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Abstract

This doctoral thesis aims to establish the role of machine learning and visual ana-
lytics in the industrial production of nonwovens, aiming for quality and resource
optimization through economical and sustainable production. To accomplish
this, it addresses various challenges faced by numerical simulation models that
act as virtual twins of physical processes. The thesis emphasizes the benefits of
integrating engineering, numerical analysis, and artificial intelligence within an
industrial application.

The melt spinning process is selected as a key use case, being a primary and
critical step in nonwoven production. In this context, the thesis investigates and
addresses the bottlenecks encountered by a virtual spinning simulator, which
relies on boundary value problem solvers to model the dynamics of the spinning
process through a system of differential equations with boundary conditions. The
thesis makes three main contributions. First, it introduces a machine learning
pipeline to automate the optimization of BVP solver settings, enhancing conver-
gence and computation speed. Second, it presents a physics-informed machine
learning approach to accelerate BVP continuation problems by providing high-
quality solution approximations. Third, it integrates visual analytics to interpret
simulation results, evaluate ML predictions, quantify uncertainty, and improve
the interpretability of physics-informed neural networks—thereby fostering trust
and usability.

This thesis leverages the complementary capabilities of numerical simulations,
machine learning, and visual analytics in the context of scientific machine learning
to address complex industrial spinning processes. While melt spinning serves as
a compelling and practical demonstration of these techniques, the methods are
also applied to the simulation of fiber deposition in nonwoven manufacturing,
showcasing their general applicability. The thesis concludes by discussing the
broader industrial impact and future directions in ML-augmented simulations and
human-centered visual analytics.
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1 Introduction

Spunbond processes are methods used to make nonwoven fabrics. They offer
an ef�cient and cost-effective approach to manufacturing industrial nonwovens
with desirable properties. The resulting fabrics possess high tensile strength and
tear resistance, making them well-suited for applications requiring durability.
Additionally, spunbond materials feature a uniform structure and consistent thick-
ness, which is essential for applications that demand precision and reliability.
Their breathability and moisture permeability make them particularly effective
for �ltration purposes. Beyond their structural bene�ts, spunbond fabrics serve
as an economical alternative to woven and knitted textiles, making them widely
applicable across various industries. They are commonly used in liquid and gas
�ltration (such as vacuum cleaner bags and water �ltration systems), insulation
for buildings (including roofs, �oors, and walls), and automotive components
(such as seat covers, door panels, and headliners). In the medical �eld, they are
found in surgical gowns, masks, and drapes, while hygiene products like diapers,
sanitary pads, and wipes also rely on spunbond materials. Additionally, these
fabrics play a role in battery technology, fuel cells, and numerous other specialized
applications.

Controlling the spunbond production process is a big challenge for industry due
to its stochastic nature. Typically, manufacturing takes place 24/ 7, which limits
the ability to conduct longer experimental series. Hence, usually a simulation-
driven modeling is used to analyze nonwoven production processes for digital
quality inspection (Figure 1.1). The simulation-driven models employ state-of-
the-art numerical tools available in the industry, yielding highly accurate results
without depending on physical production data. However, lengthy simulation
times hinder timely quality predictions when process conditions change, as these
models demand substantial computational resources, thereby slowing down the
optimization process. Additionally, identifying patterns, correlations, and causal
relationships in the simulation results can be dif�cult due to reliance on domain
expertise. Integrating human knowledge and subjective factors, such as aesthetics,
into the simulation tools is also not straightforward.

To address these challenges, this thesis adopts a holistic approach that enhances
simulation-driven models through the integration of machine learning (ML) and
visual analytics as seen in Figure 1.1. The primary objective is to accelerate
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1 Introduction

Figure 1.1: Different processes involved in the optimization of spunbond produc-
tion: The numerical process (blue) allows for digital inspection of real process
(green). The machine learning (ML) process (orange) reduces computational
costs for quality prediction that enables the acceleration of optimization and
and analysis (pink) of physical process (green).

spunbond process optimization by establishing a complementary interplay be-
tween physics-based simulations and machine learning capabilities. On one hand,
domain knowledge derived from simulations is used to guide and constrain the
ML models, ensuring physical consistency and improving interpretability. On the
other hand, ML models serve as ef�cient surrogates that approximate computa-
tionally intensive simulations, thereby signi�cantly accelerating the optimization
process. This synergy enhances the overall ef�ciency and scalability of simulation-
based modeling. Additionally, visual analytics and data science techniques are
employed to bridge the knowledge gap in understanding the spunbond process.
These tools facilitate the visualization of complex relationships between process
parameters and product quality, supporting more informed decision-making and
deeper insights into process behavior and optimization strategies.

1.1 Application Domain: Spunbond Processes

In the spunbond process, a nonwoven fabric is created through several steps. The
initial step involves the production of technical textile �bers through spinning. In
two-step processes, the spun �bers are wound onto a bobbin for further use. In
single-step processes, spun �bers are twisted by air and laid down on a conveyor
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1 Introduction

Figure 1.2: Simulation of the spunbond process for nonwoven production using
the �ber dynamics simulation tool from Fraunhofer ITWM.

belt to create a nonwoven fabric, as shown in Figure 1.2. In the spunbond
sector, many industrial processes heavily rely on the expertise and experience
of skilled workers. As demographic changes lead to a shortage of quali�ed
personnel, manufacturers are increasingly dependent on their workforce. The
sector is characterized by a wide variety of raw materials, process parameters,
and production equipment, resulting in a complex landscape that is challenging to
navigate without support. High-quality standards are essential due to the critical
applications of spunbond materials. A signi�cant portion of the raw materials used
is derived from petroleum, and the transition to recycled or bio-based polymers
faces considerable barriers, including the need for extensive modi�cations to
existing production facilities. Additionally, the energy demands of the process are
substantial, with heating required at multiple stages and high energy consumption
due to safety margins in operation. This results in a considerable carbon footprint.
If the industry aims to operate with thin pro�t margins, pursuing costly innovations
might be challenging, and this dif�culty could be further intensi�ed by increases
in raw material and energy prices.

Given this complexity and sensitivity, ensuring consistent quality remains a central
concern for manufacturers. One of the main objectives of the industry is achieving
the desired quality of nonwoven products, which necessitates effective control
measures. The complex production lines, in�uenced by several variables, are
typically �ne-tuned by skilled operators through a trial-and-error approach. How-
ever, this method does not accurately re�ect the true quality of the production
line's settings, hindering the full potential for ef�cient and sustainable production.
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Consequently, performance levels, product quality, and line availability remain
suboptimal. Furthermore, the knowledge of operating production equipment is
often mainly possessed by the operators, making it dif�cult to scale up production
capacities in response to sudden increases in demand. This issue was highlighted
in 2020, when the sudden surge in demand for FFP2 masks led to a signi�cant
need for nonwoven products, but production capacities could not be scaled up
quickly enough. Hence, modeling the spunbond process is essential for enhancing
production ef�ciency, re�ning product properties, and minimizing costs while
ensuring sustainable manufacturing. In this context, process modeling plays
a crucial role in understanding how different production settings and process
parameters in�uence the competing objectives, facilitating better optimization.
However, when it comes to physical modeling for spunbond optimization in an in-
dustrial setting, practical limitations arise. Targeted data generation at industrial
facilities is often too costly to produce the necessary amount of high-quality data.
Real-time adjustments to production conditions can be dif�cult due to downtime
required for tasks like clearing old polymer material, re�lling with new material,
and adjusting suction position and velocity, which ultimately affects revenue. The
complexity of the spunbond processes adds another layer of dif�culty, as maintain-
ing data consistency, ensuring proper calibration, and achieving error-free sensor
performance is challenging. Various factors, including dynamic interactions within
the production environment and the variability in raw materials, contribute to this
complexity. Furthermore, the presence of heterogeneous data sources complicates
the integration of these diverse datasets into a comprehensive overall analysis.
This diversity in data types and origins makes it dif�cult to create a uni�ed frame-
work that accurately re�ects the entire spunbond production process, ultimately
hindering effective decision-making and optimization efforts.

1.2 Numerical Simulation of Spunbond Processes

To systematically explore and optimize the complex process interactions, the
industry increasingly relies on numerical simulations—built on established do-
main expertise—as a powerful modeling tool. They allow for the exploration of
optimal parameter settings for modi�ed production processes on an ideal virtual
machine of�ine, which can then be implemented during process adjustments.
They minimize the reliance on costly physical prototypes and expensive trial-
and-error experimentation. They enable virtual testing of process modi�cations
before applying them to actual machinery, reducing interruptions in continu-
ous operations and contribute to a lower environmental footprint. Additionally,
simulations facilitate scaling from lab-scale research to industrial production by
replicating conditions across different scales. To ensure accurate representation
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Figure 1.3: Spunbond process pipeline illustrating various stages and necessary
simulation models, with thesis-focused stages highlighted in orange shade
(from [41] ).

and effective optimization, these simulations are tailored to different stages of the
spunbond process. By breaking down the production into distinct sub-processes,
numerical models can be developed to capture the speci�c physical and mechan-
ical interactions occurring at each stage. Simulations are developed for each
sub-process in the spunbond production, including extrusion, spinning, drawing,
laying down, and bonding as explained in [41] . A hierarchy of mathematical
models has been proposed toward the simulation and control of the production
process and furthermore the prediction and optimization of the nonwoven proper-
ties [53] . These models range from a highly complex three-dimensional �uid-solid
problem with slender bodies in turbulent �ows to one-dimensional �ber motion
with stochastic aerodynamic drag force and further to an ef�ciently evaluable
stochastic surrogate model for the �ber laydown. Figure 1.3 shows the entire
pipeline of numerical models required for simulating the spunbond process. The
thesis primarily concentrates on the spinning stage, speci�cally melt spinning,
with additional analysis of the deposition stage as highlighted in this �gure. The
main objective is to identify a critical stage in the simulation pipeline that poses
signi�cant computational and modeling challenges. By analyzing the associated
bottlenecks, targeted enhancements are proposed to improve numerical perfor-
mance. These improvements are then applied to subsequent stages of the process,
enhancing the generalizability and overall ef�ciency of the spunbond simulation
framework.
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Figure 1.4: Simpli�ed depiction of the production of technical �bers using the
melt spinning process.

1.2.1 Melt Spinning

Spinning processes are methods used to turn raw materials such as polymers into
continuous �bers or yarns. Simulation based mathematical models have been suc-
cessfully applied to model different types of spinning such as dry spinning[100] ,
electrospinning [6] , and centrifugal spinning [70] . Melt spinning constitutes the
primary step in the production of spunbond nonwovens. It is among the most cost-
effective spinning methods, primarily because it eliminates the need for solvent
recovery or evaporation, which can be time-consuming and resource-intensive.
Additionally, it enables relatively high spinning speeds, making it an attractive
option for large-scale polymer �ber production and a widely adopted technique in
the textile industry. In melt spinning, typically a molten polymer is fed to nozzles,
called spinnerets, situated at the top of the duct. Viscoelastic �bers are expelled
vertically from these nozzles, as illustrated in Figure 1.4. Cold air is introduced
from the side over a speci�ed distance to cool the �bers, which are then stretched
to their �nal diameter and solidi�ed by drawing them with a second stream of air
or take-up device. The goal of optimizing the melt spinning process is to improve
production ef�ciency and ensure the desired quality. This involves several steps,
such as optimizing the duct geometry for uniform �ber cooling, which reduces
or ideally eliminates �ber "dancing" due to turbulence. Furthermore, adjusting
the nozzle positions in the spin pack is essential for achieving consistent cooling
across all �bers [5] .
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Figure 1.5: Grey-scale image of the virtual nonwoven produced using SURRO
simulation from Fraunhofer ITWM.

1.2.2 Fiber Deposition and Virtual Nonwoven Production

Once the �bers exit the drawing unit in the melt spinning process, they are either
collected by the take-up roller at the bottom for further use, as shown in Figure 1.4,
or directed to the next stage of the nonwoven production process. In this stage,
the �bers are twisted by air until they settle and form the nonwoven fabric [40] ,
as depicted in Figure 1.2. The numerical simulation models the dynamics of �bers
in turbulent air�ows using the Cosserat-rod theory [83] , which is essential for
nonwoven fabric production. It accounts for real-world factors such as inertia,
tension, bending, gravity, air drag due to mean air velocities, as well as turbulent
air forces, contact forces with walls, and friction on the conveyor belt. Each �ber
follows a stochastic path. To evaluate the quality of the deposited nonwoven
fabric, thousands of virtual �laments are generated resulting in a nonwoven, as
shown in Figure 1.5 [39] . The simulation models complex production processes,
considering varying numbers of rows in the cross direction and spinning positions
in each row along the machine direction, based on material parameters such as
titer, density, and spinning speed. It also captures the movements of the conveyor
belt, including translational, oscillatory, and rotational motions.

1.2.3 Challenges in Numerical Simulations

Numerical simulations act as effective digital twins of the spunbond process,
enabling detailed modeling of each stage in the production chain. However,
various challenges arise at different levels of the simulation work�ow. These
simulations are built based on the physics of the process and formulated as nu-
merical problems (boundary value problems (BVPs) for melt spinning and system
of stochastic differential equations for �ber deposition). During optimization,
numerical solvers are required to solve these problems across a wide range of
process parameters and material properties. As the complexity of the simulation
setup increases—especially in realistic, industry-representative scenarios—the
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computational demands on the corresponding solvers also rise signi�cantly be-
cause of the increase in dimensionality and non-linearity. Some solvers may fail
to converge or produce unstable results under speci�c process conditions. Some
solvers are iterative, and require techniques to enhance convergence. Further-
more, setting up these simulations necessitates domain expertise, such as solver
calibration and initial guess estimation, which are typically possessed by simula-
tion engineers and mathematicians. Moreover, interpreting simulation outputs
can be challenging, as understanding how variations in process parameters and
material properties affect product quality often requires expert insight. In high-
dimensional systems, the results can be non-intuitive, complicating the extraction
of meaningful conclusions.

1.3 Role of Scienti�c Machine Learning

To tackle the challenges faced by numerical simulations, this thesis employs an
inter-domain research approach. As illustrated in Figure 1.6, the research is situ-
ated at the intersection of three foundational domains: informed machine learning
with visual analytics, scienti�c computing, and engineering—collectively framed
within the context of Scienti�c Machine Learning (SciML). This �eld involves
integrating machine learning techniques with traditional numerical simulation
and modeling methods in science and engineering. The objective is to create

Figure 1.6: Research landscape of the thesis illustrating the integration of three
key domains.
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hybrid models that ef�ciently utilize data, are informed by physical principles,
are easy to interpret, and can enhance or accelerate scienti�c work�ows. The
contributions within each domain of SciML are detailed below:

1. Informed Machine Learning and Visual Analytics: The objective of the thesis
in this domain is to build hybrid machine learning models to overcome the
bottlenecks in the numerical simulations, particularly in melt spinning and
�ber deposition. The goal here is to use machine learning as a catalyst to
accelerate the process optimization and analysis.

2. Scienti�c Computing: The thesis utilizes this domain for advanced numerical
simulation tools and mathematical methods to produce datasets suitable
for training machine learning models. This contribution addresses data
scarcity, as scienti�c computing facilitates the generation of large, high-
quality datasets that enhance the accuracy and generalization of machine
learning models.

3. Engineering: In collaboration with domain experts and textile engineers, the
thesis incorporates process knowledge into the complexities of the spunbond
production process. This contribution involves incorporating knowledge into
the machine learning models to ensure they are domain-informed, reliable,
and robust, ultimately delivering practical, industry-relevant solutions.

By integrating these critical domains under the umbrella of SciML, the thesis
enables the development of faster and more accurate methods that accelerate the
optimization of the complex production process. This approach further enhances
decision-making in the spunbond production process, offering reliable and domain
relevant analysis.

1.4 Literature Review and the Research Gap

In recent years, industrial research has increasingly shifted toward intelligent, ar-
ti�cial intelligence (AI)-driven approaches for process modeling and optimization.
In the context of spunbond manufacturing, several studies have demonstrated
the effective application of AI techniques, including machine learning and visual
analytics, for improving process understanding and control. Simultaneously, sig-
ni�cant advancements have been made in the �eld of scienti�c machine learning,
particularly within other engineering �elds. In line with this dual focus, the
literature review presented in this thesis is structured around two main perspec-
tives: one examining the use of AI within the spunbond application domain, and
the other exploring the broader developments and contributions in the �eld of
scienti�c machine learning.
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1.4.1 Arti�cial Intelligence in Spunbond Industry

The literature review in this section explores spinning processes—particularly
melt spinning—and nonwoven production, including deposition processes, within
the broader scope of spunbond manufacturing. In the context of spinning pro-
cesses, the authors in[43] provided a detailed review of previous studies utilizing
intelligent modeling techniques. Early examples of AI-driven modeling include
[20] , where arti�cial neural networks (ANNs) predict yarn strength and establish
�ber properties related to yarn strength. In [76] , a neural network was applied to
predict �ber spinnability on rotor and ring spinning machines, and [78] presented
a single-hidden-layer neural network for predicting yarn tensile properties. These
studies primarily focused on rotor and ring spinning, the most common traditional
techniques. Regarding AI applications in melt spinning, [43] highlighted two
early key works. The authors in [56] introduced fuzzy theory to enhance the
economic ef�ciency of spun �ber quality, later extending their research to neural
networks for predicting properties of melt spun �bers [57] . Recent works, such
as [38] , employed machine learning and deep learning algorithms for quality
prediction and identifying abnormal processing parameters in polypropylene �ber
melt spinning. Additionally, [45] applied machine learning to Sm-Fe-N magnetic
powders produced by melt spinning, while [91] used gradient boosting regression
to determine in�uential parameters affecting the coercivity of melt spun ribbons.

In the context of nonwoven production, AI has been increasingly applied, primar-
ily focusing on optimizing product quality by analyzing the in�uence of process
parameters. A comprehensive literature review by He et al.[ 43] identi�ed �ve
key studies utilizing AI for nonwoven production modeling. The manufactur-
ing process involves calendering, pleating, and seaming to produce nonwoven
webs with the desired properties. Early research efforts predominantly addressed
needle-punched nonwovens. Debnath et al.[ 26] employed ANNs to predict the
air permeability of needle-punched nonwoven fabrics, while their subsequent
work [27] focused on modeling the tensile strength of such fabrics. Additionally,
they explored the compression properties of needle-punched nonwoven fabrics in
[28] . Similarly, Rawal et al. [80] demonstrated that ANN-based models effectively
predict the properties of needle-punched nonwovens, exhibiting good generaliza-
tion and acceptable error rates when compared with experimental results. Studies
by Chen et al. [ 16, 18] further validated the successful application of ANNs in
optimizing the quality of melt blown nonwovens. To address data scarcity in AI
model training, a soft computing approach was proposed in[17] , wherein a small-
scale neural network trained on a selected subset of input parameters was utilized
to predict nonwoven properties. Additionally, the drawing process in spunbond
nonwoven production was simulated using ANNs in [19] . Beyond ANNs, various
machine learning algorithms have been explored for classi�cation and regression
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tasks, including defect detection and quality estimation [33, 9, 103, 1, 30, 82, 81] .
These studies systematically evaluated different ML techniques to identify the most
suitable models for speci�c datasets and applications. Recent research has further
advanced AI-driven optimization in nonwoven production. The "EasyVlies 4.0"
project [21] demonstrated the industrial potential of structured AI methodologies
using extensive datasets generated through pilot plant experiments. Addition-
ally, Kins et al. [ 52] identi�ed key challenges in scaling AI-based optimization
for carded nonwoven processes, emphasizing the role of autonomous agents
in industrial applications. Panzer et al. [ 74] provided a literature review on
deep reinforcement learning algorithms in production systems, highlighting their
potential for process optimization.

Despite these advancements, physical data-driven machine learning approaches
encounter signi�cant challenges. Robust modeling requires large and diverse
datasets, which are often expensive to generate in industrial settings. To overcome
this limitation, machine learning approaches driven by numerical simulations
have been employed in recent years. For spunbond processes, a neural network
trained on simulated data was utilized in [41] to analyze �ber laydown. A similar
approach combining simulation and ML was employed to optimize spunbond
nonwovens for �lter media production [42] . This doctoral thesis extends beyond
prior work by focusing on the microstructural quality of nonwovens. In addition
to developing an ML model to predict nonwoven quality based on process parame-
ters, an ML-driven visual parameter space analysis tool is introduced for industrial
nonwoven optimization. This tool integrates the ML model trained on simulated
data with human feedback on nonwoven material aesthetics, facilitating an inter-
active approach to quality optimization. To the best of our knowledge, no prior
study has provided a comprehensive work�ow encompassing dataset generation,
modeling, and visualization for parameter space exploration in nonwoven quality
optimization.

1.4.2 Scienti�c Machine Learning

The emerging �eld of scienti�c machine learning is becoming increasingly recog-
nized as an effective method for addressing complex engineering challenges. Its
goal is to address speci�c data issues within various domains and extract valuable
insights from scienti�c datasets through innovative methodologies [92] . SciML
encompasses a broad array of topics, including physics-informed machine learn-
ing [77] , data-driven model order reduction [85] , machine learning-enhanced
numerical solvers [67] , and hybrid approaches that integrate AI with conven-
tional numerical methods [65] . By merging machine learning with numerical
simulations, SciML creates new techniques that are scalable, speci�c to their
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domain, robust, reliable, and interpretable, thereby opening up new possibilities
for learning and data analysis.

Our initial research emphasis is in the realm of physics-informed machine learn-
ing. Previous machine learning models in melt spinning optimization have been
data-driven, focusing solely on the relationship between process parameters and
product quality. This can be limiting when data is insuf�cient or noisy, a com-
mon challenge in industrial production. Such limitations can compromise model
reliability, particularly when training data fails to represent system variability.
Our approach differs signi�cantly; we employ machine learning to address the
underlying physics of the process. Our model is trained using physics knowledge
from a numerical model that represents the melt spinning process through dif-
ferential equations. The aim here is to solve these equations, thereby mitigating
the data scarcity issues. This method not only supports machine learning-based
analysis and optimization but also enhances the performance of the numerical
model it relies on. This kind of domain knowledge can be derived from different
sources, represented in different forms, and can be incorporated into different
stages of machine learning pipeline as comprehensively explained in[99] . While
existing methods in computer vision have attempted to adapt training data and ML
pipeline architecture to mitigate data scarcity issues[106, 60, 102] , we tackle the
problem by focusing on the learning algorithm in the context of machine learning.
By incorporating the physical laws, which govern the melt spinning process, into
the learning algorithm as differential equations, we enhance the robustness of
our approach. We assert that our model's reliability is not solely dependent on
training data; integrating governing physics into the learning process adds an
additional layer of trustworthiness. This approach, spearheaded by the work of
[77] , has shown promising applications across various industrial sectors, including
power systems[64] , �uid mechanics [15] , material defect detection [105] , and
cardiac activation mapping [84] . A comprehensive review has examined the
incorporation of physics knowledge into machine learning systems, particularly
through differential equations [24] .

Subsequently, our research focuses on machine learning-augmented numerical
solvers. In the realm of machine learning-augmented numerical solvers, the goal
is to connect machine learning and traditional numerical methods. This innova-
tive approach harnesses the bene�ts of both �elds to ef�ciently solve large-scale
parameterized problems with desired accuracy. Recent research has explored
similar strategies for enhancing numerical solvers with machine learning to ad-
dress various mathematical issues. The authors in[86] review these methods,
emphasizing the complementary nature of machine learning and mathematical
optimization, and discussing how their integration can enhance Mixed Integer Lin-
ear Programming. Furthermore, [54] demonstrates that incorporating machine
learning into conventional �uid simulations can improve both accuracy and com-
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putational ef�ciency. In [46] , the authors focus on developing ef�cient and robust
AI-enhanced numerical solvers for ordinary differential equations (ODEs). Our
work speci�cally utilizes machine learning to enhance boundary value problem
solvers designed for nonlinear ODEs, with the objective of optimizing industrial
melt spinning processes.

To the best of our knowledge, no prior work has speci�cally applied physics-
informed machine learning models and machine learning-augmented numerical
solvers to melt spinning processes within the framework of scienti�c machine
learning. This makes our approach a novel contribution to this domain. We
present a comprehensive optimization work�ow that includes requirement anal-
ysis, dataset generation, data exploration, model training, and validation, all
tailored to industrial melt spinning processes. Additionally, we implement scal-
able, cloud-deployable machine learning applications that provide interactive
visualizations to enhance accessibility and usability. By leveraging visual analytics
powered by trained machine learning models, we enable stakeholders to gain
deeper insights into the production process and make informed decisions. To the
best of our knowledge, no prior work has applied visualization to support the
analysis and decision making in melt spinning optimization. This represents a
signi�cant step toward integrating intelligent models into industrial production,
fostering a more data-driven and optimized manufacturing environment.

1.5 Thesis Structure and Publications

The structure of this thesis is as follows. Chapters 2 and 3 address key challenges
in numerical simulation for melt spinning using a solver called "�ber simulator",
that solves boundary value problems. Chapter 2 focuses on tuning the numeri-
cal settings of the BVP solver by proposing a machine learning-based work�ow
for optimized performance. This approach aims to reduce both the time and
domain expertise required for calibrating the solver to achieve accurate �ber
simulations. Chapter 3 addresses the continuation problem in the BVP solver. A
physics-informed machine learning algorithm is introduced to accelerate the iter-
ative continuation process, thereby signi�cantly improving simulation ef�ciency.
This chapter also provides a deeper understanding of how physics-informed ma-
chine learning can be applied within the context of the melt spinning process.
Chapter 4 demonstrates the applicability of the previously proposed methods
in an industry-representative setup, highlighting their practical relevance. The
complementary interplay between numerical simulations and machine learning is
further emphasized. Chapter 5 explores the generalizability of the research by
applying the developed framework to another stage in the spunbond simulation
pipeline—�ber deposition. The effectiveness of a machine learning–backed visual
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analytics framework in optimizing nonwoven quality is examined in detail. Finally,
Chapter 6 concludes the thesis and outlines potential directions for future research.
The following works have been published within the scope of this thesis:

• Chapter 2: V. S. Victor, M. Ettmüller, A. Schmeißer, H. Leitte, S. Gramsch,
“Machine Learning Based Optimization Work�ow for Tuning Numerical
Settings of Differential Equation Solvers for Boundary Value Problems,”
Machine Learning in Industry and Science- Springer, 2025 (forthcoming).
[96]

• Chapter 3: V. S. Victor, M. Ettmüller, A. Schmeißer, H. Leitte, S. Gramsch,
“Informed Machine Learning for Optimizing Melt Spinning Processes,” IEEE
Conference on Arti�cial Intelligence (CAI), IEEE, pp. 706-713, 2024. [95]

• Chapter 3: V. S. Victor, M. Ettmüller, A. Schmeißer, H. Leitte, S. Gramsch,
“VisForPINNs: Visualization for Understanding Physics Informed Neural
Networks,” IEEE 6th Workshop on Visualization for AI Explainability. IEEE
VIS, 2023. [94]

• Chapter 4: V. S. Victor, M. Ettmüller, A. Schmeißer, H. Leitte, S. Gramsch,
“Machine Learning Augmented Boundary Value Problem Solvers for
Optimizing Melt Spinning Processes,” IEEE Conference on Arti�cial
Intelligence (CAI), IEEE, 2025 (forthcoming).

• Chapter 5: V. S. Victor, A. Schmeißer, H. Leitte, and S. Gramsch, “Machine
Learning for Optimizing the Homogeneity of Spunbond Nonwovens,” In-
formed Machine Learning, Cognitive Technologies- Springer Nature, 2025.
[98]

• Chapter 5: V. S. Victor, A. Schmeißer, H. Leitte, and S. Gramsch, “Visual
Parameter Space Analysis for Optimizing the Quality of Industrial Nonwo-
vens,” IEEE Computer Graphics and Applications, IEEE, vol. 42, no. 2, pp.
56–67, 2022. [97]

The content of this thesis, including this chapter, has either been used unchanged
or adapted from the above works, with individual attribution provided in each
chapter.
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2 Tuning Boundary Value Problem
Solvers with Machine Learning
for Optimized Fiber Simulations

Melt spinning processes are inherently time-dependent, making their numerical
simulations dependent upon differential equation theory, a fundamental math-
ematical framework for modeling complex dynamic systems. In particular, the
numerical simulator used in this work models the melt spinning process through
a system of ordinary differential equations formulated as boundary value prob-
lems. A key computational challenge arises from the fact that these numerical
BVP solvers often rely on default settings, which may not ensure convergence
or optimal performance. Identifying suitable solver settings is computationally
expensive and often involves repeated trial and error. This chapter addresses the
problem of tuning solver settings by leveraging machine learning to predict solver
success and performance without the need for extensive simulations. Accordingly,
it presents the following contributions:

• Implementation of a machine learning pipeline to predict the performance
of BVP solvers based on solver-speci�c settings.

• Application of the machine learning pipeline to solve a multi-objective
optimization problem aimed at improving BVP solver ef�ciency.

• Development of a Python library with various functions to assist users in
the optimization process.

The content of this chapter has been accepted for publication in an upcoming
edited volume by Springer Nature, with the working title “Machine Learning in
Industry and Science”[96] . The corresponding text, images, and results presented
here are either used unchanged or adapted to �t the structure of this thesis, with
the appropriate acknowledgment: “Reproduced with permission from Springer
Nature.”
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2 Tuning Boundary Value Problem Solvers with Machine Learning for Optimized
Fiber Simulations

2.1 Foundations and Problem Description

The numerical simulator considered in this work, known as the "�ber simulator",
is based on a continuum mechanical model of �bers, where the properties are
�xed at both the starting and ending positions. This formulation naturally leads to
boundary value problems, where the solution must satisfy additional constraints,
known as boundary conditions, at speci�ed points. Solving these differential
equations for various process conditions and material properties is crucial for
systematic optimization and analysis. These parameters, whether directly or
indirectly in�uencing the equations, must be carefully adjusted to achieve optimal
process performance. Since exact solutions are not available for most of the BVPs,
analytical methods are often not feasible for complex industrial spinning setups.
As a result, numerical methods have gained widespread adoption, particularly
with advancements in computing power. Among these, shooting methods and
�nite difference methods with collocation [8, 29] are commonly employed to
solve BVPs. However, numerical solvers based on these methods typically operate
with default settings, which can lead to signi�cant time consumption when a
problem fails to converge. Additionally, determining whether a problem can
converge under different settings—or whether it could have converged more
ef�ciently—requires further computational effort. This highlights the potential
for reducing optimization time.

In the thesis, the bvp4c solver from MATLAB[50] is utilized which is frequently
used to solve the boundary value problems in melt spinning processes. The bvp4c
solver is a �nite difference method based on collocation, offering a continuous
solution that is fourth-order accurate within the integration interval. The inte-
gration interval is divided into smaller segments using a mesh of points, with an
adaptive subdivision scheme that allows for the addition and removal of points.
The boundary and collocation conditions applied to all sub-intervals result in a
global system of algebraic equations, which are then solved using the simpli�ed
Newton method to obtain a numerical solution. The solvability status and the
computational resources required by the BVP solver are mainly affected by the type
of differential equations, boundary conditions, the initial guess of the solution,
and the solver-speci�c settings as shown in Figure 2.1. In our work�ow, we keep
the initial guess for the solver �xed, as we are interested in analyzing the effect
of solver-speci�c settings. We also want to analyze the correlation between the
optimal choice of these settings and the complexity of the boundary value prob-
lem. We selected ten distinct reference problems that resemble the melt spinning
process for our study, focusing mainly on a set of ordinary differential equations
with boundary conditions as outlined in [61] . This paper provides a collection of
well-known benchmark problems, featuring both linear and non-linear issues. The
selected problems primarily consist of singularly perturbed differential equations,
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2.2 Approach and Implementation

Figure 2.1: Input and output parameters of BVP solver.

which are often dif�cult to solve due to boundary layers and inherent stiffness.
From the reference problems described in[61] , we selected four linear problems
(test problems 1, 3, 4, and 7) and six non-linear problems (test problems 19, 20,
22, 23, 24, and 33) to explore more complex equations. Our approach can be
adapted to other types of differential equations.

2.2 Approach and Implementation

In this section, the proposed approach for tuning the numerical settings of the
BVP solvers is elaborated. The approach consists of the machine learning process
and the optimization process. The machine-learning process is used to map
the numerical settings of the BVP solvers to their performance. This pipeline
comprises a binary classi�er and a multiple-output regression model. The binary
classi�er is used to predict if the boundary value problem has or has not a solution
satisfying the given numerical settings. The settings predicted to be solvable
by the classi�er are then fed into the multiple-output regression model which
forecasts solver performance. Both machine learning models rely on the training
data collected for the reference boundary value problems. The best models are
chosen based on the accuracy obtained from the testing data. The chosen models
are used to solve the multi-objective optimization problem to obtain the desired
combination of numerical settings that optimize the quality criteria. The complete
work�ow is shown in Figure 2.2. The details of feature selection, data collection,
model selection, training, and testing of ML models are discussed in the following
subsections.
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Fiber Simulations

Figure 2.2: Work�ow of machine learning-based optimization for tuning the
numerical settings of BVP solvers. Different stages are colored corresponding
to the section and subsection names in the chapter.

2.2.1 Feature Selection

The goal here is to identify the numerical settings of the BVP solver that in�u-
ence its solvability and performance. These features guide the algorithm that
solves boundary value problems and include parameters such as stopping criteria,
maximum resource utilization, acceptable error thresholds, etc. Currently, these
settings are typically set to default values, which can limit the solver's true poten-
tial. The feature selection process involved discussions with domain experts to
incorporate their experience in choosing features relevant to the speci�c types
of boundary value problems under investigation. The features are further con-
�rmed using exploratory data analysis and the machine learning feature selection
process. In the former, the correlations of the features within themselves and to
the output features are considered, and in the latter, methods such as feature
elimination and dimensionality reduction are utilized. A good agreement between
the expert-based and ML-based feature selection processes was established. Nine
input features that affect the solvability and performance of the boundary value
problem solvers were identi�ed. This includes the parameters that are tunable
from the bvp4c interface. As discussed before, this BVP solver internally uses the
Newton-Armijo method to solve the system of algebraic equations. Therefore, the
input features consist of the generic BVP solver settings and the speci�c Newton-
Armijo solver settings. The selected input features used for training the machine
learning algorithms are as follows:

1. Test Case Typeis the type of the boundary value problem chosen from the
test bench. This is a categorical parameter where each category represents
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a problem from [61] . We chose type1 to 10 for the selected10 reference
problems

2. Newton Tolerancehandles the termination of the Newton solver. If the
residual of the equation system is below theNewton Tolerancethe algorithm
is considered converged.

3. Newton Critical Toleranceis an additional tolerance that is considered when
the solver does not reach the more restrictiveNewton Tolerance. If the
residual is below the Newton Critical Toleranceafter the maximum number
of iterations it is still considered as converged, otherwise as diverged.

4. Newton Maximum Iterationsis the maximum number of iterations for the
Newton solver.

5. Newton Armijo Probesis the maximum Armijo probes used in the Newton-
Armijo algorithm.

6. Maximum Grid Pointsis the maximum number of mesh points allowed when
solving the boundary value problem.

7. Add Factoris the feature that controls the addition of new mesh points based
on the difference between computed residual in the interval and the relative
tolerance of the solver.

8. Remove Factoris the feature that controls the removal of mesh points if it
is too �ne based on the difference between the computed residual in the
interval and the relative tolerance of the solver.

9. Use Collocation Scalingis the boolean variable that speci�es whether the
inner (non-boundary) conditions are scaled regarding the number of mesh
points.

The output features represent the solvability status of the boundary value problem
and the statistics that affect the time taken to solve the problem and the resources
required. The four chosen output features are:

1. Success Statusis the boolean feature that speci�es the solvability status of
the BVP solver.

2. Number of ODE Evaluationsis the number of times the solver calls the
right-hand side function of the differential equation in the algorithm.

3. Number of Grid Pointsis the number of grid points of the numerical solution.

4. Maximum Residuumis the maximum interval residual of the numerical
solution, i.e. maxRes= maxi res(i ) where res(i ) denotes the relative L2-
error between the derivative of the numerical solution and the right-hand
side function of the ODE in the i th interval.
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Table 2.1: Ranges and scales used for sampling input features including their
default values.
Input Feature Feature Range Default

Value
Sampling
Scale

Maximum Grid Points [100, 10000] 1000 Linear
Newton Critical Tolerance [10� 12, 100] 1 Logarithmic
Newton Armijo Probes [1, 10] 2 Linear
Newton Maximum Iterations [1, 100] 4 Linear
Newton Tolerance [10� 12, 10� 2] 10� 12 Logarithmic
Add Factor [1, 1000] 100 Logarithmic
Remove Factor [0, 2] 0.5 Linear
Use Collocation Scaling {True, False} True Discrete
Test Case Type 10 discrete values — Discrete

2.2.2 Data Collection

A C++ version of the bvp4c solver developed at Fraunhofer ITWM is used to
gather data for training the machine learning models. This solver implements
a Newton-Armijo method rather than the simpli�ed Newton method [49] for
solving the system of nonlinear equations and utilizes automated differentiation.
We set realistic ranges for the input features based on discussions with the domain
experts. Latin Hypercube Sampling[44] was used as the sampling technique
for creating the input data as this technique distributes samples evenly over
sample space. Based on the boundary value problems under investigation and the
domain expertise we chose either linear scale or logarithmic scale for the sampling.
Table 2.1 shows the ranges and scales used for each input feature for sampling. The
generated input data are provided to the solver to generate the output labels. We
generated 100,000 data points for each of the ten reference problems. Figure 2.3
shows the success and failure rate of these reference problems. It can be seen that
the linear problems (1, 3, 4, and 7) are easily solvable compared to the non-linear
problems (19, 20, 22, 23, 24, and 33).

2.2.3 Training and Testing

We divided the dataset into a 80 % training data and a 20 % testing set. The
training data is further divided into a training set and a validation set. The training
set is used to train the regression models and the validation set is used to tune
the model hyper-parameters. The testing set is used for unbiased evaluation of
the model. As a part of data preparation, we performed input feature scaling
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Figure 2.3: Success and failure rate of different types of BVP reference problems

and output feature transformation to tailor the data for the machine learning
models. During the exploratory data analysis, we observed that the output data
had a skewed distribution with chunks of repeated values and outliers. Hence
we transformed the distribution to follow a normal distribution using a quantile
transformation that spread out the most frequent values and also reduces the
impact of outliers.

2.2.4 Model Selection

Based on the problem statement, several binary classi�cation and multi-output
regression algorithms were evaluated. The selected algorithms are classi�ed
into �ve major categories which are support vector machine, neighbors-based,
boosting, bagging, and arti�cial neural net-based algorithms. One best algorithm
from each category is selected based on the accuracy of the test dataset. Below is
the description of the categories and the chosen algorithms for evaluation.

1. Support Vector Machine (SVM) [68] is a supervised learning algorithm that
�nds the best hyperplane to separate the features into different domains.
They solve the non-linear problems with the help of kernels which implicitly
map the input features into a high dimensional space.

2. Boosting algorithms are based on the gradient boosting technique, in which
the classi�cation model is constructed as an ensemble of weak models. It is a
sequential process, where each subsequent model attempts to correct the er-
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rors of the previous model. We selected the light gradient boosting machine
(LGBM) algorithm [48] that includes sparse optimization, parallel training,
multiple loss functions, regularization, and early stopping techniques to pro-
vide an accurate and generalized model. The hyper-parameters maximum
tree depth, number of estimators, learning rate, minimum child samples,
and number of leaves were chosen adaptively based on the validation data
for the algorithm.

3. Bagging algorithms are based on ensemble techniques, where the dataset is
randomly sampled into subsets and each of the subsets is trained using differ-
ent models. The predictions are calculated by combining individual subset
predictions. Random Forest (RF)[13] is selected in this category which is a
bagging or bootstrap aggregation technique based on decision trees. The
hyper-parameters maximum tree depth, number of estimators, minimum
samples for tree-split, minimum leaf samples, and optimization criterion
were chosen adaptively based on the validation data for the algorithm.

4. Neighbors-based algorithms work on the fundamental idea of �nding the
n training samples closest in distance to a new point and assigning the
label from these. Euclidean distance is the most common metric used to
measure distance. These are non-parametric algorithms that do not make
strong assumptions about the form of the mapping function. Hence, they
frequently work in scenarios where the decision border is not regular. We
selected the K-nearest neighbor algorithm [34, 23] , that works based on
the K nearest neighbors of each data point.

5. Arti�cial neural network (ANN) [47] is a fully connected feed-forward
network that makes use of an aggregation of functions to understand and
convert input data that is presented in one form into the desired output. A
traditional neural network's fundamental building blocks are nodes, which
are arranged into layers. To get the �nal forecast, the input characteristics
are transferred through these layers using a series of non-linear operations.
The hyper-parameters number of layers, number of neurons, activation
function, optimizer, and learning rate were chosen adaptively based on the
validation data for the network architecture. For binary classi�cation, we
used a multilayer perceptron (MLP) of one hidden layer with 184 neurons.
For regression, we used an MLP comprising �ve hidden layers with 184
neurons each.

2.2.5 Multi-objective Optimization

After determining the best machine learning models based on the evaluation
metrics, we use them for optimization. The objective in our problem setting is to

22



2.3 Results

minimize the residual error obtained from the BVP solver by minimizing the used
computational resources given by the number of ODE evaluations and the grid
points. Hence, we de�ne the problem as a multi-objective optimization as shown
as follows:

min
x2 X

(� eval( x), � gp( x), � res( x)) (2.1)

subject to the constraints,

f l b( i ) � xi � fub( i ), for i = 1, ..., n

and

� cl( x) = 1

where � eval, � gp, and � res are the selected ML regression algorithm's predictions
of ODE evaluations, grid points, and maximum residuum respectively. � cl is the
selected ML classi�cation algorithm. X is the feasible set of input vectors and
x = [ x1, x2, ...., xn] . The functions fub( i ) and f l b( i ) provide the upper and lower
bounds of the i th input parameter search space respectively. Along with equation
(2.1) which optimizes all three objectives, we also examine one and two objective
optimizations to cater to the requirements based on the different problem setups
where one or two objectives can be relaxed. We use the Optuna library[2] for
solving our multi-objective optimization. This library provides a framework to
automatically search for the optimal input vectors and ef�ciently searches large
spaces and prunes unpromising results using state-of-the-art algorithms such as
Nondominated Sorting Genetic Algorithm II [25] , the Tree-structured Parzen Esti-
mator Algorithm [73, 72] , and the Quasi Monte Carlo Sampling Algorithm [10] .
We provide the objective function de�ned in equation (2.1) and the best machine
learning model to the Optuna framework for optimization.

2.3 Results

In this section, we present the performance of the proposed work�ow on the
bvp4c solver. The results reveal the necessity and effectiveness of our work�ow
in �ne-tuning the numerical settings of the BVP solvers. We further discuss the
different quality aspects related to the proposed work�ow to show its scalability,
reliability, and stability. The scalability aspects are computed on a workstation
with a 40-core Intel® Xeon® E5-2680 v2 (2.80 GHz) CPU.
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Table 2.2: Performance of classi�cation models on the test dataset
ML Algorithm Accuracy Precision Recall
Support Vector Machine 0.8458 0.8722 0.9355
Light Gradient Boosting
Machine

0.8602 0.9053 0.9121

Random Forest 0.8577 0.8992 0.9161
K Nearest Neighbor 0.8206 0.875 0.893
Arti�cial Neural Net 0.8583 0.9025 0.9134

2.3.1 Binary Classi�cation

The machine learning classi�ers were trained independently of the types of bound-
ary value problems discussed in Section 2.1. The classi�ers were able to generalize
all the considered types of problems given to the BVP solver. Table 2.2 shows
the performance of the binary classi�cation models on the test dataset. While
the LGBM algorithm provided the best results in terms of accuracy and precision,
the SVM algorithm provided the best recall. For further investigation, we plotted
ROC[63] curves of the ML models, as seen in Figure 2.4. These curves show the
performance of classi�cation models at different classi�cation thresholds. The
area under the ROC curve (AUC) measures how well predictions are ranked,
rather than their absolute values. As observed from the �gure, LGBM and ANN

Figure 2.4: Receiver operating characteristic (ROC) curves for different classi�ca-
tion algorithms
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Figure 2.5: Precision-Recall curves for different classi�cation algorithms

have better AUCs. The dataset generated by the BVP solver consisted of more
positive cases (solvable settings) compared to the negative cases (non-solvable
settings). To evaluate the classi�cation models with this imbalanced dataset, we
plotted precision-recall curves as depicted in Figure 2.5. Also, like ROC curves,
precision-recall curves provide a graphical representation of a classi�er's perfor-
mance across many thresholds rather than a single value. The blue dotted line
represents a baseline classi�er that simply predicts that all instances belong to
the positive class. As we can see from the �gure, LGBM, RF, and ANN have the
largest area under the precision-recall curve (AUC-PR).

2.3.2 Multi-output Regression

As discussed in the proposed work�ow, we train regression models to predict
the solver's performance after predicting the solvability status of the boundary
value problems. During the exploratory data analysis, we discovered that the
solver-speci�c numerical settings have little (problem 7) to no effect (problems 1,
3, and 4) on the performance for linear problems as seen in Figure 2.3. The effect
is signi�cant for non-linear problems. Following the exploratory data analysis, it
was observed that solver performance strongly depends on the type of reference
test problem. Therefore, we incorporated the problem type as an additional input
feature in the regression models trained to predict solver performance. Hence, the
regression models are trained based on the type of problem that is being solved.
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Table 2.3: Performance of regression models on the test dataset
ML Algorithm RMSE MAPE R2 Score
Support Vector Machine 10658.80 2.2940 0.094
Light Gradient Boosting
Machine

2760.38 0.0430 0.9531

Random Forest 1843.41 0.0111 0.9795
K Nearest Neighbor 8315.08 0.6965 0.4879
Arti�cial Neural Net 3944.87 0.1110 0.8960

Table 2.3 shows the problem-speci�c performance of the regression models. The
table shows that the RF algorithm provided better results compared to other
algorithms in terms of evaluation metrics. The comparison of the actual and
predicted values using the RF algorithm for test data is shown in Figure 2.6.

Figure 2.6: Comparing the actual values and predictions of ODE evaluations, grid
points and maximum residuum for test data.

2.3.3 Multi-objective Optimization

The ML models selected based on their performance—LGBM for classi�cation and
Random Forest for regression—are employed to optimize problem(2.1) . This
equation is adaptable, allowing for one-, two-, and three-objective optimizations
based on speci�c requirements. Figure 2.7 illustrates the Pareto front for optimiz-
ing the number of ODE evaluations and the maximum residuum, while Figure 2.8
presents the 3D Pareto front when all three optimization criteria are considered.
In these plots, blue dots indicate regular optimization trials, whereas red dots
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Figure 2.7: Result of two-objective optimization trials along the number of ODE
evaluations and the maximum residuum.

highlight the best-selected trials. Since ML model predictions are computed in
real-time, the overall optimization process is signi�cantly accelerated. To validate
the reliability of our work�ow, the best optimization trials were tested against
the actual outputs of the BVP solver. As part of this work�ow, we developed a
Python library, bvpTune, designed to �ne-tune the numerical settings of the BVP
solver. This library enables users to determine the solvability of a given problem
based on solver settings and facilitates the optimization of quality metrics through
customizable queries via function interfaces. It is available as a Python package,
with the source code and documentation accessible on GitHub.1 The library's
functionalities are tailored to the speci�ed BVP test case type and are outlined
below:

• getSolvabilityStatus(TestCaseType, Settings) - This function re-
turns a boolean indicating whether the numerical settings are solvable or
not.

• getSolverPerformance(TestCaseType, Settings) - This function re-
turns the solver performance statistics of the numerical settings.

• getOptimalODEevals(TestCaseType) - This function returns the optimal
number of ODE evaluations.

• getOptimalGridPoints(TestCaseType) - This function returns the opti-
mal number of grid points.

• getOptimalResiduum(TestCaseType) - This function returns the optimal

1https://github.com/VictorVinySaajan/bvpTune
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Figure 2.8: Result of three-objective optimization trials along the number of ODE
evaluations, grid points, and the maximum residuum

residuum that can be achieved by the BVP solver.

• getOptimalODEevalsAndGridPoints(TestCaseType) - This function re-
turns the Pareto front of numerical settings as apandas.DataFrame, opti-
mizing ODE evaluations and grid points.

• getOptimalGridPointsAndResiduum(TestCaseType) - This function re-
turns the Pareto front of numerical settings as apandas.DataFrame, opti-
mizing grid points and residuum.

• getOptimalResiduumAndODEevals(TestCaseType) - This function re-
turns the Pareto front of numerical settings as apandas.DataFrame, opti-
mizing residuum and ODE evaluations.

• getOptimizedSettings(TestCaseType) - This function returns the Pareto
front of numerical settings as a pandas.DataFrame, optimizing ODE evalu-
ations, grid points, and residuum.

• visualize(pandas.DataFrame) - This function generates 2D and 3D
Pareto front plots for the pandas.DataFramereturned by the optimization
functions.
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Figure 2.9: Scalability performance of the different classi�cation models.

2.4 Discussion

In this section, we evaluate the scalability, stability, and reliability of our work�ow
for �ne-tuning the numerical settings of the BVP solvers. Scalability is a critical
factor for the practical application of any work�ow, as it determines the ability
to handle larger datasets and more complex computations ef�ciently. In our
case, scalability primarily refers to the capacity of the ML model to process large
volumes of data and perform numerous predictions quickly and effectively. Since
the model training occurs only once, our primary focus is on prediction time. To
assess scalability, we evaluated the prediction time for a substantial dataset to
determine how well the models scale with the data. Figures 2.9 and 2.10 compare
the prediction times of the classi�cation and regression models for 10000 and
1000000 outputs, respectively. The analysis excludes SVM algorithms, as they
demonstrated poor scalability with increasing data size. The results indicate that,
with the exception of KNN, all other models exhibit reasonable scalability for both
classi�cation and regression tasks. Notably, the LGBM algorithm performs the
fastest for classi�cation tasks, while the RF algorithm is the most ef�cient for
regression tasks. To examine the reliability of the work�ow, the outputs from the
bvpTune library are tested against the actual outputs from the BVP solver for un-
seen test data. We found that both observations were in agreement with each other.
Additionally, by leveraging the library, we identi�ed optimal numerical settings
for the BVP solver that outperformed the default settings, thereby highlighting
the effectiveness of our approach. Furthermore, our framework facilitated the
evaluation of the in�uence of different numerical settings on both the solvability
and performance of the solver, simplifying this crucial aspect of the analysis. As
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Figure 2.10: Scalability performance of the different regression models.

discussed earlier, the regression models are trained speci�cally for each type of
reference boundary value problem (BVP), as the impact of numerical settings on
solver performance varies signi�cantly with the nature of the problem. To further
validate this, we compared the output distributions of the reference problems
for the same input set. To quantify the divergence between these distributions,
we used the population stability index ( PSI) [104] which measures population
stability between two distribution samples. For samples divided into B bins, the
PSI is calculated as below:

PSI=
BX

i= 1

( yi � yr i ) ln( yi =yr i )

The yi and yr i are the proportion of the new output distribution and the initial
output distribution that falls in the i th bin respectively. According to the widely
used rule of thumb proposed in [88] , the drift between the populations is stable
if the PSI value is less than 0.1. A value between 0.1 and 0.25 indicates a
small shift between the populations and a higher than 0.25 value represents two
substantially different populations. The PSI values reported in Table 2.4 suggest
that the reference problems exhibit signi�cantly different behaviors for the same
inputs, indicating that generalization across all problems is not feasible. These
problems were selected in consultation with domain experts to cover a broad
spectrum of scenarios typically encountered in melt spinning simulation processes.
Hence, when an unseen BVP is encountered, the PSI values can be compared
to those of the reference problems. If the PSI value of a given problem is less
than 0.25, the prediction from the reference problem with the least PSI value
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Table 2.4: Pairwise combination of PSI values for the reference boundary value
problems de�ned in [61] . The values of i th row and j th column are calculated
by keeping output distributions of Reference Problem Number(i) and Reference
Problem Number(j) as initial populations respectively.
BVP 7 19 20 22 23 24 33
7 0.0000 2.5384 4.5560 2.4123 1.5956 2.5570 1.6833
19 6.0619 0.0000 1.9525 4.2577 3.9291 6.2365 2.0148
20 5.2940 0.6268 0.0000 4.6000 2.8879 6.6869 1.4494
22 5.7805 3.8481 3.5217 0.0000 2.1835 1.3254 3.0429
23 3.3124 2.2905 2.5908 2.1386 0.0000 0.7574 3.6245
24 4.2097 3.6440 3.6107 1.5194 0.7938 0.0000 4.3400
33 5.7000 4.9902 5.8062 6.6005 7.5409 7.0110 0.0000

can be used. If all PSI values exceed 0.25, it indicates that the new problem
belongs to a distinct type of BVP, and therefore, the ML model must be retrained
to accommodate this new problem type to maintain stability.

2.5 Conclusion

In this chapter, an ML-based optimization work�ow for tuning the numerical
settings of boundary value problem solvers was proposed, and models based on
binary classi�cation and multi-output regression were established. We demon-
strated the optimization of quality metrics exemplarily for a BVP solver using these
models. Furthermore, several machine learning algorithms for parameter tuning
were explored, and the scalability and reliability of these models were discussed.
Experimental results showed that LGBM has good accuracy and computational
performance for classi�cation, while Random Forests had good accuracy and com-
putational performance for regression. Additionally, the stability of the models
for unseen problem types was discussed which could be extended for different
boundary value problem solvers in future work.
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Following the �ne-tuning of BVP solver settings with machine learning in the
previous chapter, this chapter focuses on solving the boundary value problems
themselves, as highlighted in Figure 3.1. While numerical BVP solvers offer
accuracy adequate for engineering applications, their computational demands
make them impractical for real-time use. Additionally, these solvers require a
well-informed initial guess, which is crucial for both solvability and performance.
Therefore, this chapter proposes a machine learning model trained on data from
numerical solvers and informed by the physics of the melt spinning process. This
physics-informed model aims to predict effective solutions to boundary value
problems, thereby accelerating unseen numerical �ber simulations. The core
objectives of the model are:

• To provide an effective initial guess for BVP solvers in melt spinning, reducing
convergence time and reliance on domain expertise, thereby accelerating
the optimization process.

• To enable real-time predictions to enhance the analysis of the melt spinning
process.

• To ensure reliability by incorporating process-speci�c physics knowledge
into the training process.

Parts of the content in this chapter were previously published in the 2024 IEEE
Conference on Arti�cial Intelligence (CAI) [95] . The text, images, and results
presented here are either used unchanged or adapted to �t the structure of this
thesis, and are included with permission and appropriate attribution: © 2024
IEEE. Additional content from this chapter was also pre-published in the IEEE
6th Workshop on Visualization for AI Explainability [94] . These materials are
likewise either used unchanged or incorporated with adjustments as needed, and
are presented with permission and appropriate attribution: © 2023 IEEE.
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Figure 3.1: Input and output parameters of BVP solver.

3.1 Foundations and Problem Description

BVP solvers are iterative, and they require an appropriate initial guess to ensure
convergence. Without a suitable initial guess, the �bers cannot be simulated. To
address this, a continuation method is used[3] , solving the problem incrementally
rather than directly, which is often infeasible due to non-linearities or multiple
possible solutions. A manual approach to obtaining an appropriate initial guess
involves simplifying the original problem using so-called continuation parameters.
In this process, individual terms of the model are initially set to zero, reducing
the boundary value problem to a solvable form:

bvp0 := bvp(c1 = 0, c2 = 0, ..., cm = 0),

where m represents the total number of continuation parameters. These parame-
ters ci are then gradually increased, with each continuation step using the solution
of the previous problem, bvpi � 1, as an initial guess for solving the next boundary
value problem, bvpi . This iterative approach continues until the original problem
is fully reconstructed:

bvpn := bvp(c1 = 1, c2 = 1, ..., cm = 1), (3.1)

at the �nal continuation step n.

The primary challenge lies in determining an effective path through the m-
dimensional hypercube of continuation parameters that ensures a successful
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�ber simulation—a process which is time consuming and currently guided by
domain experts.

3.2 The Melt Spinning Model

Before delving into the proposed approach, we introduce the numerical spinning
model that is utilized to illustrate our method. In collaborations, we frequently
work with domain experts in the technical textile industry, including mathemati-
cians and process engineers. Their focus is on modeling and simulating diverse
�ber formation processes, such as polymer melt spinning[31] or the manufactur-
ing of glass wool [7] . The underlying �ber models are typically given by systems
of differential equations with boundary conditions. Here, we consider an isother-
mal viscous uniaxial �ber model (cf. [ 32] ) without aerodynamic forces. In this
scenario, the �ber center line is considered as a straight line between �ber inlet
ra and outlet r b, with a total �ber length of L. The variables of interest in this
process are the �ber velocity u and the �ber tension N along the spinline. The
system of ordinary differential equations (ODEs) governing the dimensionless
velocity u and dimensionless tensionN along the spinline is expressed as follows:

du
ds

=
Re
3

Nu
�

, (3.2)

dN
ds

=
du
ds

�
1

Fr2

� g

u
, (3.3)

with Reynolds number Re, Froude number Fr and �ber length L:

Re=
� u0 L

� 0

,

Fr =
u0p
g L

,

L = kr b � rak,

for domain s2 [0,1] with initial condition

u(s= 0) =
uin

u0

, (3.4)

and boundary condition

u(s= 1) =
uout

u0

. (3.5)

In the given equations, � is the viscosity of the polymer, g is gravity, and � g is the
�ber direction component parallel to gravity. � 0, u0, and � 0 denote the reference
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density, velocity, and viscosity of the polymer, respectively. Furthermore,uin and
uout correspond to the inlet and outlet velocities. Although the velocity at the
inlet and outlet is known due to the process setup, engineers are particularly
concerned with the pro�les along the spinline. Excessive �ber tension or overly
steep velocity and tension gradients can result in damage to the �nal product and
have adverse effects on �ber properties. In order to optimize the quality of the
produced �bers, the velocity and tension pro�les need to be analyzed for different
parameter settings. This process involves solving the aforementioned system of
differential equations for a varied range of parameters where the BVP solver is
used.

3.3 Approach and Implementation

In this section, we outline the proposed approach that utilizes machine learning
to solve the continuation problem of the BVP solvers to enhance the optimization

Figure 3.2: Work�ow of the proposed approach for accelerating the continuation
problems of the BVP solver for optimizing the isothermal melt spinning process.
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of industrial melt spinning process. Figure 3.2 illustrates the overall work�ow of
this approach, which integrates machine learning with boundary value problem
solvers for addressing the continuation problem. The aim of this integration is to
accelerate optimization by providing effective initial guesses for the BVP solver,
thereby increasing convergence rates and reducing computation time compared to
using the solvers independently. Additionally, this approach minimizes the domain
expertise needed to generate initial guesses from experts. Another advantage
of this method is the development of a real-time predictive machine learning
model with acceptable accuracy as a byproduct. This model is further employed
to derive process-speci�c insights through ML-based visual analysis. As depicted
in Figure 3.2, we incorporate physics knowledge, represented by differential
equations, into the learning algorithm of the ML model. This model, referred
to as the informed (data+ physics-informed) machine learning model [99] , is
inspired by the concept of physics-informed neural networks introduced by Raissi
et al. [77] . Our contribution reveals that this integration signi�cantly enhances the
reliability and performance of ML models. The subsequent subsections elaborate
on the construction process of the proposed ML model.

3.3.1 Training Data

The input features of the dataset include the parameters of the differential equa-
tions (3.2) and (3.3) . These parameters are the initial and boundary velocities
(uin and uout), gravity g, reference density � 0, and the x, y, and z components
of r b (with ra held constant). Additionally, the parameters � c, B, and TV F of the
viscosity function � , as de�ned by the below Vogel–Fulcher–Tammann material
law [36] , are incorporated.

� (T) = � ce
B=(T� TV F) (3.6)

The empirical parameters� c, B, and TV F are to be determined for the speci�c �ber
material under consideration and the temperature remains constant throughout
the process (T = Tin with initial temperature Tin). Consequently, there are a total
of 12 input features. The ranges of the input features were decided in consultation
with domain experts as shown in Table 3.1. Latin hypercube sampling[44] is
used for generating input data for the data-driven loss. The bvp4c solver is used
to solve the differential equations, resulting in output data that consist of the
velocity u and the tension N at grid point x from the solver. Hammersly sampling
[101] is used to generate input data for the physics-driven losses. These input
data do not require corresponding output data, as the physics-driven losses use
unsupervised learning, which will be explained in the later sections.
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Table 3.1: Feature ranges of input parameters

Input Feature Feature Range Unit

r b:
xyz-components

[0.0, 2.5] m

uin [ 0.1, 1.0] m s� 1

uout [ 3, 9] m s� 1

Tin [ 500,600] K

g [5,15] m s� 2

� [ 800,2000] kg m� 3

� c [ 0.01,0.5] Pa s

B [1500,2500] K

TV F [ 223.15, 283.15] K

s [0.0,1.0] -

3.3.2 Hypothesis Set

We opt for a Deep Neural Network (DNN) as the machine learning model for our
approach due to its seamless integration with physics knowledge into the learning
algorithm. Additionally, for the physics-driven loss, calculating the �rst-order
derivative of the ML solution at various grid points in the solution domain is a
necessity. This process is ef�ciently and swiftly accomplished through the auto-
differentiation functionality integrated in common DNN frameworks. The chosen
neural network architecture comprises three hidden layers, each consisting of
150 neurons. The activation function for these layers is the hyperbolic tangent
tanh. Initially, training the network involved using the Adam optimizer [51] with
a learning rate of 0.001, followed by the L-BFGS optimizer [69] .

3.3.3 Learning Algorithm

In this section, we explain how prior physics knowledge in the form of differential
equations is incorporated into the learning algorithm. We achieve this by including
the physics-driven losses in the DNN loss function. The loss function comprises
four loss terms, three of which are physics-driven losses and one is the data-driven
loss. The physics-driven losses distinguish themselves from the data-driven loss
by not relying on a predetermined ground truth. Instead, they apply penalties
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to deviations that do not comply with the underlying differential equations. The
total network loss L is given by:

L = Ld + Li + Lb + Lr , (3.7)

where Ld is the data loss,Li is the initial loss, Lb is the boundary loss andLr is the
residual loss. The data lossLd is calculated as the mean squared error between
the ground truth and the predictions for nd number of data points.

Ld :=
� d

2nd

ndX

i= 1

2X

j= 1

(Yi , j � Ŷi , j )
2, (3.8)

where � d is the data weight coef�cient, Y and Ŷ represent ground truth and
prediction matrices, respectively. The individual elementsYi , j and Ŷi , j correspond
to the actual and predicted values, respectively, for the input feature i and the
output solution j of the system of differential equations. The initial loss Li is
calculated as the mean squared error between the known initial condition (3.4)
and the predictions for ni number of initial data points.

Li :=
� i

ni

niX

i= 1

(u i
in � û i

in)2, (3.9)

where � i is the initial weight coef�cient, the vectors uin and ûin are the actual and
prediction vectors of the solution u, respectively, for the initial condition (3.4) .
The boundary lossLb is calculated as the mean squared error between the known
boundary condition (3.5) and the predictions for nb number of boundary data
points.

Lb :=
� b

nb

nbX

i= 1

(u i
out � û i

out)
2, (3.10)

where � b is the boundary weight coef�cient, the vectors uout and ûout are the actual
and prediction vectors of the solution u, respectively, for the boundary condition
(3.5) . Finally, the residual loss Lr is calculated as the mean squared errors of the
residuals from the differential equations (3.2) and (3.3) for nr number of residual
data points.

Lr :=
1

2nr

nrX

i= 1

� u � f res(Ŷi ,1, Ŷi ,2, X̂i ,g r id )2+

� N � gres(Ŷi ,1, Ŷi ,2, X̂i ,g r id )2,

(3.11)

with residual functions

f res(u, N, x) =
du
ds

(s) �
Re
3

N(s)u(s)
�

,
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gres(u, N, x) =
dN
ds

(s) �
du
ds

(s) +
1

Fr2

� g

u(s)
,

where � u and � N are the residual weight coef�cients for solution u and solution
N respectively. The matrix X is the input feature matrix where the individual
element Xi ,g r id corresponds to the grid points of the i th feature vector. All the
weight coef�cients are the model hyper-parameters that are tuned during the
training phase.

3.3.4 Final Hypothesis

In the �nal stage of our work�ow, the predictions from the DNN undergo validation
by the classical bvp4c solver in both the optimization and analysis processes.
Firstly, in the optimization process, the predictions are used as initial guesses to
the bvp4c solver in the �nal step of the continuation problem (3.1) . This aims to
enhance convergence rates by reducing the time and domain expertise necessary
for navigating the continuation parameters. Secondly, in the analysis process, the
trained DNN is utilized as a backend for a multi-query visual analysis tool. This
tool enables interactive exploration of the parameter space, assisting in navigating
and identifying promising regions. It visually guides the user toward local minima.

Figure 3.3: Convergence of individual losses of a data+ physics-informed network
over 1000 epochs
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Table 3.2: Error Metrics on the Testset for Different Types of Deep Neural Networks

Network
Type

Number of
labeled data
points

MSE MAPE R2-Score

Data
Informed

500 1.0518 0.2966 0.9152

1000 0.4677 0.1159 0.9610

Physics
Informed

- 2.1506 0.2940 0.8204

Data+ Physics
Informed

500 0.2538 0.0303 0.9806

1000 0.1160 0.0281 0.9910

The identi�ed regions of interest can subsequently be subjected to validation using
the bvp4c solver.

3.4 Results

In this section, we analyze the performance of the DNN using various loss func-
tions, as detailed in Subsection 3.3.3. Initially, we trained the network with 500
labeled data points and subsequently with 1000 labeled data points. Table 3.2
presents the error metrics for these scenarios across different model types on a test
set with 14,694 data points, obtained after discarding the numerically infeasible
cases. The data-informed network is exclusively trained with the data lossLd as
described in the equation(3.8) derived from the labeled data points nd = 500 and
1000. On the other hand, the Physics-informed network is trained solely with the
physics lossesLi (using ni = 5000 data points), Lb (using nb = 5000 data points),
and Lr (using nr = 50000 data points) as described in the equations(3.9) , (3.10) ,
and (3.11) excluding the labeled data points. In both cases, the hybrid network,
which is jointly trained with both data and physics losses, exhibits better accuracy.
This highlights the synergy between data-driven and physics-driven models, show-
casing their complementary nature in learning to solve parametric differential
equations. Each weight coef�cient � d, � i , � b, � u, and � N from (3.8) –(3.11) was
independently trained using the values [0.0001,0.001,0.01,1] . Optimal con-
vergence behavior was observed for� d = 1, � i = 1, � b = 1, � u = 0.001, and
� N = 0.01. Figure 3.3 illustrates the different losses of the hybrid network over
1000 epochs, trained with 1000 labeled data points for the corresponding weight
coef�cients. Furthermore, the necessity and ef�cacy of the trained network in
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Table 3.3: Convergence Statistics over the ordinary differential equation test set
with different initial guess strategies

Initial Guess GridRes NMAX Total
ODEs

Converged
ODEs

Failed
ODEs

Constant Guess
(constant inlet
velocity)

100 1000 1948 1649 299
1000 1000 1948 164 1784
1000 10000 1948 1923 25

Linear Guess
(between inlet -
outlet velocity)

100 1000 1948 1634 314
1000 1000 1948 696 1252
1000 10000 1948 1918 30

Machine
Learning (DNN)

100 1000 1948 1609 339
1000 1000 1948 1927 21
1000 10000 1948 1929 19

the optimization and analysis of the melt spinning process are discussed in the
following subsections.

3.4.1 Acceleration of Optimization

To evaluate the effect of machine learning in accelerating the optimization process
of melt spinning, we selected 1948 ordinary differential equations as our test
set. This number re�ects the equations that remained after discarding those
with numerically infeasible solutions. The predicted solutions generated by the
trained DNN served as an initial guess for the classical bvp4c solver, directly
executing the �nal step of the continuation problem. For comparative analysis, we
included two prevalent classical strategies for initial guess selection: a constant
initial solution and a linear initial solution. The convergence statistics for all
three strategies are presented in Table 3.3. As indicated in the table, setting
the maximum grid resolution (NMAX) in the bvp4c solver to 1000 results in
fewer failed cases for the machine learning (DNN) initial guess compared to the
constant and linear guesses. Upon examining the reasons for the higher number
of failures with the constant and linear approaches, it was discovered that bvp4c
can not re�ne the mesh based on the convergence criteria due to the imposed
limitation on NMAX. This limitation also explains why a grid resolution of 100
performs better than 1000 in this context. Notably, the ML initial guess requires
less re�nement in this case since its values are already closer to the �nal solution.
Upon increasing NMAX to 10,000, all three strategies exhibit a reduced number of
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Figure 3.4: Total number of ODE evaluations taken by the three initial guess
strategies to converge to the �nal solution.

failed cases. However, comparing the total number of ODE evaluations required
to converge to the �nal solution, the ML strategy stands out, demanding fewer
ODE evaluations, as illustrated in Figure 3.4. Furthermore, it becomes apparent
that the ML strategy performs consistently well across both lower and higher
NMAX values. This observation highlights the advantage gained by employing
the ML solution as the initial guess, contributing to faster convergence. As higher
NMAX values afford more computational time and space, the effect of the ML
strategy becomes particularly evident.

3.4.2 Acceleration of Analysis

In this section, we showcase the real-time capabilities of the machine learning
model, demonstrating its suitability for analyzing the melt spinning process. We
evaluated execution times on a workstation with a 50-core Intel® Xeon® Gold
6348 (2.60 GHz) CPU. As shown in Table 3.4, the trained ML model demonstrates
real-time scalability during the prediction phase, making it suitable for handling
extensive datasets. This characteristic proves especially advantageous in the
multi-query process, which is essential for the analysis and optimization phases.
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Table 3.4: Time taken by the numerical model and the DNN at training and
prediction stage for ODEs

Model Type Data Points Time (sec)

bvp4c solver
500 166.8548

1000 276.2372

DNN
Training

500 2351.6919

1000 5188.21007

DNN
Prediction

500 0.1812

1000 0.1970

10000 0.4427

Consequently, a visualization tool is developed using the trained ML model, specif-
ically designed for simulation experts and mathematicians. This tool supports
two types of analysis across two distinct domains. The �rst is univariate analy-
sis, which provides an overall understanding of how various process parameters
in�uence product properties. Users can adjust parameter values using sliders to
observe the corresponding dynamic visualizations of the solution propertiesu and
N over a one-dimensional time domain.

In bivariate analysis, users can select a process parameter for analysis using radio
buttons. The tool then displays a surface visualization illustrating the effect of this
parameter across its entire allowable range. This aids in identifying local minima
along the trajectory of the parameter of interest. Visualizations for both analyses
are provided in the solution space and the gradient space, where the gradient of
the solution with respect to the time domain is visualized. The gradient analysis
embedded in the tool is particularly useful for detecting steep velocity and tension
gradients, which can harm the �nal product and adversely affect �ber properties.
Such analyses enhance the understanding of the melt spinning process and helps
stakeholders in decision-making. The primary goal is to simplify the analysis
of the melt spinning process, thereby reducing both the time required and the
level of domain expertise needed for a thorough evaluation. The source code and
trained ML model necessary for building and running the visual analysis tool can
be accessed via the link provided below1.

1https://github.com/VictorVinySaajan/IsothermalMeltSpinningVisualization
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Figure 3.5: The bivariate analysis tab of the melt spinning visualization tool
in solution space. The tool supports univariate and bivariate analysis across
solution and gradient spaces.

3.5 Discussion

In this section, we discuss the three reliability aspects of the proposed ML model.
Firstly, the constructed model (DNN), trained to solve the differential equations
governing the melt spinning process, is grid-free by construction. This means
that a model trained on coarser grids across the solution domain can be used to
predict solutions on �ner grids. In melt spinning optimization, it is important
to predict solutions with �ner grid resolutions. This is necessary to capture
sudden changes in the solution domain. This is illustrated in Figure 3.6, where
the ML model, trained with 100 grid points, is used to predict solutions on a
�ner grid of 1000 points. Notably, the model captures the ground-truth solution
pro�le derived from numerical simulations with relatively good accuracy. The
�gure also explains the reason for the higher failure rate of ML initial guesses at
resolution 100 compared to resolution 1000, as highlighted in Table 3.3. This
discrepancy is attributed to the inability of the coarser grid to capture abrupt
changes effectively. These observations suggest the possibility of exploring grid-
re�nement techniques similar to those based on the ODE residual employed
by the bvp4c solver. The second aspect of reliability focuses on the integration
of physical laws into machine learning models alongside data. As presented
in Table 3.2, this incorporation signi�cantly enhances the overall performance
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Figure 3.6: Comparison of the initial guess made by the deep neural network,
trained on a grid resolution of 100, with a prediction resolution of 1000, against
the ground truth obtained from bvp4c at a resolution of 1000.

of the model. Furthermore, we observed that this approach improves model
reliability by reducing dependence on the quality of the training data. The
hybrid model, which combines data-driven learning with physics-based constraints,
offers an additional layer of trustworthiness, particularly when training data
quality is suboptimal. To systematically evaluate the reliability of integrating
physics into the ML model, we conducted a comprehensive visual analysis. This
assessment involved comparing the individual characteristics of purely data-
driven and physics-driven models, examining their complementary strengths, and
ultimately evaluating the robustness of the hybrid model used in our work.

In our analysis, we de�ne the ML models as follows:

1. Data Informed Model: A DNN trained solely on labeled data generated by
the numerical solver.

2. Physics Informed Model: A DNN trained exclusively using physics con-
straints by minimizing differential equation residuals.

3. Data+ Physics Informed Model: A hybrid DNN trained using both labeled
data and physics-based residuals.

A detailed evaluation of different aspects these models is presented in the following
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Figure 3.7: Convergence behavior of the data-informed model and the physics-
informed model across three different optimizers with learning rate 0.001.

subsections. Additionally, dynamic visualizations illustrating our �ndings can be
accessed in the interactive article2.

3.5.1 Training and Convergence:

We examine how the training process and convergence behavior of purely physics-
informed model trained with loss functions (3.9) , (3.10) , and (3.11) compare to
those of a purely data-informed model, which is trained with the loss function
(3.8) . To conduct this analysis, we speci�cally selected the Adam and L-BFGS
optimizers, as they are commonly used in the literature concerning physics in-

2https://observablehq.com/@meltspinning-ws/vis-for-ms
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Figure 3.8: Visualization of the loss landscapes of data-informed and physics-
informed models.

formed machine learning. Additionally, we included the RMSprop [93] optimizer
in our analysis to explore how it performs in comparison to other optimizers.
We trained our models using various learning rates and subsequently generated
a visualization of the loss convergence plot for the training process, spanning
500 epochs. As we can observe from Figure 3.7, we discovered a noticeable
difference in convergence behavior between the data-informed and the physics
informed models. The former tend to converge faster, requiring fewer training
epochs compared to the latter. To gain a deeper understanding of the convergence
behavior, we plotted the loss landscape for both models. We achieved this by
perturbing the neural networks in two random orthogonal directions across a
speci�c grid and visualizing the corresponding loss [59] . Upon observing the
loss surfaces in Figure 3.8, it becomes apparent that the data-informed model
exhibits a steeper landscape compared to its physics counterpart. This �nding
helps explain why the physics informed model requires more epochs to reach
the global minimum. Further, the authors in [55] demonstrated that training
physics-informed models to solve parameterized equations results in less smooth
loss landscapes, which makes optimization more challenging. They suggested
curriculum training as a potential solution to this issue. This approach involves
warming up neural network training by identifying a suitable initialization for the
weights. Instead of having the model learn the solution immediately for higher
parameter values, the training begins with lower parameter values and gradually
progresses to higher ones. The weights from the model trained on the lower
parameter values serve as the initial weights for the model trained on higher
parameter values. We applied this approach to our physics-informed model to
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3.5 Discussion

Figure 3.9: Prediction visualization with different types training of the physics-
informed model.

examine the parameterized differential equation with the reference density as
the parameter, speci�cally within the range of (800,1300). We performed two
types of training, �rstly, standard training, where the model is trained across the
entire range in a single step, secondly, the curriculum training where the model
is trained cumulatively by dividing the range into 10 sub-intervals. The weights
from the previous sub-interval training were utilized to initialize the model for the
next interval. The prediction results for both standard training and curriculum
training for the solution velocity u are presented in Figure 3.9. As we can observe,
curriculum learning provides better results compared to the standard learning.
This reveals one of the possible approaches to tackle the convergence dif�culty
when physics knowledge is integrated into the ML models. Furthermore, it is
worth noting that reducing the loss initially using a �rst-order optimizer like Adam
or RMSprop, and then minimizing it further using a second-order optimizer like
L-BFGS, leads to faster convergence compared to relying solely on the �rst-order
optimizers as seen in Figure 3.7. This behavior is consistent with �ndings in the
literature.

3.5.2 Synergy between Data and Physics:

In this section, we examine the complementary roles of data-informed and physics-
informed models. We apply the same reference density-parameterized differential
equation system discussed earlier in our analysis. Our �ndings indicate that the
purely physics-informed model—which relies solely on the loss functions de�ned
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