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Abstract

In change-point analysis the point of interest is to decide if the obsesations follow one model
or if there is at least one time-point, where the model has changed. Thkiresults in two sub-
elds, the testing of a change and the estimation of the time of change. TIs thesis considers
both parts but with the restriction of testing and estimating for at mos t one change-point.

A well known example is based on independent observations having orehange in the mean.
Based on the likelihood ratio test a test statistic with an asymptotic Gumbel distribution was
derived for this model. As it is a well-known fact that the corresponding convergence rate is
very slow, modi cations of the test using a weight function were corsidered. Those tests have
a better performance. We focus on this class of test statistics.

The rst part gives a detailed introduction to the techniques for an alysing test statistics and
estimators. Therefore we consider the multivariate mean change modelnd focus on the ef-
fects of the weight function. In the case of change-point estimators wean distinguish between
the assumption of a xed size of change ( xed alternative) and the assumgion that the size

of the change is converging to O (local alternative). Especially, the xed case in rarely anal-
ysed in the literature. We show how to come from the proof for the xed alternative to the

proof of the local alternative. Finally, we give a simulation study for heavy tailed multivariate

observations.

The main part of this thesis focuses on two points. First, analysing st statistics and, sec-
ondly, analysing the corresponding change-point estimators. In both cass, we rst consider a
change in the mean for independent observations but relaxing the momerondition. Based on
a robust estimator for the mean, we derive a new type of change-point tehaving a random-

ized weight function. Secondly, we analyse non-linear autoregressivaodels with unknown

regression function. Based on neural networks, test statistics and &mators are derived for
correctly speci ed as well as for misspeci ed situations. This partextends the literature as
we analyse test statistics and estimators not only based on the sample rgsials. In both

sections, the section on tests and the one on the change-point estimatowe end with giving

regularity conditions on the model as well as the parameter estimator.

Finally, a simulation study for the case of the neural network based tesand estimator is
given. We discuss the behaviour under correct and mis-speci catin and apply the neural
network based test and estimator on two data sets.



Abstract

Die Change-point Analyse beschaftigt sich mit der Analyse von Beobachtmgen hinsichtlich

Veranderungen. Im Fokus steht die Fragestellung ob die Beobachtunge einem Modell folgt

oder ob es Zeitabschnitte gibt in denen ein anderes Modell zugruradliegt. Hieraus ergeben
sich zwei Teilgebiete, eines welches sich mit dem Testen auf Mellwechsel beschaftigt und
ein anderes, welches das Schatzen des Zeitpunktes zum Ziel hddiese Arbeit beschaftigt sich

mit beiden Gebieten, jedoch mit der Einschrankung das maximal & Zeitpunkt der Anderung

erwartet wird.

Ein bekanntes Beispiel basiert auf unabhangigen Beobachtungen und teachtet die Ander-

ungen im Mittelwert. Hier erhalt man auf Basis des Likelihood- ratio Tests eine Statistik
deren asymptotische Verteilung Gumbel ist. Aus der Extremwertheorie ist bekannt, dass die
Konvergenz gegen diese Verteilung sehr langsam erfolgt. Daher wurdeediTeststatistik mit

Gewichtsfunktionen modi ziert. Diese Tests haben ein bessars Konvergenzverhalten. Wir
untersuchen hier diese Klasse von Teststatistiken.

Der erste Abschnitt dieser Arbeit gibt eine Einfdahrung in die verwendeten Techniken zur
Analyse von Change-point Tests und Schatzern. Wir nutzen hierfar das mehrdimensionale
Modell einer Mittelweranderung bei unabhangigen Beobachtungen Ein Schwerpunkt dieses
Abschnittes liegt auf dem Verst@andnis der Gewichtsfunktion. Fer den Schatzer des Zeitpunk-
tes der Anderung wird unterschieden zwischen der Annahme einer festenderungsgm e

(feste Alternative) und der Annahme das dieseAnderung asymptotisch verschwindet (lokale
Alternative). Rar den Fall der festen Alternative gibt es kaum Liter atur. Wir zeigen hier,

wie der Beweis fuar die feste Alternative die Grundlage zum Bewed der lokalen Alternative

bildet. Abschlie end geben wir die Resultate einer Simulationsstidie far mehrdimensionale
heavy-tailed Beobachtungen.

Im Hauptteil der Arbeit werden zuerst Teststatistiken und anschlie end die zugeherigen
Schatzer untersucht. Hierbei wird jeweils zuerst eine Mittdwertsanderung far unabhangige

Beobachtungen untersucht, wobei Momentenannahmen abgeschwacht wden. Basierend auf
robusten Schatzern far Mittelwerte, erhalten wir eine neue Art von Change-point Tests deren
Gewichtsfunktion zufallig ist. Das zweite Modell untersucht nichtlineare (auto-)regressive
Zeitreihen, bei denen die Regressionsfunktion unbekannt ist. &sierend auf Neuronalen Net-
zen werden Tesstatistiken sowie Schatzer far korrekt spezizierte und misspezi zierte Mod-

elle analysiert. Dieser Teil erweitert die Literatur in dem Sinne, dass die Statistiken nicht
nur auf den geschatzten Residuen basieren. Beide Abschnitte, B und Schatzer, werden
abgeschlossen mit der Ana- lyse von Regularisierungsbedingungen farad Modell sowie die
Parameterschatzer, so dass das asymptotische Verhalten der Testsid Change-point Schatzer
gezeigt werden kann.

Abschlie end wird eine Simulationsstudie vorgestellt welche das ¥rhalten des Tests und des
Schatzers basierend auf Neuronalen Netzen im Fall der Misspezi katin und auch der Korrek-
tspezi kation analysiert. Diese Tests und Schatzer werden auf zwi Datensatze angewendet.
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1. Introduction

The rst step toward change is awareness.
The second step is acceptance.

Nathaniel Branden

1.1. From the beginning of change-point theory to our set-up

Changes happen all the time. So it is natural to become interested in etecting and estimat-
ing changes. The statistical literature on change-point analysis goes b&do the 1950's when
Darling and Erdes [1956] published a rst study of a change-point test. Many publications
analysing di erent models or adopting di erent points of view follow ed.

Besides testing for a change, the estimation of the time of the change &so of interest. A rst
publication on the analysis of the change-point estimator was publishedri 1995, see Antoch
et al. [1995]. They considered the estimation of the change-point for the nan change model
based on independent and identical distributed (i.i.d.) random vaiiables. For an overview of
the di erent models and concepts on change-point test and estimator weefer to Csergd and
Honath [1997].

As changes are not a problem of a speci c scienti ¢ eld, the theory is agplied in many areas.
Change-point tests are of interest in industrial quality management (production monitor-
ing), nance (stock prices), climate studies (global warming) as wellas in medicine (online-
monitoring of intensive-care patients) or geoscience (annual water volme of rivers) to name
a few.

In practice we usually do not know the correct model, but statistical analysis often starts with
one. This problem is approached by analysing a change-point test and estiator allowing for
model misspeci cation. In this thesis we contribute to the disaussion of misspeci cation ef-
fects on change-point analysis.

As we have measurements of the same object over time, we consider it agime-series. This
time-series is allowed to depend on its past values or on some other valile. The structure
of the dependence is unknown. We present a test statistic and eisbator using the general
approximation property of neural networks to adapt the unknown relation.

Besides the unknown model, a second problem in many data sets is ¢hpossible existence
of a few measurements far away from the rest. To handle such "outliefsapproaches like
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M-statistics (compare, e.g. Hwskowa [1996]) are given even in the contgt of change-point
theory. Motivated by Zhou and Liu [2008], we derive a new modi cation of the dhange-point
test and estimator in case of heavy-tailed distributions producingoutliers.

We conclude the analysis of the change-point test and estimator using # concept of esti-
mation functions which provides a general framework for nding estimators and discussing
their properties. The de nition of estimation functions was given by Godambe [1960]. A gen-
eral discussion om estimation functions in parametric models can be foul in S rensen [1999].

1.2. Structure of this thesis

This thesis is organised as follows. In subsection 1.3 the general assptions on the model we
are going to analyse are introduced as well as the notations we use furthem. As an intro-
ductory example we consider in section 2 the mean change model based owltivariate i.i.d.
observations. We give detailed proofs and discuss the main ideas. Theqofs are sourced out
in seperate sections. We rst analyse the change-point test and secohdconsider the change-
point estimator. As the ideas of the proofs are easier to understand undethe assumption of
a xed alternative, meaning the size of the change is constant, we rstshow the assertions
under this xed alternatives. In section 2.4 we relax this assumpton and consider the local
alternative. The chapter is concluded with a simulation study for multivariate heavy-tailed
observations.

We consider separately the change-point test,chapter 3, and the changesint estimator,chapter
4, where we analyse them for the same models. In both chapters, we rstonsider the a mean
change model with residuals possibly not having a second moment. Afteards, inspired by
Kirch and Tadjuidje Kamgaing [2012], we show how to handle misspeci caton for a time-
series model using neural networks (section 3.2 and 4.2) and close thésdussion with the
general framework of determining change-point test and change-point eshator using estima-
tion functions, section 3.3 and 4.3.

In chapter 5 we give a simulation study for the neural network based tesand estimator
derived in sections 3.2 and 4.2. We discuss the behaviour under contespeci cation and
misspeci cation in view of the expanded version.

Finally, we give two real-data examples in chapter 6, one based on DAX data, extion 6.1,
and one based on calcium concentrations derived from an ice block drillein the Antarctica
(section 6.2).



1.3. At most one change (AMOC)

1.3. At most one change (AMOC)

In Darling and Erdes [1956], they assumed at most one change, so called AMOC-odel. We

consider the AMOC-model, too. Let the observationsf X(g, t =1;:::;n; be a time-series in
RY ful lling
X @ t m;
X, = t ’ 1.1
t Xt(z) t>m ; ( )
where the two sub-series‘xt(l); t=1;:::;mg, and th(z); t=m+1;:::;ng, follow distin-

guishable probability measures. The change is assumed to be in a characistic or a parameter
of the probability measure. We consider a parametric statistic model in the sense of a proba-
bility space with a parametrized family of probability measures ( ;F;fP : 2 g), RA.
The parameter 2 RY is assumed to change at = m.

We assume thatht(Z)g is an independent process w.r.t. Xt(l) which results in a kind of
discontinuity in the observations at m. If the observations depend on their past the change
of a parameter would result observations of a time-series having stairtg values not out of
their stationary distribution. We assume the observations after the diange are based on a
stationary time-series.

If m < n, the distribution of the process has changed andm is called change-point. This
change-point is assumed to grow linear with the number of observation tansure asymptotic
results. Therefore, the following assumption is made:

G.1 There exists a 2 (0; 1] such that the unknown time-point m of the change ful Is
m = bn c;
where n is the number of observations.

There is at-most one unknown time-point where the change occurs.

We rst consider the testing problem. Unless otherwise stated, weest the following hypothe-
ses:

Ho: m = n ( no change occurs) VS. Hi1: m<n (there is a change). 1.2)
In the following we will use the terms hypothesis and alternative br =1 and 2 (0;1),
respectively.

Weighted CUSUM statistic

To derive a change-point test, suppose the time of change is known. Bad on the log-likelihood
ratio test statistic the weighted CUSUM is given as
r . K

Th = max _
"1k k(n! k) -

(X! Xn)

Details on the construction are given in section 2.2.1, see page 13.
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This statistic has the disadvantage of converging tol for n"1 . Therefore, an asymptotic
distribution only exists after transforming the statistic. The cr itical value then depends on
n and the convergence to the asymptotic distribution is quite slow. Asan alternative we
consider modi cations of the weighted CUSUM statistic.

CUSUM statistic

q__
The reason for the disadvantage is the weight function k(nni,k) considering the statistic

X«

1
= |
Th=max p=  (X¢! Xn)

shows the existence of a limit distribution. But for this test statistic the power depends on the
position of the change-point. Besides the CUSUM and the weighted CUSUM madations
of the weight function inbetween are considered.

g-weighted CUSUM statistic

Let the weight function g be of the class

Qo1 = fg: qis non-decreasing in a neighborhood of zero, non-increasing in a

neighbourhood of one and tirlq‘ qit)>O0forall0< < %g:

The g-weighted CUSUM statistic is given as

1 X
Tn—lm%)(npw t=1(Xt- Xn) :

To derive asymptotic results Cserg) and Honath [1997] introduced the integral

z
! | o T
s(1! s)

1(g;9 = exp

o S(1! s)
In Csergd and Honath [1993] they showed that for functions q 2 Q.1 with 1(g;9 < 1 for
all c > 0 the asymptotics hold true for the g-weighted CUSUM statistics.

Modi ed weighted CUSUM statistic

These statistics are all of the form

by

w(k=n) X X
Ta(; ;A)= max 49,—) HX: Y A HXg ™M) (1.3)
0<k<n n
t=1 t=1
where X; is some vector of observations up to timet, ", = “,(X1;:::;Xn) is an estimator

of the parameter ~, H some function and A a suitable matrix, mostly an estimator of the
covariance matrix of the residuals. Thereby, the weight functionw is assumed to ful | the
following assumption.
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Let w:[0;1]" R+ be a non-negative continuous weight function ful lling

Ii__mos w(s)< 1 ; Ii"ml(l! s) w(s) <1 for some 2 O;% (2.4)
S S
and for all 2 (0;3)
sup w(s)<1: (1.5)
<s< 1!

A common choice for the weight function isw; (s) = 1f <s< (11 )g(S(1! s))! with  and
such that w. fulls the assumptions above. In this case the assumption on the weigh
function reduces to the following.

G.2 Letw; (8)= Lf<sc (11 )g(S(X! 8))' ,with and beeither 2 (0;%)and 2 [0;1]
or =0and 2[0;3).

Observe, that the case =0 and =0:5is not covered.

change-point estimator

Besides testing for a change, we are also interested in estimatindi¢ time of the change. As
the maximum often occurs in the area of the true change-point, a good afice for the estimator
is, where the test statistic has a global maximum. Thus the estimator ér the change-point is
given by I
T
. - ( —n) X A X AW
m( ’ A) arg max ﬂi H (th I"I) A H (Xt! n) . (16)
1 k<n t=1 t=1

Under some additional regularity conditions we are able to show that (1.6) isan appropriate
estimator for the change-point . Moreover, it is an asymptotically consistent estimator and
we determine the asymptotic distribution.

Notations

The considered test statistics consist of partial sum processes. oTsimplify the notation, we
introduce the following notation.

N.1 If not stated otherwise we de ne for some functionG, parameter andk =1;2;:::;N
the partial sum

X
Sc(k; )= G(X¢; ):
t=1
If G(X¢; )=(X¢! ) we also write Sg(k; )= Sk( ).

N.2 For a symmetric and positive semi-de nite matrix A we write h;yia = x'Ay =
hA%x;A%yi, with h; i denoting the scalar-product on Im (A) and A a Cholesky-
Decomposition of A.

. o p———
N.3 The norm k kp isinduced by h; i, i.e. kxka = xTAX.
The modi ed weighted CUSUM statistic, we are interested in, is then of the form

To(; :A)= max W—p@ Se(ki ) (1.7)

with A ful lling the following conditions.
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G.3 Let A be a symmetric and positive semide nite matrix.

This class covers many statistics. In most of the cases we refer to ¢hparts of the magnitude
which is of interest. As we can control the parts of interest with A we introduce the following
notation.

N.4 Let A, Kk besothat = Ao+ gk and Ao 2 Im(A)and g 2 Kern(A). Then A is
called the detectable part of w.r.t. A and g the non-detectable part of w.r.t. A.

Based on the decision matrix A we introduce the A-xed and A-local alternatives. The
magnitude of the change will be represented with the vector n!l'l'l . Depending on the

limit , di erent assumptions on the alternatives are considered.
G.5.a) (A-xed alternative) Let , be anr-dimensional vector with k nk, D > O.

G.5.b) (A-local alternative) IBet n be anr-dimensional vector with k nk, = D, > 0 and

D, " Oaswellas nD, " 1.
n"1 n"1

In the case ofA- xed alternative, the interesting part of  w.r.t. A is non zero. Otherwise for
A-local alternatives A is assumed to be the zero-vector.

Especially for multi-dimensional test statistics it becomes of lntares‘g which kind of alternatives
are detectable. So we add a matrixA®and dene A := ' 2AC% ' 2 where is a particular
symmetric, positive de nite matrix we will have later on.

N5 Let A= ZA 7 denote the decision matrix.

It is clear, that ACis a symmetric and positive semi-de nite matrix.

Observe, that we will use the term decision matrix for both A and A° depending on the
situation.
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One of the rst results in change-point analysis was given by Page [1957] usinthe mean
change model, assuming the time of the possible change is known. He asmd the mean
under Hp to be known and the errors to be independent identically normally dstributed.
His results were explored, e.g. Sen and Srivaastava [1975], James et al. [198fA¢ up to the
non-parametric set-up given in Csergd and Honath [1997]. We introduce the technique of
the proofs we use in the rest of the thesis with the non-parametric naltivariate mean change
model. In [Csergd and Honath, 1997, section 2.1.] the observed procesX; 2 R consists of
i.i.d. (independent identically distributed) random variables, where the (unknown) mean is
changing at some unknown timem. Besides the fact that we are allowing the observations to
be multidimensional, i.e. X; 2 RY, we use the same model. So, the observed process follows
the model (1.1), where the process before and after the unknown tiexpoint m, which ful Is
assumption G.1, is given by

x® = 4 1t m;

(2) —_ n - (2'1)
X 7= + ,+" m<t n;
where 2 ( RY, , 2 RYandthe errorsf";; 1 t ng, are unknown. We make the
following assumption.

L.1 The errors"; are i.i.d. with zero mean, nite second moment and unknown covariane
matrix 2 RY 9,

We do not make any assumptions on the error distribution, i.e. we are in he so-called
"non-parametric”’ set-up. One way to derive estimators is to assume ormality for the error
distribution and calculate the corresponding estimator based on likahood considerations.
In a second step one shows that this estimator is still valid for error dstributions ful lling
L.1 due to the law of large numbers (LLN) and the central limit theorem (CLT) . Under the
normality assumption on the distribution of the errors it is well know n, that under Hg (1.2)
the MLE (maximum-likelihood estimator) and the LSE (least squares esimator) for  are
equal. Motivated by this result, we are going to use the LSE's for the ukknown parameter
for the model with unknown error distribution.

To derive the test statistic, we rst analyse the behaviour of the parameter estimator. We
use the least squares estimator, i.e.’\n solves

X0
X¢! )=0: (2.2)
t=1

The corresponding estimator is
A
= X
n n,

which is an unbiased andp n-consistent estimator due to the law of large numbers (LLN),
Theorem C.2.1, and the central limit theorem (CLT), Proposition C.2.1, respectively. The
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results are shown in section 2.1. In section 2.2 we are constructing ¢hstatistic of the change-
point test. If no change occurs the estimated mean over all the obseed data should be close
to the mean of a shorter subsample. So, the test statistid,(; ;A) (1.7) is given by

1
T(i A= max P Se(ki™n)
1 X A
= |
max P Xito
i=1 A

max pk— X! A
1 k<n n ke .

R
and should have no signi cant value. It is also possible to weight the &tistic to improve the

power of the test for speci c values of the change-point (i.e. of ). To achieve this, statistics
of the form

Ta(; )= max w. (k=n)plj Xil " (2.3)
1 k<n n i=1 A

are of interest, where the weight functionw. (s) is usually given as
W; (8)= L<sc @ )g(s(L! )’ (2.4)

with either 2 (0;3), 2[0;3]or =0and 2 [0;3), seeG.2.

For a signi cance test, we determine the distribution of the test gatistic for a nite sample
sizen. Due to the fact that we have not made any assumptions on the distributon of the
innovations (non-parameteric set-up), determining the distribution of the test statistic T,(; )
is not possible. However, we determine the asymptotic distributons of these statistics and
further show the consistency of the corresponding tests.

For one-dimensional data the asymptotic distribution of the test statistic T,(; ) (2.3) with
the estimator ", = X, is given in [Cserg) and Honath, 1997, section 2.1]. The asymptotic
behaviour for the corresponding change-point estimator, i.e.

m(; ):=m(; ; 'YH=argmaxw. (k=n) Xi! Xn
1 k<n i=1 1

was analysed and proved in [Antoch et al., 1995]. The proofs are well knowrof the one-
dimensional case. We show the results for

% n o
m(; ;A)=argmax w. (k=n) Xi! Xnp (2.5)
1 k<n i=1 A

multidimensional data using techniques we are going to improve intie rest of the thesis.

For the change-point test and change-point estimator we are going to analysehe di erent
types of alternatives separately. In the literature so-called xed aternative, i.e.
constant and local alternatives k nk n.'.'.l 0) are analysed. In the multi-dimensional case we
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introduce the A- xed alternative, i.e. k 1k, = D > 0 and A-local alternative, i.e. kK nk, =
Dn !"‘1 0 (compareG.5.a) and G.5.b) ).

n

We start with analysing the parameter estimator under Hg and H; in section 2.1. The xed

and the local alternative are considered in this section. In section®.2 and 2.3 we show the
asymptotic results under the A- xed alternative. We present the corresponding results for
the A-local alternative in section 2.4. In section 2.5 we present rst resits on a simulation

study for the mean change model with heavy-tailed innovations.

2.1. Parameter estimator

In this section we analyse the behaviour of the parameter estimator for he change-point
model (2.1). We have assumed that the change-point is of the forrm = bn ¢, with 2 (0; 1].
Then the hypothesisHg is equivalent to =1 and the alternative H; means 2 (0;1).

Under the hypothesisHg (1.2) it is clear by the LLN (law of large numbers) for i.i.d. random
variables that we get a consistent estimator. Moreover, by the CLT (catral limit theorem)
for i.i.d. random variables we get the asymptotic normality of the estimator.

The question arises how the estimator behaves under the alternate’Hq, i.e. if there is a
change at observation timem = bFJ)‘l c, 2 (0;1). In the following we show that under Hg as
well as underH the estimator is n-consistent.

2.1.1. Asymptotic behaviour

Under Hp and H1 we have a consistent estimator for the unknown parameter of our model
(but with di erent limits). Thus, under Hg (no change) the parameter of the observations
will be correctly determined with growing sample size. If we hae observations with a change,
H1, the estimator still converges to some limit. This limit is a convex combination of the true
parameters. It is just the mean of the parameters, if the change is in te middle. And for
example, if the change-point is less than & we will have more observations after the change,
thus the limit will be weighted in this direction. To be more precise, the result is the following:

Theorem 2.1.1 Let "2 be de ned as
8

0

if Hg is true;

- 3= +(@! ), if Hyistrue

with , bounded, i.e. there existsc > 0 such thatk ,k < ¢ for all n. Then, under Hg and
under H4, it holds
k! 7k 0 as.
n"1
Di erently to the one-dimensional case, , is allowed to contain both constant entries and

vanishing ones (for each = 1;:::;qeither ( )i i60o0r( ni n.'.'.l 0). The results for the
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parameter estimator still hold true.

To prove this, we use that the independence of thé; results in the independence of theX; due
to the chosen model. UnderHy we can directly apply the LLN. For the alternative we split

the statistic into independent sums. One before the change-poinand one for observations
after the change-point. Due to the model both sums are sums of i.i.d. andom vectors with
constant mean, which allows to apply the LLN.

The speci ¢ form of the asymptotic limit can be seen in the following way. Assume, ,

Then the sample mean can be split into two sums, one over the obseniains before and one
over the observations after the change-point. The rst sum is weightel by ™ (converging to ,
which is the percentage of the observations before the change) and thecsmd sum is weighted
by 1! T (converging to 1! , the percentage of the observations after the change). We can
think of the limit as a weighted mean of the parameter before the change () and after the
change ( + ).

Under the local alternative ( nfl 0) the corresponding entries converge always to the

unchanged parameter entry. Why this kind of alternative is of intereg will be discussed in the
analysis of the change-point test and the change-point estimator under th local alternative
in section 2.4.

For the parameter estimator we are able to proveIO n-convergence. We show that this is the
best rate, by determining the asymptotic distribution.
Theorem 2.1.2 Let “and , be as in Theorem 2.1.1. UnderHq as well as underH it holds

L PR N@)

where = Cov ("1).

The asymptotic distribution can be derived by the CLT (see e.g., Theorem C.2.1) and by
using the same partition for the alternative as used in the proof of constency.

Notice, the covariance matrix of the limit distribution is not changing for the alternative.

This covariance matrix is just the covariance matrix of the errors, i.e. the estimator depends
on the scale of the process.

10
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2.1.2. Proofs
Theorem 2.1.1

Let ™2 be de ned as

8
<

) if Ho is true;

- 3= +(@! ), ifHyistrue
with , is bounded, i.e. there existsc > 0 such that kd,k < ¢ for all n. Then, under Hg

and under Hq, it holds

k! ko0 as.

For this proof we use the following notation.

N.6 Let Vi, i =1;:::;n, be a sequence of observations and;b2 Nwith 0 <a<b n,
then
_ 1 X
Y.php= ——— Y : 2.
ab bl a+1i:a i ( 6)

We are going to use this notation in the rest of this thesis.

Proof of Theorem 2.1.1:
First we analyse the behaviour underHgo. By the LLN (Theorem C.2.1) we will directly get
the result if we observe that

=+ (2.7)

due to the given model 2.1. The expectation of the';, 1 i n, is assumed to be zero, which
proves the claim.

Let us now take a look at what happens underH ;. Observe that

A m—- n!' m—

n= Fx m + X'm+1:n
m m n nt m
T " me ( ) ! —)n+ “m+1n
m m
="+ +@QD S ="t (! )t (2.8)
n n
The LLN C.2.1 for the sample mean of the"; and the fact that T = % L completes
the proof. [

Theorem 2.1.2

Let 7, and , be as in Theorem 2.1.1. UndeHy as well as underH; it holds
L ﬁ( n! Th) nrll N (©;) ;

where = Cov("1).

11



2. Multidimensional mean change model

Proof:
Under Hy:
With (2.7) and the CLT for *, we get the result underHg.

Under H:
Using the representation of the estimator as in the proof of Theorem 2.1.1iglds
P ~ P—. P m
n(m! 7= n"n+ " n( L)
_ b _ P— _ _ .
Observe that™! = 23°1 = O(f)andso” n(™! )= O(pk)= o(1). This fact together
with the CLT C.2.1 for *, and Slutzky C.1.4 nishes the proof. ]

12



2.2. Change-point test
2.2. Change-point test

In this and the following section, we only consider theA- xed alternative ( A as in G.3), i.e.
the model we are going to analyse is

+ " t :
X, = t m (2.9)
+ ont "t t>m;

where the errorsf”ig full L.1, the unknown time-point m fulls assumption G.1 and we
have an A- xed alternative ( G.5.a) ).

First we take a look on how we can derive a change-point test (section 2.2). There we
introduce the matrix A. We are going to discuss dierent versions of change-point tests,
which we are using in this thesis further on. This versions di er only in the weightfunction.
To understand this functions we take a closer look on them in section 2.2. Then, we show
and discuss the asymptotic results for the change-point test in seain 2.2.3. Section 2.2.4
provides the detailed proofs for the asymptotic results.

2.2.1. Test-statistic

In our model 2.9, we do not make any assumptions on the distribution of the gors, the
so-called non-parametric set-up. Nevertheless, one way to deriveest statistics is to use the
likelihood ratio, where we pretend that the errors are i.i.d. standard normal. In a second
step we prove that this statistic is still reasonable for other distributions ful lling assumption
L.1. This makes sense in view of the CLT.

We also have to solve the problem that the change-point is unknown. Th idea to overcome
this is to rst assume the change-point to be known.

To derive the so-called pseudo-likelihood ratio statistic we rd need the maximum likelihood

estimators. It is well known, that this estimators are equal to the least squares estimators
under standard normal assumption on the errors. The parameter estimator nder Hg is given

as

"n = Xn (2.10)
and the estimators underH; are given as

N

"0 = X' (before change-point) and o = X m+1:n (after change-point) :  (2.11)

For the notation see N.6 .

13



2. Multidimensional mean change model

De ning f (x) as the density of a normal distributed random variable with mean and some
xed covariance matrix , we get

{1:1 .(f\l\n (Xt)

t=1 f’\g(xt) Yin=m+1 f"% (Xi)
X
=3Ot oG )
i=1 "
X0 X h
LG TG e oG R )
i=1 i=m+1
Observe, that it holds
X X X X
Gt M)t TG = X EEGE  EG x|
i=1 i=1 i=1 i=1
+ n/\; | 1/\n
X

— t 11 N AN
= X! 'IXr ot

i=1
The same result follows for the sum up tom by replacing A, with Aﬁ and for the sum from
m +1 to n by replacing with 1. We get for the log-likelihood ratio

1 _
Xz Xe) =5 mCD) R (nt myCR TR )t
1 1 t
:5 m(/\g)t !1/\2_'_ nlm n" ! m/\g '1onf, ! m/\ﬁ ! n(/\n)t P
:} nm AN 2
2ni'm "0 "o
2
_1 n X ;A
= T t! n
2m(n! m) =1 -

Usually, we do not know the point of change. So we maximize over all posdib values of
the change-point m, looking for the time-point m which minimizes the variance under the
alternative, i.e. most plausible time-point for the change for the given observations.

The result does not change if we use the square root of the log-likelitoa function as test
statistic. This test statistic is the so-called weighted CUSUM (curulated sum) given by

S
1 k<n k(n! k)

N

Xe! 'h
t=1 11
It is known that this statistic has no limit distribution under Hg unless it is transformed.
Then, it becomes asymptotically Gumbel-distributed Darling and Erdes [1956]. In several
simulations it was observable that this convergence is rather slow, tht is why modi cations
of the test statistic became of interest. The modi ed test statistics are of the form

n? 1 X A
Ta(; = max —  p= X!
n(i )= 0 @ o k(n! k) N e

14



2.2. Change-point test

with 2 (0;3)and 2 [0;3]or =0and 2 [0;3).

These test statistics can be seen as one type of statistic, but with icerent weight functions
2
1f n<k< (1! )ng m

This is a possibility to test for changes in the mean vector. If one is oly interested in testing
for speci ¢ dimensions of the mean vector or if one dimension is much merimportant than
the others, we replace ' ! with a matrix A. The test statistic is then de ned as

T A= max gt X X1 A (2.12)
T LS e kit PR o '

With the matrix A we can decide which alternatives we are interested in. An easy exangl
is, if we are only interested in changes in thd-th dimension (projection), then

Aij =0 (i;5j)s& (L) and Ap=1:

In the same way one can weight the dimensions to detect for smaller chges in a more
important one. De ning the decision matrix A° as given in N.5 the asymptotics for the
change-point test and later the change-point estimator become easier.

A di erent matrix other than the covariance matrix of the residuals, f or an other model was
given e.g. in Hwskow et al. [2007]. A rst introduction in the o ine se t-up of such a matrix is
given in Kirch et al. [2015]. They discuss the role of the matrixA (in their publication called

H) in the context of estimating the covariance matrix for large dimensiors. If the dimension
is quite large in relation to the observation number, the estimators forcovariance structures
have high uctuations. This motivates to use some kind of projection realised with the matrix

A (in Kirch et al. [2015] called H), which is then singular. In the simulation study in section
2.5 we will discuss this e ect for some speci ¢ examples.

The weight function on the other hand gives the sensitivity of the teg statistics against

di erent alternatives, in the sense of the position of the change. For abetter understanding
of the weight function we take a closer look at this class of function in tle next section.

15



2. Multidimensional mean change model

2.2.2. Understanding the weight functions

We are going to take a closer look at the weight functionl; <5< (11 )g(S(1! s))! , With
and fulling assumption G.2 (i.e. 2 (0;3), 2 [0;3]or =0and 2 [0;3)) and its
e ect on the change-point test. For simplicity of notation we introduc e the following function.

N.7 Letw, :(0;1)" R+ W, (8)= Lt<sc 1 yg(s(! 8)' ,with 2 (0;1)and 2 [0;1]
orwith  =0and 2 [0;1). Inthe case of =0 we write w (s) Wo. (S).

The e ect of is clear, it controls the region of detectable times for a change. Someties, we
do not make any reduction on the region of the possible change-point, i.e. avwould choose

= 0. Therefore, the e ect of the parameter on the change-point test becomes of interest.
A study of this e ect is rarely done in the literature.

w (s)
_1
: 2
4%
34
_ 1
27 w ’
| -~ =0:1
1%
i
T ]
0 % 1S

Figure 2.1.: weight function w (s) with = 0:1;0:25;0:5

In Figure 2.1 the weight function w (s), s 2 (0; 1), is illustrated for =0:1;0:25and =0:5.

The weight function which we use to modify the statistic increase values at the beginning
and at the end. If the change is at the beginning, the partial sumjSc("n)j only increases for
the rst few observations up to the change. The contribution of the data before the change
to the overall mean will be small, so it is more likely that the change ges undetected. The
parameter allows for stronger weighting of these terms at the maximum which correponds
to potential change-points close to the boundaries. This enables dettion of smaller changes
with a constant variability.

16



2.2. Change-point test

w (s)=c
3 |
2
=0
=0:1
1%
-1
4
=1n=100 --
-1 —
= 3 n=1000
1]
2
|
0! s

NI

1

Figure 2.2.: weight function w (s)=c with =0;0:1;0:250:;5 and =0:05

But for each choice of the parameter , we have di erent critical values for the test statistic
(see Theorem 2.2.1). For a better comparison we divide the critical vala by the correspond-
ing value of the weight function for s 2 (0; 1), see Figure 2.2. Assuming the maximum of the
partial sum process is at some xeds. A lower value of the quotient at this point corresponds
to detection of smaller change-points by the corresponding test. Tts substantiate once more
the relation between the parameter and the position of the change.

Let us take a closer look at the e ect. Assume one dimensional normal distbuted observa-

tions. For the illustration we restrict the discussion to the weight functions with = =0
and =0, = % The test statistic can be written as

To(0: )= max n’ LSt = max w(k=n) Vi("h)

ST 1k k(n! k) pﬁkn_1k<n - ki on

with Vi = P S (") and Sc("n) asinN.1. Itis clear, that the V are all normally distributed

but with di erent variances and expectations. The expectation, variance and covariance for
Vi("n) are given as

17



2. Multidimensional mean change model

A (!7"(”! Mp_ :k m
E[Vk("n)] = ! m(nng k)p: K> (2.13)
varVie ()] = w 2 2. (2.14)
Covivi(W): Vil = ~Covis (s = (D MCED) 2, 45

Observe, that multiplying with the weight function wi(k=n) (s = %) would lead to partial
2
sums with constant variance, i.e.

8
<!?§MFE k m

Efwy (k=nVi ()=,  ptl " (2.16)
2 Sy mptky k> m
h i ko on
Var w%(kzn)vk(’\n) = 2 (2.17)
h i

h

i nCov Sk(An);S|(An)
Cov. w (k=M Vk("n);wy (=) Vi(n) =-p

Tkt K(n! D

(2.18)

The test statistic is based on the absolute values of the unweighte and the weighted V.

Due to Jensen's inequality we haveE[jVi("n)il | E[Vk("n)]j. Observe that the expectations of
the Vi and the weighted Vi have both their maximum for k = m. If the maximum expectation

is larger compared to the standard deviation, the test statistic will exhibit the value V,, with

high probability.

Let us take a closer look at the unweighted and the weighted partial sumsi.e. jVysnej and
w (bsnc=n)jVisnc, respectively. In Figure 2.3 the expectations and standard deviatios of the
unweighted partial sumsjVisncj are shown. We have used = ! 0:2 and n = 50. We compare
the behaviour for di erent standard deviations, =0:5and =0:2 in the rst and second
row, respectively. In the left column the change is in the middle( = 0:5) and in the right
column after the rst quarter (= 0:25, so called early change). The corresponding results
for the weighted partial sumsw (bsnc=n)jVisncj are given in Figure 2.4 in the same order.

In Figure 2.3 the expectations (thick black lines) and the expectatons plus and minus the
standard deviations (black lines) are shown for di erent parameters. The blue line is the crit-

ical value of the corresponding test statistic. The maximum mean of theunweighted partial

sum is smaller for the early change ((b) and (d)) than for the change in themiddle (2.3a
and 2.3c). Moreover the value is always below the critical value, so th test has problems
in detecting early changes correctly. In case the maximum mean is belv the critical value,

the power can not be increased with a lower variance of the residualsAs we can see, it may
happen that all three lines are below the critical value (probability of rejection is quite small,

i.e. low power). Furthermore we see that for a change in the middle lie power of the test
increases for smaller variances.

18



2.2. Change-point test

In Figure 2.4 again the expectations (thick black lines) and the expeditions plus and mi-
nus the standard deviations (black lines) are shown but now for the wighted partial sum
w (bsnc=n)jVisnej- The blue line is the corresponding critical value of the test statstic. The
maximum expectation is always higher than the critical value, while we use the same pa-
rameters as in Figure 2.3. Here we observe that the test enables the deteon of the early
and middle changes. For xed variance of the residuals, the maximum exgctation and the
maximum expectation minus the average spread are higher than the crital value (see 2.4a
and 2.4b). This means that the power of the test is not so signi cantly dggendent on the time
of change (compare 2.4b and 2.4d). For some other choice ofthis could be di erent.

Nevertheless, there exist values of for which the unweighted test has smaller power than the
weighted, depending on the time of change. The illustration supportsthe interpretation we

have made, i.e. for early changes the unweighted test statistic wilgive better results. After

all, we get the impression that the weighted test statistic should bepreferred. We had stated
earlier (section 2.2.1, page 14) that the weighted test statistic with paraneter = % converges
slowly to the asymptotic distribution, that is why this distribu tion is not preferred. A closer
look on the choice of the parameter and the properties of the corresponding test statistic
for di erent distributions (also heavy tailed) can be found in section 2.5.

We conclude that for higher values of , 2 [0; %) the corresponding modi ed change-point
test detects early changes better. If we have no di culties in reducing the region of the de-
tectable times of change, i.e. 2 (0; %), we can use = % Otherwise, we would choose a

quite close to % Several choices are possible, e.g. assume we would have a truncation gf
then we could set = ! (1! o).
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(b)

Bl

=0:25 and

=0:5

= - ‘ 7-
0 1 1
2

Figure 2.3.: Expectation and standard deviation of partial sumsvbsnc(’\n); s2 (0;1) for n =
= 0:5 with the corresponding critical value ¢ (blue line) based on the

50,
asymptotic distribution
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C - —
3 ‘1 ‘ 0 ‘1 ‘
: 5 ’71 B 7 - 1
(@ =0:5and =0:5 (b) =0:25and =0:5
. _
- | ] O A
0 % 1 0 ‘;1 1
(c) =0:55and =0:2 (d =0:25and =0:2
Figure 2.4.: Expectation and standard deviation of weighted partial sums
w (bsnc=n)jVisne; S 2 (0;1) for n 50, = 0:5 with the coresponding
critical value ¢ (blue line) based on the asymptotic distribution with = %
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2. Multidimensional mean change model

2.2.3. Asymptotic results

Now, we can analyse the asymptotic distribution of the test statistics Due to the non-
parametric set-up we can not determine the nite dimensional distribution of the test statistic.
We prove the asymptotic distribution for the generalised mean changedst statistic.

Theorem 2.2.1 Under the model (2.9), for the weight function w. (k=n) (as in N.7 ) and
under Hp (1.2) we have

1 d KW (s) | sSW(L)k,
. Ay = (k= o ! ;
To(s 3A)= max w, (k=n)p— . Xil N b (s(1! ) !

wheref W (s)g is a Wiener process having covariance matrix .

The proof of this theorem is analogous to the one withA = ' 1. For the one-dimensional
case, this can be found in Cserg) and Honath [1997].

Corollary 2.2.1  Under the assumptions of Theorem 2.2.1 we have witA®= A 2

1 X A d KB (S)Kpo
: = . = -| M _ T \NTTAY
Ta(5 ) {n%i(n w; (k n)Pﬁ . Xit 'n ) : <s§u:‘L)! 1! s)

wherefB(s)g is a standard Brownian Bridge.

For the proofs we are going to use the following notation for standardized andom vectors.

N.8 The notation ~ is used to indicate the multiplication from the left by 2,
Then the residualsf";g become standardized i.i.d. random vectord g. It becomes clear
how to prove that the test statistic gives an asymptotic level -test.

The proof is done in three steps. First we show that the result hold true for T,,(0; 0). To this
end, we make use of the assumed model and then apply the functional deal limit theorem

(FCLT) for multidimensional i.i.d. random variables (Theorem C.2.2 gives an invariance
principle for strong mixing, which covers the i.i.d. case and the EELT follows from this), such

that
8 9 8 9
< ggnc = d< 1 ggnc =
vis201] £ ps wis2(01) 'Y wie)ss2 [og:
i=1 ! ) i=1 !

N[

1
PR
The conclusion of the theorem follows then from the continuous mappingheorem.

In the situation of 2 (0; %) and 2 [0 %] the result follows directly. Because the weight

function is well de ned, the FCLT holds true for w. (k=n) :‘:1 Xi! An - and since

the weight function is bounded, the conclusion follows by the continlous mapping theorem.

If we do not restrict to the smaller inner interval (i.,e. = 0), we can use a modi cation of
the weight function with 2 [0; %). Due to the unbounded behaviour of the weight function
at the boundaries, we have to use a truncation argument. Obviously in he inner interval
we gain the result directly. At the boundaries we are going to show thatuniformly in n the
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2.2. Change-point test

values are negligible if the cutting value tends to the boundary.

We have derived an asymptotic level -test. The choice of the critical value for nite samples
will be discussed in section 2.5.

For the di erent tests, we have identi ed the asymptotic distri bution but it is also important
to know that the test is consistent, i.e. we have an asymptotic powe one test. Here, the
assumption on aA- xed alternative is important.

Theorem 2.2.2 Let model (2.9), assumptionG.1 and H; (1.2) be true. If < < (1! ),
then

To(; ;A

To prove this, we do not have to make any use of a truncation argument, beause the statistic
is greater or equal to the weighted norm of the partial sum up to the changegoint m. Making
use of the CLT the asymptotic behaviour follows.

It is crucial to recognize that the constant assumption on |, is made w.r.t. the decision matrix
A (k nky D ). So we allow the non-interesting entries OE’” (kn! %, =0with Cequals
n ) to behave arbitrary, as long as the estimator is still a° n-consistent estimator, i.e. , is
non-increasing (see Theorem 2.1.1 and 2.1.2).

Theorem 2.2.3 Let A be a positive semi-de nite matrix and

Th(A) = {nlzg(n w(n; K)kS(k; )ka

a test statistic, with w(n; k) a possibly random weight function ands(k; ) such that Theorem
2.2.1 and Theorem 2.2.2 hold true for thisA as well as forA = |4. Let A\n be an a.s. positive
de nite consistepnt estimator for A. For T, (A\n) the result of Theorem 2.2.1 holds true. IfA,
is additionally "~ n-consistent estimator Theorem 2.2.2 is also true forT,(An).

The key of the proof is to show that the di erence between the teststatistic with the estimator
and the one with the true matrix is vanishing asymptotically.

2.2.4. Proofs

Lemma 2.2.1

Under the model (2.9) and Hp (1.2) we have

To(; A Y sup w. (SKW(S)! SW(L)ky ; (2.19)
<s< (1! )
wherefW (s)g is Wiener process with covariance matrix , 2 (0; %) and 2 [0; %] or

=0=
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2. Multidimensional mean change model

Proof:
We show the result in 2 steps. First we assume = = 0 and secondly we show the result
for 2(0;3)and 2 [0;3].

P
Letusstartwith = =0. The main idea of the proof is, instead of analysing !‘:1 Xt

: P : -
we can analyse the behaviour of :‘:1 ("i' ™n). The functional central limit theorem for mul-

tivariate i.i.d. random variables gives us

(o )
1%
P= "iis2[01] 't w(s)is2[01g;
i=1

where fW (s)g denotes ad-dimensional Wiener process with covariance matrix . As pro-
jections are continuous a rst application of the continous mapping theorem (see Theorem
C.1.6) we have

d

P it —=p= it W)l W) forall s2 [01]:

i=1 i=1

P P
With the tightness of fpL~ Pfi°" 1 2MCsL " 1 g and an additional application of the

continuous mapping theorem, the proof is completed.

For 2 (0;3)and 2 [0; 3] we need to analyse the weight function. We know

n2 : 1
1 L -
<s< (11 ) sn(n ! sn) <s< (1! )F’m

is a well de ned function for 0 < < % It follows by Slutsky C.1.4 that a FCLT is ful lled.

Therefore, by applying the monotone mapping theorem we get the result .

Lemma 2.2.2

Under the same assumptions as in Theorem 2.2.1 we derive for=0 and 2 (0;1=2)

". ) .d kW (s) ! SW(l)kA_
R D

Proof:

We truncate the range of the maximum such that the weight function is bounded. At the
boundaries, we are going to show that uniformly inn the e ect is negligible if the truncation
value tends to 0. To this end we use

kMxk, Kk MK, kxk (2.20)

for x 2 R, M 2 RY 9 and kM k, = sup,,=1 KMvk,. Which gives, analysing w.r.t. kk is
enough.
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2.2. Change-point test

Since the weight functionw ful Is the assumptions of Theorem C.1.7, we have for " 0

sup w2(s)kB (s)k? = op (1) ;

O<s<; (1! )<s<1

wheref B (s)g is a d-dimensional standardised Brownian Bridge. Then we have

2
sup w2(s)kW (s) | sW(1)ki 2 sup w2(s)kB (s)k?
O<s<; (1! )<s< 1 A p<s<; (1 )<s<1

= Op (1) :
On the other hand, we have for " 0

k 1X R
max w (k=n)— p—= t max w (S)s p—= ¢
k< n n n t=1 1=n s< n t=1

=0p( Y ): (2.21)

1

So, for analysing max w (k=n)pk S (") itis left to analyse
1 k<n; (1! )n<k<n n
max w (k=n)pL {‘:1 "t . From the Hajek-Renyi inequality we get for an i.i.d.
1 k<n; (1! )n<k<n n
sequencd "¢g that

0 1

X X )
max o "t = Op @@, + c2)2A
an k bn
t=1 k=an+1

Here,a, =1, b, = n and ¢c = w (k=n), such that for all xed n we have for " 0

Z
anCs + & wy (1=n)+ n wy (s)ds
k=ap+1 1=n "
22n2 +(|2 +1)!1(1! )!Zn !2+1! n2!1
22 22 22
2 n2 4 12+ 2 12 .
TR 12" 12"
Thus it holds
PQ " | 1
_max wk=n) " =0p n¥?2 2 (2.22)
n
t=1

Combining (2.21) and (2.22) we get uniformly inn
— 1 N
,max w (k=n)p— Sk('n)

1 y X
P Max w (k=n) t

t=1
k 1 X,
+ 1mkzalxn w (k—n)ﬁ wﬁtzl
=0p( 2 )+ 0p( )
= Op( 7' ): (2.23)
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2. Multidimensional mean change model

For (1! )n<k<n we observe

1 A 1 X ont kX
max w (k=n)p—= Sk('n) = max w (k=n)p= ¢! t
(1! )n<k<n n (1! )n<k<n n t= kel n t=1

Using the symmetry ofw (k=n) and | = n! k, we derive equivalent sums as for 1 k n.
Analogue arguments yield

1 A 1
max_w (k=np= Sc(n) = Op( ¥

: 2.24
(2! )n<k<n ) ( )

From Lemma 2.2.1 we have for each xed but arbitrary > 0O andx 2 R

P(Tn(: :A)<x) I P( sup w (S)KW(s)! sW(l)k, <x):
n <s< (1! )

We can conclude that for all x 2 R it holds

nljgn P(Th(0; ;A)<x)= Ii[nOanEn P(Ta(; ;A)<x)

IimOP( sup W (S)kW(s)! sW(1)ky <x)

<s< (1! )

P(Ofsu<plw (S)kW(s) ! sW(l)k, <x):

Theorem 2.2.1

Under the model (2.9), for the weight function w. (n;k) (as in N.7) and Hq (1.2) we
have

1 X . § KW (s) | sSW(L)k,
. LAY = . (k= ! r ,
To(; 3A)= max w; (k=n)p— . Xel R B (s(1! 9))

where f W (s)g is a d-dimensional Wiener process with covariance matrix .

Proof:
The result follows from Lemma 2.2.1 (for 2 (0;%) and 2 [O; %] or =0= )andLemma
222 ( =0and 2[0;3)). ]

Corollary 2.2.2  Under the assumptions of Theorem 2.2.1 and wittA%= A %, we get

.oy pd kB (S)kao
G S s

wherefB(s)g is a standard Brownian Bridge.

Proof:
Follows directly from kxk, =

( ) ) O )
11 R 1 R

tpm nus2(01] 2 pm nis2(01] row(e);s2[01g;
t=1 t=1

1
2x . We have
AO

N[
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2.2. Change-point test

with f W (s)g being a standard Wiener process. Thus, from Theorem 2.2.1 we get
KW(s)! sW(1)knyo _ <u kB (s)kao .

To(; )Y sup

<s< 1 (s(1! s)) S e (s@ls)
[ ]
Theorem 2.2.2
Let model (2.9), assumptionG.1 and H; (1.2) be true, then
To o A M
Proof:
Letko=bnc,with = if < < (1! )and = otherwise. The main idea is to show
that the sum up to m converges tol . Observe that
1 A
(s A w (ko=n)P= S ('n)
1
pﬁ Sko(/\n) A
1 Xe
P= (X! An)
n
t=1 A
!
1 X ko(n! m
= P= ("t! "n)! Ko(n! m)
n n
t=1 A
Because it holds
1 X0 Ko(n! m 1 X0 P_ko(n! m
P ("l "n)! Oﬂ(n% P (dl ) ! n"(iz)k K ;
t=1 A t=1 A
with (1! )! Ke@r my= 1 ko ¢y myyp (1 ky=0 1 we have
1 X ko(n! m
T A B (gt M
t=1 0 A
= Op(1)! "n( (@' )k ky)+ o(1)
r1:
n"1 [ ]

Theorem 2.2.3
Let A be a positive semi-de nite matrix and
Th(A) = {nlzili(n w(n; K)KS(k; )Kka
a test statistic, with w(n; k) a possibly random weight function and S(k; ) such that
Theorem 2.2.1 and Theorem 2.2.2 hold true for thisA as well as forA = 14. Let /Qn be
an a.s. positive de nite consistent estirBator for A. For Tn(An) the result of Theorem

2.2.1 holds true. If A, is additionally *~ n-consistent estimator Theorem 2.2.2 is also
true for Tn(Ay).
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2. Multidimensional mean change model

Proof:
For the test statistic we have

To(; A)! Ta(: A ) max w(k=n) Ris()! AS()

>
=N
N[

I A2 max w(k=n) Si("\)
1 k<n

N[

= A1 A Ta(lg):

1
That A\ﬁ ! A% r? 0 follows directly from the consistency of the estimator. Hence, the

convergence undeHg is not changed asT,(l4) = Op ().

For the consistency, we observe, withkg = bmax(; )nc,

o
TG A e g M
t=1 A
= Op()! PR (X! )k ks + Op(L)+ o(1)
re1;
n"1l

P — .
where we used analogous arguments as above for 't‘:ol "t ") P and the P n-consistency

n

for k kAn-
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2.3. Change-point estimator

2.3. Change-point estimator

After deriving a consistent and asymptotic level- test, we are interested in the estimator of
the change-point. We want to determine the rate of convergence and vef it by determining
the asymptotic distribution.

We still assume a mean change model (2.1) with a xed but arbitrary sizeof the change

(n constant). The test statistic is given by
n2 1 X A
Ta(; ;A)=  max - p= X |
n ) n<k< (11 )n  k(n! k) no._, oo N

as we derived in section 2.2 (compare (2.12)). With the notationN.7 of the weight function
W (S) = 1f << (11 )g(s(1! s))' the test statistic is de ned as

1 X
1 k<n n i1 A

We are going to see in subsection 2.3.1, that the argument of the maximum is good estimator
for the change-point. The e ect of the weight function for the change-pont estimator will be
discussed in subsection 2.3.2. In this section we also state usefuloperties of this function.
The main results for the asymptotics of the estimator are given in sectin 2.3.3. We shown-
consistency of the estimator and verify it by determining the asympotic distribution. Detailed
proofs are given in section 2.3.4.

2.3.1. The estimator

We have derived the test statistic T,, and discussed the e ect of weight function. To this end,
we calculated the expectation for the unweighted and weighted partial ams (see (2.13) and
(2.16) on page 18). We observed, that the maximum of the expectations is approaek at the
time of change. Thus the argumentum maximum is a good estimator for the cange-point.
So there is a close relation between change-point estimator and testatistic. With the test
statistic Tp(; ;A) the change-point estimator is of the form

XK
m(; ;A)=argmax w. (k=n) Xit q ; (2.25)
1 k<n i=1 A

with w. (n;k) as in N.7 on page 16.

In the one-dimensional case asymptotic results for the change-point &mator are given in

Antoch et al. [1995] and Csergd and Honath [1997] (section 2.8.1). Multivariate analyses
of change-point estimators are rare. For some models multivariate analysesf change-point
estimators are published, e.g. in the case of linear multiple regregm Bai [1997] a analyse of
xed and shrinking magnitude are done for the non-weighted test statigic. We use the op-
portunity to state the results for the multivariate case. The proofs follow the ideas of Csergd
and Honath [1997].
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2. Multidimensional mean change model

As in the proofs for the asymptotic behaviour of the change-point test, ve also make use of
properties of the weight function here. We take a closer look at the wejht function to obtain

a better understanding of its e ect on the change-point estimator and gate the properties
needed later on.

2.3.2. E ect and properties of the weight function

In this section we take a closer look at the in uence of the weight funtion on the change-point

estimator as we did in section 2.2.2 for the test statistic. We therefoe assume i.i. normally
distributed residuals. We compare the expectation and standard detion for the unweighted

and weighted partial sums in case of an early change and in a situation wheréné change oc-
curs in the middle.

In Figure 2.5 the expectations (thick lines) and expectations plus/mnus the standard devia-
tions (thin lines) for the weighted ( rst row) and the unweighted p artial sums (second row)
are shown. The region for each partial sum where it is likely observedafound 70%) is be-
tween the thin vertical lines. The horizontal solid line correspond to the maximal value of the
partial sum minus the standard deviation. The event that the maximum of the partial sums
is less than this value is unlikely. All values ofk for which the partial sum has mean plus the
standard deviation larger than the solid black line are also likely valuesof the change-point
estimator. So, we compare this regions, drawn in blue lines, for the vighted and unweighted
estimators.

We observe, that the intervals (indicated by the blue line) for a change in the middle are
smaller for the unweighted estimator. For early changes the weighted d¢isnator (second row)
has a smaller interval. In conclusion, for changes in the middle the wveighted estimator is
preferable and for early changes the weighted one.

For the proofs of the asymptotics for the weighted change-point estimatorwe are going to

make use of properties of the weight function. A key property is the Ligchitz continuity of
the weight function w (k=n) de ned on a compact setk 2 [n; n ].
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2.3. Change-point estimator

T 1 T
1 1
0 1 L of 1
‘ ] ‘ W
0 1 1 of 1 1

Figure 2.5.: Comparison of unweighted (rst row) and weighted (second rev) partial sums
w (bsnc=nN)Vysnc ( =0and = % respectively) in view of estimating the change-
point based onn = 50 observations

Lemma 2.3.1

For the function w (k=n) = X(11 ¥) ', > 0 andkl2[nn ],0< < < 1,
there exists a constantc > 0 with

jw (k=n)! w (I=n)j j k! ljcn'?!:

Proof:
By the mean value theorem applied tow (s)=s' (1! s)' we have

jw (k=n)! w (m=n)j = jk! mjjwo(s)%j; (2.26)
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2. Multidimensional mean change model

with s betweenk=n and m=n and derivative

wo(s)=1 s' 't s + st (a9 't
= w 41(8)@2s! 1):

This is a bounded function on [; ] [0;1] such that

jwo(s)j max jwYs)j =: c: (2.27)

A very useful result, not only in this special case but for all boundedand Lipschitz continuous
functions, is, that this family is closed under multiplication. This results in the following
important properties of the weight function.

Corollary 2.3.1 Letw (k=n), k, I, and be asin Lemma 2.3.1
jw?(k=n)! w?(I=n)j j k! ljcin'? (2.28)
jw?(k=n)k ! w?(I=n)lj j k! ljc, (2.29)
jk! ljcsn j w?(k=n)k?! w?(I=n)I%j j k! ljcdn (2.30)

with ¢;; ¢2; c; and ¢z constants depending on;  and . Moreover, there exists a constant
¢4 such that
w2(I=n)121 w?(k=n)k?>c4> 0 (2.31)

with 1 k<l<n.
Proof:

The inequality (2.28) is clear sincew?(s) = w, (s). With the Lipschitz property for linear
functions on a bounded set, the inequalities (2.29) and (2.30) (right hand isle) follow directly.

The left inequality of (2.30) follows with the mean value theorem equialent to the proof of
Lemma 2.3.1, just usingjw®(s)j] min < jwO(s)j for s 2 [k=n;I=n].

Due to the specic choice of the weight function, we can prove (2.31) bycalculation. From
the mean value theorem we get fois2 [k=n;I=n]

w2(I=n)12 1 w2(k=n)k? = (1! k)n2w (S)s W 41 (5)2s! 1)s+ w (S)
= (1! K)ws 41 (5)s?n2( (28! 1)+11! s)

:ﬁl! k)2v¥; +1(s)32? Fl! {)Zs+ ?

>c> 0 =f(s)

with f(s) > O forall <s< and c some constant depending ork; | and n, where we use
1
5 ]
5

Knowing how the weight function behaves in a truncated area, we alsmeed to know how it
behaves at the boundaries.
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2.3. Change-point estimator

Lemma 2.3.2

The weight functionw (') ful Is

lim sup w (s)s=0 and lim sup w(s)(1! s)=0:
0s2(0: ) Os2(1! ;1)

Proof:
We show lim - gsups; o, yW (s)s < 1 ; the other inequality follows analogously.
It holds

lim sup w (s)s=1lim sup s¥ (1! s)'
0s2(0; ) Os2(0; )
lim sup s* (1! )
0s2(0; )
=0:

2.3.3. Asymptotic results

First of all it is important to know whether, for increasing n, the estimator is consistent. This is
not only of interest for the practical application of the estimator, it also helps in further proofs.
In [Csergd and Honath, 1997] they proved weak consistency. For other exanples, almost sure
consistency is also proven (see, e.g. Antoch et al. [1995] or Kirch and Tadigje Kamgaing
[2012]). Later on we only need weak consistency for the change-point estimatoso we prove
convergence in probability for the non-rescaled version of the changeemnt estimator.

Theorem 2.3.1 Assume assumptionG.1, the model (2.1) and let the alternative H1 (1.2)
hold. If the change-point estimator (2.25) fulls < < (1! ), then

m(; ;A)! m=op(n):
In particular w is a consistent estimator for

The key of the proof is to show uniform convergence of the test statist. Then with the
Lemma 3.1 of [Petscher and Prucha, 1997] (see C.1.2 on page 209) we get the claim. Foe
proof of the uniform convergence, we use the LIL (see (C.3)). The detdd proof is given in
section 2.3.4.

As we mentioned, Theorem 2.3.1 shows consistency. In applications, ware also interested
in con dence regions for the time of change. To this end, we rst detemine the rate of
convergence. Secondly, we show that this rate is the best by deteliming the asymptotic
distribution.

Csergd and Honath [1997] (proof of Theorem 2.8.1) stated that with the weak condstence it
is enough to prove the rate of convergence only for the truncated changegint estimator. The
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2. Multidimensional mean change model

proof makes use of the de nition of the change-point estimator only, and notof its speci c
form depending on the model.

Corollary 2.3.2 Let m(; ;A) and i(; ;A) denote two change-point estimators of the
form

m(; ;A)=argmaxw. (k=n) X H(Xq¢; "n)
1 k<n (=1 A
with ; , A and function H such that
m(; SA)! m=op(n)
for = or = andm= bn c. Then it holds
P(M(: ;A)=Mm(; ;A) " L (2.:32)

As we see, this Corollary is for a general change-point estimator. The prodbllows essentially
from the op (n) convergence as well as from the specic de nition as the argument of the
maximum. It is clear, that in our speci c situation we have the assumptions ful lled as shown
in Theorem 2.3.1.

The main idea of the proof is that for < < %

P(m(; ;AL m(; ;A)j>0)
=p . (k=n) S.(X - (k=n) S (X
( nm;a(xn wo; (k=n) Si(Xn) , > ] m% )nWo,( n) Sk(Xn) A)
@' )n k<! )n

results in the event that j*C_A2 1 j> max( ! ; 1! ! ). Using the de nition of the
stochastic Landau symbols (see Appendix A.2) and Theorem 2.3.1, which givéke consistency
of rh=n, completes the proof.

In a next step as done in [Antoch et al., 1995] and [Csergd and Honath, 1997], we pove
the rate of convergence, i.e.mf; ;A)! m = Op(1). This is not the best rate in the case
of the local alternative, but the proof is analogue. In the literature the proof for the xed
alternative is rarely shown. We show the proof of the multivariate ca® in detail. For the rest
of the thesis we will refer to the main ideas and discuss the di cuties in the special cases.

Theorem 2.3.2 Under the assumptions of Theorem 2.3.1 the change-point estimatah( ; ;A)
(2.25) ful Is

m(; A m=0p(1):

For the proof, we use that the estimator isn-consistent and therefore focus on the estimators
with truncated maximum range, because asymptotically they are equivaknt. We then replace
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2.3. Change-point estimator

the weighted norm of the partial sum by another but equivalent value, ie. the argument of
the maximum of wg. (k=n) Sk(’\n) A is the same as that ofVy, with

Vi = wo. (k=n) Si("h) .
+ Wo, (k=n)wo; (mzn)sl-(r(An)ASm(An)
I wo; (k=n)wo, (M=n)S,(")ASK(")
I wo, (m=n) Sm(") R

By the properties of the weight function in addition to the Hajek-Re nyi inequality and the
CLT, we determine by the right decomposition the dominating parts. Details can be found

in section 2.3.4.

We have seen, that the rescaled change-point estimatorﬂr:() converges with rate % From
the proof of Theorem 2.3.2 we get the decomposition as well as the dominatingarts. This
is useful for the proof of the asymptotic distribution. To justify t hat this rate cannot be
improved, we determine the asymptotic distribution.

Theorem 2.3.3 Let the assumptions of Theorem 2.3.1 hold true. Then

m(; ;A)! mre argmadW(s)!j sig(s)D? s2 Zg

with D = k k,, o
20 b ;s=0;
W(s)=_ TA 2 1L @ -g5<p;
> L pi=s |(1)
A T s> 0
2 areiid. with L Y =L (%) forz=1;2and
8
2@t yar H+ ; s< 0;
gs)= 0 ,s=0;

@ar y+@ar» ) ;s> o:

With the same decomposition as we used in proof of the theorem about the cerrgence rate,
we are able to determine the asymptotic distribution. From before, we know the asymptotic
dominating terms, so the asymptotic distribution is given by these parts. For the proof, we
observe that the di erence can also be analysed on a su ciently large sbset. Due to the
consistency the probability of observing values outside this subdewill tend to zero. As the
maximum is now taken over a nite set, it follows that all the other par ts are negligible, which
can be shown using again the triangle inequality, Cauchy-Schwarz ineglity as well as the
CLT and the Hajek-Renyi inequality. For the deterministic part w e make use of properties of
the weight function to determine the limit behaviour. On the other hand we show the limit
for the stochastic part, by rewriting this part as a function on k! m.
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2. Multidimensional mean change model

In the one-dimensional case, see Antoch et al. [1995], the distributiorsigiven as

d

m(; )! mrY argmaxf W (s)!j sjg(s) 2; s2 Zg

with f W (s)g denoting a two-sided standardised random walk which is equivalent taur result.

We have discussed the in uence of the weight functionw . in section 2.3.2. We now observe

the in uence of the parameters and . First of all, for large observations the in uence of

vanishes. But the e ect of still exists. We can see, for a change in the middle, the decision

of has no e ect. But on the other hand, if 6 % i.e. early or late changes, we would prefer
= 1 as then the distribution is symmetric. This coincides with our observations in section

2.3.2.

2.3.4. Proofs

Theorem 2.3.1

Assume the model (2.1), assumptionG.1 and H1 (1.2). If the change-point estimator
(2.25) fulls < < (1! ), then

m(; ;A)! m=op(n):
In particular w is a consistent estimator for .
For the proof of Theorem 2.3.1 as for the rest of the thesis we are going to ugke following

notation: 8
2 bsnc 4 bnec

n : n S <
On(s) = (2.33)
> b bs : .
T 2RE 1 2E ss
Proof of Theorem 2.3.1:
We rst give the proof for =0and = 0. Inthe case 2 (0; %) we can directly get the
result from the rst part. Butfor =0and 2 (0; %) we have to use a truncation argument
as for the proof of Lemma 2.2.2.
First observe that by the model (2.1) we have
ggnc ggnc b
Xil " = (1! "W+ lie glbsncib nc)tbsnc 11 ~n°
t=1 t=1 n
ggnc
= ("t! "n)+ ngn(s) (2.34)
t=1
Let 8 '
<(s@! s)) ks(! )k, ;s<
L (s):= . (2.35)

T (s1! s)' k(X! s) ky, ;s

If we can prove

bsnc

1 %nc

52( ) 1! ) t=1

Xel P'L(s) = 0as:(1); (2.36)
A
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2.3. Change-point estimator

wherew (s) = (s(1! s))' , Lemma 3.1 of Petscher and Prucha [1997] (Theorem C.1.2) yields

mG ), m
n

n = Oas:(1):

Let us prove equation (2.36).

We rstassume =0and =0:
Observe, that the law of iterated logarithm holds true such that

ggnc ggnc..
(! ) =0@M) ot
t=1 A 0t=l 1
nc
X
=om@ " v + BT A
t=1 L
= Oa:s: g banI()g IOg(ban) + bsnncoa:s: g W
= Ogs P nloglog(n) (2.37)

uniformly in s.

First using equation (2.34) and secondly the triangle inequality gives

ggnc ggnc
X! "y = ("t! "n)+ ngn(s)
t=1 A t=1 A
ggnc
("t! "n)  + nkan(s) Ky
t=1

A
with g, (s) as in (2.33). By the convergence of,(s) and (2.37) it holds

ggnc

p__

Xe! 'n = Oas: nloglog(n) + n(Lo(s)+ 0as:(1))
t=1

A

with Lo(s) as in (2.35). The result (2.36) follows directly by weighting with % Because the
convergence of the di erence does not depend os, the supremum converges with the same
rate.

We derive the proof for 2 (0;3) and 2 (0; 3] as follows.
The weight function is bounded on [; 1! ]. Thus, with

? Lo(s)! L (s)= ofd)

uniformly in s2 [; (1! )] the result follows from the case above.
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2. Multidimensional mean change model

It is left to prove the claim for =0and 2 (0O; %).

Here, we have to be careful because the weight function is not well Ibaved on (Q 1). Let
be suchthat0< < < 1! < 1. Inthetruncated area[; 1! ] we know from the case
above, that the claim holds true. It is left to prove the (uniformly in n) negligibility of the
values outside this area, i.e.

: bsnc  X'°
lim  max e X! " 1L (s) = op(1):
"0 o< N

1 )<s< 1 - A

Due to the special choice of the weight function (see Lemma 2.3.2), it faws

lim sup w (s)sk(l! ) k, =0
0s2(0; )

and

lim sup w(s)(1! s)k k, =0:
Os211 ;1)

bsnc

n

As also the quotientw (bsnc=n) is bounded, we get the uniformly convergence

lim sup w (bsnc=n)jgn(s)ik k, =0
0s2(0; )

as above. On the other hand we can argue as in Lemma 2.3.2 and derive

lim sup w (bsnc=n)jgn(s)jk ky =0:
Os2(11 : 1)

By (2.23) and (2.24) we have uniformly inn

%nc
lim sup w (bsnc=n) "e! "h) =op(1):
0 O<s<; t=1 A
(1! )<s< 1
Thus, it is allowed to ex-change limits for " Oandn"1 . This nishes the proof.

Corollary 2.3.2

Let m(; ;A)andr(; ;A) denote two change-point estimators of the form

X
m(; ;A)=argmax w. (k=n) H(X: ™)
1 k<n t=1 A
with ; ; , A and function H such that

m(; A)! m=op(n)
for = or = andm= bn c. Then it holds

P(M(; A)=M(; ;A) L L
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2.3. Change-point estimator

Proof:
Without I?_§s of generality let us assume < < % For = the result is clear. Denote

Sk( n)— =1 H(X¢; n) Then we get
POm(; ;A m(; ;A)>0)

=P ma k=n) Sc("\ > max k=n) Sc("
nk<Xn w (k=n) k(n)A \ max )nW( ) k(n)A

(1! )n k<(@! )n
=P A < gpf MA S 11 g)
=p(RC A <y )+ P(MA T s 1 1)) (2.38)

From Theorem 2.3.1 we have—) = op(1), so (2.38) convergesto 0 as< < 1!
[ ]

Before we prove the optimal rate of convergence, we show some usefubperties of the partial
sums.

Lemma 2.3.3

LetY;, 1 t n,bei.id. random vectors with nite second moments andA symmetric,
positive semi-de nite matrix. It follows

X _ X .
max (Ye! Yn) 2 max Y =0p n2 (2.39)
1 kn 1 kn
t=1 A t=1 A
and for , >0
P
max 1 X (Ye! Yn) max ket + 0p (1)
1km o m!k oo 1km . mlk L,
t=k+1 A
1
=0p n? +op(l); (2.40)
P
1 X v It(:m+1 Yi
Yi! Y — =+ 1
m+n:a)l(<<n k! m (¥ n) m+n,1,a)|(<<n k! m o0 (1)
t=m+1 A
1
=0p n? +o0p(l): (2.41)
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2. Multidimensional mean change model

Proof:
Observe, that w.l.o.g. we can assumd[Y;] = 0, otherwise de ne Yi'-’ =Y;! E[Y;] and show
the behaviour for Y;?.

From the Hajek-Renyi inequality we get for an i.i.dPsequence Y; and for sequences,, b, and
non-increasing sequencey that the partial sums It(zl Y; follow

0

> -

Xk % .

max o Y = Op @a, + 2)zA :
an K t=1 A k= an+1

The equation in (2.39) can be proved using the Hajek-Renyi inequality with ¢, = 1. For the

inequality in (2.39) we use the triangle inequality.

For the inequalities in (2.40) and (2.41), we use the triangle inequality. The CLT (see Theorem
C.2.1) gives

To prove the other relations we apply again the Hajek-Renyi inequality. The sequence

fYm! k+1 g is a sequence of i.i.d. random vectors, so the Hajek-Renyi inequaly can be applied
to partial sums of them. For (2.40) we get

I:)m |
N Y 1 X
t=k+1 Tt
max ——= = maxX — Y,
tkm o mlk L, aimal mi k+l
=1 A_I_
0o 1:
2
1 Xt g
:Op%@f pA g
n k: n+1
|
Z 1°
1 m 1 2
=0 — 4+ —dx
p N ) X2
|
Z .
1 13 2
=0 — 4+ —dx
p N ) X2
1
:Op n2
The equation in (2.41) follows in the same way
Py | z !
e Y 1 X 1 11 3
max _t=mdl U max = Yum =0, —+ —dx
m+ n k<n k! m A nIn!m!1|t=l A n nx2

N[

!
:Op n
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2.3. Change-point estimator

Theorem 2.3.2

Under the assumptions of Theorem 2.3.1 the change-point estimatan(*; ) (2.25) ful Is

m(; A m=0p(l):

Proof:

From Corollary 2.3.2 we know, that it is enough to analyse the behaviour in atruncated.area.
For estimators ri(; ;A) = ™(0; ;A), it is enough to analysem(; ;A) with 2 0;%
xed but with < < 1! . Inthe other cases, i.e. 2 (0; ), let beequalto . So we
have to prove

m(; A)! m=0Op(1)

for 2 (0; %). This means we have to show that for every > 0 exists a > 0 such that for
all n

P(m(; ;A)! mj> )=P(; ;A)<m! )+ P((; ;A)>m+ ) : (242

We will consider the two partsi(; ;A)<m ! andr(; ;A)>m + separately.

Before we come to the proofs for each part, we observe

Xk
m(; ;A)= argmax wg (k=n) (X! W) = argmax Vi (2.43)

n k (1! )n t=1 A n k (1! )n

with
V= w (k=mSc("n) t w (m=n)Si("n)
= w (k=n)Sk("") A w (k=n)S("n) ' w (m=n)Sm (") A w (k=n)Si("n)
fow (k=S A w (mESA() ! w (mEmSa(h) A w (men)Sa ()
=1 w (Mm=n)Sm("n)! w (k=n)Sk("n) A w (m=n)Sm (") + w (k=n)Sk("n)
D E
=1 w (M=n)Sn("n)! w (k=n)S("n); w (M=n)Sm (") + w (k=n)Si("n) .
and Sg( ) = P (Xt! ), seeN.1. Recall,wp. (k=n)= w (k=n) by notation N.7 andh; i

k
: _ t=1
as in notation N.2 .
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2. Multidimensional mean change model

First, let us coq§|der0< m<m!
With S (") = t1 "t k'y ! k(@! T for k<m we get

D
Vie= !t (w (m=n)! w (k=n))  ("t! "n)+ w (m=n) "t
t=1 t=k+1

F'w (m=n)(m! K)*,! (w (m=n)m! w (k=n)k)(1! %) :

xXn
w (m=n) "t "a)+(w (m=n)+ w (k=n))  ("t! "n)

t=k+1 E t=1
m
' (w (m=n)m+ w (k=n)k)(1! F)
Xk XK
=1 (w(m=n)! w(k=n) ("t! "n)i(w (k=n)+w (m=n)) ("t! "n)
t=1 t=1

+

xn m
+ w (m=n) ¢! ") ! (w (k=n)k + w (m=n)m)(1! F)

% t=k+1 A

XN
tw (m=n) ("t ! "n)i(w (k=n)+ w (m=n))  ("t! "n)

t=k+1 + t=1
xn
+w (m=n) ("t! ")
t=k+1 A +
X m
+ w (m=n)(w (k=n)k + w (m=n)m) " =)
« t=k+1 +n A
L w (m=n)(w (k=n)k + w (m=n)m) *pu:(L! %)
* A

m XK
H(w (m=n)m ! w (k=nk) (L1 =) (w (k=n)+w (m=n)) (! “n)
X

+ w (m=n) "tTw (m=n)(m! K)*y! (w (k=n)k + w (m=n)m)(1'! %)
t=k+1

Straight forward calculation gives

K 2
Vik =(w (k=n)! w (m=n))(w (k=n)+ w (m=n)) "t K™,
% t=1 A
X 0 0 ’
I w?(m=n) ("t! "a) ("t! "n); ("t! "n)
t=1 t=1 t=k+1 A
* +
X m
I 2(w?(m=n)m ! w?(k=n)k) (et )i )
t=1 A
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2.3. Change-point estimator

* +
2( M= . m
2w (m=n)m (m! Kk)™,; (1! F)
* + A
x m
+2w?(m=n)m "n(@l =)
t=k+1 n A

| (w2(m=n)m2! w?(k=n)k?) (1! %)
=B;1+ B+ B3+ B4+ Bs+ Bg: (2.44)
We determine the parts of Vi which can not be dominated by the deterministic part Bg. First

observe that from the properties of the weight function ( equation (2.30) h Corollary 2.3.1),
we have

m! k m! k
nax o= max o TRy a7,
n<k  m! - ]Bg) n mtj(w(m=n)m=! w2(k=n)k?) (1! T) ]
12
=o n't @ M : (2.45)
n" A
Now, we analyse each part olk. For the rst part observe
. _ 2
B1 jw?(k=n) ! w2(m=n)j X«
max max max "t K"
nck m! m! k n<k  m! m! k n<k  m!
t=1 | A
on'!  max X + max k%k"nk | 2'
n<k  m! =1 t A n<k  m! noA ’

with the triangle inequality and equation (2.28). In the equation (2.28) the constant is O(1)
because=n n!,',l 0. Using (a+ b)? a?+ B2 for a;b2 R and Lemma 2.3.3 (with > 0

xed but arbitrary), we get

0 ) 1
max Bs on'H@ max "o+ max kKT KiA
n<kk mt m! k nkoomto n<k  m!
= O(n' HOp(n) = Op(1): (2.46)

For the analysis of B, we use the Cauchy-Schwarz inequality to conclude

B, ) Xk xXn
max w (m=n) max ("¢ )+ "¢ "h)
nkk mt ml! k n<k  m!
t=1 t=1 A
1 xn
max "¢t Mh)

n<k  m! m! k
t=k+1 A
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2. Multidimensional mean change model

Recall that mg bnc(G.1), sg the weight function at m=n is bounded. Applying the triangle

inequality to k= "l k" +  Mo" ! m*, two-times and using Lemma 2.3.3, we get
q t=1 t=1

Xk
2

o(1) 2 " +2mk*hk

n<kmaé! m! k (1) n<rIT<1aXm t MK nKa
t=1 A |
1 X '

mn + H-
n<kmaé! m! k t K nkA
t=k+1 A

Op(n2)+ O(N)Op(n' 2) Op( ' 2)+ Op(n'2)

Op n2 'z + Op(1): (2.47)

For B3 and B4 we use the Cauchy-Schwarz inequality together with Lemma 2.3.3 (again
n > 0) and (2.29). Thus, it follows

Bs X m
"ol " | —
n<kmanx1! m! k O(l) n<kma)r'§1! e K : (1. n ) A
t=1 A
=0p n¥ (1! Dy (2.48)
n A
B4 m
o | —
X R OMKIka (1 )
—op nt 1 My (2.49)
n A

To approximate the remaining term we again use Lemma 2.3.3 equation (2.40) andet

B I m
max > O(n) max "t @ar —)
nck m' m! Kk n k ml! m! n A
t=k+1 A
=0p n'z @ My (2.50)
n’ a
Thus, we can conclude
B 12
max —f =0 n'! @1 M Op (1) = op(1):
n<k m! Bg n A
BZ 11 m L2 11
max — =0 n - (1! —) Op(nz " 2)+ Op(l) = op(L);
n<kk m! Bg n A
max 2o nl@ ™ ot ™y o)
n<k m! Bg B on A P o A P '
— =0 n 1 — Op n 1! — =o0p(1);
n<kma)n(1! Bs ( n) A P > n) A P (1)
B5 11 m b2 1 m 1L
— =0 n 1! — Op n° 1! — =0 : :
n<kmaé! Bs ( n) A P ? n )A P(7)
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2.3. Change-point estimator

This leads to

P(m(; ;A)<m! )=P max Vg > max Vi

n<k<m ! m! k @' )n

P max Vg Vm

n<k<m !

=P max V O

n<k<m !

B
=P max Bg 1+op(1)+ET5 0 : (2.51)
6

n<k<m !

From Corollary 2.3.1 we haveBg < 0 for k <m, with max; x« m:i Bg ¢ < 0 for somec.
Thus, we conclude

B
P(m(; ;A)<m! ) P max =~ —> 1+ o0p(1)
n<k<m | Bg
Bs Bs
P ma — 1! +P 1+o0p(1 max — 1!
n<k<mX! Bg P (L) n<k<sm | Bg

P Op(l) (1! )7 +ol)

with 0 < < 1 arbitrary. This term becomes arbitrarily small for a su ciently lar ge > 0.

The proof for other case,m + < i < n, is similar to the case before. However, in the
literature this case is hardly dealt with. We take the opportunity to look at it closely.
As in (2.44) we determine a decomposition of/. By using Sm(™) = Sc("n)! Sms1 k() we
get

D E
Low (Mm=n)Sm(") ! w (k=n)Sk(); w (M=n)Sm (") + w (k=n)Sk(") .

Vi

D
bo(w (m=n)! w (k=n))SE(An)! w (Mm=n)Sms1k("n); (W (m=n)+ w (k=n))S("s)

L w (Mm=n)Sp+1 k(") A:

For the speci ¢ model we have fork > m

X m
Sm('\n)= I m'y ! (n! m)ﬁ;

t=1
A X( m
Sm+1k('n) = "t (kI m) Dokt m)Ty ! (kP om)(1! F)
t=m+1
= " (kD m)*, + (k! my™
t=m+1 n
= "1 (KU m)*+(n! m! (n! k))%
t=m+1
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2. Multidimensional mean change model

and fork m

Sk(/\n) = Sm(/\n)"' Sm+1;k(/\n)

m m
= bkt (ntm) (ke m)

t=1
X m
= "t ky ! (n! kK)— :
t=1 t n
Then we get
) e e
Ve=! (w (m=n)! w (k=n)) ("¢! "n)! w (m=n) v+ w (m=n)(k! m)*,
t=1 t=m+1
| (w (m=n)(n! m)! w (k=n)(n! k))%;
Xk Xk
(w (m=n)+ w (k=n))  ("t! "n)! w (m=n) ("t! ")
t=1 _'t_=m+1
I (w (m=n)(n! m)+ w (k=n)(n! k))%
A
Dxk Xk
=(w (k=n)! w (m=n)) ("t! ) (wo(k=n)+ w (m=n))  ("t! "n)
t=1 t=1
m E
I''w (m=n) "¢t ") (w(k=n)(n! K)+ w (m=n)(n! m))F A
t=m+1
D X
+w (m=n) ("¢! o) (wo(k=n)+ w (m=n))  ("t! "n)
t=m+1 t=1
XK E
Pw (m=n)t:m+l( tf ")
D X m E
'w (m=n)(w (k=n)(n! k)+ w (m=n)(n! m)) "t;F A
Dt=m+1 m E
+w (m=n)(w (k=n)(n! k)+ w (m=n)(n! m)) (k! m)'*n;F A
D Xk
*(w (m=n)(nt m)! w (k=n)(n! k) —:(w (k=n)+w (m=n))  ("t! "n)
t=1
X m E
I'' w (m=n) "t+w (m=n)(k! m™ ! (w (m=n)(n! m)+ w (k=n)(n! k))F

A
t=m+1
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2.3. Change-point estimator

Straight forward calculation leads to

2
Vi =(w?(k=n)! w?(m=n)) "l k",
t=1 A
D)« xo XK E
! Wz(mzn) "t! th)+ "t! "n)s "t! "n) A
t=1 t=1 t=m+1
DXk m E
I 2w?(k=n)(n! k)! w?(m=n)(n! m)) ("¢ ! '*n);F .
D n E 7
+2w?(m=n)m (k! m)*y; (1! F) .
, D x m E
I 2w?(m=n)m - (1! F) A
+(W2(k=n)(n! k)21 w2(m=n)(n! m)?) %
=B1+ B>+ B3+ Bs+ Bs+ Bs: (252)

We use the properties of the weight function (see Corollary 2.3.1) to pree the asymptotic
behaviour. For the deterministic part (Bg) we use the left inequality of (2.30). With the
symmetry of w (s) and | = n! k we have

k! m (nt m)! |
max —— = max |
m+ k(1! )n jBgj n o Intmto w21t )21 w2(m=n)(n! m)?
_ (n!t my! I _ m. !'2

' m
a1 w2(Ly2r w2(nlmyn m)2_o n - (1! n)

Again we analyse the asymptotic behaviour of the other parts. With analogue argments for
B1, B2, B3 and B, we get

B1 jw2(k=n) I w2(m=n)j X
max max "t + k™M
m+ k (11 )n m! Kk m+ k (1! )n kl' m

O(n' ))Op (n) = Op(1):

t=1 A

Equivalently, we get with the Cauchy-Schwarz inequality and the triangle inequality
!

B
max 2 O(1) 2 max "t +2mkK kK,
m+ k @ )n m! Kk nkm A
!
1 X
n + H-
n nlzaé' k! m ! Kinka
t=m+1 A

Op(n2)+ O(N)Op(n' 2) Op( ' 2)+ Op(n' 2)

= Op n% !% + Op(1):

a7



2. Multidimensional mean change model

For the analysis of B3 we use the Cauchy-Schwarz inequality and the symmetry of the weight
function to conclude

B w?(L! k=n)(n! k)! w?(1! m=n)(n! m)
max max
m+ k (1 )n k!'m n nlk nlml n!' m! (n! k)
!
X ' m
max "e! "n) —
m+ k (1! )n t=1 A n A

Using property (2.29) of the weight function and Lemma 2.3.3 we get

B3
max
m+ k @ )n m! K

)

oWor n* N =o0p ni (1!
A A

n

S5|3

For B, and Bs we also use the Cauchy-Schwarz inequality and Lemma 2.3.3. Thus, it falvs

B4 m 1 m
max O(n)k"nk, (1! — =0p nz (1! — :
m+ k (1! )n m! Kk (Mk"nky ( n)A PNz ( n)A
B. 1 X m
max > O(n) max " @ar —)
m+ k (1! )n K!I'm m+ k (11 )n k! _ n -’ a
t=m+1 A
=0p n'z (1! —)
A
Thus, we can conclude
B 1 m !2
max — =0 n 17 — Op(1)=0p(1);
me T Be ( n) R p(1)= op(1)
B> 11 m 2 1,1
max — =0 n 17 — Op(nz " 2)+ Op(1)) = op(1);
me T B ( n) R (Op(nz " 2)+ Op(1)) = op(1)
B3 11 m 2 ;L m
max — =0 n 1 — Op N 17 — =op(1);
m+ k (1! )n Bp ( n) A P > ( n)A P (1)
max — =0 n 1 — Op nz (1! — =op(1);
m+ k (1! )n Bp ( n) A P ( n)A P (1)
B m 12 m
max 25 -0 'l @D Op n'z (1! —)
m+ k (1! )n Bp n A n A
11
=0p 'P @ T
n A
As in equation (2.51) we have
P(tm(; )>m+ )=P max Vk > max Vg
m+ <k (1! )n n<k  m+
P max Ve O
m+ <k (1! )n( !) |
Bs
=P max Bg 1+o0p(1)+ — 0
m+ <k (1! )n Bs
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2.3. Change-point estimator

By Corollary 2.3.1 together with the symmetry of w (k=n), i.,e. w (k=n) = w ((n! k)=n),
we haveBs < 0 for m < k, with maxm,s K 11 )nBs € < O for c xed but arbitrary.
Equivalent to the casek <m we have fork > m

P(M(; ;A)>m + )
B B
P max =2 11 +P 1+0p(1) max =2
m+ <k (1! )n Bp m+ <k (1! )n By

P Op(l) (1! )z +o(l);

with 0 < < 1 arbitrary. This term becomes arbitrarily small for a su ciently lar ge > 0.

]
Lemma 2.3.4
For Y;, t =1;:::;n, being i.i.d. with nite second moment and , > 0 a deterministic
sequence. If- n'r"'l 0 then we have
X _ o_
max M! Yn) =0p( n); (2.53)
m! p<k<m + ,
t=1 A
X - p
max Mi! Yn) =0p( n); (2.54)
m!  <k<m
t=k+1 A
Kt b
max ¢! Yy =0p( n): (2.55)
m<k<m + , —m A

Proof:
First observe that w.l.o.g. we can setA = |4 and E[Y1] = 0.

For the rst equation (2.53) we observe that by the triangle inequality we have

XK - Xk _
max Ye! Yn) max Yy + max k Ynq
m! n<k<m + n m! n<k<m + n m! n<k<m + n
t=1 t=1
X _
max kYik+ O(n+ ) Yiq
1<k<m + ,
t=1
p S p
=Op 'n 1+ F” + Op ﬁ1+7”

The claim follows by the CLT (see e.g. Theorem C.2.1).
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2. Multidimensional mean change model

With the same arguments we get

xn o X o
max (Y¢y! Yn) = max Ymit+1 ' 1Y
m! ,<k<m 1< n
t=k+1 t=1
XI
max Ymit#1 *+ n Ynp
Lo g

op(" M+ 0p pL

For the equation (2.55) equivalent argumentation nishes the proof. ]
Theorem 2.3.3

Let the assumptions of Theorem 2.3.1 hold true. Then

m(; ;A)! m rd argmaxf W(s) !j sjg(s)D?; s2 Zg

with D = Kk k,, o
20 b ;1 s=0;
W(s)= _ TA : izls t(2) ;1 $<0;
21 1P .
Az o 5820

@ areiid. with L ¥ =L (4)forz=1;2and
8
2@ Har )+ 1 s< 0;
g(s)=>0 ;8$=0;
@ar y)y+@atr» ) ;s> 0:

Proof:
To simplify the notation we use rh := Mm(; ;A).

We show the claim by analysing the behaviour of the parts from the decomosition of V. Let
(w.l.o.g.) x> 0and >x be both xed but arbitrary. We get

P! m x)=P(m! m m+xjm! mj< )+ P(fh! m x;jMm! mj> ):

The second term on the right hand side is bounded byP (jih! mj > ). From Theorem 2.3.2
we can conclude that for alln the second term of the right hand side becomes arbitrary small
for large enough .

Hence, for xednand "1 we have uniformly convergence and know from Theorem 2.3.2
that the limit exists. This implies that we can interchange the limits. For determining the
asymptotic distribution we consider the convergence inn for xed > 0. Then we derive the

asymptotic distribution by letting "1 . To determine the limit we use
Ijgn P(m! m m+xjMm! mj< )
n
= lim P( max VW max  Vk); (2.56)
n"1 (k! m)2(! ;x ] (k! m)2(x; )
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2.3. Change-point estimator

where V is as in the proof of Theorem 2.3.2.

Again, we consider the two di erent cases fork 2 (m! ;m)and k 2 (m;m + ) separately.
We start with analysing the asymptotic behaviour for k 2 (m! ;m ). For this side, we have
by equation (2.44) the following decomposition

Vk=B1+ B+ B3+ B4+ Bg+ Bg

with
2
Bi=(w?(k=n)! w?(m=n))  ("¢! "n) ;
t=1 A
DX Xn Xn E
Bo=Lwi(m=n) (! m)+ ()l (! ta)
t=1 t=1 t=k+1
DX o E
Bz =! 2w?(m=n)m! w2(k=n)k)  ("¢! "n);(@! =)
t=1 n A
D L E
Bs=2w?(m=n)m (m! k)*pn; (1! o)
D m E
Bs = ! 2w?(m=n)m @)

t=k+1

Bg=! (Wi(m=n)m?! w2(k=n)k?) (1! %)

=1 2w (m=n)m! w (k=n)k)w (m=n)mk(1! ) ki

+(w (m=n)m! w (k=n)k)2k(1! ) Ki:

Recall, from (2.31) we haveBg < O.

We state the results in relation to a xed but arbitrary constant . This will be useful later
(see Theorem?2.4.4). With Lemma 2.3.4 and the properties of the weight fuction (Corollary

2.3.1) we have

0 ) 1
Xk
max jBij max w?(m=n)! w?(k=n) @ max "¢ ) A
k2(m! ;m) m! k m m! k m (=1 A
= Op(czn ' 1)Op(n)
= 0p( ): (2.57)

Again using the triangle inequality in addition to the Hajek-Renyi in equality and with Lemma
2.3.4 we get, recalling thatm = bn c,
!

5 Xk NG
max |Byj w<(m=n max L + mop o
k2(miomyio 2 (m=n) cemax t=1(t n) ) t:l(t n) )
xXn
max ("t! ")
k2(m! ;m)
p.p_ t=k+1 A
=0p( N ):

51



2. Multidimensional mean change model

Analogously we get

max  jBsj 2 max )jwz(m:n)m! w2 (k=n)Kj
[ ]

k2(m! ;m) k2 (m
X m
max "e! h) @' —)
k2(m! ;m) =1 A n A

-op Prar™
n A

and

m
max B4 2w?(m=n)m max (m! k)k'pk, (1! —
k2 (m! );(m)J 4 (m=n) k2(m! . )( JKnka ( n)

A
—op Pa M
n" A
For the dominating parts we observe the following
- m x
max jBsj= max ! 2w?(m=n)m(1! —) TA "
k2(m! ;m) k2(m! ;m) (= k41
m
=0p(n (1! —) )
n" A
and
m
iBgj = ! = ! k=n)k = + k=n)k) (1! —
comax IBel = max (w (m=mm !t w (k=n)k)(w (m=mm +w (k=n)k) (1! )
= max ' 2w (m=n)m! w (k=n)k)w (m=n)m
k2(m! ;m)
+(w (m=mm! w (k=n)k)2 (1! %) )
= max ' 2w (m=n)m! w (k=n)k)w (m=n)m + op(1) (1! m)
k2(m! ;m) n A
m 2
=O0p(n (2! —) ): (2.58)
n" A
Moreover, we have due to the property (2.26) of the weight function, trat
(w (m=n)m! w ((m+ )=n)(m + 1))
=11 wo(=n)r+ w (I=n)
!
r . r
= 1 lw 41 (f=n) o (Zﬁ! )+ (=n@! =n)) ; (2.59)

wherel2 [m + I;m] (becausel 2 (! ; 0)). It follows from mT*' n!,‘,1 forall 12 (! ; 0) that

w (m=n)m! w ((m+ =n)(m+ I) n.'.'.l jhiw () (2P 1)+1! ):
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2.3. Change-point estimator

Let “meiss = ' 2"m+is1 (€€ Notation N.8), then we have

1, .
= max 201 ) A %Tll teten ! 2] +(1(1!! )§1! Dk )ki+0p(l).

Dene M 22 and

Xl
vih =2 Ta 2 D1 g

t=1

@l v )+
()2

k(1! ) Ki:
Then we have asymptomatic convergence and get

120 ;0 m(1! ™ T12( i 0)

Now we analyse the other side.

As before the casen <k <m + is hardly considered in the literature, because it is analogue.
For the completeness, we give the ideas. Analogously to the rst case, wanalyse this one
using the decomposition we used in the proof of Theorem 2.3.2 (see eqiat (2.52)), i.e.

Vk=B1+ B+ B3+ Bs+ B+ Bj:

With the same argumentations, i.e. triangle inequality and Cauchy-Schvarz inequality as well
as the CLT together with the Hajek-Renyi inequality, we get

. X 2
max B = max ! w?(k=n)! w?(m=n) ("t! "n)
k2(m;m+ ) k2(mm+ ) t=1 A
= OP( )’ % +
2 X X
max B, = max w2(m=n L")+ "t Th); T
k2(mm+ ) 2 k2(mm+ ) ( ) t=1 (et n) tzl(t n) t:m+1(t ”) A
p_
= Op(" n)
and
* +
n )d( m
max Bz = max 2 w?(k=n)(n! k)! w?(m=n)(n! m) ("t! ") —
k2(m;m+ ) k2(mim+ ) t=1 n A
P— m
=0 n —
P n a '’
2 b m E
max By = max 2w (m=n)(n! m) (k! m)*,; —
omax By = max (m=n)( ) ( )i
_o, Pom
= Or "o
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2. Multidimensional mean change model

For the dominating parts we observe, that

* +
X m
max jBsj = 2w?(m=n)m  max "n(@! =)
k2(mm+ ) k2(mm+ ) n
t=m+1 A
m
=  [—
Op n (1! n) A
max [Bgj= max 2w (m=n)(n! m)! w (k=n)(n! k))w (m=n)(n! m)
k2(mm+ ) k2(mm+ )
L (w (m=n)(n! m)! w (k=n)(n! k))?2 %

max ) 2w (m=n)(n! m)! w (k=n)(n! k))w (m=n)(n! m)

k2 (m;m +
m
Lo
2
n m m
= - | I—
Op nn! m n2 (1! n) A

Observe, that we have by the property (2.26) of the weight function

n(w (m=n)! w (m+1D=n)="!lw 4 (I‘=n)(2g! 1) F2(mm+ 1)
n.{"l Piw 41 () (2 1 1):
Together with (2.59), we have
(w (m=n)(n! mM! w (m+ D=n)(n! (m+ 1))
= n(w (m=n)! w (m+D=n))! (w (Mm=n)m! w ((m+ )=n)(m + 1))
Lotwa(O)(@!n @yt @ o):

Observe, that ( (2 ! 1)! @ '!'ynro@ar =@t Hyccr@ar »t ) so,wecan
conclude

m m 2
2 = ! ! + )= ! + | 1! —
max W (m=n)(nt m)t w((m+Dh=n)(nt (m+ 1)) = @t d
D 2wy () (@ )+ )k@! ydki
=op(1):
With %, m = ' 2", We have
| = XI
max 2 (m n)Vm+| 4 max 2! )dT 2 12
12(0; ) m ©;) t=1 |
11 )+(1! '
P2 i!( ) k(1! )dka + op(1)
Let VI(Z) be de ned as
) X @ H+@ar ) 2
v =2d"A : 2l ar k(1! )dks (2.60)

t=1
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2.4. A-local alternative

with @ areiid. with L ¥ = L (%). Then it holds

wi 2 (m=n) .d @)
——V, ! max V7 :
120;) m(1! m) m+ 12(0; ) |
De ne 8
v <o
W= _0 =0 ;
Z1y@ .
>0

then for large enough but xed we have

nIjgn P! m xjm! mj )

=lim P(m! m m+ X)
n"1
=Ilim P max W max Vg
n"1 (k! m)2(! x] (k! m)2(x; )
. 1 1
= lim _— max VW —— max W
n"1 Wz (m=n)m (k! m)2(! x ] W2 (m=n)m (k! m)2(x; )
=P max W, max W,
12" x] 12(x; )
So, letting "1 , we get the claim. ]

2.4. A-local alternative

In this section we are going to analyse, what happens if we allow the sizef the change to
vanish in the crucial entries, i.e. we have aA-local alternative. The corresponding model is
given as (

+ "¢ t m;

Xt "
+ a+ % t>m;

(2.61)

where the errorsf”ig full the L.1, the unknown time-point m ful Is assumption G.1. The
size of the change, i.e. », is assumed to full k 1k, = Dy n.{"l 0.

First we take a closer look on the test statistic and derive conditionson D,, such that we still
have the asymptotic behaviour we derived before, i.e. a consisténevel test. In section
2.4.2 we are going to analyse the change-point estimator. Here, we are going teesthat for
the local alternative we derive a distribution free asymptotic distribution of the change-point
estimator.

2.4.1. Change-point test

The di erence between the local and non-local case occurs only undehe alternative, i.e.
the asymptotic behaviour of the test statistic under Hy is still valid. We have to analyse the
behaviour under H4. To this end, we have to check under which additional conditions on
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2. Multidimensional mean change model

the test is still an asymptotic consistent level -test.

If the di erence between the two states is too small for a given nite sample size the test has
a very low power. Increasing the sample size will increase the power for all xed values of
the di erence. Now, we allow the entries we are interested in (dened by A) of the di erence

to depend on the sample sizen and decrease withn, i.e. k nK, n!'l'l 0. Itis clear, that this
converges too fast, the increase of the sample size will not lead to a wer one test. Therefore,
we have to determine, how fast the change can become smaller, depéng on n. We assume
the A-local alternative, see assumptionG.5.b) .

Theorem 2.4.1 Assume assumptionsL.1 ,G.1, G.3 and G.5.b) . For model (2.61) and
under H1 (1.2)

To(; ;A
if < < (1! ).

Proof:
To prove that the test has asymptotic power one, we recall from the praof of Theorem 2.2.2
that

1 Xn n w p o~
Th pﬁ (! %) ! O(C nDp)+ o(1) :
t=1

With Dy being such that Dy n.'.'.l 0 but : nDy n.'.'.l 1 , we still have a power one test.

2.4.2. Change-point estimator

For the change-point estimator under a local alternative we have to do dittle bit more. First
we check if it is still a consistent estimator.

Theorem 2.4.2 Under the assumptions of Theorem 2.4.1, we have

m(; ;A)! m=op D2 ;

m(; SA)

. is a consistent estimator for

i.e.

Proof:
To prove the consistency in Theorem 2.3.1 we have used Lemma 3.1 of Rather and Prucha
[1997] (Theorem C.1.2), which gives us that from

1 ggnc
sup Wn(s) = X! N 1L (8) = 0as(1);
s2(;1 ) n o
A
follows that the estimator m maximizing
1 %nc
Wh(S) n X! An

t=1
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2.4. A-local alternative

converges to (which maximizes L (s)). Because the Lemma 3.1 of Petscher and Prucha
[1997] holds true if we use

8
<(s(1! s))' kl's(@! )k, ;s<
L"(s) == |
T (s! s)' K (1! s) nky ;S

instead of L (s) which is also maximised by , the consistency follows directly.
]

In determining the convergence rate we have to go a little more intodetails. In the proofs
we replace by , and check under which %ssumptions on,, and , the result holds true.
It follows that all remains true if we assume’™ nD, .',',1 1 (assumption G.5.b) )and choose

n
= = K=D2 with K> 0.
Theorem 2.4.3 Under assumptions of Theorem 2.4.1 the change-point estimataf(; ;A)

(2.25) fulls
m(; ;A)! m= Op(D}?)

with Dy, = K qkK,.

The main steps of the proof follows the same idea as for the xed alternave, but we have to
be careful at some parts.

Proof:
First we have to determine the dominating parts of
D E
Vi=! w (m=n)Su(") ! w (k=n)Sk("n);w (M=n)Sm("n)+ w (k=n)Sk("n) N

To this end, we use the same decomposition as in the proof of Theorem 2.3(2ompare
equation (2.44))

& 2
Vk =(w (k=n)! w (m=n))(w (k=n) + w (m=n)) "t k™M,
t=1 A
DXk X X E
I w?(m=n) ("t! ")+ "t )l ("t! "n) A
) t=1 g ekt
2(m= EOHCEES
+2w (m=n)m (m! @)
D xn m E
I 2w?(m=n)m "n(@! =)
t=k+1 n
Dk m E
L 2w (m=mm ! wi(k=n)k)  ("t! "a);(L! W,
t=1

2
+(W2(m=nmm ! w?(k=n)k) (1! %) i
A
=B+ B>+ B3+ B4+ Bs+ Bg:

With the CLT and Hajek-Renyi inequality (see Theorem C.2.1 and C.2. 2 for the strong mixing
equivalents) we get the same estimations of the part8; till Bg but for the fractions we must

57



2. Multidimensional mean change model

be careful because now dependence om. That is, why we replace by . Nevertheless, we

still have the same bounding of the maxima of the weight function, as log as n=n n.',',1 0.

p

With the assumption , = K=D2 and "~ nDj, n'r'l'l 1 thisis ful lled and we get

B, 1 m 12
21 Pl — 1) = op(1
) ax B O n ™ @ n Oe@)=o0p()
B2 _ 11 g, My 'R 113
. rlpar%(! . Be =0 n (1! F)n A Op(n2z n?)
. m 2
=0p Phn @ Dy, )t
n A
Bs _ 11 g, M H2 1, M _
n<kmanz<! . Be =0 n (1! n) " Op n2 (1! - n) A op (1)
B4 — 1 | m e 1 | m —
n<|(man?f! . Be =0 n (1! n) " Op nz (1! m n) R =op(1)
g 1o — 2 (11 —
n<kmanz(! . Be O n ( n) n o Op(n n? ( n) n A)
_ m 1
=0 Phar Ty
n A

As we observe, the fractions ofB,=Bg and B5=B6 depend on the choice of . With , =
K=D2 we get the same asymptotic behaviour for this fractions as in the xed alernative part.

It follows that

Pm<m! )=P max VWV O
n<k m! 4
Bs
P max — 1+op(1
n<k m! , Bg P (1)
B5 BS
P ma — 1! +P 1+o0p(1 ma — 1!
n<k n)1(! » Bs P (1) n<k n)1(! » Bsg

P Op(1) (1! )K +o(l):

This nishes the proof for the case n k m! 4. The same analysise can be done for
m+ , k (1! )n,which nishes the proof.

From G.5.b) , we have that , converges to O slower thanp%. Hence,Dﬁ is of smaller order

than n. As rh, m both increase liken, mi(; ;A)! m becomes relatively smaller (ton) with
increasing sample size.

Theorem 2.4.4 Let the assumptions of Theorem 2.4.1 be fullled. For the mean céinge
model (2.61) it holds k”g% n!,‘,1 c (some constant) and

Dﬁ m(; ;A)! m rd argmaxfcW(s) !j sjg(s); s2 Rg
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2.4. A-local alternative

with W (s) being a two sided standard Wiener procesd), = k 1k, and

8
2@ Har H+ s< 0
g(s)= 0 s=0:
@ar»r H)y+@ar» )y s> 0

Proof:

We use the main ideas as in the proof of Theorem 2.4.3. So we start with theedomposition
as in Theorem 2.4.3 and determine the limit of Vj for k 2 (m! CD},?;m) and for k 2
(m;m + CD/},?). Observe that the bounds for the non-dominating parts are still true if we
replaceC by CD}, 2.

SinceD?2n n.',',1 1 the maxima of the weight function ful | the same properties. For example,

the constant ¢, from 2.57 is bounded since it is the maximum of the derivative calculatd
within m'n—“ and m (from Corollary 2.3.1). The range the maximum is taken decreases im
and so the derivative. For the casek 2 (m! CD},?;m) we then have

max iB1j = Op CD!n2 ;
k2 (m! Cth;m)

max jB2j = Op pﬁ ;
k2(m! CD} 2:m)

max  jBsj= Op pﬁCDﬁ]1 ;
k2(m! CD} 2;m)

max  jBaj= Op CpﬁDﬁ]1 = op(1):
k2(m! CD} 2;m)

Equivalently we can handlek 2 (m;m + CD},?). Thus, with the same weight of Vi, we get

Wi 2 (m=n)
ATy VK
2m(1! m
(1 gh)
TA 3 Xty 2 1 1)+l
%2'1,3” Dn $1 2kt mj-E D2+ 0p (1) 1CDi2 k!m ! 1
t=k! m
=_0 k! m=0 ;
% a3 XM,
2225 %D, @12kt m) (1! 2)+ )DZ+op(l) 1 k! m CDy'?
t=1
with L t(l) = L(¢) andL t(z) = L (*). By the functional central limit theorem
(FCLT) for i.i.d. random vectors (the strong mixing equivalent is d iscussed in section C.2),
we get 8 9
< X1 = 4 n 0
 Dn W s<o rt wis);s<o ; (2.62)

t:San k' 2

where f W (s)g is a d-dimensional standard Wiener process. This yields for everx 2 RY
8 9
< X1 = n

XA Z D, W.s50 rd

(0]
kxky, A W®(s); s>0 ; (2.63)

t=sDp ?
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2. Multidimensional mean change model

with fW @ (s)g a standard Wiener process. Ask”g% r]!,',1 ¢, we de ne the processes

v = cw®(s) 1] sjg(s) s< 0;
V@ = cWw®@(s) 1] sjg(s) s>0
and combine them to 8
2 Vs(l) s< 0;
Ws=_0 s=0; (2.64)
> 2)
v s> 0:

Thus, we can concludé

, w; 2 (m=n
lim arg max Wi 2 (m=n)

. Wi 2 (m=n)
Vi = lim arg max
"l c<(kl mp2z<c 2M(1! 1) n" J

| C<s<c 2m(1! m) bnse

=arg max Ws:
I C<s<C

[
Observe, that the asymptotic distribution now depends on the lowest decreasing index. But
we the local alternative is usually analysed to derive asymptotic digibution not depending

on the chosen model. In the multivariate case we have to make an additial assumption on
A.

Lemma 2.4.1

Let the assumption of Theorem 2.4.4 hold. fA°= 2A 2 is idempotent, then

Dﬁ m(; ;A)! m rd argmaxfW(s) !j sjg(s); s2 Rg
with W (s) being a two sided standard Wiener process and

8
>(1! )L! )+ s< 0
g(s)= |0 s=0:
1! )+@! ) s> 0

Proof:
Follows directly by Theorem 2.4.4 and with k nky, o = K nk | laopo!d = k nk , lpotd =
Dn.

]
YThis holds, because for valuesk + , 2 (0;1), from the dominating parts only the deterministic one is

aected. The dominating deterministic parts of V.« and of Vi («+ j (k>m) decrease in .
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2.5. Simulation

2.5. Simulation

Usually we are going to use a distribution free test and estimator. To ths end, we have
A= '3A0 ' whereAlis the decision matrix and is the true covariance matrix of the
errors. is usually unknown, hence, before we come to the simulatn results, we discuss the
estimation of the unknown covariance matrix. In the next section we ae going to introduce
the estimator we used in the simulations.

2.5.1. Covariance estimator

In practice, the covariance matrix is usually unknown. So, the test statistics are not
directly applicable. Replacing the covariance matrix with a consisent estimator gives the
same asymptotic results as it is shown in Theorem 2.2.3. For the one-dinmsional case, i.e.
for the test statistic

1 1
To(s )= = max w; (k=n)p— SHESEE

di erent estimators for the variance were discussed, see Csergd ath Honath [1997]. It is
clear, that the sample variance could be used, but also the splitted ample variance, i.e.
estimating the minimal variance under the assumption of a change. If wesplit the time-
series at the change-point we have two stationary series. Calculatingpr each separately the
sample variance returns underHg the same variance estimation after appropriate weighting.
But under H; the estimated value will be smaller. This results in a larger value ofthe test
statistic. As we can see, this estimator gains sensitivity also againstite alternative of a change
in the variance. This estimator is therefore a good and reasonable one.

In practice we cannot split at the change-point as it is unknown. To this end, we rst estimate
a representant of the change-pointm~using A = A% The resulting covariance estimator is
then given as

A Mm A n' ma

» (2.65)

where 7, *, are the parameter estimators based on the observations before and after the
change-point estimator m, respectively.

In the univariate case estimating the change-point with the scaled or n-scaled estimator

does not mlatter. Iln the multivariate case the estimator for the change-pint based onA = A°
andA = 2A0 ' 2 maydier.
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2. Multidimensional mean change model

2.5.2. Weight function

As we have discussed in section 2.2.2 and 2.3.2 the choice of the weighnétion, i.e. the
choice of the parameters and in

W, (8)= 1 csc 11 )g(S(L! )

fullling N.7, can improve the power of the test as well as the estimation of the changpoint.
For the estimation of the change-point depending on the (unknown) pogion of the change-
point we choose the power of the weight function () to improve the estimation. As the
position is unknown the parameter could be derived using a Plug-In échnique, i.e. depending
on the behaviour of the non-weighted test statistic.

Instead of a truncated weight function, with truncation parameter = ¢ and power % one
could use a non-truncated one (i.e. = 0) with a modi ed power like = % Foo(X! o).
We are going to analyse the behaviour of both a truncated with power% and a non-truncated

with a power modi ed as proposed. The following parameter constellaions are chosen:

0 0.01/ 0.05] 0.1
| 0.4901] 0.4525] 0.41 | 0.5

Table 2.1.: Parameter choice for the weight function

The simulated corresponding critical values of the asymptotic distibution for dimensions
d=1, d=2 and d = 3 are given in the appendix D.

2.5.3. Models

We have derived a class of test statistics and discussed their bafiour. In this section we are
going to validate the theoretical results and take a closer look at the heay tailed case.

Csergd and Honath [1997] have discussed the goodness of the asymptotiaitical value for the
likelihood ratio test in the univariate case. They analysed exponetial, Poisson and normal
observations. We focus on the multivariate case and especially on heawgiled observations.
For the simulations we used the concept of copula. An introduction and tte relation to
multivariate heavy-tailed random variables is given in section B.

As we are in the mean change model (compare (2.61)) we only consider here thienulation of
the residuals”j. For simulating a multivariate random variable based on copula, we use the
algorithm 3.16 from Kroese et al. [2011].

Algorithm 1 Simulation of n random vectors based on copula

3: Repeatn times steps 1 & 2.
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2.5. Simulation

The following three distributions for the residuals are analysed.

Example 2.5.1 Multivariate normal distributed, i.e L ("j) = N (0; ) . For the simulation we
use that a multivariate standard normal distributed random varable has i.i.d. entries. Thus,
let ; be independent multivariate normal distributed random variables vih expectation 0 and
covariance matrix |4, then

"t = %
with 2 being the Cholesky-decomposition of the positive de nite covariece matrix.

ts

Example 2.5.2 Two-sided multivariate log-normal distribution, i.e. " = % ¢, where each
entry of % is independent of the others withl or ! 1 having probability% and  are independent
multivariate log-normal distributed with 0 and , i.e. L (log {) = N (0; ) . The corresponding
copula (as mentioned in Example B.1.2) is given by

The simulation of the U in step 1 of Algorithm 1 results in simulating rst a random variable
Y which is multivariate normal distributed with expectation 0 and covariance matrix and

The marginal distributions of the residuals are normally distibuted with variances which may
di er from the corresponding variances of the marginals in the comla. We know that the
Gaussian copula ful Is the condition for long-tail dependence rbm example B.2.1. Thus the
marginal distribution decides if the joint distribution of the residuals is long-tail dependent.

Example 2.5.3 Let the observations be-distributed. Thus, the residuals are assumed to be
multivariate t-distributed with expectation 0. For the marginal distributions we know it is
long-tail dependent for every degree of freedom greater than 2. In the multivariate case we
choose the t-copula (see Example B.1.3 on page 206)

As we know from Example B.2.2 the joint distribution of the randm vector havingt-distributed
marginals and a t-copula is long-tail dependent. We observe, that if ghimarginals are all of
the same degree of freedomdistributed as chosen for the copula, the random vector is just
multivariate t-distributed with expectation 0 and covariance matrix . Such a random vector
can be simulated in the following way (compare Kroese et al. [2Q]).

Algorithm 2 Simulation t-distributed random vector with expectation and covariance
matrix

1

2. 0utput Y = (Vi Ye)T= + zZwith( 2)T 2=.

Observe, that this is analogue as for normal distributed random vaables, which can also be
seen as for "1 the t-distribution becomes the normal distribution.

Now, to simulate theU in step 1 of Algorithm 1, we rst simulate Y having distribution T

Observe, that the marginal distributions do not have to be of the sanaegree of freedoms and
especially their degree of freedom can be di erent to the one of theopula.
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2. Multidimensional mean change model

2.5.4. Results

Using copulas we analyse the change-point test and change-point estimatorabed on simu-
lated multivariate normal and multivariate heavy tailed random variables. As introduced in
Section 2.5.1, we estimate the covariance matrix of the residuals based d@he splitted covari-
ance estimator.

The algorithm implemented for the analysis of the change-point test and bhange-point esti-
mator is given as follows.

Algorithm 3 Change-point test and estimator for mean change

1: Generate X; = (X1;:::;Xw)', t = 1;::::n observations (including change or without
change).

2: For A = A%determine the possible change-pointn~

3. Estimate the covariance matrix using (2.65) with m from the step before.

4: Calculate the test statistic with A = “2A%2 and the corresponding change-point esti-
mator M.

5. For a given level compare the test statistic with the critical value of the asymptotic
distribution (possibly simulated).

6: Output test decision and .

We use the following parameter constellations. Let the expectation change from O to

0 1 01 0 1 0 1
0:5 1 0:5 0:5
a) ,= @0A; b .= @A ; 0 ,= @o5A ; d .= @o5A
0 0 0 0:5
while we use the following covariance matrices
i) =0 2814 i) = lg i) =10 Igq4
0 1 0 1 0 1
1 09 O 1 0 09 1 09 09
iv) = @9 1 A v) = @o 1 O0A vi) = @9 1 (Q9A:
0O 0 1 09 0 1 09 09 1

For the multivariate normal case (Example 2.5.2) this is the covariance matix. In the other

cases (Example 2.5.2 and 2.5.3) we use for the joint distribution in the copula. Here, we
have to de ne additional parameters.

In the log-normal case the marginal distributions are with parameters =0 and 2=1, i.e.

The t-distribution has nite second moment only for a degree of freedom greatethan 2. We
choose for the marginal distribution a degree of freedom of 3 and for the copa used 2.
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2.5. Simulation

Size

First of all, we compare the size of the di erent statistics. In Table 2.2, 2.3 and 2.4 the size for
the multivariate normal, log-normal and t-distributions are given for the 6 di erent covariance

matrices i) to vi) from page 64. Thereby, we distinguish between diagonatovariance matrices
(case i), ii) and iii)) and non-diagonal covariance matrices (case iv), v)and vi)). We are

interested in the behaviour for small sample sizes. Hence, we rumg test for N = 20;50; 100

observations with M = 10° repetitions. In the case of t-distributed observations we run
into calculation problems, concerning the root of the covariance matrk, for the sample size
N =100. So, they are missing.

In Table 2.2 we observe that the size of the test converges to the levébr normally distributed
observations having a diagonal covariance matrix (case i) to iii)). Othewise, the size is quite
high (between 0.15 and 0.38). A decrease is observable in the cases iv) and vt in the case
vi) it seems to be constant.

The estimations of the size under heavy tailed observations (Table 2.2nd Table 2.4) give
comparable results. For non-diagonal covariance matrices (cases iv),v) dnvi)) the size is
always higher than 0.56, even 1 for t-distributed observations.

In the case of a diagonal covariance matrix, the estimated size is betwae).04 and 0.52. Let
us take a closer look at the results for log-normal distributed observatins (Table 2.3). In the
case i) and ii) the estimated size is between 0.04 and 0.27. A tendency lsrdly observable.
But for iii) we can see that the size seems to fall. For example in the &se of the weighted
CUSUM we have estimated values between 0.5 and 0.54 fof = 20 and between 0.17 and 0.37
for N = 100. Nevertheless, the values are quite high. This is not the case for distributed
observations (with a diagonal covariance matrix). Although we have only esimations for
N =20 and N =50, we observe that the estimated size for i) and ii) is comparable to that
in the case of log-normal distribution. But there is no signi cant di e rence observable in
between the cases i), ii) and iii) for t-distributed observations.

In conclusion, a dependence of the size of the test on the underlygncovariance matrix of the
observations is discernable. A closer look at the estimation of the covaance matrix has to
be done. The use of robust change-point tests even for heavy tailed olrsations with second
moment should be analysed in comparison to the weighted CUSUM. Also dimesion reduction
should be considered in view of the size.
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2. Multidimensional mean change model
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N )] i) i) iv) V) Vi)
20 0 0 0.174 0.175 0.175 0.307 0.233 0.325
0.01 0.5 0.148 0.147 0.148 0.301 0.222 0.341
0 0.4901 0.144 0.143 0.144 0.293 0.215 0.332
0.05 0.5 0.172 0.171 0.172 0.335 0.256 0.379
0 04525 0.174 0.173 0.174 0.327 0.247 0.365
0.1 0.5 0.202 0.201 0.202 0.352 0.271 0.378
0 0.41 0.188 0.187 0.188 0.339 0.259 0.374
50 0 0 0.085 0.084 0.085 0.196 0.165 0.275
0.01 0.5 0.07v3 0.073 0.074 0.217 0.181 0.337
0 0.4901 0.068 0.068 0.069 0.205 0.17 0.322
0.05 0.5 0.088 0.088 0.088 0.228 0.191 0.334
0 04525 0.085 0.085 0.086 0.229 0.193 0.346
0.1 0.5 0.091 0.091 0.092 0.225 0.19 0.323
0 0.41 0.091 0.091 0.092 0.233 0.196 0.344
100 O 0 0.063 0.063 0.063 0.168 0.152 0.269
0.01 0.5 0.056 0.056 0.056 0.206 0.186 0.366
0O 04901 0.05 005 0.05 0.191 0.172 0.346
0.05 0.5 0.064 0.064 0.064 0.204 0.185 0.344
0 04525 0.062 0.062 0.062 0.207 0.188 0.361
0.1 0.5 0.065 0.065 0.065 0.194 0.176 0.319
0 0.41 0.065 0.065 0.066 0.206 0.186 0.351

Table 2.2.: Size for multivariate normal distributed random vectors with = 0:05



2.5. Simulation

N i) ii) iii) iv) V) Vi)
20 0 0 0.171 0.178 0.377 0.673 0.665 0.868
001 05 0.183 0.224 0.519 0.702 0.695 0.884
0 04901 0.175 0.214 0.511 0.697 0.689 0.881
0.05 05 0.21 0.254 0.539 0.726 0.72 0.896
0 04525 0.196 0.23 0.519 0.719 0.713 0.894
0.1 05 0235 0.262 05 0.719 0.713 0.892
0 0.41 0.201 0.227 0.506 0.726 0.72 0.898
50 0 0 0.074 0.069 0.184 0.595 0.591 0.849
0.01 05 0.167 0.212 0.403 0.678 0.674 0.892
0 0.4901 0.156 0.201 0.394 0.67 0.666 0.888
0.05 05 0.133 0.161 0.361 0.663 0.659 0.888
0 04525 0.159 0.201 0.397 0.691 0.688 0.901
0.1 0.5 0.107 0.119 0.26 0.645 0.641 0.88
0 0.41 0.148 0.184 0.384 0.693 0.69 0.903
100 O 0 0.107 0.047 0.096 0.563 0.563 0.843
0.01 05 0.211 0.213 0.361 0.682 0.68 0.907
0 04901 0.199 0.199 0.351 0.672 0.67 0.902
0.05 05 0.151 0.129 0.304 0.651 0.65 0.898
0 04525 0.193 0.191 0.347 0.69 0.689 0.913
0.1 0.5 0.125 0.083 0.173 0.62 0.619 0.879
0 0.41 0.175 0.167 0.327 0.688 0.687 0.913
Table 2.3.: Size for multivariate log-normal distributed random vectors with = 0:05
N i) i) i) iv) v) i)
20 O 0 0.196 0.195 0.192 1 1 1
001 05 0.212 0.208 0.2 1 1 1
0O 04901 0.205 0.201 0194 1 1 1
0.05 05 024 0237 0228 1 1 1
0 0.4525 0.229 0.226 0.219 1 1 1
0.1 05 0261 0258 0252 1 1 1
0 041 0237 0234 0228 1 1 1
50 O 0 0.088 0.088 0.087 1 1 1
001 05 0171 0.168 0159 1 1 1
0 0.4901 0.16 0.157 0.149 1 1 1
005 05 0143 0141 0136 1 1 1
0O 04525 0.166 0.164 0156 1 1 1
0.1 05 0119 0.118 0115 1 1 1
0 0.41 0.156 0.154 0.148 1 1 1
Table 2.4.: Size for multivariate t distributed random vectors with = 0:05
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2. Multidimensional mean change model

Power

For the analysis of the power, we restrict to the case ii) for the covaiance matrix, i.e. we
use the unit matrix. We analyse the 4 di erent cases a), b), ¢c) and d) ofthe mean change
introduced on page 64.

First, we consider a change in the middle. The results are given inable 2.5, 2.6 and 2.7.
Observe, that even for these small sample sizes, the power for midariate normal distributed
observations is astonishingly good, especially in the case b). We obserthat the power in c)
is constantly less than in b).

N a) b) C) d)
20 0 0 0.257 0.495 0.351 0.45
0.01 0.5 0.201 0.376 0.267 0.345
0 0.4901 0.197 0.372 0.263 0.341
0.05 0.5 0.231 0.416 0.301 0.382
0 0.4525 0.236 0.429 0.309 0.394
0.1 0.5 0.264 0.454 0.337 0.42
0 0.41 0.256 0.459 0.334 0.421
50 0 0 0.281 0.79 0.496 0.679
0.01 0.5 0.188 0.638 0.349 0.519
0O 0.4901 0.182 0.633 0.342 0.513
0.05 0.5 0.221 0.682 0.393 0.566
0 0.4525 0.227 0.698 0.405 0.581
0.1 0.5 0.238 0.709 0.419 0.595
0 0.41 0.249 0.731 0.439 0.616
100 O 0 0.463 0.981 0.788 0.935
0.01 0.5 0.307 0.941 0.628 0.845
0O 0.4901 0.299 0.94 0.622 0.842
0.05 0.5 0.35 0.954 0.673 0.873
0O 0.4525 0.363 0.959 0.69 0.883
0.1 0.5 0.376 0.962 0.701 0.889
0 0.41 0.397 0.968 0.724 0.902
Table 2.5.: Power for multivariate normal distributed random vectors with =0:5and =
0:05

For the heavy tailed distributions the weighted CUSUM s signi cantl y better than the
CUSUM statistic. For example the power of the CUSUM statistic is 0.047 in the multi-
variate log-normal case forN = 50 and mean change a). But the weighted CUSUM has
power between 0.139 and 0.25.

Now, we consider an early change. In table 2.8, 2.9 and 2.10 the power for an eadizange at
=0:1is given. Let us compare the truncated weight function with the propo®d untruncated
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2.5. Simulation

N a) b) C) d)

20 0 0 0.113 0.205 0.157 0.239

001 05 0.222 0.269 0.231 0.261

0 04901 0.209 0.258 0.218 0.249

005 0.5 0.253 0.305 0.264 0.299

0 04525 0.219 0.278 0.233 0.272

0.1 05 0.261 0.327 0.278 0.317

0 0.41 0.206 0.274 0.224 0.27

50 0 0 0.047 0.155 0.101 0.228

001 05 0.25 0.314 0.26 0.297

0 04901 0.236 0.3 0.247 0.284

005 0.5 0.191 0.276 0.207 0.255

0 04525 0.233 031 0.25 0.302

0.1 0.5 0.139 0.242 0.161 0.217

0 0.41 0.209 0.296 0.232 0.297

100 O 0 0.04 0.211 0.139 0.364

001 05 0.255 0.363 0.28 0.361

0 04901 0.239 0.347 0.264 0.346

005 05 0.167 0.31 0.205 0.308

0 04525 0.229 0.359 0.267 0.378

0.1 0.5 0.116 0.287 0.163 0.285

0 0.41 0.2 0.346 0.249 0.383

Table 2.6.: Power for multivariate log-normal distributed random vectors with
=0:05

N a) b) C) d)

20 O 0 0.099 0.136 0.118 0.147

001 05 0.176 0.198 0.181 0.189

0 0.4901 0.169 0.191 0.174 0.182

005 0.5 0.201 0.225 0.207 0.216

0 04525 0.185 0.211 0.192 0.204

0.1 05 0.229 0.256 0.236 0.247

0 0.41 0.185 0.214 0.194 0.208

50 O 0 0.04 0.085 0.066 0.113

001 05 0.171 0.203 0.178 0.189

0 04901 0.159 0.191 0.165 0.177

005 0.5 0.145 0.187 0.154 0.169

0 04525 0.159 0.198 0.169 0.186

0.1 0.5 0.117 0.166 0.129 0.147

0 0.41 0.143 0.186 0.155 0.177

Table 2.7.: Power for multivariate t-distributed random vectors with

=0:5 and

=0:5 and

=0:05

69



2. Multidimensional mean change model

version. In the multivariate normal case, the untruncated version hasslightly lower power.

For the log-normal case the power is better if = 0:05;0:1 and N = 50;100. In the case of
the t-distribution the behaviour is comparable. We conclude that for heavy tailed distribu-

tions the untruncated version has good power (compared to the truncaed weight function)

for sample sizes not less than 50. Clearly, this e ect could be caused kihe di erent sizes.

A further study, especially in view of size correction and also on thechange-point estimator
should be considered.

N a) b) C) d)
20 0 0 0.18 0.192 0.185 0.193
0.01 0.5 0.157 0.191 0.17 0.187
0 0.4901 0.153 0.186 0.166 0.182
0.05 0.5 0.183 0.22 0.197 0.215
0 0.4525 0.184 0.218 0.197 0.214
0.1 0.5 0.215 0.256 0.231 0.251
0 0.41 0.198 0.231 0.211 0.227
50 0 0 0.096 0.135 0.109 0.125
0.01 0.5 0.099 0.22 0.136 0.182
0 0.4901 0.093 0.207 0.127 0.171
0.05 0.5 0.118 0.252 0.16 0.211
0 0.4525 0.112 0.231 0.149 0.194
0.1 0.5 0.12 0.252 0.161 0.211
0 0.41 0.117 0.23 0.152 0.195
100 O 0 0.087 0.183 0.115 0.15
0.01 0.5 0.114 0.417 0.203 0.313
0 0.4901 0.104 0.396 0.188 0.294
0.05 0.5 0.133 0.46 0.232 0.351
0O 04525 0.12 0.42 0.208 0.317
0.1 0.5 0.128 0.449 0.223 0.34
0 0.41 0.121 0.407 0.204 0.308
Table 2.8.: Power for multivariate normal distributed random vectors with =0:1and =
0:05
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N a) b) C) d)

20 0 0 0.192 0.196 0.197 0.213

001 05 0.384 0.403 0.392 0.415

0 04901 0.371 0.391 0.38 0.402

0.05 0.5 0.41 043 0419 0.443

0 04525 0.375 0.396 0.384 0.408

0.1 0.5 0.384 0.409 0.396 0.423

0 0.41 0.357 0.377 0.366 0.389

50 0 0 0.03 0.039 0.031 0.035

001 05 0.231 0.262 0.228 0.231

0 0.4901 0.218 0.248 0.214 0.217

0.05 0.5 0.179 0.223 0.177 0.186

0 04525 0.21 0.243 0.208 0.212

0.1 05 0.128 0.181 0.131 0.143

0 0.41 0.187 0.219 0.185 0.19

100 O 0 0.009 0.022 0.011 0.014

0.01 05 0.226 0.283 0.225 0.228

0 0.4901 0.209 0.263 0.208 0.21

0.05 0.5 0.128 0.207 0.131 0.14

0 04525 0.189 0.248 0.19 0.194

0.1 0.5 0.078 0.165 0.087 0.102

0 0.41 0.153 0.211 0.154 0.158

Table 2.9.: Power for multivariate log-normal distributed random vectors

=0:05

N a) b) C) d)

20 O 0 0.132 0.135 0.134 0.138

0.01 05 0.298 0.307 0.302 0.309

0 04901 0.288 0.296 0.291 0.298

0.05 05 0.324 0.333 0.328 0.335

0 04525 0.294 0.303 0.298 0.306

0.1 0.5 0.313 0.325 0.318 0.327

0 0.41 0.283 0.292 0.287 0.294

50 O 0 0.016 0.019 0.018 0.021

0.01 05 0.153 0.17 0.159 0.168

0 04901 0.142 0.158 0.148 0.157

0.05 05 0.122 0.143 0.13 0.141

0 0.4525 0.137 0.154 0.144 0.153

0.1 0.5 0.091 0.113 0.099 0.11

0 0.41 0.119 0.136 0.125 0.135

Table 2.10.: Power for multivariate t-distributed random vectors with

2.5. Simulation

with

=0:1 and

=0:1and =0:05
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3. Change-point tests

Since the 1950's many di erent models have been analysed in deriving -line test statistics
and estimators in the eld of change-point analysis. In this chapter we aralyse change-point
tests for some examples. The rst example considered in section 3.Jusiders a mean change
model with i.i.d. random variables only assuming the existence of te rst moment. We
construct the change-point test having a randomized weight function We are able to prove
the asymptotic behaviour for this test statistic.

As a second example we decided to analyse a NLAR(p)-process or non-linegggression for
a change in the unknown regression function (section 3.2). To overconthe non-parametric
problem, we used neural-networks to approximate the regression fugtion. This approach is
close to practical situations as we allow for possible misspeci cation.

We complete this chapter giving regularity conditions for change-point tests based on the
concept of estimation functions. The key assumptions are given in thisection, 3.3. We also
show that for smooth enough function and some moment conditions these kegssumptions
can be derived.
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3. Change-point tests

3.1. Randomized weight functions

Up to now, we considered the weighted CUSUM statistic with the deteministic weight func-
tion
W; (8)= Liesc 1 g(S(L! 8)) $2 (0;1):

This is a typical form of the weight function considered in the literature, but a generalised
class of test statistics so-calledq-weighted CUSUM statistics are also considered (see Kirch
and Tadjuidje Kamgaing [2012] or Cserg) and Honath [1997] section 4.1). The weight finc-
tion w is then de ned as l=qwhereq ful Is some integral conditions. As we mentioned before,
this conditions are equivalent to (1.4) and (1.5).

In all cases the weight function is deterministic and free to chooseA randomized weight func-
tion in the set-up of autroregressive residuals is considered in Zhoand Liu [2008]. It turns
out that the constructed test has a di erent asymptotic distributi on as usual, depending on
the expectation of the weighted autoregressive process. But the coistency of the estimator
is still given. We use the idea for the case of i.i.d. observations wit mean change under
possible in nite second moment. We derive a modi ed change-point st which has the usual
asymptotic properties. The weight function of this change-point testis randomized.

In section 3.1.1 we construct the change-point test motivated by the rolst statistic. We then
show the asymptotics for the test statistic.

3.1.1. Construction

As explained in section 2, we usually assume errors with a nite seconchoment. Here, we are
going to introduce a method for i.i.d. observations under the weakerassumption that only
the rst moment exists. Robust techniques are known like the chame-point test based on
an M-estimator, analysed for the case of i.i.d. observations with change imean in Hiskowa
[1996] and for the mean change under strong mixing residuals in Hwskow ad Marsiakowa
[2012]. In the case of regressions we refer to Peskowa and Chochola2D14]. In Hwskow
[1996] the unweighted version of our test statistic is analysed along withlie MOSUM and the
pseudo maximum likelihood statistic while in Hiskova and Maru siakowa [2012] the weighted
test statistic based on M-estimators is studied. The proofs are misag in this publication.
We do not only analyse the weighted test statistic based on a subclass of #dstimator but
also discuss a weight function which is data driven. The motivation omes from the paper
Zhou and Liu [2008], where autoregressive processes with in nite variams are analysed. At
the end of this section a new version of weight functions is derivedThe idea of the proofs is
used to de ne a class of weight functions, such that the weighted CUSUMstatistics still have
the known asymptotics (see section 2.2).

(
+ "t Lt m
Xt = ; 3.1
t + pt" o m<t n D)
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3.1. Randomized weight functions

wherem fulls G.1 and , n!,',l 0. Recall the de nition of the AMOC-model (1.1), then

Xt(l) = + "¢ and Xt(z) = + ,+"¢. Dierently to section 2 we only assume the errors to
have at least rst moment.

L.1 Letf"{gbeiid. with E["1]=0 and E[}"1j ]< 1 for some > 1.

To handle the di culties with the possibly in nite variance, in Hu skowa [1996] M-estimators
are considered. So, the parameter estimator solves the equation

pd
(X¢; )=0; (3.2)
t=1

where (x; ) is assumed to be non-decreasing in and E[ ?(X1; )] < 1 . We are going to
take a closer look at estimators as solutions of (3.2) where can be written as

;)= g(x)(xt ):
For simplicity of notation we introduce the following sum.

N.9

X
Sg(n; ) = gX)(Xe ! )
t=1

The weight function g( ) should be chosen in the way that the weighted process has nite
second moment. An intuitive example is a truncation function such asg(x) = 1y | kg *

1t x1 gk gJX'f—J with K >> 0. Further examples are given on page 78.

L.2 Let g: RY" R be a measurable function such thatg(X iz)) is a.s. positive, bounded
2
andE ?(x?) 1+ x{®@ <1,z=1;2.

Besides the condition on the existence of the second moment for the vghted process, we will
need the existence of the nite second moment of the random variablg(X Y)). This is not a
strong assumption as the functiong itself is chosen in the way that it reduces the variability
of the process. But, the assumption is not only underHy but also under Hy, i.e. for the time
series after the change, which is needed for the change-point estin@tin section 4.1.

L.3 Furthermore, let g full E[g(X il))"l] =0.

Notize, the assumptionL.3, the zero expectation of the modi ed errors, is only true for the
unchanged part of the time-series. So we have to be careful espedyain the proofs under the
alternative. The parameter estimator is given as

P n
-1 I(X )Xy

n(Q) = {1:1 9(X1)

(3.3)
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3. Change-point tests

We can prove that the estimator is also consistent under both hypothess,Hy and H;.

Theorem 3.1.1 AssumeG.1, L.1 { L.3. Let "\, be the solution ofSy(n; ) =0 (seeN.9)
under Hp as well as undeH,. If , fulls either G.5.a) or G.5.b) and =limgy41 p,then
we have:

a) ’\n(g) is a consistent estimator, i.e
N as ~
n(g) ! )

where “= under Hg and underH; == + (1! )(c1 + ¢) with ¢ and ¢c; some
constants depending org and ".
b)
p — L}
n("n@! JrN ©v);

with ~as in a) and V the covariance matrix depending ong(X iz))"l as well asg(X iz)),
z=1;2

This theorem gives usj", ! j= Op n' > . For the detailed proof see page 81.

Observe, that even under the local alternative, we do not necessarigave = . Later on, we
will need this, so we make an additional assumption which guarantees = under the local
alterantive.

L4 For o I Oitfollows Elg(X?)"1] r Elg(X M)y 4].

Proposition 3.1.1

Let ’\n(g), g and fXg be as in Theorem 3.1.1 and , full G.5.b) . If additionally
assumptionL.4 holds true, the results of Theorem 3.1.1 are true for =

For the construction of the test statistic let d = 1. Recall that the least squares estimator
under Hg is given as
!
N \2 . X 2
gX)(Xt! "n)=min gXo)(Xe! )
t=1 t=1
then P,
=1 9(X )Xt |
{1:1 g(Xt)
Equivalently, we determine the estimators under the alternative They are given as

" (9) =

XK
gXo)(Xe! ")Z=min  g(X)(X¢! 1)?

t=1 o=
X . X
g(Xe)(Xt ! "2)% =min gX (X! 2)?
t=k+1 2 t=k+1
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3.1. Randomized weight functions

with

P n
gkl (X)Xt _oA 3.4
MK (34)

As in the case of the mean change model (section 2.2.1), we consider the dience of the
sums based on the estimation undeiH or under H;. We get

"g)="% and "(g)=

X N '
X)Xt ! "n(@)? ! g(X)(X¢ ! ()2 + a(X)(Xe ! "(g))?
t=1 t=1 t=k+1

)@ N )4( N )@ N
= g(X)(X¢! W@ gX)(Xe ! k(g)?! gX (Xt ! ki1 (9))2

t=1 t=1 t=k+1
)4( N N N 2
= g(Xt) X¢! k(@! (Cn(@)! k(9)
t=1
X‘ N N N 2
+ g(Xt) X¢! Tkrrn(9) ! (n(9) ! Tke1:n(9))
t=k+1

)« N >@ N
LgX )Xt W@t g(XO(Xt! Clean(@)?

t=1 .
ji= kel |

X X '
=("n(@)! "k(9))? aX0) +("n! “kerin(9))? 9(X+)
t=1 t=k+1

. P A P A . .
with K g(Xo)(X¢! k(@) =0and ., 9(Xt)(Xt! “ks1:n(g)) = 0. Using the de nition
of the estimators (see (3.3) and (3.4)) we have

! !

XK X0
("n(9)! k(9))? 9(X)) +("M(@! “k1n(0))? 9(X¢)

t=1 t=k+1
! 1,
X A 1
= g(X )X ! gXt) "n(@ P
t=1 t=1 | t=1 9(X¢) |
X X R X0 X Sl 1
+ g(X¢) ! g(Xt) "n(9)! g(X )Xy ! (X)Xt N
t=1 t=1 t=1 t=1 t=k+1 g(xt)
I | I
X X L 1 1 '
= g(X¢)X¢! a(Xt) "n(9) P+t P
t=1 t=1 t=1 a(X+) t=k+1 a(X+t)
! 1,0
X A o g(X
= g(X )X ! gX) “n(@) @p . = nt_l 9(X1) P A
t=1 t=1 =1 9(X1) = I(X) ! o 9(Xd)

Due to the fact, that the change-point is unknown, we take the maximum over all possible
valuesk. The change-point test statistic is given as

0 1

P n
Tn = max @p ” P ntzl 90 P A Sy(k; W(g) - (3.5)
. =1 9(Xt) o 9(Xe) b o 9(Xy)

N[
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3. Change-point tests

In Zhou and Liu [2008] they analysed the truncated version of this kind of staistics. If g 1
we get the weighted CUSUM statistic which converges to a Gumble disibution. To derive the
asymptotics, we modi ed the \1Neight function, see section 2.2. Equiglently, we multiply the
statistic in (3.5) with ( g(X),)2. SinceE[g(Xt)] & O the asymptotic statistic of the truncated
version of (3.5) can be derived using Slutsky C.1.4. We are going to analygbe asymptotic
behaviour of the modi ed multivariate version.

N.10 Denote with w. .4 the weight function
0 1
P
(fygX)® A
k Fn Pk
=1 9(Xt) = 9(X) oy 9(Xd)

W g(kin) = L nake 1 g @p

with 2 (0; 3).

With this notation we analyse test statistics of the form

To( 50 = max w, o(kimp% Se(kih(@) . 35)

with ¢ = Var[g(Xt)"¢]. Observe, that if we haveg(x) 1, ¢ = and the errors "¢ have
nite second moment. The test statistic is then the weighted CUSUM as mentioned before,
i.e.
, 1 X Kk X
Ta(; )=Ta(; ; 'H=max w. (k=n)p= X! = X
1 k<n n n
t=1 t=1 11
So, the derived test coincides with the known theory.

Let us for the moment allow g to depend on , too, and consider some examples. Clearly,
these functions are not applicable, because they depend on the unkwo parameter . We
are going to see how we can modify the weight function.

Example 3.1.1 Let be the true parameter underHy and "; be a sequence of continuous
random variables. An intuitive idea is to truncate all values havinga large error value. Then,
the weight function can be chosen ag(x) = 155 | kgt Lit x1 gok gjx'f—J with K >> 0. This
function ful Is assumption L.2, if the distribution of "1 is symmetric around zero. At some
points later on we will need ag which is two times di erentiable. Of course g is not. Hence,
we use a functiong which is C2 and equalsg outside (! K! ;! K+ )[ (K! ;K + ) instead.
Such a function g can easily be found by replacinggat (! K! ;I K+ )[ (K! ;K + ) by
suitable polynomials of order5 or higher.

Example 3.1.2 We can also construct examples given by(x) = (x! )=(x! ) and being
some generating function for anM -estimator, like the Tukey function or Welsh function. As
long as"1 is symmetric around zero, the assumptiorL_.2 is ful lled.

Example 3.1.3 Let g() be as in Example 3.1.1. The corresponding test is a consistent level
test. In practice this test is not applicable due to the dependence @f ) on the unknown
parameter , i.e. g(x) = g(x; ). Replacing the unknown parameter with a robust estimator
will solve this problem. Let”,, be a robust estimator for , then on(X) = g(x; An) is the function

of interest.

78



3.1. Randomized weight functions

From now on, we de ne g(x) as in the above example.

N.11 Let g(x) = g(x; ), where is the true parameter under Hy or up to time m. If s
replaced by an estimator "}, we denotegn(X:) = g(Xt; 7).

function.

First, we need to make an assumption on the asymptotic behaviour of the @arameter estima-
tor " used for g, (x).

L.5 The estimator %, is pﬁ-consistent estimator w.r.t. under Hy and under H1 (local
alternative, i.e. G.5.h) ).

We only consider the local alternative from now on, as under the xed alernative the estima-
tor does not always converge against. But this is necessary, since we are going to use that
the function g, (x) is converges againsg(x).

2

L.6 Let gn(X¢) be an a.s. positive function with E[g2(X Y))(l + XY) )]<c< 1, forall
n, and

P lim g X =g x® =1 st (3.7)

wherez=1;2andg() fulls L.2 and L.3.
h i
L.7 Let g()f(w) = g(x; ) be 2-times di erentiable w.r.t.  with E sup, r g(xf))"l <1
[

andE sup, r2gx) <1,

Observe, the weight function in Example 3.1.3 ful Is this assumption due to the convergence
of the median.

Notice, the assumptionL.6 implies that we only consider the local alternative. It is important
to recognize, that under this assumption the strong law of large numbes holds true forg, (X1).

Lemma 3.1.1

Let g, and g ful | the assumption L.6 . Then for the model (3.1) it holds under Hy and
Hi (i,e. G.5.b))
1 X
n (Gn(X) ! (X)) + "t) = Oas:(1):
t=1
This implies that under Ho and under H; the limit of the arithmetic sum w.r.t. g,(X;) can
be identi ed as the limit of the arithmetic sum of g(X). But for determining the rate, we
have had to make the additional assumptions on the derivatives. Then welerive the following
Theorem.

E.g. for g(x; ) continuous in = ~for P, (), z=1;2, a.s. all x this assumption is ful lled.
t
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3. Change-point tests

Theorem 3.1.2 AssumeG.1 and L.1 { L.7. Let An(gn) be the solution ofSy (n; ) =0

(seeN.9) under Hqg as well asH; (i.e. G.5.b) ). Then ’\n(gn) isa n-consistent estimator,
i.e

1
(@)! =0 P
The corresponding test statistic is given as
1
Ta(; ;0n)= {ni‘i(n W g, (k;n)pﬁ Sg. (K; An(gn)) L (3.8)

9gn

At rst we are going to analyse the behaviour of the test statistic To(; ;g). Then we show
that also for T,(; ;gn) the results hold true.

3.1.2. Asymptotics for randomly weighted change-point tests

We constructed test statistics with weight functions dependingon the observations. For these
weight functions we are going to show that the test statistics still ul | the asymptotics as in
the case of i.i.d. errors with nite second moment.

To handle the in uence of the estimator ", used forg, (x) we make the following assumptions.

L.8 Let ", be the solution of
X
Xy )=0 (3.9)
t=1
with  being dominated integrable and 2-times di erentiable with dominated integrable
derivatives and E[r  (X{?; )] 60.

Theorem 3.1.3 Assumel.l andlet , full G.2. Under Hg, we have

a) if L.2 and L.3 hold, then
|

1 X Xk ’ A
Ta(; ;0= {nei(n W g(k; n)pﬁ g(X )Xy ! a(Xt) "n(9)
t=1 t=1 11
d kB (s)k

r sup ————;
s2(:1 ) (s(1! 8))

P
(5 t=1 g(xt))zD

Wlth Wv vg(k;n) = 1f n<k< (1' )ng P {(:1 g(xt)(' P:]_ g(xt)| ' t(:l g(xl))

b) if L2 { L.8 hold, then

1
To(i o) = max wi g (kin)p= Sy (ki w(e)

dn
d kB (s)k
r Su —,
e ) (SAl9)

with ¢, = Var[gn(X1)"1] and Sg, (k; ), w; g, (k;n) as in N.9, N.10 .
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3.1. Randomized weight functions

For a) the important part is that we have the a:s: convergence against the deterministic
weight function w( ; ) from before. Then the rest follows straight forward as in the proof
of Theorem 2.2.1 . To show b) we use the result a). Therefore, we shovihat asymptotically
there is no di erence between these two test statistics.

As before we do not only guarantee a level- test but also an asymptotic power one test.

Theorem 3.1.4 Let fB(s)g be a standard Brownian bridge. Assumd..1, G.1 and let ,
full G.2 . Under Hq, we have:

a) if L.2 andL.3 hold true and , ful lling either G.5.a) or G.5.b) , then (with A= 1)

To(; ;o)

b) if L2 { L.7 hold true and , fullling G.5.b) , then (with A= 1)

To(; son) M

In section 2.2.3 we have used some properties of the considered detenistic weight func-
tion to prove the asymptotics. Speci cally, we used results basedn (1.4) and (1.5). As we
are only interested in determining su cient conditions, we combine those with the results
here and derive regularity conditions for the weight functions. This will allow us to choose
weight functions independently of the considered test statistic Details are given in section 3.3.

3.1.3. Proofs
Theorem 3.1.1

AssumeG.1, L.1 { L.3. Let "\, be the solution of Sy(n; ) =0 (see N.9) under Hp as
well as underHi. If |, fulls either G.5.a) or G.5.b) and =Ilim,1 n, then we
have:

a) " (g) is a consistent estimator, i.e

(@) 1" 7

where ”= underHp and underH; ™= + (1! )(c1 + ¢) with ¢; and ¢c; some
constants depending ong and ".
b)
AC@t YN vy
with ~as in a) and V the covariance matrix depending ong(X iz))"l as well as

Xy, z=1;2.

Proof:

First we show a).

From assumption L.1 it follows that g(X;) and g(X{)Xt, t = 1;:::;n, are i.i.d. random
variables under Hg. So, the sums of these random variables ful | a strong LLN (for strong
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3. Change-point tests

mixing Theorem C.2.1). From assumptionL.2 and L.3 together with Slutsky C.1.4 we have
under Hg

P
g1 X)Xt s E[9(X1)Xa] _
=1 9(X0)  E[g(X1)]

Analogue to the proof of Theorem 2.1.1 we can prove consistency undét; by splitting the
sums atm. Then we have

P n P n P m n P n n
=1 9(Xt)Xt _ L p t:m+1!9(xt) n . _pl g(X)"t + p t=m+1 a(Xt)"t (3.10)
t=1 9(Xt) 21 9X) + e 9(X0) 21 X))+ e 9(X0) '

Applying the LLN for each part of the sums nishes the proof.

Now, we prove b) in two steps.
First we assumeHg. The dierence ",(g)! ~can be written (using the model (3.1)) as a
fraction of sums of i.i.d. positive random variables with nite second moment, i.e.

T gXOX o gXy)”
:nl O(X+t) A+t |- til O(At)t :
t=1 g(Xt) t=1 g(Xt)

Applying the CLT for a sum of i.i.d. random variables in the numerator and the LLN in the
denominator yields the claim together with Slutsky, see Theorem C. 4.

The proof under H1 uses that for X¢, t = 1;:::;n, i.i.d. random variables it holds
1 1 1
P ! =0p p=

The decompotion (3.10) and analogous arguments as in the proof of Theorem 2.1.2 disthe
proof.
[ |

Lemma 3.1.1

Let g, and g ful | the assumption L.6. Then for the model (3.1) it holds under Hg and

Hi
1 X

n (X)) ! g(X))@A+ ") = Oas:(1):
t=1

Proof:
We proof this in 2 steps.

P
First observe that it is enough to show% [‘:1 jon(X) ! g(Xy)j = 0as:(1). Let

\
A= fHjlim gn(Xe) = g(X1)g:
t=1

From the assumptionL.6 we haveP (A) =1. Thenforall ! 2 A and all there existsng( ;! )
such that for all t and alln ng( ;! ) it holds

Jon(Xe (1) 1 g(Xe (! )]
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3.1. Randomized weight functions

Then we have

1 S . n!ong(;!
S (YT RN ST(D)) I eSO R G (D) B * ;
=1 t=1
where the weighted sum of the di erences on the left hand side convges to 0 as itis a xed

sumandn"1 and ”'”+(') n.f;l 1. Then we can de ne the sets

n 1 xn (0)
B = L lim — o (Xe(1)) ! g(Xe(! )] <
t=1
and
no X o0
Bnﬁ=!4@ﬁm%ammgmmmw

Asforall! 2 Aitholds! 2 B , we haveA B. This implies P(B) = 1.

P
Now dene AO= flj& ™ "  I' 0g, which has probability 1 due to the sLLN. Because
n t=1 n"1

P(A\ AQ= P(A)+ P(AQ! P(A[ AQ =1, we can consider an equivalent argumentation as
above and gain the result.
[ ]

Theorem 3.1.2

AssumeG.1 and L.1 { L.7. Let ",(gn) be the solution of Sy, (n; ) =0 (see N.9) under
Ho as well asH; (i.e. G.5.b) ). If "(gn) is @' n-consistent estimator, i.e

1

An(gn)! = Op pﬁ

Proof:
With the assumption L.7, we have the rate of convergence and can conclude

"n(on) ! =yw!%©+%©! . !
_ =1 (G (X)) ! g(X)) Xt t=1 gEX )Xt X X
Ta()) ek ek @O0 e
+ Op(n' 12)
= Op(n' %) + op(n' %) + Op(n' ¥9):
We used
1 X
- (n(Xe) ! g(X)) Xt
n t=1 | |

X . X .
ST g X (vt *(ht 0T 2T axpxe (ht )
t=1 t=1

Op(1)Op(n' %)+ Op(n' 1): (3.11)
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3. Change-point tests

Lemma 3.1.2

Let fZ{g be a sequence of i.i.d. positive random variables witk [Zl]'I: . For every

exists with ! > 0andno = no(; ) suchthatsuchthatBn, = ., fi Zn! <
g fulls
P(Bn,) > 1! (3.12)
Proof:
By the strong LLN we have forall > 0
P limsup, njZk! ] =0
and it holds
P limsupy njZk! | = lim P sup Zk !
Choose < and > 0, then there exists anng such that
!
P supjZy! |
k No
Now, we have
[ o
P(@Bn)=P ~  Znl ] g
P 9n>ng: jZn! |
P supjZn,! j
n no
]
Lemma 3.1.3
Let fZ{g be a sequence of i.i.d. positive random variables witk[Z;] = < 1. For
arbitrary but xed 1letM ., =miny  n Zk. Then for every > Oexists > 0
such that for alln and we have
p Mn > 1!
Zn
Proof:
Observe that if we have "
p _in > 10 (3.13)
Zn
then for all < 1 we haveY
P NL” > P MJ;” > > 11
Zn Zn

yS|nCe M n M 1n -
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3.1. Randomized weight functions

So without loss of generality we can assume = 1. For easiness of notation we seMp := M1.,.

Let be arbitrary but xed. From Lemma 3.1.2 we know thefe exists ng = ng( 1; 1) such

that for every | exists , with ! 1> OsuchthatBp, = ., ij Zn! j< 10

P(Bn,) > 1! 1: (3.14)

Let n Ng, then the minimum M, consists of only nitely many a.s. positive random
variables. So, for every , there exists |, such that

Dene 2=min, n,( n). Then also

M
P =2> 5, >11 5 (3.15)

Zn

The question occurs, how it behaves for large.

Considern  ng, then we have

M M M
P ="> =P ="> By, +P ="> @By,
Zn Zq Zn
L
n
From Bn, we haveZ, < + jas.andM, min(M,,; ! 1), sowe get
M M
P ="> P > By,
Zn + 1
b min(M n,; 1) o "B g
+ 1
1t P(Min(Mny; ! 1)< (+ 1))! P(0Bny):
We can choose < — L, then we have
Mn
P> 11 (P(Mno< ( + 1)+ P(aBn,)
1!
The last line follows from (3.15) and (3.14) with = 1+ » and 2=( + q).
In conclusion for every = 1+ > we nd O < < min( 2=( + 1); Z;L—i) such that

for all and n the claim holds true.
]
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3. Change-point tests

Theorem 3.1.3
Let fB(s)g be a standard Brownian bridge. Assumel.1 and let , full G.2. Under
Ho, we have

a) if L.2 and L.3 hold, then
!

1 X X .
Ta(; ;0)= max w; g(K; n)i%ﬁ g(X )Xt ! a(Xt) "n(9)
. t=1 t=1 51
d kB (s)k
r sup  ——————;
s2(:1 ) (s(1! 8))
P 2
- . _ o (D P:l g(xt))D
with W ;g(k, n) - lf n<k< (1! )ng T {(zl g(Xt)(r F:l g(X)! T le g(X[))

b) if L.2 { L.8 holds, then

1
Tn(: i) = max w; g (kin)p S, (ki "n(@n))

dn
d kB (s)k
r su _—
wen ) A 9)

with ¢, = Var[gn(X1)"1] and Sg, (k; ), w: .g,(k;n) asin N.9, N.10.

Proof:
At rst we prove a).
Notice, that fg(X{)"{gis a sequence of i.i.d. random variables with expectation zero and re

second moment. With the FCLT we have
8 9

< 1 ggsc =
- s2[0;1]: p—ﬁ a(X)"t, rt s2 [0;1] : W(s)g ; (3.16)
' t=1 !

P
wheref W (s)gis a Wiener process with covariance matrix 4. The LLN givesus ™ 5 g(X) "
sE[g(X 1)] for all s 2 [0; 1] sinceg(X1) are i.i.d. with nite variance. By the Cramer-World
device C.1.5 and the tightness we get for the random vector

( P )
Pl O g(Xe)" d W(s)
s2[0;1]: nptt 3 s2[0;1]: 3.17
O 1P mse oy 011 efg(x 1) 3.17)
Observe, that we have
X X Pk o 4y
gX)(Xe! ) = g( + ") ! P o« ..t) g( +"t)"t:
t=1 t=1 =1 90+
In the proof of Lemma 2.2.1 we used for 2 (0;3) and 2 [0;3] or =0 = that the

statistic could be written as a sum over i.i.d. random variables with mean zero. Then the
functional central limit theorem together with the continuous mappin g theorem nished the
proof.

For 2 (O; %) and 2 [0; %] or =0=  we use the analogue idea. The equation 3.17
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3.1. Randomized weight functions

together with the continuous mapping theorem yield the result.

It is left to show the asymptotic distribution for =0and 2 (0O; %).

As in the proof of Lemma 2.2.2 we show that uniformly inn the values outside a truncated
range are asymptotically negligible. To this end we analyse the behaviaufor k 2 [1; n] and

k2[@! )n;n).

Let us consider the case&k 2 [1; n].

Observe that we therefore have to analyse the fraction

0 1
Wo, ;g(kin) _ @a(xX )2 k(n! k) A
— - g(X)n“ P P
w (k=n) :thzl ox) o(x) ! T gixy)
_ 90, 2000

9X) Ak teker 90X

First observe that the second fraction on the right hand-side is of the ame form as the rst
one. Let us consider the rst fraction.

The random sequencef g(Xt)g is by L.2 a.s. positive sequence of i.i.d random variables.
Hence it ful Is the assumptions of Lemma 3.1.3 and we gain

max 9(X)s = 0p(1):
1k ng(X),
Then for every , we have that
I I
Wo; ;g(k;n) ax 9(X)n max £9X)n
1kon o w(k=n) 1k 0 gX), 1tk on LX)

= Op (1)

Now we have
Py
1 L9+ X
max Wo. .q(k;n)p— o( +")"! P . a( +"0)"t
1 k<n g n . ?:1 a( + ") t=1 L1
!
WO’ ’g(k, n) _ 1 ><< no\n
1 k<n W (k:n) 1n|'l£.)|§] W (k_n)pﬁ (=1 g( * t) t L1
- g
PYAvAY X
+ max i(xi)” max w (k=n)E pli a( + ")"t
1 k<n g(X)nl Kin 1 k<n n n t=1 !gl

From above we have

(K X

max w = OP(l) and X i(i)n = OP (1)
1 k<n w (k=n) Lk<n g(X)n1 ken
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3. Change-point tests

As in (2.21) and (2.22), we can conclude

X«

max w (k=n)p=  of +"0"% = Op( )
1 k<n n
t=1 ol
1 X . U
maXW(kn)be g( +"0)"t =Op( 7 )
1 k<n n
t=1 i
since this are sums of i.i.d. random variables. Finally, we have undrmly in n for " 0
P
N o pra 9+ "X oy .
X Wo g(kimpm o0+ By g0 )T = oe(D):
n t=1 t=1 9 t) o1 !gl
For " 0 this means this part is (uniformly in n) negligible.

In the other case, i.e.k 2 [(1! )n;n), the result follows with analogue arguments. Exchanging
limits is therefore allowed, which nishes for a).

Now, we show b).
Observe, from assumptionL.6 we have from Lemma 3.1.1 that

1 9@3‘3

o (X)) ™ SE[g(X1)]: (3.18)
t=1

With
C()= Elr gX{) e 'r (X5 N+@ ! JEr o} ) e T (X5 )]

on the other hand, we can determine

%sc %sc Ne
GO X TRe() (X )
t=1 t=1 t=1
ggsc R ggnsc R R
= rogXe; )t )+ (Cn !t )T 29Xy )Tt )™
t=1 t=1 I
@0() (X )t (X W)
t=1
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3.1. Randomized weight functions

Centring each sum leads to

%sc 9@50
GmX)"! g(X0)" + @0() (X4 )
t=1 t=1 t=1
ggsc R
=7 X )" Bl oXs ) ) et )
t=1
P )t Er (s DCat )
t=1

'b nsc(E[r g(X1; )"1]+ COEF (X )D("! )

PCat )T 29X )(h ! )
t=1

xXo
# TGt )T 2 e )

t=1
=AW )+ AT )+ A(Ch ! )
(N )AL )+ )TAs(h ! )

bserve that A1, A, full the assumptions of the LIL. As we have assumed that N is a
n-consistent estimator, is is for large enoughn in a compact area around . Then we get

E[supk (X¢; K< 1 ; (3.19)
2U

and so we have a ULLN (uniform law of large numbers, see Theorem C.1.1). Heacwe get

At )+ A" )+ )AL (N ) TAs(Ta ! )
= Op(p loglogn) + Op(p loglogn) + Op (1) + Op(1):

It is left to analyse the term with Az. ChoosingC( ) = ! E[r g(X1; )"1]E' [r (X1; )]
(assumption L.8) gives usop (1) for A3("y ! ). In conclusion we have

|

ggsc 9@50 bnsc :

1
sup p— On(X¢)"¢ ! g(X¢)"t + 7C( ) (Xt; ) =op(d): (3.20)
s2(0;1) t=1 t=1 t=1

Hence, we only have to analyse the asymptotic distribution of

%sc
o(X)" + @0() (X )

t=1 t=1
With (3.11) and the FCLT we can conclude
8 9

< 9@30 =

P G(Xis2@1), T W(S)! sW (2); 52 (0 1)g;
’ t=1 ’
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3. Change-point tests

P
where fW (s)g is the Wiener proceSSPl—ﬁfC( ) ?ﬁ?c (Xy; ) is converging to and fW (s)g

the Wiener process from (3.16). So, we get

X P vy X0
max: Wo; ;gn(k;n)Pli on( + ") ! P G ,,t) o + ")t
1 k<n n =1 =1 On( + ") - -

gn

d sup w (s)kW(s)! sW (1)! s(W(1)! W (1)k;

!|

s2(;1 )
which gives the claim.
For =0and 2 (0 %) we rst observe that Lemma 3.1.3 holds true for sums overgy.
Moreover, the Hajek-Renyi inequality is also ful lled, after re placing. Therefore, analogue
arguments as in the proof of a) yield the results. ]

Theorem 3.1.4
Assumel.1, G.1 andlet , full G.2 . Under Hq, we have:
a) if L.2 and L.3 hold true and , fullling either G.5.a) or G.5.b) , then (with

A= Y
Ta(; ;oM
b) if L.2 { L.7 hold true and , fullling G.5.b) , then (with A= !
Tn(; 5on) MY

Proof:
Consider the claim a).
First observe that by assumption L.2 we have

w, g(kin) 1:

Equivalently to the proof of Theorem 2.2.2, we see analysing Sm(’\n;g) ., Is enough. From
9

model (3.1), we get

1 A 1 X . . 1 X . .
Pﬁ Sm("ni9) FFﬁ (O(X)"t ! a(Xe)",) ! FFH g(Xt)wo;1,g(m;n)k nk PR

o] = 1 =
t=1 P t=1

The key in the proof of Theorem 2.2.2 was the CLT applied to the random sum The fg(X{)"(g
are i.i.d. with nite variance (assumptions L.1 andL.2), so the CLT is also ful lled. Moreover,
we have the a.s. convergence af,1.9(m;n) and g(X),. Thus, we conclude

Sm('ni0) = Op(1)! Op(” ik ok 11) rf forn"1
Due to the strong LLN we have with the equivalent inequalities as in the proof of Theorem

2.2.2.

The proof of b) goes equivalently.
AssumptionsL.1 and L.6 yield that lt(=1 On(Xt)"t, k= m;n, fullaCLT and wg;1.g, (Mm=n) =
Op (1), on(X), = Op(1). Then the proof follows the ideas of the proof of a). ]
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3.2. Non-linear (auto-)regressive processes and neural network funotis

3.2. Non-linear (auto-)regressive processes and neural network

functions
Let X1;:::; XN be the observations of a non-linear autoregressive process of order> 0. It
is only possible to detect changes in the observationX p+1;:::; Xn. We denote with n the
number of observations in which the change is detectable, i.€X1 p+1;:::; X0, X1;:::; X with
n=N! p.

The considered time series model with a change after an unknown timpoint1  m = m(n)
n is given as
aX)+ "t 1t m;

3.21
R(X)+ "t m<t n; (3:21)

where g1 and g, are some functions, such thatf X; t mg and fX¢; t > mg dier in

mean random variables with 2+ moments ( > 0). The unknown parameterm = bn c,
2 (0; 1), is called the change-point ifm <n. For m = n no change occurs.

After the change-point the new time-seriesX; with autoregression function g, has starting
values not from the stationary distribution. Therefore, one needs somenore assumptions for
this time series. We assumeX; to be -mixing with polynomial rate for (auto-)regression
functions g; and g».

Neural networks have a universal approximation property, i.e. a large tass of functions can
be approximated by a neural network to any degree of accuracy (Hornik et al[1989]). This
motivates to overcome the problem of the unknown regression functiolby approximating with
neural networks. Under Hg, the unknown regression function is approximated by the neural
network

f(x; )= o+t i (<ai;x> +h)

with 5 = (i )T, = (oiiiis wiaiinaw;biiishy) 2 compact and
=1t (x) Jim (x)=1 lm (x)=0:

Observe, that is identi able up to permutations, if the network is not redundant ( see section
3.2.2). It is necessary to assume that the neural network parameters, appximating each
function, are distinguishable, i.e.

ax) fx 1) X X 2)
with 1 6 » (not of the same equivalence class). Therefore, we have the followgrmodel

f(Xt! l)+et t m;

Tf(Xg 2+ e t>m:

If we assumeX; to be a sequence of -mixing random variables (with polynomial rate), then
invariance principles hold true and we are able to derive asymptotic esults. We want to
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3. Change-point tests

mention, that in the correctly speci ed case the residualse; form a sequence of i.i.d. random
variables with e independent off Xg; s<tg.

A technical problem occurs if the time-series after the change-pot does not start in the
stationary distribution. To overcome this problem we use the quasi nodel, i.e.

(

v X =axMe et m;
t= 2 _ 2) " .

X7 = (X)) + "y t>m;

wherefxt(l)g and fxfz)g are 2 independent time series, which di er in distribution. Then
the quasi neural network model is given by

(
o tx e tom;
fX?: 2+ e t>m;
Wherefegl) 0, fefz)g are sequences of zero mean, stationary and-mixing random variables

with polynomial rate, but the time series before (f Xt(l) g) and after (th(Z) g) the change point
do not coincide.

Observe that under correct speci cation it the feEl) gand f eﬁz) g becomef "1g from the original
model. In this case some of the assumptions can be relaxed. We are going @oalyse the
behaviour for the misspeci ed situation.

In Kirch and Tadjuidje Kamgaing [2012] tests for change-points for these modls are in-
troduced. Based on the sample residuals they introduced, besideother statistics, the test
statistic

1 XK N
— 1 e .
T2 1m?3(n HQ(%) i=1 Ot TOG)

where g is a weight function de ned on (0;1). They assumed that the weight function g
belongs to the class

Qo1 = fg: qis non-decreasing in a neighborhood of 0, non-increasing in a

neighbourhood of 1 and tinl]; g(t) > O0forall0< < %g:

The convergence of the test statistic is then based on results of Csgd and Honath [1993]. To
this end, an additional integral condition has to be ful lled. We discuss the assumptions and
the relation to our weight function in section 3.3. Then, this kind of test statistic is covered
by the tests we are considering. But we are going to generalise this kihof test statistic to a
more general model and to be sensitive against di erent alternatives.

Besides the test statistic Kirch and Tadjuidje Kamgaing [2012] also proed the consistency of
the change-point estimator using

n 0
m=argmax Su(k;™n) :1 k<n ;
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3.2. Non-linear (auto-)regressive processes and neural network funotis

where Sy (k; An) is the partial sum of estimated residuals using the least-squaressimator "

i.e.

N >4( ><< N
Sh(k; n) = N = Xeb F(Xes'n) s
t=1 t=1
N . )@ 2
n = argmin X¢! (X ) (3.22)
2 =2
for the sample X, p;:::; Xn. We are going to analyse the change-point estimator based on the

test statistic. For more informations on the change-point estimator we rder to section 4.2.

In the following we use a more general set-up where we combine regs&n and autoregression
model. We show that with a some more assumptions on the observations as vas on the
generating function of the neural network we derive equivalent reslts.

3.2.1. Model
Recall that we speci ed the situation to observing times series

u(Xe;Zy)+ "¢t m
®R(Xt;Z)+ "t t>m

(3.23)

where Z; 2 RY, possibly random but independent of";, and 1 m = m(n) = bnc n
(2 (0; 1)) is called the change-point. To simplify notation we introduce the following random
vector.

N.12 Let X; 2 RP be the autoregression andZ; 2 RY the regression vector. DeneY; =
(Xt;Zt) 2 RP* the vector containing in the rst p coordinates the autoregression and
in the last d coordinates the regression vector.

In the given model 3.23 the regression functiong; and g, are assumed to be unknown, which
motivates us to use approximation via neuronal networks instead. Thisleads to the model

(
xP =1+t om

X =
Cox@ =@ 9+ @ om

(3.24)

where f"gl)g, f"Ez)g are sequences of stationary and -mixing random variables of polyno-

mial order and 1, 2 de ne di erent neural networks. th(l)g and th(z)g are 2 independent
(strictly) stationary time series, which di er distributionall .

Observe that like in Kirch and Tadjuidje Kamgaing [2012] we restrict our model to be able
to make use of results like the invariance principle (Theorem C.2.2)and the Hajek-Renyi
inequality (Lemma C.2.4).

h [
L.1 Let tht(l) :t2 Zgand th(Z) .t 2 Zg be stationary time series andE Xil) <1
|

and E Xiz) < 1 for some 3.
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3. Change-point tests
L.2 Let th(l) .t 2 Zg and th(z) .t 2 Zg be independent and each -mixing with rate
(G)=0(G'%,c>=( ! 2) where > 3.

Observe, that we have to make stronger assumptions on the observed tienseries than in Kirch
and Tadjuidje Kamgaing [2012]. This is caused by the multidimensional tes statistic. For
the regression parameterf Z;g we make the following assumptions.

L.3 LetfZ;:t2 Zg, Z; 2 RY, be either a deterministic sequence or a stationary time series
with nite third moment and independent of f";:t2 Zg.

For the regression part, we also need to have a third moment conditionlf the test statistic
contains only the rst h derivatives or the last h ones of the neural network function this
assumption can be relaxed to the existence of the second moment.

3.2.2. Properties of the neural network estimator

As mentioned we approximate the regression function using non-lineafauto-)regressive mod-
els with a one-layer neural network as (auto-)regressive function. fie one-layer neural network
f :RP*4" R is given by

fly; )= ot i (<aj;y> +h) (3.25)
i=1
with = 01150 hraa1 il @ypedys @21 ::;¢';1h(|0+0|);b1;:::;qu)T 2 compact and
R@*prdh+l = The generating function is assumed to be a sigmoid function, i.e. a
continuous function with

=11 | i = i =0:
=1t (y) Im (=1 Jim (y)=0:
Moreover, we need the following assumption.

L.4 The sigmoid function of the neural network

X
fly; )= ot i (<aj;y> +h)

Observe, that we need 3-times di erentiable but in Kirch and Tadjuidje Kamgaing [2012]
2-times is enough.

For the de nition of the limit of the parameter estimator under Hg as well as underH, we
assumeG.1. Then the loss function is de ned as

2 2
E=E xPriey®; ) "+ )E xP11(v®@;) (3.26)
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3.2. Non-linear (auto-)regressive processes and neural network funotis

for 0 < 1. The non-linear least squares estimator of the neural network parameters
derived by minimizing
X
Qn( )= (X! f(Y )2 (3.27)
t=1

with respect to , which leads to
" =argmin , Qn() (3.28)
for a suitable compact set .

L5 Let 2 2
E= EX{PivY ) +@r E xP i)

There exists "= argmin E , which is the unique minimizer of E and lies in the interior
of the compact parameter set RY, with gq=(p+ d+2)h+1.

L.6 Let
M :=r1 2E_

be positive de nite.

The existence and identi ability of ~is necessary to derive the asymptotic distribution for the
test statistic and later for the change-point estimator. It is known th at each neural network
is not identi able in the common sense. So, we have to clarify the tem identi ably in the
context of neural networks. Following Hwang and Ding [1997] we get for a non-dundant and
irreducible network the identi ability of the parameter up to a sy mmetry transformation and
transposition (see Lemma A.1.1). So we can de ne a equivalence class and de identi ability
as identifying the equivalence class.

The equivalence class is de ned as follows. Let 2 =( o 1;::5 p), with =
(i; i; i)fori=1;:::;h, then a parameter , is of the equivalence class of if there exists a

and de nitions see section A.1.

For the test statistic this de nition of identi ability is enough, b ecause we are interested in
determining a possible di erence in the regression function. Sdt is enough to check iff (x; 1)

is close tof (x; 2) where ; is the estimator based on the observations before the possible
change and » the one after.

We want to analyse the parameter estimator for the non-linear (auto-)regressive model (3.24).
As in the proof of a consistent change-point estimator in the mean change nuel (proof of
Theorem 2.3.1 given in section 2.3.4) we are going to make use of Lemma 3.1 of Petter
and Prucha [1997] (see Theorem C.1.2). So we rst prove the uniform convgence of%Qn()
against the loss function and then conclude that the estimator is consisnt.

Kirch and Tadjuidje Kamgaing [2012] stated in Proposition 1
1 X )
sup — X¢! f(Xe; DV E =o1)as: 8 2 (3.29)

n
2 t=1
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3. Change-point tests

We show the result also holds true in the (auto-)regressive model.
Proposition 3.2.1

Assume assumptiond..1, L.3 and L.4. Let Qn() be as in(3.27) and E as in (3.26).
Then under the model(3.24) and for RY(q=(p+ d+2)h+1) we have forHg as
well asHq that for n" 1

a)

sup 1Qn( YLE %0
2 N

b) and
1 .
sup =r 2Qn()!r 2E 1*° 0;
2 n
wherer 2 denotes the Hesse matrix with respect to.

This is essentially a ULLN for (X; ! f(Y;; )? (@) and r (X;! f(Y;; ))? To prove this,
we have to assume 3-times di erentiability of the generating funcion. In Kirch and Tad-
juidje Kamgaing [2012] they assumed 2-times, which for the change-point & is enough if the
model is correctly speci ed. Otherwise, the 3rd moment is necesary.

With this result, the P n-consistency follows directly. In Kirch and Tadjuidje Kamgaing [2012]
Theorem 2.1 and Theorem 2.2 state the consistency

1 T=0(1) as:; (3.30)
where ~is given by L.5 and the rate of convergence

N

K"\ 1 k=0, p% : (3.31)

respectively. We derive equivalent results for our model (3.24).
Theorem 3.2.1 Assumel.l,L.3 andL.4,L.5. Then
a) the parameter estimator is strong consistent, i.e.
WP~ asnt1l g

where “as inL.5.

b) If additionally assumptionsL.2 and L.6 hold true, then
PR 9N oMMy,

where 1 h i
im —E 1 Qu()(r Qu()"

andM asinL.6.

96



3.2. Non-linear (auto-)regressive processes and neural network funotis

Notice, the limit V exists but can be singular.

The proof of the consistency follows directly from Proposition 3.2.1 usig Lemma 3.1 of
Petscher and Prucha [1997] (Theorem C.1.2). For the asymptotic normality aralogue tech-
niques are used as for the sample mean (see Theorem 2.1.2). With the assution of the
existence for the Hesse matrix the result then follows due to the fixing assumptions and
because of the sum structure of the estimation function.

We are going to see, that the normality of the estimator is not important but the rate of
convergence is. In the section 3.3.2 this fact is presented clearly.

3.2.3. Asymptotics of the test-statistic

Di erently to Kirch and Tadjuidje Kamgaing [2012] we do not observe the sum over the
sample residuals, corresponding to the derivative of the least squas function w.r.t. the
constant parameter of the neural network ( o). As can be seen in the simulations in Kirch
and Tadjuidje Kamgaing [2012] for a correctly speci ed model, the sensivity against a change
in the non-linear parameter can happen to be not as good as for a misspecdemodel. One
idea to overcome this problem is to not necessarily consider the st derivative but to allow
for more exibility by, e.g. considering gradients w.r.t. only a part of the parameter vector.
The test statistic is then given as

To(: A)= max w; (k=n) Sc("h) . (3.32)

XK
Sk( )= rfQY; )G fF(Yi0)
i=1

with Y; as given inN.12 and A as in G.3. The result follows with analogue argumentation
as in Kirch and Tadjuidje Kamgaing [2012]. They rst observed that the sample residuals
in the partial sums can be replaced with ! ,, where { = X! f(X¢; 7). Then the main
assertion followed by standard argumentation.

Analogous, we rst show that the replacement in the modi ed model and for the modi ed
test statistic still holds true. To simplify the notation we intro duce the following function.

N.13 Let q(t; ):=r f(Yy; (X! f(Yy; ) for 2 .

Theorem 3.2.2 AssumelL.1- L.6 and dene q(t; ) asin N.13, (t) = q(t; 7). Then under
Ho it holds

log logn

(at: ) (! W) =0p .

n
M k(nt k)

Observe that the centering with the sample mean is necessary. Thicontrols the variability
due to the estimator. For k = n the sum ofq(t; ") is 0 but the sum of { is not. We are going
to use this result to formulate regularity conditions for change-point tests in section 3.3.
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3. Change-point tests

With the replacement, determining the asymptotic distribution of T, follows with equivalent
arguments as in Theorem 2.2.1.

Theorem 3.2.3 Assumel.1- L.6. Under Hg the two series

R xR
#j = E[Z1Zy]+2  E[Z1Zj]+  E[ZiZy];
I 2 I 2

with Z1; = g(t; 7) = r ;f (Y; )(X1! f(Y1; 7)), converge absolutely and we have

o .d kW (s) ! SW(l)kA_
TGGAE S T sar )

wheref W (t)g is a Wiener process having a covariance matrixt = (# jj )1 ij q

Observe, that # denotes the long-run variance of the residuals. In thenultivariate case with
A1 =1and Aj =0 for i + ] 6 2 we have for the correctly speci ed model that # is equal
to the variance of the residuals. In this situation estimation of # becones easier, but in the
rest of the cases, as already mentioned in the case of the variance estimat(section 2.5.1),
the estimation becomes its own problem.

With the special choice of the matrix A we were able to derive the limit distribution w.r.t. a
Brownian bridge. Therefore, we used the square root of the covarianceatrix of the residuals
which corresponds, due to the model, with the covariance matrix of he Wiener process. Here,
the covariance matrix of the Wiener process is the long run variance athe observed process.
So we de ne our decision matrix as follows.

L.7 There exists a matrix A?such that A = #' ZA%' 7, with # as in Theorem 3.2.3.

Corollary 3.2.1  Under the assumptions of Theorem 3.2.3 and..7 , then

Ta(; ;A) !‘d sup kB (t)Kao;
o<t< 1

with f B (t)g being a standard Brownian bridge inRq.

In practice the long-run variance of the observed process is not knownFrom Theorem 2.2.3
we know that replacing it with a consistent estimator will not change the asymptotic results.

Estimating the long-run variance in nite samples leads to estimation problems. In the section
5.1 we are going to discuss this problem and propose a possible solution.

Now we have determined the asymptotic behaviour ofT,, under Hg. In the next step we show
that the change-point test is a consistent one.

L.8 There existsc > 0 such that
h i
Er (Y yx®rev®;9 >

Before we consider the asymptotic behaviour of the change-point testnder H1, we state a
useful property of the neural network estimator.
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3.2. Non-linear (auto-)regressive processes and neural network funotis

Proposition 3.2.2

Assume the model(3.24) and the assumptionsL.1, L.3, L.4, L.5 and L.8. Under H;

we have
6 , z=1;2: (3.33)

To prove this proposition, we are going to use, that™is also the root of the existing derivative
of E . We will use this result also for the change-point test in proving the consistency and
especially for the proofs of the asymptotic behaviour of the change-potrestimator.

Lemma 3.2.1

Let assumptionL.1 -L.8 hold true. Under H; the parameter ~ solvesr E =0, with
1 1 1 2 2 2
rE = Ef O )P fo®oe@r Er £ )@ 1@ )

This Lemma is going to be proven using the properties of the derivatie of neural networks
as well as the Dominated Convergence Theorem C.1.3.

With the Proposition 3.2.2 and Lemma 3.2.1 we are able to prove the consistey of the test.
The proof follows essentially the same idea as the proof of Theorem 2.2t requires higher
technically e ort due to the neural network.

Theorem 3.2.4 Let assumptionsL.1, L.3,L.4,L.5 andL.8 hold. If < < (1! ), then

under Hq
Ta(; ;A) !"FEI-

The main idea is to take a look at the sum up tom and analyse this behaviour. ThenT, is
bounded from below by this value.

For the boundedness from below one can use the ULLN (Theorem C.1.1)but alsihe UCLT
(uniform central limit theorem) as shown in Kirch and Tadjuidje Kamgai ng [2012] and Kirch
and Kamgaing [2014], respectively. Here we have the derivative of the neal network func-
tion within the test statistic, thus we follow the argumentation wit h the ULLN to show the
consistency. Now, Lemma 3.2.1 helps to show the consistency equieatly to the proof of
Theorem 2.2.2.
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3. Change-point tests

3.2.4. Proofs

For all the proofs we use a following of the neural network properties Wich guarantees the
existence of the uniform LLN.

Lemma 3.2.2
Assume assumptiond..1, L.3 and L.4. Then we have
E[supkr f(Y;; )kl < 1
2

E[sup r %f(Y;; ) ]< 1
2

E[sup r 2(r if (Y; ) 1< 1 i=1,...,p+d :
2

Proof:

In Lemma A.1.2 the derivatives of the neural network functions are calclated and approxi-
mated under the assumption is compact. From this we gain there exists constants c;, C;
and ¢z such that

E[supkr f(Y;; )kl cE[ 1max 1Y il
2 i=

Elsup r ?f (Y ) 1 CGE[ max Y]
2 j=1;:5p+d
- d
E[  sup r %(rif (Yo )) 1 GE[_max jYijl:
i=1 2 j=1;:5p+d

With the de nition of Y; N.12 we get the existence of the moments due to the assumptions
L.2 and L.3. ]

Corollary 3.2.2  Under the assumptions of Lemma 3.2.2 we have

E[supkr f(Y:; )(X¢! f(Y:; DK< 1
2
Elsup r 2(X¢! f(Yy )% 1<1
2

E[sup r 2(r if (Ye; (X! f(Y; ) 1< 1
2
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3.2. Non-linear (auto-)regressive processes and neural network funotis

Proof:
Using the triangle inequality and Lemma 3.2.2 we get

Efsupkr (Y5 J(Xe! T DK GEDXd _max Yo jil+ GEL_max j¥a ]
2 J 1=

=1;p+ iLpt
<1;
Elsupkr (r f(Y; )(X¢! (Y5 DK E[Xq max Y71+ GE[ max Y]
2 j=1;p+d j=1;:p+d

<1,;

Elsup r 2(r if (Y )(X¢! £(Ys ) 1 GElXy _max jY§;il+ caE[ _max jYi3,il
2 j=1;u5p+d j=1;:p+d

.....

<1:

Proposition 3.2.1

Assume assumptionsL.1, L.3 and L.4. Let Q,() be as in (3.27) andE as in (3.26).
Then under the model (3.24) and for R9(q=(p+ d+2)h+1) we have for Hp as
well asH; that for n" 1

a)
sup 1Qn( YL E 1*°0
2 N

b) and
sup 1 200()!r ’E 1P 0;
2 n

wherer 2 denotes the Hesse matrix with respect to .

Proof:
The proof is analogous to the one of Proposition 1 in Kirch and Tadjuidje Kamgairg [2012].
Therefore, we only discuss the necessary modi cations.

With the additional assumptions on the independent regression vectoZ; we still have for Hg
that Qn( ) and r 2Q,( ) are a sums of stationary and ergodic processes dg,ned og( ;R)
and C( ;R(@ 9), respectively. In both cases the functions are of the form Lovi( ) (see
(3.27)). Then we use underH, that we have

1 X
sup —  vi()! E()
2 Ny,

c
1
sup —  vi()! E1() +sup —
2 N 2 N
i=1 i=bn c+l

vi( )! @l )Ez()

foreveryE( )= E1( )+ ! )E2( ). Notice the sums of the mixed parts, i.e. where the
function v;( ) depends on the observations before the change-point, are negligible hyl and

L.3. So it is enough to show the result separately for each part. The separatparts are again
sums of stationary ergodic processes. Thus one assumption of the uniforLLN (see Theorem
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C.1.1) is ful lled for the least squares function Q,( ) and the second derivative of the least
squares functionr 2Qn( ).

For a) we have fromL.4 thatsup , jf(y; )j D3 for someD;> 0andy 2 RP*9. With the
assumptionsL.1 and L.3 the uniform LLN is applicable under Hq as well asH1.

To show b) we use Ranga Rao C.1.1. The stationarity and ergodicity follow$rom assumptions
on X and Z. It is left to show

E[sup r >(X¢! f(Y; )% 1< 1 : (3.34)
2

We observe thatE[sup , r 2(Xy! f(Y;; )2 1=2E[sup, kr (r f(Yy; )(X¢! f(Ye; ))KI.

From Corollary 3.2.2 we get directly 3.34 and from the dominated convergencehteorem C.1.3

we can exchange the derivatives and the expectations. This shows?E is the expectation.
[

Theorem 3.2.1

Assumel.1,L.3 andL.4,L.5. Then
a) the parameter estimator is strongly consistent, i.e.

N ra:S ~

n asn"1 ;

where “as inL.5.
b) If additionally assumptions L.2 and L.6 hold true, then
PR 9N oMM Y,
where 1 h i
V=lim —E 1 Qu(I(r Qu()T
and M asinL.6.
Notice, the limit V exists but can be singular.
Proof:

With Proposition 3.2.1 and assumption L.5 the assumptions of Lemma 3.1 in Petscher and
Prucha [1997] (see Theorem C.1.2) hold true. The assertion a) follows thedirectly.

The proof of assertion b) is given in two steps. First we prove it forHg and secondly forH;.

Theorem C.1.1 that we can exchange derivative and expectation. With thele nition of ~(see
assumptionL.5) we know, ~ solves

0=rE = E[r (X¢! f((X1;Z1); ))?2:

Becauser Qn(7) is a sum over -mixing stationary time series, a CLT holds true (see Propo-
sition C.2.1) and we have

Fer Q)N @ v):
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From the Taylor expansion there exists a °, with 2! ~ "1 ~ and
O=r Qn(l\n)
=1 Qn()+ (! Ir2Qn( )

. . . S
The almost sure consistency, shown in a), provides? 1

yields

~. Proposition 3.2.1 assertion b)

HENG L

With assumption L.6 the left hand side is an invertible matrix. Putting everything t ogether
we have rst

FQn()=1 (nt I 2Qu( D=1 nn! IM + o)

and secondly

PR 9= pmr oM N oMt v Y

Under H; we use the independence of the sums up tm and from m + 1 till n. Each part
is separately a sum over -mixing stationary time series, so the result follows with the sane
argumentation. With the linearity of the derivative we can directly ge t the assertion.

[ ]

Theorem 3.2.2

Assumel.1l- L.6 and de ne ((t; ) asinN.13, (t)= q(t; 7). Then under Hy it holds

X
n A - log logn
- . | | =
X TR . (at; ") ! C () W) Op o
Proof:
From
!
oo I -
(qt; ") (¢! L) = (Gt )t i) )
t=1 i=1 t=1
we get that it is enough to show
r NG Ty
T N — log logn
o . | . | . =
lmlg)r(] k(n! k) — @ ! i i) Op n
fori =1;:::;9. The proof follows analogously to the proof of Lemma 3 in Kirch and Tad-

juidje Kamgaing [2012], except we have the derivative w.r.t. of the neural network. That
is the reason for the higher moment condition. We use the possibility ® show the proof in
detailed steps.
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P
Assumen large enough such that”, 2 . Because . q(t; An) =0 we have
t=1

X o -
CICRYINGTOREET)

t=1

Xk N Kk X A
=7 @EW S @ o)

t=1 t=1
X KX
= gt )t a®) b — Gt )t gt
t=1 t=1
X( N 1% AN N
= ra@)TGat ) +5 0 et AT )t )
t=1 t=1
ke rg ) (! ) ! L (ot T 2g( )("n ! )
nt=1 1 2n t=1 ,

with  elementwise between™, and ~ From consistency of |, we have 2 _ Using that

moments, the assumptions of the LIL (C.3) are ful lled. From this and k™, ! k= Op(pl—ﬁ)
we derive

1 X oA kX oA
max p— rgt?) (nt D) ! — rgt ) Cn! 9
lk<% ktzl nt=1

N

1 X
max {a—E rg(;")! E(rg(1;") n! =

1 k<% t=1
1 X A

+ p= rg)! E(rg;n) nl ~
L)

P — 1
= Op( loglogn)O, p—ﬁ

It is left to show that the parts with the second derivative vanishes faster. We have from
Lemma

X
max o ke Za(t k= max o sup r2(rif(Y ) =01 i=1iia:
Lksk 1kgk 2
Then we get
1 X Kk X
max = (W@ )(ht ) (T2 (et )
R K L)
— 2 Xk o 21 X0
PR max = G(t )k +PR - 17w 2G(t Yk
1k 5k _ n__
t=1 =1
1
= Op pﬁ
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From the properties of the stochastic Landau symbols (A.2) we get the clainfor the maximum
up to 5. For the other part, we observe

XK X0 _
,max Pik (G W) i ) = max Pik CICRY NGO LIS
z KN t=1 z KN t=k+1

With the Tailor expansion we get 3 equivalent spllttlng except the sums are fromk +1 up to
n. Using the stationarity we get f {‘ waf Gt 7); 5 k n! 1gis distributionally equal

to f {:l rg(!t"); 1 | n! 5g The mixing property does not change, therefore we can
argue analogue as before. Doing the same for the second derivative, we get
max o X CICR IR ETOIINS)
1 k<n k(n! k) (=1 ’ LN
( X
1 A -
=Oo(Mmmax max p (@t (D! )
z t=1
v )
max 197 CIGRS I QTG RIN™S)
L K 21
Then the claim follows. [

Theorem 3.2.3
Assumel.1- L.6. Under Hg the two series

X
#ij = E[Zlizlj]+2 E[ZliZ|j]+ E[Z”le]
| 2 I 2
with Zg; = g(t; 0) = r if (Y1; )(X1! f(Y1;7)), converges absolutely and we have

.o .d kKW(s)! sW(1)k,
(i A w iy sarsy

where f W (t)g is a Wiener process having a covariance matrix # = (# )1 ij q-

Proof:
By Theorem 3.2.2 we have
A xk —
max w(; ) q(tn) ! maxw(; ) (()! )
1 k<n 1 k<n
t=1 A t=1 A
X N _
max w(; o) (gt )t (O )
<n
t=1 A
= op(1)
with q(t; )= r (Y )( X! T(Yy; ) and (1) = q(t; 7). Observing that
)4( Kk 1 X 1 fgnc 1 X
max % ! - () = max p= (! sp= (t)
Lksno o n"h t=1 PO S L) L) A
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3. Change-point tests

and (t) fulls a invariance principle for -mixing processes (see C.2.2). With the invariance
principle and the continuous mapping theorem we get

max  po X kX rd sup kw(s)! sW(1)k
max FFﬁ t! nFFﬁ t ! o<s<p1 : A

t=1 t=1 A

Lemma 3.2.1

Let assumption L.1-L.8 hold true. Under H1 the parameter ~solvesr E = 0, with
1 1 1 2 2 2
rE = EF O )o@+ OEL (2 )x@ 1@ e

Proof:

From the Corollary of the Dominated Convergence Theorem (see Corollary C.1) we know
the derivative of E exists if we can show thatkr f(Yl(l); )(Xil) ! f(Yl(l); )k as well as
kr f(Yl(Z); )(Xf) ! f(Yl(z); ))k are dominated integrable. This is given in Corollary 3.2.2,
which gives the claim.

[ |
Proposition 3.2.2
Assume the model (3.24) and the assumptionL.1- L.8. Under H; we have

6 , z=1;2: (3.35)
Proof: h i
Assume~™= j,ie.E r f(Yl(l); ) Xil) ! f(Yl(l); ) =0 which is a contradiction to L.8.

h 2 2 2 i
Let ~= 5 ie. E rf(Y?:9) xP11(v®;9y =o
Using L.8 we get the existence ofd such that
Elr £ (Y2 yxP 1 fv®;9) >d> o:
From Lemma 3.2.1 we get that
h [ h [
Erfy;) xPreey®y +@r HErf(v®0) xP1(v?;) =o:
Therefore, it follows
h i
Er i) xP1 () = o B v
> 1] d>0:
This is a contradiction to the de nition of 1, but we assumed™= ;. So it follows “6  for
z=1;2.
]
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3.2. Non-linear (auto-)regressive processes and neural network funotis

Theorem 3.2.4

Let assumptionsL.1-L.8 hold. Under H1

To(; ;A

Proof:
As in the proof of Theorem 2.2.2 (see page 27) we can conclude

1 xn
To(s 5A) P rfYe ) Xe! f(Ye ™)
t=1 A

In Kirch and Tadjuidje Kamgaing [2012] they rewrite the sum up to m as a sum over centered
stationary and -mixing sequence plus some expectation as well as a part which coulceb

(r £)i(Ye ) Xe! f(Ye )

t=1
=m E[g(Y1; )]
Xn N
+ g(Ye, n) ! gy )

t=1 |

o !

+0 sup  (g(Ye; )! Elg(Yy )]
2K =1

For the last part on the right hand side, we know from Corollary 3.2.2 that the assumptions
of Ranga Rao C.1.1 are ful lled. It converges to 0, which givesop (n). It is left to analyse

xn xn xn T

(Y W) Gl = rg(Ys?) oo+ T o %Gy ) Wt T
t=1 t=1 t=1
where | ~ A1~ First observe that ", is " n-consistent, i.e. ! ~ = Op (PL).

Using the ULLN (Theorem C.1.1) which holds by Corollary 3.2.2, we get

xn N T A X0
nt T orag(Y;) n! 7 r (Y ")
t=1 t=1
= op(n);
A N - T 2 ) - N _ 2)@ 2
n! reg(Y; ) 'n! n! reglYs ),
t=1 t=1
= ()p(l):
Then we gain
1 X AL X p_
P= G(Ye; n)! G(Yy; ) =op( Nn):
t=1 t=1
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3. Change-point tests

For the test statistic this results in
1 X
To(; 3A) P a(t; ")
t=1 A

= h Elava |+ o O+ op(n):
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3.3. Generalized class of change-point test

3.3. Generalized class of change-point test

In the section 2.2 as well as in section 3.2 we have analysed change-poimtsts for di erent

model assumptions. Nevertheless, the proofs are quite analogue. Th#oes not only hold
true for this two examples. The non-parameteric change-point test isanalysed not only for
the mean change model, but has been subsequently been extendedrt@ny di erent models.

For instance, Gombay [2010] analysed a change-point test for linear regressi model with

time-series errors, Gombay et al. [1996] considered change-point testsr variance changes
and robust techniques are also studied, e.g. for M-tests see Hiskay1996], see 3.1. The test
statistics seems to be dierent, but they are all based on the same iga and are proven in
a similar way. Hence, it seems more plausible to develop a generalizelass of change-point
tests.

For the sequential set-up regularity conditions on the change-point tet were derived in Kirch
and Tadjuidje Kamgaing [2014]. In the sequential set-up the estimator is lased on an inde-
pendent historical dataset. This assumption is not made in the o ine case; on the contrary
the estimator depends on the same observations as the test statistic.

We considered the weighted CUSUM statistic with the deterministic weight function
W, (8)= i< 11 g(S(L! 8)' $2 (0;1):

This is a typical form of weight function considered in the literature. But also a generalised
class of test statistics so-calledy-weighted CUSUM stastistics are considered (see Kirch and
Tadjuidje Kamgaing [2012] or Csergd and Honath [1997] section 4.1). The weight function
w is then de ned as 1=qwhere q is out of the class

Qo1 = fg: qis non-decreasing in a neighborhood of zero, non-increasing in a
neighbourhood of one and tiqf qit)> Oforall0< < %g:

To derive asymptotic results they introduced the integral

Zl 2
RO

‘e s ds:

I(q;0 = exp

o S(1! s)

In Csargd) and Honath [1993] they showed that for functions q 2 Qq:1 the integral | (qg;0 is
nite for all ¢ > 0 if and only if we have

limsupjB(t)j=qt) =0 a:s: and limsupjB(t)j=qt) =0 a:s:
t& 0 t%1
One can check that the weight functionw . (s) ful Is these conditions.

As we are interested in su cient conditions on the weight function to derive the asymptotics,
we de ne the following class of weight functions (as done in Kirch and Rdjuidje Kamgaing
[2014])

L(; ):=f : non-negative functions with <S<IirqI (s)<1
.1 AT
forall 2 (;3)and for 2 (0;3) Is"'mo (s)s <1 (3.36)
and I,i|m1 (s)@! s) <19 :
S
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3. Change-point tests

Notize, the asymptotic behaviour given in (3.36) is used to prove the swiency of the integral
condition. For informations on the proof we refer to Shao et al. [1991]. So, fuetions satisfying
the integral conditions also ful | the asymptotic conditions in (3.36), i n consequence, they are
equivalent. In section 3.1, we analysed a special form of the randomizedeight function. We
use the main idea to show that for a general class of possible randomizeceight functions the
asymptotic results still hold true under some regularity conditions.In the following sections
we study the general principle of the test statistic and identify regularity conditions under
which the asymptotic results are derived. In section 3.3.1, we desitye the statistical model
and the general concept of the test statistic of interest. The regulaty conditions for deriving
the asymptotic distribution as well as having a consistent test for ageneral set-up will be
discussed in section 3.3.2. In the case of smooth functions, we give tlo®nditions on the
function and the model such that we still have the same asymptotics gection 3.3.3). This
topic is completed with technical proofs in section 3.3.4.

3.3.1. Change-point model and construction of change-point test

Let fX(g be the observed process. Under = 1, the processf Xg has probability measure
Po. We consider the following class of probability measure® = fP : 2 g. In most of
the cases one assumes thd®g is out of P . As we have seen in section 3.2, it is enough to
assume that there exists an identi able parameter ~such that P~ ts Py best. We assume for

< 1 that there exists also a parameter out of such that the measure to this parameter

ts best, but is neither equal to the measure before the change-poinnor to the measure after
the change-point. In both cases we denote the best tting parameter wih ~. It is important
that under =1 the parameter ~is not the same as under < 1.

For the analysis of estimators, Godambe [1960] introduced the class of estation functions.
A discussion of estimation functions in parametric statistic model 5 given in S rensen [1999].
The most interesting property of this class of functions is the stricture. They are assumed to
be sums and the estimator is de ned as a root. In the following those factions are denoted
by estimating functions.

A common method in change-point theory to derive test statistics is b use the estimating
function of the parameter as the test function. Let G denote the estimating function for the

change-point, i.e.
X
Se(n; )= G(Xi; );
t=1

and the corresponding parameter estimator’,, solves
Sg(n; )=0:
The estimation function is assumed to be an unbiased estimating furton, i.e.
E[G(X1;)]=0: (3.37)

In our situation this is only true under Hg. That is why we assume, the parameter™ under
Ho to be the unique solution of the equationE[G(X1; )] = 0. The corresponding test statistic

is then given as
Ta("n;A) = max 49—\/\/ k=n) Se(k: M)
O<k<n n A

110



3.3. Generalized class of change-point test

with w(k=n) 2 L(; ) (see (3.36)). A is again given as before (see chapter 2). A simple
example is the projection on thelth dimension, i.e.

Aj =0 (i;j)6 (L) and Ap=1: (3.38)

In the same way, one can weight the dimensions due to the importance.df example, there is
one dimension where even small changes have to be detectable, thdnstdimension is weighted
higher. In consequence, we can control the power and increase it for semralternatives at
the cost of loosing power in others. The matrix A is a positive semi-de nite symmetric
matrix. From the previous examples, we can see that besides weightinthe importance of
the alternatives, the matrix is also used to handle the asymptotic coariance of the Wiener
process. To derive the asymptotic distribution based on a standard Bownian bridge we
replace the matrix A by 2A0 ' 3. For the applications we usually have to replace ' 2
with a consistent estimator, but this does not change the asymptotic esults (see Theorem
2.2.3). Moreover, the choice ofA de nes the detectable alternatives as well as the sensitivity
to di erent alternatives.

In Ciupera [2013] di erent functions are considered for testing and esmation. Motivated
by this publication, we allow the general set-up, where one might usali erent estimation
functions for testing and for deriving the parameter. Additionally, w e allow the weight function
to depend on the data. The corresponding test statistic is then giverby

wWn (n; k)

/\ . — . /\ .
Tn("niA) = max = Su(kin) (3.39)
where Sy (k; ) = It(zl H (X¢; ) is some unbiased estimating function, but does not be an

estimating function such that it has unique solution of E[H (X 1; )] = 0. We consider the
following example.

Example 3.3.1 Let X1;:::; Xy be log-normal distributed with g, (2) then we have to solve
X0
(log(Xy)! )=0
t=1

(log(Xy)! )?! 2 =0
t=1

This means an estimating function is given by

| !
G )= (log(‘)’(?(!x) 2y 2 (3.40)

The change, we are interested in, occurs in the mean of the log-norméistributed observations,
i.e. an intuitively choice of the test function would be

)d( "
Suk; )= X¢!exp( +3 3 ;
t=1

with =(; 2).
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3. Change-point tests

3.3.2. Regularity conditions for asymptotics of change-point tests

Before we come to the parameter estimation and change-point estimation faction we derive
general assumptions, further on called regularity conditions. We dere an asymptotic test-
statistic with asymptotic power 1. We consider the following changepoint test-statistic

a
(") = max w(nik) Sh(k;n)ASH (ki) = max w(nik) Su(ki) ;i (341)

wherek ka is as de ned in N.3 and

X
Suk; )= H(X; ): (3.42)
i=1
Further on we will call Sy (k; ) the statistic function. Our test statistic is not only based on
the statistic function, we also have the so called weight functionw(n; k). This function has
to ful | the following assumption.

G.7 The weight-function wn(n;k)  w(n;k;X1;:::;Xp) is a measurable non-negative ran-
dom function and there exists a continuous function (s) 2 L (; ) (see (3.36)), such
that

sup jwn(n;bsnc) ! (s)j = op(1):

O<s< 1
Note that on every inner interval of (0; 1) the function (s) is bounded. In most of the cases
this assumption is ful lled due to the fact that the weight-functi on is a non-random function
of the form wy(n; k) w(n; k) = pl—ﬁ (k=n). But, as we have seen in section 3.1 other weight
functions are also possible.

It should be mentioned that the form of the statistic function does not need to be a sum as
described here, as long as the asymptotic behaviour ,given as assummtis in this section, still
hold true. The sum assumption makes it easier to verify these assuntipns.

Null hypothesis

Let us rst consider under which regularity conditions we derive an agmptotic level- test.
Thus, in the following Hg is true and so =1 or m = n (see (1.2) andG.1). For deter-
mining the asymptotic distribution of the test statistic, we saw in the section 2.2 that we
rewrite the statistic in terms of i.i.d. random variables. In section 3.2, we needed to re-
place the test function such that we were able to determine the asymmitotic distribution. The
key is to replace the estimator with the true parameter underHg, see Peskowa and Chochola
[2014], Gombay [2010], among others. For an overview we refer to Cserg) and Hoath [1997].
So the regularity condition for the asymptotic distribution of the test statistic is the following.

G.8 There exists a matrix C( ) such that

max SH(k;An)! Sk (k;)! EC(‘)SG(n; ) = Op(1): (3.43)
1 k<n n A

Thereby, the matrix C(7) has the suitable dimension, such that the operations are well
de ned.
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3.3. Generalized class of change-point test

Observe that the weight function here is necessary, as we have statein the section 3.2.
There, the replacement with the sample mean was only necessary due the weight function
to control the convergence in the neighbourhood of 1 and to guarantee these of the LIL. As
an example for the dimension reduction, let us consider the Examplerém before.

Example 3.3.2 On going with example 3.3.1. De ne the matrix

C(Y="!exp( +3 9 1:% !Ol !Ol =exp( + 9 1;%
Then, we have
Su(ki W) Su(ki )+ SC(ISe(n)
X A k X A
= H(Xt; 'n)! HX¢; ) ! C(“)ﬁ G(Xt; 'n)! G(Xt;7)
t=1 t=1
X
= rHXeOI W I TG ) D)
t=1 t=1 |
Kk X A X X2 A N ’
L CO) r (X )(m! )+ ei("n! I 2GiXe H(h! D)
t=1 t=1 i=1

with == ( ; 2)T, e the ith unit vector and ; 2 , where it is in each component betweer’l\n

and ~. With the choice of C we have
!

A k X A
rHXg; 0! D! C(jﬁ rGXg;,)(n! 7)) =0
t=1 t=1

Then we have to show that the rest converges @ This holds as we have that the second
derivatives are uniformly bounded. For the test function we have

2 . 1, 13
r“*HXe; )=lexp( +35 9 1 1
2 " 3 1
which is bounded for a parameter =( ; 2) 2 . The second derivative ofG(X¢; ) is either
I 2 or 0 not depending on , in particular constant. Then we have
XX 2.0
e("n! DTG )Wt Y= W T
t=1 i=1 ’

This leads us with

max K Sa(k)! Su(ki)! Ke(ISe(n )

1k g A

= n! T max kOp (1)

I
@)
o

\
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3. Change-point tests

which shows the result for the rst half. It is left to proof it for the second half, which essentially
goes an equivalent argumentation for

" Kesen)

max E Su(n! kW) Su(n! k;)+

%<k<n
L Sy(m M)+ Su(n ) C(I)Ss(n; ) N

To determine the asymptotic distribution, we used the functional central limit theorem. This
is then applied on the replacement.

G.9 Let the fCLT hold true, i.e.

( )
1 Sk (bsnc; %) . .
F Cc(Se(tsncy - o210

converges towards a Wiener proces§W(s): 0 s 1g, W(s) = (Wg(s);Wg(s)) '
with covariance matrix

If the statistic function Sy (k; ) is given by (3.42), this assumption impliesE[H (X(l); D]=0.
In the context of estimation function, such functions are called unbased as we have stated in
the introduction.

To handle the use of some weight function we have to assume forward and Hegard Hajek-
Renyi inequalities.

G.10 For0< < 3 itholds

1
lmkgx%m Sh(k; ) A—OP(l),
1
max ——— Sy (n; ) ! Sy (k; = 0Op(l):
T e R H(MDE Sk p(1)

Theorem 3.3.1 Assume assumptionsG.7 and G.8 { G.10. Under Hy we have

T A) MY sup  (S)KWi () ! sSWa (1)K, ; (3.44)
O<s< 1

with f Wy (s)g and f W (S)g are Wiener processes with covariance matrix 4 and ¢, respec-
tively.
The covariance matrix of the Wiener processes is given by y.c .

Example 3.3.3 For the example 3.3.1 we show that there exists such an Wiener prosesVe
have

E[H (bsnc; 7)C () G(bsnc; 7)]
= ¢(7) E[H(bsnc; )Gy(bsnc; )] + %E[H(bsnc; ) G2(bsnc; 7]

As we can write this as moments ofY; and exp(Y;), with Y; normally i.i.d. having expectation
0, we get the existence and in the same way, we can show that it converges.
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3.3. Generalized class of change-point test

As we already know from the examples, we just want to mention that the matix A can be
replaced by a consistent estimator, not changing the asymptotic distibution.

Corollary 3.3.1  Let the assumptions of Theorem 3.3.1 hold true and le&,, be a consistent
estimator for A. Then it holds

To("niAn) 1Y sup  (S)KWi () ! SWi(1)k,
O<s< 1

Alternative

Now, we want to focus on the power of the test. In Kirch and Tadjuidje Kamgaing [2012],
and here, we make the following assumption.

G.11 The statistic function Sy (k; ) has to fulls a CLT, i.e. there exists a vector , such
that

1 1
—S ) ! =0 —
m>H (m; ") n N p F}};{

We are going to see, in view of the change-point estimator this assumptions not strong
enough to proof the asymptotics of these estimator. But for the moment that is all we need.

For su ciently smooth functions and P n-consistent parameter estimator these conditions are
ful lled, see section 3.3.3.

Theorem 3.3.2 Let Hi hold true as well as the assumptionsG.1, G.7, G.8 and G.11.
If ()>0and , from G.11 fulls either assumption G.5.a) or G.5.b) , then

T A M (3.45)

Let us show that this condition is ful lled for the example of the log-normal distributed ob-
servations introduced in Example 3.3.1.

Example 3.3.4 For the test function given in Example 3.3.1, we have

ASnmt EHXu L = — (X )t B[R (X1 7))

A t=1 A

The sum is taken over i.i.d. centered randoE variables with nite secod moment. From the
CLT we have this converges with the rate of n.

Observe that underHg the test function H (X 1; 7) has expectationO but as we are under the
alternative and allow xed alternative, we have to center with this exgctation. In the local
alternative, the expectation depends om. Then we have to make assumptions on the rate of
convergence (compare section 3.2).

For smooth enough function, criteria given below, we can replace the asmptions G.8 and
G.11 with some moment conditions.

115



3. Change-point tests

3.3.3. Smooth functions

In the case of the mean change for i.i.d. random variables as in the case of NLAR(jprocesses
we consider smooth function. These functions ful | some moment conitions such that we are
able to proof the regularization conditions. Here, we are going to state sbttmoment conditions
for the testing and the estimating function to guarantee the replacenent assumption G.8.
Afterwards, we also consider under which additional assumptions the ansistency of the test
follows, i.e. the assumptionG.11.

We follow the same idea as used in Kirch and Tadjuidje Kamgaing [2012]. Thedy ideas are
still the same, nevertheless we have to be careful since the aaqtor An depends on the same
observations as the testing function is evaluated.

P n-consistent parameter estimator

We show rst, under which conditions we derive ap n-consistent parameter estimator.
L.1 Assumef Xg stationary and ergodic underHy.

The following assumptions are made for the estimating function.
L.2 E[sup, kG(Xj1; )kl< 1
L.3 ~unique root of E[G(X1; )]

L.4 G continuously di erentiable w.r.t. in a convex environment U~ of ~ such that
E[r G(X1; 7)] is positive de nite and E[sup ,,_kr G(X1; )k]< 1

P
L5 L G(X: )= 0p("):

As in Srensen [1999] and Kirch and Tadjuidje Kamgaing [2012] stated the last assuition
follows from a central limit theorem for G(X; ©) under moment conditions in addition to weak
dependence assumptions. Then the n-consistency of the parameter estimator follows.

Moreover, we know from the examples that the stationary assumption and ke uniformly
boundedness of the estimating function w.r.t. the expectation we hve from Theorem C.1.1
that there exists F( ) such that

sup SSa(n; )! F() = op(1):
2 n

Then we can us% the Theorem C.1.2 and gain the consistency. Equivalergrgumentation
together withbthe n assumption on the estimating function gives us then that the parameter
estimator is = n-consistent.

Proposition 3.3.1  (Kirch and Tadjuidje Kamgaing [2012] Proposition 5.1)

1. Under assumptionsL.1 {L.3 the estimator "}, is consistent for ~.

2. Under the assumptionsL.1 {L.5 the estimator N is P n-consistent for ~.
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3.3. Generalized class of change-point test

Replacement assumption

For P n-consistent estimator which are derived under the above assumptic) with the follow-

ing additional assumptions the replacement assumptiorG.8.
i
L6 LetE rH(Xy;7) <1 and

# % # %
E sup r?Hj(Xy ), <1; E sup r 2(C(OG); (X1; ) <1 :
2U- 2U_ 1

This gives us a ULLN.
Proposition 3.3.2  (Kirch and Tadjuidje Kamgaing [2012], Proposition 5.2)
Under the assumptionsL.1 {L.7 and with
C(7) = Elr H(Xy; II(Elr G(X1; )" * (3.46)
the assumptionG.8 follows with fullling G.7.

The proof follows the equivalent ideas of the proof of Proposition 5.2 in Kch and Tad-
juidje Kamgaing [2012]. Due to the Taylor-expansion and the triangle inegality we can
follow their proof.

Observe that this assumptions hold true for the example 3.3.1. So for déring the matrix
C(") we just calculated the derivatives.
Alternative assumption

To derive the asymptotic conditions for the change-point test, we ned some moment condi-
tions on the testing function evaluated for the time-series after tre change-point.

L.8 Let th(z)g be a stationary and ergodic time-series such that for a convex environant

h i # %
E rHX®P;) <1; E sup r2H;(x?;) . <1
2U-

and there exists 7, being the root of E[G(X (l); N+(@ ! )E[G(X 52); )]] for eachn.

This guarantees the interchange of integration and limit. So we are able tadentify the limit
with h W i

: _ 1). -
nI.!En n=E H(X;";?) =
fop stationary; obsefyations up o m. In the case of theA- xed alternative we have p and
E H(X(l); ) 6 EH (X(z); 7) . For the A-local alternative the equality of the expectations
hold true.
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Proposition 3.3.3
AssumelL.8 then under H; we haveG.11 .

Until now, we always considered abrupt changes. However, even in thease of an AR(p)-
process with an abrupt change of the autoregressive function the obseations after the
change have starting values not out of the stationary distribution. Therefore, Kirch and
Tadjuidje Kamgaing [2014] considered under which conditions on the timeseries after the
change the proofs still hold true.

3.3.4. Proofs
Theorem 3.3.1

Assume assumptionsG.7 and G.8 { G.10. Under Hy we have

T A) MY sup  (S)KWi (S)! sSWa (1)K, ; (3.47)
O<s< 1

with fWy (s)g and f Wg(s)g are Wiener processes with covariance matrix 4y and g,
respectively.
The covariance matrix of the Wiener processes is given by . .

Proof of Theorem 3.3.1:
First we consider the behaviour of

A k A k
Su(kin) ! Su(ki)! —C()Se(n?) Su(kin)t (Su(ki)! —C()Se(n;7)
A A
Note that it holds 8ax; by Ok=1;:::;d
. | . s
Jlmlflxdak. lmlflxdhd 1mkaxdjak' bj:

This inequality in addition with assumption G.8 gives us, that

k 1 A k 1 k
_ . | _ . | .
max - p= Su(kK; "n) AL max o P Sh(k;)! r]C(‘)Se(n,“) .
k 1 A k 1 k
— — k: ! — — k:)1 — :
MR n PR S DT Sl feOsem)
max < PR Su(ki’n)! (Su(kI)! SC(ISe(n: D)
1 ken n pﬁ H » nj - H ’ . n G ’ A
" 0:

So it follows

k A k 1 k
o . = o . ' o . .

max g Py oSelan) = maxt o Py Selkit DC()Se(n: ) A " o)
With the matrixes D; and D, given by

_ Iy O 0 o0
D, = 0 0 and D2= Iy O
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3.3. Generalized class of change-point test

and we get from the monotone mapping theorem the following result. Therfor every 2 (0; %)
we have

1 k
— p= Su(kk;)! =C(M)Sc(n;
] {g% - P—= H (K 7) - (DSc(n; ") .
Sy (bsng; S (n;
= sup bsnc pliDl n (bsnc; 7) ! @Dz H(n; ")
<s< 11 n n = C(7)Ss(bsnc; ") n COSe(n;?)
rY sup (kWi (s)! SWg(1)k, :
<s< 1!
It is left to proof that for all " 0 the limit also exists and is given as de ned.
k 1 k 2
2~ = . I .
,max - Sh(k;)! nC(“)Se(n,“) X |
k 1 1 2 1 2
2 2 . 12 .
— k* — —_— k + —
S0 K S e Sek) PHCOISe(m )

With the forward Hajek-Renyi inequality (see assumption G.10) we gain this is op (1). Anal-
ogously, we handle the supremum over (1 )n;n). So for deterministic weight functions
ful lling of the class L(; ) we are nished.

It is left to show that for the randomized weight function wy,(n; k) the same limit is reached.
From the a.s. convergence and becauseis a.s. positive, we have
1 N k 1 N
. . ' K .
max wn(nK)p— Su(ki'n) 1 omax (F)p= Su(kin)

! 1
k) ! k A
max wa(mk)! (6) Pz Su(kin)

1
m K)! (X max p A
e Wa(nik)t (R) e Py Sn (K ") A

Observe, from the assumptionG.8 and G.9 the second maximum on the right hand side is
Op (1) as shown above. From the assumption on the weight function we get
k) (K) = op(1):
max: wa(nik) ! () = op (1)

This gives us the claim.

Corollary 3.3.1

Let the assumptions of Theorem 3.3.1 hold true and let,, be a consistent estimator
for A. Then it holds

Ta("iAn) 'Y sup (kWi (S) ! SWg(L)ka
O<s< 1

Proof:
The proof follows essentially the idea of the proof of Theorem 2.2.3. [
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3. Change-point tests

Theorem 3.3.2

Let H; hold true as well as the assumptionsG.1, G.7,G.8 and G.11. If ()>0
and , from G.11 fulls either assumption G.5.a) or G.5.b) , then

T A M (3.48)

Proof:
The main idea is to show thatw(n;m) Sy (m; ") A is converging tol .

1 A
lmkaxnwn(n, ) Su(k; n) A mwp(n;m) —mSH(m, n) R
m p_ 1 A
=0 — —S X
P n n m H(ml n) A

Due to the assumptions G.8 and G.11 we have

1 A 1 1 A 1
il m: 1 il m: - m: | — m:
SH( ’ ﬂ) - SH( l~) SH( ’ n)- SH( l~)

A A A

i

1 1
ESH(m;j A!k nka ESH(m;j! n

i

Therefore, we get with assumptionG.1 for the A-local (G.5.b) ) and the A-xed (G.5.a) )
alternative

Tn(")  wn(n;m) Sy(m; ™) .

P (%)k ok, + Op(1)+ (%)! P AWa(n:m) (K nks + Op(1)) "1

Proposition 3.3.1 (Kirch and Tadjuidje Kamgaing [2012] Proposition 5.1)

1. Under assumptionsL.1{L.3 the estimator ", is consistent for ~.
2. Under the assumptionsL.1{L.5 the estimator "}, is P n-consistent for ~.

Proof:
From the assumptionL.1 and L.2 we get with Theorem C.1.1 a ULLN. With the assumption
L.3 it follows from Theorem C.1.2 that ", is consistent w.r.t. ~

With the assumption L.4 the dierentiation is given and from L.5 we have a CLT for the
estimating function evaluated at ~. With the mean value theorem get the claim. ]
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3.3. Generalized class of change-point test

Proposition 3.3.2 (Kirch and Tadjuidje Kamgaing [2012], Proposition 5.2)

Under the assumptionsL.1{L.7 and with
C(7) = Elr H(X4; JElr G(X1;7)" * (3.49)
the assumption G.8 follows with  fullling G.7.

Proof:

First of all we observe, the assumptionL.4 guarantees the existence ofE[r G(X1;)])' ! and
that it is unique. From L.6 we have that E[r H (X 1; 7)] does also exist. Then we have to show
that for this C(7) we have

k 1 k
max — p= Su(k;W)! Su(k;)! —C(ISe(n;?) = op(1):
1 k<n n n n A

As ", solvesSg(n;”,) = 0 and we have fXg is a sequence of stationary ergodic random
variables L.1 we get

Su(ki ! Su(ki)! eI

Su(ki )1 Su(ki )+ SC() Se(m ! Se(n: )
h N i h i

roSu( ) KE rH(Xy; ) (Tl I+ KE r HXy ) (! )
h i h i
! EC(“) Se(n;)! nE r 6(X1;) ((h! D+ nE r Xy (WD)
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4. Change-point estimator

The literature contains many publications analysing change-point tess for di erent models.
The number of publications on the asymptotic analysis of change-point estnator, i.e. the
rate and asymptotic distribution, is even smaller.

In section 4.1 we present the analysis of the change-point estimator foriid. observations with
possible in nite variance. The corresponding change-point test is anstructed in section 3.1.
The change-point test and estimator are randomly weighted, as the weightudnction depends
on the observations. We analyse the estimator and derive analogous results asthe case of
i.i.d. observations with nite variance.

In section 4.2 we analyse for a non-linear (auto)regressive model a changeint estimator
based on neural networks. Also under misspeci cation we can derive # asymptotic distri-
bution of the change-point estimator.

With the concept of estimation functions we are able to determine reglarity conditions for

the change-point estimator. In section 4.3 we give the regularity condibns and prove the
asymptotic behaviour.
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4. Change-point estimator

4.1. Randomized weight function

As in section 3.1.1, we are going to consider a mean change model with i.i.cbbservations
with nite rst moment. The model (3.1) is de ned as

+ "¢ 1l t m

Xt = "
+ at % m<t n

with f"{g i.i.d sequence andE[j"1j] < 1 . In contrast to the model in section 2, the residuals
do not need to have a second moment. Based on the idea of M-estimator wertstructed a
change-point test having a randomized weight function (section 3.1.1)We now focus on the
corresponding change-point estimator and analyse its asymptotic behawour.

In section 4.1.1 we rst introduce the change-point estimator of interest and then give the
main results. The proofs are given in section 4.1.2.

4.1.1. Asymptotics of random weighted change-point estimator

Again we make use of a self weighted estimator for the unknown parameter which results

from a weighted least squares, where the weight function is allowedot depend on the ith
observation. As discussed in section 3.1.1 on the one hand we have the ttesgatistic

. . — . 1 . /\ .

To(i 19)= max wi g(kimp= Sk w(@) .

with 0 1

P n X 2
@ (L gX)? A

P o iy
t=1 g(xt) t=1 g(xt) ! t=1 g(xt)

and , fulllingassumption G.2, and on the other handT,(; ;gn). Inview of applications,
we consider the estimator w.r.t. the weight function g,.

W; g(kin) = 1 nek< @t )ng

As in the introductory example (section 2.3) we are going to use the argunt of the maximum
as estimator for the change-point, i.e. the change-point estimator is give as

X i gn(Xt)X]
m(; ;o) =argmax w. . (k;n) gn (X)X ! Pzt SMAL
n

X)Xy 4.1
1T ke 1 {]:l gn(xt) 1 gn( t) t ( )

The consistency ofm{( ; ;gn) follows equivalently as in the mean change model, but is tech-
nically more e cient. We have to make an assumption on the behaviour of the expectation of

g w.r.t. the time-series after the change. Ifg is dominated integrable, we can change limit and
expectation. If additionally the function is continuous, we do not nead any more assumptions.

As we assumed to be bounded, this is ful lled.

Theorem 4.1.1 Under H; and the assumptionsL.1 { L.7 we have for weight functionsg,
fullling L.6
(S,

n = op(1):

See section 3.1.
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4.1. Randomized weight function

One can ask, how fast does the estimator converge against the true parameteAn answer
gives the next Theorem.

Theorem 4.1.2 Under H1, assumptionsL.1 { L.8 and if , n'r"'l 0 the change-point esti-
mator M( ; ;gn) givenin 4.1 fulls

M(; ;gn)! m= Op(D}?);

as long asanﬁn.r;1 1, with D, = E[gX®P + )1+ 0] roo

The rate derived in Theorem 4.1.2 is the best rate as can be seen by thesxt theorem.

Theorem 4.1.3 Let H1 be true and the change-point ful | assumptionG.1. Under the as-
sumptions of Theorem 4.1.2, the asymptotic distribution of tle change-point estimator is given
as

Dﬁ(m( 70! m) rd argmaxfW(s)!j sjg. (s); s2 Rg

with D, as in Theorem 4.1.2 ,fW(s)g a two-sided standard Wiener process and
8
2@ Har )+ 1s< 0;
9;: (9=_0 ;s=0;
@ar Hy+@ar» ) ;s> o:

So the results are exactly the same as in the case of nite variance.

4.1.2. Proofs
Theorem 4.1.1

Under H; and the assumptionsL.1 { L.7 we have for weight functionsg, ful lling L.6

m(; ;gn)!

n =op(1):

Proof:
First we observe that the random weight function converges to the non-andom weight function

even under the alternative as the a.s. convergence holds true{" 0).

It is left to analyse

X P o
Sgn (K; "n(mn) = On (Xt) X! M

On (X)X
t=1 ?:1 gn(xt) t=1 N ‘ t
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4. Change-point estimator

Notice, from assumptionL.6 we have by Lemma 3.1.1 that (3.18) holds. So, it follows

Let k <m, then we have

= On(X¢)"t !

Xk
On(Xt) X¢!

t=1
XK
t=1

p t=1 gn(xt)

n

t=1 gn (Xt) t=1

Py
tgicgn (Xt) rP

?:1 (X0 S: (4.2)

On (X)Xt

Py X0
p t=1 gn(xt)

Ly (X0, G (X"t n)

Using (4.2) and Lemma 3.1.1 we rst show that Sg, (k; ’\n(gn)) can be replaced by

KSy(k; Yk =

X X

aX)("t+ n)

Kk

g(Xe)"t ! —
n

t=1

t=1

Have in mind that gn(X:) = g(X¢;"n) and g(X:) = g(X:; ). Using C( ) as in (3.20) and

(4.2), we conclude

9@50

(X)) ! g(Xe)"e!

t=1
bnsc

P
P t=1 gn(xt) |

|
P bnsc ’

+

' tn:l On(Xt)

xXo
P 38:3 (X! gXO)(" + 1)
, = t=1
X
M g0+ ) = op(n):
t=1

An equivalent replacement follows fork > m . Hence, it is left to analyse the replacement.

Now, using the CLT, which holds true for f g(X)"tg, we get uniformly in s

fgsc pd
n n pi 1
g(Xy)"t! Egun(bnsc)! s g(Xy)"t! SEgun(n) = Op( n)+ op o
t=1 t=1
with
( 0 1k :
Egun(K) = " ; m;
(k! mE[g(X;” + n)"'1] ;m<k n:
Then we can conclude that %(Eg--;n (k)! %Eg--;n (1) =: kKE(k;n)k has a maximum atk = m,
since
( k 1) "
E(k.n): I ﬁ(n' m)E[g(Xl + n)( 1+ n)] ; k m;

So, in conclusion we have

1
max —
1 k<n N
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4.1. Randomized weight function

Thus, with the Theorem C.1.2 we get the result.

For a deterministic weight function

1
(8) = 1f <s< (11 )g m

ful lling assumption G.2, the result follows analogously as in the proof of Theorem 2.3.1.

In the case of the randomised weight functionw ; .4 (k;n), we have from (3.18), that

SUp)jW; an(S)! (9)j=o0p(1);

s2(0;1
where
(8= 1 | (Elg(X 1)])? _ 1
fes< ()9 SE[g(X )I(E[g(X )] ! SE[g(X 1)]) (s@! )
With
max Wi g, (k=) TSy, (6 (@) | (k=n)E (k=n)
. . 1 A
SzS(l(J)g)JW; a0 () ! (S)Jlmk@rg ﬁSgn(k, n(n))
+ max (k=n)%sgn<k: "a(gn)) ! (k=n)E(k=n) = op(1)
the proof is nished. [

Theorem 4.1.2

Under Hq, assumptionsL.1 { L.8 andif nfl
given in 4.1 ful Is

0 the change-point estimatorm¥( ; ;dn)

Mm(; ;)! M= 0p(Dy?);
as long asanﬁn.'l'll 1, with Dp= E[gX®P + ("1 + )] Lo
Proof:
From Corollary 2.3.2we know, it is enough to analyse a truncated version of th change-point
estimator. To simplify the notation, we de ne
| |
Xk P k- X)X Xk ' P k- X '
Sor (ki (@) = G(X0"t! P“gi(x‘) G0 gk 11 Y
t=1 t=1 On(Xt) (=1 (=1 t=1 On (Xt)

n:»

X Kk X0 Kk X0
Sg(k; )= g(X¢)"t! 0 g(Xt)"t ! o g(Xt) n:
t=1 t=1 t=1

The change-point estimator

m=argmax w. .g (k=n)Sq, (k; "n(gn)) =:argmaxf\Vig

1 k<n 1 k<n
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4. Change-point estimator

can be represented as in the proof of Theorem 2.3.2 by

D
k=1 w; ;gn(m:n)sgn(m;/\n(gn))! W ;gn(k:n)sgn(k;An(gn));E
W g, (k=n)Sq, (k; An(gn)) + W. g, (M=n)Sy (mM; An(gn))
D

=1 (W, g, (m=n)! w; g, (k=n))Sq, (k; " (gn))
+ W, g, (M=n) Sg, (M; () ! Sg, (K "n(Gh)
W g, (m=n) Sg, (m; "(gn)) ! Sg, (K; (o))
(W g, (M=n)+ W, g, (k=n))Sg, (k; "n(gn))

Observe, from (3.18) we have

sup jw; g, (s)! (s)j=op(1); (4.3)
s2(0;1)
where
9= 1o (El9(X 1))’ S (S
P @09 SEg(XDN(Elg(X )] T SE[g(X 1)) P s

Later on we are interested in the asymptotic behaviour ofV. From (4.3) we can replace
W g(k=n) by the Lipschitz continuous function (k=n) in Vk. To simplify the notation we
de ne

LKt mE[Q(X1+ n)("1+ n)] k m;

S 1 e D W) k>

(4.4)

Replacing Sy, (k; " (gn)) by Sg. (k; 7)., with == since , n!l'l'l , and centring Sy, (k; ) add
expectation, we derive the following representation forVi analogously as in Theorem 2.3.2

*

Vie=! o ((m=n)! (k=n)) Sg (K "n(gh))! E(k;n)

+ (m=n) Sg, (M; (gn)) ! Sg(m; )1 Sy, (ki ")+ Se(k; )
+ (m=n) Sy(m;)! E(m;n)! Sy(k; ")+ E(k;n)
+(E(m;n) (m=n)! E(k;n) (k=n));

(M=n) Sg,(M; "n(gh) ! E(M;n)! Sg, (K "n(gn) + E(k;n)
+( (m=n)+ (k=n)) Sq, (k; An(gn))i E(k;n)

+(E(m;n) (m=n)+ E(k;n) (k=n))

=B+ B>+ B3+ B4+ Bs+ Bg:
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4.1. Randomized weight function

We can calculate in an analogous way as in Theorem 2.3.2, using

X . X
"t1 K™ = Sg,(k; n)! E(k;n); "t = Sg(k; ) E(k;n);
t=1 t=1

"n=1 Sg (kW) Syk; )
Hence, we derive
2
Bi=( 2k=n)! 2%(m=n)) Sg (k;"n)! E(k;n)
D
Bo="! 2(m=n) Sy (k;"m)! E(k;n)+ Sg,(m; ) ! E(m;n);
E

Sg (M; ) ! E(m;n)! S (k; W) ! E(k;n)
D E

Bs=1!( (m=n)! (k=n)) Sg(k;"n)! E(k;n); (E(m;n) (m=n)+ E(k;n) (k=n))
+( (m=n)+ (k=n)) DSgn(k; "1 E(kn); (E(m;n) (m=n)! E(k;n) (k=n))E
=1 2( 2(m=[;1)m! 2(I<=n)k)DSgn(k;“n)! E(k;n); 1! % E[g(X1+ n)("1+ n)l
Ba=! (m=n) Sg (m;")! Sg(m; )! S (k; AT—:)+ Se(k; );

(k=n)E(k;n)+ (m=n)E(m;n)
D
' (m=n) (m=n)E(m;n)! (k=n)E(k;n);

Sgnémi ") 1 Sg(m; )1 S, (k; ") + Se(k; )

|2 H(m=nmm Sy, (m: )1 Sg(m; )1 S, (ki W)+ Selk; );
L Bt ) N i
Bs=2 Am=mm Sy(m; )! E(min)! Sy(ki )+ E(n); 11 T EfgX1+ o)1+ o)l
Bg=! KE(m;n)k?® ?(m=n)!k E(k;n)k? ?(k=n)
=0 2wt ek @0 MEGE )t )

As (s) equals the weight functionw . (k=n) from section 2. So, we can conclude the following
approximations.

We have

max m! k _ 1
n<k ml o jBe nD2 '’

with D, = E[g(X il) + w)("1+ n)] . Hence, it is enough to examine the order of

max
n<k<m m! k
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4. Change-point estimator

T Sg, (M) ! Se(m; )1 Sy (ki) + Se(ki ) = op (1)

a
n<ksm ! . m! Kk

and

1
- AR . | AN . —
n<k£rn11ax! MK Sg. (M; "n) ! E(m;n)! Sy (k; n)+ E(k;n) Op FFH

Additionally, we are going to use the Hajek-Renyi inequality for i.i. d. random variables, which
gives us

max %ksg(m; )1 Sg(k; )! (E(k;n)! E(m;n))k= Op( ,¥):

n<k<m ! p M
For B1 we then conclude

max B1
n<k<sm !og (m! k)

2(k=n)! 2(m=n) A 2
. I .
ke n (m! k) nckam n Sen (ki Tn) 1 E(kin)

= O(n' H)Op(n):

From the Cauchy-Schwarz inequality we get

max B2
n<k<sm g (m! k)

2(m=n) . max - Sg, (k; "1 E(kn)+ Sg (m; ) ! E(m;n)

- AR . | N .
n<k<ma! 1k Sg.(M; "n) ! E(m;n)! Sy (k; n)+ E(k;in)

1 1
2 2

= 0@0p (") Op( h2)+ Op(n'}) = Op(n} h7)+ Op(L):

The terms B3 and B4 follow with the triangel inequality and arguments as above, i.e. we get

max B3 max (m=n)m! (k=n)k
nck<sm !, (M1 K) n<k<m ! (m! k)
max Sy (k;"W)! E(k;n) 1! Dn
n<k<mp! n
= O(1)Op (" N)O(Dn);

max Ba
n<k<m ! (m! k)

1
2 2(m=n)m 1! 5> Dn

n<k£'r1nax! nm Sgn(m; An)! Sgn(m; )I Sgn(k; An)+ Sgn(k; )

= O(1)Op (NDy)Op (n' 2)
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4.1. Randomized weight function

The last 2 terms are the dominating ones and give the rate of convergence. &\get

max Bs
n<k<m o, (M! K)

2 ’(m=n)m 1! Dn

n
max ;
nck<m | on (M1 K)
= O(nD,)Op( ,¥2):

Sg,(m; ) E(m;n)! Sy (k; 7))+ E(k;n)

For , = K=D?2 this leads to

Bi1
max — =o0p (1) ;
n<k<sm ! , Bg P (1)
B>
max — =op (1) ;
n<k<m | , Bg P (1)
Bs
max — =o0p (1) ;
n<ksm | , Bg P (1)
B4
max — =op (1) ;
n<k<sm ! , Bg P (1)
max 58 = k! 2205 (1) :
n<k<sm | , Bg
Combining this, gives us fork <m
Pmh<m! /=P max Vg > max Vi
n<k<m ! m! k< (1! )n
P max Vg Vm
n<k<m ! g

=P max Vg O

n<k<m ! g

B
=P max  Bg 1+op(1)+875 +0p(l) O
6

n<k<m !
P max Bs 1+o0p(1)
n<k<sm ! . Bg P
Bs Bsg
P — 1! +P 1+o0y(1 max — 1!
n<k<m ! , Bg p(L) n<k<m | , Bg

P Op(l) (1! K™ +0);

with 0 < < 1 arbitrary. This term becomes arbitrarily small for a su ciently lar geK > 0.
Analogously we can show the other direction kK > m).
[ ]

Theorem 4.1.3

Let H1 be true and the change-point ful | assumption G.1. Under the assumptions of
Theorem 4.1.2, the asymptotic distribution of the change-point estimatoris given as

Dﬁ(m! m) rd argmaxfW(s)!j sjg. (s); s2 Rg

131



4. Change-point estimator

with D, as in Theorem 4.1.2 fW(s)g a two-sided standard Wiener process and

8
2@ Har H+ is< 0;
9; (9=_0 ;1s=0;
@ar HYy+@atr ) ;s> 0:

Proof:

We show the claim by analysing the behaviour of the parts from the decormposition of V. Let
(w.l.o.g.) x> 0 and C >x be both xed but arbitrary. We get

PM! m x)=P(m! CD,2 m m+x)+ P! m x;jm! mj>CD;?

The second term on the right side becomes arbitrary small for large enougl® because of the
consistency ofm. Therefore, we consider

P(m! CD,2 m m+x) P( max Vic max Vi) + op(1):
(k! m)2(! CDh?:x] (k! m)2(x;,CDh?)

The last approximation follows with the same argumentation. Consider the decomposition of
Vi similar to the one we used in the proof of Theorem 4.1.2

Vk=B1+ Bo+ B3+ Bs+ Bs+ Bg:

Recall the representation was given as
Bi=( 2(k=n)! ?(m=n)) Sg (k;"n)! E(k;n) ’
By=! 2(m=n)DSgn(k;An)! E(k;n)+ Sg, (m; "n) ! E(m;n);
Sg (M; W) ! E(m;n) ! Sg (k; ") ! E(k;n)E
Bs=1!2( 2(m=n)mD! 2(k=n)k)DSgn(k;“n)! E(k;n); 1! % Elg(X1+ n)("1+ n)]E
By=12%m=n)m Sg (m; ") ! Sg(m; )! Sg,(k; ")+ Sy(k; );
LT Egar ) N ]
Bs=2 (m=n)m Se(m; )! E(min)! Sy(ki )+ E(kin); 11 T Elg(Xa+ o)("1+ o)

2
Bo=! Z(menm?l 2kemk? (1! TEE(X1+ a1+ o)
Thus, analogously as in Theorem 2.4.4 we get
max  jBaj = Op(CD}); max _ jBasj= Op(" 1);
k2 (m! CDﬁ,z;m) k2 (m! CD%z;m)
max jBsj = Op(p n); max jBaj = op(n);
k2(m! CDj %m) k2(m! CDh2:m)

and fork 2 (m! CD/,%;m)

20 m= <0
MBS: O A C A 5%
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4.1. Randomized weight function

With the FCLT for i.i.d. random vectors we have

8 0 1
< Xl =
. D@ (g(X)")A ; s2(0;1). F

t=sDp ?

9
4w s2(01) ;

with W2 being a Wiener process with covariance matrix 4. Then, we can conclude
0 1 )

dr )L X1
o- &Dn@ gt T (gX0)"ATs2(01) D W(s) s2 (01

t=sDp ?

Qrj-

with fW(s)g being a standard Wiener process,d, := E[g(X1 + »)("1 + )] and

_ Kdnk . , .
D =1lim ;Tkg which clearly exists.

As (s)is equal tow. (s)from (2.58), we have

'2(m=n
( )Vk = max Vkm

m
k2(m! CDj %;m) m(l! %) k2(m! CD} 2;m)

= max AL @ 2(m! k)g (k=n)D? + op (1)
k2 (m! Cth;m) Dn " mibsnc . n

Doing the same form <k <m + C, we can argue analogously as in the proofs of the Theorem
]

2.3.3.
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4. Change-point estimator

4.2. Non-linear (auto-)regressive processes and neural network
functions

We considered in section 3.2 the change-point test for a non-linear (aot)regressive model with
unknown regression function. For the change-point test we used the geral approximation
property of neural networks and derived the test statistic for possibe misspeci ed models.
For the non-linear autoregressive model Kirch and Tadjuidje Kamgaing [2012]analysed a
univariate test statistic. We used results from Kirch and Tadjuidj e Kamgaing [2012] and
showed the asymptotics for the multivariate test for a non-linear (auto-)regressive model.

As the estimator is usually based on the test statistic we are going to analse the corresponding
estimator to the test statistic for non-linear (auto)-regressive mocel derived in section 3.2.
Before we do so, let us notice that Kirch and Tadjuidje Kamgaing [2012] also itrtoduced a
change-point estimator given as
n o]
m=argmax Su(k;"n) :1 k<n

N

where Sy (k; ") is the partial sum of estimated residuals using the least-squaresséimator ",
ie.

Xk Xk
Shki) = N= X! F(Xa )
t=1 t=1
N _ . X . 2
n = arg m2|n (X¢!t T (X¢; ) (4.5)
t=1

for the sample X, p;:::;Xn. In Kirch and Tadjuidie Kamgaing [2012] Corollary 3.1 they
showedm'! m = oy(n), with m = bn c, i.e it de nes a consistent estimator for the change-
point

As we have discussed in section 2.3 the weighted version of the changemnt estimator allows
better estimation for di erent positions of the change-point. We consider the non-linear
(auto-)regressive model introduced in section 3.2.1 and analyse the eighted multivariate
change-point estimator given as

m(; ;A)=argmaxw; (k=n) S(k;"n)
1 k<n A

(4.6)
X
Sk; )= r (Y, )(Xe! F(Y )
t=1
X
= ot );
t=1
wherew. asinN.7 and A fulls G.3. We show that the weighted multivariate change-point
estimator is consistent and determine the best convergence rate. Teerify that it is the best
rate, we determine the asymptotic distribution.
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4.2. Non-linear (auto-)regressive processes and neural network funotis

4.2.1. Preliminary results

Before we state the main results we rst determine some propertieof sums and maxima
of neural networks and its derivatives. To derive asymptotic resuls for the change-point
estimator we rst state a result following from (3.29) and (3.30).

Lemma 4.2.1
For the model (3.24) we assumelL.1-L.5 andL.8. Wegetforall 2 andz=1, 2
1 X
: RECAZED AL UT R T4 AR CACTUN)
=E r (YO ) £+ oas(D)

for 1 "1

Remark, that because of the ergodicity off f (Yt(z); )g and because of the properties 004
and Og: it holds for m " 1

XI
max - rf e @) E e (2 ) f ) = 0as (1)

11 m |
t=1

Together with Lemma 4.2.1 we get form " 1

X! h i
max T FOCE X W Erf P (™) = Oas(): (48)
t=
But this result is not strong enough to prove the consistency of the hange-point estimator.
Nevertheless its proof contains ideas which are needed in the proof tife consistency. There-
fore, we state the following Lemma which needs the Hajek-Renyi-Ty inequality (Lemma
C.2.4 b)) from section C.2.
Recall the notation N.13 , i.e. we deneq(t; ):=r f(Yy; )(X¢! f(Y;; ) for 2 .

Lemma 4.2.2 h )
[
Let g(t; ) be as inN.13 and d := E ¢(1;7) . Assume that the model(3.24) ful ls

assumption L.1- L.5 and L.8. Then there exists&2 (0;1) such that for xed > 0

we have
xn | e
- ' : . +7 -
T A= o)
t=k+1
N
. I . - .
t=k+1
XK xn
max - qit; ) ! d) + qt; ") ! d)
1 k m! n
t=1 t=1 |
1 A
=0 max — q(t; n) ! d) =op(1):
1 k m! n (=1
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4. Change-point estimator

Observe, that we usedX;, Y; instead oth(l), Yt(l) this is caused byk m which implies that
the underlying process is thenXt(l) and Yt(l).

To determine the asymptotic distribution we use analogous arguments asni Theorem 2.3.3.
We know that for n " 1  the limit exists. To determine the limit we use a truncation

argument and determine rst the limit for a xed area around m. As we only consider the
A- xed alternative, this distance is xed. For the local alternative we have to consider the
behaviour in a growing distance and would derive conditions for the ra¢ of growing. Since
we use the equivalent decomposition as for the proof of the rate. Hence wdetermine the
following convergence.

Lemma 4.2.3

With the notation and under the assumptions of Lemma 4.2.2 and ith the de nitions
from there, we get

xXn
o<m 1 kec (ot ! d) =0p(1);
t=k+1
)(n N
. | _ _ _
o<m | k<c (at )t at 7)) =op(1);
t=k+1
X R X R
max (a(t; ") ! d)+ (q(t; "») ! d)
0<m ! k<C
=1 t=1 |
X ! o
= Op max (qt;")! d =0p "m ;
0<m ! k<C =1

where C is a constant.

4.2.2. Asymptotics
The rst result is that the weighted change-point estimator is consisent.

Theorem 4.2.1 Under the model (3.24) and assumptionsG.1, L.1- L.5 and L.8, the
change-point estimatorr( ; ) (4.6) is a consistent estimator for if < < 1! |ie.

m(; ) e
n

In Kirch and Tadjuidje Kamgaing [2012] they proved the consistency of thechange-point
estimator under a NLAR(p)-process for =0, =0and A=(aj)1 ij r,r =2+ p+dh+1,
wherea;; =1 and aj =0for i j 6 1. Now we also show that the multivariate weighted
change-point estimator is a consistent estimator. From the discussioin section 2.3.2 we know
that for di erent positions of the change-point di erent weight funct ions are preferable. In
the next steps we determine the rate and the asymptotic distribuion.

(4.9)

From Corollary 2.3.2 we have seen, that due to the construction of the edmator and the
op (n) convergence for the proofs of the asymptotics observing the truncatk version of the
weighted change-point estimator is su cient.

To determine the consistency rate we use Lemma 4.2.2.
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4.2. Non-linear (auto-)regressive processes and neural network funotis

Theorem 4.2.2 Under assumptions of Theorem 4.2.1 we have
m(; )! m= 0Op(l):

This Theorem gives an upper bound for the convergence rate. To verifyhat it is the best
rate of convergence and to be able to derive a con dence interval fom, we are interested in
determining the asymptotic distribution.

Theorem 4.2.3 Let the assumptions of Theorem 4.2.1 hold true. Then

d

m(; )! mr® argmaxW(s) ! sjg(s)D?; s2 Zg

with D = k ky = L £ 10 on1

8
20 P ; $=0;
W(s)= _ Tag: 1L @ is<o;
A S, @ s> o;

=t (PP Py Bl £ )P £ (P o)) for z=1;2 and

2(1! wr )+ 1 s< 0;
g(s)= 0 ;1 s=0;
@ar )y+@ar» ) ;s> o:

Note that remembering the original model (3.23), * = e+ g,(Y,)! f (Y,*); o)1 E(g,(Y,?)!

f(Yi(Z); ~)) is a stationary, centered at 0, -mixing time series with (j) = o(j' ©). But in

the correct speci ed case or if we have a non-linear regression modefth iid regressors, the
errors are i.i.d and we get an equivalent result as in section 2.3.

Recalling that under correct speci cation (i.e. g is a neural network) a neural network with

h = 0 hidden layer is then a mean change model. In this case, we havéz) = "j and get the
same result as in Theorem 2.3.3 .

4.2.3. Proofs

Lemma 4.2.1

For the model (3.24) we assume assumptionL.1- L.5 and L.8. We get for all 2
andz=1, 2

1 X

R I G LA IR U AR I AN

=E r f(2 2 ) £ o) as:

for1"1
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4. Change-point estimator

Proof:
First notice that it is enough to analyse each entry of the vectors the sm is taken over.

]_XI (2) (2) 2. A @. A
T r ) O o £ o WP )
t=1

1X h i
=7 OO P E O Prv® )

t= .
i h
+E (r 1) (Y2 ) 2 ) 1 E ()00 )P0
" v (@), @~ 1X (@A (2). A
+E (OO LT i )
t=1

= A1+ A+ Aj

We know fYt(Z)g is a sequence of -mixing random vectors andf as well as ¢ f); are mea-
surable functions, such that ¢ ); (Y,*; )f(¥?; )is -mixing. From (C.1) we get that

A1 = 0o(1) a:s: The constant on the right hand of (4.10) if A,. Thus, we need to show
A3z = o(1) a:s: It holds

X
E(rf) (V29 (V259 1 &

|
(R PTIQ AR I AR

t=1 |

X !

Sfprl] T A AT = (R A AR
t=1

FE ()P ()06 )

Using from Corollary 3.2.2 and Theorem C.1.1 the rst term on the right side is 0a:s:(1).
As we can see in the proof of this corollary, there exists an integrable doimating variable.
Theorem C.1.3 gives that we can interchange limit and integration in the £cond term. With
the consistency of the parameter estimator’, given in a) in Theorem 3.2.1 and the continuity

of the generating function, the desired result follows.
[ |
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4.2. Non-linear (auto-)regressive processes and neural network funotis

Lemma 4.2.2 h )
[
Let q(t; ) be asinN.13 and d := E q(1;7) . Assume that the model (3.24) ful ls

assumption L.1- L.5 and L.8. Then there exists&2 (0; 1) such that for xed > 0 we

have
m gt d = Aeoe@): @il
L -~ o(t; ! = p(1); (411)
t=k+1
max 1 X "W ot = opd); (4.12)
1km m!Kk abon) = Al L '
t=k+1
Xk xXn
max = el d ¢ ! d)
1 km n
t=1 t=1 |
1 X A
=0 max — q(t; "n)! d) = 0p(1): (4.13)
1 k mn t=1
Proof:
Observe, that we usedXy, Y; is stationary sincek < m. Again it is enough to analyse the
behaviour of the maxima for each entry of the vectors. De ne foreveryi = 1;:::;(2+ p+d)h+1

the sequencef (t)g with (t) := g(' t; ) ! di. Then this is a zero mean, stationary and
-mixing time series. From Lemma C.2.1 we have that ;(t) is again polynomial mixing with
()= x(!' p+1). Furthermore, we have for =2+ &+, &2 (0;1], that

E[ (0% 1=El ()i ]

+ e _max  EfYyf(Yy; )jF S 1+ T
j=1;:p+d

c3 (4.14)

for some constants < c1; c; <c3< 1, by Yy;; 6 X1 and assumption L.1, L.2, L.3 as well
as the existence of K < 1 such that jf (Y1; )j<K< 1 (L.4).
n 0
P
Eor showing (4.11) we use t”;kdrl qt;D)!' d ;1 t<m! is distributional equal to

P
It=1 gl' ;)! d ; <t<m  for4.11. Then ;(t):= g(' I; 7)! d; is again alpha mixing
of polynomial rate. From Lemma C.2.4 b) with &as in (4.14) we have

XI
" | : = — .
LR m! k CICIPAREY nl1an)1(!1| ~ 1(©
t=k+1 t=1
0 1. 1
l)(! 1 g 2+&A
|=
Z, !
= Op x Bdx

|
B
+
N‘Q"
20
T
—~
[N
~
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4. Change-point estimator

We will use a property of the neural network to prove (4.12). Let =( 1;:11; @2+ p+rdyh+i)s
with ()i i (M, i=1;::;(2+ p+ dh+1. Then it holds
gt W) ati=irat N'Ch ! i
D j=1r?2§+dJYt;J j+ j:mg?éerth;J Xt kn! 7k; (4.15)

supkr g(Y;; )k D max jY3j+ max Y3 Xy
2 j=1 ' j=l;ptd” 7

Obserye, by Lemma C.2.1 the time series magx ... p+det%j is  -mixing. Hence

frbr  toker MaXi=1mp Y30 1 k m ! g is distributional equal to

m pk t=k+1 TN =150
fi {:1 max,; :1;;;;;ij!2|;j ; | <m g. Using Theorem C.2.1 gives
max . ") at) =o@ "w! T max 1 ” max jYZ
1km m!Kk atn)= al ne 1 km m!Kk j:1;:::;pJ i}
t=k+1 t=k+1
1 X
O(M)op(1) max =  max jY?2.j
I<m | (=1 j=l;p” )

0p(1)0(1) as:

For the norm of the di erence of the parameter esitmator and its limit we used a) of Theorem
3.2.1. The result (4.12) follows from properties of the stochastic Landau sybols.

For (4.13) we get with the triangle inequality that we have

X xn
max L gl d) + g’ d)
1k m!' n
t=1 t=1
XK xn
max  + qit; ) ! d)  + 1 q(t; ) ! d)
1 km' n n
t=1 =1
PQ
2 max = ot d)
1 k mn
t=1
Hence, it is enough to consider
><( N
- . |
max — = q(t; "n) ! d)

From the triangle inequality it follows that analysing the two maxima

Xk A Xk
max Gt n)! gt ") and max i(t) ; (4.16)
k m 1 k m

1
t=1 t=1

where (t) := g(t; 7)! di, is enough. The second maximum in (4.16) i@p(p n)usingf (t)g
is stationary -mixing time-series and Remark C.2.1. An analogous argument as for (4.12)
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4.2. Non-linear (auto-)regressive processes and neural network funotis

gives that the rst maximum in (4.16) is Op(n)op(1). These give us (4.13).

[
Lemma 4.2.3
Under the assumptions of Lemma 4.2.2 and with the de nitions from there,we get
X0
max (D! d =0p(1); (4.17)
0<m ! k<C
t=k+1
)(n N
max (at; "n) ! at 7)) =oer(1); (4.18)
0<m! k<C
t=k+1
X( N Xn N
max (a(t; n) ! d)+ (gt "n)! d)
0<m ! k<C
t=1 t=1 |
_ A o P
= Op max (it ') d =0p m ; (4.19)
0<m ! k<C t=1

where C is a constant.

Proof:

As before in Lemma 4.2.2 we consider the entries of the vectors and showdir asymptotic
behaviour.

To show (4.17), note that by L.1, L.2 and L.3 we can use the invariance principle and get

xn 1 1 xn
max i(t) max (m! k)2 max = ————— i(t)
0<m ! k<C (= ka1 0<m ! k<C 0<m ! k<C (m | k)2 (= ka1
=0p (1)

with i(t) = g(t; 7)! d; fullling the assumptions of Theorem C.2.2 (analogously to the proof
of (4.11)).

Op (1), by stationarity, as well as (a)) in Theorem 3.2.1 hold true.

For (4.19), we rst observe that the left hand side is equal to

X« x

max 2 (gt ") ! d)+ (t; ") ! d) (4.20)
Osmtk<C t=k+1

Now, it follows

xn A X0
. | 3 . | A
oemax @t )t d)  max (gt )! di)
t=k+1 t=k+1
Xn N
. I .
+0<I’rT!I‘l!a)k(<C Q(t! I’l)' Ci(t,")
t=k+1

Op(1)+ op(1); (4.21)
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4. Change-point estimator

where the behaviour of the rst term follows by stationarity. For the second sum we used the
Lipschitz-inequality as in (4.15), which leads to
xn X1

max t ")) gt ¢t !~ max max jY,2j: 4.22
osmikec _ Gt )t G (6 Lo 0<m | k<C t:k+lj=1;:::;p+dj tjJ (4.22)

wherec; is some constant. From Theorem 3.2.1 we havk”,,! ok = op (1) using stationarity
of f Y,?g we get
xXn
max jY5j= Op(1): (4.23)

0 malz(C j d
<m ! k< =1;:5p+
" i=ke TP

Combine (4.23) with (4.22) and (4.21) is shown.

It is left to observe the behaviour of the rst term in (4.20). We use the same decompaosition
as for the second term and apply the Lipschitz-inequality, too. Thus,we gain

XK A XK

t; I di t;7)! di

L SN 1(Oi( n)! di) kz(maém) t=1(Oi( ) odi)
N X

+k'n! K max max jYy

Using f max; =1;;;;;p+de.2-jg is stationary, -mixing time series, Theorem C.2.1 gives us that

the second term isOp (" m). For the rst term we apply the Hajek-Renyi Inequality (Lemma

C.2.4), which gives the claim. -

Lemma 4.2.4

Under the model (3.24) and assumptionsG.1, L.1-L.5 and L.8 we have that

sup 1 S(bsnc; )

' Es(7)  =o0p(1);
s2[0:1] N A ° A

with Es( ) = g(s)E[r f (Y1; )(X1! f(Ya; ))] and

(
S; s
S) =
9(s) S s>
Proof:
From triangle inequality it follows
sup 1 S(bsnc; ) ! Es(D)
s2[0;11 N P Al ° A

1
sup =S(bsnc; ") ! Es(T)
s2[0;1] A
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4.2. Non-linear (auto-)regressive processes and neural network funotis

Furthermore, we have

sup 1S(bsnc;'\n)! Es(D)

s2(0;1) N A
1 A 1 1
sup —S(bsnc; ,)! =S(bsnc;?) + sup —=S(bsnc;?)! Es(") (4.24)
s2(0;1) n A s2(0:1) N A
=op(1):

The second term on the right hand side can be proven equivalently to Jof Proposition 3.2.1.
It is left to prove the convergence of the rst supremum in 4.24.

Assume s thepother side follows from splitting the sum at . We use the mean value
theorem and the ' n-consistency of . By the properties of the neural network we get
sup, kr gt )k;  c(maxj=i;p+ajXtYi ]+ Maxj=1;:p+ajYyi ) for some constantc > 0.

Since by the assumptionsL.1 and L.3 both maxima are stationary -mixing time-series, we
have

1ggnc 1ggnc _
n g (t; An)! g(t ") n supkr G (t; )k, An !
t=1 t=1 2
0 " . 1
nc nc
1 : o1 U2
T @ max X YFj+ = max jYSA
n j=1;:p+d ’ n t=1 j=l;usp+d” 7

= Op(n' 2)Op (1)

Since the convergence holds for every entry of the di erence unifonly, it holds for the norm
of the di erence vector.

Theorem 4.2.1

Under the model (3.24) and assumptionsG.1, L.1-L.5 and L.8, we get the change-
point estimator m(; ) (4.6) de nes an consistent estimator for if < < 1! |

i.e. e -
M) e (4.25)
n
Proof:
First observe, that in Kirch and Tadjuidje Kamgaing [2012] they essentialy used
1 %nc N
sup — (X! F(X;7h)) ! La(s) = op(1);
s2(o;1] N
where
8
s EIX O Ly, s <
Ln(s) = §max EX L X i @t s) EXP T i x@ il os=
T@rs) EXP 1 (x50 a s>
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4. Change-point estimator

We instead use the result of Lemma 4.2.4 and combine it with Theorem C.2.

Theorem 4.2.2

Under the model (3.24) and assumptionsL.1- L.5 and L.8, we get for < < 1!
m(; )! m=0p(1):
Proof:

Observe that by Corollary 2.3.2 the change-point estimatormY ; ) is asymptotically equal
tom(; )withO < < min(; 1! ). For the proof we therefore considem®™= m(; ).

With the notation N.7, we de ne

M =argmaxfw(; ) Sk(An) R 1 k<ng=argmaxfV;, n<k< (1! )ng;
where

Vi = thw (m=n)Sn (") ! w (k=n)Sk("n);w (M=n)Sm("n) + w (k=n)Sk(")ia:

We have to check (2.42) for this model. As we done there, we check eaclls separately.

Lets consider the rstevent 0< mi<m ! . Thus, we have to determine
Pih<m! )=PO<rm<m! )=P max Vg max Vi
n<k<m ! m! k< (1! )n

We observe that Vi can be written in the following way
D
Vie=! (w (m=n)! w (k=n))Sm (") + W (k=n)Sie1:n("n);

E
W (m=n)Scsm("n) + (W (m=n) + w (k=) Sm(") |

*

)(n N Xn N
=1 (w (m=n)! w (k=n)) alt; "n)! E[o2; )] + w (k=n) qit; ") ! alt )
t=1 t=k+1

Y
+w (k=n) q(t ! Ela(L; )1 +(mw (m=n)! kw (k=n))E[q(1; )];
t=k+1

xn Xk
w (m=n) q(t; ) ! Efg; )] +(w (m=n)+ w (k=n)) q(t; ") ! Elq(1; )]
t=k+1 t=1

+
+(mw (m=n)+ kw (k=n))E[q(1; 7]
=B;+By,+ B3+ Bs+ Bs+ Bg:

Where we use the equivalent calculation as for (2.44) with replacing

Rt MOl a2 (oW g et ) Elo )
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4.2. Non-linear (auto-)regressive processes and neural network funotis

Xk
B1=(wz (k=n)! wa (m=n))  (q(t")! E[q(L;")
% t=1 A

Xk N NG .
Bo=!wy (m=n) qt; W' El(L; )]+ ot W) ! E[(; )]

t=1 Lot
)(n N
a(t; "n) ! E[a(2; 7]
t=k+1 A
* +
B3 =!2(wz (m=n)m! w; (k=n)k) q(t; W) ! Ela(L; )] ;ElaL; )]
* - ) t=1 + A
B4 =2w; (Mm=n)m qt; "n) ! a(t ) Efa(L; )]
% t=k+1 + A
xXn
Bs=2w,; m ot; ) ! Efa(l; )] Elat; 7]
t=k+1 A
Bs = ! (mwi(m=n) ! KAw2(k=n) Elq(1; )]
Let , = E[q(L; )], then Bg = ! (m?w? (m=n)! kw2 (k=n))k k3. This is equivalent

to Bg from Theorem 2.3.2 (see page 43). Thus, we have the same approximation as i2.45).
Hence, it is enough to examine the order of

max Bi
1 kem m! k
fori=1;:::;5. By Lemma 4.2.2 there exists&such that for chosen large enough , we get
B1 W»o (k:n)! W»o (m:n) X AR .
neker (M1 K) nekem (m! k) nekam L (alti "n) - Elat:7)

= O(n' ) (op(n)) :

We used the Lipschitz property of the weight function (2.28), equivalatly as for (2.46). For
the following approximations we will also make use of the properties othe weight function
given in Corollary 2.3.1.
max B2
ncksm ! (M1 K)

X A xn A
- = t=1 R
Xn N
n<an?Xl a(t; "n) ! Ela(; 7]
T t=k+l A
= 0O(1) (op(2))
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4. Change-point estimator

Therefore, we used that from the triangle inequality we get
xn X

1 A N
max  — gt n) 'd + Gg(t; W) d)
1 k m! n
t=1 t=1 |
1 X A X A
N, max G(t )t di + max Gt ") ! di)
=1 t=1
2 X .

For B3 and B4 we directly can apply Corollary 2.3.1. and get

max Bs
n<k<m ! (m! k)

= | = )« A
max W (MEOME M BEDK a7 gt BN Kk,
n<k<m ! (m! k) nk<m L A
= 0)0p (" 1k k)
B4
nekene 1 (m 1K)
NG

at "t at ) kky

t=k+1 A

2wo (m=n)m  max
2 ( ) n<k<m ! m! k

= O(n)op (1)k Kj :

Observe, that for B4 we usedp n-consistency of}, and that fY2gis a -mixing stationary
time series.

n<k<m ! (m! k)
X0
= ; ! ;
2wy (m=mm _max = at; ! Elad )] kky
t=k+1 A
= O(N)Op( ' 6)k K, :
It leads to
B1 _ .
nnl;l<an)1(! EG_OP(l)’
max o2 = 'fo 1) ;
n k<m! Bg - P '
Bs
- = 1 -
n T?r%(l Be o (1) ;
Bsa _ :
T B T
B
max —> = op 1) :

n k<m! Bg
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4.2. Non-linear (auto-)regressive processes and neural network funotis

Using this results and Bg < 0 for K < m, with max; x<m: Bs ¢ < 0 for ¢ xed but
arbitrary, it yields

P(fh<m! )=P max Vx> max Vg
1 k<m'! m! k n

P max Vg Vm

1 k<m!

=P max Vg O

1 k<m'!
=P max Bs 1+o0p(1)+ & 0
1 k<m ! Be
P max B2 1+ o0p(1)
1 ksm! Bg
P max B2 1! + P 1+ 0y(1) max B2 1!

1 ksm! Bg 1 k<m! Bg

P Op(1) (1! ) & +ol);

with 0 < < 1 arbitrary. This term becomes arbitrati y small for a su C|ently Ia‘{, ge > 0.
The other way around works similar, just using that 1(X LY ")) = ! =k (X!

f(Yi; "W).
m

Theorem 4.2.3

Let the assumptions of Theorem 4.2.2 hold true. Then

d

m(; :A)! m!I® argmaxdW(s)!j sjg(s)D?; s2 Zg

with D = k ky = E[(r (Y7 )(X 1 FO0]

8
20 b ,8=0;
W(s)= _ Ta#z 1L @ s<o;
> ., p=s |(1)
TA#z 2, 7 s>0;
@ = (D x B 2y Efr PP £ (B o)) for 2= 152
and 8
2@ Har H+ rs< 0;
g(s)= _0 ,s=0;
@t )y+@t!' ) ;s> 0:
Proof:
To simplify the notation we use rh := Mm(; ;A),as , andA are xed.

As in the proof of Theorem 2.3.3 (see page 50) it is only of interest to deterine the asymptotic
distribution of

P(m! m m+xjm! mj< )=P max Vg max Vg ;
(k! m)2(' x ] (k! m)2(x; )
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4. Change-point estimator

(compare (2.56)). Vi is as in Theorem 4.2.2. For the proof we have to analys&j for k 2
(m! ;m)andfork?2 (m;m+ ). Here, we show that with Lemma 4.2.3 and analoguous
argumentation as in the proof of Theorem 2.3.3 we can determine the asymptat distribution
fork2 (m! ;m). The other side follows equivalently.

Let (w.l.o.g.) x> O0and >x be both xed but arbitrary. Then we get from Corollary 2.3.1
and Lemma 4.2.3

X 2
i i = i =n) ! =n)i AR .
o (maém)JBu o (rpn%;m)JwZ (k=n)! wz (m=n)j  (a(t; "n)! E[a(1;7))

=0p n'! Op(n);

t=1 A

X« R X N
H H - . ' . . | .
kz(maém)Jsz w2 (m=n) kz(rrp!aé;m) q(t; n)! E[q(1; )] + q(t; "n) ! Elg(1; 7]

t=1 t=1 A
max . a(t; ") ! Elq(1; 7]
o kemiem) A
= Op(1)op pﬁ ;
Xk N
kz(maém)ist ZkZ(maém)sz (m=n)m! wy (k=n)kj comax B at; "n) ! E[a(d; 7] )
kz(maé;m) SCE) A
= 0p()0p (" M);

X
. . — AN | . .
o (maém)JBcu 2wz (m n)mk2 (maém) q(t; "n) ! at ") E[q(1; )] A

t=k+1 A
= Op(n)op(1);
xXn
jBsj =2 t; ) ! E[q(1; E[q(1;
comax 1Bsj=2wpm max . q(t; ) ! El[a(1; )] [ak: 7,
- A
= Op(n)Op(1);
2
iR = 202 (=Y 1 k22 (k=) . — .
kz(maém)JBej kz(rpn%;m)Jm w<(m=n)! k“w<(k=n)j E[q(1; )] A o(n):

This coincides with the results in the proof of Theorem 2.3.3 (page 50). ©Oserve, that the
result (2.58) only depends on the weight function. Thus we get the same gmptotic for Bg
(with (1 ! ) = E[g(1; )] in (2.58)). Analogously, we conclude

|

L X1 !

= max 2 TA#2 ~m+t+1) ! 2l +(]&1!I );1! )
' t=1 '

D+op(l) ;
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4.2. Non-linear (auto-)regressive processes and neural network funotis

with  (t) = q(t; ) ! E[Q@; )] = r F(Ye)(Xe ! T (V) b Er £ (Y )(Xe ! £(Y;7)] and

D=k ki. De ne t(l) d ! t), again stationary -mixing time-series, and

@ar ar )+ D-

@) T L X 3] 1T
Vi7=2 'A 2 o 2 a1 )

t=1

Then we have asymptomatic convergence and get

Wi 2 (m=n) d )
——V, ! max V,
120 ;0 m@r my ‘M 12¢1 ;0
Doing the same form<k<m + , we get
Wiz (M=), d @
20;) m@r my ™56 '
with
X 11 )+(1!
_ @ar )2
t=1
De ne 8
v <o
W, = S 0; =0 ;
' %VI(Z); >0

we can conclude equivalently as in the proof of Theorem 2.3.3 (see page 50).
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4. Change-point estimator

4.3. Generalized class of change-point estimator

In section 3.3, we analysed a consistent level -test. Now, we are interested in determining
the best convergence rate of the corresponding change-point estimatoig.

m = arg max wy (n; k) Sy (k; ")

gr R ; (4.26)
<n

with Sy (k; ) as given in (3.42) andw, (n; k) ful s assumption G.7. We verify the result
by determining the asymptotic distribution of the estimator.

The main idea is to decompose the statistic such that we can analyse thbehaviour of the
parts. To this end, we will make use of the representation ofSy (k; ) as a sum.

4.3.1. Asymptotic results for the change-point estimator

We rst consider the key regularity conditions and secondly prove them for the example 3.3.1

from section 3.3.

To handle the randomized weight function we recall that this weightfunction converges uni-
formly to a deterministic weight function, such that the in uenc e vanishes asymptotically. In
the proofs we use this to change directly to the deterministic function.

Lemma 4.3.1

Let wy(n; k) denote a random weight function ful lling assumption G.7 .
Then it holds for 2 (0; ) and , non-decreasing, that

wh(k;n) ! (k=n)

_ U1y .

n<k£ﬂqax! n m! k =op(n)= op(1);
2/ 201 —

wp(k;n) ! (k=n) _ 11y — .

ke m! k =or( )= op(D);

Consistency

First we want to show, that the rescaled change-point estimator% is consistent to , i.e.

rh

— =op(1):

- p (1)
Due to the fact, that we are interested on assumptions besides proptes of the process, we
have the following properties for the estimation function as well as ér the test function. It is
ensured that for the asymptotic behaviour we can replace the statistt function evaluated at
N « o . ~ . .
n by the statistic function evaluated at ~. Especially, we have to assume the following.

G.12 There exists "2 being unique root of E[G(X1; )] under Hj.

This is some basic assumption, as we need to de ne the asymptotic beti@ur under H1 of
the change-point estimator. Let us state the asymptotic value underH for the example of
the log-normal observations.
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4.3. Generalized class of change-point estimator

Example 4.3.1 We assume that for the observations introduced in Example 3.34 change in
the expectation of the log-normal observations occurs. This can eign follow from a change in
the expectation (. ) or in the variance ( . 2) or in both of the log-transformed observations.
We denote with ,, the change given by

1 1
exp( o+ n; "'é( 5+ n; 2)) = neXp(O"'éS):
The parameter estimator converges undeiH; against

- ot(! )
B g+(l! )n;z

Now, as we have the convergence of the parameter estimator, we are intsted in conditions
for deriving a consistent change-point estimator. To this end we ne& some replacement as-
sumption as well as an assumption on the convergence rate.

G.13 There exists a function (s), s2 (0;1) and a matrix C(~) such that

bsnc=n bsnc 1
sup % Sy (bsnc; ") ! Sk (bsnc; ) + TC(“)ch,(n;*) = Op P

O<s< 1 A

with G being an unbiased estimation function.
G.14 There exists a function (s), s2 (0;1) and a function Esp:n (7) such that

bsnc=n bsnc 1
sup — 2" 5 (tnse )1 2C(ISe(M ) ! Epenen() = Op P
O<s< 1 n n A n

Moreover, Eyn(7) A has a uniqgue maximum atk = m. We denote byDp = k nk, =

maxy ken  ~Ekn () K

As we assumed thatG is an unbiased estimation function and we have de ned a limit to
exist for the parameter estimator, the part bsncC(‘)Sg(n; 7) usually converges to 0. Hence,

“n
Epsncn(7) R does not depend on the estimating functionG.

Thus in the following we are going to prove the results for the deteministic weight function.
We will see that the results then also hold true for the randomized weght function.

Theorem 4.3.1 Let rh be the change-point estimator given by4.26) with a possibly random
weight function ful lling assumption G.7. If the assumptions G.1, G.13 and G.14, with
(s)= (s)and (s)=1, are fullled, then rh=n is a consistent estimator for
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4. Change-point estimator

Let us consider the example of the log-normal distributed observations.We show that the
conditions are ful lled and determine the function Epgpc.n (7).

Example 4.3.2 Recall the example of independent identical log-normal distribute observa-
tions, introduced in Example 3.3.1. We were interested if the exgrtation of the log-normal
observations changes. We considered the test statistic

X( n
To("niA) = max wn(n;k) X! exp(tn + 172)
0<k<n =1 .

with " = (" n; ~2)T are the least-squares estimators of the log-observations. Let us picthat
the assumptionG.14 s ful lled. To this end we consider

%SH (bnsc; ")

1 Kgnc. 1 gnc .
== Xi! exp(tn + 202) 1 X +exp(~ + 3~?) + = X1 exp(~+ 1-?)
=1 t=1
" 1 sgnc .
= % exp(~+ 3~°) ! exp("n + 377) + o Xi! exp(~+ 3~9) ;
t=1

with == (~ ~2)T.

The last sum on the right hand-side is a sum is a sum over i.i.d. raghom variables, ifs
For s> we split the sum ats = , then we get the convergence.

For the assumptionG.14 we need to determine thelgate of,convergence. This essentially comes
from the CLT applied to each stationary sum of I X1 exp(~+ 1~?) after splitting

at bn c. But we have to be careful sinceX;! exp(~+ 1~?) has not expectation0. We use the
sameC(") as in example 3.3.2 evaluated for the parameter under the alternative. Then we

have

%SH (bnsc; "y)! %SH (bnsc; ) + ?cr)se(n; >

bsnc " bnsc

= == exp(~+ 1-2)1 exp(tn + 372) + =~ C()Sa(n; )
bsnc "

=~ exp(=+ 379! exp("n + 37
+ bnscexp(~+ 3~%) ~! Ap+ %(A,%! ~2)

|

y !

+ %exp(w ) (%UOQ(Xt)! ~)? ! %(Iog(xt)! "n)?)
t=1

Now calculating the Taylor exBansion up to degre@, gives with analogue argumentation as in
Example 3.3.2 the rateOp (1= n).
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4.3. Generalized class of change-point estimator

The question occurs of the limitEpspe.n (7). Assuming the change is additive in one of the
parameters leads to

1 ggnc "
n X! exp( 0+%02+dn)
t=m+1
1 Rne. bsnc! m
= - X! exp( o+ 3 09 +T(1! n)exp( o+ 1 09):
t=m+1

Observe thatG is an unbiased estimation function even undeH . So, Eygnen(7) is given as

bsnc(exp( o+ 3 3)! exp(~+ 3~2)) ;S
m(L! n)exp( o+ 3 )+ bsnc( nexp( o+ 3 3)! exp(~=+ 1-?) ;s>
(4.27)

Epsnen (D) =

with o =( o; 3)T being the true value from the time-series before the change andlenote the
size of the change in the expectation of the log-normal distributedbservations (see Example
4.3.1). This function has its the maximum or its minimum at k = m. For , > 0 is greater 1
we have o+ 1 Z< ~+1~2< o+ 1 2+log( n), which includes thatEy., (") is decreasing for
k <m and increasing for k > m always with negative values. Then we see, thatEy., (")

has its maximum atk = m. "

Rate of convergence

In this section, we are going to determine the rate of convergence and éhtify the part of the
statistic which gives us the asymptotic behaviour. Before we state he main result, we give
the proofs of the behaviour for the decomposition parts.

To derive our result, we have to make some assumptions.

G.15 Let the following assumptions hold true for the process before the dnge-point.

a) The parameter estimator can be replaced by its consistent asymptotizalue without
changing the asymptotic behaviour, i.e.
Y A 1
m —_— H (Xt; ' 'H(X¢; = —
1k§?l('lm'k (ti n) (t1~) OP pT,]
t=k+1 A
b) Let a Hajek-Renyi-type condition hold true, i.e. there exists , > 0 non-decreasing
with  ,=n n!,‘,l 0, such that

LA e Sum ) Emn () Su(ki )+ En() = n20p(1):

G.16 Let the following assumptions hold true for the process after the chage-point.

a) The parameter estimator can be replaced by its consistent asymptotizalue without
changing the asymptotic behaviour, i.e.

max

2. n 2. _
H (X I H(X - L
m k<n K! m (X¢™57n) (X757 OPFFn

t=m+1 A
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4. Change-point estimator

b) Let a Hajek-Renyi-type condition hold true, i.e. there exists , > 0 non-decreasing
with  p=n n.',',1 0, such that

max o Su(ki)! Ein()! Su(m )+ Emn() = h20p(1):

m+ n k<n k!

Example 4.3.3 Ongoing example of log-normal distributed observations (see rst entioned
in Example 3.3.1). We proof that the assumptionsG.15 a and G.15 b hold true. The other
site follows equivalently.

Let us consider the replacement condition. We have

9
R X H(Xe; ") ! H(X; ) %
m t=k+1 A — 1 1.2y A 1a2 .
& = exp(~+ 3~)! exp("n + 37 L
max H(Xe;; ") D H(X ) %
m<k<n K! m ;
t=m+1 A

So, it vanishes as the parameter estimator is consistent andxp is continuous.

For the Hajek-Renyi-type condition we use Epgncn(7) as given in (4.27). Then it follows that
we have

xn
SH(mM; ) ! Emn (D! Su(ki )+ Exn () = (X¢ ! E[X¢]):
t=k+1

This is the same situation as given in Lemma 2.3.3.Analogously weafculate for the di erence
for k>m

Su(ki ! En (D! Su(mi)+ Emn ()

m+ » ken Mm! K

1
= max
m+ n ken m! Kk

(Xt! E[Xt])
t=m+1 A
1
2

= Op( n?):

As the sum is taken over stationary ergodic random variables with expedtan O.
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4.3. Generalized class of change-point estimator

Lemma 4.3.2

Let the change-point be given byG.1 and let the assumption G.14 , with 1, be
ful lled.

If th(l)g ful Is the assumption G.15, then it holds

1
max — Sy (k; An) + Sy (m; An) P Ekn()! Emn () =o0p(1): (4.28)
1 k<m N A
If th(Z)g ful Is the assumptions G.16 , then we have
1
max = Sy (k; ")+ Su(m;"n) ! En()! Emn (D) = op(1): (4.29)
m<k<n N A

For the rate we have to make some additional assumptions on the weight furion, as it has
an in uence on the asymptotic distribution.

G.17 Let the weight function :(0;1)" R+ be local Lipschitz continuous and
cijk! Iljin' Y j 2(k=n)! 2(I=n)j
with ¢ > 0Oandk;l 2[n; n Jfor0O< < < 1.

G.18 The function Epgnen(7) is Lipschitz continuous with

js! rinDpcz Kk Ebsnc;n(j! Ebrnc;n(A)k j s! I’jI’IDncg s;r2(; );

where 0< < < 1, c;; cg some constants,D, (from assumption G.14) is non-
increasing and there exists a constanD such that limy+y Dp = D.

G.19 For Epgnen() and (s), s2 (0;1) we have

|
max m! k = o(n' 'D}?)
n o k<m  2(k=n)kEin (k2! 2(m=n)KEm;n (k2
and
I
max ki m = O(n' 1D} ?):
m<k (1! )n 2(k:n)kEk;n(")kz! 2(m)kEm;n(")k2
Lemma 4.3.3

For a function 2L (; ) and G.17 and a function Es., fullling G.18 there exists
constantsc?; ¢ and c§ constants depending on;  such that it holds fork;I 2 [n; n ]

j 2(k=n)!  2(I=n)j j k! 1jc%n'?

(k=n) En() ! (=) Epn() k! ljdn' Dy
i 2(k=n)KEyn (K21 2(DKEn (K | k! 1jcgnD3:
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4. Change-point estimator

This is an equivalent result to the properties of the usual used wejht function we needed in
section 2.3 (see Corollary 2.3.1).

Finally, we are able to determine the rate of convergence, at least an umy bound. That it is
the best rate is proven in Theorem 4.3.3.

Theorem 4.3.2 Let assumptions G.1, G.5.a) or G.5.b) and G.12 { G.16 hold true.
Then the change-point estimatorrh, (4.26), with 2 (; 1! ) fulls

m! m= Op(D;?): (4.30)

Asymptotic distribution
We will make use of the same decomposition d¥x as in the proof for the rate. Therefore, we
rst observe the behaviour of the parts from the decomposition.

Lemma 4.3.4

Let H; hold true and the change-point ful | assumption G.1 . If the assumptionsG.5.a)

(or G.5.b) ) and G.14 hold true and the process‘xt(l)g ful Is the assumption G.15,
then for xed but arbitrary C we have

max SH(m; ") SH(m D! Sh(k W)+ Suki) = op(1);
k2(m! CD} 2;m) A
max — Su(mM ) ! Emn (D! Su(k; )+ Exn(D) = 0p(1);
k2(m! CDp, %;m) A
P —
max  Su(m;") ! Emn()+ Su(kin)! Exn() = Op(" N):
k2(m! CDp %;m) A

Secondly, we have to make some more assumptions on the test function.

G.20 a) Dene

gl)(S) = A S(m; )t S(miD !r125;~)! E(mny(D) + E(m!D hzs;n)(j 0<s;
@(s)= TA Sy(MID 1% Su(M ! Equp 120y ()*+ Euny () <0

and n(s) = lissog r(11)(s)+ 1fs<og r(f) (s). Let there exists a process W (s); s2 Zg
such that for the A- xed case we have

f n(s); s2 Zg re W(s); s2 Zg:
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4.3. Generalized class of change-point estimator

b) Let
(8):= fASHM ) ! Emn (D! SH(M!D 128+ Eqp 12g()) 0 <s;
()= JASHM!ID 1?87 Su(M ) ! Enp L 2gn()+ Ema()) s<O:

Under the A-local alternative there exists a processW(s) such that n(s) =
1fss0g ,(11)(5) + lis<og gz) (s) converge in distribution, i.e.

f n(s); s2 Rg re W(s); s2 Rg:

G.21 a) For

2 2
2m=n) Emn)() 1AM $)=n) Eqmigm()

e = 2(m=n) n

we have under the A- xed alternative, there exists a function g (s) such that
uniformly in C it holds

sup  h(s;n)!j sig (s)D* = op(1);
s2(! C,C)

Wlth D = Ilm n"1 Dn.
b) For

2 2
Z(m:n) E(m,n)(A) A! 2((mID :12$)=n) E((m!D ,!,125);n)(~) A

e = 2(m=n) n

we have under theA-local alternative, there exists a function g (s) with

sup jh(s;n)!j sjg (s)j = op(1):
s2(! C,C)

Theorem 4.3.3 Let the assumptions of Theorem 4.3.2 hold true.

1. Under the A- xed alternative, if additionally the assumptions G.20 a and G.21 a are
true, then

d

m! mr'® argmaxW(s)!j sjg (s)D?; s2 Zg: (4.31)

2. Under the A-local alternative, if additionally the assumptions G.20 b and G.21 b hold
true, then

Dﬁ(m(; )! m) rd argmaxtW(s)!j sjg (s); s2 Rg:

4.3.2. Smooth functions

We have seen in section 3.3.3 that we derive moment conditions for thesémating and testing
functions if they are smooth enough. The smoothness is meant in the sse of the existence
and boundedness of the derivatives and the functions itself. Let usansider under which
assumptions we derive the regularity conditions.
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4. Change-point estimator

Replacement assumption

As in the case ofHg, we have to assume di erentiability and stationarity of the observations
before and after the change-point as well as some moment conditions.

L.9 The observations before (Xt(l) g) and after (th(z) g) the change-point are independent
and each is stationary and ergodic.

L.10 For each stationary part the estimating function G ful lls the assumptions L.2, L.4 and
L.5 hold true.

L.11 The testing function H fulls for each stationary part the assumptions L.6 and L.7.
Proposition 4.3.1

Under the assumptionsL.9 { L.11 we haveG.13 with

C(Y= Elr HX{YNEN G(X (Y5 H+@t Er HXP 5 NEr G(x 25"

Deterministic function Epgnen(7)

Now, let us analyse the deterministic function Epgnc.n(7). Therefore, we assumeH to be an
unbiased estimation function. Then, we use thatSy (k; ) is given as a sum. This allows us
to determine the following representation of E pgnc.n (7)-

Proposition 4.3.2

Under the assumptionsG.12 and L.8 { L.11 we have forH being an unbiased estima-
tion function for under Hq, i.e. E[H (X f); A+@ ! HEMH(X f); 7] =0, then

Epsncn(7) = 9(bsnc)E[H (X il). ~
with 7, as in L.8 and

bsnc 'S

bsnc) =
9(bsne) i—(m'!bsnc) ;s>

We have this form in section 2.3, 4.1 and 4.2. But also in the mentioned pulications this
form was used.

L.12 The weight function is symmetric and di erentiable with 0 <s qs)+ (s) <c for all
s2 (0;1).

Proposition 4.3.3

Let the assumptions of Proposition 4.3.2 hold true. If additionally the assumptionL.12
holds, thenG.18 and G.21 a, G.21 b hold true with each having a limit function

OO+ 1) ;$<0

W= 29y (N ()+ A i8>0

either with s2 Z or s2 R.
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4.3. Generalized class of change-point estimator

4.3.3. Proofs

Lemma 4.3.1

Let wp(n; k) denote a random weight function ful lling assumption G.7.
Then it holds for 2 (0; ) and , non-decreasing, that

Wn(n;k) ! (k=n)

— Py — .

n<k£pnax! n m! k =op(n)=0r(1);
2(n- 2( =

wi(n k) ! “(k=n) _ 1y .

n<kgr1naxl n m! k =op( )= 0p(1);

Proof:
First notice, max(a,=k,) max(an)=min(k,). Applying this inequation and using the uni-
form convergence ofw,(n; k), nishes the proof.

]

Theorem 4.3.1

Let m be the change-point estimator given by (4.26) with a possibly random weight
function ful lling assumption G.7. If the assumptions G.1, G.13 and G.14, with
(s)= (s)and (s)=1, are fullled, then ‘m=n is a consistent estimator for .

Proof:
First notice, the random weight function can be replaced by the deteministic function, since
G.13 and G.14 hold true for (s) = 1.

Secondly, from assumptionG.13 and G.14, we get

bsnc 1
sup ) Sh(bnsc; ") ! Epsen() = Op  p— (4.32)
s20;1) N A n
Under the assumption G.14, the maximum of Ep,sc.n(7) is taken at m. So by Lemma 3.1 of

Petscher and Prucha [1997] (Theorem C.1.2), we havér";i is consistent to (& rP ).
[ ]
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4. Change-point estimator

Lemma 4.3.2
Let the change-point be given by G.1 and let the assumption G.14, with 1, be

ful lled.
If th(l)g ful Is the assumption G.15, then it holds

Sh(ki ")+ SH(M; W)! Bin(D! Eman () = 0p(1): (439

ma
1 k<)r$1 m + k
If th(Z)g ful Is the assumptions G.16, then we have

0p(1): (4.34)

,max m+ k St (k: ")+ Su(m; W) T Ekn()! Emin () A

Proof:
We are able to show (4.33) using the assumptionG.14 in the following way.

1
LD ——r S (K; )+ Su(M; W) ! En (D! Emin (D) A

(SH (M) ! Ema ()
!

max
1 k<m m+ k A

1 A
+ — Sh(k; I Ex.
max n H (K "n) kn (") A

1 k<m

=0p (1) (0p(2) + 0p (1))

Lemma 4.3.3

For a function 2 L(; ) and G.17 and a function Es., fullling G.18 there exists
constants ¢§; ¢ and c§ constants depending on;  such that it holds

j 2(k=n)! 2(I=n)j j k! ljc§n'? (4.35)
(k=n) Exn(D) ! (I=n) Epn()  j k! ljdn' 'Dy (4.36)
j 2(k=n)KEyn (IK*1 2(DKEn (DK% j k! 1jcgnDy: (4.37)

Proof:
The properties (4.35), (4.36) and the right hand side of (4.37) follow directy from the Lipschitz

property and the boundedness.
[ |

Theorem 4.3.2

Let assumptions G.1, G.5.a) or G.5.b) and G.12 { G.16 hold true. Then the
change-point estimatorm, (4.26), with 2 (; 1! ) fulls

m! m= Op(D;?):
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4.3. Generalized class of change-point estimator

Proof:

First observe, we can reduce to a truncated version of the change-pdiestimator by Corollary

2.3.2. Secondly, we analyse the change-point estimator with the determistic weight function
(s) instead of wn(s). Thirdly, we nish the proof by showing that the randomized weight

function can be replaced by the deterministic one asymptotically.

The change-point estimator

m = argmaxf (k=n)S/, (k; ) A (k=n)Sh (k; "v)g =: arg maxf Vg
1 k<n 1 k<n

can be represented as in the proof of Theorem 2.3.2, Theorem 2.4.3 and Theoret.2.2 with

Vie= ( (k=m)Su (k; ")t (m=n)Sy (m; ) TAC (m=n)S (m; ")+ (k=n)Sr (k; "))
D E
L (mEmSa(m: ) (k=S (K "n); (k=S (ki )+ (mEn)S (m; )

D
L ((m=n)! (k=n))Su(k; W)+ (m=n) Su(m;")! SH(k;An)E;

(m=n) Sp(m; ") ! Su(ki'n) +( (m=n)+ (k=m)Su(k;i'n) -
In the examples we always considered a decomposition ®; and prove then that for every

P(fh<m! /)=P max  Vk max
1 k<m! m! n k<

Vi < :
n
Observe that we usually should use, for every exists a constant such that
P(fh<m! n) < :

Without loss of generality, we can assume = 1.

The decomposition we analyse is given as

Vik=!  ((m=n)! (k=n)) Su(k;"n)! Exn()
+ (m=n) Su(m; W) ! Su(m; ! Suk; W)+ Su(k; )
+ (m=n) Sy(M;)! Emn (D! Su(k; )+ Exn (D)
+ Emn(?) (m=n)! Egn(7) (k=n) ;
(m=n) Sy(mM; W) Emn()! Su(k; W)+ En ()
+( (m=n)+ (k=n)) Su(k;"n)! Exn()
+
+ Emn(7) (m=n)+ Exn(7) (k=n)

=B+ B>+ B3+ B4+ Bs+ Bg:

161



4. Change-point estimator

Observe, we are in an equivalent situation as in the case of the neuraletwork based change-
point estimator. Careful consideration and analogously calculation leads to le following
representation

A 2
B1=( 2(k:n)!* 2(m=n)) Su(k; ") ! Exn() A

Bo=1! 2(m=n) Sy(k;"W)! Exn()+ Sh(m; ) ! Emn(D);

+
SH (m; An) P Emn(7)! Su(k; An) ' Exn(7)
* A 4
Bs3=2 Su(ki™n)! En()iEmn (D) 2(m=n)+ Ein () 2(k=n)
D A E

Bs=1!22m=n) Su(m; W) Sh(m; ) Suk; )+ Suk;); Emn (D) .
D E
Bs=2 ?(m=n) Sy(m;)! Emn()! Su(k; )+ Exn(); Emn () R

2 2 2 2
Bo=!  Emn() , Am=)! Ewa() | 2(k=n)

With the assumption G.17 and G.18

m! k 1
max —— =0
n k<m! . jBgj nD2

This is equivalent to the property of Bg in Theorem 2.3.2 (see page 43) or Theorem 2.4.3. In
the last one, we see the relation between the size of the changgand | from the assumptions.
Nevertheless, we have the same approximation as in (2.45). Hence, it im@ugh to examine
the order of

Bi

max
1 ks<m m! k

fori=1;:::;5. From the assumptionsG.15 and G.15 a as well as the Lipschitz continuoity
of , we get

max _B1 max “(k=n) L *(m=n) max Su(k;"M) ! Exn() :
nck<sm !, (M1 k) n<k<m 1o (m! k) nekem 1, A nAEoEkin A

= O(n' HOp(n):

We used the Lipschitz property of the weight function (2.28), equivaletly as for (2.46). For
the following approximations we use the properties of the weight fuction in combination with
Esn(7) given in Lemma 4.3.3.
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4.3. Generalized class of change-point estimator

Combining the assumptionsG.13, G.15b and the Lemma 4.3.2, the Cauchy-Schwarz inequal-
ity gives

max B2
nck<m |, (m! k)

2(m=n)  max SHK; ) Exn()+ SH(m; W) Emn (D)
n<k<m ! A

n

B S ) Emn ()1 Su(ki ) B (),

= 0@)0p (" MOp( 419):

For B3 and B4 using again the triangle inequality, Cauchy-Schwarz and Lemma 4.3.2, we
conclude

max B3
n<k<sm !og (m! k)
(m=n)! (k=n) AN
LMmax CIN) rgemax Su(k;n)! Exn (D) A
n<k<m ! A

= o(n' Hop (" M) (O(nD)) ;

max Ba
n<k<m ! n (m! k)

2 2(m=n) Emn(7) A

A . A )
n<k<m ! ,m! k Sh(m; n) ! Sp(m; ) ! Sy(k; )+ Su(k; ) A

= O(1)0p (NDy)Op(n' 2):
Using the triangle inequality we get

max Bs
n<k<m ! g (m! k)

2 2(m:n) Emn(7) A

n<k<mmaxg n (m|lk) SH(m;‘j! Em;n(j! SH(k;")+ Ek;n(“) N

= O(nDy)Op ( ;)
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4. Change-point estimator

For , = K=D2 this leads to

R gy T
L 22 =or (D)
n<kam 22 =or ()

max 58 = ! 2205 (1) :

n<k<sm ! , Bg

Using this results and Bg < 0 for k < m, with maxi k<m
arbitrary, it yields

Bs ¢ < 0 for c xed but

n

P(lhh<m! )=P max Vg > max Vi
n<k<m | 4 m! n k (1! )n
P max Vk  Vm
n<k<m ! 4

=P max V¢ O

n<k<m !
B>
=P max Bse 1+o0p(l)+ — 0
n<k<m ! g BG
P max B2 1+o0p(2)
n<k<sm ! ., Bg P
B> B>
P ma 1! +P 1+ 1 ma — 1!
n<k<m X! » Bsg o (L) n<k<m X! » Bg

P Op(l) (1! )K™ +o0(1);

with 0 < < 1 arbitrary. This term becomes arbitrarily small for a su ciently lar geK > 0.
The other way around works similar.

It is left to analyse the behaviour for a change-point estimator havinga randomized weight
function. We use the equivalent representation ofVy, i.e. Vx = B1 + B> + B3B3 + B + Bb.
For analysing

with Bg as above, we use Lemma 4.3.1 to handle the randomized weight function. This
nishes the proof.
[ |
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4.3. Generalized class of change-point estimator

Lemma 4.3.4

Let H1 hold true and the change-point ful | assumption G.1. If the assumptionsG.5.a)
(or G.5.b) ) and G.14 hold true and the processfxt(l)g ful Is the assumption G.15,
then for xed but arbitrary C we have

max Su(m:“n)! Sw(m ) Su(ki )+ Su(ki)  =oe(1); (438

k2(m! CD} 2;m)

max — Sy(m; ) ! Emn (D! Su(ki )+ Exn (D)
k2(m! CDA 2m) A

max  Su(m;"n)! Emn()+ Su(k; W) ! Ea ()
k2(m! CDp “;m) A

Op(1);  (4.39)

or("n):  (4.40)

Proof:
The part (4.38) can be shown by the assumptionG.15 a using that the maximum is taken

over a set of maximal constant size a®;, is non-increasing.
For the equation (4.39) we use assumption G.15b with 1 and get the claim using

analogously to (4.38).
To show (4.40) we make use of the assumptionG.14 and get analogously to the other parts

the result.

Theorem 4.3.3

Let the assumptions of Theorem 4.3.2 hold true.

1. Under the A- xed alternative, if additionally the assumptions G.20a and G.21a
are true, then

m! mrY argmax TAZW(s)!] sjg (s)D% s2 Zg: (4.41)

2. Under the A-local alternative, if additionally the assumptions G.20b and G.21b
hold true, then

Dﬁ(m(; ) 'm) rd argmaxfW(s) !j sjg (s); s2 Rg:

Proof:
The proof is shown for the local alternative, the xed alternative follows equivalently to the

proof of Theorem 2.3.3.

We show the claim by analysing the behaviour of the parts from the decomosition of V. Let
(w.l.o.g.) x> 0 and C >x be both xed but arbitrary. We get

P(D2(M! m) x)= P(m! CD,2 m m+D,%)+P(! m D | ?xjm! mj>CD}?

The second term on the right side becomes arbitrary small for large enougl® because of the
consistency ofm. Therefore, we consider

| 12 12 .
P(mt CDp™ - m=+ D) P(Dﬁ(k!rpn?ZX(! c;x]Vk D,%(k!rrr]n"j;)z((x;C)Vk)+ o (1)
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4. Change-point estimator

by the same argumentation. Consider the decomposition o¥/ similar to the one we used in

the Proof of Theorem 4.3.2. Again we rst analyse the decomposition with
D

V=1 (mm)Su(m; )+ (kn)Su(k; )t (Min)Emn () ! (k;n)En ()
+ (MMEmn()+ (5B ()
(M;n)Su(M; W) (Mn)Sy(m; ) (kn)Shk; W)+ (k;n)Sk(k; )
+ (m;n)Sy(m; ) ! (k;n)SH(k;é)! (MM Emn (D) + (k;n)Ekn ()
+ (MNEmn(M)! (kin)Ekn(7) A
=B;+ By+ B3+ Bs+ Bs+ Bg:

Recall that we then have

A 2
By =( Z(k:n)!* 2(m=n)) Sh(k;™W)! Exn(D) .

Bo="! 2(m=n) Sy(k;™")! Exn()+ Su(m; ) ! Emn();

+
SH(mM; W) Emn (D! Su(k; ™) ! Exn (D)
* A+
B3=2 Su(k;"n)! Ekn();Emn () 2(m=n)+ Exn(7) 2(k=n)
D A E

By=122m=n) Su(m:'n)! Su(mi)! Su(ki"n)+ Su(ki )i Emn()
D E
Bs=2 Z(m:n) SH(M; D! Emn(7) ! SH(K; )+ Exin(7); Emin (D) A

2 2 2 2
Be = ! Emn(7) A (m=n) ! Exn(") A (k=n)

12 (m=n) Emn(") A! (k=n) Ex:n () A (m=n) Emn(7) A

£ () Emn() 1 (k) En()

From Lemma 4.3.4 we get

max  jBj = Op(n): max Bz = Op("1);
k2(m! CD} ;m) k2(m! CD} ;m)

max  jBsj = Op(P2); max  jBaj = op(n):
k2(m! CDp ;m) k2(m! CDp ;m)

Assumption G.20 b gives us for

n(8):= TA(SHM D! Emn (D! S(M!D 12819+ NE 5 1 26,())

that n 0
n(s); s> 0 re Ws; s> 0g

and for

(m=n) Emn)(") A! (m!D ™" s)=n) E((m!D 0 S);n)(j A

h(s;n) := 2(m=mn
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4.3. Generalized class of change-point estimator

we have fromG.21b
max_jh(s;n)!j sjg (s)j = op(1):

s2(! C;0)
Let ,(nl)k =(Su(M; ) Emn (D) ! Su(k; )+ Exn (7)), then we have
1
max —V
DZ(m! k)2(0;c) 2(M=n) n K
= max Vk(l)

DZ(m! k)2(0;C)

= max dfA {1 2(m! K)g (m! K)D2)D2 + op (1)

D2(m! k)2(0;C)

Doing the same form <k <m + CD/,?, we can now argue analogously as in the proofs of
the Theorem 2.3.3 leads to the claim. [

Smooth functions

Proposition 4.3.1

Under the assumptionsL.9 { L.11 we haveG.13 with
C(Y= Err HX{IEr 6(X (YD @ ! EN HX P IEr 6(x ;)"

Proof:
The proof follows by splitting the sums at m. Each sum is now a sum of stationary and ergodic
observations. Analogous argumenation as in the proof of Proposition 3.3.2 the claifollows. m

Deterministic function Epgpen(7)

Proposition 4.3.2

Under the assumptionsG.12 andL.8 { L.11 we have forH being an unbiased estimation
function for under Hy, i.e. E[H(X il); A+@ ! HEMH(X f); 7] =0, then

Epsnen(?) = g(bsne)E[H (XD 7)1
with 7, asinL.8 and

bsnc 'S
glbsney= .
m—(m!bsnc) ;s>

Proof:
Observe, with the assumptions the Proposition 4.3.1 holds true and%SG(n; ) '’ 0. The
only relevant part is then

%SH (bnsc; 7)) :
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4. Change-point estimator

As we have stationary and ergodic parts which are independent, we get dm the ergodic
theorem the convergence against the expectation in each. Now using thenbiasedness under
H1, gives the claim. |

Proposition 4.3.3

Let the assumptions of Proposition 4.3.2 hold true. If additionally the assumption L.12
holds, then G.18 and G.21 g, G.21 b hold true with each having a limit function

_ ()N O+ A ;s<0
Ty (OO Ay sso0
either with s2 Z ors2 R.

Proof:
For G.18 we use the special form oE g, (7) and calculate

Epsncn () A! Ebnen(D) R = jbsnc!b rncjDy
czjs! rjnDp;
with
Dy = EHXY; 7 |

To show the results for the two alternatives we notice rst

1 2 2
p Ebsnc;n(-‘) A (S)! Em;n(-‘) A () '
5 !
- D).~y 2 bsnc = 5, ., M 2,
EHOG: W] = e o ()
=(2s (9)( (9)+s q9)(s! )+ o(1)) D}
c>0:
fors> . On the other hands2 (; 1! ), we have the boundedness.
Additionally, we can conclude for the maximum
1 2 5 2
max = 1 Emn() | %()! E() | *(k=n)
k2(m! KDjZm)N A | A | . |
=2 max rr Felol (m! k) D2:
K201 S )rmk) NN n n..n
SinceD2n I 1, we get
P11 20— 2 2 | 2
sup ' tiEm=n)  Een() ) Ak=n)! Emn () %()

Dh 2(m! K)2(0;K)

P2kk! mDa 'Y ()+ X)) =op(D):
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5. Simulations - Neural Network based
change-point test and estimator for
NLAR(p)-processes

In this section we are interested in simulation studies of the asymiwtic behaviour of the
CP-estimator. For analysing the estimated distribution and the theoretical limit distribution,
we also have to approximate the second one. The algorithms are implemtad in R.

The change-point test and the change-point estimator depend on the longun variance. As
we have shown, we can replace the long-run variance with an estimator wiout changing the
asymptotic distribution of the test. In section 5.1 we discuss some idculties in the common
long-run variance estimator and state the used one.

Besides the problems with the long-run variance estimator. We get som@roblems for the
analysis of the asymptotic distribution of the change-point estimator. The main problem is

the unknown limit of the neural network estimator 7. In section 5.2 we discuss how to nd
a suitable representative of ™.

A simulation study on the power of the test and the distribution of the change-point estimator
is done. Thereby, we rst consider the case of correct speci cationsection 5.3. In section 5.4
we analyse the test and estimator under misspeci cation.

5.1. Long-run variance estimator

As we usually do not know the true long-run variance, we replace it witha consistent esti-
mator. Even in the univariate case the estimation of the long-run varianceleads to statistical

problems. The estimations mostly contain higher errors than in the caseof the variance es-
timation. In the multivariate case this leads also to the problem of the increase of incorrect
estimations. Moreover, we would like the estimator to converge evennder the alternative to

some reasonable matrix.

In Kirch and Tadjuidje Kamgaing [2012], the authors used the splitted variance estimator
instead of the long-run variance. The idea is that the error made with the long-run vari-
ance estimator is higher as the error made with the splitted variance dsnator for a good
approximation. Have in mind, even in the case of multivariate i.i.d. observations with a high
dimension of unknown parameters, we have di culties in deriving a good estimation. So, in
the case of long-run variance this problem increases, as we have a higheror probability.

This will lead to size distortion. A discussion on this can be found inKirch et al. [2015].
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5. Simulations - Neural Network based change-point test and estimator for NLAR()-processes

We are going to use the proposed splitted variance estimator for the simation study and
later on in the applications.

5.2. Representative of ~

We are interested in the simulation of ~as we want to verify if the simulated distribution
based on a small nite number of observations is close to the asymptotic idtribution or not.
Normally, we would try di erent sample sizes, estimate the unknownparameter and observe, if
the parameter di ers from one number of observations to the next more tran some threshold.
But this algorithm is not possible, as we have to deal with the non ident ability of ~. So we
have to transform the problem. From the asymptotic distribution, Th eorem 4.2.3 we know
that we are only interested in the distance of the neural network funt¢ions on the support
of the regression vector. So we can transform the problem in nding a rpresentant "\ such
that

FCN) Y (7))
becomes necessary small.

In section 3.2 we stated in Theorem 3.2.1 that the neural network estimadr is consistent. So
our problem reduces to nding an N such that

PGF("Ns)! F(T)i< ) 1!
forsome ; > 0.

Because we do not know™, we cannot calculate the lower bound for directly. To solve this
problem of the unknown T we analyse the distances of several independently estlmate’éh
i =1;:::;M. Then we have the following theoretical result for the lower boundof the
dlstance.

Lemma 5.2.1

Let "}\,, i = 1;2, be independent estimates for the neural network parameter given by
(4.6), with

2
Ef ":Xa ! f BiXy  <c

for some ¢ > 0, where X ; is independent of "\, for i = 1;2. Then for every neural
network estimator "\ given by (4.6) it follows

c

PGf ("N:X)! F(TX)j< ) 1! 53
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5.2. Representative of™

Proof: ‘
Observe thatL "\ =L "y ,i=1;2, such that it holds

A 2

c > E f "§ixe vt %X

= E f A&I;Xl I f T X1 + f TXy ! f A[%];Xl

2
= 2E f "iXe U f oTXy
h h i
+2E E f TXy Uf TYiXe  f TXe U f O RiXe Xy

— z AV -~ 2 h -~ N 12
= 2E f N-Xl ' 7X: +2E E f 7TX; ! f N X1 X1
2E f "Xy ' foTXg

Then it follows
if (7 i 1 N 2
PGt ("nsX) ! F(TXpj< ) 18 SE f \oXo T TX
c

1 5

N

To estimate the expected distance we used the statistic

| 11
1X 2 RSP foNLG 1 f AT Z
N : N
! r=1 (M ! 1)M i=1 j=i+l

Thereby, N indicates for the Ith repetition the jth estimator.

We determine a representativeN based on 2 examples, which we use later on for the analysis
of the change-point test and estimator. Thereby, we decided for one exapfe of a correct
speci ed model, i.e. regression function is a neural network, and a& of a misspeci ed model.
As we are under the alternative, we have the following models.

The correct speci ed model, called GAR 1, is given as

(
05+(1+exp(0:5 (1+0:7Xpy 1)) ' 1+ t m

X; =
T 05+(L+exp(0:5 (1 07Xy 1)) T+ t>m

In the misspeci ed case we have the AR 1 case, given by

0:3Xt 1+ "¢ t m

Xt =
05+0:1Xy 1+ "¢ t>m

h i

, and secondly that L E f TX; ! f %

! N X1 X1 =

*Using hrst the independence of 2

LE f 7TX: !'f ":Xs Xi

and
i
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5. Simulations - Neural Network based change-point test and estimator for NLAR()-processes

In Table 5.1 we present the estimation of the expected distance for ta AR 1 and the GAR 1
model. Depending onN we can see that there is a strong increase fdk = 1000;5 000 and
10000. After this the increase is not very signi cant. Even the di erence between 5000 and
10000 is not so big, so one may say this is a good size for the estimation ofetrexpected
distance. But as we have to divide by the maximal distance we allow onhe neural network,
we should choose the expected distance as small as possible but withcaptable calculation

time.

N 1 000 5 000 10 000 100 000 1 000 000

AR1 1.02e-02 272e-03 1.26e-03 3.89e-04 3.62e-04
GAR1 5.83e-03 9.69e-04 4.44e-04 4.78e-05 1.92e-05

Table 5.1.: estimated expected distance of the neural network based dd = 100 replications
of \, for =0:5

Therefore, we calculate based on the expected distance the lower biod for the probability that
the neural network di ers at most  for two independent estimators based orN observations.
Figure 5.1 shows the estimated lower bound for this probability. They-axes contains the
estimated lower bound and on the x-axes the maximal distance. The gure con rms that
the increase of the sample size fronN = 10° to N = 10° does not result in a strong increase
of the probability of the distance.

— 1000
—— 5000
—— 10000
—— 1le+05

-- 1le+06
T T T

| — 1000 ‘
/ — 5000
—— 10000

/ —— 1e+05
°

-- 1le+06 S |

T T T T T T T T T T T
0.00 0.05 0.10 0.15 0.20 0.25 0.30 0.00 0.05 0.10 0.15 0.20 0.25 0.30

(@ AR 1 (b) GAR 1

Figure 5.1.: estimated lower relative frequency against for di erent number of observations
We observe that the estimation for the parameter in the AR 1 model seemso be worse than
in the GAR 1 case. Having in mind that the approximation for a linear function, as the

regression line is in the AR 1 case, the neural network can not be approxiate for nite h
properly. This results in a slower convergence for an acceptable regsentative of the best
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5.3. Correct speci ed Model

approximating neural network.

As a conclusion we propose a sample size df = 10° for the simulation of the asymptotic
distribution in the analysed models.

5.3. Correct speci ed Model

Let's assume that the regression functions before and after the change aggven by a normal
network. The rst example is the classical mean change model which igpproximated by a
neural network with O hidden layers.

Observe change in mean model introduced by Antoch et al. [1995]. Lah = b N c and

( t
+ n ; m
Xt = t
+ + "¢ o t>m:
Denote by 1 = and , = + the expectation before the change and after the change,
respectively. We want to approximate the regressive function by anempty neuron one layer
neural network, i.e. f (X ) = and R. Then, by de nition of '\N and of the

consistency we get
o=E( +")+@! )E( + +™)
= 1+ )2
Then we get forz=1;2
e? =x@1 f(xP: 1 ExP 1 (x5 0)

="+ 2! !+ 70

where"; are the errors of the true time series. So the limit distributions becomes
argmaxf DWe(s) !j sjD?g (s); s2 Zg:

whereD =( 2! 1)and (
: S 0
1! ; s> 0:

This has the same distribution as the result in Antoch et al. [1995].

g(s)=

In Figure 5.2 a sample path of a mean change model with =1 and =1 is given, where
=0:5 and N = 250; 500. The corresponding test statistic and the empirical as well as the
estimated asymptotic distributions using 200 simulation steps are gien in Figure 5.2, too.

Let us observe one more model which has regression function given by aural network. In
Kirch and Tadjuidje Kamgaing [2012] they analysed the power of the followirg example

05+ (1+exp(0:5 (L+0:7Xy ))'t+"¢ t m

X =
! + (1+exp(0:5 (1+ X o) 't+" t>m

with
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5. Simulations - Neural Network based change-point test and estimator for NLAR()-processes

L z

(a) sample path; N=250 (b) CUSUM statistic; N=250 (c) estimated distributions; N=250
(d) sample path; N=500 (e) CUSUM statistic; N=500 (f) estimated distributions; N=500
Figure 5.2.: Mean Change Model with =1, =1 and standard normally distributed errors

GAR1: =0:1, =1, =07

GAR 2: =05, =11, =07
GAR 3: =05, =1, =107
GAR4: =05, =11, =107

As they discussed the power of the test for the di erent parameter ombinations (see table 5.2.
As in the cases of GAR 1, GAR 2 and GAR 4 the power is quite good, we expect thasymp-
totic distribution to be quite good approximated by the empirical d istribution of the estimator
using M = 1000 replications of estimates ofm. The empirical and asymptotic distribution as
well as a sample path and its CUSUM statistic can be found in the Figures 5.35.4, 5.5 and 5.6.

N GAR1 GAR2 GAR3 GAR4 GAR 3 (derivative w.rt. )

250 0.42 0.94 0.09 0.96 0.77
500 0.74 1 0.16 1 0.92

Table 5.2.: Power for the correct speci ed model based on H0repetitions
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5.3. Correct speci ed Model

Notice, that the structure of the asymptotic distribution is related to the power of the test.
For example the GAR 3 has power 0.16 and the corresponding distribution ofthe estimator
has larger standard deviation. So even if the model is correct specictthis test has di culties
in detecting the change and estimating the time of change.

This follows as we have discussed that the used test statistic isomstructed to detect changes
in the mean. In the case of GAR 1, the mean changes linearly. For GAR 2 and GAR 4 &
see that the positive dependence changed to a negative one. All this the cases are clearly
change the expectation. But in GAR 3 the intensity of the regressor chaged.

To improve the power and the detection of the change-point, we can usthe derivative w.r.t.
as the test statistic. This is equivalent to using a di erent A in (3.32) and in (4.6). Observe
that this has an advantage in the power.

We also observe that the asymptotic distribution is still wider and the estimator has problems
in correct detection.

(@) GAR 1: sample path (b) GAR 1: CUSUM statistic (c) GAR 1: estimated distributions

Figure 5.3.: GAR 1 with 1 hidden layer neural network as regression furntton and standard
normally distributed errors, N=500

Moy |

(@) GAR 2: sample path (b) GAR 2: CUSUM statistic (c) GAR 2: estimated distributions

Figure 5.4.: GAR 2 with 1 hidden layer neural network as regression funiton and standard
normally distributed errors, N=500
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5. Simulations - Neural Network based change-point test and estimator for NLAR()-processes

(a) GAR 3: sample path (b) GAR 3: CUSUM statistic (c) GAR 3: estimated distributions

Figure 5.5.: GAR 3 with 1 hidden layer neural network as regression furtton and standard
normally distributed errors, N=500

(a) GAR 4: sample path (b) GAR 4: CUSUM statistic (c) GAR 4: estimated distributions

Figure 5.6.: GAR 4 with 1 hidden layer neural network as regression furtion and standard
normally distributed errors, N=500
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5.4. Misspeci ed Model
5.4. Misspeci ed Model

Again we use the results of Kirch and Tadjuidje Kamgaing [2012] which discused the be-
haviour of the test statistic as well as the the number of the Hidden Igers for AR(1) and
TAR(1)-processes. Based on this results we choose the following Mels

a(Xp )+ "t t m
R(Xg 1)+ "t t>m

with
AR 1: g1(x) =0:3%, g2(x) =0:5+0:1x
AR 2: g1(X)=0:3x, go(x) =1 ! 0:1x
TAR 1: g1(X) =0:3X1ty og! 0:1X1fyx< ogs G2(X) = (0:5+0:5x)1fy og! 0:3X1fy< og
TAR 20 g1(x) = 0:3x1fx og! 0:1XLfycogs G2(X) = (1 ! 0:1X)1fy og +(0:5+0:1X)1fy< og

For the simulation we chooseN = 500 observations andM = 1000 replications. In the AR
models we approximated the regression function with a 2 layer hiddn neural network using
the logistic function. Where as we used in the TAR models 3 hidden Iger neural network but
again with the logistic function.

In Kirch and Tadjuidje Kamgaing [2012] they analysed the power of these modls. Our
calculation coincides with the results give there. Table 5.3 showsltte results.

N AR1 AR2 TAR1l TAR2

250 0.627 0.963 0.762 0.477
500 0.911 0.999 0.984 0.795

Table 5.3.: Power for the misspeci ed speci ed model based on FOrepetitions

From the power we assume that the asymptotic and the empirical distrbutions should be
close to each other, which is con rmed by the graphics in Figure 5.7 (AR land AR 2) and
Figure 5.8 (TAR 1 and TAR 2). Although, we have miss-speci cation and we know the neural
network has di culties in approximating linear functions, we stil | have good results. In view
of the correct speci cation even petter, as we the GAR 3 has for di erert test statistics a
power lower than 50%.
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5. Simulations - Neural Network based change-point test and estimator for NLAR()-processes

(a) AR 1: sample path (b) AR 1: CUSUM statistic (c) AR 1: estimated distributions

| L | ’

‘\ | | | I | *
(d) AR 2: sample path (e) AR 2: CUSUM statistic (f) AR 2: estimated distributions

Figure 5.7.: AR(1)-Models with standard normally distributed errors, N=500

S LA

(a) TAR 1: sample path (b) TAR 1: CUSUM statistic (c) TAR 1: estimated distributions

B

(d) TAR 2: sample path (e) TAR 2: CUSUM statistic (f) TAR 2: estimated distributions

Figure 5.8.: TAR(1)-Models with standard normally distributed errors , N=500
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6. Applications

6.1. Dax - Dot-com bubble

As an example for application of change-point detection, we are going to analysthe DAX-

data from 01.2000-01.2008 in which the Dot-com bubble occurred. With the Dot-om bubble
massive speculations on internet-based companies in the end of the 199@re meant. After
1995 many new companies are founded with an almost immediate emission of putly traded

stocks. High expectations in those companies having a domain name ".comhcrease their
stock prices. But the speculations could not be ful lled by the conpanies, such that during
1999-2001 some of them failed completely and the crisis took place. Until 2004 th&tock
prices were falling and even afterwards most companies were undered, compared to their
starting prices.

We are going to check if we are able to detect and estimate the time of stalization of the
stock market using the NLAR set-up with a change-point test and estimabr based on neural
networks.

Fit time series

from 01.2000-01.2008, i.e. 2084 measurements. Usually, one is interested in théuras, i.e.
re =(Y:! Yu1)=Yu 1. The DAX-values and the corresponding returns are given in Figure
6.1.

6000 7000 8000
I I
0.00 0.05
I

5000

4000

0.05
L

3000
I

2000

T T T T T T T T T T T T T T
01.2000 01.2002 01.2004 01.2006 01.2008 0 500 1000 1500 2000

(a) DAX (b) Returns

Figure 6.1.: DAX-data from 01.2000-01.2008 and the corresponding returns
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6. Applications

A possible model for the returns is given byr; = (Z;. In Saria and Granger [2005] they
proposed to choose ; piecewise constant andZ; some autoregressive process. Then the log-
returns would result in log(r?) = 2log( {)+log(Z?). In Figure 6.1 we observe that the change
occurs in the variance. As the test and estimator are constructed for caAnge in the mean, we
can use them for detecting a change in the structure in applying them to log(r?). But the
squared returns can become also 0 due to rounding e ects. So, instead the usual analysis of
the log-returns we are going to work with the Fuller log-transformed returns of the DAX-data.

In Fuller [1996] this transformation is given as

- 2 2 roo.

Xt =log(r{+ "9)! m, (6.1)
where 7 is the sample variance of the returns and > 0 some weight. We will call it the
Fuller transformation. With the Fuller transformation we come close to our assumption of a

NLAR-process. In the following we use = 0:02.

We need to nd the order of the stationary parts. Therefore, we analyse he rst 600 and
the last 600 observations. In Figure 6.2 we used the graphical methods of aahd pacf to get
a rst idea about the orders. Interpreting the graphics leads to the idea of a maximal AR(6).
But to justify the model we used the auto.arima  function in R based on the AIC to identify
the model and get the following:

ARIMA(1,0,1) with non-zero mean

Coefficients:
arl mal intercept
0.9157 -0.8269 -9.5192
s.e. 0.0374 0.0508 0.1529

sigma”2 estimated as 3.408: log likelihood=-1217.76
AIC=2443.52  AlCc=2443.58 BIC=2461.1

This leads to an ARMA(1,1) with an intercept. Avoiding a moving average part we gain an
AR(6):

ARIMA(6,0,0) with non-zero mean

Coefficients:
arl ar2 ar3 ard ar5 aré intercept
0.0735 0.0575 0.0414 0.0871 0.0757 0.1224 -9.5201
s.e. 0.0405 0.0405 0.0404 0.0406 0.0407 0.0407 0.1371

sigma”2 estimated as 3.394: log likelihood=-1214.53
AIC=2445.05 AICc=2445.29 BIC=2480.23

For the change-point test and estimator we have to use one order for the wdie time-series.
But with a too large chosen order we run into the problem of over ttin g the data. Therefore,
we analyse the assumed second stationary part and check which order we wdwassume there.
In Figure 6.3 we have again a graphical analysis using the acf and pacf. As for ¢hrst part

it is hard to tell which kind of model to t, but at least the order see ms to be smaller than

Contained in the forecast package.
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6.1. Dax - Dot-com bubble

01. 2‘000 01. 2‘001 01. 2‘002 01.2‘000 01.2IOOl 01.2‘002
(a) DAX rst part (b) Fullertransformed returns of the rst part
: 1] ]
e .| - e
o a 2
: | Il
- RN A N RO 20 OSSOSO SO
S ‘ [ °
\\\\ 77777777777 \ 77777777777 \ 777777 g i T T T T T
0 5 10 15 20 25 0 5 10 15 20 25
Lag Lag
(c) acf (d) pacf

Figure 6.2.: graphical analysis of the rst 600 observations

10. The analogue estimation using theauto.arima function from the R-packageforecast
leads to either an ARMA(2,1) with an intercept or to an AR(3).

ARIMA(2,0,1) with non-zero mean

Coefficients:
arl ar2 mal intercept
0.9426 0.0025 -0.8760 -10.5273
s.e. 0.0722 0.0476 0.0593 0.1554

sigma™2 estimated as 2.954: log likelihood=-1174.36
AIC=2358.73  AICc=2358.83 BIC=2380.71
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6. Applications

6000 6500 7000 7500 8000
I I I I
I

5500
I
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I

01.2000 01.2001 01.2002 01.2000 01.2001 01.2002
(a) DAX second part (b) Fullertransformed returns of the rst part
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Figure 6.3.: graphical analysis of the last 600 observations

ARIMA(3,0,0) with non-zero mean

Coefficients:
arl ar2 ar3 intercept
0.0893 0.0417 0.1559 -10.5270
s.e. 0.0404 0.0407 0.0406 0.0981

sigma”2 estimated as 2.967: log likelihood=-1175.64
AIC=2361.28 AICc=2361.38 BIC=2383.27

Finally, we decide for the smaller order 3 to avoid over tting. For neural networks there is
still the decision of the number of hidden neurons to make. There aréli erent test procedures
even in combination to the choice of the order. A good overview about trs part is given in
Anders [1997] but we will leave this out and just try di erent numbers of hidden neurons.
Note that the application of order selection methods based on linear autoreggssions does not
necessarily provide good orders for non-linear autoregressions, e.geural networks. We rather
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6.1. Dax - Dot-com bubble

expect the latter to be smaller as the non-linear models o er more fredom in characterizing
the dependence. However, for the change-point tests we do not needvary good model but
only a reasonable one as we use a change-point approach designed for modelspéxi cation
anyhow.

6.1.1. Change-point detection and estimation

If we want to use the neural network based change-point test and changegint estimator for
a NLAR(p)-process, we have to nd p and h (number of hidden neurons). As discussed in
the section before, we use a NLAR(3)-model for the test with di erent numbers of hidden
neurons. We choosdr = 1;:::;5. The results forh = 1;:::;5 to the signi cance level =0:05
do not di er much, we give exemplarily the results for h = 1;2 in the Figure 6.4.

4000 5000 6000 7000 8000
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I
1
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T T T T T T T T T T T T T T T T T T
01.2000 01.2002 01.2004 01.2006 01.2008 01.2000 01.2002 01.2004 01.2006 01.2008

(a) DAX, h=1 (b) Fullertransformed returns, h=1

4000 5000 6000 7000 8000
I I I
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01.2000 01.2002 01.2004 01.2006 01.2008 01.2000 01.2002 01.2004 01.2006 01.2008

2000

(c) DAX, h=2 (d) Fullertransformed returns, h=2

Figure 6.4.: DAX and Fullertransformed returns with the detected and estimated change-point
(blue line), =0:05

We mentioned at the beginning, that the stock market for ".com" companiesstabilised after
2004. This can be detected at the change in the variance of the returns. Tohsw the
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6. Applications

signi cance, we nish this section with the Figure 6.5 giving the DAX, the cumulated sum
of the sample residuals (Cumsum, not to be confused with CUSUM, the tgt statistic), the
returns and the Fuller transformed returns for the change-point tes to the signi cance level

= 0:01. Even for this level the change-point is quite signi cant, so the dotcom bubble had
a signi cant in uence on the stock prices of the DAX.

5000 6000 7000 8000
I I I
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4000
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1 ™
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01.2000 01.2002 01.2004 01.2006 01.2008 01.2000 01.2002 01.2004 01.2006 01.2008

2000

(a) DAX, =0:01 (b) Cumsum, =0:01
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01.2000 01.2002 01.2004 01.2006 01.2008 01.2000 01.2002 01.2004 01.2006 01.2008

(c) returns, =0:01 (d) Fuller transformed returns, =0:01

Figure 6.5.: estimated change-point using signi cance level = 0:01 with constant number of
hidden neuronsh =1
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6.2. Ice Data

6.2. Ice Data

The Antarctic ice sheet is a huge persistent ice body existing ar millions of years. It is a
valuable archive for reconstructing climate time series. We consigr a set of measurements
done on an ice core drilled in the framework of EPICA (European partnersilp of ice coring in
Antarctica) at Dome C. For further informations see Bigler et al. [2010]. The measurements
were performed on a continuously melted core section (Continuous ovanalysis) giving depth
pro les of di erent trace elements and other species. Here, we focsion the depth pro les of
calcium ion concentration (a tracer of dust in the atmosphere) and tempeature estimated
from measured water isotopes. The data are equidistant with depth wih some missing data
points on breaks and other core imperfections. The age of the ice was estated by a complex
ow model that allows for ice ow under continuously increasing compression. The resulting
age-depth relation was used to interpolate the measured data points to ime-equidistant data
point series. The dataset contains the depth in m, the calcium concemations in ppb as well as
the estimated temperature at the Antarctic (based on isotopic data) and the estimated time in
ka (based on other measurements - here 1 ka=1000 years), each has a length of 280 values.
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(a) against depth (b) against age

Figure 6.6.: black line is the measured calcium values, blue line ishe estimated temperature

From Figure 6.6 we can see that if temp is low, we have a higher mean as Wwels a bigger
variance of the calcium concentration. That con rms that there might be a correlation be-
tween the temperature and the calcium value. The data also contains manoutliers, probably
errors based on measurements,that is why normality is not assumed. Adtonally, the mea-
surements are not equidistant w.r.t. the depth. But the interpolation was done such that we
can assume equidistant measurements w.r.t. the time (age).

Dependent on the cold and warm periods at the Antarctic, we expect chages in the calcium
concentration. We are interested in detecting and estimating thes change-points. As we
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6. Applications

want to be exible in the model we use the change-point test and changgoint estimator
for NLAR-processes based on neural network functions. For the theoreta results we have
assumedp and h xed, compare section 3.2 and 4.2. To determinep we rst analyse which
order the NLAR with a neural network as regression function can be assumedof both cold
and warm periods.

6.2.1. Fit non-linear autoregressive model

We t a non-linear autoregressive model (NLAR) with neural networks as regression functions
for the cold and the warm periods, where we rst split the data. The r st part (warm period)
is chosen in depth between 45 and 240 and the second part (cold period)irs depth between
470 and 631 (see Figure 6.7). We rst t to each subsample a NLAR.

5t
640 635 630 625 620

64.5

65.0

T T T T T T T T T T T T T T
0 500 1000 1500 2000 2500 3000 3500 0 500 1000 1500 2000 2500 3000 3500

(a) temperature warm period (b) temperature cold period

150

15
100

T T T T T T
200 150 100 50 600 550 500

(c) calcium warm period (d) calcium cold period

Figure 6.7.: temperature of the desired stationary representation pars and the corresponding
calcium levels

As we can see in Figure 6.8 the rst observations between depth 45 and 240gei. between
0:368 and 12183 thousand years ago, seem to be stationary up to some linear part caused by
the interpolation of missing data. Thus, we use this part to t an underlying model. To model
the value of calcium as a time-series X{g with t denotes the number of the measurement,
where the rst measurement X1 corresponds to the measured value in deptid; = 3192:391
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6.2. Ice Data
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Figure 6.8.: acf and pacf of the observations in depth between 45 and 240

and the last measured valueX 2g1000 in depth dagi000 = 0. So we are assuming a causal
time-series, i.e.
Xe=mXy 1505 X0 p) + 0t (6.2)

with m an unknown function and ; some noise.

We can see, that both acf and pacf indicate no pure AR or MA process. The elv decrease
of the acf indicates an ARIMA process. ldentifying the order of the urderlying time-series
is not possible by graphical methods. We use thauto.arima function in R to identify the
model on one hand and force this function to t an AR(p)-process.

Series: Ca.first
ARIMA(1,1,1)

Coefficients:
arl mal
0.2689 -0.9687
s.e. 0.0182 0.0064

sigma”2 estimated as 0.4751: log likelihood=-3600.1
AIC=7206.2 AlICc=7206.21 BIC=7224.63

Series: Ca.first
ARIMA(10,0,0) with non-zero mean

Coefficients:
arl ar2 ar3 ard ar5 aré ar7 ar8 ar9 arl0 intercept
0.3037 0.0338 0.0604 0.0256 0.0472 0.0269 0.0235 0.0180 0.0224 0.0388 1.5423
s.e. 0.0170 0.0178 0.0178 0.0178 0.0178 0.0179 0.0179 0.0179 0.0179 0.0171 0.0294

sigma”2 estimated as 0.479: log likelihood=-3609.76
AIC=7243.53 AICc=7243.62 BIC=7317.25

The result coincides with the further result. The ARIMA(1,1,1) seems to t the calcium levels
best. But we would like to get a NLAR(p)-process, therefore we prefean order of 10.

We do have mentioned that we only analysed the part of the process whiitseems to be station-
ary. Let us know nd a model for a part which obviously is di erentto t he rst observations.
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6. Applications

The part in depth between 470 and 631 is one candidate. We proceed as beforAgain we

Figure 6.9.: acf and pacf of the observations in depth between 470 and 631

see, the acf is slowly falling which indicates a integrated part. Toverify our assumption we

determine the most plausible orders for this time-series based on Alc.

Series: Ca.first
ARIMA(2,1,2)

Coefficients:
arl ar2 mal ma2
0.7469 -0.0479 -1.4307 0.4525
s.e. 0.1503 0.0526 0.1488 0.1404

sigma”2 estimated as 161.9: log likelihood=-13597.8
AlIC=27205.6  AlCc=27205.62 BIC=27236.31

Series: Ca.second
ARIMA(8,0,0) with non-zero mean

Coefficients:
arl ar2 ar3 ard ar5 aré ar7 ar8 intercept
0.3441 0.1381 0.0579 0.0733 0.0576 0.0539 0.0437 0.0515 42.7447
s.e. 0.0170 0.0180 0.0181 0.0181 0.0181 0.0181 0.0180 0.0170 1.2177

sigma”™2 estimated as 166.4: log likelihood=-13646.11
AlC=27312.22 AlCc=27312.28 BIC=27373.63

We derive that the best t would be given with an ARIMA(2,1,2) but as we use a non-linear
autoregressive process we would prefer the forced autoregressive erdor the neural network

function as the number of explanatory variables, i.e.p = 8.

In combination we choose the smaller one, as we want to avoid over- ttigg. Thus for the
calcium levels itself we choose a NLAR(11)-process as model. Then & left to determine the

number of hidden neurons.

As our data are concentrations with high variability, we apply a normalizing and variance sta-
bilizing transformation. Again we choose the Fuller-transformation of setion 6.1 to the rst
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6.2. Ice Data

di erence of the calcium values. The latter are considered to remog the e ect of integration.
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Figure 6.10.: Fuller transformed calcium innovations
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As in the previous subsection we rst select the order of a linear autaregression based on
the data- here often di erencing to remove the e ect of integration. The results based on the

auto.arima function from R -packageforecast

are given below. In order to verify the result

we determine the di erence and check again the acf and pacf. Based on thgraphics in gure
6.11 we may t a MA(2). From the result of the order selection based on AICc br the rst

part of the calcium levels, we know that a better model might be a ARMA(p,q) process. We
again determine the order of the process based on the AlCc for the innovains of the calcium

levels.

Series: Ca.first.diff
ARIMA(1,0,1) with zero mean

Coefficients:
arl mal
0.2689 -0.9687
s.e. 0.0182 0.0064

sigma™2 estimated as 0.4751: log likelihood=-3600.1
AIC=7206.2 AICc=7206.21 BIC=7224.63

Series: Ca.first.diff
ARIMA(5,0,0) with zero mean

Coefficients:
arl ar2 ar3 ar4 arb
-0.5992 -0.4915 -0.3577 -0.2575 -0.1349
s.e. 0.0169 0.0193 0.0201 0.0193 0.0169
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Figure 6.11.: rst line: values of the calcium concentration di erences in depth between 45
and 240; second line: acf and pacf of these observations

sigma™2 estimated as 0.5229: log likelihood=-3762.79
AIC=7537.59 AICc=7537.61 BIC=7574.44

Let us do the same for the second part. Let us verify this by determinmg the di erence and
check the assumption that this might be a ARMA(2,2) process.

Series: Ca.second.diff
ARIMA(2,0,2) with zero mean

Coefficients:
arl ar2 mal ma2
0.7469 -0.0479 -1.4307 0.4525
s.e. 0.1503 0.0526 0.1488 0.1404

sigma”2 estimated as 161.9: log likelihood=-13597.8
AIC=27205.6  AlICc=27205.62 BIC=27236.31

Series: Ca.second.diff
ARIMA(5,0,0) with zero mean

Coefficients:
arl ar2 ar3 ard arb
-0.6059 -0.4294 -0.3349 -0.2250 -0.1245
s.e. 0.0169 0.0195 0.0200 0.0195 0.0169
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6.2. Ice Data
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Figure 6.12.: rst line: calcium innovations in depth between 470 and 631; scond line: acf
and pacf of the reversed observations

sigma”2 estimated as 173.7: log likelihood=-13717.95
AIC=27447.9  AICc=27447.93 BIC=27484.75

Here we observe, that a t of a ARMA(2,2) would t best. If we enforce an AR(p) -process
we end up with the order 5.

As we allow a non-linear AR(p)-process and due to the general approxima@n property of
neural networks, we have to choosg and h in appropriate way. The order and the esti-
mated coe cients for the AR(p) tted processes are in the rst and s econd part nearly the
same. Therefore, we choose for the Fuller transformed innovations ofhe calcium level an
NLAR(p)-process of order p = 2 based on the general ttings. For the calcium level itself,
we have decided to choosp = 8 as this is the smallest order and we want to avoid over- tting.

6.2.2. Neuronal network based change-point test and estimator

In this example we are not interested in detecting only one change buve expect many to exist.
The presented test statistic is an AMOC, i.e. at most one change, statiic. To overcome this
problem the binary segmentation (BS) algorithm was introduced. This alorithm recursively
checks for change-points. The idea of the BS algorithm is given in Algoritim 4.
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6. Applications

Algorithm 4 BS (binary segmentation)

3: Repeat steps 1-2 for any not yet xed subsample until all subsamples arexed, i.e. in
none of them achange! point is detected.

The algorithm given here is from Fryzlewicz [2014]. He proposed to choosg = CIO 2logn.

Then it remains to determine C , which he has done using a simulation study. As the time
was not enough for a wide simulation study, we choos€ = 1 to run the BS. It is left to

determine the number of explanatory variables as well as the number ofilden neurons. Due
to the discussion above, we use a dependence of order 8 and 1. For thermer of hidden
neurons we used 1 till 5. Additionally, we run the test for the Fuller transformed di erences
of the calcium levels. Therefore, we used 2 and 5 as the number of emplatory variables but

where the procedure detected at least one change. The other combinatis fail to detect a
change point.
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(a) Observations: h=1 and p=2 (b) Innovations: h=1 and p=2

Figure 6.13.: Time-series and innovations with the detected changegqints based on NeuNet-
statistic applied on time-series modelled as NLAR(1)-process withihe C = 1

192



6.2. Ice Data

In the graphics we present the results using the binary segmentatin algorithm. We observe
that the NLAR(1) model in combination with a boundary parameter C =1 detects only one
change.

Using an NLAR(8) model we get a better result, see Figure 6.14. But also obsee that with
an increase of the number of hidden neurons the detection get worse.

Di erently to this result we observe that in the case of the Fuller transformations we gain
better results. In Figure 6.15 and Figure 6.16 we have the results forlte Fuller transformed
calcium innovations modelled as an NLAR(2)-process. The results are pmising, especially
for H =1 and H = 2. Again we observe that increasing the number of hidden neurons leads
to underestimation of the number of changes, as the neural network ts en adapt the change.

In the case ofH =5 we get worse results as expected, see Figure 6.17 and Figure 6.18. In the
t we have seen that for a linear AR(5)-process the parameter for the call and for the warm
period did not di er much. So it is not surprising that the algorithm has trouble in detecting
changes.

We observe, that the result based on the Fuller transformed calciumnnovations with p =5
and h = 2 yields a result we would expect. Although this one fails in detecting between 200ka
and 400ka the results are the best. A simulation study for a more reasonablehoice of the
constant may give an even better result.

We can see, the result clearly depends on the choice of the number oidden neurons. There
exists some algorithms for automatically choosing the number of hidden @urons and the order
of the process. An overview is given in Anders [1997]. We applied one madselection strategy
based on hypotheses tests (Terasvirta/Lin/Granger 1993) which often prodwces good results
(Anders [1997]). But due to the interpolations, the data contain linear degpendent parts. These
parts are reasons why the algorithm fails and always prefers one hiddenyar (the starting
value). Alternatively, one may try some other strategies or even other &st statistics as robust
ones for the change-point detection.
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6. Applications
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Figure 6.14.: Time-series and innovations with the detected changegqints based on NeuNet-
statistic applied on time-series modelled as NLAR(8)-process withthe C =1
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6.2. Ice Data

(a) Observations: h=1 and p=2 (b) Innovations: h=1 and p=2
(c) Observations: h=2 and p=2 (d) Innovations: h=2 and p=2
] H“! ! | ’w il

§
(e) Observations: h=3 and p=2 (f) Innovations: h=3 and p=2

Figure 6.15.: Time-series and innovations with the detected changeqints based on NeuNet-
statistic applied on the Fuller transformed innovations of the time-series to mod-
elled as NLAR(2)-process,C =1, for h=1;2;3
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