr(B | Q)" = U 25 0@v)09
Peln’ (Nx (Q), B)
= U {5 0@ e}
Yelr®(Nx (Q), B)
= U 2@ x)}
Yeln®(Nx (Q?), B)
=IBr(B | Q).

Furthermore, by construction we have IBr(B | @) C IBr(B) for every @ € Rady(X), and
if Q1,Q2 € Rady(X) are such that there exists ¢ € IBr(B | Q1) N IBr(B | QQ2), then there
exist 11 € Irf®(Nx(Q1), B) and vy € Irt®(Nx(Q2), B) with

[(Q1,¥1)]x = QB(p) = [(Q2,¥2)]x,

so Q1 and @2 are X-conjugate. Hence, the union UQERadg(X)/NX IBr(B | Q) is disjoint.
Since Qp is a bijection, for every ¢ € IBr(B) there exists a B-weight (Q,1) such that
Qp(p) =[(Q,¥)]x, so ¢ € IBr(B | Q). Thus, indeed

Br(B) = |

which completes the first part of the proof.

By construction and Lemma 3.7 it is clear that Qg is well-defined and bijective for any
Q@ € Rady(X). Moreover, for @ € Rady(X) and x € IBr(B | Q) we have x® € IBr(B | Q%),
and hence

QeRady(x)/my DTE 1 @)

a

A5 =Qs(x) = QB(x*) = Q5. (x*)

for any a € Aut(X)p as claimed. This finishes the proof. O
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3.2. Special Cases

3.2 Special Cases

For certain cases some important results have already been established. One example is
the statement below for blocks of cyclic defect, which S. Koshitani and B. Spéath proved in
[KS14] and [KS15]. We benefit greatly from their result since it allows us to omit blocks
with cyclic defect groups in the course of our investigations.

Proposition 3.9. Let ¢ be a prime, S a finite non-abelian simple group and X its universal
V' -covering group. Then the (iBAW) condition holds for every £-block of X that has cyclic
defect groups.

Proof. For odd ¢ this is stated in [KS14, Th. 1.1]. For the case £ = 2 the statement follows
from the fact that according to [KS15, Lemma 2.3] any 2-block of X with cyclic defect
groups is nilpotent, and by [KS14, Thm. 1.3] the (iBAW) condition holds for nilpotent
{-blocks of X. O

As a direct consequence of the above statement we obtain the following result for finite
simple groups whose Sylow subgroups with respect to a given prime are cyclic:

Corollary 3.10. Let S be a finite non-abelian simple group with cyclic Sylow £-subgroups.
Then the (iIBAW) condition holds for S and ¢.

Even though the notion of a finite group of Lie type will only be introduced in more
detail in the next chapter, we already give an important result for such groups at this
point, which has been proven by B. Spath in [Spal3, Th. CJ:

Proposition 3.11. Suppose that S is a finite simple group of Lie type defined over a field
of characteristic p. Then the (iBAW) condition holds for S and p.

Let us now consider the case of simple groups with cyclic outer automorphism groups.
As proven by B. Spéth, in this situation the normally embedded conditions, that is, point
(iii) in the (iBAW) condition, will automatically be satisfied for all blocks once these fulfil
the remaining conditions of Definition 3.2:

Proposition 3.12. Let ¢ be a prime and S be a non-abelian finite simple group such that
the quotient Aut(S)/S is cyclic. Moreover, let X denote the universal {'-covering group
of S and suppose that parts (i) and (ii) of the (iIBAW) condition hold for every ¢-block of
X. Then the (iBAW) condition holds for S and £.

Proof. From the proof of [Spdl3, Lemma 6.1] it becomes apparent that in the given situ-
ation the (iBAW) condition holds for S and ¢ if the following conditions are satisfied:

(i’) There exist subsets IBry(X | Q) C IBry(X) for @ € Rad,(X) with the following
properties:

(1) IBry(X | Q)* = IBry(X | Q%) for every Q € Rad/(X), a € Aut(X),
(2) IBry(X) = UQeRadZ(X)/NX IBry(X | Q).
(ii") For every @ € Rady(X) there exists a bijection
Qg Bre(X | Q) — dze(Nx(Q)/Q)
such that

(1) Qg(gb)“ = an(gba) for every ¢ € IBr(X | @) and a € Aut(X),
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(2) bl(¢) = bl(¢')X, where ¢/ € Irr(Nx(Q)) denotes the inflation of Qg(é)

By assumption we have subsets IBr(B | Q) C IBr(B) and bijections ngQ between the
sets IBr(B | @) and dz(Nx(Q)/Q, B) for all ¢-blocks B of X and radical ¢-subgroups
@ € Rady(X) satisfying parts (i) and (ii) of Definition 3.2. From these we may easily
obtain subsets IBry(X | @) C IBry(X) and bijections Qg fulfilling conditions (i’) and (ii’)
above by setting

Br(X|Q):= |[J IBr(B|Q)

BeBly(X)
and
0F: Bre(X | Q) — du(Nx(Q)/Q), ¢ — Qpy4).0(9)s

for @ € Rady(X). This proves the claim. O
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Chapter 4

Chevalley Groups and Finite
Groups of Lie Type

The finite simple groups we investigate in this thesis with regard to the inductive blockwise
Alperin weight condition are constructed from so-called Chevalley groups. This chapter
is intended to give a short introduction to such groups and provide information on their
properties relevant for our purposes. We mainly follow the construction given in [Car89].

4.1 Root Systems and Simple Lie Algebras over C

In this section we provide a brief overview of certain important properties of simple finite-
dimensional complex Lie algebras. From these we will later construct Lie algebras over
arbitrary fields K. Certain automorphisms of the complex Lie algebra may then be trans-
ferred to the Lie algebra over K, and the corresponding Chevalley group over K will be
defined as the group generated by these automorphisms.

Let us first recall the notion of a root system. Note that there exist several definitions
of root systems. Here we work with the definition given in [Car89, Def. 2.1.1].

Definition 4.1 (Root system, root, base, Weyl group). Let V be a Euclidean vector space
over the field R of real numbers with scalar product (-,_): V x V — R. For a vector
0 # r € V we denote by w, the reflection along the hyperplane orthogonal to r, i.e., the
linear map

wr:V—YV,

(r,v)

()"

We set (r,v) := 25::; for short. Note that this defines a map (_,): V\ {0} xV — R

which is linear only in the second component and for which (v,v) =2 for all 0 #v € V.
We call a subset ¥ C V' a (crystallographic) root system in V if it fulfils the following

set of conditions:

v wp(v) i=v—2

R1) 0 € ¥ and X is a finite set;

R2) X spans V;

(R1)
(R2)
(R3) wr(s) € X for all r,s € ¥
(R4)

R4) (r,s) € Z for all r, s € ¥;
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Chapter 4. Chevalley Groups and Finite Groups of Lie Type

(R5) 7, Ar € ¥ for A € R implies A € {£1}.

The elements in 3 are called roots.

A linearly independent subset IT C 3 such that each root r € X is a linear combination
of elements in Il with either all coefficients non-negative or all coefficients non-positive is
called a fundamental system or base in Y. It is a fact that such a base II always exists in
Y (see, for instance, [Car89, Prop. 2.1.2] or [MT11, Prop. A.7]).

Let W(X) := (w, | 7 € £) be the group generated by all reflections w,, r € ¥. We
call W (%) the Weyl group of 3. In fact, W(X) = (w, | r € IT) if IT is a base in 3 (e.g. by
[MT11, Prop. A.11]).

Definition 4.2. Let ¥ be a root system. For a fixed base II in X there exists a unique
element wy € W(X) such that wo(IT) = —II (see, for instance, [MT11, Cor. A.23]). This
element is called the longest element of W (X) (with respect to II).

Definition 4.3. Let X be a root system in some Euclidean vector space over R with scalar
product (-,_). If there exist non-empty subsets ¥1,¥5 C 3 such that ¥ = YUY, and
(r1,7m2) =0 for all r1 € 31, ro € 39, then ¥ is said to be decomposable. Otherwise we call
> indecomposable.

Definition 4.4. Let ¥ denote an indecomposable root system with base II. Then (e.g. by
[GLS98, Thm. 1.8.5(d)] or [MT11, Prop. B.5]) the map

ht: ¥ — Z,
a= Zarr — ht(a) := ZQT
rell rell

takes maximum and minimum values on unique roots. These roots are called highest and
lowest roots (with respect to I1), respectively.

As a first step in the construction of Chevalley groups we will consider certain Lie
algebras. The Chevalley groups will then arise as groups of automorphisms for these Lie
algebras. We start with the following well-known result (compare, e.g., [Car05, Ch. 4-6]):

Proposition 4.5 (Cartan decomposition). Let £ be a finite dimensional simple Lie algebra
over C. Then there is an indecomposable root system ¥ associated to £, and £ may be
decomposed as

S:ﬁ@@ﬂr,

rex

where $ is a Cartan subalgebra of £, and £, is the 1-dimensional root space associated
to r € X invariant under the Lie bracket with $). More precisely, the root system % may
be regarded as a subset of the dual space $* = Home($,C) of § such that it holds that
L. ={x e L|[hx] =r(h)x for allh € H} forr e X.

Remark 4.6 (Scalar product on $*). The vector space $* in Proposition 4.5 is equipped
with a scalar product constructed from the non-degenerate Killing form k of the Lie algebra
£ in the following way:

By [Car05, Lemma 4.16] there is an isomorphism *: $ — $* defined by

h*:$H—C, zv+— k(h,x).

Hence, for each o € $* there exists a unique element t, € ) such that o = ¢},. Then the
scalar product of a, f € $* is given by («, 8) := k(ta, t3).
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Let 31 and Y9 be two root systems. Then we call 31 and s equivalent if there exists
a bijection a: X1 —> X9 and some scalar A € Ry such that

(a(r), a(s)) = A(r, 5)

for all ;s € ;. The following two important results, which can be found as Theo-
rems 3.5.1 and 3.5.2 in [Car89], show that up to equivalence of root systems and isomor-
phism of Lie algebras there is a one-to-one-correspondence between indecomposable root
systems and simple Lie algebras over C:

Theorem 4.7. Let 3 be an indecomposable root system. Then there exists a simple Lie
algebra over C such that the root system associated to it is equivalent to 3.

Theorem 4.8. Let £1 and £9 be two simple Lie algebras over C with associated root sys-
tems 31 and Yo, respectively. If X1 and Yo are equivalent, then £1 and Lo are isomorphic.

Definition 4.9 (Co-roots). Let £ be a simple Lie algebra over C with Cartan subalgebra
$ and associated root system X C $*. For each r € 3 define the co-root associated to r as
2t, 2t,

=t ) &

h, :

where t, is as in Remark 4.6.

It has been shown that for a simple Lie algebra £ over C the set of co-roots associated
to its root system can be extended to a basis of £ with particularly nice multiplication
properties, the so-called Chevalley basis. See, for instance, [Car89, Thm. 4.2.1] for the
following:

Theorem 4.10 (Chevalley basis). Let £ be a finite dimensional simple Lie algebra over
C with root system X and Cartan decomposition

'g = f) ©® @ '87‘7
rex
and let the co-roots h, for r € ¥ be as in Definition 4.9. Moreover, for roots r,s € ¥ with
s # +r denote by p.s the largest integer such that s — p.sr € 2. Then for each root r € 3
there exists an element e, € £, such that
[erefr] = hy,
leres] € {£(prs + 1)erys) fors # £,
and the elements {h, | r € I} U{e, | r € £}, where II denotes a base in X, form a basis
for £. This basis is called a Chevalley basis for £. The multiplication of basis elements is
as follows:
[hrhs] = 0,

(r;s)

[hres] = 2(7’ m es = (r,s)es,
h if s = —r,
[eres] =<0 ifs# —randr+s¢x,

Nyserys ifr+seX,

where Nyg € {£(prs +1)}.
Moreover, the multiplication constants of the Lie algebra £ with respect to the Chevalley
basis are all integers.
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Remark 4.11. It should be noted that a Chevalley basis for a simple Lie algebra is not
uniquely determined. Rather, there exist many different Chevalley bases depending on
the chosen Cartan decomposition and the base of the corresponding root system. Even
after fixing a Cartan decomposition and a base inside the associated root system only
the h,’s are uniquely determined. There are still choices to be made for the basis vectors
e-. However, once the e,’s have been chosen for the fixed base of the root system, the
remaining e,’s are determined up to a sign. (See [Car89, Remark after Thm. 4.2.1].)

We are now able to define certain automorphisms of our Lie algebra that will later
play a crucial role in the construction of Chevalley groups.

Definition 4.12. Recall that for a Lie algebra £ and any element x € £ the map
adz: £ — £, y—> [zy],

is a derivation of £ (see, e.g., [Car89, p. 34]). Now suppose that £ is a simple Lie algebra
over C with associated root system ¥ and Chevalley basis {h, | r € II} U {e, | 7 € X}.
Then by [Car89, p. 61] the map ad e, is nilpotent for each r € X, so the map

oo
1
exp(ade,): = Z H(ad er)k
k=0
. 1 1 _
=id+ade, + g(ader)2 +- 4 m(ader)” L
where n € N is such that (ade,)" = 0, is well-defined. By [Car89, Lemma 4.3.1] the map
exp(ad e, ) is an automorphism of £ for every r € ¥ since ad e, is a nilpotent derivation.
Now let ¢ € C. Then also ad((e,) = (ade, is a nilpotent derivation, so exp(¢ade,)

is an automorphism of £ as well according to [Car89, Lemma 4.3.1]. We denote these
automorphisms by

z,(C) :=exp(Cade,)
for all r € ¥ and ¢ € C.

With respect to a Chevalley basis the automorphisms z,({) may be represented in a
handsome manner (see [Car89, pp. 61-63]):

Proposition 4.13. Let £ be a simple Lie algebra over C with associated root system .
Forr € ¥ and ¢ € C let x,.(C) be defined as in Definition 4.12 for some fized Chevalley
basis B of £. Denote by A, (C) the matrix representation of x,(¢) with respect to B. Then
the coefficients of A,(C) are all given as the product of an integer and some non-negative
integral power of (, i.e., for each coefficient a of A,(C) there exists i € N and z € Z such
that a = z(".

The automorphisms defined above will play a key role in the construction of Chevalley
groups in the subsequent section.

4.2 Chevalley Groups

In the previous section we gathered information on simple Lie algebras over C. Here we
apply those results to define certain Lie algebras over arbitrary fields and construct the
Chevalley groups from these. The whole section is a summary of [Car89, Sec. 4.4].

Let ¥ be an indecomposable root system and K an arbitrary field. Our aim is to
construct a group defined over K associated to %, the Chevalley group, which will then
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be denoted X(K). Let £ be a simple Lie algebra over C with associated root system X.
Such a Lie algebra exists by Theorem 4.7. Moreover, let 26 be a Chevalley basis of £. By
Theorem 4.10 the multiplication constants with respect to 8 are integers, so the Z-span
L7 of B is a Lie algebra over Z. In particular, both K and £y are abelian groups, so one
can define

Lk =K® Ly

as the tensor product of two abelian groups. Then £ is an (additive) abelian group itself,
and if 1x denotes the unit element in K, then each element x € £x may be written as

z=> X(lx ®b)

beB

for suitable scalars A, € K depending on x. If one sets
b:=1 K®Db

for b € B, then B := {b | b € B} is a basis for the K-vector space L.
In our next step we define a multiplication of elements in £x that induces a Lie algebra
structure on £

Proposition 4.14. For two elements by, b, € B define the product

By linear extension this multiplication induces a Lie algebra structure on Lk .
The multiplication constants of Lx with respect to the basis B are given by the mul-
tiplication constants of £ with respect to the basis B interpreted as elements of the prime

subfield of K.

Proof. This is [Car89, Prop. 4.4.1] and follows from the fact that the multiplication con-
stants of £ with respect to B are integers (see Theorem 4.10). O

After transferring the Lie algebra structure of £ to £x, the next step is to construct
automorphisms of £x from the automorphisms z,.(¢), r € 3, ( € C, defined in the previous
section (cf. [Car89, p. 63]).

Definition 4.15. Let ¥, K, £, B, £k, B be defined as before. For r € ¥ and ¢ € C
let the automorphism z,(¢) be represented by the matrix A,(¢) with respect to B. By
Proposition 4.13 each coefficient of A,(¢) is the product of an integer and some non-
negative integral power of (.

Now let t € K. For z € Z we let Z be the corresponding element of the prime field of
K. Then we denote by A, (t) the matrix obtained from A,(¢) by replacing all entries 2(*
by the elements zt' of K. Then A, (t) represents an endomorphism of £x with respect to
the basis . We denote this endomorphism by z,(t). Note that for K = C this yields
exactly the endomorphism of £ started with, whence this choice of notation should not
produce any confusion.

Proposition 4.16. In the notation of Definition 4.15 the endomorphisms x,(t) are in
fact automorphisms of £ for everyr € ¥ andt € K.

Proof. This is [Car89, Prop. 4.4.2]. O

We are now ready to define the so-called adjoint Chevalley groups:
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Definition 4.17 (Adjoint Chevalley groups). Let £ be a simple Lie algebra over C with
root system 3 and let K be any field. Fix a Chevalley basis for £ and let z,(t), r € X,
t € K, be the corresponding automorphisms of £x as above. Then we denote by

(K )ad = (zr(t) | r €5, t € K)

the group of automorphisms of £x generated by the automorphisms z,(t), r € ¥, t € K,
the Steinberg generators of £(K),q. This group is called the adjoint Chevalley group of
type £ over K.

The group £(K)aq is well-defined and does not depend on the chosen Chevalley basis
of the Lie algebra £ as shown in [Car89, Prop. 4.4.3]:

Proposition 4.18. Up to isomorphism the group £(K)aq is uniquely determined by the
simple Lie algebra £ and the field K.

Remark 4.19. Clearly, if £; and £o are two isomorphic simple Lie algebras over C, then
L£1(K)aq and L£9(K),q are isomorphic for any field K. We have seen that up to equivalence
of root systems and isomorphism of Lie algebras there is a one-to-one-correspondence
between indecomposable root systems and simple Lie algebras over C. Hence, we will in the
following write (K ).q instead of £(K).q, where X is the root system type corresponding
to the simple Lie algebra £ over C, and we will call ¥(K),q the adjoint Chevalley group
of type ¥ over K.

Theorem 4.20 (Steinberg relations for adjoint Chevalley groups). Let ¥(K).q be an
adjoint Chevalley group over some field K. Define

ny(t) = zp () z_p (=t Dz (t) and hy(t) = n.(t)n,(=1),

where r € ¥ and t € K*. Then the following relations hold for all r,s € ¥ and t,u € K
(with t,u # 0 in part (iii)):

(i) xp(t)z,(u) =z, (t + u);

(ii) if r and s are linearly independent, then

[ (8), wo()] = [T @irsjs (cigrs (=)',
i,J

for certain scalars c;jrs € {£1,42, 43} independent of the field K, where the product
ranges over all pairs ©, j of positive integers such that ir + js € X, and the terms
occur in a fized order independent of t and u with i + j non-decreasing; if there are
no positive integers i, j such that ir + js € ¥, then [z,(t), xs(u)] = 1;

(iii) hy(t)he (u) = hy(tu).

Proof. Part (i) is given by [Car89, p. 68], (ii) is [Car89, Thm. 5.2.2], and part (iii) follows
from [Car89, p. 92 and Lemma 6.4.4]. O

Proposition 4.21. For a prime p denote by F an algebraic closure of the finite field I,
consisting of p elements. Moreover, let G := X(IF).q be an adjoint Chevalley group over
F and let T := (h(t) | r € ¥, t € F*). Then

Ng(T) = (T, n(1) | r € ),

and there is an isomorphism between the groups W := Ng(T)/ T and W(X) induced by
the map n, (1) — w.
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Proof. This follows from [Car89, Thm. 7.2.2] and [GLS98, Thm. 1.9.5(f)]. O

We will now use the relations in Theorem 4.20 to define the so-called universal Cheval-
ley groups as abstract groups generated by certain elements behaving according to relations
analogous to those stated in Theorem 4.20. See [Car89, Thm. 12.1.1] for the following:

Theorem 4.22. Let 3. be an indecomposable root system not of type Ay and let K be any
field. For every r € ¥ and t € K let a symbol Z,(t) be given. Define X(K )uni to be the
abstract group generated by all T,.(t), r € 3, t € K, subject to the relations

§3T<t1):f'r(t2) = i‘r(tl + tg) fOT' ti,to € K, r € %,
[Zr(t), Zs(u)] = Hiir_i_js(cijrs(—t)iuj) for linearly independent r,s € 3, t,u € K,
1]

;Lr(tl)}_lr(tg) = ;Lr(tltg) fO?“ t1,t9 € KX, r e E,

where h,.(t) = n. ()2, (=1) for f.(t) := T,()T_(—t~1)Z.(t), and the product runs over
the same 4,7 as in Theorem 4.20 with the same scalars c;jrs.
Then the center Z(X(K )uni) of X(K)uni is contained in T = (h,(t) |r € &, t € K*), and
the quotient

(K )uni/ Z(E(K ) uni)

is isomorphic to the adjoint Chevalley group X(K)a.q such that via this isomorphism the
generators x,(t) of (K )aq correspond to the cosets of T,(t) forr € &, t € K.

Remark 4.23. If 3 is a root system of type A, then one obtains a statement analogous to
Theorem 4.22 by replacing the commutator relations by the relations

T (1) (0)7ay (8) ™ = Z_p (=t %)
forall u e K, t e K* and r € ¥ (cf. [Car89, p. 198]).

Definition 4.24 (Universal Chevalley groups). The group (K )yni in Theorem 4.22 is
called the universal Chevalley group of type ¥ over K or the simply connected Chevalley

group of type ¥ over K. Its generators Z,(t), r € X, t € K, are the Steinberg generators
of g(K)uni-

From the proof of Theorem 4.22 given in [Car89] one may derive some of the following
relations for universal Chevalley groups:

Theorem 4.25 (Steinberg relations for universal Chevalley groups). Let p be a prime
and denote by F an algebraic closure of the field I, consisting of p elements. Moreover,
let X(F)uni be a universal Chevalley group over F with ¥ # Ay and with generators Z,(t),
reX, teF, and ny(t) = 7,(t)T_r(—t 12 (t), he(t) = Ry () (=1) forr € ¥ and t € F*.

Then the following relations hold for all r,s € ¥ and t,u € F (witht # 0 or u # 0
whenever appropriate):

(1) T ()2 (u) = Zr(t + u);

(ii) if r and s are linearly independent, then
[ (1), Zs(uw)] = Hiir—l—jS(CijTS(_t)iuj)a
0,

for cijrs as in Theorem 4.20, where the product ranges over all pairs i, j of positive
integers such that ir + js € 3, and the terms occur in a fized order independent of
t and w with i + j non-decreasing; if there are mo positive integers i, j such that
ir+js € X, then [Z,(t), zs(u)] = 1;
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(iii) [he(t), hs(u)] = 1;

(iv) hy(t)h,(u) = hy(tu);

(v) if {r1,...,rm} is a base in X and we set i := for allr € X, then

2r
(r,7)
m
H (%),
where ¢; € Z are such that ¥ =Y | ¢if;

(vi) it holds
Hﬁn(ti) =1 ifandonlyif t;=1 foralll <i<m,

where {7“1, ...sTm} 1S a base in X as above;

-1 _ T (t(T,S)u);

Proof. Relations (i), (ii) and (iv) are the defining relations for X(F)uni. The statements
(iii) and (vii) to (xi) can be found in the proof of [Car89, Thm. 12.1.1]. The remaining
statements are part of [GLS98, Thm. 1.12.1]. O

Remark 4.26. (i) Suppose that X(F),q is an adjoint Chevalley group over the field F
defined in Theorem 4.25. Except for part (vi) the relations in Theorem 4.25 hold true
for the generators z,(t), n,(t) and h,(t) of X(F),q by [GLS98, Thm. 1.12.1] and the
fact that X(F).q is the quotient of X(F)uni by its center. We should note, however,
that the notation in [GLS98] differs slightly from our notation and that [GLS9S,
Thm. 1.12.1(i)] wrongly claims that n,(1) " hs(u)n,(1) = hy, (s)(cs,u) for the sign
¢, € {£1} satisfying n, (1)~ 2 (u)n, (1) = 24, (5)(csru). Moreover, part (vi) may be
replaced by the statement

(vi)’ It holds

m m
Hhri (t;) =1 if and only if thi’m =1foralll <j<m,
i=1 i=1

where {r1,...,rm} is a base in X.

In [GLS98, Thm. 1.12.1] there can also be found more information on the constants
cijrs occurring for both the adjoint and universal type of Chevalley groups.

(ii) The signs 7, s in Theorem 4.25 are not uniquely determined by the root system X but
rather they also depend on the chosen Chevalley basis of the underlying Lie algebra.
However, they are independent of the prime p (cf., for instance, the proof of [Car89,
Prop. 6.4.3]).
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As in the case of adjoint Chevalley groups the following holds:

Proposition 4.27. Let p be a prime and denote by F an algebraic closure of the finite
field ¥y, consisting of p elements. Moreover, let G := Y(F)uni be a universal Chevalley
group over F and define T := (h,(t) | r € X, t € F*). Then

Ng(T) = (T, n:(1) | r € ),

and there is an isomorphism between the groups W := Ng(T)/T and W(X) induced by
the map 1y (1) — wy.

Proof. Let Z denote the center of G. Following Theorem 4.22 it holds that Z < T and
G/Z 2 %(K)aq =: G via z,.(t) = Z,(t)Z. Moreover, by Theorem 4.25(x) the group T
is normal in (T, #,(1) | » € ¥), and according to [GLS98, Thm. 1.9.5(f)] the quotient
Ng(T)/T is isomorphic to W(X). For the subgroup T of G as in Proposition 4.21 it
holds that T = T/Z. Hence, the statement follows from Proposition 4.21 and the fact
that we have Ng(T)/T = (Ng(T)/Z)/(T/Z) = Na(T)/ T. O

Definition 4.28 (Chevalley groups). Let ¥(K )un; be a universal Chevalley group of type
Y over some field K. Then for any subgroup Z < Z(3(K )yni) of the center of X (K )y the
quotient G := (K )uni/Z will be called a Chevalley group of type ¥ over K.

The corresponding cosets of the generators Z.(t), 7, (t) and hy(t) of X(K )yn; will simply
be denoted x,(t), n,(t) and h,(t), and analogously we write T and W to denote the images
of T and W.

Proposition 4.29. Let G be a Chevalley group over an algebraically closed field. Then
G is a simple linear algebraic group.

Proof. Tt was proven in [Ste68, Thm. 6(a)] that G is a semisimple algebraic group. Note,
however, that [Ste68, Thm. 6(a)] is a statement on a larger class of groups than we are
considering here, that is to say, [Ste68, Thm. 6(a)] includes all groups constructed anal-
ogously to our construction of Chevalley groups but under the slightly weaker condition
that the underlying Lie algebra is semisimple (and not simple as we require here), or in
other words, the underlying root system is not required to be indecomposable. Starting
with an indecomposable root system, one can show that G is indeed simple, compare, for
instance, with the proof of [MT11, Thm. 8.21]. Since G is linear by construction, the
claim follows. O

4.3 Finite Groups of Lie Type

The Chevalley groups SL3(q) and Gz(q), and Steinberg’s triality groups D4(q), on which
the main focus of this thesis lies, belong to the class of finite groups of Lie type. In this
section we describe briefly how such groups can be constructed from infinite Chevalley
groups as subgroups of fixed points under certain endomorphisms. Essentially, we follow
the notation and construction given in [MT11, Part III].

Until the end of this chapter we let p be a prime number and denote by F an algebraic
closure of a finite field F,, consisting of p elements. Moreover, for a power ¢ of p we let F,
be the unique subfield of F consisting of ¢ elements.

Definition 4.30 (Frobenius endomorphism). Let G be a Chevalley group of type ¥ over
F with generators x,(t), r € 3, t € F. The endomorphism Fj, defined by

Fi: G— G, z.(t) —> 2, (t7), r€ 3, t €,

is called the Frobenius endomorphism of G with respect to F,.
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Definition 4.31 (Steinberg endomorphism). Let G be a Chevalley group over F. An
endomorphism F' of G is called a Steinberg endomorphism of G if there is some m € Ny
such that F is the Frobenius endomorphism of G with respect to some power ¢ of p.

Remark 4.32. The designation of the endomorphisms introduced in the previous two defi-
nitions follows the notation of [MT11]. Note that this is not standard in the literature. For
instance in [GLS98] endomorphisms as in Definition 4.31 are called Frobenius endomor-
phisms, while an endomorphism of G is called a Steinberg endomorphism if it is surjective
and fixes only finitely many elements of G.

Definition 4.33 (Finite group of Lie type). Let G be a Chevalley group over F and let
F' be a Steinberg endomorphism of G. Then we denote the subgroup of fixed points of F’
on G by GF ie.,

G':={geG|F(9) =g}

The group G is finite (see, for instance, [MT11, Thm. 21.5]), and it will henceforth be
called a finite group of Lie type.

As observed in Proposition 4.29, Chevalley groups are simple linear algebraic groups,
so in particular by [MT11, Thm. 21.7] the following famous result, known as the theorem
of Lang—Steinberg, holds for these groups:

Theorem 4.34 (Lang—Steinberg). Let G be a connected linear algebraic group over F and
let F' be a Steinberg endomorphism of G. Then

L: G— G, g— F(9)g %,
defines a surjective morphism.

The theorem of Lang—Steinberg is of great importance for the theory of linear algebraic
groups and finite groups of Lie type. One well-known consequence that derives from this
result is the following statement:

Corollary 4.35. Let G be a Chevalley group over F with Steinberg endomorphism F'.
Then for any element g € G the subgroups of fixed points of G under F and gF, respec-
tively, are G-conjugate.

Proof. Let g € G. By Lang-Steinberg there exists some z € G such that ¢g~! = F(z)z!.
We define ¢(h) := zha~! for h € GI". Then

(9F)(u(h)) = gF (zha™")g™" = aF(h)a™" = «(F(h)) = u(h),
so t(h) € GI for all h € G, On the other hand, for every y € G9" we have
F(a™lyx) =2~ 'gF(y)g~ e = 2™y,

so 2 lyz € GY is a preimage in G of y under ¢. Clearly, ¢ is injective as it is given by
conjugation. Hence, we conclude that ¢ defines an isomorphism between Gf and G9F as
claimed. O

In the situation of Corollary 4.35 above we call the finite group G9% twisted since it is
obtained by “twisting” the group G, that is by conjugating G¥* with a certain element
of G. At later stages, when we work with concrete examples for groups of Lie type it will
sometimes be convenient to consider twisted versions of the groups in question as they
may provide particularly nice descriptions for maximal tori, which are to be regarded next.
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4.4 Maximal Tori

Chevalley groups over F being algebraic groups it is reasonable to speak about their tori.
In this section we gather some information on this important kind of subgroups. Let us
first note that in Section 4.2 we have already encountered an important example for a
(maximal) torus of a Chevalley group:

Proposition 4.36. Let G be a Chevalley group of type ¥ over F. The subgroup T of G
defined in Section 4.2 as
T := (h.(t) | r € X, t € F¥)

1s a mazimal torus of G.

Proof. This is [Ste68, Thm. 6(c)] O

An important fact about the maximal tori of Chevalley groups over F or, more gener-
ally, of linear algebraic groups is the following (see, e.g., [MT11, Cor. 6.5]):

Proposition 4.37. All mazimal tori of a linear algebraic group G defined over the field
F are conjugate in G.

Definition 4.38 (Weyl group). Let G be a Chevalley group over F and suppose that H
is a torus of G. Then the group W(H) := Ng(H)/H is called the Weyl group of H.

If G is of type ¥ and T is a maximal torus of G, then by Propositions 4.21 and 4.27
we have W := W(T) = W (%), and we call W the Weyl group of G.

For a given Chevalley group G over F with Steinberg endomorphism F' and an F-stable
maximal torus T let us consider a second F-stable maximal torus T'. By Proposition 4.37
there exists an element g € G such that T/ = ¢ T ¢~ !, and since T and T’ are F-stable,
g 'F(g) normalizes T. We set w := g 'F(g9)T € Ng(T)/T = W and introduce the
notation T,, := T'.

Definition 4.39 (F'-conjugacy). Suppose that G is a Chevalley group over F with a Stein-
berg endomorphism F' and let T be an F-stable maximal torus of G with corresponding
Weyl group W. Two elements wi,ws € W are called F'-conjugate if there exists some
w € W such that wy = F(w)wyw™!. Clearly, this defines an equivalence relation, and the
corresponding equivalence classes are called F'-conjugacy classes (cf., for instance, [MT11,
Def. 21.9]).

By [MT11] the following result holds for connected reductive groups, so in particular
for Chevalley groups over F:

Proposition 4.40. Let G be a Chevalley group over F with a Steinberg endomorphism F
and let T be an F-stable maximal torus of G with corresponding Weyl group W.

(i) The map

GT-conjugacy classes of F-stable
mazximal tori of G

} — {F—conjugacy classes in W}
[Tw]GF — [w]p,

is a bijection, where [Ty]gr denotes the G -conjugacy class of Ty, in G, and [w]F
denotes the F'-conjugacy class of w in W.
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(ii) If Ty is an F-stable G-conjugate of T for some w € W, then
NGF (T'w)/Tz}; = (NG(Tw)/Tw)F = Wva
where WY = {v € W | wF(v)w™" = v} is the group of fized points of wF on W.

Proof. Part (i) is proven in [MT11, Prop. 25.1], part (ii) is [MT11, Prop. 23.2] for the first
isomorphism and [MT11, Prop. 25.3(a)] for the second. Note that the cited statements in
[MT11] involve an automorphism ¢ acting on W, and instead of the F-conjugacy classes
in W in part (i) and the group W*¥ in part (ii) one considers the ¢-conjugacy classes in
W and the group W¥? = {v € W | wé(v)w™! = v}, respectively. However, as becomes
apparent in the proofs of both statements, the F-conjugacy classes in W agree with the
$-conjugacy classes, and we have W = W9, O

In the notation of Proposition 4.40 the group TF of fixed points of the F-stable max-
imal torus T of G under the Steinberg endomorphism F' is called a mazimal torus of the
finite group G¥. Part (i) of this proposition tells us that there is a one-to-one correspon-
dence between G-conjugacy classes of maximal tori of G and F-conjugacy classes in
the Weyl group W.

Remark 4.41. Following Proposition 4.40 for every F-stable maximal torus T of a Cheval-
ley group G with Steinberg endomorphism F' we have NGF(T)/TF ~ W, where W
denotes the Weyl group corresponding to T. It is remarked in [MT11, p. 198], however,
that in general it is not true that Ngr(T¥) = Ngr(T), for instance in the case where
T # 1 but the group of fixed points of F' on T is trivial.
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Chapter 5

Properties of SL3(q)

The special linear groups SL3(q) for prime powers ¢ > 2 such that 3 1 (¢— 1) constitute the
first series of finite groups of Lie type for which we establish the inductive blockwise Alperin
weight condition in this thesis. This chapter gives a brief introduction to these groups and
provides a summary of certain of their properties that will be of importance in due course.
Our main references are Gorenstein-Lyons—Solomon [GLS98], Malle-Testerman [MT11]
and Steinberg [Ste68].

5.1 Construction of SLj(q)

For a fixed prime power ¢ we define the group SL3(q) as the group of fixed points of a
universal Chevalley group under a certain Frobenius endomorphism. Let p be a prime
and f € Nyg such that ¢ = p/. Moreover, let F denote an algebraic closure of the field
[F), consisting of p elements and let F; be the unique subfield of F containing exactly ¢
elements. We denote by

G = SL3(F) := {A € GL3(F) | det(A) = 1}

the subgroup of the general linear group GL3(F) consisting of all 3 x 3-matrices defined
over F with determinant 1. According to [Ste68, p. 45] the group G is a universal Chevalley
group of type As. Now the field automorphism F — F, ¢ — a?, induces an endomor-
phism F acting on G by raising each entry of a matrix in G to its ¢g-th power:

F: G— G, (aj<ij<s— (af)1<ij<s

This endomorphism is a Frobenius endomorphism in the sense of Definition 4.30, hence a
Steinberg endomorphism. The finite group SL3(q) of Lie type is now defined as the group

G := SL3(q) := SL3(F)" := {A € SL3(F) | F(A) = A}

of fixed points of SL3(F) under the Steinberg endomorphism F'. Clearly, it consists of all
3 x 3-matrices with determinant 1 whose entries lie in F,. Henceforth, until the examination
of the special linear groups is completed, the notation G will always refer to the special
linear group SL3(gq). According to [MT11, Table 24.1] the order of this group is as follows:

Lemma 5.1. The order of the finite group SL3(q) is given by

|SLs(q)| = ¢*(¢ — 1)*(¢ + 1)(¢° + ¢ + 1)
= ¢°®1(q)*®2(q)P3(q).
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For later use we make the following observation on the common divisors of the factors
of the group order |G| = ¢3®1(q)?®2(q)®3(q):

Lemma 5.2. For ¢ € Nuy a power of a prime p the following statements hold:
(i) ged(®2(q), 3(q)) = 1;

. 2 if q is odd,
(ir) ged(P1(q), P2(q)) = { o
1 if q is even;
3 ifg=1mod 3,

1 otherwise.

(i) ged(®1(q), P3(q)) = {

In particular, if ¢ # 1 mod 3 and ¢ is a prime dividing the order of SL3(q), then either
=2, 0=p, or there exists a unique d € {1,2,3} such that £ | ®4(q).

Proof. This follows easily from Lemma 5.2 in [Mal07], which states that for a prime 7 not
dividing ¢, and e the multiplicative order of ¢ modulo r one has

o 1| ®4(q) if and only if f = er’ for some i € N, and

o f=e(q) if r? | D(q),

where e,(q) = e if r # 2 and e2(q) = 1 or 2 for ¢ = 1 mod 4 or ¢ = —1 mod 4, respectively.
In particular, if a prime r divides ®, (q) and ®¢,(q) for fi < fo, then fo/f1 > 1is a power
of r, and r? divides at most one of @y, (q) and ®y,(g). In our case, this is only possible if
r=2orr=3withe=1, fi =1and fo =2 or fy = 3, respectively, and then g must be
odd for r = 2, while for r = 3 it follows that ¢ = ¢°* = 1 mod 3. O

Let us now turn to the universal covering group of G. This is relevant to us since
despite the fact that we say that the (iBAW) condition holds “for a finite simple group
S” and a prime ¢, the conditions that need to be verified are in fact questions concerning
the universal ¢'-covering group of S and not S itself (cf. Definitions 3.2 and 3.3). In our
case of G = SL3(q) the situation is as follows:

Proposition 5.3. Suppose that ¢ > 2. Then the finite group G = SL3(q) is perfect and its
quotient PSL3(q) = G/ Z(QG) is simple. Moreover, if ¢ # 2,4, then SL3(q) is the universal
covering group of PSL3(q).

Proof. See, for instance, [MT11, Thm. 24.17 and Rmk. 24.19]. O

Remark 5.4. The center of SL3(q) consists of all scalar matrices in SL3(g). By reason of
all matrices in SL3(¢) having determinant 1 it follows that SL3(g) has a non-trivial center
if and only if 3 | (¢ —1). Now the groups PSL3(q¢) = SL3(¢q)/ Z(SL3(q)) are simple for
all ¢ > 2 according to the above proposition, so if 31 (¢ — 1) and ¢ > 2, then the group
SLs(q) = PSL3(q) is simple. If, in addition, ¢ > 2, then again by Proposition 5.3 it even
is its own universal covering group. In this thesis we will focus on this situation.

During the subsequent examination of SL3(q) in view of the inductive condition for
the blockwise Alperin weight conjecture we work under the following assumption:

From now on we assume that ¢ > 2 and ¢ # 1 mod 3.
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5.2 Weyl Group and Maximal Tori of SL3(q)

In this section we briefly describe the maximal tori of G. Let us denote by T the F-stable
maximal torus of G consisting of the diagonal matrices in G. By Proposition 4.40 there
is a bijection between the G-conjugacy classes of F-stable maximal tori of G and the
F-conjugacy classes of W := Ng(T)/T. As is well known, W = &3 and Ng(T) consists
of the monomial matrices in G. In particular, the elements of W may be represented
by monomial matrices in G whose non-zero entries are contained in {£1}. Since F' acts
trivially on such matrices, W is stabilized pointwise by F', so the F-conjugacy classes
of W coincide with its W-conjugacy classes. Now in W 2 G5 there exist exactly three
W-conjugacy classes, represented by the permutations id = (), (12) and (123). If we set

01 0 00 —1
v:=11 0 0[eG and v3:=|-1 0 0| €G,
0 0 -1 01 0

then the left cosets wg := v T and ws := v3 T correspond to the permutations (12) and
(123), respectively, and one easily verifies that (ve,v3) = G3 (e.g. using GAP [GAPO0S]).
We obtain three representatives in G for the G-conjugacy classes of maximal tori in G.
These are given in Table 5.1 below.

w e W Twk WwF
1 Ty = {diag(z1, 22,27 'y 1) | 27 =287 =1} o
3
= Cg—1 % Cq1
Ty = {diag(z, 29, z~ @D | P 1}
wa CQ
= Cq2_1
T3 = {diag(z,zq,z‘12) ’ e 1)
ws - 03
= Cgigi

Table 5.1: Maximal tori of SL3(q)

Definition 5.5. We say that a maximal torus T of G is of type T; for i € {1,2,3} if T is
G-conjugate to the torus T; defined in Table 5.1.

Remark 5.6. The maximal torus T of G consisting of the diagonal matrices in G is stable
under F' and lies in the F-stable Borel subgroup of G given by all upper (respectively
lower) triangular matrices in G. Hence, T is maximally split with respect to F' and we
will sometimes refer to the torus T) = TF as the mazimally split torus of G.

Proposition 5.7. For the normalizers of the maximal tori of the special linear group the
following hold (under the assumption that ¢ > 2):

(i) Ngr(T") = T x(vg, v3) = T x &3,
(1) Nguwar (TV2F) = TW2F 5 (vg) 2 TW2F %Oy,

(iii) Nguwsr (T = T x(v3) =2 T % Cs.
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Proof. These statements are well-known but since they will be used frequently, we give
a short idea of the proof here. Let T be one of the maximal tori TF, T®2F or TwsF,
Since we assume that ¢ > 2, the eigenvectors in F? common to all diagonal matrices in
T are exactly the scalar multiples of the standard basis vectors (1,0,0)*, (0,1,0)* and
(0,0,1)% of F3. Suppose now that N € Ng(7T') and let v € F? be a common eigenvector
for all elements of 1. Then also Nv is an eigenvector for all elements of T', hence, a scalar
multiple of a standard basis vector. Letting v run over the three standard basis vectors,
we may thus conclude that N is a monomial matrix, that is, each column and each row of
N contains exactly one non-zero entry. It is now straightforward to check which monomial
matrices of G are fixed points under F', woF' and wsF', respectively. ]

Proposition 5.8. For a prime ¢ # p dividing |G| (and ¢ # 1 mod 3) we denote by d an
integer in {1,2,3} such that £ | ®4(q) (note that by Lemma 5.2 this is uniquely determined
if £ >2). Then

(i) Na(O(T)) = Ng(T) and
(i) Ca(O(T)) =T
for every maximal torus T of G of type T,.

Proof. (i) If d € {2,3}, then by Corollary 4.35 we may work in the group G“4" instead
of G and assume that T = T%*. Else, we assume that 7 = TF. The claim then follows
by the same arguments as in the proof of Proposition 5.7 if we can ensure that the set of
common eigenvectors in F3 of Oy(T) is the set of F-multiples of the three standard basis
vectors of F3. Since T consists of diagonal matrices, this is the case if and only if for every
i,j € {1,2,3} with i # j there exists a diagonal matrix diag(t1,te,t3) € Op(T) such that
t; # t;. This is clearly satisfied if d = 1, that is, if £| (¢ — 1).

For d = 2 we have T = {diag(t, t?,t~(@) | ¢¥*~1 = 1}, and for s € F* of order
(¢*> — 1); we hence obtain Oy(T) = (diag(s, s, s~ (@*1)). Since d = 2, we have ¢ | (g + 1),
so s ¢ F, that is, s? # s, and s? ¢ F(, while s—atl) ¢ Fx. Thus, the diagonal entries of
diag(s, s, 5—(q+1)) are pairwise distinct, so in particular the set of common eigenvectors
in F3 of Oy(T) is as desired.

For d = 3 the maximal torus T is given by {diag(t,#?,¢7") | t9°+4+! = 1}. Since in
this situation £ | (¢% + ¢ + 1), for s € F* of order (¢* + ¢ + 1), the matrix diag(s, s, qu)
generates Oy(T') and has pairwise distinct diagonal entries. Accordingly, also in this case
we can find an element of Oy(T) whose eigenvectors are exactly the F-multiples of the
standard basis vectors of F3.

Proceeding as outlined in the proof of Proposition 5.7 hence proves (i).

For (ii) one easily verifies that the only elements of Ng(T') D Cq(O(T')) centralizing
all elements of Oy(T') are those contained in 7. As in the proof of part (i) this is due
to the fact that for any 4,5 € {1,2,3} with ¢ # j one can always find a diagonal matrix
diag(ty,to,t3) € Op(T) with t; # L. ]

For the Sylow ¢-subgroups of G, where ¢ # p, we observe the following:

Proposition 5.9. Let { # p be a prime dividing |G| (and recall that ¢ Z 1 mod 3). For a
Sylow L-subgroup P € Syl,(G) one of the following holds:

(i) £>2 and P = Oy(T), where T is a mazimal torus of G of type Ty with d the unique
integer in {1,2,3} such that £ | ®4(q). Moreover, Cq(P) =T and Ng(P) = Ng(T).

In particular, P is abelian, and P is cyclic if d € {2,3}.
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(ii) £ =2 and P € Syly(Ng(T)), where T is a maximal torus of G of type Ty such that

d € {1,2} with 4 [ ®4(q). Moreover, Ng(P) = P Cq(P) and PCg(P)/P = C,_1),,-

Proof. The structure of P follows as an easy consequence of Lemma 5.2, Proposition 5.7
and the description of the maximal tori in Table 5.1. The remaining statement in part (i)
follows from Proposition 5.8.

For (ii) suppose hence that ¢ = 2 and let d € {1,2} be such that 4 divides ®4(q). We
consider the Sylow 2-subgroup Py := Oo(T%4) x (v3) of G¥F', where for d = 1 we use the
notation w := 1. Since vy acts on T%4" by interchanging the first two diagonal entries of
the matrices in T, one easily verifies that

(diag(€@tDla=Da ¢=(atD)(aDa 1)) ifd=1,

[Pa, Pa] = {<diag(g(q—1)(q+1)2/7{—(q—1)(q+1)2/7 1)) ifd=2,

where ¢ € F* is of order ¢>—1. In both cases the group [Py, P;] contains matrices with pair-
wise distinct diagonal entries, so as before we may apply the argument on common eigen-
vectors used in the proof of Proposition 5.7 to find that Nguw,r ([Pa, Pi]) = T x(vs).
Now the commutator subgroup [Py, Py] is characteristic in Py, so in particular we obtain

Ngwar (Pi) € Nguar ([Pa, Pa]) = T x(vg).

Since clearly vy normalizes Py, we need to check which elements of T%4f" normalize Py, or,
in other words, which elements of T%" commute with vy modulo Oy(T¥4"). Straightfor-
ward calculations prove that these are exactly the elements in (O (T4, diag(¢, ¢, ¢72)),
where ¢ := €911, Moreover, we have

Cguar (Pa) = O, (Ps)(Pd) = Cpuar (v2) = (diag((, ¢, ),
so in summary it follows that
NG“’dF(Pd) = <Of(deF)v diag(ga C? 4_2)> A <U2> = Pd CGwdF (Pd)?

and
Py Cguar (Pa)/Pa = Oy ((diag(¢, ¢, (%)) = Clgony,, -

By application of Corollary 4.35 the claim follows. O

5.3 Automorphisms of SL3(q)

In this section we describe the automorphism group of G. Let us begin with the introduc-
tion of certain automorphisms of G.

Definition 5.10. We denote by Fj, the automorphism induced on G via the field auto-
morphism F, — Fy, a — a?, that is,

Fp: G— G, (ai)i<ij<s — (a))1<i,j<3-

We call the automorphism F), a field automorphism of G. Note that its order in Aut(G)
is given by f, where we recall that f € Ny is such that ¢ = p/.
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Definition 5.11. Recall that for a matrix X we denote its transpose by X%. The auto-
morphism I' of G defined by

I'G—G, A (AHT

is called a graph automorphism of G. This is motivated by the fact that I' is induced by
the non-trivial symmetry of the Dynkin diagram associated to the root system of type As
of the Chevalley group G.

The two automorphisms of G defined above play a crucial role throughout the inves-
tigation of G in view of the (iIBAW) condition. This is due to the fact they generate the
whole outer automorphism group of G:

Proposition 5.12. For ¢ # 1 mod 3 the automorphism group of G = SL3(q) is given by
Aut(G) =G x (I, F),
where (T, F) = (I') x (F,) 2 Cy x Oy for f € Nug with ¢ = p’.

Proof. Following [GLS98, Thm. 2.5.12 and p. 68] we have Aut(G) = PGL3(q) x (F,,I")
with (Fp,I") = (I'") x (Fp), where I is defined as

I'G—G, A JrA)J!

with J := (

— OO
oo
(=Xl g

). Now, since ¢ Z 1 mod 3, we have

GL3(q) = SL3(q) x Z(GL3(q)),

so PGL3(q) and G may be identified here. Moreover, the matrix J has determinant 1 and
is, thus, contained in G. Consequently, conjugation by J defines an inner automorphism
of G, and we may replace I'' by I' in Aut(G) = G x (F,,I"), which yields the proposed
statement, where we clearly have (I', Fj,) = (I') x (F},) = Cy x C as claimed. O
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Blocks and Decomposition
Numbers of SL3(q)

In this chapter we describe the ¢-blocks of G and the associated ¢-decomposition numbers
for all primes £ # p dividing the order of G such that the Sylow £-subgroups of G are non-
cyclic, that is to say, for all primes ¢ such that ¢ | (¢ — 1) following Proposition 5.9. We
start by describing the distribution of the ordinary irreducible characters of G into ¢-blocks.
Afterwards we examine their reductions modulo ¢, which will yield the ¢-decomposition
numbers and hence a description of the Brauer characters of G. Most of the results
presented in this chapter are already known in principle. However, we often rely on rather
explicit information, whence this chapter is aimed at providing details concerning ¢-blocks
and Brauer characters of G in a manner appropriate for our purposes.

6.1 Conjugacy Classes and the Complex Character Table

In order to describe the ¢-blocks and ¢-modular characters of G we employ information on
the G-conjugacy classes and the complex irreducible characters of G.

6.1.1 Conjugacy Classes

Let us first describe the conjugacy classes of G. We use the following notation for certain
roots of unity in F*, which shall be fixed from now until the examination of the special
linear groups with regard to the (iIBAW) condition is completed:

Notation 6.1. Henceforth, let {,¢ and 7 denote roots of unity in F* subject to the
following conditions:

¢ € F* is of order ®1(q) =q — 1,
¢ € F* is of order ®1(q)®2(q) = ¢* — 1 such that €77 = ¢,
and 7 € F* is of order ®3(q) = ¢* + ¢ + 1.

In particular, we have F;* = (¢) and IF;Z = (&), and 7 generates the unique subgroup of
]F';3 of order ¢ + ¢ + 1.

In Table 6.1 below, which is taken from [FS73, Table 1a], we provide a description of
all conjugacy classes of G. There are eight distinct types of G-conjugacy classes, namely
types C1q,...,Cs, which will in the following be described by representatives in Jordan
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normal form (possibly not lying in G but only in the infinite algebraic group G). For a
class type C' indexed by parameters the notation

c@ = 0@ mod 2

for € Zw1, 0 < a < z, and ¢’ € Z indicates that €@ = C@") where 0 < a” < z is such
that ¢/ = a” mod .

Class Representative Parameters Cer;‘;z:ﬂ;zer
- -
Ch 1 - G|
- 1 -
- _
02 1 1 - ng)l(q)
- 1 -
F -
Cs 1 1 _ q2
L 1 -
(a) [ ¢ _
Cy ¢t 1<a < ®i(q) q®1(q)*®2(q)
<72a
(a) [ ¢ _
ct 1 ¢ 1< a < ®1(q) q®1(q)
C—Qa
[ ¢@ i 1<a<b<Pi(q):
(a,b)
Cg” ¢ 3b < ¢ < Pi(g) with ®1(q)?
i ¢ b a+b+c=0mod ®1(q)
@ ES | 1<a < 0i(q)P2(q) :
Cq & a # 0 mod ®5(q), ®1(q)P2(q)
i £ | C@ = €119 mod &1 (q)P2(q)
(a) B ] 1 <a< ®3(q)
a aq X 3 3
Cs T i C(@) = Clad) = 000 mod By(g) ®3(q)

Table 6.1: Conjugacy classes of SL3(q), ¢ Z 1 mod 3

Remark 6.2. The elements of G belonging to conjugacy classes of type Cg are exactly
those matrices that are G-conjugate to a diagonal matrix with pairwise distinct diagonal
entries in IE‘;. In particular, these classes may also be parametrized by tuples (a, b), where
a,be {1,...,q— 1} such that a # b and a,b # —(a+b) mod ¢ — 1. Two conjugacy classes
of type Cg labelled by (a,b) and (a’,b") then coincide if and only if (a’,?’) is one of (a,b),
(b,a), (a,—(a+1b)), (—(a+b),a), (b,—(a+ b)), (—(a+b),b), where the components are
regarded modulo ¢ — 1.
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For later use we determine the defect groups of the conjugacy classes of G for all primes
¢ dividing g — 1. Recall that an ¢-group D is called a defect group of a conjugacy class C
of G if D € Syl,(Cg(x)) for some z € C.

Proposition 6.3. Let ¢ be a prime such that £ | (¢—1). Moreover, let C' be a G-conjugacy
class of G and D¢ a defect group of C with respect to £. Then up to G-conjugation the
following statements hold:

(i) If C = C1, then D¢ € Syl,(G);
(ii) if C = Ca, then Do = Oy({diag(¢, ¢, ¢72)));
(iii) if C' = Cs, then D¢ = {1};
(iv) if C is of type Cy, then Do = ((4,) | A€ D, d = (det A)™1), D € Syl,(GLa(g));
(v) if C is of type Cs, then Do = Op((diag(¢,¢,¢2)));
(vi) if C is of type Cs, then Do = Oy(T') for a mazimal torus T of G of type Th;
(vii) if C is of type C7, then Dc = Oy(T") for a mazimal torus T' of G of type Ty;
(viii) if C is of type Cg, then D¢ = {1}.

Proof. Statement (i) is clear. For (ii) observe that by Table 6.1 the centralizer order of an
element in Cy is given by ¢®(¢—1), and the group (diag(¢, ¢, (2)) of order ¢— 1 centralizes
the representative of Cy given in Table 6.1. Since (¢3(q — 1)) = (g — 1), (ii) follows.

The centralizer order of elements in Cs3 is given by ¢?, so the corresponding Sylow
(-subgroups are trivial for £ # p. Hence, statement (iii) follows.

For (iv) we observe that the group ((4 ;) | A € GLa(q), d = (det A)~'), which is of
order | GL2(q)| = q(q — 1)?(q + 1), centralizes the representatives of the conjugacy classes
of type Cy given in Table 6.1. Since the centralizer order of elements in classes of type Cy
is exactly q(q — 1)?(q + 1), the claim follows.

The group (diag(¢, ¢, ¢™2)) of order ¢ — 1 centralizes the representatives of conjugacy
classes of type C5 given in Table 6.1. As the centralizer of elements in classes of type Cj
has order ¢(q — 1) by Table 6.1, part (v) follows.

For (vi), (vii) and (viii) we observe that the maximally split torus T of the algebraic
group G is the centralizer in G of the representatives of the classes of types Cg, C7 and
Cs given in Table 6.1, which liec in G = G, G2 and G"3¥, respectively. Taking fixed
points under F', woF' and wsF', respectively, in conjunction with Corollary 4.35 yields the
claim. O

6.1.2 Character Table

The complex character table of SL3(q) is provided by Frame—Simpson in [FS73, Table 1b].
We should note, however, that this table contains some misprints. These can, for instance,
be found and emended on comparison with the generic character table of SL3(q) provided
by Chevie ((GHL196]). Furthermore, let us mention that one inconsistency in Chevie was
found and corrected by our calculations (cf. Remark A.1). We present the complete
complex character table of G in Appendix A, Table A.1.
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6.2 Blocks and Decomposition Matrices

In this section we determine the ¢-blocks and corresponding ¢-decomposition matrices of
G for primes ¢ dividing ¢ — 1. In principle, these are already known by work of Fong—
Srinivasan [FS82], Dipper—James [DJ86, DJ89], and James [Jam90], but since we rely on
detailed information on the ¢-blocks and the f-modular characters of G in the further
course of this thesis, we present some explicit results here.

In a first step we determine how the irreducible ordinary characters of G divide into
£-blocks. This will be accomplished by comparison of the central characters attached to
the irreducible characters of G. As we recalled in Section 1.1, two such characters belong
to the same ¢-block if and only if the reductions modulo ¢ of their corresponding central
characters agree. It will hence be our aim to decide when two central characters of G
agree modulo /. Below we state some tools that will prove useful for this purpose. From
[Nav98, Thm. 9.12] we obtain the following statement:

Proposition 6.4. Let H be a finite group, £ a prime and P < H an £-subgroup such
that H = PCy(P). If B € Bly(H | P), then there exists a unique 9 € Irr(B) such that
P C ker(¥). Furthermore, it holds that IBr(B) = {9°}. For \ € Irr(P) we define

In(h) = A(he)O(he)  for h € H with hy € P,
o for h € H with hy & P.

Then the map
Irr(P) — Irr(B), A+ 9y,

s a bijection.

Lemma 6.5. Let H be a finite group, £ a prime and P < H an £-subgroup. Suppose,
moreover, that N Q H is a normal subgroup of H such that Cx(P) C N. If x € Irr(H)
is such that bl(x) has defect group P and 1 € Irr(N) is an irreducible constituent of x|n,
then bl(¥)H is defined and equals bl().

Proof. Let us set B := bl(x). Since B has defect group P with Cy(P) C N < H, from
[Nav98, Lemma 9.20] it follows that this ¢-block has the property of being regular with
respect to N. Moreover, as ¢ € Irr(/N) is an irreducible constituent of x|y with x € Trr(B),
the ¢-block B covers bl(1), whence by [Nav98, Thm. 9.19] the regularity of B with respect
to N implies that bl(y)) is defined and satisfies bl(y))¥ = B = bl(x). O

The above two statements allow us to prove the following lemma regarding the question
of when two blocks of the normalizer of the maximally split torus of G = SL3(q) agree:

Lemma 6.6. Suppose that ¢ | (¢—1) and let T be the maximally split torus of G consisting
of the diagonal matrices in G. Moreover, let 0,0 € Irr(T) and n,n" € Irr(Ng(T)) be such
that n and 7' lie above 0 and 0’, respectively. Then it holds that

bl(n) = bl(n") if and only if b0, (r) and 9'|Oe,(T) are Ng(T')-conjugate,
provided that both bl(n) and bl(n') have defect group Oy(T).

Proof. Let us suppose that both bl(n) and bl(n’) have defect group Oy(T). By assumption
n lies above 6, and moreover Oy(T') is an ¢-subgroup of Ng(7') with

Cne(m)(0u(T) =T
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6.2. Blocks and Decomposition Matrices

as seen in Proposition 5.8. Hence, we may apply Lemma 6.5 for H := Ng(7'), N := T,
P := Oy(T), x := n and ¢ := 6 to find that bl()Ne¢(T) = bl(n). Analogously, we further
obtain that bl(#") induces to bl(n).

Let us now suppose that bl(n) = bl(r/). Then we have bl(§)Ne(T) = pl(g)Ne(T),
whence by the extended first main theorem of Brauer, Theorem 1.7, there exists an element
n € Ng(T) such that bl(6’) = bl()™. In particular, there is a character ¢ € Irr(bl(6))
such that §’ = ™. As T is abelian, all complex irreducible characters of T are linear and
hence we have ¥ = 00 for all v € Trr(bl()) and v° = 67 for all v/ € Trr(bl(¢)). We
conclude that

6/|Oe/(T) _ 9/0 — (wn)o — (¢O)n — (90)n — (H\OE/(T))nv

so 0'10,,(r) and 00, (1) are Ng(T')-conjugate.

In order to prove the converse implication let us now assume the existence of an element
n € Ng(T') satisfying

00,1 = o, )"

Let the characters ¢ € Irr(bl(f)) and ¢ € Irr(bl(6’)) be defined as in Proposition 6.4 for
H :=T and P := Oy(T), that is, Op(T) lies in the kernels of both ¢ and ¢, and let
AN € Trr(O(T)) be such that 6 = 9y and 6’ = ¥, in the notation of Proposition 6.4. By
construction it follows that

V10,1 = N0, @) = 0,0 = Oo,@)" = ()0, )" = G0, )"

But 9" (z) = 9(nan~!) = 1 for all z € Oy(T) since Ng(T') normalizes Oy(T), which lies in
the kernel of ¢. Hence, we conclude that
0" (g) = 9" (g¢ - ger) = " (g0r) = V' (9')
for all g € T and thus
n _ 9/ /
V" = Lo,y € Irr(b1(6"))

again in the notation of Proposition 6.4. By uniqueness of 9 with respect to the property
that ¢ € bl(#") and Oy(T) C ker(¢) we conclude that ¢ = 9" since 9" € Irr(bl(#")) and
O¢(T) C ker(9™). Thus,

bI(6) = bI(¥') = bI(¥™) = bI(9)" = bl(H)".

Consequently, we conclude that bl(8")Ne(T) = (bl(9)")Na(T) = bl(h)Ne(T) | and it follows
that bl(n) = bl(n’) as claimed. O

In the following we treat the cases of odd and even ¢ separately. In both situations we
shall adhere to the notation specified below:

Notation 6.7. (i) For integral tuples (u,v), (v ,v") € Z x Z and = € Zs¢ we write
(u,v) = (v/,v") mod z if it holds that © = v mod z and v = v’ mod z.

(ii) For asubset M C Z xZ and x € Z~( we use the notation (u,v) € pod » M to indicate
that (u,v) = (v/,v") mod x for some (u/,v") € M.

(iii) For u,v € Z we set

S(u,v) := {(u,v), (v,u), (—u,v —u), (v —u, —u), (u—2v,—v), (—v,u —v)}.
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Chapter 6. Blocks and Decomposition Numbers of SL3(q)

(iv) We define the set
M(Dy®3) := {(u,v) | u,v € Z, u,v,u —v,2u+v,2v +u # 0 mod ¢ — 1}.

As stated in Remark A.2 the irreducible characters of G of type xo,, may then be
parametrized by the elements in M (®2®3) such that for (u,v), (v/,v") € M(DyP3)
we have

(uw) _ (u' ')
Xoyd3 = Xoodsy

if and only if (u',v") € 1oq (g—1) S(u,v).

6.2.1 The Case 2#/(|(¢—1)

The central characters associated to the irreducible characters of G can be retrieved from
Chevie [GHL'96] via the ’Omega’-command (cf. Table A.2 in Appendix A). We are only
interested in £-blocks of non-cyclic defect, so in particular, we will not care about ¢-blocks
of ¢-defect zero in the following. In other words, in this case we do not consider ¢-blocks
containing characters of type X320, - For all other irreducible characters y of G the ¢-
modular reduction A, of the corresponding central character w, is given in Table 6.2
below, where the entries are to be regarded modulo £ and where we use the short notation

A(v,u),a = 6ua—2va + 6”ua—2ua + 6ua+va7

_ 8vaJrub +€vb+ua +€fv(a+b)+ua +€va7u(a+b) +

. —v(a+b)+ub vb—u(a+b
By (a) = (atb)tub | gvb—u(a+b)

€

with ¢ := exp((27i)/(¢ — 1)) and 7 := exp((27i)/(¢* — 1)).

Ci Cy C3 C’ia) Céa) Céa,b) C’éa) C’éa)
)‘X1 1 3 6
)\Xq<1>2 1 3 6
)‘qu 1 : . 3 . 6
A 1 - . 2euaygua . g(guay guby o—u(ath))
Xq>3
A (u) 1 . . 2€U(I+€—2ua . 2(5ua +€ub +€—u(a+b))
q®3
Ao 1 ) ) Alu)a : Boiv (a
X5y (w0, (u.0).(a.b)
A (u) 1 -2 . gua —9gua . _(n—ua +17—uaq)
g

Table 6.2: Central characters of SL3(¢q), ¢ Z 1 mod 3, modulo ¢ # 2, £ | (¢ — 1)

Proposition 6.8. Let 2 # (| (¢ —1). The irreducible characters of SL3(q), ¢ # 1 mod 3,
divide into five distinct types of £-blocks:
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6.2. Blocks and Decomposition Matrices

e the principal ¢-block By:

Irr(Bo) = {X1, Xq2> X2}
U{X<(1>u3) |u=0mod (g —1)¢}
U{Xg& | u=0mod (¢ —1)¢}
U{ngg)g | u,v =0mod (¢ — 1)p};
e the {-blocks of type B :

Irr(Bggy) = {xga, | (,0) € mod (g1, 1(K,0), (0,k), (—k, —k)}}
U{X((;S) |u=kmod (¢ —1)p}

Uixle, | u=kmod (¢ — 1)}

fO?”k’G {1,...,((]—1)@/ —1},
e the (-blocks of type B(_ :

Irr(B(u,v)) - {Xc(;g:i;;) ’ (ulavl) € mod (¢—1)y S(u,v)}

for u,v € {1,...,(q — 1)pp — 1} such that (u,v) € M(P2®3), and for further pa-
rameters w,z € {1,...,(q — 1) — 1} such that (w,z) € M(Po®P3) it holds that
B(u,v) = B(w,z) if and only if (w, z) € moa (g—1)y S(u,v).

e the (-blocks of type Bb:

Irr(BEk)) = {Xf(li)% | (u=kmod (¢* — 1)) or (ug =k mod (¢*> — 1)¢)}

fork € {1,...,(¢> = Dg}, k # 0mod q + 1, and for k' € {1,...,(¢*> — 1)p} with
k' # 0 mod q + 1 it holds that BEk) = Bék,) if and only if k = k' mod (¢®> — 1) or
kg = ¥ mod (¢ — 1)

e the £-blocks of £-defect zero.

Proof. Clearly, the characters x1, xqo, and x,3 belong to the same ¢-block of G since their
central characters agree modulo ¢ according to Table 6.2.

Let us now suppose that two characters XEI:; ) and ngb)g lie in the same ¢-block (note
that such characters only exist for ¢ > 2, which is clearly satisfied here since ¢ | (¢ — 1)
and ¢ > 3, so in fact ¢ > 7). By comparison with Table 6.2 this is equivalent to the two

conditions

(6.1) 26U 4 g7 U0 = 26V 4 20 mod £ foralla € {1,...,q— 2},
(6.2) Ut 4 gt 4 gmulatt) = gva g ovb L o=v(@Hh) ;od ¢ foralla,be {1,...,q—1}
with a # b and
a,b# —(a+b) mod ¢ — 1.

We choose b = ¢ — 1, so €” = 1. Furthermore, we fix a class parameter a € {1,...,q—1}
with a # b, a,b Z —(a + b) mod ¢ — 1, and set ¥ := £*. Then from (6.2) it follows that
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Chapter 6. Blocks and Decomposition Numbers of SL3(q)

(9% —9Y) (¥ —9~*) = 0 mod ¢:

PU 49 =Y 9 mod ¢
Sy GUHY Lgvu = 2 4 mod ¢
= YUY 4 v 92 — 1 =0 mod /
= (=) (¥ —097") =0 mod /.

If we suppose that ¢* —9¥ £ 0 mod £, then necessarily ¥ —9~* = 0 mod £. Inserting this
in (6.1) implies

20" 972 = 297V 4 9 mod ¢
— 92— 20% 42074 — 972 = mod /£
LA 9H 293 L ogn _1=0 mod ¢
= (" =1 (W +1) =0 mod /.

If 9 = 1 mod £, then also ¥¥ = ¢~* = 1 mod ¢ in contradiction to the assumption that
J9* —9¥ £ 0 mod ¢£. But then 9* = —1 mod ¢, which gives 9" = 9% = 9¥ mod ¢ and again
contradicts the assumption. Thus, we have 9% = 9" mod ¢, so ua = va mod (¢—1),. This
needs to hold for all @ € {1,...,¢— 1} such that a # b and a,b # —(a+b) mod ¢ — 1, so in
particular (since ¢ > 7) a = 1 yields u = v mod (¢ — 1). Conversely, it is straightforward

to verify that xﬁﬁ? and Xl(;(gg lie in the same ¢-block if u = v mod (¢ — 1). Furthermore, if

u = 0mod (g—1)p, then 26%¢ 424 = 3 mod £ and 2(e%® + % 4 ¢=(910)) = 6 mod ¢ for

u) (w)

all a, b, so in this case x4, and X s belong to the principal ¢-block according to Table 6.2.

Our next step is to consider the characters of type x#,s,. By Table 6.2 (for instance on
comparison of the values of the central characters on class C2) these do not share ¢-blocks
with characters of different types. Hence, let us suppose that u and v are parameters such

that XEIZ)<I>3 and Xgl)% belong to the same ¢-block of G. Then

(6.3) €' =¢e" mod ¢ foralla e {1,...,q —2},
n 44T =7 47" mod £ foralla € {1,...,¢*> — 2}
with a #Z 0 mod ¢ + 1,

which yields (n~v* — n~%*) (p~"* — n~%) = 0 mod ¢ as follows: by multiplication of con-
dition (6.4) with the term 7~"* we obtain

UV 4 pmuag—va _ 77—21)(1 _ n—va(q—H) =0 mod ¢
22 n—ua—va + n—uaq—va _ 77—211(1 _ n—ua(q+1) =0 mod ¢
_— (n—va _ n—ua) (,r]—uaq _ n—va) =0 mod 7.

Hence, similarly as above we conclude that ngul)q)g and Xf;l)% belong to the same ¢-block

of G if and only if (u = v mod (¢*> — 1)¢) or (ug = v mod (g% — 1)y).

It remains to examine the characters of type x#,3,. To handle these we denote by T'
the maximally split torus of G consisting of all diagonal matrices in G. The characters of
type xao,0, are of degree ®5(q)P3(q), which is prime to £. The only irreducible characters
of G with degree divisible by ¢ are the (-defect zero characters and those of type x&,®;-
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6.2. Blocks and Decomposition Matrices

As observed before these do not share blocks with characters of different types. Hence,
the characters of type xe,s, belong to ¢-blocks of maximal /-defect, that is to say, ¢-
blocks with defect group given by the Sylow ¢-subgroup Oy(T') of G. For suitable u,v
we let B, , denote the /-block of a character X(I,l; ’;3 and b, , its Brauer correspondent in
Na(Oy(T)) = Ng(T'). Then by definition we have

Mg, ,(K) =N\, ,(KNNg(T)) for all K € CI(G).

u,v

However, from the proof of [Nav98, Thm. 4.14] it follows that in fact it holds

~ —

Ay (B) = Ny, (K ANG(T)) = Ny, ,(KNT) for all K € CI(G)

since T is the centralizer of Oy(T) in G according to Proposition 5.8. Let us now suppose
that 6,6 € Trr(T) satisfy

6.5 Ag, ,(K) = M, (KENT) = X\(KNT) for all K € CI(G),
(6.6) g, ,(K) =X, (KNT)=Xg(KNT) for all K € CI(G),

respectively. Then the f-blocks bl()N¢(T) and bl(A)C are defined according to Proposi-
tion 1.2, whence (bl(9)No(T))G = bl(9)&. Moreover, it holds that bl(#)¢ = B,.,, so we
conclude that

(bl(G)NG(T))G = Bu,v-

But bl(9)Ne(T) is an ¢-block of Ng(T) with defect group Oy(T) following Lemma 1.1 and
Lemma 1.13, so it is in fact the Brauer correspondent of B, , in Ng(7T'), that is to say,

bl(O)Ne™) = p, .

Hence, by [Nav98, Thm. 9.4 and Lemma 9.8] there is some irreducible character in b, ,
lying over 6. Moreover, analogous statements hold for b,/ ,» and ¢’. Then by Lemma 6.6
we have by, = by, if and only if 0|0, (1) and 0|0, () are Ng(T')-conjugate. Hence,
by Brauer’s first main theorem, Theorem 1.5, we have B, , = B, , if and only if the
characters 0|, (1) and ¢'|0,, () are Ng(T')-conjugate.

Let v be the faithful irreducible character of Fj = (¢) mapping ¢ to €. For given u, v
we define

GWJ: T — CX, diag(tl,tg, (tltg)_l) — Z/u(tl)yv(tz),

and claim that 6,,, and 6, , satisfy (6.5) and (6.6), respectively. Since for G-conjugacy
classes K not of type C1, Cy or Cg we have K N'T = () and

)‘B(u,v) (K) = AB(u/,v/) (K) =0

according to Table 6.2, it remains to consider the G-conjugacy classes Cia) and C’éa’b). The

class C’ia) consists of all matrices in G with Jordan normal form given by diag(¢?, ¢, (~2%),
o

Ci N T = {diag(¢*, €%, ¢2), diag(¢ 2%, ¢%, ¢Y), diag(C?, 2, ¢},

95



Chapter 6. Blocks and Decomposition Numbers of SL3(q)

and these three elements each constitute a single conjugacy class in 1. Thus, it follows
that

—

oo (CS) M) = Ng,  (diag(¢%, ¢, C724)) + A, (diag(¢ 2, ¢, ¢Y))
+ Ag, (diag(¢?, ¢ 7%, ¢%)
= (Gu(diag(¢*, ¢% ¢2%)) + O (diag(¢ 2, (%, ¢Y)

+0u0(ding (¢, ¢, ()"
— (Eua—i-va +5—2ua+va + eua—Qva)*

= A ) (C(a))

Xoyd3

Similarly, one shows that

o — o —

A (CEV ATY = A_uy (CS),

Xogdg

s0 0y, and 0, . are as claimed. The question now is as to when 0u7v| O (T) and 9u’,v’| O (T)
are Ng(T')-conjugate. We may write /

Op(T) = {diag(¢a Ve, ¢bla=De ¢=(@t0)@=Dey | 1 < a,b < (¢ — 1)p},

and we recall that Ng(T) =2 T x &3 by Proposition 5.7, where the action of &3 on T is
given by permutation of the diagonal entries of the matrices in T'. Clearly, it is true that
0“70|(’JZ, () and eu’ﬂ/\(’)y () Bre N¢(T)-conjugate if and only if there exists some n € Ng(T')
such that

O, (diag(¢HaDe ¢bla—De c(ma=b)la=leyny — g , . (diag(¢*a—Ve ¢Pla—De ¢(=a=b)la—1)e))
for all 1 < a,b < (¢ — 1)y, which in turn is the case if and only if

(u,a Ul) € mod (g=1)p {(U, U)v (U7 u)v (_u¢ Ol u)7 (U -, _u)v (u -0, _U)v (_Uv u = U)}
Straightforward calculations show that XEI;ZZI% belongs to the principal ¢-block if and only
if u,v = 0mod (¢ — 1)p. Furthermore, let us fix parameters u,v € {0,...,(¢ — 1)y — 1}

such that v = 0 mod (¢ — 1). Then it is easy to verlfy that xgp q>) belongs to the same

£-block as xgb) and X,(qu , and a further character xEI, b5 v) belongs to this /-block if and only

if

(', v") € moa (1) 1w, 0), (v,u), (—u,v — ), (v —u, —u), (u—v,-v), (~v,u —v)}

:{(U7 0)? (0’ u)7 (_ua _U)}

Finally, if u,v #Z 0 mod (¢— 1), then the ¢-block of XSI:’;Z)):; does not contain any characters
of other types, i.e., all characters in this ¢-block are of type x&,a,- O

Proposition 6.9. Let 2 # (| (¢ — 1). The decomposition matrices for the £-blocks of G
not of (-defect zero (cf. Proposition 6.8) are as follows:
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6.2. Blocks and Decomposition Matrices

e for the principal £-block By:

By p1 P2 ¥3

1g 1

Xq®» 1

Xq3 1
A w=omod(g—1)p | 1 1 -

X((;gy u=0mod (¢ — 1)y 1 1

Xg;’g))g, uy,v=0mod (¢q—1)py || 1 2 1

e for the £-blocks of type By y:

B SO(k:;l) (p(k;g)
ngug)? u=kmod (¢g—1)p || 1

Xt(;:b)z’ u=kmod (¢q—1)p . 1
XEDZ’%)?, (u,v) € mod (¢-1), 1(k,0),(0,k), (=k,—k)} 1 1

forke{l,...;(g—1)p —1};

e for the L-blocks of type B(_ y:

B(u,v) (p(u,v)
Xg;g3)a (u,a U/) € mod (g—1)p S(u’ U) 1
foru,ve{l,...,(g—1)p — 1} with (u,v) € M(P2P3);
e for the £-blocks of type Bb :
ng) o)
XEI;JI)q)g)v u = k mod (q2 — ]_)g/ 1
or uqg =k mod (¢®> — 1)y

forke{1,...,(¢> = 1)p} with k £ 0mod q + 1.

Proof. In proving our assertion we make use of the fact that under the assumption that
q #Z 1 mod 3 it holds GL3(¢q) = SL3s(q) x Z(GL3(q)). Let us assume for a moment that
¢ # p is an arbitrary prime dividing |SL3(¢)|. By [DJ86, Thm. 6.5 and Thm. 6.6] and
[DJ89, Thm. 6.1] up to permutation of rows and columns the ¢-decomposition matrix of
GLs3(q) contains a lower unitriangular | IBry(GL3(q))| x | IBrg(GL3(g))|-submatrix D of the
form
A(l’l) 0
D= )
0 A(zp)
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Chapter 6. Blocks and Decomposition Numbers of SL3(q)

where for each i € {1,...,m} the term z; indexes a certain set of irreducible ordinary and
modular characters of GL3(g). If x is one of these indices, then to = one can associate an
array

(dl,...,dN;k‘l,...,/{N)

with N € Nyg and dj,k; € Nyg for all 1 < j < N such that diky + --- + dyky = 3.
Moreover, one has that A(z) is the Kronecker product

Az) = A(d1, k1) @ - @ A(dn, kn)

of certain p(k;) x p(k;)-matrices A(d;, k;), where p(k;) denotes the number of partitions
of k;. By [DJ89, Thm. 6.2] such a matrix A(d;, k;) coincides with the ¢-decomposition
matrix Ay, for the unipotent characters of GLg,(¢%). These matrices Ay for k < 10 and
d € N5 are given in [Jam90, Appendix 1] and depend not only on k but also on ¢ and q°,
or rather, they depend on k, ¢ and e,4(d), where e,4(d) is the least natural number r such
that ¢ divides 1 + ¢ + ... + ¢ D9 As noted in [DJ86, (2.1)] we have e,(d) = £ if and
only if £ | (¢* — 1). Now in our case it holds that 2 # ¢ | (¢ — 1), so in particular for any
d € N5 we have e4(d) = ¢. For given k and d by [Jam90, Thm. 6.4] the matrix Ay, is the
identity matrix of size p(k) if e4(d) > k. Since 2 # £ | (¢ — 1) and ¢ # 1 mod 3, we have
eq(d) = ¢ > 5. On the other hand every array (di,...,dn;k1,...,kn) associated to one of
the indices z;, 1 < 7 < m, is subject to the condition di1k1 + - - -+dnyky = 3. In particular,
kj <3 < eq4(d) for 1 < j < N. Hence, any matrix A(d;, kj) occurring in this situation is
the identity matrix of size p(k;), so D is the identity matrix of size | IBry(GL3(q))|-

It is well-known that for a direct product H = H; x Hs of two finite groups H; and
Hs one has

Irr(H) = {x1 % x2 | xq € Irr(H;) i = 1,2},
IBTZ(H) = {501 X 2 | w; € IBI’g(Hi), i = 172}7

and if B is an f-block of H, then there exist unique f-blocks B; and By of Hy and Ho,
respectively, such that

Irr(B) = {x1 x x2 | xi € Irr(B;), i = 1,2},
IBr(B) = {p1 x @2 | @i € IBr(B;), i = 1,2}.

Moreover, if Dp, Dp,, and Dp, denote the ¢-decomposition matrices of B, By, and By,
respectively, then Dp = Dp, ® Dp,.

Let now by denote the principal ¢-block of Z(GL3(q)) and let B be any ¢-block of
SL3(g). Then the decomposition matrix of by is a |Irr(bp)| x 1-matrix with all entries
equal to 1 since Z(GL3(q)) is cyclic, so GL3(q) has an ¢-block with decomposition matrix

Dp
Dp® Dy, = | | Irr(bo)| times.
Dp

From the observation that the matrix D above is the identity matrix we conclude that
also Dp ® Dy, and hence Dp, contains an identity matrix of size | IBr(B)| as a submatrix.
This yields the proposed decomposition matrices for ¢-blocks of types B(_ y or Bb.

For an {-block B of type B() one easily verifies that characters in B of the same type
reduce modulo ¢ to the same Brauer character. The characters in B are of types xa,,
Xq#; and Xo,3,. Since Dp contains a 2 x 2-identity matrix, the /-modular reductions
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of the irreducible characters in B of two of these types stay irreducible. The characters
in B of the third type must have both of these irreducible reductions as constituents
because B is a single ¢-block. Hence, by considering the degrees of the characters in
Irr(B) one may conclude that the characters of types xa, and x4¢, stay irreducible under
¢-modular reduction, while the reductions of characters of type xa,a, split into two distinct
irreducible £-modular characters as claimed.

Finally, let us consider the principal ¢-block By. This contains the three unipotent
characters x1, x40, and X3 of SL3(g), and the characters x1 X 17(GLy(g))> Xq®2 X 12(GL3(q))
and xgs X lz(qr,(q) arve exactly the unipotent characters of GL3(g). By [Jam90, p. 225]
these have /-decomposition matrix As for e4(1) = ¢, which is the identity matrix of size 3
as we have observed before. Hence, the head of the decomposition matrix Dp, is known,
and the remaining proposed decomposition numbers for By may easily be verified. O

Lemma 6.10. Suppose that 2 # £ | (¢ — 1). The (-blocks of G of type BE,) have cyclic
defect group O,((diag(¢, ¢, (2))). Any other £-block of G which is not of {-defect zero has

mazximal f-defect.

Proof. By looking at the character degrees one may easily identify the ¢-blocks of maximal
defect. Let us hence consider an {-block B of type B( ) Then Ap does not take value 0
on Co according to Table 6.2. Consequently, by the Min-Max-Theorem [Nav98, Thm. 4.4]
a defect group of B is contained in a defect group of the conjugacy class Cy, which is
G-conjugate to Oy((diag(¢,¢,¢2))) by Proposition 6.3. Moreover, this group has order
|0¢({diag(¢,¢,¢72)))| = (g — 1), and one easily verifies that B is of (-defect log,(q — 1),.
Hence, Op((diag(¢,¢,¢2))) is a defect group of B. O

6.2.2 The Case ¢ =2

The reductions modulo 2 of the central characters of SL3(g), which can be found in Ta-
ble A.2 in Appendix A, are given below, where as for the case 2 # ¢ | (¢ — 1) only the
characters not of 2-defect zero are listed. Moreover, A, )., and B, ), () are defined as
in Section 6.2.1.

¢y ¢ O o cled i e’

o |1 1

>\Xq<1>2 1 ) 1

Mo |1 1

)\Xg;) 1 . . 6—2ua

S I

AX%,% L Awwae Buw)e)

N R C ey

Table 6.3: Central characters of SL3(¢q), ¢ # 1 mod 3, modulo 2
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Proposition 6.11. The irreducible characters of SLs(q), ¢ # 1 mod 3, divide into five
distinct types of 2-blocks:

e the principal 2-block By:

Irr(Bo) = {X1, X¢®2> X3}
Ufxgy | u=0mod (g — 1)z}
U{X((;;S | u =0mod (¢ — 1)}
U{x%(p | u=0mod (¢* — 1)}
U{X<1>2<1>3 | u,v =0mod (¢ — 1) };

e the 2-blocks of type B ):

Irr(By) = (x4 | u=kmod (¢ — 1)}
U{qu>3 | u=kmod (¢ — 1)}
Ufxgmiy | (1:0) € mod g1y, {(,0), (0, k), (—k, —k)}}
U{X<1>1<1>3 |u=—(¢+ 1)k mod (¢* - 1)z };

forke{l,...,(g— 1)y —1};

e the 2-blocks of type B(_ y:

1o

Ir(Bly) = {Xorar) | (W,0') € mod (g1, S(u,v)}

for u,v € {1,...,(¢ — 1) — 1} such that (u,v) € M(P2®3), and for further pa-
rameters w,z € {1,...,(¢ — 1)or — 1} such that (w,z) € M(P2®P3) it holds that
B(u,v) - B(w,z) if and only if (’LU,Z) € mod (g—1)y S(u,v).

e the 2-blocks of type B( %

Ir(Bly) = {x4, | (u =k mod (¢2 — 1)») or (ug = k mod (¢2 — 1)»)}

Jork € {1, (¢~ 1)y —1}, k% 0mod (q+ 1), and for ' € {1,..., (>~ 1)or—1}
with k' # 0 mod (q+1)o it holds that B(k) = sz/) if and only if k = k' mod (¢®>—1)o
or kg =k mod (¢% — 1)y;

o the 2-blocks of 2-defect zero.

Proof. From Table 6.3 we can directly read off that x1, x4, and X3 belong to the principal
2-block By. Moreover, we observe that for any fixed parameter u the characters X@ and
X((](b) belong to the same 2-block. Suppose now that two parameters u and v are given.
Then XEI>3) and X¢(J<I>)3 lie in the same 2-block if and only if £72“% = £72v* mod 2 for all
a €{1,...,q— 2}, or, equivalently, if and only if —2ua = —2va mod (q — 1)o for all those
a. Thus, since (¢ — 1)y is odd, we conclude that the characters in question belong to the
same 2-block exactly if u = v mod (¢ — 1)». For u = 0 mod (¢ — 1)o the corresponding

characters of types x¢, and x4, belong to the principal 2-block By.
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Let us now examine the characters of type xo,s,. According to Table 6.3 it holds that

XE;)% and XEI:)1)<I>3 belong to the same 2-block if and only if the two conditions

(6.7) e =& mod 2 foralla € {1,...,q — 2},
(6.8) 774 47U = 5TV 4 7Y mod 2 foralla € {1,...,¢° =2}, aZ 0 mod g+ 1,

are fulfilled. Suppose, hence, that conditions (6.7) and (6.8) are satisfied and set ¥ := n°.
Then (7% = 97" mod 2) or (V™" =97 mod 2) since

0L (9= 4 9—ua g gva)

= 92U _ gu—v _ g—vg—u + ﬁfu(q+1)

(6%7),[9—211, YUY gTvamu ﬂ—v(q—&—l)

= (19_” — 19_”‘1) (19_" — 19_”) mod 2.

We conclude that in this case (v = v mod (¢ — 1)y) or (u = vg mod (¢? — 1)) because
the above conditions need to hold true for all possible choices of a in ¥ = n®. Conversely,
one easily verifies that Xg“?% and X*(i:)1)<1>3 belong to the same block if (v = v mod (g% — 1))
or (u=wvgmod (g% — 1)y).

From Table 6.3 we deduce that a character XS;)@B lies in the principal 2-block if and

only if its parameter u satisfies

(6.9) € =1mod 2 for alla € {1,...,q — 2},
(6.10) n " +n " =0mod 2 for alla € {1,...,¢* —2}, a 0 mod ¢ + 1.

It is easy to see that (6.9) is satisfied exactly if © = 0 mod (¢ — 1)o». Now for (6.10)
we observe that 77%? + =% = (0 mod 2 if and only if ua(q — 1) = 0 mod (¢> — 1)y, so
ua = 0 mod (¢ + 1)o, and since ged((q — 1)o, (¢ + 1)2r) = 1 we conclude that (6.9) and
(6.10) are satisfied if and only if v = 0 mod (g% — 1)a.

Now suppose that two characters Xg?% and ng (or X(U) ) lie in the same 2-block.

q®s3
Then by Table 6.3 we have
7T 7% = 0mod 2 for all a € {1,...,¢° =2}, a # 0mod g + 1,

which by the previous observations means nothing but v = 0 mod (g + 1)s. Furthermore,
we have e = £72% for all @ € {1,...,q— 2}, or, equivalently, ua + 2va = 0 mod (g — 1)y
for all such a, which gives u = —2v = —(¢ + 1)v mod (¢ — 1)os. But due to the facts that
—(¢g+1)v=0=wumod (¢ + 1)y and ged((¢ — 1)or, (¢ + 1)2r) = 1, we may conclude that
u=—(g+ 1)vmod (¢* — 1)a.

We are left to determine the distribution of characters of type x#,#, into 2-blocks. Let
a character of type xo,3, be given. If its parameters u, v satisfy v = v = 0 mod (¢ — 1),
then one easily verifies that this character belongs to the principal 2-block. Now suppose
that u = 0 mod (¢ — 1) but v # 0 mod (¢ — 1)o. Then

A(u,v),a _ Eua—Zva + 6va—2ua + Eua—i—va = 6—2va + cvae + v = 6—21}(1 mod 2

forall a € {1,...,q— 2} and
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8ua+vb+€ub+va+57ua7ub+va+€ua7va7vb+ 7ua7ub+vb+€ub7vafvb

B(urv)v(avb) = 19

= €vb + cva + cva + gfvafvb + Evb + Efvafvb
= 0 mod 2

forall a,b € {1,...,¢q—1} with a # b and a,b # —(a+b) mod ¢ — 1. Note that the second
condition is only relevant if ¢ > 3. From Table 6.3 we deduce that the character Xg; ’2)3 is
contained in the same block as the characters XE;;) and Xgél, where the parameter w is such
that w = v mod (¢ — 1)o. Moreover, the same holds true if either u = w # 0 mod (¢ — 1)y

and v =0mod (¢ — 1)y or if u =v = —w mod (¢ — 1)y since

(U,U) — (’U,’LL) — (U_uv_u)
Xoyds = X0ad3 — Xoods

Let us now suppose that we neither have u = 0 mod (¢ — 1) nor v =0 mod (¢ — 1)y
nor v = v mod (¢ — 1)». In our next step we determine the defect group D of the 2-

block containing nguz’g)s. For this we fix the class parameters a = ¢ — 2 and b = 1 for a
G-conjugacy class of type Cg. It follows that

—

(Céa7b)) — guaJrvb +Eub+va _i_EfuafubJrva _i_Euafvafvb + —ua—ub+vb +€ubfva7vb

3

=("-1) (5_u — 1) (5“_” — 1) mod 2.

By choice of the parameters u, v to satisfy u,v,u —v # 0 mod (¢ — 1), we may conclude
that

Following [Nav98, Thm. 4.4] this implies that up to G-conjugation the group D is contained
in a defect group D¢ of the class C = C’éa’b). But C’éa’b) = [diag(C“,Cb,C_“_b)]G with
mutually distinct diagonal entries, so Cg(diag(¢?,¢?, ¢7%7?)) = T, where we denote by
T the maximally split torus of G consisting of the diagonal matrices in G. Thus, the
Sylow 2-subgroup O2(T') of T is a defect group of C' and we obtain that O2(T') contains
a G-conjugate of D. On the other hand, we have
D] Xgyay(1), > Gl

since D is a defect group of the 2-block containing ng;)s, that is, to state it differently,
we have |D|- (¢+1)2 = (¢ — 1)3(q + 1)2, hence |D| > (¢ — 1)3 = |O2(T)|. Thus, we finally
conclude that D = Oy(T) up to G-conjugation.

We may now apply Lemma 6.6 to compute the distribution of characters ngfb)g with
u,v,u—v Z 0 mod (¢— 1)y into 2-blocks. We have shown that there exists a G-conjugacy
class of type Cg on which the reduction modulo 2 of the central character associated to
Xg;é)g does not take value zero, so comparison with Table 6.3 shows that the 2-block
containing ng’g)s only contains characters of type x#,#,. Now by the same calculation as
in the case that 2 # £ | (¢ —1) one can prove that two characters Xfpug ’(%)3 and X&Z&i’g) belong
to the same 2-block if and only if

(u/7 U/) € mod (g—1)o {(u7 U)? (Uv u)? (_uv v u)? (1) - U, _u)7 (u -0, _U)7 (_U’ U — U)}

as claimed. H
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Proposition 6.12. The decomposition matrices for the 2-blocks of G not of 2-defect zero
(cf. Proposition 6.11) are as follows:

e for the principal 2-block By:

By P1 P2 3
1o 1
Xq®2 1
Xg? 1 1
Y w=0mod(g—1)y | 2 2 1)

XSI:?, u=0mod(¢g—1)y | 1 1

5&33, u=0mod (¢g—1)» || 1 1 1
Xo2py: u=0mod (¢° — 1)y 1

e for the 2-blocks of type B y:

By eksl) H(k:2)
Xg;), u=kmod (¢ — 1) 1

Xélgg, u=kmod (¢—1)y | a+1 1
W u=—(g+Dkmod (@ -1y | & 1
nggy (U, V) € mod (4-1), 1(k,0),(0,k), (=k,—k)} ||a+2 1

forke{l,...,(¢— 1)y — 1} and o € {0,1};

e for the 2-blocks of type B(_ :

Biu,v) )
X%gg,)v (u,v U/) € mod (g—1)y S(u> ’U) 1

foru,v e {1,...,(¢— 1)y — 1} with (u,v) € M(P2P3);

e for the 2-blocks of type Bb :

BEk) k)
XEI:?%, u = k mod (q2 — 1)y .
or uq =k mod (¢® — 1)o

forke{1,...,(¢> — 1)y — 1} with k 2 0mod (g + 1)o.

Proof. The proof works similarly as for the case 2 # ¢ | (¢ — 1). Since 2 divides ¢ — 1,
for any choice of d € N5y we have e,(d) = 2, where e,(d) is defined as in the proof of
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Chapter 6. Blocks and Decomposition Numbers of SL3(q)

Proposition 6.9, and for k € {1,2,3} the 2-modular decomposition matrices Ay for the
unipotent characters of GLy(¢?) are given by

10 1 00
Ar=11], A= [1 1], Az=10 1 0

1 01
according to [Jam90, Appendix 1]. By the same argument as in the proof of Proposi-
tion 6.9 the decomposition matrix for the three unipotent characters x1, xqe, and xgs in
the principal 2-block By is given by As. The decomposition numbers for the remaining
characters in By follow by easy calculations.

For the 2-blocks B of type B it follows that their decomposition matrix contains
either Ay or an identity matrix of size 2 (or both) as a submatrix. Hence, at least one
irreducible character in B stays irreducible under 2-modular reduction. One easily verifies
that if B = B, k € {1,...,(¢ — 1)2r — 1}, then the relations

(k0)0 _ o (k)0 ()0
Xoows = 2Xby T X, o

hold for u = —(q + 1)k mod (¢ — 1)/, and characters of the same type have the same
2-modular reduction. If both Xg;)o and Xgi )<(1)>3 are irreducible, then the claim follows for B
with @ = 0. Hence, suppose that this is not the case. Then by the previous observations the
decomposition matrix associated to Xg? and X((I)ul )4,3 has the form Ay with chg)o irreducible
and (u) (k)
u)0 0
Xo,85 = Xog +
for some ¢ € IBr(B) with ¢ # XEIZ)O- This yields the proposed 2-decomposition matrix for

B with o = 1. O

Lemma 6.13. The 2-blocks of G of type B(__y have defect group Oz(T), where T' denotes
a mazimal torus of G of type T1, while the 2-blocks of type BE,) have defect group Oa(T")
for a maximal torus T' of G of type Ty. The 2-blocks of G of type By are of mazimal
2-defect.

Proof. As we have already seen in the proof of Proposition 6.11 the 2-blocks of type B(_ )
have defect group Oy(T). —

Now suppose that B is a 2-block of type Bb. Then /\B(Cél)) # 0 as can easily be
verified (cf. Table 6.3). Hence, by the Min-Max-Theorem [Nav98, Thm. 4.4] a defect
group of B is contained in a defect group of Cél). By Proposition 6.3 the defect groups of
conjugacy classes of type C7 are conjugate to Oz(71"), which is of order (¢?> — 1)2. Now a
study of the character degrees for B yields that B has defect logy(¢? — 1)2, whence Oo(T")
must be a defect group of B.

For the 2-blocks of type B( the examination of the corresponding character degrees
shows that these have maximal 2-defect. O
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Chapter 7

Action of Automorphisms

The upcoming chapter is aimed at providing a good understanding of the action of auto-
morphisms of the group G = SL3(q), ¢ # 1 mod 3, on its weights and Brauer characters.
This is crucial for the successful establishment of the inductive blockwise Alperin weight
condition for G. Let us recall from Section 5.3 that

Aut(G) = G x (I, F,),

where I' denotes the transpose-inverse automorphism of G' and F}, acts on G' by raising
each matrix entry to its p-th power.

7.1 Action on the (Brauer) Characters of SL;(q)

Before we turn to the characters of G let us examine the behaviour of the conjugacy classes
of G under the action of Aut(G). In order to understand the automorphism action on the
semisimple classes of G the following observation will be a helpful tool:

Lemma 7.1. Let s, s’ € G be semisimple elements. If s and s' are conjugate in the infinite
algebraic group G = SL3(F), then they are conjugate in G.

Proof. Recall that for the Steinberg endomorphism F' of G defined in Section 5.1 we have
G = GY'. Suppose that s € G is semisimple and define V := [s]q, the G-conjugacy class
of s in G. Then Cg(s) is closed and connected by [MT11, Thm. 14.16]. Moreover, G acts
transitively on V, for h € G it holds that F(hsh™!) = F(h)sF(h)™' € V,s0 F(V) C V,
and we have

F(gw) = F(gug™') = F(g)F(v)F(g~") = F(g)F(v)F(g9)"" = F(g).F(v)

forall g € G and v € V. Since G is connected reductive, according to [MT11, Thm. 21.11]
this implies the existence of a one-to-one correspondence

{G-orbits on VI'} LN {F-classes in Cqg(s)/Cqa(s)°},

where Cg(s)° denotes the connected component of Cg(s). But since Cg(s) is connected,
we have Cg(s)/ Ca(s)® = {1}, and hence there is only one G-orbit on V. In particular,
any semisimple s’ € G that is G-conjugate to s must even be conjugate to s under G. [

Remark 7.2. Note that an analogous statement to Lemma 7.1 holds true for the general
linear group GL, (F) for any n € N5 and its group of fixed points GL,,(¢g) under the Stein-
berg endomorphism which raises each entry of a matrix in GL,,(F) to its ¢g-th power. Even
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more generally, it holds for any connected reductive algebraic group H such that [H, H] is
simply connected and its finite group H? of fixed points under a Steinberg endomorphism
0. This can be proven by the same arguments employed to verify Lemma 7.1.

Proposition 7.3. Let s € G be semisimple. Then
(i) T'(s) is conjugate to s in G,
(i1) Fp(s) is conjugate to sP in G.

Proof. Since s is semisimple, there exists a diagonal matrix d € G conjugate to s in G,
i.e., s = z71dx for some z € G. We obtain

F(S) — Sftr _ Itrdftrxftr — xtrdfll,ftr’

and hence I'(s) is G-conjugate to d~!, which in turn is G-conjugate to s~. By transitivity,
I'(s) and s~! are conjugate in G, so following Proposition 7.1 they must already be
conjugate in G. This gives part (i). Statement (ii) is proven similarly. O

Let us now turn to the action of the automorphisms I' and F}, on the non-semisimple
conjugacy classes of G, that is, the classes C1, Co, C3 and the classes of type Cs.

Proposition 7.4. Let C' be a non-semisimple conjugacy class of G.

(1) If C € {C1,C,C3}, then C is left invariant by Aut(G).

(ii) If C = Céa) for some 1 <a<q—1, thenT'(C) = C’é(q_l)_a) and F,(C) = C’éap).
Proof. This follows by direct calculation and the fact that Aut(G) = G x (I, F},). O

We can now describe the action of the automorphisms of G on Irr(G) as follows:
Corollary 7.5. For x € Irr(G) the following statements hold:
(i) If x € {1a, Xq®2: X3}, then x is left invariant by Aut(G).

(ii) If x = Xgu) for v € {®3, qP3, D1 Ps, @%@2} and a corresponding parameter u € 7,

FP:

then x Xg/up) and X' = X(V_u).

(iii) If x = X%’% for parameters u,v € Z, then x'» = bezpézp) and x' = XEI)_Z;S_U).

Proof. (i) If x € {1a, X¢®,, X¢3}, then it is the unique irreducible character of G of degree
X (1), hence left invariant by Aut(G).

For (ii) and (iii) suppose that y is of type x, for v € {®3, @3, P1P3, PIPy, PoP3}.
Under our assumption that ¢ > 3 and ¢ Z 1 mod 3 it follows that irreducible characters
of G of distinct types have distinct degrees (cf. Table A.1). In particular, the type of x
cannot be changed by Aut(G), that is, both x/? and x!" are of type x,. Now a direct
comparison of the character values given in Table A.1 in conjunction with Propositions 7.3
and 7.4 yields the claim. O

Concerning the action of automorphisms of G on its irreducible Brauer characters we
recall that we only need to concentrate on the case of characteristic ¢ dividing ¢ — 1,
and moreover, we note that for /-blocks B of G our interests are in fact restricted to the
behaviour of IBr(B) under Aut(G)p. This question, however, is easily answered below,
even without the use of the results on the action of Aut(G) on Irr(G). Nevertheless, this
information has not been obtained in vain but will be of importance in the investigation of
the extendibility of (Brauer) characters of G in Chapter 9. In particular, in that context
it will once more confirm the following statement:
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Proposition 7.6. Suppose that ¢ | (¢ — 1) and let B be an £-block of G. Then Aut(G)p
acts trivially on IBr(B).

Proof. We go through the distinct types of £-blocks of GG. Clearly, if B is an ¢-block of
(-defect zero, then [(B) = 1, i.e., B contains only one irreducible Brauer character, which
is hence left invariant by Aut(G)p. The same holds true if B is of type By or BE,) by
Proposition 6.9 for £ # 2 and Proposition 6.12 for £ = 2.

Suppose now that B = By is the principal ¢-block. Then by Propositions 6.9 and 6.12
we have [(B) = 3, and the degrees of the irreducible Brauer characters in B are given
by 1, ¢(¢+ 1) and ¢® if £ # 2 and by 1, g(¢ + 1) and ¢> — 1 if £ = 2. Since these three
numbers are distinct for all choices of ¢ > 2, we conclude that Aut(G)p = Aut(G) leaves
each element of IBr(B) invariant.

Let us finally suppose that B is of type B(). Then by Propositions 6.9 and 6.12
there are two irreducible Brauer characters in B, whose degrees are given by ¢ + ¢ + 1
and q(¢? +q+ 1) if £ # 2 and by ¢> + ¢+ 1 and (¢ — (a + 1))(¢*> + ¢ + 1) for some
a € {0,1} if £ = 2. Now by Proposition 6.11 there can only exist 2-blocks of type B
if (¢ — 1)o» > 1. Thus, we may assume that ¢ > 7 (even ¢ > 11 since we consider the
case that ¢ # 1 mod 3), so in particular ¢ — (a« + 1) > 1. Accordingly, the two irreducible
Brauer characters in B are of distinct degrees and cannot be interchanged by any element
of Aut(G)p as claimed. O

7.2 Action on the Weights of SL3(¢)

In this section we construct the B-weights of G for various blocks B of G of non-cyclic
defect and study their behaviour under Aut(G)p. We start by classifying the radical ¢-
subgroups of G for primes ¢ # p such that G has non-cyclic Sylow ¢-subgroups, that is,
for all £ dividing ¢ — 1. Here, we always have £ # 3 by the assumption that ¢ # 1 mod 3.
Afterwards we apply Construction 2.10 to find the B-weights of G for any relevant ¢-block
B and examine how these behave under automorphisms of G.

7.2.1 Radical Subgroups

We classify the radical /-subgroups of G individually for the two cases 2 # ¢ | (¢ — 1) and
£ = 2. As it turns out, this job is easily accomplished for odd ¢, while for £ = 2 more work
needs to be done. Let us state here the following lemma, which will be applied in both
cases:

Lemma 7.7. Let ( € FX be of order ¢ — 1 and set Q := (diag(¢,¢,¢72)) < G. Then

Co(@ =Na(@ = { () (1) [ A€ CLato)} = GLato)

Moreover, we have Cq(Oy(Q)) = Ng(Op(Q)) = N (Q) for any prime £ dividing g — 1.

Proof. Similarly as in the proof of Proposition 5.7 we consider common [Fy-eigenspaces of
the matrices in Q := (diag(¢,¢,¢™?)). In the notation used there, that is, e; = (1,0,0)",
es = (0,1,0)" and e3 = (0,0,1)" € Fg, the [Fy-eigenspaces common to all elements in @
are V1 := (e1, e2)r, and V3 := (e3)r,. Note that this requires (™2 # ¢, which is guaranteed
by our assumption that ¢ £ 1 mod 3. Since the common eigenspaces of () are permuted
by N (Q), and dim V; # dim Va, we conclude that V; and Vs are stabilized by any element
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of Ng(@Q), which proves that

Ne(Q) C {(3 (det%_1> | 4c GL2<q)}-

The converse inclusion is obviously satisfied, so indeed N(@Q) is as claimed. Since we have

Ca(Q) € Ng(Q) and Ng(Q) centralizes @, this completes the proof of the first claim.
Suppose now that ¢ is a prime dividing ¢ — 1. Then the same argumentation applies

since the common eigenspaces of Oy((diag(¢, ¢,¢2))) are still given by V4 and V. O

7.2.1.1 The Case 2# /(| (¢—1)

Let £ # 2 be a prime dividing ¢ — 1. As we will see, G possesses three distinct G-conjugacy
classes of radical £-subgroups. Before we prove this, let us state the following lemma.

Lemma 7.8. Let H be a finite almost simple group. Then H does not possess any non-
trivial solvable normal subgroups.

Proof. Let S be a non-abelian simple group such that S < H < Aut(S). Moreover,
suppose that N < H is a solvable normal subgroup of H. Then we have [N,S] < NN S,
and as a subgroup of N, this is also solvable. But then we have [N, S] = {1} since the
only solvable normal subgroup of S is the trivial one. Hence, N commutes with S, and as

N < Aut(S), we obtain N = {1}. O

Proposition 7.9. Let 2 # (| (¢ — 1) and suppose that R is a radical £-subgroup of G.
Then up to G-conjugation one of the following holds:

(i) R={1};
(ii) R = Oy({diag(¢,¢,¢72))), where { € F* is of order q — 1;

(i1i)) R = Oy(T) € Syl,(G), where T denotes the mazimally split torus of G consisting of
diagonal matrices.

Proof. Clearly, the groups in (i) and (iii) are ¢-radical in G. Hence, let us consider the
group Q := Oy({diag(¢,¢,¢72))) in (ii). We first show that Q is indeed f-radical in G. To
prove this we use that

Q = Op({diag(c, €))) = Ou(Z(GL2(q)))

and Ng(Q) = GLa(q) according to Lemma 7.7. As PGLa(q) = GLa(q)/ Z(GL2(q)) is
almost simple for ¢ > 4 (since PSLa(q) < PGL2(¢q) < Aut(PSLa(q)) and PSLa(q) is simple
for ¢ > 4 by [Wil09, p. 46 and pp. 48-50]), we apply Lemma 7.8 to deduce that this group
does not contain any non-trivial solvable normal subgroups. We set Z := Z(GL2(¢)). Now
suppose that P/Oy(Z) is a normal ¢-subgroup of GLa(q)/O¢(Z) for some group P with
O¢(Z) C P < GLy(q). Then P must be an ¢-group and PZ/Z is a normal ¢-subgroup of
PGL2(q), hence solvable, whence by Lemma 7.8 we have PZ/Z = {1}. But then P C Z
and thus P = Oy(Z). We conclude that

Oi(Na(Q)/Q) = Oy(GLa(q)/Ou(Z)) = {1}.

Now suppose that a non-trivial ¢-subgroup H < G is not G-conjugate to any of the
subgroups in the claim. If {1} # H < @, then Ng(H) = Ng(Q) = GL2(g), so H cannot
be f-radical. Thus, assume that H is not G-conjugate to a subgroup of ) and suppose
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that H C Op(T) € Syl,(G). Since Oy(T') consists of diagonal matrices, the group H must
contain an element diag(z,y,z) with z, y, z € F7 pairwise distinct. As in the proof of
Proposition 5.8 it follows that

N¢(H) < {monomial matrices in G} = Ng(Oy(T)).

Of course we have Oy(T) < Ng(H) < Ng(O(T)), so H C Oy(T) < Ng(H), whence H
cannot be f-radical in G. O

7.2.1.2 The Case { =2

The aim of this section is to determine the radical 2-subgroups of G = SL3(q), where we
always assume that ¢ is odd. This task turns out to be somewhat more elaborate than the
classification of the radical subgroups of G for odd primes dividing ¢ — 1 in the previous
section. We approach this problem by regarding G as a subgroup of the general linear
group GL3(¢). Even more, since by assumption ¢ # 1 mod 3, we have

GL3(q) = SLs(q) x Z(GL3(q)),
that is, G is a direct factor of GL3(¢). By [NT11, Lemma 2.3(b)] there exists a bijection

Rad,(SLs(q)) x Rade(Z(GLs(q))) — Rade(GLs(q)),
(Rl,RQ) — R1 X RQ,

where we recall that Rady(H) denotes the set of all radical ¢-subgroups of a finite group
H. Since Z(GL3(q)) is cyclic, its only radical ¢-subgroup is Oy(Z(GL3(q))), so in fact we
have a bijection

Rad,(SL3(q)) — Rad,(GL3(q))
R+— R x Oy(Z(GL3(q))),

with inverse

Rady(GL3(q)) — Rad(SL3(q))
R +— RN SL3(q).

Hence, in order to find all radical ¢-subgroups of SL3(q) it suffices to know those of GL3(q).
Here we are in the fortunate position that the radical subgroups of the general linear
groups, however abstract their description may be, are known. The structure of radical
2-subgroups of GL,,(q) is described in [An92]. In order to present the result proven there
we first need to introduce the notion of basic subgroups of general linear groups, which
turn out to be the building blocks of radical subgroups for these groups.

Construction/Definition 7.10 (Basic subgroups). In the subsequent construction we
follow [An92, pp. 509-513]. For ¢ odd we let a € N be such that 2011 = (¢? — 1)a.

For v > 0 let E, be an extraspecial group of order 21427 Moreover, for o > 0 let Z,
be a cyclic group of order 27 if ¢ = 1 mod 4 or & > 1. Then by [An92, pp. 509] the
central product E,Z, over Z(E,) = Q(Z,), where Q1(Z,) = (2 € Zo | 2* = 1), may be
embedded into the general linear group GLay(¢%”) in such a way that Z,, is identified with
O5(Z(GLav(¢*"))). For ¢ = —1 mod 4 we set Zy = Z(E,) (where v > 0 as above), such
that E,Zy = E,, which may be embedded into GL2+(g) by [An92, (1A)].
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There exists an embedding
GLQ"/ (q2 ) — G’L2a+'y (q)

induced by the Galois field extension F 2/ Fy, i.e., an embedding obtained by regarding a
matrix A € GLav(¢?"), which represents an invertible [F 2 -linear map of a 27-dimensional
[F 2o -vector space V, as an invertible Fy-linear map of the space V' viewed as an Fg-vector
space of Fy-dimension 2% - 27 = 27, In [An92, p. 509] the author denotes by R, ~ the
image of E,Z, in GLga++(gq) under the arising embedding

E\Zy — QLo (¢*") = GLgat~(q)

and claims that this image is “determined up to conjugacy” in GLgat~(g). We should
mention that we are not entirely sure about how the notion determined up to conjugacy is
to be interpreted, that is to say, whether there exists only one conjugacy class of subgroups
of GLga++(q) isomorphic to E,Z,, or whether this merely means that all images of E,Z,
in GLga+~(q) under embeddings of the kind described above are conjugate in GLga++(q).
Due to this uncertainty, we will not assume any knowledge on uniqueness in the following,
but we give a proof of uniqueness in the required manner whenever necessary and possible.

Now for m > 1 we further denote by R, the image of R, in GL,,5a++(¢g) under
the m-fold diagonal mapping

GLga++(q) = GL,1004+(q), ¢ +— . m times.

9

Then also the group R, o~ is “determined up to conjugacy” in GL,,2a+~(q) according to
[An92, p. 510].

Assume now that ¢ = —1 mod 4. We denote by P a semidihedral group of order 2¢+2
and let E,P be the central product of the extraspecial group £, of order 21427 with P.
Then by [An92, p. 511] the group E,P may be embedded into GLgy+1(g) via a faithful
absolutely irreducible representation, and the image 57, of £, P under this embedding is
“uniquely determined up to conjugacy”. Moreover, S is independent of the type of E,.
For m > 1 we let Sy, 1, denote the image of S; ., in GL,,5++1(q) under the m-fold diagonal
mapping similar as above. Then Sy, 1 is “determined up to conjugacy” in GL,,2v+1(q)
by [An92, p. 512].

Now for given integers a > 0, v > 0 and m > 1 we define two subgroups of GL,,,50++(q)
by setting

ern,oz,w = Rm,a,’y
and
9 .: Smiy—1 ifg=-1mod4, a=0andy>1,
e R0y  else.

For ¢ > 0 we denote by A. the elementary abelian 2-group of order 2¢ represented by its
regular permutation representation. Then for any sequence ¢ = (c1,...,¢;) with ¢; € Z>g
we set Ac = A, VAe, U+ - L A, and define the wreath product

R = R}, 0y LAe < GLa(q)

m7a7’y7c : m7a7’y

70



7.2. Action on the Weights of SL3(q)

for i = 1,2, where d = m2*t7tert+e By [An92, p. 513] the group R}, .. “is deter-
mined up to conjugacy” in GLg4(¢). Unless ¢ = —1mod 4, « =0, vy =0 and ¢; = 1, the
groups an,amc are called basic subgroups of GL4(q).

We may now move on to the statement about the structure of radical 2-subgroups of

general linear groups which we have already referred to at the beginning of this section.
By [An92, (2B)] the following holds:

Theorem 7.11. Let V' be an F,-vector space and suppose that R is a radical 2-subgroup
of the group GL(V) of its Fy-linear automorphisms. Then there exists a corresponding
decomposition

V=&  --eVi®Vsy1 &--- DV}
R=Ry X -+ XRg X Rgp1 X -+ X Ry

such that R; = {£1y,} for 1 <i < s and R; are basic subgroups of GL(V;) fori > s+ 1.
Moreover, if ¢ = 1 mod 4, then s = 0.

This result will be of great use for the determination of the radical 2-subgroups of G.
We now introduce certain 2-subgroups of GLa(q), SL3(q) and GL3(q), respectively, that
will be of interest to us in due course. To this end we recall the following widely known
fact about finite fields:

Lemma 7.12. In any finite field F' there exist elements a,b € F such that a®> + b* = —1.

Proof. This is a well-known result. It trivially holds for finite fields of characteristic 2,
and for odd characteristic see, for instance, [Kap72, p. 15]. O

Keeping this result in mind we may consider the following subgroup of GLa(q):

Proposition 7.13. Let a,b € F, such that a®> + b*> = —1 (these exist by Lemma 7.12).
Then the subgroup

(o 1) =(3 ) =6 )= )

of GLa(p) < GLa(q) is isomorphic to the quaternion group Qs.
Proof. This is well-known and may easily be verified by straightforward calculations. [

Let us observe that we may choose the elements a,b € F,, in the above lemma such
that > = —1 and b = 0 if ¢ = 1 mod 4, so in this case one obtains a particularly nice
embedding of the quaternion group into GLa(q).

We wish to prove now that up to GLa(g)-conjugation the group Q% as defined above is
the only subgroup of GLy(¢) isomorphic to the quaternion group Qg. This information will
be needed later on to determine the basic subgroups of GL2(g). In order to accomplish this
task we use the following statement on the realizability of certain group representations
in a specific situation:

Proposition 7.14. Let H be a finite group and x € Irr(H) such that x(h) € Z for all
h € H. If r is a prime such that the Brauer character x° with respect to r is irreducible,
then for every s € Nsg there exists an absolutely irreducible F,s-representation affording
the Brauer character x°.

In particular, if moreover H is an r'-group and x is the unique faithful character of H
of degree x(1), then for every s € N5 there exists a unique GL,(1)(r®)-conjugacy class of
subgroups of GL,1)(r®) isomorphic to H.
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Proof. Denote by F an algebraic closure of the finite field F, consisting of r elements and
let X be an irreducible F-representation with associated Brauer character x°. Moreover,
let ¢ denote the character of X. Then for all h € H the character value ¢ (h) is given by the
reduction modulo r of x(h,/) € Z (see, e.g., [Nav98, Lemma 2.4]). Thus, 1(h) € F, < Fs
for all h € H and s € Nyg.

Now, constituting an irreducible F-representation, X is absolutely irreducible, and
hence by [Isa94, Cor. 9.20] for every s € N5 there exists an irreducible F,s-representation
), affording the character mgsy for some positive integer ms. Even more, according to
[Isa94, Thm. 9.21(b)] we have ms = 1 since F' has positive characteristic, so we conclude
that s is an absolutely irreducible F,s-representation with character 1 affording the
Brauer character x°.

Let us assume now that H is an 7’-group and  is the unique faithful character of H
of degree x(1). Then IBr,(H) = Irr(H) and, in particular, up to GL,)(r®)-conjugation
s is the unique faithful F,s-representation of H of degree x(1). Since non-GL,q)(r®)-
conjugate subgroups of GL,;)(r*) isomorphic to H would yield non-GL, (1)(r®)-conjugate
faithful F,s-representations of H of degree x(1), which would hence afford distinct faithful
characters of H of degree x(1), we may conclude that there exists a unique GL, 1) (r®)-
conjugacy class of subgroups of GL, (;)(r*) isomorphic to H as claimed.

Corollary 7.15. Let r # 2 be a prime and s € Nsg. Then in GLa(r®) there exists exactly
one GLy(7%)-conjugacy class of subgroups isomorphic to the quaternion group Qs.

Proof. 1t is well-known that the character table of Qg is given by

Cl 02 03 04 C 5

it 1 1 1 1
2l 1 -1 1 1 -1
sl 1 1 -1 1 -1
yall 1 =1 -1 1 1

X5 || 2 : - =2

Table 7.1: Character table of Qg

for Irr(Qg) = {x1,-.., x5} and Cl(Qg) = {C4,...,Cs}. Since x; + x; contains Cy in its
kernel for every choice of i,5 € {1,...,4}, we conclude that x5 is the unique faithful
character of Qg of degree 2. Moreover, x5(z) € Z for all x € Qg, and since Qg is a 2-group
we have X9 € IBr,(Qs), so by Proposition 7.14 the claim follows. O

Corollary 7.16. Let r # 2 be a prime and s € Nsg. Then in GLo(r®) there exists exactly
one GLa(r*)-conjugacy class of subgroups isomorphic to the dihedral group Dg of order 8.

Proof. The proof is the same as for Corollary 7.15 since the character tables of Qg and Dsg
agree (in fact, it is commonly known that these two groups provide the smallest example
of non-isomorphic groups having the same complex character table), and the arguments
used for Qg in Corollary 7.15 apply to Dg as well. 0

Let us now define the following groups:
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Definition 7.17. We consider the group Qf introduced in Proposition 7.13 for elements
a,b € F, with a? + b?> = —1 as a subgroup of GLa(q). Then we define the subgroup

@vé = (Q%, 02(Z(GL2(q))))

of the general linear group GLa(g). This group may as well be regarded as a subgroup of
the special linear group G = SL3(q) via the embedding

GLa(a) > Sta@), 4 (1 4

From now we denote the image of C}é under this embedding by @; Clearly, @; forms a
2-subgroup of G.

Proposition 7.18. Let R = @; < G be as in Definition 7.17 and { € F* of order q — 1.
Then we have Co(R) = (diag(¢, ¢, ¢2)) and Ng(R)/RCq(R) = &3.

Proof. Let us set Q := (diag({, ¢,¢(2)). Due to the fact that the group R = Qs is defined
as the image of the embedding of Q§ = (Q%, O2(Z(GL2(q)))) into G via the map

t: GLa(q) — SL3(q), Ar— 1(A) := (A (detA)1>

with Qf as in Proposition 7.13, it holds that Co(R) 2 L(CGLQ(q)(@Z)). We claim that in
fact we have equality here. Let us observe that by Schur’s lemma and the fact that the
representation yielding Qf% is absolutely irreducible, we have

CGLg(q)(aé) = CaL,y(q)(Qs) = Z(GLa(q)),
whence +(Cqr, (q) (@é)) = Q. Now 02(Q) C R, so in particular we have
Ca(R) € Ca(02(Q)) = 1(GLa(q))

following Lemma 7.7. We conclude that Cg(R) = t(Cqr,(g)(Qg)) = Q as claimed.

Let us now concentrate on the normalizer of R in GG. As above we have the inclusion
t(Ngr,y(q)(Qg)) € Ng(R), and indeed it turns out that one has equality here as well. Since
Z(R), which is a characteristic subgroup of R, is given by Oz(Q), we have

Na(R) € Ng(02(Q)) = +(GLa(q))

according to Lemma 7.7, so as above we conclude that Ng(R) = L(NGLz(q)(@)). This
implies that we have

NG(R)/RCa(R) 2= Nar, (g) (Q)/ Q% Cara) (Qh)-

Suppose that ¢ = 1 mod 4. Then by [An92, (1B)] we have

NGL2(Q)(@3>/@S CGLQ(Q) (C’fjé) = G;

as claimed. Hence, we now let ¢ = —1 mod 4. In this case the group O2(Z(GL2(q))) is
contained in Qf, so Q% = Qf%, and by [An92, (1C)] there exists a subgroup H < GLa(q)
such that Q5 < H, Cy(Q5) = Z(Q%) and H/Qg = G&3. Since Z(Qf) = O2(Z(GLa(g))) in
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this case, we conclude that H N Z(GLa(q)) = O2(Z(GL2(q))). Furthermore, it holds that
Qs NZ(GL2(q)) = O2(Z(GLza(q))), so we obtain

H Caryq) (@8)/ Qs Cara(q) (@) = HZ(GLa(q))/ Q3 Z(GLa(q)) = &3

with H Car,(q)(Q3) € Nary(g)(Qg)- We claim that equality holds here. To prove this we
first observe that Aut(Qf) = G4, which is well-known and easy to verify, and that the
quotient Nar, (g)(Q3)/ Car,y(q)(Qs) may be embedded into Aut(Qg). We have

6. |95l 12(GL2(q))|

|H Cary(q) (@8)] = [S3] - [Q5 Cary () (@s)] = Q% N Z(GLa(q))]

=24(q - 1),

which yields

|H CaLy(g)(Q5)/ CaLy(g) (Q3)] = 24 = [S4].

Now recall that Ngr,,(q)(Q%)/ Car,(q)(@3) embeds into Aut(Qg) = &4, so we must already
have

NeL, () (Qs) = H Caryg)(Qg),

and consequently

Ng(R)/RCa(R) = N, (o) (Qs)/Qs Cary(g) (Qs) = 63

also for ¢ = —1 mod 4 as claimed. This completes the proof. O

Definition 7.19. We define the group Dg to be the subgroup of GLa(g) given by

(o) 946 et 0 D)

Clearly, this group is dihedral of order 8, and by Corollary 7.16 up to GL2(gq)-conjugation
it is the unique subgroup of GL2(g) of this isomorphism type. We may embed Dj into G
via the map

GLa(q) — G, A — (A (detA)_1> .

The image of D§ under this embedding will in the following be denoted by Dg It should
be noted that in contrast to the subgroup Qg of G given in Definition 7.17 the group Dg
does not contain the group Os((diag(¢,¢,¢72))) if ¢ = 1 mod 4. However, in order to

justify the analogous notation we point out that the group Dg will only play a role here if
q¢ = —1 mod 4, in which case we have Oq((diag(¢, ¢,(™2))) = Z(Ds).

Proposition 7.20. Suppose that ¢ = —1 mod 4 and let R = 178 < G be as in Defini-
tion 7.19. Then we have Cg(R) = (diag(¢, ¢, ¢2)), where ¢ € FX is of order ¢ — 1, and
Ng(R)/R CG'(R) =~ (5.

Proof. Let us first consider the subgroup D§ of GL2(g) as in Definition 7.19. According
to [An92, (1C)] there is a subgroup H < GLa(g) such that D < H, Cy(Dg) = Z(Dg) and
H/Dj} = Cy. We claim that

NGL,(q)(Dg) = H Cgry(g)(Dg).
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Analogously to the procedure in the proof of Proposition 7.18 we consider the quotient
group H Cgr,(g)(Dg)/Dg Cary(q)(Dg). Since the representation of the dihedral group of
order 8 yielding the group D as a subgroup of GLy(q) is absolutely irreducible, we have

Cats () (D) = Z(GLa(q))

according to Schur’s lemma. Moreover, due to the assumption that ¢ = —1 mod 4 we have
Z(D§) = O2(Z(GL2(q))), and hence H N Z(GL2(q)) = O2(Z(GL2(q))). Thus, we deduce
that

H Cary(q)(Ds)/ Dg Cay () (Ds) = HZ(GLa(q))/ Dy Z(GLa(q)) = H/Dg = Cs,

and hence we obtain

D4+ | Z(GLa(q)
D} N Z(GLa(q))|

|H Cgry(q)(Dg)| = |Cal - | Dg Cry(q) (D) = 2 =8(¢g—1).

We conclude that

|H Car,(q)(D§)/ Carag) (Dg)| = 8 = |Dg|.

Now, as commonly known, the automorphism group of Dy is given by Aut(Dg) = Dy, and
since H Cary(g)(Dg) € Nary(q)(Dg) and the quotient N, (q)(Dg)/ Car,(q)(Dg) embeds
into Aut(Dg), we consequently have H Cgr,(q)(Dg) = Nary(g) (Dg)-

Let us now consider the centralizer and normalizer of R in . Similarly as in the
proof of Proposition 7.18 one can show that C;(R) and Ng(R) are given by the images
of Cary(q)(Dg) and N, (g)(Dg), respectively, under the embedding

GLa(q) — G, Ar— (A (det A>1> ’

so in particular the centralizer of R is given by Cg(R) = (diag(¢,(,(™2)), and we have an
isomorphism

NG (R)/RCa(R) = Nai,(q)(Ds)/Ds Cars(q) (Ds) = Co
as claimed. O

Corollary 7.21. In the situation of Proposition 7.20 the group Ng(R)/R centralizes its
subgroup RCq(R)/R.

Proof. This follows immediately from the fact that Cg(R) = (diag(¢,(,¢2)) and Ng(R)
is contained in the image of GL2(¢) in G under the embedding

GLy(q) — G, A— <A (det A)‘1> ’

as observed in the proof of Proposition 7.20. O

We next determine the basic subgroups of the general linear groups GL;(¢), GL2(¢) and
GL3(q). Knowing these we may apply Theorem 7.11 to determine all radical 2-subgroups
of GL3(gq), and hence of SL3(q) by the considerations at the beginning of this section. The
lemma below will help to understand the structure of some of the arising basic subgroups.
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Lemma 7.22. The central product of Cy with Cyr is isomorphic to Cor for any natural
number k > 0.

Proof. The central product of Co with Cyr is isomorphic to (Cy x Cor)/ ((—1,—1)). We
denote by : Cy x Cor — (Ca x Cyx)/ ((—1,—1)) the natural epimorphism. Let = be a
generator of Cyr. Then the group Co x Cyr is generated by (—1,1) and (1, ), and we have

k—1

(-1, 1) = (1, _1) = (Lx)Q
Hence, the quotient (Cy x Cyi)/ ((—1, —1)) is generated by (1, ), which is of order 2¥. [

Proposition 7.23. The basic subgroups of the general linear groups GL,(q), n € {1,2,3},
are given as follows, where (,& € FX are of orders ¢ — 1 and ¢*> — 1, respectively:

(i) For n =1 the only basic subgroup of GL1(q) is O2(Z(GL1(q))) = O2({({))).

(ii) For n = 2 and a basic subgroup R of GLa(q) up to GLa(q)-conjugation one of the
following holds:

(a) R = 02(Z(GLa(q))) = O2((diag(¢, ())),
(b) R ~qr,r) O2({diag(£,£9))),
(¢) R € Syly(GLa(q)), i.e.,

R = Oy((diag(¢, 1)) x (diag(1,¢))) x (($§))  if ¢ = +1 mod 4,
or R ~qr, ) O2(diag(€,€9))) < (1 5)) if g = —1mod 4,

(d) ¢ =+1mod4 and R = Qf,
(e) ¢ =—1mod 4 and R € {Q}, D}}.

(iii) For n = 3 the only basic subgroup of GL3(q) is O2(Z(GL3(q))) = O2((diag(¢, ¢, ())).

Proof. We use the notation introduced in Definition 7.10 for the basic subgroups, that
is, if R is a basic subgroup of GL,(q), then R = R}, . . for certain integers i € {1,2},
m > 1, a,7 > 0 and a sequence ¢ = (cy,...,¢;) of non-negative integers ¢; € Z>o such
that we have n = m2o+t7+at—+e_ Moreover, a € N is such that (¢? — 1) = 2071,

(i) Let us first determine the basic subgroups of the group GLi(g). In this case we
have n =1 =1-2", som =1, a =y = ¢; = 0. We deduce that A, = 1, whence
it follows that Rzi,o,o,c = Ri00 = Rop. Hence, there exists only one basic subgroup of
GL1(¢q). For ¢ = 1 mod 4 this is an embedding of the group FyZy into GLi(q), which
is the central product of the cyclic groups C and Caa, i.e., an embedding of Csa into
GL1(¢) by Lemma 7.22. Since GLj(g) is cyclic, this is uniquely determined, given by
O2(Z(GL1(q))) = O2({(€))) as claimed. For ¢ = —1 mod 4 the group Z, was defined to
be the center of F,, so in this case Ry is the embedding of FyZy = Cs into GL1(g). As
before, this is uniquely determined and given by O2(Z(GL1(q))) = O2({(C))).

(ii) For the basic subgroups of GLa(q) let us first observe that n =2 =1-2! =2.20,
so we have to consider several cases:

I)m=1,a=1,vy=0,¢j=0forall j > 1,
2y m=1,a=0,v=1,¢j=0forall j >1,

B) m=1,a=0,vy=0,¢j=0forall j >2, ¢ =1,
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(4) m=2,a=0,vy=0,¢;=0forall j > 1.

In Case (1) we have an,amc = Ry . This is an embedding of the central product CoCsa+1,
which is isomorphic to Cyet+1 by Lemma 7.22, into the general linear group GLa(q). We
prove that up to GLa(g)-conjugation there exists only one such subgroup inside GLa(q).
Let A € GLa(q) be of order 29t = (g% —1)3. Then there exists an eigenvalue of A of order
(¢> — 1)a, say B € F;Z \ F;. Since 8 € F, by [Ste51, p. 226] the second eigenvalue of A
is 81 # (3. Hence, A is a semisimple element of GLo(q), which is conjugate to diag(s3, 59)
in GLa(F). Now let A’ € GLa(q) be another element of order (¢* — 1)2 with eigenvalue

B e F(IXQ \ F; of order (¢ — 1)2. As before, the second eigenvalue of A’ is 5’7 # 3'. Being
cyclic, the group IFqXQ contains only one subgroup of order (¢ — 1), so in particular there

exists an odd element x € N such that 3% = 3. The matrix A”® is hence still of order
(¢> — 1)2 and has eigenvalues 8 and B9. Thus, in GLy(F) it is conjugate to diag(s3,39),
and hence to A. By Remark 7.2 the matrices A and A'* are already conjugate in GLa(q).
In particular, the subgroups of GLy(q) generated by A respectively A’® lie in the same
GLa(g)-conjugacy class. Since A’ and A™ generate the same subgroup of GLa(q), we may
now conclude that any two cyclic subgroups of GLa(q) of order (¢> — 1)5 are conjugate in
GL2(g). In particular, we have

Rzn,oa,'y,c ~GL2(F) 02(<dlag(£7§q)>)a

which gives (ii)(b).

Case (2) gives Rinya’%c = Ro,1 if ¢ = 1 mod 4. In this situation Ry is an embedding of
the central product E;Cs into GLa(g), where Ej is an extraspecial group of order 272,
i.e., Fy is either a quaternion group Qg or a dihedral group Dg of order 8, depending on
the type of 1. By [An92, p. 501] the product E;Cs« does not depend on the type of Fy, so
we may assume that 1 = Q3. As described in Definition 7.10 the group Ry is obtained
by embedding ECs« into GL2(g) in such a way that Caa is identified with O2(Z(GL2(q))).
Moreover, by Corollary 7.15 there exists exactly one conjugacy class of subgroups in GLa(q)
isomorphic to Qg. Since GLy(g)-conjugation stabilizes the central subgroup O2(Z(GLa2(q)))
of GL2(gq), we may hence assume that Rﬁmamc = (Qg, diag((, )2) = Q% < GLa(q), so we
obtain (ii)(d).

Assume now that ¢ = —1 mod 4. Then R}n’amc = Rp and an,a’%c = S1,1,0 = S1,0-
Consider first R}nﬂmc. We have Ry1 = F1Zy = E1, and as for ¢ = 1 mod 4, the group
F is either quaternion or dihedral of order 8. If F; is quaternion, then by Corollary 7.15
we may assume that R}mm%C = Q%, and if E; is dihedral, then by Corollary 7.16 we have
R = D§ up to GL2(g)-conjugation. This yields (ii)(e). Let us now examine Rfmamc. By
definition S} ¢ is the image of the central product EyP embedded into GL2(g), where P is
a semidihedral group of order 272 and Ey = Cy. As |GL2(q)]2 = (¢ —1)3(q + 1) = 2972,
we have S; ¢ € Syly(GL2(¢)) and hence

R?n,a,%c ~GL2(F) 02(<diag(§7 gq») X <((1) (1))> )

which gives (ii)(c) for ¢ = —1 mod 4.
In case (3) we only need to determine the groups Rin,oz,’y,c for ¢ = 1 mod 4 since by
definition they do not constitute basic subgroups if ¢ = —1 mod 4. We have
R! =Rl ., 1Ac= Roo16Gy < GLa(q).

m7a777c m’a7fy

As we computed for GLi(g), the group Rpg is the uniquely determined image of the
embedding of Coa into GL1(q). In particular, it follows that the group R is of order

m,o,y,C
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given by 2 - (2%)? = | GLa(q) |- Hence, it forms a Sylow 2-subgroup of GLa(g), and we
have

Rin,oz;y,c = 02(<d1ag(C7 1)> X (dl&g(l,ﬁ))) X <<(1) (1))>

up to GLa(q)-conjugation. This gives (ii)(c) for ¢ = 1 mod 4.

Let us now consider case (4). Then Rfma,%c = Ry a5 is the image of Rgg under the
two-fold diagonal embedding, that is, we have R}, ,, . . = O2((diag(¢,¢))) < GLa(g). This

gives the basic subgroup in (ii)(a).
(iii) It remains to find the basic subgroups of GL3(g). We have n = 3 = 3-2% so

m =3 and a« = v = ¢; = 0. Then Rﬁn’amc = an’aﬁ = Ry~ is the image of Ry in
GL3(q) under the 3-fold diagonal mapping, i.e., we have an,aq,c = 0y((diag(¢, ¢, €))) as
claimed. O

We have now obtained all necessary information to construct the radical 2-subgroups
of the special linear group G.

Proposition 7.24. Let R < G be a radical 2-subgroup of G. Then up to G-conjugation
one of the following holds:

(i) R={1},
(ii) R = Oy((diag(¢,¢,¢72))), where ¢ € F* is of order ¢ — 1,
(iii) (¢+ 1) #1 and R = O9(T"), where T" denotes a mazimal torus of G of type Ts,

(iv) R=Qs,
(v) R= Oy(T), where T denotes a mazimal torus of G of type T1,
(vi) R € Syly(QG).

Proof. Let us first verify that the above specified subgroups of G are indeed 2-radical in
G. This is clearly true for the Sylow 2-subgroups of G and for the trivial subgroup {1} as
G is simple.

For R = Oy((diag(¢, ¢, (%)) asin (ii) we observe that Ng(R) = GLa(q) by Lemma 7.7.
Analogously to the proof of Proposition 7.9 one can show that R is 2-radical in G.

For R = Oy(T") as in (iii) we recall that by Proposition 5.7 we have Ng(T") = T' x Cy,
where the generating element ¢ of Cy acts trivially only on elements of 7" whose order
divides ¢ — 1. Moreover, Ng(R) = Ng(T”) by Proposition 5.8, so

Ng(R)/R = C(qQ,l) A Cg

2/

such that ¢ commutes only with elements of C',2_y),, of order dividing ¢ — 1. Now for
(g + 1)2r # 1 there exists an element s in C(q271)2/ whose order does not divide ¢ — 1,
for instance the generator of this cyclic group. Hence, s and ¢ do not commute. Now
suppose that ¢t € C;2_1),, is such that the element ¢c has order 2 in Cg2_y),, ¥ Co. Then
s ltes = tsles # te, i.e., s does not normalize the subgroup of C(q2-1),, ¥ C2 generated by
te. In particular, Ng(R)/R with |Ng(R)/R|2 = 2 does not contain a non-trivial normal
2-subgroup, so R is a radical 2-subgroup of G in this case.

Let us now consider the case R = Qg as in (iv). From Proposition 7.18 it follows that

Cg(R) = (diag(¢,¢,¢™?)) and Ng(R)/R Cg(R) = 3. Hence,

RCG(R)/R = Oy ((diag(¢, ¢, C2)))
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since RN (diag(¢, ¢, ¢72)) = Oq({diag(¢,¢,¢72))), so RCg(R)/R is a 2'-group. Let us now
suppose that P is a normal 2-subgroup of Ng(R)/R. Then

(P(RCa(R)/R))/(RCa(R)/R)

is a normal 2-subgroup of (Ng(R)/R)/(RCq(R)/R) = Ng(R)/RCg(R) = &3. But
the symmetric group &3 does not contain any non-trivial normal 2-subgroups, so P is
contained in RCg(R)/R. Since this is a 2’-group, we conclude that P = {1}, that is,
O2(Ng(R)/R) = {1} and R is a radical 2-subgroup of G as claimed.

Suppose now that R = O3(T) as in (v), where T denotes a maximal torus of G of
type T1. By Proposition 5.8 the normalizer of R is given by Ng(R) = Ng(T) =2 T x &3,
so Ng(R)/R = (C4-1),, % C(4-1),/) @ &3, which does not have any non-trivial normal
2-subgroups since G5 does not possess any. Thus, R is 2-radical in G.

It remains to prove that any radical 2-subgroup of G is G-conjugate to one of the
subgroups specified in the proposition. By Theorem 7.11 and the preceding considerations,
in order to prove that we have found all radical 2-subgroups of SL3(q) it suffices to find all
subgroups R’ of GL3(g) that have a decomposition as in Theorem 7.11 and check which
of those are 2-radical. We have GL3(q) = GL(V) for any 3-dimensional F,-vector space
V', and the possible decompositions of V' up to isomorphism are V = V; with dim V; = 3,
V=Vi®V,withdimV; =2, dimVoa =1, and V = Vi@ Vo@ Vs withdimV; =1,i=1,2,3.

Suppose first that V' = V; with dimV; = 3. Then R’ = R; is a basic subgroup of
GL(V1) 2 GL3(q) or possibly R = {£1y, } if ¢ = —1 mod 4. According to Proposition 7.23
it holds that the only basic subgroup of GL3(q) is given by Oa((diag((,¢,())). Moreover,
if g = —1 mod 4, then {£1y, } and O2((diag(¢,(,())) agree, so in any case we obtain that
R = Oy({diag((, ¢, ))). Hence, R’ N SL3(q) = {1}, which is 2-radical. This gives (i).

Let now V = V1 & V5 with dim V] = 2 and dim Vo = 1. Suppose first that ¢ = 1 mod 4.
Then R’ = R; X Re with Ry, Ry basic subgroups of GLa(q), GL1(q), respectively. By
Proposition 7.23 up to conjugation (possibly in GL3(F)) one of the following holds:

(a) R = Oy({diag(&,£9,1))) x Oz((diag(1,1,¢))), where & € F* is of order ¢* — 1,

(b) R’ = 02({Q5,diag(¢, ¢, 1))) x Oz((diag(1,1,())) where we identify Q% with its image
under the embedding GL2(q) — GLs(g), A~ (4 ),

(c) B = Oa(({diag(¢, 1,1)) x (diag(1,¢, 1)) x (diag(1,1,0))))  ((

(d) R’ = Oy({diag(C,¢,1))) x O2((diag(1,1,())).

These correspond to the G-conjugacy classes of radical 2-subgroups of G represented by
Oo(T") ~g Oz((diag(€,£9,£~H))) in (a), Qg in (b), a Sylow 2-subgroup of G in (c) and
Os({diag(C,C,¢2))) n (d).

For ¢ = —1mod 4 the groups R; are either basic subgroups or R; = {£1y,}. In
any case, Ro = {£1y,} as we observed above, so the basic subgroups of GLa(gq) given in
Proposition 7.23 yield the following candidates for radical 2-subgroups of GL3(q):

oo
OO
—OoOo

(a) R = (diag(—1,-1,1)) x (diag(1,1,-1)),

(b) R ~ar, ) O2((diag(€, % 1)) x (diag(1,1, ~1)),

)

OO

(c) R = Ox((ding(&,€%,1), diag(1,1,-1))) x ((}
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d) R = QL x Oy({(diag(1,1,—1))), where we identify Q% with its image under the
( 8 8
embedding GL2(q) — GL3(q), A — (A 1),

(e) R = D§ x O((diag(1,1,—-1))), where we identify Dg with its image under the
embedding GLa(¢q) — GL3(q), A— (4 ).

The subgroups of GL3(q) specified in points (a), (b), (c) and (d) above correspond to the
conjugacy classes of radical 2-subgroups of G represented by the groups O (diag(¢, ¢, ¢72)),
Oo(T") ~g Oz((diag(&, €9, 6~ (H))) a Sylow 2-subgroup of G, and C,fj;;, respectively.

We prove now that the group in (e) does not admit a radical 2-subgroup of G. Suppose
that R’ is as in case (¢). Then R' NG = Dg and by Proposition 7.20 we have

Cc(Ds) = (diag(¢, ¢, ¢72))

and o s
Ng(Ds)/Dg Ca(Ds) = Cs.

In particular, this yields
(Ne(Ds)/Ds)/(Ds C(Ds)/Ds) = Ne(Ds)/ D C(Ds) = Ch.

Moreover, by Corollary 7.21 the group Bz; Cg(ﬁg)/bvg lies in the center of Ng(b;)/lfjé,
and since its index in Ng(ﬁé) / Dy is 2, we conclude that Ng(bvg) / Dy is abelian. Now 2
divides the order of Ng(ﬁé) / Ds, so we conclude that Ng(ﬁé) / Ds contains a non-trivial
normal 2-subgroup, i.e., /Dvg is not 2-radical in G.

Finally we suppose that V' decomposes as V =V} @ Vo @ V3 with dim V; = 1 for all q.
Then we get

R/ = 02(<d1ag(C) 17 1)>) X 02(<d1ag(1’ Ca 1)>) X 02(<dlag(1a 1a C)>)a

which corresponds to the radical 2-subgroup O2(T) of G as in (v).

We summarize that any subgroup of GL3(q) of the form described in Theorem 7.11
either admits a subgroup of G conjugate to one of the groups specified in the claim of this
proposition or a non-radical 2-subgroup of G. This finishes the proof. O

We have now obtained a classification of the radical ¢-subgroups of G for all primes
¢ dividing ¢ — 1. Applying Construction 2.10 we will in the following make use of this
classification to find the B-weights of G for all ¢-blocks B of G of non-cyclic defect.

7.2.2 B-Weights and the Action of Aut(G)p in the Case 2 # (| (¢ — 1)

Let us suppose that £ is an odd prime dividing ¢ — 1. We recall from Proposition 6.8
that there exist five distinct types of /-blocks for G, namely the principal ¢-block By, the
¢-blocks of types B, B or BZ,)? and the ¢-blocks of ¢-defect zero. As observed in
Lemma 6.10 only the ¢-blocks of types

Bo, B(,) and B(,,,)

have non-cyclic defect groups. More precisely, these are of maximal defect, that is to say,
their defect groups are given by the Sylow ¢-subgroups of G. Since these are abelian ac-
cording to Proposition 5.9, it follows from Lemma 2.11 that R € Syl,(G) for every ¢-weight
(R, ¢) belonging to such an ¢-block. In consequence of Construction 2.10, representatives
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for the G-conjugacy classes of B-weights for an {-block B of type By, B or B(_ ) are
hence constructed as follows:

Throughout this section we let T denote the maximally split torus of G consisting of
the diagonal matrices in G. Its ¢-core Oy(T') is a Sylow ¢-subgroup of G by Proposition 5.9
and a defect group of B as observed above. Furthermore, we have

Ou(T) Ca(On(T)) =T

and
Na(O(T)) = Ne(T)

by Proposition 5.9, and by Theorem 1.7, Brauer’s extended first main theorem, there exists
only one N¢(T')-conjugacy class of ¢-blocks b € Bl,(T | Oy(T)) inducing to B. Note that
due to T being abelian each of its ¢-blocks has defect group O(T') following Lemma 1.13,
so in other words we have Bly(T' | Oy(T')) = Bly(T). Hence, according to Construction 2.10
we obtain a complete set of representatives for the G-conjugacy classes of B-weights of G by
fixing one ¢-block b € Bly(T) with b = B, determining all characters ¥ € Irr(Ng(T)g | 6)
such that ¢ (1), = |[Ng(T)g: T|¢, where 0 € Irr(T") denotes the canonical character of b,
and finally constructing the ¢-weights
(O«T), TndS {79, (1))

for those 1. The f-weights obtained this way belong to B, they are distinct for distinct ¢
and up to G-conjugation they constitute all {-weights of G associated to B.

Consequently, for each ¢-block B in question our task is to find a root b € Bly(T') of
B with associated canonical character § € Irr(T), and then to construct all characters
Y € Irr(Ng(T)g | 0) satistying (1) = |Ng(T)g: T|e. Induction of these characters as
above then yields the B-weights aimed for.

As has become apparent from the considerations above, the irreducible characters of
the maximally split torus 7" play an important role for the construction of /-weights in

the present situation. It will therefore be convenient to fix the following parametrization
of Irr(T):

Notation 7.25 (Parametrization of Irr(7')). As before we choose ¢ € F* to generate IF’.
Using this notation we consider the linear character 0y of the cyclic group F defined by

o
0o: Fy — C*, C}—>s::exp( ml)'
q_

Then 6 generates the character group of F, that is, the set of irreducible characters of
F7 may be written as

Ire(Fy) = {65 | 0 <i < q—1}.

Now the maximal torus T is isomorphic to the direct product F; x F, whence the above
parametrization of Irr(Fy) yields a parametrization of Irr(7T') given by

Irr(T) = {05 x ) x 1|0<i,j <q—1},
where we have
(68 x 6] x 1)(diag(tr, 2, (t1ta) ™)) = 65 (t1)8% (t)

for every diagonal matrix diag(ty, to, (t1t2)™!) € T with t1,t5 € Fy.
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Having decided on a parametrization of Irr(7T") we are now interested in the action of
Ng(T') on this set, which will be of importance when it comes to determining the stabilizers
N¢(T)g for various canonical characters 6 € Irr(T).

Lemma 7.26. Let 0 = 0} x 06 x 1 € Irr(T), and for n € Ng(T') denote by w € &3 the
image of n in Ng(T)/T = &3. Then we have

(i) " = 6 x0, x1 ifw=(12),
(ii) 6" = 6,7 x 0,7 x1 ifw=(23),
(iii) 0" = 6" x 617 x 1 if w=(13),
(iv) 60" = 37" x 65" x1 ifw=(123),
() 0" = 0,7 x 67 x1 if w=(132).

Proof. These are straightforward calculations in view of Ng(7T')/T = S3 acting on T' by
permutation of the diagonal entries of the matrices in 7. O

We are now fully prepared to construct the B-weights for all ¢-blocks B of G of non-
cyclic defect, i.e., for the £-blocks of types By, B and B(_ . For this purpose we treat
each of these three cases individually.

7.2.2.1 The Principal Block B

Let B = By be the principal ¢-block of G. In consequence of the third main theorem
of Brauer, Theorem 1.9, the principal ¢-block by of T' is the unique ¢-block of T' that
induces to B, and the associated canonical character 6 is the trivial character of T', whence
Ng(T)s = Ng(T'). In particular, the trivial character 1y, 7y of Ng(7') is an extension of
0 to Ng(T)g = Ng(T), and by Gallagher’s theorem, Theorem 1.21, we have

Irr(Ng(T) | 0) = {Ing(r) - v | v € Ir(Ng(T)/T) }-
As a result we obtain the following:

Proposition 7.27. Suppose that2 # (| (¢—1) and let B = By be the principal £-block of
G. Then \W(B)| = 3. More precisely, if (R, ) is a B-weight, then up to G-conjugation
it holds that R = Oy(T) and ¢ = 1x (1) - v, where v denotes one of the three irreducible
characters of Ng(T)/T = Gs.

Proof. This follows from the previous considerations seeing that the degrees of the irre-
ducible characters of &3 are either 1 or 2, whence, in the notation used above, for all
Y € Irr(Ng(T)g | 0) we have (1), = 1 = |6]; = |Ng(T)g: T|e. Accordingly, each of
the three irreducible characters of Ng(T')/T gives rise to a distinct G-conjugacy class of
B-weights as claimed. O

Let us now consider the action of the automorphisms of G on the G-conjugacy classes
of B-weights. We observe the following;:

Proposition 7.28. Suppose that 2 # ¢ | (¢ — 1) and let B = By be the principal {-block
of G. Then Aut(G)p = Aut(G) acts trivially on W(B).
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Proof. Let (R, ¢) be a B-weight and a € Aut(G). By Proposition 7.27 we may assume that
R = Oy(T) € Syl;(G). In particular, constituting a Sylow ¢-subgroup of G the image of R
under a is a G-conjugate of R, and since our interests only lie in the G-conjugacy classes
of B-weights, we may without loss of generality assume that a € Aut(G)g. Moreover,
following Proposition 7.27 the weight character ¢ is given by ¢ = Iy ) - v for some
irreducible character v of Ng(T')/T = &3. If v is the trivial character of Ng(T") /T, then ¢
is clearly fixed by a. Moreover, a also leaves the two non-trivial irreducible characters of
Ng(T)/T invariant since they have distinct degrees and can hence not be interchanged by
a. Thus, for any choice of v € Irr(Ng(7T')/T) the character ¢ = Iy, (r) - v is left invariant
by a, which finishes the proof. O

7.2.2.2 The Blocks of Type B

Let us now turn to the ¢-blocks of G of type B( . In a first step towards the construction of
the (-weights belonging to such blocks we take a look at the canonical characters associated
to roots of /-blocks of this type.

Lemma 7.29. Suppose that 2 # (| (¢ — 1) and denote by B an {-block of G of type By ).
Moreover, suppose that b € Bly(T) is a root of B. Then there exists 1 < k < (¢—1)p such
that up to Ng(T')-conjugation the canonical character of b is given by the linear character

0=0rD 1 x 1 e (T).

Proof. Suppose that B = B, for some parameter u € {1,...,(q — 1)y — 1}. As a result
of Proposition 6.8 the ¢-block B contains every irreducible character of G of type xa,
whose parameter v satisfies u = v mod (¢—1)p. If v is such a parameter, then there exists
i€{0,...,(¢q— 1)y — 1} such that v = u+i(q — 1), and we have

v=0mod (¢ —1), ifandonlyif i(¢q—1)y =—umod (¢—1).

Since ged((¢ — 1)¢, (¢ — 1)) = 1, the integer (¢ — 1) is invertible modulo (¢ — 1), so in
particular i(¢ — 1) = —u mod (¢ — 1), has exactly one solution ¢ € {0,..., (¢ — 1), — 1}.
Consequently, there exists exactly one v € {1,...,¢ — 2} with v = umod (¢ — 1)y and
v=0mod (¢—1)¢, say v =k(q—1), for some 1 < k < (¢—1)p. Thus, B contains exactly
one character of type x¢, whose parameter is a multiple of (¢ — 1);, namely the character
with parameter v = k(¢ — 1),. We show that the character

0 =08V % 1 x1 e (T)

satisfies the claim.

As noted before, any ¢-block b’ of T has defect group Oy(T) since T is abelian, so in
particular b'“ has defect group Oy(T) € Syl,(G) by Lemma 1.1. Following Proposition 1.11
we hence have ¥ = B if and only if

AB(C) = Ay (C)
for every ¢'-conjugacy class C' of G with defect group Oy(T). Moreover, by the extended
first main theorem of Brauer, Theorem 1.7, all ¢-blocks &' € Bly(T) with ¥'® = B are
conjugate under N (O¢(T)) = Ng(T). Hence, it suffices to prove that b’ := bl(f) satisfies
this condition.
As a result of Proposition 6.3 the conjugacy classes of G with defect group O(T') are
the classes C1, Cia) and Céa’b) for appropriate parameters a, b (cf. Table 6.1), where for
the trivial class C there is nothing to show. We have

Ci T = {diag(¢%, ¢*, ¢, diag(¢?, (2%, (%), diag(¢™2,¢% (")}
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and

CP 0T = {diag(¢?, ¢%, ¢ @), diag(c?, ¢%, ¢~(*+D), diag(¢?, ¢~ @), ¢P),
diag(¢™@™, ¢, ¢b), diag(¢’, ¢t ¢, ‘ag(c (@+0) b ¢}

Hence,

o —

/\bl(e)G(CzEa)) = Aﬁ(@)(cia)) = My (C1” N T)
= (6(diag(¢*,¢* ¢ 7)) + O(diag(¢*, ¢, ¢*)) + O(diag(¢ >, ¢%, ("))
_ <9§(q—1)£(<a) + 90 (¢-1) Z(Ca) + 90 q—l)l(Can))
= (25ak(q—1)e + 5—2al~€(q—1)e)>k )

On the other hand, we also have

—

)\B(Cia)) = )\ch(qa)g)(C'ia)) = (28“’“((1*1)@ + E*Zak(qfl)e)
3

by Table 6.2, so Ay,jg)c (Cia)) = B(Cia)). Moreover, for the conjugacy classes of type Cg
we observe that

_— —

Moia)e (C5") = M) (CE") = Aoy (5" N T

(e diag(C", cb ~H)) + f(diag(¢", ", ¢ )
diag(¢?, ¢, (") + 6(diag(¢~ ", ¢%, ("))
d1ag<<" ¢, ¢) + f(diag(¢HY, ¢*,¢))
( (9 q—1); {(¢) + 6 k(g—1)¢ (Cb)~|—9§(q_1)£(((a+b))))*

*

_ (2 (E ka—1)e 4 bh(a=1)e 4 8—(a+b)k<q—1)z>) 7

+6(
+6(

which equals )\B(Céa’b)) according to Table 6.2. Hence, the claim follows since Oy(T) is
clearly contained in the kernel of 6. O

By application of the information provided by the above lemma we may now construct
the (-weights of G belonging to (-blocks of type B ).

Proposition 7.30. Suppose that 2 # ¢ | (¢ — 1) and let B be an £-block of G of type
B(y. Then [W(B)| = 2. More precisely, denote by 0 € Irr(T') the canonical character of a
root of B and assume that (R, ) is a B-weight. Then up to G-conjugation it holds that
R=0(T) and
Na(T) (7
o= InngETge 0-v),
where 6 is an extension of 6 to Ng(T)g and v € Irr(Ng(T)g/T) with Ng(T)/T = Cs.

Proof. As discussed before we have R = Oy(T') up to G-conjugation, and by Lemma 7.29
we may assume that 6 = Glg(q_l)e x 1 x 1 for a suitable parameter k. Now Ng(7T)/T = G3
and Ng(T) acts on Irr(T) = {6} x 06 x1]0<1i,j<q—1} as described in Lemma 7.26,
from which we deduce that modulo 7" there exists only one element in Ng(7) stabilizing
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6, namely the element corresponding to the transposition (23) € &3, so Ng(T')g/T = Co.
By Proposition 1.20(i) the character 6 has an extension 6 to Ng(T")g, whence the claim
follows from the considerations at the beginning of Section 7.2.2 since by the theorem of
Gallagher, Theorem 1.21, we have

e (N (T)g | 0) = {0 - v | v € Tre(Na(T)s/T)},

and both characters 1 in this set are linear, hence satisfy ¢)(1); =1 = |Ng(T)p: T],. O

Proposition 7.31. Suppose that 2 # (| (¢ —1) and let B be an {-block of G' of type By ).
Then Aut(G)p acts trivially on W(B).

Proof. Let (R, ) be a B-weight. In consequence of Proposition 7.30 we may assume that
R = Oy(T) and ¢ is the induction to Ng(T") of the character 6 - v, where 0 € Irr(Ng(T')p)
is an extension of

0= Glg(q_l)"' x1x1

for some k € Z and v € Irr(Ng(T)g/T) with Ng(T)g/T = Ca. Let a € Aut(G)p and
assume without loss of generality that a stabilizes T and hence also R. Then by Brauer’s
extended first main theorem, Theorem 1.7, the ¢-block bl(6)* = bl(6%), which induces to
B by Proposition 1.3, is Ng(7')-conjugate to bl(#), and since 6 is the canonical character
of bl(6%), we deduce that 8% = 6™ for some n € Ng(T'). Hence, replacing a by ac,-1, where
we recall that

cp-1: G — G, gr—nlgn,
we may assume that a fixes §. Due to the fact that Aut(G) = G x (I', F},) and R = O((T)

is stable under I" and F},, we must have a € ¢, (I', F},) for some z € Ng(R) = Ng(T'). One
easily verifies that the element

-1 0 O
vi=wvus=| 0 0 —1| eNg(T)\T,
0 -1 0

which corresponds to the permutation (23) in &3, stabilizes 6, such that Ng(T)y = (T, v)
as a result of Proposition 7.30. Clearly, v is left invariant by both I' and F},, so according
to Lemma 1.25 we have ¢, (v) = a(v) € Ng(T)p. Hence, the elements ¢, (v) and v agree
modulo 7', which leads to the conclusion that

2T € Cngryr(vT) = Ce,((23)) = ((23)),
or, in other words, T € (vT), that is, x € (T,v) = Ng(T)g. Thus,
§(v) = 8% (v) = B(v),
such that by application of Corollary 1.22 it follows that é} =0 because both 62 ~and 0 are
extensions of 6 to its stabilizer Ng(7T)g = (T, v) satisfying 6% (v) = 6(v) # 0 since € is linear.

Clearly, a stabilizes v being one of the two irreducible characters of Ng(T)e/T = Cs, so
in particular a stabilizes 6 - v and hence also . This proves the claim. O
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7.2.2.3 The Blocks of Type B(_ )

The last type of £-blocks of G we consider for the present choice of prime ¢ are the ¢-blocks
of type B(_ ). As for the £-blocks of type By we begin our examination by the following
observation on canonical characters associated to such blocks:

Lemma 7.32. Suppose that 2 # { | (¢ — 1) and let B be an {-block of G of type B(_ ).
Moreover, let b € Bly(T') be a root of B. Then there exist parameters 1 < u,v < (q — 1)@
with (u(qg—1)g, v(g—1)¢) € M(P2P3) (cf. Notation 6.7) such that up to Ng(T) -conjugation
the canonical character of b is given by 6 = Hg(qfl)é X Hg(qfl)e x 1€ Irr(T).

Proof. Similarly as in the proof of Lemma 7.29 one can show that there exists a unique
irreducible character of type xa,#, in B both of whose parameters are multiples of (¢—1)y,
say parametrized by the tuple (u(g—1)g, v(g—1)¢) € M(P2P3) with 1 < u,v < (¢—1)p.
We prove that

0 = 0y gD 1 € Inn(T)
meets the claim.

As in the proof of Lemma 7.29 we show that Ag(C) = Api()e (C) for every ¢'-conjugacy
class C of G with defect group Oy(T'), that is, we need to check this condition for the classes

C’ia) and Céa’b) for appropriate parameters a and b. We have

— /\ /\

Abiaye (CS) =t )(C( ) = Ay (CL7 NT)
= (0 (dlag(Ca ¢, C 24)) + 0(diag (¢, ¢, ¢%)) + 0(diag(¢ ¢, %))
o RS R (S R A (S TR (e
05 )
_ <€a(u+v)(q—1)g 1 gau=2v)(g=1)¢ | 6a(v—2u)(q—1)4>*

*

=\ (u(g—1)p,v(g—1)p) (Cia))
Do @3
=A\5(C\Y)

according to Table 6.2. Furthermore, for the G-conjugacy classes of type Cg we similarly
observe that

—_— —

)‘bl(O)G(C6(a7b)) = Ao )(C(a’b)) = )\bl(e)(c(a’b) nT)
— (O(aiag(c, ¢" ¢ (*)) + p(diag(¢", ¢*, 1))
+ 0(diag(¢*, ¢, ¢%) + O(diag(¢™**?), ¢*,¢"))
+ 0(diag (¢, ¢V, %) + O(diag(¢ ), ¢, %))
= (67 (€0 qU%b (¢ ()
+ eu(q— )e £(¢ ) e( a+b))+9 u(g—1), L(¢ (a+b))9 v(g— I)Z(C(z)
+ 0! (g=1)e (Cb) gula— 1)/( a+b)+9 u(g— 1)£(C—(a+b))08(q—1)2(Cb)>

)
)
)
)+

*
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_ (E(au+bv)(q—l)g + 6(bu—i—av)(q—l)g + E(au—(a—l—b)v)(q—l)g

4 c(—latbyuran)(@-1)e | gu—(a+bo)la—1)e 4 5(—(‘l+b)u+bv)(q—1)e>*

=A5(C¢™")

on comparison with Table 6.2. We have thus shown that bl(§)® = B, and since clearly
O¢(T') C ker(#), the claim follows. O

-

Moreover, let 6 € Irr(T) be the canonical character of a root of B. Then |W(B)| =1, and
if (R, ) is a B-weight, then R = Oy(T) and ¢ = Ind?G(T)(H) up to G-conjugation.

Proposition 7.33. Suppose that 2 # £ | (¢—1) and let B be an {-block of G of type B(_ ).

Proof. As before, we have R = Oy(T') up to G-conjugation since R is a defect group of B.
Following Lemma 7.32 we may assume that

0 — gu(q—l)e % Hg(q—l)e

=0, x 1

for suitable parameters 1 < u,v < (¢ — 1)y with (u(q — 1)g,v(qg — 1)p) € M(P2P3), that
is, u, v, u — v, 2u+v, 2v +u #Z 0 mod (¢ — 1)». By application of Lemma 7.26 one easily
deduces that Ng(T)g = T. Hence, the considerations at the beginning of Section 7.2.2
imply that there exists only one G-conjugacy class of B-weights, which is represented by
the weight (Oy(T), Ind?G(T)(H)) as claimed. O

As an immediate consequence of this result we obtain the following;:

Proposition 7.34. Suppose that 2 # £ | (¢—1) and let B be an L-block of G of type B(_ ).
Then Aut(G)p acts trivially on W(B).

Proof. This follows from the fact that |[W(B)| = 1 by Proposition 7.33. O
As an important result of this section we record the following statement:

Theorem 7.35. Let 2 # (| (¢ — 1). Then the blockwise Alperin weight conjecture holds
for each (-block of G.

Proof. This statement holds for £-blocks of cyclic defect by Proposition 3.9. For an ¢-block
B of non-cyclic defect we summarize the following;:

e |W(B)| =3 =1(B) if B is the principal ¢-block By,
e W(B)| =2=1(B) if B is of type B,
e W(B)| =1=1(B) if Bis of type B_

——

according to Proposition 6.9 for I(B) and Propositions 7.27, 7.30 and 7.33 for |[W(B)|. O

7.2.3 B-Weights and the Action of Aut(G)g in the Case ¢ =2

Suppose now that £ = 2 and ¢ is odd. As for the previous case, by Proposition 6.11 there
exist five distinct types of 2-blocks for G, which are the principal 2-block By, the 2-blocks
of type B, B(__) or Bb, and the 2-blocks of 2-defect zero.

As proposed by Lemma 6.13, the 2-blocks of G of type BE,) have cyclic defect groups,
whence analogously to the previous case we again only consider the principal 2-block and
the 2-blocks of types B() and B(_ ).
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Once more we follow Construction 2.10 to obtain all G-conjugacy classes of 2-weights
for these three types of 2-blocks. We note that in contrast to the previous case the Sylow
2-subgroups of G are not abelian, such that in general, if (R, ) is a 2-weight for some 2-
block B of G, the group R does not need to be a defect group of B. In particular, following
Construction 2.10 in principle we have to consider all types of radical 2-subgroups of G.
However, it turns out that in fact some of the six G-conjugacy classes of radical 2-subgroups
of G (cf. Proposition 7.24) do not give rise to any 2-weights belonging to 2-blocks of types
By, By or B(_ . These radical 2-subgroups will hence not be taken account of in the
construction of 2-weights for these blocks. Our first result is the following observation:

Proposition 7.36. Let R = {1} be the trivial subgroup of G. If (R, ) is a B-weight of
G for some 2-block B of G, then B is of 2-defect zero.

In particular, R = {1} does not give rise to any 2-weights of G belonging to 2-blocks
of types By, B(y or B(_ ).

-

Proof. Clearly, we have Ng(R)/R = G, so ¢ is an irreducible character of 2-defect zero
associated to B. Hence, B must have 2-defect zero. ]

Secondly, the following statement disproves the existence of any 2-weights of G whose
first component is G-conjugate to the radical 2-subgroup Os({(diag(¢,¢,¢™?))), where we
recall that ¢ € F* denotes a primitive root of unity of order ¢ — 1.

Proposition 7.37. Let R = Oy((diag(¢,¢,¢72))) for ¢ € F* of order ¢ — 1. Then Ng(R)
does not have any irreducible character that is of 2-defect zero if regarded a character of
the quotient Ng(R)/R. In particular, there do not exist any 2-weights for G whose first
component is G-conjugate to R.

Proof. As already observed in Lemma 7.7, we have
Ne(R)/R = GLz(q)/02(Z(GL2(q))),

which is of order
(a—1*(g+1)

(¢ —1)2 .
Hence, an irreducible character ¢ € Irr(Ng(R)) that is of 2-defect zero when regarded as
a character of Ng(R)/R would satisfy ¢(1)y = (¢> — 1)2. However, by [Ste51, Table II]
the degrees of the irreducible characters of GLa(g) are 1, ¢, ¢ — 1 and ¢ + 1. Hence, such
a character ¢ does not exist, whence R does not admit any 2-weights for G. O

ING(R)/R| =1

As a next step we focus on the question which types of 2-blocks of G hold 2-weights
with first component G-conjugate to the radical 2-subgroup Oy(7”), where T" denotes a
maximal torus of G of type T5.

Proposition 7.38. Suppose that T is a mazimal torus of G of type T and let R = Oo(T").

Then any 2-weight (R, ) of G belongs to a 2-block of type BZ,)‘

Proof. Suppose that (R, ) is a 2-weight for G and denote by B the 2-block of G' to which
(R, ¢) is associated. By Propositions 5.7 and 5.8 it holds that Ng(R) = Ng(T") 2 T' x Cy
and RCq(R) = T'. Hence, by Construction 2.10 we have
Ne (T’
Y = InngET/§9(¢)
for some ¢ € Irr(Ng(T")g | 0) with ¥(1)2 = |Ng(T")g: T'|2, where 60
canonical character of a 2-block of 7" inducing to B. Since Ng(T7)/T’

Irr(T") is the
Cjy, it follows

M
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that |Ng(T")e: T'| € {1,2}, so in particular Ng(T")g/T" is cyclic, such that by Proposi-
tion 1.20(i) there exists an extension 6 of 6 to Ng(T")p. Then by Gallagher, Theorem 1.21,
we have

Lr(No(T') | 0) = {6- 8| B € Trr(NG(T")o/T')}.

Clearly, all characters in this set are linear, so ¢ as above satisfies ©)(1)y = 1. We conclude
that also | Ng(T")g: T'|2 = 1, so Ng(T")g = T. Now a defect group of the 2-block bl(6) is
given by R = O9(T") € Syly(T") in consequence of Lemma 1.13, and since Ng(T")g = T,
Theorem 1.10 implies that B must have defect group R’ as well. But by Lemma 6.13 any
2-block of G' with defect group R’ is of type BZ,)’ so the claim follows. O

Remark 7.39. We recall from Proposition 7.24 that the group Oy(7T”) for a maximal torus
T' of G of type Ty is only 2-radical in G if (¢ + 1) # 1. Note that this is in accordance
with the fact that 2-blocks of type BL) only exist for G if this condition is satisfied
(cf. Proposition 6.11).

Finally, we observe that only for the principal 2-block By and 2-blocks of type B(_ )

.

there exist 2-weights with first component Oy(7T) for a maximal torus T of G of type T1:

Proposition 7.40. Suppose that T is a mazimal torus of G of type Ty and let R = Oy(T).
If (R, ) is a B-weight for some 2-block B of G, then one of the following holds:

(i) B = By is the principal 2-block of G and ¢ = ln,(r) * X2, where xa denotes the
unique irreducible character of degree 2 of Ng(R)/RCg(R) = &3;

(ii) B is of type B(_ y, and (R, ) is the unique B-weight with first component R.

Proof. By Proposition 5.8 we have R Cg(R) = Cg(R) =T and Ng(R) = Ng(T') = T'x 53,
with &3 acting on T by permutation of the diagonal entries. Let 6 € Irr(7T') denote
an irreducible constituent of ¢p. Following Construction 2.10 there exists a character
Y € Irr(Ng(R)g | 0) with 10(1)2 = |[Ng(R)g: T |2 such that

Na(R
= Ind S0 (@)
and for b = bl(#) we have b = B.
Let us assume first that b is the principal 2-block of T. Then B = b% is the principal
2-block of G by Brauer’s third main theorem, Theorem 1.9, and 8 = 1 is the trivial
character of T' with Ng(R)g = Ng(R). By Gallagher, Theorem 1.21, we have

Irr(Ng(R) | 0) = {Ing(r) - v | v € Ir(Ng(R)/T)}.

From the fact that Ng(R)/T = &3 we conclude that this set contains exactly one character
Y satisfying ¥(1)2 = [Ng(R): T'|2 = 2, namely the character 1 = Iy, (r) - X2, Where X2
denotes the unique irreducible character of degree 2 of Ng(R)/T = S3. Hence, we have
© = INg(Rr) - X2 as claimed.
Suppose now that b is non-principal. In the notation of Section 7.2.2 the canonical
character 6 of b is given by
0 — eg(q—l)z % 08(‘1—1)2 « 1

for some 0 < u,v < (¢ — 1)9, and since b is non-principal, we may assume without loss of
generality that u # 0. Suppose that v = 0. Then Ng(R)g/T = Cy by Lemma 7.26, and
according to Gallagher, Theorem 1.21, we have

e (Ng(R)g | 0) = {0- v | v € Irr(Ng(R)o/T)}
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for some extension 8 of 6 to Ng(R)y, which exists by Proposition 1.20(i) since Ng(R)g/T
is cyclic. Hence, the elements in Irr(Ng(R)g | #) are linear, while [ Ng(R)p: T'|2 = 2, in
contradiction to the fact that there exists ¢ € Irr(Ng(R)g | 0) with ¢(1)2 = [ Ng(R)g: T 2.
Hence, v # 0. Similarly, one proves that v # w.

Now analogously to the proof of Lemma 7.32 one can show that B = b“ is a 2-block
of type B ). Moreover, since u,v # 0 and u # v, we have Ng(R)y = T following
Lemma 7.26. Hence, Irt(Ng(R)g | ) = {0}, and we conclude that ¢ is the induction
of # to Ng(R). By Brauer’s extended first main theorem, Theorem 1.7, up to Ng(R)-
conjugation b is the unique 2-block of T" inducing to B. In particular, 6 is determined up
to Ng(R)-conjugation, so ¢ is uniquely determined by R. O

7.2.3.1 The Principal Block By

Let us now move on to the determination of the 2-weights of G associated to the principal
2-block of G. These may be classified as follows:

Proposition 7.41. Let B = By be the principal 2-block of G. Then \W(B)| = 3, and if
(R, ) is a B-weight, then up to G-conjugation one of the following holds:

(i) R = @;3 and ¢ = 1N, (R) - X2, where X2 denotes the unique irreducible character of
degree 2 of Ng(R)/RCg(R) = &3;

(ii)) R = Oo(T) for a mazimal torus T of G of type T1, and v = Ix,(r) - X2, where X2
denotes the unique irreducible character of degree 2 of Ng(R)/RCg(R) = &3;

(i) R € Syly(G) and » = In,(R)-

Proof. We construct the B-weights following Construction 2.10, that is, we go through
the list of radical 2-subgroups of G given in Proposition 7.24. We have already shown
in Propositions 7.36, 7.37 and 7.38 that the radical 2-subgroups G-conjugate to {1},
Oq((diag(¢, ¢, ¢72))) for ¢ € F* of order ¢ — 1, or Oy(T") for a maximal torus 7" of
G of type T> do not admit any B-weights. .

Hence, let us first suppose that we have R = (Js. Then according to Proposition 7.18
this satisfies

R CG(R) = <R7 diag(C7 ¢, C_2)>

and
Ng(R)/RCg(R) = Gs.

Moreover, diag(¢,¢,(2)2 € R. Now by the third main theorem of Brauer, Theorem 1.9,
the principal 2-block by € Blo(R Cg(R)) is the unique 2-block of R Cg(R) inducing to B.
Its canonical character is the trivial character 1z ¢, (r), so according to Construction 2.10
the B-weights with first component R are given by the pairs (R, 1), where the irreducible
character ¢ € Irr(Ng(R) | 1gc(r)) meets the condition ¢(1)2 = [ Ng(R): RCq(R)|2 = 2.
Following Gallagher, Theorem 1.21, we have

Ir(Ng(R) | 1rcg(r)) = {Ingr) v | v € Iir(Ng(R)/RCa(R))},

which contains exactly one character ¢ with ¥(1)2 = 2, namely the character 1y, (g) - X2,
where x2 denotes the unique irreducible character of degree 2 of Ng(R)/RCq(R) = G3.
Hence, up to G-conjugation (R, Iy, (r) - X2) is the unique 2-weight of G' belonging to B.

Suppose now that R = Oy(T") for a maximal torus 7' of G of type T1. By Proposi-
tion 5.8 we have Cg(R) = T and Ng(R) = Cg(R) x &3. As before, the unique 2-block
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of RCq(R) inducing to B is the principal 2-block of R C¢(R), which has canonical char-
acter 1pc,(r)- Again Ng(R)/RCg(R) = &3, so by the same argumentation as in the
previous case we obtain that up to G-conjugation (R, 1x,(r) - x2) is the unique 2-weight
belonging to B, where once more Yo denotes the unique irreducible character of degree 2
of N¢(R)/RCg(R) = Ss.

Finally, let R € Syly(G). By Proposition 5.9 we have Ng(R) = R Cg(R). Hence, using
the same arguments as before we conclude that the unique B-weight with first component
R is given by the 2-weight (R, 1y, (g))- This completes the proof. O

The behaviour of the B-weights under the action of Aut(G) is obtained easily:

Proposition 7.42. Let B = By be the principal 2-block of G. Then Aut(G)p = Aut(QG)
acts trivially on W(B).

Proof. Clearly, Aut(G)p = Aut(G). Following Proposition 7.41 the G-conjugacy class of a
B-weight is uniquely determined by the isomorphism type of the corresponding radical 2-
subgroup. Since Aut(G) preserves isomorphism types, the claim follows immediately. [

7.2.3.2 The Blocks of Type B

We next consider the 2-weights associated to 2-blocks of G of type B(, for which we
observe the following:

Proposition 7.43. Let B be a 2-block of G of type B(y. Then |W(B)| =2, and if (R, p)
is a B-weight, then up to G-conjugation one of the following holds:

(i) R= Qs, there exists a unique 2-block b € Bla(R Cg(R)) with b = B, and ¢ = 0 xa,
where the character 0 is an extension of the canonical character 6 of b to Ng(R) and
X2 denotes the unique irreducible character of degree 2 of Ng(R)/RCq(R) = &3;

(ii) R € Syl,(G), RCg(R) = Ng(R), and ¢ is the canonical character of the Brauer
correspondent b € Bla(Ng(R) | R) of B.

Proof. As for the principal 2-block By, we construct the B-weights (R, ) by following
Construction 2.10 and recall that from Propositions 7.36, 7.37, 7.38 and 7.40 it is known
that we only need to consider radical 2-subgroups of G which are either G-conjugate to
Qs or Sylow 2-subgroups of G. -

Hence, let us first suppose that R = Jg. Then from Proposition 7.18 it follows that
RCq(R) = (R, diag(¢, ¢, ¢ %)), where ¢ generates F, and Ng(R)/RCg(R) = &3. Since
O2(RCg(R)) = R € Syl,(RCg(R)), any 2-block of R Ci(R) has defect group R according
to Lemma 1.13. In particular, there exists a bijection between the sets Bly(R Cg(R)) and
Irr(RCg(R)/R) via the associated canonical characters. We have

RCa(R)/R = Oy ((diag(¢, ¢, (7)),

whence the canonical character corresponding to a 2-block b € Bla(RCg(R)) may be
described as follows: for the maximally split torus T° of G consisting of the diagonal
matrices in G we use the parametrization for Irr(7") introduced in Notation 7.25 and set
Oy = 0k x 1 x 1 € Irr(T) for 0 < k < ¢ — 1. Then the set of irreducible characters of
Oy ({diag(¢, ¢, ¢7?))) may be parametrized as

Irr(Oo ((diag(¢, ¢, ¢ 7)) = {(Btk(g—1)2)) 10, ((diag(c.c.c-2)) | 0 <k < (¢ —1)ar},
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and the set of irreducible characters of R Cg(R) trivial on R, that is, the set of canonical
characters associated to the 2-blocks of R Cg(R), is given by

{0(g—1)2) | 0 <k < (¢—1)2} CIrr(RCG(R)),

where we set
01 (wd) := 05(d)

for # € R and d € (diag(¢, ¢, (2)). If we now take a 2-block b of R Cg(R) with canonical
character sz(qfl)z) for some 0 < k < (¢ — 1)/, then the question is to decide in which
cases b induces to B. As we observed above, a defect group of b is given by R, so up to
G-conjugation the defect groups of b¢ contain R following Lemma 1.1. From Lemma 6.13
it is known that the 2-blocks of G have defect groups conjugate to {1}, O2(T") for a
maximal torus 7" of type Ty, O3(T) or the Sylow 2-subgroups of G. Of these the Sylow
2-subgroups of GG are the only non-abelian groups, and as R is non-abelian, we conclude
that the induced block b® has maximal defect. Hence, by Proposition 1.11 in order to
determine b“ it suffices to compute \,c (6) for every 2'-conjugacy class C' with maximal
defect group. The G-conjugacy classes with maximal defect groups are the classes of types
C1 and C4 by Proposition 6.3. We claim that

C\ N RCg(R) = {diag(C* ¢% ¢2%)}

if the parameter a is such that Cia) is a 2’-conjugacy class. Suppose y € Cia) N RCg(R).
Then y may be written as y = xd for some x € R and d € Oy ((diag(¢,¢,¢™2))). But since
x and d commute and are of coprime order, we have x = 1 as y has odd order and = € R.
Hence, C’ia) N RCg(R) C Oy ({diag(¢,¢,¢2))). On the other hand, the only element of

Oy ((diag(¢, ¢, ¢72))) contained in Cia) is diag(¢%, ¢, (72%), so the claim follows. Thus,

—— —

where we recall that ¢ = exp(27i/(q — 1)). Hence, if B = B, for some u € Z, then
by comparison with Table 6.3 we see that b¢ = B if and only if k(a-120 = g=2ua 04 2
for every a € 7Z such that C’ia) is a 2/-conjugacy class, that is, if and only if we have
k(g —1)2a = —2ua mod (g — 1)y for every such a, in particular for a = (¢ —1)a. It follows
that k(¢—1)2 = —2u mod (¢ —1)y. Clearly, (¢ —1)s is invertible modulo (¢ —1)9/, whence
we conclude that k is uniquely determined by the condition 0 < k < (¢ — 1)o. Hence,
there exists a unique 2-block b € Bla(RCg(R)) inducing to B, namely the 2-block with
associated canonical character given by 6 = HEk(q_l)Q), where 0 < k£ < (¢ — 1) is the
unique element satisfying k(¢ — 1)2 = —2u mod (g — 1)y.

As observed in the proof of Proposition 7.18 we have

Na(R) = { (¥ @)1 ) | X € Nowa(o (@)}
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from which we deduce that Ng(R) acts trivially on RCg(R)/R = Oy (diag(¢, ¢, (%)), so
in particular N (R) stabilizes the canonical character 6 of b. Since Ng(R)/R Cg(R) = &3,
there exists an extension 6 of 6 to Ng(R)g = Ng(R) by Propositions 1.19(i) and 1.20(i).
According to Gallagher, Theorem 1.21, we have

Irr(Ng(R) | 6) = {6 - v | v € Ir(Ng(R) /R Ca(R))},

and the only element 1 in this set with 1(1)2 = | Ng(R): RCg(R)|2 = 2 is the character
0 - x2 with x2 the unique irreducible character of degree 2 of Ng(R)/RCq(R) = Gs.
Hence, R admits exactly one B-weight, namely the 2-weight (R, 6 X2)-

Let us now assume that R € Syly(G). Then according to Proposition 5.9 we have

Ng(R) = RCq(R) = (R, diag(¢,¢,¢72)).

By Brauer’s first main theorem, Theorem 1.5, block induction yields a bijection between
the sets Blay(Ng(R) | R) and Bla(G | R), so in particular there exists a unique 2-block b
of RCg(R) = Ng(R) with defect group R such that ¥* = B. Let @ denote its canonical
character. Then # may be regarded as an irreducible character of

RCq(R)/R = Oy ({diag(¢, ¢, ¢72))),

so @ is linear. Thus, we have Irr(Ng(R) | ) = {0} and 0(1)2 = 1 = |[Ng(R): RCg(R)|2,
whence by Construction 2.10 the pair (R, #) is the unique B-weight of G with first com-
ponent R. This completes the proof. O

Proposition 7.44. Suppose that B is a 2-block of G of type B(y. Then Aut(G)p acts
trivially on W(B).

Proof. The proof is the same as for Proposition 7.42 since the G-conjugacy class of a
B-weight is uniquely determined by the isomorphism type of its first component. O

7.2.3.3 The Blocks of Type B(_

——

Finally, we consider the 2-blocks of G of type B(_ ) and describe the 2-weights associated
to such blocks as follows:

Proposition 7.45. Let B be a 2-block of G of type B(_ ) and let 0 € Irr(T) be the canonical
character of a root of B, where T is a maximal torus of G of type T1. Then |W(B)| =1,

and if (R, ) is a B-weight, then up to G-conjugation R = O9(T') and ¢ = Indgc(T)(H).

Proof. Since the 2-blocks of G' of type B(_  have abelian defect groups Oz(7T") according
to Lemma 6.13, it follows from Lemma 2.11 that any G-conjugacy class of B-weights may
be represented by a 2-weight with first component Oy (T'), so up to G-conjugation we have
R = Oy(T). But following Proposition 7.40 there exists exactly one such 2-weight for B,
which, as seen in the proof of that proposition, has weight character ¢ = Ind?G(T) (0) as

claimed. O
As an immediate consequence of this result we obtain the following:

Proposition 7.46. Let B be a 2-block of G' of type B(_y. Then Aut(G)p acts trivially
on W(B).

Proof. This is clear since by Proposition 7.45 we have [W(B)| = 1. O
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Analogously to Theorem 7.35 for the case 2 # £ | (¢ — 1) we have proven the following:
Theorem 7.47. The blockwise Alperin weight conjecture holds for each 2-block of G.

Proof. This is true for 2-blocks of G with cyclic defect groups by Proposition 3.9. If B is
a 2-block of G of non-cyclic defect, then we summarize that

e \W(B)| =3 =1I(B) if B is the principal 2-block By,
e W(B)| =2=1(B) if B is of type B,
e W(B)|=1=1(B) if B is of type B_

following Proposition 6.12 for I(B) and Propositions 7.41, 7.43 and 7.45 for [W(B)|. O
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Partitions and Equivariant
Bijections

After the preparatory work of the previous chapters we are now fully equipped to establish
parts (i) and (ii) of the inductive blockwise Alperin weight condition given in Definition 3.2
for every ¢-block B of G of non-cyclic defect, where £ is a prime dividing ¢ — 1. More
precisely, since by Proposition 5.3 in our case of ¢ > 2 and ¢ Z 1 mod 3 the group G is its
own universal covering group, we show the following;:

(i) There exist subsets IBr(B | @) C IBr(B) for @ € Rady(G) with the following
properties:

(1) IBr(B | Q)* =1Br(B | Q%) for every Q € Rad/(G), a € Aut(G)p,
(2) IBr(B) = Ugerad,(G)/~g Br(B | Q).
(ii) For every @) € Rady(G) there exists a bijection

QF: IBr(B | Q) — dz(N¢(Q)/Q, B)

such that Qg(¢)“ = an(qba) for every ¢ € IBr(B | @) and a € Aut(G)p.

Under consideration of our results on the action of Aut(G) on the weights and Brauer
characters of G and by application of Lemma 3.8 we may easily define partitions and
bijections as demanded by parts (i) and (ii) above:

Proposition 8.1. Let ¢ be a prime such that ¢ | (¢ — 1) and let B be an (-block of G of
non-cyclic defect. Then conditions (i) and (ii) of Definition 3.2 are satisfied for B.

Proof. Let Qp: IBr(B) — W(B) be any bijection between the set of irreducible Brauer
characters in B and the set of G-conjugacy classes of B-weights in G (this exists by
Theorems 7.35 and 7.47). According to Proposition 7.6 and Propositions 7.28, 7.31, 7.34,
7.42, 7.44 and 7.46 the group Aut(G)p acts trivially on both IBr(B) and W(B), so in
particular the bijection Qp is Aut(G)p-equivariant. Hence, in consequence of Lemma 3.8
it is possible to construct subsets IBr(B | @) of IBr(B) with corresponding bijections
Qg: IBr(B | Q) — dz(Ng(Q)/Q, B) for every @ € Rady(G) such that conditions (i) and
(ii) of Definition 3.2 are satisfied for B. O
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Chapter 9

Normally Embedded Conditions

In this chapter we will be concerned with the extendibility of the characters of G we have
studied so far to their stabilizer in Aut(G). The aim is to prove part (iii) of the (iBAW)
condition for all ¢-blocks of G of non-cyclic defect, where ¢ | (¢ — 1), with respect to the
equivariant bijections QF, @ € Rad,(G), whose existence we proved in Proposition 8.1. In
our case of G = SL3(q) being its own universal covering group, for an ¢-block B of G part
(iii) of Definition 3.2 reduces to the conditions below:

(iii) For every @ € Rad,(G) and every ¢ € IBr(B | Q) there exists a finite group
A(¢, Q) and Brauer characters ¢ € IBry(A(¢,Q)) and ¢ € IBry(Ny(4,)(Q)) with
the following properties:

(1) the group A := A(¢, Q) satisfies G < A, A/ C4(G) = Aut(G)y, Ca(G) = Z(A)
and £1|7(A)],

(2) ¢ € IBry(A) is an extension of ¢,

(3) ¢ € IBry(N4(Q)) is an extension of the inflation of Qg(qb)o € IBry(Ng(Q)/Q),

(4) bl(gu) = bl((&)‘NJ(Q))J for every subgroup J satisfying G < J < A.

Remark 9.1. Let us fix an ¢-block B of G and a radical ¢-subgroup @) € Rady(G) as above.
Since G is simple, we observe that for every ¢ € IBr(B | Q) the group A(¢, Q) := Aut(G)4
satisfies

G D A$,Q), Cape(G)={1} and Z(A($,Q)) = {1},

so A(¢, Q) fulfils condition (1) of Definition 3.2(iii). It will hence be our objective to show
that there also exist Brauer characters ¢ € IBry(Aut(G)y) and ¢ € IBry(Nay(q), (@)
satisfying conditions (2) to (4).

9.1 Results on Extendibility

In this section we concentrate on conditions (2) and (3) of Definition 3.2(iii). We prove
that for £ | (¢ — 1) every ¢ € IBry(G) extends to Aut(G)g, and that, moreover, for every
l-weight (R, @) of G the weight character ¢ extends to Aut(G)g,e.
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9.1.1 Extendibility of (Brauer) Characters of SL3(q)

The aim of this section is to obtain extendibility results concerning the characters of G.
For this purpose it will prove useful to consider the extendibility of characters of general
linear groups first.

As before, ¢ = pf is a power of the prime p. For a general linear group GL,(q) we
denote by F), the automorphism of GLj,(¢) induced by the field automorphism F, — F,,
a — aP, and let " be the transpose-inverse automorphism of GL,,(g). Clearly, for n = 3
restricting I' and F, to G = SL3(q) gives exactly the automorphisms I' and F), that we
have defined for G, which justifies the double use of this notation.

Our first aim is a result on the structure of the subgroups of Out(G). To this end we
state the following lemma:

Lemma 9.2. Let H be a finite abelian group with presentation
He=(zy|la’=y" =1 [r,9] =1)
for some m € Nsg, z,y € H. If K is a subgroup of H such that x € K, then K is cyclic.

Proof. This is well-known and is easily verified by considering the group homomorphism
p: H — (y) = C,, defined by ¢(z) =1 and ¢(y) = y. This has ker(p) = (z), and if K
is a subgroup of H, then the restriction ¢ : K — (y) has kernel ker(¢|x) = (r) N K.
Since K/ ker(ip|x) is isomorphic to a (cyclic) subgroup of (y) and ker(px) = {1} if z ¢ K,
the claim follows. O

Corollary 9.3. Let K < (I',F},) < Aut(G). Then either I' € K or K is cyclic. In
particular, if K is not cyclic, then we have K = <F,F$> for some i € Z with i | f = o(F}).

Proof. The first part is Lemma 9.2 with H = (I', F},), « = I" and y = F),. Hence, if K is
not cyclic, we have I' € K, so K = (T, F}!) for some i € Z such that K N (F,) = (F}).
By replacing i by ged(i, f), which is possible by Bézout’s identity, we may assume that i
divides f. O

The following result by C. Bonnafé is a consequence of a theorem of T. Shintani (which
in fact is not restricted to the case that ¢ # 1 mod 3):

Proposition 9.4. If a character 6 € Irr(GLy(q)) is invariant under F}, for some i | f,
then, there exists an extension 0 € Irr(GLy,(q) % (E%) of 0 satisfying a(Fé) € Zxyp.

Proof. In [Bon99, Thm. 4.3.1] Bonnafé proves the existence of a certain extension 6 of

to GLn(g) % (F}), which by [Bon99, Lemma 4.3.2] has the property that 0(F}) € Zso. O
We will also need the following statement (compare [Spd09, Lemma 9.7]):

Corollary 9.5. Suppose that x € Irr(G) with x'' = XF;' = x for some i € Z. Then x
extends to G X <F,FZ§>.

Proof. Following our assumption that ¢ # 1 mod 3, we have GL3(q) = SL3(q) X Z(GL3(q))-
In particular, the gharacter X = x % 1z7(aLs(q)) 1s an extension of x to GL3(q). Since x is
invariant under Fj and T', so is X'. As in the proof of Corollary 9.3 we may assume that
i | f, so by Proposition 9.4 there exists an extension

X" € Irr(GL3(q) x (F))
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of X' such that x"(F}) # 0. Now I' normalizes GL3(q) % (F}) and stabilizes x/, so x'Tis
an extension of x’ to GL3(q) x <FI§> as well, and since I" and F), commute we have

XT(F) = X"(Fy) #0.

Now denote by v and v/ the restrictions of x” and x'* to SLs(q) x <F£>, respectively.
Then both 1 and 1’ are extensions of x satisfying

Y(F}) = ¢/ (F)) #0.

Hence, by Corollary 1.22 we have ¢ = 4/, i.e., 1 is a I-invariant extension of y to
SL3(g) x (F}). Then by Proposition 1.20(i) there exists an extension of ¢ to SLz(q)  (F, T)
as claimed. O

Corollary 9.6. Every irreducible character of G extends to its stabilizer in Aut(QG).

Proof. Let x € Irr(G). We have Aut(G), = G x (I', Fp)y, and if we set K = (I', F},)y,
then by Corollary 9.3 either K is cyclic or we may write K = (I, F;,) for some i | f. In the
case of K being cyclic x extends to Aut(G), by Proposition 1.20(i). Otherwise, x extends
to Aut(G)y in consequence of Corollary 9.5. O

We now turn to the question concerning the extendibility of the Brauer characters
associated to GG. In answering this question we will make use of the lower unitriangular
shape of the decomposition matrix of G. More precisely, we use Proposition 1.29 to show
that all irreducible Brauer characters of G with respect to primes ¢ dividing ¢ — 1 extend
to their stabilizer in Aut(G). Note that for a Brauer character ¢ € IBr/(G) contained in
an ¢-block B, its stabilizer in Aut(G) necessarily fixes the whole ¢-block B, so we always
have Aut(G)y C Aut(G)p.

Lemma 9.7. Let ¢ | (g—1) and suppose that B is an £-block of G. Then there exists a basic
set B C Irr(B) for B such that the (-decomposition matriz for B is lower unitriangular
with respect to a suitable ordering of the characters in B and IBr(B), and every character
in B is left invariant by Aut(G)p.

Proof. We prove the claim by considering the distinct types of ¢-blocks of G described in
Propositions 6.8 and 6.11. Clearly, for ¢-blocks of ¢-defect zero there is nothing to show.

Suppose first that B is the principal ¢-block. Then by Propositions 6.9 and 6.12 we
may choose B to consist of the three unipotent characters 1g, x4e, and x,s, which are
clearly left invariant by Aut(G)p = Aut(G) being the unique irreducible characters of G
of their degree (cf. Table A.1).

Let B be of type B(). Then similarly as in the proof of Lemma 7.29 one can show that
there exist unique characters in B of types x¢, and x4a,, respectively, whose parameter is a
multiple of (¢—1)y, say their parameter is given by u (note that this is the same parameter
for both characters in consequence of Propositions 6.8 and 6.11). Let a € Aut(G)p. Since
Aut(G) = G x (I, F},), the automorphism a is the product of an inner automorphism of G
and powers of I and F},, so by Corollary 7.5 it fixes character types and the parameters of
Xg;)a and ng); are still multiples of (¢ — 1),. Since a fixes B, it thus leaves XEI>“3 ) and xé@B
invariant. Hence, we choose

B= {xgﬁg, Xf,é)g}-

Then by Propositions 6.9 and 6.12 this set is as required.
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If B is of type B(_ y or B, then |IBr(B)| = 1 and following Propositions 6.9 and 6.12

any one-element subset of Irr(B) trivially yields a basic set with corresponding lower uni-
triangular decomposition matrix. Similarly as before there exists a unique character in
Irr(B) whose parameter is a multiple of (¢> — 1), in the case that B is of type BE,) and
whose parameters are multiples of (¢ — 1), in the case that B is of type B(_ ), respectively.
By the same arguments as for the blocks of type B, this character is left invariant by
Aut(G)p. Hence, we may choose B to consist of exactly this character. O

Corollary 9.8. Let ¢ | (¢ — 1). Then every Brauer character ¢ € IBry(G) extends to its
stabilizer Aut(G)g in Aut(G).

Proof. Let ¢ € IBry(G) and B := bl(¢). By Lemma 9.7 there exists a basic set B C Irr(B)
for B such that the ¢-decomposition matrix for B is lower unitriangular with respect to
a suitable ordering of the characters in B and IBr(B), and every character in B is left
invariant by Aut(G)p. Hence, for every character x € B we have Aut(G), = Aut(G)s,
and by Lemma 1.27 every element in IBr(B) is left invariant by Aut(G)p as well, so in
particular Aut(G)s = Aut(G)p. Following Corollary 9.6 every character in B extends to
Aut(G)p. Thus, by Proposition 1.29 every irreducible Brauer character belonging to B
extends to Aut(G)p, so in particular ¢ does. O

9.1.2 Extendibility of Weight Characters

Here we prove that for £ | (¢ — 1) and (R, ¢) an ¢-weight of G associated to an ¢-block of
non-cyclic defect there always exist extensions of ¢ and the associated Brauer character
of Ng(R) to Aut(G)R,,-

9.1.2.1 The Case 2# /(| (¢—1)

We assume that £ is an odd prime dividing ¢—1 and denote by 7' = T* the maximally split
torus of G consisting of the diagonal matrices in G. If B is an ¢-block of G of non-cyclic
defect, then according to Propositions 7.27, 7.30 and 7.33 for every B-weight (R, ) of G
we have

R=0y(T) and ¢ = yNo)

up to G-conjugation, where 6 € Irr(7') is an irreducible constituent of ¢ and ¥ is an
irreducible character of Ng(7T)g lying above 6. In this section we prove that ¢ always
extends to Aut(G)o, (1) -

Since we assume that ¢ #Z 1 mod 3, one may easily check that the only irreducible
character 6 of T such that the quotient Ng(T")p/T has order divisible by 3 is the trivial
character 17 (cf. Lemma 7.26). Consequently, the following proposition does indeed handle
all possibilities that can arise during the examination of irreducible characters of T'.

Proposition 9.9. Let D := (F),,T") < Aut(G) and § € Irr(T"). Then
(i) 6 extends to (Ng(T) x D)g;
(i) for Ng(T)g =T the character x := ON6¢(T) € rr(Ng(T)) extends to (Ng(T) x D)y;

(iii) for Ng(T)e/T = Cy the character x := yYN¢(T) € Irr(Ng(T)) has an extension to
(Ng(T) x D)y, where ¢ € Irr(Ng(T)g | ) is an extension of 0 to Ng(T')e;

(iv) for @ = 17 the three irreducible characters in Irr(Ng(T') | 0) extend to Ng(T') x D.
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Proof. (i) Let us denote by V the group of monomial matrices in G with entries £1 and

set

W .= (V,T',F,) =V x D.
Then following Proposition 5.7 we have Ng(T") = (T, V) and Ng(T') x D = (T, W), and
moreover, there exists a subgroup V/ C V with V' & &3 and Ng(T') = T x V', for instance
V' = (vg,v3). Let now H :=V NT and v := 0|y € Irr(H). Then W, = V,, x D since the
elements of H are invariant under I' and F,. We have

V,=(HxV"),=Hx V),

so v has an extension v/ to V,, according to Lemma 1.23. As W, = V,, x D, there exists
an extension 7 of v/ to W,. Now for t € T and w € Wy < W,, we set

O(tw) == O(t)v(w)

and claim that 6 defines an extension of 6 to (Ng(T) x D)y = (T, Wy). First of all, we
observe that 6 is well-defined since any element of (T, Wj) may be written in the form
tw as above, and for elements t,¢ € T and w,w’ € Wy such that tw = t'w’, we have
t— 4 = ww' =t € TNWy = H, and hence v(ww'~1) = §(ww'~!), so we obtain

o (ww' " ")

Next we prove that 6 is a group homomorphism, whence a linear character of (Ng(T') x D)j.
For t,t € T and w,w’ € Wy we have

so 0 is a linear character of (Ng(T) x D)y satisfying §|T = 6 by construction, hence an
extension of 6 to (Ng(T') x D)y as claimed.

(ii) Let # be an extension of 8 to (Ng(T') x D)g, which exists by (i). Then §/(Na(T)xD)x
is an extension of x to (Ng(7') % D), by Lemma 1.24(ii) applied to N =T, S = 63 and
A= NG'(T) X D.

(iii) Since Ng(T') stabilizes y, we have

(N(T) x D)y = Ng(T) » D,

By Corollary 9.3 either D, is cyclic or we have D, = <F,FI§> for some ¢ € Z. If D,
is cyclic, then x extends to Ng(7T') x D, by Proposition 1.20(i). Hence, suppose that
D, = (T, F;> for some ¢ € Z. Again by Proposition 1.20(i) there exists an extension X of
X to Ng(T') x (I'). We have

X(1) = x(1) = [Ng(T): Ng(T)s| = 3,
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so X(I") must be the sum of three o(I")-th roots of unity. Since o(I") = 2, we conclude that
X(I') € {£1,£3}, so in particular x(I') # 0. Moreover, Fzﬁ commutes with I' and hence
normalizes Ng(T') x ('), so X'? is an irreducible character of Ng(T') x (I') with

~ [

(X%) ng(r) = X =X,

and we have Y (T') = X(I') # 0. Thus, from Corollary 1.22 it follows that X is F}'-invariant.
Since the quotient

(Na(T) » Dy)/(Na(T) = (L)) = (Na(T) x (T, E;)) /(N (T) % (L))
is cyclic, once again by Proposition 1.20(i) there exists an extension of X to Ng(7') x Dy,
hence an extension of x to Ng(T') x Dy as claimed.
(iv) Since Ng(T')/T = &3, we consider the irreducible characters of G3. We write
Irr(&3) = {71,72, 73}

where v; = lg,, 72 # le, is linear and 3 is irreducible of degree two. Then we fix an
isomorphism O;: Ng(T')/T — &3 such that we may write

Irr(Ng(T') | 11) = {1, ¥2, 93}

with 9;(n) = 7i(©1(nT)) for n € Ng(T') and i = 1,2,3. Let us now consider the irreducible
characters of Ng(T') x D lying above 17, p. The map

n: Ng(T)/T — (Ng(T) x D)/(T x D),
nT — n(T x D),

is an isomorphism as one easily checks, so @ := ©1 o7 ~! defines an isomorphism between
(Ng(T) x D)/(T x D) and S3. Then we may write

It(Ng(T) % D | 1rwp) = {t1,¥2, ¥s},
where ¥;(z) = 7i(Q2(z(T x D))) for z € Ng(T) x D and i = 1,2, 3. Now for any i = 1,2, 3
and n € Ng(T') we have
i(n) = %(O2(n(T x D))) = 7%i(Oa(n(nT))) = 7(©1(nT)) = i(n),
SO (Ji)|NG(T) = 1);, that is, we have found an extension of v; to Ng(T') x D. O

In order to show that for every ¢-block B of G with non-cyclic defect groups and every
B-weight (R, ¢) the character ¢ extends to Aut(G)r,,, we need the assertion of the lemma
below.

Lemma 9.10. Let A be a finite group, N < A a normal subgroup and r a prime dividing
the order of N. Moreover, let (R, ) be an r-weight of N such that ¢ extends to Ag,,. If
(Q,x) is an r-weight of N that is N-conjugate to (R, ), then x extends to Ag

Proof. Let z € N such that (Q, x) = (R, )* and denote by ¢’ an extension of ¢ to Ag,.
We prove that ¢'* is an extension of x to Ag,. Let us first show that Ag, =z 1Ag 2.
Suppose that a € Ag . Then

(z7laz)'Q(z taz) = 27 a  (2Qx Hax

=2 'a ' Rax
S
=Q,
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so " lax € Ag. Moreover, for all elements y € Ny (Q) we observe that

X* () = x((z az)y(z az) )
= (" )Y (xyz )

= o (wyz)
= p(xyz™)
= ¢"(y)

= x(v),

that is, 2 lazx € AQ,y,» s0 we conclude that x_lARMa: C Ag, - Analogously one proves
that Ag 2 ! C AR, and hence Ag, = 271 Ag 2. Now ¢'* is an irreducible character
of (Ar)" = AQ,y, and since

Nn(Q) = Nn(R") = Ny(R)® = 2~ ' Ny(R)z,
for all y € Ny (Q) we have xyz~! € Ny(R) and hence
¢ (y) = ¢ (xya™") = playa™") = " (y) = x(y),

so ¢'” is indeed an extension of x to Ag ,, which concludes the proof. O

We can now prove the desired statement on the extendibility of weight characters:

Proposition 9.11. Suppose that 2 # ¢ | (¢—1). Let B be an £-block of G with non-cyclic
defect groups and suppose that (R, @) is a B-weight. Then ¢ extends to Aut(G)pg,e.

Proof. Following Propositions 7.27, 7.30 and 7.33 there exists g € G such that BRI = Oy(T).
We set x := ¢ and consider the weight

(Ou(T), x) = (R, ¢).

By the propositions referred to above we have x = ¥N¢(T) for some 1 € Irr(Ng(T)g | 0),
where either

e =17 and x = ¢ € Irr(Ng(T) | 1) if B = By is the principal ¢-block, or
e Ng(T)s/T = Cy if B is of type By, or
e Ng(T)g =T and ¢ = 0 in the case of B being of type B(_ ).
Hence, by Proposition 9.9 there exists an extension X of x to (Ng(7') x (I', F},) ). Now we
have Aut(G) = G x (I, F},), where I and F), stabilize Oy(T), so
Aut(G)o, ) = Na(On(T)) x (I, Fp) = Ng(T) x (T, F)

according to Proposition 5.8. Thus, the character X constitutes an extension of yx to its
stabilizer Aut(G)o, (1), = (NG(T') x (', Fp))y. Hence, by Lemma 9.10 also ¢ extends to
Aut(G)g,, as claimed. O
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9.1.2.2 The Case / =2

In this section we suppose that ¢ = 2 and ¢ is odd and prove that for every 2-weight (R, ¢)
of G the weight character ¢ extends to its stabilizer Aut(G)g,, in Aut(G).

Lemma 9.12. Let (R, ) be a 2-weight of G and denote by @ the 2-defect zero character of
Na(R)/R associated to . If @ extends to (Aut(G)r/R)g, then ¢ extends to Aut(G)Rg,e.

Proof. This follows directly from the fact that (Aut(G)r/R)z = Aut(G)gy/R, so the
extension of @ to (Aut(G)r/R)z may be regarded as a character of Aut(G)g,, containing
R in its kernel and extending ¢. O

Lemma 9.13. Suppose that (R, ) is a 2-weight of G and denote by Aute(G) the subgroup
G x O2((T', Fp)) of Aut(G). If the 2-defect zero character @ of Ng(R)/R associated to ¢
extends to (Auta(G)r/R)g, then P extends to (Aut(G)r/R)s.

Proof. Since Ng(R)/R 9 Aut(G)r/R, by Proposition 1.19(i) the character ® extends to
(Aut(G)g/R)g if it extends to every group P lying between Ng(R)/R and (Aut(G)r/R)z
such that P/(Ng(R)/R) is a Sylow r-subgroup of

H := (Aut(G)r/R)/(Na(R)/R)

for some prime r dividing the order of H. Due to the fact that (I',F)) = Cy x Cy
is abelian, there exist unique Sylow r-subgroups of H for every prime r dividing |H],
and moreover these are cyclic whenever r is odd. In particular, for r # 2 there exists
an extension of ¥ to P for every Sylow r-subgroup P/(Ng(R)/R) of H according to
Proposition 1.20(i). Consequently, if the character @ extends to (Aut2(G)g/R)g, then it
extends to (Aut(G)g/R)g since

(Aut2(G)r/R)z/(NG(R)/R)

is the unique Sylow 2-subgroup of the group H = (Aut(G)r/R)z/(Ng(R)/R). (This
follows since for every a € Autyo(G)g there exists a 2-power m such that ™ € G, so even
a™ € Ng(R), and conversely, every element a € Aut(G)r that has 2-power order modulo
Ng(R) must also be a 2-element modulo G, i.e., a € Auty(G)R.) O

Proposition 9.14. Let (R, ) be a 2-weight of G. Then the 2-defect zero character @ of
Na(R)/R associated to ¢ extends to (Aut(G)r/R)g.

Proof. Let b denote the 2-block of N (R)/R containing . Since @ is of 2-defect zero, we
have Irr(b) = {®}. Further, denote by Auty(G) the subgroup G x O2((I', F},)) of Aut(G)
as in Lemma 9.13. We let

b S Blg((Ath(G)R/R)g)

be a 2-block covering b and we choose a character x € Irr(b') of height zero. By Defini-
tion 1.14 every irreducible constituent of the restricted character x|n,(r)/r is contained in
an (Auta(G)g/R)g-conjugate of b. But since b is the 2-block containing @, it clearly stays
invariant under the action of (Aut2(G)r/R)g, so in fact every irreducible constituent of
X|Ne(R)/R lies in b. Now Irr(b) = {}, whence we conclude that x|n(r)/r = €® for some
integer e > 1. The quotient

(Aute(G)r/R)z/(Ne(R)/R)
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is a 2-group, implying by [Nav98, Cor. 9.6] that the 2-block b’ is the unique 2-block of
(Auta(G)r/R)z which covers b. Since x was chosen to be of height 0 in b’, we may apply
[Nav98, Cor. 9.18] to deduce that the integer

e = (X|Ng(R)/R> P)NG(R)/R

is prime to 2. On the other hand, e divides |(Auty(G)r/R)z: Ng(R)/R| according to
[Hup98, Thm. 21.3(a)], so we conclude that e = 1. Thus, X|x(r)/r = P, that is, x is an
extension of @ to (Auta(G)r/R)z. We may finally apply Lemma 9.13 and conclude that
there exists an extension of @ to (Aut(G)r/R)g as claimed. O

Corollary 9.15. Let (R, ) be a 2-weight of G. Then ¢ extends to Aut(G)g,.

Proof. By Proposition 9.14 the 2-defect zero character @ € Irr(Ng(R)/R) associated to
¢ extends to (Aut(G)gr/R)p. Hence, by Lemma 9.12 there exists an extension of ¢ to
Aut(G) Ryp- ]

9.1.3 Summary

Let us briefly outline how far we have progressed up to now in establishing the (iBAW)
condition for SL3(q), ¢ > 2, ¢ # 1 mod 3. We need Lemma 9.16 below. (We should note
that this lemma does in fact not only hold for G = SL3(q) but for an arbitrary finite
simple group. However, we only need it in the case G = SL3(q).)

Lemma 9.16. Let ¢ be a prime and B be an £-block of G. Suppose that there exist subsets
IBr(B | Q) C IBr(B) and bijections

0 Bi(B| Q) — d2(Na(@)/Q, B)

for every Q € Rady(G) satisfying conditions (i) and (ii) of Definition 3.2. Then for all
Q € Rady(G) and all ¢ € IBr(B | Q) we have

Naut(@), (Q) = Aut(G)g,x

where x € Irt(Ng(Q)) denotes the inflation of Qg(gb) € Ir(Ng(Q)/Q) to Na(Q).

Proof. Let @ € Rady(G) and ¢ € IBr(B | Q) and denote by x the inflation of Qg(¢) to
N¢(Q). Suppose that a € Nayya),(Q). Since ¢ € IBr(B), we have a € Aut(G)p, so by
assumption

QG ()" = 0Ga(6") = QG(9),
that is, Qg(gb) is left invariant by a. Hence, also its inflation y is invariant under a, since
X" (n) = x(a(n)) = QG (¢)(a(n)Q) = QG (¢)*(nQ) = x(n)

for all n € N¢(Q). This yields the inclusion Ny (), (@) € Aut(G)g,y-

Let now a € Aut(G)g,. As the -block b of Ng(Q) containing x satisfies ¢ = B by
assumption and Y is left invariant by a, we have

B® = (bG)a — (ba)G — bG — B
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by Proposition 1.3, so a € Aut(G)p. In particular, ¢* € IBr(B | Q)* = IBr(B | Q), and
once more, since y and hence Qg(qS) is invariant under a, we have

QG (") = Q5(0)" = QG(9).
Thus, by bijectivity of Qg it follows that ¢® = ¢, i.e.,

a € Aut(G)p N Naw(e)(Q) = Naur(a), (Q)-
We conclude that Ny (), (@) = Aut(G)g,x- O

At this point we have nearly established all parts of the (iBAW) condition for the
¢-blocks of G with non-cyclic defect groups, where ¢ | (¢ — 1):

Theorem 9.17. Let ¢ | (¢—1) be a prime and B be an (-block of G with non-cyclic defect
groups. The subsets IBr(B | Q) C IBr(B) and the Aut(G)p q-equivariant bijections Qg
for Q € Rady(QG) defined as in the proof of Proposition 8.1 satisfy conditions (1) - (3) of
Definition 3.2(iii).

More precisely, for every Q € Rady(G) and every ¢ € IBr(B | Q) the finite group
Aut(G)y satisfies the following conditions: There exist characters ¢ € IBry(Aut(G)y) and

S IBrg(NAut(G)d)(Q)) such that:

(1) the group A := Aut(G)y satisfies G L A, A/ Ca(G) = Aut(G)g, Ca(G) = Z(A) and
Cr1Z(A)l,

(2) ¢ € IBry(A) is an extension of ¢,

(3) ¢ € IBry(N4(Q)) is an extension of the inflation of Qg(¢)0 € IBry(Ng(Q)/Q).

Proof. We let @ € Rad,(G) and ¢ € IBr(B | Q). Then for the group A := Aut(G)y we
clearly have G < A and

Ca(G) = {1} =Z(4),

so (1) is satisfied.

For (2) recall that by Corollary 9.8 every irreducible Brauer character of G extends to
its stabilizer in Aut(G), so in particular there exists ¢ € IBry(A) extending ¢.

Finally, for (3) we let x € Irr(Ng(Q)) be the inflation of Qg(qﬁ) to Ng(Q). Then XV is
the irreducible Brauer character of Ng(Q) associated with

Q5(9)" € IBry(N(Q)/Q),

so condition (3) demands an extension of x° to N4(Q). The pair (Q,Y) is a B-weight,
and hence by Proposition 9.11 for odd ¢ and Corollary 9.15 for £ = 2 there exists an
extension Y of x to Aut(G)g,. Now the sets IBr(B | ) and the bijections Qg satisfy
conditions (i) and (ii) of Definition 3.2 by Proposition 8.1, so following Lemma 9.16 we
have Aut(G)q,x = Nauy(a),(Q)- Hence, X is an extension of x to Naw(a),(Q) = Na(Q).

We have

") xe@ = Kine@)” = X",

so the Brauer character ¢ := ¥° is an extension of x° to N 4(Q), and irreducibility of ¢
is necessarily implied by irreducibility of x. This completes the proof. O
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9.2 Block Correspondence

Let ¢ | (¢ —1). So far we have established parts (i), (ii) and (iii)(1)-(3) of the inductive
conditions in Definition 3.2 for all ¢-blocks of G of non-cyclic defect. The objective of this
section is to show that the extensions in part (iii) can be chosen such that also part (iii)(4)
of the inductive condition is satisfied. In order to reach this goal we exploit a number of
results achieved by Koshitani-Spéth in [KS13].

Lemma 9.18. Let K < A be finite groups and H < A a subgroup of A. Moreover, let
M = KN H, and for a prime r let t/ € Bl.(M) and ¢ € Bl.(H) be an r-block covering
V. If both (') and ()2 are defined, then ()4 covers (V')X.

Proof. This is [KS13, Lemma 2.3]. O

Lemma 9.19. Let K < A be finite groups and H < A a subgroup of A with A = KH.
Moreover, let v be a prime. For M := KN H let b/ € Bl.(M) be an r-block that has a
defect group D with Ca(D) C H. Suppose that some qg € IBr,.(A) and 5’ € IBr,.(H) satisfy
¢ = ¢k € IBr(b) and ¢’ := ¢' 5y € IBr(V'), where b := (b)K. If it holds that r { |A/K]|
and bl(¢')* = bl(¢), then

DU (a1, 2) ) = DU |, 0)
forallx € H.
Proof. This is [KS13, Lemma 2.4]. O

Lemma 9.20. Let K < A be finite groups and H < A a subgroup of A with A = KH.
Moreover, let v be a prime. For M := K N H let b’ € Bl.(M) be an r-block that has a
defect group D with C4(D) € H. Suppose that some ¢ € IBr,(A) and ¢’ € 1Br,.(H) satisfy
¢ = ¢k € IBr(b) and ¢' := ¢’ |3y € IBr(b'), where b := (VK. If

US|t )™ = DU (¢ 09)

for allz € H' = {y € H|rto(y)}, then bl(¢/)* = bl(¢).
Proof. This is [KS13, Lemma 2.5(a)]. O

Let us now return to our situation of G = SL3(q) with ¢ > 2 and ¢ # 1 mod 3. By
application of the above tools and use of similar ideas as in the proof of [CS14, Lemma 3.2]
we are finally able to verify the last missing piece for the (iIBAW) condition for G:

Proposition 9.21. Suppose that ¢ | (¢—1) and denote by B an £-block of G of non-cyclic
defect. Moreover, suppose that IBr(B | Q) C IBr(B) and Qg are defined as in the proof of
Proposition 8.1 for Q € Rady(G).

Let (R,%) be a B-weight of G. Moreover, let ¢ € IBr(B | R) be defined such that
¢’ = ° € IBry(Ng(R)) is the inflation of Q%(¢)° € IBry(Ng(R)/R) to Ng(R) and denote
by A := Aut(G)y the stabilizer of ¢ in Aut(G). Let ¢’ € IBry(N4(R)) be an extension of
¢ to No(R) (exists by Theorem 9.17). Then there exists an extension ¢ € 1Bry(A) of ¢
to A satisfying

DU |n,(r))” =Dl )

for all groups G < J < A.
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Na(R) ¢

In particular, in the situation of Theorem 9.17 for every Q € Rady(G) and every
¢ € IBr(B | Q) the Brauer characters = IBry(Aut(G)g) and ¢ € IBr;(Nau(a),(Q)) can
be chosen such that in addition to parts (1) to (3) of the inductive condition in Defini-
tion 3.2(iii) they also satisfy part (4) of Definition 3.2(iii).

Proof. Let us consider the quotient group A/G. Since A < Aut(G) = G x (I', F),) with
[I', F,] = 1, the group A/G is abelian. Hence, there exists a unique subgroup A; < A such
that A;/G is a Hall ¢'-subgroup of A/G, i.e., such that |A;/G| = |A/G|y. The Brauer
character ¢/ := ¢/|NA (r) 18 an extension of ¢’ to Ny, (R), and since Ng(R) < Ny, (R),
the (-block bl(¢) covers bl(¢/) by Definition 1.14. Since bl(¢/) and bl(¢') are (-blocks
of N4, (R) and Ng(R), respectively, with R an ¢-group, the induced blocks bl(¢/)4! and
bl(¢/)¢ are defined according to Proposition 1.2, and moreover, by assumption we have
bl(¢')¢ = bl(1))¢ = B = bl(¢). We may apply Lemma 9.18 for G < Ay, H = N4, (R) and
M = Ng(R) to deduce that the ¢-block bl(qg’)Al covers bl(¢). Hence, by [Nav98, Thm. 9.4]
there exists a character in bl((E’ )41 lying above ¢, that is

IBry(Ay | ¢) N IBr(bl(¢)**) # 0.

As we have proven in Theorem 9.17, the Braueg character ¢ extends to A, so let us suppose
that ¢ € IBry(A) is such an extension. Then ¢4, € IBry(A;) extends ¢ to Aj, and hence
by Gallagher, Theorem 1.21, we have

IBI‘g(Al ‘ ¢) = {$\A1 -V ‘ IS IBI‘g(Al/G)},

which consists only of extensions of ¢ to A; since A; /G is abelian. Thus, we conclude
that IBr(bl(qZ)’ )41) contains an extension of ¢, say gzb Again by Gallagher and the fact that
A/G is abelian, the set

IBr(A | ¢) = {6 v |veIBr(A/G)}

consists of extensions of ¢ to A. We have <$ = 5\141 -v for some v € IBry(A4;/G), and since
A/G is abelian, v extends to A/G, say 8 € IBry(A/G) with B4, /c = v. Hence, there

exists an extension (?5 € IBry(A) of $ to A, namely gzNS =¢-B€IBry(A] ¢).

Note that in our case the representatives of any two distinct G-conjugacy classes of
radical /-subgroups are non-isomorphic, so for any a € Aut(G) there exists g € G such
that R* = RY. Hence, for z € A we conclude that x € GN4(R), and since GN4(R) C A,
we have A = GN4(R). Analogously, it follows that A; = G Ny, (R).
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Moreover, by Lemma 1.13 the group Oy(Ng(R)) is contained in any defect group of
any ¢-block of Ng(R). Since R is a radical ¢-subgroup of G, we have Oy(Ng(R)) = R, so
in particular, R is contained in any defect group of bl(¢). Hence, for every defect group
D of bl(¢') we have Cy, (D) C Cy,(R) C Ny, (R), and since ¢ 1 |A1/G|, we may apply
Lemma 9.19 for G 9 A; with H = Ny, (R), which gives

bl(/ |<NG(R),z))<G7 ) = b1($|(G,x>)

for all z € Ny, (R).

Let now G < J < A. Then G < J and by similar arguments as above it follows that
J =GNj(R) and C;(D) C Ny(R) for every defect group D of bl(¢). Since A;/G is the
unique Hall ¢-subgroup of A/G, the set Nj(R)® of #-elements of N;(R) is contained in
A1, so we have

DL | N, (r)) (N (), ) D™ = DU (xa(m). )
= bl($(6,4))
= bl((¢ ) z))

for all z € Ny(R)? C Nga,(R) by the above considerations. Following Lemma 9.20 for
G < J and H = Nj(R) we conclude that bl(¢’ |NJ(R))J = bl(¢ ;) as claimed. O
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Chapter 10

The Main Result for SL3(q)

Having examined the inductive conditions from Definition 3.2 for all relevant blocks of
SLs(q), ¢ > 2, ¢ # 1 mod 3, we are now able to combine our observations and results
obtained in the previous chapters to state and verify the one main assertion we were
aiming for in this part of the thesis:

Theorem 10.1. Let ¢ > 2 be a prime power with ¢ Z 1 mod 3. Then the inductive
blockwise Alperin weight condition (cf. Definition 3.3) holds for the group SLs(q) and
every prime £ dividing its order.

Proof. Since according to Remark 5.4 the group G = SL3(q) is its own universal covering
group in the given situation, we need to verify conditions (i) to (iii) of Definition 3.2 for
every ¢-block B of X = G for every prime /¢ dividing |G|. If £ is such a prime, then either
¢ =p, £ =2or {> 2 divides exactly one of ®1(q), P2(q) or ®3(q) following Lemma 5.2.
For ¢ = p the claim holds by Proposition 3.11, and for ¢ > 2 dividing ®2(q)®3(q) the
Sylow ¢-subgroups of G are cyclic by Proposition 5.9(i), so in consequence of Proposi-
tion 3.9 the assertion is true in this case as well. Hence, it remains to consider the case
where ¢ | ®1(q) = ¢ — 1 and B is an ¢-block of G of non-cyclic defect. This case, however,
is completely solved by our results in Proposition 8.1, Theorem 9.17 and Proposition 9.21.
Hence, the (iBAW) condition holds for SL3(q) and every prime ¢ dividing its order as
claimed. O
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Chapter 11

Properties of Gy(q)

The second infinite series of groups of Lie type we examine in this thesis under the objective
of verifying the inductive blockwise Alperin weight condition is the series consisting of the
finite Chevalley groups Ga(q). We begin our study by presenting a brief introduction to
these groups and giving a summary of those of their properties that are of importance
in the subsequent investigation. Our main references are Carter [Car89], Chang [Cha68],
Gorenstein-Lyons—-Solomon [GLS98], Malle-Testerman [MT11] and Steinberg [Ste68].

11.1 Construction of G5(q)

As a finite group of Lie type the group Ga(g) may be constructed as the subgroup of fixed
points with respect to a Frobenius endomorphism of an infinite universal Chevalley group
with root system of type Ga.

b
“3a—b —a a+b 3+ 2b
—2a—b 2a +b
Ba-22 Y ) 3a+b
b

Figure 11.1: Root system of type Go
To give a more precise definition of G3(q) we let p be a prime and f € N5 be such that
q = p/. Moreover, let us consider a root system X of type Ga, that is,
Y= {+a, +b, £(a+b), £(2a +b), +(3a +b), +(3a + 2b)} C R?

where II := {a, b} is a base for ¥ (see, for instance, [GLS98, Rmk. 1.8.8]). This may be
illustrated as in Figure 11.1 above (cf., e.g., [Car89, p. 46]). Note that the roots in ¥ do
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not all have the same length, but rather there are two root lengths in . The roots +b,
+(3a + 2b) and +(3a + b) are the long roots of ¥, the remaining roots are short.

Let us now come to the definition of G2(q). We denote by F an algebraic closure of
the finite field I, consisting of p elements and let [F, be its subfield containing exactly
q elements. Moreover, we define G to be a universal Chevalley group over F with root
system 3 and Steinberg generators x,(t), h,(s) and n,(s), r € £, t € F, s € F*, as in
Theorem 4.22. The linear map given by

F: G— G, z(t)— . (t9, reXx tel,
is the Frobenius endomorphism of G with respect to I, hence a Steinberg endomorphism
of G, and the finite group G of fixed points of G under F is exactly the finite group of
Lie type which we will henceforth denote by G := G2(q) := GT'. This group is generated
by all z,(t) for r € ¥ and t € IF,.

In some cases it will turn out to be convenient to use a different notation for the roots
in X obtained by setting &1 :=a + b, & := a and &3 := —&; — &9, which yields

Y= {£&, £, £83, £(& — &), £ (& — £3), (& — &) -

This notation allows a uniform description of the action of the Weyl group of G on the
associated maximal torus as will become apparent in the subsequent section.

Lemma 11.1. The order of the finite group Ga(q) is given by

1Ga(q)| = ¢®(¢—1)*(¢+ D*(* +q+1)(¢* —q+1)
= ¢°®1(q)*®2(q)*®3(q) P (q)-

Proof. This is, for instance, stated in [MT11, Table 24.1]. O

As it turns out, apart from a few exceptions, the groups G(q) are simple and constitute
their own universal covering groups:

Proposition 11.2. Suppose that ¢ > 3. Then the finite group Ga(q) is simple. Moreover,
if ¢ = 5, then Ga(q) has trivial Schur multiplier, that is, it is its own universal covering

group.

Proof. See, for instance, [MT11, Table 24.2, Thm. 24.17 and Rmk. 24.19]. O

In this thesis we are interested in the case where G2(q) is simple and has trivial Schur
multiplier, whence henceforth, unless stated differently, the following is assumed:

From now on we assume that ¢ > 5.
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11.2 Weyl Group and Maximal Tori of G3(q)

Our next objective is to describe the maximal tori of the finite group G. To this end
we consider the maximal torus T of G generated by all h.(t), r € X, t € F*, as in
Proposition 4.36 and denote by W := Ng(T)/ T the corresponding Weyl group. It is a
well-known fact that W is a dihedral group of order 12 (e.g. [Hum72, Table 12.1]).

Notation 11.3. For the purpose of a convenient description of the action of the Weyl
group W on the maximal torus T, let us introduce a different way of writing the elements
of T following the notation of [Cha68]. We recall the root system ¥ of G and consider
the additive group ZY generated by ¥. By [Car89, p. 98] each group homomorphism
X: ZY — F* (called an F-character of ZX) gives rise to an element h(x) of the maximal
torus T. Even more, according to [Car89, Thm. 7.1.1] we have

T = {h(x) | x: Z¥ — F* is a group homomorphism}.

Since Z%. is a free abelian group, it is evident that for any fixed basis B C ZX a group
homomorphism y: ZY — F* (and hence h(x)) is uniquely determined by the images of
the basis elements under y. Now let us fix the basis B = {{1, &} (this clearly constitutes
a basis of ZY). Then we denote by h(z1, 22, 23) with 21, 22, 23 € F* the element h(y) of T
defined by x(&1) = 21, x(§2) = 22, and the condition z;z923 = 1. We have

ho(2) = (2 &) ine) e
for r € ¥ and z € F* (see [Car89, p. 98]).

In the above notation the action of Ng(T), and hence of W, on the maximal torus
T may now be uniformly described as follows (note that this statement is also given in
[Cha68, p. 193]):

Lemma 11.4. Let 21, 29,23 € F* with 212923 = 1 and suppose that i,j,k € {1,2,3} are
pairwise distinct. Then we have

Ng;—¢; (1)_1h(21, 22, Z3)n£i_§j (1) = A( (1) #m(2)> Z7r(3))7
=h

ngk(l)ilh(zlﬂ22a23>n£k(1) i . - )7

z
(Zm)’ “r(2) ()
where  denotes the transposition (ij) € G3.

Proof. These are easy calculations applying Theorem 4.25(x) and the fact that for any root
r € ¥ and any field element z € F* we have h,(z) = h(z{" 00 zra) 5 =Qatb))), O

Let us now take a look at the maximal tori of G. Up to G-conjugation there exist six
of these, denoted Ty, T—, Ty, Ty, T3 and T (see, e.g., [Asc87, p. 254]). Representatives in
G of these maximal tori are given in Table 11.1 below, where we write

v2 1= np(1)n_(2445)(1),
vz 1= nga4p(1)n_p(1),
Vg ‘= V2V3.

These elements will henceforth occur frequently.
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weW | T wwr
Ty = {h(z1, 22, 23) | zg_l =1, 212923 = 1}
1 Dys
= g—1 X Cq—l
0T T = {h(zl,ZQ,Zg) | ngrl =1, 212923 = 1} Dus
= Cgt1 X Cgpa
T, = {h(z, 2771 279y | 241 = 1
na(l)T a { (Z,Z ) 2 ) ‘ z } 02 % CQ
= Cq2_1
T — (] q ,—(g+1) ?-1_
nb(].)T b { (’Z?Z JZ ) |Z } CQXCZ
= Cq2—1
To = [h(z. 29, 20 | z0%+a+ — 1
wr | = e | ) "
= Cq2+q+1
Te — Bz 29 ) | p°—0+1 — 1
’UGT 6 { (Z,Z y 2 ) ‘ z } Cﬁ
= Cge—gt1

Table 11.1: Maximal tori of Ga(q)

We refer to [Cha68, p. 194] and [Eno70, p. 507] for the statement on the representatives of
the maximal tori T%!" and to [Kle88b, Table I] or [Car70, Table 3] for the corresponding
fixed points of the Weyl group W.

For future use we set F, := F and F_ := wvyF, and, accordingly, G, := G for
e € {£} (or ¢ € {1} slightly abusing notation). Then G = G, and in consequence of
Corollary 4.35 the finite group G_ is G-conjugate to G.

11.3 Relations in Gs(q)

Let us recall from Remark 4.26 that the signs 7, for roots r,s € ¥ occurring in the
Steinberg relations given in Theorem 4.25 depend on the chosen Chevalley basis underlying
G, that is, they depend on the parametrization of the generators z,(t) of G. Hence, for
consistency of our future calculations it seems reasonable to fix such a parametrization for
the remainder of this work:

Proposition 11.5. There exists a Chevalley basis {h, | r € I} U{e, | r € X} as in
Theorem 4.10 for the simple Lie algebra of type Go underlying G such that the corre-
sponding multiplication constants Nys for r,s € ¥ with r+ s € ¥ are given by the relation
N,s = — Ny, and the identities

Nei—g; -6, = 1
Noge—¢ =1,
Nei—g;6; = 1,
Ng, ¢, = 2(ijk),
N*Eiﬁfj = —2(ijk),
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for pairwise distinct i,j,k € {1,2,3}, where (ijk) denotes the sign of the permutation
o € &3 given by o(1) =14, 0(2) =j and 0(3) = k.

Moreover, with respect to the above Chevalley basis the signs 1, s, v,5 € X, occurring
in Theorem 4.25 are given by Table 11.2 and the relations 0., = —1, 9. _s = N s and

N—r,s = NMrwp(s)-

. | a+b a —(2a+b) b 3a+b —(3a+2b)
a+b -1 -1 1 -1 1 1
a 1 -1 -1 1 -1 1
—(2a+b) | -1 1 -1 11 1
b —1 1 1 -1 1 -1
3a+0b 1 —1 1 -1 —1 1
—(3a + 2b) 1 1 ~1 1 -1 ~1

Table 11.2: Signs 7, s for Ga(q)
Proof. This is stated in [Ree61, p. 439 and pp. 441/442]. O

We shall henceforth assume that the generators x,(t) of G are derived from a Chevalley
basis as in Proposition 11.5, so in particular in our computations we use the signs 7, s as
given in Table 11.2. As a first observation we obtain the following relations for the elements
v9,v3,v6 € Ng(T) defined in Section 11.2 above:

Lemma 11.6. We have v3 = v3 = v§ = 1, [v2,v3] = 1, and moreover
(i) vglh(zl,z%z;@)vg = h(zl_l,zz_l,zg_l),
(ii) v;lh(zl, 29, 23)v3 = h(zs, 21, 22)

for all z1, z9, z3 € F* with z12023 = 1.

Proof. The first part of the claim follows from Theorem 4.25(ix) in combination with
Proposition 11.5. Statements (i) and (ii) are immediate consequences of Lemma 11.4. [

Moreover, the following relations hold:
Lemma 11.7. Lett € F (with t # 0 in (ii)) and r € 3. Then
(i) va, (g = o (~1),
(i) van,(t)vy ' = n_.(—t).
In particular, vo commutes with all n,(1), r € X.

Proof. By definition we have vy = ny(1)n_(2444)(1), so by application of Theorem 4.25(viii)
we obtain that

—1
U2y (DU = Ty (w_ () (1) Moo 20 ()1~ (20+5) L) -

Since b and —(2a+b) are perpendicular to each other, wy(w_(2q44)(r)) = —r for any r € .
Moreover, by Proposition 11.5 we have Mo (3a0y (1) 1—(2a+b),r = —1 for all r € X, hence (i)
follows. Statement (ii) is a direct consequence of (i) since n,(t) = x,(t)z_p (=t )z, (2).
Moreover, n,(1) = n_,(—1) by Theorem 4.25(ix), which yields the final implication. I
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Let us now come to a well-known statement which does in fact not just hold for type
G but also for arbitrary Chevalley groups. Nevertheless, we only state this result here for
Chevalley groups of type G2 as for our purpose it is only needed in the context of these
groups.

Proposition 11.8. For every root r € 3 there exists an epimorphism

¢r: SLa(F) — (z,(t),x_(t) |t € F)

such that
1t 10
[O J — 2,(t) and L 1] — 2, (1)
fort € F. Moreover, under ¢, we have
t 0 01
[O t_l} — h,(t) and [1 O] — n(1).

Proof. See, for instance, [Car89, Th. 6.3.1] for the existence of the epimorphism ¢,. The
statements on the preimages for h,(t) and n,(t) may easily be derived from the identities
ne(t) = () z_p(—t Y, (t) and h,(t) = n.(t)n.(—1). O

For later use we also state the values of the Cartan integers (r, s) for r, s € X
Lemma 11.9. The Cartan integers (r,s), r,s € X, for the root system ¥ of type Ga can

be found in Table 11.3 below, where it should be noted that (—r,s) = (r,—s) = —(r,s) for
all r,s € 3.

. *l'a b a+b 2a+b 3a+b 3a+2b
al 2 -3 -1 1 3 0

bl —1 1 0 1 1

at+b || -1 p 1 0 3
2a+b | 1 1 p 3 3
3a+b| 1 -1 0 1 P 1
3a+2 || 0 1 1 1 1 p

Table 11.3: Cartan integers for a root system of type Go

Proof. Following [Car89, p. 40] the Cartan integers are given by (r,s) = p(r,s) — q(r, s)
for r, s € 3 with r # +s, where
iy,

}
i},

p(r, s) = max{i —jr+seX forall 0

>0 | <J <
q(r,s) =max{i 20| jr+seX forall0<j<

For r = s we clearly have (r,r) = 2. Application of these formulae yields the claim. O
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11.4 Automorphisms of G(q)

The aim of this section is a description of the automorphism group of G. Let us recall that
g = p/ for a prime p and f € Nyg. Similarly as for the special linear groups we obtain a
first automorphism of G by the following definition:

Definition 11.10. By [Ste68, p. 158] the field automorphism F, — F,, a — a?, induces
an automorphism F, of the group G = G2(q) via

Fp: G— G, x,.(t)— z,(t'), reX, tel,

The automorphism Fj, will be called a field automorphism of G. Note that its order in
Aut(G) is given by f.

In the case that p = 3 we may define another automorphism of G:

Definition 11.11. Suppose that p = 3. By [Ste68, p. 156] there exists a unique angle-
preserving and length-changing bijection p: ¥ — ¥ satisfying p(A) = A. This bijection
may be imagined as reflecting along the line bisecting the angle between a and b, and
interchanging root lengths (see Figure 11.2). Now p induces an automorphism I' of G2(q)
via

T:G—G, z(t) — T, (et)  if s long,
Y xp('r)(ertg) if r is short,

for suitable signs ¢, € {£1} with ¢, = 1 if one of £+r is contained in A (compare [Ste68,
pp. 156/157]). This automorphism is called a graph automorphism of G.

—3a-—0

Figure 11.2: Permutation p of root system of type Go

Remark 11.12. Let us assume again that p = 3. The signs €, in the definition of the graph
automorphism I' above depend, like the signs 7, s, on the chosen Chevalley basis of the
Lie algebra underlying G. Since we are working with the fixed Chevalley basis given by
Proposition 11.5, the question arises of determining the values of the signs €, with respect
to this particular basis.
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Chapter 11. Properties of Ga(q)

Following the proof of [Car89, Prop. 12.4.1] we may assume that the signs €, equal 1
for all r € X if the following condition on the multiplication constants is satisfied:

1 1
*§N§27§1 = §N§27—£3 = Neg,—g5,60-65-
In consequence of Proposition 11.5 we have
Ne, e = 2(213) = =2,
Ney—e5 = 3,
Nei—g3,60-65 = 1,

whence the above condition is clearly fulfilled. Thus, in the following we work with the
graph automorphism

T:G— G, ap(t) — {0 (t) if ris long,
7 Ty (%) if 7 is short.

We observe that since p? is the identity map on ¥ and p interchanges root lengths, we
have I'?(z,.(t)) = z,.(t3) for all r € ¥, so I'? = F3 = F,. If for r € ¥ we define )\, to be 1 if
7 is long, and 3 if r is short, then the above definition of I' reduces to I'(x,(t)) = @) (tA).

For our future calculations it will be convenient to understand the action of the graph
automorphism I' on the elements h,(t) and n,(t):

Lemma 11.13. Suppose that p = 3. Then it holds that
(Z) F(nr(t)) = Np(r) (tAT)f
(“) F(hr(t)) = hp(r) (tAT)

for every root r € X and every t € F.

Proof. We have

(
:xp(r)(t )xp(—r)((_t_l)kir)xp(r)(t)\r)
= Lp(r) (tAT)x—p(r)(_(t)\r)_l)xp(r) (t)\r)
= Np(r) (tAr)
since p(—r) = —p(r), the roots r and —r have the same length, and (—1)* = —1. From
this we deduce that
L (he(t)) = T(n,(£))T(np (1))
= Np(r) (t)\r)np(r)(l)il
= hp(r) (tAT)
forallr € Y and t € qu as claimed. O

By means of the two automorphisms I' and F), the automorphism group of G may now
be described as follows:

122



11.4. Automorphisms of Ga(q)

Proposition 11.14. For G = Go(q) with ¢ = p/ one has

Aut(G) = G x (Fp) ifp#3,
Gx(T) ifp=3.

In particular, the outer automorphism group of G is cyclic for all primes p.

Proof. This is well-known and follows, for instance, from [GLS98, Th. 2.5.12(a)—(e)] by
taking into account that the algebraic group G is both adjoint and universal (cf. [MT11,
Table 9.2]). O

Remark 11.15. (i) Asindicated earlier, in certain situations it will be convenient to work

inside the group G_ = G2, which we defined in Section 11.2, instead of the group
G = G4. This is due to the fact that inside the group G_ the maximal tori of type
T_ have a representative lying in the maximal torus T of G (cf. Table 11.1), which
allows a nice description of the action of the field automorphism on this torus. For
this we should note that as for the group G the endomorphism of G defined by
zr(t) = x,(t?) induces an automorphism of G_. Similarly as for G, we shall denote
this automorphism by F},, and if p # 3, then Aut(G_) = (G_, F},). The action of F),
on the maximal torus T of G_ lying inside T is then given by raising each element
to its p-th power, which is analogous to the action of F), on the maximal torus 7 of
G4 inside T.
However, contrary to the case of the group G it does not hold true any longer that
F), has order f as an automorphism of G_, where ¢ = p/. Rather, the order of F,
is given by 2f in this case since (1)2Fq)2 = Fp = Fgf acts trivially on G_, while
FJ = F, acts on G_ by conjugation with vs.

(ii) Following Definition 11.10 for 6 € {£} the field automorphism F), acts trivially on
the quotient

N, (T)/Ts = Ngrs (T)/ T = (T5,n,(1) | r € B)/T5 = Do,

where we have N r; (T) = (T5,n,-(1) | r € ) in consequence of Lemma 11.7 (cf. also
Propositions 4.27 and 4.40 for the statement on the isomorphism). Furthermore, any
element of N, (T) may be written in the form n -t for some ¢t € T5 and n € Ng,(T)
with Fp(n) = n.
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Chapter 12

Action of Automorphisms

In this chapter we determine the action of the automorphisms of the group G = G2(gq) on
its irreducible Brauer characters as well as on its ¢-weights in the cases £ = 2 and ¢ = 3,
where £ 1 q. The case where ¢ > 5 is not considered here since in this situation the (iBAW)
condition has already been proven to hold for G either by reason of the ¢-blocks having
cyclic defect groups or by results of Cabanes—Spath [CS13]. More details on this will be
provided in the proof of Theorem 14.1.

In the previous chapter we saw that the outer automorphism group of G is cyclic,
generated either by the field automorphism F), if 3 { ¢ or by the graph automorphism I
in the case where ¢ is a power of 3. Hence, in order to understand the action of Aut(G)
on the Brauer characters and G-conjugacy classes of weights of G it suffices to know how
these behave under the action of Fj, or I, accordingly.

12.1 Action on the Brauer Characters of G2(q)

Let us first study the action of the automorphism group Aut(G) on the Brauer characters
of G. A set of representatives for the conjugacy classes of G as well as a brief description of
the irreducible characters of G and the ¢-blocks and ¢-decomposition numbers for £ € {2, 3}
may be found in Sections B.1, B.2 and B.3 of Appendix B. For the notation used here we
also refer to those sections.

12.1.1 The Case ¢ =2

Here we assume that ¢ = 2 and ¢ is odd.

Proposition 12.1. Let B be a 2-block of G. Then one of the following holds:
(i) B # By and Aut(G)p acts trivially on IBr(B),
(i) B = By, 314q, and Aut(G)p = Aut(G) acts trivially on IBr(B),

(iii) B = By, 3| q, and T interchanges v13 and p14, and leaves the remaining elements
of IBr(B) invariant.

Proof. We go through the different types of 2-blocks of G (cf. Section B.3.1 for the 2-
blocks of G and the corresponding decomposition matrices). Certainly, the claim holds for
2-blocks of defect zero. Suppose now that B is the 2-block Bs, in which case we must have
31 ¢. Then a basic set for IBr(B) is given by B = {X31, X32, X33}, and since according
to Table B.2 each of the characters in B is the unique irreducible character of G of its

125



Chapter 12. Action of Automorphisms

degree, it follows that Aut(G)p = Aut(G) acts trivially on B. Moreover, the decomposition
matrix for B is unitriangular with respect to a suitable ordering of B and IBr(B), whence
by Lemma 1.27 each element of IBr(B) is left invariant by Aut(G)p = Aut(G).

Let us next assume that B is of type By for some I € {la,1b,2a,2b}. Then we
have |IBr(B)| = 2 and the irreducible Brauer characters in B are of degrees ¢/(1) and
(1) = (¢ — 1)¢;(1) following Table B.2 and Section B.3.1. Since by assumption g > 5,
these degrees are distinct, whence in particular Aut(G)p does not interchange the two
elements of IBr(B).

If B is of type Bx, for some I € {1,2,a,b}, then |IBr(B)| = 1, so the claim follows
trivially. We have thus proven (i).

Let us finally suppose that B is the principal 2-block By. Then a basic set for IBr(B) is
given by B = {X11, X17, X138, X13, X14, X15, X12}, and, apart from the characters X3 and
X14, according to Table B.2 the elements in this set are the unique irreducible characters
of G of their degree, hence left invariant by Aut(G) = Aut(G)p. We take a closer look
at X153 and X14. These are the only irreducible characters of G of degree %qcbg(q)(l)(j (q),
whence any automorphism of G either stabilizes both of these characters or it interchanges
them. Let us assume first that 3 { ¢ and consider the conjugacy class of G represented by
ug = xoq4+p(1) (cf. Table B.1). Clearly, this class is stabilized by the field automorphism

F,, so ng” (u2) = X13(u2). Now by Table B.3 we have
Xi3(uz) = ¢ # 0 = Xqa(u2),

from which we deduce that Xf;f’ # X4, that is, ngp = X13 and ijf = X14. By Proposi-
tion 11.14 we have Aut(G) = G x (F,) for 3 1 ¢, which implies that also X3 and X4 are
in fact stabilized by all of Aut(G) in this case, yielding (ii).

Let now 3 | ¢ and consider the conjugacy classes of G represented by u; = 34425(1)
and ug = T9444(1). In this case the automorphism group of G is given by Aut(G) = G = (I')
according to Proposition 11.14, and from Definition 11.11 and Remark 11.12 it follows that

[(u1) = D(230420(1)) = 22045(1) = ua.

By Table B.3 we have X13(u1) 75 X13(’LL2) = XIF3(U1) but ng(ul) = X13(U2) = X14(U1),
and we conclude that Xf3 = X14. Let us now take a look at the 2-decomposition numbers
of By, which are given by the following matrix with respect to the basic set B:

’ H Y11 P17 P18 P13 P14 P15 @12‘

Xy || 1
X || -1

X1s 1

X3 || 1 1

Xu |l 1 1

X15 1
Xpl|l1 o« 8 1 1 - 1

for suitable a, 8 > 0 (cf. Section B.3.1). Clearly, since X131, X17 and Xjg are invariant
under Aut(G), so are 11, 17 and p13. Now i3 = ng — 11 and @14 = XY, — 11,
so by the previous observations I' interchanges 13 and 14. Since X15 and Xio are left
invariant by Aut(G) and the multiplicity of o153 as an irreducible constituent of X7~ and
XY, respectively, agrees with that of (14 in each case, we conclude that @15 and @12 are
stabilized by I', and hence by Aut(G) = G x (I') as claimed in (iii). O
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12.1.2 The Case ¢ =3

Here we assume that ¢ = 3 and 3 { ¢. In particular, we have Aut(G) = G x (F)).
Proposition 12.2. Let B be a 3-block of G. Then Aut(G)p acts trivially on 1Br(B).

Proof. As for the case £ = 2 we go through the different types of 3-blocks of G (cf. Sec-
tion B.3.2 for the 3-blocks of G' and the corresponding decomposition matrices), and we
do not need to deal with 3-blocks of defect zero.

Suppose first that B is the 3-block Bs. Then ¢ is odd and | IBr(B)| = 4 with basic set
given by B = {X21, X292, Xo3, Xo4}. Following Table B.2 the characters X9 and Xyy are
the unique irreducible characters of G of their degrees, hence invariant under the action
of Aut(G) = Aut(G)p, while Xo3(1) = X24(1). However, there are no further irreducible
characters of G of this degree, so an element of Aut(G) not stabilizing Xs3 and X4 has
to interchange these. But by Table B.4 the character X3 takes the value g(¢> + 1) on
the conjugacy class represented by u;, while the character Xs4 does not take this value
on any conjugacy class, so in consequence Xo3 and Xo4 cannot be interchanged by any
automorphism of G. We conclude that Aut(G)p = Aut(G) acts trivially on B, and since
the decomposition matrix for B with respect to suitable orderings of B and IBr(B) is
unitriangular, we may apply Lemma 1.27 to deduce that IBr(B) is stabilized pointwise by
Aut(G)B .

Similarly as in the case ¢ = 2, for 3-blocks B of type By, where I € {la,1b,2a,2b},
there exist exactly two irreducible Brauer characters in B, which are of distinct degrees
since ¢ > 5. Hence, Aut(G)p acts trivially on IBr(B).

If ¢ = 1 mod 3 and B is a 3-block of type By, for I € {1,3,a,b} or if ¢ = —1 mod 3
and B is a 3-block of type Bx, for I € {2,6,a,b}, then IBr(B) contains only one element,
which is hence trivially stabilized by Aut(G)zp.

Finally, we suppose that B = By is the principal 3-block of G. Then a basic set for
IBI"(B) is given by the set B = {X11, X18,X1971, X14,X15,X16,X12} for ¢ = 1 mod 3 or by
the set B = {X11, X138, X191, X14, X17, X16, X12} for ¢ = —1 mod 3. With the exception of
the character X191 any element of B is the unique irreducible character of G of its degree
(see Table B.2), hence invariant under Aut(G). For the character X9 1 we have

X191(1) = éqq’l(Q)2‘I’2(Q)2,
and according to Table B.2 it holds that X1g 2 is the only other irreducible character of G of
this degree. Moreover, by Remark B.3 we have X ?971 = X%,,Q, so we conclude that Aut(G)
leaves X ?971 invariant (even though some automorphism of G might interchange X9 ; and
Xi92). In summary, we conclude that for any element x € B the Brauer character b
must be left invariant by Aut(G) = Aut(G)p. With respect to a suitable ordering of
both B and IBr(B) the corresponding decomposition matrix is unitriangular according to
Section B.3.2, so again by application of Lemma 1.27 and Remark 1.28 we conclude that
the irreducible Brauer characters in B are left invariant by Aut(G)p as claimed. O

12.2 Action on the Weights of G5(q)

The B-weights of G for ¢-blocks B of non-cyclic defect have already been determined by
J. An in [An94a] for various primes ¢ dividing the order of G. We give here a summary
of his results for the primes 2 and 3. Furthermore, our task is now to examine how these
weights behave under the action of automorphisms of G.
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For the course of this section we also allow ¢ < 5. The reason for this is that in certain
cases we need to consider weights of the subgroup Ga(p) of G2(q) defined over the prime
field I, of Fy, which makes it necessary to include the groups G2(2) and G2(3) in our
investigations. However, this shall not cause any problems here since neither any of our
proofs nor any of the results we refer to rely on the condition that ¢ > 5.

12.2.1 The Case ¢/ =2

Throughout this section we assume that ¢ = 2 and ¢ is odd. Moreover, we let ¢ € {£1}
be such that ¢ = ¢ mod 4. In the first part of this section we examine certain 2-subgroups
and 2-weights of G in particular situations in order to understand their behaviour under
the action of Aut(G). These groups will occur in Proposition 12.16 as radical 2-subgroups
of G giving rise to 2-weights belonging to the principal 2-block of G.

To begin with, note that any Sylow 2-subgroup of G is contained in the centralizer
of an involution, and thus so is any 2-subgroup of G. Let us hence fix the involution
y := he(—1)hp(—1) € G for the following investigations. By application of Lemma 11.9
and the fact that

ho(z) = h(z0 &) 200 &) (0 &)

for v € ¥ and z € F* (cf. Section 11.2) we obtain that y = h(1,—1,—1) € T'y. Moreover,
by [Ree67, Thm. 2.5] all involutions in G are G-conjugate to y.

Lemma 12.3. The centralizer in G of the involution y = hg(—1)hy(—1) is given by

CG(y) = <T+7 xa+b(t)7 x3a+b(t), na+b(1)7 n3a+b(1) ’ t e Fq>.

Proof. As observed in Section 11.2, there exists an F-character y such that y = k() since
y € T4 C T. By [Cha68, Th. 4.1] (for p > 5) and [Eno70, Prop. 3.1 and Sec. 7] (for p = 3)

we have
Ca(h(x)) = (T4, z4,(t) |7 € X, x(r) =1, t € Fy).

We have already noted above that y = h(1,—1, —1). Hence, it follows that y corresponds
to the F-character y: Z¥ — F* with x(a +b) = 1 and x(a) = —1, and since

x(era + eab) = x(a) x (b)) = (~1) 7
for c1, co € Z, we deduce that x(r) = 1 forr € ¥ ifand only if r € {£(a+b), £(3a+b)}. O

In the following we will consider a number of statements involving certain orthogonal
groups. Let us fix some notation:

Notation 12.4. For an even natural number n > 2, a prime power ¢ and a sign § € {£}
we denote by CO%(¢), GO%(q) and SO? (¢) with

CO%(q) = GOJ(q) > SO%(q) and COS(q) > SO (q)

the conformal orthogonal group, the general orthogonal group and the special orthogonal
group over Fy of degree n and d-type, respectively. We refer to [KL9O, Sec. 2.5] for a
detailed description of these groups. One should note that the notation in [KL90] differs
from the notation used here in the way that in [KL90] the conformal orthogonal groups
are denoted by GOZ(q), while the general orthogonal groups are written as O (q).
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Remark 12.5. Since by [Ree67, Thm. 2.5] all involutions of G are conjugate in G, it follows
from [An94a, (1A) and (3D)] that Cg(y) is isomorphic to SO} (¢), the special orthogonal
group over [Fy of degree 4 and plus type.

The first type of 2-weights we consider now are those arising from 2-subgroups of G

isomorphic to the extraspecial group 2?4 of order 2174 and plus type.

Lemma 12.6. Suppose that ¢ = £3 mod 8. Then any two subgroups of SOZ(q) that are
isomorphic to 2i_+4 are conjugate in COJf (q).
Moreover, any subgroup R < SO (q) isomorphic to 2}~_+4 is 2-radical in SO (q) with

NSOI(q)(R>/R = (Cg X Cg) X CQ,
where the non-trivial element of Cy acts on Cg x C3 by inversion.

Proof. The first statement is part of [An93, (1G)(b)]. For the second statement we note
that, in consequence of the first part, for subgroups Ry, Ry < SOZ(q) isomorphic to 2_1|r+4
we have

Nsof (q)(F1)/B1 = Nyoyp o (R2) /R,

so Ry is a radical 2-subgroup of SOJ (¢) if and only if Ry is. Moreover, according to
[An94a, (2B)] the group SOJ (¢) contains a radical 2-subgroup R = 217 which satisfies
Nsoj{(q)(R)/R > (O3 x C3) x Cy with the non-trivial element of Cy acting on C5 x C3 by
inversion. Hence, the claim follows. ]

Before we state the next result let us observe that in the case of 3 | ¢ we always have
q = 1 mod 8 if ¢ is an even power of 3, and ¢ = 3 mod 8 otherwise. Hence, ¢ = +3 mod 8
immediately implies that ¢ = 3 mod 8 in this situation.

Proposition 12.7. Suppose that 3 | g and let ¢ = 3 mod 8. Moreover, define
R:= <x3a+b(_1)$—(3a+b)(_1)v xa+b(_1)$—(a+b)(_1)a n3a+b(1)a na+b(1)> < GQ(?’) < G.

Then R = 2™ is a radical 2-subgroup of both G2(3) and G2(q).

Proof. We first prove that R = 2?4 by making use of the fact that 2}r+4 &~ Dgo Dg is the
central product of two dihedral groups of order 8. For r € ¥ recall the epimorphisms ¢,
from Proposition 11.8. As 3 | ¢, we have

-Ta-i-b(_l)x—(a—i-b)(_l) = ¢a+b ([(1] 7%]) ¢a+b ([_% (1)]) = d)a—‘rb ([:% 7“)
with [j _}]2 = [_é 7(1)] . Since by Proposition 11.8 it holds that

Patb (( 7(1] —?)) = hayp(—1),

which does not equal 1 by Theorem 4.25(v),(vi), we conclude that x,(—1)z_(q4p)(—1)
has order 4. Analogously, one can show that 23,14(—1)Z_(3444)(—1) has order 4. Moreover,
from Theorem 4.25(ii) it follows that xqyp(—1)T_(q4p)(—1) and z3445(—=1)7_(3044)(—1)
commute, and by part (v) of that theorem we have

ha-l—b(_l) = h3a+b(_1) =Y.

By Theorem 4.25(viii) and Proposition 11.5 the element n,5(1) acts trivially on the group
(T3046(—1)T_(3044)(—1)) and inverts the elements of (zq15(—1)x_(444)(—1)). The same
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holds true if one interchanges the roles of a+b and 3a +b. Finally, from Theorem 4.25(ix)
and Proposition 11.5 we deduce that [n,45(1), n34+5(1)] = 1. Hence, we conclude that

R = ((xagrp(—1)x_(q16)(=1)) ¥ (nag5(1))) o ({3045(—1)Z_(3016)(—1)) % (n3a45(1)))
=~ DS e} Dg

as claimed.

As observed before, we have y = h3q 5(—1) = n3.44(1)? € R, and moreover one easily
verifies that Z(R) = (y). Hence, R C Cq(y) = SOJ (q) (and R C Cg,3)(y) = SOF (3),
respectively), and from Lemma 12.6 it thus follows that R is 2-radical in both SO} (¢) and
SOI(?)). The center of R is a characteristic subgroup of R, so in particular we obtain that
Ng(R) € Ng(Z(R)) = Ca(y). Consequently, R is 2-radical in G2(q), and analogously it
also follows that R is 2-radical in G2(3). O

Proposition 12.8. Assume that 3 | ¢ and let ¢ = 3 mod 8. Moreover, suppose that the
group R = 2}|_+4 is as in Proposition 12.7. Then Ng(R) = Cg,(3)(y)-

Proof. In the proof of the Proposition 12.7 we observed that Ng(R) C Ca(y) = SOJ (q),
whence we may apply Lemma 12.6 to deduce that

Ng(R)/R = (03 X Cg) X CQ,

with the action of the non-trivial element of Co on C3 x C5 given by inversion. E.g. by
application of Theorem 4.25 one verifies that the group

Car)(y) = (ha(=1), ho(=1), Zars(1), 3a+5(1); Matp(1), n3a1s(1)) > R

(cf. Lemma 12.3) is contained in Ng(R). Now hq(—1) and hy(—1) agree modulo R since
y = haq(—1)hp(—1) lies in R, and hence according to Theorem 4.25(ii),(vii) and Lemma 11.9
we have

Ca,3)(¥)/ R = (ha(=1); Tatp(1), 23a+b(1))
= ((Za+b(1)) X (230+5(1))) % (ha(=1))

with the action of h,(—1) given by inversion and —: Cg,3)(y) = Cays)(y)/R denoting
the natural epimorphism. Since 3 | ¢, it follows that x,,5(1)® = 23,,5(1)> = 1, and hence
we may conclude that Ng(R) = Cg,(3)(y)- O

With R as above, the previous result allows us to examine the action of the graph
automorphism I' on Ng(R)/R in the situation of 3 | ¢ and ¢ = 3 mod 8.

Lemma 12.9. Assume that 3 | ¢ and let ¢ = 3 mod 8. Moreover, let R = 2}ﬁ4 be as in
Proposition 12.7 and suppose the notation of the proof of Proposition 12.8, that is,

Na(R)/R = ({(zatp(1)) X (230+5(1))) x (ha(=1)).

Let us parametrize the elements of Ng(R)/R by setting

((5,1),2) := Tatb(s) T3a46(t) 2 € Na(R)/R

for s,t € F3 and z € (hq(—1)). Then I'(((s,%),2)) = ((¢, ), 2).
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Proof. This is obvious since by definition of ' it holds that ['(z415(t)) = 234.5(t3) and
[(23045(t)) = Tqis(t), and we have t3 =t for all t € F3. Moreover, from Lemma 11.13 it
follows that I'(hg(—1)) = hp(—1), which coincides with hg(—1) modulo R. O

Let us now determine the conjugacy classes of the quotient Ng(R)/R, where R is as
in Proposition 12.7. Information on these will allow us to understand the action of I on
the irreducible characters of Ng(R)/R in the case that 3 | q.

Lemma 12.10. Assume that 3 | g and let ¢ = 3 mod 8. Moreover, let R = 2?4 be as in
Proposition 12.7 and assume the notation of Lemma 12.9. Then the conjugacy classes of
Ng(R)/R are given by

Csi:={((s,1),1), ((—s,—t),1)}, s,t € F3, and
Cy :={((u,v), 2) | u,v € F3, z # 1},
where Csy = Cy v if and only if (s,t) = (s',t) or (s,t) = (=5, —t).

In particular, the quotient Ng(R)/R has 6 pairwise distinct conjugacy classes, given

by Co,0, Co1, Cro, Cr1, C1,—1 and C.
Proof. This follows by easy computations. O

Lemma 12.11. Assume that 3 | g and let ¢ = 3 mod 8. Moreover, suppose that R = 2}ﬁ4
is as in Proposition 12.7. Then the character table of the quotient group Ng(R)/R is given

by:

Coop Cx Con Cio Cin Cr—1
o | 11 1 1 1 1
Xx 1 —1 1 1 1 1
X0,1 2 2 -1 -1 -1
X1,0 2 -1 2 -1 -1
X1,1 2 -1 -1 2 -1
X1,-1 2 -1 -1 -1 2

Proof. According to Lemma 12.6 it holds that Ng(R)/R = (C5 x C3) x Co, where the
non-trivial element of Cy acts on C3 x C3 by inversion. This group has identifier [18,4] in
the SmallGroups Library [Brel2] provided by GAP, whence the GAP-command

gap> Display(CharacterTable(SmallGroup([18,4])));

provides the character table of Ng(R)/R as given above. O

Proposition 12.12. Assume that 3 | ¢ and let ¢ = 3 mod 8. Moreover, let R = 2_1|r+4 be
as in Proposition 12.7 such we have that Irr(Ng(R)/R) = {X0,0, X*s X0,15 X1,0, X1,1, X1,—1}
as i Lemma 12.11. Then the automorphism I' interchanges xo,1 and x1,0 but leaves the
remaining wrreducible characters of Ng(R)/R invariant.

Proof. By Lemma 12.9 and Lemma 12.10 we have I'(Cy 1) = Ci, while the remaining
conjugacy classes are left invariant by I'. Hence, the claim follows immediately upon
comparison with the character table of Ng(R)/R given in Lemma 12.11. O
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For now this completes our study of the groups 2?4. The second type of 2-groups we
examine now are those isomorphic to 2?2 0D 42_1),, the central product of an extraspecial

group 2f2 of order 8 and plus type with a dihedral group D,2_y), of order (¢® —1)s.

Lemma 12.13. Suppose that ¢ = 1 mod 8. Then any two subgroups of SOI(q) that are
1somorphic to 2?2 o D421y, are conjugate in COjJ (q).

Moreover, any subgroup R < SOI(q) isomorphic to 2?2 o Dg2_1y, is 2-radical in
SO (q) with Ngoz (g (R)/R = 3.

Proof. For the first statement we note that both groups 2f2 and D(;2_1), may be em-
bedded into GOF (¢) (e.g. by [An93, (1G)(b)] and the fact that D,2_;), is isomorphic to a
Sylow 2-subgroup of GOj (q) by [KL90, Prop. 2.9.1(iii)]). Now [An93, p. 176] states that
the image of 2?2 o D(42_1), under the embedding

2}ﬁ2 oDz 1), — GO§L (q) o GO;((]) — GOZ(q)
is “determined uniquely [...] up to conjugacy”. We strongly suspect that this is saying

that there is only one conjugacy class of such subgroups in GO} (¢). This would imply the
first claim but unfortunately it is not entirely clear what exactly is meant here. However,
the representation theory of dihedral groups is well-known and one easily verifies that any
faithful absolutely irreducible F,-representation of 2}r+2 © D(42_1), is 4-dimensional, and
that, moreover, up to GL4(g)-conjugation the images in GL4(q) of all faithful irreducible
4-dimensional [F-representations of 21++2 o D21y, agree. Thus, any two subgroups of
SO (¢) that are isomorphic to 2?2 o D(42_1), must be conjugate in GL4(g), whence from
[KL90, Cor. 2.10.4(iii)] it follows that they must even be conjugate in COJ (q) as claimed.
Now, if Ry, Ry < SOJ () with Ry, Ry =217 0 D24y, then

Nsoj (¢ (F1)/ B = Nsoy () (R2)/ Rz

by the first part, so it suffices to know that there exists at least one radical 2-subgroup of
SO () isomorphic to 2}ﬁ2 o D42_1),- This, as well as the statement on the normalizer of
R in SOj (q), holds by [An94a, (2B)]. O

Lemma 12.14. Suppose that ¢ =1 mod 8. The groups

Rt = (natp(1), n3asn(1), hy(=1), hesp(t) |t € FY, 0702 =
Raasp = (Nasb(1), n3a45(1), ha(—1), haaps(t) | t € FY, tl7D2 =

)

1) <G,
<G

NN

are isomorphic to 2}f2 o Dg2_1), and 2-radical in G. Moreover, Rqyp and Rsqip are not
conjugate in G.

Proof. Let us first show that R,.p and Rs,yp are isomorphic to 21["2 o D(g2_1),- We have
y = ho(—1)hp(—1) = hgyp(—1) € Rqyp, so in particular also he(—1) € Ryqp. Using the
relations given in Theorem 4.25 one can show that h,(—1)n,15(1) has order 2 and acts on
(hays(t) | t € FY, tla=1)2 = 1) by inversion. Moreover, hq(—1)n3445(1) has order 2 and
acts on (ha(—1)ha (7)) by inversion, where 7 € F;* denotes an element of order 4 (which
exists by assumption). Now the subgroups

(haso(t) | t €Ty, t97D2 = 1) % (ha(—1)nass(1)) =2 Dig2_1y,
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and

<ha(*1)ha+b(i)> X <ha(71)n3a+b(1)> = D8 = 2}Q_+2

of R,y commute with each other (following Lemma 11.4), both have center (hq4+4(—1)),
and together they generate R,y,. We conclude that R,y = 2?2 o D42_1),- Analogously,
one can also show that Rs3, p = 2?’2 o D(qu)z-

Since y = hq(—1)hp(—1) = heyp(—1) = hzatp(—1) as observed before, it is contained
in both groups, and in fact both groups have center generated by y. Hence,

Ra-i—ba R3a+b - CG(ZJ) = SOI(Q)a

and from Lemma 12.13 we deduce that R,y and Rsq1p are 2-radical in Cg(y). Moreover,
since Z(Rgyp) = Z(R3q+p) = (y), also

NG(Ratb); Na(Rzasb) € Ca(y) =2 SOS (q).

Hence, R,1, and R34y are 2-radical in G with Ng(Rayp)/Ra+s and Ng(Rsatb)/Raats
isomorphic to &3 following Lemma 12.13.

Now suppose there is g € G such that Rsqp = (Raqp)?. Since commutator subgroups
are characteristic, we then have [Rsq1p, R3qtb] = [Ratb, Rats)? as well. Easy calculations
under consideration of Theorem 4.25 yield

[Ra-i-ba Ra-i—b] = <ha+b(t2) | te F;a t(q_l)z = 1>7
[R3atb, Raats] = (hsas(?) | t € By, t0712 = 1),

Now let t € F be of order (¢—1)2. Then there must exist another element » € F;* of order
(q — 1) such that hs, p(t?) = heqp(22)9. It is well-known that all elements of T, = T
which are conjugate in G must be conjugate by an element of the Weyl group W (see, for
instance, [Car85, Prop. 3.7.1]), which equals

W= (T, n (1) |reX)/ T
according to Proposition 4.27. Moreover, by Theorem 4.25(x) we have
nr(l)hS(ZQ)nr(l)il = th(s)(Z2)

for all r;s € 3, and w,(s) is a short root if and only if s is short, so there must exist a
short root s such that hz,;p(t?) = hs(2?). From [GLS98, Th. 1.9.5(d)] it follows that

t2(3a+b, ) 2(s,r)

=z
for all r € ¥ (note that one has to be careful here since the definition of (_, ) in [GLS98|
differs from the one used here in the way that the roles of the two arguments are inter-
changed). For r = a + b we have

(3a+b, a+b)

b, r)y =2
(3a+b,7) (3a + b, 3a + b)

=0

since a + b and 3a + b are orthogonal roots. Hence, Z2s,atb) — 1. Now, being a short root,
s is contained in {*+a, £(a +b), £(2a + b)} and we deduce that (s, a +b) € {£1, £2}
following Lemma 11.9. We conclude that z* = 1, which contradicts the assumption that
z has order (¢ — 1)2 and ¢ = 1 mod 8. O
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Proposition 12.15. Let ¢ = 1 mod 8. The groups Ry and Rsqyp from Lemma 12.1/4 are
stabilized by the field automorphism F,. If 3| q, the graph automorphism I' interchanges
Rayp and R3qyp-

Proof. The first statement is obvious. The second claim follows from Lemma 11.13 and
the fact that p: ¥ — ¥ interchanges a + b and 3a + b, as well as a and b. O

We are now ready to describe the action of Aut(G) on the 2-weights of G. This will be
accomplished by a case-by-case analysis of the different types of 2-blocks of G of non-cyclic
defect. Following [An94a, p. 36] or Section B.3.1 these are the 2-blocks By, B3 (if 31 q),
and the 2-blocks of types Big, Biy, B2, Bap, Bx, and By,.

12.2.1.1 The Principal Block By

The 2-weights of G belonging to the principal 2-block By have been described by J. An in
[An94a] as follows:

Proposition 12.16. Suppose that B = By is the principal 2-block of G. Then |W(B)| =T7.
Moreover, if (R, ) is a B-weight of G, then up to G-conjugation one of the following holds:

(i) R = (C3)3, an elementary abelian group of order 8, Ng(R)/R = GL3(2), and ¢ is
the inflation of the Steinberg character of Ng(R)/R = GL3(2). There exists exactly
one G-conjugacy class of such B-weights in G.

(ii) R ~g (O2(T:),v2), Ng(R)/R = &3, and ¢ is the inflation of the unique irreducible
character of Ng(R)/R = &3 of degree 2. There exists exactly one G-conjugacy class
of such B-weights in G.

(i1i) R € Syly(G) is a Sylow 2-subgroup of G, Ng(R) = R, and ¢ is the trivial character
of Ng(R). There exists exactly one G-conjugacy class of such B-weights in G.

(iv) ¢ = £1mod 8, R = 2?2 © D(g2_1y,, the central product of an extraspecial 2-group of
order 8 and plus type with a dihedral group of order (¢> — 1), Ng(R)/R = &3, and
¢ 1s the inflation of the unique irreducible character of Ng(R)/R = &3 of degree 2.
There exist exactly two G-conjugacy classes of such B-weights in G.

(v) ¢ = £1mod 8, R = 2?4, an extraspecial 2-group of order 2'74 and plus type,
Ng(R)/R = &3 x &3, and ¢ is the inflation of the unique irreducible character of
Ng(R)/R = G3 x &3 of degree 4. There exist exactly two G-conjugacy classes of

such B-weights in G.

(vi) ¢ = £3mod 8, R = 21" Ng(R)/R =2 (C3 x C3) x Cy with the action of the non-
trivial element of Co on C3 x Cs given by inversion, and o is the inflation of one
of the four irreducible characters of Ng(R)/R of degree 2. There exists exactly one
G-conjugacy class of such R in G.

Proof. This follows from [An94a, (3C)] and the proof of [An94a, (3H)]. O
The action of Aut(G) on the By-weights of G is given as follows:

Proposition 12.17. Let B = By be the principal 2-block of G and suppose that (R, ) is
a B-weight of G. The following statements hold:

(i) If R is as in (i), (ii) or (iii) of Proposition 12.16, then up to G-conjugation (R, p)
is invariant under Aut(G).
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(i) If g = £1 mod 8 and R = 2}r+2 o D(g2_1y,, then F), stabilizes the G-conjugacy class
of (R, ), while T (if existent, i.e., if 3 | q) interchanges the two G-conjugacy classes
of type (R, ¢).

(iii) If ¢ = £1 mod 8 and R = 23r+4, then up to G-conjugation (R, ) is invariant under
Aut(G).

(iv) If ¢ = £3 mod 8 and R = 2}:‘4, then F,, stabilizes the G-conjugacy class of (R, ).
By Proposition 12.16(vi) the weight character ¢ is the inflation of one of the four
irreducible characters of Ng(R)/R of degree 2. If 3 | q, then two of these characters
are stabilized by I', the remaining two are interchanged.

Proof. (i) This is clear since in cases (i), (ii) or (iii) of Proposition 12.16 the character ¢ is
uniquely determined by R and there exists a unique G-conjugacy class of B-weights with
first component isomorphic to R.

For (ii) we observe that in consequence of Lemma 12.14 we may assume that up to
G-conjugation R is one of R,y or R3q4p. Since Rqyp and Rsqyp are not G-conjugate by
Lemma 12.14, it follows from Proposition 12.15 that the claim holds if ¢ = 1 mod 8. Now
suppose that ¢ = —1 mod 8. Then we have ¢ = pf for odd f and p # 3. Hence, the
automorphism I' does not exist, and Fj, has odd order f on G. Consequently, Fj, must
stabilize both G-conjugacy classes of type (R, ¢).

(iii) According to Proposition 12.16(v) there exist exactly two G-conjugacy classes of
B-weights of type (R, ¢) with ¢ uniquely determined by R, and at least one of these has a
representative with first component lying in Ga(p), so both classes are stabilized by F),. If
p = 3, then the automorphism I" also acts on Ga(p), which contains exactly one conjugacy
class of such R by Proposition 12.16(vi). Hence, T" stabilizes both G-conjugacy classes of
R that exist in G = G2(q), so in particular, the G-conjugacy class of (R, @) is stabilized.

For (iv) we observe that by Proposition 12.16(vi) there exists a unique G-conjugacy
class of B-weights of type (R, ¢) in G, and this has a representative with first component
contained in Ga(p), so assume that R < Ga(p). Moreover, ¢ = +3 mod 8 implies that also
p = £3 mod 8, so by the same proposition

Ng(R)/R = Ney(p) (R)/ R,

and hence Ng(R) = Ng, () (R). We deduce that F), stabilizes all characters of Ng(R)/R, so
in particular (R, o) is stabilized. For p = 3 we may assume that R is as in Proposition 12.7,
whence the action of I' on the irreducible characters of Ng(R)/R of degree two is described
in Proposition 12.12. ]

12.2.1.2 The Block Bj
Note that this 2-block does only exist if 3 t ¢ (cf. Section B.3.1), and that the outer
automorphism group of Ga(q) is generated by the field automorphism F}, in this case.

Proposition 12.18. Let B = Bs. Then |W(B)| = 3. Moreover, if (R1,¢1) and (Rz,v2)
are B-weights of G that are not G-conjugate, then Ry and Ro are not isomorphic.

Proof. This follows immediately from the proof of [An94a, (3I)]. O
In consequence, we may easily derive the following observation about the action of the

automorphism group Aut(G) on the Bs-weights of G:

Corollary 12.19. Let B = Bs. Then Aut(G)p = Aut(G) acts trivially on W(B).

Proof. This follows from Proposition 12.18 since Aut(G)p = Aut(G) and any automor-
phism of G clearly preserves the isomorphism type of R for a B-weight (R, ) of G. O
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12.2.1.3 The Blocks of Types Bi,, Biy, Bog and By,

Let B be a 2-block of G. If B is of type B, for some ¢ € {la,1b,2a,2b}, then we write
B € {Biq, B1py, Bag, Bap}. See Section B.3.1 for further information on such 2-blocks. Let
us recall for the following statement that ¢ € {1} was chosen to satisfy ¢ = € mod 4.

Proposition 12.20. Let B € {Bi,, By, Baa, Bay} be a 2-block of G. Then W(B)| = 2.
Moreover, for a B-weight (R, ) the following statements hold:

(i) If B € {Bi4, B} and € =1 or if B € {Bag, Bapy} and € = —1, then we either have
R = 21++2 0 Cy—c),, the central product of 21++2 with Cq_c),, or B = Cg_g), 1 Oy,
the wreath product of C4_s), by C2, and ¢ is uniquely determined by R and B.
Moreover, for each such R there exists exactly one G-conjugacy class of B-weights

of type (R, ) in G.

(ii) If B € {Bia,B1wp} and ¢ = —1 or if B € {Bag, Bay} and € = 1, then we either
have R = 2'%2 or R Sa(q2—1),, @ semidihedral group of order 2(¢? — 1)a, and ¢ is
uniquely determined by R and B. Moreover, for each such R there exists exactly one
G-conjugacy class of B-weights of type (R, ) in G.

Proof. This follows from the proof of [An94a, (3I)]. O

The above description implies the following action of automorphisms of G on the 2-
weights associated to 2-blocks of G of types Biq, Bip, Bog or Boyp:

Corollary 12.21. Suppose that B € {B1q, B1y, B2a, Bap} is a 2-block of G. Then Aut(G)p
acts trivially on W(B).

Proof. According to Proposition 12.20 the G-conjugacy class of any B-weight (R, ) is
uniquely determined by B and the isomorphism type of R. Hence, since for any automor-
phism a € Aut(G)p the 2-weight (R, ¢)* = (R®, ¢*) belongs to B and R* = R, it follows
that Aut(G)p stabilizes the G-conjugacy class of (R, ¢). O

Remark 12.22. In the situation of Proposition 12.20(i) a defect group of the 2-block B is
given by C,_¢), 1 C2, while in (ii) B has Sy(42_1), as a defect group (cf. [An94a, (3I)]).

12.2.1.4 The Blocks of Types By, and By,

In this section we examine the 2-blocks B of G that are of type Bx, or Bx, (compare
Section B.3.1 in Appendix B). We use the notation B € {Bx,, Bx,} in this situation.

Proposition 12.23. Suppose that B € {Bx,, Bx,} is a 2-block of G. Then W(B)| = 1.

Proof. This is [An94a, (3I)(a)]. O

Corollary 12.24. Suppose that B € {Bx,, Bx,} is a 2-block of G. Then Aut(G)p acts
trivially on W(B).

Proof. This result follows directly from Proposition 12.23 since G possesses exactly one
G-conjugacy class of B-weights. O
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12.2.2 The Case ¢ =3

Throughout this section we let £ = 3 and suppose that 3 t ¢. Recall that we also allow ¢ < 5
here. Let us define € € {£1} to be such that ¢ = ¢ mod 3. Now we recall from Section 11.2
the notation Fy = F and F_ = vyF, the definition G. = G'* and the fact that G, and
G_ are conjugate in G by Corollary 4.35. For convenience we will mainly work with the
group G, throughout this section since it provides a particularly nice description for the
maximal torus 7. = T'* (see Table 11.1). According to [An94a, (1E)] we have

Neg. (T:)/T: = Dqs.

Thus, since we also have Ng_(T)/ Tt = W= = Dy by Proposition 4.40 and Table 11.1
with Ng_(T) C Ng.(T2), it follows that

Ne.(Te) = Ne.(T) = (Tz, ne(1) [ 7 € %)

in this case (cf. also Proposition 4.27 and Lemma 11.7).

Let us now consider the group

L= (zp(t), 2-5(t), T3045(t), T_(3a1)(t) [t € F) < G = Ga(F).

This group satisfies L = SL3(FF) via
[1 ¢t 0] [1 0 0]
xp(t)— [0 1 0], T3aqp(t) —> [0 1 ¢,
0 0 1] 0 0 1]
[1 0 0] [1 0 0]
rop(t)— |t 1 0, Z_3e4p)(t)— |0 1 0
0 0 1] 0 ¢ 1]

Moreover, the group L is stable under both F; and F_ (cf. Lemma 11.7), and we set
L, = L' 2= SLs(q),
L_ := L' =2 8U;3(q) =: SL3(—q),

where SU3(q) denotes the special unitary group of degree 3 over F,. In addition, we set
K. := (Ls,v2) < Ge. This yields the semidirect product K. = L. X (ve) with v acting
on L. as the transpose-inverse automorphism does on SL3(eq) (compare Lemma 11.7).
Clearly, the field automorphism F), of G, acts on both L. and K., and Fj,(v2) = vs.

Remark 12.25. Note that in [An94a] the group K. is defined in a different way, with L.
defined as a subgroup of K. of index 2, such that L. = SL3(eq), and K. is obtained from
L. by extending by an involutory outer automorphism (compare [An94a, p. 24]). However,
up to G.-conjugation this definition of K. agrees with the one given here:

The group SL3(eq) has a non-trivial center of order 3, i.e., it centralizes an element
of order 3. In G, there exists only one conjugacy class of non-trivial elements that have
centralizer order divisible by | SL3(eq)|. This conjugacy class is represented by the element
ks = h(w,w,w) with w € F* of order 3, which has centralizer order exactly |SLs(eq)]
(compare Table B.1). Note that k3 is contained in L. as in our definition, so in fact
L. = Cg_(k3), and we conclude that the groups arising from the two definitions for L. are
conjugate in G.. Moreover, the element v, acts on L, as an involutory outer automorphism.
If 11,12 € G¢\ Lc both act on L, as involutory outer automorphisms, then k5" = k3 - ks?,
such that t145 ' € Cg.(k3) = L., and hence (Le, 1) = (Le, t2). We conclude that the group
K. is unique up to G.-conjugation.

137



Chapter 12. Action of Automorphisms

Considerable information on the defect groups of 3-blocks of G, is given by the subse-
quent result, part of which is due to G. Hif§ and J. Shamash, who determined the 3-blocks
and corresponding Brauer characters of G2(q) for ¢ not divisible by 3 in [HS90]:

Proposition 12.26. Let B be a 3-block of G.. Then
(i) B has mazimal defect if and only if B is the principal 3-block of G,
(ii) B has abelian defect groups if and only if B is non-principal, and

(iii) if B has non-cyclic abelian defect groups, then Os(T:) is a defect group of B. In this
case we have
CGE(O3(TE)) =T
and Ng,(03(T:)) = N (Tz),

with Ng, (T2) /T = Dys.

Proof. The statements on the defect groups of B hold by [HS90, Sec. 2.2, 2.3]. For the
normalizer and centralizer in (iii) see, for instance, [An94a, (1D)]. O

Hence, if B is a non-principal 3-block of GG that has non-cyclic defect groups, then up
to G.-conjugation all B-weights of G, derive from the radical 3-subgroup R = O3(T%) of
G¢. According to Construction 2.10 the irreducible characters of RCq,. (R) = T: play a
major role in this case. Let us hence fix a parametrization for Irr(7%):

Notation 12.27 (Parametrization of Irr(7};)). Let us first recall from Table 11.1 that we
have a parametrization of the maximal torus 7. = T** given by

T = {h(21, 22, 23) | 2 € F, 217° =1, 212023 = 1}.

Now let z € F* be of order ¢ — ¢ and denote by 6y the irreducible character of (z) given
by 0o(z) = exp((27i)/(¢ — €)). Then the irreducible characters of T. may be parametrized
as

Trr(T2) = {65 x 6 x 1] 0<i,j <q—e},
where (0% x 6 x 1)(h(z1, 22, 23)) = 05(21)0%(22). We shall fix this parametrization until
the end of this section.

Let us now examine how the normalizer of 7. in G, acts on Irr(7.). At the beginning
of the present section we observed that Ng_(T:) = (T, n,(1) | » € ¥), whence it suffices
to understand the action of n,.(1), r € X, on Irr(7;).

Lemma 12.28. Let § € Irr(T:) and 0 < 4,5 < q — € be such that 0 = 0} x 98 x 1. Then
the following statements hold:

(i) @) = 6 x Hé_jx 1,
(i) o™ = @ x 6 x 1,
(iii) "o = g gl x 1,
(iv) G2 = 9T 5 gt 1,
(v) @D — gi=T 9T w1,
(vi) @t — oot s P 1,
(vii) 62 = 67" x 6,7 x 1.
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Proof. This is a direct consequence of Lemma 11.4 and Lemma 11.6. O

Corollary 12.29. Let 6 € Irr(T%) be such that Ng_(T:)o/T: = Ca. Then up to Ng_(T¢)-
conjugation it holds that

0=05x0,x1 or 0=0x0"x1
for a suitable 0 < i < q—e¢.

Proof. As observed above, the group Ng.(T:)/T. = (T,n-(1) | r € X)/T. is dihedral
of order 12, and as such it contains exactly seven involutions (check, e.g., with GAP).
These must given by the elements n,(1)7T;, r € ¥ a positive root, and vyT: since these
seven involutions act pairwise distinctly on T according to Lemma 11.4 and Lemma 11.6,
whence they must be pairwise distinct. They correspond to the six reflections along the
hyperplanes orthogonal to r, r € 3, and the involution mapping r € ¥ to —r, which may
be imagined as the reflection through the intersection point in Figure 11.1. Now suppose
that 6 = 6 x 6} x 1 for some 0 < 7,j < g —e. Then one of the following occurs in
consequence of Lemma 12.28:

t=27 modq—e,

i =],

Jj=2¢ modqg—e,

1=—j modq—e¢,
J=0,
1 =0.

If i =2j mod ¢ — e or j = 2i mod g — ¢, then one verifies by help of Lemma 12.28 that
is conjugate to 96 X 96j x 1 or 06 X Gai x 1 via vg = vou3 or v%, respectively. It then holds
that 7 > 0 or ¢ > 0, respectively, since 6 is non-trivial.

Similarly, for 7 = 0 or ¢ = 0 one shows that 6 is conjugate to 96 X (96 x 1 or 98 X (98 x 1
via ng(1) or ng4p(1), respectively, with ¢ > 0 or j > 0, accordingly. O

Let us now come to the examination of the B-weights for 3-blocks B of G of non-cyclic
defect. Following [An94a, p. 36] or Section B.3.2 these are the 3-blocks By, Bs (if ¢ is odd)
and the 3-blocks of types Bs,, Bsy and Bx,, where § =1ife=1and § =2 if e = —1.

12.2.2.1 The Principal Block By

Before we turn to the 3-weights of the principal 3-block of G¢, let us consider the following
proposition, which provides information on the local properties of extraspecial 3-subgroups
of G, of order 3'*2? and exponent 3. As we will observe below, along with the Sylow 3-
subgroups of G, these groups give rise to the 3-weights for the principal 3-block By.

Proposition 12.30. For R < G. an extraspecial group of order 3'%2 and exponent 3 the
following statements hold:

(i) Up to Ge-conjugation we have R < L. and Ng_(R) < K.

(ii) If R is contained in L., then we have

Qs if(®—1)s=3,
Spa(3) if (¢ —1)3 > 3.

Moreover, Ls contains exactly one Lg-conjugacy class of subgroups isomorphic to R
if (¢> — 1)3 = 3, and three such L.-conjugacy classes if (¢> —1)3 > 3.

Ni.(R)/R= {
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(i) (1) If (¢* — 1)3 = 3, then R € Syl3(G), so G. contains exactly one Ge-conjugacy
class of subgroups isomorphic to R, and we have Ng_(R) = (N1_(R), p) for some
p€ K.\ L..

(2) If (¢*> — 1)3 > 3, then G. contains two Ge-conjugacy classes of subgroups iso-
morphic to R. One of these has Ng.(R) = N_(R), the other one satisfies
Ne.(R) = (Np.(R), ) for some p € K.\ L.

Proof. This is proven in [An94a, (1E)] and [An%4a, (1G)]. O

Proposition 12.31. For B = By the principal 3-block of G. we have |W(B)| = 7. More-
over, if (R, ) is a B-weight of G, then up to Ge-conjugation one of the following holds:

(i) (¢* —1)3 = 3, R € Syl3(G.) is an extraspecial group of order 3172 and exponent 3,
and ¢ is the inflation of one of the seven irreducible characters of Ng_(R)/R.

(ii) (¢> —1)3 > 3, R € Syl3(G.) is a Sylow 3-subgroup of G-, Ng.(R)/R = Cy x Cy, and
@ 1is the inflation of one of the four linear characters of Ng_(R)/R.

(iii) (¢*>—1)3 >3, R < L. is an extraspecial group of order 3'%2 and exponent 3 such that
Ng.(R) = Ng.(R), INg_(R): Nr_(R)| = 2, and ¢ is the inflation of one of the two
extensions of the Steinberg character of Np_(R)/R = Spy(3) to Ng.(R)/R. There
exists exactly one Ge-conjugacy class of such R in G;.

(iv) (¢> —1)3 > 3, R < L. is an estraspecial group of order 3'*2 and exponent 3 where
it holds that Ng_(R) = Nr_(R), and ¢ is the inflation of the Steinberg character of
N¢.(R)/R = Spy(3). There exists exactly one Ge-conjugacy class of such R in Ge.

Proof. This follows from the proof of [An94a, (3A)] and Proposition 12.30. O

Proposition 12.32. Suppose that B = By is the principal 3-block of G.. Then the action
of Aut(G:)p = Aut(G:) on W(B) is trivial.

Proof. Since 3 1 ¢, it is known from Proposition 11.14 that Out(G.) is generated by the field
automorphism F,, so it suffices to prove that this automorphism stabilizes any conjugacy
class of B-weights in G.. We go through the cases listed in Proposition 12.31.

Let (R, ) be as Proposition 12.31(i). Then (¢?> — 1)3 = 3, R is a Sylow 3-subgroup of
Ga(q), and by Proposition 12.30 we have | Ng, o) (R)/R| = 2|Qs| = 16. Now we consider
the group Ga(p). Since p # 3, this has

|Ga(p)ls = 3(p* — 1) > 3° = |R| = |G2(q)]5

in consequence of Lemma 11.1. But G2(p) is a subgroup of G2(g), so we conclude that
|G2(p)|3 = | R|, and by changing to a G2(gq)-conjugate we may thus assume that R < Ga(p).
Again by Proposition 12.30 it follows that also [Ng, ) (R)/R| = 2|Qs| = 16, whence we
must have

N, () (R) = Ny ) (R).

In particular, the field automorphism F}, acts trivially on R and Ng, ) (R), and thus leaves
(R, ¢) invariant.

Now suppose that we are in the situation of Proposition 12.31(ii), such that we have
(¢> —1)3 > 3 and R € Syls(G.). Following the proof of [An94a, (1E)] we may assume that

R = (03(T:), v3)
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such that Ng_(R)T. = Ng.(T%.), Ng.(R) N T. = O3(T:) and Ng_(R)/R = Cy x Cy. More-
over, one easily verifies that (7%, vs,v3,np(1))/T. = Dy, for instance by application of
Lemma 11.4, so it follows that

Ng. (T:) = (T, vz, v3, mp(1)).

Hence, we have
Ng. (R) = (O03(T%), vs, sv2, tnp(1))

for suitable torus elements s,t € T. and Ng_(R)/R = (sva) x (tny(1)), where we denote
by : Ng.(R) - Ng.(R)/R the natural epimorphism. We prove that F}, acts trivially on
Ne.(R)/R. o

Suppose that Fj,(sva) = tny(1). Since vp and ny(1) do not coincide modulo T and v3
has order 3 by Lemma 11.6, we must have F,(sv2) = sPvy = tny(1)xvs for some z € O3(Tr)
and i € {1,2}. Hence, modulo T; the elements vy and ny(1)v} coincide. Now following
Lemma 11.4 and Lemma 11.6 we have

h(z1,22,23)" = h(z; ' 25 ', 25 )
but

h(z1, z2, 23)" M = (23, 22, 21),

/1(21722723)7%(1)”g = h(z1, 23, 22)

for any z1, 29, z3 € F* with 212923 = 1. In particular, since 3 | (¢ —€), we may always find
21, 22, z3 € F* such that h(zy, 22, 23) € T- and

h(217227z3)v2 ¢ {h(zl>z27z3)nb(1)v31 h(z17z2az3)nb(1)v§}a

so Fj,(sv2) = tny(1) is impossible.

Similarly, if we assume that F,(sva) = sva-tng(1), then F,(sve) = sPvg = svatny(1)zvs
for some x € O3(T.) and i € {1,2}. We deduce that modulo 7. the elements n;(1)v} and
1 coincide, which contradicts the above observation on the action of ny(1)v} on T.. Hence,
svp must be left invariant by F,.

Finally, suppose Fp(tny(1)) = svg - tny(1). Then F,(tny(1)) = tPny(1) = zvisvatny(1)
for some x € O3(T) and i € {1,2}. Accordingly, modulo T. the elements vivy and 1
agree, in contradiction to the fact that vo has order 2 modulo 7. while vz has order 3.
Hence, also tn(1) is stabilized by F,,. We conclude that F), stabilizes R and acts trivially
on Ng_(R)/R, and thus on any B-weight (R, ¢).

Let now (¢?> — 1)3 > 3 and R be an extraspecial group of order 3'*2? and exponent 3
as in (iii) or (iv) of Proposition 12.31. By Proposition 12.30 we may assume that R < L.
and Ng_ (R) < K, with Nz_(R)/R = Spy(3). Let w € F* be of order 3. We consider the

group

w 0 0 0 01
R/ = < 0 (,u_l 0 , 1 0 0 > < SL3(EQ)’
0 0 1 010

which is an extraspecial group of order 3'72 and exponent 3 (cf. the proof of [An94a,
(1G)]). Recall that by Proposition 12.30 there exist exactly three L.-conjugacy classes of
subgroups isomorphic to R in L. = SL3(eq), two of which are conjugate under G., and the
other one having a representative that is stabilized by wvs respectively by the transpose-
inverse automorphism (cf. also the proof of [An94a, (1G)]). It is easy to check that the
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transpose-inverse automorphism fixes R', so if R is as in (iii) then we may suppose that R
corresponds to the group R’ in SL3(eq) = L. and Ng_(R) = (N1_(R),ve). In particular, R
is stabilized by F,. Let St* € Trr(Ng. (R)/R) denote the two extensions of the Steinberg
character St of

Nz.(R)/R = Spy(3)

to (N.(R),v2)/R. Then by Gallagher’s theorem, Theorem 1.21, we have
Sti(vg) = — St+(112).

By Lemma 11.6 it holds that v3 = 1. Moreover, St*(1) = 3 since St has degree 3 being
the Steinberg character of Spy(3). Hence, the character value St™ (vq) is the sum of three
square roots of unity, so St™ (vg) € {41, 43}. In particular, we have St™ (v3), St™ (ve) # 0.
Now, since F), fixes v2, we have

(St¥)>(vg) = St¥(va) #0,
(St7)7 (v2) = St~ (va) #0.

Moreover, being the unique irreducible character of Ng_(R)/R of degree 3, the Steinberg
character St is left invariant by F),, so

((St*)™) N, ()R = St'7 = St,

and we conclude by application of Corollary 1.22 that F}, leaves both St* and St~ invariant.
Hence, it follows that F), fixes the G.-conjugacy class of any B-weight (R, ) as ¢ is the
inflation of one of St* or St™.

Finally, suppose that (R, ) is as in (iv). Then up to Ge-conjugation R is uniquely
determined in G, by its normalizer Ng_(R), and ¢ is uniquely determined by R, so the
Ge-conjugacy class of (R, ) is stabilized by Aut(G¢). This completes the proof. O

12.2.2.2 The Block By

In this section we examine the 3-weights of G. associated to the 3-block Bs. Note that
this 3-block only exists if ¢ is odd (cf. Section B.3.2 of Appendix B).

Proposition 12.33. Let B = By. Then W(B)| = 4. Moreover, if (R, ) is a B-weight
of G, then up to G.-conjugation it holds that R = O3(1:) with Ng_(R) = Ng.(T:) and
Cq.(R) = T, and if a linear character 6 € Irr(Tz) is an irreducible constituent of .,
then 62 = 17, # 0 and

NGE(R)H/Te = CQ X CQ.

Furthermore, the set Irr(Ng, (R)g | 0) consists of four distinct extensions of 6 and it holds
that @ = pNa=(Te) for some o € Trr(Ng. (R)g | 6).

Proof. This statement follows from Proposition 12.26 and the proof of [An94a, (3B)]. O
Proposition 12.34. Let B = By. Then Aut(G:)p = Aut(G:) acts trivially on W(B).

Proof. As before, it suffices to check invariance under the action of F,. We let (R, ¢) be
a B-weight of G.. Following Proposition 12.33 we may assume that R = O3(T;) with
RCg.(R) =T. and Ng, (R) = Ng_(T:). Let 6 be an irreducible constituent of ¢|7,. Then
according to Proposition 12.33 the linear character 6 has order 2, so in the parametrization
of Notation 12.27 it follows that 6 is one of

a—¢ q—¢ q—¢ q—¢
0,2 x6,> x1, 6,> x1x1, 1x6,> x1L
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The latter two characters are conjugate to the first via n,(1) and ng44(1), respectively
(cf. Lemma 12.28), so since by Clifford theory, Theorem 1.15, all irreducible constituents
of 1. are Ng, (7:)-conjugate, we may assume that

which is left invariant by 1y (1), noq15(1) and va = ny(1)n9444(1) ! following Lemma 12.28.
By Proposition 12.33 we have N (R)g/T: = C2 x Ca, so in fact Ng_(R)g = (Tz, np(1),v2).
Since F, acts trivially on both n4(1) and vs, it follows that F), stabilizes Ng_(R)g and we

have
(¢Fp)NGE(R) — (¢NGE (R))Fp

for all ¥ € Ng_(R)g. Thus, we only need to check that any extension of § to Ng_(R)g
stays invariant under F),. But this follows from Corollary 1.22 since 6 is linear,

(wFp)m =0 =P =0 = (e

P77 (np(1)) = P(np(1)) # 0 and Y7 (vz) = 1(v2) # 0 for any ¢ € N, (R)o. H

Remark 12.35. By Proposition 12.33 for the 3-block B = By, a B-weight (O3(1:), ¢) and
an irreducible constituent 6 € Irr(7%) of ¢7, we have 6> = 17., 0 # 11, and 0 extends
to its stabilizer Ng_(7%)g in Ng_(7%). This is stated in [An94a, (3B)] but the proof of the
extendibility of € given there is not very precise. For later use it will be convenient to
reprove it here in more detail. As in the proof of Proposition 12.34 we may assume that

and Ng, (Tt)g = (T:,mp(1),v2). By definition we have vy = ny(1)n_(aq44)(1). We claim
that np(1) and v commute. Then by Proposition 1.20(i) there exists an extension 7 of
6 to (T.,ny(1)), and since [ny(1),ve] = 1, np(1)? € T: and ve normalizes (Tr,np(1)) and
stabilizes 0, we have

0”2 (tnp (1)) = n(vatvy 'np(1)) = n(vatvy  )n(ng(1))
= O(vatvy )n(ne(1)) = 0(t)n(ns(1))
n()n(ns(1)) = ntny(1))

for all t € Ty, so vy leaves 7 invariant. Again it follows by Proposition 1.20(i) that n has
an extension 1’ to Ng_ (T%)g = (T, np(1), v2) since (Tr, np(1),v2) /(Tz, np(1)) = Cy is cyclic.
Then 7’ is an extension of 6 to Ng_(7:)s as claimed.

Let us hence show that [ny(1),ve] = 1. For this it suffices to prove that ny(1) and
n_(2q+5)(1) commute. Following Theorem 4.25(ix) we have

16 (1)1 (2a40) (1)76(1) ™ = gy (—(2a6)) (.~ (2015))-
Now b and —(2a + b) are orthogonal roots, so wy(—(2a + b)) = —(2a + b), and by Propo-
sition 11.5 we may suppose that 7, _(2q15) = 1. This proves the claim.
12.2.2.3 The Blocks of Types Bi,, Biy, B2, and By,

As usual we are only interested in 3-blocks of non-cyclic defect. The 3-blocks of types Big,
By, Bog and By are described in Section B.3.2, and we have
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e By,, By have non-cyclic defect if and only if € = +1, and
e Bs,, Boy have non-cyclic defect if and only if ¢ = —1.

In the following we consider only these cases and set

Ba — Bla ife = —|—1, Bb — Blb ife = +1,
Bga if e = —1, ng if e = —1,

so if a 3-block B is of type B, or By, then it possesses non-cyclic defect groups. We shall
write B € {B,, By} in this case. According to Proposition 12.26 the defect groups of B
are abelian and Gg-conjugate to O3(7:). Hence, from Lemma 2.11 we deduce that R is
Ge-conjugate to O3(T:) whenever (R, ) is a B-weight for some ¢, and there is no loss in
generality in assuming that R = O3(7) in this case.

Proposition 12.36. Suppose that B € {By, By} is a 3-block of G.. Then W(B)| = 2.
Moreover, if (R, ) is a B-weight of G, then up to Ge-conjugation it holds that R = O3(Ty)
with Ng.(R) = Ng.(T:) and Cq,(R) = Tz, and for any irreducible constituent 6 € Irr(T%)
of @1, we have

No. (R)o/T- = Cy

and ¢ = YNe=(B) for one of the two extensions ¢ € Irr(Ng_(T:)g | 0) of 6.

Proof. This follows from Proposition 12.26 and the proof of [An94a, (3B)]. O

Let us now examine the action of automorphisms of G, on 3-weights of G, associated
to 3-blocks of type B, or Bj.

Proposition 12.37. Suppose that B € {B,, By} is a 3-block of G.. Then Aut(G.)p acts
trivially on W(DB).

Proof. Let (R, ) be a B-weight of G.. Following Proposition 12.36 we may assume that
R = O3(T:) with Ng_(R) = Ng.(T¢), and that, moreover, Ng_(R)g/T. = Cy if 6 € Irr(T5)
is an irreducible constituent of ¢|7.. Since by Clifford theory, Theorem 1.15, all irreducible
constituents of @7, are Ng, (T:)-conjugate, in consequence of Corollary 12.29 we may
assume that

0=05x0,x1 or 0=05x0"x1

for a suitable 0 < i < ¢ — &, whence by Lemma 12.28 we have

T. 1 if 0 =0 x 0 x 1
(Te,noasp(1)) if 0 =64 x 65" x 1.

For this one should note that vo ¢ Ng_(R)g as otherwise # would be as in the proof of
Proposition 12.34 with Ng_(R)y = Cy x Cy. In particular, ¢ # (¢ —€)/2.

Let us now suppose that a € Aut(G.)p. Since any inner automorphism of G, stabilizes
B, we may assume that a = Ff for some k € N (cf. Proposition 11.14), so that

(R,9)" = (R.9)T? = (R, ¢™7)

and we need to prove that ¢ is left invariant by Flf. Due to the fact that F),, and hence

also a = FF

»» acts on T, we have that 6 is an irreducible character of 7:. Since (R, ) is
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a B-weight, it follows from Construction 2.10 that bl(6)“s = B, and from the fact that a
stabilizes B in conjunction with Proposition 1.3 we may deduce that
bl(6%) = (bl(6)*)% = (bl(6)%)* = B* = B,

that is, bl(6%) induces to B. But B has defect group O3(7;) by Proposition 12.26, just
like any 3-block of T, in consequence of Lemma 1.13, so the extended first main theorem
of Brauer, Theorem 1.7, implies that 6% and 6, the canonical characters of bl(#%) and
bl(#), respectively, are conjugate under N¢g_(7:). Now Lemma 12.28 yields the following
Ng. (T:)-conjugates of @ in the case § = 0 x 0} x 1:

0h x 0) x 1, Oy x1x1, 1x0ix1, 65 x0;"x1, 1x60"x1, 65 x1x1.
These are pairwise distinct as i # (¢ —¢)/2, so since | Ng,_(1:): Ng,_ ()| = 6, these must

indeed be all N¢_(7%)-conjugates of 6 in this case. Similarly, for 6 = 6 x 65" x 1 the
N¢. (T:)-conjugates of # are given by

00 x 05" x 1, 05 x 03 x 1, 05" x 05 x 1, 052 x 05" x 1, 03" x 05 x 1, 65" x 05 x 1.
Note that these characters are pairwise distinct as i # (¢ —€)/2 and 2i Z —i mod (¢ — ¢),
where the latter holds since otherwise 6 would be of order 3, which is not possible since
O3(T:) C ker(#). Now a = Flf acts on Irr(7;) by raising the linear characters of T to
their pF-th power, that is,

g _ 07 < 07" <1 i 0 =0 x 0} x 1,
07" % 077" x 1 if 0 =0 x 05" x 1.
Hence, since 0% and 6 are N¢_ (T;)-conjugate, the above observations on the shapes of the
Ng. (T.)-conjugates of @ imply that 6% € {6,6~'}. According to Lemma 12.28 we have
o1 grza+o(D)if 0 = 0 x 0} x 1,
o) i 0 = 0] x 0, x 1.

Let us now recall the notation ¢,, € G;, for the automorphism of the group G. defined
by cz(g) = xgx~! for all g € G, and set

a=F} if 0% = 0,
a' = ACnsqyp(1) = lefcmwb(l) if 9 =9~ and 0 = % X 96 X 1,
ACpy (1) = Fﬁcnb(l) if 0 =071 and 0 = 0} x 0" x 1.

Then 0% = 0 and @ is left invariant by a = FI? if and only if it is stabilized by a’ since
n2a+b(1),np(1) € N (T:) = Ng.(R). Moreover, in consequence of Theorem 4.25(ix) and
Proposition 11.5 we have [ngq15(1),n5(1)] = 1, whence it follows that a’ stabilizes both
ny(1) and noq4p(1). Now following Proposition 12.36 there is ¢ € Irr(Ng, (T:)g | ) such
that ¢ = ¥Ne=(T2) and hence
()Oa’ _ (¢NGE(TE))GI _ (f(b‘l,)NGs(TE)’

Where Y € Irr(Ng, (Tt)g | 0) since a’ stabilizes Ty, ny(1), noq (1) and 6. We prove that
¥ = 1. It holds that (wa )i. = 0 = r.. Moreover, we have Ng_(7- )9 = (T:,n), where
n equals ny(1) or ngu14(1) depending on 6, and n is left invariant by a’. Hence, since 9 is
linear, we conclude that

v (n) = d(n) £0,
implying in accordance with Corollary 1.22 that ) = . Thus, we have = goa' = as
claimed, which concludes the proof. ]
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12.2.2.4 The Blocks of Types By, and By,

Finally, we consider the 3-blocks of G, of types Bx, and Bx,. According to Section B.3.2 of
Appendix B a 3-block of type By, has non-cyclic defect groups if and only if ¢ = 1 mod 3,
while a 3-block of type By, is of non-cyclic defect if and only if ¢ = —1 mod 3.

Proposition 12.38. Let B € {Bx,, Bx, } be a 3-block of G with non-cyclic defect groups.
Then |W(B)| = 1.

Proof. This is [An9%4a, (3B)]. O
We may immediately conclude the following;:

Corollary 12.39. Let B € {Bx,, Bx,} be a 3-block of G. with non-cyclic defect groups.
Then Aut(G.)p acts trivially on W(B).

Proof. This follows directly from Proposition 12.38 as there exists only one G.-conjugacy
class of B-weights in Gk. O
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Partitions and Equivariant
Bijections

This chapter is aimed at establishing parts (i) and (ii) of the inductive blockwise Alperin
weight condition in Definition 3.2 for every ¢-block B of G = G2(q), ¢ = 5, of non-cyclic
defect, where ¢ € {2,3}. Following Proposition 11.2 the group G is its own universal
covering group, whence as for the special linear groups SL3(¢) in the previous part of this
thesis, our objective is to prove the following statements for every ¢ € {2,3} and every
{-block B of G of non-cyclic defect:

(i) There exist subsets IBr(B | @) C IBr(B) for @ € Rady(G) with the following
properties:

(1) IBr(B | Q)* =1Br(B | Q%) for every Q € Rad/(G), a € Aut(G)p,
(2) 1Br(B) = Ugerad, ()/~c 1B(B | Q).
(ii) For every () € Rady(G) there exists a bijection
2G: 1Br(B | Q) — d2(Ne(Q)/Q, B)

such that Qg(¢)“ = an(qﬁa) for every ¢ € IBr(B | Q) and a € Aut(G)p.

This will be proven similarly as for the special linear groups in Proposition 8.1. During
our previous observations we discovered that, unless B is the principal 2-block of G, the
action of Aut(G)p on both the G-conjugacy classes of B-weights and the set of irreducible
Brauer characters in B is trivial, which allows us to easily derive the following result:

Proposition 13.1. Let ¢ € {2,3} and let B be an {-block of G of non-cyclic defect. Then
conditions (i) and (ii) of Definition 3.2 are satisfied for B.

Proof. Following [An94a, p. 36] or Sections B.3.1 and B.3.2 the 2-blocks of G of non-cyclic
defect are the 2-blocks By, Bs (if 3 1 q), and the 2-blocks of types Bis, Bip, B2a, Bop,
Bx, and Byx,, while the 3-blocks of G of non-cyclic defect are given by By, By (if 2 1 q),
and the 3-blocks of types Bs,, Bsy and Bx,, where § = 1if ¢ = 1mod 3 and § = 2 if
¢ = —1 mod 3.
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We assume first that B is not the principal 2-block of G. Following the results of
[An94a], which we summarized in Propositions 12.18, 12.20, 12.23, 12.31, 12.33, 12.36 and
12.38, the blockwise Alperin weight conjecture holds for B, that is, | IBr(B)| = |[W(B)|. We
may hence choose a bijection 2p: IBr(B) — W(B). In consequence of Propositions 12.1
and 12.2 the action of Aut(G)p on IBr(B) is trivial, and moreover, by the results of
Sections 12.2.1 and 12.2.2, also W(B) is stabilized pointwise by Aut(G)p. In particular,
Qp is trivially Aut(G)p-equivariant, whence according to Lemma 3.8 it is possible to
define subsets IBr(B | Q) C IBr(B) and bijections Qg: IBr(B | Q) — dz(Ng(Q)/Q, B)
for every radical ¢-subgroup @ € Rady(G) such that conditions (i) and (ii) of Definition 3.2
are satisfied for B.

Let us now assume that B is the principal 2-block of G. By [An94a] (cf. Proposi-
tion 12.16 and Section B.3.1) we have | IBr(B)| = |W(B)| = 7. If we can find an Aut(G)s-
equivariant bijection Qp: IBr(B) — W(B), then by the same arguments as above the
claim follows. According to Propositions 12.1 and 12.17 the action of Aut(G)p = Aut(G)
is trivial on both IBr(B) and W(B) if 3 { ¢ as in this case Aut(G) = (G, F,,) by Propo-
sition 11.14, so there is nothing to prove in this situation. Assume hence that 3 | ¢, in
which case Proposition 11.14 gives Aut(G) = (G,T"). We proved in Proposition 12.1 that
I' interchanges exactly two of the seven irreducible Brauer characters in B and leaves
the remaining ones invariant. Moreover, as a result of Proposition 12.17 we know that I’
interchanges two of the seven G-conjugacy classes of B-weights and acts trivially on the
remaining five classes. Thus, since inner automorphisms of G leave the elements of IBr(B)
and W(B) invariant, an Aut(G)-equivariant bijection Qp: IBr(B) — W(B) exists, so as
above the claim follows as a consequence of Lemma 3.8. ]

148



Chapter 14

The Main Result for Gs(q)

Our objective was to establish the inductive blockwise Alperin weight condition for the
Chevalley groups G2(q) with ¢ > 5. Thanks to the fact that these groups possess cyclic
outer automorphism groups, we do not need to concern ourselves with the normally em-
bedded conditions in part (iii) of Definition 3.2 (cf. Proposition 3.12). In fact, the results
we have obtained so far suffice to prove the desired statement:

Theorem 14.1. Let ¢ > 5 be a prime power. Then the inductive blockwise Alperin
weight condition (cf. Definition 3.3) holds for the group Ga(q) and every prime ¢
dividing its order.

Proof. According to Proposition 11.2 the simple group G = G2(q) is its own universal
covering group if ¢ > 5. Moreover, as seen in Proposition 11.14 the outer automorphism
group of G is cyclic. Thus, following Proposition 3.12 we need to verify conditions (i) and
(ii) of Definition 3.2 for every ¢-block B of X = G for every prime ¢ dividing |G|.

If ¢ = p, then the claim holds by Proposition 3.11, so let us assume that ¢ # p. By
Lemma 11.1 the order of G is given by

Ga(q)| = ¢°®1(q)*P2(q)* P3(q)P6(q),

so ¢ divides at least one of the factors ®1(q), P2(q), P3(q) and Pg(g). Similarly as in the
proof of Lemma 5.2 one can show that

ged(®1(q), Pe(q)) = ged(P2(q), 3(q)) = ged(P3(q), Pe(q)) = 1,

3 if g =1 mod 3,
ged(P1(q), P3(q)) =

1 else,

3 if g=—1mod 3,
ged(P2(q), Po(q)) =

1 else.
Hence, if ¢ > 5, then it divides exactly one of ®1(q), ®2(q), P3(q) or ®s(q). Suppose that
5 < 0| ®3(q)Ps(gq). Then a Sylow f-subgroup of G is contained in a maximal torus of G of
type T3 or Ty depending on whether ¢ divides ®3(q) or ®g(q), so in particular the Sylow
¢-subgroups of G are cyclic in this case (cf. Table 11.1), whence the (iBAW) conditions
holds for G and ¢ by Proposition 3.9.
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Let us now assume that 5 < ¢ | ®1(q)®2(q). Then the ¢-blocks of G have either cyclic
or maximal defect (see [Sha89a, Prop. 3.1, 4.1] and [Sha92, p. 1379]). For the ¢-blocks of
cyclic defect the (iIBAW) condition holds again by Proposition 3.9, while it has been proven
to hold for 3-blocks of maximal defect by Cabanes—Spéath in [CS13, Cor. 7.6]. Hence, the
inductive blockwise Alperin weight condition holds for G and ¢ > 5 dividing |G/.

It remains to consider the non-cyclic ¢-blocks of G in the case ¢ € {2,3}. This has been
done throughout the previous chapters, and as a result we obtained in Proposition 13.1
that every ¢-block of G of non-cyclic defect satisfies conditions (i) and (ii) of Definition 3.2.
In summary, the (iBAW) condition holds for G = G2(gq) and every prime ¢ dividing its
order. This concludes the proof. ]
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Chapter 15

Properties of 3Dy(q)

This chapter provides an introduction to the groups 3Dy(q), Steinberg’s triality groups as
they are commonly known. These are finite groups of Lie type and may be constructed as
fixed point groups of universal Chevalley groups of type D4 under a certain endomorphism
deriving from an exceptional symmetry of order 3 of the associated Dynkin diagram of
type Dy.

The results described here do not present any new findings, but rather they are meant
to provide an overview over important properties of the groups 3D4(q) that have been
well-known for a long time. Our main references are Carter [Car89], Deriziotis-Michler
[DM8T7], Gorenstein—-Lyons—Solomon [GLS98] and Steinberg [Ste68].

15.1 Construction of D,(q)

We start the construction of the groups Dy4(q) by considering a root system X of type Dy
over the field R of real numbers, i.e.,

S ={te;te; |1<i<j<A4},

where eq, s, e3,e4 form an orthonormal basis of R?. Inside ¥ we fix a base for this root
system given by

II={e; —e2, e2 —e3, e3 — €4, e3 + ey},

whose elements we denote by r1 :(=e; —eq, 19 := €9 —e3, T3 :=e3 — e4 and T4 1= e3 + e4.
The Dynkin diagram associated to X is given in Figure 15.1 below:

Figure 15.1: Dynkin diagram of type Dy
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Now we fix a prime number p and denote by F an algebraic closure of the finite field I,
consisting of p elements. Then let G = D4(F) be a universal Chevalley group of type Dy
over F. For ¢ = pf, f € Nug, let F ¢ be the unique subfield of F consisting of ¢ elements.
The field automorphism F — F, a — a9, induces a Frobenius endomorphism F, of G
via its action on the Steinberg generators z,(t), r € 3, t € F, of G, that is,

F;: G— G, z.(t)— z,(t?), reX tel.

Another endomorphism of G is obtained as follows. We consider the symmetry p of the
Dynkin diagram of type D, given by

p:l__[—)]:L T —>Tr3—— 74— 7y, p(TQ):TQ.

Then p has order 3, whence it is called a triality. Its action on the Dynkin diagram is
illustrated in Figure 15.2 below:

Figure 15.2: Symmetry p of the Dynkin diagram of type Dy

There exists a unique isometry of R* = RY which maps each r € II to its image p(r)
under p (cf. [Car89, p. 217]). We denote this isometry by p as well. According to [Car89,
Prop. 12.2.2] it holds that p is a linear transformation of R* satisfying p(X) = ¥, so p may
be regarded as a permutation of the root system ¥ of G. Following [Car89, Prop. 12.2.3
and Lemma 13.6.2] by choosing a suitable Chevalley basis for the simple Lie algebra of
type D4 underlying G we may assume that p induces an automorphism 7 of G given by

7 G— G, z:(t) — z,(t), TEX tET.
This satisfies 7(n,(t)) = n,(t) and 7(h.(t)) = h)(t) for r € X, t € F*, since for r € X
it holds that p(—r) = —p(r). Arising from a symmetry of the Dynkin diagram of type Dy,

the automorphism 7 is classified as a graph automorphism. Note that 7 commutes with
F, and has order 3 as an automorphism of G.

We let the endomorphism F' of G be the product 7F, = Fy7. Then F3 = T3F5 = Fg,
so F'is a Steinberg endomorphism of G. The group 3D4(q) is defined as the group

G :=°Dy(q) =G ={g€ G| F(g) = g}

of fixed points of G under F. Since F?3 = Fq?’7 it follows that the finite group G is contained
in the group Dy(g®) := D4(F3) = GFi.
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Lemma 15.1. The order of the finite group D4(q) is given by

’Da(q)] = ¢ (¢ — 1)*(a+ D*(* + ¢+ 1)*(® —q+ 1)*(¢" = +1)
= ¢"?®1(q)*®2(q)*®3(q)* P (q)*P12(q).-

Proof. See, for instance, [Car89, Thm. 14.3.2]. O

Let us once more consider the isometry p of R* = RY defined above. For a root r € ¥
we let

Fim g o)+ 220)

denote the orthogonal projection of r onto the subspace of RY invariant under p. If we set

= {7 | r € X}, then X forms a root system of type Gz by [Ste68, Thm. 32 and example
afterwards]. For S € ¥ we define X(S) := {r € £ | ¥ = S} to be the preimage of S in ¥
under the orthogonal projection induced by p. Hence,

2(S) = {r} if S =7 for some r € ¥ with p(r) =r,
a {r,p(r),p*(r)} if S =7 for some r € ¥ with p(r) # 7,

for § € X. Then by [Ste68, Corollary of Thm. 32] for each S € ¥ the set %(S) is the
positive system of roots of a root system of type A; or A3.

Analogously to the root subgroups X, := {z,(t) | t € F}, r € ¥, which generate the
group G, we define for S € ¥ the group
Xg = (x,(t) | reX(9), teF) <G.

Moreover, for S € f), r€ X withr =5, and t € Fgs we set

) xr(t) if 3(S) has type A,
€T =
s T (1) oy (E) 2 p2 ) (t°) if () has type A3.

Then by [Ste68, Lemma 63] for S € & we have

xF — {zs(t) |t € Fg} if 3(S) has type Ay,
~ \{zs(t) |t €Fp}  if £(S) has type A3,

and since G is universal, accordlng to [Ste68, Lemma 64] our group G = GT is generated
by the fixed point groups X with S € 3.

Concerning simplicity and universal coverings of Steinberg’s triality groups 3Dy (q) the
following statement is well-known:

Proposition 15.2. For any prime power q the finite group 3Dy(q) is simple and constitutes
its own universal covering group.

Proof. See, for instance, [MT11, Table 24.2, Thm. 24.17 and Rmk. 24.19]. O
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15.2 Weyl Group and Maximal Tori of 3Dy(q)

In this section we give a brief overview over the maximal tori existing in G. Moreover, we
examine the Weyl group action on the maximal tori of G. We denote by T the F-stable
maximal torus of G generated by all elements h,.(t), r € X, t € F*, as in Proposition 4.36
and let W = Ng(T)/ T be the corresponding Weyl group. Then F acts on W, and by
Proposition 4.40 there is a one-to-one correspondence between the F-conjugacy classes
of W and the G-conjugacy classes of F-stable maximal tori of G, such that, up to F-
conjugacy, for each F-stable maximal torus T of G there exists a unique w € W such
that the maximal torus T'F of G is G-conjugate to T%Y. By Proposition 4.27 the Weyl
group W is isomorphic to (w, | r € ¥) via n,(1) T — w,, so we may identify those two
groups in the following.

Now we denote by wq the longest element of W and by r, the highest root of ¥. Then
wo = —1 by [GLS98, Rmk. 1.8.9] and one easily verifies that the root e; +e2 € ¥ has height
5 with respect to the chosen base II, which makes it the highest root of 3. Moreover, we
use the short notation

h(z1, 22, 23, 24) := by (21) Iy (22) s (23) o, (24)

for z1, 29, 23, 24 € F*. There exist seven G-conjugacy classes of maximal tori in G, whose
representatives in G are given in Table 15.1 below (see, for instance, [DM87, p. 42] and
[Kle88a, Table 1I}).

we W TwF wuwF
2 3-1 -1
1 T+ = {h('zlazQa 2(117’2(11 ) | 21 = Zg = 1} D12
=~ CqB,l X qul
T o = (h(z. A7 50 @) | L@®-D(e+) _
Wi 4= Wr, 17+N{ (Z7Z YR G2 )|Z } CQXCQ
= Clgp-1)(g+1)
T = [z AT 0" @) | L@+ _
= wown g || T {h(z, 27, 2%,27) | 2 } Cy % Cy

= Clgp+1)(a-1)

T = 1{h q —1, a1y | L0 el et _ g
W2, 1 1= Wr, Wr,y 2,+ { (21,2:2,2:12’2, (zl ZQ) ) ’ 21 29 } SL2(3)

Y
= Cprpgt1 X Cppig

T, ={h -9 ~1yg-1 ¢*=q+1 _ a®—q+1 _ 1
Wa,— = Wowa + 2, N { (217 22521 22, (2122 ) ) | 2 Z9 } SL2(3)
= Cgp—gy1 X Cp2gp1
Ty = {h(z, 27 29,27) | 270+ = 1}
W3 1= Wpy Wry N Cy
= Cq47q2+1
2 3
T =1{h —q9 .9 e+l _ g+l
wo { (Zlv 22,21 5”4 ) | 2 ) } D12

=~ Cq3+1 X Cq+1

Table 15.1: Maximal tori of 3Dy(q)

As for the past two series of groups we have studied, for the further course of this last
part of the thesis it will be important to understand the action of the Weyl group W on
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15.2. Weyl Group and Maximal Tori of >Dy4(q)

the maximal torus T. Since for the Weyl group we have
W= (w, |rel) =(w | rell),
it suffices to consider the action of its generators w,., r € 11, on T.

Lemma 15.3. The generators w,, r € I, of the Weyl group W of G act on the maximal
torus T as follows:

t Mo, ta, s, ta),
t1,tity ttats, ts, ta),

wr, h t1,t27t37t4)wr1
ta)
)
)

w..

1 t27t3, 4 wrg

h(ty
rz = h(
= h(t1,
= h(

w?“4h t17t27t37t4 Wy, t17t25t37t2t4 )

7"4
for all choices of ty,to,t3,t4 € F*.

Proof. The element w,, r € 11, is identified with n,(1) T € W, so by Theorem 4.25(x) we
have

wrhé‘(t)wr_l = hwr(s) (t)

for t € F*, s € ¥. Hence, for r = ry it holds that w,, leaves h,,(t) and h,,(t) invariant for
allt € F* asrq is orthogonal to both r3 and 4. Moreover, it follows from Theorem 4.25(v)
that wp, hyy (Hw b = hep, (t) = hyy (t71) for all t € F*. Now

(ri,72)

(ri,7m1)

=ey—e3— (e] —eg, ea —e3)(e] — e2)
=ey—e3—(—1)(eg —e2)

=171+ ro.

Wy, (r2) =19 — 2

Thus, again by Theorem 4.25(v) we conclude that wy, Ay, (t)wit = Ay, 4y (£) = hyy (£ Ry ()
for all t € F*. Combining these results we obtain
Wry h(tlv ta2, 13, t4)wr_11 = hm (tfl)hrl (tQ)hTQ (tQ)hrs (t3)h1“4 (t4)
= hy, (t;1t2)hT2 (t2)h7“3 (t3)h7‘4 (t4)
— h(tflt27 t27 t37 t4)

as claimed. The remaining three statements are proven similarly. O

Let us now take a closer look at the Weyl groups associated to the maximal tori of
types T4 and T_. These maximal tori will occur most frequently in the following and a
good understanding of their Weyl groups will prove useful.

Lemma 15.4. Let w € {1,wp}. Then the elements wy, and wy,wy,wy, are fized points of
W under wF'.

Proof. Since w € Z(W), it suffices to show that w,, and wy, wy,wy, are fixed under the
action of F. The element wy, is identified with n,,(1) T and we have

F(nrz(l)) = np(rg)(lq) = nm(l)
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Chapter 15. Properties of ®Dy4(q)

by definition of F, so clearly w,, € W, Again by definition of F' we moreover have

F(nTl(l)nTs(l)nm(l)) = np(rl)(1)np(r3)(1)np(r4)(1)
= Ny (1)1, (D)0 (1).
Now the roots r1, 3 and r4 are pairwise perpendicular, whence the corresponding reflec-

tions commute, i.e., 1y, (1)1, (1)ny, (1) and np, (1), (1)ny, (1) agree modulo T. Conse-
quently, wy, wy,wy, is fixed by F', and hence by wF', as claimed. ]

Lemma 15.5. The element w,,wy,wy,wy, has order 6 in W.

Proof. These are direct calculations, e.g., using the relations in Lemma 15.3 or GAP. [

Corollary 15.6. Let w € {1,w}. Then WY = (w,.,, Wy, Wrywy, ).

Proof. Following Lemma 15.4 we have wy,, Wy, Wrswr, € WY, Moreover, by Lemma 15.5
the element W = wy wprwyr,wpr, € W»F has order 6, and, naturally, the order of the
reflection w,, in W*¥ is 2. Now direct calculations show that w,., acts on (@) by inversion.
Hence, the claim follows since by Table 15.1 the group W*! is dihedral of order 12. [

Remark 15.7. In the situation of Lemma 15.4 suppose that ¢ is even. For r;s € X it
follows from Theorem 4.25(ix) that

e (Dns(L)ng (1) 71 = 1, 5)(1)

since the sign 7, s has to equal 1 in this case. In particular, the elements n,, (1)n,.,(1)n,, (1)
and ny,(1)n,, (1)n, (1) agree (not only modulo T as in the proof of Lemma 15.4), and
for r = s it follows that n,(1) = n_,(1). Moreover, by Theorem 4.25(xi) we have
n-(1)2 = h.(=1) = h.(1) = 1. Following Proposition 4.27 we may choose a preimage
ng 1= nml(l) . ~~nmk(1) € Ng(T) of wy with r;,,...,7, € ¥, k € N. Since wp acts on X
by sending a root r € 3 to —r, it follows that

non.(1)ng 't = n_(1) = n.(1),

so np commutes with all n,(1), » € ¥. Under consideration of the proof of Lemma 15.4
we conclude that n,,(1) and n,, (1)ny,(1)n,, (1) are fixed points of G under both F' and
noF if ¢ is even. In particular, we have
NGF (T) = <TF777'7"2(1)’ nh(l)nrs(l)nmﬂ»v
Ngror (T) = (T, 0y (1), 7, (1), (1), (1)) = (T0F iy (1), 100, (1), (1), (1))

in consequence of Corollary 15.6 (cf. also Propositions 4.27 and 4.40).

15.3 Automorphisms of *Dy(q)

The automorphism group of the triality group G = 3D4(q) is particularly easy to describe.
As usual we define the field automorphism F, of G as follows:

Definition 15.8. By [Ste68, p. 158] the field automorphism F — F, a — aP, induces
an automorphism F, of the group G = Dy(F) via
Fp: G— G, z.(t)— z,(t'), reX, tel.

Since F), clearly commutes with F, it also induces an automorphism of G = GT', which
will be called the field automorphism F, of G. Note that its order in Aut(G) is given by
3f, where ¢ = p/, since G < D4(¢?) as observed before.
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Having defined the field automorphism of G' we may already give the following state-
ment on the shape of the automorphism group of G:

Proposition 15.9. For G = 3Dy(q) with ¢ = pf, f € Nsg, we have
Aut(G) = G x (F).
In particular, the outer automorphism group of G is cyclic.

Proof. This is a well-known statement, which may, for instance, be derived from [MT11,
Table 22.1] together with [GLS98, Th. 2.5.12(a),(d),(f)]. O

Remark 15.10. Let g be even and suppose the notation of Remark 15.7. Since the field
automorphism F, commutes with noF’, it is an automorphism of G™F and we have

Aut(G™F) = (G™F F,).
Clearly, F}, also acts on TF and T™F = T“F  and since by Remark 15.7 we have

NGF (T) = <TF7nT2(1)7nTl(l)n%(l)nm(l))’
NG"OF(T) = <TWOF’nrz(l)vnT1(1)nT3(1)nT4(1)>v

we conclude that F), acts trivially on the quotients Ngr(T)/ T and Ngnor (T)/ T«0F,

15.4 Special Subgroups of 3Dy(q)

Let us now introduce certain subgroups of 3D, (g) which will play a role in the description
and examination of the weights of 3Dy(q).
15.4.1 G»(q) as a Maximal Subgroup of *D,(q)

As shown in [Kle88a] the group G = 3D4(q) contains maximal subgroups isomorphic to
the Chevalley group Ga(q), all of which are conjugate under G.

Proposition 15.11. For G = 3Dy(q) we denote by G =G (= GFa) the subgroup of fived
points of G under T (or equivalently under F,). Then G = Ga(q).

Proof. This is well-known and in the notation of Section 15.1 it follows from the fact that
G is generated by the groups Xf; , S € X, with

(X§)" = {zs(t) | t € Fg},

and the generators xg(t), S € Y, te [F,, satisfy the same relations as for type G (cf.,
e.g., [GLS98, Thm. 1.12.1, Table 2.4, Thm. 2.4.5 and Thm. 2.4.7)). 0

Corollary 15.12. Let G Ga(q) be as in Proposition 15.11. Then the field automorphism
F, of G acts on G as the field automorphism of Ga(q) in Definition 11.10.

Proof. This follows immediately from the proof of the previous proposition since for S € ENJ,
t € F,, we have Fj(zg(t)) = xg(t?), i.e., the operation of F}, on the generators zg(t) is as
for type G (cf. Definition 11.10). O
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15.4.2 Other Subgroups of 3D,(q)

In the previous section we observed that G contains maximal subgroups of isomorphism
type Ga(q). For further use we now define a few more subgroups, some of which we have
already encountered as subgroups of G2(q) in Part III of this thesis. We will stick to the
notation used in [An95].

The first subgroups of G that we introduce here are the groups denoted Ks and Lg.
These groups already appeared in Section 12.2.2 as subgroups of Ga(q).

Definition 15.13. We fix a maximal subgroup G = Ga(q) of G. Then following [An95,
p. 275] for 6 € {*1} there exist maximal subgroups Ks of G such that these contain
subgroups

SLs(q) if & = +1,

Ls = SL3(dq) =

3(00) {SUg(q) it 6= 1,
and Kj is the extension of Ls by an involutory outer automorphism. Compare also Sec-
tion 12.2.2 for the construction of Ky, Ls as subgroups of Ga(q).

Later on two further subgroups will play a role in the examination of 3-weights of G.
For the definition of these we need the classification of semisimple elements of G given in
Section C.1 of Appendix C, where we define a semisimple element s € G to be of type s;,
i € {1,...,15}, if s belongs to the equivalence class [s;] of semisimple elements of G (see
Table C.1 for the distinct equivalence classes).

Definition 15.14. Let 6 € {£1} be such that ¢ = § mod 3. Moreover, let s € G be
a semisimple element of type s4 if 6 = +1 or of type sg if § = —1. Then as in [An95,
pp. 274/275] we set My := Ng((s)) and Hs := Cg(s).

Remark 15.15. By [An95, p. 275] it holds that M;s/Hgs = Cy. Moreover, as done in [An95]
we may assume that the semisimple element s in the previous definition is chosen such
that Ks < Ms and Ls < Hg. This is possible by choosing 1 # s € Z(Ls), which then
necessarily is of the desired type (cf. [DM87, Tables 2.2a and 2.2b]).
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Chapter 16

Action of Automorphisms

In this chapter we examine the action of the automorphisms of the group G on its irre-
ducible Brauer characters as well as on its /-weights for the primes ¢ = 2 and ¢ = 3 in the
case where £t q. By similar reasons as for the Chevalley groups Gz2(q) we do not need to
consider primes ¢ > 5 here as will become apparent in the proof of Theorem 18.1.

According to Proposition 15.9 the outer automorphism group of G is cyclic, generated
by the field automorphism F),, whence in order to understand the action of Aut(G) on
the Brauer characters and G-conjugacy classes of weights of G it is enough to study their
behaviour under the action of F,.

16.1 Action on the Brauer Characters of 3D(q)

For an ¢-block B of G we wish to understand the action of the automorphisms in Aut(G)p
on the irreducible Brauer characters belonging to B. In order to meet this purpose we use
the information on the /-decomposition numbers of GG provided by Geck, Himstedt—Huang
and Himstedt in [Gec91], [HH13] and [Him07], respectively. We refer to Section C.3 of
Appendix C for a short summary of their results. The basic setting of their work is as
follows:

For (G*, F*) dual to (G, F) (cf.,, e.g., [CE04, Sec. 8.2]) there exists an isomorphism
between G* := G*" and G = GF. Hence, the classification of semisimple elements of
G described in Appendix C.1 may be applied to the semisimple elements of G*, so any
semisimple element in G* may be uniquely assigned to one of the types s1,..., s15.

For semisimple elements s € G* there are Lusztig series £(G, s) C Irr(G) of irreducible
characters of G corresponding to s (cf. [CE04, Def. 8.23]) such that by [CE04, Thm. 8.24]
we have a disjoint union

Irr(G) = U E(G,s),

where the union is indexed by a complete system of representatives for the G*-conjugacy
classes of semisimple elements in G*. Moreover, if s € G* is a semisimple #'-element, then
the set

E(G,s) = JE(G, st),

where the union runs over all elements ¢t € Cg+(s) of ¢-power order, is a union of ¢-blocks
of G (see, e.g., [CE04, Thm. 9.12]). Furthermore, if s € G* is a semisimple ¢'-element with
s # 1 if £ = 2, then the set £(G, s) forms a basic set for &(G,s) (see [Gec91, p. 3258,
p. 3267] and [HH13, p. 2]). For s =1 and ¢ = 2 the set

5(G> 1) = {lGa [51]7 [52]7 St, p1, p2, 3D4[_1]7 3D4[1]}
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of unipotent characters of G (cf. Section C.2) is not a basic set for £(G, 1). However, the
set £(G, 1)\ {3D4[—1]} forms a basic set for £2(G, 1) according to [Gec91, p. 3267]. Hence,
to understand the ¢-decomposition numbers for a union &(G, s) of ¢-blocks of G it suffices
to describe the ¢-decomposition numbers for the characters in the Lusztig series £(G, s)
(or in £(G, 1)\ {3D4[-1]} if { =2 and s = 1).

In the publications specified above, Geck, Himstedt-Huang and Himstedt provide de-
composition numbers for the basic sets £(G, s) (or £(G,1)\ {3D4[-1]} if f =2 and s = 1)
of £(G, s) for semisimple elements s of all possible types (cf. Section C.3 in Appendix C).

16.1.1 The Case ¢/ =2

Let us first suppose that £ = 2. Since we are only interested in the case of non-defining
characteristic, we assume moreover that ¢ is odd.

Proposition 16.1. Let B be a 2-block of G. Then any Brauer character in IBr(B) is left
invariant by Aut(G)p.

Proof. As described above, there exists a semisimple element s € G* of odd order such
that Irr(B) is contained in the union &(G, s) of 2-blocks.

If s is of type s; for some i € {6,8,11,12,13,14,15}, then by Section C.3.1 the set
&2(G, s) has only one irreducible Brauer character associated to it, so in particular we
have Irr(B) = &£2(G, s), and IBr(B) trivially stays invariant under the action of Aut(G)p.

Suppose that s = 1. Then by the proof of [An95, (3G)] we have Irr(B) = & (G, s) and
B is the principal 2-block of G. Moreover, the unipotent characters 1g, [e1], *D4[1], p1,
p2, [e2] and St of G yield a basic set for B, see Section C.3.1. Since Aut(G) acts on the
set of unipotent characters of G and the degrees of these characters are pairwise distinct
by Table C.2, we conclude that Aut(G)p fixes each unipotent character in B. From this
observation and the fact that the decomposition matrix with respect to the basic set
given above can be arranged to be unitriangular following Section C.3.1, it follows from
Lemma 1.27 that IBr(B) is stabilized pointwise by Aut(G)p.

If s is of type s; for some i € {3,5,7,10}, then from the decomposition numbers for
E2(G, s) in Section C.3.1 we deduce that £2(G, s) is a single block, so Irr(B) = & (G, s),
and that, moreover, B contains exactly two irreducible Brauer characters, which have
distinct degrees since ¢ is odd, thus greater than 2. Hence, these are left invariant by
Aut(G) B.

If s is of type s4, then from the decomposition numbers for £(G, s) in Section C.3.1
and the description of the irreducible characters of G in Table C.2 it follows that there
are three irreducible Brauer characters associated to £3(G, s), and these have degrees

A,
q(qg +1)A,

where A is some positive integer depending on g. Clearly, these are pairwise distinct for
any prime power ¢, whence we conclude that Aut(G)p acts trivially on IBr(B).
If s is of type sg, then there are exactly three irreducible Brauer characters associated
to E2(G, s), which have degrees
A,
(¢° —cqlg —1) = 1)4,
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for ¢ € {1,2} and some A € Z-( depending on ¢ by Table C.2 and Section C.3.1. Easy
calculations show that these are pairwise distinct for any prime power ¢g. Hence, it follows
again that the action of Aut(G)p on IBr(B) is trivial.

Since s has to have odd order, it cannot be of type so. Thus, we have regarded all
possible situations, which completes the proof. O

16.1.2 The Case ¢ =3

Assume now that £ = 3 and ¢ is not a power of 3.

Proposition 16.2. Let B be a 3-block of G. Then any Brauer character in IBr(B) is left
invariant by Aut(G)p.

Proof. Similarly as in the proof of Proposition 16.1 above, we let s € G* be a semisimple
3’-element such that Irr(B) is contained in &5(G, s).

If s is of type so, then ¢ must be odd, and following Table C.2 and Section C.3.2 there
exists some A € Z~o depending on ¢ such that the character degrees of the irreducible
Brauer characters in £3(G, s) are given by

A7 A’
q3A7 or (q3 - 1)A7
qA’ (q - 1)Aa
q4A7 (q - 1)(q3 - 1)A7
for ¢ = 1 mod 3 or ¢ = —1 mod 3, respectively. Since ¢ is odd, so in particular ¢ > 2,

these are pairwise distinct, and hence left invariant by Aut(G)p.

Suppose that s is of type s; with ¢ € {6,8,11,12,13,14,15}. Then from Section C.3.2
it follows that |IBr(B)| = 1, so Aut(G)p clearly acts trivially on IBr(B).

Assume now that s is of type s; with i € {3,5,7,10}. Then |£(G, s)| = 2. By Table C.2
and Section C.3.2 the two irreducible Brauer characters belonging to 3-blocks contained
in £3(G, s) have pairwise distinct degrees if ¢ = 1 mod 3 and are hence left invariant by
Aut(G)p. If ¢ = —1mod 3, then there exists A € Z~o depending on ¢ such that the
irreducible Brauer characters associated to &(G, s) have degrees

A, or A,
(¢* — 1A, (q—1)A,

for i € {3,7} or i € {5,10}, respectively. Hence, for i € {3,7} their degrees are distinct,
so the action of Aut(G)p on IBr(B) is trivial also for ¢ = —1 mod 3. For i € {5,10} the
degrees of the irreducible Brauer characters in (G, s) are distinct if and only if g > 2.
However, following Table C.1 for ¢ = 2 there do not exist any semisimple elements of
type s5, and the semisimple elements of type s1p are of order 9 in this case, hence no
3/-elements. Consequently, this situation cannot occur. We conclude that also in the
case ¢ = —1 mod 3 the action of Aut(G)p on IBr(B) is trivial due to pairwise distinct
irreducible character degrees.

For s of type s4 the character values provided by Table C.2 and the 3-decomposition
numbers for £3(G, s) given in Section C.3.2 show that there are exactly three irreducible
Brauer characters associated to £(G, s), which have degrees

A, A,
(qlg+1)—1)A, or q(g+1)A4,
(¢* —qlg+1)+ 1)A, (¢* — 1A,
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for ¢ = 1 mod 3 and ¢ = —1 mod 3, respectively, where A € Z~y depends on g. These
are pairwise distinct for any prime power ¢, as one easily verifies. Hence, the action of
Aut(G)p on IBr(B) is trivial.

Similarly, for s of type sg one has three irreducible Brauer characters associated to
&3(G, s), and these have pairwise distinct degrees for any prime power ¢ = 1 mod 3. For
g = —1 mod 3 there exists A € Z~ depending on ¢ such that the degrees of the irreducible
Brauer characters belonging to £3(G, s) have degrees

A?
(¢ —eq(q—1) — 1)A,

for some integer e > 0. One easily shows that these are pairwise distinct whenever g > 2.
For ¢ = 2 Table C.1 shows that any semisimple element of type sg is of order 3, so this
situation cannot occur. Thus, Aut(G)p acts trivially on IBr(B) also in this case.

Let now s = 1. Following Section C.3.2 the unipotent characters of G form a basic set
for £3(G, 1), and the decomposition matrix with respect to these characters is unitriangu-
lar. Since the unipotent characters of G have pairwise distinct degrees by Table C.2, they
are left invariant by Aut(G) as in the proof of Proposition 16.1. Then by unitriangularity
of the decomposition matrix corresponding to the unipotent characters of G it follows from
Lemma 1.27 that Aut(G)p stabilizes IBr(B) pointwise. O

16.2 Action on the Weights of 3Dy(q)

In this section we study the action of the automorphisms of G on the G-conjugacy classes of
its (-weights for ¢ € {2,3}. This examination is conducted blockwise, the main distinction
being made between ¢-blocks of abelian defect and /-blocks of non-abelian defect.

16.2.1 The Case ¢/ =2

Here we assume once more that ¢ = 2 and ¢ is odd. Moreover, we let € € {1} be defined
such that ¢ = € mod 4.

16.2.1.1 Blocks of Non-Abelian Defect

The 2-weights of G for the principal 2-block By have been described by J. An in [An95]
as in Proposition 16.3 below. Note that there are significant parallels to the situation of
the principal 2-block of G3(q) (cf. Proposition 12.16).

Proposition 16.3. Suppose that B = By is the principal 2-block of G. Then |W(B)| = 1.
Moreover, if (R, ) is a B-weight of G, then up to G-conjugation one of the following
holds:

(i) R = (Cs)3, an elementary abelian group of order 8, Ng(R)/R = GL3(2), and ¢ is
the inflation of the Steinberg character of Ng(R)/R = GL3(2). There exists exactly
one G-conjugacy class of such B-weights in G.

(ii)) R = (O2(T:),p) for some involution p € Ng(Tz), Ng(R)/R = &3, and ¢ is the
inflation of the unique irreducible character of Ng(R)/R = &3 of degree 2. There
exists exactly one G-conjugacy class of such B-weights in G.

(iii) R € Syly(G) is a Sylow 2-subgroup of G, Ng(R) = R, and ¢ is the trivial character
of Ng(R). There exists exactly one G-conjugacy class of such B-weights in G.

164



16.2. Action on the Weights of 3Dy(q)

(iv) ¢ =+1mod 8, R = 2}:“2 0 D(g2_1),, the central product of an extraspecial 2-group of
order 8 and plus type with a dihedral group of order (¢*> —1)2, Ng(R)/R = G3, and
@ 1is the inflation of the unique irreducible character of Ng(R)/R = &3 of degree 2.
There exist exactly two G-conjugacy classes of such B-weights in G.

(v) ¢ = £1mod8, R = 23r+4, an extraspecial 2-group of order 2'7* and plus type,
Ng(R)/R = G3 x &3, and ¢ is the inflation of the unique irreducible character of
Ng(R)/R = &3 x G3 of degree 4. There exist exactly two G-conjugacy classes of

such B-weights in G.

(vi) ¢ = £3mod 8, R = 21 Ng(R)/R =2 (C3 x C3) x Oy with the action of the non-
trivial element of Co on C3 x Cs given by inversion, and o is the inflation of one
of the four irreducible characters of Na(R)/R of degree 2. There exists exactly one
G-conjugacy class of such R in G.

Proof. This is a consequence of [An95, (2B)—(2D), (3C)] and the proofs of [An95, (3G)]
and [An94a, (3H)]. O

Remark 16.4. If (R, ) is a By-weight for G with R asin (iv), (v) or (vi) of Proposition 16.3,
then as in the proof of [An95, (3C)] we may assume that R is contained in a maximal
subgroup G of G isomorphic to G3(g) such that

Ng(R) < Ng(Z(R)) = Cg(Z(R)) = SO; ()

and R is 2-radical in Cz(Z(R)) = SOF (¢) with N5(R)/R = Ng(R)/R by [An94a, (2B)].

Thus, we observe that the normalizer Ng(R) is already contained in G.

Proposition 16.5. Let B = By be the principal 2-block of G. Then Aut(G)p = Aut(G)
acts trivially on W(B).

Proof. Let (R, p) be a B-weight. If R is as in Proposition 16.3(i), (ii) or (iii), then the
G-conjugacy class of (R, ¢) is uniquely determined by the isomorphism type of R. Hence,
it stays invariant under Aut(G).

Suppose now that R is as in (iv), (v) or (vi) of Proposition 16.3. Following Remark 16.4
we may assume that Ng(R) is contained in the subgroup G = Gy(q), where G is as in
Proposition 15.11. According to Proposition 15.9 we have Aut(G) = (G, F,) with F,
stabilizing G and acting on it as a field automorphism of Ga(q) by Corollary 15.12. Now
let a be an element of Aut(G). Since we are only interested in the action of automorphisms
of G on the G-conjugacy classes of B-weights, inner automorphisms of G do not play a
role and we may assume that a = sz for some ¢ € N. Now

R < Ng(R) <G,

so we may regard (R, ) as a 2-weight for G and a = F]ﬁ as a power of the field automor-
phism of G. Hence, in consequence of Proposition 12.17 the 2-weight (R, ¢) is stabilized
by a up to G-conjugation, so in particular the G-conjugacy class of (R, ¢) is left invariant
by a, and thus by all of Aut(G) as claimed. O

For the non-principal 2-blocks of G of non-abelian defect J. An showed the following:

165



Chapter 16. Action of Automorphisms

Proposition 16.6. Let B be a non-principal 2-block of G with non-abelian defect groups.
Then one of the following situations occurs:

(i) It holds that PV (B)| = 3, and moreover, if (R1,¢1) and (Ra,p2) are non-conjugate
B-weights, then one has Ry % Ro.

(i) It holds that |W(B)| = 2, and moreover, if (R1,¢1) and (Ra,p2) are non-conjugate
B-weights, then one has R1 2 Rs.

Proof. This follows from the proof of [An95, (3G)]. O

Proposition 16.7. Let B be a non-principal 2-block of G with non-abelian defect groups.
Then Aut(G)p acts trivially on W(B).

Proof. Let (R, ) be a B-weight of G and a € Aut(G)p. Then (R,¢)* = (R* ¢%) is a
B-weight with R* = R. Hence, Proposition 16.6 implies that the B-weights (R, ¢) and
(R, ¢)* are G-conjugate. O

16.2.1.2 Blocks of Abelian Defect

In this section we study the action of automorphisms of G on the 2-weights associated
to 2-blocks with non-cyclic abelian defect groups. Recall that the case of cyclic defect is
covered by Koshitani-Spéath [KS14, KS15].

Proposition 16.8. Suppose that B is a 2-block of G which has a non-cyclic abelian defect
group D. Then the following statements hold:

(i) The centralizer Cq(D) =: T is a maximal torus of G of type T., D = O2(T') and
Ng(D) = Ng(T) with Ng(T')/T = Dia. In particular, in G there exists only one
G-conjugacy class of subgroups isomorphic to D.

(ii) Consider Irr(T) as an abelian group and fix an isomorphism ~: T — Irr(T'). Then
up to G-conjugation there exists a unique 2'-element s € T and a 2-block b € Bly(T)
of T = Cg(D) with b° = B such that the linear character 6 := 5 € Irr(T) is the
canonical character of b.

(i4) For 6 and s as in (ii) we have Ng(T)g/T = Cyy(1)(s), where W(T) := Ng(T)/T.

Proof. For (i) we observe that according to [DM87, Prop. 5.8] the centralizer Cq(D) =: T
is a maximal torus of G such that D = O(T'). Since maximal tori of G of types T7 +
and T3 are cyclic and maximal tori of types 75 4+ have odd order, it follows that 7" must
be of type Ts for some 6 € {+1}. But by [An95, (2D)(a)] the centralizer of O2(Tj) in
G is a maximal torus if and only if 6 = €, so T must be of type T.. Moreover, by the
same reference it follows that Ng(D) = Ng(T') with Ng(T')/T = Dis. Since D is the
unique Sylow 2-subgroup of the maximal torus 7', there exists only one G-conjugacy class
of subgroups of G isomorphic to D.

Finally, the statements given in (ii) and (iii) can be found as parts (b) and (c) of
Proposition 5.8 in [DM87]. O

Proposition 16.9. Let B be a 2-block of G of non-cyclic abelian defect. Then Aut(G)p
acts trivially on W(B).

166



16.2. Action on the Weights of 3Dy(q)

Proof. Suppose that (R, ) is a B-weight. Since B has abelian defect, it follows from
Lemma 2.11 that R is a defect group of B. Hence, due to Proposition 16.8(i) we have
R = Oy(T) for some maximal torus T of G of type T and Ng(R) = Ng(T'). Let s € T,
¢ = 3 and b € Bly(T') be as in Proposition 16.8(ii) such that Ng(T)g/T = Cyy(7)(s) for
W(T)=Ng(T)/T.

Since B is non-principal and s is of odd order, it follows that s> # 1. Hence, according
to [DM87, Table 3.4] up to isomorphism we have Cyy(1y(s) € {{1},C2,&3}. However, b
has defect group R, and since B = b¢ has defect group R as well, Theorem 1.10 implies
that the index |Ng(T)g: T'| is prime to 2. We conclude that Ng(T)g = T.

Following Construction 2.10 we hence have ¢ = ON¢(T) | 50 ¢ is uniquely determined
by R and B. If a € Aut(G)p, then as above the first component R* of the B-weight
(R, v)* must be a defect group of B, so in particular it is G-conjugate to R. In summary,
we conclude that the G-conjugacy class of (R, ¢) is left invariant by Aut(G)p. O

16.2.2 The Case ¢/ =3

Here we study the action of Aut(G) on the 3-weights of G. Throughout this section we
assume that 3 1 ¢ and denote by e the unique element in {+1} with ¢ = ¢ mod 3.

If T' is a maximal torus of G of type T¢, then in consequence of [An95, (1A)] it holds
that Ng(T)/T = D15. We let G = Ga(q) be as in Proposition 15.11 and assume that T
is such that 7 := TN G is a maximal torus of G isomorphic to Cy_. x Cy—.. Then as in
Section 12.2.2 it also holds that N@(f) /T = Dyy. This allows us to prove the following
two statements:

Lemma 16.10. Let g > 5. Suppose that G Ga(q) is as in Proposition 15.11 and let T
be a mazimal torus of G of type T such that T := T N G is a mazimal torus of G with
T =~ Cy—c X Cq—c. Then it holds that Cq(T ) T.

Proof. Clearly, T C Cg(T). Moreover, Cq(T) C Cq(z) for every z € T. If T contains a
regular element g of T, i.e., an element g such that Cg(g) = T, then Cq(T) C Cq(g) =T,
so the claim follows. Since ¢ = € mod 3, it follows that ¢ — ¢ > 6, whence according to
Table 15.1 the torus T contains elements represented by h(z,27!,z,2) with z € F* of
order q — ¢ (these are of type sg or s15 for ¢ = +1 and ¢ = —1, respectively), and by
[Kle88a, Table I1] these elements are regular. Since for an element x € 7" we have z € T
if and only if 297° = 1, elements of T represented by such h(z, 271, 2, 2) already lie in T.
Hence, T' contains regular elements of T, which proves the claim. O

Proposition 16.11. In the situation of Lemma 16.10 we have Ng(T') = Ns(T)T.

Proof. We prove that Né(f) normalizes T. Then N@(T)T C Ng(T), and since Ng(T')/T
and Ng(T')/T are isomorphic to D1 and

No(T)T/T = N&(T)/(N(T) N T) = N4(T)/T = Dy,

we obtain equality. By Lemma 16.10 we have Cg(’f) =T, so every element of G which
normalizes T' stabilizes Cg(T') = T'. In particular, N&(T') € Ng(T) as claimed. O
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16.2.2.1 Blocks of Non-Abelian Defect

As for the case ¢ = 2, we first consider the 3-blocks of G with non-abelian defect groups.
For the principal 3-block By the following has been shown to hold by J. An:

Proposition 16.12. Suppose that B = By is the principal 3-block of G. Then |W(B)| =T.
Moreover, if (R, ) is a B-weight of G, then up to G-conjugation one of the following holds:

(i) R is an extraspecial group of order 3'*2 and ewponent 3 such that R < L. < H.,
Ca(R) = Z(He) = Cpyeqr1, No(R) = Nar.(R), Nu. (R)/RCa(R) = Spy(3), and
INg(R): Ng_(R)| = 2.

The character v is the inflation of one of the two extensions of the Steinberg character
of N, (R)/RCq(R) = Spy(3) to Na(R)/RCa(R).

There exists exactly one G-conjugacy class of such R in G.

(ii) R € Syl3(G), Cq(R) = Cpieqi1, Na(R)/RCq(R) = Cy x Ca, and ¢ is the inflation
of one of the four irreducible characters of Ng(R)/RCg(R).

(i) R = O3(T) for a mazimal torus T of G of type T> ., Ng(R)/R Cg(R) = Spy(3) with
Ca(R) =T, and ¢ is the inflation of the Steinberg character of Ng(R)/RCg(R).
There exists exactly one G-conjugacy class of such B-weights in G.

Proof. This follows from [An95, (1A)] and the proof of [An95, (3B)]. O

In order to understand the action of Aut(G) on the 3-weights associated to the principal
3-block of G we need the following two observations:

Lemma 16.13. Let R < G be an extraspecial group of order 3172 and exponent 3. Then
there exists exactly one G-conjugacy class of subgroups of G isomorphic to R. Moreover,
if R< Le < K. < M., then

Ne¢(R)/RCq(R) = Spy(3) % (p)
for some involution p € K.\ L. such that M. = (H, p).

Proof. This is [An95, (1C)]. O

For the proof of Lemma 16.14 below we recall the following notation: If x € G, then
we denote by ¢, € Aut(G) the inner automorphism of G given by conjugation with z,
i.e., cz(g) = xgx~! for all g € G.

Lemma 16.14. Let T be a maximal torus of G of type T.. Then there exists an automor-
phism a € Aut(G)r with Out(G) = (aInn(G)) which acts trivially on Na(T')/T.

Proof. First of all we note that if the claim holds for one fixed 7', then it also holds for all
its G-conjugates, and hence for any maximal torus of G of type T-.

Suppose first that ¢ < 5, that is, ¢ € {2,4} since ¢ = ¢ mod 3. (The following proof
does in fact work for any even ¢ as we will see. However, we only need it for ¢ € {2,4}
as we have a different proof for arbitrary ¢ > 5 relying on Lemma 16.10.) Let F} := F if
e =1and F_ := nogF if ¢ = —1, where ng is as in Remark 15.7. As observed above we
have Ng(T')/T =2 D12, and since

Ng(T) = Ngr. (TF°) = Ngr (T)
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with Ngr (T)/ T 2 Dy5 by Table 15.1, it follows that Ngr. (T) = Ngr. (T4%) here. In
particular, we have

NG,F5 (TFE) = <TFE, Ty (1)a Ty (l)nm (1)71,7«4 (1)>

by Remark 15.7 with the field automorphism Fj, stabilizing T%: and acting trivially on
the quotient Ngr. (TF%)/ T'* following Remark 15.10. Since F), generates the outer au-
tomorphism group of the group G*=, which is G-conjugate to G by Corollary 4.35, the
claim follows in this case.

Now suppose that ¢ > 5 and let G = G2(q) be as in Proposition 15.11. If necessary,
after replacing 7' by a G-conjugate we may assume that T := TNG is a maximal torus
of G isomorphic to Cy—. X Cy—.. In consequence of Remark 11.15 in conjunction with the
observations at the beginning of Section 12.2.2, and possibly after G- conjugation, there
exists an automorphism @ of G (e.g. the field automorphism of G) such that

e Out(G) = (aInn(@)),

e @&(T) =T, and

e every element of Né(f) can be written in the form nt with ¢ € T and n € N@(T)
such that a(n) = n.

Now the field automorphism F, acts on G and hence, since Out(G) = (a Inn(G)> there is
somekENandgEGsuchthatF acts as a” cgonG Then a := Fycg- ﬁxesGandT
and hence T since T' = Cq(T) by Lemma 16.10. Moreover, Out(G) = <a Inn(G)).

Now let x € Ng(T'). Following Proposition 16.11 it holds that Ng(T') = N(T')T', and

hence z = ms for some m € N~ (T) and s € T'. Now we have m = nt for suitable elements
n € Ng(T T) such that a(n )—nanthT. But then x = nts € nT and

a(z) = a(nts) = a*(n)a(ts) = na(ts) € nT,
so a(x) and z coincide modulo T, i.e., a acts trivially on Ng(7")/T. O

Proposition 16.15. Let B = By be the principal 3-block of G. Then Aut(G)p = Aut(QG)
acts trivially on W(B).

Proof. We prove this claim by going through the distinct cases in Proposition 16.12. Let
(R, ) be a B-weight of G. If R = O3(T") for a maximal torus T" of G of type Ts ., then
by Proposition 16.12(iii) the G-conjugacy class of (R, ¢) is uniquely determined by B and
the isomorphism type of R. Hence, it stays invariant under Aut(G).

Suppose now that R is an extraspecial group of order 3'72 and exponent 3 as in
Proposition 16.12(i). Then by Lemma 16.13 the group R is uniquely determined up to
G-conjugation. Hence, we may assume that R is contained in the maximal subgroup of
G isomorphic to G2(q) as in Proposition 15.11 and has the same form as in the proof of
Proposition 12.32 for case (iii). Then as in that proof, the element p in Lemma 16.13 can
be chosen such that p € Ng_(R) and F), acts trivially on p. Moreover, R is stabilized
by F,. According to Proposition 16.12(i) the character ¢ corresponds to one of the two
extensions of the Steinberg character of Ny /R Ca(R) = Spy(3) to Ng(R)/RCq(R). Let
us denote these two extensions by St* and St~. By Proposition 16.12(i) and Lemma 16.13
we have Ng(R) = (Ng_(R), p), so

St~ (pRCq(R)) = —St" (pR Ca(R))
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by Gallagher’s theorem, Theorem 1.21. Now (R, ) = (R, ©!?) is again a B-weight, so
from Proposition 16.12 it follows that ¢f? corresponds to one of St and St™. It holds that
StT(pRCq(R)) # 0 since St* is of degree three and p has order two, so St*(pR Cg(R))
is the sum of three square roots of unity, i.e., St*(pR Cg(R)) € {£1,43}. But then

(St7)?(pRCa(R)) = St* (pRCa(R)) # —St* (pR Ca(R)) = St~ (pR Ca(R)),

so we conclude that ¢» = ¢, and hence (R, ¢) stays invariant under the action of F,. In

particular, the G-conjugacy class of (R, @) is fixed by Aut(G).
Finally, we suppose that R € Syl;(G). Then from Proposition 16.12 it is known that

Ng(R)/RCG(R) = CQ X CQ.

We prove that there exists an automorphism a € Aut(G)gr which acts trivially on the
quotient group Ng(R)/R Cg(R) and which generates the outer automorphisms of G, i.e.,
Out(G) = (aInn(G)). If this is the case, then the claim follows: Let 6 be an irreducible con-
stituent of ¢|gc(r). Then by Construction 2.10 we have bl(6)¢ = By, so by Theorem 1.9
it follows that # must be the trivial character of R Cs(R). Moreover, by Construction 2.10
and Gallagher’s theorem it holds that ¢ is one of the four extensions of 6 to Ng(R), i.e.,

¢ € Iir(Ng(R) | 0) = {Ing(r) - B | B € Ir(Ng(R)/RCq(R))}.

Hence, since the character 1y, (p) is clearly left invariant by Aut(G)g, the claim follows if
an automorphism a € Aut(G)pg as above exists.

Following the proof of [An95, (1A)] we may assume that Ng(R) is contained in Ng(T)
for some maximal torus T of type T, and where in addition Ng(T') = (T, p, 7,0) for
suitable p, 7,0 € G such that R = (O3(T),0), o has order 3 modulo T', pT' generates the
center of Ng(T')/T = Dia, and 707 coincides with ¢~! modulo 7. Moreover, by the
same reference Cg(R) C T, Ng(R) = (RCg(R), p,7), and we have

Nea(R)/RCa(R) = (pRCa(R)) x (TR Ca(R)).

By Lemma 16.14 there is an automorphism a € Aut(G)r such that Out(G) = (aInn(G))
and @ acts trivially on Ng(T)/T. Since R* < Ng(T) and R is a Sylow 3-subgroup of G
and hence of Ng(T), there exists y € Ng(T) such that R% = R, i.e., the automorphism
a = acy € Aut(G) stabilizes R, so in particular it acts on Ng(R)/R Cg(R). Moreover, it
holds that

(aInn(G)) = (aInn(G)) = Out(QG).

Since Ng(T') = (T, p,7,0) and p,7,0 € Ng(R), we may assume that y € 7. We prove
that a acts trivially on Ng(R)/R Cg(R). Since p, 7 € Ng(T'), we have

cy(p) =ypy ' = pp~typy~' € pT,

and analogously ¢, (7) € 7T. Hence, it follows that a(p) € pT and a(7) € 7T since a acts
trivially on Ng(T')/T.

Let us suppose that a(pR Cg(R)) = TRCg(R). Then a(p) = 7xo’ for some x € T and
i € {0,1,2} since R = (O3(T),0) and Cg(R) C T. It follows that p = a(p) = 7¢* mod T,
i.e., 7= po~t mod T. Since pT € Z(Ng(T)/T), we conclude that

-1

o l=r"lor= lefl

opot=cmod T

in contradiction to the fact that ¢ has order 3 modulo T
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Assume now that a(pRCg(R)) = prRCg(R). Then a(p) = prao® for some z € T and
i €10,1,2}, 50 p=a(p) = pro’ mod T, hence 7 = ¢~* mod T. But then

-1 _ 1

o =7 or=0cmodT,

a contradiction. Thus, we conclude that pR Cg(R) is left invariant by a.

Similarly, one checks that 7R Cg(R) and p7RCg(R) are invariant under a, so a acts
trivially on Ng(R)/R Cg(R), and hence on the weight (R, ¢). Since (aInn(G)) = Out(G),
we conclude that Aut(G) stabilizes the G-conjugacy class of (R, ¢). O

Let us now turn towards the case of non-principal 3-blocks of G with non-abelian defect
groups. For these J. An showed the following;:

Proposition 16.16. Let B be a non-principal 3-block of G with non-abelian defect groups.
Then W(B)| = 3. Moreover, if (R, ) is a B-weight of G and 0 is an irreducible con-
stituent of Y|rcy(R), then O is a linear character and up to G-conjugation one of the
following holds:

(i) R is an extraspecial group of order 3'*2 and ewponent 3 such that R < L. < H.,
Cg(R) = Z(H:) = Cpyeqi1, Na(R) = Nar.(R), Nu. (R)/RCa(R) = Spy(3), and
ING(R): Ny (R)| =2. Moreover, Ng(R)y = Np.(R) and

p=(0-st)Net),

where St denotes the inflation of the Steinberg character of Ny (R)/RCqg(R) and ]
is an extension of @ to Ng(R),. The character ¢ is uniquely determined by R and
B, and there exists exactly one G-conjugacy class of such B-weights in G.

(ii) R € Syly(G) with R < H., Co(R) = Z(H.) = Cyoyeqir, Nuv.(R)/RCa(R) 2 Oy,
NG(R)/RCg(R) = Cy x Cy, Ng(R)y = Ny, (R), and

Y= (5 f)NG(R)’
where § € Irr(Ng(R)y/RCg(R)) and 0 is an extension of 0 to Na(R),-
Proof. This follows from [An95, (1A)] and the proof of [An95, (3B)]. O

In order to understand the action of Aut(G) on the 3-weights of G described in Propo-
sition 16.16 above we need the following lemma:

Lemma 16.17. Let R be as in Proposition 16.16(i1). Then H. = U x Z(H.)3 for some
subgroup U < H, such that Ng_(R) = Ny(R) x Z(H.)s . More precisely,

NHE(R) = <R,ZE> X Z(Hs)gl
for some x € U with x* € R.

Proof. By the proof of [An95, (3B)] there exists a subgroup U < H. such that we have
H. =U xZ(H.)y and Ny_(R) = Ny(R) x Z(H;)s. Now by Proposition 16.16(ii) it holds
that Cy.(R) = Z(H.) and Ny_(R)/RCp_(R) = Cs. Since R is a Sylow 3-subgroup of G
and hence of H., we have Z(H.)3 < R. Thus, RCy_(R) = RZ(H.) = R x Z(H.)3, so

Ny (R)/R = Ny (R)/RCph.(R) = (s,

which proves the claim. ]
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Proposition 16.18. Suppose that B is a non-principal 3-block of G of non-abelian defect.
Then Aut(G)p acts trivially on W(B).

Proof. Let (R, ) be a B-weight of G. We go through the cases in Proposition 16.16. If
R is an extraspecial group of order 3'72 and exponent 3, then by Proposition 16.16(i) the
character ¢ is uniquely determined by R and B, and there exists only one G-conjugacy
class of B-weights with first component isomorphic to R. Hence, Aut(G)p stabilizes the
G-conjugacy class of (R, ¢).

Suppose now that R € Syl;(G) such that R < H. and let 6 be an irreducible constituent
of ¥|rcy(r)- Then by Proposition 16.16(ii) the character ¢ is of the form nNe(B) for some
extension 7 of § to Nyg. Let a € Aut(G) such that R* = R and B* = B. Moreover, let b
be the 3-block of R Cg(R) containing §. Then b has defect group R € Syl3(G), and hence
by Lemma 1.1 also B € Bl3(G | R). Since a fixes B, it follows from Proposition 1.3 that
b® induces to B, so the 3-blocks b and b* of RCg(R) must be conjugate under Ng(R)
by Brauer’s extended first main theorem, Theorem 1.7, and hence also their canonical
characters 6 and 6% are Ng(R)-conjugate.

Let x € H. be as in Lemma 16.17, i.e., such that Ny_(R) = (R,z) x Z(H.)s and
22 € R. According to Proposition 16.16(ii) we have

Ng(R)/RCG(R) = 02 X CQ.

Hence, there exist y € G such that Ng(R) = (RCq(R),x,y) with [z,y] € RCg(R). Now
the orbit of # under the conjugation action of Ng(R) is given by the set {60, 0% 6Y,0"V}.
From Proposition 16.16(ii) it follows that Ng(R)g = Ng_(R), so in fact 6% = 6, and we
conclude that 0% € {0,6Y}. Since Ng(R)g has index two in Ng(R), it is a normal subgroup
of Ng(R), and hence Ng(R)gv = (Ng(R)p)Y = Ng(R)p. Thus,

Ng(R)ga = Ng(R)g = <R,:L‘> X Z(Hg)gl.

Clearly, a=(z) = 2% € (Ng(R)p)* = Ng(R)ge = (R, x) x Z(H.)3. Suppose 2% = v - z for
some v € (R,z) and z € Z(H.)g. Then

v? 22 = (%) = (2*)* € R* = R.

Since v? € R, we also have 22 € R. But as Z(H.) = C2 441 (cf. Proposition 16.16(ii)), it
follows that Z(H.)s has odd order. Hence, we conclude that 22 can only be contained in
the 3-group R if 2 = 1. Thus, 2% € (R, ), so a~! and a act on (R, ), and we may write
a(z) = rx for some r € R.

Now there exist exactly two extensions of 6 to Ng(R)g, say 04 and #_ such that
0.(x) = 1 and 6_(x) = —1 (for this recall that 22 € R and € is a linear character
of RCg(R) with R in its kernel, so 0+(z)? = 6+(2?) = 1). We write 04(z) = +1.
Analogously, we denote by (6Y)1 the two extensions of 6Y to Ng(R)pw = Ng(R)p with
(0Y)+(x) = £1. It holds that

(6+)%(c) = bx(a(c)) = b(a(c)) = 6%(c)

for all ¢ € RCg(R) since a acts on RCg(R), so (0+)® are extensions of 0% to Ng(R).
Moreover,

(0+)"(2) = 0+ (a(z)) = 0+(rz) = 0+(r)0+(x) = O+ (z) = +1,
so we have (A+)® = (#%)+. Denote by v, and ¢_ the induced characters (6 )Ne(%)
and (A_)Ne(B®) respectively. Then ¢ € {14, _}. We recall that Ng(R)g is normal in
Ng(R) = (Ng(R)g,y), so by Clifford theory, Theorem 1.15, we have

VNG (R, = 0+ 1 (0£)".
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Since Ng(R)g = Ny.(R) < Ng(R), we have yxy~! € Ny_(R) = (R,x) x Z(H.)3/, so we
write yry~! = v - 2 for some v € (R,z) and 2 € Z(H.)3. Then

2 2

v 2% = (yay™')?

=yz’y P eR

since 22 € R and y € Ng(R). As above we conclude that 22 € R and hence z = 1, so we

may write yxy~! = sz for some s € R. Then

(02)%(x) = 01 (yay ™) = 04 (s7) = 02 ()04 () = O () = £1.
Since (A+)Y are extensions of #Y, we conclude that (01)Y = (#Y)+. Then
VNG (R)y = O+ (0V)+,

and by Frobenius reciprocity, Proposition 1.18, and the fact that (14)* = ((6+)*)Ne(B) it
follows that

(V)" Ve)ng(r) = ((02)", Vi Ng (R)p ING(R)y = ((09) £, 01 + (0Y)£)NG(R) = 1

since 04, (6Y)+ are distinct, irreducible, and 0% € {6,0Y}. Thus, (¢+)® = 1+, and hence
we conclude that (R, ¢)* = (R, ¢). Since for any automorphism o € Aut(G)p we have
R? € Syl3(G), there always exists ¢ € G such that R°9 = R. Clearly, we also have
ocg € Aut(G)p. By the previous considerations we know that (R,¢)?Y = (R, ), so

(R, )7 = (R, )9 " is G-conjugate to (R, ) as claimed. O

16.2.2.2 Blocks of Abelian Defect

In this section we study the behaviour of B-weights under automorphisms of G for 3-blocks
B of non-cyclic abelian defect. For such a 3-block the following statements hold by results
of D. I. Deriziotis and G. O. Michler [DM87] and J. An [An95]:

Proposition 16.19. Let B be a 3-block of G with a non-cyclic abelian defect group D.
Then the following statements hold:

(i) The centralizer Cq(D) =: T is a mazimal torus of G of type T or Tr., D = O3(T)
and Ng(D) = Ng(T). In particular, in G there exists only one G-conjugacy class of
subgroups isomorphic to D.

(ii) Consider Irr(T) as an abelian group and fix an isomorphism ~: T — Irr(T'). Then
up to G-conjugation there exists a unique 3'-element s € T and a 3-block b € Bl3(T)
of T = Cq(D) with b = B such that the linear character @ := § € Trr(T) is the
canonical character of b.

(i4i) For 6 and s as in (ii) we have Ng(T)g/T = Cyy(1)(s), where W(T) := Ng(T)/T.

Proof. Part (i) follows from [An95, (1A)] since being a defect group of B the 3-group D is
radical in G (cf. Example 2.6). Statements (ii) and (iii) are part of [DM87, Prop. 5.8]. O

Blocks with Defect Groups O3(15 )

Let us first treat the case of 3-blocks of G with defect group O3(T") for a maximal torus 7'
of G of type T .. Similarly as for the case of 2-blocks of G with non-cyclic abelian defect
groups we can prove the following:
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Proposition 16.20. Let B be a 3-block of G with defect group O3(T') for a maximal torus
T of G of type To .. Then Aut(G)p acts trivially on W(B).

Proof. Suppose that (R, ¢) is a B-weight. In consequence of Lemma 2.11 we may assume
that R = O3(T) with Ng(R) = Ng(T) by Proposition 16.19(i). Let s € T, 6 = § and
b € Bl3(T') be as in Proposition 16.19(ii), so Na(T)e/T = Cyy (1) (s) for W(T) = Ng(T)/T.
Since B is non-principal, we have s # 1. Then by [DM87, Lemma 3.4] up to isomorphism
it holds that Cyy(7)(s) € {{1}, C3}.

Now both 3-blocks b and B = b“ have defect group R, so Theorem 1.10 implies that
the index | Ng(T')p: T'| is not divisible by 3. It follows that Ng(T)p = T, and hence by
Construction 2.10 we have ¢ = ON¢(T) Consequently, ¢ is uniquely determined by R
and B, and since R® is G-conjugate to R for any a € Aut(G)p, we conclude that the
G-conjugacy class of (R, ¢) is left invariant by Aut(G)p. O

Blocks with Defect Groups O3(7%)

In the following we concentrate on the case of 3-blocks of G that have a defect group O3(7T)
for a maximal torus T" of G of type T.. For ¢ large enough we wish to reduce this case to
a question on 3-weights of G(q). However, this requires the application of Lemma 16.10,
whence we have to treat the case of ¢ < 5 separately:

Proposition 16.21. Suppose that q € {2,4} (or, more generally, that q is even). Let B
be a 3-block of G with defect group O3(T) for a maximal torus T of G of type T.. Then
Aut(G)p acts trivially on W(B).

Proof. Let (R,¢) be a B-weight. As in the proof of Proposition 16.20 we may assume
that R = O3(T) such that Ng(R) = Ng(T') by Proposition 16.19, and we let s € T,
¢ = & and b € Bl3(T) be as in Proposition 16.19(ii), so Ng(T)g/T = Cyy(1)(s), where
W(T) =Ng(T)/T. Since B is non-principal, we have s # 1, and since ¢ is even, it follows
that s cannot be of order 2. Hence, from [DM87, Lemma 3.4] we obtain that

Cw(r)(s) € {{1}, C2,E3,SL3(2)}

up to isomorphism. As in the proof of Proposition 16.20 the index |Ng(7T)g: T| must be
coprime to 3, whence in fact Cyy(7)(s) € {{1}, C2} up to isomorphism.

If Ng(T)g = T, then Construction 2.10 yields ¢ = ON¢(T) such that (R, @) is uniquely
determined by R and B, hence left invariant by Aut(G)p up to G-conjugation in conse-
quence of Proposition 16.19(i).

Suppose now that Ng(T')g/T = C. Then from Construction 2.10 it follows that

o= §NG(T)7

where 6 denotes one of the two extensions of 6 to Ng(T')y, which exist by Proposition 1.20.
If a € Aut(G) g, then up to G-conjugation a stabilizes T', so we may without loss of general-
ity assume that T = T and hence R*® = R. Moreover, as in the proof of Proposition 12.37
it follows that 6% and 6 are Ng(T')-conjugate, so by multiplication of a with a suitable
inner automorphism we may assume that a leaves 6 invariant. In particular, a stabilizes
Ng(T)g by Lemma 1.25. We prove that §* = §. Then

SDa _ (gNg(T))a _ (ga)Ng(T) _ gNg(T) = o,

and the claim follows. In consequence of Corollary 1.22 it suffices to show that

6%(n) = 0(n) #0,
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where n € Ng(T) with n? € T is such that Ng(T')g = (T,n). Clearly, both values are

non-zero since the character 6 is linear. Now we have a(n) € Ng(T)g \ T, so there exists
t € T such that a(n) = tn, and we have

0%(n) = 6(tn) = 6(t)0(n).
Since n? € T and 6%(s) = 6(s) = 6(s) for all s € T, it follows that
B(n)? = B(n?) = 0°(n?) = 6(n)? = B(1)*8(n)?,

and hence g(t) = 1. Now ¢ is even, so in particular 7" does not contain elements of even
order. It follows that () = 1, and hence we have %(n) = 6(n) as claimed. O

Let us now consider the situation that ¢ > 5. We reduce this case to a question on
3-weights of Ga(q). For this purpose we fix some notation: B

Recall that ¢ € {£1} was chosen such that ¢ = e mod 3. We let G = Gf1 = Gy(q) b
a maximal subgroup of G as in Proposition 15.11. In addition, we fix a maximal torus T
of G of type T such that T := TNG is a maximal torus of G isomorphic to Cy_ x Cy—..
As observed at the beginning of Section 16.2.2, we have

Na(T)/T = Ng(T)/T = Dy,

such that by Proposition 16.11 it holds that Ng(7T') = Ng(T )T for ¢ > 5. This equality
will be used frequently throughout the rest of this sectlon

Furthermore, we define R := O3(T) and R := O3(T) to be the Sylow 3-subgroups of
T and T, respectively. Now let B be a 3-block of G with defect group R. Since B has
abelian defect, it follows from Lemma 2.11 that a 3-subgroup @ < G is G-conjugate to R
whenever there exists a B-weight with first component Q.

If (R, ) is a B-weight of G and 6 € Irr(7') is an irreducible constituent of the restriction
@i of ¢ to RCg(R) =T, then B = bl(A)¢ following Construction 2.10. We may draw
the following diagram of inclusions:

Let us set B:= bl(9|T)G Our objective is to relate the B-weight (R, ¢) of G to a (set
of) B-weight(s) of G. To this end we examine the restriction of the weight character ¢ to
N&(T). In this connection the irreducible characters of T' will play a key role, whence we
fix the following parametrization for Irr(7) to allow a convenient handling:
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Notation 16.22 (Parametrization of Irr(7)). Being of type T, the maximal torus 7" of G
satisfies T'= Cys_, x Cy—. according to Table 15.1. We identify Cys_. and Cy_. with the
unique subgroups of the cyclic group qufs of orders ¢* — ¢ and ¢ — ¢, respectively. Moreover,
we fix a generator of Cgs_., that is, an element 2 € IFqXG of order ¢3 —e. Then the linear

map defined by

Oy: C

2mi
B — C, z»—>exp< >,

¢ —e

generates the character group of Cs__, i.e., we have

q°—e»
Ir(Cp_.) = {0 | 0< i< ¢’ —c}

Now Cy_. is generated by 27 +e0+1 Evyery irreducible character of Cy— may be extended to
Cys_. by Proposition 1.20(i), and conversely, every restriction of a character in Irr(Cys_.)
to Cyq—. yields an irreducible character of Cy_.. Moreover, for 0 < 4,5 < ¢® — ¢ we have
06|Cq78 = 96‘01178 if and only if ¢ = j mod ¢ — . Hence, by abuse of notation (that is,
writing fy instead of 90|Cq_5) we obtain

Irr(Cye) = {05 | 0<i< qg—e}

with ) # 06 for 0 < i,j < ¢ — ¢ if i # j. Combination of these two parametrizations for
the characters of Cys_. and Cy_. yields a parametrization for Irr(T") given by
Irr(T) = {0y x 6 | 0<i< ¢’ —¢e, 0<j<q—e},

where we have
. . c 2 i .
(0 x 03)(h(t1, t2, 17,1 ) = 05(t1)6(t2)

2 3_
for ar; ealement of T represented by h(t1,t2,t]%,t1) with ¢1,¢ € F* such that ¢t ° =1
and ty ~ = 1.

We now prove a series of lemmata which will eventually allow us to handle all situations
which may occur when restricting a weight character ¢ coming from a B-weight (R, ¢) of
G to Né (T)

Lemma 16.23. Suppose that 0 € Irr(T). Then T is contained in the kernel of 0 if and
only if the index | Ng(T')g: T'| is divisible by 3.

Proof. We consider the element w in the Weyl group W (T') = Ng(T')/T of T' corresponding
to the reflection wy, wyrswr,wr,. Note that such an element exists in W(T') as a result of
Lemma 15.4, and @ has order 6 in W (7T') by Lemma 15.5. We set W= w?, which is hence
of ordesr 3. Then for an element of T represented by h(t1,ts,t3%,t]1 ) with ¢1,t5 € F* such
that t7 ~° =¢I7° =1 we have

2 2 2
wh(ty, to, 59,17 )™ = h(tyty 17 92 st 19

i(g—¢)

by application of Lemma 15.3. Suppose that TC ker(6). Then we may write § = 96 x1
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for some 0 < i < ¢ + eq + 1. Hence,

0% (h(ty, ta, £9,10)) = O(wh(ty, ta, £7, 17 )w ™)
= Otz ¢ R g )
)
_ eo(til(qfi)t;i(q*@)
= 0o(11)
= 0" (1)
2
= e(h(tla l2, tiqv t({ ))
for any t1,ty € F* such that t‘fg_s =t =1, s0w € W(T)g = Ng(T)p/T. This shows
that 3 divides | Ng(T)g: T'|.

Let us now suppose that 3 divides the index |Ng(7T)g: T'|. Since Ng(T')/T = Dio
contains exactly two elements of order 3, it follows that w and w™' must stabilize §. Let
3 ’ .
t1,t2 € F* be such that t{ ~° =t1"° = 1. We write 6 = 6 x 6] for suitable 0 <i < ¢® —¢

and 0 < j < ¢ —e. Then similarly as above we obtain
0 (h(t1, 12, 57, 19)) = O(h(tatz ", 07 152, 50650, 1875 1))
. . 2
= 0y(taty (] )

Oé+j(q2+6q+1) (tl)go—i—2j(t2)

= (GFHICTED g2 (b 1y, £9,687)).
Since 8“ = 6, it follows that

(16.1) i=i+j(¢>+eq+1) mod ¢* — ¢,
(16.2) j=—1—2j mod ¢ — €.

Condition (16.1) is fulfilled exactly if j(¢? +eq+ 1) = 0 mod ¢3 — ¢, or, equivalently, if we
have j = 0 mod g — ¢, whence condition (16.2) reduces to

(16.2") i=0 mod ¢ — €.
Hence, T C ker(f). This proves the claim. O

Lemma 16.24. Let B be a 3-block of G with abelian defect group O3(T') and suppose that
¢ € Irr(T') is the canonical character of a 3-block b € Bl3(T) such that b“ = B. Moreover,
set 0 := Qﬁ € Irr(T'). Then (at least) one of the following situations occurs:

(1) Na(T)o =T,

(ii) Na(T')g = Na(T)g,
(iii) Ng(T)o/T = Cy and |Ng(T);: Ne(T)g | = 2.
Proof. Suppose that neither (i) nor (ii) hold. We show that (iii) holds in this case. The

3-block b has defect group O3(T"), whence it follows from Theorem 1.10 that 3 does not
divide | Ng(T)g: T'|. In particular, up to isomorphism we have

Ng(T)g/T S {02,02 X 02}
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since Ng(T)/T = D12.
The group Ng(T')/T = D1y contains exactly two elements of order 3, which are given
by w and w™!, where w is as in the proof of Lemma 16.23. We prove first that w ¢ NG’(T)g.

To this end we assume the contrary, i.e., w € Ng(T)z. Suppose that § = 05 x 96 for suitable
parameters ¢ and j. Then similarly as in the proof of Lemma 16.23 we have

A . (P et il
(6} x 9{))@ _ (96 (@ +eqtl) o 001 ])\T’
which is equivalent to the conditions

(16.3) i=i+j(¢®+eq+1) mod ¢ — ¢,
(16.4) j=—i—2j mod ¢ — ¢.

These are fulfilled if and only if 3j = O mod ¢ — ¢ and ¢ = O mod ¢ — . But 8 is the
canonical character of the 3-block b, whence in particular we have (¢ — €)3 | 7, so in fact
it also holds that j = 0 mod ¢ — £. Hence, T C ker(f) and Lemma 16.23 implies that 3
divides the index | Ng(T)g: T'|, a contradiction. Thus, | Ng(T)z: T'| divides 4.

In particular, if we had Ng(T")p/T = C x Cy, then this would imply that we also had
Na(T)5/T = Cz x Cq since Ng(T')g € Ng(T)g, so Ng(T)z = Ng(T)g in this case. Hence,
we must have Ng(T')s/T = Cz and Ng(T)5/T = Cz x Oy as claimed. O

Let us now go through the three cases specified in Lemma 16.24. Case (i) may be
treated very quickly:

Proposition 16.25. Let B be a 3-block of G with abelian defect group Os(T) and suppose
that 6 € TIrr(T) is the canonical character of a 3-block b € Bl3(T) such that b = B and
Ng(T)g =T. Then ’W(B)‘ =1.

Proof. This follows immediately from Construction 2.10 and Lemma 2.11, which imply
that up to G-conjugation for any B-weight (Q, ) we have Q = O3(T) and ¢ = gN¢() [

Corollary 16.26. Let B be a 3-block of G with abelian defect group Os(T) and suppose
that 6 € Irr(T) is the canonical character of a 3-block b € Bl3(T) such that b = B and
Ng(T)g =T. Then Aut(G)p acts trivially on W(B).

Proof. This is clear since by Proposition 16.25 we have [W(B)| = 1. O
We now turn towards cases (ii) and (iii) of Lemma 16.24.

Lemma 16.27. Suppose that ¢ > 5. Let B be a 3-block of G with abelian defect group
O3(T) and suppose that 6 € Irr(T) is the canonical character of a 3-block b € Bl3(T') such
that b = B. Set § := 0,7 € Irr (7).

(i) If Na(T)g = Na(T')z, then we also have N@(Tv)g = Ng(T);.

(i) If Na(T)g/T = C2 and |[Ng(T)z: Ng(T)e| = 2, then we also have Né(f’)@/f =~y
and |[Ng(T)z: N&(T)e| = 2.

Proof. This follows easily from the fact that Ng(T') = T'Nx (~) by Proposition 16.11 and

T stabilizes both 6 and 6, whence Ng(T)g = TN~ (T T)g and Ng(T )G = TNé(f)g. O

Lemma 16.28. Suppose that q > 5. Let B be a 3-block of G with defect group Os(T) and
let 0 € Trr(T) be the canonical character of a 3-block b € Bl3(T) with b = B. Then 0
extends to Ng(T)g. In particular, the set Irr(Ng(T)g | 0) only consists of extensions of 6.
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Proof. Clearly, the stabilizer of b in Ng(T') is given by Ng(T')p. The 3-block b has defect
group O3(T) € Syly(T), and since by assumption b = B has defect group O3(T) as well,
for the stabilizer Ng(T)p of b in Ng(T') we have |[Ng(T)g: T'|3 = 1 in consequence of
Theorem 1.10. Hence, Ng(T')p/T is isomorphic to one of the 3'-subgroups

{1}, 02 and 02 X CQ

of Dia. If Ng(T)g/T = {1} or Ng(T)g/T = Co, then 0 extends to Ng(7T')y by Proposi-
tion 1.20(i). Thus, we suppose that Ng(T")p/T is a Klein four-group Cs x Co:

By Proposition 16.19 the canonical character 6 of b corresponds via an isomorphism be-
tween Irr(7T") and T to a semisimple 3'-element s € T"and we have Ng(T)g/T = Cyy () ().
By [DM87, Table 3.4] from Cyy(7)(s) = C2 x Oy it follows that s, and hence ¢, has order
2,50 = 0~!. (Note that this follows from the fact that @ is stabilized by the non-trivial
element of the center of Ni(T')/T, which acts on T" and Irr(7) by inversion.) According
to Lemma 16.24 we have

Ne(T)o = Na(T)g,
where 0=0 7, and from Lemma 16.23 we know that 0 is not the trivial character of f, SO
0 is of order 2 as well. Then by Remark 12.35 there exist ni,ne € Né(T) with [ng,ne] =1

and n2,n2 € T such that Né(f)g = (T, n1,n2). But then

Ng(T)g = Ng(T)g =T Nz(T)g = (T, n1,n2)

in consequence of Proposition 16.11. By Proposition 1.20(i) there exists an extension 7 of
0 to (T,n1), and since [n1,ng] = 1 and ny normalizes T' and (T, n;), we have

" (tn1) = n(natngy 'n1) = n(natng )n(ni) = 072 (t)n(n1) = O(t)n(n1) = n(tni)

for all t € T'. Hence, 7 is invariant under ng, so by Proposition 1.20(i) we may extend it to
Na(T)g = (T, n1,n2) since (T,n1,n92)/(T,n1) is cyclic of order 2. This extension is then
an extension of 6 to Ng(T")g as claimed.

Now since Ng(T)g/T is abelian in any case, it follows by the theorem of Gallagher,
Theorem 1.21, that Irr(Ng(T")g | 0) only consists of extensions of #, which concludes the
proof. O

Lemma 16.29. Suppose that q > 5. Let B be a 3-block of G with abelian defect group
O3(T) and suppose that 6 € Irr(T') is the canonical character of a 3-block b € Bl3(T)
satisfying b = B. Moreover, set 0 := 07 € Irr(T) and assume that Ng(T')e/T = Cy and
|Ng(T)§: NG'(T)9| = 2. Then

(i) Irr(Né(Tv)éﬂ 8) only consists of extensions of 6, and

(i) any element of Irr(N&(T)g | 0) can be obtained as the restriction of a character in

In particular, the characters in Irr(Né(f)g | ) are invariant under Né(f)g—conjugation.

Proof. (i) It holds that Ng(T)5/T = Co x Cs, and hence also Ng(T)5/T = Cy x Co. In
particular, 6 is stabilized by the generator of Z(Ng(7T")/T), which acts on Irr(T") by in-
version, so it follows that 67! = 6§ # 17. Thus, in Remark 12.35 we have already proven
that # extends to N @(f)g, whence the claim now follows from Gallagher’s theorem, The-

orem 1.21, and the fact that N@(f)g/f = (5 x Oy is abelian.
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(ii) Let x € Irr(Né(T)g | ) be an extension of . By Theorem 1.21 we have

rr(Ng(T)5 1 6) = {x - B B € r(Ng(T)g/T)}-

T)g, so again by Theorem 1.21 it holds that

Now X|Ng(T)s is an extension of § to Nea(

(NP | ) = (X)), - | 1 € I (NG(Po/T)}.

Since Ng(T)g/T = O is normal in Né(N) 5/T due to the fact that | Ng(T)5: Ng(T)e| =2
by Lemma 16.27(ii), it follows that Nx(T )~/T acts on Irr(N ( )o/T). This set consists
of exactly two irreducible characters since N (T )9 / T = (4, so these are clearly stabilized

by N&(T ) +/T. Hence, for every 7 € Irr(Ng(T T)g/T) there exists 8 € Irr(N a(T ) ~/T) which
extends 7, so the claim follows. O

Lemma 16.30. Suppose that ¢ > 5. Let ¢ € Irr(Ng(T)) and 6 € Irr(T) be an irreducible
constituent of pyp. If P € Irr(Né(f)) is an irreducible constituent of PINg (T then 1 lies
above 0 := G‘T € Irr(T). N

In particular, if O3(T') C ker(0), then O3(T) is contained in the kernel of 1.
Proof. Let r € Nsg, €; € Z~g and 1); € Irr(N@(f)) fori e {1,...,r} with ¢; #; if i # j
be such that

r

PINg(T) Z ei;.

=1

By Clifford theory, Theorem 1.15, we may write

t
er=1- 291‘
=1

for some f € Nyg, t = |Ng(T'): Ng(T)g| and 6; = 60,04, ...,6; the Ng(T')-conjugates of
0. Now let ¢ € {1,...,r} be such that ¢) = v;. The restricted character 7,/}|T is a summand
of Q7= (‘P|T)|Ta S0 Hj‘f is a constituent of % for some j. Since

by Proposition 16.11, the character 6; is in fact conjugate to 6 via an element of Né(f),
7 and 6 = 0‘~ are Nz (T')-conjugate. Hence, by Clifford
theory the character 0 is a constituent of w|~ as claimed.

If now O3(T") C ker(6), then also O3(T) C ker(@) and since O3(T’) is normal in N5(T'),

it lies in the kernel of each Né(T)—conJugate of 0, which proves the claim. O

so in particular it follows that (6;)

Proposition 16.31. Suppose that ¢ > 5. Let B be a 3-block of G with abelian defect
group R = O3(T) and suppose that (R, ) is a B-weight. Moreover, denote by 0 € Trr(T)
an irreducible constituent of ¢ and define 0 := 9|T € Irr(T) and ¢ := PN~ (F)

G

(i) If Na(T)g = Na(T)g, then ¢ is irreducible.

(i) If Na(T)e/T = Co and |Ng(T)z: Na(T)e| = 2, then ¢ is the sum of two distinct

irreducible characters of Né(f) of the same degree.
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16.2. Action on the Weights of 3Dy(q)

In particular, if x is an irreducible constituent of ¢, then (ﬁ, X) s a E—wez’ght for C~}, where
B =bl(0)C with defect group R = O3(T).

Proof. Let 1 € Nso, ¢; € Zg and ¢ € Irr(Ng(T)) for i € {1,...,r} with o; # v, if i # j

be such that
o= Z €.
i=1

By Construction 2.10 it holds that ¢ = ¥N¢(T) for some ¥ € Irr(Ng(T)g | ) satisfying
¥(1)3 = |[Ng(T)g: T |3, and the 3-block bl(#) with bl(§)¢ = B has canonical character 6.
By Lemma 16.28 the set Irr(Ng(T)g | ) only consists of extensions of #. In particular,
(1) =1, and thus

p(1) = [Na(T): Na(T)g|-
On the other hand, consider the restriction ﬂ’iﬁ for i € {1,...,r}. By Lemma 16.30 all

characters 1; lie above 6, so by Clifford theory, Theorem 1.15, there exist f; € Z~q such
that

t
Yijg = fi Zej,
j=1

where t = ]Né(f) Né(f)5| and 0, =0,...,0, are the N~ a(T T')-conjugates of 6. Using this
decomposition the degree of ¢ is given by

- o) = St A0 = NGl Nl
=1 i=1

=1

If Ng(T)g = No(T)g, then it follows easily that |[Ng(T): Na(T)g | and | Ng(T): Ng(T)z|

coincide, so comparison of the two formulae for the degree of ¢ yields

al

T

defi=1,

=1

that is, r = 1 and e; = f; = 1. Hence, ¢ = 9 is irreducible as claimed in (i).
Suppose hence that Ng(T')s/T = Cz and [Ng(T')z: Ng(T)g| = 2 as in (ii). It follows
that

|Na(T): Ng(T)g| =2|Ng(T): Na(T);l,

al
T
so in this case we have ) e;f; = 2, whence ¢ must be the sum of at most two irreducible

constituents. =1
Let us go into more detail. As observed above, it holds that ¢ = ¥ N¢(™) for some linear
extension 1 € Irr(Ng(T")g | 0) of 6. By Proposition 16.11 we have Ng(7T') = Ng (7)o N5 (1),

so Mackey’s theorem, Theorem 1.17, implies that

al
azReSNG(T)(IndNG(T) (1)) = Ind N&(T) (RGSNG(T)0(¢))

N~(T) Na(T)e Ng(T)e Ng&(T)e

since Ng(T)g N N@(Tv) —= N~(T)g. Moreover, since Ng(T)g = Na(T) £ Na(T), we have

- N~ ( ) G(T)g NG(T)G
Y = IDdN (I d G(T)Q (ReSNé(T)g (w)))
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We examine the character Y := Ind Ne(D (ReSNGq)e (1)). By definition it holds that

Ng(T)o N&(T)e
1
@)= 3 dnan

for o= Né(f)g, where we have ¢)(h) = (h) if h € N5 (T T)g and ¢(h) = 0 else. Now for
x € T it follows that

Y(nant) = O(nan™t) = 0"(x) = 0(z)

for all n. € N5(T'), so

by Lemma 16.27(ii). From this we deduce that any irreducible constituent of T lies above 9~,
so in particular any such irreducible constituent is linear in consequence of Lemma 16.29(i).
Since T has degree 2, it follows that it is the sum of exactly two linear constituents lying
above 0, say

T =x1+x2

for x1,x2 € Irr(Né(T)g | 6). Since N~ a(T T')g has index 2 in N 5 a(T ) , it is normal in N@(T)g.

In particular, for z,n € N~ (T) we have

0

nxn~ ' € Né(f)g if and only if =z € Né(f)g.

Thus, YT(z) = 0 whenever z € Né(f)g\ Né(Tv)g. But T is the sum of the two linear
characters x1 and x2, so Y(x) = 0 is only possible if x; # x2. We conclude that

= 1560 = (11 + 32D = ()NeD) + (o) alD.

Now x1,x2 € Irr(N é(f)g \ 0) are distinct, and following Clifford correspondence, Theo-
rem 1.16, the map
I (Na(F)g | 8) — Ie(Ng(T) | 8), 0 Ind e (9)
G 0 Né(f)§ )
is a bijection. Thus, also (Xl)NG‘(T) and (x2)N& (T) must be distinct, irreducible, and clearly
both of the same degree, as claimed.
For the last statement, suppose that x is an irreducible constituent of . We have
shown that

x(1)3 = ¢(1)3 = [Ng(R)/R |3,

and since

ING(R)/R|3 =3=|Ng(R)/R|3

and R C ker(y) by Lemma 16.30, it follows that (R x) is a 3-weight for G. Moreover,
since by Lemma 16.30 the character x lies above 6, we conclude that the 3-weight (R ®)

belongs to B = bl(0)~ in consequence of Construction 2.10. We observed in the proof
of Lemma 16.24 that |Ng( )z: T'|, and hence also |Nz(T ) T|, is a divisor of 4. Since

bl(f) has defect group R = O3(T), Theorem 1.10 implies that also B = bl(#) must have
defect group R. This finishes the proof. O
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Proposition 16.32. Suppose that g > 5. Let B be a 3-block of G with abelian defect group
R = O3(T) and suppose that (R,p1) and (R,p2) are B-weights. Then the characters
P1IN (T and P2 N (T have a common irreducible constituent if and only if o1 = 2.

G

Proof. Let 01,02 € Irr(T) be irreducible constituents of o1 and o)y, respectively. Fol-
lowing Construction 2.10 we have bl(61)% = bl(62)¢ = B, whence by the extended first
main theorem of Brauer, Theorem 1.7, the 3-blocks bl(6;) and bl(62) are conjugate under
Ng(R) = Ng(T), so in particular their canonical characters 61 and 0y are conjugate under
N¢(T). According to Clifford, Theorem 1.15, all Ng(T')-conjugates of §; occur with the
same multiplicity as irreducible constituents of ¢1 7, so without loss of generality we may
assume that 6 := 61 = 6.

In consequence of Proposition 16.25 the claim is trivially true if Ng(7)g = T, so let us
assume from now that Ng(T')p 2 T'. In particular, from Lemma 16.24 we deduce that for
0 := ‘T € Irr(T) one of the following holds:

(i) Ng(T)o = Ne(T)g,
(ii) Ng(T)g/T = Cz and |Ng(T);: Ng(T)e| = 2.

Following Construction 2.10 there exist ¥1, 12 € Irt(Ng(T')g | 0) such that
Ng(T Ne(T
p1 = InngETge (¢1) and g = InngEng (12).

Hence, if we set ¢1 := PLN(T) and Qg := = P2N,(T) then we have

~ _ Ne(T) 1, Nea(T)
PYi = ReSNZ(T) Inng(T)e (¢z)
for i = 1,2. Since Ng(T) = Né(f)T by Proposition 16.11 and 7" C Ng(T')p, we have
Ng(T) = Ng(T)g N&(T). Thus, as in the proof of Proposition 16.31, by Mackey’s formula,
Theorem 1.17, it follows that

~ N@(T) T)g

Y = IndNé(T)g Res T)e (QM

for i = 1,2. Let us suppose first that Ng(T')s = Ng(T')7 as in (i) above. In particular, o1
and @3 are irreducible as shown in Proposition 16.31. As in the proof of Proposition 16.31
we consider the bijection

Ir(Ng(T)7 | ) — Ie(Ng(D) | 8), 0+ Ind @ i, ()

o]

Since Ng(T)g = Ng(T)g, we also have N@(Tv)g = N@(Tv)g by Lemma 16.27(i), whence the
above bijection is the same as

Irr(Ng (D) | 6) — Lir(Ng(T) | 6), 9+ Ind ©' ().

By Lemma 16.28 the characters ¢ and 12 are extensions of §. In particular, Res Na(T)o (wz)

=(T)g
is irreducible for i = 1,2 and lies above 6. Hence, it follows that Na

—~ — . . Ng(T)e _ Ng(T)e
©1 = py if and only if ResNé ~ 9(@[}1) = ResNé(T)e(wg).
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Both the characters ¢ and 1 are extensions of § to Ng(T')g, so according to Gallagher,
Theorem 1.21, there exists n € Irr(Ng(1)g/T") such that 15 = 11 - n. Now suppose that

Ng(T)o a(T)o
ReSNé(T)g (w ) Res ( ) ('I,Z) )

and let n € Ng(T)g. Since Ng(T)g = TNé(Tv)g, there exist ¢ € T and m € Né(f)g such
that n = tm. It follows that

0(t)1(m)n(nT) = r(n)n(nT) = P2(n) = 0(t)ya(m) = O(t)¢1(m),

and since 91 and 0 are linear, we have 11 (m), 0(t) # 0, so n(nT) = 1, that is, n = Ix, (1), /7
in this case. Hence, 1 and 19 agree, and thus ¢; = @2 as claimed.

Let us finally suppose that Ng(T')s/T = C2 and |[Ng(T)z: Ng(T)s| = 2 as in case
(ii) above. In the proof of Proposition 16.31 we observed that there exist linear characters

X11, X125 X21, X22 € It (N&(T)7 | 9) with x11 # Y12 and 21 # Y22 such that

oi = () e + (xip)Ne ™

with (xi;)Ne?) = (Xi/j/)Né(T) if and only if x;; = xu; for i,4', j, 5" € {1, 2}, and moreover

T
¥y = Ind 00 (Res\o D (1)) = xir +
T)gfori=1,2.
Hence, by Lemma 16.29 it is invariant under the conjugation action of N~ (f) Thus, for
x € Né(Tv)g we have

for i = 1,2. Now the restriction of v; to Né(f)g is an extension of § to N a(T

1 . _ 1
Ti(z) = N Y. ditnan™h) = N D i) = 244(x),
that is,
Liing @ = 2Viing (@)
and hence

Xil|Ng(F)y = Xi2|Ng(F)g = Vi|Ng(T)o
for i = 1,2. Now suppose that p; and @2 have a common irreducible constituent. Then

there exist j,j" € {1,2} such that (x1; Wa &™) = = (x2j1) Na(T ), and thus x1; = x2js. By the
observation above it follows that

VLN () = XU |Na () = X2 |Ng([@)s = V2ING(T

Now the same argumentation as for case (i) yields that 11 = 12, whence also ¢1 = pa.
This completes the proof. O

Let us pause for a moment and summarize what we have proven so far: If ¢ > 5 and B
is a 3-block of G with abelian defect group R = O3(T), then either [W(B)| = 1, in which
case Aut(G)p clearly acts trivially on W(B), or [W(B)| > 1 and for a B-weight (R, )
the set B

. bl . ¢ ~
{(R, ) | ¥ irreducible constituent o @) N@(T)}’
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where R = Og(f), consists of pairwise distinct B-weights of G, where B = bl()C with
6 = 9|T € Irr(T') for some irreducible constituent ¢ € Irr(7') of yjp. Moreover, two such
sets corresponding to distinct B-weights (R, 1) and (R, p2) are disjoint. Based on this
information we may now reduce the question of the behaviour of W(B) under Aut(G)p to
a question of the behaviour of g—weights of G under Aut(G) B.G which has already been

answered in Part III of this thesis. To this end we introduce the following notation:

Notation 16.33. Suppose that ¢ > 5. We keep the notation R = O3(T) and R = O3(T).
Moreover we recall that for a 3-weight (R, ¢) of G we denote by [(R, ¢)]g its G-conjugacy
class, and similarly, if (R ) is a 3-weight of G then we denote its G-conjugacy class by

[(R> w)]G

Now let B be a 3-block of G with abelian defect group R such that Ng(T)y 2 T if
6 € Trr(T) is the canonical character of a root of B. Note that every G-conjugacy class of
B-weights of G has exactly one representative whose first component is given by R. We
set

W(B) = {{[(fi, ¥)]a | 9 irreducible constituent of SO\Né(T)} [(R,9)]a € W(B)} :

Remark 16.34. In the notation above, if (R, ¢) is a B-weight of G, then ¢ lies above 6 by
Construction 2.10. Hence, following Lemma 16.24 and Proposition 16.31 every element
of W(B) is a set Consisting of either one or two GG-conjugacy classes of B-weights, where

B = bl(H)G for 6 := 07 € Irr(T). Moreover, any two such sets in W(B) are disjoint by
Proposition 16.32.

Proposition 16.35. Suppose that q 5. Let B be a 3-block of G with abelian defect
group R = O3(T) such that Ng(T)g 2 T if 0 € Irx(T) is the canonical character of a root
of B. The map
A W(B) — ( ),
(R, ©)]a — {[(R V)@ | ¥ irreducible constituent 0f‘P|N~(fp“)}v
G

s a bijection.

Proof. Surjectivity is obvious by construction of W(B ), while injectivity follows as a direct
consequence of Proposition 16.32. O

Our next aim is to prove that A is equivariant under the action of Aut(G), . For this
we first verify that Aut(G), 5 does indeed act on W(B):

Lemma 16.36. Suppose that ¢ > 5 and let a € Aut(G ) If R% = R, then R® = R.

Proof. By Lemma 16.10 we have Cq(T) = T. Moreover, T' = Cé(ﬁ) by Proposition 12.26,

soT = Cg(Cé(ﬁ)). Hence, a stabilizes 7. But R is the unique Sylow 3-subgroup of T,
so also R* = R. t

Proposition 16.37. Suppose that q 5. Let B be a 3-block of G with abelian defect
group R = O3(T) such that Ng(T)g 2 T if 6 € Irr(T') is the canonical character of a root
of B. Then the group Aut(G), 5 acts on W(B).
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Proof. Let [(R,¢)]c € W(B) and denote by ¢ the restriction of ¢ to Né(f) Moreover,
let a € Aut(G) 5 & Since R is the unique Sylow 3-subgroup of the maximal torus T of G,

there exists an element g € G such that
R*=RY,
so for every irreducible constituent ¢ of ¢ we have
(R)1E = (B9 = (R0 )l

By Lemma 16.36 we have R = R, whence in particular (R, cp“g_l) is a B-weight for G
with irreducible constituents of goafl N~ (F) given by the set
G

{1#“971 | ¥ irreducible constituent of @}.
Hence,

R, )]~ | ¢ irreducible constituent of }
G P
= {[(R, 1#“971)]@ | ¥ irreducible constituent of ¢}
= {[(R, X)l@ | x irreducible constituent of gpafl | Né(T)} € W(B),

so Aut(G) 5 & acts on W(B) as claimed. O
Theorem 16.38. The bijection A in Proposition 16.35 is Aut(G) 5 5-equivariant.

Proof. Let a € Aut(G)y 5 and [(R,p)]c € W(B). Moreover, let g € G be such that

R% = R9. Then by Lemma 16.36 also R® = RY, and as in the proof of Proposition 16.37
we have

A([(R,0)]le)* ={[(R ,1/1)]6, | ¥ irreducible constituent of PINg (T )}a

={[(R ,@D)] ~ | ¥ irreducible constituent of g0|N ( )}

= {[(R,\)]~ & | x irreducible constituent of ¢ |N~ (iﬁ)}
G

= A(((R, 9" )]a)

= A([(Rr “)] )

= A([(R, #)]&)-

Hence, A is equivariant under the action of Aut(G), 5 as claimed. O]

)

We are finally able to prove the following result on the behaviour of B-weights under
the action of Aut(G)p:

Corollary 16.39. Suppose that ¢ > 5. Let B be a 3-block of G with abelian defect group
R = O3(T) such that Na(T)g 2 T if 0 € Irx(T) is the canonical character of a root of B.
Then Aut(G)p acts trivially on W(B).

Proof. Let a € Aut(G)p. Since all maximal subgroups of G isomorphic to Ga(q) are G-
conjugate to each other and inner automorphisms of G do not play a role, we may without
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loss of generality assume that a stabilizes G, i.e., a € Aut(G) g - Let [(R,¢)lc € W(B).
By Theorem 16.38 we have

(R, 9)IE = ATHA(R, 9)le)®),

where A denotes the bijection of Proposition 16.35. Since 3 { ¢, in consequence of the
results obtained in Chapter 12 every G-conjugacy class of 3-weights in G belonging to a
3-block of G of non-cyclic defect is left invariant by any automorphism of G. In particular,
it follows that

A([(R, 9)]e)" = MR, ¢)le)

since for any irreducible constituent y of the restriction of ¢ to Nx(T T) the 3-weight (R, x)

belongs to a 3-block of G with non-cyclic abelian defect group given by R according to
Proposition 16.31. Thus,

(R, 9))E = ATHA(R, 9)le) = [(R.9)]a,

which completes the proof. O
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Chapter 17

Partitions and Equivariant
Bijections

In this chapter we establish parts (i) and (ii) of the inductive blockwise Alperin weight
condition in Definition 3.2 for every f-block B of G' = 3Dy4(q) of non-cyclic defect, where
¢ € {2,3}. As it was the case for the previous two series of finite groups we studied here,
the group G is its own universal covering group following Proposition 15.2. In particular,
once more we aim to prove the following statements for every ¢ € {2,3} and every ¢-block
B of G of non-cyclic defect:

(i) There exist subsets IBr(B | @) C IBr(B) for @ € Rady(G) with the following
properties:

(1) IBr(B | Q)* =1Br(B | Q%) for every Q € Rad/(G), a € Aut(G)p,
(2) 1Br(B) = Ugerad, ()~ 1B(B | Q).
(ii) For every () € Rady(G) there exists a bijection
0g: 1Br(B | Q) — de(N6(Q)/Q. B)

such that Qg(¢)“ = an(d)“) for every ¢ € IBr(B | Q) and a € Aut(G)p.

This will be proven in the same way as for the special linear groups, exploiting the
fact that Aut(G)p acts trivially on both IBr(B) and the set W(B) of G-conjugacy classes
of B-weights in G for every such ¢-block B.

Proposition 17.1. Let ¢ € {2,3} and let B be an £-block of G of non-cyclic defect. Then
conditions (i) and (ii) of Definition 3.2 are satisfied for B.

Proof. In [An95, Rmk. 1, (3B), (3G)] J. An showed that the blockwise Alperin weight con-
jecture is true for B. Consequently, we may choose a bijection Qp: IBr(B) — W(B). In
Propositions 16.1, 16.2, 16.5, 16.7, 16.9, 16.15, 16.18, 16.20 and 16.21 and Corollaries 16.26
and 16.39 we proved that the group Aut(G)p acts trivially on both IBr(B) and W(B).
Accordingly, Qp is Aut(G) p-equivariant. Hence, following Lemma 3.8 it is possible to con-
struct subsets IBr(B | Q) C IBr(B) and bijections Qg: IBr(B | Q) — dz(Ng(Q)/Q, B)
for every () € Rady(G) such that conditions (i) and (ii) of Definition 3.2 are satisfied for
the ¢-block B. This concludes the proof. O
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Chapter 18

The Main Result for 3D4(q)

As for the Chevalley groups Ga(q), our aim of establishing the inductive blockwise Alperin
weight condition for Steinberg’s triality groups 3Dy(q) is simplified by the fact that these
groups possess cyclic outer automorphism groups, whence we do not need to deal with
the normally embedded conditions in part (iii) of Definition 3.2 (cf. Proposition 3.12).
Applying the results we have obtained so far we may already prove the following:

Theorem 18.1. Let q be a prime power. Then the inductive blockwise Alperin weight
condition (cf. Definition 3.3) holds for the group *Dy(q) and every prime ¢ dividing its
order.

Proof. We saw in Proposition 15.2 that the simple group G = 3Dy4(q) is its own universal
covering group, and moreover the outer automorphism group of G is cyclic by Proposi-
tion 15.9. Consequently, following Proposition 3.12 to prove the claim it suffices to verify
conditions (i) and (ii) of Definition 3.2 for every ¢-block B of X = G for every prime ¢
dividing |G]|.

As usual, if £ = p, then the inductive blockwise Alperin weight condition holds by
Proposition 3.11, so we assume that £ # p. Following Lemma 15.1 the order of G is given
by

°Da(q)| = ¢ ®1(q)*®2(q)*®3(q)*Ps(q)*P12(q),

so ¢ divides at least one of the factors ®1(q), ®2(q), P3(q), Ps(q) and P12(q). As stated
in the proof of Theorem 14.1, one can show that

ged(®1(q), 6(q)) = ged(P2(q), P3(q)) = ged(®3(q), o(q)) = 1,
ged(®1(q), ®3(q)) = {3 iflg=1mod3,

1 else,
{3 if ¢ = —1mod 3,

ged(P2(q), 6(q)) 1 else

and moreover, as one easily verifies by application of the arguments employed in the proof
of Lemma 5.2, it also holds that

ged(®y(q), P12(q)) =1
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for all n € {1,2,3,6}. Thus, if £ > 5, then it divides exactly one of ®1(q), ®2(q), P3(q),
®g(q) or P12(q). Suppose that 5 < £ | P12(g). Then a Sylow ¢-subgroup of G is contained
in a maximal torus of G of type T3, so it follows that the Sylow ¢-subgroups of G are cyclic
in this case (cf. Table 15.1). In particular, the (iBAW) conditions holds for G and ¢ by
Proposition 3.9.

Let now 5 < £ | ®1(q)P2(q)P3(q)Ps(g). Then according to [DM87, Lemma 5.2] the (-
blocks of G have either cyclic or maximal defect. In the case of cyclic ¢-blocks the (iIBAW)
condition holds again by Proposition 3.9, while it has been proven to hold for 3-blocks of
maximal defect by Cabanes—Spéath in [CS13, Cor. 7.6]. We conclude that the inductive
blockwise Alperin weight condition holds for G and ¢ > 5.

We are only left with the case of non-cyclic ¢-blocks of G for ¢ € {2,3}. This case has
been considered in the course of the previous chapters. In Proposition 17.1 we proved that
every such ¢-block of G of non-cyclic defect satisfies conditions (i) and (ii) of Definition 3.2.
In conclusion, the (iBAW) condition holds for G' = 3D4(q) and every prime ¢ dividing its
order, which finishes the proof. O
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Appendix A

Appendix for Sls(q)

A.1 Characters of SL3(q), 31 (¢ —1)

The character table of the special linear group SL3(g) was determined by W. A. Simpson
and J. S. Frame in [FS73]. We should note that the character table they present contains
some mistakes. However, these can be detected and corrected by comparison with the
generic character table of SL3(q) provided by Chevie [GHL™96]. For the case ¢ # 1 mod 3
the Chevie commands

> GenCharTab(‘SL3.n1°¢);
> PrintVal(‘SL3.n1°¢);

together with [FS73, Table 2] yield the following character table for SL3(g), in which for
an irreducible character x the notation (u) = (v') mod x for z € Z=1, 1 < u < z and
u' € Z indicates that v = y(") where 0 < v’ < x is such that v/ = v” mod .

Characters || X1 Xqo,  Xg3 ng ) ngg
Parameters || — — — 1<u<qg—1 1<u<qg—1

Cy 1 qlg+1) ¢ ¢®+q+1 9(¢* +q+1)
(s 1 q . qg+1 q

Cs 1 . . 1

C'ia) 1 q+1 q (qg+1)e¥@ 4 e 2ue (g 1)gue 4 ge—2ua
Céa) 1 1 . cua 4 o—2ua cua

oy 12 1 gua few g emuleth) gua g gub g o—u(atd)
o 1 - gue —gua

o5 1 -1 1

Table A.1: Character table of SL3(q), ¢ # 1 mod 3
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(u,v) (u) (u)
Characters X oo by Xo. chu%bg
1< 1 1< 21 tsu<gtatl,
su<v<qg—1, su<q —1, 2
Parameters Juv<w< g—1 with u #Z 0mod g+ 1, u#F 0modg —|—q—|2-1,
ut+v+w=0modg—1 (u)=(ug) modq?—1 (w) = (uq) = (ug”)
mod ¢% — 1
Ci (@ +1)(¢* +q+1) (¢-1)(@*+q+1) (@—1)*(g+1)
Co 2q+1 -1 —(¢g—1)
Cs 1 —1 1
o 1)A — 1)eue
4 (q + ) (u,v),a (q )6
Cs” Afu,v).a —em
b
G Bluw) (ab)
C7a) . _n—ua _ ,r,—uaq
Céa) ,yua _{_,yuaq + ,Yuaq2

Table A.1: Character table of SL3(¢), ¢ # 1 mod 3 (continued)

For a description of the conjugacy classes of SL3(¢q), ¢ # 1 mod 3, we refer to Section 6.1.1.
Moreover, as in Section 6.2 we adhere to the notation

e = exp((271)/(¢ — 1)),

(
n = exp((2mi)/(¢* 1)),
v = exp((2mi)/(¢* + ¢ + 1)),
Afu)q 7= €157200 4 gra-2ue y cuatva,
B(u,v),(a,b) — EUa-I—ub + gvb-‘rua + e—v(a-l—b)-‘rua + eva—u(a-i-b) + g—v(a-‘rb)—i-ub + evb—u(a-&-b)‘

(u)

Remark A.1. In Chevie the value of a character Xo, e, O1 elements of the conjugacy class
C’( ) was stated to be —nue —n"*. We corrected it to —n~** — =", This inconsistency
became apparent while determining the distribution of the irreducible characters of SL3(q)
into ¢-blocks in the case that 2 # ¢ | (¢ + 1). More precisely, we detected it during the
attempt of deciding in which case characters of types xo,»; and xo, (cf. Remark A.2
below) belong to the same ¢-block. Note that our results in this matter are not part of
this thesis since the consideration of the case 2 # ¢ | (¢ + 1) has become obsolete after
Koshitani-Spéath’s progress in [KS14] for blocks with cyclic defect groups.

Remark A.2. If x is an irreducible character of SL3(q), ¢ Z 1 mod 3, such that x = X(u)
or xy = X(Wu’v) for suitable parameters u,v € Z and v € {®3, ¢®3, PoP3, 1 P3, D3Py}, then
we say that x is of type x-.

Moreover, extending the parametrization given in Table A.1 the characters of type x-
may be parametrized by (tuples of) integers subject to the following conditions:
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v € {®P3,qP3}: Parameters u € Z with u # 0 mod ¢ — 1, and Xgu) = Xgul) if and only if
u=u"modq— 1.

v = ®oP3: Parameters u,v € Z with u,v,u — v,2u + v,2v + u # 0mod g — 1, and it
u' ')

holds that xgu’v) = X'(y if and only if in the notation of Notation 6.7 we have
(u',0") € mod (g—1) 1(w,v), (v, u), (=u,v —u), (v —u, —u), (u— v, —v), (~v,u —v)}.

v = ®1P3: Parameters u € Z satisfying v # 0 mod ¢ + 1, and X(vu) = XEY“,) if and only if
u=umodg+1oru=uqgmodqg-+1.

v = ®2®9: Parameters u € Z satisfying u # 0 mod ¢? + ¢+ 1, and X(Wu) = X(Wu,) if and only

ifu=umod¢g>+q+1oru=vqmod¢g®>+qg+1oru=uq*modq¢g®+q+1.

A.2 Central Characters of SL3(q), 31 (¢ —1)

For the purpose of determining the ¢-blocks of SL3(q) for certain primes ¢ in Chapter 6 we
use information on the central characters w, corresponding to the irreducible characters
x of SL3(gq). We obtain their values by means of the Omega-command provided by Chevie.
In the notation of the previous section the sequence of Chevie-commands

GenCharTab(‘SL3.n1°¢);
Copy(¢SL3.n1¢,cen, [1,[1);
Omega (¢SL3.n1¢,cen);
PrintVal(cen);

vV V V V

yields the following central characters for SL3(g) in the case that ¢ # 1 mod 3:

Cy Cy Cs ci
Wy 1 (@-1(g+1) al@—-1)(¢—1) > +q+1)
Wyge, || 1 ¢ —1 a(* +q+1)
Wy, 3 1 ¢ +q+1
we |1 g+ 1D)%a=1) a1 g+ 1) @ ((g+ 1) e
3
O |1 ¢ -1 ' q((q + 1)e"® + ge™1)
q®3
w o |1 (2¢+1)(g 1) q(q—1)? Ay a
PoP3
ww |1 —(g+1) —q(¢* — 1) e
P P3
W (w 1 —(+q+1) ql@+q+1)
»2ag

Table A.2: Central characters of SL3(q), ¢ # 1 mod 3
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(a) (a,b)
Cs" Cg"
Wy (g +1)(¢* = 1) Plg+ 1) +q+1)
Wxqr, a(q® - 1) 2¢*(¢* +q+1)
“xgs (¢+1)(®+q+1)
ww [ P@ = DE e Pg+1)(e" + e 4 e )
®3
W w q(q* — 1)eue (g + 1) (%@ + g¥b 4 g—ula+d))
q®3
W (u,v) q2(q _'1>/1Uhv%a qglgﬁhv%(aﬁ)
PoP3
Wyt —q*(q + 1)
Xo) @g
W (u)
223y

Table A.2: Central characters of SL3(q), ¢ Z 1 mod 3 (continued)

W (u)
Xq>3

W (u)
q®3

W (u,v)
Xog@3

W (u)
Xy oy

W (w

220y

_q3(n7ua _ nfuaq)

q3 (,.yua + ,.Yuaq + ,.yuan)

Table A.2: Central characters of SL3(q), ¢ Z 1 mod 3 (continued)
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Appendix for G9(q)

B.1 Conjugacy Classes of G(q)

Let ¢ = pf for a prime p and a natural number f € N-q. For the purposes of our study we
do not require detailed information on the conjugacy classes of G2(¢) in most instances.
Hence, we just give a brief overview of the conjugacy classes of G2(q) here, and we present
explicit information only where necessary.

A complete set of representatives for the conjugacy classes of G = G2(q) is given in
Table B.1 below, where for each conjugacy class we provide notation for a representative
of this class and the corresponding centralizer order. In addition, we give explicit repre-
sentatives for certain of the conjugacy classes. For more detailed information we refer the
reader to [Eno70, Tables 1, 2] (for p = 2,3) and [Cha68] (for p > 5). The notation we
use here is adopted from [CR74] and [HiB90] (except that we interchanged the roles of a
and b in hi4(2), h1p(7), hig,1(2), h1p1(2)). In the case that 3 { ¢ we denote by € the unique
element in {41} satisfying ¢ = ¢ mod 3.

g Representative Remark | Ca(g)]
1 identity - |G|
Uy T34425(1) - ¢°®1(q)®2(q)
., — ¢°®1(q)®a(q) if p = 2,3,
2 2a-+ - .
‘ ¢"®1(q)P2(q) if p = 5
6¢* if 3
U3 omitted — q p#
@ ifp=3,
Uy omitted —
3¢* if 3
Uus omitted — ¢ ip#
2¢* if p = 3,
2 .
if p=2,3,
Uug omitted — pq4 ) P
3¢ifp>=5

Table B.1: Conjugacy classes of Ga(q)
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Table B.1: Conjugacy classes of

g Representative Remark | Ca(g)]
uy omitted only for p = 2,3 Pg>
ug omitted only for p =3 pq?
ko h(—1,-1,1) only for p # 2 ¢*®1(q)*®2(q)?
ko1 omitted only for p # 2 *®1(q)P2(q)
k2.2 omitted only for p # 2 *®1(q)P2(q)
ko3 omitted only for p # 2 2¢°
k24 omitted only for p # 2 2¢°
only for p # 3, 3

k h(w,w, Py(q)® —€

3 (w,w,w) | fweF* Wb =1 7" ®1(q)P2(q)(q )
k3.1 omitted only for p # 3 q¢°(q—c¢)
k32 omitted only for p # 3 3¢°
k33,1 omitted only for p # 3 3¢>
k332 omitted only for p # 3 3¢°
hia(i) h(z', 272, 2") { 2 s # ) } q®1(q)*®2(q)
hia,1(7) omitted q®1(q)
hap (i h(z', 27" 1 Py (q)*®

16(%) (2%,27",1) { 2 } q®1(q)*P2(q)
hap,1 (i) omitted q®1(q)

o iﬂ 7é 1
hi(i,g) | izt 29, 2= 0+D) i i) ®1(q)
+(i+j) 7& 1
haa (%) h(z', 2z, 2") { Zgz # 1 } q®1(q)®2(q)?
hoa1 (%) omitted q®2(q)
hali) || b { N } 4®1(0) ()
haop1(7) omitted q®2(q)
o iﬂ ;A 1
h2(z7]) h(zl7zjvz_(z+])) Z :|:(Z+J (1)2(q)2
50 5 E(47) 75 1
Gof

(¢) (continued)

200




B.2. Characters of Ga(q)

g Representative Remark |Calg)l
hali) | (i, 2D, 2 {Zféli;fl_ 1’} @1(q)2(0)
M) | B 59, s {ZEZS f N 1’} B (q)2(q)
ma(i) | (et s {Zﬁ,fz%(q)’} 0
ho(i) || h(st e, ) {Zﬁfl;%(q)’ 240

Table B.1 Conjugacy classes of G2(¢q) (continued)

Remark B.1. (i) Note that in the case that p > 5 the representatives u; and wuz pro-
vided by [CR74] are given by z(1) and z,(1), respectively. However, it is clear that
xp(1) is conjugate in Ga(q) to x3q125(1), e.g., by conjugation with ngeyp(1) (cf. The-
orem 4.25(viii) and Proposition 11.5), and similarly x,(1) is conjugate in Ga(q) to
Zoa+b(1) by conjugation with n444(1).

(ii) For an explanation concerning the parametrization of the conjugacy classes labelled
by parameters (i) or (,7) in Table B.1 we refer to [Hi90], [EY86] and [Eno76]. We
restrain from going into details here since our computations do not involve any of
these classes.

B.2 Characters of Gs(q)

In this section we give a brief overview of the irreducible characters of Ga(g). To be more
precise, we provide the degrees of all irreducible characters of G2(g), and for certain char-
acters we also present their character values (this is done in Tables B.3 and B.4 for the
characters X13 and X4, and for the characters Xo3 and Xo4, respectively).

The characters of G2(q) have been determined by B. Chang and R. Ree [CR74] in 1974
for p > 5, by H. Enomoto [Eno76] in 1976 for 3 | ¢, and by H. Enomoto and H. Yamada
[EY86] in 1986 for 2 | g. An explicit description of the character table of Ga(q) for p > 5
has been provided by G. Hif8 [Hi390] in 1990. The notations for the characters employed
in each of these papers differ considerably from each other. In order to have a uniform
description of the irreducible characters of G2(q) we adopted the notation of Chang—Ree
for all cases. As above, in the case that 3 1 ¢ we let ¢ € {1} be such that ¢ = ¢ mod 3.
Moreover, for odd g we let § € {41} satisfy ¢ = § mod 4. For any ¢ the degrees of the irre-
ducible characters of Ga(q) are given by Table B.2 (compare [CR74], [Eno76] and [EY86]).

Remark B.2. As indicated in Table B.2, some of the irreducible characters of G2(q) depend
on certain parameters (k) or (k,l). These, however, do not play a role throughout this
thesis, whence we omit an explicit explanation here but rather refer to [Hif90], [EY86]
and [Eno76] for more details.

201



Appendix B. Appendix for G3(q)

Notation in [EY86], [Eno76]

~~
—
~—~
—
~— N~—
[a\] [a\]
— —
<> <> o~ o — oe] <
S X P TS T = L e oo oo R 2 X 22 R 2 B2 2R R R
5 e > S~ s > 5~ e q\ Q\ 1 1 1 S S S ]S N N N N N N N N N N N N N N
S b » 94 A H N am o o &6 w - - ~ fl N = S M| ST N < ~—| 10 0| © <o I~ -
T T T T DD T DD T | | | | P S S S B S N SRRl B S O B S = B e
j= (=, =l =, =l j=l =l
e e e e e
-4 Mm M MmN N N
o = = = = b = =
m 1 1 1 1 1 1 1 1 1 1 rm fm rm rm rm rm fﬁlu 1 1 1 1 1 1 1 1 1 1 1 1 1 1
~ 2 B Bl » B B &
a = = = = =} =
] o o o o ] o
(o] — © ~ N o~ N —~ —~ [a\] ~~ ~ ~~ ~ ~ |  ~ -~ -~ | =~ ~ —~ | ~ — — — —~~
[} = =) =y =y (=) =) [ e T =l =y =l =) =y [ (=) = (=) =y = =y = =) =y (=) =y (=) =)
[} ~— ~— ~— ~— ~— ~~— lwy] lwy] W w w ~— ~— ~— ~~— ~— ~— ~— = ~— ~— ~— = ~— _ _ ~—
feY0] O O O [ap] [ae] O ~— ~— ~— ~— ~— O O O O O O O el O O O O O O ) O el
L AR .- T~ T~ B~ Y N IR . B . N N I = B B = = = B B L R N A SO =
(=) = e e e e O o] ~ —~ =y =y (=) (=) (=) (=) =y = =y =y (=) =y (=) = o 0
~— [w] lwy] [y [w] —~~ (€3] (3] —~ ~— ~ ~ ~— ~— ~— ~— ~— ~— ~— lwy [wyl
o a2 ~— ~— ~— ~— =y lwyl w o a2 [ap] o [ap] o a2 o [ 2] 2] o 2] a2 ~—
= o R At e nl = = I = R, R, O I~ R, I S N
j= =) KA b4 A KA o > o] fa >~ o~ o~ ~| =~ ~ —~ —~|a ~ KA KA
er ey > > > B EE o SSRGS S S S RS S N R S
N =[O N O [l [l o Nl ~— ~— ~— ~— ~— ~— ~— ~— fw)] =] —~ —~
—n ™ > el N [a\] [a\] N — — — — ~— ~— /W‘i\ (qA\
SO~ S IS L~ = B~ _@2 & - =
—
Q
+ —~~
% ~ o~ o~ o~~~ —~ |~ ~
-~ - —~ —~~
© — A B T T Tl
© — [} ae) < 0 © ~ 00 [ =2} — N o — N e} < 3 3 o o 3 3 ) o~ | = ~~| ~—~ =
= — — — — — — — — — — ™ ™ ™ [a\] ] N N — o~ — o~ N~ [N — ] ] = ™ ©
G2 | T T T T o B i A T o B T A S I ST S T ol o ST T T o I A

Table B.2: Irreducible characters of Ga(q)
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X3 (for 31q)

X14 (fOI‘ 3 J( q)

X3 (for 3 | q)

X4 (for 3 | q)

30®3(0)P6(q)  34®3(0)P6(q) | 5¢P3(0)Ps(q)  5qP3(q)Ps(q)
—3q(¢* 1) 302> + 1) -34(? 1) 3q9(2¢°+1)
q 3027 +1)  —%q(? - 1)
sa(eq+5) sa(eq—1) 34 1q
—1q(eq—1) —3q(eq — 1) sa(g+1) 3q(g+1)
sa(eq—1) sa(eq+2) —3q(¢—1)  —%qlqg—1)
—2q —2q
1q 1q
1q 1q
q q q q
q q
q q
3(2¢ — e)@3(eq) —3(q — 26)P3(eq - -
g—e) L(q+2¢) - -
-3(2¢+¢) 2g—e) - -
Hg—e) L(qg+2¢) - -
k332 (p# 3 3(g—¢) (g + 2¢) - -
q 1 q 1
1 1
1 q 1 q
1 1
q —1 q —1
1 -1
—1 q —1 q
-1 -1
1 1 1 1
1 -1 -1 -1
1 -1 1 -1
-1 1 -1 1

Table B.3: Characters X3 and X4 of G2(q)
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Xa3 (for 2,31 q) Xa4 (for 2,31 q)
q®3(q)P6(q) q®3(q)P6(q)
u q(q® +1) q
U9 q 2q
us3 q 3q
uy q q
Us q
ug
ko P?5+q+06 P5+q+6
k21 q+0 5
k.2 5 )
ko3 5 5
ko4 5 5
ks e®3(eq) q®3(eq)
k31 q+e q
k32 €
k33,1 €
k33,2 3
hia(i) (-1 (g+1) +1 g+ (-1)"(¢+1)
hia1(7) (-1 +1 (—1)
hap(7) ¢+ (=1)(q+1) (—D*(g+1)+1
hip1 (i) (—1) (-1)'+1
haa (i) (-1 (g—-1) -1 ¢+ (=1)"(g—1)
h2a,1 (i) —1—(=1) —(=1)
hap (1) g+ (=1)"(q—1) (-1 (g—1) -1
hab,1 (1) —(=1)’ —1—(=1)
ha@) | (1) + (=D + (=17 | (=) + (=) + (-1)
ha() || =(=1)"* = (=1)" = (=1)7 | =(=1)" — (=1)' = (=1)/
ha(i) —(=1) (—1)’
b () (—1)’ —(=1)
hs(i)
he(7)

Table B.4: Characters Xo3 and X4 of Ga(q) for 2,31 ¢
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B.3 Blocks and Decomposition Numbers of G5(q)

The ¢-blocks and ¢-decomposition numbers of G2(gq) have been described by G. Hif} and
J. Shamash in a series of papers for various primes ¢ (see [Sha89al, [Sha89b], [Hifi89],
[Hi90], [HS90], [Sha92], [HS92]). Below, we give a brief summary of their results obtained
for the cases { =2 and ¢ = 3.

B.3.1 The Case ¢/ =2

In this section we briefly describe the decomposition numbers for 2-blocks of Ga(q), where
we assume that ¢ is odd. For a more detailed description we refer the reader to [HS92].
The 2-blocks of G3(g) may be divided into the following classes of 2-blocks:

e the principal 2-block By,

e the 2-block Bs (only for 31 ¢),

e the 2-blocks of types Bi4, Biy, Baa, Bop,

e the 2-blocks of types By,, Bx,, Bx,, Bx,,
e the 2-blocks of 2-defect zero.

By the results of [HS92] the 2-decomposition matrix of Ga(¢) is lower unitriangular with
respect to a suitable ordering of the irreducible ordinary and Brauer characters. Below
we present for each type of 2-block B of Ga(q) not of 2-defect zero a unitriangular square
submatrix of size [(B) = | IBr(B)| of the decomposition matrix associated to B, which we
obtain from [HS92, Sec. 2|. The irreducible Brauer characters of B may then be derived
from the 2-decomposition numbers given in this matrix.

The Principal 2-Block By: The principal 2-block By of G2(gq) contains exactly seven
irreducible Brauer characters. The corresponding 2-decomposition numbers may be
derived from the following matrix, where 0 < a < 2¢ with a < ¢ — 1 if 3 1 ¢, and
0<B<3(g+2):

Y11 P17 P18 P13 P14 P15 P12
X1 || 1
Xi7 1
X8 1
X3 1 1
Xig || 1 1
X15 1 1
Xl 1 a p 1 1 1

The 2-Block Bs: The 2-block Bs does only exist if 3 1 ¢. It contains exactly three irre-
ducible Brauer characters and the 2-decomposition matrix for B3 has a unitriangular
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submatrix of the following form, where 1 < v < %(q +1) with y =1if ¢ =1 mod 4:

g=1mod3 | w32 33 @31 g=-—1mod3 | w32 33 31

X39 1 . . X39 1
X33 . 1 . X33 . 1
X31 1 . 1 X31 1 0 1

Following [HS92, Sec. 2.2, 2.3] and the proof of [An94a, (3I)] the 2-block Bjs has
non-cyclic defect groups.

The 2-Blocks of Types Bi,, By, Baa, Bap: Let B be a 2-block of Ga(q) of type By for
some I € {la,1b,2a,2b}. Then |IBr(B)| = 2, and the 2-decomposition numbers for
B are given by:

80/1 ©wr
X} 1
X7l 1 1

Following [HS92, Sec. 2.2, 2.3] and the proof of [An94a, (3I)] such 2-blocks of G have
non-cyclic defect groups.

The 2-Blocks of Types Bx,, Bx,, Bx,, Bx,: If B is a 2-block of G2(q) of type Bx,
for some I € {1,2,a,b}, then |IBr(B)| = 1 and the 2-decomposition matrix for B
contains a submatrix of the following form:

Pr
Xr|1

Note that by [An94a, (3.3) and Rmk. after (3D)] a 2-block of G of type By, has
non-cyclic defect groups if and only if T € {1, 2}.

B.3.2 The Case ¢/ =3

Let us now describe the decomposition numbers for 3-blocks of G2(q) in the case that 3 1 q.
For a more detailed description we refer the reader to [HS90]. The 3-blocks of G2(gq) may
be divided into the following classes of 3-blocks:

e the principal 3-block By,

the 3-block By (only for 21 q),

the 3-blocks of types Biq, By, Boa, Bop,

the 3-blocks of types Bx,, Bx,, Bx,, Bx, (for ¢ =1 mod 3),

the 3-blocks of types Bx,, Bx,, Bx,, Bx, (for ¢ = —1 mod 3),

the 3-blocks of 3-defect zero.
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B.3. Blocks and Decomposition Numbers of Ga(q)

As for the case ¢ = 2, by the results of Hil—Shamash [HS90] the 3-decomposition matrix of
G2(q) is lower unitriangular with respect to a suitable ordering of the irreducible ordinary
and Brauer characters. Again we present for each type of 3-block B of G2(q) not of 3-
defect zero a unitriangular square submatrix of size [(B) = |IBr(B)| of the decomposition
matrix associated to B, from which the irreducible Brauer characters of B may then be
derived. The decomposition numbers we present here may be found in [HS90, Sec. 2,
Sec. 3] for the principal 3-block and [Hifl89, Sec. 2] for the remaining 3-blocks (note that
by [HS90, pp. 371/372] the non-principal 3-blocks of G3(g) have abelian defect and their
3-decomposition matrices coincide with those of the corresponding ¢-blocks of G3(¢) in the
case £ > 3, which are given in [Hil89]). In the case of a 3-block having cyclic defect groups,
[HS90] presents the associated Brauer tree, from which we read of the corresponding 3-
decomposition numbers.

The Principal 3-Block By: The principal 3-block By of G2(q) contains exactly seven
irreducible Brauer characters. In the case of ¢ = 1 mod 3 the corresponding de-
composition numbers may be derived from the following matrix, where 0 < a < 1,
0<pf<qg—2,and 1 <y<qg+1,witha==0if2]|¢:

g=1mod3 | 1 ¢18 Y19 Y14 P15 Pi6 P12
X1 1
X8 1
X191 1
X4 - a+l - 1
X15 1 1
Xi6 1 1
X12 : p y - - 1
In the case that ¢ = —1 mod 3 the 3-decomposition matrix of By has a submatrix of

the following form, where 1 <a<qg+1,1<f<g—1,and 1 <~v < %q:

g=-—1mod3 || p11 ¥18 Y19 P14 P17 P16 P12
X1 1

Xis 1

X191 1

X4 1 1 1

Xi7 1

X16 2 1 1

X2 1 a B 1 v 1 1

Remark B.3. In both cases the character X191 may be replaced by X192 without
changing the decomposition matrix. In particular, we have p19 = X 109,1 =X ?972.
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The 3-Block Bs: The 3-block By does only exist in the case that 2 t ¢q. It contains
exactly four irreducible Brauer characters, and the 3-decomposition matrix for Bo
has a unitriangular submatrix of the following form:

g=1mod3 | pa1 22 @23 $2u | |[¢=-1mod3 | @2 @23 @21 ¥
Xo1 1 Xoo 1

X2 1 Xos 1 1

Xo3 1 Xo4 1 1

Xoa 1 Xo1 1 1 1 1

According to [HS90] this 3-block has defect group Os3(T') for a maximal torus 7" of

Ga(q) of type Tr, where ¢ € {1} is such that ¢ = e mod 3.

The 3-Blocks of Types Bi,, By, Baa, Bap: Let B be a 3-block of Ga(q) of type By for
I € {1a,1b,2a,2b}. Then |IBr(B)| = 2, and the 3-decomposition numbers for B are
given by the matrix below:

g=1mod3 | ¢; 1 g=—-1mod3 || ] ¢r
X 1 X 1
X7 1 X7 1 1

Note that by [HS90, Sec. 2] the 3-blocks of types By, or By, are of cyclic defect if
and only if ¢ = —1 mod 3, while the 3-blocks of types Ba, or By, are of cyclic defect
if and only if ¢ = 1 mod 3.

The 3-Blocks of Types Bx,, Bx,, Bx,, Bx, for ¢ =1 mod 3: Suppose ¢ = 1 mod 3.
If B is a 3-block of Ga(q) of type By, for some I € {1,3,a,b}, then [IBr(B)| =1
and the 3-decomposition matrix for B contains a submatrix of the following form:

Pr

X7

1

Following [HS90, Sec. 2] the 3-block B has cyclic defect groups if and only if I # 1.

The 3-Blocks of Types Bx,, Bx,, Bx,, Bx, for ¢ = —1 mod 3: For ¢ = —1 mod 3 let
B be a 3-block of Ga2(q) of type Bx, for some I € {2,6,a,b}. Then |IBr(B)| =1
and the 3-decomposition matrix for B contains a submatrix of the following form:

Pr

X1

1

Following [HS90, Sec. 2] the 3-block B has cyclic defect groups if and only if I # 2.
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Appendix C

Appendix for 3Dy(q)

C.1 Semisimple Classes of *Dy(q)

The semisimple elements of the group G' = Dy(q) play an important role, in particular for
the description of the irreducible characters and blocks of G. On the set of all G-conjugacy
classes of semisimple elements of G one may define the following equivalence relation:

Let s1,s2 € G be semisimple. The corresponding G-conjugacy classes [s1]g and [s2]¢
are defined to be equivalent if and only if the centralizers Cg(s1) and Cg(s1) are G-
conjugate. We simply write [s] for the equivalence classes of the G-conjugacy class of a
semisimple element s € G. There are 14 equivalence classes of semisimple elements in G
if ¢ is even, denoted [s1], [s3],...[s15], while for odd ¢ there exist 15 equivalence classes,
denoted [s1],...[s15]. If a semisimple element s € G belongs to the equivalence class [s;],
i € {1,...,15}, then we call s of type s;. For the representatives of these equivalence
classes presented in Table C.1 below we refer to [DM87, Table 2.1]. However, we remark
that in the table given in [DM87] some constraints on the parameters ¢; and to are miss-
ing for the semisimple classes of types sg, s12, s13 and s15 (for instance the condition
that t; # 1 for types s¢ and s15). Easy calculations, which we omit here, show that the
parameters have to satisfy the conditions we present in Table C.1.

Class || Representative, g even

Representative, ¢ odd

tq?’fl — 1; tq2+q+1 7& 1

[s1] h(1,1,1,1) h(1,1,1,1)

[82] - h(_1717_17_1)

(53] h(t,t%,t,1), h(t,t2,t,t),

S

’ el =15t £ 1 =15 2 £ 1

h(t, 19,17, h(t,1,t9,19%),

[s4] 1 +a+l Lt£1 1P +a+l Lt#1
h(t, 1,9, 19, h(t,1,t9,19%),

[s5]

L = 1 el £ 42 £ ]

Table C.1: Semisimple classes of 3Dy(q)
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Class || Representative, g even Representative, ¢ odd
2 2
h(tlth?t%t({ )7 h(tht%t({vtt{ )7
3_ _ 3_ _
[se] || ] t=t" =1t te £ L T =t =t £ L
2 2
ty # 1,3 t] T £ 15,13 ty # 1,83 t] T £ 1y, 43
(50 h(t,t%,t,t), h(t,t%,t,t),
it =1, t#£1 tatl =1; 2 £1
[ss] h(t, =0+ 10" 4%, h(t, 1=+ 10" %),
8 HP=Da+1) = 1, 40° =1 £ ] £ ot HP=D(a+1) = 1. 4971 £ ] £ gatL
h(t,1,t79,t971) h(t,1,t79, 197 1),
5o et =1 £ ] et =1 £
h(t,1,t79,19%), h(t, 1,679,417,
[510] 1P+ — 1; 14°—a+1 £1 1P+ — 1; 14°—aq+1 £ 1; +2 £1
h(t, 10+ 9" 49, h(t, 10+ 49" 107,
[s11] H@HD(a=1) = 1, 40+ £ ] £ a1 HPHD=1) = 1. 427+ £ ] £ gL
h(ty, to, t3ty, t797 12T, h(ty, by, thtg, t797 12T,
[512] 75?2+q+1 _ t32+q+1 -1 t;qQ £ 2 tf*‘”l _ t32+q+1 -1 t;qQ £ 12
) ) ) )
ty # 1,82, 472 to # 1,82,
h(ty, to, t] g, 897159, h(ty, to, t] te, t97 1,7,
2 2 2 2 2 2
[sis] || ¢ T =g T = A | ] T =l T =1y £ 4
t2 7é 17t%7t§q t2 7& 17t%at%q
[514] h(t7tq3+17tqatq2)7 h(tytq3+17tq7tq2)a
4 2 4 2
tr— Tt =1t £ 1 trm Tt =1, ¢ £ 1
_ 2 _ 2
h(ty,ta,t7 4, t1), h(ty,ta,t77,t1),
[s15) || ¢ =0t =1 byt £ 1 8 1 gy £ 1,
t %t t2' tqz—q-l—l %t t2 t #t t2' tq2—q+1 #t t2
2 1,01, U1 2,09 2 1,01y U 2,09

Table C.1: Semisimple classes of 3D4(q) (continued)

C.2 Characters of 3Dy(q)

The irreducible ordinary characters of Steinberg’s triality groups 2D4(q) have been deter-
mined by N. Spaltenstein, who gives the values of the unipotent characters of 2D4(q) in
[Spa82], and by D. I. Deriziotis and G. O. Michler, who provide the remaining irreducible
characters in [DM87]. For our purposes it suffices to know the degrees of the irreducible
characters of 3Dy(q), which we present in Table C.2 below. All information in the table
is taken from [DM87, Table 4.4], and we adopt the notation for the irreducible characters

used there. The first eight characters
1G’ [51]7 [52]7 Stv P1, P2, 3D4[_1] and 3D4[1]

are exactly the unipotent characters of 3D4(q), and there exists exactly one irreducible

character of each of these types.
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C.2. Characters of 3Dy(q)

The notation for the non-unipotent irreducible characters of 3Dy (q) derives from the
Jordan decomposition of characters of reductive groups over finite fields introduced by
Lusztig in [Lus84]. According to [DM87, pp. 49/50] in our case this yields a bijection
between the irreducible characters of G = 3Dy(q) and pairs ([s]g,v), where [s]g denotes
the conjugacy class of a semisimple element s € G and v is a unipotent character of the
centralizer of s in G. We write ([s]g,0) if s is a regular element. Then the notation for a
non-unipotent irreducible character y is as follows:

If x corresponds to a pair ([s]g, D), where s is of type s;, 2 < i < 15, such that s is
regular, then we write x = x;. Else, if x corresponds to ([s]g,%), where s is of type s;,
2 <1< 15, with s non-regular, then x is denoted by xi,a,, where ay is an expression rep-
resenting the unipotent character ¢. (Note that, in general, there exist several characters
of the same type x; or X, if i > 2, while for i = 2 there exists only one (or none if 2 | ¢)
G-conjugacy class of semisimple elements of type ss.)

Character Degree Remark
la 1 ;

[e1] a(q" — > +1) -

[£2] q(¢" —*+1) -

St 12 ]

pL 3¢°(¢* +1)° -

P2 @@+ 12" — >+ 1) -

Dy [~1] 503(¢* — 1) -

*Da[1] 3@ — 1" =+ 1) -

X2,1 (@®+q*+1) | only for 21q

X2,St (@ +q*+1) | onlyfor2+tq
X2,st/ q(@®+q*+1) | only for 21¢q
X2,8t St/ ¢*(®+q*+1) | only for21¢q
X3,1 (q+ 1) (®+q¢*+1) | only for ¢ >3
X3,St Clg+1D)(¢®+q* +1) | only for ¢ >3
X4,1 (+1)(* —q+1)>%¢" = +1) -

X4, Pla+ 1) — g+ 1) ¢ —* + 1) -

Xa.gs qq+ %P —q+ 1) ¢* —* + 1) -

X5,1 (@ +1)(®+¢*+1) -

X5,5t q(¢® + 1)(¢® +¢* +1) -

X6 (¢+1)(@+1)(¢® +¢* +1) -

xw L @-N@+d+D] -

Table C.2: Trreducible characters of 2Dy(q)
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Character Degree Remark
X7,5t ¢Plg-D(P®+¢"+1) -
X8 (¢—D(@+1D)(®+q"+1) -
Xo.1 (¢—D(@+q+1)3*¢" —¢*+1) -
Xo,St Plg—1)(@+q+1)*(¢" —¢*+1) -
X9,g5' qlg— 1D +q+1)%(¢* =+ 1) -
X10,1 (= 1)(®+¢"+1) -
X10,5t o =) (P +¢" +1) -
X11 (g+ 1= 1)(®+¢"+1) -
X12 (=1 +1)%(¢" —¢* + 1) -
X13 (¢+1)%(¢* - 1*(¢" = ¢* + 1) -
X14 (¢° —1)? -
X15 (=) =1(¢® +¢* +1) -

Table C.2: Irreducible characters of 3Dy (q) (continued)

C.3 Blocks and Decomposition Numbers of 3D,(q)

The ¢-decomposition numbers for the groups 2Dy4(q), where £ { g, have been determined by
Geck in [Gec91|, Himstedt-Huang in [HH13] and Himstedt in [Him07]. We present here
a summary of their results for the primes ¢ = 2 and ¢ = 3, where we use the notation
introduced at the beginning of Section 16.1.

C.3.1 The Case ¢/ =2

The results obtained by Himstedt in [Him07, Thm. 3.1] for the 2-decomposition numbers
of G =3D4(q), 21 q, are summarized below.

E2(G, 1): For the set &(G, 1) there exist seven irreducible Brauer characters ¢, ...
with the following corresponding 2-decomposition matrix for suitable 0 < a,b < ¢:

7¢77

Y1 P2 P3 P4 Y5 Y6 LT
1a 1
[e1] 1 1
3Dy[1] 1
pP1 I 1
P2 1 1
[e2] 1 1
St 1 1 a b 1
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C.3. Blocks and Decomposition Numbers of 3Dy(q)

&G, si), i €{3,5,7,10}: Given a 2'-element s € G* of type s;, i € {3,5,7,10}, such that
one has £(G,s) = {xi,1,Xist}, there are exactly two Brauer characters ¢;1, ¢i2
associated to £(G, s), and the 2-decomposition numbers for £(G, s) are as follows:

Pil  Pi2
Xi,1 1
Xist | 1 1

E2(G, s4) : For a 2'-element s € G* of type s4 such that £(G, s) = {x4,1, X4,4s5 X4,5t }, there
are exactly three irreducible Brauer characters ¢4 1, w42, pa,3 associated to the set
& (G, s), and we have the following 2-decomposition matrix:

P41 P42 P43

X4,1 1
X4,qs ) 1
X4,St 1 : 1

E2(G, s9) : For a 2'-element s € G* of type sg with £(G,s) = {x9,1, 9,455 X9,5t }» there
are exactly three irreducible Brauer characters g1, ¢9.2, g9 3 associated to the set
&2(G, s), and the 2-decomposition numbers are as follows, where ¢ = 1 if ¢ = 1 mod 4
and ¢ =2 if ¢ = —1 mod 4:

©9,1 P92 ¥9.3

X9,1 1
X9,qs’ . 1

X9,St 1 c 1

& (G, s;), i € {6,8,11,12,13,14,15}: If s € G* is a 2-element of type s; for a parameter
i €{6,8,11,12,13,14,15} such that £(G,s) = {x;}, then (G, s) has exactly one
irreducible Brauer character ;1 associated to it, and the 2-decomposition matrix
for £(G, s) is as follows:

¥i,1

Xi || 1

C.3.2 The Case ¢/ =3

The 3-modular decomposition numbers for ®D4(q), 3 1 ¢, have been determined by Geck
in [Gec91] for the case that ¢ is odd, and by Himstedt-Huang in [HH13] for even q. We
give here a summary of their results. Note that in most situations one has to distinguish
between the cases ¢ = 1 mod 3 and ¢ = —1 mod 3.

E3(G,1): For the set £3(G, 1) there exist eight irreducible Brauer characters ¢, ..., @s.
If ¢ = 1 mod 3, then the corresponding 3-decomposition matrix is as follows for
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suitable integers a,c > 1, b > O:

g=1mod3

®1

©2

¥3

P4

¥5

¥6

2

2

la
le1]

P1

In this case, the character 3D4[—1] has 3-defect zero.

If ¢ = —1 mod 3, then there are integers a > 0, b > a+1, ¢ > 1, d > 1 such that the
3-decomposition matrix for £(G, 1) is the following:

g=-1mod3 || v1 Y2 @3 Ya ¥5 Y6 Y7 P8
lg 1

[e1] 1 1

p1 1

P2 2 1 1

3D4[—1] 1

3Dy 1] 1

[e2] 1 1 a 1

St 11 1 b ¢ d 1

In this case, the character p; has 3-defect zero.

E3(G,s2): If s € G* is of type sy with £(G,s) = {x2,1, X2,5t» X2.5t/» Xa,stst’ }» then there

are exactly four Brauer characters ¢o1,...

decomposition numbers for £(G, s) are as follows:

, 2.4 associated to &£3(G, s), and the 3-

g=1mod3 | 21 $22 @23 $24 g=-—-1mod3 | w21 Y22 ®23 ©24
X2,1 1 X2,1 1

X2,St 1 X2,St 1 1

X2,st/ X2,5t/ 1 : 1

X2,St St/ 1 X2,St St/ 1 1 1 1
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C.3. Blocks and Decomposition Numbers of 3Dy(q)

E3(G,si), i € {3,5,7,10}: Given a 3'-element s € G* of type s;, i € {3,5,7,10}, such that
one has £(G,s) = {xi,1,Xist}, there are exactly two Brauer characters ¢;1, ¢i2
associated to £(G, s), and the 3-decomposition numbers for £(G, s) are as follows:

g=1mod3 || i1 ¥i2 =—-1mod3 || pi1 @i2
Xi,1 1 Xi,1 1
Xi,St 1 Xi,St 1 1

E3(G, s4) : For a 3'-element s € G* of type s4 such that £(G,s) = {x4,1, X4,4s> X4,5t }, there
are exactly three irreducible Brauer characters ¢4 1, w42, @43 associated to the set
&;3(G, s), and we have the following 3-decomposition matrix:

¢g=1mod3 || ps1 @a2 ¢a3| |¢=—-1mod3 | @a1 @a2 Pa3
X4,1 1 X4,1 1

X4,qs 1 1 X4,gs 1

X4,St 1 1 X4,St 1 1

E3(G, s9) : For a 3'-element s € G* of type sg with E(G,s) = {x9,1, X9,4s'» X0,5t}, there
are exactly three irreducible Brauer characters ¢g 1, 9.2, 9.3 associated to the set
&3(G, s), and the 3-decomposition numbers are as follows for some integer e > 0:

g=1mod3 | @91 ¥92 @93 =-1mod3 | o1 ¥92 93
X9,1 1 X9,1 1

X9,qs’ 1 X9,g5' 1

X9,St . : 1 X9,St 1 e 1

E3(G,si), i €{6,8,11,12,13,14,15}: If s € G* is a 3'-element of type s; for a parameter
i€ {6,8,11,12,13,14,15} such that £(G,s) = {x;}, then &(G,s) has exactly one
irreducible Brauer character ¢; 1 associated to it, and the 3-decomposition matrix
for £(G, s) is as follows:

¥i1

Xi | 1
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