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Rational
Tensor Product Bézier Volumes

Dieter Lasser
Computer Science
University of Kaiserslautern
Germany

Abstract. Free form volumes in rational Bézier representation are derived via
homogeneous coordinates. Some properties and constructions are presented and
two applications of free form volumes are discussed: definition ot solid primitives
and curve and surface modelling by the way of volume deformation.
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I. Introduction

While in the past, CAGD has been mostly concerned with curves and surfaces, more
recently, there has been an increasing interest in higher dimensional, trivariate objects
such as free form volumes which are suitable to describe inhomogeneous solids. The two
most widely used methodes of representing solids are the Constructive Solid Geometry
Representation (CSG-Rep.) - a solid based method - and the Boundary Representation
(B-Rep.) - a surface based method (see e.g. [Cas85]). However, free form character of
both methods is not very substantial, and they also assume internal homogeneity. On the
other hand, free form volumes, of which this paper is dealing with, possess per definition
a very high free form characteristic and describe every interior point as well as every point
on the boundary surface of the volume uniquely. No assumption on internal homogeneity
or structure is done. Beside solid modelling, there are some more applications of free form
volumes, for instance, the description of spatial movement or deformation of a surface,
the description of physical fields, such as temperature or pressure, etc. as functions of

several variables, e.g. the positional coordinates, the modification of curves and surfaces
through volume deformation, etc.

Free form volumes can be defined by the tensor (Cartesian) product definition,

n

V(u,v,w) = Ziz Vijeu v wt, uv,we(C1]. (1)
] 1=0 k=0

l
1=0 ;=0



The above given definition is based on monomials, in CAGD (Computer Aided Geomelric
Design) Bernstein polynomials, see [Far92], [Hos 92],

B} (w) = <Z>wk(l—w)"_k, w € [0,1], (2)

of degree n in w, and analogously for v and wu, are very popular. This is, because
the expansion in terms of Bernstein polynomials yields, firstly, a numerically very stable
behavior of all algorithms. Secondly, a geometric relationship between subject ard coef-
ficients of its defining equation. Note, that these properties are not available in case of
monomials, Lagrange or Hermite polynomials. Probably this is one of the main reasons
why Bézier representations, which are based on the use of Bernstein polynomials, became
the de facto industry standard in CAGD during the past years. Thus, a tensor product
Bézier volume - briefly TPB volume - of degree (I,m,n) in (u,v,w) is defined by

I m
V(u,v,w) = ZZZ Vijk Bl(u) BM(v) Bi(w), w,v,w€ [0,1]. (3)

The coefficients V, ; » € IR* are called Bézier points. They form, connected in the ordering
given by their subscripts, a spatial net which is called Bézier ;rid, [Hos 92].

Because of the polynomial character of (3) only polynomials can be represented exactly,
sphere (segments) for example, cannot be constructed by (3). Therefore many (primary)
elements of CAD systems can not be converted exactly into this kind of free form repre-
sentation. Rational Bézier representations overcome this disadvantage for the most part:
primary elements like conic sections and quadrics, as well as tori and cyclids, for example,

can be constructed, thus allowing exact conversion from CSG-Rep. and B-Rep. based
solid primitives into rational free form representation.

This paper is concerned with free form volumes in rational Bézier representation defined
via the Cartesian product. Mathematical description using homogeneous coordinates,
properties and constructions such as point and derivative evaluation, degree raising, sub-
division, and continuity conditions are presented in Section 2. Section 3 and 4 discuss
two examples of application of free form volumes: generation of solid primitives defined
by rational TPB volumes and curve and surface modelling by free form deformation.

I1. Bézier Volumes

Using homogeneous coordinates r', points R = (z,y,z)7 of IR® can be represented by
points R = (r!,r?, 3, rY)T of IR* via the projection of R* into the hyperplane r* =1
according to (cf. Figure 1)

HR) ()T for rt#£0
Tl )T for =0

The center of projection is the origin of the 4D cartesian coordinate system. A point
R =(z,y,z)" is the projection of w(z,y,z,1)7, where w # 0, w € R. The real number
w is called weighi of the corresponding point. Note, R € R* and oR € R*, 0 #0, ¢ € R,
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describe the same point of R*. H(R) is unlimited for r* — 0, r* # 0. In this way infinite
points of /R®> can be described by finite points of R* with r* = 0. In R® these points
will be represented by direction vectors, [Pie87].

)
r? R = (2,5}

1 (z,y,1)

Figure 1. Introducing homogeneous coordinates via projection H(-)
of points of IR into the plane r* = 1.

Now, a rational tensor product Bézier volume - briefly rational TPB volume - of degree

(I,m,n) in (u,v,w) is defined by, [Kir89], [Las90],

V(u) = H(V(u)), (4)

where

I m n
= Y D Vi Bi(uw) Bf'(v) Bi(w), u,v,we(0,1],

1=0 ;=0 k=0

and u = (u,v,w). V(u) is called homogeneous form of V(u). Thus, a rational TPB
volume of degree (/,m,n) in IR3, V(u), is defined by a non-rational, polynomial TPB
volume of degree (I,m,n) in IR*, V(u), i.e. is the projection of a polynomial TPB volume
into the hyperplane r* = 1.
If we write V,dk = (Vuk,V?Jk,V?J k) ~'J-'k)T = (w;‘j,kVIj'k,w;,,-,k)T € R‘, where V,‘J'}‘ =
(I‘Jvk’ Yisks zt.).k) € R3 Wik € IR, and assume

l m n
ZZZ wijk Bi(u) Bf*(v) Bp(w) # 0, u,v,we[0,1],

=0 ;=0 k
then,
] m n
Z Z u)."j'kv.‘J k B‘(u B"'(v) Bk (w)
V() = === , (5)
Y Y wiik Bi(u) Bf'(v) By(w)
=0 ;=0 k=



and 3D Bé:ier points V,,, are projections, V,,x = H(V, k), of {D Bézier points Vijk
Bézier points form in their natural ordering, given by their subscripts, the vertices of the
Bézier grid. Scalars w,,x € IR are called weights: if we increase one w;, the volume
will be pulled towards the corresponding V, ;x.

The assumption of (5) will be fulfilled if weights w, ;« are non-negative and all 8 corner
Bézier points of the grid are no infinite control points what will be required from now
on. If a control point V,,, is a point at infinity, i.e. w;;x = 0, we replace, according
to definition of H(-), wi,xV.,x by V. s in the numerator of (5). Note, infinite control
points, also called control vectors, can be eliminated by degree elevation (cf. [Far92]
p.260) as stated by (7).

One of the weights (e.g. woo00) can be normalized to be of value one and on boundary
curves u =0, v =0 and w = 0, the parametrization can be chosen so that, for instance
Wi0,0, = Womo = woon = 1. All other weights directly influence the shape of the volume.
If all weights are equal, (5) yields the non-rational, polynomial TPB volume because
Bernstein polynomials sum to one (see e.g. [Far92] p.42, [Hos92] p. 116).

Positive weights result in volumes which have all the properties and algorithms we do
know from polynomial representations. Because of definition (4) via the projection H(:),
properties of rational TPB volumes can be deduced from properties of the non-rational
TPB volume scheme. This means that relations between Bézier grid and rational TPB
volume can be deduced from those of the underlying Bézier curve scheme, and that many
constructions in different parameters commute, such as degree raising, de Casteljau con-
struction and derived constructions, segmentation for example. We list a few properties

(see [Kir89], [Las90]).

Convex hull property. The rational TPB volume lies completely within the convex
hull of its Bézier points.

Parametric surfaces. The parametric surfaces of constant u are rational TPB sur.faces
of degree (m, n) and analogously for parametric surfaces of constant v and w, respectively.

Parametric lines. Lines u,v = constant, so-called w parameter lines, are rational Bézier
curves of degree n and analogously for v and for u parameter lines.

Boundary surfaces. The boundary surfaces of a rational TPB volume are raticrnal
TPB surfaces whose Bézier points and weights are the corresponding boundary points
and weights of the Bézier grid.

Boundary curves. The boundary curves of a rational TPB volume are rational Bézier
curves whose Bézier points and weights are the corresponding boundary points and weights

of the Bézier grid.

Vertices. The eight vertices of a rational TPB volume coincide with the eight corre-
sponding vertices of the Bézier grid.

Visual approximation. The Bézier grid gives a rough impression of the rational TPB
volume.

Derivatives. The partial derivatives of order (p, ¢,r) of a rational TPB volume of degree



(l,m,n), V(u) = N(u)/D(u), are given by (cf. (Far92] p. 256)

loh 1 a9° p\ [q\ [T\ & g3
dur ' W= B (aTN(“) -2 (1) 0) (@) awrw auTsN(“)) 1

iel

where I = {i=(i,j,k):1=0(1)p, j =0(1)q, k=0(1)r and (1,7, k) # (0,0,0)} and
B = |i| =i+ j + k, using the notation

bl el grratr
F = — = m—
guet W) = gf) = soaas F),

where p = (p,q,r), a = |p| = p+q+r, to indicate partial derivatives of a (vector valued)
function F(u). Derivative calculation of D(u) is according to
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with forward differences AP9"w; ; x, and similarly for N(u), employing forward differences
AP (wi ik Vijik)-

Degree raising. If we write a rational TPB- volume, (4), of degree (I,m,n) as one of
degree (I + A, m,n), the new 4D Bézier points V?‘J-'k are given by

() G2n)

A
Vi, = Z Ar ~—e— Vg - (7
I1=0 ( i ) '

This can be seen as follows: A(u)V(u), with an arbitrary real-valued function A(u) which
does not vanish on [0, 1], and V(u) are associated with the same rational TPB volume
V(u). If we choose A(u) to be of degree A, A(u) = Z’;=° ArB}(u), then A(u)V(u) is
of degree | + A in u, and equation (7) results. As a special case, A = 1, the degree
(I 4+ 1,m,n) Bézier points are given by

1 1
V}.j.k = g (1 - T 1) V,"J"k + Almvi—l,j.k .

(7) means, since A; € R, that there is an infinite number of ways to represent a degree

(I, m,n) volume as one of degree (! + A\,m,n). The same holds, with corresponding
formulae, for degree raising in the v and w variables.

Point and derivative evaluation. A volume point V(u,), for any uo = (uo, vo, wo),

ug, Vg, Wo € [0, 1], can be computed by repeated de Casteljau steps adapted on 4D Bézier
points in u, v and w, for example in the u direction by the recursion formula

Vasi(uo) = (1—uo)VEZTH(uo) + uoVaiy, (wo) (8)

a+l.y,e

and analogously for v and w, where

VaTs = Vaye and V(uo) = Vgoa(w) and V(ue) = H(V(ug)).



This result stems from the fact that in (4), the de Casteljau algorithm can h= applied sep-
arately to each of the parameter directions. The de Casteljau steps in different directions
commute, and the result is independent of the order. Similarly, the derivative of order
(p,q,r) of a rational TPB volume of degree ({/,m,n) can be found using the de Casteljau
algorithm. Indeed, starting with equation (6) derivatives of N(u) are given by

grtatr ! m! n!

OuP Jv? Qw" M) = (l=p)(m—-=g)(n—r)!

p.q,r(, l-pm—qn-rysl-pm—q,n-r
A ( 0,0 VOOO )1

with forward differences AP (w8:5¢VB4£) which are now operating on both the subscripts

and superscripts, and similarly for derivatives of D(u).

Subdivision. A rational TPB volume of degree (I{,m,n) can be subdivided into two
rational TPB volumes of the same degree which join along the parametric surface corre-
sponding to u = ug with [/ continuous derivatives in u direction. The Bézier points Vo, &

and ij: of the two subsegments can be found by applying the de Casteljau algorithm
for u = ug to all i p-lygons of the Bézier grid. Using the parameter transformations
4 =ufug for u € [0,uo] and @ = (u — ug)/(1 — uo) for u € [uo, 1], respectively, we can

reparametrize the subsegments to again be defined on the unit cube.

Continuity conditions. To construct GC™ or CT continuous rational volumes, V(u)
and V (i), defined via homogeneous coordinates, i.e. as volumes V(u) and V(i), we have
to take into account that all n(u)V(u) and V(u) with an arbitrary real valued function
n(u) which does not vanish for any u of parameter domain, are associated with the same
rational volume V(u) in IR?, and similarly for V(). In view of this the two 3D volumes
meet continuously along a common regular boundary surface B, V(ii)|g = V(u)|p, iff
the IR* representations satisfy

V(a)|g = e(u)V(u)|g. (9)
Note, V and V do not have to meet continuously, for V and V joining continuously.

Suppose Bis givenby v=1, 5 =0, V(4,0,@) = V(u,1,w) for all & = u, @ = w, then
continuity condition (10) results in

vi,O,k = Qovi,m,k ’

where go = (4,0, W) = const. # 0 or in terms of inhomogeneous coordinates of IR®

TiokViok = owWimkVimk
Wiok = 0OoWimk
end therefore,
Vi,o,k = vi,m,k .

Iff go =1, then T;ox = wimxs and polynomial denominators of V(u) and V(i) join
continuously too.

V(u) and V(i) jo;n GCT continuously (with contact of order r) across B iff (cf. [Hos 92])



.

5=V = g5

B Jio

(et@viu@n)| . a=owr, (10)

where V(u) has been reparametrized by u — u(a). Applying the chain rule we get the
following additional condition for a GC! continuous connection in v direction

V; = oo (uiVy + iV, + w1Vy,) + a1V, (11)

where go > 0, b, > 0, and for a GC? continuous join in v direction the additional
condition

Vau Vo Ve U Qouz + 201Uy
Vis = 00 (w1 vy w)| Vue Vi Vi Ut | +(VuV, Vu)| oov2 +20101 | + 02V,
Vi Vo Vs w1 oow?2 + 201wy
(12)
where we have used the abbreviations
o = 8817" w@B)g,  ve= aaﬁa ), we = %w(ﬁ) B * 7 (966“ e(@)]g -

Notice, V and V do not have to meet GC™ continuously, for V and V joining GC™
continuously.

Suppose V(u), of degree (I{,m,n), and V(a), of degree (I,7,n), join continuously along
boundary surface B given as above, then, GC! continuity condition (11) results in

mA W0 = o Vimx
+ 00 ((1 — 1)agA"V; i + 16, AV i + MBAM OV, i

+(n = K)oV + ke 8MWimins ) (+)

where, for the purpose of solving (11) by comparing coefficients and to keep calculations
easy, we assumed functions pg, 0; and by = v, to be constants, such that pgoby > 0,
function u; to be linear in u, u; = (1 — u)ag + ua,, ag,a; € IR, and function w, to be
linear in w, wy = (1 — w)co + wey, co,c1 € IR. (%) represents four conditions: the fourth
equation of (*) is a condition on volume weights and looks exactly like (*) but with
weights w;;x and @; jk, the first three equations of (*) are conditions on the products
of weights and 3D Bézier points. If we solve the T; ;. equation for giwimx. and insert
this expression in the condition for @;; .V, a formula for 3D Bézier points V1, very
similar to (*) can be derived:

ﬁAo'l'o—v—i'o'k = i) ((l - i)aow,'...l'm'kAl'o'ovi.m.k + ialui—l.m.kAl'o'ovi-l.m.k

+ mMbowim-1 A% Vi m 1k + (7 — k)Cowi m 418 Vim i

Wik
0,0,1
+ ke1wima-1 8 Vim ) -

To get, for GC! continuity, necessary and sufficient conditions for Bézier points and
weights, more general factors pg, ¢; and uy, vy, w; have to be allowed. However, calcula-

T



tions become very technical, extensive and difficult to view. We omit them, but want to

point out that [Was91] gives a very detailed treatment of GC™ continuous Bézier surfaces
what can be extended to volume representations.

III. Solid Primitives

Compared with solid definitions such as CSG or B-Rep, TPB volumes possess a very
high free form characteristic, describe every interior point as well as every point on the
boundary surface of the volume uniquely, and no assumptions are done on internal homo-
geneity or structure. On the other side, they also allow the exact representation of solid
primitives. Bézier volumes can be constructed in various ways. First, by specification of
all control points (and weights), second, by interpolation or approximation of digitized
points, and third, by performing sweep, spin, loft, etc. transformations on profile sur-
faces, [Cas85], [Sai87]. Rational volumes are in particular very useful for giving exact
descriptions of solid primitives such as sphere, cylinder, torus, etc. Following the idea
of [Faro85], we calculate Bézier poincs of volumes V(u) by performing a continuum of
geometric transformations M(w) on a profile surface F(u,v). To be able to generate solid
primitives as well as free form volumes we base our considerations on rational represen-

tations and homogeneous coordinates. Therefore, M(w) might be given by the following
4 x 4 matrix

3 ! 1,2 1,3 tl

m m m
mil m22 m23 g2
M(w) - m31 m32 m33 43 !
b P P s

where m®# indicates rotation, reflection, scaling and shear, t° indicates translation,
p® perspective projection, and s an overall scaling. In the following we demonstrate
the construction of solid primitives applying this method. We start by looking at Sweep
volumes which result by moving a given surface F(u,v) along a prescribed curve K(w)
which is sometimes referred to as directriz. Translation volumes are special sweep volumes
and we are going to discuss them first. Translation volumes are specified by

Theorem 1. Let K(w) be homogeneous form of a rational Bézier curve K(w) of degree
n with 4D Bézier points Ki = (K}, K2, K3, KT = (B:K], B:)", where Ky = (zk, Yk, 2x) "
and weights B (w.l.o.g. By = fn = 1)

Let F(u,v) be homogeneous form of a rational TPB surface F(u,v) of degree (I,m) with
4D Bézier points F;; = (F},,F?;,F3, F!.)T = (Bi;F];,B:,)7, where F; ; = (Zijs Yi» Zij) T
and weights 3;; (w.l.o.g. Boo = Bio = Pom = 1).

4D Bézier points Vi . = (V},,, wk’vu.k’ V5T = (wiga Ve wije)T, with weights
wijk and Vi = (Zijk Yijk Zijk)' of a rational Bézier solid, V(u), represented in
homogeneous form V(u), and generated by moving of F(u,v) along K(w), such that
V(u,v,0) = F(u,v), V(0,0,w) = K(w), are given by

Vije = MF,;, (13)
where My = |, and



KiKE 0 0 KIKL — KIK¢

1 0  KIKE 0 KIKZ—K2IK¢

(K3)? 0 0 KIKP K3K3 — K3K!
0 0 0 KK

Proof. Since all 7(w)V(u), with non-vanishing real-valued function n(w), are associated
with the same sweep volume of cooordinate space, V(u) has to be defined by

V() = n(w) M(w) () (14)
with
Mw) = | T
0 0 01

where I3 is a 3 x 3 unite matrix and T = T(w) = (t}(w), t*(w), t*(w))" describes moving
of F(u,v) along K(w).

Since V(0,0,w) = K(w) and V(u,v,0) = F(u,v), (14) implies
K(w) = n(w) M(w) K, .

Solving this 4 x 4 system of linear equations for the components of n(w)M(w) yields

KiK'w) 00 KEKw) - KiK(w)
n - (K(‘))2 0 0 KaK‘(w) K,‘,Ks(w) _ KgK‘(w)
° z 0 KiKYw)

Now, K(w) = (K'(w), K*(w), K3(w),K*(w))T is given in Bézier representation, therefore
we have

n(w) M(w) = ) My B}(w) (%)
k=0

with M, as given in Theorem 1. Substituting the Bézier representations of F(u,v) and
of V(u) as well as (*) into (14) yields by comparing coefficients (13). a

Note, while 3D Bézier points Vi € IR® result by moving the surface net defined by
F.; according to the control points of directrix K(w), this is not true for volume weights
w; jk € IR®, according to Theorem 1 they are given by

Bi.; B

DAk = " hn




Also notice, although V(u) was generated by moving a surface along a w line, parametric
surfaces of constant u are congruent as well and the same holds for isoparametric surfaces
of constant v.

For n =1 the trivariate analogy of a cylindrical surface is created for which Bézier points
in w direction define parallel lines,

Vi,_),O — Fi.] ) Vl.j,l = Fi.j + Ta

where T = K, — K, is translation vector and w;jx = B;, for all i,; and k =0,1.

A generalization of the translation volume is the blending volume (loft volume, [Sai87]):
here two non-congruent surfaces F°(u,v) and F"(u,v) defined by Bézier points F?'J- and
F?, are connected appropriately. For polynomial blending, n has to be specified and, in
case of n > 1, Bézier points of intermediate nets F:‘J, k=1(1)n — 1. Then,

V,"J'_k = Ff] . (15)

Bézier points Ff'j of intermediate nets can be provided in different ways. For example, via
interpolation of n—1 intermediate surfaces (skinning, lofting), via continuity construction
(s. Sectien II), if F?']- and F7, are supposed to be boundary surfaces of connecting volume
segmen's or, via interactive input procedures.

n =1 gives a very special blending volume, the linear blending volume. It is the trivari-
ate generalization of a ruled surface and thus is sometimes called ruled volume (see e.g.
[Cas 85]). Defined by taking a convex combination,

V(u) = (1 —w)F°(u,v) + wF*(u,v), we0,1],

of surfaces F°(u,v) and F"(u,v), n = 1, Bézier points are given by (15).

Volumes of revolution also referred to as spin volumes are sweep volumes as well and can

be created easily as stated by, [Kir89], [Las 90],

Theorem 2. Let F(u,v) be the homogeneous form of a rational TPB surface F(u,v) of
degree (I,m) with 4D Bézier points F;; = (F};,F?,,F}, F} )T = (B;;FT;, B:;)7, where

igr Figo Fign Fig
F.; = (zij,¥ij, 2i;)7 and weights B;; (w.l.o.g. Boo = Bio = Bom = 1).
The rational TPB volume V(u) of degree (I,m,n), n =2, with 4D Bézier points

Viixe = M F,;, (16)
where Mo = |,
cos$ —sing 0 0 cosa —sina 0 0
sin? cos? 0 0 sinad cosa 0 0
M, = 2 2 ’ M, = ’
0 0 cos 3 0 0 0 1 0
0 0 0 cos % 0 0 0 1

represents a rotation of F(u,v) through the arc «, with |a| < 180°, round the z-axis
such that V(u,v,0) = F(u,v).

10



Proof. For a rotation of F(u,v) about the z-axis by the angle a, M of (14) now has
to be given by

cosa —sina 0 0
sina  Cos & 0 0
M =
0 0 1 0
0 0 0 1

With the same arguments as in proof of Theorem 1 we result in equation (*) but with
M now given by

KIK1+K2K2  K2K1-KiK2

('fc‘.)’ﬂk'%)* - (ﬁs)u(ﬁa)’ 0 0
K"’K},—K’K2 K1 K! +K2K?2
KNirRD:  ®KoreRp: O 0
Mlc — K3 (*)
0 0 ks 0
4
0 0 0 i

o

Noic, £k =0 yields Mg = l4. Since M, is supposed to represent a rotation, entries of
My, k=1, 2 can be specified further:

Rotations (about the z-axis by the angle a) can be described exactly by rational quadratics
defined by Bézier points K, = (KL, K2, K3 KT = (8K ,B)T, k=0,1,2, where §p = 1,
B, = cos %y B2 =1 and rotation of Ko by a, R(a), yields K, while rotation of Ko by
2, R($), followed by a radial scaling with 1/cos §, S(1/cos §), gives K, see [Hos 92]
p- 152.

Now, solving of K, = r,li(a)Ko and of K, =75(1/cos §)R(5)Ko for the components of
nR(a) and of 7S(1/cos §)R(§) prooves that nR(a) is equal M, and 7S(1/cos §)R(%)
is equal M, in (*) and that components are given as stated in Theorem 2. a

Note, Bézier points V;;; = M,F;; become infinite control points for |a| = 180°. Figures
2 and 3 show two examples of volumes of revolution, in both cases solid definition involves
several infinite control points.

&

Figure 2. Solid half-torus described Figure 3. Part of a solid hyperboloid
by a rational TPB volume of degree of revolution of one sheet described by a
(1,2,2). rational TPB volume of degree (1, 1,2).

11



Rotations about the z-axis and the y-axis can be described analogously.

Since matrices My (and start point K,) define directrix K(w), different curves can be
described by changing these matrices and all w parameter lines of V(u) will adapt the
geometry introduced by the M,. For example, if we choose parameter s; in

2

K(w) = n(w)M(w)Ko = Y MiKo B(w) (17)

k=0

with M, = &My, My according to (16), so = s; = 1, appropriately, we obtain an arc of an
ellipse, parabola or hyperbola, [Kir89], [Las90]: a parabola results for s, = s™ =1/ cos 3,
because in that case K(w) is a non-rational, polynomial quadratic Bézier curve (all
weights are equal!), for s; > s* a hyperbola results, for s, < s* an ellipse and, for s =1
we have Theorem 2, i.e. K(w) defines a circle, see Figure 4.

Figure 4. Three rational TPB volumes with arcs of circles (s = 1, left), parabolas
(s2 = s*, middle) and hyperbolas (s; = 3s*, right) as w parameter lines.

IV. Curve and Surface Modelling

Free form volumes can be interpreted as deformation of the associated parameter domain,
i.e. the unit cube, under the mapping induced by their defining equation. In general,
the position of every point in the interior as well as those on the boundary surfaces is
altered. It is of particular interest for designers to be able to embed curves, surfaces, and
volumes in the parameter domain of a free form volume, since this allows concentrating
on well-defined subsets of the parameter space. In simple cases, these subsets are in fact
isoparametric lines and planes, which under the deformation are mapped to isoparametric
curves and surfaces of the free form volume. The more interesting subsets, however, are
non-isoparametric subsets, which might be given by any kind of representation. In context
of these more general non-isoparametric subsets, the term FFD (Free Form Deformation)

is commonly used, [Sed 86], [Cha 89], [Coq 90, 91].

In order to carry out an FFD modelling process, for every point of the object we must first
find the associated parameter value in the parameter space of the voiume. For this, we
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define a b\ox-shaped local coordinate system, the deformation domain, which includes all
parts of the object to be deformed. It might be subdivided into sub-boxes corresponding
to a segmented TPB volume. By comparing coordinates, we find the sub-box Qq, defined

by Po, U, V,and W as in Figure 5 which contains the given point P of the object. We
have

P=Po+uU+vV +uwW, (18)
where local coordinates u, v, w are calculated by
u=VxW-(P—Po) v_UxW-(P—Po) _ Ux V.- (P-P)
VxwW.U ST Uxw.v 0 YT TUxVvwW

Now we have to prescribe the polynomial degree, corresponding weights and a control
point grid which covers the deformation domain. Figure 6 illustrates this process in case
of a volume segment of degree (3,2,2). The control points of the grid are given by

u+lvsEw, (19)
m n

:
1

and initialy weights w; ;s are chosen to be equal to one.

Vije = Pe-t

W

Figure 5. Local coordinate system. Figure 6. Control point grid.

The actual deformation of the object involves translation of points, Viji — Vijk,
changing of weights, w;;x — @i, and evaluation of the FFD defining equation with

coefficients Vi, weights @; ;x, and parameter values u, v, w of the object point P
calculated above.

From a mathematical point of view, the FFD construction involves composing two map-
pings, the mappings of the object and of the volume definition (cf. Figure 7) and has
been investigated in [DeR 88, 93] and [Las93|. For the case of modelling a rational Bézier

curve using a rational TPB volume the mathematical foundation for exactly and explicitly
describing the FFD is given by

Theorem 3. Let K(t) = (u(t),v(t),w(t))” be a rational Bézier curve of degree N with
Bézier points K; = (ur,vr,w;)7 and weights ;.

Let V(u,v,w) = (z(u,v,w), y(u,v,w),z(u,v,w))" be a rational TPB volume of degree
(l, m, n) with Bézier points V,"j'k = (:r;,j,k,y.-,_,',k, Z.‘_jJ,)T and weignis wi k-

13



V(t) = V(K(t)) = V(u(t),v(t),w(t)) is rational and can be represented as ra..onal Bézier
curve of degree rN, r = [+ m + n. We have, in terms of homogeneous coordinates,

rN
V(t) = V(K(t)) = > VrBR'(t), (20)
R=0
where 4D Bézier points Vg = (Vk, V4, V3, VR)T = (QrVE, Qr)T are given by !
Ve = ) B"™"(I)Cy™(N,I) Voo (ue, vs, wil), (21)
|IlI=R

with combinatorial constants

I

Qu

(e) () 31 ()
(%)

CRMH N =

and,

bv

—

\
_.\Kﬂt) o
N1 ) d
v

Kalt) u

FIK,(1)

Figure 7. FFD as a composition of two mappings: Deformation of planar curves
K,(t) and K;(t) by a surface mapping F(u,v): R? — R3.

Proof of Theorem 3, analogously like the proofs presented in [Las93] (cf. [DeR 93]).

2= has the meaning of summation over all I = (I*,I",I*), where I* = (I},...,I}),
I'=(L,...,I%), I = (I?,...,I?) and where 0 < I},...,I*< N, 0<I?,...,I> <N

0<I¥,..., Iy <N, Il = [I¥|+|I°|+|I*| = ¥ +.. + '+ I} +.. .+ [ +I+...+I¥ = R.

! Please note, notation varies from the one used in [Las 93).
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V:,‘_’(',"'(;‘ is defined recursively by de Casteljau’s construction. The argument (u‘x,,, vk, Wiu)
indicates that V?:(l has to be calculated by performing [ de Casteljau constructions
in u direction for the u parameter values given by the indices I* = (I¥,...,I"), i.e.
for the parameter values Urs,...,ure, m de Casteljau constructions in v direction for
the v parameter values given by the indices I' = (If,...,I%), i.e. for the parameter
values Uy, ...,vrs and n de Casteljau constructions in w direction for the w parameter
values given by the indices I¥ = (I{,...,]¥), i.e. for the parameter values wyy,...,wy.
Calculations for different parameter values commute, and the order in which we carry out
calculations has no influence on the final result.

Note, isoparametric lines of (u,v,w) domain space should not be handled by Theorem 3
which, in that case, would yield degree raised isoparametric Bézier curves of V(u,v,w).

Spline curves are processed using Theorem 3 one curve segment at a time. Modelling by
spline volumes requires the determination of intersections of K(t) and boundary planes
of volume segments in domain space and splitting of K(t) at these intersection points
by addin.g new knots applying de Casteljau’s curve subdivision algorithm. Then, for all
segments of V(u) Theorem 3 can be adapted. Smoothness of V(K(t)) results from
application of the chain rule: if K(t) is C®-continuous in t = t*, and V(u) is C®-
continuous in the corresponding point K(t) = K(¢*) of (u,v,w) domain space, V(K(t))
is C°-continuous in V(K(t*), with e = min {a, b}.

Generalizing Theorem 3, the mathematical foundation for the FFD approach to rational
surface design via rational volume modelling is provided by, [Las 93] (cf. [DeR93]),

Theorem 4. Let F(u,v) = (u(p,v),v(p,wv), w(g,v))" be a rational TPB surface of
degree (L,A’) with Bézier points F;j = (urs,vrs,wrs)" and weights B .

Let V(u,v,w) = (z(u,v,w), y(u,v,w), z(u,v,w))T be a rational TPB volume of degree
(I,m,n) with Bézier points Vi = (Zijk, Yijk» Zijk)' and weights w; k-

V(u,v) = V(F(g,v)) = V(u(g,v),v(s,v), w(u,v)) is rational and can be represented as
rational TPB surface of degree (rL,rM), r = [+m+n. We have, in terms of homogeneous
coordinates,

rL M
V(s,v) = V(F(u,v)) = > > Vrs BR(w) B5Y(v), (24)
R=0 S=0

where 4D Bézier points Vrs = (Vks,Vks, Vs, Vis)T = (QrsVRs Qrs)T are given
by ?

Vrs = Y. Y B"™™LJ)Cy™"(L,1) Cs™™(M,J) Vooo (uhege, Vi ge, whege) - (25)
II=R J|=S

EII§=R with I = (I*,I",I*) has the same meaning as in Theorem 3, 3°j;..s Wwith
J = (3%,3°,J*) similarly. Constants Ck™"(L,I) and Cg™"(M,J) are calculated
according to (22) and B“™"(I1,J) is defined as in (23) but now using surface weights
Br.J. V:;f(',"'(;' is specified by de Casteljau’s construction.

2Please note, calculation of combinatorial constants is wrong in [Las 93] Section IV.2.
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Like for curves, remarks concerning isoparametric planes of domain space of V(u) as well
as treatment of spline surfaces prove to be right again.

We observe that because FFDs involve functional composition, the degree of FFDs can
gro very quickly. High degrees might cause problems in successing interrogation actions
such as intersection calculations and also might not be supported by some CAD systems.
Therefore, the exact description of FFDs will not always be the best approach. Suitable
approximation techniques taking advantage of the knowledge of the exact and explicit

FFD representation tc describe V(K(¢)) and V(F(u,v)) by lower polynomial degrees
are under investigation.
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