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CHAPTER 1

Introduction

1. A brief overview of the subjects and results

In this thesis, the main talking point is the Shephard–Todd–Chevalley–Serre Theorem.
However, we will not only show the classical equivalence of G ≤ GL(V ) being a unitary
reflection group and the corresponding algebra of invariant polynomial functions on the
n-dimensional vector space V denoted by SG := {P ∈ S | gP = P for all g ∈ G} being
a polynomial algebra, but we will also give a link to algebraic geometry. This will be
achieved by the third equivalent statement: the orbit space Cn/G is a smooth variety.
Note that we identified the n-dimensional complex vector space V with Cn in this case.

The precise formulation is as follows:

Theorem 1.1 (Shephard–Todd–Chevalley–Serre). Let V be a finite dimensional vector
space over the complex numbers C and let G be a finite subgroup of the general linear group
GL(V ). Then the following are equivalent:

(a) The group G is a unitary reflection group.
(b) The algebra of G-invariant polynomials SG := C [V ]G is a polynomial algebra.
(c) The orbit space V /G is a smooth variety.

After this introduction whose biggest component is the history of the origins of the main
theorem, the second chapter 2 will treat the affine orbit variety. We will investigate
the orbit space Cn/G which is at first equipped with the Euclidean topology and due
to the topological definition, it is the set of orbits. Then, the main result is that this
space is homeomorphic to the at this point introduced affine orbit variety which is even
a quotient space with respect to the Zariski topology. Subsequently, the third chapter 3
is dedicated to the main theorem in several steps, and to the mathematical tools from
various mathematical branches required to prove it.

2. Prerequisites

This work shall be accessible to advanced undergraduate students after visiting several
introductory lectures to algebra. Sometimes, we will use advanced results, in particular
from commutative algebra, for these the books of Lang [36] as well as Atiyah–Macdonald
[1] are recommendable general references. Moreover, we assume that the reader is familiar
with fundamental category theory as we will use the basic objects like categories, functors,
and morphisms without introducing them beforehand. A brief introduction to this topic
is given by Lang [36, Chapter 1, §11] or Eisenbud [19, Appendix 5]. Even though it can
be helpful, no prior knowledge in algebraic geometry or homological algebra is presumed.
When results or concepts from these topics are useful or necessary, they will be introduced
beforehand.
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3. General assumptions

When we speak about a ring R in this work, we assume that is has a unit element 1 with
respect to the multiplication, and that it is commutative. Therefore, we will simply use
the term of an R-module and not differentiate between right- and left-modules. Moreover,
any vector space is supposed to be of finite dimension, usually denoted by n.

4. The history of the main theorem and its provenance

4.1. The Shephard–Todd-classification and its consequences. The history of
the main theorem 1.1 begins with the equivalence of (a) and (b) which is also known as
the Shephard-Todd theorem. It was originally shown in a paper of Shephard and Todd [57]
and published in 1954. L. Smith [60, p. 177] describes their course of action as follows: to
obtain the proof, they used their classification of all irreducible reflection groups—which
is also achieved in this paper—to compute all the examples of generators for all unitary
reflection groups. They only classified all the irreducible ones but this already suffices to
treat this matter, since every unitary reflection group can be decomposed into irreducible
parts. For a sophisticated treatment of this decomposition see Flatto [21, Chapter II,
Section 4].
At the time of publication of the paper from Shephard and Todd, the concept of reflections
on a unitary space had only recently been established by Shephard [56]. Previously,
orthogonal reflections on a euclidean space were commonly considered. Until then, a
sizable study on this type of reflections was available, Coxeter made a particularly large
contribution to this (cf. Shephard-Todd [57, p. 274]). As unitary reflections are an
extension of real orthogonal reflections, it is not surprising that they behave similarly,
and that there are various analogues or extensions of the real case (cf. Coxeter [16] and
Shephard–Todd [57, p. 275]). For the classification, the authors were “able to draw on
the considerable literature which exist[ed] on collineation groups generated by homologies”
(Shephard–Todd [57, p. 275]) for the so-called primitive unitary reflection groups. For
the other type, the imprimitive ones, the generators were “determined without difficulty”
(loc. cit.). Kane [32, §15] provides a clear overview of the classification and the methods
to achieve it. Another approach to attain this classification is presented by Cohen in [13].
The second part of the aforementioned paper of Shepard and Todd [57] is devoted to prove
some properties of unitary reflection groups by using the classification. Its application leads
to the equivalence of (a) and (b). Their proof heavily depends on the classification and
thus, as previously mentioned, draws from existing literature on collineation groups. This
is why I believe that the following quote points out accurately how many known results
were gathered to be able to prove the said equivalence: “The theorem of G. C. Shephard
and J. A. Todd on the invariants of complex pseudoreflection groups culminated a century
of work on these groups and their classification.” (Neusel–Smith [45, p. 185]).
The original proof of the implication (a) ⇒ (b) is only given for the unitary reflection
groups not equivalent to any real orthogonal group as Coxeter had already proven it for
them in [15]. For the remaining groups, the generating invariants were gained either
by explicitly constructing them, or based on knowledge about related collineation groups
(cf. Shephard–Todd [57, p. 283]). To be precise, there is an additional intermediate
step, demonstrating that the degrees of the generators are unique and indicating their
connection to |G|. For the converse (b) ⇒ (a) the classification was not necessary and
the proof worked without any case distinctions. It used the concept of Poincaré series
and an until then already over 50 year old theorem of Molien [43]. However, it remained
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quite computational, although the first implication using the classification was even more
enumerative. This explains why Benson describes that proof in a, in my opinion, very
suitable way as a “tour de force of combinatorics and geometry” ([3, p. viii]).

4.2. Chevalley’s lemma and Serre’s remark. For the implication (a)⇒ (b) there
is a uniform proof that does not need the classification. At first, only the statement was
published in a paper from Chevalley [11] for the International Congress of Mathematicians
in 1950. However, this statement was just for the case of real orthogonal reflections (cf.
Lehrer–Taylor [37, p. 47]). As this precedes the publication of the extension of reflections
onto unitary spaces by Shephard [56], the orthogonal reflections were the only existing
reflections at the time.
A full proof of this statement by Chevalley was published in 1955 [12]. It does not use
the classification established by Shephard-Todd but it is still “heavily computational” (L.
Smith [60, p. 205]) and “involve[s] the combinatorics of differential operators” (Benson
[3, p. viii]). Moreover, L. Smith even refers to the proof as “unmotivated” ([60, p.
205]), which is rather harsh to my mind, since it remains the first case-free proof for
this implication, even though it is computational and technical. On the other hand,
instead of using Chevalley’s proof, L. Smith gives his own proof [59] that relies heavily
on homological machinery. Moreover, Chevalley’s statement was at first proven in an
unpublished manuscript (cf. Borel [4, p. 154 footnote 5]) and was initially mentioned by
Chevalley in 1950 [11] predating the Shephard–Todd theorem. This may be an explanation
why the paper does not include any connection to the Shephard–Todd theorem.
The lack of motivation might be explained by the history of the origins of this paper that
is presented by Borel [4, p. 154 footnote 5]. Even though the paper was published under
Chevalley’s name, it was in fact published by Borel. This came about as follows: the proof
was already finished in all details in a manuscript by Chevalley, however this “manuscript
did not have all the trimmings of a full-fledged paper” (Borel [4, p. 154 footnote 5]),
in other words, some adaptions would have been necessary to publish it. Since Borel
wanted to quote the proof from Chevalley’s manuscript, he tried unsuccessfully to convince
Chevalley to publish it as an independent paper. On the other hand, Chevalley handed
the manuscript to Borel with the words “ ‘Fais-en ce que tu veux’ ”1(loc. cit.). This was
cleverly interpreted by Borel as a permission to adapt and publish the manuscript as a
paper. According to Borel, Chevalley did notice the publication and was briefly taken
back, but he quickly understood what had happened and paid no further attention (cf.
Borel [4, p. 154 footnote 5]). This is how the proof of Chevalley found its way to the
public, and had a much larger impact than just being an auxiliary result in a paper by
Borel.
As mentioned before, this proof initially considered only real reflections. However, in [53],
Serre later pointed out that this proof was not only applicable in the complex case, but
that it even “was adequate to handle the nonmodular case” (Neusel–Smith [45, p. 187]).
This is only relevant if the base field is different from C which we excluded as a general
assumption in this work, yet it demonstrates how powerful this proof is. So, this way to
prove the implication is completed by Serre’s remark.
Finally, we observe that these preceding two subsections already justify the inclusion
of all four names of those influential mathematicians in the title of this work and the
main theorem. Note that their surnames are not ordered alphabetically, which is slightly
uncommon. This has the purpose to highlight that Shephard and Todd already completed

1The quote can be translated to: “Do with it whatever you want”.
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the proof while Chevalley and Serre improved the way to show one implication. On the
other hand, Serre will take on the leading role in the next subsection.

4.3. Serre’s homological link between algebraic geometry and invariant the-
ory. In order to prove the last equivalence (b) ⇔ (c) nearly all the work has to be put
into demonstrating that (c) ⇒ (b) whilst the other implication is almost trivial.
There is no complete of the proof given for the mentioned advanced implication, but we
can look at the single steps taken on the way to prove it. The first step is a short excursion
to algebraic geometry by using the fact that smooth varieties afford regular coordinate
rings.
The biggest part in the proof of (c) ⇒ (b) is an equivalence first given by Serre [52] on
a conference in 1955. There, he showed that a local Noetherian ring is regular if and
only if its global dimension is finite (cf. Serre [52, Théorème 3]). Since the implication
that a local regular ring is of finite global dimension was shown before by Auslander and
Buchsbaum [2], “[t]he main original result of this paper is that a local ring of finite global
dimension is regular” (Buchsbaum [9, p. 439]). In order to prove this, a large toolkit of
homological algebra was applied, namely the concepts of Koszul complexes and minimal
resolutions are necessary (cf. Matsumura [40, p. 140]). On the path of the original proof a
theorem and multiple lemmas are proven as intermediate results. I find it remarkable that
the proof relies very little on existing literature, the only quoted result is a characterization
of regular rings.
At this point it is important to note that we only need the implication of Auslander–
Buchsbaum directly and will therefore exclusively present a proof for this part of the
equivalence. However, Serre’s converse will be hidden in a proof of a theorem whose result
we will just cite. Moreover, it is an interesting characterization of properties whose relation
is not apparent at first glance.
To complete the proof of (c) ⇒ (b) we make use of a theorem from Serre [55, Chapter
IV, Appendix III, Theorem 1]. It asserts that for a connected graded algebra over a field,
being regular and being isomorphic to a polynomial algebra are equivalent. However, the
origin of this theorem remains unclear. To begin with, the mentioned book is based on a
lecture given by Serre in 1957 and 1958, and was at first published as a french edition [54]
in which the appendix including the theorem stated above is missing. This was only added
in the english edition [55] from the year 2000. Moreover, in the preface, the addition of
this appendix is just mentioned (cf. [55, p. v]), but there is no explanation whether this
result was already given in the original lecture or only attached later on.
Nevertheless, this equivalence must have been known before as, for example, a very similar
statement was provided as an exercise in a book from Bruns and Herzog [8, Exercise 2.2.25]
that was originally published in 1993. Another indication that this result was already
known before can be found in Serre’s earlier mentioned paper [53] from 1967, where a
part of the equivalence is stated as lemma. Specifically, it is asserted that for a graded
algebra R over a field, the localized ring Rm is regular if and only R is a so-called graded-
polynomial algebra. However, this is not the whole set of equivalent characterizations
in Serre’s book [55]. Since neither a proof nor a reference to its origin is provided in
Serre’s 1967 paper, it remains unclear whether this was a new result at the time or a
well-known fact. Hence, this chapter on the history of the main theorem has to end with
this unsatisfying result.
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CHAPTER 2

The affine orbit variety

In this first part of the work, we will discuss the affine orbit variety. That is, the orbit
space—from which we will show that it can be viewed as variety—of the group action of a,
in our case, finite subgroupG of the general linear groupGL(V ) for some finite-dimensional
vector space V over C. So, we have V ∼= Cn and will hence identify V with Cn. In order to
treat this object we need a basis of algebraic geometry and invariant theory. First, we give
some fundamental definitions of algebraic geometry and will present the relations between
algebra and geometry. Next, there will be a section on quotients to provide a further
understanding of the quotient space Cn/G and quotients of varieties. Subsequently, we
will define the algebra of invariant polynomials SG. To study this subject, we will recall
some important definitions and results of ring theory as well commutative algebra. Aiming
at a rigorous definition of the algebra of invariants SG, we first establish the symmetric
algebra, and give an exposition of basic facts from multilinear algebra.
Subsequently, there will be a part on invariant theory treating some properties of the alge-
bra of invariants accompanied by an interlude on the historical development of this branch
of mathematics. In particular, it will be shown that SG is a finitely generated algebra in
case that the group G is finite. Furthermore, if it is additionally non-modular, SG is a
Cohen-Macaulay ring. Finally, the main result of this section will be presented. Following
Lamotke [35, Chapter II, §9], we will show that the orbit space Cn/G is homeomorphic
to the so-called affine orbit variety which depends on the generators of SG and that it is
thus also a quotient of varieties.

1. Affine algebraic varieties and the equivalence of geometry and algebra

The aim of this first section is to create an overview of the geometric objects, their algebraic
counterparts, and the interrelations between these two classes. For this purpose, most of
the time, we will adhere closely to the first two chapters of K. Smith et al. [58], providing
a well-understood introduction to algebraic geometry.

1.1. The geometric objects. First, we determine all objects to be considered in
a finite-dimensional vector space over the complex numbers C. Later on, it will emerge
that it is useful to choose an infinite, algebraically closed field with characteristic zero.
However, one can also study algebraic geometry over other fields, e. g., finite fields or the
p-adic numbers. The first foundational object defined below is the affine algebraic variety.
Definition 2.1. An affine algebraic variety V is the common zero locus of a collection
of polynomials with complex coefficients {fi}i∈I , where I is an arbitrary, possibly even
uncountable, index set. That is,

V = V
(
{fi}i∈I

)
= {x ∈ Cn | ∀i ∈ I : fi(x) = 0} ⊆ Cn.

If W ⊆ Cn is an affine algebraic variety and W is contained in V , we call W a subvariety
of V .
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For example, in C3 the x1x2-plane can be expressed as the variety V (x3). Furthermore,
the whole affine space Cn = V (∅) and the empty set ∅ = V (1) are trivial examples for
affine algebraic varieties.

Next up, we will present the Zariski topology Z on Cn, in which the open sets are defined
to be the complements of affine algebraic varieties. The axioms of a topology are fulfilled
as

V
(
{fi}i∈I

)
∩ V

(
{fj}j∈J

)
= V

(
{fi}i∈I∪J

)
,

which remains true for arbitrary intersections. Moreover, the whole space Cn as well as
the empty set are open as they correspond to the trivial varieties. Finally,

V
(
{fi}i∈I

)
∪ V

(
{fj}j∈J

)
= V

(
{fifj}(i,j)∈I×J

)
.

Thus, Cn equipped with the Zariski topology Z becomes a topological space. This space is
denoted by An and is called the affine n-space, where affine means that it cannot “see” any
origin, i.e., there is no special point defined as the origin and there is neither an addition
of points nor a scalar multiplication.

As usually in algebra when there is a structure, it is intuitive ask for mappings which
preserve this structure. Below, we will define morphisms of affine algebraic varieties.

Definition 2.2. A polynomial map between the affine spaces An and Am is a map

F : An −→ Am

x 7−→ (F1(x), . . . , Fm(x)) ,

where all components Fi are complex polynomials in n variables. Moreover, a map F
from V ⊆ An into W ⊆ Am is called a morphism of affine algebraic varieties if it is the
restriction of a polynomial map FP : An → Am. The morphism F is called an isomorphism,
if it is bijective and its inverse is a morphism, too.

Example 2.3. An easy example for a morphism is the projection map. For n ≥ m we
have

π : An −→ Am

(x1, . . . , xm, . . . , xn) 7−→ (x1, . . . , xm) .

The final property that we will define is the dimension of a an affine algebraic variety.
Afterwards, in Lemma 2.11, we will see a connection to the Krull dimension of a certain
ring. Before introducing the dimension, we have to define another property of affine
varieties, the irreducibility.

Definition 2.4. An affine algebraic variety V is said to be irreducible if there exist no
proper non-empty subvarieties V1 ⊊ V and V2 ⊊ V , such that V = V1 ∪ V2.

Definition 2.5. The dimension of an algebraic variety is the length d of the longest
possible chain of properly contained irreducible subvarieties in V ,

V0 ⊊ V1 ⊊ · · · ⊊ Vd.

Intuitively, one would assume that the dimension dim(An) of the affine n-space is n, but
this is not clear at first glance. However, in Lemma 2.11, we will see that this statement
is in fact true.
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1.2. The algebraic objects. The basic algebraic objects which will be consulted in
this chapter are polynomial rings, in particular the polynomial ring with n variables over
the complex numbers C[x1, . . . , xn]. For some general results of ring theory see Atiyah–
Macdonald [1, Chapter 1]. Furthermore we recall, that the polynomial ring C[x1, . . . , xn]
is even a C-algebra, i.e., a ring containing C as a subring. It is finitely generated by
{x1, . . . , xn}.
For this use case, we additionally need the notion of a reduced ring, that is, a ring where
all nilpotent elements are already zero. A quotient ring R/I is reduced if and only if the
ideal I is radical (cf. Eisenbud [19, p. 36]).
An important theorem which has to be mentioned in this context is Hilbert’s basis theorem
(cf. Atiyah–Macdonald [1, Theorem 7.5]). It states that for a Noetherian ring R—that is,
a ring where all ideals are finitely generated—the polynomial ring R[x] is also Noetherian.
In particular C[x1, . . . , xn] is Noetherian.

1.3. The equivalence of geometry and algebra. In the following, we will create
the link between geometry, represented by affine algebraic varieties, and algebra, repre-
sented by ideals of polynomial rings.
Definition 2.6. The vanishing ideal of an affine algebraic variety V ⊆ An is defined to
be

I(V ) = {f ∈ C [x1, . . . , xn] | f(x) = 0 for all x ∈ V } .
It is straightforward to verify that I(V) is indeed an ideal of C [x1, . . . , xn]. By Hilbert’s
basis theorem this ideal is finitely generated, so let I(V ) = (f1, . . . , fm).
Lemma 2.7. Let V ⊆ An be an affine algebraic variety. Then

V = V(I(V )) = V ((f1, . . . , fm)) = V (f1, . . . , fm) ,

where f1, . . . , fm denote the generators of the ideal I(V).
Proof. See K. Smith et al. [58, p. 19] □
In order to detect whether this also works for I(V(I)) with any ideal I ⊴ C[x1, . . . , xn],
one has to look at Hilbert’s Nullstellensatz. As it is nicely formulated by K. Smith et al.,
this “theorem is the first entry in a dictionary that will help us translate statements about
geometry into the language of algebra” ([58, p. 23]).
Theorem 2.8 (Hilbert’s Nullstellensatz). For an arbitrary ideal I ⊴ C[x1, . . . , xn],

I(V(I)) =
√
I

Proof. See, for example, Harris [26, Theorem 5.1 and p. 57–59]. □
Thus, for radical ideals, it follows immediately that I(V(I)) = I. With the results above,
this yields the bijection
(1) {Affine algebraic varieties of An} ←→ {Radical ideals of C[x1, . . . , xn]} .
Note that this bijection mapping a variety V onto the ideal I(V ), which is clearly radical,
and conversely a radical ideal I onto the variety V(I) is order-reversing. So, if W ⊆ V is
a subvariety, we get I(W ) ⊇ I(V ). Since an arbitrary maximal ideal of C[x1, . . . , xn] has
the form

ma = (x1 − a1, . . . , xn − an) ,
where a = (a1, . . . , an) ∈ An (cf. Matsumura [40, Corollary 14.4]) and V (ma) = {a}, the
maximal ideals m of the polynomial ring correspond bijectively to singletons of the affine
n-space.
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Hilbert’s Nullstellensatz is also the reason why we only consider C, or more generally an
algebraically closed field, as base field. For example, over R its statement is no longer
true: we have V(x2+1) = V(1), and one can easily verify that both ideals are radical. So,
the mapping I 7→ V(I) in (1) is no longer injective.
Now we will take the next step in creating our dictionary of algebra and geometry by
constructing a corresponding C-algebra to a given affine algebraic variety.
Definition 2.9. For any V ⊆ An, we define the coordinate ring of V to be the restriction
C[x1, . . . , xn]|V . Its elements are complex polynomials in n variables restricted to the
variety V . Under pointwise operations, they form a finitely generated C-algebra as well,
which will be denoted by C[V ].
The restriction defines a natural surjective C-algebra homomorphism

C[x1, . . . , xn] −→ C[x1, . . . , xn]|V ,

whose kernel is exactly I(V ). For example, if V = {0}, the functions of C[V ] are determined
by their constant term, so C[V ] ∼= C. In general, we get the natural isomorphism

C[x1, . . . , xn]/I(V ) ∼= C[V ].

This means that the equivalence classes of C[V ] and the functions on V are in a one-to-one
correspondence. Moreover, the affine algebraic variety V determines a unique C-algebra,
its coordinate ring. Additionally, we want to define a similar relation for morphims of
varieties and C-algebra homomorphisms.
Definition 2.10. For any morphism F : V →W , the pullback is the induced map

C[W ] −→ C[V ]

g 7−→ g ◦ F,

for a polynomial function g on W . It will often be denoted by F#.
This is well-defined because the composition of the polynomial map F and the polynomial
function g is again a polynomial, but now on V . Furthermore, it is a simple task to check
that this defines a C-algebra homomorphism.
So, for the geometric objects, we have shown in which way they determine their unique
algebraic counterparts. Next, we will present the converse direction. Given an arbitrary
affine algebraic variety, the coordinate ring is a reduced (since I(V ) is radical) and finitely
generated C-algebra. Hence, we start with a reduced finitely generated C-algebra R.
For more details see K. Smith et al. [58, Section 2.5], but the idea how to determine a
variety, that is unique up to isomorphism, is the following: let I be the kernel of the map
C[x1, . . . , xn]→ R sending xj onto the jth generator of R. Then, V(I) is an affine algebraic
variety with coordinate ring isomorphic to R.
Finally, given a C-algebra homomorphism σ between two reduced finitely generated C-
algebras R and S, one can show that σ is the pullback of a polynomial map F between
the corresponding affine algebraic varieties, which is unique up to isomorphism. A version
of the rather technical proof can be looked up in K. Smith et al. [58, Section 2.5].
The first conclusion we can draw is that two affine algebraic varieties are isomorphic if
and only if their coordinate rings are isomorphic. Another conclusion will follow as an
application of the following lemma.
Lemma 2.11. Let V ⊆ An be an affine algebraic variety and let C [V ] be its coordinate
ring.
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(a) The variety V is irreducible if and only if the ideal I(V ) ⊴ C[x1, . . . , xn] is prime.
(b) The dimension of V is equal to the Krull dimension of C[V ], in particular

dim(An) = n.
Proof. For (a) see Harris [26, p. 52]. Then by definition, (b) follows immediately from
(a) and the fact that C[An] = C[x1, . . . , xn]. □
As a last part of our dictionary between algebra and geometry, we want to elaborate how
the Zariski topology can be translated. While discussing Hilbert’s Nullenstellensatz we
have already seen that any point of an affine algebraic variety V corresponds to a maximal
ideals of the coordinate ring C[V ]. Therefore, given any Zariski closed set W ⊆ V , due
to the order-reversing bijection in (1), we can identify W with the set of maximal ideals
containing I(W ). So, we have transported the Zariski topology onto the set of maximal
ideals of C[V ]. In general, for a ring R we call this set the maximum spectrum of R and
write maxSpec(R) = {m ⊆ R | m is a maximal ideal}.
This transfer of topology is compatible with C-algebra homomorphisms as well: for finitely
generated reduced C-algebras R and S with σ : R → S we obtain the order-reversing
correspondence

σ# : maxSpec(S)→ maxSpec(R), m 7→ σ−1(m).

This arises from the varieties satisfying C[V ] = S and C[W ] = R, as well as the associated
morphism F : V → W mapping a point of V that is considered as a maximal ideal m of
maxSpec(S) onto its preimage under the pullback (F#)−1(m).
However, a possible generalization fails because for an arbitrary commutative ring R, the
preimages of maximal ideals are no longer maximal. For example, consider the inclusion
Z ↪→ Q: in Q, the ideal {0} is maximal, but in Z only prime not maximal. Since the
preimages of prime ideals are primes themselves, we introduce the following generalization.
Definition 2.12. For a commutative ring R, where the spectrum of R is denoted by
Spec(R) = {p ⊆ R | p is a prime ideal}, we define the Zariski closed sets to be the sets
V(I) = {p ∈ Spec(R) | I ⊇ p} for all ideals I of R. In this way, the spectrum equipped
with the Zariski topology is transformed into a topological space.
Remark 2.13. The above relation between algebra and geometry can be concluded that
for a reduced finitely generated C-algebra R, the affine variety with coordinate ring R
corresponds to Spec(R) and is often also denoted by this expression, i.e., Spec(C[V ]) = V .
This subsection is completed by the introduction of regular functions on a variety which
are needed in the third section, see K. Smith et al. [58, Chapter 4.3] for more details.
Definition 2.14. Let V be an affine variety. We say that a complex valued function
f : U → C on an open subset U ⊆ V is regular at a point p if there exist functions
g, h ∈ C[V ] such that h(p) 6= 0, and f = g/h in some neighborhood of p. If f is regular at
every point of U , f is called a regular function on U . For the set of all regular functions
on U , we write OV (U).
If V is a closed set of An with respect to the Zariski topology, then the regular functions
coincide with the restriction of polynomials to V , i.e., OV (V ) = C[V ]. In general, for any
variety V and an arbitrary open set U ⊆ V , the set OV (U) is even a C-algebra.

1.4. Smooth varieties. This subsection follows K. Smith et al. [58, Chapter 6].
Aiming at a definition of smoothness of varieties, let V ⊆ An be an affine algebraic
variety of dimension d, and let I(V ) = (F1, . . . , Fr) be its ideal. Moreover, consider a line
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` = {(ta1, . . . , tan) | t ∈ C} in An trough the origin and a fixed point q = (a1, . . . , an). To
compute the intersection V ∩`, the solutions of Fi (ta1, . . . , tan) = 0 have to be determined
for all i = 1, . . . , r. This is the question for common roots of these polynomials in one
variable t. As the base field is C, they split into linear factors. The multiplicity of a point
p in V ∩ ` is the maximal power k ∈ N of the corresponding linear factor, such that it
divides the polynomial Fi (ta1, . . . , tan) for all i = 1, . . . , r.

Definition 2.15. For a line ` ⊆ An, a variety V as above, and a point p ∈ V , we shall
say that ` is tangent to V at p if the multiplicity at p is greater than 1. The space of all
points lying on lines tangent to V at p is called the tangent space TpV .

The aim is to characterize the tangent space using formal derivatives, starting with the
introduction of the differential.

Definition 2.16. The differential df |p of a polynomial f ∈ C[x1, . . . , xn] at a point p ∈ Cn

is the linear part of its Taylor series expansion.

In other words, if we write f(x) = f(p) +L(x− p) +G(x− p) uniquely with linear part L
and G as the part of terms of degree at least 2, the differential dF |p of f at p is the linear
function L. This leads to

L(x− p) = df |p(x− p) =
n∑

j=1

∂f

∂xj
(p)(xj − pj).

Furthermore, it can be shown that the set of differentials of all Fi—the generators of
I(V )—generates the tangent space as variety (cf. K. Smith et al. [58, p. 89]), i. e.,

TpV = V (dF1|p(x− p), . . . , dFr|p(x− p)) ⊆ An.

Note that this way to define the tangent space is well-defined because the same theorem
also tells us that the tangent space does not depend on the chosen generators F1, . . . , Fr.

Definition 2.17. For a point p on an affine algebraic variety V we say that p is a smooth
point if dim (TpV ) = dim (V ). Otherwise p is called a singular point. If all points of the
variety V are smooth, we say that V is a smooth variety.

Remark 2.18. As shown by K. Smith et al. ([58, p. 92–93]), the above formula on the
differentials leads to the so-called Jacobi-matrix J .

J(x− p) =


∂F1
∂x1

∣∣
p
· · · ∂F1

∂xn

∣∣
p

...
. . .

...
∂Fr
∂x1

∣∣
p
· · · ∂Fr

∂xn

∣∣
p


x1 − p1...
xn − pn


is the equation whose zero set is exactly the tangent space TpV of the variety V corre-
sponding to the fi at the point p = (p1, . . . , pn). Hence, the tangent space can be viewed
as the kernel of this linear map. One can show that the rank of J is bounded upwards by
n− dim(V ) (cf. Hartshorne [27, proof of 5.3]). Therefore, the dimension of V is a lower
bound on the dimension of the tangent space. Then, for a singular point p ∈ V we have
n − dim (TpV ) = rk(J) < n − dim(V ). Hence, a point p ∈ V is a smooth point if and
only if the corresponding Jacobi-matrix is of full rank, i. e., rk(J) = n− dim(V ). This is
usually called the Jacobi-criterion for smoothness.

Example 2.19.

(a) A simple example for a smooth variety is the whole affine n space. In this case,
I(An) = {0} and dim(An) = n. So, J = (0, . . . , 0) with rk(J) = 0 = n− n.
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(b) An example for a singular point is the origin of the so-called cusp V
(
y2 − x3

)
⊆ A2.

We only have F1 = y2 − x3 and therefore J =
(
−3x2, 2y

)
whence J(0) = 0 which

is not of rank 1. However, every other point is smooth.

2. Important notions and results from commutative algebra

This section serves as a collection of objects and their properties that will be needed
later on. At first, we start with some general results about rings and modules, for a
basic introduction see Atiyah–Macdonald [1, Chapter 2]. Throughout, as mentioned in
Section 1.2, let R be a commutative ring with unit element.
Lemma 2.20 (Nakayama’s lemma).

(a) Let M be a finitely generated R-module. For any ideal I contained in all maximal
ideals of R holds the following implication: IM =M ⇒M = 0.

(b) Let M and I be as above and let N be a submodule of M . Then if M = IM +N ,
it follows N =M .

(c) Let (R,m) be a local ring, k = R/m be its residue field, and M a finitely gen-
erated R-module. Then M/mM is naturally a k-vector space. Furthermore, if
(x1 +mM, . . . , xn +mM) form a basis of M/mM , then {x1, . . . , xn} generate M .

Proof. See Atiyah–Macdonald [1, p. 21–22]. □
Next, we want to determine some important notions of ring extensions, for further results
see Lang [36, Chapter VII, §1].
Definition 2.21. For a ring R and a ring extension R ⊆ S, we say that S is of finite
type over R if S is a finitely generated R-algebra, and S is finite over R if S is a finitely
generated R-module.
Definition 2.22. For a ring extension R ⊆ S and an element a ∈ S, we define a to be
integral over R if there exists a monic polynomial f ∈ R[x] such that f(a) = 0. If all
elements of S are integral over R, we say that S is an integral ring extension of R.
Propostion 2.23. Let R ⊆ S be a ring extension. Then the so-called integral closure of
R in S, the set IntS(R) := {a ∈ S | a is integral over R}, is a subring of S.
Proof. See Lang [36, Chapter VII, Proposition 1.4]. □
Propostion 2.24. If R ⊆ S is an integral ring extension and S is finitely generated
R-algebra, then S is finite over R.
Proof. See Lang [36, Chapter VII, Proposition 1.2]. □
Definition 2.25. For a field k and a k-algebra A we shall say that a set of elements
{a1, . . . , an} ⊆ A is algebraically independent over k if the kernel of the canonical map
F : k[x1, . . . , xn]→ k[a1, . . . , an], P 7→ P (a1, . . . , an) is trivial.
Theorem 2.26 (Noether normalization). Let A be a finitely generated nonzero k-algebra
for a field k. Then there are y1, . . . , yr ∈ A such that the extension k[y1, . . . , yn] ⊆ A is
integral and the yi are algebraically independent over k.
Proof. See Atiyah–Macdonald [1, Chapter 5, Exercise 16]. □

3. Quotients of topological spaces and varieties

After introducing affine algebraic varieties, in order to gain a better understanding of what
we mean by Cn/G in part (c) of the main theorem, we now have to establish quotients.
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For this purpose, we firstly introduce general quotients in the category of topological
spaces. Moreover, we will bring in three further types of quotients for varieties. In order
to describe the action of a group on a variety, we have to establish the so-called linear
algebraic groups. The aim is to prove that the quotient space Cn/G, which is a priori an
analytic space with the Euclidean topology, is also a quotient with respect to the Zariski
topology in the category of affine varieties. For this purpose, all the preparations will be
presented in this section such that these results just have to be applied after demonstrating
that Cn/G can be viewed as an affine variety in Section 2.6.

First, we start with the most basic definition of a quotient: the quotient in the category
of sets (cf. Santos–Rittatore [20, Chapter 6.4]).

Definition 2.27. Let G be any group acting on an arbitrary set X. We write X/G for
the set of orbits of this action and denote the canonical projection mapping x ∈ X onto
its orbit by π : X → X/G. Then, the pair (X/G, π) is called the set theoretical orbit
space. The categorical characterization is obtained by the following universal property:
let f : X → Z be a map that is constant along the orbits, i.e. f(x) = f(y) if and only if x
and y lie in the same orbit. Then, one can find a unique map f̂ : X/G→ Z such that the
diagram

X Z

X/G

f

π
f̂

is commutative.

Next, this construction shall be transferred to the category of topological spaces in which
the morphisms are continuous maps. Here, we consider quotients given by an action of a
group G on the underlying set of the topological space (X, τ). However, we remark that
quotients of sets and topological spaces can be defined for general equivalence relations
and their classes, too. The following definition and remark are based on Borisovich et al.
[5, Chapter 2, §3] which also offers a more sophisticated presentation of this topic.

Definition 2.28. Let (X, τ) be a topological space and take the set theoretical quotient
space X/G for some group action induced by G. As above, the canonical quotient map is
denoted by π : X → X/G. We define the quotient topology τ ′ on X/G induced by τ as the
topology in which the open sets Y ⊆ X/G are exactly those sets such that their preimage
π−1(Y ) ⊆ X is open with respect to τ .

Remark 2.29. In order to prove that this construction is indeed a quotient in the category
of topological spaces, it remains to show: if f is continuous in the setup of Definition 2.27,
then both π and f̂ are continuous such that they are morphisms in the said category.
Since the topology τ ′ of X/G is in Definition 2.28 defined such that π is continuous, it
remains to verify the continuity of f̂ .
We have that f̂ is continuous if and only if the preimage f̂−1(A) for every open set A ⊆ Z is
open in X/G, and this preimage is in turn open if and only if π−1(f̂−1(A)) = (f̂ ◦π)−1(A)

is open in X by Definition 2.28. Hence, using that f = f̂ ◦ π yields that this set is open
because f is continuous by assumption which implies that f−1(A) is open.

Remark 2.30. The reason to consider these quotients is that we will demonstrate that
the quotient space Cn/G in part (c) of the main theorem is homeomorphic as analytic
space equipped with the Euclidean topology to the later introduced affine oribt variety
Vor (see Theorem 2.88). Therefore, the space Cn/G can be viewed as a variety itself.
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However, it is not clear that it is also a quotient in the category of affine varieties over C.
Since we wish that a quotient of an affine variety satisfies properties compatible with the
quotient of topological spaces in Remark 2.29, we will subsequently introduce three types
of quotients of varieties. Later, after the proof of the aforementioned homeomorphism, we
will point out that the variety Vor is a so-called geometric quotient in the category of affine
varieties equipped with the Zariski topology. Based on this, we will demonstrate that Vor
affords the quotient topology of the space Cn/G with respect to the Zariski topology. But
in order to perform this proof, we firstly have to establish the orbit variety Vor. Moreover,
its connection to the algebra of invariants J = SG has to be indicated. Since this will
only happen in the later Section 2.6, at this point, we present a general version of the two
theorems whose application will yield the desired result. For their proofs, a result from
Section 2.5.1 is still needed. Nevertheless, the assertion is so intuitive that we can state it
without issue.
The remainder of this section will be devoted to introduce categorical, good, and geometric
quotients. However, we have to firstly introduce a special type of group and their action
on varieties. For this presentation, we follow an introductory talk held by Schmitt [51],
starting with linear algebraic groups.
Definition 2.31. A linear algebraic group over a field k is an affine variety G such that
its set of points possesses a group structure. Moreover, we demand the group operation
G × G → G, (g, h) 7→ gh and the mapping g 7→ g−1 onto the inverse elements to be
morphisms of varieties.
Example 2.32. This example serves as an explanation how the group GL(kn)—for a
field—k can be viewed as a linear algebraic group. In the case of k = C, this is the group
to which the following theory shall be applied.
We use the identification ofGL(kn) with the set {(A, y) ∈ kn×n×k | det(A)y−1 = 0} which
is a variety because the expression det(A)−1y is polynomial. The corresponding mapping is
A 7→

(
A, det(A)−1

)
. Note that the coefficients of the product AB are polynomial functions

of the coefficients of A and B. Moreover, the coefficients of the inverse A−1 are polynomial
in the coefficients of A and det(A)−1. Hence, all conditions for a linear algebraic group
are fulfilled.
Next, we describe how some linear algebraic group acts on a variety.
Definition 2.33. Let a linear algebraic group G act as a group on the set of points of a
variety X. If this action G×X → X is a morphism of varieties, we say that the G-action
is regular. In this case, X is called a G-variety.
Remark 2.34. Now we can formulate which properties we desire to have for a quotient of
a variety X is induced by a group action of a linear algebraic group G, and that behaves as
in a topological space. We want to determine another affine variety Y which will take the
role of the quotient space and a map p : X → Y that shall correspond to the projection π.
Therefore, the points of Y shall match the orbits of the group action and p is demanded
to be a surjective morphism of varieties that is invariant under the action of G, i.e., for
all g ∈ G, x ∈ X holds p(gx) = p(x). Then, such a quotient behaves like the quotient of a
topological space, and is compatible with the category of affine varieties over a fixed field.
Hence, the objective will be to prove that Cn/G is a later introduced geometric quotient.
The first step is the following categorical quotient.
Definition 2.35. A categorical quotient of a G-variety is a tuple of an affine variety and
a G-invariant morphism of varieties p : X → Y satisfying the following universal property:
for any G-invariant morphism f : X → Z, there exists a unique morphism f̂ : Y → Z such
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that the diagram

X Z

Y

f

p

f̂

is commutative.

Note that this quotient is unique, and that the map p is surjective if the categorical quotient
exists (cf. Santos–Rittatore [20, Chapter 6, Lemma 4.5]). Clearly, the fiber p−1({x}) of
a point x ∈ Y consists of a union of the G-orbits. However, this is not necessarily a
single orbit whence the desired correspondence of points and orbits in Remark 2.34 is
not achieved yet (cf. loc. cit. Chapter 6, Observation 4.3). Furthermore, a categorical
quotient does not have to exist, for a counter example see Santos–Rittatore [20, Chapter 6,
Example 4.10].

Next up, we will introduce some properties of maps from topology.

Definition 2.36. Let f : X → Y be a map between topological spaces, then we shall say
(a) the map f is closed if the image f(A) of any closed set A ⊆ X is closed;
(b) the map f is open if the image f(B) of any open set B ⊆ X is open;
(c) the map f is proper if the preimage f−1(K) of any compact set K ⊆ Y is compact.

Subsequently, we try to fix the missing separation by the introduction of the second type
of a quotient of a variety.

Definition 2.37. Let X be a G-variety. Then, we shall say that (Y, p) is a good quotient
for the group action of G on X if p : X → Y is a closed, G-invariant, and surjective
morphism of varities, and fulfills the following: p is demanded to be affine, that is, the
preimage of any affine open set in Y is affine algebraic in X as well. Additionally, for
every open set U ⊆ Y the map

OY (U)→ OX

(
p−1(U)

)G
, f 7→ f ◦ p

is an isomorphism, where OX

(
p−1(U)

)G denotes the ring of G-invariant functions which
will be investigated more precisely in Section 2.5.1. The last condition is that the images
p(V1), p(V2) of disjoint closed sets V1, V2 are disjoint too.

Propostion 2.38. A good quotient (Y, p) of a G-variety is a categorical quotient as well.

Proof. See Schmitt [51, slide 17] for a sketch of this proof. □
A good quotient satisfies almost all the desired properties of the quotient of varieties that
were postulated in Remark 2.34. However, a good quotient does not separate all orbits but
only the closed ones. In order to add this and thereby achieve all the desired properties,
the last type of quotient is brought in.

Definition 2.39. A geometric quotient (Y, p) of a G-variety X is a good quotient where
the fiber p−1({y}) of every point y ∈ Y consists of exactly one G-orbit.

Next, we establish a special type of map between affine varieties, and provide some of its
properties that will occur in the following proofs. Note that we assume the base field to
be C as this will be the scenario to which the following results will be applied.

Definition 2.40. A morphism f : X → Y of affine varieties is said to be finite if the
extension C[Y ] ⊆ C[X] is a finite ring extension.
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Propostion 2.41. Let f : X → Y be a finite morphism of affine varieties. Then, f is
a closed map, and f is surjective if and only if the related pullback f# : C[Y ] → C[X] is
injective.
Proof. See Santos–Rittatore [20, Chapter 1, Theorem 4.93]. □
Subsequently, we demonstrate the first important result which we will apply onto the
situation of Cn/G later. The ideas of the succeeding proof are taken from Hacking [25,
Lemma 7.5]. Similarly to the algebra of invariants J = SG, we denote the ring of polyno-
mials on a variety X that are invariant under the action of G by C[X]G.
Propostion 2.42. Let X be an affine variety and let the finite group G act on X. Then,
the underlying set of the topology of the variety Spec(C[X]G) is the set of orbits and the
topology is the quotient topology induced by the Zariski topology.
Proof. For convenience, we set Y := Spec(C[X]G).
We start with the first claim. In Proposition 2.71 we will see that the ring extension
C[X]G ⊆ C[X] is finite. Hence, the morphism of varieties q : X → Y induced by the
inclusion map is finite. So, by Proposition 2.41, it follows that q is closed and surjective
as the inclusion is clearly injective. Thus, in order to verify that the underlying set of
Spec(C [X]G) corresponds to the set of orbits, it remains to show that if q(x) = q(y), then
x and y lie in the same orbit. Let x, y ∈ X such that x 6= gy for all g ∈ G. Analogously
to Lemma 2.62 we can find a polynomial f ∈ C[X] with f(x) 6= 0 and f(gy) = 0 for all
g ∈ G. Set h :=

∏
g∈G gf which is clearly G-invariant, i.e., h ∈ C[X]G. Call in mind that

points z1, z2 ∈ Y are equal if and only if α(z1) = α(z2) for all α ∈ C[X]G. So, due to the
choice of f , it follows that h(x) 6= 0 while h(y) = 0 which implies q(x) 6= q(y) and hence
proves the first claim.
Secondly, we have to show that a set U ⊆ Y is open if and only if its preimage q−1(U) ⊆ X
is open. For this purpose, we observe that q is continuous: a closed set in Y is the vanishing
locus of some polynomials fi. Then, its preimage is the vanishing locus of the functions
fi ◦ q which are polynomials, too. So, the preimage is closed, and hence q is continuous
which implies that if U ⊆ Y is open, then q−1(U) is open.
It remains to confirm that for a set U ⊆ Y such that q−1(U) ⊆ X is open, U is open itself.
As q is surjective, we have that q(q−1(U)) = U . Moreover, since q is closed, it follows
that q(X \ q−1(U)) = Y \ U is closed whence U is open. Thus, the topology on Y is the
quotient topology induced by the Zariski topology. □
In conclusion, we will show that the preceding map q already satisfies all the properties
of a geometric quotient. For this purpose we follow Santos–Rittatore [20, Theorem 5.2].
Theorem 2.43. Let G be a finite algebraic linear group acting regularly on an affine
variety X. Then the tuple (Spec(C[X]G), q) from Proposition 2.42 is a geometric quotient.
Proof. At the outset, we observe that we have just seen in the proof of Proposition 2.42
that q is a closed, surjective, and affine morphism. Moreover, since q(x) = q(y) implies
x = gy for some g ∈ G, it follows immediately that q separates all the orbits of the
G-action. Hence, it remains to verify that q is G-invariant, and that for every open set
U ⊆ Y the pullback map OY (U)→ OX

(
q−1(U)

)G
, f 7→ f ◦ q is an isomorphism.

So, to start with, the G-equivariance, we have to check that q(x) = q(gx) for all x ∈ X
and all g ∈ G. Hence, we have to verify that f(q(x)) = f(q(gx)) for all f ∈ C[Y ] = C[X]G.
Since q is induced by the inclusion map, it follows that its pullback is the inclusion map,
too, and hence q#(f) = f ◦q = f . Thus, the preceding equation translates to f(x) = f(gx)
which is clearly true for all G-invariant functions.
For the aforementioned isomorphism, it is sufficient to prove it for an arbitrary elementary
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open set Yf = {p ∈ Y | f(p) 6= 0} for a G-invariant polynomial f ∈ C[X]G because any
open set can be covered by them. Hence, we aim at proving the isomorphism

OY (Yf ) ∼= OX

(
q−1(Yf )

)G
= OX(Xf )

G.

Under this assumption, the proof is completed by using the equality and the isomorphism

OX(Xf ) =

{
g

f r

∣∣∣∣ g ∈ C[X], r ∈ N
}
∼= C[X]f

(cf. Gathmann [22, Proposition 3.8 and Corollary 3.10]), and the fact that q#(f) = f for
all f ∈ C [Y ] = C [X]G as well as the chain

q#(C[Y ]f ) = q#((C[X]G)f ) = (q#(C[X]G))q#(f) = (C[X]G)f =
(
C[q−1(Y )]f

)G
.

For the last equality, we note that P ∈ (C[X]G)f if and only if P = h
fr , where r ≥ 0 and

h is a G-invariant polynomial. Since f is G-invariant, this is equivalent to P ∈ (C[X]f )
G.

As q−1(Y ) contains at least one representative from each G-orbit, we can conclude that
the G-invariant functions on X and q−1(Y ) coincide, from which the claimed equality of
the sets above follows directly. □
Therefore, the two preceding results jusitify to denote Spec(C [X]G) by X/G.

4. Basics of multilinear algebra

In this section, we will follow a book on multilinear algebra by Greub [24] to provide an
introduction to some useful objects of this area. First, the tensor algebra will form the
foundation for the exterior algebra and the symmetric algebra. Here, these notions will
only be discussed for vector spaces over a field in characteristic 0, but they can also be
generalized for modules, see, for example, Lang [36, Chapter XIX, §1 and Chapter XVI,
§8]. For this section we assume familiarity with tensor products of finitely many vector
spaces and their basic properties, as, e.g., in Lang [36, Chapter XVI, §1–2]. The symmetric
algebra is needed to define the coordinate ring of a vector space (see Definition 2.59),
which is important for the subsequent section. To achieve a better compatibility with the
following sections, the notations from Lehrer–Taylor [37] are adopted.

Throughout, let V be a vector space over a field of characteristic 0.

4.1. The tensor algebra. The aim of this subsection is the construction of the tensor
algebra following Greub [24, 3.1 and 3.2]. To do so, we first establish some preliminaries.

Definition 2.44. Let p ≥ 2. The tensor product of V p := V × · · · × V , the p-fold direct
product of copies of the vector space V , will be called the p-fold tensor power of V , denoted
by T p(V ). Its elements are the tensors of degree p. If x ∈ T p(V ) and x = x1 ⊗ · · · ⊗ xp,
where all xi are of degree 1, x is called a pure tensor.

The subsequent proposition shows the associativity of the tensor product.

Propostion 2.45. Let V1, V2, V3 be vector spaces over the same field of characteristic 0.
Then

V1 ⊗ V2 ⊗ V3 ∼= (V1 ⊗ V2)⊗ V3
by sending pure tensors x1 ⊗ x2 ⊗ x3 onto (x1 ⊗ x2)⊗ x3. This isomorphism is unique.
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Proof. See Greub [24, Proposition 1.20.1]. The uniqueness follows from the universal
property of the tensor product. □
From this, we can conclude that T p⊗T q ∼= T p+q by a unique isomorphism, and that there
exists a unique bilinear map, such that for pure tensors

β : T p × T q → T p+q β (x1 ⊗ · · · ⊗ xp, xp+1 ⊗ · · · ⊗ xp+q) = x1 ⊗ · · · ⊗ xr.
Hence, for pure tensors x and y of degree p and q respectively, we can define their tensor
product in the following way:
(2) x⊗ y = (x1 ⊗ · · · ⊗ xp)⊗ (y1 ⊗ · · · ⊗ xq) = (x1 ⊗ · · · ⊗ xp ⊗ y1 ⊗ · · · ⊗ xq) .
Since all elements of a p-fold tensor power can be written as sum of pure tensors, this
multiplication can be extended linearly.
Definition 2.46. The tensor algebra over the vector space V is the direct sum

T (V ) =
∞⊕
p=0

T r(V ),

with T 0(V ) = k and T 1(V ) = V for the base field k.
The algebra structure is clear apart from the multiplication of two elements. But in (2)
we have already defined the multiplication on pure tensors and extended it for tensors of
fixed degree. As every element of T (V ) is a formal sum of elements in the tensor powers
T p with only finitely many nonzero entries, the multiplication can be traced back to the
case of tensors with fixed degree

x⊗ y =
∑
p,q

xp ⊗ yq x =
∑
p

xp, y =
∑
q

yq.

The tensor product of xp and yq is defined as in (2). Therefore, T (V ) is an associative
algebra in which V is naturally included. It also admits a grading by assigning the degree
p if an element lies in T p(V ).
Recall that for a basis (vi)i∈I of the vector space V the set of pure tensors {vi1⊗· · ·⊗vip | for
all (i1, . . . , ip ∈ {1, . . . , n}p} forms a basis of the p-fold tensor power T p(V ). In particular,
if V is of finite dimension n, this leads to dim (T p(V )) = np.

4.2. The exterior algebra. Aiming at a definition of the exterior algebra, the no-
tions of a skew-symmetric map and the exterior product will be introduced. In this
subsection we follow Greub [24, 5.1–5.4 and 5.7].
Definition 2.47. Let p ≥ 2, and let V,W be vector spaces. A p-linear map ϕ : V p → W
is called skew-symmetric if the following implication holds:

xi = xj for some i 6= j ⇒ ϕ (x1, . . . , xn) = 0.

There are multiple equivalent definitions (cf. Greub [24, 5.1]) but this definition even
works in the more general situation that the base field is of positive characteristic.
Example 2.48. The determinant map det : (kn)n → k, where the columns of a matrix
are considered as individual entries, is a skew symmetric map as equal columns are linearly
independent.
Thereafter, we will define a universal property for skew-symmetric maps almost analo-
gously to the universal property for tensor products in order to characterize the exterior
product.
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Definition 2.49. Let A be a vector space and ∧p : V p → A be a p-linear skew-symmetric
map. We say that ∧p has the universal property if the following conditions are fulfilled:

(a) The map ∧p is surjective, i. e., im (∧p) = A.
(b) For any vector space W and any skew-symmetric map ϕ : V p →W there exists a

linear map f : A→W such that ϕ = f ◦ ∧p, i. e., the diagram commutes:
V p W

A.

φ

∧p

∃f

Then we shall say that (A,∧p) is the p-fold exterior power of V and may also write
A =

∧p(V ).
The succeeding theorem shows that it is justified to denominate it as the exterior power
since it is unique up to ismorphism.
Theorem 2.50. For any vector space V and any p ≥ 2, there exists a p-fold exterior
product

∧p(V ) and it is unique up to isomorphism.

Proof. For the uniqueness assume ∧p : V p → A and
∼
∧p : V p →

∼
A are two p-linear skew

symmetric maps fulfilling the universal property of Definition 2.49. Hence, applied to
W =

∼
A and

∼
W = A, there exist linear maps f : A→

∼
A and

∼
f :

∼
A→ A. Then we have

f ◦ ∧p =
∼
∧p and

∼
f◦

∼
∧p = ∧p.

This leads to f ◦
(

∼
f◦

∼
∧p
)

=
∼
∧ p and

∼
f ◦ (f ◦ ∧p) = ∧p and as ∧p and

∼
∧ p are each

surjective—so cancellation from the right is applicable—we get that

f ◦
∼
f = id and

∼
f ◦ f = id .

Thus, we can finally conclude that A ∼=
∼
A.

For the existence, we only give a sketch of the proof and omit the computations that can
be found in Greub [24, 4.1, 4.6 and 5.3]. The first step of constructing the p-fold exterior
power is to define Np(V ) as the subspace of T p(V ) generated by the set

{x1 ⊗ · · · ⊗ xp | xk ∈ V, ∃i 6= j : xi = xj} .

One can show that setting
∧p(V ) = T p(V )/Np(V ) and defining the map ∧p as the con-

catenation π ◦ τ , where τ : V p → T p(V ) denotes the map belonging to the tensor product
and π : T p(V ) → T p(V )/Np(V ) the projection, is a skew symmetric map satisfying the
universal property. □
Similarly to the tensor algebra, we can now define the exterior algebra.
Definition 2.51. The exterior algebra over a vector space V is the direct sum∧

(V ) =
∞⊕
p=0

p∧
(V )

with
∧0(V ) = k and

∧1(V ) = V for the base field k.
The individual projections π : T p(V )→

∧p(V ) with kernel Np(V ) for each p determine a
common projection

π : T (V )→
∧

(V )
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with kernel
⊕∞

p=0N
p(V ) = N(V ). Hence,

∧
(V ) ∼= T (V )/N(V ) which is an associative

algebra (cf. Greub [24, 4.6]). The algebra multiplication, denoted by ∧, is induced by the
projection π via x ∧ y = π

(∼
x ⊗ ∼

y
)

for preimages under π of x and y respectively. Thus,
we have

(x1 ∧ · · · ∧ xp) ∧ (y1 ∧ · · · ∧ yq) = x1 ∧ · · · ∧ xp ∧ y1 ∧ · · · ∧ yq.
Besides, the ideal N(V ) inherits the grading from the tensor algebra, and therefore the
exterior algebra is also graded. Moreover, by definition clearly N0(V ) = 0 and N1(V ) = 0,
so we can identify the base field k and the vector space V with their corresponding images
under the projection π.
Since we are especially interested in finite dimensional vector spaces, we will conclude with
an interesting result on the dimension of the exterior algebra over a finite dimensional
vector space.
Propostion 2.52. Let V be a vector space with basis (vi)i∈{1,...,n}. Then the products of
the shape

vi1 ∧ · · · ∧ vip , i1 < · · · < ip

for all permitted combinations of the indices form a basis of
∧p(V ).

Proof. See Greub [24, 5.7]. □
From this, we can immediately conclude that dim (

∧p(V )) =
(
n
p

)
if the vector space V is of

finite dimension n. In particular, for p > n this leads to
∧p(V ) = 0 and therefore, by the

binomial formula, we have dim (
∧
(V )) = 2n. In this regard, the exterior algebra behaves

completely differently from the tensor algebra, which is always of infinite dimension. For
example, considering C as a C-vector space itself leads to

∧
(C) = C, while T (C) is a direct

sum of infinitely many finite dimensional spaces.

4.3. The symmetric algebra. The final object to consider in this section is the
symmetric algebra, which behaves relatively similarly to the exterior algebra, whence we
will skip the first proofs and concentrate on the additional properties. For this purpose,
we follow Greub [24, Chapter 9].
The difference to the exterior algebra arises from the variation of the foundational map.
Definition 2.53. Let p ≥ 2 and let V,W be vector spaces. A p-linear map ϕ : V p → W
is called symmetric if for all permutations σ ∈ Sym(p) of the symmetric group and all
vectors (x1, . . . , xp) ∈ V p

σϕ (x1, . . . , xp) := ϕ
(
xσ(1), . . . , xσ(p)

)
= ϕ (x1, . . . , xp) .

Example 2.54. A simple example for a bilinear symmetric map is an arbitrary scalar
product on a vector space V over R.
This allows us to define the universal property in a very similar way to Definition 2.49,
with a commutative diagram that is omitted as it would look almost exactly the same.
Definition 2.55. Let A be a vector space and ∨p : V p → A be a p-linear symmetric map.
We say that ∨p has the universal property if the following conditions are fulfilled:

(a) The map ∨p is surjective, i. e., im (∨p) = A.
(b) For any vector space W and any skew-symmetric map ϕ : V p →W there exists a

linear map f : A→W such that ϕ = f ◦ ∨p.
Then we shall say that (A,∨p) is the p-fold symmetric power of V and may also write
A = Sp(V ).
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The existence and uniqueness of the p-fold symmetric power are shown by using the same
methods as for the exterior algebra. Note that the existence can be shown by adapting
the proof of Theorem 2.50 so that the subspace is Np(V ) is replaced by Mp(V ), which
denotes the subspace of T p(V ) generated by the set{

x1 ⊗ · · · ⊗ xp − xσ(1) ⊗ · · · ⊗ xσ(p) | for all σ ∈ Sym(p)
}
.

As for the p-fold exterior power, this enables us to define the symmetric algebra.
Definition 2.56. For any vector space V we define S(V ), the symmetric algebra over V
to be the direct sum

S(V ) =
∞⊕
p=0

Sp(V )

with S0(V ) = k and S1(V ) = V for the base field k.
Analogously to the exterior algebra, there is a linear isomorphism f : S(V )→ T (V )/M(V ).
This is constructed via the common projection π : T (V ) → S(V ) with kernel M(V ) and
induces the multiplication on S(V ), denoted by ∨ via x ∨ y = π

(∼
x ⊗ ∼

y
)

for preimages
under π of x and y respectively. This is why the symmetric algebra is an associative
algebra. Additionally, it is graded and since M0(V ) = 0 = M1(V ), we can identify the
base field k and the vector space V with their corresponding images under the projection π
(cf. Greub [24, 4.14]).
To complete this overview of analogous results to those for the exterior algebra, we add
the following proposition for finite dimensional vector spaces.
Propostion 2.57. For any vector space V with basis (vi)i∈{1,...,n} the products of the form

vi1 ∨ · · · ∨ vip , i1 ≤ · · · ≤ ip
for all permitted combinations of the indices form a basis of Sp(V ).
Proof. See Greub [24, 9.7]. □
The above result shows that dim (Sp(V )) =

(
n+p−1

p

)
for all p ≥ 0. Hence, in contrast

to the exterior algebra, the symmetric algebra of any nonzero vector space has infinite
dimension, even if the vector space itself is finite dimensional. However, its homogeneous
parts, the p-fold symmetric powers, are finite dimensional. This gives a hint to the most
important result of this section as this property is also fulfilled by a polynomial ring in
finitely many variables and its subspaces of fixed degree. We equip the polynomial ring
k[x1, . . . , xn] with an associative multiplication on the monomials by

(3) p1 · p2 =
(
a · xi11 · · ·x

in
n

)
·
(
b · xj11 · · ·x

jn
n

)
= a · b · xi1+j1

1 · · ·xin+jn
n ,

where all il, jl ≥ 0 and a, b ∈ k. Since any polynomial is a finite sum of monomials,
we can extend this multiplication to the polynomial ring, which then becomes an asso-
ciative graded algebra, the polynomial algebra, denoted by k[x1, . . . , xn]. The subsequent
proposition shows that these two algebra are in fact isomorphic (cf. Greub [24, 9.14]).
Propostion 2.58. For a vector space V of dim(V ) = n over a field k, its symmetric
algebra S(V ) is isomorphic to the polynomial algebra in n variables.
Proof. First, let (v1, . . . , vn) be a fixed basis of V . Then from Proposition 2.57, we know
that every element u ∈ Sp(V ) can be uniquely expressed by

u =
∑

(j1,...,jn)

a(j1,...,jn) · v
j1
1 · · · v

jn
n ,

∑
l

jl = p, a(j1,...,jn) ∈ k.
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Here, the exponents jl stand for the jl-fold symmetric product w ∨ · · · ∨ w of a vector.
Following this, we can define the corresponding polynomial Pu by

Pu =
∑

(j1,...,jn)

a(j1,...,jn) · x
j1
1 · · ·x

jn
n ,

which is homogeneous of degree p, that is, it consists only of monomials such that
∑

l jl = p.
Conversely, every homogeneous polynomial of degree p can be written uniquely in such way,
therefore, it also determines a unique element u ∈ Sp(V ). So, we already have a bijective
mapping between the p-fold symmetric power Sp(V ) and the homogeneous polynomials of
degree p. The linearity Pλu+w = λPu + Pw follows clearly from the construction above as
the addition and scalar multiplication only concern the coefficients.
Finally, we have with the notation above

u1 ∨ u2 =
(
a · xi11 · · ·x

in
n

)
·
(
b · xj11 · · ·x

jn
n

)
= a · b · xi1+j1

1 · · ·xin+jn
n

for u1, u2 ∈ Sp(V ) and comparing to (3) shows that
Pu1∨u2 = Pu1 · Pu2 .

Hence, the mapping u 7→ Pu is an algebra isomorphism which extends naturally to an
algebra isomorphism S(V )

∼=→ k[x1, . . . , xn]. □
Now, following Lehrer–Taylor [37, Section 3.1] and sticking to their notation, we will
apply this result to the dual vector space V ∗ of a finite dimensional vector space V over C:
we first choose a basis (v1, . . . , vn) of V and let the linear functions (X1, . . . , Xn) be the
corresponding dual basis. As any Xj sends a vector v ∈ V onto the uniquely determined
coefficient λj of v in its basis representation, it is called a coordinate function.
Definition 2.59. For an n-dimensional vector space V over C, we shall say that the
symmetric algebra of its dual vector space S := S(V ∗) is the coordinate ring of V .
Note that many authors also use the notation C[V ] in analogy to algebraic geometry.
Later, in Remark 2.90 and Remark 3.23 we will see why the coordinate ring is defined as
S(V ∗) and not as S(V ) = C[V ∗].
From Proposition 2.58 we immediately obtain

S(V ∗) ∼= C[X1, . . . , Xn]

and therefore, under the identification of the basis elements Xj ∈ V ∗ with the variable Xj ,
we can consider S not as the usual polynomial functions, whose arguments are numbers,
but as a generalized version of polynomial functions with arguments in V . For the p-
fold symmetric power Sp(V ∗)—identified with the subspace of homogeneous polynomial
functions of degree p—we write Sp.

5. The algebra of polynomial invariants

In order to set the foundation for the next section, the algebra of invariants of a group is
presented. Its key property is that it is finitely generated when the underlying group is
finite. To show this, we follow Lehrer–Taylor [37, Sections 3.1–3.3].
Here, we restrict the considered vector space V to be finite dimensional (dim(V ) = n) and
to be over the base field C. Let GL(V ) be the general linear group of V , i. e., the group
of invertible linear maps, which acts on V ∗. Therefore, it also acts on the coordinate ring
S by

gP (v) := P
(
g−1v

)
for all v ∈ V
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for all P ∈ S. For the identity element 1 ∈ GL(V ) holds 1P (v) = P
(
1−1v

)
= P (v) for

all v ∈ V , and for arbitrary g, h ∈ GL(V ) easy computations show that g(hP ) = (gh)P .
So, this defines in fact a group action, which is also compatible with the grading and the
algebra structure, i.e., gSp = Sp and g(PQ)(v) = (PQ)

(
g−1v

)
= P

(
g−1v

)
· Q
(
g−1v

)
= gP (v) · gQ(v) for all v ∈ V .

Example 2.60. Let n = 3 and let g ∈ GL(V ) with matrix
(

1 1 0
0 1 1
0 0 1

)
and inverse

(
1 −1 1
0 1 −1
0 0 1

)
,

then, since the action of g can be viewed as a basis transformation with g−1, for the
canonical monomial, it holds

g
(
Xr

1X
s
2X

t
3

)
= (X1 −X2 +X3)

r (X2 −X3)
sXt

3.

Definition 2.61. Let G be a subgroup of GL(V ). We shall say that a polynomial
P ∈ S is G-invariant if gP = P for all g ∈ G. The subalgebra of all these polynomi-
als SG := {P ∈ S | gP = P for all g ∈ G} is called the algebra of invariants of G, also
denoted by J = SG.
By definition, any P ∈ J is constant on each orbit Gv = {gv | g ∈ G}. Hence, we can
view P as polynomial that takes arguments from the orbit space V /G, that is, the space
of equivalence classes induced by the group action of G.
The subsequent result is a generalized version of the well-known “Lagrange interpolation”.
Lemma 2.62. For arbitrary elements a1, . . . , am of C and any set of distinct vectors
{w1, . . . , wm} ⊆ V there exists a polynomial P ∈ S such that for all i = 1, . . . ,m holds
P (wi) = ai.
Proof. Since the finite sum of polynomials is again a polynomial, we can construct P by
components Pi with the property that Pi (wj) = δij (Kronecker delta) by

P =

m∑
i=1

aiPi.

Therefore, we will inductively prove, that such polynomials Pi for all i = 1, . . . ,m exist.
First, for the base case m = 1, set P1 := 1. Now, we assume m > 1 and take Q ∈ S with
Q (w1) = 1 andQ (wi) = 0 for all i = 2, . . . ,m−1. Such a polynomialQ exists by induction.
We can express wm =

∑n
j=1 λjvj in the basis of V , then Lm =

∑n
j=1 (Xj − λj) ∈ S fulfills

Lm(wm) = 0 6= Lm(w1) because w1 6= wm. Next, set P1 := Q
Lm

Lm(w1)
and note that the

same construction is applicable not only to i = 1 but to all i = 1, . . . ,m− 1. To construct
Pm, we define linear polynomials Li for i = 1, . . . ,m−1 in the same way as Lm. Therefore,
Li(wi) = 0 6= Li(wm) and the proof is completed by setting Pm :=

∏m−1
j=1

Lj

Lj(wm)
. □

This lemma is used to prove the next theorem which shows that the algebra of invariants
J separates the orbits of the G-action on V .
Propostion 2.63. Let G be a finite subgroup of GL(V ) acting on the vector space V and
take arbitrary v, w ∈ V . Then, v and w lie in the same orbit Gv if and only if P (v) = P (w)
for all G-invariant polynomials P ∈ J .
Proof. First, if w ∈ Gv there exists a g ∈ G such that w = g(v). Therefore, for any
P ∈ J the statement follows from P (w) = P (g(v)) = g−1P (v) = P (v). In order to
establish the converse, assume w /∈ Gv. Hence, gv 6= w for all g ∈ G and we can apply
Lemma 2.62 (if g1v = g2v, one duplicate is left out) to receive a polynomial Q ∈ S such
that Q(w) = 0 and Q(gv) = 1 for all g ∈ G. Set P =

∏
g∈G gQ and by construction
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hP =
∏

g∈G hgQ =
∏

g∈G gQ, so P ∈ J . Furthermore, P (v) =
∏

g∈GQ
(
g−1v

)
= 1, but

P (w) = 0. Since P is constant on each orbit, this completes the proof by contraposition.
□

5.1. Finite generation of the algebra of invariants. The purpose for this subsec-
tion is to answer the question whether the algebra of invariants of G is finitely generated
if the group G is finite. This question was already answered positively over one hundred
years ago, where first Hilbert [28] proved this result in 1890 for the base field C and the
general linear group (cf. Benson [3, introduction]). The paper containing this proof is
considered by L. Smith as “a paper that broke completely new ground in invariant theory”
([61, p. 214]) emphasizing how big a step forward it was for the invariant theory of the
19th century. In particular, the results proven by Hilbert are still viable and relevant
in modern invariant theory including vector spaces even though the proof predates the
definition of a vector space (cf. L. Smith [61, p. 214, footnote 6]). Hilbert’s new approach
provided an answer to the big question of invariant theory of that time, and hence it
“spelled the doom of XIXth Century invariant theory”, according to Dieudonné [18, p. 2].
On the other hand, the work of Hilbert as well as Noether gave this subject a rigorous
mathematical foundation “with the introduction of abstract algebraic machinery for ad-
dressing” (Benson [3, p. vii]) such questions as the finite generation. This is why Benson
states that their work was “the beginning of modern commutative algebra” (loc. cit.).

Then, in 1915 Noether [46] gave a proof for an arbitrary finite group and provided an
upper bound on the number of generators. Moreover, in 1926 she [47] showed that the
statement is even true for a base field in arbitrary characteristic (see also Humphreys
[31]). The approaches of Hilbert and Noether differ greatly: Hilbert’s proof contained his
famous “Basis Theorem” (cf. Section 2.1.2) but it only gives a proof of the existence of a
finite set of generators. This provides a suitable theoretical result, but “[i]n practice it is
often very difficult to know where to look for invariants, and / or when we have found all
of them” (L. Smith [60, p. ix]). On the other hand, Noether’s proof provided an explicit
set of generating invariants (cf. Flatto [21, p. 237]) and it also “introduced fundamental
arguments for finite ring extensions” (Neusel–Smith [45, p. 29]). The constructive proof
of Noether yields an easily implementable algorithm, that, however, is not a very effective
way, to determine a generating set (cf. L. Smith [60, p. ix–x]). An interesting comparison
of both can be found in the first chapter of a paper from Flatto [21].

His success in the aforementioned special case might have led Hilbert in 1900 to the
formulation of his 14th problem (cf. Humphreys [31]), where it is asked, whether the
algebra of invariants is finitely generated for all groups. It turned out, that this is in
general false due to the famous counterexample of Nagata [44]. Furthermore, it can be
shown that there exist at least n algebraically independent invariants if dim(V ) = n (cf.
Burnside [10, 262]). Now the main theorem of this work shows, that there are exactly n
algebraically independent generators if and only if G is reflection group (cf. Flatto [21,
Introduction]). For further concepts and developments of invariant theory the introduction
of Benson’s book [3] offers a good overview and many references. Another interesting work
is an article by L. Smith [61], where the history of invariant theory as well as more recent
problems and developments are highlighted.

After this short historical interlude, we return to the way of Lehrer–Taylor [37, Section
3.3], who first present the methods of Hilbert, to prove that—in case of V being a com-
plex n-dimensional vector space—the algebra of invariants J = SG of a finite subgroup
G ≤ GL(V ) is finitely generated.
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Remark 2.64. The set of G-invariant polynomials with zero constant term, that clearly
forms an ideal of J , shall be denoted by J+ := {P ∈ J | P (0) = 0}. It holds J/J+ ∼= C,
hence, J+ is a maximal ideal. As J is a subalgebra of the symmetric algebra S, we
can consider the ideal generated by J+ and write F := SJ+ ⊴ S for it. Since we have
S ∼= C[X1, . . . , Xn] (cf. Proposition 2.58), Hilbert’s basis theorem says that F is finitely
generated, so F = (I1, . . . , Ir). The generators I1, . . . , Ir areG-invariant with zero constant
term by construction and can be chosen homogeneous, because polynomials in S are finite
sums of homogeneous polynomials as seen in the proof of Proposition 2.58 by the bijection
between the symmetric power Sp and the homogeneous polynomials of degree p.
Definition 2.65. The averaging operator Av is the linear map S → J defined as

Av(P ) := 1

|G|
∑
g∈G

gP.

Clearly Av(P ) ∈ J for all P ∈ S. In addition, if P is already G-invariant, the averaging
operator does not change anything, so Av(P ) = P and hence Av2 = Av, which indicates
that Av is the projector of S onto J . Moreover, as deg(gP ) = deg(P ), if Av(P ) 6= 0, the
averaging preserves the degree.
Lemma 2.66. Let P ∈ J and Q ∈ S, then Av(PQ) = P Av(Q), hence, the averaging
operator is a J-module homomorphism on S considered as J-module.
Proof. This is a simple computation: let v ∈ V arbitrary, then

Av(PQ)(v) =
1

|G|
∑
g∈G

gP (v)gQ(v)
P∈J
= P (v)

1

|G|
∑
g∈G

gQ(v) = (P Av(Q))(v).

□
The following example demonstrates the preceding properties of the averaging operator
before they will be applied in the proof of Theorem 2.68.
Example 2.67. Consider a C-vector space V with dim(V ) = 2, so S(V ∗) ∼= C[x, y] and
let G = Z/2Z be the cylic group acting by scalar multiplication with ±1. Let P = x2

and Q = x2y, then we have P ∈ J and as expected Av(P ) = 1
2

(
(1 · x)2 + (−1 · x)2

)
= 1

2

(
x2 + x2

)
= P . Furthermore, we have Av(Q) = 1

2

(
(1 · x)2(1 · y) + (−1 · x)2(−1 · y)

)
= 1

2(x
2y − x2y) = 0.

Theorem 2.68. Let G be finite, then the algebra of invariants J of G is a finitely generated
C-algebra.
Proof. By the previous observations with the same notation, there exist G-invariant
homogeneous polynomials, such that F = (I1, . . . , Ir). We will show that J is generated
as an algebra by I1, . . . , Ir. First, we assume that all Ii are nonzero. It suffices to show
that an arbitrary homogeneous polynomial P ∈ J is a polynomial in the generators. The
proof is by induction on m := deg(P ). Since the case m = 0 is trivially fulfilled by taking
the corresponding constant polynomial, we may assume m > 0.
This implies P ∈ J+ ⊆ F , so we find P1, . . . , Pr ∈ S such that P = P1I1 + · · · + PrIr.
As the Ij are homogeneous, we may also choose the Pj homogeneous. This leads to
deg(Pj) = deg(P )− deg(Ij) for all j = 1, . . . , r. Now the application of Av to P yields

P
P∈J
= Av(P ) Lemma 2.66

= I1 Av(P1) + · · ·+ Ir Av(Pr).

Finally, by the prior observation, we have for all j = 1, . . . , r with Av(Pj) 6= 0 that
deg(Av(Pj)) = deg(P ) − deg(Ij) < deg(P ), and can apply the induction hypothesis to
Av(Pj) which therefore is a polynomial in I1, . . . , Ir. □
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There is another proof for this statement, that uses the fact that S is integral over the
algebra of invariants J = SG. Indeed, the presented way to prove this (still following
Lehrer–Taylor [37, Section 3.3], but similar versions are given by, e.g., Kane [32, Sections
16-3 and 16-4] or Neusel–Smith [45, Propostion 1.7.2 and Theorem 2.1.4]) will also lead
to a generalized version of Theorem 2.68. The result is often called Theorem of Hilbert-
Noether and holds true for arbitrary fields.
First, the elementary symmetric polynomials are introduced as they are necessary to prove
the following lemma. A good reference is Prasolov [48, Section 3.1], where further infor-
mation on symmetric polynomials can be looked up, too.
Definition 2.69. Let R be a ring and n > 0. Then the elementary symmetric polynomials
in n variables are

σk (x1, . . . , xn) =
∑

1≤i1<···<ik≤n

xi1 · · ·xik ∈ R[x1, . . . , xn]

for k = 1, . . . , n.
With this definition, we can give a formula for the coefficients of a monic polynomial
xn + a1x

n−1 + a2x
n−2 + · · · + an ∈ R[x] by (−1)kak = σk (x1, . . . , xn), where x1, . . . , xn

denote its roots (cf. Prasolov [48, p. 77]). This is also a result of Vieta’s formula, a well-
known relation between the roots and the coefficients of a polynomial and is an essential
result for the lemma below.
Lemma 2.70. Let R be a commutative ring and let G be a finite group consisting of R-
automorphisms. Denote the subring of G-invariant elements by RG := {r ∈ R | g(r) = r},
then the ring extension RG ⊆ R is integral.
Proof. Let r ∈ R arbitrary, then we define the monic polynomial f(x) :=

∏
g∈G (x− g(r)),

which has clearly the finite set of roots {g(r) | g ∈ G}, in particular r is a root of f . By
the observations above, the coefficients of f are elementary symmetric polynomials in this
set of roots. Hence, in a fixed coefficient, each element g(r) occurs equally often. This
implies that all coefficients are G-invariant, and therefore we have f ∈ RG[x], which shows
that r is integral over RG. □
With this lemma and the results from Section 2.2 we have all the tools needed to prove
the following proposition from which the Theorem of Hilbert-Noether can be concluded.
Propostion 2.71. Let R be a finitely generated k-algebra for field k and let G be a finite
group of R-automorphisms. Then the algebra of invariants RG is a finitely generated
k-algebra and the extension RG ⊆ R is finite.
Proof. Let r1, . . . , rn be generators for R as k-algebra. By Lemma 2.70 each of these
finitely many generators is integral over RG with polynomial fi. We take the coefficients
of all polynomials fi as generators of a k-algebra S. This is a k-subalgebra of RG and by
construction, all ri are integral over S. Moreover, the integral closure IntR(S), i.e., the
subset of elements of R that are integral over S, is a subring by Proposition 2.23 and by
definition k ⊆ S. Hence, we have a · rji ∈ IntR(S) for all a ∈ k, j ∈ N and i = 1, . . . , n
and as every element of R can be expressed as a finite sum of these terms, it follows
IntR(S) = R, in other words, R is integral over S.
On the other hand, S is a finitely generated k-algebra and therefore isomorphic to a
quotient of a polynomial ring which is Noetherian and thus it is Noetherian itself (by
Hilbert’s basis theorem and Atiyah–Macdonald [1, Proposition 6.6]). By Proposition 2.24,
R is a finitely generated module over the Noetherian ring S. Hence, as shown by Atiyah–
Macdonald [1, Proposition 6.5], R is a Noetherian module, which implies that all its
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submodules, in particular RG, are finitely generated S-modules. But since S is a finitely
generated k-algebra, this shows that RG is a finitely generated k-algebra, too.
Finally, since k ⊆ RG, we have that R is of finite type over RG and as this extension is
integral by Lemma 2.70, the ring extension RG ⊆ R it is also finite by Proposition 2.24. □
Corollary 2.72 (Hilbert-Noether). Let V be a finite dimensional vector space over a field
k, and let G be a finite subgroup of GL(V ). Then the algebra of invariants S (V ∗)G is a
finitely generated k-algebra and S (V ∗)G ⊆ S (V ∗) is finite.
Proof. This follows immediately from Proposition 2.71 by setting R = S (V ∗). □
The idea for the following example is taken from a longer list of examples by Benson [3,
Appendix A].
Example 2.73. Let G ∼= Z/2Z and V be a 2-dimensional vector space. Then G acts
on S(V ∗) = C[V ] ∼= C[X1, X2] by multiplication with

(−1 0
0 −1

)
. Clearly, the polynomials

y1 = X2
1 , y2 = X2

2 and y3 = X1X2 are G-invariant as they contain only an even number of
variables. But these are already all generators, because a polynomial P ∈ S is G-invariant
if and only if each homogeneous part of P is of even degree. Hence, every such part is a
polynomial in y1, y2 and y3 as these are all canonical monomials of degree 2, whence every
polynomial of even degree can be build from them.
This is just a straightforward example with a pretty obvious result. However, after study-
ing unitary reflection groups, there will be an own section (Section 3.6) devoted to the
computations of more sophisticated examples.

5.2. The Cohen-Macaulay-property of the algebra of invariants. This sub-
section is devoted to prove that, under light restrictions, the algebra of invariants J has
the nice property of being Cohen-Macaulay. For this purpose, we mostly follow Kane
[32, Section 16-4] whilst sticking to the previously established notation. In this part, we
deviate once more from the assumption that the base field is C as the proof holds true for
arbitrary fields. It suffices to assume that the finite group G ≤ GL(V ) is non-modular,
i.e., the characteristic of the base field k does not divide |G|, the order of G.
Definition 2.74. A ring R is said to be Cohen-Macaulay (alternatively only CM) if there
exists a polynomial subalgebra k[x1, . . . , xn] ⊆ R for a field k and a set of ring elements
{r1, . . . , rs} ⊆ R, such that

R =

s⊕
i=1

k[x1, . . . , xn]ri.

This definition can be reformulated to R being free and finite over k [x1, . . . , xn]. Note that
many authors use a different, more general property to define Cohen-Macaulay rings. That
is, for a Noetherian ring the height of a prime ideal ht(P ) is defined to be the dimension of
the localization RP . The grade (alternatively one uses depth) of P is the maximal length
of a so-called regular sequence contained in P . That is, a sequence r1, . . . , rn ∈ R, such
that (r1, . . . , rn)R 6= R and for all i = 0, . . . n−1 we have that ri+1 is not a zero divisor in
R/ (r1, . . . , ri)R. A ring is Cohen-Macaulay if the height and the grade are equal for all
prime ideals and there are even more equivalent characterizations (cf. Hochster–Roberts
[30, p. 127–128] where several equivalent condition can be found).
Remark 2.75. The important remark made in this paper is that the definition via depth
and grade of prime ideals and Definition 2.74 coincide for finitely generated graded algebras
over a field k (cf. Hochster–Roberts [30, p. 128]). A further explanation of this equivalence
is given by Hochster–Eagon [29, p. 1036]. They also state that there always exists a set
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{x1, . . . , xn} by the Noether normalization theorem 2.26, such that R is integral and hence
finite over k[x1, . . . , xn]. This set is called a system of parameters, and the authors point
out that its cardinality n is equal to the Krull dimension of the ring R, and that the
CM-property does not depend on the chosen set of parameters, in particular the freeness
does not depend on it (loc. cit.).
The above discussion shows why “[t]he CM property is basically concerned with the
freeness property” (Kane [32, p. 175]). Note, that the finiteness follows from Propo-
sition 2.24 and the fact that the Noether normalization yields an integral ring extension
k[x1, . . . , xn] ⊆ R. Before discussing how to prove this, we formulate the statement as
the subsequent theorem. It is named after Hochster and Eagon as this result was firstly
discussed in two of their papers (cf. Hochster–Roberts [30, p. 116]) and also proved that
the algebra of invariants “is Cohen-Macaulay in various cases” (Ratliff [49]).
Theorem 2.76 (Hochster–Eagon). Let V be a finite dimensional vector space over an
arbitrary field k and let G ≤ GL(V ) be a finite non-modular subgroup, then the algebra of
invariants J = S (V ∗)G is Cohen-Macaulay.
Proof. First, we recall that the averaging operator Av is a J-module homomorphism
projecting S = S (V ∗) onto J (cf. Lemma 2.66) and hence produces the decomposition
(4) S = J ⊕ ker Av .
The proof will need the notion of a projective module, whence we recall the following
characterization (cf. Lang [36, Chapter III, §4]): an R-module P is projective if and only
if there exists an R-module M , such that P ⊕M is a free R-module.
Furthermore, the preceding discussion has already shown, that there exists a polynomial
subalgebra k[x1, . . . , xn] ⊆ J over which J is finite. The aim now is to prove that these
properties are sufficient for J to be free over k[x1, . . . , xn], too. For this, the first step is
to demonstrate that S is free over k[x1, . . . , xn].
From Proposition 2.58 we have S ∼= k[y1, . . . , yn]. So, clearly S is free over k[y1, . . . , yn]
and {y1, . . . , yn} is a system parameters. As stated in Remark 2.75, the freeness does
not depend on the chosen system of parameters. Hence, we deduce that S is free over
k[x1, . . . , xn] as soon as we can show that {x1, . . . , xn} also forms a system of parameters.
From before we already have that k[x1, . . . , xn] ⊆ J is finite and from Corollary 2.72 we
have that J ⊆ S is finite. Hence, by the transitivity of integral ring extensions (Atiyah–
Macdonald [1, Corollary 5.4]) and Proposition 2.24 we get that k[x1, . . . , xn] ⊆ S is finite.
As required, this shows that {x1, . . . , xn} is a system of parameters for S.
Finally, S is a free k[x1, . . . , xn]-module and therefore (4) implies that J as well as
ker Av are projective k[x1, . . . , xn]-modules. The proof is completed by the subsequent
Proposition 2.79 that verifies the freeness of J , as it is a finitely generated N-graded
k[x1, . . . , xn]-module and k[x1, . . . , xn] is an N-graded connected commutative algebra over
the field k. □
Note that we deviate here from Kane’s proof (see [32, Propositon A of the Appendix]
for the more general proof without assuming the module to be graded) by additionally
assuming that the considered module admits a grading. This grading allows us to apply
an analogues version of Nakayama’s lemma 2.20 to this situation. For the rest of this
section—except Lemma 2.77—we follow the ideas of Lang [36, Chapter X, §4].
For a graded algebra A we will use the notation Ai := {a ∈ A | deg(a) = i} and set
m =

⊕
i≥1Ai which is a maximal ideal of A. Recall that a connected algebra A is an alge-

bra where A0 = k ∼= A/m. Moreover, for a graded A-module M we write M =
⊕

i≥−nMi

for some n ∈ N.
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Lemma 2.77. Let A be an N-graded connected commutative algebra over the field k. Then
for any finitely generated graded A-module M we have M = mM ⇒M = 0.
Proof. (Serre [55, Chapter 4, Appendix III Lemma 1]) Take the minimal i such that
Mi 6= 0. If no such i exists, clearly M = 0 is already true. But the elements of mMi have
degree at least i+1. Hence, Mi cannot be a subset of mM which is a contradiction to the
assumption. □
Now we can formulate the analogues of Nakyama’s Lemma 2.20 b) and c).
Lemma 2.78. Let A be an N-graded connected commutative algebra over the field k and
let M be a graded A-module.

(a) If N ≤M is a submodule such that M = N +mM , then already M = N .
(b) If the residue classes of x1, . . . , xn are basis for M/mM , the elements x1, . . . , xn

already generate M as an A-module.
Proof. For (a) take the quotient M/N = (N +mM) /N = mM/N , then by Lemma 2.77
M/N = 0, so M = N . For (b) define N to be the submodule generated by x1, . . . , xn,
then M = N +mM and applying (a) to this completes the proof. □
The next proof requires the concept of exact sequences and splitting, for a definition and
basic facts see Lang [36, Chapter III, §1–3]. Recall that if an exact sequence

0 −→M ′ f−→M
g−→M ′′ −→ 0

of modules is split exact at g, i.e., there is a homomorphism ϕ : M ′′ → M such that
g ◦ ϕ = id, we can write M = ker g ⊕ imϕ and M ∼=M ′ ⊕M ′′ (cf. Lang [36, Chapter III,
Propostion 3.2]). Moreover, the following equivalent characterization (cf. loc. cit Chapter
III, §4) of projective modules will be used: an R-module P is projective if and only if
every exact sequence 0→M ′ →M ′′ → P → 0 splits.
Propostion 2.79. Let A be an N-graded connected commutative algebra over the field k,
then for any finitely generated graded A-module M holds: M is free if and only M is
projective.
Proof. Clearly, by the first characterization in the proof of Theorem 2.76 every free
module is projective. For the converse, we claim that the elements x1, . . . , xn of M whose
residue classes xi + mM form a basis of M/mM as k-vector space are also a basis of M
as A-module.
First, let F be a free A-module with basis y1, . . . , yn and define the homomorphism
f : F → M by yi 7→ xi for all i = 1, . . . , n and extend it linearly. The aim is to show
that f is an isomorphism. In order to prove this, we observe that f is already surjec-
tive by Lemma 2.78 (b). Hence, the sequence 0 → ker f ↪→ F

f→ M → 0 is exact and
splits because M is projective. Therefore, as previously observed, we get a decomposition
F = M0 ⊕M1 such that M0 = ker f and M1 = im f ∼= M by the surjectivity of f . Note,
that since F =

⊕n
i=1Aei

∼= An, we can view any x ∈ F as a vector (a1, . . . , an) and set
its degree to the maximum degree of its coordinates. Then AjFi ⊆ Fi+j and therefore F
admits a grading, that is naturally inherited by M0.
As the residue classes x1 + mM, . . . , xn + mM are linearly independent, all elements of
F that are mapped onto zero by f have to be a multiple of m: otherwise, if there was
y = a1y1 + · · · + anyn such that f(y) = a1x1 + · · · + anxn = 0 and not all ai ∈ m, this
would yield a nontrivial linear combination a1x1 + · · · + anxn ≡ 0 mod mM which con-
tradicts the basis property. Hence, M0 ⊆ mF = mM0⊕mM1, so in particular M0 ⊆ mM0

and hence M0 = mM0. But now by Lemma 2.77 we have M0 = 0, which implies that f
injective, and thus an isomorphism which confirms that M is free. □
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6. The orbit space V /G as affine variety

What follows will explain why the orbit space V /G of the group action can be considered
as an affine algebraic variety. Hence, the result will show why it makes sense to discuss
the smoothness of the quotient V /G in the main theorem 1.1. In the preceding section we
considered vector spaces over arbitrary fields. At this point, we return to our fundamental
assumption that V is an n-dimensional vector space over C, so V ∼= Cn. Moreover, we
will continue to assume that G is a finite subgroup of the general linear group GL(Cn).
For this section, we follow the path of Lamotke [35, Chapter II, §9] and preserve the
previously introduced notations.
First, recall that by Theorem 2.68 the algebra of polynomial invariants SG is finitely
generated by polynomials f1, . . . , fr. Additionally, in the proof became clear that these
polynomials may be chosen homogeneous. Therefore, we assume that fi is already homo-
geneous for all i = 1, . . . , r and set di := deg(fi). Next we define a polynomial map F that
consists of all these generators as components, so
(5) F : Cn −→ Cr x = (x1, . . . , xn)

⊺ 7−→ (f1(x), . . . , fr(x))
⊺ .

Lemma 2.80. Let ϕ : C[x1, . . . , xr] → SG be the map defined by ϕ(h) = h ◦ F with the
polynomial map F from (5). Then ϕ is surjective.
Proof. Since SG is a finitely generated C-algebra and the set {f1, . . . , fr} generates
SG, each element f ∈ SG can be obtained by plugging the generators into a complex
polynomial in r variables. This is exactly what ϕ does by taking h ◦ F . □
By taking the quotient with the kernel kφ := kerϕ of the above map we get an isomorphism

C[x1, . . . , xr]/kφ ∼= SG.

The kernel kφ is finitely generated as an ideal of the Noetherian ring C[x1, . . . , xr]. More-
over, SG is an integral domain as subalgebra of the integral domain S ∼= C[X1, . . . , Xn].
Hence, the kernel of any map into SG is a prime ideal, so in particular kφ is prime. This
leads to the following definition and the subsequent lemma.
Definition 2.81. Under the previous assumptions the affine orbit vartiety, a term coined
by Lamotke [35, Chapter II, §9], is the variety in Ar defined by

Vor := {x ∈ Cr | f(x) = 0 for all f ∈ kφ} .
Lemma 2.82. The affine orbit variety Vor is an irreducible affine algebraic variety of
dimension n.
Proof. First, as prime ideals are radical, we get by the correspondence of Hilbert’s Null-
stellensatz 2.8 that I(Vor) = kφ and V(kφ) = Vor. Hence, the application of Lemma 2.11
(a) shows that the variety Vor is irreducible since kφ is a prime ideal.
Second, note that the coordinate ring of Vor is C[Vor] = C [x1, . . . , xr] /kφ ∼= SG. From
this we can conclude that dim(Vor) = n: to begin with, we utilize Lemma 2.11 (b) to get
dim(Vor) = dim(C[Vor]), then the above isomorphism leads to dim(C[Vor]) = dim(SG).
Next the extension SG ⊆ S ∼= C[x1, . . . , xn] is integral by Lemma 2.70 and integral ring
extensions have equal dimension (cf. Matsumura [40, Theorem 20]). Finally, the proof is
completed by combining all the equalities, so dim(Vor) = dim (C [x1, . . . , xn]) = n. □
The aim for the rest of this section is to show that the orbit space V /G is homeomorphic to
the orbit variety Vor which justifies its name. We assume some basic knowledge of topology
which otherwise can be found in, inter alia, Borisovich et al. [5, Chapter 2]. In order to
check that they are homeomorphic, we show the succeeding properties (cf. Lamotke [35,
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Chapter II, §9, (6)–(9)]) of the polynomial map from (5), that turns a suitably restricted
quotient map of the polynomial map into the desired homoemorphism.
Propostion 2.83. The image of the polynomial map F : Cn → Cn is F (Cn) = Vor, the
affine orbit variety of Definition 2.81.
Proof. First, since kφ is the kernel of the map ϕ in Lemma 2.80, we have g ◦ F (x) = 0
for all g ∈ kφ and x ∈ Cn and hence by the definition of Vor, it follows that F (Cn) ⊆ Vor.
To establish the opposite inclusion, let a = (a1, . . . , ar) ∈ Vor arbitrary. Consider the
ideal b ⊴ C[x1, . . . , xn] generated by f1 − a1, . . . , fr − ar, where the fi are the generators
of the algebra of invariants SG and hence the component functions of F as before. By the
weak version of Hilbert’s Nullstellensatz (cf. Atiyah–Macdonald [1, Chapter 5, exercise
17]) we get that if b 6= C[x1, . . . , xn], then the vanishing locus V(b) is non-empty. Hence,
there is a common zero b0 ∈ Cn such that fi (b0) − ai = 0 for all i = 1, . . . , r and we get
F (b0) = a. In order to complete the proof, we have to show that never b = C[x1, . . . , xn].
So assume equality, then one could find polynomials p1, . . . , pr ∈ C[x1, . . . , xn] with∑r

i=1 pi (fi − ai) = 1. By the invariance of the fi, letting g ∈ G act on this equation
and taking the sum leads to

(∑
g∈G gp1

)
(f1 − a1) + · · ·+

(∑
g∈G gpr

)
(fr − ar) = |G| .

Now we clearly have for all i = 1, . . . , r that
∑

g∈G gpi is G-invariant, hence, Lemma 2.80
yields a qi ∈ C[x1, . . . , xr] such that

∑
g∈G gpi = qi ◦ F . As concatenating with the poly-

nomial map F means plugging in fi instead of xi, the preceding equations lead to
|G| = (q1 · (x1 − a1) + · · ·+ qr · (xr − ar)) ◦ F.

Thus, we obtain h := (q1 · (x1 − a1) + · · ·+ q1 · (x1 − a1)) − |G| ∈ kφ which implies that
h(x) = 0 for all x ∈ Vor. Recall that a ∈ Vor and therefore h(a) = 0 from what would
follow that |G| = 0 as 0 = h(a) = 0− |G|, which is a contradiction. □
Lemma 2.84. For the polynomial map F holds: F (x) = F (y) if and only if there exists
a g ∈ G such that x = gy.
Proof. Note that two functions mapping into multiple coordinates are equal if and
only if all of their coordinate functions are equal. Then, the statement follows from
Proposition 2.63 for the coordinate functions as being equal on all G-invariant polynomials
is equivalent to being equal on all the generators, and these are exactly the coordinate
functions of F . □
Before proving the next property of the polynomial map F we introduce an alternative
way to multiply a vector y = (y1, . . . , yr) ∈ Cr by a scalar t ∈ C. Namely, we define
s(t, y) =

(
td1y1, . . . , t

dryr
)
, where, as before, di denotes the degree of the generator fi. By

the homogeneity of the coordinate functions fi, we have F (tx) = s(t, F (x)). This form of
scalar multiplication will be used in the following lemma.
Lemma 2.85. Set d := lcm (d1, . . . , dr) and ai := d

di
for all i = 1, . . . , r. Then the map

σ(y) = d

√
|y1|a1 + · · ·+ |yr|ar

together with the above defined scalar multiplication by s defines a quasi-norm on Cr. That
is a map with the usual properties of a norm, but the normal triangle inequality is replaced
by this weaker version ‖x+ y‖ ≤ l (‖x‖+ ‖y‖) for all x, y ∈ Cr for some l ≥ 1 (see Köthe
[33, Chapter 3, §15.10] for more details on this subject).
Proof. Clearly, we have σ(x) ≥ 0 for all x ∈ Cr and σ(x) = 0 ⇔ x = 0. Moreover,
since ai · di = d for all i = 1, . . . , r, it follows that σ(s(t, x)) = d

√
|td1x1|a1 + · · ·+ |tdrxr|ar

=
d

√
|t|d (|x1|a1 + · · ·+ |xr|ar) = |t|σ(x) for all t ∈ C and x ∈ Cr.
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Finally, we claim that l = 2 satisfies the weak triangle inequality. This is proven in the
case that r = 2 but can be generalized for all r ∈ N. Let x = (x1, x1)

⊺ , y = (y1, y2)
⊺ ∈ C2

arbitrary, then

σ(x+ y)d = |x1 + y1|d1 + |x2 + y2|d2
triangle ineq.
≤ (|x1|+ |y1|)d1 + (|x2|+ |y2|)d2

=

d1∑
i=0

(
d1
i

)
|x1|i |y1|d1−i +

d2∑
i=0

(
d2
i

)
|x2|i |y2|d2−i

≤
d1∑
i=0

(
d1
i

)
max(|x1| , |y1|)d1 +

d2∑
i=0

(
d2
i

)
max(|x2| , |y2|)d2

≤ 2d1(|x1|d1 + |y1|d1) + 2d2(|x2|d2 + |y2|d2)
di≤d
≤ 2d(|x1|d1 + |x2|d2) + 2d(|y1|d1 + |y2|d2)

= 2d(σ(x)d + σ(y)d) ≤ 2d(σ(x) + σ(y))d.

Hence, the proof is completed by taking the d-th root. □
Propostion 2.86. The polynomial map F is a proper map.

Proof. At the outset, by the compatibility of the quasi-norm σ and the scalar multipli-
cation by s, we have

(6) σ(F (t · x)) = σ(s(t, F (x))) = |t| · σ(F (x))

for all t ∈ C and x ∈ Cn. We write ‖x‖ =
√
|x1|2 + · · ·+ |xn|2 for the usual hermitean

norm on Cn and S2n−1 = {x ∈ Cn | ‖x‖ = 1} for the compact unit sphere that belongs
to the space Cn. Since all component functions of F , the fi, are continuous, it follows
that F

(
S2n−1

)
⊆ Cr is also compact. Moreover the origin cannot be contained in this

image: we have F (0) = 0 because the generators are homogeneous of degree at least one
(cf. Remark 2.64), so if there was an x ∈ Cn such that F (x) = 0, Lemma 2.84 would
imply that there is a g ∈ G ≤ GL(V ) such that gx = 0, which is clearly a contradiction
to g ∈ GL(V ). As the image F

(
S2n−1

)
is a compact set, we know that the minimum of σ

on it is attained, and that the minimum value is greater than 0. Therefore, one may find
a δ > 0 such that σ(F (x)) > δ for all x ∈ S2n−1. As each vector x ∈ Cn can be written as
a multiple t · y = x of a vector y ∈ S2n−1 and a scalar t ∈ C, we get

(7) σ(F (x)) = σ(F (t · y)) (6)
= |t|σ(F (y)) > |t| δ = ‖x‖δ for all x ∈ Cn.

LetB ⊆ Cr be an arbitrary compact set, hence, B is closed as well as it is bounded. Clearly,
since F is continuous, we get that the preimage F−1(B) is closed, too. Furthermore, from
(7) one can conclude that F−1(B) is bounded as well: let r ∈ R>0 be an upper bound for
B. Then for x ∈ F−1(B) we have F (x) ∈ B and therefore r ≥ σ(F (x)) > δ‖x‖. So, the
preimage F−1(B) is bounded and as seen before closed, thus compact. □
Remark 2.87. In the preceding proof we considered Cn as an analytic space with the
Euclidean topology and proved that F is proper with respect to this topology. As explained
in Remark 2.30 we will show that Cn/G is homeomorphic to the orbit variety Vor in the
category of analytic spaces, i.e., the homeomorphism will be with respect to the quotient
topology (cf. Definition 2.28) induced by the Euclidean topology. This is valid because
the category of affine varieties is naturally included in the category of analytic spaces.
Afterwards, making use of Proposition 2.42 as well as Theorem 2.43, we will conclude
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C/G and Vor are also homeomorphic if we equip the involved spaces with the Zariski
topology as announced in Remark 2.30.
Now we get to the main result of this chapter which also justifies the notion of the affine
orbit variety.
Theorem 2.88. The quotient map F : Cn/G → Vor induced by the polynomial map is a
homoemorphism. Hence, the orbit space V /G ∼= Cn/G can be viewed as an affine variety.

Proof. First, the bijectivity of F follows immediately from the combination of Proposi-
tion 2.83 and Lemma 2.84. Next, the claim is that F is a closed map, and that this suffices
to prove the theorem. From this we can conclude that it is also an open map because it
is bijective, and thus for the complement of an open set A holds F (Ac) = F (A)c which is
closed, so F (A) is open. Since F is continuous, the quotient map F is continuous, too.
Moreover, as F is open, its inverse F−1 is continuous which can be seen by observing that
the preimages under F−1 are exactly the images of F . Consequently, it only remains to
demonstrate that the quotient map F is closed. As noted in Remark 2.87, the topology is
the quotient topology induced by the Euclidean topology.
Take an arbitrary closed set A ⊆ Cn/G and let c ∈ Vor \ F (A). The aim is to find a
neighborhood U of c such that U ∩ F (A) = ∅, then the complement F (A)c is open. We
start with the neighborhood W = {y ∈ Vor | σ(y) < 2‖c‖}. Furthermore, we define the
compact set K = {x ∈ Cn/G | ‖x‖ ≤ 2‖c‖/δ}. From (7) we get that all elements of the
preimage F−1

(W ) fulfill the inequality δ‖x‖ < σ(F (x)) < 2‖c‖ and hence it follows that
F

−1
(W ) ⊆ K. Since A ∩K is compact, its image F (A ∩K) is compact and thus closed.

As c lies in the complement F (A)c ⊆ F (A ∩K)c, one can find an open set W ′ containing
c such that W ′∩F (A∩K) = ∅. Then the open set U :=W ∩W ′ has the desired property
to have an empty intersection with F (A): assume y ∈ U ∩ F (A). From F

−1
(W ) ⊆ K we

get W ⊆ F (K), so if y ∈ U ⊆W we already get y ∈W ∩ F (A)∩ F (K) =W ∩ F (A∩K),
since F is bijective. But y ∈ U also implies y ∈ W ′ which has no common elements with
F (A∩K). Therefore, no such y exists and the intersection is empty, hence, the map F is
closed and the proof is completed. □
After this theorem, the current situation can be illustrated by the following diagram, where
An/C denotes the category of analytic spaces, i.e., the vanishing of analytic functions, and
Xan stands for the analytification of a variety X.

(An/C) Xan Cn/G V an
or

(V ar/C) X An/G Vor

∼=

?

Note that Theorem 2.88 allows us to view Cn/G as an affine variety by pulling back the
structure by F because Vor is defined to be an affine variety. As in the introduction of
varieties in Section 2.1.1, we can view Cn as a variety with the Zariski topology and denote
it by An. The action of G induces also a quotient An/G of this space whose relation to
the variety Vor is clarified in the next corollary.
Corollary 2.89. The orbit variety Vor affords the quotient topology of Cn/G with respect
to the Zariski topology in the category of affine varieties over C.
Proof. To begin with, note that we have already observed in the proof of Lemma 2.82
that the coordinate ring of the orbit variety Vor is isomorphic to the algebra of invariant
functions SG = C [X1, . . . , Xn]

G. Moreover, we have C [An] = C [X1, . . . , Xn]
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Therefore, if we apply Proposition 2.42 for X = An, it follows that the topology of
Vor ∼= Spec(C [An]G) is the quotient topology induced by the Zariski topology and that its
underlying set it the the of G-orbits. By the very definition, the topological space An/G
is exactly this set of G-orbits with the quotient topology induced by the Zariski topology.
We remark that the group G ≤ GL(V ) is a linear algebraic group according to Exam-
ple 2.32, and as it acts linearly on V , it also follows that the action is regular. So, by
applying Theorem 2.43 to the same scenario as above, we obtain that Vor is a geometric
quotient, and hence the type of quotient in the category of varieties that is compatible
with quotients of topological spaces (cf. Remark 2.34). The combination of all the pre-
vious arguments yields that Vor affords the quotient topology of An/G, i.e., the quotient
topology of Cn/G with respect to the Zariski topology. □
Remark 2.90. As already seen in the preceding proof, the coordinate ring of the affine
orbit variety Vor and thereby also of V /G is isomorphic to the algebra of invariant polyno-
mials SG = S(V ∗)G = C [V ]G. Since we are interested in the variety V /G and not V ∗/G,
this is the reason why S(V ∗) and not S(V ) = C [V ∗] is considered (cf. Thiel [64, 13.11]).
Later on, with another definition we will be able to state in which sense these quotients
can differ (cf. Remark 3.23).

This final section and thereby the second chapter will be finished by indicating that con-
jugated subgroups admit isomorphic orbit varieties. Hence, only a single representative
for each conjugacy class has to be viewed in the following considerations.

Propostion 2.91. Let G and G′ be conjugate subgroups of GL(Cn) and denote the corre-
sponding orbit varieties by Vor and V ′

or respectively. Then the orbit varieties are isomorphic.

Proof. To begin with, let h ∈ GL(Cn) such that G′ = hGh−1. Since G′ is also a
finite subgroup of the general linear group, there exist s generators for the algebra of G′-
invariants. Hence, as in Equation (5), a polynomial map F ′ : Cn → Cs exists and the orbit
variety V ′

or is defined as in Definition 2.81 for the G′-action. Furthermore, Proposition 2.83
leads to F ′(Cn) = V ′

or. We claim that the following diagram is commutative.

Cn Cn Cn

Cr Cs Cr

h

F

h−1

F ′ F

Φ Ψ

In order to prove this, we point out how to obtain the component functions ϕi and ψj of
Φ and Ψ. From this we will see that both smaller rectangles are commutative. The first
step is to show that f ′i ◦ h is G-invariant for an arbitrary component function f ′i of F ′:
let x ∈ Cn and g ∈ G arbitrary, then we have by definition g(f ′i ◦ h(x)) = f ′i(h(g

−1(x))).
Since hG = G′h, there exists g′ ∈ G′ such that h ◦ g−1 = g′ ◦ h, so we get

f ′i(h(g
−1(x))) = f ′i(g

′ ◦ h(x)) = (h−1(g′)−1)(f ′i(x)) = h−1((g′)−1(f ′i(x))) = h−1(f ′i(x)),

where the second equality is due to the definition of the group action and the identity
g′h = (h−1(g′)−1)−1. Then the associativity of the group action and finally the G′-
invariance of f ′i are applied. Note that by definition h−1(f ′i(x)) = f ′i ◦ h(x), hence, the
G-invariance is shown. Clearly, one can show that fj ◦h−1 is G′-invariant in the same way.
Now since the components of the polynomial map are the generators of the algebra of
invariants, there is a polynomial ϕi ∈ C[x1, . . . , xr] such that f ′i ◦ h = F ◦ϕi and similarly
fj ◦ h−1 = F ′ ◦ ψj for a polynomial ψj ∈ C[x1, . . . , xs] (cf. Lemma 2.80). Therefore, the
diagram is commutative.
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To terminate the proof, we observe that the outer rectangle implies that
F = F ◦ h−1 ◦ h = Ψ ◦ Φ ◦ F.

As F is surjective by Proposition 2.83, it is right-cancellative, hence, it follows that
id = Ψ ◦ Φ. The same considerations with interchanged roles for G and G′ and the
corresponding polynomial maps leads to id = Φ ◦ Ψ. Hence, the restriction Φ|Vor

is an
isomorphism between the affine orbit varieties Vor and V ′

or with inverse Ψ|V ′
or

. □
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CHAPTER 3

The Shephard-Todd-Chevalley-Serre Theorem

In this third chapter the aforementioned main theorem 1.1 whose intriguing history was
already presented in Section 1.4 shall be proven. This will be accomplished in several steps
as each implication needs its own toolkit. But first of all, we have to introduce the object
of unitary reflection groups and various important facts about them.
Subsequently, it will be shown that a unitary reflection group implies that the correspond-
ing algebra of invariants is polynomial. The key part of the necessary toolkit for this
proof is a lemma by Chevalley [12] that made it possible to provide a case-free proof.
Next, the converse will be proven. For this intention, a bigger toolkit including Poincaré
series and Molien’s theorem [43] are required. Lastly, we will demonstrate the equivalence
between the algebra of invariants SG being polynomial and the orbit space V /G being a
smooth variety. For this step, a larger toolkit of homological algebra is required, the main
part will be a theorem of Auslander–Buchsbaum [2] which states that regular local rings
are of finite global dimension, and the relation between finite global dimension and being
polynomial given by Serre [55].
In order to finalize this chapter, the last section will be devoted to some explicit compu-
tations of generating systems of invariants. Here, the so-called exceptional groups are of
particular interest.

1. Key facts about unitary reflection groups

The following first section will treat the foundational object of a unitary reflection group
as well as the notion of a root of a reflection. Moreover, we will provide a formula that
will later allow us to describe the action of a reflection group on a vector space. For this
purpose, we follow Lehrer–Taylor [37, Sections 1.1 and 1.2.]. Finally, there will be a short
overview on group representations and modules over a group.
At first, we recall the definition of a Hermitian form that may already be known from
linear algebra.
Definition 3.1. Let V be an n-dimensional vector space over the complex numbers C,
then a map (−,−) : V × V → C is called Hermitian if

(v1 + v2, w) = (v1, w) + (v2, w) , (av, w) = a (v, w) and (v, w) = (w, v)

for all v1, v2, v, w ∈ V and a ∈ C. Moreover, it is called positive definite if (v, v) ≥ 0 for
all v ∈ V , and (v, v) = 0 if and only if v = 0.
For example, the standard scalar product (v, w) = v1w1 + · · ·+ vnwn on Cn is a positive
definite Hermitian form.
Definition 3.2. Let V be an n-dimensional vector space and G be a subgroup of GL(V ).
A Hermitian form is called G-invariant, if

(gv, gw) = (v, w) for all g ∈ G and all v ∈ V.
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Remark 3.3. On a vector space V with a given positive definite Hermitian form [−,−],
there always exists a G-invariant positive definite Hermitian form as long as the subgroup
G ≤ GL(V ) is finite. This is achieved by defining (v, w) :=

∑
g∈G[gv, gw]. The rest follows

from an elementary computation; more details are given in Lehrer–Taylor [37, Lemma 1.3].
Henceforward, V will always denote an n-dimensional vector space over C and (−,−) will
be a positive definite Hermitian form.
Definition 3.4. Let g ∈ GL(V ). Then we shall say that g is unitary if (gv, gw) = (v, w)
for all v, w ∈ V . In other words, the form (−,−) is 〈g〉-invariant. The group of all unitary
elements of this form is denoted by U(V ).
Consider the matrix M of a unitary element g with respect to an orthonormal basis of V ,
then we have MM

⊺
= I, where I denotes the identity matrix. The group of all these

unitary matrices is denoted by Un(C), where n = dim(V ).
Note that the group U(V ) depends on the form (−,−). However, for two arbitrary forms
(−,−) and [−,−], there exists an isomorphism ϕ : V → V such that (v, w) = [ϕ(v), ϕ(w)]
for all v, w ∈ V . We say that the forms are equivalent. Therefore, the group U(V ) is
unique up to conjugation in GL(V ). Moreover, every finite subgroup of GL(V ) is unitary
with respect to a suitable form due to Remark 3.3 and hence a subgroup of U(V ).
Definition 3.5. For a subset U ⊆ V the orthogonal complement U⊥ is defined to be the
subspace U⊥ := {v ∈ V | (u, v) = 0 for all u ∈ U}.
For subspaces U,W ⊆ V we write U ⊥ V , if V = U ⊕W and (u,w) = 0 for all u ∈ U and
w ∈ W . A proof that U⊥ is in fact a complement of the subspace U is given, e. g., by
L. Smith [62, Proposition 15.4.2]. Therefore, we have U ⊥W ⇔W = U⊥.
Subsequently, further definitions need to be established to allow us to define the term of
a unitary reflection.
Definition 3.6. Let 1 ∈ GL(V ) be the identity element on G and let g ∈ GL(V ) and
H ⊆ GL(V ), then

(a) the space of fixed points of g is Fix g := ker (1− g) = {v ∈ V | gv = v};
(b) the space of fixed points of H is V H := FixV (H) := {v ∈ V | hv = v for all h ∈ H};
(c) and the shifting space of g is [V, g] := im (1− g).

Lemma 3.7. For g ∈ U(V ) holds [V, g] = (Fix g)⊥.
Proof. See Lehrer–Taylor [37, Lemma 1.6]. □
At this point, we can define what we mean by a (unitary) reflection.
Definition 3.8. A linear map g ∈ GL(V ) will be called a reflection, if g is of finite order
and if dim([V, g]) = 1. If even g ∈ U(V ), we shall say that g is a unitary reflection.
Remark 3.9. We observe that for a reflection g the space of fixed points Fix g is of
codimension 1 and hence a hyperplane, which is called the reflecting hyperplane. Moreover,
dim([V, g]) = 1 implies that there is a nonzero vector a ∈ V such that v − gv = cv · a for
a cv ∈ C for all v ∈ V . Thus, a function ϕ : V → C can be defined by ϕ(v) := cv, and it
follows that Fix g = kerϕ.
Remark 3.10. For a unitary reflection, Lemma 3.7 implies that [V, g] = (Fix g)⊥. But,
by Remark 3.3 we already have that any reflection g is unitary for a suitable form (−,−)
since g is of finite order m and hence 〈g〉 is finite. Choosing a basis adapted to the
decomposition V = (Fix g)⊥ ⊥ Fix g results in the matrix g being diag (ζ, 1, . . . , 1) for a
primitive mth root of unity ζ.
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This demonstrates that the matrixes of such form already are unitary reflection which
remain true in the one-dimensional case where the matrices only consist of a single entry
ζ and the reflecting hypereplane is the origin.
After observing that the one-dimensional space [V, g] is spanned by a single vector a, we
will establish a name for a to be able to use this property, for exmaple, to compute the
value of a reflection.
Definition 3.11. Let ` be a line in V , i.e., ` is a one-dimensional subspae of V , then any
nonzero vector of ` is called a root of this line. For a unitary reflection the root of [V, g] is
defined to be the root of g, too.
With the terms introduced earlier, we are now able to define the main object of consider-
ation.
Definition 3.12. A finite subgroup of the unitary group U(V ) which is generated by
reflections is a called a unitary reflection group.
Note that several authors refer to unitary reflections and the corresponding groups as com-
plex reflections, and complex reflection groups, respectively. Furthermore, some authors,
e. g., Kane [32] call what we have introduced as reflection a pseudo-reflection, and use
the notion of reflections only for real (orthogonal) reflections.
Another important observation is that it is only relevant that the generators are reflections,
since a suitable Hermitian form can always be found as seen in Remark 3.3. In other words,
being a finite group generated by reflections suffices for being a unitary reflection group.
Example 3.13. This example shall be seen as a warning that a group generated by
finitely many reflections is not immediately a reflection group. Let V = C2 and consider

r1 =

(
−1 0
0 1

)
, r2 =

(
−1 0
−1 1

)
.

It is easy to compute that rk (1− r1) = 1 and rk (1− r2) = 1 and that both are of order 2.
Hence, they are reflections. Nevertheless, the group 〈r1, r2〉 is infinite, since

r1r2 =

(
1 0
−1 1

)
and thus (r1r2)

k =

(
1 0
−k 1

)
,

which is of infinite order.
Next, a formula to calculate the values of a vector v under a reflection r will be provided.
For this, we proceed as follows: given a hyperplane H ⊆ V let v1, . . . , vn−1 be a basis
of H and extend it to a basis of V by adding a matching w ∈ V . Then, the linear map
LH : V → C defined by LH(w) = λ ∈ C \ {0} and LH(vi) = 0 for all i = 1, . . . , n − 1 has
the kernel kerLH = H.
Lemma 3.14. Let r ∈ GL(V ) be a reflection of order m, set H := Fix r and take a ∈ V
as a basis of the line [V, g]. Using the above defined map LH one can find a primitive mth

root of unity α such that for all v ∈ V holds

rv = v − (1− α) LH(v)

LH(a)
a.

Proof. As seen in Remark 3.9, there is a map ϕ ∈ V ∗ such that v − rv = ϕ(v)a, so
equivalently rv = v − ϕ(v)a. Moreover, this linear function fulfills H = kerϕ and a /∈ H,
since a is an eigenvector of r corresponding to an eigenvalue distinct from 1: first, a ∈ [V, g],
hence, a = v − rv for some v ∈ V . Then we have ra = rv − r2v = 1 (rv)− r (rv) ∈ [V, g],
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and therefore ra = αa for some complex number α 6= 1 because r is of order m, which
implies that α is a primitive mth root of unity.
From ra = a − ϕ(a)a = αa, it follows that ϕ(a) = 1 − α. Subsequently, from the
construction of LH before the statement of the lemma, it becomes clear that ϕ = λLH for
some nonzero λ ∈ C and as ϕ(a) = 1− α = λLH(a), we get that λ = (1−α)

LH(a) . Finally, plug
in ϕ(v) = (1− α) LH(v)

LH(a) to obtain the desired formula. □
This formula can be even simplified, if r is a unitary reflection and the root a is assumed
to have length 1, i. e., (a, a) = 1.
Corollary 3.15. Let r ∈ U(V ) be a unitary reflection of order m and let a be a root of
r of length 1. Then, there exists a primitive mth root of unity α such that for all v ∈ V
holds

rv = v − (1− α) (v, a) a.

Proof. By Lemma 3.7 we have H ⊥ [V, g] and can conclude from this that (−, a) has the
desired properties for LH . □
This demonstrates that it suffices to take a nonzero vector and a primitive root of unity to
construct a unitary reflection. The following definition is motivated by this observation.
Definition 3.16. Let a ∈ V be a nonzero vector and let α be a primitive mth root of
unity. Then a unitary reflection ra,α ∈ U(V ) is given by

ra,α(v) := v − (1− α) (v, a)
(a, a)

a.

Subsequently, there will be a short part on representation theory elaborating several nec-
essary definitions to talk about some of the considered objects in a more precise way. The
general assumption that V is an n-dimensional vector space over C is maintained. The
following is a collection of the necessary concepts taken from Lehrer–Taylor [37, Sections
1.4, 1.5, 1.7 and 2.1], for a detailed look at representation theory see Lang [36, Chapters
XVII and XVIII].
Definition 3.17. A linear representation of a group G in the space V is a homomorphism
ρ : G→ GL(V ). It is called faithful if ρ is injective.
Definition 3.18. For such a representation, we can let G act on V via gv := ρ(g)v. In
this situation, we say that V is a G-module. Furthermore, if there is a subspace U ⊆ V
with the property that gu ∈ U for all g ∈ G we say that U is a G-submodule of V .
Clearly, the trivial subspaces 0 and V itself are always also a G-submodule, but if these
two are the only ones, we say that V is an irreducible G-module. In the following, we will
equip reflection groups with the property of being irreducible.
Definition 3.19. Let G be a unitary reflection group in U(V ), then the natural repre-
sentation of G is defined to be the G-module V . If V is irreducible as G-module, we say
that G is an irreducible unitary reflection group.
In what follows, the character of a group—an important object of representation theory—
is introduced because it will later occur in Lemma 3.39 leading to the proof of Molien’s
forumula (Theorem 3.40).
Definition 3.20. For a subgroup G ≤ GL(V ) we define the character of g ∈ G to be the
function χ : G→ C mapping g ∈ G onto its trace, i. e., χ(g) := tr(g). If V is an irreducible
G-module we also say that the character χ is irreducible. This definition can be extended
to any group by taking a representation in a space V and setting χ(g) = tr(ρ(g)).
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According to Maschke’s theorem (Lehrer–Taylor [37, Theorem 1.24]) the representation
space V of a finite group G is a direct sum of irreducible components V =

⊕m
i=1 Vi.

Definition 3.21. If χ is a character afforded by the subspace Vj in the preceding decom-
position we define the isotypic component of χ in V to be

Vχ :=
⊕

k : Vk
∼=Vj

Vk.

As already indicated in Section 1.4.1, there is a decomposition as a direct product into
irreducible unitary reflection groups for every unitary reflection group. However, there
exists an even stronger result than in the reference which was given a that point. The
following is an improved formulation (cf. Thiel [65, Proposition 2.38]) of Theorem 1.27
by Lehrer–Taylor [37] where the proof may be found.
Propostion 3.22. If G is a unitary reflection group acting on the vector space V , then
there is an orthogonal decomposition V = V G ⊥ V1 ⊥ · · · ⊥ Vr, where V G denotes the
space of fixed points under the action of G, i.e., gv = v for all g ∈ G. Furthermore, there
is a direct product decomposition such that

G = G1 × · · · ×Gr

and each factor Gi acts as a unitary reflection group on Vi, and as the identity on all other
Vj with j 6= i.
As a final remark, we can now elaborate on the difference between S(V ∗) and S(V ), which
was already announced in Remark 2.90.
Remark 3.23. To be able to provide a nice counterexample, we deviate from the as-
sumption that the base field is the complex numbers C and interchange it only for this
remark with an arbitrary field k. We have that k[V ] = S(V ∗) and k[V ∗] = S(V ) are iso-
morphic k-algebras. However, they are not necessarily isomorphic as G-modules. There
exists an interesting example by Derksen–Kemper [17, 3.7.10] where, on the one hand
k[V ∗]G = S(V )G is a polynomial ring whilst, on the other hand, k[V ]G = S(V ∗)G is not
even a Cohen-Macaulay-ring; according to Theorem 2.76 this is only possible in the mod-
ular case. Hence, there is a difference and since we are interested in V /G and therefore
in its coordinate ring S(V ∗)G, we only concentrate on exactly this ring (cf. Thiel [64,
13.11]).

2. The main theorem

After an exposition of the provenance of the main theorem was already given in Section 1.4,
we now only recall the statement itself to prepare the proofs it in the subsequent sections.
Theorem 3.24 (Shephard–Todd–Chevalley–Serre). For a finite dimensional vector space
V over the complex numbers C and a finite subgroup G ≤ GL(V ) the following are
equivalent:

(a) The group G is a unitary reflection group.
(b) The algebra of G-invariant polynomials SG := C [V ]G is a polynomial algebra.
(c) The orbit space V /G is a smooth variety.

3. Chevalley’s lemma and the proof of (a) ⇒ (b)

The aim of this section is to provide a proof for the first implication (a)⇒ (b) of the main
theorem. In the course of the proof, the key steps will involve investigating the action of a
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reflection on the polynomial algebra S(V ∗) and proving an important auxiliary lemma that
was originally established by Chevalley. Then, the proof can be executed and the section
is concluded by a result on a certain type of uniqueness of the fundamental invariants, a
specific type of generators. For this purpose, we follow the exposition of Lehrer–Taylor
[37, Sections 3.4 and 3.5] who in turn mostly present Chevalley’s [12] results.

In this section, the algebra of polynomials on the vector space V will be denoted by
S := S(V ∗) and its subalgebra of G-invariant polynomials for a subgroup G ≤ GL(V )
is denominated by J = SG. Recall that we already know from Theorem 2.68 that J is
a finitely generated C-algebra, and a Cohen-Macaulay-ring by Theorem 2.76. But now
the assumption that G is a unitary reflection group is added which will lead to an even
stronger result, namely that J is a polynomial algebra.

First, we will have a look at the action of a a reflection on a polynomial P ∈ S.

Lemma 3.25. Let r ∈ GL(V ) be a reflection, let H := Fix r be the corresponding hyper-
plane, and take LH ∈ V ∗ as in Lemma 3.14. Then for all polynomials P ∈ S, one can
find a polynomial Q ∈ S such that

rP = P + LHQ.

Proof. We will proceed in the following way: in the first place, we show that an equation
of this type holds for an arbitrary element of V ∗. Then we will demonstrate that this
relation is also satisfied for the product P1P2 for P1, P2 ∈ S if it is already fulfilled in
each case. Since S is generated by V ∗ as an algebra as well as r and LH are linear, the
multiplicativity of P1 and P2 to be shown suffices to prove the lemma for all P ∈ S.
Due to the formula in Lemma 3.14, it is straightforward to compute that there is an αk ∈ C
for all k ∈ N such that rkv = v+αkLH(v)a for a fixed root a of the reflection r. Using the
identity r−1 = rord(r)−1 yields a β ∈ C such that for all v ∈ V holds r−1(v) = v+βLH(v)a.
View an arbitrary ϕ ∈ V ∗ as an element of S, then by the definition of the G-action on S
we have rϕ(v) = ϕ

(
r−1(v)

)
= ϕ(v) + βLH(v)ϕ(a). Hence, rϕ − ϕ = LHβ

′ for a β′ ∈ C,
which is also a polynomial in S of degree 0.
Next, assuming that for P1, P2 ∈ S the matching polynomialsQ1, Q2 with rP1 = P1+LHQ1

and rP2 = P2 + LHQ2 have already been found, we can conclude that

r(P1P2)− P1P2 = r(P1) · r(P2) + P1P2 = r(P1) (r(P2)− P2) + (r(P1)− P1)P2

= r(P1)LHQ2 + LHQ1P2 = LH (r(P1)Q2 +Q1P2) .

Thus, the equation also holds for the product P1P2 and whence for all P ∈ S as mentioned
in the beginning. □
Before the next lemma, recall from Remark 2.64 that J+ denotes the G-invariant polyno-
mials with constant term 0, and that the ideal of S generated by this set is denominated
by F . These objects will play an important role in the next lemma, which is “the key
technical tool needed in Chevalley’s proof” (Lehrer–Taylor [37, p. 47]) of the desired
implication.

Lemma 3.26. Let G be a unitary reflection group, in particular G is finite. Suppose that
there are homogeneous U1, . . . , Ur ∈ J such that U1 does not lie in the ideal (U2, . . . , Ur)
of J . Presume there are homogeneous P1, . . . , Pr ∈ S such that

(8) P1U1 + · · ·+ PrUr = 0,

then we have that P1 ∈ F , i.e., P1 has constant term 0.
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Proof. We will prove this by induction on d := deg(P1). If d = 0 and if we assume P1 is a
nonzero constant polynomial, we get for the averaging operator (cf. Definition 2.65) that
Av(P1) = P1. But applying Av to (8) leads to Av(P1)U1 + · · · + Av(Pr)Ur = 0 because
the averaging operator is a homomorphism (cf. Lemma 2.66). This would imply that
U1 ∈ (U2, . . . , Ur), contradictory to the assumption. Hence, in the following let d > 0.
The case G = 1 can be settled because then J = S and J+ = F , so P1 ∈ F . Otherwise,
there is a complex reflection r in G with a corresponding linear map LH . First, let r act
on the equation (8) and then substract (8) from the previously obtained result to obtain—
using the invariance of the Ui and the equality of r(PiUi) = (rPi)(rUi) = (rPi)Ui—that

(rP1 − P1)U1 + . . . (rP1 − P1)U1 = 0.

From Lemma 3.25, it follows that for all Pi there is a homogeneous polynomial Qi ∈ S
such that rPi−Pi = LHQi. Moreover, since LH ∈ V ∗ is a polynomial of degree 1, it must
be deg(Qi) < deg(Pi). As LH 6= 0, we get by canceling it out that

Q1U1 + . . . QrUr = 0.

Due to the lowered degrees, it follows by induction that Q1 ∈ F . Hence, we also get that
rP1 − P1 = LHQ1 ∈ F , or in other words, rP1 ≡ P1 mod F . By definition, all generators
of the group G have the same form as the reflection r, which leads to gP1 ≡ P1 mod F
for all g ∈ G. Now, from the definition of the averaging operator we can conclude that
Av(P1) ≡ P1 mod F . As P1 is of strictly positive degree as well as Av(P1) is G-invariant
and either 0 or of the same degree as P1 and therefore in F , it follows P1 ∈ F . □
Before proving the most important result, i.e., the implication (a) ⇒ (b) of the main
theorem we need a formula that will be used to attain this result. For the subsequent
lemma we follow the ideas of Courant–John [14, p. 120] adopted to the situation of
polynomials and formal derivatives.
Lemma 3.27 (Euler’s formula). Let P ∈ S be a homogeneous polynomial in n variables
and of degree d. Then the partial differential equation

X1
∂P

∂X1
+ · · ·+Xn

∂P

∂Xn
= d · P (X1, . . . , Xn)

is fulfilled.
Proof. Take an arbitrary t ∈ C, then by the homogeneity of the polynomial P holds
P (tX1, . . . , tXn) = tdP (X1, . . . , Xn). Now, this equation is formally differentiated with
respect to t yielding

X1
∂P (tX1, . . . , tXn)

∂X1
+ · · ·+Xn

∂P (tX1, . . . , tXn)

∂Xn
= d · td−1P (X1, . . . , Xn)

due to the multivariate chain rule (cf. Courant–John [14, p. 55 equation (18)]) for the
left hand side. Finally, the proof is completed by setting t = 1. □
With this lemma all the necessary tools to prove the implication (a)⇒ (b) are established.
Hence, we can subsequently prove it in the way it was initially given by Chevalley [12]
following an expostion of Lehrer–Taylor [37, Section 3.5].
Theorem 3.28. Let G be a unitary reflection group (hence finite) of the n-dimensional
vector space V . Then the algebra J := SG of G-invariant polynomials is a polynomial
algebra, that is, it is generated by algebraically independent homogeneous polynomials.
Proof. Let I1, . . . , Ir be a minimal set of homogeneous generators of the ideal F := SJ+

of S, which in turn also generates J as seen in the proof of Theorem 2.68. First of all,
observe that if this set is algebraically independent in the sense of Definition 2.25, it turns
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the canonical map C[Y1, . . . , Yr]→ C[I1, . . . , Ir] injective. Since it is a generating set, this
map is surjective as well. So, to prove the algebraic independence is in fact equivalent to
proving that J is isomorphic to a polynomial ring.
Next, assume that the generating set I1, . . . , Ir is algebraically dependent. The aim is to
demonstrate that under this assumption there already exists a smaller set of generators,
contradictory to the presumed minimality of r. Due to the algebraic dependence, one
can find a nonzero polynomial H ∈ C[Y1, . . . , Yr] that fulfills H (I1, . . . , Ir) = 0. We set
di := deg(Ii) for all i = 1, . . . , r and define ki as the exponents of the monomials Y k1

1 · · ·Y kr
r

occurring in H. As all monomials are canceled out by plugging in I1, . . . , Ir, it is justified
to assume that there is an integer h such that h = k1d1 + · · · + krdr for all monomials.
Moreover, we assume H to be chosen such that h is minimal.
Subsequently, we denominate the partial derivatives of H by Hi :=

∂H
∂Yi

for all i = 1, . . . , r.
If the generators are plugged in, we denote them by Ui := Hi (I1, . . . , Ir). Since all the
Ii are G-invariant and as this property is preserved under multiplication and addition, it
follows that all the Ui lie in J . There must be a nonzero partial derivative Hj because
otherwise we would have that H is constant but then H (I1, . . . , Ir) = 0 is only true for
H = 0 which has already been excluded before. Moreover, for a nonzero Hj we have that
the corresponding Uj is nonzero, else k1d1 + · · ·+ (kj − 1)dj + · · ·+ krdr < h contradicts
the minimality of h.
We may rename the Ui so that the ideal (U1, . . . Ur) ⊴ J is generated by U1, . . . , Us and
such that this choice of s ≤ r is minimal. Therefore, one can find G-invariant homogeneous
polynomials Vkj with such that for all k > s

(9) Uk =
s∑

j=1

VkjUj .

Since deg(Ui) = h−di for all Ui 6= 0, the polynomials Vkj must satisfy deg(Vkj) = dj −dk.
Next, as differentiating 0 with respect to an arbitrary variable remains 0 and it holds
H (I1, . . . , Ir) = 0, we have for all i = 1, . . . , n that

0 =
∂H (I1, . . . , Ir)

∂Xi

chain rule
=

r∑
j=1

Uj
∂Ij
∂Xi

=

s∑
j=1

Uj
∂Ij
∂Xi

+

r∑
j=s+1

Uj
∂Ij
∂Xi

(9)
=

s∑
j=1

Uj
∂Ij
∂Xi

+

r∑
k=s+1

s∑
j=1

VkjUj
∂Ik
∂Xi

=

s∑
j=1

Uj

(
∂Ij
∂Xi

+

r∑
k=s+1

Vkj
∂Ik
∂Xi

)
.

Since the indices are renamed such that s is minimal, we get that the polynomial Uj is not
contained in the ideal generated by the set {U1, . . . , Us} \ {Uj} for all j ≤ s. Therefore,
we can apply Lemma 3.26 to the preceding formula to obtain that

∂Ij
∂Xi

+
r∑

k=s+1

Vkj
∂Ik
∂Xi

∈ F

for all j = 1, . . . , s and i = 1, . . . , n. Clearly, the first summand is of degree dj − 1 and for
the second summand we get the same result as deg(Vkj)+dk−1 = dj−dk+dk−1 = dj−1.
So, it is also generated by the Ii and we can write

(10) ∂Ij
∂Xi

+
r∑

k=s+1

Vkj
∂Ik
∂Xi

=
r∑

ℓ=1

BijℓIℓ,

where the Bijℓ ∈ S are homogeneous and Bijℓ = 0 for all ` with dℓ ≥ dj due to the
homogeneity of the Ii and the earlier calculated degree. Recall that the partial derivatives
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satisfy
n∑

i=1

Xi
∂Ij
∂Xi

= djIj

by Euler’s formula (cf. Lemma 3.27). Hence, if we initially multiply (10) by Xi and then
form the sum over i since all the earlier results are valid for all i = 1, . . . , r, this leads too.

djIj +
r∑

k=s+1

VkjdkIk =
r∑

ℓ=1

AℓIℓ.

Since Bijℓ = 0 for j = ` and all i = 1, . . . , n, we can conclude that Aj =
∑n

i=1XiBijj = 0.
Now, choosing j = 1 demonstrates that

I1 =
1

d1

(
r∑

ℓ=2

AℓIℓ −
r∑

k=s+1

VkjdkIk

)
is contained in the ideal of S generated by I2, . . . , Ir, which is the desired contradiction to
the minimality of the generating set. □
Such a minimal set of generators for the algebra of G-invariant polynomials J consisting of
algebraically independent homogeneous polynomials is called a set of basic or fundamental
invariants of G. Although such a set is not uniquely determined, it possesses the following
uniqueness properties.
Remark 3.29. In addition to the result that the algebra of invariants J is a polynomial
algebra, the preceding proof also reveals that a minimal generating set for the ideal F ⊴ S
is algebraically independent in S which can be useful to determine an explicit set of
generators. Additionally, from this and the fact that S ∼= C[X1, . . . , Xn] can contain at
most n algebraically independent elements we can conclude for the number of generating
invariants holds r ≤ n (cf. Chevalley [12, p. 780-781]).
On the other hand, J is generated as an algebra by r elements I1, . . . , Ir whence we know
that the canonical homomorphism f : C[x1, . . . , xr] → J sending xi onto Ii is surjective.
Hence, J is isomorphic to C[x1, . . . , xr]/ ker f which has Krull dimension of at most r
(cf. Broué [7, Propostion 2.10]). By Lemma 2.70, the extension J ⊆ S is integral and
therefore preserves the Krull dimension (cf. Matsumura [40, Theorem 20]). It follows that
J has Krull dimension n. Combining these results yields n ≤ r and hence with the first
inequality, we finally have n = r.
Moreover, one can show by investigating J+ and using Nakayama’s lemma 2.20 that
the degrees of a fundamental set of invariants are uniquely determined, even though the
invariants themselves are not necessarily unique (cf. Thiel [64, 13.12]).

4. The proof of (b) ⇒ (a) using Molien’s formula

This section is devoted to prove the implication (b)⇒ (a), i.e., to demonstrate the converse
of Theorem 3.28. For this purpose, the concept of a Poincaré series of a graded module
will be introduced and some useful properties will be presented. Among these, one will
find Molien’s formula (Theorem 3.40) which provides an explicit equation for the Poincaré
series of the algebra of G-invariant polynomials. Moreover, we will present the relationship
between the degrees of the fundamental invariants, the group order, and the number of
reflections in G, highlighting the connection between the algebraic properties and the
geometric representation. In the end, we will be able to prove the desired implication
of the main theorem while using some of these relations. To achieve this, we follow the
exposition of Lehrer–Taylor [37, Sections 4.1–4.3]. The main results at the end of the
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section are primarily from a Springer paper [63], which in turn presents the results of the
original paper by Shephard-Todd [57].
Recall that a graded module M over a ring A is denoted by

⊕
i≥−mMi for some m ∈ N.

Since we are interested in the algebra of G-invariant polynomials J = SG in the following,
it suffices to consider the case m = 0 for vector spaces. If each subspace Mi of a graded
vector space M is of finite dimension and further a G-module for a group G, the space M
is a graded G-module.
Definition 3.30. Let M be a graded module.

(a) The Poincaré series of M is the formal power series in the variable t

PM (t) :=
∑
i≥0

dim(Mi)t
i ∈ Z[[t]].

(b) For a G-module M and a group element g ∈ G the relative Poincaré series of M
with respect to g is defined as the formal power series

PM (g, t) :=
∑
i≥0

tr(g,Mi)t
i ∈ C[[t]].

Here, tr(g,Mi) stands for the trace of the matrix that represents the action of g
on the finite dimensional subspace Mi.

Remark 3.31. We observe the following: if g = 1, the action is trivial, that is, the related
matrix is the identity matrix. Hence, we have tr(g,Mi) = dim(Mi) and PM (1, t) = PM (t).
Example 3.32. Let M = C[x] be the polynomial ring in a single variable. It admits a
natural grading and the kth homogeneous part has a basis of xk. Therefore, the Poincaré
series of it is PC[x](t) =

∑
k≥0 1 · tk = 1

1−t as a formal geometric series.

In the succeeding lemma, the first properties of the relative Poincaré series will be pre-
sented, namely the additivity and the multiplicativity.
Lemma 3.33. Let G be a group, and let M and N be G-modules. Then, for all g holds
PM⊕N (g, t) = PM (g, t) + PN (g, t) as well as PM⊗N (g, t) = PM (g, t) · PN (g, t).
Proof. For any graded component ofM⊕N we have (M ⊕N)k =Mk⊕Nk. Consequently,
the matrix representing the action of an arbitrary g ∈ G splits into blocks, and it follows
tr (g, (M ⊕N)k) = tr (g,Mk) + tr (g,Nk). This shows PM⊕N (g, t) = PM (g, t) + PN (g, t)
by comparing coefficients.
For the tensor product, we get that the kth graded component of M⊗N is

⊕k
i=1Mi⊗Nk−i.

Using the Kronecker product (see Loan [38] for more details on this matter) one may easily
verify that the trace of a tensor product of matrices A and B is tr (A⊗B) = tr (A) ·tr (B).
Hence, the coefficients of PM⊗N (g, t) have the form

∑k
i=1 tr (g,Mi) · tr (g,Nk−i). Using

this formula and the fact that product of two power series is a Cauchy product directly
leads us to the result. □
Corollary 3.34. For a group G and G-modules M and N holds PM⊕N (t) = PM (t)+PN (t)
and PM⊗N (t) = PM (t) · PN (t).
Proof. This is clear due to the identity in Remark 3.31 and the previous lemma. □
The following step is to compute the relative Poincaré series of the symmetric algebra of
a finite dimensional vector space.
Lemma 3.35. Let V be an n-dimensional vector space over C on which the finite group
G acts. Then, for all g ∈ G we have PS(V )(g, t) =

1
det(1−gt) .
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Proof. As G is finite, every element g ∈ G has to be of finite order, and consequently
its minimal polynomial has the form f := Xm − 1 ∈ C [X] for some m ∈ N. Therefore, f
splits into distinct linear factors which implies that g is diagonalizable (see, e.g., L. Smith
[62, Theorem 14.5.3 (i)]). Hence, we can choose a basis of V of eigenvectors v1, . . . , vn
corresponding to the eigenvalues λ1, . . . , λn.
From Proposition 2.57, we know that the monomials vm1

1 · · · vmn
n for all combinations

of the mi such that m1 + · · · + mn = k form a basis of Sk(V ), the k-fold symmet-
ric power of V , which is the kth homogeneous component of S(V ), too. As the identity
g (vm1

1 · · · vmn
n ) = g (v1)

m1 · · · g (vn)mn holds true in the symmetric algebra, the basis mono-
mials are eigenvectors as well. Their eigenvalues are λm1

1 · · ·λmn
n . Since the basis consists

of eigenvectors, it follows for the trace

tr(g, Sk(V )) =
∑

(m1,...,mn)∈Ik

λm1
1 · · ·λ

mn
n ,

where Ik denotes the set of all n-tuples such that
∑n

i=1mi = k. We acquire that this trace
is exactly the coefficient of tk in

∑
k≥0

 ∑
(m1,...,mn)∈Ik

λm1
1 · · ·λ

mn
n

 tk
Cauchy
product
=

n∏
i=1

∑
j≥0

(λit)
j

geometric
series=

n∏
i=1

1

1− λit
.

Since g is diagonalizable, the last product is in turn equal to 1
det(1−gt) . So, comparing

coefficients yields the desired equality PS(V )(t) =
∑

k≥0 tr(g, Sk(V ))tk = 1
det(1−gt) . □

Example 3.36. In the case of the exterior algebra
∧
(V ) of an n-dimensional vector space

V , the computation of the Poincaré series is greatly simplified by the fact that the kth

homogeneous part is of dimension
(
n
k

)
(cf. end of Section 2.4.2 at p. 19). Because of this,

the series turns into the finite sum

P∧
(V )(t) =

n∑
k=0

(
n

k

)
tk = (1 + t)n,

where the last equality is due to the binomial theorem.

The first part of the next lemma would fit suitably into Section 2.4 on multilinear algebra
as well, but it is not used until this point which is why it is included just here. This allows
us to compute the Poincaré series of exterior and symmetric algebras more easily.

Lemma 3.37.
(a) Let W = W1 ⊕W2 be a direct sum of vector spaces. We get the following vector

space isomorphisms S(W ) ∼= S(W1)⊗ S(W2) and
∧
(W ) ∼=

∧
(W1)⊗

∧
(W2).

(b) If V =
⊕

i≥1 Vi is a finite dimensional graded vector space where Vi denotes the
component of degree i, we have

PS(V )(t) =
∏
i≥1

(
1

1− ti

)dim(Vi)

, P∧
(V )(t) =

∏
i≥1

(
1 + ti

)dim(Vi) .

Proof. For (a) see Greub [24, 5.15 and 9.8], note that the underlying vector space of the
anticommutative tensor product for the exterior algebra is equal to the one of the usual
tensor product, so the required vector space isomorphism is shown indeed. For (b), we
define U to be a homogeneous vector space of dimension 1 and degree d. Clearly, the
degree of all elements of the symmetric algebra S(U) has to be a multiple of d and each
of these part is one-dimensional. Since dim(U) = 1, it follows that

∧
(U) = C⊕ U , where
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deg(C) = 0. Hence, we get PS(U)(t) =
∑

i≥0(t
d)i = 1

1−td
and P∧

(V )(t) = 1 + td. Finally,
the result follows from (a) and Corollary 3.34. □
Using this lemma we can extend Example 3.32 to get that the Poincaré series of the
coordinate ring S = S(V ∗) ∼= C[X1, . . . , Xn] ∼= C[X1] ⊗ · · · ⊗ C[Xn] of an n dimensional
vector space V is PS(t) = (1 − t)−n. Moreover, making use of the preceding lemma
also allows us to prove the uniqueness of the degrees for a fundamental set of invariants
mentioned in Remark 3.29.
Propostion 3.38. Let J = S(V ∗)G be the algebra of G-invariant polynomials for a unitary
reflection group G on a vector space V with dim(V ) = n. Then the degrees d1, . . . , dn of
a fundamental set of invariants {I1, . . . , In} are uniquely determined. Therefore, they are
called the degrees of G.
Proof. As J inherits the grading of S and since J ∼= C[I1] ⊗ · · · ⊗ C[In], we get that
PJ(t) =

∏n
i=1(1 − tdi)−1. First, we define the inverse of PJ as QJ(t) = (PJ(t))

−1 ∈ C[t].
Then, all of its factors 1 − tdi split into linear factors of the form ζ − t, where the corre-
sponding ζ denotes a dth

i root of unity. For a primitive kth root of unity ζk, the multiplicity
of ζk − t in QJ(t) is exactly the number of dj that are multiples of k.
What will follow is a downwards induction. We start with the largest degree dm. We
notice that the multiplicity of ζdm − t for a primitive dth

m root of unity is exactly the
number of occurrences of dm in d1, . . . , dn because there cannot be any proper multiples
of dm contributing to this number due to the maximality of dm. For the induction step
0 < k < dm we observe that the number of occurrences of all proper multiples of k in
d1, . . . , dn is already uniquely determined by the induction hypothesis, and hence subtract-
ing these from the multiplicity of ζk − t yields the unique number of how often k occurs
in d1, . . . , dn. Therefore, the degrees only depend on PJ(t) which in turn is an intrinsic
property of J . □
Before being able to prove Molien’s formula from [43], we need an auxiliary lemma. Its
proof is omitted as it would require some larger machinery, inter alia, the introduction of
a further type of Poincaré series, whose only purpose in this work would be to prove this
lemma.
Lemma 3.39. Let G be a finite group and let M be a graded G-module. If χ is an
irreducible character of G and Mχ is the χ-isotypic component, i.e., the direct sum of all
G-submodules M ′ isomorphic to Vχ affording χ, then PMχ(t) =

χ(1)
|G|
∑

g∈G χ(g)PM (g, t).

Proof. See Lehrer–Taylor [37, Lemma 4.12]. □
Theorem 3.40 (Molien’s formula). For a finite group G acting on the n-dimensional
vector space V over C, we have for the ring of G-invariant polynomials J = S(V ∗)G that

PJ(t) =
1

|G|
∑
g∈G

1

det(1− gt) .

Proof. Let χ1 be the trivial character, that is, χ1(g)P = P for all g ∈ G and P ∈ S.
Furthermore, a χ-isotypic component of a G-module M can be equivalently written as
Mχ = {v ∈M | gv = χ(g)v for all g ∈ G}. For the trivial character χ1 and the G-module
of polynomials S this implies Sχ1 = {P ∈ S | gP = χ1(g)P = P for all g ∈ G} = J .
Therefore, by Lemma 3.39 and χ1(g) = 1, it follows that

PJ(t) =
1

|G|
∑
g∈G

PS(g, t).
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Since V ∗ is also an n-dimensional vector space, the proof is settled by replacing PS(g, t)
with 1

det(1−gt) due to Lemma 3.35. □

The subsequent theorem is an intermediate step in the original proof of the equivalence
between (a) and (b) by Shephard and Todd [57, Theorem 5.1 (b) and the following remark].
Not only the results of this theorem but also some of the computations in the course of
the proof will be employed to prove the implication (b) ⇒ (a) of the main theorem.
Theorem 3.41 (Shephard–Todd). Let G be a finite unitary reflection group and let
d1, . . . , dn be the degrees of G, then

(a) the order of G satisfies |G| = d1 · · · dn;
(b) there are N =

∑n
i=1(di − 1) reflections in G.

Proof. (a) Let λ1, . . . , λn be the eigenvalues of g ∈ G, as g is diagonalizable (cf. the proof
of Lemma 3.35). From this, we get det(1− gt)−1 = ((1− λ1t) · · · (1− λnt))−1. First, this
equation is multiplied by (1 − t)n and afterwards we plug in t = 1. This evaluation is 0
as long as there is an eigenvalue different from 1. Else, if all eigenvalues are 1, g must be
the identity element and the evaluation at t = 1 yields 1.
Due to the geometric sum formula, we have 1−t

1−tdi
= 1

1+t+···+tdi−1 and setting t = 1 yields 1
di

for all i = 1, . . . , n. Combining these results via Molien’s formula 3.40 and the expression
for PJ(t) in Proposition 3.38 we get

(11) |G|PJ(t) = |G|
n∏

i=1

(
1− tdi

)−1
=
∑
g∈G

det(1− gt)−1.

Once more, we have to multiply this by (1− t)n and plug in t = 1 to get |G|
d1···dn = 1 since

all summands except the one for g = 1 vanish as computed above. Hence, |G| = d1 · · · dn.
(b) Let R be the set of all reflections in G. From Remark 3.10, we know that g ∈ G is a
reflection if and only if it has exactly one eigenvalue λ(g) that is different from 1. Therefore,
the reflections are exactly the g ∈ G satisfying det(1− gt) = (1− t)n−1(1− λ(g)t). First,
substract (1 − t)−n from the middle and the right hand side of (11), then multiply by
(1− t)n−1. In the middle, we get(
|G|

n∏
i=1

(1− tdi)−1 − (1− t)−n

)
(1− t)n−1 =

|G|
1− t

(
n∏

i=1

(1− tdi)−1

)
(1− t)n − 1

1− t

=
|G|
1− t

n∏
i=1

1− t
1− tdi

− 1

1− t

geometric sum +
expand the fraction

=
|G| −

∏n
i=1(1 + t+ · · ·+ tdi−1)

(1− t)
∏n

i=1(1 + t+ · · ·+ tdi−1)
.

For the right hand side of (11), we notice that det(1− 1t)−1 = (1− t)n and for a reflection
g ∈ R holds det(1− gt)−1(1− t)n−1 = (1− λ(g))−1. Moreover, if neither g = 1 nor g ∈ R,
it follows that det(1− gt)−1(1− t)n−1 is divisible by 1− t because there are at least two
eigenvalues different from 1. In other words, the multiplicity of 1− t is at most n− 2 and
we can find a rational function h ∈ C(t) such that det(1 − gt)−1(1 − t)n−1 = (1 − t)h(t).
Since we may assume all fractions to be completely reduced, the denominator of h is
not divisible by (1 − t). Finally, we can conclude that the right hand side is equal to∑

g∈R(1 − λ(g))−1 + (1 − t)h(t), where the denominator of h is not divisible by 1 − t as
it is the sum of all h and each of their denominator is not divisible by 1 − t. Hence, we
obtain

(12) |G| −
∏n

i=1(1 + t+ · · ·+ tdi−1)

(1− t)
∏n

i=1(1 + t+ · · ·+ tdi−1)
=
∑
g∈R

1

1− λ(g)
+ (1− t)h(t),
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where h ∈ C(t) has the aforementioned properties.
We intend to evaluate this equation at t = 1. For this purpose, we define the polynomial
H(t) := |G|−

∏n
i=1(1+t+· · ·+tdi−1) and use the result of (a) to conclude H(1) = 0. Thus,

we get by the Taylor series expansion at 1 that H(t) = (t−1)H ′(t)+ 1
2(t−1)2H ′′(t)+ . . . .

Therefore, setting t = 1 in (12) eliminates all summands of the Taylor series expansion
of H except the first one which turns to (t−1)H′(1)

(1−t)d1···dn = −H′(1)
|G| . On the right hand side of

(12), the first summand remains unchanged whilst the second one is eliminated, too. So,
we obtain −H′(1)

|G| =
∑

g∈R
1

1−λ(g) and have to look more precisely at H ′.

We get H ′(t) = −
∑n

i=1

(
(1 + 2t+ 3t2 + · · ·+ (di − 1)tdi−2)

∏
j ̸=i(1 + t+ · · ·+ tdj−1)

)
by

the product rule for derivatives. If we plug in t = 1, we can apply the Gaussian sum formula
and use (a) to conclude H ′(t) = −

∑n
i=1

(
1
2(di − 1))di

∏
j ̸=i dj

)
= −1

2 |G|
∑n

i=1(di − 1).
As we have to multiply this by −1

|G| to plug it into the above formula for
∑

g∈R
1

1−λ(g) , it
follows that

(13) 1

2

n∑
i=1

(di − 1) =
∑
g∈R

1

1− λ(g)
.

Initially, we have to consider the special case n = 1 and G = 〈g〉 for a reflection g of order
d, where we denote the eigenvalue different from 1 by λ (a primitive dth root of unity).
Furthermore, we get d1 = d and observe that G contains d − 1 reflections, all elements
except 1 ∈ G. Hence, their eigenvalues are λi for i = 1, . . . , d− 1 and we acquire

(14) 1

2
(d− 1) =

d−1∑
i=1

1

1− λi

for (13) in this special case. To finish the proof, we have to return to the general case
where the set of all reflections R is a disjoint union of sets of reflections corresponding to
cyclic subgroups of G. By (14) each of these cyclic subgroups G′ with |G′| = d contributes
1
2(d− 1) to the right hand side of (13). Hence, taking the sum over all these disjoint sets
yields 1

2

∑n
i=1(di − 1) = 1

2 |R|, and the proof is completed. □

By the preceding theorem we have shown that the property of G to be a finite unitary
reflection group implies that |G| = d1 · · · dn. But now, we want to demonstrate that G
being a unitary reflection group is not only sufficient for the equality of |G| and d1 · · · dn,
but also necessary. Hence, a characterization of unitary reflection groups is achieved by
this property which will be used to prove the main objective of this section, the implication
(b) ⇒ (a). In order to carry out the proof originally given by Shephard-Todd [57] in the
version of Springer [63, Theorem 2.4], a final preparatory lemma is needed which is due to
Springer [63, Propostion 2.3], too. Although we mostly follow the presentation of Lehrer–
Taylor [37, Section 4.3], some supplementary details of the original proof are provided.

Lemma 3.42. Let V be an n-dimensional vector space over C. If R is the subalgebra of
S := S(V ∗) generated by n algebraically independent homogeneous polynomials f1, . . . , fn
whose degrees are denoted by d1, . . . , dn. Moreover, the degrees are assumed to be sorted
in increasing order d1 ≤ d2 ≤ · · · ≤ dn. Then

(a) for all i we have that di is the minimal degree of a homogeneous polynomial of R
that is not contained in the subalgebra generated by the first i− 1 generators;

(b) if g1, . . . , gn ∈ R are homogeneous polynomials and algebraically independent of
degrees e1 ≤ e2 ≤ · · · ≤ en, then di ≤ ei for all i = 1, . . . n.
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Proof. (a) Since R is generated by the fi, for any homogeneous polynomial f ∈ R
of degree d which is not contained in the subalgebra generated by f1, . . . , fi−1, there
exists a polynomial P ∈ C[X1, . . . , Xn] such that f = P (f1, . . . , fn). For each monomial
Xm1

1 · · ·Xmn
n of P holds d1m1 + · · · + dnmn = d: due to the homogeneity of f , this sum

can either be d or it is evaluated to 0 by plugging in the fi, but the latter contradicts their
algebraic independence. By the choice of f , there exists some j ≥ i such that mj ≥ 1 and
hence we get d = djmj + x ≥ dj ≥ di for mj ≥ 1, x ≥ 0, which finishes the proof of (a).

(b) This part is proven by induction on i. For i = 1 the statement follows from (a). Now we
assume that dj ≤ ej for all j = 1, . . . , i− 1. We can find polynomials Gj ∈ C[X1, . . . , Xn]
such that gj = Gj(f1, . . . , fn). Due to the algebraic independence of the gj , the polynomi-
als G1, . . . Gi cannot involve only the variables X1, . . . , Xi−1 because then there would be
i algebraic independent polynomials in i − 1 variables which is impossible for dimension
reasons. Thus, in some Gj for j ≤ i occurs an Xk with k ≥ i whence gj does not lie in the
subalgebra of R generated by f1, . . . , fk−1. From this we can conclude that ej ≥ dk by (a).
Combining this result and the given assumptions we finally obtain ei ≥ ej ≥ dk ≥ di. □
Theorem 3.43. Suppose that G is a finite group acting on the n-dimensional vector space
V over C. Assume that the algebra of G-invariant polynomials J := SG is generated by n
homogeneous algebraically independent polynomials f1, . . . , fn of degrees di, respectively.
Then

(a) |G| ≤ d1 · · · dn;
(b) if |G| = d1 · · · dn, it follows that G is a unitary reflection group in V and J is

generated by f1, . . . , fn as a C-algebra, i.e., J is a polynomial algebra;
(c) if J is generated by f1, . . . , fn as a C-algebra, i.e., J is a polynomial algebra, then

we obtain equality in (a) and G is a reflection group.

Proof. (a) Denote the ith homogeneous component of J by Ji and set ai := dim(Ji).
From Molien’s formula we obtain∑

i≥0

ait
i = PJ(t)

Theorem 3.40
=

1

|G|
∑
g∈G

1

det(1− gt) .

For the ith homogeneous component of S = S(V ∗) we write Si and get 0 ≤ ai ≤ dim(Si).
Since PS(t) = (1− t)−n by Lemma 3.37 (b), the series

∑
i≥0 ait

i is absolutely convergent
for all |t| < 1 due to the majorant criterion.
Next, let B be the subalgebra of J generated by the homogeneous polynomials f1, . . . , fn
and define bi to be the dimension of the ith homogeneous component of B, that is,
bi = dim(B ∩ Si). We have bi ≤ ai for all i = 1, . . . , n because B ∩ Si ⊆ Ji. From
Lemma 3.37 (b), we get that PB(t) =

∑
i≥0 bit

i =
∏n

j=1(1 − tdj )−1, and it is absolutely
convergent for |t| < 1, too, also by the majorant criterion. Hence, we have

(15)
n∏

j=1

1

1− tdj
≤ 1

|G|
∑
g∈G

1

det(1− gt)

for all 0 ≤ t < 1 and after multiplying by (1− t)n we acquire
n∏

i=1

(1 + t+ · · ·+ tdj−1)−1 ≤ |G|−1 (1− t)h(t).

The left hand side is due to the inverse geometric sum formula 1−t

1−tdj
= (1+t+· · ·+tdj−1)−1.

For the right hand side, the same arguments as in the proof of Theorem 3.41 are used, and
h is once again a rational function whose denominator is not divisible by 1 − t. Finally,
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consider the limit as t → 1 in the above inequality. This leads to
∏n

j=1 d
−1
j ≤ |G| and

therefore |G| ≤ d1 · · · dn, which completes the proof of (a).
(b) For this part we assume that equality holds, so we have |G| = d1 · · · dn. Initially, we
multiply (15) by |G|, then subtract (1− t)−n from the result, and consecutively multiply
by (1−t)n−1. Using similar computations to those in the proof of Theorem 3.41, we obtain

|G| −
∏n

i=1(1 + t+ · · ·+ tdi−1)

(1− t)
∏n

i=1(1 + t+ · · ·+ tdi−1)
≤
∑
g∈R

1

1− λ(g)
+ (1− t)h(t),

where h is a rational function whose denominator is not divisible by (1− t) and R denotes
the set of reflections in G. We consider the limit as t approaches 1, then, by the argument
at the end of the proof of Theorem 3.41, in particular (14) and what we concluded from
this equation at that point, it follows that

(16) 1

2

n∑
i=1

(di − 1) ≤ 1

2
|R| .

Next, define G1 to be the subgroup of G which is generated by R and denote the degrees
of G1 by e1, . . . , en, i.e., these are the degrees of a set of fundamental invariants. Since
the fi are G-invariant, they are also invariant under the action of the subgroup G1. But
now we are in the situation of Lemma 3.42 (b): the ei are the degrees of algebraically in-
dependent homogeneous generators of J ′ := SG1 and they may be assumed to be ordered
increasingly. Moreover, the fi (in the role of the gi) are algebraically independent homo-
geneous polynomials that lie in J ′, too, and can be assumed to be ordered by increasing
degrees di. So, as the roles of the ei and di are interchanged in comparison to the notation
of Lemma 3.42, we attain ei ≤ di for all i = 1, . . . , n. Additionally, the application of
Theorem 3.41 (b) to G1 yields |R| =

∑n
i=1(di − 1). Hence, combining all these results

leads to
n∑

i=1

(di − 1)
(16)
≤ |R| Theorem 3.41 (b)

=
n∑

i=1

(ei − 1)
ei≤di
≤

n∑
i=1

(di − 1).

Therefore, we have di = ei for all i = 1, . . . , n and hence |G1|
(a)
= e1 · · · en = d1 · · · dn = |G|.

Since G1 is now a subgroup of G and of order equal to |G|, it follows that G = G1.
Hence, G is generated by reflections and J is generated by some algebraically independent
polynomials. As observed in Theorem 3.28, this is equivalent to J being polynomial.
(c) For this final part we assume J to be generated by the algebraically independent
polynomials f1, . . . , fn. Thus, we get B = J in the previously introduced notation which
also implies that ai = bi for all i = 1, . . . , n and, it follows that we have equality in (15). So,
it holds

∏n
j=1

1

1−tdj
= 1

|G|
∑

g∈G
1

det(1−gt) . Due to the same computations and arguments as
in (a), multiplying this equality by (1− t)n and plugging in t = 1 leads to |G| = d1 · · · dn.
From this point, the result of (c) follows immediately from (b). □

5. The proof of (b) ⇔ (c)

In this section the proof of the main theorem will be completed by demonstrating the
equivalence of (b) and (c). First of all, before discussing the following procedure, we will
show that we only have to put effort in proving the implication (c) ⇒ (b). We stick to all
beforehand introduced notations, in particular, S denotes the symmetric algebra S(V ∗) of
the dual space of the vector space n-dimensional vector space V over C. Moreover, J ≤ S
denotes the subalgebra of G-invariant polynomials SG for a finite group G acting on V .
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Remark 3.44. Recall that if J = SG is generated by r homogeneous polynomials
f1, . . . , fr, the orbit variety Vor ∼= V /G (cf. Theorem 2.88) is defined to be the van-
ishing locus in Cr of the kernel kφ of the canonical surjective (cf. Lemma 2.80) map
ϕ : C [x1, . . . , xr] → SG mapping xi onto fi. Hence, as discussed in Lemma 2.82, its co-
ordinate ring is J and I(Vor) = kφ. But now, assuming (b) of the main theorem, i.e.,
supposing J to be a polynomial algebra equivalently means that J is generated by al-
gebraically independent polynomials. Hence, according to Definition 2.25 the kernel kφ
is 0 and therefore the already surjective map ϕ is an isomorphism. Since dim(J) = n
(cf. to the proof of Lemma 2.82), we get n = r. Furthermore, as kφ = {0} it follows
immediately that Vor ⊆ An is smooth due to the Jacobi-criterion (cf. Example 2.19 (a))
using dim(Vor) = n (cf. Lemma 2.82). So, the proof of (b) ⇒ (c) of the main theorem is
completed by this remark.

To establish the converse implication, we first have to create a connection from algebraic
geometry to commutative algebra by showing that smooth points of a variety correspond to
regular local rings. For the rest of the proof, we will introduce a large toolkit of homological
algebra, in particular the addition of two new types of dimension (the projective and the
global one). Then, we will demonstrate that regular local rings are already of finite global
dimension. Using a fact on the global dimension of localized rings, we will be able to show
that J is of finite global dimension. Finally, by a theorem of Serre [55] on graded connected
algebras, it will be demonstrated that J is isomorphic to a polynomial algebra. Hence,
the proof of (c) ⇒ (b) is completed and thus all implications of the main theorem 3.24
are proven.

Remark 3.45. Let (R,m) be a Noetherian local ring of finite dimension d and denote
its residue field by k := R/m. We recall from commutative algebra that R is said to be
regular if m is generated by d elements. This condition is equivalent to dimk(m/m2) = d,
where dimk indicates the k-vector space dimension (cf. Matsumura [40, 17.E]).

5.1. From geometry to algebra. Aiming at the prior mentioned link between
smooth varieties and local regular rings, we will follow the ideas of a lemma by Görtz–
Wedhorn [23, Lemma 6.26]. Before advancing to the precise statement, we give an addi-
tional lemma that is necessary to prove it (cf. Görtz–Wedhorn[23, Proposition B.74 (3)]
and see Matsumura [41, Theorem 14.2] for a proof).

Lemma 3.46. Let (R,m) be a regular local ring and let r1, . . . , rs ∈ m. Then, the images
ri ∈ m/m2 are linearly independent over k if and only if the quotient A/(r1, . . . , rs) is
regular.

Propostion 3.47. Let X ⊆ An be an affine variety of dimension d. If p ∈ X is a smooth
point, the corresponding local coordinate ring C[X]mp is regular.

Proof. As dim(X) = d, we might assume that C[X] ∼= C[x1, . . . , xn]/(f1, . . . , fn−d).
Hence, by the Jacobi-criterion, we obtain that J(p) =

((
∂fi
∂xj

)
(p)
)
i,j

is of rank n − d.
Since mp = (x1 − p1, . . . , xn − pn) and thus is generated by n elements, it follows that the
localized ring C[x1, . . . , xn]mp is regular. We claim that the images of the fi in mp/m

2
p are

linearly independent: assume there is a nontrivial linear relation F :=
∑n

i λif i = 0. Then,
F ∈ m2

p which is the reason why it can be written as a finite sum where each summand
contains at least two factors xi − pi. Therefore, p is a double root of each summand and
the partial derivative of

∑n
i λifi with respect to any variable still vanishes at p, this is a

contradiction to the Jacobi-criterion.
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As fi(p) = 0, the assumption fi ∈ mp is satisfied and we can apply Lemma 3.46 to con-
clude that C [x1, . . . , xn]mp

/(f1, . . . , fn−d)mp
∼= (C[x1, . . . , xn]/(f1, . . . , fn−d))mp

∼= C[X]mp

is regular because dim(C[x1, . . . , xn]mp) = n and its maximal ideal mp has n generators
which turns it into a regular local ring. □
Remark 3.48. This is the localization at exactly all maximal ideals because C[X] is a
quotient ring of the polynomial ring C[x1, . . . , xn] whose maximal ideals are exactly the mp

of the form (x1 − p1, . . . , xn − pn) for a point p ∈ Cn (cf. Matsumura [40, Corollary 14.4]).
But as for any ring R and any ideal I there is a bijection between {J ⊴ R | I ⊆ J} and
{J ⊴ R/I} (cf. Atiyah–Macdonald [1, Proposition 1.1]), the maximal ideals of C[X] are
exactly the mp corresponding to the points of X.
Remark 3.49. Note that a coordinate ring of an affine variety is isomorphic to a quotient
ring of a polynomial ring, in particular J = SG ∼= C [x1, . . . , xn] / kerφ (cf. Lemma 2.80).
Hence, it is the quotient of a Noetherian ring and thus Noetherian itself by Atiyah–
Macdonald [1, Proposition 6.6], and by [1, Proposition 7.3] the localization Jmp is also
Noetherian. Therefore, the beforehand considered rings satisfy the Noetherian property
in the definition of regularity.
Since the orbit variety V /G is assumed to be smooth in (c) of the main theorem, by
Proposition 3.47 and Remark 3.48, we obtain the following result.
Corollary 3.50. Under the assumption of (c) of the main theorem it follows that for
the algebra of G-invariant polynomials J , the localization at any maximal ideal Jmp is a
regular local ring.

5.2. The homological methods. At first, we have to introduce some fundamental
objects that will be considered more precisely in the following. The first pair will be
projective and injective modules. Even though projective modules have already been
introduced while discussing the Cohen-Macaulay property of the algebra of invariants
in Section 2.5.2, we will give another definition (see Lang [36, Chapter III, §4] for the
equivalence). Unless stated otherwise, we will follow Rotman’s presentation [50] of the
subsequently considered objects and properties. For injective and projective modules see
Chapter 3, for the succeeding part we mostly refer to the Chapters 6 to 8. In the following,
all modules are supposed to be R-modules for a fixed ring R.
Definition 3.51. A module P is said to be projective if for all modules B,C with a
surjective morphism β : B → C and an arbitrary morphism α : P → C, there exists a
morphism γ : P → B such that the following diagram is commutative.

P

B C 0.

γ
α

β

Definition 3.52. A module E is defined to be injective if for every module B and every
submodule A ≤ B, any morphism f : A → E can be extended to a morphism g : B → E
such that the following diagram is commutative.

E

0 A B.

f
g

Using these objects, we are now able to introduce a pair of special type of exact sequences.
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Definition 3.53. Let M be a module, then we call the exact sequence

· · · → Pn+1 → Pn → · · · → P1 → P0 →M → 0

a projective resolution of M if every module Pi is projective. Analogously, an injective
resolution of M is an exact sequence

0→M → E0 → E1 → · · · → En → En+1 → . . .

where each Ei is an injective module. In this case we use uppercase indices to indicate
that the rising indices deviate from the usual notation, where the indices decrease whilst
moving to the right.

An important result regarding this topic is that every module has a free and thus pro-
jective resolution as well as there always exists an injective resolution (cf. Rotman [50,
Theorems 3.8 and 3.28]).

Example 3.54. Since any free module is by definition projective as well, we provide an
example of a projective resolution by a free resolution. Let R 6= 0 be a ring. First, take
any non-zero-divisor x ∈ R and define the R-module M1 := R/(x). If follows that the
sequence

0 ↪→ R
·x−→ R↠M1 → 0

is exact and as R is clearly free over itself we have a first example of a free resolution. This
can be carried on for an arbitrary amount of variables. E.g., for two elements x, y ∈ R
that are no zero-divisors, we have to adapt the previous resolution to gain a free resolution
M2 := R/(x, y) in the following way

0 ↪→ R
·( y
−x)−→ R2 ·(x,y)−→ R↠M2 → 0.

If the M in each case is left out, we get the first two Koszul complexes which are also
a powerful tool in homological algebra and can be defined for any set of elements. The
above examples are inspired by Eisenbud [19, Chapter 17.1], where further reading on this
topic can be found as the whole 17th chapter is about it.

Definition 3.55. A (chain) complex A is a sequence of modules indexed by integers

A : · · · → An+1
dn+1−→ An

dn−→ An−1 → . . .

such that dn+1 ◦ dn = 0 for all n ∈ Z. The maps dn are called differentiations and they
satisfy equivalently that im dn+1 ⊆ ker dn for all n ∈ Z. Note that we may also denominate
a complex by (A, d).

Definition 3.56. For a complex (A, d) we define its nth homology module as the quotient
Hn(A) := ker dn/ im dn+1. Due to the inclusion in the prior definition, this is well-defined.

Example 3.57. For the simple Koszul complex K(x) : 0→ R
·x−→ R from Example 3.54

the left R is set to be A1 and the right takes the place of A0. All other modules
in the sequence are 0 and therefore mostly omitted. The preceding definition yields
H1(K(x)) = ker(·x) /0 = Ann(x) and H0(K(x)) = R/ im (·x) = R/(x) and all other
homology modules are 0.

For the next part, it is helpful to have some basic knowledge about category theory, in
particular, the notion of a functor mapping from the category of R-modules into itself will
be used. See Section 1.2 for some introductory literature. Subsequently, we will introduce
the Ext- and Tor-functors and -modules forming the foundation for the further definitions.
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Definition 3.58. Let B be a module and define the tensor-functor by −⊗RB. Then, for
a module A, the nth Tor-module is defined as TorRn (A,B) := ker (dn ⊗ 1) / im (dn+1 ⊗ 1)
for the complex

PB : · · · → P2 ⊗B
d2⊗1−→ P1 ⊗B

d1⊗1−→ P0 ⊗B
d0⊗1−→ A⊗B → 0,

where · · · → P2
d2→ P1

d1→ P0
d0→ A → 0 is a projective resolution of A. In other words, we

have TorRn (A,B) = Hn(PB, d). Moreover, leaving the module A variable turns TorRn (−, B)
into the announced Tor-functor.
Definition 3.59. Let C be a module and let HomR (C,−) be the homomorphism-functor.
Then, the nth Ext-module for a module A is defined as ExtnR(C,A) := ker(dn∗ ) / im

(
dn−1
∗
)

for the complex

EC : 0→ Hom(C,A)→ Hom(C,E0)
d0∗−→ Hom(C,E1)

d1∗−→ Hom(C,E2)→ . . . ,

where 0→ A→ E0 d0→ E1 d1→ E2 → . . . is an injective resolution of A and d∗ denotes the
dual map. The definition can be reformulated to ExtnR(C,A) = Hn(EC , d). Moreover, the
Ext-functor is derived by ExtnR(C,−).
One could now ask whether Definition 3.58 and Definition 3.59 are well-defined because
a resolution has to be chosen whence the modules might depend on this choice. But
it can be shown that these definitions are both independent of the chosen resolution
(cf. Rotman [50, Theorem 6.11 and Corollary 6.15]). Moreover, we remark that it is
not straightforward that the prior defined modules are R-modules, because applying ⊗R

and HomR to a complex first yields abelian groups and Z-maps. Nevertheless, from our
assumptions that a ring is always commutative, it follows that the Ext- and Tor-modules
are also R-modules (cf. Rotman [50, Theorem 7.15 and 8.12]).
Remark 3.60. Another way to define ExtnR(C,A) is to use the functor HomR(−, A) and
to choose a projective resolution of C. For more details on the construction and the precise
definition we refer to Rotman [50, Definition 6.17]. Since both definitions lead to equal
modules (cf. Rotman [50, Theorem 7.8]), we can work with either definition depending
on the case of usage. Note that there is a similar result for Tor, i.e., the Tor-modules are
equal whether the tensor-functor is −⊗R B or A⊗R − (cf. Rotman [50, Theorem 7.9]).
Subsequently, we will introduce two new types of dimension and investigate their relation,
for what we firstly follow Serre’s approach in [55, Chapter IV].
Definition 3.61. Let R be a ring and M be an R-module. Then,

(a) the projective dimension prdimR(M) of M is defined as the supremum of p > 0
such that there exists at least one R-module N that satisfies ExtpR(M,N) 6= 0;

(b) the global dimension gldim(R) of the ring R as the supremum of p > 0 such that
there is at least one pair of R-modules M,N satisfying ExtpR(M,N) 6= 0.

In the case that the underlying ring is Noetherian, there exists a strong connection between
a projective resolution of a module and its projective dimension providing a little more
intuition for the dimension notion.
Propostion 3.62. Let R be a Noetherian ring and n ≥ 0. Then for any R-module M
the following are equivalent:

(a) prdimR(M) ≤ n.
(b) There exists a projective resolution of M of length n, i.e., an exact sequence

0→ Pn → · · · → P1 → P0 →M → 0, where all Pi are projective.
Proof. See Serre [55, Chapter IV, Proprosition 17]. □
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Remark 3.63. From this characterization, it is even more straightforward to see that an
R-module M is of prdimR(M) = 0 if and only if it is projective. This is still true if R is
an arbitrary ring (cf. Serre [55, p. 70]).
Before focusing on the global dimension of local Noetherian rings, we present a general
result.
Propostion 3.64. For any ring R holds

sup {prdimR(M)} = gldim(R),

where the supremum is taken over all finitely generated R-modules M .
Proof. See Serre [55, Chapter IV, Corollary on Proprosition 16]. □
Aiming at the proof that a regular local ring is of finite global dimension, a result originally
given by Auslander and Buchsbaum in [2], we will provide and prove some results on the
projective and global dimension. For this purpose, the principal ideas are taken from Lam
[34, §5, Sections A, B and F].
Propostion 3.65. For an exact sequence 0→M → N → P → 0 of R-modules it follows
that if two of prdimR(M), prdimR(N), prdimR(P ) are finite, so is the third. Moreover,

(a) if prdimR(M) < prdimR(N), it follows prdimR(P ) = prdimR(N);
(b) if prdimR(M) > prdimR(N), it follows prdimR(P ) = prdimR(M) + 1;
(c) if prdimR(M) = prdimR(N), it follows prdimR(P ) ≤ prdimR(M) + 1.

Proof. See Lam [34, Theorem 5.20]. □
Using these relations, we are able to prove the following lemma, denominated as the
“Change of Rings Lemma” (Lam [34, 5.26]).
Lemma 3.66. Let R be ring and x ∈ R be neither a zero-divisor nor a unit. We write
R := R/(x) for the quotient ring by the principal ideal with generator x. If M is an R-
module of finite projective dimension n = prdimR(M), it follows that prdimR(M) = n+1.
Proof. In the course of the proof, we need the following additional fact: for an exact se-
quence 0→ K → P →M → 0 of modules over any fixed ring S, where P is projective and
M is not projective, according to Lam [34, 5.12] we have prdimS(M) = prdimS(K) + 1.
The actual proof is an induction on n. We start with the base case n = 0, i.e., M is a pro-
jective R-module by Remark 3.63. Therefore, by definition (in the proof of Theorem 2.76)
it holds M ⊕N = F , where N is an R-module and F is a free R-module. Now consider
the canonical exact sequence of R-modules for the quotient R

0→ (x)→ R→ R→ 0.

Clearly, (x) and R themselves are projective as R-modules because they are free. Hence,
we can apply Proposition 3.65 (c) to obtain that prdimR(R) ≤ 1. Using this and the fact
that for any free module F =

⊕
i Fi holds prdimS(F ) = supi {prdimS(Fi)} (cf. Lam [34,

Proposition 5.25]), we can conclude that prdimR(M) ≤ prdimR(F ) ≤ 1. But M cannot be
a projective R-module as otherwise M 6= 0 would be a direct summand of a free R-module
F and for free modules holds xf 6= 0 for all nonzero f ∈ F and all x ∈ R that are no
zero-divisors1. However, we have xM = 0, and so it follows prdimR(M) = 1 as required.
For the induction step let n ≥ 1. We firstly consider the exact sequence of R-modules

0→ K → F →M → 0,

1If 0 = xf = xa1ei1 + · · ·+ xakeik , it follows xai = 0 for all i due to the linear independence of this subset of
generators of F and since x is not a zero divisor, we obtain ai = 0, so f = 0.
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where F is a free R-module. Note that one can always find a free module, even though
it might be of infinite rank, such that there is a surjective projection F → M by taking
an ei for each generator ai of M as an R-module, then K is the kernel of this projection.
Utilizing the remark at the beginning of this proof, it follows that prdimR(K) = n−1 and
therefore we can apply the induction hypothesis to acquire that prdimR(K) = n. Initially,
we discuss the straightforward case n ≥ 2. Hence, prdimR(K) = n > 1 = prdimR(F ) (cf.
the base case) and Proposition 3.65 (b) yields the desired result prdimR(M) = n+ 1.
It remains to show that the result is also true if n = 1. First, by the induction hypothesis
and the base case, we have prdimR(K) = 1 = prdimR(F ). So, Proposition 3.65 (c) yields
prdimR(M) ≤ 2. Now, take an exact sequence of R-modules 0 → T ↪→ F → M → 0,
where F is free. By the remark, at the beginning we have prdimR(M) = prdimR(T ) + 1
whence it suffices to show that prdimR(T ) ≥ 1, that is, T is not projective as an R-module.
Since xM = 0, we get that xF ⊆ T because of the exactness of the above sequence. This
is why

0→ T/xF → F/xF →M → 0

is an exact sequence of R-modules and hence 1 = prdimR(M) = prdimR(T/xF ) + 1, i. e.,
T/xF is a projective R-module. Therefore, the exact sequence of R-modules

0→ xT/xF → T/xT → T/xF → 0

splits, i.e., we have T/xT ∼= xT/xF ⊕ T/xF . By multiplying with x, we can identify
M ∼= F/T , which is due to the first exact sequence in this case, with the quotient xF/xT .
Therefore, M is a direct summand of T/xT . If prdimR(T ) = 0, that is, if T is projective
as R-module, then so is T/xT as R-module. But in this case, as a direct summand, M is
projective as well by the fact already used in the base case that the projective dimension
of a direct sum is the supremum of its summands (cf. Lam [34, Proposition 5.25]). This
contradicts the assumption that prdimR(M) = 1 and we have prdimR(T ) ≥ 1 as desired,
since this implies prdimR(M) = 2. □

Next, we will introduce the notion of a regular sequence in a ring. Aiming at computing
the projective dimension of a regular local ring, we use the definition given by Lam [34,
Definition 5.31] and the subsequent proposition, but remark that this concept is also used
to define the grade or depth of an ideal in Section 2.5.2.

Definition 3.67. Let R be any ring. Then, we shall say that an ordered sequence
x1, . . . , xn ∈ R is a regular sequence in R if the ideal (x1, . . . , xn) is not the whole ring and
if the image of xi is not a zero-divisor in R/(x1, . . . , xi−1) for all i = 1, . . . , n.

Propostion 3.68. For any ideal I = (x1, . . . , xn) ⊴ R whose generators form a regular
sequence in R, it follows prdimR(R/I) = n.

Proof. This is shown by induction on n where the base case n = 0 and therefore I = {0}
is trivial. Let n > 0 and set R := R/(x1). Then, the images x2, . . . , xn are already
a regular sequence of length n − 1 in R. Hence, if we set I := (x2, . . . , xn) ⊴ R, the
induction hypothesis yields prdimR(R/I) = n − 1. Moreover, we have R/I ∼= R/I and
hence prdimR(R/I) = n−1. Since x1 is not a zero-divisor in R, we can apply Lemma 3.66
to deduce that prdimR(R/I) = n. □

From now on, we assume R to be a local Noetherian ring (R,m) with residue field k = R/m.
Before being able to establish a connection between the projective dimension of the residue
field and the global dimension of the ring, we need a result about the Tor-modules
Tori(M,k) for finitely generated R-modules M and their projective dimension.
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Propostion 3.69. Let (R,m) be a local Noetherian ring with residue field k and let M be
a finitely generated R-module. Then, for any n ≥ 0, the following are equivalent:

(a) prdimR(M) ≤ n.
(b) For all p > n and all R-modules N we have Torp(M,N) = 0.
(c) Torn+1(M,k) = 0.

Proof. See Serre [55, Chapter IV, Theorem 8]. □
Propostion 3.70. For a local Noetherian ring (R,m) with residue field k of projective
dimension prdimR(k) = n, it follows gldim(R) = n.
Proof. We first show that if prdimR(k) ≤ n, then also gldim(R) ≤ n. Since R is
Noetherian, the quotient k = R/m is a Noetherian R-module and hence finitely generated.
By setting p = n + 1 and letting N be a finitely generated R-module, Proposition 3.69
yields Torn+1(k,N) = 0 for all finitely generated R-modules N . As R is commutative,
we have Tori(A,B) ∼= Tori(B,A) for all R-modules A,B and i ≥ 0 by Rotman [50,
Corollary 8.6]. Hence, we have Torn+1(N, k) = 0 and again by Proposition 3.69, it follows

prdimR(N) ≤ n

for all finitely generated R-modules N . Now, applying Proposition 3.64 leads to
gldim(R) = sup {prdimR(N)} ≤ n.

Finally, since k is already a finitely generated R-module of projective dimension n, there
is equality, so gldim(R) = n. □
At this point, all tools required to prove the succeeding theorem of Auslander and Buchs-
baum [2] have been introduced. Subsequently, we use the ideas of Lam [34, Theorem 5.84].
Theorem 3.71. (Auslander–Buchsbaum) Let (R,m) be a local Noetherian ring. If R is
regular, then it is also of finite global dimension and gldim(R) = dim(R).
Proof. The aim is to use Proposition 3.68 and Proposition 3.70 whence we have to
display that a minimal set of generators for m is a regular sequence x1, . . . , xn in R, where
n = dim(R). This is demonstrated by induction on n. For n = 1 we use the fact that a
regular local ring is an integral domain (cf. Atiyah–Macdonald [1, Lemma 11.23]). Hence,
x1 is not a zero-divisor in R. For n > 1 we conclude from Lemma 3.46 that R/(x1) is a
regular local ring. Its maximal ideal can be generated by the images of x2, . . . , xn. Hence,
by induction x1, . . . , xn is a regular sequence in R. In the end, we obtain

dim(R) = n
Proposition 3.68

= prdimR(k)
Proposition 3.70

= gldim(R).

□
Remark 3.72. In fact, there exists an even stronger result. It can be demonstrated that
the converse of Theorem 3.71 is also true, which was originally established by Serre in [52],
as mentioned in the introduction. Here, we omit a proof of the converse, but using yet a
larger machinery of homological algebra, it is given by Serre [55, Chapter IV, Theorem 9].
Recall that we have only proven the regularity of the localized rings Jmp in Corollary 3.50.
Nevertheless, we are able demonstrate that the ring J is of finite global dimension, too,
based on the regularity of the Jmp using the succeeding proposition.
Propostion 3.73. Let R be a Noetherian ring, then we have

gldim(R) = sup {gldim(Rm)} ,

where the supremum is taken over all maximal ideals of R.
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Proof. See Lam [34, Theorem 5.92]. □
As a combination of several preceding results, we are now able to take the next step in
proving the implication (c) ⇒ (b).
Corollary 3.74. Let G be a finite group acting on the n-dimesional vector space V such
that the orbit variety V /G is smooth. Then the ring of G-invariant polynomials J is of
finite global dimension.
Proof. First of all, we remember that the ideals mp for all p ∈ V /G are exactly the
maximal ideals of J as explained in Remark 3.48. As seen in Remark 3.49, J and the
localizations at all maximal ideals Jmp are Noetherian. Hence, by Theorem 3.71, we have
gldim(Jmp) = dim(Jmp) <∞. Since the prime ideals of the localized ring Jmp correspond
bijectively to the primes of J that have empty intersection with mp (cf. Matsumura
[40, (1.F)]), it follows dim(Jmp) ≤ dim(J) = n. For the last equality see the proof of
Lemma 2.82. Finally, we have

gldim(J)
Proposition 3.73

= sup
p∈V /G

{
gldim(Jmp)

} Theorem 3.71
= sup

p∈V /G

{
dim(Jmp)

}
≤ n.

□

5.3. Serre’s theorem on graded algebras. In this last part of proving the im-
plication (c) ⇒ (b) of the main theorem, we will use that J is also a graded algebra
over C. Moreover, we will establish a special type of polynomial algebra, the so-called
graded-polynomial algebra. In the end, we will present a theorem from Serre indicating
that being of finite global dimension and being a polynomial algebra are equivalent. For
this purpose, we mostly follow Serre [55, Chapter IV, Appendix III].
Recollect that a commutative connected graded algebra A is a commutative algebra sat-
isfying A =

⊕
i≥0Ai and A0 = k for a field k. We set m = m(A) =

⊕
i≥1Ai, which is

clearly a maximal ideal of A. In the following, we only consider algebras of this type that
are finitely generated.
Besides, we have to establish the concept of an m-adic completion of a ring for an ideal m.
This is a special case of completions, for the generalized definition see Eisenbud [19,
Chapter 7.1].
Definition 3.75. Let R be a ring and take an ideal m ⊴ R. Then the m-adic completion
of R is the ring

R̂ := {r = (r1, r2, . . . ) ∈
∏
i≥0

R/mi | rj ≡ ri mod mi for all j > i}.

Example 3.76. For the localization Am, this definition already shows that the m-adic
completion Âm can be identified with the algebra of infinite formal sums consisting of
a0 + a1 + . . . , where ai ∈ Ai for every i.
Moreover, a special type of polynomial algebras is defined below.
Definition 3.77. An algebra A satisfying the previous conditions is called a graded-
polynomial algebra if there exist homogeneous polynomials such that the canonical map

k [x1, . . . , xd]→ A, xi 7→ Pi

is an isomorphism. In this case, the monomials P c1
1 · · ·P

cd
d with

∑
ci deg(Pi) = n form a

basis of An for all n.
Now we can point out the main result of this subsection.
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Theorem 3.78. Let A be a finitely generated algebra that is commutative, connected and
graded. Then, the following are equivalent:

(a) A is a graded-polynomial algebra.
(b) A is isomorphic to a polynomial algebra (not necessarily as a graded-polynomial

algebra).
(c) A considered as a ring is Noetherian and of finite global dimension.
(d) The local ring Am is Noetherian and of finite global dimension.

Proof. Clearly, we have (a) ⇒ (b). Moreover, (b) ⇒ (c) follows from Hilbert’s basis
theorem (cf. Section 2.1.2) and his famous syzygy theorem (see, e.g., Matsumura [40,
Corollary 18.1]), and (c) ⇒ (d) is given by Proposition 3.73. Hence, it remains to show
that (d) ⇒ (a).
Due to the grading of A, it follows that the k-vector space m/m2 is also graded and since
Am is Noetherian, m/m2 is of finite dimension by Nakayama’s Lemma 2.20 as m is finitely
generated. So, we can choose a basis (p1, . . . , pd) consisting of homogeneous elements.
Set ai := deg(pi), choose an arbitrary representative of the class pi in Aai , and denote it
by Pi for all i = 1, . . . , d. Let A′ be the graded-polynomial algebra k[X1, . . . , Xd] with
deg(Xi) = ai. The aim is to establish an isomorphism between A′ and A.
For this purpose, let f : A′ → A such that Xi is mapped onto Pi for all i which clearly
defines a unique morphism. We have f(A′

0) = A0 and as the Pi generate m, it follows that
f(A′

n) = An for all n ≥ 1, so, f is surjective. For the injectivity, we consider the completed
local map f̂m : Â′

m → Âm. Since being of finite global dimenions is preserved under comple-
tion (cf. Serre [55, Chapter IV, Proposition 24]), it follows that gldim(Âm) <∞. Note that
the completion of the graded-polynomial algebra A′

m is the formal power series ring. Con-
sequently, f̂m is an isomorphism due to a result from Serre [55, Chapter IV, Theorem 10]
which states that—under the in this case satisfied assumption that char(A) = char(k)—a
complete local ring is of finite global dimension n if and only if the ring is isomorphic to
the formal power series ring in n variables. In particular, the map f̂m is injective whence
its restriction to the local map fm : A′

m → Am is injective as well. Since being injective is a
local property (cf. Atiyah–Macdonald [1, Proposition 3.9]) and m is the unique maximal
ideal, this implies that f is injective and thereby an isomorphism. □
By applying this theorem, we can finally complete the proof of the main theorem by the
subsequent corollary which demonstrates (c) ⇒ (b) of the main theorem.
Corollary 3.79. Under the assumptions of the main theorem 3.24 (c), it follows that the
ring of G-invariant polynomials J is a polynomial algebra.
Proof. From Corollary 3.74, we already know that gldim(J) < ∞ and in Remark 3.49
we have also seen that J is Noetherian. Additionally, J is graded by the degree of the
polynomials and J0 = C. Hence, the conditions for Theorem 3.78 (c) are satisfied and it
follows that J is a polynomial algebra. □
Remark 3.80. Supplementary to Remark 3.72, which stated that we only demonstrate
that a regular local ring is of finite global dimension (proven by Theorem 3.71), we are
now able to explain in which extent the converse (originally due to Serre [52]) is required.
Although the converse is used in proving Theorem 3.78, its usage is hidden in another
theorem may not be apparent at first glance. Namely, the previously stated theorem
from Serre (cf. [55, Chapter IV, Theorem 10]) about complete local ring requires this
characterization of regular local rings. Proving the converse of Theorem 3.71 and the
theorem concerning complete local rings involves complex tools beyond the scope of this
work, which is why only the proof of Theorem 3.71 is presented whilst the further results
are cited.
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6. Computations of concrete generators for the algebra of invariants

By Theorem 3.28 we obtained the theoretical result that the algebra of invariants of a
finite unitary reflection group is a polynomial algebra, i.e., it is generated by homogeneous
algebraically independent polynomials. However, the proof was not constructive at all.
But there are ways to compute these generators, and in this section we will present some
explicit computations for selected unitary reflection groups.
First of all, the class of reflection groups can be split up into two separate types of groups.

6.1. The imprimitive reflection groups. In this subsection, we establish the so-
called imprimitive reflection groups and summarize the results from Lehrer–Taylor [37,
Chapter 2].
Definition 3.81. We call a subgroup G ⊆ GL(V ) imprimitive if the G-module V can be
decomposed as V = V1 ⊕ · · · ⊕ Vm with m > 1, all Vi 6= 0, and such that G permutes the
subspaces Vi among themselves. Otherwise, we say that G is primitive.
The groups of type G(m, p, n), a notation introduced by Shephard and Todd, can be
described as generalized symmetric groups. We assume that p is a divisor of m. Then,
these groups are constructed by taking the semidirect product of

A(m, p, n) = {(θ1, . . . , θn) ∈ B | (θ1 · · · θn)m/p = 1},
where B denotes the set of vectors in Cn whose entries are mth roots of unity, and the
symmetric group Sym(n). Intuitively, one can say that the θi perform a scalar multipli-
cation on the entries of Cn whilst the permutations of Sym(n) permute the coordinates.
The following results (cf. Lehrer–Taylor [37, Proposition 2.11 and Theorem 2.14], where
proofs can be found, too) show that for m,n > 1, these groups are, up to conjugacy,
precisely the imprimitive reflection groups.
Propostion 3.82. For m > 1 the groups of type G(m, p, n) are imprimitive unitary
reflection groups. If (m, p, n) 6= (2, 2, 2), the group G(m, p, n) is irreducible.
Theorem 3.83. Let G be an imprimitive irreducible subgroup of U(V ) for a vector space
V of dimension n over C that is generated by reflections. Then, it follows that n > 1 and
G is conjugate to G(m, p, n) for some m > 1 and a matching divisor p of m.
The groups of type G(1, 1, n) are a well-known special case. There is an isomorphism
G(1, 1, n) ∼= Sym(n) for all n. Although the natural representation G(1, 1, n) is a reflec-
tion group, it is not irreducible. Nevertheless, there is an irreducible representation such
that the symmetric group is a primitive reflection group for n ≥ 5 fixing the hyperplane
generated by e1 + · · ·+ en.
Remark 3.84. Since the elements of G(m, p, n) are composed of some h ∈ A(m, p, n) and
a permutation π ∈ Sym(n), it suffices to consider the action on a polynomial for these two
components. This action is defined by

(hP )(X1, . . . , Xn) := P (θ−1
1 X1, . . . , θ

−1
n Xn) and

(πP )(X1, . . . , Xn) := P (Xπ(1), . . . , Xπ(n)).

We call in mind that the elementary symmetric polynomials in C [X1, . . . , Xn] are defined
as σk (X1, . . . , Xn) =

∑
1≤i1<···<ik≤nXi1 · · ·Xik for all k = 1, . . . , n (cf. Definition 2.69).

It is straightforward by the definition of the action of G(m, p, n) on a polynomial that
the symmetric polynomials sk := σk (X

m
1 , . . . , X

m
n ) for k = 1, . . . , n − 1 are G(m, p, n)-

invariant. As we have seen in Theorem 3.28 and the succeeding Remark 3.29, a set of fun-
damental invariants consists of exactly n algebraically independent generators. Hence, one
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last invariant polynomial is missing, this is sn := σ
m/p
n (X1, . . . , Xm) = (X1, . . . , Xm)m/p.

One can demonstrate that these n invariants are actually algebraically independent (cf.
Lehrer–Taylor [37, Proposition 2.22]) and therefore form a set of fundamental invari-
ants. Furthermore, the degrees of s1, . . . , sn−1 are m, 2m, . . . , (n− 1)m and sn is of degree
nm/p. As their product is n!mn/p |G(m.p, n)|, this is an example for the correctness of
Theorem 3.41 (a).

6.2. Imprimitive reflection groups in U2(C). Now we aim at providing an ex-
ample for a type of imprimitive reflection groups of rank 2. The partition in the types
T (binary tetrahedral), O (binary octahedral) and I (binary icosahedral) arises from the
classification of finite subgroups of SU2(C) (cf. Lehrer–Taylor [37, Theorem 5.14]) which
are each conjugated to one of these three groups. Then, one can demonstrate that the ev-
ery imprimitive finite reflection group in U2(C) is a normal subgroup of one of the central
products C12 ◦ T , C24 ◦ O or C60 ◦ I (cf. Lehrer–Taylor [37, Theorem 6.1]). Consequently,
the emerging reflection groups are called of type T ,O or I depending on which group they
are a normal subgroup of. Overall, there are 19 primitive reflection groups in U2(C) of
which we will exemplarily consider the four of type T since the methods to determine a
set of fundamental invariants are the same of all types. The ideas and methods used in
the following are given by Lehrer–Taylor [37, Chapter 6].

First, we state that the generators of T (cf. Lehrer–Taylor [37, Theorem 5.14]) are

a :=
1

2

(
−1− i 1− i
−1− i −1 + i

)
b :=

(
−i 0
0 i

)
.

Then, for T := C12 ◦T , it is indicated that there are 5 conjugacy classes of reflections with
the succeeding representatives r := ib, r1 := ωa, r2 := ωa2, r21 = ω2a2 and r22 = ω2a for
ω := exp(2πi/3). The theoretical background is that the reflections groups are obtained
by determining the normal closures of the groups generated by these representatives, i.e.,
finding the smallest normal subgroup that contains the subgroup generated by one or
multiple of these reflections. In the case of T the succeeding four non-conjugate groups—
denoted in the same was in in the Shephard–Todd-classification—arise, where gT denotes

Table 1. Primitive reflection groups of type T

G Structure |G| Degrees
G4 〈r1, r′1〉 = 〈rT

1 〉 24 4, 6
G5 〈r1, r′2〉 = 〈rT

1 , r
T
2 〉 72 6, 12

G6 〈r, r1〉 = 〈rT, rT
1 〉 48 4, 12

G7 〈r, r1, r2〉 = 〈rT, rT
1 , r

T
2 〉 144 12, 12

the conjugacy class of a group element g in T and hence 〈gT〉 is its normal closure. More-
over, we set r′i := rrir for i = 1, 2. For details on the calculations that lead to this
table, particulary the order and degrees, including the application of Theorem 3.41, see
Lehrer-Taylor [37, Chapter 6.2, Table 6.1].

Aiming at explicitly computing fundamental invariants for these four groups, the first
newly introduced object will be semi-invariants.

Definition 3.85. Let G be a group acting on a vector space V . Then, a semi-invariant
of G is a polynomial P ∈ S(V ∗) such that there is a χ(g) ∈ C× satisfying gP = χ(g)P for
all ∈ G. In other words, χ : G→ C× is a linear character.
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Moreover, if such a semi-invariant is the trivial character, it fulfills the conditions for a
“usual” invariant of G. Hence, we will proceed as follows: first, we compute semi-invariants
of T using the next lemma. Secondly, since the values of χ will be roots of unity, we take
suitable powers of these semi-invariants to obtain invariants.
Lemma 3.86. Let ∆ be an orbit of G on the 1-dimensional subspaces of S(V ∗). If we
choose a nonzero element ϕL for each L ∈ ∆, then their product

∏
L∈∆ ϕL is a semi-

invariant of G.
Proof. See Lehrer–Taylor [37, Lemma 6.4]. □
Since we aim to minimize the degree of the computed semi-invariant, we generally choose
∆ such that it is generated by linear forms. In the case of T , we start with an eigenvector
P = c1X1 + c2X2 of the generator a satisfying aP = λ · P for some λ ∈ C. The choice
of P as an eigenvector can be justified by the fact that it helps to minimize the number
of images under the group action as, e.g., a and a2 will lie in the same one-dimensional
subspace. Hence, this choice contributes to minimizing the degree of the semi-invariant in
Lemma 3.86. This condition leads to

aP (v) = P (a−1v) = P

(
1

2

(
−1 + i −1 + i
1 + i −1− i

)(
v1
v2

))
= v1

(
c1
1

2
(−1 + i) + c2

1

2
(1 + i)

)
+ v2

(
c1
1

2
(−1 + i) + c2

1

2
(−1− i)

)
= λv1c1 + λv2c2 = λP (v).

Thus, we have to compute an eigenvector of the matrix 1
2

(−1+i −1+i
1+i −1−i

)
= (a−1)⊺. This is

standard linear algebra and the result is c1 = 1, and c2 = −i + (1 − i)ω, so we obtain
P = X1 + (−i + (1 − i)ω)X2. Moreover, the eigenvalue is also the primitive 3rd root of
unity ω.
Next, in order to apply Lemma 3.86, we have to consider the orbit of the action of T on
P . For this purpose, the action gP for all g ∈ T is determined and scalar multiples are
eliminated yielding the following four representatives of the linear subspaces in this orbit.

P1 = X1f (−i+ (1− i)ω)X2 = P ; P2 =

(√
3

2
− 1− 1

2
i

)
X1 + ωiX2 = abP ;

P3 =

(
1−
√
3

2
− 1

2
i

)
X1 − ω2X2 = a2bP ; P4 = iX1 (−1− (1 + i)ω)X2 = bP.

Now, according to Lemma 3.86, their product produces a semi-invariant of T . We have

P1 · P2 · P3 · P4 =
(
−2 +

√
3
)
i ·X4

1 +
(
4
√
3− 6

)
X2

1X
2
2 +

(
−2 +

√
3
)
i ·X4

2 .

Since semi-invariants are independent of scalar factors, we multiply by
((
−2 +

√
3
)
i
)−1

to obtain
fT := X4

1 + 2i
√
3X2

1X
2
2 +X4

2 .

The next step is to make use of the fact that the Jacobian, that is, the determinant of
the Jacobi-matrix, of n semi-invariants in n variables as well as the Hessian, that is, the
Jacobian of the first derivatives, of a semi-invariant are each semi-invariants for the same
group (cf. Lehrer–Taylor [37, Corollary 6.7]). The Hessian matrix of fT is

H(ft) =

(
12X2

1 + 4i
√
3X2

2 8i
√
3X1X2

8i
√
3X1X2 4i

√
3X2

1 + 12X2
2

)
.
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Its determinant, the Hessian of fT , is det(H(ft)) = 48i
√
3X4

1 + 288X2
1X

2
2 + 48i

√
3X4

2 ,
which is also scaled to acquire the semi-invariant

hT := X4
1 − 2i

√
3X2

1X
2
2 +X4

2 .

Finally, we calculate the Jacobian of fT and hT . The corresponding Jacobi-matrix is

J(fT , hT ) =

(
4X3

1 + 4i
√
3X1X

2
2 4i

√
3X2

1X2 + 4X3
2

4X3
1 − 4i

√
3X1X

2
2 −4i

√
3X2

1X2 + 4X3
2

)
with det(J(fT , hT )) = 32i

√
3X1X

5
2 − 32i

√
3X5

1X2. Normalizing this polynomial leads to
the final semi-invariant

tT := X5
1X2 −X1X

5
2 .

Besides, the relation of these semi-invariants can be expressed by
f3T − h3T = 12i

√
3t2T .

Henceforward, we omit the subscript T to facilitate the notation while looking more pre-
cisely at the action of T on f, h and t. Note that v = ( v1v2 ) is always supposed to be an
arbitrary vector in C2, where Xi(v) = vi. Since b acts by multiplying the entries of a
vector by i and −i respectively, a straightforward calculation shows that f, h and t are
invariant under b. Next, the computation of af yields

af(v) = f

(
a2
(
v1
v2

))
= f

(
1

2

(
(−1 + i)(v1 + v2)
(1− i)(v1 − v2)

))
=

(−1 + i)4(v1 + v2)
4 + 2i

√
3(−1 + i)2(v1 + v2)

2(1 + i)2(v1 − v2)2 + (1 + i)4(v1 − v2)4

16

=
−8(v41 + 6v21v

2
2 + v42) + 8i

√
3(v41 − 2v21v

2
2 + v42)

16
= ω

(
v41 + 2i

√
3v21v

2
2 + v42

)
= ωf(v).

Similarly, we calculate ah = ωf and at = t. We will demonstrate that f, t, and powers of
them suffice to provide fundamental invariants of the groups G4 through G7 in Table 1.

G4 = 〈r1, r′1〉: For the generator r1 = ωa, it follows that
r1t(v) = t(a2ω2) = ω12t(a2v) = at(v) = t(v)

due to the homogeneity of t and the prior results. Also due to the homogeneity
of f , we get that

r1f(v) = ω8af(v) = ω8ωf(v) = f(v).

Moreover, for r = ib =
(
1 0
0 −1

)
, it follows that rf = f because all exponents of f

are even and conversely rt = −t due to the exclusively odd exponents of t.
Since the action is associative, i.e., r′1f = (rr1r)f = (rr1)(rf) = r(r1f) = rf = f
and r′1t = (rr1)(−t) = −rr1t = −rt = t, we get that f and t fix both generators.
Thus, a set of fundamental invariants is given by f and t.

G5 = 〈r1, r′2〉: We have already seen that r1 fixes f and t, and therefore any power of them
is invariant under the action of r1, too.
Since the action of r on f and t was previously investigated, we only have to look
at the action of r2 = ωa2 to find invariants for r′2 = rr2r. First,

r2t(v) = t(ω2a) = ω12t(av) = a2t(v) = a(at(v)) = at(v) = t(v)

indicates that t is fixed by r2. On the other hand, for f we have
r2f(v) = f(ω2a) = ω8f(av) = ω8a(af(v)) = ω8aωf(v) = af(v) = ωf(v)
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in the same way as before. Hence, rather than f , since ω is a 3rd root of unity, f3
is invariant under the action of r2. Therefore, f3 and t form a set of fundamental
invariants of G5.

G6 = 〈r, r1〉: We can now rely on the computations from the two preceding cases. Based on
this, since rf = f and r1f = f , it follows that f is one of the desired fundamental
invariants. The other one is t2 because rt = −t and r1t = t.

G7 = 〈r, r1, r2〉: In this case, by combining all earlier results, we can conclude that f3 and
t2 are the sought-after fundamental invariants.

Remark 3.87. Recall from the end of Section 3.3 that for a set to qualify as fundamental
invariants, the polynomials must be algebraically independent. Therefore, in order justify
that they are named as fundamental invariants in the prior enumeration, it remains to ver-
ify that the given sets for G4 . . . , G7 consist of algebraically independent polynomials. For
this purpose, we utilize another Jacobi-criterion: a set of complex polynomials f1, . . . , fn
in n variables is algebraically independent if and only if the corresponding Jacobi-matrix
is of full rank (cf. Lehrer–Taylor [37, Lemma 9.5]).
At first, we show that it suffices to check the algebraic independence of f and t. Suppose
that we already know that f and t are algebraically independent. Moreover, assume that,
e.g., f3 and t2 are algebraically dependent. Hence, we can find a nonzero polynomial
H ∈ C[Y1, Y2] such that H(f3, t2) = 0. For i = 1, . . . ,m, let aiY ki

1 Y li
2 be the monomials

of which H consists. Then, the nonzero polynomial H ′ given as the sum of monomials
aiY

3ki
1 Y 2li

2 satisfies H ′(f, t) = 0 contradictory to the algebraic independence of f and t.
This works similarly for the set {f3, t} as well as {f, t2}.
Finally, the Jacobi-matrix of f and t is

J(f, t) =

(
4X3

1 + 4i
√
3X1X

2
2 4i

√
3X2

1X2 + 4X3
2

5X4
1X2 −X5

2 X5
1 − 5X1X

4
2

)
.

To check whether it has rank 2, the determinant is considered and since
det(J(f, t)) = (4X3

1 + 4i
√
3X1X

2
2 )(X

5
1 − 5X1X

4
2 )− (4i

√
3X2

1X2 + 4X3
2 )(5X

4
1X2 −X5

2 )

= 4X8
1 − 16i

√
3X6

1X
2
2 − 40X4

1X
4
2 − 16i

√
3X2

1X
6
2 + 4X8

2 6= 0,

it follows that the Jacobi-matrix is of rank 2 as desired. Thus, f and t form a funda-
mental set of invariants of G4, and so do the further sets of generators because of the
preceding observation on the algebraic independence of powers of f and t. The results are
summarized by this final table (cf. Lehrer–Taylor [37, unnamed table at p. 96]).

Table 2. Fundamental invariants for the primitive reflection groups of type T

G |G| Invariants Degrees
G4 24 f, t 4, 6
G5 72 f3, t 12, 6
G6 48 f, t2 4, 12
G7 144 f3, t2 12, 12
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CHAPTER 4

Outlook

This final chapter aims at presenting an outlook on several topics that are related to the
previously presented theory.

Positive characteristic

Throughout this work, we usually assumed the base field to be the complex numbers
C. This facilitates the previous investigations as C is algebraically closed and of char-
acteristic 0. However, one could ask whether the previously elaborated results could be
transferred to the case of arbitrary fields, in particular those of positive characteristic. For
an arbitrary field k one has to distinguish the following alternatives.

(a) The non-modular case: gcd(|G| , char(k)) = 1.
(b) The modular case: |G| ≡ 0 mod char(k).

In the non-modular case, the result of the main theorem 3.24 remains valid: a group G
is a reflection group if and only if the invariant algebra SG is polynomial. A proof of
this equivalence in the general non-modular case can be found, for example, in Kane [32,
Sections 18-2–18-5]. The proof utilizes the averaging operator (cf. Definition 2.65) and
thus requires that |G| is invertible in the base field. Therefore, it is clear that the same
methods are not applicable to the modular case, which makes it an interesting topic for
further investigation.
It is already known that in the modular case, on the one hand, the implication (b) ⇒ (a)
remains valid, which was originally proven by Serre [53, Théorème 2]. However, the
converse is false: there exist reflection groups whose invariant rings are not polynomial.
A concrete counter example is presented by Toda [66], and Kane offers a brief description
[32, Section 19-2]. Based on this, an interesting task for further studies might be the
investigation on the strictest conditions under which such counterexamples can occur.
On the other hand, we could analyze what happens if the conditions on the invariant poly-
nomials are relaxed: in order to regain some kind of polynomial invariants “in a suitably
modified and generalized version” (Kane [32, p. 207]), the concept of generalized invari-
ants, has been established. In this context, one could explore which further generalizations
could be achieved using different relaxations on the condition of G-invariance.

The coinvariant algebra

Recall from Section 2.5.1 that J+ is the ideal of the algebra of invariants that is formed by
the G-invariant polynomials with zero constant term, and that F is the ideal of S = C[V ]—
the coordinate ring of the vector space on which G acts—generated by J+. Then, the
coinvariant algebra of G is the quotient C[V ]G := S/F . Note that this definition translates
without changes to the case of an arbitrary field k where it is denoted by k[V ]G.
In the study of the relation of reflection groups and representation theory, the coinvariant
algebra is valuable as it has the following advantageous property: if k[V ]G is polynomial
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for a finite group G, then the representation of G on k[V ]G is the regular representation.
As stated by Broer at al. [6, p.4], this was proven by Chevalley [12] in characteristic 0,
and by Mitchell [42] in positive characteristic. The relation above is useful as it gives a
graded version of the group algebra k(G), a fundamental object in group representations,
considered as regular representation (cf. Broer at al. [6, p. 4]). In this paper, the
authors not only present further results related to this topic, but also prove more general
versions of the known results, e.g., the requirement for k [V ]G to be polynomial is replaced
by a weaker condition (cf. Broer at al. [6, Section 1.1]). After having already seen that
reflection groups are influential in representation theory, it would be intriguing to continue
on this relation be elaborating it in detail in a further work.

Rational invariants

An important concept concerning unitary reflection groups is the field of definition, that
is, the subfield of the complex numbers that is generated by the character values of the
group. At this point, one can show that any representation of a unitary reflection group
can be defined over this field, i.e., the entries of all elements of the groups, when considered
as matrices, lie in the field of definition (cf. Lehrer–Taylor [37, Section 1.7]).
On the other hand, the question arises in which field the coefficients of fundamental in-
variants can be chosen. The following partial answer might be unexpected in view of the
results of the computations in Section 3.6.2: if G ⊆ GL(V ) is an irreducible complex
reflection group, where V is a vector space over a suitable field extension k′ of the field
of definition of G, then there is a Q-tensor product V = V0 ⊗Q k

′ such that the funda-
mental invariants can be taken in S(V ∗

0 ) and thus have rational coefficients. Marin and
Michel [39] demonstrated this as a corollary of their efforts on describing the structure of
automorphisms in G.
However, there is a trade-off for the rationality of the fundamental invariants: they might
be no longer unitary with respect to the standard scalar product but a suitable G-invariant
Hermitian form, which must exist according to Remark 3.3. Depending on the application,
it must be decided whether a simple G-invariant Hermitian form, such as the standard
scalar product, or rational coefficients are more desirable. To delve deeper in this topic,
one could classify the complex groups for which both are possible at the same time.
Furthermore, if some groups with this property exist, we could carry on this investigation
and try to understand what makes these groups distinctive.
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