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Abstract

This thesis explores the integration of sustainability into continuous-time portfolio
optimization from both theoretical and practical perspectives. Motivated by in-
creasing regulatory and societal pressure to align investments with environmental
goals, we examine how sustainability can be systematically embedded in portfolio
decision-making through utility-based optimization frameworks.

We begin by formulating a foundational model the so-called sustainable portfolio
optimization, introducing a novel approach in which investors maximize expected
utility subject to a sustainability constraint based on scaled ESG scores. Sustain-
ability constraint means the sustainability of the portfolio rating has to be at least
as high as the predefined sustainability demand.

Building on this, we develop an equilibrium perspective in which sustainability
goals are met not through explicit constraints but by modifying market dynamics,
mimicking real-world taxation/subsidy mechanisms that steer investment flows
toward sustainable assets. Thus, we name this sustainable taxation.

In response to challenges arising from the use of ESG scores, we propose a
refined scoring framework that better distinguishes between environmentally
beneficial (“green”) and harmful investments (“brown”). To align sustainability
scoring with real environmental goals, we introduce a penalty on brown assets, i.e.,
a no-short-selling constraint on brown assets. We develop a dedicated algorithm
capable of efficiently handling the resulting constrained optimization problem
that we call green portfolio optimization.

We then apply our framework to the insurance sector where we develop the
so-called rebuilding of actuarial reserve funds (ARFs) to increase the sustainability
of the ARF to be able to meet the increased sustainability demand. A simulation-
based method is proposed to generate future declaration paths, which can then be
used for application in the proposed rebuilding framework.

Finally, we present a dynamic optimization setting in which investors” de-
mand directly influences asset returns via a bounded, mean-reverting process.
This framework captures a feedback loop between market interest and asset per-
formance, and allows us to reinterpret demand as a sustainability requirement.
Thereby, it provides further insight into how sustainable preferences shape optimal
investment behavior.

In total, the thesis contributes a set of coherent models and computational tools
for integrating sustainability into long-term portfolio decisions, offering novel
insights for institutional investors, insurers, and regulators.






Zusammenfassung

In der vorliegenden Arbeit wird die Integration von Nachhaltigkeit in zeitstetige
Portfolio-Optimierung aus theoretischer und praktischer Perspektive untersucht.
Angesichts des wachsenden regulatorischen und gesellschaftlichen Drucks, In-
vestitionen an Umweltzielen auszurichten, analysieren wir, wie Nachhaltigkeit
systematisch in die Portfolioentscheidungen iiber nutzenbasierte Optimierungsan-
sdtze eingebunden werden kann.

Den Ausgangspunkt bildet ein grundlegendes Modell der sogenannten nach-
haltigen Portfolio-Optimierung, in dem Investoren ihren erwarteten Nutzen
unter einer Nachhaltigkeitsbedingung maximieren. Diese Bedingung basiert
auf skalierten ESG-Scores und verlangt, dass die Nachhaltigkeitsbewertung des
Portfolios mindestens einem vorgegebenen Nachhaltigkeitsziel entspricht.

Darauf aufbauend entwickeln wir eine Gleichgewichtsperspektive, bei der
Nachhaltigkeitsziele nicht durch explizite Nebenbedingungen, sondern durch
eine gezielte Modifikation der Marktdynamik erreicht werden — in Anlehnung an
reale Steuer/Subventionsmechanismen, die Kapitalfliisse in nachhaltige Anlagen
lenken. Dieses Konzept bezeichnen wir als nachhaltige Besteuerung.

Um Herausforderungen im Umgang mit ESG-Scores zu begegnen, schlagen
wir ein verfeinertes Bewertungssystem vor, das eine differenziertere Unterschei-
dung zwischen 6kologisch vorteilhaften (,, griinen”) und schadlichen (,, braunen”)
Anlagen erlaubt. Um die Nachhaltigkeitsbewertung stdrker an 6kologischen
Zielen auszurichten, fithren wir eine Einschrankung ein, die Leerverkdufe von
braunen Assets verbietet. Zur effizienten Losung des daraus entstehenden Op-
timierungsproblems entwickeln wir ein spezielles Verfahren, das wir als Green
Portfolio Optimization bezeichnen.

AnschliefSend iibertragen wir unser Modell auf den Versicherungssektor und
entwickeln das Konzept des Umbaus des Deckungsstocks, um dessen Nach-
haltigkeit gezielt zu ethohen und somit steigenden Nachhaltigkeitsanforderungen
gerecht zu werden. Eine simulationsbasierte Methode zur Generierung zukiin-
ftiger deklarierten Uberschussbeteiligungen wird vorgeschlagen, die anschlieffend
fiir die Umsetzung der Rebuilding-Strategie verwendet werden kann.

Schliefilich prasentieren wir ein dynamisches Optimierungsmodell, in dem
die Anlagennachfrage der Investoren direkt die Renditen beeinflusst — model-
liert als beschrankter Prozess mit Mittelwertumkehr. Es bildet die Riickkop-
plung zwischen Marktnachfrage und Performance ab und erlaubt, Nachfrage auch
als Nachhaltigkeitsvorgabe zu interpretieren — was zusétzliche Einblicke in das
Zusammenspiel von Prédferenzen und optimalem Anlageverhalten gibt.

Insgesamt tragt die Arbeit zu einer kohdrenten Modellierung nachhaltiger
Portfolioentscheidungen {iiber die Zeit bei und bietet praxisnahe Werkzeuge fiir
institutionelle Investoren, Versicherer und Regulierungsbehorden.

iii






Acknowledgments

I would like to express my deepest gratitude to my mentor, Prof. Dr. Ralf Korn, for his
invaluable guidance and support throughout my PhD journey. It was always a pleasure
— and often even fun — to work with him. I am also grateful for his support of my
participation in numerous conferences, not only scientific ones across Germany, Portugal,
Bosnia and Herzegovina, and the UK, but also key DAV/DGVEM events in the actuarial
field. I also thank him for supporting my research visit to Université libre de Bruxelles,
which significantly contributed to the value of this thesis. Finally, I am thankful for the
opportunity to work on such an exciting and meaningful topic — connecting mathematics
with sustainability, an important challenge of our time.

I am sincerely grateful to Prof. Griselda Deelstra for warmly hosting me during my
stay in Brussels. I truly appreciated the time she dedicated to our insightful and fruitful
discussions, which played a crucial role in shaping the final chapter of this thesis. I would
also like to thank the PhD students and PostDocs at ULB for their kindness and incredible
hospitality, which made my stay so memorable.

I thank Prof. Dr. Julia Eisenberg for serving as the second reviewer of this thesis.

I devote this thesis to my parents, who have been showing me the beauty of mathe-
matics my whole life. They have always been my biggest support, and this path would
not have been possible without that. I cannot thank you enough, but I hope I make you
proud. I also deeply appreciate the time and care you invested in proofreading my thesis
so thoroughly.

I am grateful to my sister for being someone I could always look up to. I am so thankful
and thrilled you brought Mia and Mika into this world to be my cutest cheerleaders one
could ask for.

I am thankful to my Teta for shaping me into the person I am today, deepening my
empathy and making me value the things in life that are truly important.

I am grateful to my Tetka & Tetak for all the food and love they so generously fed me.

I am beyond thankful to my partner Goran, who has been with me through every step
of this journey — supporting me, cheering me on, and encouraging me whenever I needed
it. I am so happy and proud that we endured the PhD studies together, and even though
it was not always easy, we still managed to visit so many countries together, work on your
children’s book, and organize and lecture at Connect 2025. Finishing these journeys at the
symposium where we met seems like a perfect way to wrap them up.

I am thankful to the Zaytouna Book Club for helping me find a sense of community
and for the meaningful friendships that grew from it.

I am grateful to Laurena for being my conference-buddy, to Marek for always cheering
on my German, and to Tim for his valuable insights in numerics in PDEs.

Finally, I am grateful to all of my friends and family who took interest in my work and
well-being during this time. A special thank you to Jelena, whose encouragement and
genuine interest meant more than she knows.






Contents

Abstract i
Zusamenfassung iii
Acknowledgments v
Introduction 1
1 Sustainable Portfolio Optimization 9
1.1 Motivation . . . ... ... 10
1.2 Mathematical setting and the portfolio framework . . . . . ... .. 11
1.3 Logarithmicutility . ... ... ... .. ... ... ... ..... 13
14 Powerwutility . . . ... ... . o 17
1.5 Sensitivity analysis for independent stocks . . . . ... ... .. .. 21
1.6 Conclusion . . ... ... . ... ... 29
2 Sustainable Taxation 31
21 Motivation . . . . ... e 32
2.2 Sustainable taxation — theoretical concept . . . . ... .. ... ... 33
2.3 Numerical examples and sensitivity analysis . . . . ... ... ... 35
2.4 Sustainablemeasure . .. ... ... . ... ... .0 L. 52
25 Conclusion . . .. .. ... . L 53
3 Green Portfolio Optimization 55
31 Motivation . . . ... ... 56
3.2 Mathematical setting . . . ... ... ...... ... .. ... .. .. 57
3.3 Quadratic programming problems . . . . ... ... ... ... ... 58
3.4 Green portfolio optimization: algorithm and examples . . . . . .. 62
35 Conclusion . . .. ... ... L 70
4 Sustainability in the Actuarial Reserve Fund 73
41 Motivation . . . ... ... 74
42 Rebuilding the ARF with constantr . ... ... ........... 75
4.3 Sustainable optimization with step-wise declarationrate . . . . .. 78
4.4 Rebuilding the ARF with step wise declaration . . . ... ... ... 79
4.5 Simulating future declarationrates . . . . .. ... ... L. 88
4.6 Simulations for step-wise declarationrate . . . . . ... .. ... .. 91
47 Conclusion . . . . . ... L 94

vii



Ajla Nurkanovié¢ CONTENTS
5 Portfolio Optimization with Demand-Dependent Drift 95
51 Motivation . . . . ... ... o 96
52 Jacobiprocess . . ... ... ... 97
5.3 Modeling of the stock price dynamics . . ... ... ......... 99
5.4 Portfolio optimization . . .. ... ... .. ... .o L 100
5.5 Sustainable portfolio optimization . . ... ... ... .. .. .... 108
56 Numericalresults . . . .. ... ... ... . ... 0. 111
57 Conclusion . . . . ... .. L 128
Summary and Outlook 131
A Optimality of the Portfolio Process 135
A.1 Proofsof Theorems4and5 . ... ... ... ... ... ....... 135
A2 Proofof Theorem?7 . . ... ... ... ... ... ... . ...... 138
Bibliography 139

Teaching Experience
Academic and Research Activities

Scientific and Professional Career

viii



Introduction

The two central pillars of this thesis are portfolio optimization theory and the
concept of sustainability in nancial decision-making. To provide the necessary
background for the subsequent chapters, this introductory section is divided into
two parts.

We rst outline the fundamentals of portfolio optimization within a utility-
based framework, which serves as the mathematical and economic foundation
for the models developed in this work. In particular, we adopt a continuous-time
setting, where the objective is to determine an optimal investment strategy that
maximizes the expected utility of terminal wealth over a nite horizon.

Traditionally, portfolio optimization was introduced by Markowitz (1952), who
formulated it as a trade-off between expected return and variance of portfolio re-
turns, laying the groundwork for mean-variance analysis. While this seminal work
provided a one-period approach centered around risk-return balance, modern
developments have extended portfolio optimization to continuous-time settings
and more general investor preferences.

In continuous time, two main methodologies have been developed to solve
the utility maximization problem. The rst is the martingale approach, which
decomposes the problem into rst characterizing the optimal terminal wealth
and then determining the investment strategy that replicates it (see e.g., Cox and
fu Huang (1989); Karatzas et al. (1987); Pliska (1986)). The second, which we adopt
in this thesis, is the stochastic control approach introduced by Merton (Merton
(1969, 1990)). This method frames the portfolio problem as a dynamic optimization
task and relies on tools from stochastic control theory to directly derive optimal
investment strategies over time. In this thesis, we employ the latter, leveraging
tools from stochastic control theory to derive optimal strategies.

The second part of this introductory section turns to the notion of sustainability
in nance — exploring what it means, why it has gained prominence, and how
it can be integrated meaningfully into the process of portfolio construction and
optimization.

Numerous studies have explored optimal investment strategies incorporat-
ing sustainability considerations, but to the best of our knowledge, these pre-
dominantly rely on a one-period mean-variance Markowitz framework, see Utz
et al. (2014); Pedersen et al. (2021); Varmaz et al. (2024) and the references given
therein. In contrast, our approach incorporates sustainability components into the
continuous-time portfolio optimization model based on a utility maximization
framework.

Finally, we conclude the section with an overview of the thesis structure,
providing a concise summary of the contents and objectives of each chapter.
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Portfolio Optimization

Portfolio optimization is a fundamental problem in mathematical nance, con-
cerned with determining how an investor should allocate their wealth among
available nancial assets in order to achieve a speci ¢ investment objective. Typ-
ically, this objective is the maximization of expected utility of terminal wealth,
re ecting the investor's individual risk preferences. In this framework, the in-
vestor chooses dynamic trading strategies across a riskless asset and multiple risky
assets, balancing the trade-off between risk and return over a xed investment
horizon.

Market Model
The market we will be considering consists of:

* Oneriskless asset B; (e.g., a bond or a bank account) evolving according to
dB(t) = rB(t) dt,
where r 0 is the constant risk-free interest rate.

» drisky assets (e.g., stocks) with price processesS(t),i = 1,...,d, modeled

as geometric Brownian motions
|

. !
dS(t) = S(t) bdt+ @ s;dwi(t)
=1
where by is the expected rate of return of asseti, s;; are volatility coef cients,
and W(t) = (Wy(t),...,Wqy(1))is a d-dimensional Brownian motion on a
ltered probability space (W, F,P).

Wealth Process

Let XP(t) denote the investor's wealth at time t, corresponding to portfolio strat-
egy p (t) = (pa(t),....pq(t))© The investor allocates her wealth dynamically over
time, with p;(t) denoting the fraction of wealth invested in the i-th risky asset at

time t. The rest is invested in the riskless asset. The wealth process then satis es
[
d d '

d
dxP(t) = XP(t) rdt+ § pi(t)(b r)dt+ § pi(t) & sijdw(t)
i=1 i=1 j=1
Utility Functions
De nition 1  (Utility Function) . A utility function is a real-valued function
U :R+ I R

that represents an investor's preference over different levels of wealth. We assume itis a
strictly concave, increasing and continuously differentiable function, such that

uYo) := Ilirr(1)+ Udx)= ¥, uY¥):= lim, uYx) = o.
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In this thesis we will consider the following commonly used utility functions.

De nition 2 (Logarithmic Utility) . The logarithmic utility function is de ned by
U(x) = log(x), x> 0.
We will also refer to it shortly as log-utility.

De nition 3 (Power Utility (CRRA)) . The power utility function with constant relative
risk aversion (CRRA) parametgré 0, g < 1, is given by

x9
U(x)= —, x> 0.
(x) 3

In the power utility case, for g = 0 we consider the logarithmic utility function.

De nition 4 (Exponential Utility (CARA)) . The exponential utility function with
constant absolute risk aversion (CARA) parameter @ is de ned as

Ux)= e ?, x2R.
This utility function implies constant absolute risk aversion.

These utility functions capture different attitudes toward risk and have distinct
mathematical properties that in uence the form of the optimal investment strategy.

Optimization Problem

Finally, the portfolio optimization problem is de ned as the goal of the investor to
maximize the expected utility of terminal wealth at a xed time horizon T > 0,
ie.,

mr?x E[U(XP(T)],

where U : R+ ! R isautility function representing investor's preferences. Similar
optimization problems will be considered throughout the thesis. For more details
on portfolio optimization theory see Korn (1997); Korn and Korn (2000).

Sustainability

Sustainability is a broad and multifaceted concept that encompasses various di-
mensions, each with its own set of de nitions, goals, and practical implications.
In the context of nance, however, it becomes necessary to clarify what exactly
we mean by sustainability and how it can be meaningfully integrated into port-
folio management. The aim of this section is to outline our interpretation of
sustainability and present a coherent framework for embedding it into investment
decisions.

The importance of incorporating sustainability into the nancial concepts is
evident in the fact that in recent years, sustainability has become a critical focus
for both institutional investors and regulatory authorities in shaping investment
strategies (European Union (a); Principles for Responsible Investment; German
Federal Ministry of Finance). The EU taxonomy even provides a framework for
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de ning sustainability in investments. The key details, de nitions, and objectives
of the EU taxonomy are outlined in European Union (a), with the legal text
available in European Union (b). Namely, it identi es the main goals of the EU
Green Deal as follows:

1. Mitigating climate change,

2. Adapting to climate change,

3. Sustainable use and conservation of water and marine resources,
4. Transitioning to a circular economy,

5. Preventing and controlling pollution, and

6. Protecting and restoring biodiversity and ecosystems.

Investments or activities contributing to at least one of these objectives, without
causing signi cant harm to others, while adhering to international standards on
human rights and social welfare, are classi ed as taxonomy-compliant

While the EU taxonomy provides a clear set of environmental objectives, as-
sessing whether a speci ¢ investment quali es involves evaluating both the extent
to which it contributes to one or more of these objectives and whether it causes
signi cant harm to others. In practice, an investment may contribute to multiple
objectives to varying degrees or partially support a single objective, raising ques-
tions about how to quantify and weigh such contributions. Furthermore, assessing
compliance with social safeguards and minimum human rights standards adds
another layer of complexity. These challenges are ampli ed when evaluating the
sustainability of an entire portfolio, such as an insurer's actuarial reserve fund
(ARF). For instance, government bonds rarely nance exclusively sustainable
initiatives. Nonetheless, a meaningful portion of funds raised through such bonds
should ideally support ESG- or taxonomy-compliant projects. This underscores
the need for a nuanced sustainability rating system that evaluates individual assets
and aggregates these assessments into a meaningful portfolio-level sustainability
rating.

One viable approach to do this is the Bloomberg rating systemThis system
evaluates approximately 11,500 companies across 83 countries using 800 criteria,
assigning ESG scores ranging from0 to 100 (with 100being the best score, Heinke
(2021)). Once the assets in our portfolio have a sustainability rating, inspired
by the work in Heinke (2021), we will de ne the rating of the whole portfolio.
Then we can also impose a minimum sustainability rating that the portfolio has to
satisfy. We continue with this approach in more detail in Chapter 1.

In this context, pension funds emerge as a particularly attractive building
block for sustainable portfolios. While short-term actions — such as reducing
packaging or minimizing paper use — are bene cial, meaningful sustainability
often requires long-term investments. Pension funds, by their very nature, are
long-horizon vehicles, well-suited to nancing large-scale sustainable projects like
renewable energy infrastructure or sustainable urban planning. Moreover, insurers
and pension providers are increasingly expected to align their portfolios with
sustainability goals, given both regulatory incentives (EIOPA (2022)) and societal
pressure (BearingPoint (2022)). This makes pension funds a natural candidate

4
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for inclusion as a riskless yet sustainability-aligneakset class within our modeling
framework. Throughout this thesis, we will treat them as such, recognizing
both their nancial stability and their alignment with long-term sustainability
objectives.

Outline of the thesis

Chapter 1: Sustainable Optimal Portfolio

This chapter lays the foundational work upon which the subsequent chapters
build. Here, we consider the sustainable portfolio optimization problem, which is

a portfolio optimization problem under the so-called sustainability constraint This
constraint stipulates that the portfolio sustainability rating must meet or exceed
the investor's speci ed sustainability demand D. Our approach is, to the best
of our knowledge, the rst continuous-time portfolio optimization model based

on a utility maximization framework that includes sustainability components.
We assume that there is a suitable and reliable sustainable rating system for our
investment opportunities, for example the ESG score. However, we assign scaled
ratings between 0 and 1. Then, we deal with solving a constrained sustainable
portfolio optimization problem under logarithmic and power utility.

The results and examples of this chapter correspond in large parts to the following
article:

R. Korn and A. Nurkanovic, Optimal portfolios with sustainable assets: aspects for life
insurers European Actuarial Journall3(1):125-145, 2023.

The power utility result corresponds to the result from the following paper:

R. Korn and A. Nurkanovi¢, Sustainable portfolio optimization and sustainable taxation
European Actuarial Journapages 1-20, 2025.

Chapter 2: Sustainable Taxation

In this chapter we introduce an equilibrium framework that consists of modi -
cations of the market coef cients such that the unconstrained optimal portfolio
process already satis es the sustainability constraint. In this way, investors can
be steered towards holding ecologically responsible portfolios without requiring
them to explicitly incorporate sustainability criteria into their utility maximiza-
tion process. Thus, the sustainability demand can be interpreted as a constraint
imposed by regulators or large institutional investors, which requires portfolios
to meet certain sustainability criteria. Our framework allows us to quantify how
much drift coef cients need to be modi ed, essentially taxing or subsidizing spe-
ci c assets, to ensure compliance with these demands. This mirrors real-world
scal tools like the UK's Climate Change Levy environmental tax and Costa Rica's
carbon tax which, once collected, are used for supporting sustainable behaviour
UK Parliament; Meyer (2009).

This chapter is an extension of the following article:
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R. Korn and A. Nurkanovi¢, Sustainable portfolio optimization and sustainable taxation
European Actuarial Journapages 1-20, 2025.

Chapter 3: Green Portfolio Optimization

In sustainable portfolio management, classifying assets as “green” or “brown”
based solely on ESG scores can be misleading without a clear benchmark. We
propose a rescaled ESG rating system that evaluates assets relative to a threshold
set by policymakers, assigning positive scores to environmentally strong assets
and negative scores to weak ones. A key challenge arises when portfolio-level
sustainability scores improve through short positions in brown assets. To correct
this, we introduce a no-short-selling constraint on brown assets. This aligns the
optimization with environmental goals but adds complexity. To address this, we
develop an ef cient algorithm inspired by the active set method, called Green
Portfolio Optimization, which is suitable even for high-dimensional problems.

This chapter is a reprint of:

A. Nurkanovi¢ and R. Korn, Green Portfolio Optimization: Penalties for Brown Invest-
ments Manuscript submitted for publication. 2025.

Chapter 4. Sustainability in insurance

This chapter builds on the concept of rebuilding the ARF we introduced in Korn
and Nurkanovic (2023), a strategy aimed at increasing the initial sustainability
rating of the fund when projected demand exceeds what is currently feasible in
the asset universe. While previous analysis assumed a constant declaration rate
to policyholders, we extend the model to a more realistic setting with step-wise
declaration rates that can vary annually. We propose a simulation-based method
to forecast future declaration rate values, using a Vasicek model for interest rates.
Instead of calibrating parameters to market data, we adopt a simpli ed approach
to focus on illustrating the framework; once calibrated parameters are available,
the same method can be applied to generate actionable forecasts and implement
rebuilding strategies.

Chapter 5: Portfolio Optimization with Demand-Dependent Drift

This chapter presents a portfolio optimization framework in which investor's
demand dynamically in uences asset returns. Demand is modeled as a bounded,
mean-reverting process that affects the asset drift: strong demand pushes expected
returns upward, while weak demand lowers them. This captures the intuitive
feedback between market interest and asset performance. We rst solve the
optimization problem for an investor with logarithmic utility using the approach

of path-wise optimization for every w. For more general utility functions, such
as exponential and power utility, this becomes more complex as we have to dive
into the Hamilton-Jacobi-Bellman PDE theory. In the second part of the chapter,
we reinterpret demand as a sustainability requirement that the portfolio must
meet, and solve the resulting constrained optimization problems. Numerical
experiments highlight how varying investor preferences and asset characteristics
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shape optimal investment decisions. This work is among the rst to incorporate
bounded, demand-driven dynamics into portfolio optimization while directly
addressing sustainability considerations.






Sustainable Portfolio Optimization

This chapter is largely based on the work we published in Korn and Nurkanovic
(2023) and forms the foundation of this thesis. Most of the results and examples
discussed here are derived from that publication.
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1.1 Motivation

In recent years, sustainability has become a critical focus for both institutional
investors and regulatory authorities in shaping investment strategies European
Union (a); Principles for Responsible Investment; German Federal Ministry of
Finance. While traditional portfolio optimization methods primarily maximize
return based on risk and return balance, they often overlook sustainability consid-
erations. With the growing emphasis on environmental, social and governance
(ESG) factors among investors and policymakers, there is a pressing need to in-
tegrate these sustainability requirements into portfolio management. To address
this challenge, we extend the classical portfolio optimization framework by incor-
porating sustainability considerations in the form of a minimum sustainability
constraint. As previously discussed in the Introduction, we interpret sustainability
through the lens of ESG scores, which serve as a practical and widely adopted
measure for evaluating the environmental, social, and governance impact of in-
dividual assets. These scores provide a useful scoring system for assessing the
overall sustainability pro le of a portfolio.

To quantify the ESG score of an institutional portfolio, such as an actuarial
reserve fund (ARF), Heinke (2021) proposed an extension of the Bloomberg ESG
rating system to accommodate portfolios composed of multiple assets. Under
this approach, we de ne the portfolio sustainability rating, denoted by RP, as the
volume-weighted average of the ESG ratings R; of the individual assets

RP = 4 piR. (1.1)

For ease of comparison, the individual ratings R; are normalized to the interval
[0, 1]. Imposing a constraint of the form RP  cfor athreshold 0< ¢  1lintro-
duces a clear trade-off in the optimization problem. Although such a constraint
will usually reduce the achievable value of the objective function compared to the
unconstrained setting, it re ects the growing importance of non- nancial criteria

in modern investment decision-making. In particular, increasing societal and
regulatory demands are pushing institutional investors toward sustainable asset
allocation strategies (BearingPoint (2022)).

In addition to their ethical appeal, sustainable investments offer strategic
advantages. These include alignment with long-term societal goals — such as
improving future living standards, anticipation of future regulations or taxes tar-
geting unsustainable practices, and the potential for strong long-term returns. As
a result, integrating sustainability into portfolio construction is not only ethically
motivated but also increasingly supported by solid economic reasoning.

To explore this perspective in depth, the remainder of this chapter is struc-
tured as follows. Section 1.2 presents the mathematical framework and portfolio
setup. In Section 1.3 we derive the result for sustainable portfolio optimization
for log-utility, while in Section 1.4 we develop it for the power utility function. In
Section 1.5 we conduct a sensitivity analysis, both in a theoretical approach and
numerically with a couple of examples. Finally, Section 1.6 summarizes the main
ndings and provides concluding remarks.

10
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1.2 Mathematical setting and the portfolio framework

We now present the general framework assumed throughout the thesis unless
stated otherwise. We work on a complete probability space (W, F,P), equipped
with a right-continuous lItration F = (F¢,t 2 [0,T]). Additionally, we assume
the existence of ad-dimensional Brownian motion (W(t),F¢,t 2 [0,T]) on this
probability space.

The evolution of a risk-free asset, such as a money market account or actuarial
reserve, is modelled by B(t) = €',t 2 [0, T], with a constant interest rate r. For
i =1,...,d, the price dynamics of stock i, denoted by S(t), follow the stochastic
differential equation

|

d |
dS() = S() bdt+ & s dw(t) . (1.2)
j=1

Here, W(t) = ( W4(t),...,W4(t)) denotes the d-dimensional Brownian motion
introduced above. We consider a matrix s := ( sjj); jof 1,..gg @nd assume that ss Vis
positive de nite. Furthermore, let b= (by,. .., by) be the vector of expected rates
of return for the stocks.

A portfolio process is denoted by p(t) = (pa(t),...,pg(t))° for t 2 [0,T],
where eachpi(t) represents the proportion of wealth invested in the i-th stock at
time t. The fraction of wealth invested in the risk-free asset is denoted by po(t),
so that the total allocation satis es éidzopi(t) = 1. The portfolio process p (t) is
assumed to be component-wise square-integrable and progressively measurable
with respect to the ltration F, i.e., see the following de nition.

De nition 5. Letp(t),t 2 [0, T] denote the portfolio process, which is assumed to be
square integrable, i.e.,

!
Zt n ’

E A pi(s)?ds < ¥, forallt2 [0,T], (1.3)

0i=1

and progressively measurable with respect to the Itratian

We restrict our attention to self- nancing portfolio processes, characterized by
the following wealth dynamics

dXP(t) = XP(t) r+p()Yb r1) dt+ pt)Sdw(t) , XP(0)= x, (1.4)

where x > 0 denotes the investor's initial wealthand 1= (1,...,1)°2 RY The
equation is required to have a unique positive solution.

Furthermore, each asseti = 1,...,d and the risk-free asset ( = 0) is assigned
a sustainability rating R;(t) 2 [0, 1], which is often assumed to be constant. The
overall portfolio sustainability rating is de ned as

d
RP() = & pi(tRi(t).
i=0

11
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We assume that the cumulative demand D (t) will be expressed in the (volume-
weighted) average rating demand, i.e., the portfolio rating RP(t) attime t has to
satisfy the sustainability constraint

RP(t) D(t), 8t2[0,T]. (1.5)

Further, we in particular assume that there is an accepted rating system for all
assets involved in our investment universe.

Remark 1 (Economic Interpretation of the Sustainability Condition) . The sustain-

ability condition(1.5) represents the core innovation and central element of our portfolio
problem. It expresses that customer demand for investments in sustainable assets must
always be met. However, this does not imply that a fund or life insurer can inde nitely
raise the portfolio rating R(t) to match any level of demand.

There may come a point where ful lling additional demand is no longer feasible,
simply because the supply of sustainable assets in the market is limited. In this context,
D(t) should be interpreted as a capped demand for sustainability — re ecting realistic
market constraints. It is only in this limited sense that we establish a connection between
sustainability ratings and demand.

Outside of this, we assume that the demand process does not directly affect the ratings.
Although one could argue that excessive demand might incentivize companies to improve
their sustainability practices, modeling such a feedback mechanism is beyond the scope of
this work and is left for future research.

The wealth process of an investor or insurer following the portfolio strategy p
is denoted as XP (t). We de ne the sustainable portfolio optimization problem as

maxy ()2 a(x) Eox (U (XP(T))), (1.6)
subjecttoRP(t) D(t), 8t2[0,T],

where x represents the initial wealth. The set of admissible portfolio processég x),
consists of portfolios that, in addition to meeting the integrability and measurabil-
ity conditions, satisfy

Eox U(XP(T)) <¥.

Remark 2 (Max-Offer Condition Assumption Replacement) . In Korn and
Nurkanovic (2023), we introduced the so-caliedx-offer condition :

D) R (t):= maxfRy(t),...,Ry(t)g, 8t2[0,T]. (1.7)

The max-offer condition ensures feasibility (i.e., an admissible portfolio exists without
forced short-selling of suitable assets), but it does not eliminate the possibility of short-
selling in an optimal portfolio. However, for the results in Korn and Nurkanovic (2023) to
still be valid, we only have to require that there are at least two different ratings offered,
ie.,

9i,j210,..,dg s.t. R(t) & Ri(t), 8t2][0,T]. (1.8)

Thus, we omit the max-offer condition as an assumption in the results presented below,
particularly in Propositions 2 and 3, and instead assume {ia8) holds.

12
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Remark 3 (Trivial case when violation of (1.8)is allowed). A special case in which

a violation of the relatioif1.8) is permitted is when the sustainability constraifit.5)is
automatically satis ed, regardless of the portfolio choice. This occurs when all asset ratings
are identical, and uniformly greater than or equal to the sustainability demand, that is,

Ri(t)= R(t) D(t), 8i=0,1,...d, 8t2[0,T].

In this case, the portfolio-level sustainability rating becomes

d d
RP()= & Ri(t) pi(t) = R(t) @ pi() = R(t)  D(1),
i=0 i=0
so the constraint is satis ed fany admissible portfolip (t), including the unconstrained
optimump (t). As a result, the constraint has no effect on the sustainable optimal
solution.

Remark 4 (Max-offer condition still discussed in some numerical examples) . The
max-offer condition ensures the existence of an admissible portfolio that does not need a
negative position in some assets. In particular, we can always nd an admissible portfolio
without selling a sustainable asset short. This avoids strategies that rely heavily on short
positions in (less) sustainable assets, which could con ict with ecological objectives and
sustainability principles. Therefore, its importance will still be discussed in the numerical
examples.

De nition 6. The set of sustainable portfolids;(x) is de ned as the subset of the
admissible portfolio process&éx) that in addition satisfy the sustainability constraint
(1.5)and the assumptiofi.8).

Additional technical requirements will be introduced as needed in subsequent
sections.

We will present some examples of explicitly solvable portfolio problems below.
For this, we start with the simple setting of a fund that offers its members the
possibility to also invest in sustainable assets and will then look in more detail at
problems relevant for a life insurer (more in Chapter 4).

Let us also mention that we are not contributing to the vast literature of sustain-
able investment in the context of one-period portfolio optimization of Markowitz
type or multi-criteria variants of it (see e.g. Steuer and Utz (2023) or De Spiegeleer
et al. (2023) and the references therein). Our main interest is to present examples
of portfolio problems with explicit solutions that allow a clear interpretation and
that hint at some speci ¢ features/possibilities of insurance companies to cope
with various aspects of sustainable investments.

In particular, we are suggesting the use of continuous-time portfolio optimiza-
tion as it will turn out in Chapter 4 that the actuarial reserve fund of a life insurer
and its use in a continuous-time framework can play a central role in dealing with
sustainability rating risks and product construction.

1.3 Logarithmic utility

Firstly we use the log-utility function U(x) = In(x) and consider the portfolio
problem under the sustainability constraint as

max Egyx(In(XP(T))) st.RP(t) D(t) 8t2[0,T], (1.9)
pP()2A(X)

13
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where we have implicitly assumed that the relation (1.8)is satis ed. Application
of I1td's formula to In (XP(T)) leads to
Zq
Eox (N (XP(T))) = N()+ Eox  r+p®%b rD) pSsh()
+ SEqx p (t)dW(t)
0

Now, since p (t) is progressively measurable and Ezquare integrable with respect to
the ltration F (see De nition 5), it follows Eox p(t)dW(t) = 0, from which
we have

Eox (In (XP(T))) = In(x)
z

rEo @Y D) SpSsho a0

Pointwise maximization under the integral for xed t 2 [0,T]and everyw 2 W
yields the unconstrained optimal portfolio process p given by

p(t)=p =(ssH (b r), (1.11)

with 1= (1,...,9°2 RY. If the unconstrained optimal portfolio already satis es
the sustainability condition (1.5), then it is also the optimal sustainable portfolio.
If this is not the case then we apply elementary Lagrangian multiplier to the
integrand w-wise for every t 2 [0, T].

Lagrangian multiplier approach Setting up the family of Lagrangian functions
forevery t 2 [0,T] as

Lp.1)= r+p®T 1) ZpM%sh)

(1.12)
(D)  p(OR®)).
Differentiating L(p,! ) w.r.t. p, we get
p(t)= ss® "[(b rl)+IRMI, (1.13)
and from L; (p,l ) = 0, we obtain
D(t) p@t)R()= 0. (1.14)
Now, inserting Eq. (1.13) into Eq. (1.14) we get
| = DO (b r1 (ss% R(t) (1.15)

R(t)%(ss9 1R(1)

Since the (sustainability) constraint is linear in p (t) and the objective function is
strictly concave in p(t) (noting that ss@is positive de nite), the Karush-Kuhn-
Tucker conditions imply that the optimal portfolio process is given by

D(t) (b rl) (ss% R(Y) 5

opt _ o 1
(t)=ss (b i+ R(1)%(ss9 1R(t)

R(t)

This now yields the following result.
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Proposition 1. Under the assumption that the relatidii.8) is satis ed, the optimal
portfolio process for problefh.9)is given by

8 1 : 0 1
< (ss) “(b r1), ifR(t)(ss) (b r1) D(1),

opt _
t) = s ! 1.16
Ps (= (559 1 (b )+ P0G I FUR (D) | else. (1.16)

Remark 5 (Effects of the sustainability constraint for independent stocks) . In the
case of independent stocks, if the unconstrained optimal portfolio does not satisfy the
sustainability constraint (i.e., we are in the second case of the proposition) then we can

observe the following about the sustainable optinpif:

As nowss is a diagonal matrix and the summand we are adding is non-negative,
then compared to the unconstrained optimal portfolio, the stock positions will
be increased for stocks with a strictly positive sustainability rating, and remain
unchanged for those with a rating 0f

Possible credits (i.e., a negative bond position) will only be increased in absolute
value to buy additional sustainable stocks.

In the case of correlated stocks, the above remarks need not necessarily be correct. However,
it can still happen that

we will obtain an optimal negative bond position,

a negative bond position can only be avoided by a reduction of positions in non-
sustainable stocks.

In particular, for d= 1 we obtain

opt.y = D (1)/R(), if R(t) (b r)/s?2< D(t),
Ps (1) = (b r)/s? else.

Example 1 (Independent assets,d = 2). While the example in the preceding remark

is not extremely enlightening, we will present some interesting aspects in the setting of
d = 2 independent, sustainable stocks, a xed demBnand xed ratingsR;. If p

does not satisfy the sustainability constraint, then by the proposition we have to shift our
portfolio components according to

by r+cR | b, r+cR, _ D p;R1 pyR
s? » P2 s2 €= R?/ s2+ R2/ s2
1 2 1/ S1 2l S

Py '
Note again that to satisfy the rating constraint, we need to increase our stock positions, i.e.,
increase the risky fraction of our investment. This goes along with a reduction in the bond

- or in case of an insurer - a reduction of the investment in the actuarial reserve fund. The
explicit representations of the optimal admissible portfolio components also show that stock
positions with a non-positive sustainability rating stay constant and will in particular not

be reduced.

To illustrate our ndings with some numbers we choose the following gures:

D=0.2r=0.01,by = 0.03,0, = 0.04,5; = 0.2,5, = 0.3,R; = 0.1,R, = 0.3.
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This then yields
p =(1/2,1/3),RP =0.1 1/2 + 0.3 1/3 = 0.15< 0.2= D, c= 0.04,

i.e., the unconstrained optimal portfolio does not satisfy the sustainability constraints. As
described above, we then obtain the optimal admissible sustainable portfolio as

.02+ 0. .03+ 0.
0.02+ 0.004 _ 0.6, p, ! 0.03+ 0.012 _ 0467

Pa> 0.04 2 0.09

Hence, it can easily be seen that both the portfolio return increase®f3to 0.036
and the portfolio volatility increases from approximatel§4to 0.18for the purpose of
satisfying the sustainability constraint. If we in addition require a non-negative bond
component, then the optimal admissible sustainable portfolio egual.5.

Remark 6 (The ARF as xed rate investment) . If the bond component is given by the
annual declaration of the actuarial reserve fund (ARF) of a life insurer, then it makes sense
to assume that it also has a sustainability ratiRg. As a rst consequence, we obtain a
new representation for the portfolio sustainability rating as we have

RP(t)= 1 1% (1) Ro+p (t)°R=Ro+ p ()°(R(t) Rol).

We can then solve the constrained portfolio problem again via a Lagrangian approach and
obtain a modi cation of Proposition 1.

Proposition 2. Let us assume relatiofil.8)is satis ed. If the bond/actuarial reserve fund
possesses a sustainability ratiRg O, then the optimal portfolio process for problem
(1.9)is given by

% (ss9 1(b rl),
if Ro+(R(t) Ro1)%ssY *(b r1) D(t),

1 D(t) Ro (b r))%ssd “(R(t) Rol)
3 (89 7 (0 D T Ry R0 R (RO Rod)

poPi(t) =

else.

Remark 7. All results remain valid if the sustainability rating varies over time, i.e., by
replacingRg with a time-dependent functioRg(t). However, we assume a constétfor

two main reasons: (i) sustainability ratings are typically assigned annually; and (ii) this
mirrors the modeling assumption of a constant risk-free ratehich in ARF-type setups

is also usually xed for one year. Additionally, the assumption simpli es the notation
throughout the derivations.

Note that the interpretations are similar to those already given after Proposition
1, but now due to the subtraction of Rgl, we can see that — at least in the case of
independent stocks — positions of a stock with a sustainability rating below that of
the actuarial reserve fund will be reduced if the unconstrained optimal portfolio
is not admissible. We will highlight the effect of a positive rating of the actuarial
reserve fund in the next example.
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Example 2 (The case of a sustainable actuarial reserve fund) We consider the case

of D(t) = D, two independent and non-sustainable assets Re5 R, = 0), but a
sustainable ARF witlRg > 0. Assuming that the unconstrained optimal portfolio is not
admissible under sustainability constraints, we obtain the optimal sustainable portfolio as

by r cRy b, r cRy __ D Ro(l p; p,) s2s?
2 . P2 ! 2 » €= R2 24 g2’
S1 S2 0 S17 S

P!

i.e., we look at the same portfolio problem if we replace the drift coef Qs cRy.
To illustrate our ndings with some numbers we choose the following gures:

D=0.2r=0.01b=0.03b,=0.045s;=0.2,5,=03,Ry= 03,R; = Ry, = 0.
This then yields
p =(1/2,1/3), R® = 0.3 1/6 = 0.05< 0.2= D, c= 0.0462,

again, the unconstrained optimal portfolio does not satisfy the sustainability constraints.
Now, we obtain the optimal admissible sustainable portfolio as

p;! 0.154, p,! 0.179, py ! 2/3.

Hence, both the portfolio return decreases ftb@8to 0.018and the portfolio volatility
decreases froh14to 0.062for the optimal sustainable portfolio. Further, as a consequence
of the sustainability constraint, the optimal growth rate decreases @62to 0.0165

1.4 Power utility

Now, we aim to solve the same constrained problem but under the power utility
function. To utilize stochastic control methods, we make the following simplifying
assumption.

Assumption Al: Let both the sustainability ratings and the demand for sustain-
ability be constant in [0, T]. That is, we assume

R()= R 0, (1.17)
D(t)=D 0, 8t2][0,T]. (1.18)

With Assumption Al, we now consider the portfolio problem under sustain-
ability constraints, using the power utility function U(x) = éxg, g6 0,g< 1
The problem is now de ned as

max Egy l(x'D(T))g , StRP(t) D, 8t2]0,T], (1.19)
p()2A(X) g

where we again assume that relation (1.8) is satis ed.
Remark 8 (Signi cance of Assumption A1) . While the assumption of constant ratings

and demand is admittedly a simpli cation, it aligns with the common practice in the
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literature on portfolio problems involving sustainable assets, which typically adopt a static
mean-variance framework (Pedersen et al. (2021); Utz et al. (2014); Varmaz et al. (2024)).

In the logarithmic utility case, it is even possible to accommodate stochastic ratings
and demand. This, however, necessitates modeling their respective dynamics and adjusting
the portfolio strategy accordingly. If both ratings and demand are adapted to the Brownian

ltration, no further modi cations are needed within this framework.

When demand and ratings are deterministic, the HJB-equation-based approach pre-
sented below remains applicable — provided that the resulting nonlinear PDE is solvable.
This solvability, however, may depend critically on the speci c functional forms of the
demand and rating processes, as non-smooth coef cients could emerge and may require a
dedicated analytical treatment. A stochastic rating or demand process would, in contrast,
increase the dimensionality of the PDE. Notice, that in particular, if the ratings and
demand are continuous, no modi cations are needed in this framework.

Moreover, in practice, it is quite plausible that ratings are updated only periodically,
e.g., annually, rather than continuously, although changes may still occur at those discrete
intervals.

Unconstrained solution  Recall that the unconstrained solution can be obtained
by solving the Hamilton—Jacobi—Bellman (HJB) equation, leading to the optimal
portfolio process (see Korn and Korn (2000)):

(1.20)

Now, imposing the constraint RP (t) D, and assuming Ry > 0 such that
RP(t) = Ro+ p{R Rgl), the problem involves solving the HIB equation with
the additional sustainability constraint as

O=sup vi+x r+pqb rl) ve+ %xzpassopvxx ,
P (1.21)
v(T,x) = 5xg, st.D Ro+ pYR Rpl), 8t2]0,T]

Lagrangian multiplier approach We set up the family of Lagrangian functions
forevery t 2 [0,T] as
Lp.1)= vt x 1+ p%b 11) vt 2 Ss v
(D Ro PYR Rol).
Differentiating L(p,! ) w.r.t. p, and solving L, (p,l ) = 0, we obtain

(b r( vx) (R Rol)
XVxx X2Vxx

p(t;1)=(ssY *

Inserting thisinto L, (p,l ) = 0, we get

(D Ro)+(b r)Yss9) YR Rl
R RDGss) (R R @

| = X%y
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Thus, the candidate for our optimal portfolio process is given as

pd () =(ss9) *(b ry) >~

D Ro (b r1)%ss9) YR Rol)x (1.23)
(R Ro1)Yss9 (R Rpl) (R Rol).

+(ss9 *

In order to nally prove that the candidate  poP'(t), given by either p in the
rst case, and by Eq. (1.23)in the second case, is indeed the optimal portfolio
we are looking for, we need to put it back into the HJB equation (1.21)to nd
v(t,x) and see if it satis es the necessary assumptions of being suitably smooth,
increasing, and concave. Further, since we have an inequality constraint, we need
a non-negative Lagrangian multiplier in case of an increasing and concave value
function v(t, x). Then, with the fact that p 2P(t) is bounded and continuous, we
can show a suitable veri cation theorem. For more literature on HJB theory see
e.g., Fleming and Soner (1993), and for HIB problem with constraints see e.g., Yiu
(2004).
Let us make the following assumption.
Assumption A2: Let either of the following relations (1.24)or (1.25)be satis ed
forevery t 2 [0,T]:
rRP (O D, (1.24)

RP U < D, (1.25)

In case of relation (1.24) the unconstrained optimal portfolio already satis es
the sustainability constraint and is thus also the optimal sustainable portfolio.

In the case of relation (1.25), we substitute the optimal portfolio pgpt(t) from
Eqg. (1.23) into the HIB equation(1.21)and use the ansatzv(t, x) = lxg f(t). Since

v(T,x) = gxg it follows that f(T) = 1. Plugging the candidate solutlon pOpt(t)
and the ansatz with its derivatives into the HJB equation, and omitting the supre-
mum, we obtain the following simpli ed form

0+ g r+pdf®Ib )+ 3 L&Dty 1) f(t)=0
st. f(T)= 1.

We introduce the following substitution

at) =g r+pd b 1)+ —pgpt(t)oss"pgp‘(t)(g ) . (1.26)
where now, due to Y = g—ll poPis given as
opt _ rl
()=(ssY ! 1 J

D Ro+ ﬁ(b r))qss9) YR Ryl (1.27)

(R RoDYss9 YR Rol) —(R Rol)
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As p2P(t) is a constant now, a(t) is a constant, too. Thus, we only have to solve
the simple linear ODE

1ty + af(t)= 0

st. f(T)= 1, (1.28)

which yields f(t) = éXT V. Then, the value function is given as
v(t,x) = éxge‘3‘(T 0,

In our case of constant ratings and constant demand, f(t) is differentiable and

positive. Additionally, as % = ﬁ, it follows | 0. Thus, v(t, x) is positive, in

C12, concave and increasing. Therefore, we arrive at the following result.

Proposition 3. Let us assume that Assumptions A1 and A2, as well as the reldfid)
are satis ed. If the bond/actuarial reserve fund possesses a sustainability Rating),
then the optimal portfolio process for probléiml9)is given by

S 25(ss9 *(b ),
% if Ro+ (R RoD)°:(ss) *(b r1) D,
pe’(t) = _ ig(ss9 ! (1.29)

(1 9)(D Rg) (b r)%ssY YR Rol)
b rl+ (R Fgol)o(ssfb I(R Rol) (R Rol)

* WO

else.

In the following, we present two examples with different values of parameter
g, while the rest of the parameters are xed.

Example 3 (Low parameter g). To illustrate our ndings with some numbers we choose
the following gures

D= 0.4y =0.01b = 0.03bp=0.04551 = 0.2,5, = 0.3,
Ro= 0.3,R; = 0.1,R, = 0.2,g= 0.5.
Now, this yields
p =(0.33,0.22, R® = 0.21< 0.4= D,
again, the unconstrained optimal portfolio does not satisfy the sustainability constraint.
Now, we obtain the optimal admissible sustainable portfolio as
P! 0.51, p,! 0.033, py! 1.477.

We lowered our positions in the risky assets, in order to increase the position in the riskless
asset, due to its highest ratirigy = 0.3, The portfolio return decreased fran023to
0.00067and the portfolio volatility increased froh09to 0.1 for the optimal sustainable
portfolio.

Example 4 (High parameter g). Compared to the previous example, we are now only
changing the value of power utility parameter to a higher one, i.e., wg s€0.5. Thus,
the gures we are using are given as follows

D = 0.4r = 0.01,b; = 0.03, = 0.04,5; = 0.2,5, = 0.3,
Ro= 0.3,R; = 0.1,R, = 0.2,g = 0.5.
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This then yields
p =(1.0,0.67%, RP = 0.033< 0.4= D,

again, the unconstrained optimal portfolio does not satisfy the sustainability constraint.
Now, we obtain the optimal admissible sustainable portfolio as

pq! 0.65, p,! 0.3, pg! 1.35

In this case, we lowered our position in the rst risky asset even more, but improved our
position in the second risky asset. Here, both the portfolio return decreaseds Gfim
0.006and the portfolio volatility decreases frén283to 0.158for the optimal sustainable
portfolio.

Remark 9 (Higher g does not necessarily imply higher values of pgpt). Comparing

the two examples, we observe that the sustainable optimal position in the rst asset is
pgplt 0.51for the lower risk aversion parametgr= 0.5, andpOIOt = 0.65for the

higher valueg = 0.5. Thus, increasing did not lead to a higher investment in the ( rst)

risky asset — contrary to the behavior typically seen in the unconstrained case. We discuss

this phenomenon in more detail in Section 1.5.3.

1.5 Sensitivity analysis for independent stocks

To demonstrate the impact of our proposed sustainable portfolio optimization
approach, we present a series of numerical examples supported by both 2D and
3D visualizations. Throughout this section, we assume that relation (1.8) holds.
We will consider the cases when the demand is not met by the unconstrained
portfolio and we restrict ourselves to independent stocks. This impliesthat (ss9 1!
is diagonal with strictly positive values, which simpli es the analysis.
Most of the numerical analysis is conducted for a portfolio dimension of
d = 2, representing investments in two stocks and a bank account. In these
examples, both sustainability ratings and investor demand are assumed to be
time-invariant. However, the nal example in this section extends the analysis to
d = 4, corresponding to investments in four stocks alongside a bank account.

The 3D plots illustrate the optimal sustainable portfolio pgpt as a surface,
varying with respect to two input variables: demand and one selected rating. For
comparison, the components of the unconstrained portfolio p are depicted as at,
light-green surfaces. In regions where the unconstrained portfolio already meets

the demand D, we have pgpt = p , which is visually marked as a brown patch
on the at surface. These regions highlight where the sustainability constraint is
naturally satis ed without adjustment.

The color scheme of the 3D plots is as follows: red shades indicate negative val-
ues of p g, white denotes zero values, and blue shades represent positive portfolio
positions.

In the 2D plots, we display individual components of pgas red lines, while the

corresponding optimized components pgpt are shown in green.

All visualizations were created using Python and the matplotlib library.
These gures are intended to emphasize key takeaways, such as the conditions un-
der which the optimal sustainable portfolio deviates from the unconstrained one,
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and to illustrate the effect of sustainability constraints on portfolio composition
across different utility functions and scenarios.

1.5.1 Theeffectof Rj Rg

Assuming the assets are independent, the matrix (ss9 1is diagonal with strictly
positive entries. Recall that the sustainable optimal portfolio is given by

PP ()= £(ss) * b 11

+(1 9)(D Ry (b r1)qss9) (R Rol)
(R RoDUss9Y (R Rel)

where A = 1 for the log utility case and A = 1 g for power utility.

If the unconstrained portfolio already satis es the sustainability condition,
then the second term in the brackets vanishes. Otherwise, if the unconstrained
optimum violates the sustainability constraint, the numerator of the correction
term is strictly positive for both utility functions. Since (ss9 1is positive de nite
and (R Rgl) is a non-zero vector due to the assumption (1.8), the denominator
is also strictly positive. This implies that the entire correction term is positive in
the direction of the vector (R Rgl).

Therefore, the deviation of the sustainable optimal portfolio pgpt from the
unconstrained optimum p dependsonthesignof R; Rg:

(R Rol) ,

« If Ri> Ro, thenpd > p;;

« If R < Ro,thenpd < p;;

* If Rj= Ro,thenpg> = p,.
Note that these clear-cut inequalities only hold in the case of uncorrelated assets.
For correlated assets, the impact of the correction term is more complex due to
the non-diagonal structure of (ss9 1, and the direction of change for each asset
weight may no longer align directly with the signof R; Ro.

1.5.2 Change of demand D

We can also compute the derivative of the sustainable optimal portfolio p gpt with
respect to the demand level D as

TP 1

B - R RDT9 (R RoD

for both log utility and power utility cases.

As established earlier, the denominator in this expression is strictly positive
due to the positive de niteness of (ss9 1. Moreover, since the matrix (ss9 ! has
strictly positive entries on the diagonal (under the assumption of independent
assets), the sign of each component of the derivative vector is entirely determined
by the sign of the corresponding componentof R Rgl.

Therefore, for each asseti, the behavior of the sustainable optimal weight pgﬁt
with respect to increasing demand D falls into one of the following two categories:

(R Rol), (1.30)
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« CaseR; > Rq: The asset is more sustainable than the risk-free asset, andp o

increases monotonically with D;

» CaseR;j < Rg: The asset is less sustainable than the risk-free asset, ang g'?t

decreases monotonically with D.

This behavior aligns with sustainability-economic intuition: when the sustain-
ability demand D increases, the optimal strategy shifts more capital into assets
with higher sustainability ratings than the benchmark Rp, and away from those
with lower ratings. In the latter case, reducing investment in less sustainable assets
allows the investor to more ef ciently satisfy the higher sustainability requirement
by relying more heavily on the risk-free asset, which now offers a comparatively
better rating.

Figure 1.1: The behaviour of pgpt for both assets in dependence of D and R;. We consider
independent assets, i.e.,s1» = 0,51 = 0, R, < Rgand both D, R; 2 [0,0.5. The rest of the
parameters are xed and the values are given in the title above the plot. The values of p,
and p, are seen as the at green surfaces

In Fig. 1.1, we illustrate the dependence of the sustainable optimal portfolio

p& on the demand level D and the sustainability rating R; of assetS;. The

behavior of pgplt with respect to D is monotonic and changes depending on the

relation between R; and the benchmark rating Ry = 0.3 for R; < 0.3 po)

decreases with increasing D, while for R; > 0.3 itincreases. This aligns with the
earlier analytical result that the sign of the derivative ‘ﬂpgf’lt/ 1D depends on the
signof Ry Rqy.

For assetS,, whose rating is xed at R, = 0.1< Rg, we observe a consistent
monotonic decrease in pgf)zt as D increases. This re ects the fact that S, is less
sustainable than the benchmark, making it less favorable in portfolios subject to
tighter sustainability constraints.

Furthermore, for Ry > 0.3 we observe that the optimal sustainable position
pgplt exceeds the unconstrained optimum p,, indicated by values rising above the
green surface in the plot. This occurs particularly at high demand levels, where $;

becomes more attractive than the benchmark in terms of sustainability. To meet
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the higher sustainability requirement, the investor allocates more capital into the
most sustainable asset -S; in this case.

As R; increases further, this shift allows the sustainable constraint to be met
more easily, making room for a partial reallocation back into S,. This is visible
in the right plot, where blue shades (indicating higher values of p gpzt) appear for
R; > 0.4. Consequently, the sustainable optimal portfolio gradually approaches
the unconstrained one, as both asset weights become less distorted by the sustain-

ability constraint.

Figure 1.2: The behaviour of pgpt for both assets in dependence of D and Ry. We consider
independent assets, i.e.,s1» = 0,S,1 = 0, Ry > Ry and both D, Rg 2 [0, 0.5. The rest of the
parameters are xed and the values are given in the title above the plot. The values of p,
and p, are seen as the at surfaces

In Fig. 1.2, we examine the dependence of the sustainable optimal portfolio
pgpt on the demand level D and the benchmark sustainability rating Rg. All other
parameters are kept xed as in the previous analysis, with the exception that we

now vary Rgand set the rating of asset$S; to R; = 0.3.

At rst glance, on the plot on the right, the behavior of pgpzt appears similar
to that observed previously. However, a closer inspection reveals that for low
values of Ry, speci cally when Rgp < 0.1= Ry, the sustainable optimal position
in S, exceeds the unconstrained optimal allocation p,. Similarly, for asset S, on
the left plot, we observe that for Ry < 0.3 = Rj, the corresponding sustainable
optimal position pgplt also surpasses its unconstrained counterpart. This occurs
because, in both cases, the asset's individual sustainability rating R; is greater than
the benchmark R, i.e.,Rj > Rpfori= 1,2.

Given that S; has a relatively high and xed sustainability rating of R; =
0.3 we do not observe any negative positions in this asset across the grid. The
consistent attractiveness of S; from a sustainability perspective ensures it remains
a favorable component of the optimal portfolio, even as the benchmark Rg varies.
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1.5.3 Change of power utility parameter ¢

The derivative of the sustainable optimal portfolio pgpt with respect to the risk
aversion parameter g is more complex to analyze. It takes the following form

dept_ 1
do - %) @ g ®
1 (1 g)D Rg+(b ryYssY YR ROl)(R Rol)
(1 g)? (R Ro)qss) YR Rol),, .
1 (D Ro)

(R Rol) .

1 g (R Ro1)Yss9 YR Rol)

This expression consists of three summands. The rst term is strictly positive
due to the structure of the risk premium. However, the signs of the remaining
two terms are less straightforward and can vary depending on the relationship
between the parameters. Speci cally, to ensure that both the second and third
terms are non-negative for an asseti, we must require R; Rg,aswellasRy D.

In low-dimensional settings, these conditions may often coincide with the
trivial case where the unconstrained optimal portfolio already satis es the sustain-
ability constraint, owing to uniformly high sustainability ratings. In such cases,
the behavior of pgpt with respect to g aligns with that of the unconstrained case —
namely, higher risk aversion (i.e., smaller g) leads to higher allocations in risky
assets.

However, when the portfolio includes a larger number of assets — particularly
if only the risk-free asset and one stock satisfy R; D while several others have
substantially lower ratings — the unconstrained optimum may no longer ful Il the
sustainability requirement. In these more nuanced settings, the derivative with
respect to g can exhibit more complex and less predictable behavior, as illustrated
in Fig. 1.6.

Numerical exploration of the parameter g To gain a deeper understanding
of the role played by the risk aversion parameter g, we examine numerical il-
lustrations of both the unconstrained optimal portfolio p and the sustainable

optimal portfolio pgpt as functions of g. The analysis is performed under the
assumption of independent assets, with g ranging over the interval ( 3,1). In
particular, g = 0 corresponds to the logarithmic utility case. In the gures, red
lines represent the unconstrained optimal portfolio p , while green lines indicate
the sustainable counterpart pgpt. All visualizations were produced using Python
with the matplotlib library. The xed parameters relevant to each case are pro-
vided above the corresponding gures. The rst three gure — Fig. 1.3, Fig. 1.4,
and Fig. 1.5 — depict settings involving one riskless and two risky assets. Fig. 1.6
extends the analysis to a case with four risky assets.

Investment with Two Risky Assets Through Fig. 1.3, Fig. 1.4, and Fig. 1.5,
the parameters b, s, r, and D are held constant, while different asset ratings are
considered.
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Figure 1.3: The behaviour of b for both assets in dependence ofg, where Ry, R, < Rgp and
Ro = D. The rest of the parameters are xed and the values are given in the title above the
plot

Figure 1.4: The behaviour of p and po” for both assets in dependence of g, where

R1,R> < Rgpand Rp > D. The rest of the parameters are xed and the values are given in
the title above the plot

In both Fig. 1.3 and Fig. 1.4, the asset ratings satisfyR;, R, < Rg. Consequently,
the green lines (sustainable optima) lie below the red lines (unconstrained optima),
re ecting the need to allocate more capital to the riskless asset — with the highest
rating — to satisfy the demand constraint. Notice how in both cases, the sustainable
and unconstrained optimum show opposite monotone behaviour for S in the
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left plot, while the monotonicties coincide for S, on the right. In both cases, the
lower the valeus of g, the closer the sustainable and unconstrained solutions are.
Between the two cases, Fig. 1.4 exhibits a closer alignment between the sustainable
and unconstrained optima across different values of g, a result of improved asset
ratings relative to Fig. 1.3 (speci cally, Rqis increased from 0.4 to 0.5, andR; from
0.2t0 0.3).

In Fig. 1.5, the ratings are adjusted to Rp = 0.2 R; = 0.1, and R, = 0.5, so that
R; < Rp < Ro. This leads to a reversal in behavior: for the asset with R, > Ry,
the sustainable optimum exceeds the unconstrained optimum, as shown by the
green line surpassing the red one in the right panel. Due to the relatively high
demand level D = 0.4, investments in the high-rated asset S, must increase to
meet this target. Interestingly, in this case, convergence between the sustainable
and unconstrained optima occurs at higher values of g, in contrast to the earlier
gures where such convergence happened at lower values of g.

Figure 1.5: The behaviour of p and pgpt for both assets in dependence of g, where

R;1 < Rg,R2 > Rgand Ry < D, but R, > D. The rest of the parameters are xed and the
values are given in the title above the plot

Investment including 4 risky assets Figure Fig. 1.6 considers a more complex
portfolio composed of one riskless and four risky assets. The xed demand
remains D = 0.4, and the ratings are set as follows: Ry = 0.4, R; = 0.1, R, = 0.05
Rz = 0.45 and R4 = 0.0. In this setting, only Rz exceeds the benchmark rating Ry,
while the other ratings fall below it.

Consequently, the sustainable optimal portfolio surpasses the unconstrained
optimum only for the third risky asset Sz, which has the highest rating ( Rz = 0.45),
as illustrated in the third panel from the left. Although both Ry and R3 exceed
the demand D, the presence of several low-rated assets prevents full alignment
between the sustainable and unconstrained portfolios.

A key feature evident in this gure is that convergence between the two
portfolios does not occur uniformly across all components. For the asset with the
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highest rating ( Sg), the sustainable and unconstrained allocations closely match
over a wide range of g values. In contrast, the allocations for the lower-rated assets
show greater divergence, emphasizing the uneven in uence of the sustainability
constraint across the portfolio.

Interestingly, although the fourth stock has the lowest rating, R4 = 0.0, the
sustainable optimum for this component does not deviate as strongly from its
unconstrained counterpart as observed for the rst two stocks, which have com-
paratively higher ratings. This apparent discrepancy is explained by the fact
that the fourth stock possesses the highest value of the drift parameter, namely
b = 0.065 Thus, despite its low rating, the high expected return contributes to
maintaining its allocation relatively close to the unconstrained optimum.

Across all the gures, we observe that for higher values of g, the unconstrained
optimal portfolio positions increase consistently — re ecting a well-known result
in classical power utility optimization. However, this monotonic behavior does
not necessarily hold in the sustainable setting. Speci cally, we see this deviation
in Fig. 1.3, Fig. 1.4 (left plots), and the leftmost plot of Fig. 1.6. This indicates
that, in the context of sustainable portfolio optimization, an investor with a higher
preference for risk (i.e., higher g) does not necessarily allocate more to risky assets,
highlighting the complex interaction between sustainability constraints and risk
preferences.

Figure 1.6: The behaviour of p and pgpt for 4 assets in dependence ofg, where
R1,R2,R4 < Rg,R3 > Rpand Ry = D. The rest of the parameters are xed and the
values are given in the title above the plot
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1.6 Conclusion

With their ability to invest large amounts and to hold them over long horizons,
life insurers and pension funds are uniquely positioned to play a pivotal role in
the transformation of industrial societies toward a more ecologically sustainable
future. However, for this potential to be realized, the investment process must
incorporate additional components beyond traditional risk-return considerations.

A crucial rstingredient is the establishment of a widely accepted and easy-
to-understand ESG or sustainability rating system for investment opportunities.
Such a rating enables customer preferences for sustainability to be systemati-
cally incorporated into the portfolio optimization process as constraints re ecting
sustainability demand.

In this work, we have analyzed the consequences of including a sustainability
constraint in the classical portfolio optimization framework. In particular, we
emphasized the important role that a xed-rate investment with a non-zero sus-
tainability rating can play. This role can naturally be ful lled by the actuarial
reserve fund of an insurance company.

We theoretically established key monotonic relationships within the sustainable
optimization framework for independent assets and validated them through
numerical simulations, supported by both 2D and 3D visualizations. A central

nding is that the direction of deviation of the sustainable optimal portfolio

opt . . .
component pg; from its unconstrained counterpart p; depends entirely on the
signof Ry R, i.e., the difference in sustainability ratings between the risky asset

and the riskless asset. This same rating difference also determines the monotonic

behavior of p gﬁ’t with respect to changes in the sustainability demand D.

Furthermore, we examined the behavior of the optimal allocation under power
utility and found that the standard intuition from unconstrained optimization —
where a higher risk aversion parameter g implies higher investment in risky assets
— does not necessarily carry over in the presence of sustainability constraints. This
highlights the complex interactions between risk preferences and sustainability
considerations in investment decisions.

Altogether, our ndings underscore the need for further research into sustain-
able investment frameworks, especially under different utility speci cations, and
how they interact with regulatory and practical constraints relevant for institu-
tional investors. In the chapters that follow, we build further on this work.
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This chapter builds upon the work presented in Korn and Nurkanovic (2025).
While the key results and some of the examples originate from that publication,
we extend the analysis considerably by providing additional detail and several
new examples that go beyond the scope of the original work.
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2.1 Motivation

In the previous chapter, we discussed how to adjust the portfolio positions so that
the optimal portfolio satis es the sustainability constraint. In this chapter, we
introduce a novel methodology, which we refer to as sustainable taxationto recon-
cile traditional unconstrained portfolio optimization with sustainable investment
objectives.

Previous studies have highlighted the in uence of taxes and regulations as
primary forces behind climate change policies, underscoring their importance
in guiding sustainable investment approaches (Yuyin and Jinxi (2018); Morley
(2012); Shahzad (2020)). In our case, sustainable taxation involves modifying key
market parameters, particularly the vector of mean returns on assets b, to ensure
that the optimal portfolio aligns with sustainability goals even in the absence of
explicit constraints. Rather than imposing rigid sustainability constraints that
could disrupt investors' decision-making processes, we explore how adjusting the
drift coef cients of risky assets can naturally guide portfolios toward meeting ESG
criteria. This approach allows investors to achieve compliance with sustainability
requirements without directly integrating these criteria into their utility maxi-
mization process. In this framework, sustainability requirements can be seen as
external conditions set by regulators or in uential institutional players, requiring
portfolios to meet speci ¢ ecological or social standards. Our approach quanti es
the necessary adjustments to market coef cients, equivalent to applying subsidies
or taxes to particular assets, so that portfolios inherently satisfy the sustainability
demand.

This conceptual model is in line with international initiatives that use scal
tools to achieve environmental goals. For example, the United Kingdom enforces
the Climate Change Levy (CCL), an environmental tax applied to businesses and
the public sector to encourage greater energy ef ciency and lower greenhouse
gas emissions, UK Parliament. Similarly, Costa Rica has implemented a 3.5%
carbon tax on hydrocarbon fuels since 1997, directing a portion of the revenue to
its “Payment for Environmental Services” program, which promotes sustainable
practices and forest conservation among landowners, Meyer (2009). These practi-
cal examples illustrate how governmental scal measures can drive sustainable
investment, reinforcing the relevance of our proposed equilibrium framework on
taxation and subsidization.

We continue with the mathematical setting from Section 1.2. Building on the
foundation of sustainable portfolio optimization from the previous chapter, in
Section 2.2 we derive explicit formulas for the modi ed market coef cients b
under both logarithmic and power utility settings. These adjustments ensure that
unconstrained optimal portfolios inherently comply with sustainability criteria. In
Section 2.3, we perform a detailed numerical analysis, examining how adjustments
to drift coef cients depend on factors such as asset ratings, correlations, and
sustainability demand levels ( D). Furthermore, in Section 2.3.4, we investigate the
in uence of the power utility parameter g on these adjustments. Finally, Section 2.4
introduces the concept of a “sustainable measure,” within which optimal portfolios
naturally satisfy sustainability constraints, providing a cohesive framework for
sustainable investing.
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2.2 Sustainable taxation — theoretical concept

To encourage greater acceptance of sustainable investments, it would be advan-
tageous if investors could automatically invest in a manner that aligns with sus-
tainability requirements. This can be achieved in one of two ways: either the
sustainability constraint is suf ciently small so that the unconstrained optimal
portfolio already satis es it, or the market parameters are such that the uncon-
strained portfolio meets the desired sustainability criteria.

The rst approach leaves the conventional behavior of the investor unchanged.
In contrast, the second approach requires modifying the market coef cients ap-
propriately. In this work, we focus speci cally on adjusting the drift coef cients b
of the stocks to ensure that the unconstrained optimal portfolio in the modi ed
market satis es the sustainability constraint. N

Speci cally, we aim to determine the adjusted drift vector b, denoted by b, such
that the unconstrained optimal portfolio

p =(ss9) b r1),

becomes admissible, i.e., suf ciently sustainable. In other words, we seek an
adjusted b such that

p =pd, 2.1)

where pgpt represents the optimal portfolio that satis es the sustainability con-
straints.

As noted earlier, we assume that the original unconstrained portfolio p does
not satisfy the sustainability requirements. Therefore, our goal is to quantify
the necessary adjustments to the components ofb, essentially determining the
extent to which these components should be "taxed” or "subsidized" to make
p sustainable. We refer to the adjustment from bto b as sustainable taxatiofor
simplicity.

Additionally, we assume that R; Oforall i, including the risk-free component,
which can be interpreted as the actuarial reserve fund of a life insurer. Using
Proposition 2, we derive the explicit formula for b under the log-utility framework.

Proposition 4. Let us assume that relatigfi.8)is satis ed and that we have
D() Ro (b r)%ss) YR() Rol)> 0, (2.2)

i.e., the unconstrained optimal portfolip = (ss9 (b ri1) does not satisfy the
sustainability constraint. Then, in the case of the logarithmic utility function, for the
choice ob given by

D(t) Ro (b r1)Yss9) *(R() Rol)
(R(t) Ro1)Ass9 (R(t) Rol)
as the new drift vector, the sustainability constraint is already satis ed for the uncon-

strained optimal portfolio, which is then also the optimal portfolio process in the market
with drift vector b.

b= b+

(R() Rol)  (2.3)
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Proof. From Proposition 2, we know when Ro+ (R(t) Rg1)%(ss9 *(b r1) <
D (t) holds, that p o™ is given as follows

opt

ps (V)=

ss? 1 (b rl)+

#

D() Ro (b r1)%ss) "R Rod) v gy

(R() Ro1)O(ss9 '(R(t) Rol)

Now, as we want pgpt(t) = (ss9 b rl , equating both sides we arrive to

1 ~
ss® b r1 =

" #
6s® 1 (b rp+ DO R (0 rD%ssY RO RoD) poy gy
B (R() Ro1)9%ss9 *(R(t) Rol) o
which is equivalent to
5 r1=b 1+ DO R (b r;)o(ssl% YR RoD) iy R,
(R(1) Ro1)O(ss9Y “(R(t) Rol)
This directly yields
0 1
b=+ 20 _Ro (0 r(ss) (RO Rob) gy pyy.
(R() Ro1O(ssY “(R(t) Rol)
]

The state as the big investor Before examining the sustainable taxation problem
under power utility functions, it is important to clarify the setting: taxation and
subsidies cannot be tailored to individual investors. There must be a single,
uni ed taxation policy, determined solely by the sustainability of a company
and its current drift rate. Accordingly, we model a single representative, a big
investor, namely the state. The decision to impose taxes or grant subsidies lies with
the state and is intended to incentivize investment behaviors that align with its
sustainability preferences. In this context, introducing a different utility function
simply re ects the possibility that the state operates under a utility function other
than the logarithmic one.

Using the same method of proof for the case of power-utility, from Proposition 3
we get the following result.

Proposition 5. Let us assume that Assumptions A1l andA2s well as relatioif1.8)
are satis ed. If the bond possesses a sustainability rd&ifg 0, and the unconstrained
optimal portfoliop = ﬁ(ss% Y(b r1) does not satisfy the sustainability constraint,
i.e., the following holds

D Ry ﬁ(b 1)%ss9 YR Rol) > O, (2.4)

1See Section 1.4.
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thenb for power utility is given by

L@ 9D Ry (b r)%ssH YR Rol)
(R RoDUssY YR Rol)

CT

representing the new drift vector, for which the sustainability constraint is already satis ed
for the unconstrained optimal portfolio, which is then also the optimal portfolio process in
the market with drift vectob.

Remark 10. Let us for a moment analyze the behaviour of these formulae. Consider the
case when the sustainability demand is not satis ed, i.e., when welh&vé. Then

the nominator of the fraction in the second summand has a positive sign for both utility
functions. Asssis positive de nite, it follows that its inverse is also positive de nite,
which implies that the denominator is positive as well. This implies that the fraction in the
second summand bfis positive. Therefore, whetHerWlII be greater or smaller thah

solely depends on the signRf Ro. If Rj > Ro, we haved > by, while forR; < R,

we geth; < bj. See e.g., Fig. 2.1, Fig. 2.3.

Furthermore, in the context of a life insurer, the actuarial reserve fund (ARF) can be
interpreted as a (temporary) money market account, since its interest return — the so-called
declaration — is xed annually. In our previous work Korn and Nurkanovic (2023) we
discussed the possibility for a life insurer to restructure its ARF with the aim of achieving
a higher sustainability rating. In this thesis this is discussed in Chapter 4.

By imposing higher sustainability requirements on the ARF, it may be possible to
reduce or even eliminate the need for subsidies on certain desired stocks when increasing
their drift from by to by, as the sign of this adjustment depends only on the sig of Ry.

Thus, an appropriately chosen sustainability threshold for the ARF can result in signi cant
savings for the state in terms of reduced subsidy expenditures.

Additionally, this framework provides an alternative interpretation of the taxation
mechanism: companies with particularly high sustainability ratings ¢ Rg) receive a
subsidy on their dividends, while those with lower ratings are taxed.

2.3 Numerical examples and sensitivity analysis

To illustrate the effects of our proposed sustainable taxation and subsidies, we pro-
vide a series of numerical examples accompanied by 3D and 2D plots. Throughout
this analysis, we maintain the standing assumption that relation (1.8)is satis ed.
Our numerical exploration focuses on the case where the portfolio dimension is
d = 2, i.e., we are investing in two stocks and a bank account, where both the
sustainability ratings and the demand are assumed to be constant over time.

For simplicity, we sometimes refer to the ratings of the risky assets as R; and
R; (wherei,j 2 f1,2gand i 6 j). Notably, when R; = Ry, it follows that b = by.
Additionally, taxation to I only occurs when R; < Ry, as per Eq. (2.3) and Eq. (2.5).
Consequently, we consider scenarios where at most one risky asset rating exceeds
Ro, and we assumeby, b, > r. ~

For the 3D plots, we visualize b as a surface dependent on two variables (such
as the sustainability ratings of the assets in Section 2.3.1). The components ob are
shown as at light-green surfaces for comparison. If the unconstrained portfolio
already satis es the demand D, then we have b = b, which is represented as a
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brown patch on the bsurface. This brown area identi es the variable combinations
where the unconstrained portfolio naturally meets the sustainability requirements

In the same 3D plots, we also representp psp by coloring the b surface.
Negative values of p are shown in red shades, zero values are white, and positive
values are depicted in blue shades, indicating positive portfolio positions. For
independent assets, this information is incorporated directly into the same plot,
with a color bar beneath the graph displaying the corresponding p values. Inthe
correlated case, this direct representation is not feasible; therefore, we include an
additional plot that separately visualizes p using the same coloring scheme.

For 2D plots, components of b are represented as orange lines, whilep is
illustrated using a color bar positioned to the right of the graph. This approach
allows for clear visualization of both band p even in simpler scenarios.

All plots were generated using Python with the matplotlib package. The
visualization aims to highlight key insights, such as the conditions under which
b deviates from b and the impact of sustainability constraints on portfolio alloca-
tions. By examining both independent and correlated cases, we demonstrate how
sustainable taxation affects market coef cients and portfolio composition under
various utility functions and scenarios.

In Section 2.3.1, Section 2.3.2 and Section 2.3.3 we will consider log-utility.
In Section 2.3.4 we will deal with power utility and the impact of change in its
parameter g.

2.3.1 \Variations of the sustainability ratings Rj; and R;

Unless otherwise stated, we consider two independent risky assets, i.e., we have
s = diag(s11,S22). For the utility function, we take the logarithmic one. From
Proposition 4, we obtain

D Ro (Rt Ro) %'(Re Ro)

( Rl Ro)? , (R2 Rp)? '
T 2
S1 S2

b= b+c (R Rgl), wherec=

(2.6)
whenever inequality (2.2) holds. Otherwise, we have b= b. By Remark 10, we
know c > 0. Furthermore, if R; < Rg, then h < b, and if R; > Ry, then bi > b
Note that the assumption (1.8)rules out the case whereR; = Rpand R, = Rg hold
simultaneously. When the unconstrained optimum fails to meet the demand, (2.2)
implies
blzr(Rl RO)+ b22r

1 2

If both R;, R; are below Ry, then satisfying the max-offer condition (1.7)requires
Ro D.InFig.2.1,we x Rg = D = 0.4and hold all parameters constant except
for Ry and Ry, which vary in the range [0, 0.3. Throughout this range, we observe
b < bholds entirely for both assets. For a low rating R, the higher Ry gets the less
we tax the rst but more the second stock, as the rst stock is more attractive due
to the high value of R; (the blue peak on the left- and red one on the right-hand
side plot). On the other hand, for high R, and low Ry, we nd S, more attractive
and tax S, only slightly (blue peak on the right-hand side plot) while  S; is heavily
taxed (the upper red corner on the left-hand side plot). Notice how the colors of

Ro + (Ro  Rg) < D. (2.7)
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