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Zusammenfassung

Viele technisch relevante metallische Werkstoffe besitza eine heterogene
Mikrostruktur. Das makroskopische Materialverhalten ist das Resultat des
Zusammenwirkens einer Vielzahl von Phasen und Strukturen,mit jeweils unter-

schiedlichen mechanischen Eigenschaften. Insbesonderei@ GefYgeentwicklung
in metastabilen austenitischen StShlen unterliegt dem EiRuss verschiedener
Mechanismen. In diesem Zusammenhang ist die martensitiscé Transformation

hervorzuheben, bei der das Kristallgitter ausgehend von de metastabilen kubisch-
RSchenzentrierten austenitischen Phase in den kubisch-tamzentrierten Martensit,

die stabile Phase, umklappt. Durch die Phasenumwandlung kexmt es zu einer
VolumenSnderung sowie einer Gitterscherung, was zu einer Ben- oder Transfor-
mationsverzerrung innerhalb des Martensits fYhrt. AbhSngg von der Richtung der
Gitterscherung entstehen unterschiedliche martensitisbe Orientierungsvarianten,
die sich in einer komplexen Mikrostruktur anordnen. Der Mar tensit wSchst meist
nadel- oder plattenfSrmig, wobei ein autokatalytischer Effekt beobachtet wird,

d. h. eine Martensitplatte das Wachstum weiterer Platten induziert. ZusStzlich
fYhrt die Eigendehnung im Martensit auf der atomaren Skala 1 einem Wandern
von Versetzungen, die wiederum die Phasentransformation leeinRussen. Kontin-
uumsmechanisch werden solche Versetzungswanderungen al®lastizitSt erfasst.
DarYber hinaus entstehen im austenitischen Stahl Mikrorise die ebenfalls mit der
martensitischen Transformation wechselwirken. In diesem Zusammenhang ist im
Experiment die Bildung von Martensit an der Rissspitze zu be@bachten. Da der
Martensit andere Materialeigenschaften als der Austenit aifweist, wirkt sich die

Martensitbildung auf die Rissentwicklung aus.

Um zu einem besseren VerstSndnis der komplexen Zusammenh§a auf der
Mikroebene von metastabilen austenitischen StShlen beiztragen, wird in dieser

Arbeit ein Phasenfeldmodell fYr martensitische Transformationen vorgestellt. Das
zweidimensionale Modell berYcksichtigt zwei martensitische Orientierungsvari-
anten.

Im Rahmen des Phasenfeldansatzes gibt ein Ordnungsparamet die jeweils
vorliegende Phase B Austenit oder Martensit B an. Im erstenell der vorliegen-

den Arbeit wird rein elastisches Materialverhalten angenammen. Die Kopplung
der Materialeigenschaften an den Ordnungsparameter ermSdicht die Erfassung
unterschiedlicher Werte fYr die verschiedenen Phasen. Zvéichen den Phasen
gewShrleistet der Phasenfeldansatz einen stetigen tbergag der insbesondere fYr
die numerische Umsetzung von Vorteil ist. Mit Hilfe von Kalibrierkonstanten wird



die Einstellung der Breite des thergangsbereichs zwischenden Phasen mittels
eines Modellparameters erm3glicht. Ein zweiter Modellparameter bestimmt die
GrenzRSchenenergie.

Die MetastabilitSt bzw. StabilitSt des Systems wird durch én Landaupolynom mit
lokalen und globalen Minima modelliert, wobei die Koefbzienten des Polynoms die
temperaturabhSngige Energielandschaft festlegen. Im Raimen dieser Arbeit werden
zwei verschiedene Polynome vorgestellt die sich hinsichich der BerYcksichtigung
von zwei Martensitvarianten bezYglich des Ordnungsparaméers unterscheiden. Ein
Ansatz modelliert die beiden Varianten durch zwei Ordnungsparameter. Alternativ
kSnnen die beiden Varianten mit einem einzelnen Ordnungspaameter modelliert
werden, wenn das Polynom zwei geeignete globale Minima aufweist. Dieser Ansatz
ist zwar betreffend der numerischen Umsetzung efbzienterfYhrt allerdings bei der
Mikrostrukturentwicklung zu EinschrSnkungen. Die Entwicklung der Mikrostruktur
wird durch die Evolutionsgleichung des Ordnungsparameters beschrieben, wobei
diesbezYglich von einer zeitabhSngigen Ginzburg-LandaGleichung ausgegangen
wird.

Um weitere EinRYsse auf die martensitische Transformationzu untersuchen,
wird das elastische Phasenfeldmodell erweitert. ZunSchstwird Versetzungswan-
derung im Rahmen der KristallplastizitSt berYcksichtigt. Dadurch k3nnen fYr
die verschiedenen Phasen unterschiedliche Gleitsystemeevwendet werden. In
einer zweiten Erweiterung erfolgt die Kopplung des bestehenden elastischen
Modells an ein Phasenfeldmodell fYr Bruch. Hierbei erfolgt die Beschreibung des
Rissfelds mittels einer SchSdigungsvariablen, deren Entieklung ebenso durch
eine zeitabhSngige Ginzburg-Landau-Gleichung beschrigdn wird. Da es aufgrund
der martensitischen Eigendehnung trotz einer globalen Zugelastung zu lokalen
Druckspannungen kommt, wird das Vorzeichen der lokalen VoumenSnderung
berYcksichtigt. Auf diese Weise kann ein physikalisches \fbalten eines Risses
unter Druckbelastung erreicht werden. ZusStzlich wird die IrreversibilitSt des
Risswachstums modelliert.

Das Modell ist in das Finite Elemente ProgrammFEAP (Finite Element Analysis
Program) implementiert. Bei mechanischen Finite-ElementeProblemen werden die
EintrSge des Verschiebungsvektors als Knotenfreiheitsgde erfasst. FYr den Phasen-
feldansatz wird neben den Verschiebungen zusStzlich der Qinungsparameter als
Knotenfreiheitsgrad berYcksichtigt, sodass in jedem Knanpunkt die vorliegende
Phase berechnet wird. Zu den gekoppelten, nicht-linearen Eldgleichungen zShlt
neben der Evolutionsgleichung des Ordnungsparameters dieGleichgewichtsbe-
dingung. FYr die numerische Implementierung wird die jeweils schwache Form
der Feldgleichungen diskretisiert. Die LSsung des Gleichmgssystems erfolgt mit
Hilfe des Newton-Raphson-Verfahrens, das eine Linearisieing der Gleichungen
erfordert. Die ZeitabhSngigkeit der Problemstellung ben&igt eine Zeitintegration,
die implizit mittels des Euler-RYckwSrts-Verfahrens durtgefYhrt wird. BezYglich



der KristallplastizitSt erfolgt die Zeitintegration auf v erschiedenen Ebenen: Die
LSsung des Gleichungssystems und damit die Entwicklung de®©rdnungsparameters
als Knotenfreiheitsgrad bnden global statt, wShrend die Ewlutionsgleichungen
der KristallplastizitSt am Integrationspunkt auf der Elementebene in Form eines
PrSdiktor-Korrektor-Verfahrens integriert werden.

ZunSchst wird eine Kalibrierung des Finite-Elemente-Moddls durch atomistische
Simulationen vorgenommen. Diese stellen fYr reines Eisen &i einer Temperatur
von T = 100 K sSmtliche Materialparameter bereit. Anschlie§end erfolg eine
Validierung der Werte bei 7 = 1300 K. Im nSchsten Schritt wird mit Hilfe der

Finite-Elemente-Simulationen der EinBuss der VolumenSnédrung sowie der BerYck-
sichtigung mehrerer Orientierungsvarianten fYr austenitische StShle analysiert.
DiesbezYglich fYhrt alleine die martensitische Eigendehong zu einer Wanderung
der GrenzRSche. Weiterhin ISsen Su§ere mechanische Lastedie martensitische
Umwandlung aus. Mit Hilfe des Phasenfeldmodells wird die Enwicklung der

martensitischen Phasen mit unterschiedlichen Eigendehnagstensoren untersucht,
wobei in diesem Zusammenhang auch energetische Betrachtugen wShrend des
Keimvorgangs und der Ausbreitung des Martensits analysier werden. Die Sim-
ulationsergebnisse zeigen in tbereinstimmung mit Experimenten plattenfSrmige

martensitische Strukturen.

Im Anschluss werden im Rahmen der KristallplastizitSt fYr de unterschiedlichen
Phasen verschiedene Gleitsysteme berYcksichtigt und so deZusammenhang
zwischen plastischen Dehnungen und der Phasentransformabn untersucht. Dabei
verursacht die Transformationsdehnung plastische Defornationen. Gleichzeitig
ISsen plastische Verformungen die martensitische Transfomation aus. Motiviert
durch den Fertigungsprozess des kryogenen Drehens von mesdabilen Austeniten
wird zusStzlich eine, mit einer Wanderlast beaufschlagte, OberRSche kristallplas-
tisch modelliert. Hier stellt sich heraus, dass plastischeDeformationen von der
austenitischen an die martensitische Phase vererbt werden Au8erdem kann der
autokatalytische Effekt, der im Zusammenhang mit der Bildung von martensitischen
Platten beobachtet wird, mit plastischen Verformungen in Verbindung gebracht
werden. Eine qualitative und quantitative tbereinstimmun g der Simulationsergeb-
nisse mit experimentellen Proben ist gegeben.

Um abschliegend die Wechselwirkungen der martensitischen Transformation
mit Rissen auf der Mikroebene zu analysieren, wird das vorgstellte Phasen-
feldmodell fYr martensitische Transformationen mit einem Phasenfeldmodell fYr
Bruch gekoppelt. tbereinstimmend mit experimentellen Beobachtungen bildet
sich in den numerischen Simulationen Martensit an der Risspitze und beeinf3usst
somit die Rissausbreitung. Gleichzeitig korrespondierendie Charakteristika der
Simulationsergebnisse mit Mikroskopaufnahmen einer marensitischen Struktur.
Sowohl bei der experimentellen als auch der berechneten Mikostruktur treten



Risse ausschlie§lich im Martensit auf B entweder im tbergamgsbereich zwischen
den martensitischen Platten oder senkrecht zur Plattenridtung.



Abstract

On the microlevel many metallic materials are composed of diferent structures with

various mechanical properties, which affect the macroscojc mechanical behavior
of the specimen. Especially the microstructure evolution d metastable austenitic
steels is subjected to the inRuence of several phenomena. Gnimportant structural

change is the martensitic transformation during which the crystal lattice changes
from the metastable austenitic phase B with a face centeredubic lattice D to stable
martensite with a body centered cubic lattice. The volume change and the lattice
shear, which accompany the phase transition, lead to a tranformation-induced

eigenstrain or transformation strain within the martensit ic phase. Depending on
the lattice shear direction, different martensitic orient ation variants arise which

are combined to a complex microstructure. In experiments matensite is observed
to grow in a lath- or plate-like shape in combination with an a utocatalytic effect,

i.e. one plate induces the formation of further martensitic plates. Additionally, the

martensitic eigenstrain causes dislocation movement on tle atomic scale, which
also inBuences the evolution of phases. On the macroscale st a dislocation move-
ment corresponds to plastic deformations. Moreover, micraracks are observed on
the microlevel of austenitic steels interacting with the phase transformation. In

this context martensite mainly forms at the crack tip, in tur n affecting the crack
path. In order to contribute to a better understanding of the complex formation of

microstructure, in this thesis a two-dimensional phase bpet model for martensitic

transformations, which considers two different martensitic orientation variants, is

developed.

Within the phase Pbeld approach an order parameter is introdwced to indicate
whether the present phase is austenite or martensite. In thebrst part of the thesis
an elastic material model is used while the different material properties of the
phases are coupled to the order parameter. In this manner, tie elastic properties
can be considered individually for each phase. The order paameter interpolates
smoothly between the phases, which is benepbcial for the numsecal implementation.
By introducing calibration constants the width of the conti nuous transition zone
between the phases can be controlled by a model parameter. VWh a second model
parameter the interface energy is adjustable. The metastale and stable states of
the system are modeled with help of a Landau polynomial, which has both local
and global minima while the choice of the coeflcients of the polynomial determines
the temperature dependent energy landscape. In this thesigwo different Landau
polynomials are proposed to consider both martensite variants, differing in terms



of the order parameter. One approach takes two variants by two different order

parameters into account. Alternatively, both variants can be considered by a single
order parameter if the polynomial has two different global m inima. Concerning

the numerical implementation, the latter approach is more efbcient. However, it

imposes restrictions on the formation of the martensitic phase. Furthermore, the
evolving microstructure is described by the evolution of the order parameter, which

is assumed to follow the time-dependent Ginzburg-Landau e@ation.

The elastic phase beld model is enhanced in two different wag to take fur-
ther phenomena into account. First, dislocation movement is considered by a
crystal plasticity setting. In this context, different slip systems for the different
phases are included. Second, the elastic model for martensic transformations is
combined with a phase Peld model for fracture where a damage wariable is related
to fracture. In analogy to the order parameter, the evolution of the crack Peld
is governed by a time-dependent Ginzburg-Landau equation. For this combined
approach, there are some issues, which have to be considered The eigenstrain
within the martensite leads to both tensile and compressiveloads. Therefore, the
sign of the local volume change has to be taken into account toobtain physical
results. In addition, to prevent the material from healing t he irreversibility of a
crack has to be ensured.

In order to perform numerical simulations the model is imple mented into the

Pnite element code FEAP (Finite Element Analysis Program). In a Pnite element
scheme for mechanical problems, classically, the displac@ents are considered as
nodal degrees of freedom. For the phase Peld approach, the aer parameter is
additionally taken as nodal degree of freedom, indicating the present phase in
each nodal point. The set of non-linear coupled beld equatims is completed by
the evolution equation(s) of the order parameter(s) and the equilibrium condition.

For the numerical implementation, the weak forms of the Peld equations are
discretized. Due to the non-linearity a Newton-Raphson scteme is applied to
solve the system of equations, which requires a linearizatbn of the equations.
Additionally, integration in time is necessary to describe the temporal evolution

of the microstructure. To ensure a robust performance the inplicit Euler back-
ward scheme is used. With regard to the time integration, special care has to
be taken concerning the crystal plasticity setting. On the ae hand, the order
parameter evolves on a global level, where the system of equions is solved
in each time step. On the other hand, there are evolution equdions related to

the crystal plastic material law, for which a backward Euler scheme in form of
a predictor corrector method is applied on the element level at the integration point.

In a brst step, the elastic Pnite element model is calibrated using atomistic

simulations. Therefore, the parameters are identibed by a nolecular dynam-
ics simulations for pure iron for the temperature 77 = 100 K and veribed for

Vi



T = 1300 K. Subsequently, with the aid of numerical simulations the inBuence of
the volume change and different orientation variants is investigated for considering
the material data of austenitic steels. In this regard, the transformation-induced
eigenstrain leads to interface motion without applying ext ernal loads. Furthermore,
martensite is generated through debned mechanical loads aing on the metastable
austenitic phase. By using the phase beld model, the impact ba mechanical
load history on the formation of the different martensitic p hases with different
transformation-induced eigenstrains is studied. In this context, the energy evolution
during nucleation and growth of martensite is also considered. In the numerical
simulations martensite is found to grow in a plate-like shape in accordance with
experimental and other numerical studies.

In a next step the enhanced model with the crystal plasticity setting is em-
ployed. The relations between the phase transition and plasic deformations, which

are calculated from the slip of different slip systems, are xamined. The evolution
of slip partially results from the transformation strain su ch that slip induced by the
martensitic transformation is observed. On the other hand, the crystal plasticity also
inRuences the formation of martensite. Furthermore, martensitic transformations
in a crystal plastic material are studied at a loaded surface The numerical setup is
motivated by the process of cryogenic turning where due to the cooling the phase
transition is triggered by the load of the turning tool. It tu rns out that the plastic
deformations are inherited from austenite to martensite. Moreover, the resulting
microstructure evolution reveals a link between the autocatalytic formation of

martensitic plates and the plastic deformations. The simuhtion results qualitatively

and quantitatively coincide with experimental observatio ns.

Finally, with the aid of the combined phase Peld approach for martensitic

transformations and damage the interactions between micrarack propagation and
the formation of the martensitic phase are studied. Martendgte forms in agreement
with experimental observations at the crack tip and thus inBuences the crack
formation. In addition, the main features of the numerical simulations are in

accordance with micrographs of a martensitic structure, where the cracks arise
exclusively in the martensite, either perpendicular to the martensitic plate direction

or in the transition zone between the phases.
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1 Introduction

1.1 Motivation and Background

In mechanical engineering the component surface is of partcular importance.
It strongly inBuences the component behavior since wear andcracks frequently
initiate at the surface layer. Wear resistance and fatigue srength of a component
are improved by a hardened surface. For ferrous metals this ould be done by
the martensitic transformation. Classically, the material is heated to obtain an
austenitic crystal lattice. The subsequent cooling at a hidn cooling rate changes
the crystal structure to the harder phase martensite. This sirface treatment
means an additional production step, which is costly, consuming time and energy.
Alternatively, for sufpbciently low temperatures, i.e. for temperatures below the
martensite start temperature, the transformation from metastable austenite to
stable martensite can also be triggered by plastic deformaibn of the specimen. This
is exploited for manufacturing by cryogenic turning which m otivates the present
investigation. During the turning process the workpiece of metastable austenitic
AISI 347 steel is cooled with carbon dioxide snow. In this way the martensitic
transformation is induced by the deformation of the turning tool at the compo-
nent surface and surface hardening is obtained during the cuting. Hence, a single
workstep results in the Pnal shape of a workpiece including ahardened surface layer.

The turning at a cryogenic temperature induces different processes, which in-
teract on the microscale of the material. First, there is the phase transformation
from the face-centered cubic austenite to body-centered cbic martensite. The
phase transition leads to a volume change and a lattice sheang, resulting in

a transformation-induced eigenstrain within the martensitic phase. Depending
on the shearing direction of the crystal lattice different orientation variants of

martensite arise, which are combined to a complex microstrwcture. Furthermore,
the martensitic transformation is accompanied by dislocaion movement, which

can be inherited from austenite to martensite. The plastic deformations lead to
new nucleation sites for the martensitic phase, which resuts in an autocatalytic
effect. Thus, plasticity plays a crucial for the phase trangormation. In addition,

microcracks are observed on the microlevel of metastable astenites. In conjunction
with the phase transformation, martensite mainly forms at the crack tip. This
inBuences the crack propagation due to the eigenstrain actig in the martensite. On
the other hand, the formation of the martensitic phase is affected by crack growth.
The aim of this work is to contribute to a better understandin g of these complex



1 Introduction

interactions with the aid of a numerical model.

Classically, a sharp interface between austenite and martesite is considered.
This approach is applied e.g. by Cherkaoui et al. [1998], Chekaoui and Berveiller
[2000]. However, the tracking of those interfaces is numerically cumbersome.
Alternatively, the phase Peld ansatz can be employed. Ther@, an order parameter
is introduced to indicate the present phase. The approach lads to a smooth
transition zone between the phases. The properties of the plases are coupled
to the order parameter such that these can be considered for ach phase indi-
vidually without dealing with discontinuities. The micros tructure evolution is
described by the evolution equation of the order parameter, which is known as the
time-dependent Ginzburg-Landau equation. It is based on tle thermodynamically
consistent assumption that the rate of the order parameter s proportional to the
variational derivative of the global free energy of the system with respect to the
order parameter. A general overview on phase beld modeling $ given by Moelans
et al. [2008] while Mamivand et al. [2013] provide a literatu re review of the past
phase Peld modeling studies concerning the formation and gowth of martensite.
Chen et al. [1992], Wang and Khachaturyan [1997] introduced the Prst phase peld
models for martensitic transformations. These seminal woks have been followed
by many others, e.g. Artemev et al. [2000, 2001], Jin et al. [2001], Ahluwalia
et al. [2004], Wang and Khachaturyan [2006], Zhang et al. [20 07], Zhong and
Zhu [2014]. In the following years enhanced models have been proposed. There
are approaches which additionally consider dislocation dynamics e.g. Kundin et al.
[2011] or plastic deformations, e.g. Guo et al. [2005], Rich ards et al. [2013]. All of
them are based on Fourier transformation formalism. Yamanda et al. [2008, 2009]
use pbnite differences to solve the elasto-plastic bPeld equéns. For considering
complicated boundary conditions or complex material laws, the Pnite element
method is most effective. It is used, for example, by Levitaset al. [2010, 2013],
Hildebrand and Miehe [2010, 2012], Roumi [2010], Yeddu et al . [2012], Malik
et al. [2013].

1.2 Overview

In this thesis a phase Peld model for martensitic transformdions is introduced
which is implemented into the Pnite element code FEAP (Finite Element Analysis
Program, Taylor [2014]). The order parameter is considered as additional nodal
degree of freedom besides the mechanical displacements. T&numerical realization
of the phase Peld approach using Pnite elements is straightfrward since the smooth
transition zone circumvents dealing with discontinuities. Furthermore, the order
parameter describes the distribution of the phases througlout the computation
domain, so a laborious tracking of the interfaces is not necessary. With the aid of
numerical simulations the single effects, which contribute to the microstructure
formation, can be studied separately. In a prst step the elasc beld equations are



1.2 Overview

solved. Subsequently plastic deformations are taken into @count within a crystal
plasticity scheme. Finally, the interactions between the phase transformation and
microcracks are studied by including a damage variable.

In particular, this work comprises of six chapters. Following the introduction,

the most important continuum mechanical fundamentals, which are relevant for
this thesis, are given in Chapter 2. These include the kinematic relations within

the small strain context and the balance laws. Further simpifying assumptions are
specibped and the employed notation is introduced.

Chapter 3 summarizes the characteristics of the martensitic transfemation. In

this context also energetic considerations and driving metanisms of the phase
transition are taken into account.

In Chapter 4 the phase beld model for martensitic transformations is outined.

In the course of an initial motivation a one-dimensional model, including the

model parameters, is presented. For the two-dimensional malel the numerical

implementation into a Pnite element scheme is discussed, flowed by a parameter
calibration, which uses information from atomistic simula tions of pure iron. Addi-

tionally, the inBuence of the volume change during the phase transformation, the

consideration of different martensite variants and external loads on the formation

of the microstructure are investigated for metastable ausenites.

Chapter 5 starts with the proposal of a numerically more efbcient approach to
consider different martensitic orientation variants. Subsequently, the model, which
is introduced in Chapter 4, is enhanced such that plastic debrmations can be taken
into account by employing a crystal plasticity scheme. The mumerical examples
document the inBuence of the plastic deformations. Motivated by the process
of cryogenic turning the phase transformation at a loaded suface is numerically
studied and compared to experimentally obtained results. FRnally, the model is

combined with a phase beld model for fracture, which allows a deeper insight into

the interplay of martensitic transformations with damage.

The last Chapter 6 concludes the thesis with a summary of the most important
contributions. Additionally, open issues and future work are briel3y discussed.
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2 Continuum Mechanics and
Thermodynamics

In this chapter the basic relations concerning continuum mechanics and thermody-
namics are presented. In the brst section the concepts of kiematics describing the
deformations of a material body are introduced while this wo rk is limited to the geo-
metrically linear theory. In Section 2.2 the balance equations for mass, momentum,
angular momentum, energy and entropy are discussed so that eentually general
constitutive equations can be deduced. Textbooks on this tpic are e.g. Altenbach
and Altenbach [1994], Gurtin et al. [2010], Haupt [2002], Ho |zapfel [2000], Becker
and Gross [2002]. Furthermore, in Gross and Seelig [2007] an introduction with
focus on fracture- and micromechanics is given.

2.1 Kinematics

Figure 2.1: Deformation X of a body %.

The statements in this chapter refer to amaterial body 9 with boundary 0% in
Euclidean spaceR?, consisting of material points as shown in Figure 2.1. The sptial
position of a material point yx in the reference configuration is given with X . A
deformation is described by the mappingx = (X ,t) : B ! R3 with x(X ,t)
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denoting the position of the material point x in the current or deformed configuration
for the time ¢. Below, X is used to refer to the material point xy. The difference
between the reference and the current conbguration debnestie displacement vector

u=x" X. (2.1)

The velocity of a material point is the material time derivative of x (indicated by a
superposed dot)

dx  ox(X,t)
_ 22 / — 2.2
Yo ot X (2:2)
while the acceleration is debned to be the material time derivative of the velocity v
dv  av(X,t) . . d’x
— 2 _ 0 =X = 2.3
T ot VX T A (2:3)

which is related to the local time derivative of v with

! n
_ ov(x,t) 1 ovix OX (X ,t) oV

d
a=—v x(X,t),t 5 (X,t) ramnll s

ar + (I v)v. (2.4)

The symbol! (-)in Eq. (2.4) denotes the gradient grad(-). The deformation gradient

_ O0p(X 1) Ox
k= oxX X (2:5)

is debned by the partial derivatives of a given deformation¢, i.e. F is the Jacobian
matrix of the mapping ¢ (X ,t). In thiswork ¢(X ,t) is assumed to be invertible and
orientation preserving leading to the non-vanishing determinant of the Jacobian

J=detF #0. (2.6)
Because the inverseF ' ! exists, the velocity gradientL =! X is given by
L=FF'" (2.7)

Using the deformation gradient F and the displacement vectoru, the displacement
gradient H is written
X (X +u)

prm— pr— pu— ' p—
F = 5 | +1 u=1+H, (2.8)

where | denotes the second order identity tensor. With the displacement gradient H
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a line element dx of the current conbguration can be expressed as

dx =du +dX (2.9)
ou

= o dX +aX (2.10)

= HdX +dX. (2.11)

For the dePnition of the strains the difference between the gjuare of the line ele-
ments ds? = dx - dx and dS? = dX - dX is considered

ds*" dS? = [(H dX#+ dX ) (HdX +dX)]" dX -dX (2.12)
_ T T T
= dX of tHtHH (dX. (2.13)
2E

1# $
The tensorE = 3 H +HT+HTH denotes the Green-Lagrange strain tensor for
Pnite strains. In this work only small displacement gradients with [H| $ 1 are
considered. Thus, the third summand of E is of higher order small and can be
neglected, leading to the linearized strain tensor
' 11}

# .
H +HT$_% Lu+(u) . (2.14)

€71
2

Within the geometrically linear small strain context, ther e is no distinction between
reference and current conbguration x ! X ).

The split of the linearized strain tensor into a spherical and a deviatoric part
by

tr . tr
_TE L e with e—en 1), (2.15)
0Lk _( 98 3
spherical deviatoric
part part

is for some problems benepcial. In the next step the balanceguations are discussed.

2.2 Balance Equations

In this section the fundamental balance equations which arevalid in continuum
mechanics are introduced. Based on these, the use of the Cotean-Noll* procedure
Pnally provides constitutive relations. For a start, the general form of a balance
equation is given.

1cf. Coleman and Noll [1963]
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General Balance Equation

For the Peld quantity 7 = ) ¥ dv of a material body 9% with outer normal vector n

B
along 0%, the global form of the general balance equation

* * * *

% ddv=fy(x,n)-nda+ py(X,t)dv+ 39(x,t) do, (2.16)
B OB B B

equates the temporal change of 7' (x,t) = ) Y dv with the inward Bux £, of 7 across

the boundary 09 per unit time and per uﬁit boundary area 0% in n-direction, the
production ny of 7 in 9 per unit time and per unit volume, and the supply 3y
of ¥ in % per unit time and per unit volume. Assuming ¢ to be continuously
differentiable, the Reynolds’ transport theorem is applied to the left-hand side of
Eq (216) * * *

% ddv= 9v-nda+ Z—f do. (2.17)

B 0B B
Converting the surface integrals results in thelocal form of the balance equation
oY

S = AV (8" V) g+ 0 (2.18)

for each point x of % for all times.

Conservation of Mass

The conservatisn of mass is deduced from the general balance equation with

vV =m(x,t) =" pdv, where J = p is the mass density. Assuming that the mass
912,
of a material volume does not change in time yieldsp, =3, = 0 and £, = 0 and the

local form of mass balance is

dp
dt

dp

oy +div (pv) =

+pdivv =0. (2.19)

Linear Momentum Balance and Angular Momentum Balance

Considering the material body 9 in Figure 2.2, subjected to the surface traction
vector t(x,n,t) acting on the boundary 0% and the body force densit_)5 b(x,t) per

unit mass of %, the total linear momentum is debnedL =% =mv =" pv dv and
B
Newton’s second law reads
* * *
d
a pvdv= tda+ pbduv, (2.20)
B OB B

which is the global form of the linear momentum balance. The linear momentum is
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Figure 2.2: Material body .

a vector quantity, which requires adapting the general quartities correspondingly.
Comparing Eq. (2.20) with the general balance equation (2.16) in vector format
identibes the Bux density in n-direction with £,,n! t(x,n,t) and the supply den-
sity with the volume force 3,, ! pb(x,t). Since the linear momentum is a conserved
quantity, the production density 7, = 0. With use of Cauchy’s theorem

n (2.21)

t=0
for the Cauchy stress tensor o, and the mass balance in Eq. (2.19), inserting the
above densities in Eq. (2.18) in vector format yields the local form of the linear

momentum balance
pa =dive' + pb. (2.22)

In an analogous manner the local form of the angular momentum balance is derived,
resulting in the symmetry of the Cauchy stress tensor

oc=o0. (2.23)

With the acceleration a assumed to be zero for allx and in absence of volume forces,
the linear momentum balance in Eqg. (2.22) reduces with considering Eq. (2.23) to

the equilibrium condition
dive = 0. (2.24)

Energy Balance - First Law of Thermodynamics

The first law of thermodynamics is the balance of energy, postulating the equivalence
of the rate of external mechanical and thermal work to the change in total energy.
The effect of other non-mechanical energies is neglected inthis\thesis. The total
energy of a material body 9% is composed of the kinetic energy p% dv and the

B
internal energy) pu dv with the specibc internal energy per unit massu. A change

B
of energy is effected by the energy supply, resulting from the mechanical part, which
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is the power of the external forces
* *

P= t-vda+ pb-vdoy, (2.25)

OR R

the heat supply @ = ) Qi da +) pr dv with the scalar heat radiation r, and the
OB B
heat conduction q,,, where a positive sign corresponds to heat supply across the

boundary 0%, i.e.
* + , * *
d V|2 "
ai 7+u pdv= [(en)-v" Q4 -n] da+ (pb-v +pr) dv. (2.26)
B OB B

The comparison of the global form of the energy balance in Eq. (2.26)
with Eqg. (2.16) yields for ¢, ! ,o% + pu the RBux density in
n-direction £.-n! gy -n +(on)-v, the supply 33! pr+pb-v. Since the
energy is a conserved quantityp. = 0. Inserting these quantities in Eq. (2.18)
results with the mass balance in Eq. (2.19), the linear momertum balance in
Eqg. (2.22), and the symmetry of o, in the local form of energy balance

d .
,o(% ="divg,+o:! v+opnr (2.27)

Balance of Entropy - Second Law of Thermodynamics

The global form of the balance of entropy states the equivalence of the temporal
change of entropy to the sum of the entropy supply and the entropy production.

Using the following quantities, ¥, ! ps, where s is the specific entropy per unit mass;

f£.! osisthe entropy Bux; ns ! pps, Where p; is the specibc entropy production
per unit mass; ands, ! pz®, where z, the specibc entropy supply per unit mass, the
local form of the entropy balance reads

ds

pgr = AV s+ (ps + 2s) - (2.28)

The second law of thermodynamics postulates a non-negative entropy production,
providing the entropy inequality
ps %0, (2.29)

which has to be obeyed by every admissible thermodynamic proess for each timet
for all material points x. For thermodynamic processes close to equilibrium the
entropy Bux and the entropy supply can be approximated by

_

¢s =

r
= — 2.
and 2, ==, (2.30)

10
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where T is an absolute temperature. Inserting these approximations together with
the entropy balance in Eq. (2.28) into Eqg. (2.29) results in the Clausius-Duhem in-
equality

ds Oy T 0
Py + div T P = PPs %0, (2.31)
which can be recast with the energy balance in Eq. (2.27) to
1
p(Ts" u)" T! T-Qpn+0o:L %0. (2.32)

With the symmetry of the Cauchy stress tensoro considered, the last term of
Eq. (2.32) is within the small strain context equivalent to o : . Following the
procedure proposed in Coleman and Noll [1963] and Coleman and Gurtin [1967],
the introduction of the Helmholtz free energy per unit mass with

Y =u" Ts, ) =u" Ts" Ts, (2.33)

enables to rewrite Eq. (2.32) into
! "
oc:e" p Y +sT " 700 -1 T %0. (2.34)

It is assumed that a material point x is characterized by = zﬁ(s, T),wherey = p 1)’
is the Helmholtz free energy per unit volume, leading to

Y

= e :e+a—TT, (2.35)
which is inserted into Eqg. (2.34)
+
" o €+ " ps T T thh ' T%0. (2.36)

Since the inequality in Eq. (2.36) has to be fulblled for all rates of e and T the
constitutive relations
oY oY

=— and " = — 2.37
77 e P = ar (2.:37)
can be deduced and the heat conduction inequality
On ! 7T&0 (2.38)
remains which is e.g. satisped byFourier’s law q,, = " A ! T with the symmetric,
positive-dePnite conductivity tensor .
In the following isothermal conditions are assumed, i.e.
T=0 !'!T=0 (2.39)

11
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reducing the Clausius-Duhem inequality to

o e" ) %O. (2.40)

Coleman and Noll [1963] and Coleman and Gurtin [1967] exploi t this in terms of
internal variables, which is not in the focus of the present modeling and thus not
discussed here.

12



3 Martensitic Transformations

In Chapter 2 the relations concerning continuum mechanics and thermodynamics
are formulated for a material body without further specibcations. Here, some ther-
modynamic aspects concerning the phase transition betweeraustenite and marten-
site are given. Previously, the characteristics of the marénsitic transformation are
discussed. Textbooks on that topic are e.g. Porter and Easténg [1992], Pereloma
and Edmonds [2012], Bhattacharya [2003] and Khachaturyan [ 2008]. On the mi-
crolevel of metastable austenitic steels, besides the phastransition also dislocation
movement and microcracks are observed. At the end of this chpter some infor-
mation on these competing mechanisms is given. In the contekof the martensitic
transformation also plastic deformations and damage are stidied in this work.

3.1 Characteristics of the Martensitic Transformation

In metallurgy, any product of a diffusionless phase transfamation is called marten-
site. A diffusionless transformation, where the movement of the atoms is less than
the interatomic spacing, takes place when time is insufbciat for a diffusion con-
trolled process. The martensitic phase transition is an abupt change of the crystal
lattice which transforms, e.g. in austenitic stainless steels, from face centered cu-
bic (fcc) austenite to body centered cubic (bcc) o*martensite. The model introduced

@ @

a
Qfec s

Figure 3.1: Schematic illustration of the Bain correspondence br martensite in steels.

by Bain [1924] intuitively visualizes this transition. Fig ure 3.1 schematically shows
the Bain correspondence, where a preexisting bcc unit cell, marked in red, is dePned
within two austenitic fcc cells, marked in green. To obtain the martensitic bcc cell, a
deformation of the preexisting bcc cell is necessary. Withn the small strain context,

13



3 Martensitic Transformations

this deformation is described by the Bain strain tensor B and can be derived from
Figure 3.1 using the lattice parameters of austenite and matensite, as. and apce,

respectively, . e 0
apee' —=
2
e 0 0
: 2
. w @
B = bce %C . (3.1)
: 0 — 0
] 2 :
0 0 (pce  Afce
Ufec

The lattice mismatch between austenite and martensite lead to an eigenstrain
within the martensitic phase, which is illustrated in Figur e 3.2. A region of an
austenitic continuum (depicted in green) is cut out. In this stress-free state, the
region is undergoing a phase change according to the Bain stin or, more generally,

the transformation strain or eigenstrain €Y, transforming the region into the

martensitic phase (depicted in red). For reinserting the region into the austenitic

continuum, its original shape is restored by applying stress. When the austenitic
matrix with the martensitic inclusion is relaxed both matri x and inclusion are
deformed. This reduces the elastic energy, which is introdwced by the eigenstrain
within the martensitic phase. Yet, after the relaxation there are still stresses acting
in the continuum although no external load is applied.

An experimentally observed feature of the martensitic transformation is the
presence of ahabit plane, an undistorted and unrotated plane between the phases
austenite and martensite, see e.g. Pereloma and Edmonds [2D2], Zhang and

Kelly [2009]. The habit plane is postulated by the phenomenological crystallo-
graphic theories on the martensitic transformation, which have been developed
independently from each other by Wechsler et al. [1953], Bowles and Mackenzie
[1954]. Mathematically speaking, this requires the transformation path to be

described by an invariant plane transformation strain tensor €°. Considering small
deformations, for a given transformation strain tensor £° with the principal strains

or eigenvaluesey, ey, ey With €; & e & €77 and the eigenvectorse;, ey, ey the
invariant plane strain condition is

€r & 0, € = 0, €nr %0 (32)

If Eq. (3.2) is satisbed by the transformation strain tensor<®, there are two invariant
planes with the normal vectors

"er €nr
n ¢ [ :l:g:e] + 3:6[]]. (33)
+ 2(6111 " 61) Q(EUI " 61)

14
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cut off
= + ‘
phase
¢ transformation

shape

¢ restoration
relaxation
< <

Figure 3.2: The lattice mismatch leads to an eigenstrain witin the martensitic phase,
Khachaturyan [2008].

The vectors n< , indicate the normal direction of the habit plane and will be

referred to as habit plane normal directions. The invariant plane strain condition

corresponding to the Hadamard jump condition ensures the kinematic compatibility,
i.e. a coherent interface between the phases, see Bhattachga [2003]. Eshelby
[1957] shows that the elastic energy of an inbnitely thin obl ate spheroid shaped
inclusion could be reduced to zero if the eigenstrain € satispes the invariant plane
strain condition. This agrees not only with the experimentally observed habit plane
but also with the martensite morphologies, often designated as plate- or disc-like,

which is exemplary shown in Figure 3.3(b).

Generally, the eigenstrain tensor €° is an invariant plane strain consisting of
an eigenshearey, . in habit plane direction and a volume change !, perpendicular
to the habit plane (see Zhang and Kelly [2009]). Depending on the shear direction,
there are different martensitic orientation variants. Thi s work is limited to two
dimensions, assuming plane strain conditions. Hence, two dfferent orientation

variants (see Figure 3.3(a)) are taken into account with the eigenstrain tensors

i 0 0 0 ) 0 0 0
0 gvol 8shear 0 o Evol 8shear 0
el =1 e 0 0 % , ey =1 " 0 O % : (3.4)
0 0 0 0 0 0

15
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Martensite V1

Yoo\

Austenite

Martensite V2 f L
(@) (b)

Figure 3.3: (&) Orientation variants of the martensitic phase. (b) Austenitic grains with
martensite growing in a plate-like shape, Rios and Guimar<es [2008], KTH
Stockholm [2015].

The eigenvalues ofe? and &) are given by
0 n 0 0 0
€, = €1, = Eyol  Eshear €I, = €1, = 0, €11, = €11, = Eygl T Eshear (3.5)

and satisfy the invariant plane strain condition in Eq. (3.2) if €%, %%, orin the
words of Cohen et al. [1979], if the phase transformation is deviatoric dominant.
However, Eq. (3.2) is only satisped by the transformation stain tensor for the two-
dimensional case. For three dimensions it is fulblled by thedifference between
the transformation strain tensors Ae® = 9" &), which stems from a martensite-

martensite interface, with the eigenvalues

) 0 _ _ 0
€In = 2 Eshean  €IIa = 0, € = 2 Eshear (3-6)

This explains the experimentally observed twin related formation of martensite. An
interested reader is referred to Bhattacharya [2003].

3.2 Driving Mechanisms

To look at the martensitic transformation from a thermodyna mic point of view, a
system with the Helmholtz free energy ¢, consisting of the different solid phases
austenite and martensite is considered. A change from one phse into another will
take place if the new phase is a more stable state of the systemi.e. the phase
transition corresponds to a change towards the equilibrium. From the second law of

16



3.2 Driving Mechanisms

thermodynamics it can be derived* that for a given temperature 7" and a given strain
tensor ¢, the Helmholtz free energy ¢ of a system has a minimum in an equilibrium
state, i.e.

dy = 0. (3.7)

Here, particularly the martensitic transformation in meta stable austenitic stainless
steels is in the focus. At room temperature, metastable austnites have due to
their chemical composition an austenitic crystal structure. This corresponds to the
metastable state, which is shown in Figure 3.4(a). The free energy ) of a metastable

’¢A G? AGA-M

™

Martensite

]

1 Austenite

. : »

Austenite Martensite TSM T Ty T
(@ (b)

Figure 3.4: (a) Schematic variation of Helmholtz free energy with crystal structure for a
pxed temperature. (b) Chemical free energies of austenite andmartensite as a
function of temperature, Tamura [1982].

austenitic steel is plotted as a function of the atom conbguations of the system. For
austenite, 1) has a local minimum indicating an equilibrium state, which satisbes
Eq. (3.7). However, there is a more stable conbguration OmsensiteO where) has a
global minimum. The austenitic conbguration therefore corresponds to ametastable
equilibrium, and the martensitic phase consequently to astable equilibrium. From

Figure 3.4(a) it becomes obvious that for the phase transfomation from austenite

to martensite activation energy is necessary to overcome tk barrier between the
minima. This activation energy is temperature dependent, which can be seen in
Figure 3.4(b), showing schematically the chemical free enegies of austenite (green
curve) and martensite (red curve) as functions of temperature. For the equilibrium
temperature T the free energies of both phases are identical. For temperaires
lower than T, martensite is the stable, austenite the metastable phase. #the
martensite start temperature TM the martensitic phase starts to grow by cooling,
associated with the chemical driving force AG‘T\iMM. For a temperature 7 (between
TM and Ty) the chemical driving force AG%, ™ is insufpcient to trigger the phase
transformation. However, the mechanical energy U, which results from applied

stress, can provide the necessary activation energy. Depeling on the activation,

Isee e.g. Guggenheim [1967]. According to Fischer et al. [1994] the work potential pV is replaced
by" o : e, cf. Chapter 2 of this work

17



3 Martensitic Transformations

there is a distinction between thermally and mechanically induced martensite.

A

g

strain-induced

nucleation

stress-assisted
nucleation

™ T
(@) (b)

Figure 3.5: (a) Stress-assisted and strain-induced nucleatin of martensite, see Olson and
Cohen [1972]. (b) Austenitic lattice (green) is transformed to martensite (red
and blue) while the dislocation indicated by " is inherited between the phases.

Concerning the latter which will be focused in the following, there are two
different mechanisms to trigger the martensitic transformation. This can be
seen in Figure 3.5(a), showing the stress dependent transfomation path as a
function of temperature. Below the martensite start temperature 7, the phase
transformation occurs spontaneously at preexisting nucle. At higher temperatures
the stress-assisted nucleation is initiated by the additional mechanical energy U in
the form of applied stress, see the black line in Figure 3.5(3. If the applied stress
exceeds the austenitic yield strength, which is indicated ty an orange dashed line
in Figure 3.5(a), the necessary stress increases less withespect to the temperature
since plastic strain introduces new catalyzing defects leding to a strain-induced
nucleation, see Olson and Cohen [1972, 1976]. Since the plastic deformaions affect
the stresses, plasticity and phase transformations can irgract not only through the
kinetics but also through the stresses. Thus, plastic defamations, resulting from
dislocation movement, which accompanies the martensitic tansformation, play an
important role for the phase transition.

For the model introduced in this work, plastic deformations are taken into
account. Regarding the phase transformation, it is assumedthat the plastic
deformation can be inherited from the austenitic to the mart ensitic phase. The
assumption is motivated by Figure 3.5(b), which shows a disbcation in the austen-
ite. This dislocation is supposed not to vanish due to the phae transformation to
martensite, resulting in a dislocation in the martensitic phase, which is inherited
from the austenite. Furthermore, the martensitic phase is harder, more brittle and
has a higher yield strength than austenite, see e.g. Skorups et al. [2014].

Additionally, microcracks are observed on the microscale & austenitic stain-
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3.2 Driving Mechanisms

less steels. This is illustrated in Figure 3.6, showing a micograph with cracks in
an austenite-martensite microstructure. It can be seen tha the microcracks appear

L SN '4' ‘:“ ‘«‘*_?‘9&1
: | 3 | sl b "‘/i
[ i~.,,, - ,’.T s
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Figure 3.6: Micrograph of microcracks arising in plate-shaped matensite, Marder et al.
[1970].

exclusively in the martensite, both in the transition zone between two plates and
perpendicular to the plate directions. So, obviously the martensitic phase infuences
the fracture process.

In the next chapter a continuum phase Peld model for martenstic transfor-
mations is introduced which considers the above discussedltaracteristics. With the
aid of the model the complex interactions between the different mechanisms on the
microscale of metastable steels are studied.
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4 An Elastic Phase Field Model for
Martensitic Transformations

In this chapter a continuum model for martensitic transform ations is introduced.
The interested reader is also referred to Fischer et al. [199], where the continuum
mechanical aspects of phase transformations in solids are idcussed, giving rise to
different model approaches. In Reisner et al. [1998] the strain induced martensitic
transformation is described via a thermodynamic transformation criterion, while in
Bartel and Hackl [2008], Bartel et al. [2011] the concept of e nergy relaxation is
applied and the evolution equations are derived from inelastic properties. Assuming
an inbnitely sharp interface between the phases the martensic transformation is
micromechanically modeled with the concept of moving boundaries in Cherkaoui
et al. [1998], Cherkaoui and Berveiller [2000]. However, th e numerical realization
of this approach is generally difpcult, e.g. problems arisedue to the tracking of the
interfaces. These can be circumvented by regularizing the dcontinuities within the
phase beld approach, which introduces an order parameter. Tie evolution of the
order parameter is described with the time-dependent Ginzlurg-Landau equation.
Based on Chen et al. [1992] and Wang and Khachaturyan [1997], several phase
Peld models dealing with the martensitic transformation are proposed, differing in
the numerical realization. Jin et al. [2001], Artemev et al. [2000], Ahluwalia et al.
[2004] are exemplary works using fast Fourier transformation for the numerical
solution. Alternatively Pbnite differences e.g. Yamanaka & al. [2008] or Pnite
elements e.g. Hildebrand and Miehe [2010, 2011], Levitas et al. [2010], Yeddu
et al. [2012], Malik et al. [2013], Levitas et al. [2013], Sch mitt et al. [2013a,c] are
applied.

In the following chapter a phase Peld model for martensitic transformations
is introduced, considering the characteristics of the phag transition, which are
outlined in Chapter 3. In Section 4.1, the basic equations ard the model parameters
are given for the one-dimensional case. Subsequently, in Setion 4.2 the parameters
are calibrated for pure iron by comparison with atomistic simulations. Therefore,
the model is extended to two dimensions and implemented into a Pnite element
scheme, which is also discussed brief3y. Finally, in Sectiod.3, metastable austenitic
steels are considered to study the impact of the volumetric eégenstrain, the necessity
of different orientation variants and the inBuence of exter nal loads on the formation
of the microstructure.
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4 An Elastic Phase Field Model for Martensitic Transformatons

4.1 One-Dimensional Model

First, the phase Peld approach is motivated using a basic onglimensional example.
On this basis, the evolution equation of the order parameteris derived applying
a thermodynamically consistent continuum theory. By introducing calibration con-
stants the model parameters are subsequently identibed.

4.1.1 Motivation

In order to introduce the phase Peld concept an indePnitely etended one-
dimensional continuum as depicted in Figure 4.1(a) is considered. The body con-
sists of the phases austenite and martensite, which differ m their crystal structure

and are separated by an interfaceS at + = 0. The present phase is indicated by

an order parameter ¢(z) ( [0, 1], where ¢ =0 corresponds to austenite andy =1 to
martensite, resulting in a discontinuous function

0 x <0
= 4.1
o(x) ) £9%0 (4.1)

which is plotted in dependence of z in Figure 4.1(b). It is often cumbersome to deal
with discontinuities especially regarding the numerical r ealization. The difpculties
can be circumvented by using the smooth interpolation

5 + 6

gp(x):% tanh 2% +1 4.2)

see Hildebrand and Miehe [2010], McFadden et al. [1993]. The plot of this function

¢ A
2 v : ol
[Austenite | Martensite | 1 1
— 2T 27
" z )
x ‘14—,' l>

(@) (b) (©

Figure 4.1: (a) Indebnitely extended two phase one-dimensiond continuum. (b) Discontin-
uous change of the order parameter. (c) Smooth change of the order paameter.

in Figure 4.1(c) shows that the length of the transition zone betweenp=0and p=1
corresponds to the parameter/ since
1 > *9p® 1
# _ - n 2 _x % I H *‘+#:
O(x) = 7 1" tanh 7 7 with

=0

d*-+

(4.3)
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4.1 One-Dimensional Model

Concerning the phase Peld ansatz it is interesting to note tlat Eq. (4.2) solves the
partial differential equation

+ 1,+ ,

M) = Do) o) L w1 (4.9
16 ¥ 3 | 1 ol
" o’ (x)" 5@2(95) + 580(1’) ! §<P#TJU) =0, (4.5)

which can be identibed as the Euler-Lagrange equation

oy, dop
—" 4.6
dp  dzdgt (4.6)
of the variational problem
%$ H$ + ,
- 161 4,1 3

gpdr=0 with F= ddr, =— —¢'" =
'$ 1$ Oé\ 4 &2
(%)

see also Hildebrand [2013]. In Eq. (4.7), the quantity F could be interpreted as
the total free energy of the one-dimensional continuum in Figure 4.1(a), which is
the volume integral of the local free energy density ¢, consisting of a double well
polynomial function f(y) and a gradient term. For this one-dimensional example
the elastic energy is not taken into account. The static prodem can be extended to
moving interfaces, which is shown in the next paragraph.

1
4s0 + ("2, (4.7)

4.1.2 Evolution Equation of the Order Parameter

To consider propagating interfaces, an evolution equationfor the order parameter is
required, which is derived in this section. Therefore, an arbitrary body % as depicted
in Figure 2.1 is regarded. According to the thermodynamically consistent continuum
theory proposed by Fried and Gurtin [1993, 1994], Gurtin [19 96] a microforce sys-
tem is introduced, consisting of the vector stress &, the internal and external (scalar)
body forces 11 and ~, respectively. The microstresses and the microforces obethe
microforce balance in global and local form

* *

&-nda (II+47~) dv=0, div&+ 11+~ =0. (4.8)
o% %
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4 An Elastic Phase Field Model for Martensitic Transformatons

The microforces' account ;or the work associiated with changes in the order paam-
eter . Hence, theterms” £-n ¢ da and ™ v ¢ dv have to be considered for the

OR B
power of external forces P in Eq. (2.25), entering the energy balance in Eq. (2.26)
and eventually appear in the Clausius Duhem inequality in Eq (2.40)

V" oie" €1 p+TIH &0, (4.9)

where the local form of the microforce balance in Eq. (4.8) has been used. Further-
more, the order parameter and its gradient are added to the list of variables of the
Helmholtz free energy v = ¥(e,p,! ¢) and its time derivative can be calculated

accordingly o o "
e '€+8«p¢+8! o P. (4.10)

Inserting Eqg. (4.10) into the Clausius Duhem inequality in Eq. (4.9) yields
+ ) + ’ + )
W, o W o 0

% © t€+ a o 3 ©+ H—i—% $» & 0. (4.11)

Requiring the fulbliment of Eq. (4.11) for any given rates of €, ¢,! ¢ results in the
constitutive relations
_ o i

= = 4.12
and the following remaining inequality
H+g—¢ &0, (4.13)
&7 (
HdiS

with T1% = [1%(e 1 ). According to Gurtin [1996], the most general form of
I1% consistent with Eq. (4.13) is

s =" g, (414)

with the scalar mobility parameter 5 % 0. Choosing a constant mobility parameter
and inserting the above derived quantities

e 0 o

oo =g (4.15)

into the local microforce balance in Eq. (4.8) yields in absence of external micro-

forces (y = 0) " " 5

B¢ = div Mo 9o oy (4.16)

1The forces are designated as "micro" since the change in ordgparameter is associated with atom
conbgurations on the microscale.
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4.1 One-Dimensional Model

the time-dependent Ginzburg-Landau equation (TDGL). It describes the evolution
of the order parameter ¢ to be proportional to the variational derivative of ) with
respect to ¢. Since for equilibrium states ‘5‘” = 0, this equation characterizes the

relaxation towards equilibrium. Inserting the local free e nergy density ¢ of the
one-dimensional continuum given in Eq. (4.7) into Eq. (4.16) yields
5 + : 6
o= g 2 Lo Low (4.17)

3 2 2

where the right-hand side of Eq. (4.17) corresponds to the Euer-Lagrange equation
of the static variational problem in Eq. (4.5) which is solved in Section 4.1.1. Taking
the motivating example of Section 4.1.1 as a starting point, the basic equations of
the phase beld model are given in the following.

4.1.3 Model Parameters

The local free energy density¢ of the one-dimensional continuum depicted in Fig-
ure 4.1(a) is given in Eq. (4.7) in terms of a double well poten tial and a gradient

term 16+1 1 1 £
== o' P+ 4+ (4.18)
o &t %(
lzjsep wgrad

In the context of phase beld modeling ¢/ is also designated as thephase field
potential. In a more general way, the terms in Eq. 4.18 are reformulated us-

ing the phase separation potential ¥ = nsep% f(v) and the gradient energy den-

~ 1 .
sity P’ = 5 figrad G Ly™®. Analogously to the parameter/ in Eq. (4.18), the parame-

ter L appears in both terms. The model parameters are introduced felow. With 5eP
and 199 the evolution equation of the order parameter reads
5 + , O + ,
..oy, o .1 Gof s
¥ = E % a—(p# = E /‘Gsepf% K/gradG L™ . (4.19)
To allow the model to account for stable and metastable states, the double well
function in Eq. (4.18) is replaced by the Landau polynomial

) =D+ agrn B Gt (4.20)
2 3 4
proposed by Yamanaka et al. [2008]. The plot of f() in Figure 4.2(a) shows a local
minimum, corresponding to a metastable state and a global mhimum, correspond-
ing to a stable state. Here, the coefbcientsA, B, C' and D are chosen such that
the local minimum is at ¢ = 0 and the global minimum at ¢ = 1. This models the
metastable phase austenite and the stable phase martensiterespectively. For the
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4 An Elastic Phase Field Model for Martensitic Transformatons

Afl —
G —

‘ > >
0 Prmax 1 @ 0 1
(a) (b)

Figure 4.2: (a) Landau polynomial f(!) with the energy barrier ! e. (b) For a uniquely
debned" i, a symmetric reference state|! f|is necessary.

change of o = 0 to ¢ = 1, the system has to overcome an energy barrier

Ae = f(pmax) " f(0) with  pmax = argmaxf(¢p), (4.21)
©%0,1]

which is indicated in Figure 4.2(a). Since the energy landsape depends on temper-
ature, the coefbcients are temperature dependent, too. Forl" < T, martensite is the
stable phase which is ensured byD =1, B=3A+12and C = 2A + 12. For T > T
the relations D = 0, B = 3A" 12and C = 2A" 12 lead to a global minimum at ¢ = 0.

In order to still be able to control the width of the interface by the parame-
ter L, the calibration constants e, and rgraq are introduced, based on the works
of Cahn and Hilliard [1958], Schrade et al. [2008, 2013]. For the sake of clarity,
only temperatures below the equilibrium temperature 7, are considered since
the procedure for T' > T, is the same. Starting point is an indePnitely extended
one-dimensional continuum consisting of two phases as show in Figure 4.1(a). In

terms of the parameters G, L and the constants ssep, kgrad the global free energy F
of the system reads

£$ £ 4 ,
G 1

F(‘Pa 99#) = ¢<¢a 90#) dr = Hsepff(@) + §/fgradGL(<P#)2 dz. (4.22)
1$ 1$

The approach results in G corresponding to the specibc interface energy >
between the phases, whereX is the difference of the actual free energy of the
system and the free energy of the system for a single phase, peinterface area.
However, the asymmetric Landau polynomial f(¢) results in different free energies
for a single phase, depending on whether austenite or martersite is present.
Hence, for a unique debnition of X, a standard equilibrium state of the phases
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4.1 One-Dimensional Model

IAf(0)| = 1f(e)" g(p)] with g(¢) = 1" ¢ is dePned? The plot of the functions
in Figure 4.2(b) shows that |Af| is a symmetric function with two equal minima.
For small values of A, there is an intersection of f and ¢ so that the absolute
value of Af is used to ensure minimal values of|[Af| = 0 for ¢ = 0 and ¢ = 1.
However, this adjustment implicates slightly inaccurate results for small values of A.

With the symmetric reference state |A f| taken into account, the specibc interface
energy of the system can be uniquely described

®$ + *$

G 1 ' o
Eif = Iisepf|Af((‘D)| + §I€gradGL(g0#)2 dl‘ = Zp d.I (423)
3 1$
Since a one-dimensional problem is considered, the interfaze area does not appear

in Eq. (4.23). For equilibrium states, X is minimal such that the Euler-Lagrange
equation can be applied on the integrand® in Eq. (4.23),

y M
e @#—ﬂ —0, (4.24)
O
G 1 s 1 8 o Ksep a1
"isepf|Af| ! Eli(‘ljradGL(So#)2 =0 " ¢'= z 2 %|Af| (4.25)

In analogy to Section 4.1.1, where the length of the transition zone is given by the
parameter /, Eq. (4.25.2) is evaluated for the position of the interface = = xj which
is dePned with z := {z | p(z) = 0.5} and equated with 1,

d@% 18 K 1
bl SR vsep AN
ZTif

In a second equation the parameterG is identibPed with the interface energy
*$ *1

y 3 3 |
Yif = Y dr =G 2KsepFgrad |Af| dp=G, (4.27)
1$ 0

where Eq. (4.25.1) has been inserted to calculatez/? while the integral is transformed
using Eq. (4.25.2). To calculate the calibrations constans xsep and rgrad, EQ. (4.26)
and Eq. (4.27) are recast,

9 ;o2

*1

1. 3_
Kgrad = 2f‘isep|Af(90($if))|a Rseplgrad = 5 : |Af| d§0< ) (4-28)

2For T > Ty, the function g(! ) = ! has to be considered.
3Since 'U does not explicitly dependent on z, the Euler-Lagrange equation can be written in the
stated way, cf. Margenau and Murphy [1965].
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4 An Elastic Phase Field Model for Martensitic Transformatons

resulting in the calibration constants
9 vl

3 "3 ® A
. P\Tif
ksep=- 2 |Af(p(zit))] |IAfldp< ,  Kgad = 73 VL (4.29)
0 \Af‘ de
0
which depend on the Landau polynomial f ().
YA Zif/%‘
1 ] m
s
- A=238
05 with KRsepsRgrad
A=211 = without Ksep,Fgrad
| 0.2 - G:o.gsiz
O " N » m ’
520m - 176.5 z/nm 2 10 A
(a) t=1.825ns (b)
ol A
18 — |vy
=9.7 10
A=211
Y 2
O T3 1765 2 2 10 >
20 "_‘_‘T‘ : 11.4 nm 5 r/nm A
(c) t =1.825ns (d)

Figure 4.3: Plot of ! (x) for different values of A, (a) without and (c) with considering #sep,
#grad- (D) Interface energy density in comparison with G. (d) Interface velocities
depending on A.

To illustrate the impact of the calibration constants, the evolution equation (4.19)
is solved for a one-dimensional continuum consisting of two continuous phases
(cf. Figure 4.1(a)) with a length of 176.5 nm, using the parametersG = 0.96 -,
L = 10 nm and the mobility constant 5 = 0.23855. Isothermal conditions are
assumed whereT < T, such that martensite is the stable phase, and thus, the
interface propagates to the left. Indicating the interface position for ¢ = 0 with
a solid black line, Figure 4.3(a) shows the resulting interface proPles y(z) at

t = 1.825 ns for A = [2.8, 9.7, 21.1] where the calibration constants rse, and rgrad
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4.1 One-Dimensional Model

are not considered? The interface width increases with a decreasing coefpcientA.
Additionally, the purple curve Figure 4.3(b) shows that the specibc interface
energy Y calculated according to Eq. (4.23) is varying strongly for the different
values of A. Since the interface energy is a material parameter it shoutl be con-
sidered as input data of the model, which is difbcult to realize with ¥ depending
on the coefbcient A. Similarly, the interface width should be known, especially
when the problem is solved numerically using the Pnite element approach, which
requires to resolve the interface region by several elemerd. For the results shown
in Figure 4.3(c), the calibration constants are calculated according to Eq. (4.29).
Despite the wide range of A this leads to almost constant values of the interface
width which corresponds to the parameter L. Furthermore, Figure 4.3(b) indicates
that interface energy (orange curve) bts the parameter G (black curve). This
behavior is not unique to the given parameter set and can alsobe observed for
different choices of the parametersL and G.

4.1.4 Interface Velocity

With the parameter L describing the interface width, an approximation of the int er-
face velocity 7 can be calculated making use of the chain rule

% do doyy 1, - %
— - —Tj " i = L 4
()0 Tif dxn‘ dt fo i 90 Zif ( 30)
where J is evaluated using the evolution equation (4.19) with @% =05
Tif Tif
= >
7.1 Gof o,

SRR Y ST sy G
3 0

& —

2

In Eqg. (4.31) the second term in brackets is neglected with reference to the analytical
solution in Eq. (4.2). Inserting ¢ = 0.5 into the derivative of the Landau polynomial

with respect to the order parameter yields g_:; =. 2 independent of A because
0.5

©=0.
of the temperature dependent debnitions of the coefbcientsB and C'. The negative
sign holds for T' < Ty, the positive sign for for 7' > Tj. This results with Eq. (4.30.2)
in the interface velocity

?
@ " §HsepG T <T,

2 p
B = . (4.32)
5 6 T >1T,

4The plots of the Landau polynomial f(! ) for the corresponding values of A can be seen in Fig-
ure 4.9(a) designated with 7'= 100 K, T'= 300 K and 7" = 500 K.
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4 An Elastic Phase Field Model for Martensitic Transformatons

The sign in Eq. (4.32) is in accordance with the results in Figure 4.3(c), where the
interface propagates in negativez-direction for 7' < Tj.

Alternatively, the interface velocity of a phase Peld model can be calculated
using configurational forces, which were originally introduced by Eshelby [1951].
Within the theory of conbgurational forces, driving forces on material inhomogen-
ities are derived by energetic considerations and thus can b applied to analyze
material defects. For more detailed informations the reader is referred to textbooks
on this topic, e.g. Kienzler and Herrmann [2000], Gurtin [20 00], MYller [2005].

In Kuhn [2013], the concept of conbgurational forces is extensively discussed in
the context of phase Peld modeling, providing a better insight into the energetic
driving mechanisms of the evolution of the phases. Here, theapproach is picked up
to calculate the interface velocity and hence is brieRRy introduced. Differing from
EshelbyOs approach that is described e.g. in Kanninen [19F0n this work instead
of the elastic energy density, the phase beld potential) is considered. The phase
Peld potential is assumed to depend on the order parametery, its gradient ¢* and
the location of the interface =™, i.e. 1) = ¢ (¢, ¥* 2'"). Furthermore, the free energy
does not depend explicitly on = since no inhomogeneities are considered. Thus,
differentiation of ) with respect to x yields

+ vy T ' #
O 4 O O Ny O 7 0Ty

# if\# ow
Vg g o e T g g

) o’ o't o .
Y = % a_i; o+ a—i& +a—$f(:p'f)# with Eq. (4.19.1)

+

. o't
#__n # if\#
Yr=" ppy"+ g0 + o (™)™ (4.33)

Equation (4.33) may be rewritten as the configurational force balance

¥4+ g=0, with S =q¢" a—w#go# and g = ¢p*" a—w.(a:if)# (4.34)
Op o' wIu
—g¥s = 4f

where ¥ is the generalized Eshelby stress and g the generalized configurational volume
force for this one-dimensional setting. To calculate the interface velocity for the one-
dimensional continuum in Figure 4.1(a) according to Kuhn [2 013], the dissipative
part of the conbgurational force is dePned as
*$ #$
GIs=  "giSdr = " B da. (4.35)
$ 1$

The phase transition is described by the smooth approximaton of the inter-
face ¢(x,t), which is assumed to propagate unchanged with its initial proble ¢y,
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4.2 Phase Field Model for Multivariant Martensitic Transformations

i.e. o(x,t) = po(x " I(t)), with I(t) describing the interface position at time ¢, see
Figure 4.4. Computing the time derivative

. _ ng _ d " d " o Hn H#e

Pz, t) = a - &‘P(I l(t))&(ﬂﬂ I(t) =" ¢l :=" ¢y, (4.36)
yields after the multiplication with " 3¢*and subsequent integration over the length
of the one-dimensional continuum
Gdis
Tif = vif = 3

Bl de

1$

(4.37)

When the phase Peld problem is solved, all quantities in Eq. 4.37) are known and
the interface velocity can be computed easily. Alternativdy, this could be done more
costly in the course of post processing by tracking the inteface position.

i \
1 4
051 ﬂ» o(,1)
' wo(o)
i i >
T x(t) x

Figure 4.4: The initial interface proble ! ( is assumed to propagate unchanged through the
beam.

In Figure 4.3(d) the approximation of the interface velocity |¢"|, calculated
according to Eq. (4.32) (orange curve), and |v"|, which is determined using the
dissipative part of the conbgurational forces according toEq. (4.37) (black curve),

are plotted with regard to the coefbcient A. It can be seen, that|o| and || are in
good agreement, conbrming properly chosen calibration corstants. For both curves
the interface velocity increases for a decreasing coefbci@ A, which corresponds
to a smaller energy barrier (cf. Figure 4.9(a)). In the next step, information from

atomistic simulations is included to calibrate the mobilit y constant 5.

4.2 Phase Field Model for Multivariant Martensitic
Transformations

In this section the model parameters are determined accordng to results from
molecular dynamic (MD) simulations. In a brst step this is done for pure iron.
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4 An Elastic Phase Field Model for Martensitic Transformatons

In the future, the MD simulations will be extended to iron-ca rbon systems, where
eventually further alloying elements will be considered and material parameters
for metastable austenitic steels could be deduced. This thsis proposes a general
approach to calibrate the mobility parameter g using information from atomistic
simulation of pure iron according to the work of Schmitt et al . [2013c]. The model
equations, which are extended to the two-dimensional case,are discussed in Sec-
tion 4.2.1 followed by the numerical implementation with bn ite elements in Sec-
tion 4.2.2, based on Schmitt et al. [2012, 2013a]. In Section 4.2.3 the parameters
are determined with the aid of MD simulations, while in Secti on 4.2.4 the impact of
an external load on the evolution of the martensitic phase istouched briel3y.

4.2.1 Model Equations

In order to enable the cooperation with atomistic simulatio ns, the one-dimensional
model is extended to two dimensions. To write the model equations more generally,
two martensitic orientation variants are considered. Thus, a second order parameter
is introduced, where ¢; = 5 = 0 for the austenitic phase andy; = 1 for the brst and
w9 = 1 for the second martensitic variant. Including even more martensite variants
is straightforward, cf. Schmitt et al. [2013c]. As far as possible, ¢; with ¢ = 1,2
is used instead of p; and ¢, for the sake of clarity. In Section 3.1 the crucial role
of the elastic energy in the context of the martensitic transformations is discussed.
It is therefore included in the local energy of the system and the linearized strain
tensor € enters the list of variables

v(e,wit i) = Wie,gi) + (0 ) +4°() (4.38)
with iC_, D cC. . D
Wi(e, p:) = 5 € e (pi) 1 C(pi) €" gylpi) - (4.39)

The elastic energy density W considers the transformation-induced eigen-
strain €°(y;) which arises due to the crystallographic misbt of the austeritic and
the martensitic phases. The eigenstrain tensok’ and the elasticity tensor C depend
linearly on the order parameters ¢, ¢

(01, 02) =10 + e, Clpr,2) = Ca+ ©1(Cu, " Ca) + ¢2(Cw, " Ca).
(4.40)
With the lattice parameters known from MD, the eigenstrain ) of the martensitic
phases is calculated using the Bain model. Assuming plane &tin conditions, the
eigenstrain tensor of the prst variant results from the geonetrical relations in the
x-z-plane of Figure 3.1. A rotation of the coordinate system in Fgure 3.1 by 90
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4.2 Phase Field Model for Multivariant Martensitic Transformations

yields eigenstrain tensor of the second variant,

- 0 T e 0
2apcc Afec 0 Gbeec  Yfec 0
0 . Qfec 0 . Afec
g =" , €9 =" ' . (4.41)
! 0 Qpee " Qe ! 0 2apcc " Gfec
Gfcc Ufcc

In Eq. (4.38), the gradient term and the separation potential for the two-
dimensional case read

rad 1 = 2 se G
P9 = B) Kgrad G' L I il PP = Iisepzf(@i), (4.42)

=1

with the Landau polynomial f(¢1, ¢2) extended to two martensitic orientation vari-
ants

$ B# $ ot $

A# n
flpr,02) =D+ 5 o1 + ¥ 3 o5 + o5 + 7 o1+ 5 . (4.43)

Figure 4.5: Landau polynomial f(! ;)= f(! 1,! 2)

The plot of f(p1,p2) in Figure 4.5 shows two absolute minima of value 0 at
(1,0) and (0,1) corresponding to the stable phases forT" < Ty, the brst and the
second martensitic variant, respectively. The local minimnum of value 1 at (0,0)
corresponds to the metastable austenitic phase. Thus, the mergy landscape of the
separation potential ensures that in each point only a singke phase occurs.

To describe the evolution of each order parameter, two TDGL eguations are
necessary, where the variational derivatives of the phase bld potential ) in
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4 An Elastic Phase Field Model for Martensitic Transformatons

Eq. (4.38) with respect to ¢, and ¢, yield

+
w OO ) ow, G KRsep of .

Pei=" 50" aa L o,

Since the elastic energy density enters the phase beld potdral ¢/, the mechanical
gquantities come into play. These have to satisfy the balanceof linear momentum in
Eqg. (2.22) which reduces to the equilibrium condition

divo =0 (4.45)

for the Cauchy stress tensolo if inertia effects and volume forces are neglected. The
stresses are given by the constitutive relation in Eq. (4.13 with

B, # $
= 8_1:; =C(p:) €" 53(%’) - (4.46)

o
Since C and €° depend on the order parameters, Eq. (4.44) and Eq. (4.45) regresent
a coupled non-linear time dependent boundary value problem. It is completed by
the boundary conditions for the stresses and the displacemats

on =t on 9V, (4.47)

u=u on 9dV,, (4.48)

while concerning the order parameter
& =0 on 9V, with & -n=¢ (4.49)

is considered. The micro stresses; in Eq. (4.49) are debPned according to Sec-

. . 0 .

tion 4.1.2 with &, = 8'—w = kgrad G L! ;. To solve Egs. (4.44), (4.45) the Pnite
C P

element method is employed, where the numerical implementation is discussed in

the following section.

4.2.2 Numerical Implementation

In the literature, several approaches are proposed to solvehe beld equations of a
phase beld model for martensitic transformations. Chen et & [1992] and Wang and
Khachaturyan [1997], who introduced the Prst phase Peld models for martensitic
transformations, used the fast Fourier transformation (FFT) formalism, which was
also used in numerous further works, for example Jin et al. [2001], Artemev et al.
[2000], Ahluwalia et al. [2004]. Under certain circumstanc es, e.g. the mechanical
equilibrium can be solved very efbciently in Fourier space,see also the work of Hu
and Chen [2001]. However, for considering complicated boundary conditions or
complex material laws, especially with phase dependent maerial properties, the
Pnite element method is more Rexible. In the context of phasebeld modeling of
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4.2 Phase Field Model for Multivariant Martensitic Transformations

the martensitic transformation it is applied for example by Hildebrand and Miehe
[2011], Levitas et al. [2010], Yeddu et al. [2012], Malik et a |. [2013], Levitas et al.

[2013], Schmitt et al. [2013a]. Another alternative to solv e the Peld equations is
the Pnite difference method, see e.g. Yamanaka et al. [2008]

In the present work the bnite element approach is employed, where this subsection
summarizes the most important details concerning the numeiical implementation

of the model introduced above. For further background information on the Pnite
element method the reader is referred to various textbooks eg. Hughes [2000],

Zienkiewicz and Taylor [2000], Wriggers [2001].

The phase Pbeld model is implemented into the Pnite element cde FEAP with
the displacementsu and the order parameters ¢, and ¢, as nodal degrees of free-
dom. Starting point for the numerical implementation are th e beld equations {@.44)

and (4.45) with the corresponding boundary conditions. The scalar product of
the beld equations with arbitrary test functions du and d¢; and the subsequent
integration by parts over the volume V' of the computation domain yields the weak

formulation of the problem

1 T, _ Lt
g/ﬂ_éLQ._.o(' dv= du-t da, (4.50)
v be: o W
and
) > +8W 0 0
"0 B+ pi - €+ O 7y g e / dv=0, with i=1,2.
1%

(4.51)
For the spatial discretization the continuous volume V' is divided into N, finite ele-
ments, each of them occupying a domain(2,

V- V= Q. (4.52)

whete the element size corresponds to the mesh parameteh. The assembly opera-
tor describes the assembly of the system. According to théoparametric concept,

the nodal degrees of freedomu, ¢; and the geometry x are approximated element
by element by the same shape functionsV; of node I, where ng is the total number

of nodes per element,

Bel el el

u"=  N;u,, o= Nrgy, x"=" N;%,. (4.53)
I=1 I=1 I=1

In Eqg. (4.53) the approximated quantities have a superscrig ()" while nodal quan-

tities are indicated with a superposed hat (-). The shape functions, which interpolate

35



4 An Elastic Phase Field Model for Martensitic Transformatons

Figure 4.6: Isoparametric quadrilateral four-node element.

between the nodal values, are debned on a reference elemert, in a r-s-coordinate
system. In this work quadrilateral elements with ne = 4 and bilinear shape functions

1# $# $
Ni(r,s) = 1 r2+rmr $2+ 858 (4.54)

are used wherer; and s; are the local coordinates of node I corresponding to the
right-hand side of Figure 4.6. Details on the computation of shape functions and
derivatives can be found in any textbook on the Pnite element method, see for
example Hughes [2000], Zienkiewicz and Taylor [2000], Wrig gers [2001].

With introducing the two-dimensional differential operat or matrices

- 0
Nio 0 H N I
BY=] 0 Ny, and BY Nl’g” , (4.55)
NI,y NI T T
the discretizations of the gradient quantities read
el el el
e" = Bru,, !_SDh = Bfyi; O §f = KgradG L B7 ¢i;. (4.56)
I=1 I=1 I=1
In Eq. (4.56) Voigt notation is applied for e and &, i. e.
€= (gzza Eyys 2€xy)T7 §i = ngadGL ((p@% Spi-,y)T7 (457)
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which is marked by the underline. The test functions and their gradients are dis-
cretized accordingly

el Bel
6_uh: NI@I7 6_€h: i? 50]7

I=1 I=1

- - (4.58)
Spl = Ni8py, | §pt = B 6p

I=1 I=1

Applying the discretizations in Egs. (4.53), (4.56), (4.58) to Egs. (4.50),(4.51) al-
lows constructing the approximations of the global weak forms by assembling the
equations of all elements

- 0
* *
Fe el # )
5_uh$T/ " BYY ' e"dv+  Nitda2 =0 (4.59)
e=1I=1 \ 0l e( 0
% __° &' (
R
- 0
* * * +
Fre e oW of’
ool NBptdvt  BY Tehdv" N, G Fisep OF dv2 = 0.
=111 \ \ ' ot L d¢;
00 __° e &"° (
R,
(4.60)

The terms in squared brackets in Eq. (4.59) and Eq. (4.60) deme the element resid-
uals of node I

* *
RY, =" (BY) o"dv+ Nt da (4.61)
0! (0!t
!*e % " + .
. A ow of’
RY =" Nggtde" B et N, Lol g a62)

8%; L 84,01

le le l e

To obtain the element residuals R, the corresponding nodal residuals are combined
in a vector. For the quadrilateral element with ne = 4, it reads

- 0
Re,l H |
"R R
R, = —S’Qi with R, , = —°f | 4.63
—e ] Re’?’ el Rf;l] ( )
REA
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As Eq. (4.59) and Eq. (4.60) must hold for arbitrary test functions the terms in
squared brackets have to vanish, leading to theresidual equation

R{d,d)= R.=0. (4.64)

In Eq. (4.64), R =R(d, EI_) is the global residual vector which depends on thenodal
degrees of freedom given by the global vector

- d, 0 H |
N o % ) - Uy
d=7 : with d, =~ , (4.65)
- Pix
dy,
where the subscript K =1, ..., N, is the global node number.

In order to solve the residual equation (4.64) in each time step for d, d an im-
plicit time integration scheme is used. The discretization in time according to the
backward Euler method yields for the time step ¢,, the relation

_dyn " d,
=== (4.66)

Q-

where d(t,) is abbreviated with d,,. For computing the solution d,, . ;, the Newton-
Raphson method is applied which requires the linearization of the residual equa-
tion (4.64)

~ 2 ~ 2 g ¢ m) ~(m
R™(d, d) - 3<m>(d,d)+wé Ad™ =0, (4.67)
where the superscript (-)'™ denotes the iteration step of the Newton-Raphson

method. For the sake of clarity the time step index (-), is suppressed for not
converged values. Quantities without the iteration superscript (-)™ represent con-

. y OR (d,d)4™
verged values. With the dePnition of the system matrix S™ =" —({T’ the
equation, which is solved, reads B

smad™ =R @™, dom). (4.68)
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while the solution is obtained by the subsequent algorithm

d(O) _ dn
sove R™ =smag™ ’ (1)

Tt alm e untl R@TT)&TOL  (4.69)
update d =d "+ Ad

0 dnJrl = d(m+1)

Because the residualR depends onél_, d the chain rule applies for the system ma-
trix S

~ ~

SAd = R <d>Aa " 63@ G Ad, (4.70)
ol ( ondd (o8
"K "D -
At

S=K_ +EQ (4.71)

Within the Pnite element scheme thestiffness matrix K and the damping matrix D
are calculated on the element level. The entries of theelement stiffness matrix K ;;,

are given by

uu Upq Upgy
K K[Je K—IJe

OR ; —lJe .
Koe="L o] K§U K§2 K223, with 1,7=1,2.ng (472)
agJ K p2U K P2p1 K w2p2
—J1Je —=IJe —IJe

where the matrix entries are calculated with

hon g0 (4.73)
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as follows (for i,7 = 1, 2)

*

83? e T
K—?ie - agJ, - (—?) QQ; dv
aRU !*e | n
Kif=570= B) alval Nay
iJ
OR? * ! "
Kin=—7:"= N, &'+a" Bjdy
U,
or7 "
o R7. , .
KP = o= rowiGL (BF) B do
*!e +# $I‘! n Gan,
Ni E? £?7h+2i? +Ksep337(,03 Njdv
R Yt 4 $ 2
. Ry ~ G f "’
K9 = —Le = N, g0 e+l +elaghh bl Nydv (i # 7).
LAN % 2%; 1 O; & TE; +E;0; +/<vsepL Beip; sdv (i # )

The symmetry of the stiffness matrix arises due to the underying variational princi-
ple. Furthermore, the entries of the element damping matrix D ; ;. read
- 0

. 0 0 0 0
LRy, 0 0 0 0 i 0
= 1Je — - = )
: 1 0 0 BN/N 0
od, . BNIN (4.74)
0 0 0 BNIN;
with I,J=1,2,.. ng.

Using Gaufs quadrature the integrals over the element domains are solved nu-
merically in the parameter space of the reference element().. This requires the
transformation of the integral
* *1 %1
G(x)dv =

le 11

G(r,s)det J .(r, s) dr ds. (4.75)
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The Jacobian matrix J . links the line elements of the physical coordinatesx to the
line elements of the r-s-coordinate system

- 0
H I g_x % H I
. T S
N ; i N (4.76)
NI,S a_l' @ Nl,y
04 87’&- 85 (
Je
For the numerical integration Eq. (4.75) is approximated wi th
*1 %1 B e B
G(r,s)detJ .(r,s) dr ds - G (1, sq)det J o(ry, sq)w, 4.77)

111 q=1

where w, are the weights and r,, s, are the coordinates of the Gaussian points to
evaluate the term.

4.2 3 Input Parameters of Pure lron from Atomistic Simulations

In the following, the parameters for the implemented phase beld model are cho-
sen, based on the results of the atomistic simulations of pue iron for two different
temperatures 77 = 100 K and 7; = 1300 K. Due to the potential which is applied for
the MD simulations the equilibrium temperature 7, = 825 K is considered. Hence,
Ty is far away from both 77 and 75. For the determination of the parameters only
a single martensitic orientation variant with the order par ameter ¢ is used, as the
atomistic simulations do not distinguish between different martensite variants. With
the atomic volumes given by MD for austenite and martensite,the lattice constants
can be calculated due to the cubic crystal structures of bothphases. For simplic-
ity, the considerably small temperature dependence of the @aomic volumes is ne-
glected. With the lattice constants, the eigenstrain tensa < is determined according
to Eq (441) with H |

Lo 10221700 . 4.78)

0.0 0.1007

Using the elastic constants of the austenite- and martensg-lattices resulting from
MD simulations, effective LamZ parameters are calculated n agreement with
Pimpinelli and Villain [1998]

_ 1 1
A= g(Cu +4C1" 2Cs3), T = 5((@11 " Cia + 3Cs;3) (4.79)
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4 An Elastic Phase Field Model for Martensitic Transformatons

which eventually yield the effective isotropic elasticity tensors in Voigt notation for
the austenitic and the martensitic phase, respectively,

- 0
221880 149840 0

C,=17 149840 221830 0 3 MPa,
0 0 36 030
0

292700 106250 O
Cy =1 106250 292700 0 % MPa
0 0 93220

The characteristic interface energy density is calculatedatomistically by Wang and
Urbassek [2013] with G = 0.96 # The parameter L = 10 nm, is chosen sufbciently
large, such that the transition zone can be resolved by seval elements. In order to
determine the coefbcients A, B, C and D of the Landau polynomial in Eq. (4.43),
the energy per atom is evaluated for the states the atom occupes during the
martensitic transformation with MD simulations for 77 = 100 K and 75 = 1300 K.
These data are plotted in Figure 4.7, (black crosses) with the order parameter ¢ on
the abscissa. The curves are normalized, such that the ordiate-value f = 1 for the
local minimum. Thus, the black curve resulting from MD simul ations corresponds
to the Landau polynomial in Eq. (4.43) with ¢, = ¢, ¢o = 0. Using least-square
method (orange curves in Figure 4.7), the coefbcientsA, B, C' and D are deter-
mined. For 7} = 100 K (71 < Ty) the coefpcient D = 1, while the orange curve in

A A
fle) xxx  MD-data (normalized)

xxx MD-data (normalized) f(p)

(a) T =100 K (b) T =1300K

Figure 4.7: Normalized energy barrier resulting from MD (black crosses) with Landau poly-
nomial f(! ) (orange curve).

Figure 4.7(a) yields A = 2.8. The relations B =34+ 12 =20.4,C =2A+12=17.6
ensure the local minimum at ¢ = 0 and the global minimum at ¢ = 1, which
corresponds to the metastable phase austenite and the stabl phase martensite,
respectively. The calibration constants are calculated acording to Eq. (4.29) with

Ksep = 2.637 and kgaq = 1.450. In order to determine the mobility parameter 3,
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4.2 Phase Field Model for Multivariant Martensitic Transformations

these input data are used to simulate a two phase continuum wth a length of
176.5 nm, discretized with 200 uniform elements in horizontal direction. The initial

)
N e .

(@) T, =100 K, £ = 1.125ns (b) t=0ns (c) T, =1300K, t =1.125ns

Figure 4.8: Interface motion of a two-phase beam (green: austenite red: martensite).
(b) Initial conbguration. (a) 7; =100 K. (c) T> = 1300 K.

conbguration can be seen in Figure 4.8(b): The left half of the beam is austenitic,
depicted in green, the right half martensitic, depicted in red. The boundaries of
the computation domain are stress free i.e. no external load are applied. To avoid
the rigid body movement, the bottom left corner is bxed in both the horizontal
and vertical directions, and the bottom right corner is bxed in vertical direction.
For 77 = 100 K, Figure 4.7(a) indicates that martensite is the energetially more
favorable stable phase. Concerning the energy of the initid conpguration depicted
in Figure 4.8(b), the eigenstrain ° of the martensitic phase increases the elastic
energy of the system while austenite has a contribution resuting from the separa-
tion potential +°¢P. Additionally, the interface between the phases contributes to the
gradient energy density 192, Hence, the system minimizes the global total energy
by shifting the interface continuously to the left, where th e eigenstrain within the
martensite leads to a slightly curved interface (see Figure4.8(a)). For the Pbnal
state, a purely martensitic material, the total energy densty » = 0. There is no
contribution to the gradient energy density /9 since there is no interface. In all
points the order parameter o = 1 such that the separation potential 1/°** = 0 all over
the computation domain. Furthermore, for a purely martensitic beam, the eigen-
strain is compensated on the macroscopic level, leading tohe elastic energyiV’ = 0.

The velocity of the propagating interface is calculated acording to Eq. (4.37)

where the discretization of the conbgurational forces is discussed in Kuhn and
MYller [2010], Kuhn [2013]. In this context, the comparison of the result obtained

by Eq. (4.37) and the interface velocity derived by tracking the interface has
ensured that the inBuence of the interface curvature is negigibly small. The

interface velocity is scaled by the mobility parameter g, which is in Eq. (4.44)

indirectly proportional to the time derivative of the order parameter ¢. In the next

step, the mobility parameter j is calibrated such that the interface velocity v of
the simulation is in accordance with the interface velocity given by MD simulations
uf® = 24.2 . This is the case forg = 0.238 13,

This procedure is repeated for the temperature 7, = 1300 K (7> > T,). The

energy per atom during the martensitic transformation is indicated with black
crosses in Figure 4.7(b). It shows, that for 7, = 1300 K austenite is the stable
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4 An Elastic Phase Field Model for Martensitic Transformatons

and martensite the metastable phase. The orange curve in Figre 4.7(b), result-
ing from the least square method, yields A = 11.81 while for 7, > Ty D = 0,
B =3A" 12 = 2343 and C = 2A" 12 = 11.62. According to Eq. (4.29) the
calibration constants are determined with rsep, = 2.164 and kgag = 2.408. With
these input data, again the two-phase beam, shown in Figure 48(b), is employed
as initial conbguration with no external loads applied. Using the same mobility
parameter g = 0.238 % than for the above simulation (for 7; = 100 K), the result-
ing interface velocity for 7, = 1300 K is vy = 29.33 7. This value bts the velocity
obtained from MD simulations v}!® = 26.0 7, which is interpreted as veribcation
of the mobility constant 5. As a result, for this simulation the mobility constant /3
hardly depends on the temperature.

Due to this bPnding a temperature dependent phase Peld poterial for pure
iron is introduced. Atomistic simulation results provide t he energy per atom for the

fA 00K (4=2L1) == 100K |/mA v ; AA
300K (A=97) =- 1100K 5] = Ae : ‘
100K (A=28) =- 130K i
! 20 !
) :
10 !
ol :
. - > N\ ~_ >
0 1 © 200 600 T; 1000 T/K

@ f(*) (b) ! e(T), [vil

Figure 4.9: (a) Landau polynomial f for different temperatures. (b) Interface velocity and
energy barrier as functions of temperature.

transformation path for several temperatures. Using thesedata the coefbcients A
and D in the Landau polynomial f in Eq. (4.43) are introduced as functions of the
temperature 7T such that f can be calculated for a givenT'. Details concerning the
determination of these functions are given in Schmidt [2015]. In Figure 4.9(a),
the Landau polynomial f is plotted for some selected temperatures?. It can be
seen that the energy barrier Ae increases when 7T approaches the equilibrium
temperature at 7, = 825 K. With increasing distance to 7, the energy barrier gets
smaller. This can also be seen in Figure 4.10, wheref is plotted in dependence of
both 7" and the order parameter . The relation between the energy barrier Ae and
the temperature is clariPed by Figure 4.9(b), where the purple curve showsAe as
a function of 7'. Since for the equilibrium temperature 7T there is no spontaneous
phase transition the energy barrier Ae achieves a very high value. To evaluate the
inBuence of the temperature dependent Landau polynomial f (¢, T') on the interface
velocity, the two phase beam, depicted in Figure 4.8(b), is mnsidered and v is

44



4.2 Phase Field Model for Multivariant Martensitic Transformations

Figure 4.10: Landau polynomial f(! ,T).

calculated for several temperatures. The resulting orangecurve in Figure 4.9(b)
shows the absolute value ofv; as a function of 7° which is in agreement with the
purple curve in Figure 4.9(b): A high energy barrier leads to a low interface velocity
and vice versa. Hence, the energy barrier is an important feéure characterizing the
phase transition.

4.2.4 External Loads on a Two-Phase Beam

The material parameters derived for pure iron at 7' = 100 K are used to examine
the correlation between an external load and the interface velocity. Therefore, the
beam with the initial conbguration depicted in Figure 4.8(b ) is considered.

The eigenstrain ° according to Eg. (4.78) corresponds to pressure in hori-
zontal direction and tension in vertical direction. When th e eigenstrain €° is
supported by applying pressurec? = " 23 MPa in horizontal direction of the beam,
the interface velocity |v;| = 25.1 % is higher than with no load applied (see above
|| =24.27T). In analogy, applying tension o2 = 23 MPa in horizontal direction,

SFor T < Ty the interface propagates to the left resulting in a negative sign of v;.
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)
AT [T e o
T
(8 t=1.125ns (b) t=1.125ns (c) t=1.125ns

Figure 4.11: Interface motion for a two-phase beam with external load, green: austenite,
red: martensite.

which works against the eigenstrain ¢°, leads to a lower velocity |v¢| = 23.3 T.
Thus, depending on the eigenstraine’, external loads affect the interface velocity vj.

In the following, the inRuence of the transformation strain &° is studied more
detailed. Since the focus of this work is the material behavour of metastable
austenites, the material parameters of AISI 347 are taken irfo account. For future
work, the cooperation with MD simulations is promoted. The proposed proce-
dure could be repeated with considering further alloying elements for atomistic
simulations such that the material parameters of steel are gproximated.

4.3 Metastable Austenites

The mobility constant 5 = 0.238 m—f' which is calibrated in the previous section
for pure iron, is used to investigate the processes on the mimlevel of metastable
austenitic steels. Here, temperatures below the equilibrum temperature are fo-
cused. Due to the cooling with carbon dioxide snow during the process of cyrogenic
turning a maximum temperature of the workpiece of about 7" = 350 K is obtained.
This is far away from the equilibrium temperature 7, of AISI 347 which lies be-
tween 800 K and 1200 K. Concerning the coefbcients in the Landau polynomial in
Eq. (4.43) this yields D = 1. So far, for AlSI 347 no data from atomistic simulation
are available. The valueA = 5.16 is chosen which corresponds to the energy barrier
of pure iron for about 7" - 175 K. With A = 5.16, the coefbcients B and C' can be
calculated with B = 34 + 12 = 27.48 and C = 2A + 12 = 22.32. Using Eq. (4.29)
the calibration constants are determined with rsep = 2.114 and kgrag = 1.474. Hence,
the parameter L = 3.5 nm controls the width of the transition zone. In comparison
to the material parameters of pure iron, a smaller value is chosen since the model
should be able to resolve the Pne microstructures of austeriic steels. Furthermore,
the parameter G = 0.1 % corresponds to the interface energy density. This value
lies within the range of the free energy densities of other phase beld models, e.g.
Schrade et al. [2009]. For the elasticity constants of austenite, the values of the
comparable mono-crystalline AISI 316 according to Ledbeter [1985], Skorupski
et al. [2014] are applied where the coordinate system of the proposed tensor is ro-
tated by 45 . Quantities of the rotated coordinate system are indicated with (-)".
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Martensite is assumed to be ten percent stiffer than austerte

- 0
2.87 053 0
Cp=1 053 287 0 310° MPa,  Cy =1.1C,. (4.80)
0 0 117

Two different martensitic orientation variants are consid ered by using the order
parameters ¢, and p,. For the eigenstrain tensors of the two variants, Yamanaka
et al. [2008] propose
H I H I
evy "0.1 L0 evy 0.1
9=

"0.1 &0 ’ 0.1 &, 7

vol vol

(4.81)

el =

where Yamanaka and coworkers assume(,, = 0. Rotating the coordinate system of
the eigenstrain tensor by45  yields

H | H |
o eh 401 0 o eh 0l 0

vol vol

‘1 = 0 R S B 0 0401 (4.82)

vol vol
The volumetric eigenstrain ), is specibed below. For the simulations in this section
the rotated ()" -coordinate system is used for the eigenstrain- and elastiity tensors.

The eigenvalues for the eigenstrain tensor in Eqg. (4.82) aregiven in Eq. (3.5)
while the eigenvectors coincide with the coordinate axes inFigure 4.12. This results
with Eq. (3.3) in the habit plane normal directions for an aus tenite-martensite-
interface

- 3700 - 3700
1 " 0.14+¢ } 1 + 01" ¢
nG=t—/ 3 "2 nn-r— 5 2 (483
02 4+ 01" &0 02 " 01+¢0

vol vol

With the eigenvalues in Eq. (3.6) the habit plane normal dire ctions for a martensite-
martensite interface read according to Eq. (3.3)
- 0 - 0

||1 1

ce ce

N\ = "1y N = "1y (4.84)
0 0

4.3.1 Volumetric Eigenstrain and Orientation Variants

In a brst example a quadratic matrix with an edge length of a« = 176.5 nm is mod-
eled, discretized with 200 2 200 uniform elements. The size and the discretization
of the computation domain is henceforth applied unless otherwise specibped. The
initial conbguration is depicted in Figure 4.12: The austenitic matrix contains a
single circular nucleus (with a diameter of 0.2a) of variant 1 martensite, where
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4 An Elastic Phase Field Model for Martensitic Transformatons

Figure 4.12: Initial conbguration and boundary conditions. Austenite: green, martensite:
red.

©1 = 1. The circular shape does not predetermine a growing directon of the
martensite.

The resulting evolution of the martensitic phase with no external loads ap-
plied can be seen in Figure 4.13. In the following, austenite is depicted in green
(p1 = o = 0), the brst martensitic orientation variant in red ( ¢; = 1) and the
second variant in blue (p; = 1). The nucleus increases the elastic energy densityl/’

(@) t=3.1ns (b) t=10 ns (c) t=12 ns (d) t=15ns (e) t=24 ns

Figure 4.13: Austenitic (green) matrix with preexisting ci rcular nucleus. Evolution of the
martensitic phase (martensite 1: red) for ), = 0.

due to the eigenstrain €° within the martensite. Therefore, Figure 4.13(a) shows
the nucleus initially shrinking i.e. ¢; ! 0 in the area of the nucleus. This
decreases the eigenstrain and thus the elastic energy dentyi Yet, concerning
the energy contribution of the separation potential the martensitic phase is more
favourable because of the global minimum of the Landau polyromial at ¢; = 1. The
subsequent microstructure evolution depends on which partof the local energy v
is minimized. If the size of the nucleus is too small, the nucleus vanishes (which
minimizes the elastic energy), resulting in a purely austenitic matrix. The critical

size of the nucleus depends on the energy barrier i.e. on the émperature. For a
higher energy barrier a bigger nucleus is necessary, cf. Schitt et al. [2013a]. Here,

the nucleus is above the critical size. The system starts to imimize the separation
potential instead of the elastic energy, leading to a growing nucleus. Furthermore,
the eigenstrain turns the circular nucleus into a square (see Figure 4.13(a)). The
plane interface between the phases bts to the normal directons n{’, and n§, of
the habit planes, which are indicated in Figure 4.13(a), forming a right angle. The

48
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vectorsn{, and n{, result from evaluating Eq. (4.83) with €J;, = 0. Starting from

the nucleus the martensite grows diagonally in the n¢’ -and n¢, -directions. When

it has propagated through the matrix, it broadens in habit pl ane normal directions

which Pnally results in a continuous variant 1 martensite phase, corresponding
to the local energy density v = 0, (see Section 4.2). The second martensitic
orientation variant is not built.

In the next step the volumetric eigenstrain ), = 0.04 is considered which ac-
counts for the volume change due to the phase transformation The resulting
evolution of the phases for the same initial conbguration (depicted in Figure 4.12)

is shown in Figure 4.14. In comparison to the results in Figure 4.13 (with <2, = 0),

(@ t=19ns (b) t=6.9ns (c) t=8.8ns (d) t=12 ns (e) t=18 ns

Figure 4.14: Austenitic (green) matrix with preexisting ci rcular nucleus. Evolution of the
martensitic phases (martensite 1: red, martensite 2: blue) for $80| =0.04

the volumetric eigenstrain ., = 0.04 changes the eigenvalues ot leading to new
habit plane normal directions n{’ and n§, which are indicated in Figure 4.14(a).
With the direction of the interface in accordance with ns’, and n¢, , the vari-
ant 1 martensite nucleus starts to grow in a plate-like shape This shape of the
martensitic inclusion minimizes the elastic energy density in agreement with the
work of Eshelby [1957]. Furthermore, the formation of plate -shaped martensite
is experimentally observed. So evidently, the volumetric part of the eigenstrain
tensor € should be taken into account for modeling the martensitic transformation.
In the following, the evolving martensite splits up into a cr oss-like structure such
that the new martensitic plates evolve inn{’ and n¢, -directions. When the plates
have propagated through the matrix, it is deformed according to the eigenstrain &¢
of the variant 1 martensite. The dominant shear part of s?" corresponds to com-
pression parallel to the vertical edges and tension parallé to the horizontal edges of
the quadratic specimen. This deformation is compensated bythe eigenstrain of the
second martensitic variant corresponding to compression in horizontal direction
and tension in vertical direction. This can be seen in Figure4.14(d) where the habit
plane normal directions of variant 2 martensite ng, and ng, are indicated, too. In
the following time steps, the second variant retreats due to the growing variant 1
plate. Eventually a continuous phase of the Prst martensitc orientation variant
remains.

For comparison, in Figure 4.15 the simulation results are stown, starting from
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Figure 4.15: Austenitic (green) matrix with preexisting ci rcular nucleus, single variant con-
sidered. Evolution of the martensitic phase (red) for &, = 0.04.

the initial conbguration in Figure 4.12, with only the Prst m artensitic orientation

variant considered. In Figure 4.15(a) the nucleus decreass more than in Fig-
ure 4.14(a), since in the above simulation martensite 2 forms besides the variant 1
nucleus which reduces the initial elastic energy due to the gposite signs ofed ..,
and edy..,,- For the two-dimensional case, this initial formation of th e second variant
does not nucleate but rebuilds after some time steps and is tlerefore not visible
in Figure 4.14(a). Although, it leads to the fact that for con sidering two variants
the martensitic phase nucleates at a smaller initial incluson. In Figure 4.15(b)

two diagonal slim strips of martensite are built in accordance with the calculated
habit plane normal directions n{, and n¢, . The subsequent broadening of the

martensitic formation results in a purely martensite 1 spedmen.

Eel . F A
E¢ 2 var.,, 2, =0 Fo L 2 var., gy, =0
o1l —2var., &% =004 09T —2 var., 2, = 0.04

— 1 var., €%, =0.04

7 TVo.

—1 var., & ;= 0.04

7 Tvo.

10 20 30 ¢/ng 10 2 30 ¢/ns
(a) E*/E§' (b) F/Fo

Figure 4.16: Evolution of the global energies E®', F, referring to the global energy of the
initial conbguration E§', Fy.

Figure 4.16(a) shows the evolution of the global elastic energy E® :)VW dv
for the above simulations with ), = 0 (orange curve), with ), = 0.04 for two
variants (purple curve) and ), = 0.04 for a single variant (black curve), referring

to the global elastic energy of the initial conpguration E¢' (with ), = 0.04). The
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4.3 Metastable Austenites

time steps of the microstructures depicted in Figures 4.13,4.14 and 4.15 are
marked with circles. The elastic energy densityW is part of the local energy density
in Eq. (4.38). Due to the eigenstrain of the circular nucleus the elastic energy at
t = 0 is very high for all three simulations. It is considerably reduced by the initial

relaxation of the system (which is illustrated in Figure 3.2). For further reduction of

the high elastic energy the nucleus initially shrinks in all three simulations, leading
to a minimum for the curves in Figure 4.16(a). After the minim um the orange curve
(el = 0) increases with a small slope. The martensitic phase nucletes as in the
area of the nucleus the order parameter recovers, i.ep ! 1. After approximately
10 ns the orange curve increases strongly when the martensite tarts to grow
in diagonal directions (cf. Figure 4.13(b)), which coincid e with the habit plane

normal directions. These correspond to the main shear diretions of . The peak
of the orange curve is reached when the martensitic plates hae grown in diagonal
direction through the specimen. As a result, the matrix is consequently deformed
almost homogeneously by the pure shear strain within the marensite, which
reduces the elastic energy in the following. During the broadening of the plates, the
elastic energy decreases until® = 0 corresponding to a purely martensite 1 matrix.

The black curve (single variant) has a higher maximum since te additionally
considered volumetric eigenstrain ), = 0.04 increases the elastic energy. The
changed habit plane normal directions cause that the growing directions of the
martensite do no longer coincide with the diagonal directions of the specimen.
When the plates have propagated through the matrix there arestill high stresses
besides the martensitic formation. The elastic energy keep on increasing until the
plates have broadened almost to the corners of the specimenwhich pPnally allows

the compensation of the eigenstrain (cf. Figure 4.15(d)).

The purple curve increases brst after the minimum because iitially both vari-

ants are formed. The smaller slope between the brst two ciraés (from 1.9 ns
to 6.9 ns) corresponds to the martensite growing in a plate like shgpe (cf. Fig-
ure 4.14(a)). The branching of the initial plate increases the slope until the
martensitic phase reaches the boundary, which is marked by &circle at ¢ = 8.8 ns
(cf. Figure 4.14(c)). Then the plates broaden in habit plane normal directions while

the purple curve obtains the maximum when the second variantforms. This reduces
in the following the total deformation and thus the elastic e nergy. Fort = 18 ns
the slope of the curve decreases. In this regard, Figure 4.1&) shows that, due
the growing variant 1 plate, the martensite 2 has vanished. Thus, the formation

of the second variant contributes to the energy reduction of the system. Despite
the higher eigenstrain the purple curve has the lowest maximum of the three curves.

For €),, = 0 the second variant is not built. The habit plane normal direc-

tions form a right angle such that these coincide with the habit plane normal
directions of the second variant. Hence, variant 2 martenste can only be formed in
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4 An Elastic Phase Field Model for Martensitic Transformatons

the same direction or perpendicular to variant 1. This is a restriction compared to
the habit plane normal directions corresponding to €J,, = 0.04: Both pairs n{’, n,
and ns’, n5, show different angles leading to more possibilities for an energy

minimizing microstructure.

Figure 4.16(b) shows the total global energy F = )Vz/) dv as a function of
simulation time. During the formation of the microstructur es for ¢ < 20 ns the
purple curve (both variants, €, = 0.04) is below the black and the orange curves
(single variant and &), = 0). Since all simulations start from the same initial
conbguration in Figure 4.12, this indicates that for these examples considering
the volume change and two orientation variants minimizes the energy most
effectively. The large interface areas of the microstructues in Figure 4.15(d)
and Figure 4.13(d) cause the eventual steeper decrease of th black and the orange
curve. The broadening of these structures results quickerm a purely martensitic
specimen than the formation in Figure 4.14(e).

Evidently, the volume change and multiple orientation variants are crucial for
modeling the martensitic transformation. Henceforth, two martensite variants and
b | = 0.04 are considered.

4.3.2 External Loads

During the process of cryogenic turning the workpiece is expsed to high mechan-
ical loads. Next, the inBuence of homogeneous load cases onhe microstructure
evolution is studied, starting with tension in horizontal d irection. In Figure 4.17(a)

(@) t=0 ns (b) t=1.3ns (c) t=11 ns (d) t=123 ns

Figure 4.17: Austenitic (green) specimen with martensite 1 nucleus. Evolution of the
martensitic phases (martensite 1: red, martensite 2: blue) for applying ten-
sion in horizontal direction.

the corresponding Dirichlet boundary conditions are illustrated together with the
initial conbguration, a circular martensite 1 nucleus in an austenitic matrix. During
the simulation time, w, = 0.05a is held constant. The resulting microstructure is
depicted in Figures 4.17(b)-(d). The external load corresponds to the eigenshear
of the brst variant. Thus, due to the load, martensite 1 is induced much faster
compared to the above simulations without load applied. The load increases
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4.3 Metastable Austenites

the elastic energy, which can be reduced by the cross-formabn of martensite 1
depicted in Figure 4.17(c). A further broadening of the plat es would lead to higher
deformations, increasing the elastic energy. Therefore, his microstructure remains
unchanged and the second variant is not built. The vectorsn§’, n¢, are indicated
in Figure 4.17(c), showing that these are not inBuenced by the homogeneous
loading since the difference between the states of strain ofthe austenitic matrix

and the martensitic inclusions is still the same than without load applied.

3333333U e

)
FTT77/ 7777777
T
(@) t=0 ns (b) t=1.3ns (c) t=2.5ns (d) t=123 ns

Figure 4.18: Austenitic (green) specimen with martensite 1 nucleus. Evolution of the
martensitic phases (martensite 1. red, martensite 2: blue) for applying ten-
sion in vertical direction.

In Figure 4.18 the evolving phases for applying tensile stress in vertical direc-
tion can be seen. The external load supports the eigenstraine) of the second
martensitic orientation variant, which corresponds to compression in horizontal
direction and tension vertical direction. For a martensite 2 nucleus, in analogy to
Figure 4.17, a cross-like structure of martensite 2 plates érms. For the nucleus of
the 15t variant in Figure 4.18 the circular nucleus turns into a plate in accordance
with the habit plane normal directions. In the remaining par t of matrix martensite 2

forms almost instantaneously, except two stripes in diagoral directions, which are
left austenitic, see Figure 4.18(b). Thereupon, martensite 1 evolves in the austenitic
stripes from the central plate to the boundaries. The interface between martensite 1
and martensite 2 is built in diagonal direction of the matrix according to Eq. (4.84).

Starting from a single nucleus, where the martensitic phases can evolve freely
within pure austenite, allows gaining a better understanding for the correlations.
However, in a real microstructure there are various nucleation sites leading to
complex interactions. This motivates another initial conbguration shown in Fig-
ure 4.19(a). In each point the value of one (randomly chosen) order parameter is
randomly chosen with ¢; ([0, 1] while the second order parameter is set to zero.
In the following four simulations the same initial conbgura tion is used. First, the
horizontal displacement is specibed whereu, = 0.05a. Using this numerical setup
two different simulations are employed. Figure 4.19(b) results from a constant
loading while in the second simulation u,, changes the sign fort < 13 ns and is held
constant for ¢ > 13 ns. In Figure 4.19(c) the load curve is depicted together with
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(d) Micrograph of a martensitic microstructure, Bhadeshia [2015]

Figure 4.19: Evolution of the martensitic phase for applying (longterm) tension in horizontal
direction, starting from randomly distributed order parameters . Martensite 1:
red, martensite 2: blue, austenite: green.

the resulting microstructure. Due to the load, a part of the randomly distributed

nucleation sites form martensitic plates of both variants, which are arranged
in a laminar-like structure. The constant load supports the eigenstrain of the
Prst martensitic orientation variant €9 such that variant 1 martensite dominates.
The volume fractions of the martensitic phases in Figure 4.B(b) are 52 % for

martensite 1 and 38 % for martensite 2, so there is little retained austenite.

The habit plane normal directions between the two martensite variants coincide
with the diagonal directions of the specimen in accordance with Eq. (4.84). In

Figure 4.19(c), which is the resulting microstructure of th e cyclic loading, there are
Pve martensite plates of alternating variants in diagonal drections in the center of
the specimen while in the corners larger martensite areas ae formed. The different
microstructure compared to Figure 4.19(b) is caused by the danges in sign of the
load. Each of them leads to the reformation of the phases. Fimlly, for ¢ > 13 ns
solely tension in horizontal direction is applied. The compression applied afore
in horizontal direction supports the eigenstrain of martensite 2. Nevertheless, the
martensite content of the phases fort = 80 ns in Figure 4.19(c) is the same as in
Figure 4.19(b) (martensite 1 is 52 % and martensite 2 is 38 %). Furthermore,

due to the more "realistic” initial conbguration, the results in Figures 4.19(b), (c)

resemble qualitatively the real microstructure which is depicted in the micrographs
in Figure 4.19(d).

Figure 4.20(a) shows the evolution of the global total energy F as a function
of the simulation time for the simulations in Figure 4.17 (bl ack curve), Fig-
ure 4.19(b) (purple curve) and Figure 4.19(c) (orange curve ). In order to obtain
comparable results, the values are referred toF;, which is the total global energy of
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F/F, F/Fy
random, cycl. load. A random, cycl. load.
0.2 — random, u* =const. 0.9- —random, ©* =const.

— circular nucleus — circular nucleus
0.11 0.1}
) 1
i
i} \
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(a) (Longterm) tension in horizontal direction. (b) (Longterm) tension in vertical direction.

Figure 4.20: Evolution of the global total energy F, referring to the global energy of the
initial conbguration Fy in Figure 4.17(a).

the initial conbguration depicted in Figure 4.17(a). For al | three simulations tensile
stress in horizontal direction with «,, = 0.05a is applied. Differing from the results
in the previous section, where all simulations end up in a continuous martensitic
matrix, here multiple martensitic plates are formed. All th ree simulations minimize
the global energy until an equilibrium state is reached. The lower martensite
content of 40 % in Figure 4.20(a) leads to a higher separation energy, such hat the
black curve is clearly above the other two curves. The laminae-like structures of
martensitic plates in Figures 4.19(b),(c), which both have a total martensite content
of 90 %, lead to a lower total energy. Since for the black and the purple curve the
same load is applied, the Pnal equilibrium state depends on he initial conbguration.

Furthermore, the orange curve in Figure 4.20(a) has a zigzag proble corre-
sponding to the load function. It can be seen that the maxima d the compression
are below the maximal values of the tensile loading, which results from the
volumetric part of the eigenstrain. It has a positive sign in both martensitic phases
and thus reduces the compressive part of the eigenstrain. Fothe black and the
purple curve, the same initial conbguration is applied, while the load history differs.
This inBuences the formation of the phases. Yet, the martenge content and the
global total energy of the purple and the orange curve are appoximately the same.
In a next step tension in vertical direction is studied.

Starting from the same randomly distributed initial conbguration the results
for constant and cyclic loading with tensile stress in vertical direction are shown in
Figures 4.21(b) and (c). Again, the volume fractions of the phases coincide for both
simulations. With a martensite 1 content of 38 % and martensite 2 content of 52 %
the same values as for tension in horizontal direction are oldained. In contrary to
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Figure 4.21: Evolution of the martensitic phase for applying (longterm) tension in vertical
direction. Martensite 1: red, martensite 2: blue, austenite: green.

the above example, martensite 2 dominates since tension in brizontal direction
corresponds to sgl . The evolution of the total global energy F referring to F, can
be seen in Figure 4.20(b) (purple and orange curves) where ako the simulation
in Figure 4.18 (black curve) is considered. The higher martensite content of 80 %
in Figure 4.18 compared to a martensite content of 40 % of the single nucleus in
Figure 4.17 leads to a lower bnal total energy of the black cuwve in Figure 4.20(b)
compared to the black curve in Figure 4.20(a).

Notable is the difference in energy between the orange and tke purple curve
despite the same martensite content. Figure 4.21(d) shows he contour plot of
the order parameter ¢,, which reveals that ¢, < 0 in the area of the austenite at
the horizontal boundaries next to the austenite-martensite-1 interface. Since the
Landau polynomial of the separation potential in Eqg. (4.43) is locally minimal
for o = 0, f increases fory, < 0. This increase causes the difference between the
Pnal value of the orange and the purple curve in Figure 4.20(b).

Concerning the microstructure in Figure 4.21(c) the curvature of the austenite-
martensite-1 interface increases when it approaches the hdzontal boundary.
At the boundary it is parallel to the load direction. The indi cated habit normal
directions show that these are approximately met in some digance to the hori-
zontal boundaries. With decreasing distance, the derivaton increases until at the
horizontal boundary the interface is oriented in vertical direction. This explains
the negative order parameter in this region. The habit plane normal direction n" ¢
of the austenite-martensite-1 interface, calculated acceding to Eq. (3.3) with
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Ae” =" " % (g !'" 1), approaches the horizontal direction. This is consistent

with the vertically oriented interface. In Figure 4.21(d) t he habit plane normal

direction is exemplary indicated in orange for ¢, = " 0.25. Yet, a negative order

parameter is energetically penalized by the separation poéntial. Additionally,
0 n 0

0y <" M results in two positive eigenvalues of Ae® = € " (" ¢,) such
12 T Eyol

that the invariant plane strain conditions in Eqg. (3.2) woul d not be satisped. Thus,

a minimal value of ¢, - " 0.25 is obtained. By this way, the habit plane normal

directions are met by the negative order parameter. In Secton 5.2.3 it is shown,
that this is also achieved less "artibcially” by plastic defrmations.

This mechanism applies analogously for the austenite-marénsite-2 interfaces
at the horizontal boundaries in Figure 4.21(c). For the other simulations of this
section, where an external load is applied, the interfaces & the loaded boundaries
are formed in the same way in load direction, (see e.g. the ausenite-martensite-2
interface at the right-hand side of Figure 4.19(c)). However, in Figure 4.21(c) the
inBuence of the negative order parameter is due to the two interfaces higher.

In summary, it is found that for considering the volumetric e igenstrain and
more than a single martensite variant the model rel3ects the atures of the marten-
sitic transformation qualitatively. External loads inRuence the microstructure
evolution depending on the eigenstrain. The martensite grows in a plate-like shape
mostly in accordance with the calculated habit plane normal directions, which
ensures, that the invariant plane strain condition is satisped. The external load
partially leads to deviant interface directions. This is compensated with negative
order parameters by the elastic model. The related increaseof the separation
potential prevents the order parameters to leave the range.Thus, the model can be
used to understand the interacting mechanisms on the microgale. In this context,
also plastic strain induced martensite should be considerd. Therefore, in the next
chapter an enhanced phase Peld model is proposed.
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5 An Enhanced Phase Field Model for
Martensitic Transformations

The microstructure of a component of austenitic steel, which is manufactured by
cryogenic turning, is the result of various processes inteacting on the microscale.
In the following, the model introduced in Chapter 4, is enhan ced to investigate the
impact of plastic deformations and microcracks on the phasetransformation. As this
modibPcation increases the numerical effort, in this context two variants are consid-
ered by an alternative approach in order to save computatioral power. However,
this ansatz is also accompanied by some disadvantages. Theethils of this topic are
discussed in Section 5.1. Building on this, a crystal plasttity scheme is included
in Section 5.2, which allows accounting for the different crystal structures of the
phases. Numerical simulations illustrate the importance o plastic deformations for
the phase transition. Finally, in Section 5.3 the model is caupled to a phase peld for
fracture to study the relation between the martensitic tran sformations and cracks.

5.1 An Alternative Separation Potential

The Pndings in Section 4.3 show that two martensitic orientation variants have to
be taken into account for modeling the martensitic transformation properly. So far
for each variant an individual order parameters is used, leading to two additional
nodal degrees of freedom for the FE-implementation, which enlarges the system of
equations. For the two-dimensional case, two variants can ke included numerically
less costly by using the Landau polynomial proposed by Roum[2010]

_(BIP" 1" 211" ¢?)?
p(gﬁ)_ 3F2 n 1 ’ (51)

within the separation potential ¢5¢P. Figure 5.1(a) shows the plot of p(¢) with two

global minima for ¢ = +1, corresponding to two stable martensite variants. The
local minimum at ¢ = 0 models the metastable phase austenite. Hence, withp(y)

two variants are considered with a single order parametery ( [* 1, 1]. The energy
landscape is modibed by the parameterl” in Eq. (5.1). As the calibration constants
depend on the Landau polynomial, these have to be redetermired according to Sec-
tion 4.1.3 for considering p(y). Therefore, a standard equilibrium state of the phases
Ap(p) = p(e) " q(p) with three equal minima is debned (see Figure 5.1(b)). The
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Figure 5.1: (a) Landau polynomial p(! ). (b) For a uniquely debned" j, a symmetric refer-
ence state! pis necessary.

procedure following Egs. (4.26)-(4.29) results in the cali bration constants
9 !

*1

.3 3 __ ° Ap(p(it))
Ksep = * 2 Ap(ﬁp(mif)) Ap dSO< ,  Kgrad = )1.— (5.2)

11 A_pd99

1

The parameter I" of the Landau polynomial in Eq. (5.1) is set such that the energy
barrier Ap coincides with the energy barrier of Section 4.3, where the material
parameters of metastable austenites are assumed. This leadto I' = 0.35 while the
calibration constants result to be ksep = 2.059 and rgrag = 1.229.

The change in sign of ¢ is exploited for describing the eigenstrain of the
martensitic variants H |

902 6\9ol P 5(1)2 (5 3)
¥ 6(1)2 902 €80I ’ .
The quadratic dependence on the order parametery results in a positive sign for
the volumetric transformation strain &Y, for both orientation variants while the
transformation shear part depends linearly on ¢. Thus, £, differs in sign for the
different variants. For this depPnition of £° the coordinate system is considered in
such a way that the diagonal entries of €° correspond to the volumetric part of
the eigenstrain tensor €, which is illustrated in Figure 5.2 by using MohrOs circle.
For the numerical examples in Chapter 4 the principal coordinate system is used
(orange line in Figure 5.2). To consider the dependence of the order parameter
according to Eq. (5.3), a rotation of the coordinate system by 45 is required, which
corresponds a rotation by 90" in MohrOs circle (purple line in Figure 5.2). This
difference needs to be taken into account when setting up numrerical simulations,

e(p) =
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Figure 5.2: MohrOs circle for eigenstrain tensors according to ¢ (4.82) (orange) and
Eq. (5.3) (purple).

that compare the two approaches.

Analogously, the elasticity tensor
C(p) = Ca+¢* (Cu" Ca) (5.4)

depends quadratically on the order parameter. This relation implicates the same
stiffness Cy, for both variants. In the following, the elasticity tensors for the phases
of Section 4.3 are applied. However, equivalently to the eigenstrain tensor in
Eq. (5.3) the coordinate system is rotated by45 , which yields

i 0
207 133 0
Ca=7] 133 207 0 210°MPa  Cy—1.1Ca. (5.5)
0 0 117

The further input parameters remain unchanged compared to Sction 4.3 and the
phase Pbeld potential reads

1# $ # $ G
¢:§ e" e . C e" € + Kgraa G L|! gp\Q—Hisepzp. (5.6)

To study the differences which arise due to applying p(¢) according to Eq. (5.1)
instead of f(y1,p2) according to Eq. (4.43) some simulations are employed using
both approaches. First, the two-phase beam, consisting of astenite and martensite,
depicted in Figure 4.8(b), is applied. For these simulations the elastic energy
density in the phase Peld potential is neglected to be able toanalyse only the
interface-related parts, the separ)ation potential and th)e gradient term. In Fig-

ure 5.3(a) the evolution of E%P =" ¢**Pdy and £9¢ =" ¢9d dy can be seen for
the autocatalytic propagation of the austenite-martensite-interface (A-M-interface)

where the orange curves correspond to usingp(y¢) and the purple curves to
using f (i1, »2). All curves are referred to £99(¢+ = 0) or rather to ES°P(t = 0) with

f(e1,2) applied. Starting from the sharp interface in the initial co nbguration, the
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transition zone is built, which decreases the gradient enegy considerably. When
the regularized interface propagates unchanged through tre beam E92¢ remains

constant.

The moving interface increases the martensitic part of the leam. Since martensite
corresponds to the global minimum of the Landau polynomial, £%¢P decreases con-
tinuously. The purple E5°P-curve is steeper since the interface velocityvy = 1.49 T

with using f(¢1,2) is slightly above vy = 1.35 T of the present approach (us-
ing p(¢)). However, generally the curves of both simulations in Figure 5.3(a)

bt quite well. On the other hand, Figure 5.3(b) shows the results for a

A

se Sep
using p(p) E*P [ Ey
— using f(y)
2T 2
T 1 using p(¢)
1 \—\ ESCP/ESep 1 — using f(go)
\
|~ rad grad Egrad/Egr&d
f i L g: /By i f t LSS
5) 10 15 t/ns ) 10 15 t/ns
(a) A-M interface (b) M-M interface

Figure 5.3: Evolution of ESP and E9? for a two-phase beam with (a) A-M-interface and
(b) M-M-interface using p(! ) (orange) and f(! 1,! ) (purple).

martensite-1-martensite-2-beam.  As both phases are stabl the martensite-
martensite-interface (M-M-interface) does not propagate through the beam, but
the transition zone is built. Concerning the gradient energy E929 the curves are
gualitatively similar to those in Figure 5.3(a). Yet, the or ange curve is noticeable
higher than the purple curve, even though, for the purple curve the gradient parts
of both order parameters have to be taken into account. This esults from the range
of the order parameter which is for the orange curve b usingp(y) with ¢ ( [* 1,1] B
twice compared to the range of the approach applied in Sectinm 4.3 (purple curve)

with ¢; ( [0,1]. Since the length of the transition zone, during which the order
parameter changes, is the same for both simulations this leds to higher gradients
for using p(¢p).

For the initial conbguration B the two martensitic phases dvided by a sharp
interface B the Landau polynomial is minimal in all points. Thus, the formation

of the transition zone increases £5¢P, where the increase is greater for the orange
curve using p(y¢). Figure 5.1(a) shows that for a M-M-transition zone the order

parameter ¢ has to cross the local minimum aty = 0. In contrast, the function

f(e1,92) is not limited to two dimensions, thus, the system is able to dhoose
the energetically most favorable path (cf. Figure 4.5). Since both variants are a
stable state of the system the interface does not move. Therere, the separation
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23

Figure 5.4: Initial conbguration and boundary conditions.

energy E£°°P remains constant after the transition zone has been built.

To sum up, the two different approaches lead to similar results for A-M-interfaces.
However, for the M-M-transition the Landau polynomial p(y) yields a higher
interface energy.

In the next step the initial conbguration depicted in Figure 5.4 is applied for

both approaches: A quadratic austenitic specimen (edge legth «) which contains

a circular martensite 1 inclusion with a diameter of 0.3a. Henceforth, the elastic

energy is considered. For the single order parameter approah the coordinate

system of the eigenstrain tensor and elasticity tensor are otated by 45 compared

to € and C", which are used in Chapter 4. This changes the growing direcion

of the martensite. To ensure comparable conditions when the martensitic phase
reaches the boundary of the computation domain, the matrix is rotated by 45 for

the simulations where p(y) is used. Yet, the results in Figures 5.5 and 5.6 are shown
in the same matrix orientation. Note in this regard the rotat ed coordinate system in
Figure 5.6.

(@ t=1ns (b) t=3.5ns (c) t=7 ns (d) t=18 ns (e) t=60 ns

Figure 5.5: Austenitic (green) matrix with preexisting nuc leus. Microstructure evolution for
using f(! 1,! 2) (martensite 1: red, martensite 2: blue).

Figure 5.5 shows the evolution of the martensitic phase for the approach proposed
in Chapter 4 using f(¢1, v2). In Figure 4.14 the same initial conbguration is applied
for a smaller nucleus with a diameter of 0.2a, which leads to a different formation of
martensite. Therefore, the size of the initial nucleus infBuences the microstructure
evolution.

In Figure 5.6 the simulation results for using the single order parameter ap-
proach with the Landau polynomial p(¢) can be seen. The martensitic phases of
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(@ t=1ns (b) t=3.5ns (c) t=7 ns (d) t=18 ns (e) t=60 ns

Figure 5.6: Austenitic (green) matrix with preexisting nuc leus. Microstructure evolution for
using p(! ) (martensite 1: red, martensite 2: blue).

both variants form in accordance with the calculated habit plane normal direc-
tionsni,, n{ ,ng, ,andng . These are indicated in Figure 5.6 for the eigenstrain
tensor in Eq. (5.3).

For both simulation results in Figure 5.5 and Figure 5.6, the circular nucleus
turns initially into a plate-like shape. However, in the fol lowing, the martensite 1
plate in Figure 5.5(b) grows continuously while close-by the second variant is
built. For using a single order parameter, at the same time sep only martensite 1
is formed around the original plate (see Figure 5.6(b)). In Figure 5.6 the single
order parameter restricts the possibilities to minimize the energy. For considering
the two variants by two order parameters, each of them forms atransition zone.
In each point, both order parameters can have a value between) and 1. By this
way, the second variant is built around the growing variant 1 nucleus. On the other
hand, for considering a single order parameter, the martenste 1 plate cannot evolve
continuously when variant 2 is built around it. Thus, a discontinuous martensite 1
formation is observed in Figure 5.6(b). Since the growth of second variant in
Figure 5.5(b) contributes to the minimization of the energy, this leads additionally
to the fact, that for using the Landau polynomial p(¢) a larger nucleus is necessary
to trigger the evolution of the martensitic phase.

Some time steps later, the microstructures in Figure 5.5(c) and Figure 5.6(c) are
similar. The martensite 1 plate has grown through the matrix while besides the
second variant forms. However, in Figure 5.5(d), the pbrst variant grows around
the variant 2 martensite, which is not observed in Figure 5.6(d). In this context,
the results in Figure 5.3(b) revealed that for using the Landau polynomial p(¢) a
M-M-interface is energetically more costly than for considering f(¢1, ¢2). Thus, the
M-M-interface is not built in Figure 5.6(d). Finally, both a pproaches end up in a
purely martensite 1 matrix.

In summary, the use of the Landau polynomial p(¢) compared to the previous
approach in Section 4 using f(¢1,2) Yyields similar results for A-M-interfaces.
However, the single order parameter restricts the possibiities of microstructure
formation while the higher interface energy for the M-M-int erface can lead to
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different results. Additionally, the proposed ansatz entails limitations as for both
martensite variants the same elasticity tensor has to be apled. Beyond that, the
single order parameter approach cannot be extended to threedimensions.

On the other hand, using a single order parameter saves a lot 6 computational
power compared to the previous approach. In this chapter themodel is enhanced
to consider the interactions of the phase transformation with crystal plasticity and
damage, which already expands the numerical effort. Therebre, in a brst step
the Landau polynomial in Eqg. (5.1) is used to improve the numerical efpbciency.
For future work, especially for an extension to three dimensions, the multiple
order parameter approach should be employed. In this contex the numerical
performance can be improved e.g. by a GPU-accelerated imphaentation, which is
proposed for a phase Peld model by SchiYter et al. [2014].

5.2 Crystal Plasticity

As discussed in Section 3.2 the martensitic transformationis accompanied by
dislocation movement, which can be inherited by the martenstic phase, and thus
inBuences the microstructure evolution. In this section dislocation movement is
taken into account in the framework of crystal plasticity such that the different
crystallographic structures of the phases can be includedBasic principles of crystal
plasticity can be found e.g. in Schréder and Miehe [1997], Yalcinkaya [2011] while

Lubliner [2008] and Simo and Hughes [1998] give a comprehensive overview
concerning plasticity theory and its numerical implementation. In the context of
phase beld modeling of the martensitic transformation, crystal plastic deformations
are taken into account e.g. by Yamanaka et al. [2009], Hildebrand and Miehe
[2012], Richards et al. [2013], Schmitt et al. [2014a,c, 201 5]. The numerical
models allow a closer look on the relations between different phenomena interact-
ing during the microstructure formation. For example Malik et al. [2013] use an
elasto-plastic phase beld model to study the effects of grai and twin boundaries on
the martensitic transformation.

For this work a crystal plasticity setting with linear isotr opic hardening is in-
troduced which is discussed in detail in Schmitt et al. [2014a]. In this regard,
Chapter 3 states that plasticity and phase transformation @n interact in two ways
b through kinetics and through the stresses. The former is wk studied in the
literature (e.g. Olson and Cohen [1972]). However, the latt er is also important but
often overlooked. Therefore, in the following, the Prst is explicitly turned off to
isolates the interactions through the stresses.

With the aid of the extended model, brst a basic example is cosidered to gain a
better understanding for the correlations between the different processes on the
microstructure. Subsequently, motivated by the process ofcryogenic turning, the
evolution of the phases is studied for a loaded surface. In ths context, the impacts
of the plastic deformations and the inheritance of plastic deformations between
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austenite and martensite are focused. For this part the reaer is referred to Schmitt
et al. [2015].

5.2.1 Kinematics, Energetic Setting and Constitutive Laws

Experiments have shown that plastic deformations of metalic crystals result from

a relative movement or slip of specibc crystal planes caused by shear stress acting
along the planes. Theseslip planes can be identiPed with those planes where the
atoms are most closely packed. Analogously, the preferredlip directions are the
directions of closest packing. A slip plane and slip directon form a slip system.

A1iths

Shee

(a) Face centerd cubic (fcc) lattice of austenite. (b) Body centered cubic (bcc) lattice of martensite.

Figure 5.7: Slip planes and slip directions of austenite (a) and martensite (b).

Using the Miller indices, where *...+ denote crystographically equivalent di-
rections and {. ..} a class of equivalent planes, the planes of closest packingiithe
austenitic fcc lattice are the four octahedral {111}-planes. Each has three slip direc-
tions; corresponding to the closest packed face*110+diagonals, see Figure 5.7(a).
The six {110}-planes are the slip planes of the bcc lattice, where each plae has
two slip directions (the corresponding *111+directions). In Figure 5.7(b) one slip
plane of bcc lattice is depicted exemplary. Hence, in total ech of the phases has
twelve primary slip systems. Regarding the notation in this work, ~; is the plastic
slip while s, designates the slip direction and n, the normal direction of the slip
plane in the £ slip system. Using these quantities, theglobal plastic strain €P is
calculated by summing up over the total number of slip systens N,

B
= %Py, (5.7)
k=1
. 1
with szi[sk‘l' n,+n;4 Sk}. (58)

In Eq. (5.7), the projector P, is the strain (direction) associated with the " slip
system, see for example Richards et al. [2013]. Despite austnite and martensite
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5.2 Crystal Plasticity

have different slip systems which differ in s, and n, the evaluation of Eq. (5.8)
results in identical P, for both phases. Consequently, this setting considers idetical
slip systems for austenite ¢ = 1,2) and martensite (k£ = 3,4), where slip system
k=1 corresponds tok =3 and k=2 corresponds tok = 4. Due to the limitation to
two dimensions, the number of slip systems per phase is redued to two. The plastic
strain P in Eq. (5.7) is part of the linearized total strain tensor, wh ich is the sum
of the elastic strain €°, the transformation-induced eigenstrain €° and the plastic
strain P

e=e*+¢e" 4¢P (5.9)

With the plastic deformation of the material the stress increases which is called
strain hardening or work hardening. For the idealized setting in this work linear

isotropic self-hardening is considered, described for eah slip systemk by a harden-

ing variable «.. The hardening of the material involves a plastic contribution to the

total energy, the work hardening potential

Bk
H, a2, (5.10)
k=1

W (ay) =

N

with the hardening moduli H,. Hence, the phase beld potential reads

v(e ol @ an) = W(E ) + 9L @) + ¢*(p) + W (ay)

1 # $C # $D
=5 €"@)" e Clp) e" (p)" &
1 , G 1B
+orgG LI el +rs o) + 5 Hiag (5.11)
k=1

With the phase Peld potential in Eq. (5.11), the constitutiv e relation for the stresses
results in

o= o) o o (5:12)

while analogously ¢, debnes the work conjugate to the hardening variablea,,

_e o Lot
W= Gak N 80%

=" Hkak. (513)

The resolved shear stress on a slip system, which is also calledSchmid stress, is com-
puted with the projector P,

w=Pr:o=0:Py. (5.14)

The constituted material behavior is motivated by the rheological model in Fig-
ure 5.8, consisting of an elastic crystal lattice, connectel to a dashpot with the
viscosity n in parallel with two slip planes of the k™ slip system, where slip~; oc-
curs for 7, > 7. Thus, if the Schmid stress is sufpciently small, the crysthlattice is
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Tk
Tk
%21%% L 17

Figure 5.8: Rheological model.

deformed elastically. If the Schmid stressr;, exceeds the critical valuer;', there is a
relative movement of the slip planes leading to the stressn 4, in the dashpot such
that

Te = Th + 1 Y, if > T7 (5.15)

From the requirement in Eq. (5.15), the yield criterion is de duced,
¢k = ’Tk‘ " T,Sr > 0. (516)

If the yield criterion ¢y, is satisPed by the Schmid stress, the k™ slip system is
activated. Equation (5.16) considers the absolute value of 7, since a slip system
can be activated by both positive and negativer,. The evolution law of the slip
in an active slip system is derived from Eq. (5.15). With introducing the Macaulay

brackets 4
0 z& 0

*rt= , (5.17)
r x>0
it may be written compactly
: 1 * n cr
W=7 |7l " 7 (2, i)+ SgN(Tk), (5.18)
where 4
+1 if 7.>0
sgn = . 5.19
T = <o (5-19)
The hardening variable o4, is assumed to evolve in the same manner
A = |- (5.20)

In Eq. (5.18), 77" depends ong; and the order parameter ¢. Concerning ¢, for this
work a linear dependence is considered

T (poar) = di (@) " ar = dif (p) + Hi .. (5.21)

The dependence of7" on the order parameter ¢ is necessary since only the slip
systems of the present phase can be activated. This is ensuléy the critical driving
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A E— o

T

Ccr —_—

T4

Figure 5.9: Critical driving force for plasticity d'(! ).

force for plasticity d(y). For austenitic material (¢ = 0), the critical shear stress of
the austenitic phasery' is taken into account for the austenitic slip systems =1, 2).
The critical shear stress of the martensitic phasery; is set to a sufpciently high value
for the martensitic slip systems (k=3, 4), so that these remain inactive. In the same
manner, for ¢ = +1, the martensitic yield strength 75 is taken into account for
k=3,4 and 73" is set to a high value for k=1, 2 by the following relation

6
TXr n n k - 172
& +1+tanh(a ¢ ay)+1" tanh (ar ¢+ az) (¢ = 0)
(@) = 6

Tl\slr n L k - 3’4
M 1 tanh tanh

5t ) tanh o ) (o= 1)

(5.22)

In Eq. (5.22) the coefPcentsa; and a, determine the shape of d&" while «® is set
to a high value compared to the critical shear stresses. Fortiis investigation the
valuesa; = 25, a; = 15 and «® = 50000 MPa are used.

5.2.2 Local Time Integration Scheme

In order to evaluate the evolution equations (5.18) and (5.2 0) of the slip and the
hardening, 7, and «, are considered as internal history variables while a time inte-
gration scheme is applied on the element level. The algoritim for the time integra-
tion is based on an implicit Euler backward scheme, in form of a predictor corrector
method. The time interval [t,,,.1] iS considered while the variables att = ¢, are
known. In the Prst predictor step, an elastic trial value for the strains is given with
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. Kk .
with eP" =P = ~, P, so the resolved shear stress on all slip systemk can be
k=1
calculated for the trial state

) g1 Engal0)" g (5.23)

T =o' P, (5.24)

To keep the equations simple, the time step indexn+1 is suppressed for the trial
state quantities. Furthermore, for the following relation s sgn(7x 1) = sgn(7y) is
assumed, which can be shown for a single slip system. A genelization for multiple
slip systems seems reasonable. With the trial state quanties, for each slip system
the yield criterion is checked

" crtr( ): |7_]t€r " Tg,n“p)’ (5.25)

where af = ay,,. If ¥ > 0, k is an active slip system. Applying the update formula
according to the backward Euler method (cf. Eq. (4.66)) on the evolution law in
Eq. (5.18) for ~; yields the update formula for active slip systems

k n+1 ’

At
Yen i1 = Yen + = Genalg, TR FSINThni1) = in + Avinss SGNTE), - (5.26)
*Ornt1t
with At
AYpnt1 = 7 *Okng1t (5.27)

Thus, the time-discrete version of the evolution equation of the hardening vari-
able oy, reads

. . At
Q1 = Oy + At Qg1 = ey + AL [Yng1| = Qpn + o AYgnt1- (5.28)

The unknown A, .+ is obtained by a set of linear equations. Therefore, the time
discrete version of Eq. (5.14) is multiplied with sgn (7;.,+1) = sgn(7" ), which yields
with using Eqg. (5.23) and Eqg. (5.26)

Eact L M
1 Temia] = |7 | " gjﬁf ) Py sgn(ri") sgn(n )A%,n+1 7 (5.29)
=1
R
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where [ ( {1,..., N®'} denotes the ™" of N2 active slip systems. This is used for
recasting the update formula of the yield function

Prnt1 = %ﬁf& " Tlg,rn—&-l
with Eq. (5.29) B S
. Bact B Bact
= | |" R A" Tom + HuMYin (5.30)
=1 =1
: Bact
k1 = O, " (Rr + Hi) Avint,
=1
with the diagonal matrix
- 0
Hy, 0 .. 0
Hy=2 0 0 (5.31)
I+ 0 . 0
0 .. 0 Hy.

Finally, Eq. (5.30) is inserted into the debnition of A+, in Eq. (5.27). Since only
active slip systems are taken into account, the Macaulay brakets in Eq. (5.27) are
omitted. This results in a set of linear equations for the Av,

5 6
Bact At At
Ot + — (R + Hi) Ay = — ¢y, (5.32)
I=1 9% g ( 0/2.&'_(
Ap by,

where §;; denotes the identity tensor. With A+, known, the evaluation of Eq. (5.26)
yields the updated ~; .1, which are subsequently used to compute the values for
the stresseso and the tangent moduli C(y) for the time step t = ¢,,,1

H I
BV
i1 = C(y) Eni1 Vemt1 Py (5.33)
k=1
Bact Fact S At 6
Ci(p) =C(p)" C(p) P, sgn(7y!) W(Akl)! ' Pl C(p) sgn(7") , (5.34)
k=1 [=1
where the tangential stiffness C**"(y) is given by the derivative %. For a plastic
=n+1

update it is considered instead of the elasticity tensor in the element stiffness ma-

trix K ;;. in Eq. (4.72). While maintaining the convergence of the FE-problem, the

OAY ns1
a‘ﬁﬂ—i—l

ness matrix. The Bowchart in Figure 5.10 visualizes the integration of the crystal

derivative could be neglected which avoids elongated terms in the stiff
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Figure 5.10: Flowchart of the FE program.
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plastic material law into the overall bPnite element program. The history variables~;,
and «;, evolve on the element level while for the evolution of the ord er parameter
the global time integration scheme is applied, which is disaussed in Section 4.2.2.

5.2.3 Numerical Examples

For the numerical implementation the following slip system s are taken into account,

H I H | H |
1 0 1 01
1 3 0 1 3 B 1 3= 5 L0
H 1 H H |
1 1 "1 1 "10
2 4 5 1 2 4 5 1 2 1= 5 01

where the corresponding slip directions and slip normals are depicted schemati-
cally in Figure 5.11. The slip systemsk =1 and k = 3 correspond to pure shear,
i.e. compression and tension parallel to the diagonals of the coordinate system in
Figure 5.11. The slip systemsk =2 and k£ =4 are associated with simple shear, i.e.
compression parallel to the z-axis and tension parallel to the y-axis of the coordinate

system in Figure 5.11. Furthermore, a yield strength of ¢, = 100 MPa is considered

S2,84

T (@k=1,3 () k=24

Figure 5.11: Slip normals and slip directions of the considered dip systems.

for the austenitic phase. Since the martensitic yield strergth 7. is much higher
than the austenitic one, 75, is set to a very high value which is not reached in the
numerical simulations. In that way plastic deformations in martensite can only be

caused by inheritance. The viscosity constany) = 10 % is used.

Circular Nucleus

In order to get a general idea of the impact of the plastic deformations on the phase
transformation, the initial conbguration in Figure 5.4 is u sed for a crystal plastic
simulation. In Figures 5.12(a)-(e) the resulting microstr ucture can be seen while

K
Figures 5.12(f)-(j) depict the accumulated slip k ||, which is a measure for the
k=1
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(@ t=1ns (b) t=3.5ns (c) t=7 ns (d) t=18 ns (e) t=34 ns

Microstructure evolution, austenite: green, martensite 1: red, martensite 2: blue.

Rk

k=
0 0.1

(f) t=1 ns (g) t=3.5ns (h) t=7 ns (i) t=18 ns () t=34 ns

|’Yk|
1

LG
Accumulated slip ||
k=1

Figure 5.12
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(k) t=1 ns () t=3.5ns (m) t=7 ns (n) t=18 ns (0) t=34 ns

Absolute value of the slip of the brst slip systenty,.

’72|
0 0.06

(p) t=1 ns (q) t=3.5ns () t=7 ns (s) t=18 ns (t) t=34 ns

Absolute value of the slip of the second slip systeny,.

Figure 5.12: Simulation results for considering crystal plasticity.
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plastic deformation. The comparison of the microstructures in Figures 5.12(a)-(e)
with the results in Figures 5.6, where an elastic material law is applied, shows that
crystal plastic deformations inBuence the phase transfornation. Particularly the
initial evolution in Figures 5.12(b)-(c) illustrates a slo wer growth of the martensitic
phase. Figure 5.12(f) reveals a plastic zone, which has beerformed around the
nucleus due to the eigenstrain within the martensite. The plastic deformation
seems to constrain the phase transformation. In this contex, the plot of the elastic
energy £ as a function of simulation time in Figure 5.13 is considered. The elastic
simulation corresponds to the orange curve and the crystal gastic simulation to the
purple one. The plastic zone, which is built around the nucleus, dissipates energy
such that the purple curve is initially clearly below the ora nge curve. The dissipated
energy is not available for the phase transformation, which is consequently delayed.
Hence, when the martensitic plate starts to evolve, the purde curve of the crystal
plastic simulation increases less than the orange curve. Fdhermore, the orange

el el
B/ EGA — crystal plastic
0.3t elastic

0.2¢

0.14

} : : : : t t
10 20 30 t/ns

Figure 5.13: Evolution of the elastic energy for the elastic simuation in Figure 5.6 (orange
curve) and the crystal plastic simulation in Figure 5.12 (purp le curve).

curve of the elastic simulation has a peak when the martensie 1 plate has grown
through the matrix. Subsequently, it increases again when he second variant forms
(see Figure 5.6(c)). Finally, the orange curve decreases wkn the variant 1 plate
broadens, eliminating the martensite 2 formations, until a purely martensite 1
matrix remains.

For the crystal plastic simulation the variant 1 plate does not grow through the
matrix. Instead, variant 2 martensite is built around the ma rtensite 1 plate, which
leads, due to the eigenstrain, to a continuously increasingpurple curve. Eventually,
the variant 1 plate is framed by martensite 2.

In order to understand the mechanisms leading to the differences of the crys-
tal plastic simulation compared to the elastic simulation in Figure 5.6, the
individual slip systems are considered in Figure 5.12. In Fgures 5.12(k)-(0) the
absolute value of the slip of the brst slip systemk =1 is depicted which corresponds
to pure shear, i.e. tension and compression parallel to the torizontal and vertical
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directions, respectively. In the same way the shear part of he eigenstrain in
Eq. (5.3) corresponds to a pure shear loading. Thus, Figure 512(k) shows that
initially the highest slip arises at the tips of the martensitic plate. In the following

time steps the plate evolves in vertical direction. As a resit the eigenstrain within

the plate activates the slip systemk = 1 at the boundary of the matrix opposed
to the plate tips. This small strip of high plastic deformation, which can be seen
in Figures 5.12(m) (marked by arrows), leads to a strain-induced nucleation of
variant 2 martensite, cf. Figure 5.12(d). Since the eigenstain direction and the

plastic strain direction of the slip system coincide, the growing martensite activates
the slip system k£ = 1 in its surroundings. This results in a further nucleation of
variant 2 martensite next to the martensite 1 plate.

The evolution of the norm of slip of the second slip systemk = 2 can be seen
in Figures 5.12(p)- (). The slip is higher than for slip system £ =1. Figure 5.12(p)

shows the slip systemk = 2 activated around the martensitic nucleus. The shear
part of the eigenstrain in the martensite 1 plate in Figure 5.12 corresponds to
compression in the plate direction and tension perpendicular to the plate direction.

The plots show the norm of the slip, thus, there is no distinction between expansion
and compression visible, which explains the radial activaion of slip system k = 2.

Yet, there is less slip in plate direction. The volumetric pat of the eigenstrain ¢
reduces the compression in plate direction, which results fom the shear part <%, and
analogously increases the tension perpendicular to the plée direction. Therefore,
the activation of the slip system k=2 in Figure 5.12(p) is not rotationally symmetric

about the nucleus.

When the martensite plate starts to grow through the ring-shaped slip of sys-
tem k = 2, the slip system is activated at the sides of the plate tip. Ths leads to
the two lines of plasticity in direction of the growing plate which can be seen in
Figures 5.12(r)-(t). The slip activated by the martensitic plate demonstrates the
correlations between plasticity and the phase transformaton. Additional numerical

examples, e.g. the microstructure evolution for two nuclei of different martensitic

variants, can be found in Schmitt et al. [2014a].

Thus, strong interactions between the martensitic transfamation and crystal
plasticity are observed since the phase transformation leds to slip while on the
other hand martensite is triggered by plastic deformations. Furthermore, the plastic
deformations inBuence the formation of the martensitic phase since additional
energy is dissipated. In a next step the phase transformatio in a crystal plastic
material is studied at a loaded surface, which is motivated by the turning process.

A Loaded Surface

In Aurich et al. [2014], the surface hardening during cryoge nic turning of
metastable austenitic steel is investigated. Concerningtte load, which is induced
by the turning tool, the authors Pnd mainly the component perpendicular to the
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load curve for section s; @77
with i = 1,2, .., 10 q(si;t)

Qi(t)

qo -

: . L t/ns
106" 1) 10i  10410i 20+10i
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Figure 5.14: Left: Load curve of the i surface section. Right: Boundary conditions for the
initially austenitic (green) workpiece.

surface to be crucial for the martensitic transformation. This motivates the numer-
ical setup of the following examples, proposed in Schmitt et al. [2015]: On an

initially purely austenitic workpiece, which is bxed at the lower boundary in vertical

direction, a compressive moving surface loadg;(t) is applied for ¢ ( [0,120] ns,
see Figure 5.14. Therefore, the surface is divided into ten sctions s;. The load ¢;(t)
on the " section is plotted as a function of time in Figure 5.14 on the left-hand
side. The left- and right-hand boundaries of the computation domain are stress
free. For the simulations in this section, the computation domain is discretized
by 300 2 300 uniform elements. This Pner discretization is chosen to prgerly
resolve the complex resulting microstructures.

First, for both phases elastic material behavior is assumed without account-
ing for plastic deformations. The resulting evolution of th e phases can be seen in
Figures 5.15(a)-(e). The applied load leads to stress-assited nucleation of marten-
site (since no plastic deformations are considered). The laded part of the surface
is compressed in vertical direction inducing tensile streses in the free part of the
surface. Between the compressed and the stretched part of th surface high positive
shear stress arises, corresponding to the eigenshear in therst martensite variant,
which is consequently built, see Figure 5.15(a). In the following, it can be observed
that the formation of the brst variant follows the loading. W ith locally decreasing
compressive stress, the brst variant degenerates, too. Thtal deformation of the
specimen can be reduced by the formation of the second martesitic variant, as
the eigenshear is considered with negative sign in Eq. (5.3) After the load has
traveled across the entire surface att = 120 ns, the workpiece is purely martensitic,
where vertical plates of both variants have formed (see Figue 5.15(d)). Yet, these
plates vanish subsequently and two continuous martensitic phases remain (see
Figure 5.15(e)). This state is energetically favorable for the system. As there is only
a single interface, the contribution of the gradient term /9 is low and the absence
of austenite yields ¢%¢P = 0 for all points of the system. However, compared to the
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Elastic
T
(a) t=10 ns (b) t=25 ns (c) t=60 ns (d) t=130 ns (e) t=275ns

No inheritance of plasticity

f) t=10 ns (g) t=25ns (h) t=60 ns

() t=175ns

Inheritance of plasticity

yhh
X

(k) t=10 ns () t=25ns (m) t=60 ns (n) t=130 ns (0) t=175ns

Figure 5.15: Evolution of a microstructure for a loaded surface (green: austenite, red:
martensite 1, blue: martensite 2); magnitude and position of the traveling
load indicated by arrows. (a)- (e): Austenite: elastic, martensite: elastic. (f)-
(): Austenite: crystal plastic, martensite: elastic. (k)- ( 0): Austenite: crystal
plastic, martensite: elastic.

microstructures that are observed in austenitic steels, tle result is far from reality.

Since the martensitic yield strength is much higher than the austenitic one,
in Schmitt et al. [2013b] the authors consider plastic defor mations only for austen-
ite, while martensite is modeled as an elastic material. Here, this material behavior
results in the evolution of microstructure depicted in Figures 5.15(f)- (j). The
comparison with the purely elastic simulation above reveals the formation of some

79



5 An Enhanced Phase Field Model for Martensitic Transformaibns

Rk Rk
|| |kl
k=1 k=1
0 0.5 0 0.5
6 L (b) t=6 ns, (c) t=6 ns, (d) t=6 ns,
(@) t=6 ns, with inheritance without inheritance without inheritance

with inheritance

Rk
Figure 5.16: (a), (c), Accumulated slip |%]. (b), (d), Evolution of microstructure (green:
k=1
austenite, red: martensite 1, blue: martensite 2).

additional deformation induced martensitic plates. Furth ermore, on the left-hand
side of the Pnal microstructure in Figure 5.15(j), a small stripe of the second
variant remains which is stabilized by the plastic deformations in the transition

zone between the phases. But generally there is little diffeence to the purely elastic
simulation. Though, plasticity is only considered for the austenitic phase, such that
plastic deformations cannot be inherited to martensite. Due to the phase transition,
dislocations in the austenitic phase are wiped out by this kind of material behavior.

Hence, in a next step, the inheritance of plastic deformations between austenite and
martensite is taken into account. For both phases crystal phstic material behavior
is considered while the martensitic yield limit is set to a very high value and the
martensitic slip systems are not activated. Yet, the plast deformations can be
inherited from austenite to martensite. The approach is motivated by considering
a dislocation in the austenitic phase, which is supposed to mt vanish due to the
transformation to martensite. This leads to a dislocation in the martensitic phase,
which is inherited from the austenite. The microstructure resulting from the
moving compressive surface load can be seen in Figures 5.1kf-(0). Compared
to the above simulations, additional martensitic plates are formed. These have
been triggered by plastic deformations, i.e. deformationinduced martensite is
built. When the load has traveled across the surface a comptiated microstructure,
consisting of martensitic plates of both variants and retained austenite, has been
created. These results are in qualitative agreement with eyperimentally observed
structures in metastable austenitic steels.

Focusing on the brst time steps, a reason for the formation ofthe microstruc-
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5.2 Crystal Plasticity

ture is revealed by comparing the crystal plastic simulations with and without

the inheritance of the plastic deformation in Figure 5.16. In Figure 5.16(a), the
absolute value of the slip is summed up over all slip systemsdr t = 6 ns for the
purely crystal plastic simulation. Under the compressive bad in vertical direction

the slip systems are activated on the left edge of the workpiee, which is thus
plastically deformed. Figure 5.16(b) shows, that these plastic deformations lead to
a martensitic plate, growing in direction of the plasticall y deformed region. The
continuing evolution can be seen in Figures 5.15(k) -(0). This additional plate does
not appear in Figure 5.16(d), where the plastic deformation cannot be inherited
to the martensitic phase. In that case the plasticity is wiped out when martensite
builds. The plastic deformation is much smaller and hence the additional plate
is not induced. The comparison of Figure 5.16(b) and Figure 516(d) shows
for the same time step a higher martensite content for the purely crystal plastic
simulation. The eigenstrain within a plate of martensite causes plastic deformations
in the surrounding austenitic matrix. This, in turn, induce s martensite leading to
the autocatalytic effect, which accelerates the martensitc formation. The lower

martensite content in Figure 5.16(d) results from the elimi nation of the plastic
deformation by the martensitic evolution. Analogously, in Figures 5.15(f)-(j) the

autocatalytic effect is very small. These observations clarly show that martensite is
triggered by the plastic deformation, which is in good agreement with the bndings
in Olson and Cohen [1972].

Another fact, which is interesting to note in Figure 5.16, concerns the habit
plane normal directions. The compressive surface load defans the specimen
inhomogeneously. The habit plane normal directions accordng to Eg. (3.2) hold

for a homogeneously deformed or undeformed specimen. The hle martensite 2
structure in Figure 5.16(d), which is induced in some distance to the applied
load where the local deformations are small, forms approximately in accordance
with ns, . The red martensite 1 plate, which is built in the deformed part of the

matrix, does not match the indicated habit normal direction n{, . There is pure
austenite below the loaded surface, which contributes, dueto its lower stiffness, to
a locally higher deformation.

On the other hand, the martensite 1 plate of the purely crystal simulation in

Figure 5.16(b) meets the habit plane normal direction. Obviously, the plastically
deformed microstructure forms in such a way that in the surroundings of the plate
less inhomogeneous deformations occurs. Due to the additioal martensite plate,
which is indicated with a circle in Figure 5.16(b), the load a cts on a composite
of both, martensite and austenite. Furthermore, the hardening in the austenite
increases its stiffness.

The purely crystal plastic results exhibit another feature in comparison to the

above simulations regarding the Pnal equilibrium conbguration of the system. For
the elastic material behavior in Figures 5.15(a)- (e) and for not considering the
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5 An Enhanced Phase Field Model for Martensitic Transformaibns

inheritance of the plastic deformations in Figures 5.15(f) - (j), the microstructures
still evolve after the load is removed. Both Pnally end up in a purely martensitic
matrix, consisting of two bulk phases. In that way the gradient and the separation
part of the energy in the phase beld potential v in Eq. (5.11) are minimal. For
the crystal plastic simulation, the microstructure depicted in Figure 5.15(n) does
hardly change )when the load is removed. This can be seen in Figre 5.17(a)
where F9d — V¢9fa“ dv is plotted as a function of simulation time for the three
simulations in Figures 5.15(a)-(0). Since 19 is a function of the gradient ! ¢ of

Egrad F .
o [h load is removed F KF 0 load is removed
- A: plastic 9
0.3+ M: plastic . plastic
T A: plastic : plastic
0.2t M: elastic 10 . plastic
I A elastic 1 elastic
0.1r M: elastic - elastic
~—— : elastic
f — : =3 . : t i >
50 100 150 200 t/ns 20 50 100 150 200 ¢/ns
(a) B9/ Fy (b) F/Fo

Figure 5.17: Evolution of (a) the global gradient energy £92¢ and (b) the total global en-
ergy F referring to the global energy of the initial conbguration Fj.

the order parameter, £92 is a measure for the interface regions of the system. For
the elastic simulation, the evolution of £929 is depicted as an orange line in Fig-
ure 5.17(a). Under the applied load the martensitic phase forms and is moving with
the surface load. The maximal value of £93 is reached approximately att =130 ns,
in accordance with the martensitic plates appearing in Figue 5.15(d). When the
plates vanish, £9 decreases and the microstructure depicted Figure 5.15(j) &
formed. While E92 remains temporarily constant at the value related to the two
interfaces, the vertical martensite 2 plate narrows. Subseuently, the vertical plate
vanishes which leads to a further decrease inE929 until eventually only a single
M-M-interface remains (see Figure 5.15(e)).

The results in Figures 5.15(a)-(e) for the elastic simulation (orange curve in
Figure 5.17(a)) and the simulation without considering the inheritance of the
plastic deformation (purple curve in Figure 5.17(a)) have | ittle differences. Hence,
the orange and the purple curve in Figure 5.17(a) are similar. Due to the few plates,
which are additionally induced by the plastic deformations in Figures 5.15(f)- (j)
the purple curve is in parts slightly above the orange curve. The microstructures
keep evolving after the load is removed att = 120 ns and both end up in a purely
martensitic workpiece. The additional interface in Figure 5.15(j) compared to
Figure 5.15(e) leads to the purple curve lying above the orange curve for¢ > 120 ns.
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5.2 Crystal Plasticity

Only for the black curve, which corresponds to the purely crystal plastic simulation,

the interface region increases during the simulation time. The plastic deformations
lead to the nucleation of deformation-induced martensite activating the autocat-

alytic effect. Furthermore, Figure 5.17(a) shows that for this example the plastic
deformations accelerate the martensite formation as the back curve increases fast.
When the load is removed att = 120 ns, the energy E9 remains constant at
a comparably high value since the microstructure consists & several martensitic
plates of both martensite variants and retained austenite. The irreversibilty of

the plastic deformations seems to freeze this microstructue although the global

gradient energy £9¢ remains at a high value.

This draws the attention to the evolution of the global total energy F = ) ¥ dv
of the system which can be seen in Figure 5.17(b). For this exanple, the gradient
energy and the separation energy in the total energy F' are small compared to the
global elastic energy and the hardening potential. Thus, fa all simulations the
global total energy is initially increasing, corresponding to the growing load applied
at the left edge of the workpiece surface (s; in Figure 5.14). The local surface
load leads to high deformations. The Prst peak in F' in Figure 5.17(b) arises for
t = 20 ns, when the sectionss; and s, are fully loaded. For 20 < t < 30 ns, the load
is held constant in the second sections, while it is reduced in section s;. Thus, the
workpiece is less deformed and the total energyF’ decreases. The second peak i’
is obtained for all three curves when the traveling surface load reaches its maximal
magnitude at ¢ = 100 ns at the right edge of the workpiece, i.e. sectionssy and s,
are fully loaded. When the load is removed at¢ =120 ns, the global total energy F'
decreases for the orange and the purple curve, i.e. for the estic and the plastic
simulation without considering the inheritance of the plas tic simulation. Both result
in a purely martensitic workpiece. This conpguration minimizes the separation part
and the gradient part of the phase beld potential 1y and additionally compensates
the eigenstrain on the macro level.

The black curve from the purely crystal plastic simulation evolves in a differ-
ent way. It initially increases under the applied load. The brst peak is reached
at a much higher level than for the other two simulations. This is due to the
high plastic deformations, which additionally increase the hardening potential.
The autocatalytic nucleation of new martensitic plates is accompanied by the
transformation-induced eigenstrain, increasing the elagic part of F' until the second
peak is reached at an even higher level. Fon00 < ¢ < 120 ns, the global total energy
decreases with the decreasing load. Yet, when the load is completely removed at
t = 120 ns, the microstructure and thus the total energy F' remain constant. For
considering plastic deformations, the moving compressivesurface load leads to a
complicated microstructure of different martensitic plat es of both phases including
retained austenite which yields a high value for the global total energy £'. Due to
the irreversibility of the plastic deformations, this micr ostructure renders stationary.
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5 An Enhanced Phase Field Model for Martensitic Transformaibns

Compared to the other two simulations, the resulting microstructure of the purely
crystal plastic simulation is more realistic for metastable austenitic steels. Thus,
plastic deformations, which can be inherited between the phases, play a decisive
role in the microstructure evolution.

A Loaded Surface with Fixed Vertical Boundaries

In the previous example the vertical boundaries of the speamen are stress free.
However, relating the computation domain to a part of a workp iece which is
surrounded by material, motivates a numerical setup where the vertical boundaries
are constrained, see Figure 5.18(a) with the load function ¢(s;,t) given in Fig-
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Figure 5.18: Evolution of microstructure (green: austenite, red: martensite 1, blue: marten-
site 2), magnitude and position of the traveling load indicated by arrows.

ure 5.14. The corresponding simulation results are shown inFigures 5.18(b)- (d).
As observed in the above example, martensite 1 is formed undethe load, see
Figure 5.18(b). However, the bxed vertical boundaries condrain the deformations
such that a different microstructure forms. For this example, negative shear stresses
arise behind the load, inducing the second variant martenste in the unloaded part
of the surface. This is depicted in Figure 5.18(c), where al® the autocatalytic
effect can be observed. Figure 5.18(d) shows the bPnal microsucture after the
load has traveled over the specimen. Compared to the microsucture of the above
simulation in Figure 5.15(n), generally less martensite is built since the specimen is
less deformed. Mainly variant 2 martensite is formed, where the martensite content
decreases with increasing distance to the surface.

The microstructure in Figure 5.18(d) is compared to an experimentally obtained
specimen. Aurich et al. [2014] investigate the volume fraction of martensite as
a function of depth for a cryogenic turned (feed rate 0.35 T7) austenitic steel
(AISI 347) using X-ray diffraction. The resulting values are depicted by the black
crosses in Figure 5.19, showing the martensite content withincreasing distance
to the surface. Starting from the workpiece surface, the voume fraction of
o*martensite of initially 9 % increases with distance to the surface and reaches the
maximal value of 37 % below the surface. Subsequently, the volume fraction of
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Vol-%-martensite
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Figure 5.19: Volume fraction of martensite as a function of distance to the surface. Experi-
mental values are taken from Aurich et al. [2014].

martensite decreases with the depth of the workpiece. This § qualitatively in accor-
dance with Figure 5.18(d), where the considered part of the computation domain is
indicated with a black box. By this way, the microstructure, which is formed under
the inBuence of the vertical boundaries, is not taken into account. In Figure 5.19
each point of the purple curve results from the sum of both martensite variants of
the corresponding row of nodes in the black box in Figure 5.18d), divided by the

number of nodes of a row in the black box. As well as the experinental values, the
values of the simulation are additionally averaged height for the orange curve. In
accordance with the experimentally obtained curve the martensite content of the
simulated structure in Figure 5.18(d) is initially increas ing with increasing distance
to the workpiece surface. It attains its maximal value below the surface and
decreases in the following until the martensite content equals zero in the lower part
of the computation domain. Hence, the proposed model captuies many features
of the martensitic transformation, when plasticity is considered in the discussed way.

Concluding the results concerning a loaded surface, plastt deformations have
to be taken into account to model the deformation-induced martensitic transfor-

mation. Additionally, the plastic deformations are inheri ted between the phases.
In accordance with results from literature and experimental studies, it is observed
that plastic deformations lead to the nucleation of martensite and additionally

contribute to the autocatalytic formation of further marte nsitic plates. In this

context, the microstructure, which was obtained by the crystal plastic simulation

renders stationary after the load is removed. Furthermore, the results coincide
gualitatively with an experimentally obtained structure.

Another feature, which is observed on the microlevel of metastable austenitic

steels, are microcracks. Therefore, in the following a damaye variable is taken into
account.
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5.3 A Combined Phase Field Approach for Martensitic
Transformations and Damage Evolution

On the microscale of austenitic stainless steel, microcraks are observed, interacting
with the phase transformation. In conjunction with damage and fatigue behavior,
martensite mainly forms at the crack tip, see e.g. Khan and Almed [1996],

Stolarz et al. [2001], Nebel and Eif3er [2003], Roth et al. [20 09], Skorupski et al.

[2014]. This inBuences the crack propagation due to the eigenstrain acting in the

martensitic phase. On the other hand, the formation of the martensitic phase is
affected by crack growth. To get a deeper insight into these nteractions, the model
for martensitic transformations is combined with a phase bPdd model for fracture

according to Schmitt et al. [2014b]. A short introduction is given on linear elastic
fracture mechanics in Section 5.3.1. After the discussion 6 the model equations in
Section 5.3.2, the inBuence of the crack on the phase transibn and vice versa is
studied with some numerical examples in Section 5.3.3.

5.3.1 Some Comments on Linear Elastic Fracture Mechanics

Before the combined model for martensitic transformation a damage evolution is
introduced, some comments on linear elastic fracture mechaics should be given.
A comprehensive textbook on this topic is e.g. Gross and Segg [2007] while the
relevant information referring to the phase Peld model for brittle fracture, which
is applied below, are summarized in Kuhn [2013]. Here only the most important
issues are briel3y discussed.

Concerning the crack loading, three different modes are delmed and illus-
trated in Figure 5.20. For this work, mode | B corresponding © symmetric crack
opening b is used. Mode Il and mode Ill consider sliding and taring of the crack
faces, respectively.

Mode I Mode I1I Mode III

Figure 5.20: Crack opening modes.
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Close to the crack tip, there is the process zone, where the irreversible dam-
age takes place. If the process zone is sufbciently small theracking can be
described in the context of continuum mechanics. This apples for metallic ma-
terials including metastable austenitic steels. Additionally, linear elastic material
behavior is assumed. Inelastic material behavior such as pistic deformations is
neglected in this context for the sake of simplicity.

5.3.2 A Combined Phase Field Model

Francfort and Marigo [1998] introduced a continuum fractur e model as a vari-
ational formulation of brittle fracture, where the total en ergy is minimized with

respect to the crack geometry and the displacement beld. Theegularized approxi-
mation of the model, i.e. a phase Peld model for fracture, fadlitates the numerical
implementation. In this regard, phase beld models for fracture are introduced
e.g. by Bourdin [2007], Bourdin et al. [2008], Kuhn and MYlle r [2010], Miehe

et al. [2010]. An extensive overview on this topic is given in Kuhn [2013]. The

consideration of crystalline damage and martensitic trandormations is studied in
Suiker and Turteltaub [2006]. The authors propose a thermomechanical model,
where the volume fractions of the phases and the damaged volme are taken into
account. In Garion and Skoczen [2003] the authors use a combned model for
phase transformation and damage to examine the evolution ofthe volume fractions
of both, martensite and damage, which are related to the plagic strain at cryogenic
temperatures. Xu et al. [2010] apply a combined phase beld aproach, where a
damage variable is coupled with a phase Peld for ferroelectics.

In the following, a similar ansatz is used: A combined phase Rld potential is
formulated, which for unbroken material resembles the phase Peld potential for
martensitic transformations in Eq. (5.6). Since the eigendrain in the martensitic

phase induces both, compressive and tensile stresses, thegs of the local volume
change is considered and the compressive part is not affece by the crack peld,
according to Amor et al. [2009], Kuhn and MYller [2009], Kuhn et al. [2013],

SchiYter et al. [2014]. An alternative approach, which allows cracks to grow
only in tension, is proposed in Hofacker and Miehe [2012], based on a spectral
decomposition of the strain tensor €. A further possibility proposed by Strobl and
Seelig [2015] takes the direction of the crack into account.

The Combined Phase Field Potential

For the regularization of the energy of fracture, a damage vaiable s is introduced
to describe the crack situation, where s = 1 indicates unbroken material, and s = 0
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indicates fracture. The combined phase Peld energy expressn  is given as follows

G
— 2 S n 2 | 2
T g; +§)éf“+w"f+(§L—s(l s) +.G8LS|' s|”. (5.35)
bulk Q & (
™ rerack

In Eq. (5.35), 7 consists of two parts, the bulk energy 7% and the fracture en-
ergy 72 In the bulk energy, v, and ,, account for the phase Peld potential
of the undamaged solid subjected to martensitic transformaions, where only v, is
coupled with the damage variable s. The constant¢ with 0 < ¢ $ 1 is introduced
to retain a residual stiffness if s = 0. Thus, for undamaged material (s = 1), the
bulk energy 7°“* equals the phase beld potential for martensitic transformaions
v = 1, + ps. If there is a crack (s = 0), only the residual stiffness ¢ and the
uncoupled part ¢, remain. The second part of Eq. (5.35) represents the fractue
energy 7°2° which depends on the damage variables and its gradient ! s. Analo-
gously to the model proposed in Chapter 4, the width of the transition zone between
undamaged and broken material is controlled by the parameta L,. The second pa-
rameter GG, stands for the crack resistance. Furthermore, the temporalevolution of
the damage variable s is assumed to be proportional to the variational derivative of
the combined phase beld potentialr with respect to s, which results in the TDGL
5 5 o 6

Bss =" % =" 281" 2—28(1 " s)" 2G5 LsAs (5.36)
where the mobility parameter (5, scales the kinetics of the fracture process. The
evolution equation (5.36) allows the damage variable to develop freely such that
a crack is able to heal when the load decreases. Therefore, # irreversibility of a
crack has to be taken into account by an additional formulation. Here, the rate of
the damage variable is enforced be non-positive, i.e.s & 0, which is proposed e.g.
by Miehe et al. [2010].

Modibcations of the Phase Field Potential for Martensitiansformations

In order to couple the phase beld potential for martensitic transformations v in
Eqg. (5.6) with the regularized energy of fracture some modiPcations are necessary.
The Prst point concerns the Landau polynomialp(y) of the separation potential in
Eg. (5.1), which has unequal minima: The local minimum p(¢) = 1 for ¢ = 0
(austenite) and the global minima p(¢) = 0 for ¢ = +1 (both martensite variants).
This leads to difbculties for the combination with the damage model. Due to its
higher separation energy, a crack in the austenitic phase wald be more likely than
in martensite. Therefore, the separation potential is split into

p(p) = d(p) + g(p) (5.37)

88



5.3 A Combined Phase Field Approach

with Y
d(w)ZW, and g(p) =p(p)" d(e). (5.38)

A plot of the three functions can be seen in Figure 5.21. The paameter ¢ is deter-
mined such that the energy barrier Ae,; of d(y) corresponds to Ae, of p(¢) which

: 3
leads with pmax, = argmax p(p) = £I" and may, = argmax d(p) = —— to
! 1,1) ! 1,1] 3

Ae, = p(pmax) " P(0) = Aeg = d(pmaxg) " d(0)

0 g
3r2" 1 27 (3r2" 1) (5.39)
' n
27" # # $
n g — z’? FQ n 1$'3 n 31—\2 n 1 )

By introducing the functions d(y) and g(¢), the separation potential ¢°¢? can be
written as

G G
PSP — ¢ZSP + ¢Z§fp — ,Qsepfd(gp) + nsepfg(gp), (5.40)

where only 15" is coupled with the damage variable.

A

T T T >
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Figure 5.21: Landau polynomial p(! ) (black curve) is split into a triple well function d(!)
(purple curve) and the function g(!) (orange curve).

The second modibcation of ¢ is related to the elastic energy density W. The
martensitic eigenstrain €°, which considers a positive volume change and a lattice
shear, leads to both tensile and compressive stresses in thieulk material. In order
to achieve realistic fracture behavior in compression, theelastic energy W is split
up into a volumetric W'° and a deviatoric part W9V, Thus, the sign of the local
volume change can be taken into account according to Amor et & [2009], Kuhn
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and MYller [2009], Kuhn et al. [2013], SchliYter et al. [2014]
W = WYl Vot o pydev, (5.41)

With debPning

tr' (e" e%p)) = : (5.42)
0 else
?
@tr(e" €%y)) if tr(e"” €%yp)) %0
trf(e" %p)) = @ : (5.43)
0 else

the parts of the elastic energy read

WVO” — F(@) tr' (6 1] 80(80))2,
_2 (5.44)
Wyt — —Kgo) trt(e" (p))?

and dev — C n 0 D C " 0 D
W™ =Tq(p) e" e'(p) : e" e'(p) . (5.45)

In Eqg. (5.45), the deviatoric parts of the linearized strain tensor e and the eigenstrain
tensor €° are adapted for the two-dimensional problem

 r(e%(p)
9

e—¢g" tr(25) 1, and e%(p) =€)’

1, (5.46)

where 1 denotes the two-dimensional identity tensor. For the decomposition of W
in Eq. (5.41) isotropic material properties are required. T herefore, starting from the
effective LamZ parameters in Eq. (4.79) the effective bulk noduli K, Ky and the
effective shear moduli 17,, 1, of the phases are calculated fromC,, C,,. Hence,
the overall moduli can be written according to Eq. (5.3) in de pendence of the order
parameter

K(p)=Ka+¢*(Kn" Ka), and () =7a+ ¢ (A" Ta)- (5.47)

With Egs. (5.40), (5.41), the phase Peld potential for marte nsitic transformations
can be split up in the following way

1/} :1/15 + wnsa
¢S :Wvol+ 4 Wdev + w:gp_i_ wgrad’ (5.48)
wns :WVO“ + wzﬁfp
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In Eq. (5.35), ¢, is not coupled with the damage variable s. In that way, the elastic
energy associated to the negative volume changd?'®" cannot be minimized by
creating cracks which leads to asymmetric results in tensim and compression. This
distinction is necessary since the eigenstrain in martende leads to compression
even if only tensile load is applied. Additionally, the inte raction of the unequal

minima in ¢ with the crack energy merack is prevented. A coupling of ¢ with the

damage variable would lead to unphysical results.

Consequently, the evolution equation of the order paramete ¢ for the com-
bined model is given by the variational derivative of the combined phase beld
potential 7 with respect to the order parameter ¢, i.e.

., o
5 S 5 ns
=" (s +%) Vs OV
g0 09 6
. o# 3 God, 1A G dg
=" (524<) B Yot yjyde +ﬁsepZ% Kgrad GLAp o Ksepf%.

(5.49)
Thus, the martensitic phase evolves in dependence of the damge variable s, con-
sidering the inBuence of crack propagation on the martensiic transformation.

Field Equations

The set of beld equations of the combined problem is completd by the evolution
equation for the damage variable s in Eq. (5.36), the evolution equation for the
order parameter ¢ in Eq. (5.49) and the equilibrium condition in Eq. (4.45). Th e
boundary conditions in Egs. (4.47)- (4.49) are expanded by the relation for the
damage variable s

£ =0 on 9V with & -n=¢ . (5.50)

The micro stressesg, in Eq. (5.50) are debned according to Section 4.1.2 with

or
= — =2G, L, s.
& ol s GoLst s

In the equilibrium condition, the Cauchy stress tensor o is given by consider-
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ing the combined phase Peld potentialr in the constitutive relation

5 4 N
= K(p)tr' (e" (@)1 + (s+5°) K(p)tr(e” ()1 +27(p) e" ep) .

(5.51)
As well as in Section 4.2 the coupled system of beld equationss solved using Pnite
elements.

Numerical Implementation

The combined phase beld model is implemented into the Pnite é&ment code
FEAP where the nodal degrees of freedom are the displacemestu, the order
parameter ¢ and the damage variables. The numerical realization corresponds to
the procedure in Section 4.2.2. Thus, here only the additional equations related to
the combination with the damage model are discussed.

Staring points are the weak forms of the Peld equations, whee Eq. (4.51)
still applies. With the arbitrary test functions d¢ and ds, the weak forms of the
evolution equations of the order parameter ¢ in Eq. (5.49) and the damage variable
in Eq. (5.36) read

*

0
" Spppdv" (P 4¢) ds-€dv” (5998—7r dv=0 (5.52)
14 14 14 4
and * * *
) on
" dsPssdu” I §s-&,dv" 658_ dv = 0. (5.53)
S
14 |4 \%
With the discretization concerning the damage variable s
H I
el el N]
"= Np§, | s"= B33, where BS = o (5.54)

NI,y

I=1 I=1
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together with Eqgs. (4.53), (4.56), (4.58) inserted into the weak forms, the element
residuals of node I are deduced to

RY, =" (BY) ady, (5.55)
@ " . " T /2 " 87T
Ri. = NifB¢ dv (BY) (s*+¢)&dv NI% do, (5.56)
e Ixe * le
n . n S T n aﬂ-
Rj. = NiBss du (B7) & dv Nigo do, (5.57)
depending on the nodal degrees of freedom
- 0
a,
d,=1 ¢, 3 (5.58)
5y

According to Section 4.2.2 the entries of the symmetric elenent stiffness ma-
trix K ;;. are given by

- 0
K I.Jl.le K Ugﬂe F(_IJSe
oom,, ST K K
K—IJ,e_ ad =1 K—IJ,e K—IJ,e K—IJ,e . (559)
- Kise Kine Kije
With using
K, # $
o, = g—tr ep) 1
¥
5 6
0K op # $
+ (s +5%) %tﬁ(s eo(go))1+2£ e" e'(p)
(5.60)
_ C D
o) = Klg) o &' (" (p) 1
+ (s + 5% Ficiﬁ(e e’( ))D1+2_— e" e’ )$
S e @ "o Q)
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the entries of K ; ;. read

*

0
KW = BYTZ

BYd
Oe v

# $
K. = (BN a,+0% Nydv

# $
K—f;,e = N;j o,+ QS BY dv

*€
0
Ki.= (B F-Nsdv
e (5.61)
s oo '
K_Il},e = NJ&&? dv
Le .
o 2 T g @ OPr
K—I]e = (8 +§) /fgradGL (i[) EJ dv + N[WNJ dv
le % le 4
s Sp 8 a
K—IJ,e:K—IJ,e: Nla_a_NJ+25( ) EN;dv
le
* 5 9o 6

K3,  2G.L, (B5)"BS+ Ny

e

82NJ do.

The entries of the element damping matrix D ;, . are given with

- 0
R * 0 0 0
Dy, ="—"%= 1 0 BNN, 0 3 do. (5.62)
od; . 0 0 B,N;N;

The derivatives which are used in Eqgs. (5.56 )-(5.61) are evduated in the ap-
pendix A.

Also, the irreversibility of cracking is implemented on the element level. As
proposed in Kuhn [2013] the constraint $ & 0 is enforced numerically

if SIn+1 & SIn ! SIn+1 = SIn (563)

by modifying the element system matrix S, and the residualsR , correspondingly.

5.3.3 Numerical Examples

For the numerical realization the mobility constant 5 = 0.2 N§ of the phase Pbeld
model for martensitic transformation in Eq. (5.36) is sligh tly reduced in comparison
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Uup 3333333333

iy

Figure 5.22: (a) Initial conpguration: Austenitic (green) sp ecimen with pre-existing crack
under mode | loading. (b), (c) Crack formation for an austenitic spe cimen.

T @t=0 (b) ¢ =279 ns (c) t =317 ns

to the previous calculations. This value is one bfth of the mdility constant for
damage 3, = 1.0 $ which is, in turn, sufpciently small to model quasi-static
crack growth. Hence, the mobility constants 3, 5, are chosen such that the phase
transformation is Pve times faster than the crack velocity. Furthermore, for the crack
resistanceG, = 0.2# and for the width of the transition zone between broken and
unbroken material L, = 5 nm are taken into account. The initial conbguration for
the following examples can be seen in Figure 5.22(a): An ausenitic specimen with
a pre-existing crack under mode | loading.

For comparison, in a bPrst example the martensitic transformation is suppressed by
imposing Dirichlet (boundary) conditions ¢ = 0 on the order parameter ¢ in the
bulk. The resulting contour plots can be seen in Figures 5.22b),(c), where in the
following elements with s < 0.1 are suppressed. Under the applied load the crack
starts to grow and propagates straight through the austeniic matrix. This result is
expectable since the material of the specimen is homogeneosi and the crack tip
loading is of mode | type.

(a) t=118ns (b) t=133 ns (c) t=154 ns (d) t=164 ns

Figure 5.23: Austenitic specimen (green) with pre-existing crack under mode | loading: Evo-
lution of the martensitic phases (martensite 1: red, martensite 2: blue).

Subsequently, an initially austenitic specimen subjectedto the martensitic transfor-
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oyy in MPa o,y I MPa
" 800 800 " 800 800
(a) t=118 ns, (b) t=118 ns, (c) t=118 ns, (d) t=118 ns,

pure austenite pure austenit with martensite with martensite

Figure 5.24: (a), (c) Contour plots of &,,-components. (b), (d) Corresponding microstruc-
ture for the austenitic specimen in Figure 5.22 and specimen sibjected to phase
transformation in Figure 5.23, respectively.

mation is examined. The resulting microstructure is shown in Figures 5.23(a)-(d).
Under mode | loading, martensite 1 forms at the crack tip (cf. Figure 5.23(a)), in
agreement with experimental studies, e.g. Khan and Ahmed [1996], Roth et al.
[2009]. In the following time steps, the martensitic phase grows in a plate-like
shape through the matrix, which enables the plate to be sheaed according to the
eigenstrain. Due to the crack at the left-hand end of the plate this deformation
is hardly constrained by the surrounding matrix. Hence, the habit plane normal
direction is not in accordance with n{ , ni, because these are calculated for a
martensitic inclusion within the austenite. The direction A-M-interface rather
meets the shear angle of the eigensheary = 29, - 11.46 . This is indicated in
Figure 5.23(b).

Concerning the damage process, a different crack pattern isohserved compared to
the simulation results in Figure 5.22 of the austenitic spedmen. Thus, the formation
of martensite infBuences the crack evolution. Figure 5.24(9 and Figure (c) show
the distribution of the normal stress component in vertical direction o, for both
simulations after a few time steps, where tensile stresses i@ shown in red, com-
pressive stresses in blue. The stress distribution for the prely austenitic specimen
in Figure 5.24(a) is expected since high tensile normal stresses in vertical direction
arise at the crack tip. However, the eigenstrain within the martensite at the crack
tip leads to an asymmetric stress beld in Figure 5.24(c). Thedistribution of high
tensile stresses at the crack tip seems to be "sheared" whicimduces compressive
stress in vertical direction at the upper left and tensile stresses in vertical direction
at the lower right corner of the specimen. Consequentially, the crack does not
propagate straight through the specimen but bifurcates. The lower crack part
initially forms at the phase boundary (see Figure 5.23(b)). In experimental studies,
cracks propagating along austenite-austenite grain boundries are reported e.g.
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by Stolarz et al. [2001]. For boundary orientations, which d eviate strongly from

the current crack propagation direction, Stolarz and coworkers bPnd a temporal
crack stopping. For this example, the interface between the phases exhibits a
strong curvature. However, the expansion of the martensitic phase enables the
crack to grow in the martensite without changes in direction. This explains why;,

the crack does not start to propagate until the martensitic phase has grown to a
certain extend. In Figure 5.23(c) the martensitic plate has broadened and the lower
crack branch propagates perpendicular to the plate directon. The formation of an

additional plate of the Prst martensitic variant enables the upper crack to grow
within martensite. Since this plate evolves within the austenitic phase, the habit
plane normal direction n§, is met, leading to a kink where the two plates join.

Furthermore, Figure 5.23(c) shows that the upper crack direction is perpendicular

to the additional martensitic plate.

In order to separate the inBuence of the crack on the phase trasformation,
in Figure 5.25 the evolution of the phases is shown for a setupwhere the crack
resistance G, is set to a very high value, which prevents crack growth. In this
simulation the crack does not propagate and the additional martensitic plate is not
induced. Instead a single continuous martensite 1 plate foms. Thus, the crack
inBuences the phase transformation.

() t=130ns (b) t=142 ns (c) t=152 ns (d) t=159 ns

Figure 5.25: Austenitic specimen (green) with pre-existing crack under mode | loading with
G, !) : Evolution of the martensitic phases (martensite 1: red, martensite 2:
blue).

Concerning the microstructure evolution in Figure 5.23(c), the second variant
builds next to the variant 1 plate. This microstructure redu ces the total deformation
of the specimen: The variant 1 plate is sheared according to he eigenshearc?,,

which has a positive sign. This is compensated by the negatie sign of ¢!, of the
second variant. Some time steps later, in Figure 5.23(d), adlitional cracks arise in
the transition zone of a A-M-interface and a M-M-interface. Considering the phase
Peld potential for martensitic transformations in Eqg. (5.35), the contributions of

the gradient energy density /9 and the separation energy density %P are high
in the transition zone. These can be reduced by the crack propgating in the phase
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boundary.

In summary, the martensitic formation inBuences the crack propagation and

vice versa. The eigenstrain within the martensite strongly affects the process on the
microscale. In the simulation results in Figure 5.23, the cracks appear exclusively
in the martensitic phase, partially perpendicular to the plate direction and partially

in the transition zones. This coincides with the features of the micrograph in

Figure 3.6, which shows cracks arising in martensitic plates in an austenitic matrix;

see also enlarged views in Figure 5.26. Thus, the simulatiorresults can be related
to experimental observations.

-

— ».‘:":,»

Ca) ) /"" —1 /x

RS

3

) (b)

Figure 5.26: Enlarged views of Figure 3.6, Marder et al. [1970]. Cracks arise (a) perpendic-
ular to the plate direction, (b) in the transition zone.

The model contributes to a better understanding of the complicated interac-
tions between the phase transformation and damage. For futue work, the

implementation of the model with using the Landau polynomial f(py,¢s) of
Eq. (4.43) could be interesting. The use ofp(y), which is considered here, leads to a
higher interface energy for a M-M-interface (see Section 51). Considering f (1, ¢2)

instead, may lead to different behavior concerning the cradk in the M-M-transition

zone.
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In order to contribute to a better understanding of the compl ex interactions, which
take place on the microscale of metastable austenitic stea during the manufactur-
ing process of cryogenic turning, a phase beld model for marénsitic transformations
has been developed in this work.

6.1 Conclusion

First, a general approach to calibrate the mobility parameter by using information
from atomistic simulation of pure iron was given. This scale transition allows
studying the martensitic transformation on a scale, which cannot be accessed by
MD simulations. In this context additionally a temperature dependent phase beld
potential for pure iron was introduced.

With the material properties of metastable austenites taken into account, the
consideration of the volumetric eigenstrain and multiple m artensitic orientation

variants were found to be crucial when modeling the martensitic transformation.

The simulations showed the martensite growing in a plate-like shape, which is an
important B experimentally observed b feature of the martesitic transformation.

Furthermore, the inBuence of external loads was studied andfound it is strongly

determined by the eigenstrain within the martensite. In thi s regard, investigating
the habit plane normal directions was a helpful tool. When these are met, the
invariant plane strain condition is satisbed.

In the second part of this thesis the elastic phase Peld modelwas enhanced
by a crystal plasticity scheme and by a damage variable, inaasing the compu-
tational effort. Hence, another numerically more efpcient possibility to consider

two martensite variants with a single order parameter was introduced. However,

since the single order parameter leads to higher interface @ergy, the comparison
of both approaches revealed different results for M-M-interfaces. Nevertheless, the
computational savings are signibcant. Therefore, this appoach was applied for the

enhanced model in a Prst step.

By considering a crystal plasticity scheme within the phasepeld model, plas-
tic deformations could be taken into account which dissipate additional energy and
thus infBuence the martensitic transformation. The numerical simulations conbPrmed
that the phase transformation causes slip. Also, martensi¢ was triggered by plastic
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deformations. Motivated by the turning process, the phase tansformation in a
crystal plastic material was studied at a loaded surface. Inthis context it was found
that the plastic deformations are inherited from austenite to the martensite. In
accordance with results from literature and experimental studies it was observed
that the plastic deformations lead to an autocatalytic formation of martensitic
plates. After the loading process the workpiece had a complkated microstructure,
consisting of martensitic plates of both variants and retained austenite, which
rendered stationary after the loading process. Furthermore, the results qualitatively
and quantitatively coincided with an experimentally obtai ned structure.

Finally, the model for martensitic transformations was combined with a phase

Peld model for fracture, which revealed a strong inBuence ofa crack on the phase
transformation and vice versa. In accordance with the prevous results the process
was affected by the eigenstrain in the martensite. The featues of the resulting

microstructure coincided with a micrograph where the cracks arise only within the

martensite B either between the plates or perpendicular to he plate direction.

Generally, the phase Peld model for martensitic transformdions is a useful
tool to understand the interacting mechanisms which take place on the microscale
of metastable austenitic steels since the model rel3ects th@hysics. In summary,

e it could be understood that the twinned plates of martensite form in order to
minimize the total deformation;

| \
(a) Bhadeshia [2015] (b) Simulation results,
Chapter 4

e the autocatalytic effect could be related to plastic deformations;

— —
(c) Schematic representation (d) Simulation results,
of the autocatalytic effect Section 5.2
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6.2 Outlook

e concerning the interactions with microcracks the model ref3ects the experimen-
tally observed features.

r
-
A

=

>

(e) Marder et al. [1970] (f) Simulation results,
Section 5.3

6.2 Outlook

For future work, the consideration of further alloying elem ents for the MD sim-
ulations would enable the approximation of the material parameters of steel.
Furthermore, starting from the temperature dependent phase Peld potential, which
was derived in this work, the temperature could be considered as an additional
degree of freedom within the Pnite element scheme. Therefoe, the system of
coupled beld equations is extended by the heat equation. Thé approach allows
studying the inBuence of the temperature on the phase transiion, e.g. the cooling
during the cryogenic turning.

Concerning the evolution of the martensitic phase, an extersion to three di-
mensions would provide additional insights. The limitatio n to two dimensions
restricts the nucleation and the propagation of martensite. Moreover, three dimen-
sional numerical results facilitate the veribcation with experiments. Yet, the larger
computational effort should be compensated by more efbcieh numerical strategies,
e.g. by a GPU accelerated implementation.

Since plastic deformations play a decisive role for the phags transformation
the correlations between these two phenomena should be partof future work. So
far, the coupling between phase transformation and plastidty is considered only
through the stresses. In this regard, the interactions thraugh the kinetics should be
investigated as well.

Eventually, for the combined model, a closer look on the modd parameter G,
which stands for the crack resistance, could be benebcial. btil now, for both phases
the same crack resistance is taken into account. For future wrk, experimentally
obtained values might be used for each phase.
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Appendix A: Derivatives Concerning the Numerical Implemertation

In the following, the derivatives which are used in Egs. (5.56)-(5.61) are evalu-
ated. With
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the derivatives are given with
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2 2
For the evaluation of % in Eq. (A.3) the second order derivatives %EO(@),
¥ 12

”? o?
— — igi Il.
8992[((@)’ agﬁu(gp) are negligibly sma
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