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Abstract IX

Abstract

The accurate prediction of thermodynamic properties is pivotal for chemical engineering

as experimental data are scarce. While established physics-based methods face limita-

tions in prediction accuracy and scope, emerging machine learning approaches, such as

matrix completion methods (MCMs), o�er promising alternatives. MCMs exploit the

fact that experimental data for binary mixtures can be represented as elements of a

sparse matrix, with rows and columns corresponding to the components that make up

the mixture. Hence, MCMs can be used for closing the gaps in these matrices. In the

present thesis, new methods for predicting thermodynamic properties of mixtures are

developed that combine probabilistic MCMs with established physical methods. The

resulting hybrid methods yield signi�cantly improved predictions for key properties of

binary mixtures, such as Henry's law constants, activity coe�cients at in�nite dilu-

tion, and di�usion coe�cients at in�nite dilution, even when only limited experimental

training data are available. In addition to predicting mixture properties directly, this

thesis demonstrates that MCMs can also be applied to the pair-interaction parame-

ters of physical group-contribution (GC) methods, which su�er from incomplete and

improvable parameter sets limiting their applicability and accuracy. By using MCMs

to infer the pair-interaction parameters, a comprehensive and consistent parameter set

can be generated. This approach extends the applicability of widely used GC methods

such as UNIFAC and modi�ed UNIFAC (Dortmund), ultimately increasing their scope,

predictive power, and robustness.





Kurzfassung XI

Kurzfassung

Eine präzise Vorhersage thermodynamischer Eigenschaften ist in der chemischen Indus-

trie von zentraler Bedeutung, da experimentelle Daten nur in begrenztem Umfang ver-

fügbar sind. Während etablierte physikalische Methoden hinsichtlich Vorhersagegenauig-

keit und Anwendungsbreite an ihre Grenzen stoÿen, bieten neue Ansätze des maschinel-

len Lernens, insbesondere sogenannte Matrixvervollständigungsmethoden (Matrix Com-

pletion Methods, MCMs), vielversprechende Alternativen. MCMs schlieÿen vorhandene

Datenlücken, indem sie ausnutzen, dass experimentelle Daten für binäre Mischungen

als Elemente einer spärlich besetzten Matrix dargestellt werden können, deren Zeilen

und Spalten den Komponenten der Mischungen entsprechen. In der vorliegenden Dis-

sertation werden neue Methoden zur Vorhersage thermodynamischer Eigenschaften von

Mischungen entwickelt, die probabilistische MCMs mit etablierten physikalischen Me-

thoden kombinieren. Diese hybriden Ansätze erzielen selbst bei geringer Verfügbarkeit

experimenteller Trainingsdaten hohe Vorhersagegenauigkeiten für wichtige Eigenschaf-

ten binärer Mischungen wie Henry-Konstanten, Aktivitätskoe�zienten bei unendlicher

Verdünnung und Di�usionskoe�zienten bei unendlicher Verdünnung. Neben der direk-

ten Vorhersage von Mischungseigenschaften zeigt diese Dissertation, dass MCMs auch

zur Parametrisierung von Gruppenbeitragsmethoden (GC-Methoden) verwendet wer-

den können, die durch unvollständige Parametersätze eingeschränkt sind. Durch den

Einsatz von MCMs zur Ermittlung der Paarwechselwirkungsparameter kann ein voll-

ständiger und konsistenter Parametersatz erzeugt werden. Dieser Ansatz erweitert den

Anwendungsbereich weit verbreiteter GC-Methoden wie UNIFAC und modi�ed UNI-

FAC (Dortmund) und erhöht zusätzlich ihre Vorhersagegenauigkeit und Robustheit.





Contents XIII

Contents

1 Introduction 1

2 Bayesian Matrix Factorization 3

3 Similarity-Based Imputation 7

3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

3.2 Database . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

3.3 Similarity-Based Method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

3.3.1 Similarity Score . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

3.3.2 Prediction of Activity Coe�cients . . . . . . . . . . . . . . . . . . . 12

3.3.3 Studied Model Variants . . . . . . . . . . . . . . . . . . . . . . . . . 13

3.4 Results and Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

3.4.1 Overall Performance of Di�erent Similarity-Based Methods . . . . 14

3.4.2 Comparison to Physical Benchmark Models . . . . . . . . . . . . . 15

3.5 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

4 Matrix Factorization of Thermodynamic Properties 21

4.1 Henry's Law Constants at 298 K . . . . . . . . . . . . . . . . . . . . . . . . 21

4.1.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

4.1.2 Database . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

4.1.3 Matrix Completion Methods . . . . . . . . . . . . . . . . . . . . . . 26

4.1.3.1 Data-Driven MCM . . . . . . . . . . . . . . . . . . . . . . . 27

4.1.3.2 Hybrid MCM . . . . . . . . . . . . . . . . . . . . . . . . . . 28

4.1.4 Results and Discussion . . . . . . . . . . . . . . . . . . . . . . . . . 33

4.1.5 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38

4.2 Temperature-Dependent Henry's Law Constants . . . . . . . . . . . . . . . 40

4.2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

4.2.2 Database . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41

4.2.3 Matrix Completion Methods . . . . . . . . . . . . . . . . . . . . . . 42

4.2.3.1 Data-Driven MCM . . . . . . . . . . . . . . . . . . . . . . . 44

4.2.3.2 Hybrid MCM . . . . . . . . . . . . . . . . . . . . . . . . . . 45

4.2.4 Results and Discussion . . . . . . . . . . . . . . . . . . . . . . . . . 48



XIV Contents

4.2.5 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52

4.3 Activity Coe�cients at In�nite Dilution . . . . . . . . . . . . . . . . . . . . 54

4.3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54

4.3.2 Development of the Blended Whisky Method . . . . . . . . . . . . 55

4.3.3 Results and Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . 58

4.3.3.1 Overall Performance of Blended Whisky . . . . . . . . . . 58

4.3.3.2 In�uence of Training Data on Predictive Performance . . 60

4.3.4 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65

4.4 Di�usion Coe�cients at In�nite Dilution . . . . . . . . . . . . . . . . . . . 66

4.4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66

4.4.2 Database . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68

4.4.3 Prediction of Di�usion Coe�cients . . . . . . . . . . . . . . . . . . . 70

4.4.3.1 Semiempirical Models . . . . . . . . . . . . . . . . . . . . . 70

4.4.3.2 Matrix Completion Methods . . . . . . . . . . . . . . . . . 71

4.4.3.2.1 Data-Driven Matrix Completion Method . . . . 71

4.4.3.2.2 Hybrid Matrix Completion Method "Boosting" 72

4.4.3.2.3 Hybrid Matrix Completion Method "Whisky" . 72

4.4.3.2.4 Leave-One-Out Analysis and Reduced Database 74

4.4.4 Results and Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . 76

4.4.4.1 Prediction ofD ª
ij with Semiempirical Models . . . . . . . 77

4.4.4.2 Prediction ofD ª
ij with Matrix Completion Methods . . . 78

4.4.4.3 Completed Database . . . . . . . . . . . . . . . . . . . . . . 82

4.4.5 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84

5 Matrix Factorization of Group Interactions 85

5.1 Training on Group-Interaction Parameters: UNIFAC 1.1 . . . . . . . . . . 85

5.1.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85

5.1.2 Method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89

5.1.2.1 Training Data . . . . . . . . . . . . . . . . . . . . . . . . . . 90

5.1.2.2 Matrix Factorization . . . . . . . . . . . . . . . . . . . . . . 90

5.1.2.3 Prediction of UNIFAC Group-Interaction Parameters . . 91

5.1.3 Results and Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . 92

5.1.4 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 98

5.2 End-to-End Training on Thermodynamic Properties . . . . . . . . . . . . . 100

5.2.1 UNIFAC 2.0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 100

5.2.1.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . 100

5.2.1.2 Development of UNIFAC 2.0 . . . . . . . . . . . . . . . . . 102

5.2.1.2.1 General Framework . . . . . . . . . . . . . . . . . 102

5.2.1.2.2 Probabilistic Model . . . . . . . . . . . . . . . . . 104



Contents XV

5.2.1.2.3 Data . . . . . . . . . . . . . . . . . . . . . . . . . . 105

5.2.1.3 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105

5.2.1.3.1 Overall Performance of UNIFAC 2.0 . . . . . . . 105

5.2.1.3.2 Extrapolation to Unseen Components . . . . . . 110

5.2.1.3.3 Extrapolation to Unseen Pair-Interaction Pa-

rameters . . . . . . . . . . . . . . . . . . . . . . . 111

5.2.1.4 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . 113

5.2.2 Modi�ed UNIFAC 2.0 . . . . . . . . . . . . . . . . . . . . . . . . . . 114

5.2.2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . 114

5.2.2.2 Development of Mod. UNIFAC 2.0 . . . . . . . . . . . . . 116

5.2.2.2.1 General Framework . . . . . . . . . . . . . . . . . 116

5.2.2.2.2 Data . . . . . . . . . . . . . . . . . . . . . . . . . . 118

5.2.2.3 Results and Discussion . . . . . . . . . . . . . . . . . . . . 119

5.2.2.3.1 Overall Performance of Mod. UNIFAC 2.0 . . . 119

5.2.2.3.2 Extrapolation to Unseen Components . . . . . . 125

5.2.2.3.3 Extrapolation to Unseen Pair-Interaction Pa-

rameters . . . . . . . . . . . . . . . . . . . . . . . 126

5.2.2.4 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . 128

6 Conclusions 131

Literature 133

Appendix 151

A Supporting Information for Chapter 3 151

A.1 Outliers of Modi�ed UNIFAC (Dortmund) . . . . . . . . . . . . . . . . . . 151

A.2 Results of the Hyperparameter Variations . . . . . . . . . . . . . . . . . . . 153

A.3 Scope of the Proposed Similarity-Based Method . . . . . . . . . . . . . . . 154

A.4 Case Studies of Similar Components . . . . . . . . . . . . . . . . . . . . . . 156

B Supporting Information for Chapter 4.1 158

B.1 Henry's Law . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 158

B.2 Database . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 160

B.3 Probabilistic Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 160

B.3.1 Data-Driven MCM . . . . . . . . . . . . . . . . . . . . . . . . . . . . 160

B.3.2 Hybrid MCM . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 161

B.4 Calculation of Model Predictions . . . . . . . . . . . . . . . . . . . . . . . . 163

B.5 Additional Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 164

B.5.1 PSRK Outliers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 164



XVI Contents

B.5.2 Data-Driven MCM without Component Bias . . . . . . . . . . . . . 164

B.5.3 Special Case: Solute and Solvent are Identical . . . . . . . . . . . . 167

B.5.4 In�uence of the Number of Latent Variables . . . . . . . . . . . . . 168

B.5.5 Predictive Performance Based on All Experimental Data . . . . . 169

B.5.6 Prediction Uncertainties . . . . . . . . . . . . . . . . . . . . . . . . . 170

B.5.7 Analysis of the Latent Variables . . . . . . . . . . . . . . . . . . . . 171

B.6 Parameter Set of the "Final" Model . . . . . . . . . . . . . . . . . . . . . . . 173

B.7 Overview of the Studied Solutes and Solvents . . . . . . . . . . . . . . . . . 173

C Supporting Information for Chapter 4.2 187

C.1 Database . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 187

C.2 PSRK Outliers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 188

C.3 Schematic Illustration of the Data-Driven Approach . . . . . . . . . . . . . 189

C.4 MCMs Based on a Two-Parameter Equation . . . . . . . . . . . . . . . . . 189

C.5 Enthalpy of Absorption . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 192

D Supporting Information for Chapter 4.4 194

D.1 Semiempirical Models . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 194

D.1.1 Wilke and Chang, 1955 . . . . . . . . . . . . . . . . . . . . . . . . . . 195

D.1.2 Reddy and Doraiswamy, 1967 . . . . . . . . . . . . . . . . . . . . . . 195

D.1.3 Tyn and Calus, 1975 . . . . . . . . . . . . . . . . . . . . . . . . . . . 196

D.1.4 SEGWE (Stokes-Einstein Gierer-Wirtz Estimation) . . . . . . . . . 196

D.1.5 E�ect of Fitting the Model Parameters With a Leave-One-Out

Strategy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 197

D.1.6 Mixtures Poorly Described by Semiempirical Models . . . . . . . . 198

D.2 Maximum Errors in the Predictive Performance of the Studied Models . 200

D.3 Complete Predictions from MCM-Whisky . . . . . . . . . . . . . . . . . . . 201

D.4 Supplementary Tabular Files . . . . . . . . . . . . . . . . . . . . . . . . . . . 203

D.5 Tabular Material . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 204

D.6 Stan Code . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 209

D.6.1 Data-Driven MCM . . . . . . . . . . . . . . . . . . . . . . . . . . . . 209

D.6.2 MCM-Boosting . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 210

D.6.3 MCM-Whisky: Distillation . . . . . . . . . . . . . . . . . . . . . . . 211

D.6.4 MCM-Whisky: Maturation . . . . . . . . . . . . . . . . . . . . . . . 212

E Supporting Information for Chapter 5.1 214

E.1 UNIFAC Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 214

E.1.1 UNIFAC Equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . 214

E.1.2 UNIFAC Group-Interaction Parameters . . . . . . . . . . . . . . . . 216



Contents XVII

E.2 Model Details . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 217

E.2.1 Bayesian Matrix Completion . . . . . . . . . . . . . . . . . . . . . . 217

E.2.2 Scope of UNIFAC-MCM . . . . . . . . . . . . . . . . . . . . . . . . . 221

E.3 Additional Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 223

F Supporting Information for Chapter 5.2.1 224

F.1 UNIFAC Parameterization . . . . . . . . . . . . . . . . . . . . . . . . . . . . 224

F.2 Prediction Accuracy for Selected Binary Mixtures . . . . . . . . . . . . . . 226

F.3 Sensitivity of the Selected Hyperparameters . . . . . . . . . . . . . . . . . . 228

F.4 Extrapolation of Unseen Pair-Interaction Parameters . . . . . . . . . . . . 229

F.5 Symmetric UNIFAC Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . 234

G Supporting Information for Chapter 5.2.2 235

G.1 Modi�ed UNIFAC Parameterization . . . . . . . . . . . . . . . . . . . . . . 235

G.2 Extrapolation to Multi-Component Mixtures . . . . . . . . . . . . . . . . . 237

G.3 Prediction of Excess Enthalpies for Unseen Components . . . . . . . . . . 238

G.4 Extrapolation to Unseen Pair-Interaction Parameters . . . . . . . . . . . . 239





List of Symbols XIX

List of Symbols

Latin symbols

A ij , B ij , Cij system-speci�c parameters

amn , bmn , cmn pair-interaction parameters

bu
i solute bias

bv
j solvent bias

D Fickian di�usion coe�cient

Ð Maxwell-Stefan di�usion coe�cient

D data matrix

GE excess Gibbs energy

gE molar excess Gibbs energy

H ij Henry's law constant of the solutei in the solvent j

habs enthalpy of absorption

hE excess enthalpy

I number of solutes

J number of solvents

K latent dimension

M molar mass

m, n numbers of rows and columns of the matrix

N i number of componentsi

NMG number of main groups

Nmin minimal number of data points

Nobs number of observed entries

P parachor

Pij system-speci�c parameter

p probability density function

p pressure

ps
i vapor pressure of pure componenti

�pm ˆ � • modi�ed � -pro�le

Qk surface area of subgroupk

Rk volume of subgroupk



XX List of Symbols

robs observation ratio

S similarity score

T temperature

Tc critical temperature

Umn group-interaction energy between main groupm and n

U solute feature matrix

u i feature verctor of solutei

V solvent feature matrix

v molar volume

v j feature verctor of solventj

w weighting factor

x i mole fraction of componenti in the liquid phase

yi mole fraction of componenti in the vapor phase

Z data matrix

Subscripts and superscripts

0 reference

* preliminary

ª at in�nite dilution

A surface area

abs absorption

CB component bias

c at the critical point

E excess

exp experimental

i component

k subgroup

L likelihood

MG main group

m, n main group

min minimal

obs observation

P prior

p polar regions in the� -pro�le

pred predicted

� surface charge distribution



List of Symbols XXI

Greek symbols

� , � feature verctors of structural groups

� thermodynamic factor


 activity coe�cient

� di�erence

" experimental noise

� dynamic viscosity

� scale parameter of the Cauchy distribution

� mean

� threshold

% density

� standard deviation

� screening charge density

	 parameter of the UNIFAC model

Abbreviations

ADVI Automatic Di�erentiation Variational Inference

ANN arti�cial neural network

COSMO-SAC model COSMO segment activity coe�cient model

COSMO-RS conductor-like screening model for real solvents

DDB Dortmund Data Bank

DIPPR Design Institute for Physical Properties

DOE design of experiment

ELBO Evidence lower bound

EoS equations of state

GC group-contribution

GNN graph neural network

IQR interquartile range

LLE liquid-liquid equilibrium

LV latent variable

MAE mean absolute error

MAPE mean absolute percentage error

MCM matrix completion method

MCMC Markov chain Monte Carlo

ML machine learning

Mod. UNIFAC (DO) modi�ed UNIFAC (Dortmund)



XXII List of Symbols

MSE mean squared error

PSRK EoS predictive Soave-Redlich-Kwong equations of state

QSPR quantitative structure-property relationships

rMSE root mean squared error

SBM similarity-based method

SEGWE model Stokes-Einstein Gierer-Wirtz estimation model

SLE solid-liquid equilibrium

SMARTS SMILES arbitrary target speci�cation

SMILES simpli�ed molecular-input line-entry system

UNIFAC universal quasichemical functional group activity coe�cients

VI variational inference

VLE vapor-liquid equilibrium



1 Introduction 1

1 Introduction

Knowledge of the thermodynamic properties of mixtures is crucial for designing and

optimizing industrial processes. However, experimental data are often lacking due to

the high cost and complexity of measurements. As a result, predictive methods are

essential to estimate these properties.

While physical methods for predicting mixture properties are well established, they often

only have a limited scope and lack accuracy. To overcome these limitations, new machine

learning (ML) approaches have recently been explored [1�3]. In the present thesis, ma-

trix completion methods (MCMs) from ML, which are well established in recommender

systems [4�6], are used to improve the prediction of thermodynamic properties.

The basic idea of an MCM is simple: sparse data for binary mixtures can be conveniently

stored in a matrix. Predicting the missing entries in such a matrix constitutes a matrix

completion problem. A variety of MCMs exist to address this [7], but a particularly ef-

fective and straightforward approach is matrix factorization. Thereby, the data matrix

is decomposed into two lower-dimensional matrices containing so-called features. Dur-

ing training, these features are learned, and their product reconstructs the completed

matrix, as detailed in Chapter 2.

For the prediction of thermodynamic properties of mixtures, MCMs can be applied

in two key ways, both of which are used in this thesis. First, they can directly com-

plete sparse experimental data matrices. Second, they can complete matrices of binary

interaction parameters of physical models. This embedding of MCMs in a physical

framework yields powerful hybrid models with increased applicability, e.g., by enabling

extrapolation to unstudied conditions and components.

First applications of MCMs to predict thermodynamic properties have focused on activ-

ity coe�cients 
 ª
ij of solutesi in�nitely diluted in solvents j , which describe liquid-phase

non-ideality [8�11]. This thesis builds on this approach and introduces improved meth-

ods for predicting 
 ª
ij . Additionally, it applies MCMs to predict Henry's law constants

H ij , which describe the gas solubility, and di�usion coe�cients at in�nite dilution D ª
ij ,

which characterize molecular motion in mixtures. In this thesis, di�erent training strate-

gies of MCMs have been tested, ranging from training only on sparse experimental data

to training on extended databases augmented with synthetic data from various sources.
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These synthetic data are derived from physical methods and a new prediction method

developed in this thesis that is based on component similarity derived from quantum-

chemical descriptors.

Physical group-contribution (GC) methods are widely employed for the prediction of

thermodynamic properties but su�er from incomplete interaction parameter matrices,

limiting their accuracy and applicability. In this thesis, these limitations are overcome

by embedding MCMs in GC methods to complete the essential pair-interaction para-

meter matrices. This novel approach is applied to the most successful GC methods,

UNIFAC [12] and modi�ed UNIFAC (Dortmund) [13], which model the excess Gibbs

energy of mixtures and can predict related properties. Extensive training sets of experi-

mental data for activity coe�cients and, in the case of modi�ed UNIFAC (Dortmund),

excess enthalpies, taken from the Dortmund Data Bank, were used. The proposed meth-

ods can be easily implemented in existing software packages and can be easily updated

as new experimental data become available or adapted to speci�c industrial needs.

The present thesis is organized as follows: In Chapter 2, the concept of matrix comple-

tion by matrix factorization is explained and a brief introduction into Bayesian model-

ing is given, forming the basis for all MCMs presented in Chapters 4 and 5. Chapter 3

presents the similarity-based method (SBM), a novel approach for predicting thermody-

namic properties of binary mixtures that is based on quantifying the pairwise similarity

of components by comparing their quantum-chemical descriptors. As an example, the

SBM is applied to the prediction of missing entries in a matrix containing isothermal

activity coe�cients at in�nite dilution ( 
 ª
ij ). In Chapter 4, Bayesian MCMs for the pre-

diction of essential thermodynamic properties in binary mixtures (H ij , 
 ª
ij , and D ª

ij ) are

presented. In Chapter 5, the application of Bayesian MCMs to the prediction of missing

pair-interaction parameters in the most successful GC models in chemical engineering,

UNIFAC and modi�ed UNIFAC (Dortmund), is discussed.
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2 Bayesian Matrix Factorization

Matrix completion methods (MCMs) aim to estimate missing entries in a sparse data

matrix Z . A widely used approach is matrix factorization, which models each matrix

entry Z ij , wherei denotes the row andj denotes the column, as the dot product of two

vectors,u i and v j [14]:

Z ij � u i � v j � " ij (1)

Here,u i and v j are the model parameters, speci�c for rowi and columnj , respectively,

which are often referred to as features. These features are �tted to the observed data in

matrix Z to minimize the residuals" ij during the training of the model. This approach

relies on correlated entries in the matrix. The MCM learns these correlations and

captures them through the features.

In a Bayesian approach, each data point (Z ij ) and each feature (u i , v j ) are modeled as

random variables with associated probability distributions. Two key probability distri-

butions thereby de�ne a Bayesian model: the prior and the likelihood.

The prior constitutes a probability distribution over the model's features before any

data are observed, representing the initial assumptions about the features. Thus, the

prior contains a priori information about the features prior to the actual training step.

The likelihood determines how the features relate to the observed data by specifying

a probability distribution over the data conditioned on the features. This distribution

also in�uences how the observations update the features during training. The choice of

the probability distribution used as the likelihood can be considered a model hyperpa-

rameter, in�uencing the model's �exibility, generalization, and sensitivity to noise and

outliers. For example, while the normal distribution is often chosen for its simplicity

and stability, the Cauchy distribution, with its heavy tails, is preferred in noisy data

sets to provide robustness against outliers and extreme values.

Bayesian inference aims to determine the so-called posterior of the features, which is a

probability distribution over the features and integrates both prior assumptions (through

the prior) and evidence from observed data (through the likelihood). Formally, Bayes'

theorem states:
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pˆu i , v j SZ ij • ŒpˆZ ij Su i , v j • � pˆu i , v j • (2)

where pˆZ ij Su i , v j ) is the likelihood and pˆu i , v j • is the prior. Thus, the posterior

pˆu i , v j SZ ij • represents the updated beliefs about the features after incorporating both

the initial assumptions and the empirical evidence.

However, the exact computation of the posterior is often intractable due to the lack of a

closed-form solution or excessive computational cost [15]. To address these issues, two

prominent strategies are commonly used to achieve Bayesian inference: Markov chain

Monte Carlo (MCMC) sampling [16, 17] and variational inference (VI) [15, 18]. MCMC

methods generate samples from the posterior distribution by constructing a Markov

chain that sequentially explores the parameter space. Although MCMC provides a

�exible approach, its iterative nature and requirement for many samples can lead to

signi�cant computational costs, especially when dealing with very large data sets. In

contrast, VI transforms the inference problem into an optimization task: it posits a

family of simpler, tractable probability distributions and �nds the member of this family

that is closest to the true posterior with respect to a chosen divergence measure. This

often results in faster inference and improved scalability compared to MCMC, but at

the cost of introducing an approximation bias.

Throughout this thesis, VI is applied to approximate the posterior for the Bayesian

MCMs. Speci�cally, in Chapters 4 and 5.1, Gaussian mean-�eld VI is used with the

Automatic Di�erentiation Variational Inference (ADVI) algorithm [19], implemented

in the Stan probabilistic programming language [20]. MatlabStan, which allows seam-

less integration of Stan code into MATLAB scripts [21�23], is thereby used. However,

training hybrid group-contribution methods on hundreds of thousands of experimental

data points (cf. Chapter 5.2) requires extensive computing power and, thus, GPU par-

allelization capabilities, which are not supported by Stan. In these cases, Pyro [24],

a Python-based probabilistic programming language supported by PyTorch, is used to

perform stochastic VI under the mean-�eld assumption [15]. Each latent feature is

approximated by a normal variational distribution, and during VI, the evidence lower

bound (ELBO) is maximized using the Adam optimizer [25] with a learning rate of 0.15,

ensuring e�cient and scalable training.

All MCMs presented in this thesis follow the Bayesian approach described in this chap-

ter, with one exception: the similarity-based method (SBM) introduced in Chapter 3.

The SBM is unique not only in its inference strategy. In general, MCMs can also be

categorized by the type of information they use. Content-based �ltering methods incor-

porate direct item-speci�c details (e.g., properties of rows and columns) [26], whereas
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collaborative-�ltering methods rely solely on observed matrix entries and uncover latent

patterns to predict missing values [4, 27]. According to this classi�cation, the SBM is

content-based, while all other MCMs in this thesis fall into the collaborative-�ltering

category.
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3 Similarity-Based Imputation

3.1 Introduction

Thermodynamic properties of mixtures are fundamental for the design and optimization

of processes. In this chapter, a novel approach is described for predicting properties of

binary mixtures based onsimilarities between components. This novel similarity-based

method (SBM) is built on the fundamental assumption that similar components exhibit

similar properties (similia similibus solvuntur ), making component similarities highly

informative inputs for predictive thermodynamic models.

Molecular similarity is commonly used in computational chemistry and pharmaceutical

research for database searching and component selection in high-throughput screening.

The goal of these applications is to �nd components that exhibit a behavior that is

similar to that of a reference component with desired properties. This is achieved by

identifying similar substructures or calculating overall similarity measures, resulting in

a list of the most similar molecules in the database and, ultimately, guiding drug dis-

covery and optimization. To perform these pairwise molecular comparisons, a molecular

representation of the components and a method to evaluate the similarity based on these

representations are required. Various approaches have been proposed for this purpose

in the literature, each with its own merits and limitations [28, 29].

The most common molecular representations for similarity searches are molecular �n-

gerprints, which encode structural information into bit vectors, such as the presence of

speci�c functional groups [29, 30]. Analyzing �ngerprint similarities is computationally

e�cient, as it only involves comparing bit strings. The Tanimoto coe�cient is the most

popular metric for assessing �ngerprint similarity [30�32]. Other molecular represen-

tations for assessing similarity include molecular graphs, molecular descriptor vectors,

SMILES, SMARTS, and pharmacophores [28, 29, 33]. Molecular descriptors based on

quantum-chemical charge distribution calculations, such as� -pro�les [34], are rarely

used to assess similarities in pharmaceutical research, despite their potential [35, 36].

While the idea of using similarities is implicitly at the heart of many models for pre-

dicting thermodynamic properties for unstudied systems, the proposed similarity-based

method (SBM) exploits that idea based on a measure of similarity directly.
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Among the thermodynamic properties of mixtures, the activity coe�cient is particularly

signi�cant since it quanti�es the non-ideality of liquid mixtures, which is essential for

accurately modeling reaction and phase equilibria [37]. A highly informative limiting

case is the activity coe�cient 
 ª
ij of a solutei in�nitely diluted in a solvent j , as many

mixture properties can be predicted based on the knowledge of the limiting activity

coe�cients. However, despite their importance, experimental data for
 ª
ij are scarce,

even in comprehensive databases for thermophysical properties such as the Dortmund

Data Bank [38], due to the high cost and time required for their measurement [39, 40].

Consequently, reliable prediction methods are essential.

Activity coe�cients are usually calculated from models of the excess Gibbs energy

GE. Predictions for binary mixtures, for which no data are available, can be obtained

from group-contribution methods, namely UNIFAC [12, 41] and modi�ed UNIFAC

(Dortmund) [13, 42], or using the COSMO-RS approach [34, 43, 44], which is based

on quantum-chemical component descriptors, the� -pro�les. Open-source versions of

COSMO-RS include COSMO-SAC [45, 46] and COSMO-SAC-dsp [47]. The� -pro�les

describe the screening charge density of a molecule embedded in an electrically con-

ductive continuum by a probabilistic distribution pˆ � • across the molecule's surface

segments, where� is the charge of the segment [34].

In addition to these physical prediction methods, new machine learning (ML) methods

and hybrid models that combine physics with ML have been developed recently [1, 2].

These methods include graph neural networks (GNN) [48], transformer models [49], and

matrix completion methods (MCM) [8�10]. Additionally, many ML methods have been

developed to predict activity coe�cients over the entire concentration range, which could

also be applied to the special case of activity coe�cients at in�nite dilution [50�54].

The SBM is applied here to predict activity coe�cients at in�nite dilution 
 ª
ij in binary

mixtures. The SBM thereby relies on two sources of information: a novel similarity

measureSmn between two componentsm and n and available experimental data for


 ª
ij . The similarity measure Smn is based on a comparison of� -pro�les of the pair

of components and used to screen the experimental database, identifying
 ª
ij values

from similar mixtures that are then used for predictions by imputation. The developed

SBM is benchmarked with modi�ed UNIFAC (Dortmund) [13], COSMO-SAC [46], and

COSMO-SAC-dsp [47] as three well established physics-based methods for predicting


 ª
ij . It is emphasized that the SBM for predicting
 ª

ij is an example; the approach is

generic and can be transferred to any other binary property.
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3.2 Database

Experimental data on activity coe�cients at in�nite dilution in binary mixtures, 
 ª
ij ,

were obtained from the Dortmund Data Bank (DDB) [38]. In the preprocessing step,

all data sets containing unde�ned components or labeled as "poor quality" by the

DDB were discarded. The focus was restricted to binary mixtures at a temperature

of T = 298.15� 1 K. If multiple measurements existed for the same binary mixture,

the median of these values was adopted. For scaling purposes, the logarithmic activity

coe�cients, ln 
 ª
ij , were used throughout this chapter.

The proposed SBM uses� -pro�les obtained from quantum-chemical COSMO calcula-

tions to calculate the similarity between two components. In this chapter, the� -pro�les

were taken from the open-source database provided by Bell et al. [55], which features

results for 2,261 di�erent components. Components not available in this database were

excluded from the data set.

Finally, for evaluating the model using leave-one-out analysis, at least two experimental

data points were required for each solute and solvent; therefore, data for which this

condition was violated were removed. The �nal data set is visualized in Fig. 1 and

comprises 3,568 data points for
 ª
ij , covering 221 solutes and 198 solvents.

Figure 1: Matrix representing the experimental data on logarithmic activity coe�cients
at in�nite dilution ln 
 ª

ij for binary mixtures at 298.15� 1 K from the DDB [38]
after preprocessing (see text). Experimental data are available for 3,568
binary mixtures, constituting about 8% of all possible combinations of the
considered 221 solutes and 198 solvents.
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3.3 Similarity-Based Method

3.3.1 Similarity Score

Here, a novel similarity scoreSmn between two componentsm and n based on quantum-

chemical COSMO calculations is introduced. The scoreSmn is scaled such that its

values range from 0 (highly dissimilar components) to 1 (highly similar components)

and consists of two contributions, as also indicated in Fig. 2: the similarity based on

surface charge distributionsS�
mn and the similarity of the surface areaSA

mn as it is also

used in the COSMO method;S�
mn andSA

mn , which are described in detail in the following,

are also de�ned to range from 0 to 1. The �nal similarity scoreSmn is obtained from a

weighted sum ofS�
mn and SA

mn :

Smn � w� � S�
mn � ˆ1 � w� • � SA

mn (3)

where w� is the weighting factor that controls the relative importance of the surface

charge distribution similarity compared to the surface area similarity.

Figure 2: Schematic depiction of calculating the similarity between two components
(water and ethanol in this example) as proposed in this chapter. The �nal
similarity score Smn is composed of two contributions: a similarity based on
charge distribution S�

mn and a size similarity derived from the surface areas
SA

mn , which are combined in a weighted sum.
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The size similarity SA
mn is de�ned as the cavity surface areaA of the smaller molecule

divided by the one of the larger molecule:

SA
mn �

¢̈
¨̈
¦
¨̈̈
¤

A m
A n

, if Am @An

A n
A m

, if Am AAn

(4)

For the similarity of the surface charge distributionsS�
mn , the overlapping proportion of

the � -pro�les of the two components is used, which is calculated using discrete bins for

� via:

S�
mn �

N �

Q
k� 1

min ˆ �pm ˆ � k•, �pn ˆ � k•• (5)

where �pm ˆ � k• and �pn ˆ � k• are modi�ed � -pro�les, preprocessed as described in the fol-

lowing. All � -pro�les are given here in a discretized version with� being divided into

N � � 51 bins ranging from -0.025 e Å
� 2

to 0.025 e Å
� 2

with a constant step size of

0.001 e Å
� 2

. These values will be referred to as� k for k � 1,: : : , 51. Thus, pm ˆ � k• is the

fraction of the surface area of the componentm associated with the screening charge

density � k .

The � -pro�les are modi�ed by introducing wP, which is applied to control the weight

on the polar regions in the� -pro�les by being either 0 (no in�uence) or 2 (more focus

on polar regions):

p‡
m ˆ � k• � pm ˆ � k• � ˆ103� k•wP (6)

By setting wP � 2, the similarity calculation emphasizes charge-dense regions, which can

be crucial in cases where the behavior of the components is mainly determined by polar

interactions.

In the case ofwP � 2, the resulting p‡
m ˆ � k• does not integrate to 1. Therefore, it is

normalized again:

p‡‡
m ˆ � k• �

p‡
m ˆ � k•

N �

P
k� 1

p‡
m ˆ � k•

(7)

In the �nal processing step, a potential issue associated with discretized� -pro�les is ad-

dressed. Speci�cally, when calculating the similarity score by comparing the� -pro�les of

two molecules bin-wise, small shifts in� can prevent the detection of structurally similar

molecules. Therefore, a moving average with a sliding window of width 2 (corresponding

to 0.002 e Å
� 2

) is applied to all pro�les to increase the robustness:

�pm ˆ � k• �
p‡‡

m ˆ � k� 1• � p‡‡
m ˆ � k•

2
(8)
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The resulting � -pro�les �pm ˆ � k• are used for calculating the similarity of the surface

charge distributionsS�
mn (see Eq. (5)). Together with the similarity of the surface area

SA
mn (see Eq. (4)), the �nal similarity scoreSmn is calculated (see Eq. (3)).

The two introduced weights w� (in Eq. (3)), and wP (in Eq. (6)) are hyperparame-

ters, which were determined by a grid search. The value ranges of the hyperparameters

explored in the grid search are detailed in the "Studied Model Variants" section. In

addition to these two weights, other modi�cations to the calculation ofS�
mn (e.g., em-

phasizing hydrogen-bonding surface segments) and ofSA
mn (e.g., including component

volume) were tested in preliminary studies, but showed no signi�cant impact on the

performance of the SBM and were, therefore, discarded.

3.3.2 Prediction of Activity Coe�cients

In this section, it is explained how the similarity score de�ned in the previous section

is applied for predicting activity coe�cients at in�nite dilution ln 
 ª
ij in unstudied mix-

tures, where, basically, theln 
 ª
ij is just an example for a property of a binary mixture.

The respective method introduced is called the similarity-based method (SBM). The

central idea of the SBM is to �nd mixtures similar to the unstudied mixture that is of

interest but for which experimental data onln 
 ª
ij are available. The activity coe�cient

in the unstudied mixture, ln 
 ª ,pred
ij , is then predicted simply by arithmetically averaging

the corresponding experimental valuesln 
 ª ,exp
ij of all similar mixtures.

Here, asimilar mixture is de�ned as one with the same solutei (or the same solventj )

but a di�erent solvent n (a di�erent solute m) for which the similarity score Snj (Smi )

is higher than a prede�ned threshold� , i.e., Snj A � (Smi A � ). Consequently, at least

one similar mixture for which an experimental data point is available must be in the

training set to make a prediction. As a result, there will always be a trade-o� when

applying the SBM: increasing the threshold value� will increase the accuracy, but it

will lower the range of applicability. Vice versa, decreasing the value of� will increase

the range of applicability but decrease the accuracy.

A leave-one-out approach [56] was applied to assess the SBM to guarantee true predic-

tions. These predictions are also used in comparing the SBM results with the physical

benchmark models, which results in a bias in favor of the physical models, as they were

very likely also trained with at least some of the data considered here. All calculations

of the present chapter were carried out using Matlab [22].
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3.3.3 Studied Model Variants

The SBM described in the previous sections uses two weights,w� and wP, in calculating

the similarity score Smn . These weights were varied in a grid search to explore their

e�ects on model performance. Speci�cally,w� was varied from 0 to 1 in increments

of 0.1, while wP was set to either 0 or 2. This setup resulted in 22 distinct SBM

con�gurations, each representing a di�erent approach to theSmn calculation. The goal

of this grid search was to identify the SBM (i.e., weight combination) that performs

best for two, often con�icting, objectives: optimizing the accuracy in predictingln 
 ª
ij

in terms of mean absolute error (MAE) and maximizing the scope, i.e., the number of

predictable mixtures.

The best-performing SBM, according to these objectives, retains one further adjustable

hyperparameter: the threshold� , which allows users to balance the trade-o� between

accuracy and scope. Increasing� typically results in more accurate predictions but

limits the number of predictable data points since higher similarities are demanded for

making predictions. Conversely, lowering� increases the number of predictable points

but reduces the predictive accuracy since data for less similar components are used for

the predictions. To assess the impact of� , it was varied from 0.5 to 1 in increments of

0.01 for each of the 22 SBM con�gurations.
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3.4 Results and Discussion

3.4.1 Overall Performance of Di�erent Similarity-Based

Methods

Fig. 3 shows the predictive accuracy in terms of the MAE of the predictedln 
 ª
ij over

the number of predictable data pointsN from the data set for all tested SBM variants

(by varying the weights and� ).

Figure 3: Mean absolute error (MAE) of the predictedln 
 ª
ij from the leave-one-out

analysis over the number of predictable experimental data pointsN for all
tested SBM variants. The results of the best-performing SBM (as speci�ed
with the weights w) are highlighted in orange.

The model variants in Fig. 3 scatter across a broad range of MAE andN , underscor-

ing the substantial impact of the selected hyperparameters on model performance. This

range highlights the inherent trade-o� between predictive accuracy and scope, represent-

ing a Pareto optimization problem. In such cases, a solution is considered Pareto-optimal

if no feasible solution improves at least one objective without worsening another. Here,

certain hyperparameter combinations yield Pareto-optimal SBM variants that achieve

maximum accuracy for a given scope and vice versa. The set representing all Pareto-

optimal solutions is called the Pareto front.

One particular SBM (with variable � ) consistently lies on or near the Pareto front,

highlighted in orange in Fig. 3. This "best" SBM, de�ned byw� � 0.6 and wP � 2,
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requires only the �nal tuning of � by users to achieve a near-optimal solution tailored

to their speci�c preferences.

The balanced value ofw� � 0.6 in the best SBM indicates that components must share

similarities in both surface charge distribution and surface area to exhibit comparable

values of ln 
 ª
ij . Furthermore, wP � 2 emphasizes the importance of a similar surface

charge distribution in the polar regions of the components for similarln 
 ª
ij .

Figs. A.1 and A.2 in Appendix A show further analysis of speci�c hyperparameter

choices. The similarity scores calculated by the best SBM can be used to identify

the most similar components for a target component, as exempli�ed in Appendix A

(cf. Tables A.2 and A.3).

3.4.2 Comparison to Physical Benchmark Models

The best-performing SBM (w� � 0.6, and wP � 2) selected in the grid search is further

evaluated in the following by comparison against the state-of-the-art physical bench-

mark methods for predicting activity coe�cients: modi�ed UNIFAC (Dortmund) [13],

COSMO-SAC [46], and COSMO-SAC-dsp [47]. As shown in Fig. 4, the methods are

compared using the MAE and the scope regarding the number of predictable data points

N in the data set. Additionally, the deviations of the predictions from the experimental

data are plotted in histograms for the SBM with � � 0.93, modi�ed UNIFAC (Dort-

mund), and COSMO-SAC-dsp. Modi�ed UNIFAC (Dortmund) has some extreme out-

liers, which were excluded from the MAE calculations in Fig. 4. A detailed analysis of

these outliers can be found in Appendix A, cf. Table A.1.
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Figure 4: Mean absolute error (MAE) of the best-performing SBM (with varied thresh-
olds � ), modi�ed UNIFAC (Dortmund), COSMO-SAC, and COSMO-SAC-
dsp for the prediction ofln 
 ª

ij over the number of predictable experimental
data points N . Insets provide histograms of the deviations of the predictions
with the SBM with � � 0.93, modi�ed UNIFAC (Dortmund), and COSMO-
SAC-dsp from the experimental data, considering only mixtures that all three
methods can describe. The shown interval in the histograms contains 99.9%
(SBM), 96.7% (modi�ed UNIFAC (Dortmund)), and 96.9% (COSMO-SAC-
dsp) of the relevant 1,748 data points.

In Fig. 4, the scope is discussed regarding the number of predictable data points from

the experimental database. An additional discussion of scope, in terms of the �lling

level of the entire matrix as shown in Fig. 1, i.e., the predictions for mixtures for which

no experimental data are available, is provided in Appendix A.

First of all, it is evident from Fig. 4 that for the physical models, there is also a trade-o�

between the scope of the method and its accuracy. COSMO-SAC-dsp is more accurate

than COSMO-SAC, but in its current parameterization [55], it is not applicable to

components containing certain halogens due to missing parameters for the dispersion

part, resulting in a slightly smaller scope. Both COSMO variants have a larger scope

than modi�ed UNIFAC (Dortmund) but achieve less accurate results.

Compared to each physical benchmark method, one can always �nd an SBM variant (by

varying � ) that outperforms it in terms of prediction accuracy and scope by selecting an

appropriate threshold. Speci�cally, at� � 0.62, the SBM can, like COSMO-SAC, predict

all binary systems in the database but achieves a better MAE (0.62 compared to 0.67).

At � � 0.85, the SBM has a broader scope than COSMO-SAC-dsp (N � 3, 301compared

to N � 3, 199) and achieves a better MAE (0.30 compared to 0.61). Similarly, the SBM
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with � � 0.87 has a broader scope than modi�ed UNIFAC (Dortmund) (N � 3, 115

compared toN � 2, 987) and achieves a better MAE (0.27 compared to 0.33).

For the following analysis, the threshold is �xed to� � 0.93. While this value is, in

principle, arbitrary, the resulting model can predict more than half of the available ex-

perimental data in the database with relatively high predictive accuracy. The deviations

of the predictions from the experimental data for each method are also represented as

histograms in Fig. 4. Most of the predictions of the SBM with� � 0.93show deviations

from experimental data smaller than� 0.1, which is within the typical range of experi-

mental uncertainty of ln 
 ª
ij , underscoring the high quality of the predictions that can

be obtained with the proposed model.

To further analyze the performance of the best-performing SBM, the respective objec-

tives (MAE and N ) are plotted over the threshold� , as shown in Fig. 5.

Figure 5: Mean absolute error (MAE) for the prediction ofln 
 ª
ij (panel a) and number

of predictable experimental data pointsN (panel b) of the best-performing
SBM over the threshold� . The results for the SBM with � � 0.93 are high-
lighted.

Fig. 5a shows that increasing� results in a nearly linear decrease in MAE, indicating

improving accuracy. In contrast, the relationship betweenN and � in Fig. 5b is more

complex. For � B 0.62, the model achieves its maximum scope, i.e., predicting all

experimental data points, while for� A 0.98, none of the mixtures can be predicted.

Between these two boundaries,N �rst decreases slowly with increasing� , followed by a

steep decrease as� approaches 1. This sensitivity ofN to � emphasizes the importance
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of selecting an optimal threshold. Overall, Fig. 5 supports the choice of� � 0.93,

marked by the diamond, as a balance point that combines high predictive accuracy

with substantial scope. While selecting a lower threshold would yield a broader scope,

� � 0.93 is preferred here as it achieves an MAE in the range of typical experimental

uncertainties.

A detailed analysis of the results for the similaritySmn of all pairs of solutes and all

pairs of solvents is presented in Fig. 6. The results are plotted in matrices, which are

symmetric asSmn � Snm . In these matrices, the solutes (solvents) were arranged so that

similar solutes (solvents) were positioned nearby, which was done using a clustering

algorithm adopted from Ref. [57]. The chosen arrangement of the solutes (solvents)

leads to high values ofSmn along the diagonal, cf. Fig. 6.

Figure 6: Heatmaps showing results for the pairwise similarity scoresSmn of the con-
sidered solutes (panel a) and solvents (panel b). For illustration, pairs with
Smn A0.93are highlighted in panels c and d.
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The heatmaps in Fig. 6a and b reveal only a few strong similarities among the solutes

and solvents in the database, as indicated by the few bright yellow areas. A notable

exception is observed in the lower right corner of the solute matrix, cf. Fig. 6a, where

a yellow square primarily represents alkanes classi�ed as very similar according to the

developed metric.

This observation becomes even more apparent when highlighting the solute-solute and

solvent-solvent combinations withSmn higher than � � 0.93, the threshold chosen for the

detailed analysis discussed above, cf. Fig. 6c and d. Interestingly, only very few, or even

just one, similar solutes or solvents for the mixture of interest are needed for the SBM

to achieve the excellent predictive accuracy discussed earlier. Thus, for a set of similar

mixtures, i.e., those with at least one similar solute or solvent according to the similarity

metric, it is su�cient to measure ln 
 ª
ij for just one of them. The other mixtures can

then be predicted with high accuracy using the SBM. This �nding is exciting for the

planning of experiments in several ways. For example, it opens up ways to replace

substances that are di�cult to handle experimentally by suitable proxies, and it can

also be used to devise strategies for an e�cient design of experiments (DOE) to improve

the accuracy and scope of the SBM with a minimum amount of additional experimental

data.

3.5 Conclusions

This chapter has two primary outcomes: the �rst is a new way to measure the similarity

between two components. It only needs the components'� -pro�les and their surface

areas as input, information that can be obtained for basically any molecule from a

quantum-chemical calculation or databases. Hence, the new measure of similarity is

highly versatile. The information on these two properties of the two componentsm and

n is compared and the result is combined in a similarity scoreSmn , which is de�ned

in such a way that the values always range between 0 and 1. The de�nition of this

score contains hyperparameters (weights) that can be adapted to di�erent tasks. In

the present chapter, the goal was to useSmn to develop a new method for predicting

the limiting activity coe�cient 
 ª
ij of a solutei in a solvent j in systems for which no

experimental data are available. The hyperparameters have been chosen so that the

resulting similarity scores are bene�cial for this task. However, the resulting de�nition

of the similarity score should also be helpful for many other tasks related to predicting

or assessing the thermodynamic properties of binary liquid systems.

The second outcome of this chapter is the new similarity-based method (SBM) for

predicting isothermal activity coe�cients at in�nite dilution 
 ª
ij . The idea behind the
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method is simple. Starting with a database on
 ª
ij at the temperature of interest, the

value for a certain combinationi � j for which no data are available is predicted. Let

us assume we have a data point for
 ª
in for a system with the solutei of interest in

combination with another solvent n. Whether the solvents j and n are su�ciently

similar (i.e., Sjn A � ) is simply checked and then the result for
 ª
in is taken as a proxy

for 
 ª
ij . (The same works if the problem is not the solvent but the solute). Of course,

there must be rules on handling cases in which several such proxies are found. A simple

arithmetic average is applied in this case, but taking the arithmetic average of the results

of su�ciently similar substances is only one option; others could be explored. In the

procedure of predicting
 ª
ij , another hyperparameter is introduced, the threshold� . This

threshold is left open, and the user can specify it. The functions that relate the chosen

value of � to the number of systems for which predictions are possible and the expected

accuracy of the prediction (measured, e.g., by the MAE obtained in a leave-one-out

study) can be easily established, and give guidance for the application of the method.

In general, the higher� , the more accurate the prediction will be, but high values of�

will compromise the method's applicability.

The SBM that has been developed here for predicting
 ª
ij shows a remarkable accuracy,

even though the database is not large and typically contains only very few (if any) highly

similar systems for any given combination of solutei and solventj . The new SBM out-

performs the established physical benchmark methods modi�ed UNIFAC (Dortmund),

COSMO-SAC, and COSMO-SAC-dsp.

The approach for designing SBMs based on the new similarity scoreSmn is generic and

can be transferred to any physical property of binary liquid mixtures. For thermo-

dynamic applications, the hyperparameters ofSmn determined in the present chapter

should be a good starting point but could be adapted for other applications.

The observation that data for only a few similar mixtures are su�cient to achieve accu-

rate predictions suggests that a comparatively low number of targeted experiments can

considerably improve SBMs. More generally, this �nding could form the basis for new

guiding principles for the design of experiments in binary systems.
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4 Matrix Factorization of

Thermodynamic Properties

4.1 Henry's Law Constants at 298 K

4.1.1 Introduction

Knowledge on the solubility of gases in solvents is essential for the design of many

technical processes, such as gas absorption; and it is also needed for understanding many

processes in nature. Gas solubility is usually described by Henry's law (cf. Eq. (B.1) in

Appendix B), in which the key property is the Henry's law constantH ij . The number

of H ij depends only on the temperature and the nature of the solutei and the solvent

j . The solute is typically supercritical at the studied temperature, which is why it is

called �gas�. A large Henry's law constantH ij corresponds to a low solubility and vice

versa.

Experimental data on H ij are scarce compared to the variety of possible combinations

of relevant solutes and solvents. In the present chapter, new prediction methods for

H ij from the �eld of machine learning(ML) are introduced: matrix completion methods

(MCMs). Various types of MCMs have been proposed in the literature [58�60], in

particular for recommender systems [4, 5], and received a lot of attention through the

Net�ix Prize [6], an open competition of Net�ix aiming at improving their system for the

prediction of user rating for movies and TV shows. This chapter introduces MCMs for

the prediction of H ij at constant temperature in binary systems and thereby a Bayesian

approach [8, 9, 61] is followed, which is known to be robust to over�tting without

requiring much parameter tuning [62].

MCMs are highly interesting for predicting thermodynamic properties of binary systems.

The idea behind this is that data for a given property of a binary system, such as the

Henry's law constantH ij of a solutei in a pure solventj at a given temperature, can be

stored conveniently in a matrix. The respective matrices containing the experimental

data are typically very sparse, since the measurement of �uid properties is in general
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tedious and expensive and, in addition, the number of components and systems of inter-

est is large. The prediction of the missing entries in such a matrix constitutes a matrix

completion problem. Refs. [8, 9] have recently introduced MCMs for the prediction of

activity coe�cients at in�nite dilution in binary systems at constant temperature. In

these studies, an in-depth discussion of the basic idea of applying MCMs for the predic-

tion of thermodynamic mixture data is given. Here, this approach is extended to the

prediction of H ij .

In the present chapter, only pure solvents are considered and the temperature is �xed

to 298.15 K� 1 K (labeled as 298 K here, for simplicity), such thatH ij is fully speci�ed

by specifying the componentsi and j . The temperature dependence of the Henry's

law constant is highly interesting, but was excluded from the present chapter, which is

focused on introducing new methods for predictingH ij . However, these methods can be

extended to include the temperature dependence of properties once they are established

for the isothermal case. A possible approach to implement such an extension for the

prediction of activity coe�cients at in�nite dilution 
 ª
ij has been shown in Ref. [10],

where the dependence of
 ª
ij on the temperatureT has been modeled by exploiting the

fact that it can be well described byln 
 ª
ij ˆT• � A ij � B ij ~T with system-speci�c, but

temperature-independent, parametersA ij and B ij in many cases.

The accurate measurement ofH ij requires an extrapolation to the limiting casex i Ð� 0,

for which a series of experiments is necessary that makes these studies tedious. There-

fore, experimental data onH ij are missing for many practically relevant systems. This

is why methods for predicting the Henry's law constant are so interesting.

Nevertheless, there are only comparatively few methods for predicting Henry's law con-

stants so far. Most of these methods relate the Henry's law constant to physical com-

ponent descriptors, mostly phenomenological descriptors like critical properties [63],

molecular descriptors like molecular masses and polarizability [64, 65], or SMILES rep-

resentations [66]. TheseQuantitative Structure Property Relationships(QSPR) [67] are

often based on nonlinear approaches like arti�cial neural networks or support vector

machines. In some cases, techniques from machine learning have been used for descrip-

tor selection, such as theReplacement Method[68, 69] andGenetic Algorithm tech-

niques [68, 70]. All of these methods are restricted to a special class of systems: they

either only consider aqueous solutions [64�66, 68, 69, 71] or can only be applied for the

prediction of the Henry's law constant of a single solute in di�erent ionic liquids [63, 70].

Since the scope of these methods is very restricted, they are not considered further here.

In contrast, group-contribution equations-of-state(GC EoS), from which the Henry's law

constant can be determined by well established routes [72], have a wider applicability. In

GC EoS the EoS is typically combined with a mixing rule that is based on a model of the

excess Gibbs energy (GE). Using a group-contribution GE-model, such as UNIFAC [41]
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or modi�ed UNIFAC (Dortmund) [13], then results in a GC EoS, of which several have

been proposed in the literature [72�74]. The EoS used in these approaches are often

simple cubic EoS for which theGE-mixing rules are known to give good results for a

large variety of systems [72, 75].

The group-contribution concept enables predictions for systems for which no data are

available. The prerequisite for carrying out this calculation is, however, that the group

interaction parameters of theGE-model are available. Parameter matrices including

typical supercritical solutes, as they are encountered in gas solubility problems, have

been established for GC EoS [76]; however, the parameter tables are still far from

covering all cases of interest.

One particularly successful GC EoS, which has also been implemented in commercial

process simulators, is thePredictive Soave-Redlich-Kwong(PSRK) EoS [76, 77]. The

PSRK EoS (simply named PSRK in the following for brevity) is a combination of the

cubic Soave-Redlich-Kwong EoS [78] with a mixing rule based on the original UNIFAC

model [41]. The parameter tables for PSRK include many supercritical compounds.

Speci�cally, the current public parameter table of the PSRK model distinguishes 81

main groups and comprises �tted pair-interaction parameters for 956 combinations of

them [76]. Based on the reported parameters, a large number of components and systems

can be modeled, and the PSRK model has also demonstrated to yield reliable predic-

tions for many di�erent systems [76, 79], although its predictive accuracy decreases for

highly asymmetric systems [80]. However, note that there is still a substantial number

of missing pair-interaction parameters of the PSRK model, namely for 2284 combina-

tions of the present main groups, that have not been reported yet, which hampers its

applicability. PSRK is used here as a physical reference model for assessing the perfor-

mance of the novel prediction methods based on matrix completion. Furthermore, the

physics-based PSRK is used in the development of a novel hybrid prediction method

by combining it with a data-driven ML method as described in detail in the following

sections.

The Henry's law constant H ij ˆT• can in principle also be determined from the pure

component vapor pressureps
i ˆT• and the activity coe�cient at in�nite dilution 
 ª

ij ˆT•

using information on the Poynting correction as well as on the pure component saturated

vapor fugacity coe�cient; for details, see Eq. (B.4) in Appendix B. However, determining

H ij ˆT• in this way implies that the solute i is subcritical at the temperatureT. In this

case, typically Raoult's law would be used to describe the equilibrium condition of the

component i , rather than using Henry's law, so that the Henry's law constant is not

needed at all. Nevertheless, a substantial part of the experimental literature data on

H ij ˆT• refers to this case. These data were included here, but it is emphasized that the
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main area of application ofH ij ˆT• is the description of the solubility of supercritical

componentsi .

This chapter is organized as follows: the database forH ij used in this chapter is �rst

described. Two di�erent MCMs for predicting H ij are then introduced: one that is

completely data-driven and another that constitutes a hybrid of a data-driven MCM

and the physics-based PSRK. Subsequently, the results are presented and discussed.

4.1.2 Database

The experimental data on Henry's law constantsH ij of solutesi in solvents j at 298 K

used in the present chapter were taken from the Dortmund Data Bank (DDB) [81].

298 K was chosen since at this temperature, by far the most data points forH ij are

reported in the DDB, as shown in Fig. B.1 in Appendix B. The raw data onH ij were

preprocessed as described in the following. Data points that were labeled to be of

poor quality in the DDB were excluded. Furthermore, only solutes and solvents for

which data for at least two di�erent binary systems were available were considered,

as this is a prerequisite for the application of the leave-one-out analysis as described

in detail below. Finally, for those binary systems for which multiple data points in

the temperature range of 298.15� 1 K were available, the arithmetic mean ofH ij was

calculated and used. The resulting data set comprisesI � 101 solutes andJ � 247

solvents and can, hence, be represented in aI � J matrix, which is depicted in Fig. 7;

information on the considered solutes and solvents is summarized in Tables B.1 and B.2

in Appendix B, respectively. This matrix has 24,947 elements, but only 2,661 of them

are occupied with experimental data, corresponding to 10.7%. In Fig. 7, the systems

for which experimental data are available are represented as colored entries with the

color code indicating the corresponding numerical value ofH ij , whereas the systems for

which no experimental data are available are represented as black entries. The natural

logarithm of H ij , i.e., ln H ij , is thereby used in Fig. 7 and throughout this chapter for

scaling purposes.
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Figure 7: Matrix representing the experimental data on Henry's law constantsH ij of
solutesi in pure solventsj at 298.15� 1 K as reported in the DDB [81] after
preprocessing (see text). The color code indicates the numerical value of
ln H ij . The order of the solvents is arbitrary, while the solutes are arranged
according to their critical temperature Tc according to the DDB from low
(top) to high (bottom).

Only 16 of the 101 solutes are supercritical at the considered temperature. This is an

extremely small number, considering the importance of gas solubility. In order to have

a su�ciently large database, sub- and supercritical solutes were not di�erentiated in the

present chapter and all available data in the DDB were simply operated on.

It is interesting that the entries in a single row in Fig. 7 show a fairly uniform color, i.e.,

for a given solute, the numbers ofH ij are similar for most solvents. In contrast, for a

given solvent, the numbers ofH ij vary strongly, depending on the solute it is combined

with. Furthermore, the color code indicating the values ofH ij in Fig. 7 reveals a strong

correlation between the critical temperature of a solute and its solubility: for solutes

with lower critical temperature, in general higherH ij are observed and vice versa.

There are, however, a few apparent exceptions: most of the considered solutes are hy-

drophobic and therefore substantially poorer soluble in water (H2O) and heavy water

(D2O) than in other solvents, cf. labeled columns in Fig. 7. Furthermore, the solute

sulfur trioxide (SO3) exhibits rather high Henry's law constants (poor solubilities) de-

spite a comparatively high critical temperature; however, as for SO3 only data for two

solvents are available, this �nding should not be overly interpreted.

Twenty-nine of the components are present both as solute and solvent in the data set,

cf. Tables B.1 and B.2 in Appendix B. The corresponding solute-solvent combinations
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would be pure components and were therefore not considered in the present chapter; for

a detailed discussion of these cases, it is referred to Appendix B.

For subcritical solutes, Henry's law constants can also be calculated from the solute's

vapor pressure and its activity coe�cient at in�nite dilution. In principle, this could

have been used for augmenting the database onH ij here. This option was considered

but discarded, �rstly, as it would have further increased the already large fraction of

data for subcritical solutes, and, secondly, as the corresponding calculation requires

assumptions on the fugacity coe�cient of the solute and the Poynting correction, which

introduce additional errors.

4.1.3 Matrix Completion Methods

Two di�erent matrix completion methods (MCMs) were used in this chapter for predict-

ing Henry's law constantsH ij for binary systems at 298 K. Both MCMs are based on

a Bayesian approach [8, 9], which considers random variables drawn from a probability

distribution instead of scalar parameters and which enables the incorporation of prior

knowledge in a straightforward manner, as described in detail below. Both MCMs are

collaborative-�ltering methods [4, 27] that do not incorporate any direct information on

the pure components, such as physical component descriptors, but use only the available

mixture data for the binary systems, from which they infer so-calledlatent variables

(LVs) during the training.

In both MCMs, the natural logarithm of H ij is modeled as a stochastic function of LVs:

ln H MCM
ij � u i � v j � bu

i � bv
j (9)

where u i and v j are vectors of lengthK , whereasbu
i and bv

j are scalars. u i and bu
i

represent the LVs of the solutei , v j and bv
j those of the solventj . Hence, in both

MCMs, each solute and each solvent is described byK � 1 component-speci�c LVs,

which are determined from data on the mixture propertyln H ij (all LVs are initially

unknown and inferred from the training data onln H ij during the training of the MCMs).

K is a hyperparameter of the models and was set toK � 4 in all cases based on

preliminary studies using cross-validation; however, the presented MCMs are robust

regarding variations ofK as demonstrated in Fig. B.10 in Appendix B.

The product u i �v j in Eq. (9) describes the contribution of speci�c pairwise interactions

between solutei and solventj to ln H ij , whereasbu
i and bv

j can be interpreted as ageneral

solubility of a solute i and a general dissolving capacityof a solvent j , respectively,

irrespective of speci�c binary interactions. In the following,bu
i and bv

j are referred to

as solute biasand solvent bias, respectively, or summarized under the termcomponent
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biases. Such biases are also commonly considered for users and movies in recommender

systems of, e.g., movie streaming services, where they take into account that some users

are generally more critical than others when rating movies, and that some movies are

in general rated higher than others [26]. They turn out to improve the model also

in the present application for predictingH ij . The consideration of the solute biasbu
i

is motivated in particular by the observation that some solutes show poor solubility

in almost all studied solvents whereas other solutes are highly soluble in most solvents,

cf. Fig. 7. A similar behavior was not observed for activity coe�cients at in�nite dilution,

which was studied in Refs. [8, 9].

A Bayesian approach is used here, cf. Chapter 2. As inference method, variational

inference [15, 19] was chosen. From the posterior, i.e., the inferred LVs,ln H ij can also

be predicted for previously unreported binary systems following Eq. (9). In each case, a

probability distribution for ln H ij is thereby predicted, which also provides information

on the model uncertainties. In the following sections, the characteristics of the two

MCMs developed in this chapter are discussed in more detail.

4.1.3.1 Data-Driven MCM

The �rst MCM is purely data-driven: its LVs are trained only to the sparse available

experimental data for ln H ij from the DDB, cf. Fig. 7; no other information is used.

This method is referred to asMCM-data in the following. Fig. 8 shows an overview of

how MCM-data is trained and used to predictln H ij .

Figure 8: Schematic illustration of the prediction ofln H ij with MCM-data. The MCM
is trained on experimental data onln H ij (exp) with speci�ed hyperparame-
ters. The inferred LVs are subsequently used with Eq. (9) to obtain predic-
tions (pred) for all possible solute-solvent combinations.

In the case of MCM-data, no information about the LVs is available prior to the train-

ing. Therefore, a rather broad, thus non-informative, probability distribution was used

as prior here. Speci�cally, a normal distribution centered around zero and standard

deviation � P � 1 for u i and v j , and � P,CB � 10 for bu
i and bv

j was chosen:
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pˆui ,k• � N ˆ0, � P•, for k � 1...K (10)

pˆvj ,k• � N ˆ0, � P•, for k � 1...K (11)

pˆbu
i • � N ˆ0, � P,CB • (12)

pˆbv
j • � N ˆ0, � P,CB • (13)

In general, the smaller the values for the standard deviations (� P and � P,CB ) are chosen,

the stronger the LVs are restricted and the smaller is the in�uence of the training data

on the LVs. In contrast, a very broad prior distribution (large values of� P and � P,CB )

barely constrains the LVs, such that the posterior is predominantly determined by the

experimental data. The in�uence of the choice of the hyperparameters was investigated

in preliminary studies. The values reported here represent good compromises between

the extremes "too narrow, i.e., too restrictive" and "too broad, i.e., too irrelevant".

However, the window, in which good results are obtained is wide and similar results as

the ones presented below can also be obtained with other choices of the hyperparameters.

As likelihood, which models the probability of the data onln H ij conditioned on the LVs,

a normal distribution with standard deviation � L � 0.2 centered aroundu i � v j � bu
i � bv

j

was chosen:

pˆ ln H ij Su i , v j , bu
i , bv

j • � N ˆu i � v j � bu
i � bv

j , � L •

� N ˆui ,1 � vj ,1 � ... � ui ,K � vj ,K � bu
i � bv

j , � L • (14)

The choice of the hyperparameter� L � 0.2 was motivated by the uncertainty of the

available experimental data, i.e., twice the value found on average for the experimental

uncertainty was chosen. All data points were thereby treated equally, i.e.,� L � 0.2 was

used throughout.

4.1.3.2 Hybrid MCM

The second MCM is hybrid, as it is not only trained on (sparse) experimental data

on ln H ij but also incorporates information from the Predictive Soave-Redlich-Kwong

(PSRK) equation-of-state [76] in the form of PSRK predictions. Consequently, this

MCM is referred to as MCM-hybrid in the following. MCM-hybrid is based on the

so-calledWhisky approachproposed for the prediction of activity coe�cients at in�nite

dilution in Ref. [8] and is therefore only brie�y discussed here; it is referred to Ref. [8]

for more details. Fig. 9 shows an overview of how MCM-hybrid is trained and used to

predict ln H ij .
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Figure 9: Schematic illustration of the prediction ofln H ij with MCM-hybrid. In the
pretraining step, the hyperparameters are speci�ed and the MCM is trained
on simulated data forln H ij from PSRK. The inferred (preliminary) LVs are
used to generate an informative prior for the re�nement step, in which the
MCM is trained on experimental data onln H ij (exp). The resulting (�nal)
LVs are subsequently used with Eq. (9) to obtain predictions (pred) for all
possible solute-solvent combinations.

As MCM-data, MCM-hybrid models ln H ij according to Eq. (9). However, in contrast

to MCM-data, MCM-hybrid takes full advantage of the Bayesian approach to matrix

completion by using aninformative prior. The training of MCM-hybrid consists of two

steps. In the �rst step, MCM-hybrid was trained on simulated data for ln H ij that

were generated with PSRK. With PSRK in its current public parameterization [76],

predictions for 7,760 (31.1%) of all possible binary systems of the considered solutes

and solvents can be obtained; hence, the matrix with this simulated data for the �rst

training step is more densely occupied than the matrix with the experimental data,

cf. Fig. 7. During the �rst training step, the MCM infers (provisional) LVs of the solutes

and solvents from the predictions of PSRK, cf. Eq. (9). This step can be considered as

extracting the physical knowledge on the solutes and solvents that is implicitly encoded

in PSRK and explicitly provided in the form of PSRK predictions forln H ij , and storing

this knowledge in LVs. However, as the PSRK predictions are less reliable than the

experimental data, the LVs obtained in thispretraining step are only preliminary and

are therefore not directly used for predictingln H ij . Instead, they are used to generate

an informative prior for a second training step of the MCM. In the second training

step, MCM-hybrid is, similarly to MCM-data, trained on the sparse set of available
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experimental data onln H ij . The second step can be understood as a revision of the

preliminary LVs (inferred from the PSRK predictions alone) based on the experimental

data; this step is referred to asre�nement step in the following. The re�nement step

of MCM-hybrid yields the �nal set of LVs that contain information from the PSRK

predictions and the experimental data. In the pretraining step of MCM-hybrid, the

same broad normal distribution as in MCM-data, i.e., a normal distribution centered

around zero with standard deviation� P,CB � 10 for the component biases and� P � 1 for

the remaining LVs, was used as prior:

pˆui ,k• � N ˆ0, � P•, for k � 1...K (15)

pˆvj ,k• � N ˆ0, � P•, for k � 1...K (16)

pˆbu
i • � N ˆ0, � P,CB • (17)

pˆbv
j • � N ˆ0, � P,CB • (18)

A Cauchy distribution with scale � L � 0.2 was chosen as likelihood, which is in contrast

to the training of MCM-data:

pˆ ln H ij Su i , v j , bu
i , bv

j • � Cauchŷ u i � v j � bu
i � bv

j , � L •

� Cauchŷ ui ,1 � vj ,1 � ... � ui ,K � vj ,K � bu
i � bv

j , � L • (19)

The reason for using a Cauchy likelihood is that for some combinations of solutes and

solvents, PSRK gives extremely (and unreasonably) large/small predictions forln H ij as

shown in Fig. B.5 in Appendix B. These extreme outliers are attributed to badly chosen

binary interaction parameters of PSRK; the problematic predictions are basically limited

to hydrochloric acid (HCl) dissolved in alcohols. To prevent a negative impact due to

these obvious outliers in the pretraining step of MCM-hybrid, the Cauchy distribution

was chosen as it is more robust towards extreme outliers than the normal distribution.

Of course, the pretraining step can extract information from the PSRK predictions only

for those solutes and solvents that can in general be modeled by PSRK, i.e., for which

at least oneln H ij within the considered matrix can be predicted. With the present

public version of PSRK [76], this is the case for 81 of the 101 studied solutes (80.2%)

and 142 of the 247 studied solvents (57.5%). Hence, only for those 81 solutes and

142 solvents, meaningful preliminary LVs can be inferred from the PSRK predictions

and, as a consequence, an informative prior for the subsequent re�nement step can be

generated. For those solutes and solvents that cannot be modeled by PSRK, the same

uninformative prior as for the training of MCM-data was chosen in the re�nement step
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of MCM-hybrid: a normal distribution centered around zero with standard deviation

� P � 1 for u i and v j , and � P,CB � 10 for bu
i and bv

j .

For those solutes and solvents that can be modeled by PSRK, an informative prior for

the LVs in the re�nement step was generated from the posterior of the pretraining step

as described in the following. Since the posterior of the pretraining step of the studied

LVs was approximately normally distributed in all cases, they were �tted with normal

distributions, yielding a mean and standard deviation for each LV. The means were

adopted, whereas the standard deviations of all informed solute and solvent biases were

subsequently scaled with a constant factor, such that the mean of all resulting standard

deviations was� P,CB � 5; similarly, the standard deviations of the remaining informed

LVs were scaled to yield a mean standard deviation of� P � 0.5. The scaling factors,

which can be seen as hyperparameters, were set to 6.44 for� P and 172.08 for� P,CB , re-

spectively, to obtain the speci�ed mean standard deviations. This scaling procedure is

necessary, since the predictions of PSRK are in general less trustworthy than the experi-

mental data, and show some extreme outliers as exempli�ed in Fig. B.5 in Appendix B.

Without this scaling, the predictions of PSRK and the experimental data would be

basically treated in the same way, resulting in an exaggerated in�uence of the PSRK

predictions on the training of the hybrid MCM. By setting the mean standard deviation

to half of the values for the uninformed prior (� P � 1 or � P,CB � 10, cf. above), a stronger

prior was obtained for those LVs for which a priori information could be extracted from

the PSRK predictions. However, these informed prior probability distributions for the

LVs are still broad enough to give enough �exibility in the re�nement step, if su�cient

evidence is provided by the experimental training data.

The scaling of the posterior distributions from the pretraining step can in general lead to

distributions that are broader than the uninformed prior. Therefore, a last processing

step was introduced to ensure that the informed prior for those solutes and solvents

for which a priori information could be extracted from the PSRK predictions isalways

stronger than the uninformed prior for those solutes and solvents for which this is not

the case. This was achieved by multiplying the scaled posterior from the pretraining step

with the respective uninformative prior distributions, resulting in the �nal informative

prior for the re�nement step of MCM-hybrid:

pˆui ,k• � N ˆu‡
i ,k , � ‡

P•, for k � 1...K (20)

pˆvj ,k• � N ˆv‡
j ,k , � ‡

P•, for k � 1...K (21)

pˆbu
i • � N ˆbu‡

i , � ‡
P,CB • (22)

pˆbv
j • � N ˆbv‡

j , � ‡
P,CB • (23)
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Again, normal prior distributions were used for all LVs, but not centered around zero (as

in the pretraining step of MCM-hybrid and the training step of MCM-data) but centered

around an initial guess for each LV (u ‡
i , v‡

j , bu‡
i , bv‡

j ) based on the posterior of the preced-

ing pretraining step; also the standard deviations of the prior distributions (� ‡
P, � ‡

P,CB )

in the re�nement step were set based on the posterior of the preceding pretraining step.

The �nal prior (informative for components that can be modeled with PSRK, uninfor-

mative for components that can not be modeled with PSRK) was ultimately used in

the re�nement step of MCM-hybrid, in which the method was trained on the available

experimental data for ln H ij from the DDB, cf. Fig. 7. In the re�nement step, a nor-

mal likelihood with standard deviation � L � 0.2 was chosen, which is in analogy to the

(single) training step of MCM-data:

pˆ ln H ij Su i , v j , bu
i , bv

j • � N ˆu i � v j � bu
i � bv

j , � L •

� N ˆui ,1 � vj ,1 � ... � ui ,K � vj ,K � bu
i � bv

j , � L • (24)

Similar to MCM-data, preliminary studies have shown that MCM-hybrid exhibits robust

behavior for hyperparameters over a wide range. The procedure can be adapted as

needed, but the one proposed here works well for predicting Henry's law constants.

Computational Details

Both MCMs introduced in this chapter were implemented in the probabilistic program-

ming languageStan [20]; details on the models including the source code to run them

in Stan are given in Figs. B.2 - B.4 in Appendix B. As inference method, which inverts

the generative process of the probabilistic model and reasons about the LVs for given

data (ln H ij here), Gaussian mean-�eld variational inference [19] was used. All pre- and

postprocessing steps were performed in MATLAB® R2019b [21].

For evaluating the predictive performance of the two MCMs, a leave-one-out analy-

sis [56] was used. Each MCM was thereby trained multiple times, and in each run, one

of the 2,661 available experimental data points was withheld during the training and

subsequently predicted by the MCM; the prediction was then compared to the withheld

experimental value. This leave-one-out analysis requires that for each solute and each

solvent at least two data points for di�erent systems are available. If this condition is

satis�ed, there is at least one data point for each component in the training set (after

withholding the test data point), such that the MCMs have at least some information

for learning the features of each component. Considering the deviations between predic-

tion and experimental value of all available data points, the overall scoresmean absolute

error (MAE) and mean squared error(MSE) were calculated and compared among the
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MCMs and with those from PSRK. The latter comparison is, however, not trivial: both

MCMs developed here allow for the prediction ofln H ij for all possiblecombinations of

the studied solutes and solvents and therefore for notably more binary systems within

the considered matrix than PSRK. They are assessed using leave-one-out analysis, i.e.,

based on real predictions, since the respective data point was not used for training the

MCMs. In contrast, the deviations reported for PSRK are simply those from the trained

method as it is reported in the literature [76]. Unfortunately, the training set that was

used for obtaining the parameters of PSRK has not been disclosed in the literature. It

may be speculated that it contained a large fraction of the data points that are con-

sidered here. Hence, even though formally the same statistical quantities are used to

characterize the deviations for the MCMs on one side and PSRK on the other, they

refer to di�erent types of deviations. Of course, in contrast to the MCMs, PSRK can

as a group-contribution method be used to describe additional components besides the

101 solutes and 247 solvents considered here.

In Ref. [82], all "�nal" LVs for all solvents and solutes are reported. They were inferred

by MCM-hybrid using all 2,661 experimental data points forln H ij (without applying

a leave-one-out strategy). The idea behind this is to obtain a single set of parameter

values that enables a direct application of the MCM for predictingln H ij . Comparing

the numbers for the LVs reported in Ref. [82] and those obtained in the leave-one-

out analysis reveals, as expected, only minor di�erences. Consequently, the numerical

values in Ref. [82] constitute acompleteparameter set of the�nal MCM-hybrid model

and allows the prediction ofln H ij for any binary combination of the studied solutes and

solvents at 298 K.

4.1.4 Results and Discussion

In Fig. 10, the performance of the two developed matrix completion methods (MCM-

data and MCM-hybrid) for the prediction of Henry's law constantsln H ij in binary

systems of a solutei and a solventj at 298 K is evaluated in terms of MAE and MSE

and compared to the performance of PSRK [76]. As described above, the scores of

the MCMs are thereby obtained by applying a leave-one-out analysis and comparing

the predictions with the respective experimental data from the Dortmund Data Bank

(DDB) [81]. Note that in addition to the two MCMs discussed here, a third MCM

was tested. It is a variant of MCM-data but without considering component biases,

cf. Eq. (9). The results are presented in Appendix B and show that using the biases

yields substantially better results.

In Fig. 10, only those data points that can be described with PSRK are considered. By

using the latest published parameterization given by Horstmann et al. [76], PSRK can
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predict ln H ij for 1,438 of the 2,661 binary systems (54.0%) for which experimental data

are available in the DDB [81], cf. Fig. 7.

(a) (b)

Figure 10: Mean absolute error (MAE) and mean squared error (MSE) of PSRK,
MCM-data, and MCM-hybrid for the prediction of ln H ij for binary systems
at 298 K. (a) Considering the full data set (1,438 data points). (b) Without
considering the worst 11 outliers of PSRK, cf. Fig. B.5 in Appendix B.

The results in Fig. 10a show that the MAE and MSE of PSRK are substantially larger

than the respective scores of both MCMs (note the logarithmic scale). However, a closer

analysis shows that the poor scores of PSRK can mainly be attributed to only a handful

of data points that are extremely badly predicted by PSRK, as exempli�ed in Fig. B.5 in

Appendix B. Most of these extreme outliers correspond to the solute hydrochloric acid

(HCl) dissolved in alcohols as solvents and can be attributed to poor group-interaction

parameters between the HCl group and the alcohol group of PSRK. To obtain a fairer

comparison, these extreme outliers have also been omitted for calculating the MAE and

MSE of the methods and the respective scores are represented in Fig. 10b.

When omitting the PSRK outliers, the performance of MCM-data is similar to that of

PSRK. The hybrid approach MCM-hybrid clearly outperforms PSRK and MCM-data

in both scores irrespective of whether the PSRK outliers are taken into account or not.

It is interesting to realize that MCM-hybrid, which combines information from PSRK

predictions with scarce experimental data in the training, apparently does not su�er from

the extreme PSRK outliers. This underpins the robustness of MCM-hybrid. The results

shown in Fig. 10 also demonstrate that the Bayesian approach for the hybridization

works well and combines advantages of PSRK with those of the data-driven MCM,

while not being impaired by the weaknesses of the individual methods.
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In Fig. 11, the predictions of PSRK, MCM-data, and MCM-hybrid are compared in a

parity plot (panel a) and a histogram representation of the deviations from the experi-

mental data (panel b).

(a) (b)

Figure 11: Comparison of the predictions (pred) forln H ij with PSRK, MCM-data, and
MCM-hybrid without considering the worst 11 outliers of PSRK. (a) Parity
plot of predictions over experimental data (exp) from the DDB. (b) His-
togram of the deviations of the predictions from the experimental data.
N is the number of binary systems. The shown interval in the histogram
contains 97.8% (PSRK), 98.4% (MCM-data), and 99.5% (MCM-hybrid) of
all considered data points.

The representations in Fig. 11 support the �ndings described above. Fig. 11a clearly

indicates that the hybrid approach particularly improves the prediction of those data

points that are rather poorly predicted with PSRK or MCM-data (or both), which is

consistent with the observation of a substantially lower MSE in Fig. 10. This again indi-

cates that MCM-hybrid represents an extremely robust combination of two approaches

that bene�ts from additional information but is not notably prone to shortcomings of

the individual methods. Furthermore, Fig. 11b illustrates that MCM-hybrid predicts

most data points with a very high accuracy; the deviations are often in the range of

S� ln ˆH ij ~kPa• S@0.1, corresponding to deviations that are in the order of the expe-

rimental uncertainty in the determination of Henry's law constants. For instance, the

experimental uncertainty ofln H ij has been estimated by calculating the mean standard

deviation for those binary systems for which multiple data points in the temperature

range of 298.15� 1 K were available in the DDB and a value of almost exactly 0.1 was

found.

Unlike the proposed MCMs, PSRK is, as group-contribution method, also able to model

systems outside the considered matrix, which is not the case for all MCMs presented

here. However, one major disadvantage of PSRK is that its application is limited to those
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components and systems for which the method has been parameterized. As described

above, only about 54.0% of the experimental data onH ij taken from the DDB in this

chapter can be predicted with the present public version of PSRK, which is why the

comparison in Figs. 10 and 11 was only carried out based on those 54.0% of the data

points. This restriction does not apply for the MCMs developed in this chapter, as they

allow the prediction of H ij of all possible binary systems of the considered solutes and

solvents. This enables the evaluation of the predictive performance of the MCMs based

on all 2,661 available experimental data points forH ij by leave-one-out analysis, which

is discussed in the following.

Fig. 12 shows the MAE and MSE of the predictions with MCM-data and MCM-hybrid;

Fig. B.11 depicts the predictions of both methods in a parity plot (panel a) and a

histogram representation (panel b) similar to Fig. 11. In Fig. B.12 in Appendix B, a

parity plot that additionally includes information on the model uncertainties is given.

Figure 12: Mean absolute error (MAE) and mean squared error (MSE) of MCM-data
and MCM-hybrid for the prediction of ln H ij in binary systems at 298 K.
For the evaluation, all 2,661 experimental data points from the DDB were
considered here.

The observations are similar to those discussed above. The scores are slightly worse

when all available data are considered than when only data that can be modeled with

PSRK are considered. This is not unexpected, as those components that cannot be

described with PSRK are in general less studied, i.e., for these components, less data

for training the MCMs are available.

In the following, it is brie�y discussed how MCMs can not only be applied for the

prediction of mixture properties (ln H ij here) but also enable interesting physical insights

into the mixture data. Therefore, the LVs of the solutes and solvents inferred during the

training of MCM-hybrid from the mixture data (PSRK predictions and experimental

data on ln H ij ) are studied in more detail.



4.1 Henry's Law Constants at 298 K 37

Fig. 13 shows the component biasesbu
i and bv

j of all solutes (panel a) and all solvents

(panel b), respectively; the solutes and solvents are ordered in analogy to Fig. 7, i.e., the

solutes are sorted according to their critical temperature in ascending order, while the

solvents are arranged by their DDB number (which is rather arbitrary). Similar �gures

for the remaining LVs (u i and v j ) are shown in Figs B.13 and B.14 in Appendix B.

(a) (b)

Figure 13: Component biases of all solutes ((a), ordered according to the critical tem-
perature) and solvents ((b), ordered according to the DDB number) as
inferred by MCM-hybrid. Means (symbols) and standard deviations (error
bars) were calculated from the results of the leave-one-out runs assuming
normal distributions for the predictions. Solutes and solvents for which
only data for two di�erent systems are available in the data set are marked
red.

The number of data points that was considered for each solute (solvent) in Fig. 13 equals

the number of di�erent binary systems in the data set that contain the respective solute

N i (solvent N j ). This number of data points is attributed to the performed leave-one-

out analysis, where one experimentalln H ij was withheld in each run and all LVs were

trained. Thereby, only those LVs were saved that were obtained when the considered

solute (solvent) was part of the one system that was withheld. From the selected data

points, mean and standard deviation ofbu
i (bv

j ) were calculated and are depicted as

symbols and error bars in Fig. 13, respectively. WhileN i � 2 and N j � 2 often lead to

high standard deviations, rather small standard deviations are observed for most solutes

and solvents that appear at least three times in the data set, i.e., forN i C3 and N j C3,

respectively.

In Refs. [8, 9], where matrix completion methods were employed for the prediction of ac-

tivity coe�cients at in�nite dilution, no component biases were used. This is motivated

by the fact that there is no such thing as a solute that exhibitsin general small (or in

general large) activity coe�cients in any solvent, and, analogously, there is no solvent

that in general leads to small (large) activity coe�cients of any solute. By contrast,
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there are, e.g., gases whose solubility isin general rather small (or large) irrespective

of the solvent, and this fact is taken into account by considering component biases for

the prediction of Henry's law constants here; of course, a single gas does not exhibit

the exact samesolubility in all solvents, which is taken into account by the other latent

variables that are considered. For the solute biasbu
i , a clear correlation with the solute's

critical temperature Tc,i is found: bu
i decreases with increasingTc,i , cf., Fig. 13a. This

is consistent with Fig. 7 and the expectation that solutes with high critical tempera-

tures generally have a higher solubility than solutes with low critical temperature. For

instance, helium and hydrogen, which have a very low critical temperature, are quite

poorly soluble irrespective of the considered solvent. For the solvent biasbv
j , no trend

and only rather small variations are found (except for "extreme" molecules like water

and heavy water), cf. Fig. 13b, which supports the hypothesis discussed in the analysis

of Fig. 7 that the type of solute has a stronger in�uence onH ij than the type of sol-

vent. These observations do not only allow interesting physical insights, but also open

the path for an estimation of the solute and solvent biases of components that are not

included in the current data set. For instance,bu
i could roughly be estimated fromTc,i

using the correlation shown in Fig. 13a, whereas forbv
j , the average value of all solvent

biases depicted in Fig. 13b could be used. The situation is more complicated when the

other LVs are considered, cf. Figs. B.13 and B.14 in Appendix B. However, the examples

shown in Fig. 13 underline that correlations of the LVs with physical descriptors can be

found, even though they may not be as simple as in these fortunate cases.

4.1.5 Conclusions

In the present chapter, a new class of prediction methods for Henry's law constantsH ij ,

namely matrix completion methods (MCMs), has been introduced and their applicability

for H ij of solutesi in pure solventsj at 298 K has been demonstrated. The idea behind

this approach is that binary data can conveniently be stored in a matrix and that MCMs,

which are well established in machine learning, can be applied for completing matrices

even in cases where they are only sparsely occupied with experimental data, as it is the

case forH ij (and many other mixture properties). Two MCMs for predictingH ij were

implemented in the present chapter using a Bayesian framework and the probabilistic

programming language Stan. The �rst MCM is purely data-driven, i.e., it is trained only

on the scarce available experimental data onH ij , while the second MCM follows a hybrid

approach by additionally incorporating predictions from the Predictive Soave-Redlich-

Kwong (PSRK) equation-of-state. The performance of both MCMs for predictingH ij

for 101 solutesi and 247 solventsj was evaluated by a leave-one-out analysis using

experimental data from the Dortmund Data Bank (DDB) [81]. While with the purely
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data-driven MCM a predictive accuracy comparable to that of PSRK was found, a

substantially better performance was obtained with the hybrid MCM.

The introduced MCMs have broad applicability: they are capable of predicting theH ij

for all 24,947 possible binary systems of the considered solutes and solvents as they are

not limited by unavailable parameters; in contrast, PSRK can only predictln H ij for

31.1% of these binary systems. Of course, as group-contribution method, PSRK can

in principle also be applied for predictingH ij in systems containing other solutes and

solvents than those studied here. Furthermore, while the re�nement and extension of

physics-based prediction methods like PSRK is very elaborate, the MCMs presented in

this chapter can be adapted in a straightforward manner when additional data become

available. Moreover, the presented matrix completion approach is not restricted to the

prediction of Henry's law constants but can be transferred to other thermodynamic

properties in a straightforward manner. The success of the MCMs is thereby based

on uncovering structure in the respective mixture data, which can also be expected for

many other thermodynamic properties.
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4.2 Temperature-Dependent Henry's Law Constants

4.2.1 Introduction

Information on the gas solubility is of fundamental importance for designing and optimiz-

ing many chemical processes, such as gas absorption. Gas solubilities can be described

by Henry's law constantsH ij , wherei is the gas dissolved in the solventj . Even if only

binary systems, i.e., the solubility of a pure-component gas in a pure-component solvent,

are considered, the number of relevant possible combinations exceeds those that have

been studied in experiments by far, making predictive methods forH ij indispensable in

practice.

Group-contribution (GC) equations-of-state (EoS) have become a cornerstone for pre-

dicting gas solubilities by combining an EoS with a mixing rule based on a GC model of

the excess Gibbs energy (GE) [72]. However, the applicability of this approach depends

on the availability of parameters for all structural groups in the system, and even for the

most successful GC EoS, the Predictive Soave-Redlich-Kwong (PSRK) EoS [76, 77], sig-

ni�cant gaps in the parameter table remain, preventing its application for many systems.

PSRK serves as a baseline model, providing a benchmark against which the accuracy of

the newly developed prediction methods are assessed.

A data-driven alternative to physical prediction methods for properties of binary systems

is using matrix completion methods (MCMs) from machine learning, which are well

established in recommender systems [4�6]. In recent work, it has been demonstrated

that the MCM concept can be transferred to thermodynamics [1, 2, 8�10, 51, 54, 57, 82�

85]. The basic principle of using MCMs in this �eld is to organize data of a given property

of binary mixtures into matrices, where the matrix's rows and columns correspond to

the components that make up the mixtures. These matrices are only sparsely populated

with experimental data in basically all cases, as data are missing. However, from the

available mixture data, similarities between the di�erent components can be inferred

and used to predict the missing entries, hence completing the matrix.

Speci�cally, an MCM was introduced in Chapter 4.1 for predictingH ij for binary systems

at a constant temperature of 298 K, where most data points forH ij have been reported in

the literature. While this MCM outperformed PSRK in prediction accuracy, it cannot

generalize over the temperature, which hampers its applicability. Therefore, in the

present chapter, the MCM from Chapter 4.1 is extended to a model for the prediction

of temperature-dependentH ij ˆT•.

The temperature-dependentH ij ˆT• data can be represented in a three-dimensional ten-

sor, where the third dimension is used to include the temperature. Tensor completion
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methods could, in principal, be used to �ll this tensor [11]. However, in the present

chapter, a strategy similar to recent advancements in predicting activity coe�cients at

in�nite dilution 
 ª
ij [10] is adopted, and a physical equation is employed that captures

the temperature dependence by introducing system-speci�c, yet temperature-invariant,

parameters, which can be represented in matrices. These matrices are, again, only

sparsely populated since experimental data for parameter �tting are only available for

some systems. This way, the tensor completion problem is reduced to a problem of the

completion of some matrices (here three) and an MCM for predicting their entries is

developed.

This chapter is organized as follows: the database forH ij ˆT• used for training and

evaluating the developed prediction methods is �rst described. Two di�erent MCMs for

predicting H ij ˆT•, which are based on a physical three-parameter approach for modeling

the dependence ofH ij on temperature, are then presented: one is fully data-driven,

and the other is a hybrid of a data-driven MCM and the physics-based PSRK EoS.

Subsequently, the results are presented and discussed.

4.2.2 Database

Experimental data on Henry's law constantsH ij ˆT• in binary systems covering the

temperature range between 173.15 K and 573.15 K were taken from the Dortmund Data

Bank (DDB) [86], which is the largest database of thermodynamic mixture properties.

The DDB compiles experimental data on gas solubility collected from various sources

dating back over a century to the present day, making it an ideal basis for model training

and validation. Only a few reported raw data points forH ij ˆT• at extreme temperatures

were a priori excluded (921 out of 63,484), as depicted in Fig. C.1 in Appendix C.

The preprocessing of the data was conducted as follows. Since the experimentalH ij

values span several orders of magnitude,ln H ij was consistently applied for scaling pur-

poses. Data labeled as poor quality in the DDB were discarded. Additionally, for

binary systems with multiple data points within a 1 K temperature range, such as

298.15� 0.5 K, the median of ln H ij ˆT• was computed and utilized. Furthermore, a

prerequisite for learning the temperature dependence ofln H ij ˆT• is the availability of

data points measured at various temperatures. Consequently, only systems with data

spanning a temperature range of at least 10 K were considered.

For assessing predictive accuracy by leave-one-out analysis, data for at least two distinct

binary systems per solute and solvent have to be available. Hence, all data sets that

did not ful�ll this requirement were discarded. The application of the di�erent criteria

resulted in a data set comprising 20,565 data points for 3,297 binary systems involving
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